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ON THE CENTERS OF QUANTUM GROUPS OF A,-TYPE

LIBIN LI, LI-MENG XIA, AND YINHUO ZHANG

ABSTRACT. Let g be the finite dimensional simple Lie algebra of type Ay, and let U = Ug(g, A)
and U = Uy(g, Q) be the quantum groups defined over the weight lattice and over the root lattice
respectively. In this paper, we find two algebraically independent central elements in U for all
n > 2 and give an explicit formula of the Casimir elements for the quantum group U = Uy (g, A),
which corresponds to the Casimir element of the enveloping algebra U(g). Moreover, for n = 2
we give explicitly generators of the center subalgebras of the quantum groups U = Ug(g, A) and

U = UQ(99Q)

1. INTRODUCTION

1.1. Background. Let g be the finite dimensional simple Lie algebra of type A,, over the complex
number field C. We let U = U,(g,A) and U = U,(g, Q) be the quantum groups defined over the
weight lattice and over the root lattice respectively (see [2] and [5]). By the quantum analogue of
the Harish-Chandra Theorem, the center of U is a polynomial algebra. In [3], a generator set of
the center of U is given for a generic ¢ (referred to [1]). Unfortunately, these papers do not contain

complete proofs.

The situation turns more complicated when one considers the center of U with ¢ being generic.
The center subalgebra Z(U) of U is not a polynomial algebra except n = 1. In [7], by using the
quantized Harish-Chandra Theorem, we proved that the center of U is a finitely generated algebra.
In the special case where n = 2, the center of U is isomorphic to the algebra generated by z,v, z
subject to the relation zy = 23(also see [6]). However, the generators of Z(U) in U are still

unknown in general.

Let Us C U be the Lusztig A-form of U, where A = Z[q,q!]. Then C ®z lim,; U4 is
isomorphic to the enveloping algebra U(g) of g. Obviously, the central elements of U 4 correspond
to the central elements of U(g). Up to a scalar, the Casimir element of U(g) means the quadratic
central element ). z;y; € U(g), where {x;|1 < i < dimg} is a basis of g and {y;|1 < i < dimg}
is the dual dual basis. As far as we know, the quantized Casimir element, the analogue of the

Casimir element of U(g) has not been given.

In this paper, we find two algebraically independent central elements in U for n > 2 and give
a quantum analogue of the Casimir element in U corresponding to the Casimir element of U(g).

For the type As, we give explicitly the generators of the centers Z(U) and Z(U) respectively.

TThe corresponding author.
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1.2. Main results. Let E;, F;, K+, be the commonly-used generators of U corresponding to the

cartan matrix (a; j = 26; j — d;_;),1). For 1 <i < j < n, set

Fj = [+ [F Fiale- - Filg,
Eij = [ [E;Eigilgr, 5 Ejlg,
Ki’j = K7>\i—l+>\i7Aj+)\j+1‘
In particular, F'L,i = F%Eiﬂ' = EZ and Ki,i = K_Ai71+)\i+1.
Let o be the diagram automorphism of U. Define
n+1 ) o o
Ci o= Y ¢ Koy on  +(g—q ) DY (F1Y IR B K,
i=1 1<i<j<n
Cn = O'(Cl).

Note that n > 2, the diagram automorphism o of U is nontrivial and C; # C,,. These two elements
also appeared in [3](also see [1]), where they were defined independently.

In the following we always assume that g is of type A, (n > 2) and ¢ is generic. Our main
results are as follows.

Theorem 1.1. The two elements Cy and C,, = o(C4) are central in U. In particular, they are
algebraically independent.

Theorem 1.2. Let U, be the A-form of U and cas = ﬁ(C’l +C,—2n-2)— w

Then cas € Uy and lim,_,1 cas is the Casimir element of U(g).

We call cas the quantum Casimir element of U.
Theorem 1.3. Let g be of type Ay. Then

(i) the center Z(U) of U is the polynomial algebra in two variables Cy, Ca;
(ii) the center Z(U) of U is the subalgebra generated by three elements C3,C3,C1Cs.

2. BAsics

2.1. Lie algebra and its invariant bilinear form. The complex simple Lie algebra g of type

A,, is generated by elements e;, f;, h;(1 < i < n) subject to the relations:
lei, fi] = bijhis [his e5] = aijej, [hi, fj] = —ai i,
[ei7 [eiu ej]] =0, [fzv [fw fj“ =0, |7’ - ]| =1,
[ei’ej] =0, [fiafj] =0, |Z _.7| > 1,
where (a; ; = 20; 5 — 6};—j|,1) is the Cartan matrix (see [4]).
There exists a unique invariant symmetric bilinear form on g determined by
(eis fj) = i,
which is a nonzero scalar of the Killing form.
The Cartan subalgebra b can be identified by its dual h* via

v h =,



satisfying a(h) = (y~!(«), h). Consequently, there exists a unique bilinear form on h* such that
(Ap) = A7 H(w), VA p e b,

Let {z;]1 <14 < dimg} be an arbitrary basis of g, and let {y;|1 <4 < dimg} be the dual basis
associated to (,). It is well known that

dimg
3" s
i=1
is the Casimir elements of g, independent of the choice of z;’s.
For example, g has a Chevalley basis {zq, hi|la € ®,1 < i < n} such that
Loy = €, T—q; = f’i7 [ma,x,a] = 7_1(a)7
[xom x,@] = Na,,@’xoc-‘rﬁv ifa+p 7& 0,
where Ny 5 € {0,£1} and @ is the root system of g. The dual basis is given as follows:

{2 0,y T\ € @,1 <i <n} = {za, 7 *(Ni)|a € ®,1<i<n}).

As usual, let A =37 | Z); and Q = >_" | Za; respectively denote the weight lattice and the
root lattice, where \; and «a; stand for the fundamental weight and the simple root associated to

index 4. For convenience, we let Ag = A,1 = 0. Thus, we have a; = —X\;_1 +2X\; — Ai41.

2.2. Quantum group. The simply-connected type quantum group U = U,(g, ) is a g-analogue
of the enveloping algebra U(g) of g. As an associative algebra over C(q), U is generated by the
elements E;, F;(1 <14 <n) and K;(X € A) subject to the relations:

Ko =1,K\K,, = Ky, Knei Ky = ¢M) K\ fi Ky = g~ M f,
Ko, — K_q,

q—q!
[Ei, Ej] =0, [F;, F] = 0,0 — j[ > 1,

[Ei, Fj] = di 5

and the g-Serre relations:
[Ei; (B, Ejlg-1lq = 0, [Fi, [Fi, Filg-1]g = 0, i = j| = 1,
where [a, b], = ab — vba, for all a,b € U and v € C(q).
We arrange the sets {F; ;|1 <i < j <n} and {E; ;|1 <i<j < n} in numerical order so that

we have:

{Fjll<i<jsn} = {Sll<i<n(n+1)/2},

{Eijl<i<j<n} = {&1<i<n(n+1)/2}.
In this way, U has a PBW type basis (one is referred to [5], see the Theorem in 8.24 for the PBW
type basis of U):

(80 Bty - L Blin e € NoA € A}

The quantum group U = Uy,(g, Q) is the subalgebra of U generated by elements E;, F;(1 <
i <n)and K,(a € @), this is the quantized enveloping algebra in the Jantzen’s sense.

The diagram automorphism o of U is defined via

0(E;) = Enq1-i,0(F;) = Fry1—i,0(K)y,) = K\

n4+1l—i°
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Note that a; = —A;—1 + 2A; — Aiy1. We have 0(K,,) = K,

ans1_;- The restriction o|y of o on U is

also an automorphism.

2.3. Lusztig Z[q, ¢ !]-form. Let A = Z[q, ¢~ ] be the Laurent polynomial ring in variable ¢. The
Lusztig A-form of U is an A-algebra U, generated by the elements:

EMN) =EN/IN],, FY) = FNJIN],!, 1<i<n,N>1.

Since Uy is an A-algebra and [E;, F}] = 6i,j%, the limit of U4 as ¢ — 1 can be well
defined in the sense of K, = exp(hy~!(a)), where i = logq. Then
K, -K.. . K.,-K._.
lim ———— = lim ———— = h;.
q—1 q—q h—0 q—q

Moreover, we have the following identification:

C®z lim Ua 2 U(g).
q—1

We let U 4 be the A-algebra generated by the elements:
Ky —K_,

B = BN, FE = RN, B, B2

3 3

,1<i<n,N>1A€EA.

The limit of U4 as ¢ — 1 can be defined in a similar way. In particular, liniKA =1 and U(g)
q—
is also identified with C ®z limU 4. In particular, with this identification, lim F;; and lim E; ;
q—1 q—1 q—1

correspond respectively to the root vectors x_, and z, with roots fa = £(o; + -+ + ;). It
follows that

3 .. 1 ;s ) = | — it
(lig 7 i ) = (177

2.4. Quantized Harish-Chandra isomorphism. The algebra U is A-graded with homogeneous
spaces
U, = {ulK'uK™ " =q®},
Let U be the subalgebra generated by K*(u € A). Identify U as the triangular decomposition
U @U ®U". Then T, has a decomposition
Uo=0"o@U_UT,.
v>0

Let m : Uy — U be the projection with respect to this decomposition. Then 7 is an algebra
homomorphism.

Let T': UO — UO be an algebra automorphism defined by

F(K)\l) — q—(n+1—i)i/2K)\i.

Let W be the Weyl group and (Uo)ev be the subalgebra generated by Kj(A € 2A). Then
I' o 7 is the quantized Harish-Chandra isomorphism from the center Z(U) of U to the algebra
(ﬁgv)w of W-invariants in USU. Moreover, it is also an isomorphism from the center Z(U) of U to

(U)W :=Un (ﬁ;v)w. The algebra (USU)W is obviously generated by the elements

Z Kw(Zki,)v i = ]-7 ) 1.
weWw



In particular, when n = 2, the invariant subalgebra (USW)W can be generated by two elements:
Zy = Koy + Koxn,—2x, + Kooy,
Zy = Kogy + Koy —2x, + Koy,

and (U2,)" can be generated by three elements (see [6] and [7])

Z3 = Kegx + Kerg—6x, + K _6xqs
Zy = K_gx; + Kox,—6x, + Korgs
Zs = Koy 4oxn, T K_ox 1ax, + Kax—2x, + Koxj—axn, + K_gx 420, + K_2x,—2),.

2.5. Some useful lemmas.

Lemma 2.1. The following equations hold for 1 <i<n:

(Ei, [Ei, Bix1]gt1]gw1 = [Fi, [Fy, Figa]gs1]g# = 0.

Proof. They are the g-Serre relations.

Lemma 2.2. The following hold for 1 <i<mn:

(Eiy [Ei1, [Bi, Eiy1] g ]ge1] = [Fy, [Fioq, [Fy, Fipalge]qe1] = 0.

Proof. We only check [E;, [E;—1,[E;, Eit1]q4)q) = 0, the proof for other cases is similar. In fact,
[Ei, [Ei-1, [Bi, Bit1lqlq]
= FEE, \E;Ei\y —qE:E; 1Fi\E; — qE,E;B; By + E;Ei 1 BBy
B BB By +qB B BB+ qEEy By By — q2Ei+1EiEi71Ei
= E,E; 1EiEiy1 —qE,E;Ei1Ei 1+ BB BBy

—FE; \E;E; \E; + qF;_\E;\1\E;E; — ¢*F; 1 E;F; 1 E;
1
= q _|_ q_l (E’LE’LElflElJrl + E171E1E1E1+]) — quEiEZ‘+1Ei,1
2
q
— Y (E.E,E;\\E;_y + Ej1E;EE;
+q! ( +18i-1 +1 1)
1
q+q!
2

_q _’_qq,l (Eit1E;EE;_1 + E; 1B 1EE;)

(B EiEiEi1 + B 1By EEy) +qE; 1 Ei B E;

1 2
= <q e + . _:Iq_l)(EiEiEiflEiJrl + Ei1Ei B E;) = 0.

Lemma 2.3. The following equations hold for i # j:
[Ei, Eijlg =0,  [Ei-1,Eijlg- = Ei1y,
[Ejs Eijlgr =0, [Ejr1, Eijlg = —qEij
Moreover, if k #i—1,i,7,7 + 1, then
[Ex,Ei ;] = O.

Proof. Follow from Lemma 2.2, the g-Serre relations and the definition of F; ;.

o2
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Lemma 2.4. Ifi # j, then for any k, we have

Bk, Fij] = bipFit1 ;K o, — 0 kEij-1Ka;.

Proof. If k # i, §, it is clear that [Ey, F; ;] = 0. If k = ¢, then

(Ex, Fijl = [ (B Bl Fialg, -, Filg
= #[' Koy = Koo, Fipalg, - Filg
= [ [Fig, Figalg, -+, FilgK o, = Fig1;K_q,.
If kK = j, then
[, Fijl = [ [FFialg - [E5 Fillg
= _1q_1 ([ [F5 Fisalg, -5 Fjalgy Koy = Koaylg

= —q[-[Fiq1, Fiyolq, - Fjo1]gKa; = —qF; j 1K,

Lemma 2.5. Ifk#1i—1,4,5,7+ 1, then
[Ek,Fi,jEi,jKi,j] =0.

Proof. It k #i¢—1,i,7,5 + 1, then [Ey, K, ;] = 0. The rest follows from Lemmas 2.3 and Lemma
2.4. O

Lemma 2.6. The group-like elements Ky, (1 < i < n)are algebraically independent.

Proof. We only prove for n = 2. The proof for general n is similar.

We assume that
¢:= § i K5, K3, =0,
©,J

for finitely many nonzero ¢; ; € C(q).

Let V' be a weight module with a weight vector v corresponding to the weight A = kay + las.
Then

covm (S =0
,J
and hence

2 : ik+jl _
Ci,qu 7t =0.
i,

Let 49 = max{i|c; ; # 0}, jo = max{j|c;,,; # 0} and k' = jo + 1,1’ = 1. Then the integers
ik’ + jU' such taht ¢; ; # 0 are mutually different. Let {7, --,nn} be an arrangement of such
integers. So the matrix (a,s = ¢*~ 1) is a vandermonde matrix, which is invertible when ¢ is

generic.

Consider k = rk’,l = rl’ for r = 1,2,---. Then Zi’j cij¢* 9t = 0 implies that all ¢; ; are

zeros. Thus the lemma holds. |



3. PROOF FOR MAIN RESULTS
3.1. Proof of Theorem 1.1. By definition, we have

[E1,C1] = [Br,q" Ko, +q" *Kax,—on, +(q—q7 ") Z (—1) "I B K )
1<i<j<2

= qnilK)\z [Ela qKOtl + qilK—al + (q - q71)2F1E1]
+(qg—q1)? Z[Eh "R By j Ky — ¢ Py By K )

i>2
= (¢g—q7")? Z ¢V (Fy By jKa j — qlE, Fy g B )
i>2
= (¢g—q")? anilij(szELsz,j —qFy ;Ko B Ky ) = 0.
j=2

The proof for [E,,Ci] = 0 is similar.

For 1 < i < n, we compute

[Ei7 Cl] - qn+1_2iK/\i 1+/\7;+1 [El7 qK i + q_lK—ai + (q - q_l)QFiEi]

+q—q") Z " (=1 T B Fig i Bi jKigy — qF B K )
j>i+1

Ha—q ) Y ¢TI (1) T B qF 1B Ko — FaEy K
j<i—1

= (=" Y Y T Fuy B Ky — 0Fi Koo, B Ki)
j>i+1

Ha—a ) D T ) T P i By Ko+ aFjio Ko, By K ) = 0.

j<i—1

So far we have proved [E;, Ci] = 0 for all 4. In a similar way, we obtain [F;, C1] = 0 for all i. Note

that C, € Up. So C; is a central element. By definition, C,, is also a central element.
Now we consider I o 7(C;). We have

n+1 n+1
Fon(Ch) = E Kox,—2x,_15 Ton(C E K_ o425,

Thus, for all ¢,j € Z, we have
(Tom(C)(Tom(Cpn))’ = Kair 24, + other terms involving \y.
By Lemma 2.6, K,,1 < i < n, are algebraically independent for n > 2. SoT'on(C) and T'on(C,,)

are algebraically independent. It follows that Cy and C,, are algebraically independent. g

3.2. Proof of Theorem 1.2. By definition, we have

(q_l + 1)2 % q—n+2(i—1) (qn_2(i_1)K)\i_)\i—1 —K_ )42y )2 o ’I’L(’I’L + 1)(” + 2)

cas = 1 i 12

1=1
4 Z 1] i n+1 —i— jF E KJ_;'_ Z J i n+1 —i—] (Fi7jEi,jKi,j)'

1<i<j<n 1<i<j<n
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Since

qn_Q(i_l)KAi*/\ifl - K*AmL)\ifl )
q—q!

(¢ '+ 1)(

n—2(i—1) _ 1
q - q
= q—1 K>\i_>\i—1 + (q ! + 1)(

It is obvious that cas belongs to the Z[q, ¢~

ni2(i71)K}\i—>\i—1 - K—)\H-M—l )
qg—1 ’
-subalgebra of U 4 generated by the elements

Kxj—xi o = Koxieniy

aFkyEkaKk,j71SZSn_FlalSkS]Sn

q—q*
Thus, cas € U,. Identifying lirri(C ®z Ua with U(g), we see that lirr{cas is a central element.
q— a—
Moreover, we have
. qn72(i71) -1 _1 qn72(i71)K>\i*)\i—l - K*)\Hr)\z‘—l
g N )
ql—% qg—1 N H (@ D) q—1

= n-— Q(i — 1) + 27_1()\1’ — >\i—1)7
and

lim (—1)j_iqn+1_i_jFi,jEi,jKiJ+;i—>ni Yo (-1 T (BB K )

q—1

1<i<j<n 1<i<j<n
—1
= 2 E Toale =—=27 "(p)+ E T_oTa,
a>0 aced

where the x, are root vectors such that (z4,2g) = 0ats,0, and p is the half sum of all positive

roots.

It follows that

n+1
i R EDD S (- ) Lo y) - e D)
;g%cas = 27 (p)+ Ote(px—axa + 2 (’Y (N = A1) + 5 (i 1)) 12

is a quadratic central element. Now the identity
n+1

and the fact that U(h) contains no central elements except scalars, imply that lim,_,;cas belongs
to > nco T-aZa + U(D).

This forces

n dimg
;mcus = Z Tal_g + Z hiy (i) = Z T;iYs-
aced =1 =1

3.3. Proof of Theorem 1.3.
Proof. Note that the algebra (UZU)W can be generated by two elements:
Z1 = Koy, + Koxy—on, + K2x,,  Z2 = K_a5, + Kox -2, + Ko,

Since

Fom(C1) = Koz, + Kox,—on, + K_ax,,
Fon(Ca) = K_oxn + Koy —2x, + Kon,,



it follows from the Harish-Chandra isomorphism that the center Z(U) can be generated by C; and
Cs.

Note that 3\ = 2a1 — ag, 39 = 20 — a1 and Ay + Ay = a1 + as. Thus,
C1 = Kox +Kong—on, + Koox, + (@ — ¢ (P E1 Ky, + ¢ "o B2 Ky, — FioE1 9Ky, _y,)
= K, (Kal + K o, + Kay—200 + (0= ¢ D (qFiE1 4+ ¢ "o Eo Koy —ay — F1,2E1,2K7a2)>~

It follows that C; € K,U and Cy = o(C}) € Ky, U. Therefore, we obtain that C3,C3,C1Cs € U.
Hence C3,C3,C1Cy € Z(U).

The following calculations:
Lon(C}) = (Ton(Ch))® = 27 = Z3 + 375 + 6,
Lon(C3) = (Lon(Cy))’ = Z3 = Zy + 3Z5 +6,
Tom(Ci1Ce) =T on(C1)T ow(Co) = Z1Z5 = Z5 + 3,

and the fact that (U2)W can be generated by Zs, Z4, Z5, together with the quantum Harish-
CHandra isomorphism, imply that Z(U) can be generated by C3,C3 and C;Cs. |
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