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Abstract

Let X = Alccla + Aoz 50y T O(|x\ ) be an analytic vector field
near x = 0. We suppose that the linear part of this vector field has real
eigenvalues A1, A2 and that the ratio n = —;—1 is a positive irrational
number. In a previous paper of the first author and P. De Maesschalck,
it was shown that any analytic saddle can be conjugated analytically to
a form ‘as close as desired’ to the formal normal form. In this paper
we will iterate and renormalize these conjugacies. The iteration of this
procedure will be strongly connected to the diophantine properties of n
and we will establish the convergence of this process. A consequence
of this convergence will be the by now classical linearization theorem of
Bruno.

MSC classification: 34C20 , 39A99.
Keywords: Dynamical systems, normal forms, renormalization, majorant
method.

1 Introduction and framework of the results

Let X = )‘1‘%1% + )\2:828%2 + O(|z|?) be an analytic vector field near z = 0.
Throughout this article we will suppose that the linear part of this vector field
has real eigenvalues A1, Ay and that the ratio n = —5% > 0. We recall from [11 2]
that any analytic saddle can be conjugated analytlcally to a form ‘as close as
desired’ to the formal normal form (see below for precision). For example if 7 is
irrational, then this formal normal form is linear. In this paper we will iterate
and renormalize these conjugacies. According to the diophantine properties of



7, we will investigate the convergence of this process. A consequence of this will
be the by now classical linearization theorem of Bruno, which we now state in
any dimension:

Theorem 1. [3] Let X = A+ f be an analytic vector field near the origin such
that X(0) = 0, A = DX(0) and f = O(|z|?). Suppose that the linear part A
has real eigenvalues A1, A, ..., An that satisfy the following condition

— 27 log(w(2")) < oo, (1)
k=1

where w(m) = infocjjj<m,1<j<n | (A, i) — Aj|. Then there exists an analytic co-
ordinate transformation U = id + u that conjugates the given vector field X to
its linear part A.

The holomorphic linearization results for saddles (i.e. at least one eigenvalue
is positive and at least one is negative) where first proven by Siegel [13] and later
improved by many authors, see e.g. [12] [3, [9]. The result stated in Theorem
is to our knowledge the best known so far and it is still unknown whether
the Bruno condition is optimal in dimension higher than or equal to three.
The result of Theorem [I| was shown to be optimal in dimension two by Pérez-
Marco and Yoccoz in [I0] by studying the holonomy map and using results of
the classification of one-dimensional mappings by Yoccoz from [I4]. Since this
approach is rather indirect and depends explicitly on the continued fraction
expansion of the number 7, it is interesting to connect the analytic ‘near’ normal
forms in [I, 2] to Theorem [l where the continued fraction expansion of the
number 7 plays a central role.

In the original article [3] by Bruno, it is explained that, concerning two
dimensional systems, condition can be translated as a condition on continued
fractions of the ratio n = —A;/A2. If the continued fraction expansion of the

number 7 is given as g—" n € N, then the equivalent condition is expressed as:

)
n

3 i) 2)

n>2 Pn

The proof we give is interesting from another point of view. It is essentially
an iteration of the reduction procedure that was intially proven in [2]. Let
us explain their result first, as we will need a more refined version of it. It
should be stressed that this result is very stable: it holds under perturbations
of a parameter, even if the parameter enters explicitly in the linear part. We
will state this result not in its full generality, but restrict to what is relevant
with respect to our problem. We will omit the parameter dependence and the
corresponding results concerning formal Gevrey vector fields since we will not
need it. The idea of the reduction is that it is possible to remove from a given
vector field those monomials that have indices corresponding to a certain ‘good’
set

Ge ={(k,j) e N" x {1,2,...,n}| | (A k) — \j| > C|k|, and |k| >2}. (3)

The idea is that monomials xkej corresponding to an index (k,j) € G¢ are
‘sufficiently far away from resonance’. What remains after a suitable analytic



coordinate transformation is a reduced vector field with terms that have indices
corresponding to a (cone-shaped) bad set

Bo = {(k,7) € N" x{1,2,....n}[ [\ k) = Nj| < Clk|, and |k| =2}, (4)
More precisely:

Theorem 2. [1] Let and let X = A+ 3 frjat 2 be an analytic vec-

zn
tor field. Here A = DX(0), the linear part of X, is in diagonal form and
has eigenvalues A1, Ao, ..., \,. There exists an analytic coordinate transform

U=2z+ Z(k’j) uk,jxka%j containing only terms in the good set, i.e. up; #
0 = (k,j) € Gg, that transforms X into a analytic vector field Y = A +
Z(k’j) gk,jxk% and Y contains only bad terms i.e. gy ; #0 = (k,j) € Bc.

Both the good and the bad set depend on a parameter C. As C tends to
zero, the opening angle of the ‘cone’ B¢ tends to zero and the reduced systems
has far fewer terms, although the radius of convergence of the normal form
transformation may tend to zero. In the nonresonant case, the formal limit exists
and the corresponding normal form is the linear system Y = A, it is however
not clear that the corresponding normal form formal transformation actually
converges. The intention of this text is to build a transformation U = id 4+ u as
an infinite composition

U= (id+ ug)o(id+uz)o... (5)

The transformation id + w; transforms a vector field containing only bad terms
corresponding to the parameter C' = C; to a vector field containing only bad
terms corresponding to the parameter C' = C; 1. The main idea is now to choose
an appropriate rate at which C; goes to zero. This rate depends explicitly on
the continued fraction expansion of . Moreover, at each step we will have to
take the flatness of the given reduced form into account. To give the estimate of
this flatness is one of the key points in the proof. This again depends explicitly
on the continued fraction expansion of 1. At each step we will renormalize the
given equation. The renormalization operator consists essentially of a rescaling
of the equation and the weight of the rescaling is directly related to the flatness
of the reduced form. We give a more geometric approach of our ideas afterwards
in Section 4 The approach is, as we will explain, completely equivalent.

The method of proof we provide can possibly be extended towards systems
of larger dimension. In order to do so, one needs a higher dimensional alter-
native for the continued fractions. Such alternatives have been developed in
relation with Hamiltonian dynamics, see e.g. [4]. Moreover, it is interesting
to compare the proofs in [5 [6 4] to our proofs: they use a similar idea of an
iteration-renormalization technique in Fourier space. It is also worth to note
that the authors of [4] recently succeeded in extending their scheme to a higher
dimensional case by using a more dimensional equivalent of continued fractions.

The structure of this text is as follows: in Section [2]we provide a quantitative
version of Theorem [2] in dimension 2. This is necessary because we need a good
estimate on the radius of convergence of the reduced form as well as on the
corresponding transformation to be able to control the infinite composition .
In Section [3| we prove our main result. We proceed then by explaining its more



geometric interpretation in Section [4 We shall need some results on continued
fractions, some of which are standard, and others are perhaps less known. In
order to be self-contained, we add them in an Appendix.

2 One step in the conjugacy procedure

In this entire section we prove the subsequent theorem, that will serve as a tool
to make a single step in the renormalization process that we build afterwards.
It is essentially a quantified version of Theorem [2| that was originally proven
by the use of the implicit function theorem: it will provide us estimates on how
large the usually unspecified neighbourhoods are that appear in the implicit
function theorem.

Let us first state the result that we prove in this section, the norms that are
used in this statement are defined afterwards.

Theorem 3. Let C > 0,0 <0 <1,0<68 <2/5, 6 =201/2, M = z5. We
put f = (f1,f2), u= (u1,u2) and g = (g1,92) and A(z,y) = (\1z, A2y).

Suppose furthermore that f is local analytic in the neighbourhood of the ori-
gin, f = O(|z|*) and ||f||s+6,.4 < min{m,g—&}. Then the given vector
field

X = (wa + fie)) g + Oay+ o)y (©

can be conjugated to an analytic reduced form

0 9]
Y =(A —+ (A — 7
(A1 +91($1»y1))ax1 + (A2y1 +92($17y1))ay1 (7)
by means of an analytic near-identity transformation
(z,y) = U(z1,y1) = (21 +uwr(w1,91), 91 + u2(21,91))- (8)

Moreover the reduced form and the transformation satisfy the following proper-
ties, where Bo and G are defined in and (@

1. gi(z,y) = Z(k,i)eBc grix®,

2. ui(z,y) = Z(kﬂ')gcc gz,

3. |lglls.a < 62/2,

4. ||ulls,p < d2/2.

The proof will be a consequence of Proposition [11| that is proven at the end

of this section. Throughout this section we will use the notations as in the
statement of the above theorem. The definitions of the norms are as follows:

Definition 4. Given § > 0, we define the following normed spaces of analytic
functions:

As = {f =Y aa® |Iflls.a =D laxl6™ < oo},

|k >2 k>2
Bs:={f =Y ax®| ||f|ls.5 = max{||f|ls.a, |IDflls.4} < o0},
|k|>2



we will drop the index A or B in the notation of the norms whenever no confu-
ston 1s possible.

We want to transform equation @ into by means of the analytic co-
ordinate transform . It is clear that at the formal level this transformation
can be chosen such that wi(z1,y1) = Z(kJ)ch umx’flx’;z and us(z1,y1) =
Z(k,Z)ch up 271 252 We explain that these series are actually convergent and
we give a precise estimate on the radius of convergence of the transformation
and their corresponding normal form . Let x = (z,y) and x; = (21,y1). The
initial equation @ can be written in the form x = Ax + f(x), the coordinate
transform x = x; + u(x;) turns this into equation x; = (I + Du) 1.(A+ f) o
(I +u)(x1) = Ax1 + g(x1). Hence

A+g=I+Du) " (A+ f)o (I +u)
& (I+Du).(A+g)=(A+flo(I+u)
<~ }xu7gaf)::07
where F is the functional
FUXVXW — As: (u,g9,f)— Du.(A+g)— Au+g— fo(id+u),
X:={uebBslu= Z ugjre;}; (9)
keGeo
U:={ueX]||ullsp <1}
Vi={geAslg= > grjate;};
keBc
W= Asis;

The idea in [I] is to find for a fixed f a solution u(f), g(f) of this functional
equation for some § > 0 by means of an implicit function theorem. In order
to do so the authors of [I] proved a somewhat different version of the following
lemma.

Lemma 5. The functional F is C' in a neighbourhood of the origin and the
norm of L = D(u,g)]:(O,O,O)_1 1s bounded by %, ifo < 1.

Proof. Tt follows from [I] that (u, f, g) = fo(id+u) is C'. Du.A— A.u is linear
and continuous in u. Du.g is bilinear and continuous. The presence of the term
Du.(A+ g) is the main reason why a C''-norm is chosen for the transformation
u. The boundedness of L follows from:

Ouy Ouy
Oz, © Bz,
|| Du.g|| = L. : g

Oun Oup
Oxq * Oz,

3> el

= 5. 9iCalls
a=1j=1 O

ou
< n?max || —<||s.11g:
< o mase] | 52 Il

< n®||Dulls.||glls.



We calculate the Gateaux derivatives of F at (0,0,0) and find

Du.A —tA.
DuF(0,0,0)u = lim DAY puA - A,
t—0 t
. tfoid
Dy F(0,0,0).f = lim =—— = f,
. —tg _
DyF(0,0,0).9 = }1_% - =9 (10)

Hence D(,,4)F(0,0,0).(t,§) = Du.A—A.i—g. We invert this operator. Remark
that £ = Dy, )F(0,0,0) : X xV — As. Take now m =37} 3 oy mpa®e; €
As. Then m = w+v, where w = Z(k,j)ch mkxkej and v = Z(k )eBo mkmkej.

Clearly L7 v = —v,and u = L™ .w = > (kj)eGo #’“f&x’“ej. We have:
ki.mk’-
ulls = 1| Z W_])\FC%HLS
(kj)eGe V7 I
1
<l > mijatells
(k.j)EGC
< Zlml]
c s
8u - ki.mk’j k—e;
||3xi||a—||(k§j R el
J)EGc

1 e
< gl Yo mugatiels
(k,j)eGeo

1 k
<G Z [, 5161
(k.j)EGC

[ms.

< &5l
co
O

Remark 6. We have been a bit sloppy in the proof of the C' property; but it
should be noted that we do not use it below.

We will use the previous lemma to construct a solution of F(u,g, f) = 0 for
a fixed f by means of a fixed point construction.
Suppose therefore that we are given the functional

F(u,g,f) =Du.(A+g) — Au+g— fo(id+u),

defined as in (9) and we want to solve for u(f),g(f) for ||f|| small enough.
We remark that the functional is well defined and C! in a neighbourhood of



the origin if max(||Dulls, ||ul|s) < 1, ||g]|s is well defined and || f||s+s, is well-
defined. Recall that £ = dF(0,0,0). We prove that the mapping

T¢(u,g) = —L7 Y (Du.g — f o (id + u))

has a fixed point (u,g) = T¢(u,g) whenever f is small enough. This implies
that F(u, g, f) = 0. We shall use contractive properties of Ty(u,g). Let now
0 < d2 <y, |Julls < %2, [lu']]s < %2; we will fix the value of d5 later on to d;/2.
We use the mean value theorem and Cauchy estimate and find that

[f(+u(@) = flz+u' @) < sup  |[Df(n)l-|ulz) —u'(2)]
[In1<5+82

|1 f1]6+8, /
< T gy — . 11

Now let ||(u, g)lls = max{]|glls, [[ulls, || Dul[5}, then

1Ty (u, g) — Ty (W', g")||s < ||L7H].(||Du.g — Du'.g'||s+]|f o (id + u) — f o (id + u')]|5)
< IL7Y].(|Dulls|lg — ¢'lls + || Du — Du'||5]|g'||5
+|[f o (id+u) — f o (id + u')||5)

<L (IDUIIalg—g’IIa +|Du — D519 []5

|f||a+51||u—U’||a>

S T

We now introduce a majorating scheme. In order to do so, we define the fol-
lowing: M = ||£7l: (t0,g0) = T5(0,0); (wnt1sgas1) = T(tnsgn); G =

T4 (wn, gn)lls and Zp, = || (Un+1, Int1) = (Uns gn)lls = | T¢ (Unt1, Gnr1) —=Ts (Un, gn)lls-
Then clearly we have that

Un+1 = [|Tr(uns1; gnr1)lls = [ (Uns2, gnra)lls
< |[(un+2, gnv2) = (Unt1, Gnr1)lls + [(Unt1; gnr1)ls < Tngr + G
Tng1 = [T (nt1, gns1) — Tr(tn, gn)l| (12)

< M. <(||(un+lagn+l)||6 + ||(unvgn)||§)||(un+1 — Un, gn+1 _gn)||6

+

[ flls+6:[unt1 — unlls
01 — 0o

S M(gnin + gn—li'n) + n-
01 — 02

Hence it is natural to consider the recursion

Yo = zo = [|T¢(0,0)ls = |[fIls
Tn+1l = ﬂzn + aTpYn, (13)
Yn+1 = Tn41 + Yn
M
where a := 2M and § := %. Remark that whenever we find a conver-
1— 02

gent, positive solution (x,,y,) of the difference equation , it will be a majo-
rant of (Z,,¥n), due to the inequalities given by . Hence the corresponding



(un,gn) is a Cauchy sequence in the Banach space A5 x Bs and converges to
some (u, g) that is a solution of the fixed point problem (u,g) = T (u,g). For
sure we have to take into account that for all n € N we maintain y,, < %‘ during
the iteration process to make sure that the Cauchy estimate given by and
used in the estimate of equation is valid. We first study the convergence of
equation by means of the following theorem. Afterwards we deal with the
initial conditions and translate them in terms of the original problem.

Theorem 7. Consider the recursively defined sequences

LTn+1 = Bxn, + ATnYn,
(14)
Yntl = Yn + BTn + ATy Yn,

where a > 0, 0 < B < 1. Suppose that xg = yo > 0 and suppose that for certain
B < ' <1 we have that

(¢ - A1 -5)

. (15)

o <

Then the sequences (Tp)nen and (Yn)nen are both convergent.

Proof. We show by induction that:
Tn S (ﬁl)nxO and Yn § Z(ﬁ/)kxo
k=0

This is clearly true for n = 0. Suppose that this statement is true for all
0 < m < n; then it is also true for n + 1. Indeed:

Nk Lo
b < D (E) w0 < 70 (16)
k=0
Hence
azx
Tnt1 = 2n(B+ayn) < (B) 20+ T 5)
S (ﬁ/)n+1x07
and
Yni1 = Yn + 20 < Y _(B) 'm0+ (8)" g
k=0
n+1
S Z(/Bl)kan
k=0
This concludes the theorem. O

Corollary 8. Consider the recursively defined sequences

Tn+1 = an + AT nYn,
Yn+1 = Yn + ﬂxn + axpYn,



where a > 0, 0 < 5 < 1. Suppose also that xg = yo > 0 and

_ -2

To >
da

Then the sequences (Tp)nen and (Yn)nen are both convergent. Moreover

2.%‘0
n < . 17
S (17)
Proof. The condition is equivalent to
1— 2
Ty < a-h ;
da

because

(6" =B =5

1
reaches its supremum at 3’ = %ﬁ Inequality clearly follows from sub-

stituting 8’ = p in inequality in the proof of the previous lemma. [

Proposition 9. (T¢(un,gn)), ey converges if all of the following three properties
hold:

(i) B <1
(i) yn < %2, for each n € N (this is necessary to keep ||un|ls < %2 and
llgnlls < %)-

_ 3\2
(iii) xo = yo = ||T5(0,0)|ls = MI[f[ls < %

Proof. The above three conditions ensure that the estimates that lead to the
majorating equation are valid and that corollary |8 can be applied. O

Lemma 10. The three properties in Proposition[9 are valid when

(Z) HfH(erisl < 612}/?2;
.. 92(81—6
(i6) || fllsss, < 2002),

(iii) 1|f|lsss, < %+M(61—62)—\/M;4(61—62)2+M(51—62)'

This simplifies if 61 = 262 to

A

(i) 11 flls+s, < &5

.. Ky
(ii) [|flls+5, < ga75

14+M8y—+/ M25242M 6§
(i1i) || fll6+s, < o -



Proof. The first property in Proposition |§| is clearly equivalent to ||fl||s+s, <

1+

%. For the second property we use (we choose ' = Tﬁ, in the proof above)

> 1 2
Nk
ynéﬂio;(ﬁ) Sxol—ﬁ’gzol—ﬂ'

Hence the second property is valid when

M|\ flls = a0 < 20=5)

52(1 - B)

52(1 - 5)

4M
672(1 . 2M|‘f||5+51)
4M 01 — 0o
2M||flls+6: _ 4

0y =6 T
92(01 — 92)

AMGS;

IN

< 1 fll5+s1

N

& | fllsts, <

AM
S5 1 flls+6, +
2

& | fllsts, <

Since || flls < ||f|ls+s,, the third property is clearly valid if

1—B)?
fllsss, < L2
(0%
2M .
AMal|flls+s, < (1 - M)g
51 _(52

AM|| fllses,  AMP(|f1130s
S8M? <1_ ) 1
Wl = 01 — 02 - (61 — 62)?

We compute the roots of the equation

4Mx i AM? 52
01— 02 (01— 02)?
AMx AM3? 2

<1 —4Maox — + =0.
0y — 02 (61 —02)2

AIMax =1 —

We find two positive roots. The smallest is given by

L M(8y — 85) — \/DM2(5, — 02)2 + M (81 — 63)
= .

Hence condition is valid if

L4+ M(81 — 02) — /M2(61 — 62)% + M (01 — 02)

[ flls+6, < %

The conditions that appear in case 2§, = §; are obvious.

Summarizing the above, we have the following

10

(18)



2

Proposition 11. (Ty(un,gn)), oy converges if 61 = 263, 01 is smaller than g

and the following properties hold:
1 01

16M26,’ SW}' (19)

[[fll5+6, < min{

_ 1
Here, M = #5.

Proof. The Taylor series of h(z) = 1+x —+/x? 4 22 at infinity starts as 8% +....
Hence it is natural to consider the function g(z) = 1+z — Va2 + 2z — &5. The

N Y RN
B 8V (x + 2)a? .
Take now an arbitrary = > 1. Then we have the estimates

822\/x (x +2) — 82° — 822 + \/x (z +2) < 822 (x +2) — 82° — 8% +  +2
—623 — 627 + 42
—122° + z + 2
—1lz+ 2
-9,

derivative of this function is ¢'(x)

ININCIN TN

from which it follows that ¢'(z) < 0; and hence g is decreasing on [1, co[. Because
5 < g(1) =1 — /3 < § and since

—2x
lim g(2)=1— lim (z — V22 +22)=1— lim ———— =0

it follows that g(z) > 0 for all # > 1 ie. h(z) > 5. Since h'(z) = 1 —

8
24l — 1 — 7%31'1 < 0, h is decreasing on the interval [0, 1] and hence

Vx242x

5 < g(1) < h(1) < h(y), for each y € [0,1]. We can summarize that for

each z > 0 we have that min(s5, &=) < h(z). Hence also anin{m7 soir ) <
- 252 . . . o .

LM ”211\\4/[ SH2MO e conclude that all three inequalities in Proposition |10

are valid if || f|s4s, < min{m, ;—1\14} and 0y is smaller than . O

3 Narrowing the cone

We are now ready to prove the following theorem:

Theorem 12. Let (Z—") be the continued fraction approximants of —i—z.
"/ neN
Suppose furthermore that
In(C A A
11n(Cnro)] < oo, where Cy11 = APt + QQn+1|' (20)
o Pttt dnta Pnt1+ qnt1 +1

Then equation (@) can be linearized to Alxa% + )\gya% by means of a convergent
transformation.

Proof. Since the proof is rather technical we explain the idea of proof first. The
idea is to give an iterative approach of the transformation

x4+ u(x) = (z+ u2(x)) o (x +us(z))o...

11



to the normal form by narrowing the cone a little further with each transfor-
mation. We will narrow the cones in close relation to the continued fraction

expansion [ 1 of the ratio —i—;. Indeed we will consider the subsequent
"/ neN

bad sets (consisting of the indices (k, j) of corresponding terms ajyz”e; that are
not yet removed)

Bcn = {(k,]) S N? x {1,2}‘ |k‘1)\1 + Aoko — /\j| < Cn|k‘1 + ]£‘2|7 and |]€| > 2}
(21)

At each step of the procedure we have that (x + ug(x)) o (z +us(x))o...o(x+
un—1(2)) transforms the original vector field determined by & = Az + f(z) to
& = Ax + gn—1(x). We then put f,, := g,—1 and consider at this iteration step
n the functional equation:

]:Cn+1 (unagna fn) =0.

Here we have a function f,, that contains only terms in B¢, and we look for a
solution (un,gn) such that g, contains only terms in B¢, ,,. This solution is
obtained by applying Theorem[3] Roughly speaking, this proposition establishes
two things.

(i) Tt provides a bound to the solution

5(”) 5(”) 5(”) 5(”)
%2 9 %2 0
||gn||5n_5§ ) = 9 4’ ||un||5n_5§ ) = 9 4 (22)

There is some freedom to choose the 5£n), but one has to take into account

a few constraints. First of all we will obtain that 6("+1) = §() — 6%"), and
since Oim := lim, o 6™ will play the role of the radius of convergence
of the transformation wu,,, we want that d;;,, > 0. Hence it makes sense to

choose 6{") = 5%, where a < 26.

(ii) It provides a solution of F¢, ., (Un,gn, fn) = 0 provided that ||fy|[sm
satisfies the corresponding bound .

It is however not always true that [|fy||sx satisfies the bound (19). Hence,
we can not apply Theorem [3| directly because ||f,||;:6(™ is possibly too large.
Instead we will need to rescale the equation as follows.

Define R, : C* — C" : & — kx. We will extensively use the rescaling
operator R, (f) = R;' o fo R,. We do this because if we want to find a
solution (u,g) of the equation F(u,g, f) = 0 where ||f||s4+s, is too large to
apply Theorem (3| we can solve F (@, g, R.(f)) = 0 instead. It is then readily
verified that u = R, (1) and g = R, *(g) is a solution of F(u,g,f) = 0.
Moreover ||Ru.(f)|ls+s, < &Y | fl|s28,, if f is an analytic function for which
Df(0) = 0,...,D¥1f(0) = 0; we call this number w the minimal order of f.
This approach has the advantage that Theorem [3] can be applied if we choose &
small enough. Observe that if the minimal order w of f is big, the factor x can be
chosen rather large. To find a lower bound for w at each iteration step is actually
the key to the solution. Such a bound is shown in a subsequent technical Lemma
We will also need the following technical remark concerning the numbers

12



C,,: using Lemma [22] of the appendix it follows that

_M_ Gnin ‘ AL e
)\2 Pn+1 AQ Pn
A A A A
N 1Pn+1 T A2@n+1 < 1Pn + A2Qn
)\gpn+1 A2Pn
A A A A
N 1Pn+1 + A2@n+1 < ‘ 1qn + A2Dn
Pn+1 Adn
A A A A
s Oy = 1Pn+1 + A2Qnt1 ’ 1Pn + A2gn | .
Gn+1 + Pn+1 +1 Gn +pn+1

Geometrically this means that Be,,, C B¢, for all n € N.

Let us start the proof of Theorem [I2} We will start the procedure from a
certain Ny that will be specified in a subsequent technical Lemmal[I3] We define
for n > Ny

« (n) )
2n71,(5 2n,a<2.

5 =

We choose £, small enough in such a way that the norm of fN0 =Rk g (fn,) is

small enough to apply Theoremto the equation Foy, ., (Uny, fNo+15 fne) =0
with 6 = §(No) and 6, = 61N°). We define for later use

§WNo) — 5 — (SENO g5 — sn=1) _ 6( )7

for all n > Np. Tt is readily verified that djim = lim, 500 60 > 0. Let fy, :=
f € As. We obtain a solution satisfying the bounds

(No)

_ a
||UN0||6(N0) < 22 = W’
(No)
~ a
1 Fno+1llsve < 2= = oxo

Define uy, = Ry} (ing) and fry11 = Rk (Fag41)-

Suppose now that we have defined (un, £n, Un, fn+1, ~n) that satisfy

ﬂNn =R, (un)

In= R’Yn, (fn)

Tn = Hzn No Fi = Yn—1Kn

s —§ — Zz No 5(@) (23)
il < 01" = 52

Fonllgo <507 2

Fcn+1 (Un, .fn-‘rla fn) = Oa

We define (tn41, Knt1, Unti, };L+27'7n+1), and show that they satisfy the same
equations where n is replaced by n + 1. It is sufficient to determine K,41, Up+1,
fn+2, to check the two inequalities and the functional equation. One can define

Vntl = Ynknil, R;:H(ﬂnﬂ) = U, 11 and R;}H(fmrg) = fnio afterwards.

13



We rescale ﬁﬁl t0 Ricis (ﬁl+1) in order to be able to apply Theorem with
§ =0 = gD 5D 5y = 5" = & C = Copa, f = Risis (Farr): Let
Wp+1 be the minimal order of f,,11. We want k,,41 to be chosen such that
Wpt1—1 &

||Rﬁn+1 (fn+1)| st < HRK71.+1 (fn+1)| s < Kn+1 on+2

2 n
< mi C2,5 (0)" Crppd™el™
< min CEsy S )
1660

A sufficient choice is

1
. QnCTQLJrQ(SlQim 2"Chy201im wnt1l
Kn4l = (mln{ 1o , 20 .

We apply Thgorem with this choice and find solutions u = Up41, g = an of
Fpio(Ungt, far2, Renyr (fng1)) = 0, that are bounded by

n+1 n+1
5D i)

[ —— =2 <2
2 4 n+1 on

_ s+ s(ntD)

|| frsallson < =2 = =2 <2
2 4 on+1 AL

It will be sufficient to have that lim,, ., v, = v exists and v > 0 in order to
finish the proof. We will check afterwards that this condition is equivalent to
condition . We explain why the formal power series

r+u(@) = lim va(e) = I (@4 un (2)) 0 (@ + ung1 (2) 0 0 (2 + ()

converges in a neighbourhood of the origin. Remark that z + u(x) is well-
defined as a formal power series because the minimal order of u,, tends to infinity
whenever n tends to infinity. We show that ||R~(v,)]ls,,,, < D for each n and
a constant D independent of n. Remark first that

Roy(vn)(@) = (2 + Ry (uny) (@) 0 (2 + Ry (uny1)(2)) 0 -+ 0 (2 + Ry (uny 40 ) (2))-

We use the estimate

(@ + Ry (un) (2))]

siim < |[(@ + Ry, (ungtn) (@) 505040
< SNH) || Ry, (g ) ()] | 504
< 5(N0+n) + ||aNo+n||5<N0+n)

o < 6(N0+n71),

_ s(No+n)
=g +2N0+n—1 =

and observe that
(@ + Ry (un, ) (@) © (2 + Ry (ung+1) () © - .. 0 (2 4+ Ry (Ung+n) (2))|[sv0 4
«
< (@ + Ry (un ) (@)lsevo) < vy + =g = D-

It follows that ||Ry(vn)lls.,, < [|Ry(vn)|lsve+n < D for each n > 0. Hence
also ||R~(v)|]s,,,, < D showing that v is analytic on B(0; & )-

We still need to show that lim,,_,. v, = 7 exists and v > 0 if condition
holds. We will need a sharp bound on w,, first, proven in the subsequent
lemma. The existence of the limit is then proven afterwards.

14



Lemma 13. Letl > 1 and consider the formal power series f; = Z(k J)eBe akxkej,
? 1

Define w; to be the smallest natural number for which D™ f; % 0; then there
exists an No € N such that w; > %ﬁl““ for each 1 > Ny.

Proof. Throughout the proof we will suppose that A; > 0 and Ay < 0; the case
where A\; < 0 and s > 0 is analogous. We give a proof for [ odd, i.e. I =2n+1
for some n € N. The even case is similar. We define the following lines:

{ L1 : )\1(k1 - 1) + )\2]62 == C2n+1 (kl + kz)
Lo: Ai(ki —1) 4+ Aok = —Copyr (k1 + k2),

or, equivalently,

Aé_CQn-%—){ Cont1
L2 . k‘g _ 2n+1+A1 A1

{ Ll . kQ _ Cont1—A1 kl + )\2_>\1
“X2—Cant1 1 T Xo=Cani1-

Cont1—A1 < —M

L1 has slope W and intersection with the line ko = 0 at the

A2—Cant1

: _ -\ -\ _ A1
point P, = (Czn+1—/\170>' Remark that e vl i o s il 1. Lo
A1

% > —4% and intersection with the line k2 = 0 at the point
2 2n+1 2

P, = (m’ 0). Remark that m < 1. Thelines L and Lo determine

the bounds of the set

has slope

Bey, i1 = {k € N?| (k1 — D)A1 + Aoka| < Conyilks + kof, and |k| > 2},

|AMD2n+1 + A2q2n+1]
Pon+1 + G2nt1 +1

We define the lines

Cont1 =

P2n+1

M1 : k2:‘727n(k1_1)

P2n

{Mg: kg = 22nt1 (] — 1)

M, is the line passing through (1,0) and P; = (p2, + 1,¢2,) and My is the
line passing through (1,0) and Py = (pan+1 + 1,¢2n+1), see also Figure If
n > Ny, then the interior of the triangle with corner points (1,0), P, Py does
not contain any point of Z?: indeed, following remark there is no positive
integral point (this is a point P = (x,y), where both z,y are positive integers)
in the interior of this triangle if the determinant

A
det P2n+1 Can,+i+>\1 -1 _ anJrlCQnJrl <1
Q2n+1 0 Cont1+ M1
A1P2n+1+A2g2n 1
Becatise gz,11C2n11 = qan41 D2zt Azizn| ;;Jiqzif:lll = [Mp2ntitregonia i —— =
A2 ' d2n41

0, if n tends to oo, this is true if n > Ny for a certain Ny large enough.

Using the same argumentation one shows that there exists no positive inte-
gral point in the interior of the triangle determined by (1,0), Py, Ps, and hence
a fortiori there exists no integral point in the interior of the triangle determined
by (1,0), P; and Ps. Consequently, any positive integral point in Be,, ,, 1 is
can be written as

(1,0) + a (p2n, q2n) + b (P2n+1,G2n+1) , where a,b € N\ {0}.

15



kgA

P3 = (p2n + 1, q2n)

(p2n+l + 17q2n+1) =P

P2 (1,0) Pl ]{;1

Figure 1: The cones

We_define Mg to be the reflection of My with respect to the line R; and
Ps = Ms N R. Hence each positive integral point that lies in the set Bc,, ;1
that is determined by the lines L, and Ly lies either in the triangle A with corner
points (1,0), Ps, P, or in the cone K5 determined by the lines My and M. Let
now Ps; = (a,b). Consider now any point P = (a1,b;) in A; then, because the
slopes of MQ anc L are positive, we clearly have that a1 +b; < a +b. We
compute M, and Ps. Since Ms is the reflection of Ms with respect to R, it}\ is

sufficient to compute the reflexion of (pan+1 + 1, g2n+1) € Ms. Define n = —5

then R : ko = n(ky — 1) and n = (—n,1)/+/1+ 72 is a unit vector that is
perpendicular to R. Hence the reflexion of the point (pa,t1 + 1, gant1) is given
by

2

m (—p2n+177 + ‘I2n+1)> .

2n
(p2n+1 +1+ m (—p2n+177 + Q2n+1) yQ2n+1 —

It follows that Mg : ko = B(k1 — 1), where

. q2n+1 (1 + 772) -2 (_p2n+177 + q2n+1)
Pont1 (1+12) + 20 (=pani1m + qony1)

We find now

Ps = (a,b) = < —of = A+ Conia —Congaf )

—X2f 4 Copy1 — A1 + Copny1 B —X2f + Cong1 — A1 + Cont1 8

A straightforward computation results in

(P2nt1 + @2nt1 + 1) (AT + A3)

a+b= .
A2+ A2+ 2) (P21 M + @nt1r2) + 202 (P2t A1 + Gont1Xe)

16



It follows that

. a+b
lim =1
n—o0 (Pans1 + Gans1 +1)

As a consequence of this it follows that there exists an Ny € N such that for all
n > Ny and for all P = (a1,a2) € A we have that

a1+ as<a+b< 2p2n+1 + 2(]2n+1 + 1. (24)

We consider two cases:
Case 1: There exist positive integral points in A.
Consider such an arbitrary point. We already observed that such a point equals

(14 apan+1 + bpan, agant+1 + bgan),

for some a, b € N\ {0}. The weight(=the sum of the coordinates) of this point is
given by 1+apapn+1+bpan+aqant1+5bg2n. Since this point lies in A, is valid,
and hence a = 1. Hence the point with lowest weight in A is given by (14+pa,+1+
P2n; @2n+1+q2n). Clearly @ = (1+2p2nt1+DP2n, 2¢2n+1+q2n) ¢ A. Because the
slope of the line determined by (pay, + 1, ¢2,) and Q is strictly larger than the
slope of MQ, every point (¢pan+1+p2n, Cgant1+4¢2,) with ¢ > 11is either in A or in
the cone K determined by the lines M5 and Mg. As a consequence () must lie in
the cone K (since it is not in A). Using Lemmafrom the appendix, we know
that if ¢ € N and 2¢ > ag, 12+ 1, then % - 77‘ < Zi\;ﬁ —n| and hence
(cp2n+1 + Pon + 1, ¢qons1 + gon) € K1. Again from Lemma [26] it follows that if
¢ € Nand 2¢ < agpo — 1, then (epon+1 + pon + 1, ¢@ant1 + g2n) ¢ K1. Because
Q = (14 2pan+t1 + P2an, 2¢2n+1 + q2n) € K1, we must have that 2.2 > agp41 — 1,
equivalent with az, 1 < 5. The point with lowest weight in Bg,, 1 is in this

case & = (Pant1+P2n+1, Gant1+¢2n) and has weight pa,, 11 +p2n +q2nt1+q2n+1.
This weight satisfies

1
P2n+1 + Pon + Q2ng1 +qon +1 2> 5 (5p2n+1 + Pon + 5gant1 + qon) + 1
1
> 5 (P2n+2 + gant2) + L.

Case 2: There are no positive integral points in A.
All positive integral points in B¢, , ;1 lie in the open cone K determined by M,

and Mo. Since clearly K; = {(a—l— 1,b) € N?| ‘77— g’ < ‘n — Lndt } The cone

P2n+1
K is contained in the cone Ko = {(1,0) + a(p2n, ¢2n) + b(P2n+1, @2n+1)a, b > 1}
determined by the lines My and M;. Using Lemma [26] we see that each point
(1,0) + (epans1 + Pon, CGonr1 + qon) is in K if 2¢ > agpao + 1 and is not in K
if 2¢ < agpyo — 1. It follows that the point with lowest weight in K is given
by (1,0) + (epan+1 + Pon, C@an+1 + gan), for a certain ¢ € N that is larger than
max {1, 2252=1} > @252 Hence

A2n+2 A2n+2
dax P2n+1 + P2n + %QZnJrl + don
> P2ni2 + qon+t2 1> Pon+2 + qan42

- 3 - )

Wapy1 > 1+

+ 1.
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Hence the set Be,,,, 1 has minimal weight larger than F22nt2%92nt2 Cop

pletely analogous one shows that the same is true for the set B¢, , 2 = {(k,2) €
Be,, ., }, finishing the proof of Lemma O

We finish the proof of Theorem by showing that lim, ,.o v, = v > 0.
Note that v, = [[y_y, #k, and In(y,) = Y°;_y, In(kk). #n is defined by

1
i (min { 20LC2 L (Giim)? 2" Crg10tim }) wnt

402 ’ 2a

We have that for n large enough

1
o < 20 LC2 L (B1im)? 27 C 1 i\ T
"= 402 ' 2av '

It is hence sufficient to show that the two sums in the right hand side of

Z In(kg) = Z wnl— 1 In (4261§m> + Z wnl— 1 In (Cp44) (25)

k=No n>Np n>No

converge if condition (20) holds. We use the previous lemma to see that w, —1 >
Pn + ¢n in both sums. We consider the first sum. Since w, —1 > M and
Dn+1,qn+1 g0 to infinity at least as fast as the Fibonacci sequence, the first sum
is obviously convergent. For the second sum we have

Zwl In (C 1) <5Z SLICESR

n>No n n>No Pn+1 + QnJrl

which converges by supposition. O

We finish this section by showing that the condition on f—; appearing in
the heading of Theorem [12| holds if the Bruno condition holds.

Proposition 14. The Bruno condition (@ implies

| A A
| n( n+1)\ < 0o, where Chyq = | 1Pn+1 + 2qn+1|'
=5 Pnt1 + Gn+1 Dn41+ qny1 +1

Proof. We have

[A1Pnt1+A2gnt1]
-y W(Cngr) > In ( Pt i Fan 1]

n>0 Pn+1 + qn+1 n>0 Pn+1 + qn+1

-y In (JA1pnt1 + Aognin]) 3 In (pr41 + gny1 +1)
Pnt1 + dnta Pot1t dnt1

n>0 n>0

We investigate the two sums on the right hand side of this equation separately.
The last sum converges because (pn), oy and (gn), oy increase at least as fast
as the Fibonacci series. For the first sum we use Lemma [21| which implies that

| Az

pn+2

[IAMPnt1 + Aognti]| <

18



We also use Lemma 20] and obtain
1 1 1
= S .
Pttt nt1 p o (1 + M) Pt (1 + %2)

Pn+1

Hence

n(Cunl) _ <1+1%>Z“1(19M+1n<|A2|>Z 1

n20pn+1_kqn+1 n>1 Pn+1 nlen+1

It follows that if the Bruno condition }_, -, Ipus2) 56 holds, then

Pn+1
| In(Cri1)|
n>0 Pn+1 + dn+1

< 0

O

4 A more geometric interpretation of the proof

Let X = (Mx+ fl(m,y))% + (A2y + fz(m,y))a%. We already showed that it is
possible to find a coordinate transformation that transforms X to

0 0
Xe, = e+ @) gp + Cay + f" @) 5.

where

for@y) = Y. firat Be, = {(ki) € N x {L,2}| [ (\ k) = ;| < Cu(ky + k2)}
(k,3)€Bc,,

and C), is defined as in . Moreover we already constructed the coordinate
transformations id + wu, that transform X¢, into X¢, , within the proof of
Theorem Let us first rewrite the vector fields X¢, . Let Be, ; = {k|(k, 1) €
Ben}, for i € {1,2} and consider Be,, 1. This set has a conical structure that
is determined by two lines. Using the same argumentation as in Lemma one
can show that Be, 1 C (1,0) 4+ {a(pn, qn) + b(Pn+1,qn+1)| a, b € N}, for n > Np.
Analogous, it follows that Bc, 2 C (0,1) + {a(pn, qn) + b(Pn+1, Gn+1)] a, b € N}.
As a consequence we can write

9
oy’

Xe, = Alx(gf” (u,v))ax

Cn
+ Aay(gz " (u, v))
where u = aPry9 and v = xP~+1yi+1, Let us look at the vector field as a set
of differential equations for a moment.

i =M (gl (u,0))
Xen: { § =My (g5 (u,v)).

It is interesting to look at u = z¥yPr, v = gI+1yPn+1l ag a ‘coordinate trans-

formation’. Note that (at points where it is defined) we have that
udn+1 — o Pndnt1—Pni1dn — xil, uPn+1

yPrt1dn =Pndnt1 — yil
pan VPn ’
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The sign depends on the parity of n. Moreover we can compute 4, © and find

Alpnfcn (u, U) + )‘Qqngcn (u’ U) )
>\1pn + >\2qn

4 = (Mpn + Aogn)u (

Ze, : foi c
" . Alpn+1f "(u,v) +/\2qn+1g n(uv U)
v = (AMpPnr1 + Aogqy v(
Mpres + danrr) APn+1 + A2dn41
(26)
Using the definition of continued fractions, one verifies that 7, = (Aipn +

A2Gn)/(AM1Pn+1 + A2@n+1) is a positive real but non-rational number. Moreover,
one checks that if the continued fraction of —\1/As is given as [ag, a1, aq,.. ],

then 7, = [an, @ni1, Ania,-..]. In short we have the following diagram:
X Ir X01 Ir X02 Ir XCQ... (27)
lR JR R
ZC Tr . Tr hd
J/R R
ZC2 T—T> A
R
Zo, ...

In this scheme T'r stands for a reduction by applying Theorem[2land R stands for
a ‘coordinate transformation’ of the type u = xPry9", v = gPr+1yI+1. One then
verifies afterwards that every square in this diagram commutes. Our original
idea was to try to lift the transformations from the lower lines of these squares to
the top lines and keeping track of radius of convergence at each step and trying
to show convergence of the linearization procedure (provided some diophantine
condition is valid). It is possible to provide a direct proof of the convergence of
the linearization procedure with the use of this diagram, but the computations
are a bit more lengthy. We provided this interpretation because it enlightens
the real renormalization nature: the used transformations deliver an equations
that has exactly the same nature as the starting equation!

5 Appendix

In order to be self-contained, we collect some more or less standard results
about continued fractions that we have used above, see also [Tl [7, 14, [§]. Let

n € R\ Q. The continued fraction expansion of 7 = —i—; = lagp; a1, az,...] is
defined as follows:
A1 N 1
AL,
Xy L1
“ as + e

More formally we have ag := [n], bp := n — |n], a1 = L%J, by = % -
L%j, B L—bH{IJ, by, = —bn: - LbH{IJ. We define the ratio’s I» =
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[ap; a1, ... ,an,0,0,...] € Q. For example we have that Z—‘; =% @ _ sutl

92 _ aoaiaztagtaz :
= e and so on. We have recursively

(@nt15Pn+1) = (@nt1Gn + @n—1, Gng1Pn + Pr—1)- (28)

For any n € N and any = € R we define

1
[a07a17--~7an—1ax]:_>\7:a0+ 1
2

a1+
az + |

1
p—1 + -
T

One says that the eigenvalues (A1, A2) satisfy a 7-diophantine condition if
the inequality

CO

Ak + Aoko| > —
|A1k1 22\f(k1+k2)7

holds for all non-zero (ki, k2) € N2.
We state some useful lemmas concerning continued fractions. These can for
instance be found in [I11 [7} 14} [8] with proofs.

Lemma 15. Let z > 0, n € N\ {0}, then

Tn—1 + qn—2

. (29)
TPn—1 + Pn—2

[a/07a/17--'7an717x] =

Lemma 16. The set of ratio’s —% that do not satisfy the Bruno condition has
zero Lebesgue measure in {()\1, A2) ER?[ A; > 0,0 < O}.

Lemma 17. Let (g—”) N be the continued fraction expansion of —i—; then
"/ ne

the sequences (Pn)nen and (qn)nen increase at least as fast as the Fibonacci
sequence.

A1

Lemma 18. The continued fraction expansion (g—”> of W satisfies the
"/ neN

ne
recurrence Telatians

gnPn—1 — Pndn—-1 = (*1)71 (30)

Remark 19. Geometrically this means that the parallellogram spanned by the
vectors (Gn, Pn) and (Gn—1,Pn—1) has surface area 1. Hence there are, apart from
the corner points, mo other integer couples in the closure of the parallellogram
spanned by these two vectors.

Lemma 20. The following sequence of inequalities is true:

_ A _
Do cPr2 B0 o Ao el e 01

Po~ T Dam—2 "~ DPon A2 T Poang1 P11 D1

Geometrically, this means that the slope of the resonant line is approached
alternately from above by the continued fractions with an odd index, and from
below by the continued fractions with an even indez.
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Lemma 21. Let (%) be the continued fraction expansion of n € RT\ Q.
"/ neN
Then

1
— < pan—anl < . 31
Pn +pn+1 | K | Pn+1 ( )

Lemma 22. (’f% —In
2 Pn

) s a strictly decreasing sequence.
ne

Let n € R\ Q, n > 0. We say that (a,b) € N2, b # 0 is a best rational
approximation to 7 if [bn — a| < |pn — ¢| for all ¢,p € N for which 0 < p <.

Lemma 23. Let n € R\ Q, n > 0. Then every best rational approximation
(a,b) has a ratio § that is a continued fraction approvimant of n (i.e. there

; @ _
evists a k € N such that 1t = ¢ ).

We continue with some results on best rational approximation of n of the
second kind. Because we only found a proof written in german by Perron [I1],
we thought it could be useful to add a proof.

If % has the property that every rational number that lies between 1 and %
has a larger denominator, then we say that % is a best rational approximation
of n of the second kind.

Suppose now that n = [ag,a1,...]. We define &, = [a,,ay41,...]. One can
verify that

_ Gv—1& + qu—2
B puflgu + Pv—2 '
f _ Pv—11 — qv—-2 )
v Pv—11 — qv—2
Let p_1 =0, ¢_1 = 1. We define the following two approximation series of 7,
here is (q—") the continued fraction expansion of #:
Pn /) neN
G q1+4q0 2q1+qo axqi +4qo _ 92 93+ ¢ a4q3 + q2 (32)
po'p1+po’ 2p1+po Taspr+po p2 pstp2’ asps+pa
q0+g-1 290+ g1 agotqg-1 @1 @2+q asgz + @1 (33)

po+p_1 2po+p_1 apo+p_1  pipet+p’ Tagpatp’

Each member of is smaller then 1 and each member of is larger
then 7. Both sequences and are sorted by growing denominator. We
show a few approximation lemmas.

Lemma 24. Let v € N, v > 2. FEvery positive rational number % that is
different from each of the members of (@ and that is as close or closer to
n as

Cqu—1+ qu—2

CPr—1 + Pv—2 ’

for a certain 0 < ¢ < a,, has a larger denominator (i.e. B > ¢py—1 + py—2).
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Proof. Let % be such that

o Cqv—1 + qv—2
CPv—1 +pu—2

)

Al
n—5 <

and suppose that % is not one of the members of or . Then

-l 22)-(-3)
@ - A
: (”‘Zi)’*‘("‘za)’ (35)
© v— v—1+ qu—
o)+ |o-mz)|
fo-p2)-C-gmmm)l e

Remark that both quantities between the absolute values in have an op-
posite sign. Furthermore, it is impossible that we have an equality in both (a)
and (b), because this would mean that 4 lies between 7 and =1 and between

P
n and %, which is contradictory since n — Z"—j and n— % have
a different sign. Consequently
‘A e L e Sl Vi 1
B Pr—1 Pr—1 CPy—1 + Pv—2 Pr—1 (Cpu—l + pu—?) ’
and
B
|Ap,/,1 - qyleI <
CPv—1 + Pv—2
Since % % ZV—: it follows that |Ap,_1 —q,—1B| > 1, since it is a natural
number. As a consequence B > ¢p,_1 + p,—2, which finishes the proof. O

Lemma 25. If % s a best rational approximation of n of the second kind, then

% is one of the members of or .

Proof. Suppose that % is a rational that is different from all members of
and . We consider two cases.

Case 1: % <.

In this case % lies either between two subsequent members of [32[ or % < Z—g. If
% < g—g = 4* <1, we have a contradiction, since the ratio 4* has a denominator

that is not strictly smaller then the denominator of 4. If m%iig’:z <4<

Cv—1tqu—2

e, < then also

A —1q— .
0 < A (=g + a2
B (C_ ]-)pufl +pu72

(C - 1) qv—1 + qv—2 _ Cqr—1 + qv—2
(C - ]-) Pr—1 + Pv—2 CPy—1 + Pv—2
1

((C - 1)pu71 +p1/72) (Cpufl +p1/72) ’
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This implies
B

0<|A((c=1)p,—1 +pv—2)—Bl(epp_1+p,9)| < —m8 .
\ (( )Pv—1+ Du—2) (P 1 TP 2)| Py—1 + Po_a

It follows that B > ¢p,_1+p,—2, because |A ((c — 1) py—1 + po—2) — B (cpy—1 + pv—2)|
is a nonzero natural number.

Case 2: % > 1.

The proof is analogous and is left to the reader. O

In fact we can be more precise on which members of and are best
rational approximation of 7 of the second kind. Remark that the following
lemma is one of the key ingredients to obtain the equivalence with the Bruno
condition.

Lemma 26. Consider the ratio

Cqy—1 + qv—2

, 0<c<a,.
CPpy—1 +pl/72

We have that if 2c > a,, +1 then this ratio is a best approximation of the second
kind; and if 2c < a, — 1 then this ratio is not a best approzimation of the second
kind.

It is clear that 29x=1tdv=2 jg 5 hest rational approximation of the second

CPpr—1+Dpv—2
kind if
‘ _ Cqy—1 +QV—2 < ‘ _ qv—1
CPr—1 +p1/72 Pr—1 ’

which is equivalent with

¢(Py—1n = Gv—1) + P2 — Gv-a| _ ’npy_1 —qu1
CPv—1 +p1/72 Pv—1
We now use &, = Zx=11=9v=2 {4 ghtain the equivalence with

Pv—1M—Qqv—-2

(c—&) (pv—1m — qv—1)
CPy—1+ Pv—2

< 77pu71 —qv-1
Pv—1

)

and simplifies to
Pu—1|(c—&)| < cpyp—1 + po—2o.
We have that ¢ < a,, < &, hence this is equivalent to
po—1 (& —¢) < Py—1+ py—2. (38)
Suppose that 2¢ > a, + 1, then
2epy 1 +pu2>(ay,+1)po_1+po1=ap,1 <EBL 1,
and is fullfilled. Suppose now that 2¢ < a, — 1, then
2epy—1+pv—2 < (@ — 1) py—1+po—1 < bupy—1 < &pu—1,
and is false.
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