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Abstract. We compute the Nakayama automorphism of a Poincaré—Birkhoff—Witt (PBW)-
deformation of a Koszul Artin—Schelter (AS) Gorenstein algebra of finite global dimension,
and give a criterion for an augmented PBW-deformation of a Koszul Calabi—Yau algebra to
be Calabi—Yau. The relations between the Calabi—Yau property of augmented PBW-defor-
mations and that of non-augmented cases are discussed. The Nakayama automorphisms of
PBW-deformations of Koszul AS—Gorenstein algebras of global dimensions 2 and 3 are
given explicitly. We show that if a PBW-deformation of a graded Calabi—Yau algebra is still
Calabi—Yau, then it is defined by a potential under some mild conditions. Some classical
results are also recovered. Our main method used in this article is elementary and based on
linear algebra. The results obtained in this article will be applied in a subsequent paper (He
et al., Skew polynomial algebras with coefficients in AS regular algebras, preprint, 2011).

0. Introduction

Dubois-Violette showed in [10,11] that a (generalized) Koszul Artin—Schelter
(AS, for short) Gorenstein algebra of finite global dimension is determined by
a multi-linear form, and hence, to some extent, the study of the AS—Gorenstein
property of a Koszul algebra is equivalent to dealing with certain problems in lin-
ear algebra. Motivated by this observation, we ask if we can convert homological
problems of Koszul AS—Gorenstein algebras to linear algebra problems. The first
question arising is whether it is possible to write down explicitly the Nakayama
automorphism (for the definition, see the following section) of an AS—Gorenstein
algebra in a linear algebra way.

Instead of using Dubois-Violette’s multi-linear form, we write the generating
relations of a Koszul algebra by a sequence of matrices. It turns out that this is
an efficient way to discuss certain homological problems. For example, by using
these matrices, we may write down the product of the Yoneda Ext-algebra of the
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Koszul algebra explicitly; then we write down the Nakayama automorphism of a
Koszul AS—Gorenstein algebra by matrices through Van den Bergh’s formula [22]
(and later, Berger and Marconnet [6]) for the Nakayama automorphism of a Koszul
AS—Gorenstein algebra. We also recover the result that graded Calabi—Yau alge-
bras of dimension 3 are obtained from a superpotential by some simple calculations
with matrices, compared to the result in [8] where Bocklandt proved the result by
a sophisticated analysis of the minimal projective resolution of the trivial module.

The aim of this article is to study the Poincaré—Birkhoff—-Witt (PBW) defor-
mations of AS—Gorentein algebras. We try to write down the Nakayama automor-
phisms of PBW-deformations of Koszul AS—Gorenstein algebras, in particular of
AS—Gorenstein algebras of global dimension 2 or 3, and then study the Calabi—Yau
property of PBW-deformations.

This article is organized as follows. In Sect. 1, we set up some terminology and
notation used in this article, and recall some definitions and basic properties of N-
Koszul algebras and AS—Gorenstein algebras. In Sect. 2, we discuss the Nakayama
automorphisms of PBW-deformations of general Koszul AS—Gorenstein algebras
of finite global dimensions. The main results of this section are Proposition 2.2,
Theorems 2.5 and 2.7. Wu and Zhu in [25] proved a result similar to Theorem 2.5
under the assumption that the associated graded algebra is Noetherian. In contrast,
we do not need the Noetherian condition. Also our method is totally different from
that of [25]. Theorem 2.7 extends a result we proved in [15].

Section 3 is devoted to compute the Nakayama automorphisms of AS—Goren-
stein algebras of global dimension 2. The main result of this section is Theorem 3.5.
Some results obtained in [4] and [11] are recovered by some linear computations.

Section 4 is devoted to discuss the PBW-deformations of AS—Gorenstein alge-
bras of global dimension 3. Itis well known that an AS—Gorenstein algebra of global
dimension 3 is N-Koszul. We write the generating relations of a Koszul algebra A
by a sequence of matrices, allowing to write down the product of the homogeneous
dual algebra A' of A explicitly. Similarly, we also write down the Yoneda product
of E(A) = 651.3: Ext’A (ka, ks) when A is an N-Koszul AS—Gorenstein algebra
of global dimension 3. The Nakayama automorphisms of PBW-deformations are
expressed in Proposition 4.8 by some matrices. Some simple computations on the
matrices yield that a connected graded Calabi—Yau algebra of dimension 3 is defined
by a superpotential, hence we recover Bocklandt’s result [8]. Moreover, we prove
that if a PBW-deformation of a graded Calabi—Yau algebra of dimension 3 is still
Calabi—Yau, then it is defined by a potential in case that the PBW-deformation is
augmented or the associated graded algebra is a domain (Theorem 4.11). Moreover,
the potential for a Calabi—Yau PBW-deformation can be explicitly written down.

1. Preliminaries

Throughout k is a field of characteristic zero. All the vector spaces, algebras and
coalgebras involved in this article are over k. We write ® for ®1,. Let M = ;7 M;
be a graded vector space. For an integer n, we write M (n) for the graded vector
space whose ith component is M (n); = M;,. Let B be an algebra, ¢ be an auto-
morphism of B. We write | By, for the B-bimodule whose left B-action is the regular
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action and right B-action is twisted by ¢. We write B¢ for the enveloping algebra
B ® B°P.

Let V be a finite dimensional vector space, andlet T (V) =k V @ Vlg...
be the tensor algebra. Given a subspace R C VON (N > 2), the graded algebra
A = T(V)/(R) is called an N-homogeneous algebra, where (R) is the ideal of
T (V) generated by R. Let V* = Homy(V, k), and R+ € (V*)®¥ be the orthog-
onal complement of R. The N-homogeneous algebra A'=T(V*)/(RY) is called
the homogeneous dual of A. Since A is graded, we may view the ground field as
a graded left (or right) A-module. For any finitely generated graded left (or right)
A-module M, the minimal graded projective resolution of M exists. Suppose that
the minimal graded projective resolution of k4 is the following:

i PP 5 POk — 0.

If, for all i > 0, the graded module P s generated in degree « (i), then A
is called an N-Koszul algebra [3], where « : N — N is a function defined by
k(i) = LN in casei is even, or k (i) = %N + 1 in case i is odd. In particular, if
N =2, then A is called a Koszul algebra [20]. For a Koszul algebra A, its homo-
geneous dual algebra A' is also a Koszul algebra. Moreover, the Yoneda algebra
E(A) = ®i>0 Ext’A (ka, ky) is isomorphic to A'[2]. In general, the homogeneous
dual algebra of an N-Koszul algebra A is no longer an N-Koszul algebraif N > 3,
and in this case, ExtiA (ka,ky) = A,!C(l.). We refer to [2, 18,20] for further properties
of Koszul algebras, and [3, 14] for N-Koszul algebras if N > 3.

Let A= Ay ® A1 @ --- be a graded algebra. A PBW-deformation of A is a
filtered algebra U with an ascending filtration 0 € FoU € FiU € F,U C ---
such that the associated graded algebra gr(U) is isomorphic to A.

Convention: henceforth, by a deformation we mean a PBW-deformation of a
graded algebra.

If A =T(V)/(R) is a 2-homogeneous algebra, then a deformation U of A
is determined by two linear maps v : R — V and  : R — Lk in sense that
U=TV)/(r —v(r)—0():r € R). The linear maps v and 0 satisfy some
Jacobian type conditions (more details, see [9,18]). If & = 0, then U is called an
augmented deformation of A.

Generally,if A = T(V)/(R) is an N-homogeneous algebra, then a deformation
U of A is determined by N linear maps «; : R — VON=ifori =1,..., N, where
we set V® = Lk, in sense that U = T(V)/(r + a1(r) + -+ +an() : r € R).
Also, the linear maps «¢;’s satisfy certain Jacobian type conditions (see [5] or [12]).
If ay = 0, then U is called an augmented deformation of A.

We are interested in the deformations of N-Koszul AS—Gorenstein algebras.
LetA=k®A HA,PD- - -beaconnected graded algebra. Assume that A has global
dimension d < oo. A is called an AS-Gorenstein algebra if Exti‘ (ka, A) = 0if
i # dand Exti (ka, A) = k. Compared to the classical definition, we do not
assume that an AS—Gorenstein algebra is Noetherian.

An AS—Gorenstein algebra can be viewed as a kind of generalization of a Frobe-
nius algebra. Let B =k @ B} @ B @ - - - be a finite dimensional graded algebra.
Recall that B is called a graded Frobenius algebra if there is an isomorphism of
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graded left B-modules:
® : B = B*(—d).

In this case, we have B; # 0 and B; = 0 for all i > d. We say that the length
of the Frobenius algebra B is d. In general, the isomorphism ® is not a B-bimod-
ule morphism. In fact, there is a unique graded automorphism ¢ of B such that
©® : 1By — B* is an isomorphism of B-bimodules. The isomorphism ¢ is called
the Nakayama automorphism of B.If ¢ = id, then B is called a symmetric algebra.
The isomorphism ® induces a nondegenerate bilinear form (, ) : B x B — k
defined by (a, b) = ©(1)(ab) for all a, b € B. We call a Frobenius algebra B of
length d graded symmetricif (a, by = (—1)!@=)(b, a) foralla € B; andb € By_;.

We have the following relation between N-Koszul AS—Gorenstein algebras and
graded Frobenius algebras.

Lemma 1.1. Let A be an N-Koszul algebra of global dimension d. Then A is
AS—Gorenstein if and only if E(A) = ®;>0 Ext (ka, ka) is a graded Frobenius
algebra.

When A is Koszul, the proof of the lemma above can be found in [21]; when A
is a general N-Koszul algebra, the proof can be found in [6], more generally, see
[17].

Lemma 1.2. Let A = T(V)/(R) be an N -Koszul AS-Gorenstein algebra of global
dimension d. Then Ext,.(A,A ® A) = 0 fori # d, and Ext‘ie(A, AR A =
1A (k(d)) for some graded automorphism ¢ of A.

The graded automorphism ¢ is unique. We call ¢ the Nakayama automorphism
of A.

The proof of the lemma above can be found in [22] when A is Koszul and No-
etherian, and in the proof of [6, Theorem 6.3] when A is a general N-Koszul algebra.
Moreover, the Nakayama automorphism ¢ of A is also constructed in [22] and [6].
In fact, by Lemma 1.1, the Yoneda algebra E(A) is graded Frobenius. Assume that
¢ is the Nakayama automorphism of E(A). Since Ext]A (ka,ks) = V*, the auto-
morphism ¢ induces a graded automorphism ¢ of A. Let ¢ be the automorphism
of A defined by multiplying (—1)" on a homogeneous element a € A,,. Then the
Nakayama automorphism ¢ in Lemma 1.2 is

¢ =gdtlp !,

We end this section by recalling the definition of a Calabi—Yau algebra. An
algebra B is called a Calabi—Yau algebra of dimension d [13], if (i) B is homolog-
ically smooth, that is; B has a bounded resolution of finitely generated projective
B-bimodules, (ii) Ext%g (B,B® B) =0ifi # d and Ext’fgg(B, B® B) = B as
B-bimodules. Note that if, further, B is a connected graded algebra, then B must
be an AS—Gorenstein algebra [7].
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2. Deformations of Koszul AS-Gorenstein algebras

Let A = T(V)/(R) be a Koszul algebra, and let U = T(V)/(r — v(r) — 0(r) :
r € R) be a deformation of A. Assume dim V = n and {x1, ..., x,} be a basis of
V.Let {x],..., x;i} be the dual basis of V*. Define

form > 2,Cop = kand C_; = V. Let C = @®,>0C—_pn. Then C is a graded
subcoalgebra of the tensor coalgebra 7' (V). The map v : R — V induces a graded
coderivation §¢ of degree 1 on the coalgebra C. We extend the linearmap 6 : R — k
to a graded map (also denoted by 0) 6 : C — Ik of degree 2 in an obvious way.
Since U is a deformation of A, we see that the graded coalgebra C together with the
coderivation ¢ and the graded map 6 form a curved differential graded coalgebra
in sense of Positselski [19]. Let A' = T'(V*)/(R1) be the dual algebra of A. The
dual map v* : V* — R* induces a derivation § ;1 of degree 1 on A'. If we view the
map 6 : R — k as an element in A’z, then the graded algebra A' together with the
derivation 6 4 and the element 6 form a curved differential graded algebra, that is,
8 4 is a derivation of A' and 6 € A such that ai, (o) = O — a6 [18,19]. The triple
(A’, 84, 0) is sometimes called the curved differential graded algebra dual to U.
The graded dual algebra of the curved differential graded coalgebra (C, éc, 0) is
isomorphic to the curved differential graded algebra (A8 Al 0) [19, Sect. 6]. So,
we can view C as a graded A'-bimodule.

We construct a sequence of U-bimodules by using the curved differential graded
coalgebra (C, 8¢, 0) as follows:

s URCa®U-2 . s UCHeU D UC,®
v uveu-tsu—o, (1)

where the last morphism p is the multiplication of U, and the morphism D is
defined as, forc € C_,,;,a,b e U andm > 1,

n n
D(a®c®b)=Zax,~®C~x;k®b+(—1)m2a®x;k~c®xib
i=1 i=1

—a®d8c(c) ®b.

Using the equations in [18, Proposition 1.1, Chap. 5], we can check that D% = 0.
The complex (1) coincides with the complex constructed by the natural twisting
cochain from C to U as shown in [19, Sect. 6]. We endow each component of the
complex (1) with an ascending filtration by setting

FU®C_,®@U)=0fori <m,
FrlU®C_, ®U)=FU®C_,; ® FoU, and

Fuk(U®C_y ®U)= D FU®C_n ® F;U, fork > 1.
i+j=k
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Then the differential D of the complex (1) is compatible with the filtration. The
first level of the spectral sequence induced by the filtration is exactly the classical
two-sided Koszul resolution of A. Hence the complex (1) is exact, and then it is a
projective resolution of the bimodule y Uy .

Applying the functor Homye(—, U ® U) to the projective resolution of the
bimodule ; Uy and observing that A' is dual to C, we get the following complex:

0—>URARU >URA QU > - —U®
A QU B USA, QU — -, 2

where the differential D is defined as follows: for anya,b e Uanda € A!m,

n n
Da®a®b) = Za@xi*a ® x;ib + (—1)"*! Zaxi Qax’®b
i=1 i=1

—a®354()®b.
The complex (2) inherits the filtration of the complex (1) as follows:
FU®A, ®U)=0, fori <—m,
and

Fomua(U®A @U)= Z FiU® Al, ® F;U, fork > 0.
i+j=k
It is easy to see that the differential D preserves the filtration.
Now assume that A = T'(V)/(R) is a Koszul AS—Gorenstein algebra of global

dimension d, and that U = T(V)/(r —v(r) —6(r) : r € R) is a deformation of A.
The projective resolution of the bimodule yy Uy constructed above reads as follows:

0> URC40U -2 ... UCHL0U > UC1®
v uveu-SUu—o.

After applying the functor Homye(—, U ® U) to this resolution, we obtain
0—>URARU >URA QU > - —U®

A eu2Uuea,euU. 3)

We deduce the following result from the complex above. Yekutieli proved
a more general result under the assumption that the AS—Gorenstein algebra is
Noetherian [26]. While, in our case, we do not need the Noetherian condition
on A.

Lemma 2.1. Let A be a Koszul AS—Gorenstein algebra of global dimension d, and
let U be a deformation of A. Assume that ¢ is the Nakayama automorphism of A.
Then we have ExtiL,e(U, UU) =0fori #d and Ext‘g,e(U, U®U) =1Us
as U-bimodules, where & is a filtration-preserving automorphism of U such that

gr§) =¢.
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Proof. Let EL'? be the spectral sequence obtained from the filtration of the complex
(3). The first level E {) ? of the spectral sequence is exactly the complex obtained
from the Koszul bimodule complex of A = gr(U) (see [22, Theorem 9.1]), and
hence collapses by Lemma 1.2. Since the filtration is ascending and bounded below,
the spectral sequence converges. Then we have Ext’be (U, U®U) =0fori # dand
Ext?]e (U,U®U) = W, where W is afiltered U-bimodule such that gr (W) = 1 A;.
Now applying [23, Lemmas 4, 5], we obtain the desired result. O

As in the graded case, the automorphism & in the above lemma is unique up to
inner automorphisms. We call & the Nakayama automorphism of U.

Let A be a Koszul AS—Gorenstein algebra of global dimension d. By Lemma
1.1, A' is a graded Frobenius algebra. Hence there is a graded automorphism ¢ :
A' — A'such that there is an isomorphism of graded A'-bimodules

©: 14, — A" (-a).

Assume that ¢ is defined by ¢ (x, ..., x;) = (x],...,x;) P, where P = (p;;)
is an invertible n x n matrix. The automorphism ¢ induces an automorphism ¢ :
A — A, whichis determined by its restrictionto A; = V,namely, ¢ (x1, ..., X;) =
(x1,...,x,)P".

By Lemma 2.1, the complex (3) is exact except at the final position. The homol-
ogy at the final position is 1 Ug. So, there is a bimodule epimorphism 7 : U ®
Aél QU — 1Us. Letw € A’d be the element such that ®(1)(ew) = 1. Since
the differential of the complex (3) preserves the filtration and the cohomology at
the final position of the associated graded complex is 1Aga+1,-1 (Lemma 1.2),

we have m(w) = u € FoU = k. Since A' is Frobenius, dim Aii_l = n. Let

wi, ..., W, € Ail—l be the elements such that xl?kwj = (S;w for all i and j.
Then {wi, ..., w,} forms a basis of A!d_l, and w;x’ = qb’l(xl.*)wj. Assume
dp(wj)=Ajm,j=1,...,n Fora,b € U, we have

7oD@®wj®b)=0.
Recall that ¢ is defined by the matrix P. Thus ¢! is defined by P~!. Let P! =
(lij). Then we have:

O:noﬁ(a@wj(@b)

n n
- n(Za@xi*wj ®x,~b+(—1)dzgxi ®wjxl~*®b—a®8c(wj)®b)

i=1 i=1

n
:n(a@w@ij—}—(—l)dZaxi@qﬁ](xl.’")u)j@)b—a@kjw ®b))
i=1

n

= uak(x;b) + (= 1)? Zuaxiljié;‘(b) — uai;E(b).

i=1

In the equations above, if we set b = 1 and cancel out u«, then we obtain

ag(xj) + (=1 D" axilj; —akj = 0. 4)

i=1



470 J.-W. He et al.

Since £ is a filtered automorphism and gr(§) = sd“(p_l (Lemmas 1.2, 2.1), we
have

d+1
E(c) = (=D D" Lixi + kj,

i=1

for some k; € k. Now the Eq. (4) is equivalent to

n n
(_l)d—H Zaljixi + ak; + (—1)d Zaxl‘lji - akj =0,

i=1 i=1
which, in turn, is equivalent to
akj —aij =0, forallaceUandj=1,...,n.
Hence, we get
kj=2x;, forallj=1,...,n.
Summarizing we obtain the following result.

Proposition 2.2. Let A = T(V)/(R) be a Koszul AS—-Gorenstein algebra of global
dimension d, and let A" be its dual algebra. Assume that {x1, ..., x,} is a basis of
V,and {x}, ..., x;} is the dual basis of V*.

Let U = T(V)/(r —v(r) —0(@r) : r € R) be a deformation of A, and
let (A, 8 AL, 0) be the curved differential graded algebra dual to U. Assume that the
Nakayama automorphism ¢ : A — A' is defined by G}, .., xy) =
(xi‘, ..., x})P, where P is an n x n matrix. Choose a basis o ofAii, and assume
that {w1, ..., w,} is the basis of Aii—l such that xl.*wj = Sl . Assume further
Sp(w;)) = Moo foralli = 1,...,n, and let A = (A1,...,A,) € Kk". Then
Extl, (U, U ® U) =0 fori # d, and

Ext‘Z,e(U, UU) = 1Ug,
where & : U — U is an automorphism defined by the linear map
Vo Vek xGr..,x)=EDM 0 )P F )

If the Koszul algebra A in the proposition is Calabi—Yau, then A' is a graded
symmetric algebra [8, Proposition A.5.2]. Hence in this case the Nakayama auto-
morphism of A' is ¢ = €?*!, where € is the automorphism of A' defined as:
e(f)=(=Diffor f e A; Then the proposition implies the following result.

Corollary 2.3. Let A be a Koszul Calabi-Yau algebra of dimension d, and let
U=TWV)/(r—=v(r)—0(@r) :r € R) be a PBW-deformation of A, and let
(A", 841, 0) be the curved differential graded algebra dual to U. If § 4 (A!d_l) =0,
then U is a Calabi—Yau algebra.
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Let (A8 4, 0) be the curved differential graded algebra dual to U =
T(V)/(r —v(r) —0(r) : r € R).If 6 lies in the center of A", then (A, 8,41) 1s
actually a differential graded algebra. In this case, U' = T(V)/(r —v(r) : r € R)
is an augmented deformation of A by [18, Proposition 4.1]. The proposition above
implies the following result.

Proposition 2.4. Let A, U and (A', 8 1, 0) be as in Proposition 2.2. If 0 is in the
center of A', then U’ = T'(V)/(r —v(r) : r € R) is an augmented deformation of
A. Moreover, we have Ext‘U,e (U, U ®U")=0fori #d, and

d / / /N A~ /
Extf, (U, U' @ U") = Uy,

where the automorphism &' : U’ — U’ is defined by the same linear map (5) as in
Proposition 2.2.

In particular, if A is Calabi—Yau, then we have the next result.

Theorem 2.5. Let A = T(V)/(R) be a Koszul Calabi-Yau algebra of global
dimension d. Assume that U is an augmented deformation of A, and that (A', § o)
is the differential graded algebra dual to U. Then the following are equivalent:

(1) U is a Calabi-Yau algebra;

(i) EU) = EB?:] Ext’b (k, k) is a graded symmetric algebra of length d;

(iii) 8 41 (A,_) = 0.

Proof. (1) = (ii) is follows from [8, Proposition A.5.2].

(il) = (iii). By the Frobenius property of E(U), we have Ext‘(ij (k, k) # 0.
Then by [18, Proposition 6.1], the dth cohomology of the differential graded algebra
(A', 8 4!) is not zero. Since Ail is of dimension one, we have § 4! (A!d_l) =0.

(iii) == (ii). Since A is Calabi-Yau, A' is graded symmetric of length d by
[8, Proposition A.5.2]. Hence the matrix P in Proposition 2.2 is P = (—1)4*+11,,
where [, is the n x n unit matrix. That (iii) implies (i) (and therefore (ii)) is Corollary
2.3. |

Remark 2.6. Wu and Zhu proved in [25] the equivalence of (i) and (iii) under the
assumption that A is Noetherian. We do not need the Noetherian condition. More-
over, the method used in [25] is totally different from ours.

The theorem above implies the following result, which extends [15, Theorem
5.3].

Theorem 2.7. Let A = T(V)/(R) be a Koszul Calabi-Yau algebra of global
dimension d. Suppose that both U = T(V)/(r —v(r) — 6(r) : r € R) and
U =T(V)/(r —v(r) : r € R) are deformations of A. If U’ is Calabi-Yau, then
sois U.

Conversely, if U is Calabi—Yau and A is a domain, then U’ is Calabi—Yau.
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Proof. If U’ is Calabi—Yau, then by Theorem 2.5(iii), we have § A!(A!d—l) = 0.
Now Proposition 2.2 implies that the Nakayama automorphism of U is the identity,
and hence, U is Calabi—Yau.

Conversely, if U is Calabi—Yau, then the automorphism & in Proposition 2.2 is
inner. If A is a domain, then the inner automorphism group of U is trivial. Hence
& is identity map. Therefore 6 4! (A’d_l) = 0. Then Proposition 2.4 implies that U’
is Calabi—Yau. O

In the following sections, we will apply the results obtained in this section to
the deformations of AS—Gorenstein algebras of global dimensions 2 and 3. The
Nakayama automorphisms will be computed in detail.

The results will also be applied in our subsequent paper [16], where we discuss
the PBW deformations of some skew polynomial algebras constructed from Koszul
As-Gorenstein algebras.

3. Frobenius algebras of length 2 and AS-Gorenstein algebras of global
dimension 2

Let E =k @ E; ® E; such that dim E1 = n and dim E> = 1. The set of graded
Frobenius structures on E corresponds to G L(k, n) in the following way.

Fix abasis of E1, say, {x1, ..., x,} and abasis of E», {z}. For an invertible n x n-
matrix M € GL(k, n), we define a multiplication on E as follows: for x, y € Ej,
assuming x = ayxi+---apxy and y = byxy+- - -+byx,, thenxy = aMb’z, where
a=(a,...,ap) € K"and b = (by,...,b,) € k". Then E is a graded Frobe-
nius algebra with a nondegenerate bilinear form ( , ) defined by (x, y) = aMb’
for all x, y € Ej. A straightforward check shows that (x, y) = (y, ¢(x)) where
¢ : E — E is a graded algebra automorphism defined by

¢(X) = (x1,... »xn)M_lMtal and ¢(Z) = z.

Hence ¢ is the Nakayama automorphism of E.

Conversely, it is easy to see that any graded Frobenius algebra of length 2 is
defined in this way.

For further discussion, we need more notation. Let W and W’ be n-dimensional

vector spaces with fixed bases {wy, ..., w,} and {w], ..., w,,} respectively. For an
elementa € W ® W', we may write o = zl'-szl pijwi @ w;.. Let P = (pij) be
the matrix with entries p;;. The « is of the form: (wy, ..., w,) P(w], ..., w))".

Let E = k@ E| ® E> be a graded Frobenius algebra defined by an invert-
ible matrix M as above. We can view E as a 2-homogeneous algebra. In fact, let
u: E® E — E be the multiplication of E, and let R = {« € E; ® Eq|u(a) =
0}. Then we have E = T(E1)/(R). Let V = Ei‘ be the dual space of Ep. Let
=08 L x)M&f, .. x) e VV.Forany x,y € Ei, f(x ® y) =
aMb’ = (x, y), where a and b are the coordinates with respect to x and y on the
basis {x1,...,x,}. Then we see f € R+. So, E' = T(V)/(R+) = T(V)/(f).
By [27, Theorem 0.1], E' is a Koszul algebra. Hence E is a Koszul algebra. Since
E is graded Frobenius, we have E 'is AS—Gorenstein of global dimension 2 [21,
Proposition 5.10].
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Summarizing the above argument, we have the following properties (see also
[11, Theorem 3]).

Proposition 3.1. Let M be an invertible n x n-matrix, let E =k ® E| & E» be the
graded Frobenius algebra defined by M. Then:

(i) E is a Koszul algebra;

(i) A = T(V)/(f) is a AS—Gorenstein algebra of global dimension 2, where
V=Efand f=({,....x) )Mx{,....x) e VQV;

(iii) any AS—Gorenstein algebra of global dimension 2 is defined by an invertible
matrix.

On the graded Frobenius algebra E defined by an invertible matrix M, any
linear map 81 : E1 — E3 defines a differential §g on E. For any element 6 € E,
(E, 8E, 0) is a curved differential graded algebra. By [18, Proposition 4.1, Chap.
5], we see the following:

Proposition 3.2. Let A = T(V)/(f) where [ = (x{,...,x;)M(x},...,x})" €
V ® V and M is an invertible matrix. For any elements v € V and k € Kk, the
filtered algebra U =T (V) /(f — v — k) is a deformation of A.

To simplify the notions, in the rest of this section, we interchange E; with
V = E7, and we fix a basis {x1, ..., x,} of V.

Since A = T(V)/(f) is Koszul, the Nakayama automorphism of A is deter-
mined by the Nakayama automorphism of E. If amatrix C defines an automorphism
of a finite dimensional vector space W then its dual automorphism on W* is defined
by C’. Thus by Lemma 1.2, we obtain the following:

Proposition 3.3. Let A = T(V)/(f) where [ = (x1, .. . XM (xy, ..., xy) €
V ® V and M is an invertible matrix. Then we have Ext,.(A, A ® A) = 0 for
i # 2, and

Ext]e (A, A%) = 1A (-2),

where the Nakayama automorphism ¢ is defined by ¢ (y) = —(x1, ..., X)) M M~K!
andy = (x1,...,x)k! € V.

As a consequence, we obtain results of Berger (see [4, Propositions 3.4, 6.3]):

Corollary 34. Let A = T(V)/(f) where f = (x1,...,x,)Q(x1,...,x,)" €
V&V and Q is an n x n matrix. Then A is Calabi-Yau of dimension 2 if and only
if Q is invertible and anti-symmetric.

Proof. The fact that A is Calabi—Yau implies that A is AS—Gorenstein. Hence Q
must be invertible. Then the result follows from Proposition 3.3. O

We may write down the Nakayama automorphism of a deformation of A even
more precisely than it in Sect. 2. Let U = T(V)/(f — v — k) be a deforma-
tion of A = T(V)/(f) with f = (x1,...,x)O(x1,...,x,)" € V® V. Assume
v=(x1,...,X,)s" withs = (s1, ..., s,). The projective resolution of the bimodule
v Uy formed in Sect. 2 reads as follows: (also cf. [4]):

IxQ+-IxQ! —. Il
0 UeoUu — 22578 gy Ueu U 0,
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where (@ ®b) " ¢c =ac®band (@a®b) ¢ =a®chbfora,b,c € U. After
applying the functor Homye(—, U ® U) to the forgoing resolution we get

-rX—»lX T Xt-‘r-l tht__st

0—=U®RU Ueuhn——U®RU. (6)

By Lemma 2.1, we see that the above complex is exact except at the final position,
and the cohomology of the final position is 1 U . Hence there is a surjective bimod-
ule morphism 77 : U ® U — 1 Ug such that w o (" Ox' +-/ Q'x' —-a’) = 0. Similar
computations to those in Sect. 2 yield:

> aigijxjEbi) + D aiE(xjqjibi) — Y siaik(bi) =0, @)
i,j i,j i
for any ay,...,a,,b1...,b, € U. By Lemma 2.1, we have £(x;) = ¢(x;) + A;

fori =1,...,nwith}; e k. Let A = (A1, ..., Ay). Inthe Eq. (7),letb; = --- =
b, = 1. Then we obtain:

a0x' —aQ (0 ' ox' +aQ'A —as' =0,

where a = (ay, ..., a,) and Q = (g;;). Equivalently, we have:
aQ'Al —as’ =0. (8
Since a is arbitrary, the Eq. (8) yields:
o'\ =+
Hence
A= sQ*I.

Summarizing the above argument we obtain the following theorem.

Theorem 3.5. Let Q be an invertible n x n matrix, A = T (V) /(f) with f = xQOx'
andU =TV)/(f—v—k)a deformat;'on of A, where X = (x1, ..., X,). Assume
v=xs" withs = (s1, ..., ). Then Exty,, (U, U @ U) = 0 fori # 2, and

Ext} (U, U @ U) = Ug,
where the automorphism & is defined by £(x) = —xQ'Q ' +sQ~ 1.

Remark 3.6. Note that the presentation of the Nakayama isomorphism in Theorem
3.5 is different from the one in Proposition 2.2. The reason is that we chose different
bases in these two situations.

As a special case, we have the following corollary (cf. [4]).

Corollary 3.7. Let U be as above. Then U is Calabi—Yau if and only if Q is an
anti-symmetric matrix and v = 0.

Proof. The sufficiency follows from Theorem 3.5. If U is Calabi—Yau, then the
Nakayama automorphism & in Theorem 3.5 is inner. However, since A is a domain
(cf. [11]), U has no nontrivial inner automorphism. Hence £ = id, and so Q is
anti-symmetric and v = 0. O
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4. Deformations of AS—Gorenstein algebras of global dimension 3

It is well known that an AS—Gorenstein algebra of global dimension 3 is N-Koszul
(N > 2). Throughout this section, we assume that A = T(V)/(R) is an AS-Go-
renstein N-Koszul (N > 2) algebra of global dimension 3. As before, we assume
that dim V = n, and fix a basis {x1, ..., x,}. Let {x], ..., x;} be the dual basis of
V*. Since A is AS-Gorenstein, dim R = n. We fix a basis of R, say, {r{, ..., r,}.
LetCo=k,C_1 =V, C»=R,C3=R®VNV@RandC =C_36
C_r®C_; Dk. As A is AS—Gorenstein, we also have dim C_3 = 1. We fix a basis
z of C_3. As originally suggested in [1], we may express z € R ® V in the form

7= rQ(l)XI,

where Q) is an n x n matrix and r = (r1, ..., r,). On the other hand, z is an
element in V @ R, so there is an n x n matrix Q@ such that

z= xQ(z)r’.

Define a coproduct on C as follows: A(v) = 1 Qv+ v® 1 forv eV, A(r) =
1®@r+r@lforr € R,and A(z) = 1®z+z@1+> 1, qi(jl)ri@)xj—i—z:-’:] ql-(jz)x,-®rj.
We may define a counit ¢ on C in an obvious way so that (C, A, ¢) is a graded
coalgebra. Note that C in general is not a subcoalgebra of the tensor coalgebra of
V. Let us consider the Yoneda Ext-algebra E(A) = ®;>0 Ext’IA (ka, ky) of A. By
[6, Proposition 3.1] or [14, Theorem 9.1], we see that E(A) is the dual algebra of
the graded coalgebra C.

Since A is AS—Gorenstein, E(A) is a graded Frobenius algebra. Now let us
check the multiplication of E(A). Let x|, ..., x,; be the basis of V* dual to
X{,..., %, and r{, ..., 7y be the basis of R* dual to ry, ..., r,. For any element
a, B e V= Extl‘(]kA, k), assume o = ajx}{ + --- + ayx;; for some a =
(ar,...,ay) € kK", and B = b1x{ + - - + byx;; for some b = (b1, ..., b,) € k.
For any y € R* = Exti(]kA, kky), we assume y = clrf‘ + -+ 4 cury; for some
c=(c1,...,cy) € K". As E(A) is the dual algebra of the coalgebra C, we have

(- -a)@) =y @a)A(z)

n
=y®w)[1®z+z@1+ D ¢ ®x;

ij=1
n
0o
+ q,-(j)ps(lk)xs ® (X ® xj)
ij.k=1
n
=2 Ciqi(])a]
ij=1
— coWal

Hence we obtain: y - o = ¢QMa’z*. Similarly, we have: o - y = aQ@¢!z*.
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If N =2,then R € V ® V. So, there are n x n matrices PV, ..., P™ guch
that
rn=xPOx, .. r, =xPWx
respectively, where x = (x, ..., x,) comes from the basis. Now, we have o - 8 €

R* = Exti(]kA, ka). Thenforalli =1, ..., n, we have
(- B)(ri) = (@ B)A(r;)

n
@®p) [1@r+r@l+ > pilx@x
k=1

n .
> aipjbe
Jk=1

=arP®p'.

Hencea - B =" aPOb'rr.

If N > 3,then« - B = 0 (see [6,14]).

Since E(A) is graded Frobenius, we have that for any o € E '(A) there is an
element y € E2(A) such that y -  # 0, which implies that Q! is invertible.
Similarly, we have that Q® is invertible.

In summary, we have the following properties.

Proposition 4.1. With the notations as above,

(i) the matrices QY and Q@ are invertible;

(i) fora = aixf 4+ +apx}, B = bixj +- -+ byxi € V¥ = Extl, (ka, ka)
andy =ciri{+---+cpry € R* = Exti(IkA, ka), we have

y-a=c0Wa'z* o-y =a0Pc'z*,

wherea = (ay, ...,ay) € kK" andec = (cy,...,c,) € k"
n

IFN=2a-8= ZaP(i)b’r;‘,- ifN=>3a-f=0.

i=1

Through the isomorphism E(A) = C*, we may view the elements in E(A)
as linear maps from C to k. Define a bilinear form (, ) : E(A) x E(A) — k
by (¢, ¢) = (¥ - ¢)(z) for all 9, ¢ € E(A). It is easy to see that (, ) is nonde-
generate. Let o and y be as in Proposition 4.1. We have (y, o) = c0Wa’ and
(o, y) = a0@¢'. Since a0@¢! = cQ?'a’ = cQ(l)Q(l)_1 0@'al we see that
the Nakayama automorphism ¢ of E(A) acting on Extil(]k, k) = V* yields

—1
PGt x) = (e x DT @

Now applying Lemma 1.2, we have the following result.
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Proposition 4.2. We have Extie (A, ARA) = 1A (N+1), where actson Ay =V
by

s ) = (x1s e x0 D Q@ 7

If A is Calabi—Yau of dimension 3, then E(A) is actually a symmetric algebra [8,
Proposition A.5.2]. Hence Proposition 4.1 implies that Q) = Q(2)t. Conversely,
if 00 = Q@ then Proposition 4.2 says that A is Calabi—Yau. Therefore we have

Corollary 4.3. A is Calabi-Yau if and only if 0V = Q@'

Let w € V" and o € V*, we write [ow] = @ ® 1 ® --- ® 1)(w) and
[wae] = (1®---®1Q® a)(w). We may extend this notion to nonhomogeneous
case, that is, if w = w; + wy + -+ + w,, with w; € V® foralli = 1,...,m,
then [¢w] = [ew1] + - -+ + [@¢w,,]. Similarly, we have [wa]. Recall that an ele-
ment w € V" is called a superpotential of degree m if [aw] = [wa] for all
a € V*[8,13,24]. In general, an element w € TZL(V) is called a potential if
[@w] = [wa] for all @ € V* [7]. Given an element « € V*, the partial derivation
of a (super)potential w by « is defined to be dy (w) = [ w].

Proposition4.4. I[f A = T(V)/(R) is Calabi—Yau, then any nonzero element in
R®V NV ® R is a superpotential.

Proof. 1t suffices to prove that the element z that we chose at the beginning of
this section as a fixed basis of R ® V NV ® R is a superpotential. Recall that

z=24 ql.(jl)r,- ®x; =2, ql.(f)x,- ®rj.Forallk = 1,...,n, we have [x}z] =

> qlgjz)rj and [zx}] = >, qi(,:)ri. By Corollary 4.3, we have (q{}(), e ,q;}c)) =

(q,g), e, q,ﬁi)). Hence [x;z] = [zx,f] forallk =1, ..., n. Therefore z is a super-

potential. O
The following result was first proved by Bocklandt in [8] under the more general
assumption that A is obtained from a finite quiver. Bocklandt proved the result by
a sophisticated analysis of the minimal graded projective resolution of the trivial
A-module Ap. However, in the connected case, we have a quite simpler proof.

Theorem 4.5. (cf. [8]) Let A = T (V)/(R) be a Calabi—Yau algebra of dimension
3. Then A is defined by a superpotential.

More precisely, for any nonzero element w € R®Q VNV @ R, we have A =
T(V)/(0g(w) :a € V*).

Proof. Note that A is N-Koszul. It suffices to prove A = T(V)/(04(z) : ¢ € V)
where z is the fixed basis of R® V NV ® R that we selected at the beginning of

this section. For k = 1, n, let r{ = 8, (2) = [2x{] = 3, ¢ r;. Then

sty =(r1, .. r) QW

Since OV is invertible, 7|, ..., 7}, is a basis of R. Hence the result follows. o
The deformations of general N-Koszul algebras are much more complicated
than those of Koszul algebras (see [5,12]). We have some further efforts to make in
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order to consider the Calabi—Yau property of a deformation of an AS—Gorenstein
algebra of dimension 3.

LetU =T(V)/(r +a1(r) +---+an() : r € R) be a deformation of A.
To determine when U is Calabi—Yau, we have to construct a projective resolution
for the bimodule y Uy . We need some additional notations in the following discus-
sions. Let o : U ® U — U be the multiplication map of U. Denote by u° = id,
w' =, and uf = p(uk~'®1) fork > 2. Lett : V — U be the natural inclusion
map. We denote 5 = t®* for k > 2. Let us consider the sequence:

-3 -2
0—>URVRRNRIVIOU 2> URRQU 25 URV®
-1
v ueu-Su—o, ©)
where the morphisms are given as following:

D =pu(1®0)1°" @1 -101°" ur®1)
1@ 1T-10(1QRa)R1,

i+j=N—1
D2 = Z W1et)eleu (t/el)
i,j=0
N—1i+j=N—k-1
+> Waetheleu (@ enleusl),
k=1 i,j>0

Dl'=pu(1®0)Q1-1@uxe1).
Lemma 4.6. The sequence (9) is exact, hence it is a projective resolution of y Uy .
Proof. We first show that the sequence (9) is a complex. Note that the morphisms
in the sequence are clearly U-bimodule morphisms. In the following computation,

we make use of the identities in [12, Theorem 1.1].

p2p3 = NaetMelel -1l NV 1)

i+j=N—1
+ > @aedelerc ooy elal)

i,jz0

i+j=N—1
- > Waerele@enielew el

i,j=0

N—li+j=N—k—1
+> wtaerthelew eI lew 1)
k=1  i,j>0

k i+j=N—k—1
> > wasdeledt' @M enieneisl
k=1 i,j>=0
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N—li+j=N—k—1
—Z > wWaetelew )
k=1 1]>0
1®uy(lQa —a; @1 Q1.

Itis sufficient to show that D2D3(1®z®1) = 0. Recall thatz = > I, ql(Jl) r®

2
xj=>0 1ql(j)x, ® rj. Then:

N e D@ = (N PV e+ N PN e
+tay-1 +ay) ® 1)(2),

and:

AeuM 'ty @) = -1 @ " 2N oy + 1V PV a4+ Tay -
+an))(2).

Keeping in mind that the morphisms in the above calculation would act on the
element 1 ® z ® 1, we have:

NaetMye1el=—w" 't de ™ ey + 1V 20 Qa) + -
+u(l®ay) @101,

and:

11N "o =101’ 'V oo )+ 1" 2@me ) +---
+ ulany @ 1)).

Moreover,

—li+j=N-k-1
Z > wWaedelew @ @)leulee —a@h)el)
i,j>0
N—1i+j=N—-k—1
= > Waetelew @ eniel@ur —un®hel)

Comparing the components in the three equations above with the components of
D3D2 weseethat D3D2 = 0.

Similarly, we can check that D™2D~! = 0. The equation uD~!' = 0 holds
obviously. Hence (9) is a complex. We may define a filtration on the complex (9)
as we did in Sect. 2 so that it is a complex of filtered U -bimodules: the filtration on
U ®U is just the filtration induced by that of U ; F;(UQ®V ®U) = 0fori < 1, and
Fiax(U®VU) = Z F,U®VRF;Ufork > 0; F;(U®R®U) = 0fori < N,

i+j=k
and Py (URR®U) = > FURR®F;U: Fi(USRRVNVOR)QU) =0
i+j=k
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fori < N+ 1l,and Fy114x(U®(RQVNVR)®U) = Z FFU®(R®
itj=k

VNV ®R)® F;U. The first level of the spectral sequence of the complex (9) with

the filtration given above is just the bimodule Koszul complex of A as constructed

in [6, Theorem 4.4]. Hence the sequence (9) is exact. m|
Similar to Lemma 2.1, we also have the following result obtained from the

projective resolution (9) of U. The proof is very similar to that of Lemma 2.1, so

we omit it.

Lemma 4.7. Let A be an N-Koszul AS—Gorenstein algebra of global dimension 3.
Let U be a deformation of A. Assume that the Nakayama automorphism of A is ¢.
Then Ext’be(U, UU) =0fori # 3, and Ext%/g(U, U ®U) = Ut for some
filtration-preserving automorphism & such that gr(§) = ¢.

Applying the functor Homye(—, U ® U) to the projective resolution (9) of
v Uy, we get the following complex:
D! « D2
0 —UQU —-UQV'QU —U®
n-3
ROUEZSUQMRVNVOR QU. (10)

We only write down explicitly the morphism D3. Write Y for the morphism
I1Qu —a1®1:R®VNV ®R —> R, and let y* be the dual map of . For
¥ € R*, we have:

n n

DTP1®Y® D=2 10010~ ) ) @I ®1-10y* @) ® 1,
i=1 i=1

where the products x}¢ and #x;* are the Yoneda products in E(A).

Proposition 4.8. Keep the preceding notions. Assume *(r;) = k;jz* fori =

1,...,n, and let kK = (ki,...,k,) € Kk". Then the Nakayama automorphism
of U is defined by the linear map x :' V. — V @k, with x(x1,...,x,) =
(1 x) Q0 0O L@

Proof. We only need to compute the cohomology at the final position of the com-

plex (10). Since the computation is very similar to the one in Proposition 2.2, we

omit it. m]
From now on, we will further assume that A is Calabi—Yau.

Corollary 4.9. Let U = T(V)/(r + a1 (r) + - +an—1(r) : ¥ € R) be an aug-
mented deformation of A. Then U is Calabi-Yau if and only if E(U) = Ext}; (k, k)
is a symmetric algebra of length 3.

Proof. 1t suffices to prove the “if” part. [12, Theorem 2.1] shows that E(A) =
Ext’ (k, k) is an A-algebra, and [12, Theorem 2.3] says that E(U) is the co-
homolgy algebra of the A-algebra E(A). Since dim Exti (k, k) = 1, the action
of the differential m on Ext% (k, k) is zero. On the other hand, the restrict of m
to Ext/z4 (k,k) = R* is exactly the map * as formed in the statement above.
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Hence Proposition 4.8 implies that the Nakayama automorphism is the identity
map. Therefore U is Calabi—Yau. O

Let A = T(V)/(R) be an N-Koszul Calabi—Yau algebra of dimension 3.
Assume that U = T(V)/(r + a1(r) +--- +an(r) : r € R) is a deformation
of A, and that U is Calabi—Yau. Assume further that (¢ ® 1 — 1 ® «1)(z) = 0.
Then by [12, Theorem 1.1] or [5, Proposition 3.6], we have (o ® 1 —1®a)(z) =0
forall k =2,..., N. Hence we have

Z g3} o () ® xj = Z a7 % ® o (r)), (1

i,j=1 i,j=1
forallk=1,..., N.

Lemma4.10. If (¢; ® 1 — 1 ® a1)(z) =0, then w = z+ (¢; @ DN(z) + -+ +
(eny ® 1)(2) is a potential.

Proof. Tt suffices to show that g; := (¢ ® 1)(z) is a superpotential for all k =
1,..., N—1since we already know that z is a superpotential. Fors = 1, ..., n, we
1 2
have [gexf] = Y qf, ax(ri), and [x}gi] = 31_, g a(r)) by the Eq. (11).
Since QW) = Q(z)t, we have [x]gr] = [grx}]foralls = 1,...,n. Thatis, gy isa
superpotential. O

The following result can be viewed as a converse of Berger—Taillefer’s result
[7, Theorem 3.6].

Theorem 4.11. Let A = T(V)/(R) be an N-Koszul Calabi—Yau algebra of dimen-
sion 3. Assume that U is a deformation of A which is also Calabi—Yau. If one of
the following conditions is satisfied, then U is defined by a potential w € T=' (V).
(1) U is an augmented deformation of A;
(i1) A is a domain.

Proof. Assume U = T(V)/(r + o1(r) + --- + an(r) : r € R) for some linear
maps a; : R — V®V=k (i) if U is augmented, then Corollary 4.9 implies that
(1 ® 1 —1®a1)(z) =0. (ii) if A is a domain, then we see that there is a unique
inner isomorphism of U. Hence the Nakayama automorphism & of U is the identity
map. Then, by Proposition 4.8, we also have (¢1 ® | — 1 ® a1)(z) = 0. Now let w
be the potential given in Lemma 4.10. Fork =1, ..., n,

n n
D (w) = [wx1= > qi'ri + > qiyenri) + - + Zq an ().
i=1 i=1

Let % = ri +a1(ri) + -+ + an(r;). Then we have (9yx(w), ..., dyx(w)) =
W1, ..., ) O . Since 9V isinvertible, span{d,x (w), ..., dy: (w)} = span{r+
a1(r)+---+an(r):r € R}. a

Acknowledgements. The authors thank the anonymous referee for his/her valuable sug-
gestions and comments. The work is supported by an FWO-grant and grants from NSFC
(No. 11171067), ZINSF (No. LY12A01013), Science and Technology Department of Zhe-
jiang Province (No. 2011R10051), and SRF for ROCS, SEM.



482

J.-W. He et al.

References

(1]
(2]

(3]
(4]

(5]
(6]
(71
(8]
(9]
[10]
(11]
(12]

[13]
(14]

[15]
[16]
(17]
(18]
(19]

(20]
(21]

(22]

(23]

[24]

Artin, M., Schelter, W.F.: Graded algebras of global dimension 3. Adv. Math. 66, 171—
216 (1987)

Beilinson, A.A., Ginzburg, V., Soergel, W.: Koszul duality patterns in representation
theory. J. Am. Math. Soc. 9, 473-527 (1996)

Berger, R.: Koszulity for nonquadratic algebras. J. Algebra 239, 705-734 (2001)
Berger, R.: Gerasimov’s theorem and N -Koszul algebras. J. Lond. Math. Soc. 79, 631—
648 (2009)

Berger, R., Ginzburg, V.: Higher symplectic reflection algebras and non-homogeneous
N-Koszul property. J. Algebra 304, 577-601 (2006)

Berger, R., Marconnet, N.: Koszul and Gorenstein properties for homogeneous alge-
bras.. Algebras Represent. Theory 9, 67-97 (2006)

Berger, R., Taillefer, R.: Poincaré-Birkhoff—Witt deformations of Calabi—Yau alge-
bras. J. Noncommut. Geom. 1, 241-270 (2007)

Bocklandt, R.: Graded Calabi—Yau algebras of dimension 3. J. Pure Appl. Alge-
bra 212, 14-32 (2008)

Braverman, A., Gaitsgory, D.: Poincaré—Birkhoff—-Witt theorem for quadratic algebras
of Koszul type. J. Algebra 181, 315-328 (1996)

Dubois-Violette, M.: Graded algebras and multilinear forms. C. R. Acad. Sci. Paris
Ser. 1341, 719-725 (2005)

Dubois-Violette, M.: Multilinear forms and graded algebras. J. Algebra 317, 198-
225 (2007)

Flgystad, G., Vatne, J.E.: PBW-deformations of N-Koszul algebras. J. Alge-
bra 302, 116-155 (2006)

Ginzburg, V.: Calabi—Yau algebras, arXiv:math/0612139

Green, E.L., Marcos, E.N., Martinez-Villa, R., Zhang, P.: D-Koszul algebras. J. Pure
Appl. Algebra 193, 141-162 (2004)

He, J.-W., Van Oystaeyen, F., Zhang, Y.: Cocommutative Calabi—Yau Hopf algebras
and deformations. J. Algebra 324, 1921-1939 (2010)

He, J.-W., Van Oystaeyen, F., Zhang, Y.: Skew polynomial algebras with coefficients
in Artin—Schelter regular algebras, preprint (2011)

Lu, D.-M., Palmieri, J.H., Wu, Q.-S., Zhang, J.J.: Ax-algebras for ring theorists. Alge-
bra Colloq. 11, 91-128 (2004)

Polishchuk, A., Positselski, C.: Quadratic Algebras. In: University Lecture Series 37.
American Mathematical Society, Providence (2005)

Positselski, L.: Two kinds of derived categories, Koszul duality, and comodule—con-
tramodule correspondence. Mem. Am. Math. Soc. 212 (2011)

Priddy, S.: Koszul resolutions. Trans. Am. Math. Soc 152, 39-60 (1970)

Smith, S.P.: Some graded algebras related to elliptic curves. In: CMS Conference Pro-
ceedings, vol. 19, pp. 315-348. American Mathematical Society, Providence (1996)
Van den Bergh, M.: Existence theorems for dualizing complexes over non-commuta-
tive graded and filtered rings. J. Algebra 195, 662-679 (1997)

Van den Bergh, M.: A relation between Hochschild homology and cohomology for Go-
renstein rings. In: Proceedings of the American Mathematical Society, vol. 126, pp.
1345-1348. American Mathematical Society, Providence (1998). Erratum: In: Pro-
ceedings of the American Mathematical Society, vol. 130, pp. 2809-2810. American
Mathematical Society, Providence (2002)

Van den Bergh, M.: Calabi—Yau algebras and superpotentials, arXiv:1008.0599



Deformations of Koszul Artin—Schelter Gorenstein algebras 483

[25] Wu, Q.-S., Zhu, C.: Poincaré—Birkhoff—Witt deformations of Koszul Calabi—Yau alge-
bras. Algebra Represent. Theory (2011). doi:10.1007/s10468-011-9312-4

[26] Yekutieli, A.: The rigid dualizing complex of a universal enveloping algebra. J. Pure
Appl. Algebra 150, 85-93 (2000)

[27] Zhang, J.J.: Non-Noetherian regular rings of dimension 2. Proc. Am. Math.
Soc. 126, 1645-1653 (1998)


http://dx.doi.org/10.1007/s10468-011-9312-4

	Deformations of Koszul Artin--Schelter Gorenstein algebras
	Abstract.
	0 Introduction
	1 Preliminaries
	2 Deformations of Koszul AS--Gorenstein algebras
	3 Frobenius algebras of length 2 and AS--Gorenstein algebras of global dimension 2
	4 Deformations of AS--Gorenstein algebras of global dimension 3
	Acknowledgements.
	References


