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1 Definitions and properties

Definition 1 For a real valued matrix A of dimension m X n4, the 2-norm

of A is given by [|A [l = sup,.o 12212 with x € R™ and ||x[|2 = /317, a7.

[Ix]]2 i

This norm is equal t0 \/(max(A’A) where (nax is the largest eigenvalue of
A’A.

Definition 2 For sequences of positive numbers r,, and s,, r, < s, means
that s, 'r, is bounded and r, < s, means that s, 'r, and r,'s,, are bounded.

Definition 3 For a real valued function f on U and a vector valued function
g =(g1,...,94) on U?, the L,,-norm is given by:

[flloo = sup | fw) |, liglloe = max llgplloc.

Our estimation technique relies on properties of B-splines. For a detailed
description of B-splines we refer to [2] or [6].

Property 1 Bpi(up;qp) >0  and Z;Zpl Bpi(up; gp) = 1.
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Property 2 There exists positive constants N7, Ng and coeflicients a,; € R
such that

_1N7Zapl /M{Z i Bpi(Up; ¢p) Yo du < m lNgZapl

Property 8 [,, Bpi(u; gp)du = O(m, ).

Property 4 [|g]loo < _1/2HQHL2 for g € G(gp,§,), where G(gy, &) is the space
of spline functions on U, with fixed degree g, and knot sequence §,.

We use as notations &;, a; and a; for methods j = 1,2 (described in Section
4 of [3]), when we replace Y in expression

a=(RR+Q\) 'RY.

by Y = (Y} V), and M; = (Mjy,..., M;,)

jl""7 in jlosrdgn
with Mjl = B(Y}|U;, X;) for i = 1,...,n respectively. Similar notations hold

for B, = (6;1,-.-,51(1) B; = ( ;-37..., ) and B; = (B, - -, Bja) -

1.1 Proof of Theorem 1, Part 1

The proof of the first result stated in Theorem 1 relies on the maximal distance
between the Y7 and Y}%, derived in Lemma 1.

O * |
Lemma 1 maxi<i<, | Y} — Y75 |=

O, (sup {Tl(u, x) sup |G(tlu,x) — G(t|u,x)| + H(U,X)}) .

u,x t<7 (u,x)

Proof (Proof of Lemma 1)
Since | Y75 — Y75 |=

| Yl*z - Ylt | 1{Z7:ST1(U7:,X7;)}+ ‘ Yl*z - Ylt | 1{Zi>Tl(Ui7Xi)}’
we consider two cases and prove the following results,

Jmax {17 = Y75 | Yzi<m Uik}

u,x t<71(u,x)

< sup (Tl(u,x) sup |G’(t\u, X) — G(t|u,x)|> , (1)

max {| ¥5 = V5 | Lzisru xo)} S sup(u, ). 2)
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For (1) we start by the triangle inequality,

| Y75 = Y75 | Lzien i xoy <1 Ad{¢1(UL X4, Z) — 01(U, X4, Z3)}
+ (1= A) {1 (U, X4, Zi) — 1 (U, Xi, Zi)} |
<|¢1(Ui, X4, Zi) — 01(Ui, X4, Z) | + | 91(U3, X4, Zi) — 91(U, Xi, Z3) |

We derive the order bound for | ¢1 (U, X;, Z;) —p1(U;, X, Z;) |, similar result
holds if we replace ¢ and @1 by 11 and ¥ respectively.

|91(Us, X4, Zi) — 01(Ui, X4, Z3)|

Z; 1 Z; 1
(1+v){/0 Wdt/o mdt}‘

0 vZi

_|_ — J—
G(Z|U;,X;)  G(Zi|U;, Xy)
Zi A
P G(t|U;, X;) — G(tU;, X,
1 [ QXD 0K,
0 G(t|UZ,XZ)G(t|UZ,Xz)
VZA{G(Z:|U;, X;) — G(Zi| U, X,)}
G(Z;]U;, X:)G(Z:i|U;, X;)

<

<

<[4+9l  sw {]GEULX) - GUULX) |}
t<71(U4,X5)

dt

x /Tl(UmXi) G(t|U;, X;) !
0 G(t|U;, X,) G(tU;, X;)?

+hn(ULX) swp {]GHULX) - GEULX) [}
t<m(U;,Xy)

X sup
t<7m1 (U4, X5)

{ 1 G(t|Ui,X1-)}
G(t[U;, X;)? G(t|U;, X))

From the uniform convergence of G we have:

G(t|U;, X;)

sup = =1+4o0,(1).
t<m1(U;,X5) G(t‘UuXZ) p( )

Also infi < (u, x,){G(t|Us, X;)} > 0, therefore,
| £1(Ui, X4, Zi) — 01(Ui, X4, Z3) |

:op(n(Ui,xi) sup |G(t|Ui,X¢)7G(t|Ui,Xi)|).
t<71(U,;,X;)
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For (2) we have

E{| Yy = Y5 | Yzsmu,x0y}
<E {E{ max lyzsr (u, x| Zi — o(Ui, X4, Z) | |Ui7Xi}:|
Pp=p1,Y1
< sup k(u, x).
u,x

By combining (1) and (2), the result of Lemma 1 follows.

Proof (Proof of Theorem 1, Part 1)
Since

181 = Billz. < 181 = Billz. + 181 = Bl + 181 — Bullra,

the result follows by showing that

181 = Bill. 3)
=0, (Sup {7’1(11, x) sup |G(tlu,x) — G(t|lu,x)| + /<;(u7x)}> ,
u,x t<71(u,x)
181 = Bull. = O (™ 2mifZ) (4)
H/BI = Bille. = Op (n_lm?n/azx)‘max + pn) . (5)

We start with the proof of (3). By Property 2 it suffices to show that

|6 — iz =
O, (m}r{a?x (sup {Tl(ll, x) sup |G(tlu,x) — G(t|lu,x)| + /{(u7x)}>> .
u,x t<71(u,x)
From [1] we have
&1 — a’{
= {®RR)™" — (RR) ' QARR) ™ + 0p(n” ' miiZ ) (R'R) ™"}
X Z Ri(fff’; - Y1)
i=1
= dl,reg - a:eg - {(R/R)_IQ)\(RIR)_l + Op(n_lm?r{agx)‘maX)(RlR)_l}
X Z Ri(ffl*i - Y7)
i=1

= {1 - (R/R)ilQA + Op(nilmil/fx)‘ma)c)} (dl,reg - a;eg) )
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where & ey and a;,,

Ad = 0). Consequently

denote the regular B-spline estimator (i.e. \p = ... =

|61 — afll2

< {14 IRR) Qa2 + 0y (0 32 Ama) b 161,50y — 671

From Lemma 1 in [1] we know that except on an event whose probability tends
to zero, ||[(R'R)7|2/|Qall2 = Op(n’lmﬁl/fx)\max). Furthermore,

601,reg — @7 1egll3 = (YT = YI)R(R'R)"H(R'R)'R/(Y] - Y7})
— (" M) 2 (Y = Y R(0  mmax RR) T (0 ' mmax R'R) T R/ (Y5 = 7).

and since all eigenvalues of n ™ my.R'R fall between positive constants, we
have ||[n " mmaxR'R|[2 < 1 and thus

161.req — @ ,egll3 = (YT = YI)R(R'R)"'(R'R)"'R/(Y] - Y})
= n_lmmaX(YT - YT)I(YT -Y7)

u,x t<7y (u,x)

2
< Mumax (sup {Tl(u,x) sup |G(tu,x)—G(t|u,x)|+m(u,x)}> )

In the last step, we use the result of Lemma 1 and the inequality

VO =¥ (8 = Y) = ¥ Yilla < Vi max [V - 1)

We continue with the proof of (4). Using similar arguments as is the proof of
(3), we have

|af — aull2

< {14+ IR B) 201 Qa2 + 05 (0™ M2 Aman) | 07 reg = Grreglzy (6)
and

Haireg - dl,reg H%

= (0 Mmax) 2 (YT = M) R(n ' mpmax R'R) (0 e RR) IR/ (Y] — M).
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By Assumption A.3,

E{(Y] —M;)RR/(Y] - M)}

{Z R, (Y7 — Mu)} {(Z R, (Y}, — M“)H

i=1 i=1

=F

B> Y Xip Xy Byt (Uips 6p) Bot (Ups 4p) (Y75 — Ma) (Y — M)

p,l 1,j=1
SY OIS BA{BA(Uis 0p)* (V35 — M1y)?)
p,l Li=1

+ ZE {Bpl(Uip? ap) Byt (Ujps ap) (Y75 — M1 ) (Y1 — Mlj)}] .
i#]

By the independence of the observations, Assumption A.5 and Properties 2
and 3 of B-splines it follows that, using the law of the total expectation,

E {B;Q)l(Uizﬁ qP)(Ylt - Mli)Q} S E{B;%l(Uizﬁ qp)} S m;l = O(mr:lix)?
E{Bpi(Uip; @p) Bpi(Ujp; ap) (Y1 — M1i) (Y7 — M)}
= E{Bp(Uip; qp)(Y7; — M1i) }E{ Bpi(Ujp; qp)(Yl*j — My;)} = 0.

Therefore,

E{(Y] - My)'RR/(Y] — My)} = O(n),
(Y] = M) RR/(Y] = My) = Op(n),

such that
”aire_q - dl,reg”% = OP (nilmfnax) . (7)

Combining (6) and (7) gives,
2
o = Gal} = Oy (e (10 8 2Ame) ) = O i)
* e 1 * ~ —
18T = B1ll7, = m”oﬁ —aull3 = 0p (0™ 11max) ,

where we use Assumption A.6 and B-spline Property 2. From the proof of
Theorem 1 in [1], we have,

181 = Blla = Op (0™ miZAmax + pn)

and (5) follows immediately.
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1.2 Proof of Theorem 1, Part 2

To prove Part 2 of Theorem 1, we can repeat the proof of Part 1 of Theorem
1 but now using Lemma 2 instead of Lemma 1 giving the maximal distance
between Y5 and Y. The proof of Lemma 2 needs two further lemmas: Lemma
3 on the uniform consistency of the initial estimators m, and 6; as estimators
for m and o; and Lemma 4 on the uniform consistency of F' as estimator of
F. The proof of Lemma 3 is included, that of Lemma 4 follows along the lines
of a similar result (in the kernel estimation context) in [7]. The details of the
proof of Lemma 4 are not given but we do give and prove, in Lemma 5, the
key result that is needed to modify their result to our P-spline setting.

Lemma 2 If Assumptions A, B and C hold,

max | V5= Y5, |= Op(an) = 0,(1)

where a, = n’l/Q(log n)1/2 + nflm?,’n/fz)\maz + pn +
mil? (supuyx {7’1(11, X) SUP; <7 (u,x) |G (tlu, x) — G(tlu, x)| + r(u,x) + n(,(u,x)}> .

Method 2 uses (8) and (10) as initial estimates for m(u,x) and o2(u,x). We
therefore need, in the proof of Theorem 1, Part 2, the consistency results given
in Lemma 3.

Lemma 3 Under Assumptions A, B.1 and B.2, we have

(@) sup |1 (u, x) — m(u,x)| = O, (n_1/2 + n_lm?,’,{{fm)\maz + pn

u,x

+ m;%f (sup{ﬁ (u,x) sup |@(t|u, x) — G(tju,x)| + £(u, X)}))

u,x t<71(u,x)
(b) 1r2a<X | }Afl*i,az - Yf;,ch ‘: Op (n*1/2 + nilm?;r{fz)‘maz + pn+
sup{71(u,x) sup |G(tha, x) — G(tlu, x)| + m; 2k (u, x) + ke (u, x)})7
u,x t<71(u,x)
h * — )
where Y7, GZI0.X)
(¢)sup |61(u,x) —o(u,x)| = O, (n_1/2 + n_lm‘:’,{fz)\maz + pn
u,x

+m_1/2(8up{71(u,x) sup  |G(tu, x) — G(t|u, x)]

maxr
u,x t<71(u,x)

+ o2 (u,x) + ko (u, X)}>>'
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Proof (Proof of Lemma 3(a))
Since the X, are bounded (see Assumption A.3), we have,

d
sup [ (w, %) = m(w, %) S 181, — Boll e
u,x 1
d _ d ~
<Y 1B = Biplliie + I 181y — Byl
p=1 p=1

By Property 4, we have HBM Bipl. < Mk ||61p BlpHLQ. Using the
intermediate results stated in the proof of Theorem 1, part 1, we obtain that

HBlp ﬂlpH O ( 71/2

;111)/(2 (sup {7’1 u,x) sup | A(t|u,x) - G(tha,x)| + n(u,x)})).
u,x t<71(u,x)

By Lemma A.10 of [5], we have
H/gl,reg - IBHLoo = Op(pn)v

where f1preq(tp) = B(u,)(R'R)RM is the expectation of the regular spline
estimator (i.e. Ay = ... = Ay = 0). From the proof of Theorem 2 in [1], we
have that

Bl = (1 - Op(n fne%x/\max)> Bl,reg'

Since each spline Bp is a continuous function on the compact set U, each spline
By is bounded and |8 ,..,llz.. = Op(1). We therefore conclude that

||Bl - ﬂ”Loo = (pn +n- mﬁn/a?x)\max)-

The result of Lemma 3(a) now follows.

Proof of Lemma 3(b)

Lemma 3(b) is for o(u,x) what Lemma 1 is for m(u,x). Again we con-
sider two cases: Z; exceeds or does not exceed 71(U;, X;). Suppose first that
Z; < 11(U;, X;), then we write

|Y1 Yy

i,02 |

mi (Ui, X;) — m*(Uy, X5)| + 27, [ (U, Xi) — m(U;, X))
+ (Z; — m(U;, X:))? |G(Z:] U, X5) — G(Z: U, X)),

i,02

Since m?(u,x) —m?(u,x) = {m(u,x) — m(u,x)Hm(u,x)+m(u,x)}, we get
from the uniform convergence of m(u,x) to m(u,x), that the rate of the first
and second term on the right-hand side are both equal to the rate obtained in
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Lemma 3(a). The third term on the right hand side is bounded in probability
by sup;<, (u, x,) |G(t[Ui, X;) — G(t[U;, X;)].

Next, suppose Z; > 11(U;, X;), then we can write
|Y1 12 a2| < |le o2 Y1>2702| + |}~/1>;,a'2 - Yf;,az |’

i,02

where Yl*i,o2 = Yl*i,021{ZiS7'1(Ui7Xi)} +(Zi _m2<Ui7 Xi))21{2i>Tl(Ui1Xi)}' Ana-
logue to the second part of the proof of Lemma 1, we use k, to bound
the difference between Y o2 and Y b2 1IN the truncation area. For the es-
timation of the mean of Y the transformatlon formula when Z; lies in the
truncation area is Z;, whereas in this case, the transformation formula is
(Zi — 1 (U;;,X;))? and therefore also involves an estimator 7i2;. The variable
f/f; o2 is introduced to make the transition from Y lio2 = = (Z; — m1(U;, X;))?

via 11 o2 = (ZZ - m(U’HXZ)) to YZ 02" We get

E|Y1 - lei,zﬁ‘ < sup HU(‘LX)’

u,x

i,02

and
|}/1’L o2
< 2Z; myi (U, Xy) — m(U;, Xy)

— {/1*

i,02|

mi (Ui, X;) — m* (U, X))

= OP (n_1/2 + n_lmf’n/a?xAmaX + pn

+m_ /2 (sup {’7’1(11, x) sup |G(tlu,x) — G(t|u,x)| + ﬁ(u,x)}) )
u,x t<71(u,x)

Proof of Lemma 3(c)

Following the same steps as in the proof of Theorem 1, Part 1, we can, using the

result of Lemma 3(b), derive the Ly-distance between 62 and 2. Analogous to

Lemma 3(a), the Lo.-distance then follows. Since 61 — o = (67 —0?)/(61 +0),

it follows from the convergence of 6%(u,x) to o2(u,x) > 0, that the rate is

maintained for 61 — o.

Lemma 4 If assumptions A, B and C hold, then, for t < S, we have

F(t) - F(t) = OP <n1/2(10g ’I’L)l/2 + nilm?r{fz)\maz + pnt

m:nif [sup {7'1 (u,x) sup |GA(t\u7 x) — G(t|u,x)| + k(u,x) + ng(u,x)}] >

u,x t<71(u,x)

Lemma 5 Suppose 8, € C"([ap,bp]) for each p =1,...,d. Then under As-
sumptions A and B, we have

”Bgﬂ) - /3<U) ||Loo = Op < 71/27717,““ +n mm/(u)\max + mm(u

)

+ mfn;;m [sup {7‘1 (u,x) sup |é(t|u,x) — G(t|u,x)| + k(u, x)} + pn

u,x t<71(u,x)
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v v / ~ v A v A /
where B = %u@; e, %ﬁ; and ﬂgv) = (885%1 ey 865;1"') are the vec-
tors of the v-th order derivative functions for v=20,...,r — 1.

Proof (Proof of Lemma 5)

We first note that the v-th derivative of the B-spline function ,filp(up) =
S g Bpi(up, qp) of degree g, is a B-spline function of degree g, — v given
by (see [2])

() v .

B = Kp b(upa q— U)/D’Ualp7 (8)
where b(up,q —v) = (Bip(up, @p — V), ..., Bm,—1,p(tp,qp — v))" is the vector
of the K, + g, — v B-spline basis functions of degree ¢, — v with knots §,,, i.e.
for v = 1, we have

mp—1

B (up) = Ky > (Gapat — Gapa) By, qp — 1) = Kpb(up, q — 1) Dyéu,
=1

= K, (b(up,q — 1)’ é1—1) — b(up, ¢ — 1) &) ,

where &j_1) = (&2, ... Q1m), A1[—mm) = (@11, ... &1m—1). Representation (8)
implies that the v-th derivative of 3, is again a spline function with coeflicient
vector K,D,6,. As a consequence we have, using Property 2, that

() ~(v) o— . -
181" = By llL, = Op(mini/?[ 6 — éul)2). 9)

We now use the fact that there exists a spline function (see Corollary 6.21 and
(2.120) of Theorem 2.59 in [6]) (,(up) = >°1-% e Bpi(up, q,) of degree g, with
equidistant knots £, and coefficient vector ¢, = (c1p, ..., Cm,p)" such that

(v) v v -
181 = ¢, = Op(mapn + 17 m32 Amax)- (10)

To show the validity of (10), we proceed as follows. By Lemma A.7 of [5], we
have that ||G1 reg — |2 = O(mrln/fxpn), using a similar argument as before we

find, 3",

1reg — ¢, = Op(my i pn)- Using the relationship

~ (v) _ ~(v)
1 = (1 — Op(n 1m§r{3x>\max)> /Bl,reg’

and the fact that ﬂguze is bounded on a compact region, we have Hﬁgvzegﬂ Ly =
0O,(1) and (10) follows. Also note ([6]) that ¢, satisfies

188 — {7 ||L. = O(mE™"). (11)

The rates in (9)-(11) provide the key for the proof. Indeed

~(v) v ~(v) v v v
181 =B <1181 = ¢ e + 1€ = BY1.. (12)
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For the second term in (12) we use (11). For the first term, note that

A0 G Caa®
181" = ¢l S muallllBr = ¢l (13)

and that

~ (v) " ~(v) = (v) ~(v) v
181" = ¢, <181 =B e + 181 — ¢z,

= Op(m&;i/zﬂdl — aill2 + Myaxpn + n_lmfn/a?xAmaX)- (14)

The result now follows from the rate obtained for ||&; — &1]|2 in Theorem 1,
Part 1 in combination with (9)-(14).

Proof (Proof of Lemma 2)
We first note that sup,, , [7i1(u,x) — m(u,x)| and sup, 4 [01(u,x) — o(u,x)|
are both O,(a,) by Lemma 3. We write

)}2*;' - YQ*L - ml(Ui7Xi) - m(U’ia Xz)

- ooxa S o(UsX,) [5
L 01U Xi) /E Tde(s)—l(IipéT)) / sdF (s)

1— F(ET) o

= {m1(U;, X;) —m(U;, X;) } (15)
51(ULX,) —o(U, Xs) [ .

LRy O a0

o(Uy, X){F(E]) - F(EF)} %
{1 - FENHL-FE)} Jor

U(Ui, X,L) E;T . Si ) 3, )
+1_F<Eg){ [, s+ [  Sd(F(s) = F(s) + / de(s)},
(18)

F(s) (17)

ET

We first consider the three integrals in (18). Using integration by part, we have

ET Ef
/ sdF(s) = ETF(ET) — ETF(ET) ,/ F(s)ds
BT ET
= EJ{F(E]) - F(ED )} +{E] F(ET) — Ef F(ET)} + ET{F(E]) - F(ET)}
- /E F(s)ds. (19)
Br

For the first term of (19), using Lemma 4, we conclude that

[ET{E(ET) = P(ED)}| = |ETI0, (an) = Oy (an)
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since |ET| < {o(U;, X;)} | min(Z;, 72(U;, X)) | +|m(U;, X;)|} < oo. To get
a consistency rate for the second and the fourth term of (19), note that

min(7'2(Ui, Xz)7 Zz) — m1 (U“ Xz) mln(Tg(Ul, Xz): Zz) — m(Ul, X,)

61(U;, X5) o(U;, X5)

= U X6 X] [min(Tg(Ui7Xi),Zi){J(UZ-,Xi) —51(U;, X))}

— O'(Ui, Xi){ml(Ui, Xz) — m(U“ Xz))}

It then follows from Lemma 3 and the convergence of &1 (u,x) to o(u,x) >0
that

|EL — ET| = Oy(an),

which gives the rate for the second and the fourth term of (19). For the third
term of (19), we have that

F(ET) = F(E]) = {F(E]) = F(ED)} + {F(E]) - F(E])}.
Lemma 4 can be used for the first summand. For the second summand, we use
a first order Taylor approximation and write
o ml (UL7 XZ) - m(UZa Xz)

o1(Us, X5)

FUET) — F(ET) = (

| (51(UL X)) - 0(U, X)) {min(r(Uy, X1), Z0) — m(Us, Xi”)f )
01(Uy, X;)o1(Uy, X;) o

with f. the density of ¢ and for some 6 between Z(r2(UiX:).Z0)—rn; (Us.X,)

61(U:,X5)
and mm(TZ(U“Xi)’_’Z;(),_m(Ui’Xi). By the convergence of &1(u, x) to o(u,x) >0

o(U;,X;
and the fact that sup, |ef:(e)| < oo, we get

F(E]) — F(E]) = Op(an). (20)
We conclude that

|BI{P(ED) = F(ED)}| = Oplan),

where we use that by Lemma 3, |EF| = |ET| 4+ O,(an) < co. Based on the
analysis of (19) we obtain for the first term of (18)

O'(Ul,XZ) E:F A o
1—F(EZT)/ET sdF(s) = Op(an). (21)
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In a similar way, we obtain for the third term of (18)

O'(Ui, Xi) S;F A o
ﬁ(EiT) /ST sdF(s) = Op(ay). (22)

For the second integral in (18), we use partial integration and Lemma 4 to
obtain

/ (B ()~ F(s) = STUR(ST) — (ST} — BT (R(EP) — P(ET))

g7
- {F(s) = F(s)}ds = Op(an).

The terms (15)-(17) are more easy to handle. For (15) we use Lemma 3(a).
For (16) and (17) we need that

Si R
/ sdF(s) = Op(1). (23)
BT
To show (23), note that, using similar reasoning as in [4], we can prove that
s
/ sdF(s) = Op(1).
EF
Combining this result with the rates obtained in (21) and (22) yields
Si R
/ sdF(s) = Opy(1).
ET
By the convergence of F(ET) to F(ET) < 1 (20), we get that (16) and (17)
are both Oy(ay,).
1.3 Proof of Theorem 2

Proof (Proof of Theorem 2)
We prove the asymptotic normality of the P-spline estimator 8, for method 1
by proving that for p =1,...,d,

{se. (B3pw) | 2} {85, () = Bipluy) } SN, (29)
and

{se. (B3 up) | %)} { Buolup) = B, () + (Buplup) = B(uy)) } 5 0.
(25)
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The proof of (24) is based on the proof given in [1] where some steps can be
simplified due to the independence of the observations.
Let B, (u) be the column vector representing the p-th row of B(u).

B/ (u) ZB’ (R'R+ Qa)"'Ry(Yy — Myy) = > di&,
=1

where d? = o7 ;{B),(0)(R'R + Qx)"'R;}* and & = o ; (Y, — My;). Condi-
tioning on X, the &; are independent with mean 0 and variance 1. To prove
the asymptotic normality of the P-spline estimator we verify the Lindeberg
condition

2
vl
Then
721 1 didi = N(0,1).
Dz b}
For any w = (wp,...,w)) with w, = (Wp1,...,Wpm,)’, and especially for

w={R'R+ Qx)"'B,(u)}, we have by the Cauchy-Schwarz inequality

mp 2
W R;Rjw = {Z Xip prprl Uip; Qp)}

p=0 =1

d d Myp 2
< (Z Xfp> Z {prprl(Uip;QP)}

=0 p=0 Li=1

Set gw p(u;qp) = Yo% wpBpi(up; gp) for p = 0,...,d. By Assumption (B3)
and Properties 2 and 4, we have

d d
WRiRw £ llgwsllZe S mmax Y 9w oz, = [w3. (26)
p=0 =
From Lemmas A.1 and A.2 in [5], we know that, except on an event with

probability tending to zero, n~! Z?:l(zzzo Xipgw p(Uip; q))? =< mpk |lwl|3.
Thus

n d

2
w Z {RiRio? }w >n min of n™' (ZXipgw,P(UiI);%)))

i=1 i=1 p=0

2 Mg |w]13. (27)

max

Combining (26) and (27), we find that, except on an event whose probability
tends to zero, we have
max; (07 ;W' R/Rjw)
"-’/(Z?:l Jl,iRiR;:) ~

-1
n "Mmax-
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By Assumption (B6), it follows that the Lindeberg condition is fulfilled and
hence the normality result in (24) follows.

We continue with the proof of (25). Since we assume that O’ii is bounded
away from zero and oo, we have,

Var(87,(u) | X,) = Cov (B (u)a* | X,)
=B(u)(R'R+ Q,) 1(ZR Rjo? ) (RR+Qx) 'B,(u)

> B/ (u)(RR+Q\) RR(RR+Qx) B,(u)
=" B/(w)(RR+Q\) (RR+Q)) 'B,(u)

Mmax

2 Mp
n
Mmax </\ma,x(R 'R + QA ) Z

=

vV

1
2
n 1 1

3/2
Mmax n (]_ + ”Lrn/a),,cl)\max> my

vV

Mmax

—2
1 ( mf’r{iAmax>
= 1 4 maxrmax ,
n n

where we use the Cauchy-Schwarz inequality

Mp 2 Mp Mp Mp
1= (Z Bpl(“)) <Y By 1=m, Yy By(u)
=1 1=1 1=1 1=1
and the following upper bound for the largest eigenvalue Apax(R'R + Qa):
Amax(R'R+Qx) = [R'R + QA||2 < [R'R[l2 + [ Qall2

X

d maxmi{fx max 4%
1 Mmax 1<p<d
p=

5 n 1+ miq/azxAmax .
Mmax n

By Property 4 of B-splines and Assumption (A5),
Brp(up) =By (up) < sup |B1p(up) = Bip(up)| = [[B1p = Biplloo

LNV 1 \'2% .
(o) W=l = (=) W= Sl
We conclude

BIP(UP) _ BT (up) n 1/2 mi))n/a?x)\max A *
§.€. (6iﬁp(up)z|7‘)(n) < (mmax> T+ o0 Hﬁlp o ﬁlpHLm
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and

B U _B U m§r1/2x)\max n
1p( p) p( p) < pl/2 1_|_aT ||31p_5p||Loo'

s.e. (ﬁfp(up) | Xn) ~

From Assumption D.1 it follows that these two terms converge to zero as n
goes to co. The proof for method 2 is similar.
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