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RIGOROUS UPSCALING OF UNSATURATED FLOW IN
FRACTURED POROUS MEDIA *

FLORIAN LIST T, ¥, KUNDAN KUMAR §, ¥, IULIU SORIN POP %, 9. AND FLORIN
ADRIAN RADU 9

Abstract. In this work, we consider a mathematical model for flow in an unsaturated porous
medium containing a fracture. In all subdomains (the fracture and the adjacent matrix blocks)
the flow is governed by Richards’ equation. The submodels are coupled by physical transmission
conditions expressing the continuity of the normal fluxes and of the pressures. We start by analyzing
the case of a fracture having a fixed width-length ratio, called € > 0. Then we take the limit ¢ — 0
and give a rigorous proof for the convergence towards effective models. This is done in different
regimes, depending on how the ratio of porosities and permeabilities in the fracture, respectively in
the matrix, scale in terms of &, and leads to a variety of effective models. Numerical simulations
confirm the theoretical upscaling results.

Key words. Richards’ equation, Fractured porous media, Upscaling, Unsaturated flow in porous
media, Existence and uniqueness of weak solutions
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1. Introduction. Fractured porous media arise in a multitude of environmental
and technical applications, including fragmented rocks, hydraulic fracturing, carbon
dioxide sequestration, and geothermal systems. Fractures are thin formations, in
which the hydraulic properties such as porosity and permeability differ significantly
from those of the surrounding matrix blocks. Hence, fractures have a crucial impact
on fluid flow [1], and fractures or entire fracture networks must be incorporated in the
mathematical models for fluid flow. This is challenging from the numerical point of
view, firstly due to the high geometrical complexity of fracture networks and secondly
because grid cells with a high aspect ratio or a very fine grid resolution within the
fractures and in the adjacent matrix region are required.

In order to overcome the latter difficulty, it is appealing to embed fractures as
lower-dimensional manifolds into a higher-dimensional domain (e.g. as lines in a
two-dimensional domain). Such models are also referred to as mixed-dimensional
models, or hybrid-dimensional models, or Discrete Fracture Network Models (DFN).
Depending on the context, fractures may block or conduct fluid flow, which can be
expressed for example by coupling the mathematical model for the matrix blocks
with a differential equation on the lower-dimensional fractures. Herein, we prove that
such models result naturally from models with positive fracture width in the limit
case where the width passes to zero. The presented model in this work provides a
physically-consistent foundation for discrete fracture modeling approaches as used e.g.
in [28, 39, 64]).

We consider a two-dimensional model for unsaturated fluid flow in a fractured
porous medium. For the ease of presentation, the geometry is given by two rectangular
matrix blocks, separated by a single fracture. Here we assume that, next to the
matrix blocks, the fracture is a porous medium too, as encountered e.g. in the case of
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2 F. LIST, K. KUMAR, LS. POP, F.A. RADU

sediment-filled fractures [35], or layered porous media [53]. We assume that the pore
space of the porous medium is filled with a liquid (say, water) and air. Provided that
the domain is interconnected and connected to the surface, the assumption that the
air is infinitely mobile is justified, and the air pressure can be set to zero in the full
two-phase model. In this way, the governing model in the matrix blocks and in the
fracture is the Richards equation [60],

(1) 0 (®S(¢)) =V - (K K(S(¢)) V) = f.

Here, 1 denotes the pressure head, ® the porosity of the medium, S the water satura-
tion, K, and K stand for the absolute, respective relative hydraulic conductivity, and
f is a source or sink term. For simplicity, the gravity is neglected, and the absolute
permeability is a scalar, but all the results in this paper can be extended to include
gravity, or anisotropic media.

In (1), ® and K, are medium-dependent parameters. Similarly, the water satu-
ration S is a given, increasing function of 1, whereas the relative conductivity K is
a given function of S. As for ® and K, these relationships depend on the type of
the material in the porous medium. Therefore, all these material properties may be
different in the fracture and in the matrix blocks, see e.g. [33]. Well-known are the
van Genuchten—Mualem [29] and Brooks—Corey [15] relationships.

The Richards equation is a nonlinear parabolic partial differential equation and
may degenerate wherever the flow is saturated S’(¢)) = 0 (the fast diffusion case) or
K(S(¢)) — 0 (the slow diffusion case). However, the rigorous mathematical results in
this work only cover non-degenerate cases, when the medium is strictly unsaturated.
On the other hand, the effective models derived here remain formally valid also in the
degenerate cases.

In view of its practical relevance, the Richards equation has been investigated
thoroughly in the mathematical literature. Without being exhaustive, we mention
[4, 5, 19] for results concerning the existence of weak solutions including degenerate
cases. Uniqueness results are obtained in e.g. [55, 56]. The numerical methods are
developed in agreement with the analytical results. One remarkable feature is that
when compared to the case of the heat equation, the solutions to the Richards equation
lack regularity. For this reason, as well as for ensuring stability, the implicit Euler
scheme is commonly used for the time discretisation. The outcome is a sequence of
time discrete nonlinear elliptic equations, which are generally solved by means of linear
iterative schemes like Newton, fixed-point or Picard. Such methods are discussed and
compared e.g. in [44, 48]. For the spatial discretisation, we mention [23, 24, 40] where
finite volume approaches are presented, [8, 59, 70] for mixed finite element methods,
and [22, 54] for finite element schemes.

In all papers mentioned above, the parameters and nonlinearities are either fixed
over the entire domain, or vary smoothly. In other words, the problems can be
considered over the entire domain, without paying particular attention to the fact
that there are different media involved. In the present work, the medium consists of
different homogeneous blocks, connected through transmission conditions that will be
given below. In this context, domain decomposition methods represent an efficient way
to reduce both the problem complexity, and to deal with the occurrence of different
homogeneous blocks. We refer to [11] for a domain decomposition scheme applied to
unsaturated flows in layered soils, and to [63] for a scheme combining linearisation
and domain decomposition techniques in each iteration.

The present work considers a particular situation, where the medium consists of
two homogeneous blocks, separated by a thin, homogeneous structure, that is the
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UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 3

fracture. We assume a two-dimensional situation and let € > 0 be a dimensionless
number giving the ratio between the fracture width and length. Since the fracture
is assumed thin, € can be seen as a small parameter. If fractures are viewed as two-
dimensional objects, their discretisation becomes complex as the mesh should either
contain anisotropic elements respecting the fracture shape, or should be extremely
fine. To avoid such issues, one possibility is to approximate fractures as lower di-
mensional elements in the entire domain. This implies finding appropriate, reduced
dimensional models for the fracture, and how these are connected to the models in the
matrix blocks. In this sense, we mention [6, 46], where the reduced dimensional mo-
dels for two-phase flow, respective reactive transport in fractured media are derived
by formal arguments based on a transversal averaging of the model inside fractures.
Similar results, but using anisotropic asymptotic expansion methods in terms of € are
obtained in [20, 49, 50, 51, 57], where the convergence of the averaging process is pro-
ved rigorously when £ N\, 0. However, the models considered there are either linear, or
the nonlinearities appear through reaction terms or the conditions coupling the mo-
dels in two adjacent homogeneous sub-domains. We also refer to [2, 14, 26, 27], where
reduced dimensional models for flow in fractured media are presented with emphasis
on developing appropriate numerical schemes.

The models considered here assume that the pressure is continuous at the in-
terfaces separating the matrix blocks and the fracture. In other words, entry pres-
sure models leading to the extended pressure condition derived in [18] are disregar-
ded. For such models we also mention that homogenisation results are obtained in
[21, 34, 62, 66]. In particular, oil trapping effects are well explained by such models.
Although the pressure is assumed continuous at the interfaces separating the homoge-
neous blocks, this does not rule out the situation where the averaged pressure across
a fracture may still become discontinuous in the reduced dimensional models. Such
models are discussed e.g. in [2, 7, 12]. The present analysis does not cover such cases,
but we refer to [41, 43] for the formal derivation of such models in the specific context
discussed here.

Still referring to fractured media, but with a different motivation, are the works
in [47] for a phase field model describing the propagation of fluid filled fractures and
[31] for iterative approaches to static fractures.

The main goal in this work is to give a mathematically rigorous derivation of
the reduced dimensional models in fractured media. More precise, we give rigorous
proofs for the convergence of the transversal averaging procedure when passing ¢,
the ratio between the fracture width and length, to zero. Depending on how the
ratio of the porosities and of the absolute permeabilities in the different types of
materials scale w.r.t. €, five different reduced dimensional models are obtained. More
precisely, if the fracture is more permeable than the adjacent blocks, it becomes a
preferential flow path. On the contrary, if the fracture is less permeable than the
blocks, the fluid will have a preference to flow in the blocks. In consequence, the
reduced dimensional fracture equation for the fracture can be an interface condition
or a differential equation. Such results are obtained by means of a formal derivation
in [3, 46]. Our approach is in spirit of [49, 50, 51, 67], where the single phase flow
through a highly permeable fracture is considered. In the cases mentioned above, this
corresponds to a particular choice of the scaling in the porosity ratio, respectively the
absolute permeability ratio.

In this paper we consider the case of an unsaturated porous media flow, which is
modeled through a nonlinear parabolic problem but with different nonlinearities in the
matrix, respectively the fracture. We consider different scalings in the permeability
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4 F. LIST, K. KUMAR, LS. POP, F.A. RADU

and porosity ratios, and give the rigorous mathematical justification of the averaging
process that leads to a reduced dimensional fracture model when € ~\, 0. In one of the
five cases considered here, we obtain a widely used fracture model. To our knowledge,
this is the first rigorous mathematical justification given for such models, existing
results in this sense being restricted to formal asymptotic arguments. Next to this,
other four different classes of models are obtained rigorously, depending on the above
mentioned scaling in the permeabilities and the porosities.

The outline of this work is as follows. In Section 2, the coupled model is for-
mulated, and a non-dimensionalisation procedure is carried out in order to derive a
dimensionless model, which is then used for the upscaling. Two scaling parameters,
k and A, are introduced. These account for the scaling of the porosities and absolute
hydraulic conductivities with respect to €. In Section 3, we briefly state the main
results of this work. Section 4 is concerned with the existence of solutions to the
model for a constant but positive fracture width, i.e. € > 0. This is done by applying
Rothe’s method (see e.g. [38]). Based on compactness arguments we prove the exis-
tence of solutions to the coupled model. Further, to reduce the dimensionality of the
fracture, we investigate the limit of vanishing fracture width, that is ¢ — 0 in Section
5. Section 6 presents numerical simulations that confirm our theoretical upscaling
results.

2. Model. First, we formulate the model in dimensional form. Thereafter, we
introduce reference quantities and make assumptions on their scaling with respect to
one another. This is where the scaling parameters x and A\ come into play. By relating
the dimensional quantities to the reference quantities, the non-dimensional model is
derived, which will be considered in the subsequent sections.

2.1. Dimensional model. We resort to a simple two-dimensional geometry
consisting of two square solid matrix blocks with edge length L separated by a fracture
of width I. The geometry is illustrated in Figure 1 (left).

(-L-4 1) (-4,1) ¢.r) (L+4 1) (-1-5.1) (-5.1) 5.1) (1+5.1)
|7 7l |7 7l
¥ Iy Iy Iy
Oy Q Oy Qm, Qg Quny
y y
L L.
(L -t (-4.0) (£.0) (L+4.0) (=1-350) (=3,0) (3.0 (14350

F1G. 1. Dimensional (left) and dimensionless (right) geometry of the fracture and the surroun-
ding matriz blocks

The subscripts m and f indicate the matrix blocks and the fracture, respectively.
They are defined as

O, = (—L— ;_é) x (0, L), I = {_;} x (0, L),

@) Q= (;,L+ é) % (0,L), Py e {é} « (0,1),

§i= (—é, ;) x (0,L).

We use superscript hats for denoting quantities associated with the dimensional model
in order to distinguish them from the dimensionless quantities which will be introduced

R
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UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 5

subsequently.
The model defined on the dimensional geometry is given by
Problem Pp:
0 (Pon S (m,)) + V- G, = fn, in QF |
O, = Ko Ko (S (P, )) Vi, in QF |
0(@rS(p) +V b5 =y in OF,
b = =Ko K (Sr () Viby in OF,
U,y - 78 = Of - 70 on I,
ﬁmj = df on ff,
1%(0) = 12%1 in va

for p € {m1,ma, f}, j € {1,2}, where Q= le U QmQ, and where we set QZ =
Q, x (0, T | for all spatial domains Q, and a given final time T > 0. Furthermore, 7 is
a normal vector pointing from Qe m; into Qf S’p, Dy, 1[),), K, o K are the saturation,
flux, pressure height, absolute and relative hydraulic Conductlvmes in the subdomain
1,, respectively. 1/Jp 7 is a given initial condition and fp is a source/sink term. To
complete the model, boundary conditions are needed at the outer boundaries of the
medium. For simplicity we assume that the pressure vanishes there.

From an application point of view, the flow in the fracture and in the matrix
blocks is modelled by the Richards equation, supplemented with the continuity of
the normal fluxes and of the pressures as transmission conditions at the interfaces
separating two homogeneous subdomains.

2.2. Non-dimensionalisation. We define ¢ := %, that is, the ratio of the frac-
ture width to its length. We take L as the reference length scale. The dimensionless
geometry is as shown in Figure 1 (right):

Qp, = (—1 - %—%) % (0,1), r, = {—%} % (0,1),

3) Oy = (%1 v g) % (0,1), Ty = {%} % (0,1),
g €

O = (_5,5) % (0,1).

Since the pressure is continuous at the interfaces, we define a single reference pressure
head for the entire domain, 1) = L. We further assume that the matrix blocks have
the same properties. Consequently, only two absolute hydraulic conductivities are
encountered, K’a’m and K’a’ 1, respectively. As reference time scale we set

_ <I> L2 P, L
T .=

(4) a m"/} Ka,m .

The dimensionless pressure heads are then given as 9, = z/;m] /L and 9y = 1/1]« /L,
the dimensionless time as t = /T, and the final time as T = T/ T. As regards the
source terms, we set fi,, = fij/q)m and fr = ffT/<I>m

The functions S, and K, (where p € {my, mq, f}) are dimensionless. Expressed
in terms of dimensionless arguments, they become S, and K,,.

This manuscript is for review purposes only.
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6 F. LIST, K. KUMAR, LS. POP, F.A. RADU

Using the Darcy law in the mass balance equation in Problem Pp and using (4), one
gets the dimensionless equations for the matrix blocks (j € {1,2})

(5) atSm(me) -V (Km(sm(d}m,))vd}mj) = fmj in Qﬁ]

As announced in the introduction, the results depend on the types of materials
in the blocks and in the fractures. More exactly, important is how the ratio of the
porosities and of the absolute hydraulic conductivities in the fracture and the matrix
blocks scale w.r.t. ¢,

Ka
(6) e, and =% o,

a,m

Here k, A € R are scaling parameters. For the ease of notation, we take the constants
of proportionality to be one for the analysis. Using this and applying the same ideas
as above, the model in the fracture becomes

(7) Ou(e"Sp(thy)) = V - (XK p(Sp(v5))Vioy) = fr in QF.
The transmission condition for the normal flux transforms into
(8) Ko (S (Y, )) Vb, -1 = X K (Sy(44))Vibs -t onT7.

In what follows, the dimensionless fracture width € > 0 is a model parameter. Given
€ > 0, the dimensionless model becomes

05U, + V05, = fon, in 7,
— ; T
,U’fﬂj - _Km(Sm( ’Iilj))vw’lilj m Qmj’
Oule" Sy (5)) + V-5 = f5 in 07
Problem P, : vy = —6>‘Kf(5f(w]5c))ij‘3 in Q?,
Upy, A =05711 onF;‘-F,
= on 1T,
Y5 (0) =Y, 1 in Q,.

As mentioned before, homogeneous boundary conditions are imposed at the outer
boundary.

Remark 1 (Scaling parameters). The scaling parameters x, A € R will be crucial
in determining the effective models in the limit ¢ — 0. & is related to the storage
capacity of the fracture: for k < 0, the reference porosity of the fracture increases for
decreasing ¢ as compared to the reference porosity of the matrix blocks. Moreover,
if kK < —1, a storage term will be present in the reduced dimensional fracture model,
meaning that the fracture maintains its ability to store water as € approaches zero.
For xk = 0, no scaling occurs, and for k > 0, the storage ability of the fracture decreases
for € — 0 due to the decline of both the fracture volume (assuming fixed L) and of
the fracture porosity.

The parameter X instead gives the scaling of the conductivities. Here we consider
the case A < 1. A < 0 corresponds to the case of a highly conductive fracture when
compared to the matrix, which means that the flow through the fracture is more
rapid. Whenever A > 0 the fracture is less permeable than the blocks. The case
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A = 0 means comparable conductivities. The case A > 1 corresponds to impermeable
fractures, leading in the limit ¢ — 0 to models where the pressures at the matrix
block at each side of the fractures are discontinuous (see [43]). To analyze such cases
rigorously, one can employ techniques that are similar to ones used in [52], which are
different from those used here. Accordingly, we only restrict to the case when A < 1.

3. Main result. Our main result is the rigorous derivation of effective models
replacing the fracture by an interface. Table 1 provides a brief summary of the effective
models for the entire range (k,\) € [—1,00) X (—o00,1) except for the case when
k=—1,A € (—=1,1). Due to the nonlinearity of the time derivative term involved, the
identification of the limit requires stronger estimates than we have. Therefore, this
case is left out in this paper, but we refer to [41, 43] for the formal derivation.

Fracture equation Parameter range for (k, \)
Effective model I Richards’ equation {—1} x {—1}
Effective model I1 Elliptic equation (=1,00) x {—1}
Effective model IIT ODE for spatially constant pressure {-1} X (=00, —1)
Effective model IV Spatially constant pressure (=1,00) X (—o0,—1)
Effective model V Pressure and flux continuity between matrix blocks  (—1,00) x (—1,1)
TABLE 1

Summary of the effective models

We state the strong formulation of the effective models, obtained for (k,\) €
[-1,00) X (—00,1) excepting the case kK = —1, A € (—1,1). To this aim, we introduce
the reduced dimensional fracture domain I' = {0} x (0,1) and let T'7 =T x (0, 7.

3.1. Effective models: strong formulation. Effective model I consists of Ri-
chards’ equation in the matrix block subdomains and the one-dimensional Richards
equation in the fracture. It occurs for k = A = —1.

Effective model I:

8tSm(me) -V (Km(Sm(qpmg))vq/}m]) = fmj; in Qﬁja
S (r) = Oy (Ky(Sy(s)0yts) = [Gmlp on I'T,
(9) wmj - ’(/Jfa on FT?
q/)mj (O) - wmj,lv on Qmj )
¢f(0) :¢f,17 on Fa
where
(10) [im]F = (Km(Sm(¢m1))V1/’m1 'ﬁml + Km(Sm(wm2))vwm2 : ﬁmz) |F
is the flux difference between the two solid matrix subdomains acting as a source
term for Richards’ equation in the fracture (note that ,,, = —,,,). Since this is
the commonly used model when considering reduced-dimensional fracture models, we
emphasise that it can be derived rigorously only for the scaling Kk = A = —1.

If the porosity ratio changes slower w.r.t. the fracture aspect ratio than assumed
before, whereas the permeability ratio remains proportional to the reciprocal of this
aspect ratio, i.e. K > —1 and A = —1, then the time derivative term vanishes in the
fracture model and one ends up with an effective model consisting of the Richards
equation in the matrix blocks and an elliptic equation in the fracture.

This manuscript is for review purposes only.
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8 F. LIST, K. KUMAR, LS. POP, F.A. RADU

Effective model II:

35S (V) =V - (Ko (S (¥, )V, ) = fomy in OF, |
(11) =0y (K5 (S5(5)0yt5) = @ - on I'T,
Ym,; =y, on I'T,
Yim; (0) = Y, 15 on Q.

For kK = —1 and A < —1, the pressure in the fracture becomes constant in space in

the effective model, and due to the pressure continuity, it acts as the boundary con-
dition for the pressure in the matrices. This happens because the permeability in the
fracture becomes so large compared to the one in the blocks that in the limit € \, 0,
pressure differences in the fracture are instantaneously equilibrated.

Effective model III:

atSm(’l/}m]) -V (Km(Sm(wm_‘]))vwm]) = fm]‘7 in Qﬂja
Vr(t,y) = vy(t), on T'7,
1
12) 0Ss )0 = [ e dy. ot
wmj = 'l/}fa on FT)
wm‘j (0) = wmj,ly on Qmj7
Yr(0) =y 1, on I

For k > —1 and A < —1, the pressure in the fracture takes a constant value at each
time, in such a way that the total flux across the fracture is conserved. This is ac-
tually a combination of the last two cases above, since both the time derivative and
the capillary effects disappear in the effective fracture model. The fracture pressure is
constant in space, and determined in such a way that the total flux across the fracture
is continuous:

Effective model IV:

S (Vm;) = V- (Ko (Sin (¥, )) Vi, ) = Fimy s in Q7
Yyt y) = r(t), on ',
1
(13) /O [Gnlp dy =0, on I'7,
Ym; = V5, on I'T,
,‘/}mj (0) = 1Z)mj,], on Qmj .

For k > —1 and A € (—1,1), an effective model results in which the fracture as a phy-
sical entity has disappeared. One can therefore disregard the fracture in the effective
model. In this case, both the pressure and the flux are continuous on I'.

Effective model V:

atSm(qumj) -V (Km(sm(wmj))vwmj) = fm]'7 in Qﬁjv
(14) [q‘mh" = Oa on FT7
’(/}mj = wﬁ on FT7

wmj (O) = ,l/}mj,la on Qm]. .
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Remark 2 (Spatially constant pressure). For Effective models IIT and IV, the
large permeability in the fracture leads to a constant pressure along the fracture
domain. This can naturally occur only in case the pressure is not fixed at different
values at the fracture boundaries. For homogeneous Dirichlet conditions, the pressures
are prescribed at the boundaries but have an identical value such that the zero function
is the only allowed solution in the fracture. However, our results generalise to the case
of homogeneous Neumann boundary conditions in the fracture where the spatially
constant pressure in the fracture may vary over time.

In practice, the prescription of a suitable effective model can be done as follows:
assuming that both the geometric and the hydraulic properties including porosity
and permeability are given for several fractures and a porous matrix, the geometric
description allows to identify ¢ (the characteristic width-to-length ratio). One then
estimates the scaling of permeability and porosity as a power of €. This gives A and
K, based on which the catalogue of models provides the appropriate upscaled model.

3.2. Comparison with existing models. We make a brief comparison with
the fracture models that are widely used in practice (see e.g., [32, 61]). We refer to [46]
where similar models are derived for single phase flow, but the interface conditions
are relevant to us (see for example [3] for the extension to two-phase flow models).

In contrast to the formal derivation in [46] our approach is mathematically ri-
gorous once we assume a scaling of hydraulic properties on €. Moreover in the models
proposed therein, the closure condition introduces a parameter in the effective model
for the fracture. Here, we have a catalogue of models and no additional parameter is
necessary.

The interface conditions as derived in [46] for a single phase linear Darcy flow
model (Eqns. (3.18), (3.19) on pp. 1672) read

7£vm1 'n1|F1 + O‘fwmlhﬁ = 7(1 - g)va ~77,2|1"2 + afwf’
_§Um2 'n2|F1 + O‘fwm2|rz = _(1 - {)Uml 'TL1|1“1 + afwﬁ

where we once again emphasise that the above results are derived for a single phase
steady state flow model. Here, oy := K'ayf/e = EA’lK'a,m and ¢ is a parameter
introduced when defining closure conditions. In terms of € and rearranging terms we
have (modulo a constant factor),

E/\_l (¢m1|F1 - 1pf) = _(1 - g)vmz 'n2|F2 + gvml . n1|F17
‘5)\_1 (wmzlrz - 1pf) = _(1 - g)vml 'n1|F1 + gvmz . n2|F2'

For any value of £, for A < 1, as € goes to zero, we get ¥; = ¥y on I'y and 92 = 9
on I's and T'y, T'y collapse on the same surface (compare with Effective models I-V).
For more detailed comparison for other values of £ we refer to [41].

4. Existence. This section is concerned with the existence of a (weak) solution
to Problem P, for a fixed fracture width ¢ > 0. An existence result for a similar,
equidimensional model related to two-phase porous media flows has been proven in
[25]. Strictly speaking about existence, this result is relevant for this section, and
adapting it to the situation considered here (the unsaturated, one-phase flow) would
be relatively straightforward. However, the upscaling results in the next sections rely
on the a priori estimates, in which the exact scaling in terms of € needs to be specified
explicitly. Therefore instead of adapting the results in [25] to the present case, we
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10 F. LIST, K. KUMAR, LS. POP, F.A. RADU

give the proof of the a priori estimates and, as a direct outcome, obtain the existence
of a weak solution. We proceed in the spirit of [57], where a linear model for reactive
flow with nonlinear transmission conditions at the interfaces is considered. For the
sake of readability, we drop the superscript € since it is fixed throughout this section.

4.1. Notation. In this work, we use common notation from functional analysis.
The space L?(Q2) contains all real valued square integrable functions on a domain
Q C RY, and WH2(Q) C L?() stands for the subset of functions whose weak first
order derivatives lie in L?(Q) as well. Furthermore, Bochner spaces L2(0,T; X) will
be used, where X stands for a Banach space. For all domains Q C R? and time
intervals [0, T], we introduce the following abbreviations for the norm and the inner
product:

- lle=1"lzz@), and |- lor = I - llz2(0,7:L2(02))
(15)
(5 )q = ( ')L2(Q) ) and (5 )ar = (, ')Lz(o,T;LZ(Q)) :

In view of the particular Problem P, we use the following conventions:
e p is the index for the subdomain and takes values in {m,ma, f},
e j is the index for specifying the matrix block subdomain and takes values in
1.2},
e for functions g which are the same in both matrix block subdomains (such as
S, K, ...), we define gm, = gm, =: gm, which allows to write e.g. S,(¢,).
Moreover, C' > 0 is a generic constant.

4.2. Assumptions. For the analysis, we assume that the following conditions
are satisfied (here p € {my,mo, f}):
(Af) f, € C(0,T;L*(,)) and there exists My > 0 such that |f,| < My a.e. in
T

)
(Ag) There exist mg, Mg > 0 such that 0 < mg < S;)(wp) < Mg for all ¢, € R.
(Apy) K, € C'(R) and K/,(S,) > 0 for all S, € R.

)

(A,) There exists M, > 0 such that |¢, ;| < M, a.e. in Q,,.

Moreover, for the rigorous upscaling, we require the following bounds for the initial
data and the source term in the fracture:

o Mg, <C.

05_”||ff||52)?—>0 as € — 0.

For the ease of writing, let us suppress the dependency of v, ; and f, on ¢ in the
notation.

Remark 3 (Assumptions). Note that due to Assumption (Ag), we only consider
the regular parabolic case here. Assumption (Ag) excludes the slow diffusion case and
guarantees the existence of a minimum positive permeability everywhere. Moreover,
for the sake of presentation, we make the assumption S,(0) = 0, which can easily be
achieved by redefining S, () = S,(¢) — S,(0). Assumption (Ag) immediately yields
the estimate |, (,)lla, < Ms|¢y o,

4.3. Weak solution. We establish a suitable notion of a solution to Problem
P.. For this purpose, we define the function spaces

(16) Vi, CW2(Qp,), Yy C WH2(Qy),
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where the desired boundary conditions are implicitly imposed by the choice of the
subspaces V,,; and V¢. We choose homogeneous Dirichlet conditions for the external
boundaries in this section, that is, Vi, = {u € WH2(Qyy,, ), u =0 on 0Qp,, \ T;} (the
boundary value should be understood in the sense of traces). This choice of boundary
condition simplifies the presentation and extensions to other boundary conditions such
as no flow Neumann conditions can be made without major difficulties. Note that
these spaces depend on the fixed fracture width e.
The weak formulation of Problem P, reads as follows:

DEFINITION 4 (Weak solution). A triple (¥m,, ¥m,,%s) in the product space
L2(0,T; Vi, ) X L2(0,T5 Vi, ) x L*(0,T; Vy) is called a weak solution to Problem P. if

(17) Vm, =f onTy and tp, =v9; onTy for ae t€0,T),

in the sense of traces, and

M-

(S (Ym,); O, ) or - — €™ (S(Wy), Odp)ar

j=1

ol

+ (Km(Sm(wmj ))vwmj s v‘ﬁmJ)Qﬁ + e (Kf(sf (’L/)f))vwf’ V(bf)ﬂ?
j j
2

Il
_

(18)

—

J

+

V8

(Sm (Ym;.1), Om, (0))9%, +e" (Sp(5,1), 07 (0))gq, »

j=1

for all (dmy, Bmys dp) € WE2(0,T5 Vi) x WEH2(0, T3V, ) x WH2(0,T; Vy) satisfying

(19) dmy = ¢r onT1 and ¢m, = ¢y onTy forae. te€0,T],
and
(20) (bp(T) 207 fOTPE {m17m27f}‘

Note that it makes sense to evaluate the test functions ¢, at the timest =0andt =T
in the above definition since the space W2(0,T;V,) is embedded in C(0,T;V,).

4.4. Time discretisation. In what follows, we discretise the problem in time
using an implicit Euler approach, which gives elliptic equations at every discrete time
tr, = kAt, for k € {0,...,N}, where N € N. We assume without loss of generality
that NAt = T. Here, At > 0 denotes the fixed time step size. Choose wg = Y1
and let the sequence of solutions in domain €, of the time-discrete problems be given
as {w’;}. Moreover, let flf = fp(tr). The definition of a weak solution to the time-
discrete problem is given by

DEFINITION 5. Let k> 0 and let (51, i1 5 ") € Vi, X Vi, x Vs be given.

mi1 Y T meg )
We call ( 7’;1 , ¢fn2a¢’f) € Vi, X Vi, X Vy a weak solution to the time-discrete problem
at time ty if it satisfies

(21) = z/;jf onTy and of, = 1/1’} on Ty

This manuscript is for review purposes only.
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in the sense of traces, and

(22)

2
k K k

Y (St )o0m, ), " (S10).01)g,

1 J

2
+ AN (Ko (S (W5, ))VUE, Vo, )+ A (K7 (85 (05) V4, Vo),

m

f

Jor all (pm,, dmas @f) € Viny, X Vin, X Vy satisfying ¢m, = ¢y on T for j € {1,2}.

4.5. Existence of solution for the time-discrete problem. We begin with
the existence of solution for the time-discrete problem as given in Definition 5. We
show that the solution triple ( 7’311,1/),’312, w’]ﬁ) € Vi, X Vi, X Vy satisfying Definition 5
can be interpreted as a solution to an elliptic problem having coefficients with possibly
jump discontinuities. The existence of solution is thus tantamount to showing that
of an elliptic problem defined in the whole domain having possibly discontinuous
coefficients. The latter follows from standard elliptic theory. We start by introducing

the space V

V= {('l/}mudjmzawf) € Vm1 X sz X Vfa s.t. wm1 = 'l/}f at Fla wm2 = wf at FZ}a
equipped with the norm

1]y = ¢ (Woms Bz, + WomaliBnga,,y + 107130, )-

As before, the equalities on the interfaces I'y,I's are in the sense of traces. Below we
will use the characteristic function x, of ,,p € {m1,ms, f} in defining a function
over 2 given a triple in V. In this respect we extend ¢, (p € {mi,mo, f}), now
defined on €, to the entire . The specific extension is not relevant since only its
restriction to €2, will be needed. We have the following proposition showing that V is
isomorphic to W12(Q).

PROPOSITION 6. Given ¢ € Wh2(Q), its restriction to Q,, p € {mi,ma, f},
defines a triple (Vm,, Vm,,0y) € V. Conversely, giwen (¥m,,Vm,,¥f) € V, ¢ =
>, UpXps p € {ma,ma, f} lies in WH(Q).

Proof. We start with the first part. For smooth functions, the assertion is ob-
vious. Using a density argument and trace inequalities on I'; and T'9, the extension
to W12 functions is straightforward. For the converse, the boundedness of the L2
norm is clear. Further, it is sufficient to prove that the weak derivatives of the tri-
ple (Ym,, Yms,,¥5) € V are equal to those of 1 restricted to Q,. For a given triple
(Vs Yoy p) €V, let b = 37 4px,, p € {m1,ma, f}. Let ¢ be weak derivative of
1 in the i—th direction. Using partial integration, for any smooth function w with
compact support in €2,

/quwdx:—/gwaiwdx:—Zp:/ﬂpwp@wdx.
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Using partial integration on each subdomain

—Z/ 0w da = Z/ Ditppw da,
P 2 P Q,

where the terms on the boundaries I'1,T's get cancelled due to traces being equal.
The last equality shows that ¢ restricted to Q,, p € {m1, ma, f} is equal to the weak
derivative of ¢ in the i-th direction. This proves the proposition. 0

Remark 7. With respect to the norm |[¢][w1.2¢0) = V/[[¥|4 + [VY[§, and the

same for the W12 norm on Q,, p € {m1, ma, f}, the isomorphism of V to W2(Q) is
an isometry.

Next, we consider an elliptic problem defined in the entire domain 2. For a given
triple (yk—1 k-1 ’;71) €V, define yF~1 = >, Y Ixp, p € {m1,ma, f}, and the

my ) mo )
1-dependent functions

(23) K = Ky Xm, + EAKfo + Ky Xm, and S = Sy, Xm, + ERSfo + SmyXms-

With this, a solution for Problem Pg, is defined in

DEFINITION 8 (Weak solution of Problem Pg). Given *~1, ¢* € Wy *(Q) is a
weak solution if for all ¢ € I/Vol’2 (Q) it holds that

(24)  (S(W"),0)o + At (K(S@WM)VY, V), = At (5, 0) + (S@" 1), 9),, -

The above problem therefore is a nonlinear elliptic problem with positive elliptic
coefficient and a lower order reaction term that is monotone with respect to the
unknown, and is piecewise smooth w.r.t. x. The existence of solution in the Hilbert
space WOI’Q(Q) is proved e.g. in [10, 13]. This is stated in the next lemma.

LEMMA 9. There exists a weak solution of problem Pgq in the sense of Definition

The summary of the above discussion results in the existence of a solution for
time discrete problem as per Definition 5 and is given below.

LEMMA 10. Given (k-1 k-1 ];_1) € Viny X Vi, X Vg, k> 0, there exists a

mi1 ) Tma
solution triple ( ,km,wfnz,z/;’;) € Viny X Vi, x Vy and
(25) 7knl = Wf onT1 and 1//;12 = @/J’} on T'y.

Proof. The existence result in Lemma 9 provides ¢* € WO1 2(Q) Proposition

6 gives a triple ( ’:nl,zpj;z,z/}’;) € Vi, X Vi, x Vy satisfying ¢F, = 1//)? on I'y and
,’%2 = w’}? on I'y. Moreover, Proposition 6 states the equality of weak derivatives of
YF restricted to Q, with those of 1/)’;. Starting from (24), this yields the existence

result in Lemma 10. O

Note that the interface conditions on I'1, 'y are those commonly used in applica-
tions, the continuity of the normal flux and of the pressures. More involved ones, like
nonlinear transmission conditions for the pressure, can appear for porous media flow
models involving an entry pressure. In this sense we refer to [17, 18, 21, 36, 37, 53,
57, 62, 66].
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4.6. A priori estimates. We define in each domain the energy functional

Yo
(26) W, (1) = / S'(¢) o deo,

which we will use in the proof of the a priori estimates. First, we gather some
properties of W, in a simple lemma, which is based on Assumption (Ag):

LeMmMA 11. The functional W, satisfies the following inequalities:

Wp(wp) Z 0’
(27) Wp(wp) - Wp(fp) < wp( (wp) - Sp(gp))»
{Up 1#2
ms7 < W (’l/)p) < MS
for all ¥,,&, € R.

We obtain the following estimate for the time-discrete solution:

LEMMA 12 (A priori estimate I). The solution (%, ¥, wlj) to the time-discrete
problem in Definition 5 satisfies

2
Wm ! . d_' K / W l d—'
Z (le{rfa}fN} /Q'mj (wm]) fE) +¢€ le{r{Ta),{N} o, f(z/}f) X

Jj=1
At mp < At m
+ = KZ IV, 113, +< KZHWfHQf
(28) , j=1k=1
SZ/Q Wi (¥, 1) df+af”~/ﬂ Wi (p.1) di
J=177°0my

A )\At Cpf = k2
23S I, 7 G S
j=1k=1 k=1

Proof. We test in (22) with the triple (G, , Pm,, ¢f) = (VF, 1,¢m2,w’;), which
yields
(29)

D (Sn(Wh,) = Sm (Wb U e, + e (Sp(WF) = S ve,

1

<

2
ALY (Ko (S (W5 )V VU Ve, + N AHE (S (0F)) VU], Ve,

j=1
2
ko k koook
= At(fr Uk om, + AUF Ea,
j=1
Poincaré’s inequality gives

IVeslg,  Ivplid
k2 > p sy p s,
(30) ”pr”fl,, = 2 + 2Cpp )

for p € {m1,ma, f}, where C,,, > 0 denotes the Poincaré constant of the respective
subdomain. The geometries of €2,,, and 2,,, are the same, and so are the Poincaré
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198 constants. Hence we set €}, = Cp, = Cp, . but note that for more general
499 geometries, one can simply set Cy,, := max{C,,, ,Cp,, } in the following estimates.
500 Making use of this together with Assumption (Ag) and equation (27)9 in Lemma
501 11, we estimate

I L Atm 2
Z/ W (Wh, ) d + / Wy(h) a7+ S S gk |
m Qf 2 = 7 J

At mg At mg 2 At mK”d}];”?Z
+ =M VeEIR, + Dolln I, +
2 20, < ; 2C,,
mo =1 ;
(31) )
k—1 = K k—1 = At CPWL 2
< Wl !) dE & [ W) az SOUA I, +
f

2m
U =

o
!

Jj=1

VAL C At mg < At mKIIw,«'IIQ
—2 IIffIIQf > ok R, + e ——a—,
om 20,

m

503 where we applied the Cauchy—Schwarz inequality and Young’s inequality. Summing
504 over k from 1 to [ for an arbitrary 1 <[ < N leaves us with

L Atm 2
Z / Win(Wh,) i+ | Wy(wh) di+ S ST ST vk R,

Qf j=1k=1
At m
0 (32) +e KZ||wf||Qf<Z [, Pl di e [ Wotwg) d
’VYL f
2 1
C7n Atc
=N 2,” A#ZW}CH%F
=1 k=1 L —
506 which finishes the proof. O

Remark 13. If other conditions are imposed at the outer boundaries and these
are such that the Poincaré inequality does not hold in the form used, one may use the
properties of W, in (27) to obtain the a priori estimates. This gives then

2 2
1 I L.om
32, Wl d e [ W) a5 S Ik,
J=1700my Jj=1

ms . At mg At m
+ e IR, + =5 Z e Z IVefila,
k=

Jj=1

2
[ Wnlma) di e [ Wt dx+—zz|| I3,
J=177mj

jlk:l

1 2 1 1
_. At Atm Atms
g 2o IFIE, + S DSk, + < S D 1451,
k=1 j=1k=1 k=1

507 and the rest follows by the discrete Gronwall lemma, but under additional assumptions
508 on the source terms in the fractures.
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Remark 14 (Non-degenerate case). In the strictly parabolic case as considered
in this work, where an mg > 0 exists such that 0 < mg < S),(4,) for all ¢, € R,

we immediately obtain an L? bound for w’; from the first two terms in Lemma 12 by
Lemma 11:

05, I3, L 19413, o
(33) ms———F—" < / Wi (¥r,,) dZ,  and ms—5— < / Wy (¥F) d7.
Qum; Qy

In what follows, we prove the L stability of the time-discrete solution. We define
the non-negative and non-positive cut of a function u € W12(Q) by
(34) [u] , := max{u,0}, [u]_ := min{u, 0}.

Note that [u]y,[u]- € WH2(Q), see e.g. [30, Lemma 7.6].

LEMMA 15 (A priori estimate IT). For each At > 0, p € {m1,mao, f}, and k €
{1,..., N}, it holds

(35) 15| Lo,y < My (kAL + 1),
where
M
(36) My = maX{Mp,f}.
ms

Proof. The proof is done by induction. For k = 0, the statement holds due to
Assumption (A4,). Assume now that |51 e (q,) < My ((k—1)At +1). First, we
show that Wl‘j < My (kAt + 1) almost everywhere in Q.

We test equation (22) with ¢, = [¢y — My(kAt+1)] . These test functions
satisfy the required transmission condition because wfnj = 1/1’; on I';. Adding some

terms on both sides of the equation, we obtain

(37)

3 <sm(¢fnj) — S (My (kAL + 1), |65, = My(RAL+ 1)L)

j=1 Qi

" (Sp(W)) = Sy (My(kAt+1)), [0} = My(kAt + 1)]+)Qf

+ Ati (Km(sm(iﬁ’ﬁnj))v (wh,, = My(bAL+ 1)),V [0k, — My (kAL + 1)]+>

Qmj
+ A (K (SpWh)V (0 = My(kAL+1)),V [ — My (kAL + 1) +)Qf
=3 (S0 = S (ke + 1), [0, ~ Mukae+ 1) )
Jj=1 Qum;
e (Sph™) = Sy (My(RAL+ 1)), [8 — My (kAL + 1) +)Qf
+ At; ( koo [k, = My(kat+1)] +>Qm' + At (ff, [wh — My (kAL + 1)]+)Qf
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531 From Assumptions (Ag) and (Agk), and in particular the monotonicity of S,, we
532 deduce
2 2
msZ [ [, = astmaren)] [+ ems] fof = anphae+ ],
At mg Z Hv {w,’;j — My(kAt+ 1)}+ HQ
j=1 ™
A |V [0 My (kAt+1)] Hi
f
533 (38) _
<3 (St = S0 (U6 = DA+ 1) [k, ~ Mkt + )] )

j=1

e (Sp ) = Sy (My (k= DAL+ 1), [0f — My (kAt+1)], )

m;
Qf

(o) o, s 1] )
j=1

+ At ((ff —msMy) , [vh - My(kAt+1)] )

Qm.?'

Q;

On the right hand side above we used the inequality S,(¢,) > S,(&,) +ms(¥, — &),
valid if ¢, > &,, and yielding

S, (My((EAL+1)) > S, (My((k — 1)At + 1)) + msMyAt.

534 Note that the first two terms on the right hand side in equation (38) are non—positive
535 due to the induction assumption and the monotonicity of S,. Since M, > —L, the last
536 two terms are non-positive as well, from which we infer that w’; < Mg (k}At—i— 1) almost
537 everywhere in ,. Similarly, one tests equation (22) with ¢, = w}; + My (kAL + 1)] 3
538 in order to show that w’; > —My (kAt + 1) almost everywhere in €2,. This concludes
539  the proof. ]

540 4.7. Interpolation in time. Now, we define functions on a continuous time
541 domain by interpolating the solutions of the time-discrete problem in time. We use
542 piecewise linearly interpolated functions in addition to piecewise constant functions:
543 for almost every t € (tx—1,tx] set

@pAt(t) = ];7
511 (39) SA(t) = Sy,

SR1) = S + TS (k) - S ).

545  Moreover, we need the piecewise constant interpolation of the source term f R)y=r ;]f'
546 In view of the a priori estimates in Lemmas 12 and 15, we obtain the following result
547 for the interpolated functions:

548 LEMMA 16. The functions \IJAt, Sgt, and Sgt are bounded uniformly with respect
519 to At in L*>(0,T; L*(Q,)) N L*(0,T;V,) N LOO(QE) for p € {my,ma, f}.

550 In order to get a strong convergence in L?(0,T; L*(£2,)), we need the following esti-
551 mate for the time derivative of the saturation:
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LEMMA 17. Let k, A < 0 and assume that 5’>‘||ff||?2? < C ande” fo Wiy r) dE SI

C. With p € {m1,ma, f}, the functionals 0;S, are uniformly bounded w.r.t. € in
L0, T; W=12(Q,)).

Proof. We start with the formulation of the problem in the entire domain £,
as stated in Definition 8. Further, using the time-interpolation in (39) and for any
¢ € Wy (Q), for a.e. t € (0,T] one gets

<atSAt(t)7¢>W*1:2(Q),W01’2(Q)‘ < ‘ (K(S@")Ve*,ve), ‘ + ‘ (f*.9)q ‘

2
< My | D IIV6m,llon, IV, 0., +MVorlla IVfe,

j=1

2
+ 3 I bmyllon, 15, e, +16slle,1fF e,
(40) =1

2
<|l¢llwre) | Mx Z||V¢fnj|

j=1

A k
Q.+ IVYFlla,

2
+Z Hfr]fzjllﬂmj + ”f)l‘f”Qf )
j=1

where ¢, is the restriction of ¢ to €, and we used the definition of K and S in (23).
In view of the a priori estimate in Lemma 12 and using , A < 0 and the assumptions
on the source term and on the initial conditions, integrating in time gives

(41) 10:Satllz2 0, 7w-120)) < C,

where C' is independent of . R

Recall the presence of a factor €” in the definition of S in (23). To obtain an
estimate on the subdomain Q; we consider the subspace of WO1 2(Q) that consists of
functions vanishing outside Qf, namely WJT ={¢ € Wol’Q(Q) D¢ = x5, for ¢f €
}/1/01)’2 (£24)}. This bounds the W~2(Q¢) norm in terms of the W~2(2) one,
42

N T |<at5'£t7¢f>|w71,2(9 )WL (Q))
100582 0.0 -1202)) = / e T e —
0 ¢reWy?(Q),05#0 w2y
T ‘<at‘§Ata¢>| -1, 1,2
Sefﬁ/ sup WZL2), Wy () gy
0 pEW} 60 llwr.2 )
r (OeSat &)y 200y w2
S&?*”/ sup WZL2(Q),Wo ()
0 ¢eW,y2(Q),67£0 [llwr2(a)
= E_RHatSAt||iz(07T;W—1,2(Q)) < Ce ",
For k < 0, this gives the desired estimate. 0

Remark 18 (k,A > 0). If either x or A is greater than zero, the proof of Lemma
17 can be repeated but the constant C' is no longer uniform w.r.t. €. Nonetheless,
d;S, remains bounded in L2(0,T; W~12(Q,)), p € {m1, ma, f}, for each fixed £ > 0.
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573 Compactness arguments give rise to the following convergent subsequences:

74 LEMMA 19. There ezists a ¥, € L*(0,T;V,) and a subsequence At — 0 along
75 which we obtain for p € {my,ma, f}

(S8} ar = S,(0,) strongly in L*(0,T; L*(Q,)),
(43) {SR. ar = S,(¥),) strongly in L*(0,T; L*(Q,)),
576 _
I {92, }ar = ¥, strongly in L*(0,T; L*(Q,)),
(U2 A — 0, weakly in L*(0,T;V,).
578 Proof. The first convergence follows from the Aubin—Lions—Simon theorem [9, 65]
579 by the estimates in Lemmas 16 and 17 (also see Remark 18). The convergence of

580 the piecewise linearly interpolated functions implies the convergence of the piecewise
581 constantly interpolated functions towards the same limit function (see e.g. [42, Lemma
582 3.2]). The third convergence is a consequence of Assumption (Ag) ensuring that the
583 inverse function S;l exists and is Lipschitz continuous. Finally, the weak convergence
584 in L%(0,T;V,) is provided by the Eberlein-Smulian theorem in view of the bounds in
585 Lemma 16. O

586 It remains to show that the triple of limit functions is a weak solution:

587 THEOREM 20. The limit (Uy,,, Uy, Uy) is a weak solution to Problem P, in the
588  sense of Definition 4.
589 Proof. Let (¢my, Pmas @) € Vimy X Vi, X Vy. Summing (22) from 1 to k yields

590 for almost every t € (tx—1,t)

22: ¢mj) + " (Sf(\i/fAt(t))aﬁbf)Qf

Jj=1

_Z wmw (bmj) —e” (Sf(wa)v(bf)Qf

+Z/ ROV (7). Von,)q, dr

o [ (my(sp@hir >>>v@£t<f>,v¢f)ﬂf -

_§A (fmj(T)’¢mj)Q7"j dT—/Ov (ff(7)7¢f)ﬂf dT
:Z/t k (fmj(T)’¢)mj)Qmj dT-i,-/t k (ff(T),¢f)Qf dr

591 (44)

2 tr
-y /f (K (S (U7 (M) VIR (1), Vom, ), dr

j=1

- | (KA, (A, )T (7). Vor).,, o

592 The terms on the right hand side correct the error made on the left hand side
593 by integrating to t instead of t;. Now, we choose test functions (@m,, dm,,ds) €
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L*(0,T; Vi, ) x L*(0,T;Vm,) x L*(0,T;Vy) fulfilling ¢,,,, = ¢ on I'; and integrate
in time from 0 to T to get
(45

T
Z / 060, (0)g, e+ [ Sy 000500
T
—Z / o, (D), = [ (8100010,
S [ [ s @2 )T ), Vo, ), a

o [ (Kns @)V 0,90, ar ai

_ i/OT /Ot (fn,; (T), b, (t))ﬂmj dr dt — /OT /Ot (J?f(T),qsf(t))Qf dr dt
- jz::l /tt /ttk (s (1) Py (8)) g, dlt +é/j /ttk (Fr(r),65(t)) g, dr dt

N tr th - B
_ZZ/ / (Ko (S (VAF (T))VR] (7), Vm, (1)) g, dr dt

1 N

=1k
N oty tk
S (RS ANV, Vo 0),, i

tr—1

From the strong L? convergence in (43)y, we infer that

(46) / (Sp (40, 65(0) g, dt > / D)o,

Furthermore, the strong convergence of ¥4, in L?(0, T; L*(12,)) in equation (43)3 and
the weak convergence of the gradients in L?(0,T’; L?(€2,)) in equation (43)4 together
with the Lipschitz continuity of S, and K|, yield

/ [ oSBT (), ¥, 1), ar
(47) 0

= / / ())V, (7). Vo, (1)), dr dt.

This follows from the following considerations: due to the ellipticity of K,, ¥4,
converges strongly in L*(0,T; L?(,)) and because of the Lipschitz continuity of K,
and S,, K,(S,(V4,(7))) converges to K,(S,(V,(7))) strongly in L?(0,T; L*(£2,)).
The boundedness of K, gives the existence of a g;) € L*(0,T; (L? (Qp))d) such that

d

/K LA (T))VIR,(T)dr — &, weakly in L2(0,T; (L*(9,))").

The identification of §p to K,(S,(¥,))VV¥, then follows by taking smoother test
functions in (47) and passing to the limit.
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Moreover, the time-continuity of f gives

(49) / / T), p(t) Qp dr dt — /OT /Ot (fp(r),gbp(t))ﬂp dr dt.

In what follows, we show that the terms on the right hand side in equation (45) vanish
as At approaches zero. For the terms involving a source term f,, we obtain

)
N N
tk e (At 2
folT), dp(t) dr dt| <
o oo, :

where we used the Cauchy—Schwarz inequality and Young’s inequality. Furthermore,
we get

At [T
P, =5 | elh, < oAt

N o et pte - B
Z /t / (Ko (Sp(WR, (1)) VIR, (7), Vo, (1)), dr dt

(51)
At 2M At
< (A My Z IeE IR, + prng < oA,

using the a priori estimate in Lemma 12. Therefore letting At — 0 gives

2 T T
S [ (S ()6, (0, e [ (S0 010,

j=1

2 T ,t
+2 /0 /0 (K (S (T, (1)) VU, (1), Vb, (1)) gl dlt
T t
(52) Tt - (K5 (S((r)) VU, (1), Vby(t)) o, dr di

2 T ot

zz/o [ Um0, 0m, (1), det+/ / £ 656 dr di

2 T
+JZI/O ( (wmj, ) (bmJ(t))Qm] dt + ¢ /O (Sf(wfl) (bf( )) dt,

for all (G, s Prmgs @) € L2(0, T Viny ) x L*(0,T; Vyny) x L2(0,T;Vy) such that Pm, =
¢sonT; for j e {1,2}.
Note that for test functions (¢m1,¢m2,¢f) W 2(0,T; Vi, ) x WH2(0,T5V,)
x WL2(0,T; Vy) satisfying @, (T) = ¢m,(T) = ¢;(T) = 0, integration by parts

ylelds
/OT /Ot (o) 08,) , dr dt =~ /OT (500, 3 0) .
(

T t ’
(53) /O /O Kp(sp(q/p(f)))wp(f),vat&p(t))ﬂpdT dt

' ~
- /0 (Kp(sp(‘lfp(t)))vlllp(t),V¢p(t))Q dt.

P
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Thus, selecting ¢, = 8tgz~5p in (52) gives

2 T

; /0 (S0 (W, (), i, (ﬂ)ﬂmj dt 4 o /OT (S7(ws0).0850),,
_ é /OT (Ko (S (W, (0)) VWi, (1), T, (t))% dt

(54) —5*/0 (Kp (S5 (0 (0) V0,0, (1), V(1) dt

Qf
2 T -

- Z (Sm (tm,.1), ngj (O)) Qm

Jj=1 J

dt - / (5. 5r0)),, dt

™m;

e (85 (1.0),65(0))

Q

Therefore, equation (18) holds true for all appropriate test functions.
In order to show that the interface conditions are satisfied, we estimate

(55) (W, — Wyl < (W, — O o + 87— Tl + T4, — O

and consider the terms on the right hand side individually. The second term is zero
by the definition of the time-discrete weak solution. For the first term, the trace
inequality gets

m;

< C(Qn) W, = Va7 lag, (IV%m, = VIR log + ¥, = V&7 llag, ) -

By the weak convergence in equation (43)4, the term in brackets s bounded, and
from the strong convergence in equation (43)3, we get that [|[¥,,, — U7 HQ?«LJ — 0 for

At — 0. The third term on the right hand side of equation (55) vanishes with an
analogous argument, which finishes the proof. 0

Remark 21. For fixed €, the estimate in the fracture can be improved by isolating
the equation in the fracture. By carrying out the same procedure as above but with
¢y € L*(0,T; Wol’Q(Qf)), that is, having zero boundary values on ¢, we obtain

57 D:Sar — 0185 (V) weakly in L2(0,T; W~12(Q)),
= = . d
Kp(Sp(Th,))VEL, = Kp(Sy(vy))Vioy  weakly in L2(0,T; (L*())"),

and 1)y satisfies the equation,
(58) " (0Sy(¥5) dp)ar + e (K5 (Sp(vy)Vy, Vor)ar = (f1:91)ar

for all ¢; € L2(0,T; Wy % (Qf)).

5. Rigorous upscaling. In this section, we give the rigorous proof of the upsca-
ling result, namely the convergence of the solution to Problem P. towards the solution
to the effective models in the limit € — 0. We present the upscaling for the parameter
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649 range (k,A) € [—1,00) x (—00,1) except for the case when Kk = —1, A € (—1,1). This
650 corresponds to scenarios in which the fracture-to-matrix porosity ratio does not grow
651  too fast and the fracture-to-matrix conductivity ratio only decreases moderately in
652 terms of €.

653 We employ techniques from [20], where upscaling was considered in the context of
654 crystal dissolution and precipitation, and [57], which is concerned with the upscaling
655 of a reactive transport model. For a more detailed presentation of the results, we refer
656 the reader to [43].

657 5.1. Kirchhoff transformation and rescaling of the geometry. We apply
658 the Kirchhoff transform (see [4]) in each subdomain. For this, we introduce a function

Yo
659 (59) K, :R—=R, up = K,(Y,) = K,(Sy(¢)) de.
0
660 Due to the assumptions on K, and S,, the Kirchhoff transformation is invertible and
661 one can define the function
662 (60) bo(up) =S, 0 K (uy).

663 Note that b, is Lipschitz continuous due to the Lipschitz continuity of S, and lC;l.
664 By the chain rule, one obtains Vu, = K,(S,(¢,))V1,, which transforms Problem
665 P, into a semi-linear problem. Since K, is Lipschitz continuous, the Kirchhoff trans-
666 formed problem is equivalent to the original problem [45], and all a priori estimates
667 from the previous section are satisfied for the Kirchhoff transformed variables, too.
668 The advantage of the Kirchhoff transformed formulation is the linear flux term. Ho-
669 wever, this comes at the cost of a nonlinear transmission condition for the Kirchhoff
670 transformed pressure variable.

671 We rescale the fracture in horizontal direction by defining z = z/e, and consider
672 the following

af(t7 2, y) = Uf(t, zE, Z/)7
673 (61) g r(z,y) =upr(ze,y) = Ky(by1)(ze, ),
ff(tvzay) = ff(t,ZE,y).

674 To unify the notation, we set z = = in the matrix blocks. Observe that this means
675 practically that the solid matrix subdomains are merely translated w.r.t. €. Since
676 they do not change their shape, we omit the ¢ in the notation and still write §2,,,. For
677 the fracture model instead the € dependence is explicit. We use Q5 := (=5, 5) x (0,1)

272
678 in this section, and the shorthand notation Qf := Q} Observe that this is also the
679 domain for the rescaled pair of variables (z,y). The solution in each domain, ug, will
680 be endowed with a superscript ¢ to emphasise the e-dependence.
681 The fracture solutions in the effective models are defined on the reduced-dimensionalll

682 fracture, I' = {0} x (0,1). For the weak solution we define the function spaces
683 (62) Vi = {ue L* ) : dyu € L*(T),u =0 on dT'} = W, *(T).

684 Figure 2 illustrates the geometry of the problem in rescaled variables and the geometry
685 of the effective models, in which the fracture has become one-dimensional.
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(—=1.5,1) (=0.5,1) (0.5,1) (1.5,1) (11

Iy Ty

Qny Q Dy Qi

(—1.5,0) (—0.5,0) (0.5,0) (1.5,0) 1,0) (0,0) (1,0)

Fic. 2. Geometry with two-dimensional fracture in rescaled variables (left) and upscaled geo-

metry with one-dimensional fracture (right)

686 For each € > 0, we define the z-averaged quantities

(63)
} ) 3
wi(t)i= [ w5t a) de frtw = [ Frtte) ds
o -4 -
687 1 1
b E(t0) = [ btz ds b0 = [ b(50() =
-3 3
688 as well as
1 5 1
w50 = [ a5(t0) dy, f = [ Frttw) v
689 (64) 01 ’ 1
b)) = [ b d by = [ b)) v
690  We state the weak formulation in terms of the Kirchhoff transformed and rescaled
691 variables. In terms of the rescaled variables, the geometry is e-independent and the
692 z-argument of the functions associated with the fracture becomes e-dependent instead:
693 DEFINITION 22 (Weak solution in rescaled variables). A triple (us,,,us,,, 4%)
694 € L2(0,T; Vi, ) X L2(0,T; Viny ) X L2(0, T Vy) is called a weak solution to the Kirchhoff
695 transformed formulation of Problem Pe if
(65)
606 K H(us,,) = /C;l(ﬁff) onTy and K" (us,,) = IC;l(ﬂ;'}) on Ty for a.e. t € 0,7,
697 in the sense of traces, and
2
- Z (bm(ufnj)v 6t¢mj)QT - EH+1 (bf(a§”)7 6t¢f)QT
j=1 m; !
2
> (Vufnj,vgbmj)m A (04850200 ) g+ (0,85.0y07) g
698 (66) = ’

for all (dmy, Om,, Of) €

(67)

+

2

Z (fm17¢mJ)QT‘ +e (ff ¢f)

Jj=1
2

> (b (1), 6 (0))

; J
j=

=

Wh2(0,T; Vi, ) X

¢m1 = (bf on Fl

Wh2(0,T; Vi, ) X

and ¢m2 = ¢f on I'y

f

+ e (by(agr), ¢(0))g, -

WY2(0,T; Vy) satisfying
for a.e. t €[0,T],

This manuscript is for review purposes only.



N
—
[}

721

726
727
728

UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 25

and

(68) $p(T) =0 for p e {my,my, f}.

The formulation in Definition 22 is the starting point for deriving limit models for all
choices of k and .

5.2. Uniform estimates with respect to . In order to prove the convergence
of Problem P, towards an effective model, we establish estimates for the solution and
its derivatives independent of &, similar to the uniform estimates with respect to At
in Section 4.

Testing with z-independent functions ¢f(t,2,y) = ¢¢(t,y) in the fracture (and
hence ¢y, and ¢, fulfilling ¢, (¢, 2,9)|r, = O¢(t,y) = dm,(t, 2,y)|r, for ae. t €
[0,T]) in Definition 22 gives
(69)

2 2

= 3 (b)) 06, ) . = O 07). 000 + 3 (Vi V)

j=1 j=1

2
+€)\+1(8yﬂf7 y(bf Z fmjyd)m] QT +€(ff ¢f)
j=1

g

+ 2 (B, 1) 6m; (0) g+ by (g.1), 64(0))

for all (G, s Pimgs @) € WH2(0,T5 Vi, ) x WH2(0, T Vi, ) x WE2(0,T;Vy) satisfying
Pm, (tv 2, y)|F1 = ¢f(t; y) = Gm, (ta 2, y)‘l‘z for a.e. t € [07 T] and ¢P(T) = 0 for
pE {m17m27f}'

Based on the a priori estimate in Lemma 12, one shows that the solution and its
derivatives can be bounded uniformly in € for kK > —1, A < —1, and ¢ > 0 sufficiently
small. In addition, we get uniform essential bounds for the solution since the constant
My in Lemma 15 is e-independent:

LEMMA 23. There exists a C > 0 independent of € such that

2
~ A ~ A— ~
S i, a0,z + =T IRy + 10,8513y + 0.3y < C,
j=1
(70)
Z o, ez, ) + 135 L oe o) < C-

These estimates are directly carried over to the averages of fracture solution by virtue
of Jensen’s inequality:

LEMMA 24. There exists a C > 0 independent of € such that
(71) e afEr + M0y u5 1 2r + 185 || oo ory + 503 1o,y + 187 Lo 0.1y < C.
For k = —1 and A < —1, the effective model contains the time derivative of the fracture

saturation. We proceed as for Lemma 17, but now for the Kirchhoff transformed
and rescaled weak formulation of the time-discrete problem Pg in Definition 8. We
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729 introduce

(72)
At & N
= (505, w3 o,
j=1
2 ~ 2
730 f= Z fijmj + Effo, g(u) = Z vuijmj + AeVﬁfo)

j=1 j=1

2
b(u) = Z bm(umj)ij + 5K+1bf(af)Xf’
j=1

731 and define ba; as the piecewise linear interpolation of b, in analogy to Say in (23).
732 With Q = Qy,, U Qp, UQG UT; UT; we obtain (see (66) for the powers of ¢)

R b kY _ b k—1
<atbAt(t)a¢>W*1v2(Q),W01‘2(Q)‘ = ‘ ((u)At(u)’¢>Q

2
< lwra [ DIVl |

j=1

0., + 1AV o

2
305 e, + el Pl
j=1

For A < —1 and x > —1, a discrete form of Lemma 23 yields uniform bounds for the
right hand side from which we obtain after integrating in time

w W
[GLEENTSN

3

736 10sbaill L2 0,msw-12(0) < C,

737 with C independent of e.
738 Recalling that b(u) := 2521 b (U ) Xm, +€"T1bs(tif)x, we derive as in Lemma 17

739 for S'gt that
740 ||6tbfm||L2(07T;W71,2(Q})) S CE_K_l,

741 which is uniformly bounded in € for k < —1. This proves

742 LEMMA 25. The functional iby is uniformly bounded w.r.t. & in L*(0, T W*LQ(Q}))I
743 for k = —1, A < —1.
744 To obtain ¢ independent estimates, assumptions for the initial saturation and the

745 source term in the fracture are needed. More precisely, if £ > 0, this means that
746 the source in the fracture must approach 0 when € — 0. This is natural since for
747k > 0, the fracture porosity becomes smaller as the ratio of fracture width and length
748  vanishes. In this case the fracture does not have enough capacity to store water, so
749 having large source or sink terms would lead to an unphysical flow regime.

750 Also, if A < 0, the gradient of the initial pressure in the fracture is required to
51 converge to zero rapidly enough. This can be understood as follows: for negative A, the
52 fracture is highly conductive as compared to the solid matrix blocks and in the limit of
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vanishing fracture width, the fracture becomes so permeable that pressure differences
are quickly equilibrated within the fracture (even instantaneously for A < —1, so,
the solution of the effective model is spatially constant). This behaviour must be
accounted for by the initial pressure gradient in the fracture.

By compactness arguments, the estimates above provide the following convergence
along a sequence € — 0

Upy, = Un, strongly in L?(0,T; L? (),
(74) Upy, = Unn, weakly in L*(0, TV, ),
uj — Uy weakly in L?(0,T; L*(T)).

For A < —1, the gradient of the fracture solution Va5 is bounded in L%(0,T; L*(Qy))
according to Lemma 23. From this, we infer just as for the matrix block solutions in
equation (74) that there exists a subsequence of € — 0 along which

a5 — Uy, strongly in L?(0, T; L*(Qy)),

uy — Uy, strongly in L?(0,T; L*(T")),
(75) uf — Uy weakly in L*(0,T; V),

U — Uy strongly in L*(0,T).

The following result, nothing but Proposition 4.3 in [20] will also be used for deriving
the effective model in the fracture

PROPOSITION 26. Let @ = (—%,1) x (0,L), f € W"2(Q), and let f: [0,L] - R
be defined as f(y f77 f(& y) d§. Then, in the sense of traces

(76) | f(&o,-) — fH(O,L) <9 fll,

for each & € [ 7 ;]

This proposition and Lemma 23 yield the following estimate:
LEMMA 27. There exists a C > 0 independent of € such that for any zy € [—%, %]
it holds
~€ —e 1-x
(77) Huf('azm') - Uf||FT <ez C.

Lemma, 27 shows that A = 1 ensures that the L? distance between the Kirchhoff
transformed pressure and its z-average remains bounded as ¢ — 0, while A < 1
provides the convergence.

5.3. Upscaling results. It remains to show that the limit functions are a solu-
tion to the respective effective model. We have

THEOREM 28 (Upscaling theorem). Depending on the range of k and X, the limit
3-tupels are weak solutions to the effective models listed below:

k=—1, A=-1: (Unmy s Uy, Uy)  Effective model 1,

k€ (-1,00), A=-1 (UmysUnmy, Uy)  Effective model 11,
(78) k=-1, A€ (—o0,—1): (Uny Uy, Us)  Effective model TII,
k€ (=1,00), A€ (—00,-1): (U, Umy, Us)  Effective model TV,
(-1,00), Ae(-1,1): (UmysUnmy, Uy)  Effective model V.
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Proof. We give the proof for A > —1. The cases A < —1 are analogous, but
require using spatially constant test functions for the fracture equation (69), i.e.
o¢(t, z,y) = ¢5(t). Note that for homogeneous Dirichlet boundary conditions, the
fracture equations in Effective models III and IV reduce to 1y = 0 (see Remark 2).

We test With (¢, dmy, df) € WH2(0,T; Vi, ) x WH2(0, T Vi, ) x WH2(0, T V)
satisfying ¢m, (t,2,y)|r, = ¢7(t,y) = dm,(t, 2,y)|r, for a.e. t € [0,T] and ¢,(T) =0
for p € {mq,ma, f} and denote the terms in (69) by I, ..., Is. For all values of k and
A, the term Ig vanishes in the limit € — 0 as

Is] = & | (7, 61)pr| < N FFlerliglirr — 0.

The terms I5 and I7 do not depend on ¢ and remain unchanged as € approaches zero.
The strong L? convergence in (74); and the Lipschitz continuity of b,, give

L=-3% (bm(“;f)’a“ﬁmf)nzn. o

(b (Un,), 8t¢mj)92;, :
= J J '

2 2
]

The weak convergence in (74)y yields

2 2
I=3" (winj?wmj)m 3 (VU Vom, )y -
j=1 mj j=1
As regards the fracture solution, we distinguish the cases A = —1 and A > —1: in case
of A = —1, the weak convergence in (75)3 leads to

Iy = (ayﬁjfvayd’f)ﬂ - (6yvaay¢f)rT’

whereas for A > —1, we get

A+1

4| = A ‘(aya§">ay¢f)pT < 5)\+1||ayﬁ?||FTHay¢fHFT <e? C”ay?[)f”FT — 0,

where we made use of the estimate for ayﬂj} in Lemma, 24.

It remains to consider the terms Iy and Ig. Here, we make a distinction be-
tween the cases Kk = —1 and k > —1. First, consider the case k = —1, where
I =— (bf(ﬂjc),@tqbf)FT and Ig is independent of €.

For the term I, we start by estimating
<

(bp(aF) = by(Uy), 0if) pr (b (aF) = by(u}), 0rdf) pr

+ (bf(ﬂic) - bf(Uf)7 atd)f)FT

For the first term on the right hand side we obtain using the Lipschitz continuity of
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810 by and Lemma 27

(Bf(ﬂ?) - bf(’[l‘?)a at¢f)FT

<| / (bs(@5) = by (@5) dz | 100 1rr

811 I
<wis| [ [ -
T2

-
< MsCe' = |0y

dz

|0c¢s llpr

FT|

812 which approaches zero as ¢ — 0.
813 Due to the strong convergence in (75)s, the second term vanishes:

814

(by(aF) = b (Uy), 0es) pr | < Mg — Upllrr (|0 s lrr-

815 This shows that

816 Iy = — (by(@5), 0:5) o = — (b5 (Uy), 0uos) por -

817 For k > —1, we estimate

818 |Ip| = entl \@(a;),atw)ﬂ

~ Krtl
< "M Ms||ag oz 10cpsler < &7 MsCllovdy I,
819 which vanishes in view of Lemma 24. Similarly,

K ey K ~ Kr+1
20T = e by g, 65(0)) | < & Mgl 165 (0) e < € MsClloy (0)

821 vanishes in the limit.
822 Finally, the Dirichlet interface condition for the pressure head has to be proven.
823 It turns out that a weakly convergent subsequence in L?(0,T; L?(T")) in the fracture

824  suffices for this purpose. As the weak convergence of u% towards Uy does not directly
825 imply the weak convergence of K;l(ﬂ‘}) towards IC;l(Uf), we define the function
826 R(um,) := (Kgok,') (um,) in order to transform the interface condition K, (Up,,) =
827 lCJ?l(Uf) on I'; into a linear expression in Uy, namely

828 R(Up,)=Us  onTj.
829 Now we take an arbitrary test function ¢ € L?(0,T; L?(';)) and estimate

| (R(Uw,) = Us.0)

< | (RWn) ~R05,).0),,

| (R05)-529),

830

+‘(ﬂ{}_0f’¢)l“}“ .

+| (@ 5. 0)ps
831 Let us denote the terms on the right hand side by Ji,...,Js. As (G and u§ satisfy
832 the interface condition, we immediately get Jo = 0. Note that Assumption (Ag)

833 implies the Lipschitz continuity of R with Lipschitz constant %—; Making use of this
834 and the Cauchy—Schwarz inequality yields

Mg
a5 TS U, — gl
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and one shows as in the proof of Theorem 20 that J; — 0 in the limit € — 0 using
the trace inequality, the strong convergence in equation (74); and the boundedness
of the gradient due to the weak convergence in equation (74)e. For the term J3, we
obtain

a0

Jy < || — 72?||1“J.T||<Z5HFJ.T7

and from Lemma 27 we infer that J3 — 0. Finally, the weak convergence in equation
(75)3 yields Jy — 0. Since ¢ € L?(0,T; L*(I';)) was arbitrary, one has R(Uy,,) = Uy
on I'; and therefore K, (U, ) = lC;l (Ug) onT; in the sense of traces, which concludes
the proof.

Remark 29. The porous matrix domain €2,,, has the interface at x = 0 with a
fracture domain boundary that corresponds to z = —1 from the fracture domain side.
Similarly, 2,,, has the interface at x+ = 0 with fracture domain boundary at z = 1.
The two interfaces become one in the reduced dimensional model, and the solution
in the fracture domain is independent of z (see the effective models I — V above).
Therefore the fracture model component becomes an effective boundary condition for
the two model components defined in the porous matrices.

Remark 30. We remark now the reason for leaving out the case when k = —1, A €
(=1,1) in our analysis. From (74) we get the boundedness of u% and the smoothness
of Bf(ujc) implies the existence of a weak limit for Bj}. However, the identification of
this limit in (69) to by(us) requires a strong convergence of u%. However, Lemma 24
does not give an estimate for Va5 that is uniform with respect to €. Therefore, the
strong convergence of 4% cannot be deduced. This is why the case mentioned above
is not taken in the present analysis.

6. Numerical simulations. This section presents some numerical examples to
validate the theoretical upscaling results. The simulations are carried out using a
standard finite volume scheme implemented in MATLAB. We use a matching grid,
composed of uniform rectangular cells for partitioning the two-dimensional subdo-
mains, and intervals of equal size for the one-dimensional fracture in the effective
models. The flux is computed with a two-point flux approximation (TPFA) scheme.
We use an implicit Euler discretisation in time with fixed time step, and the modified
Picard scheme for the linearisation. We adopt a monolithic approach and solve the
system of equations for the entire domain at once.

The numerical example models the injection of water into an aquifer which is
crossed by a fracture. The boundary and initial conditions are illustrated in Figure
3. Although the analysis is given for homogeneous Dirichlet conditions, we expect
the theoretical results to hold for more general boundary conditions, as considered
in the numerical example. In the simulations with a two-dimensional fracture, the
dimensionless fracture width takes the values e € {107% : k € {0,1,2,3,4}}. We
impose no flow boundary conditions excepting the inflow region on the central lower
edge of the left matrix block subdomain, namely for (z,y) € [-1—£+1, —£—1]x {0},
and the right upper boundary, for (z,y) € [§ + 1,1+ £ — 1] x {1}, where a Dirichlet
condition allows for outflow. Thus, the water must cross the fracture to leave the
domain. The van Genuchten parametrisation (see [29]) of the S — ), respectively
K — S relationships are given in Figure 3. These parameters correspond to silt loam
in the matrix, respectively the Touchet silt loam in the fracture. As the fracture
width goes to zero, the storage term and the flux term in the fracture are scaled with
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e and &, respectively (see Problem P.) in order to investigate the convergence of
the full models towards the effective models. We refer to [41] for more numerical
examples discussing how well the effective models approximate the full models for
certain choices of fixed soil properties and fracture widths.

We take the end time of the simulation to be T'= 0.75. The time step is chosen
as 0.005. The grid size is taken as Az = Ay = 1/160 in the matrix blocks and
Ay = 1/160 and Az € {1/160,1/800,1/4000,1,/20000,1/100000} in the fracture,
corresponding to the different fracture widths €. This means that the thinnest two-
dimensional fracture with e = 10~ has a thickness of 10 cells in z-direction.

Geometry Van Genuchten parameters
Oy = (=1 —¢/2,—¢/2) x (0, 1)
Qmy = (/2,1 +¢/2) x (0,1)

Fracture Solid matrix

¢ ! «@ 0.500  0.423
@ = (—¢/2,¢/2) x (0,1) 05 04690  0.396
Initial condition and source term Or 0.190 0.131
Yy =-3 n 7.09 2.06
f=0 Kg/Ksm 6109
Boundary conditions
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ v==3 .
I Iy
oy Qf Qg

Fic. 3. Simulation parameters for the realistic example: geometry, initial and boundary condi-
tions, and van Genuchten parameters

In dimensionless setting, the van Genuchten—Mualem parametrisation becomes (see
also Figure 4)

np—1

Or.p Or,p 1 np
Sp(¥p) = 55, (1= 550) {W} , 1, <0,
Os.p: P, >0,
(79) o
% — _ Til mp <
Ko (8,(1,)) = § O ) [1 (1- Ounp) ™) ] )
L P, >0,

where 6g stands for the water content of the fully saturated porous medium, 0g
denotes the residual water content, & and n are curve fitting parameters expressing
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the soil properties, and O.g(¢)) := eéf)f_eip‘ is the effective saturation.

1Z
S KS L
= =
B N
s
4, ‘ p
¥ 0 " 0

F1G. 4. Schematic plot of the hydraulic relationships () and K(0(¢)) in the van Genuchten—
Mualem model

The ratio of the porosities, respectively of the absolute hydraulic conductivities
are given by

(80) 91 _ Usy g” and Bag _ Koy e

- b b)
¢m 93,m Ka,m KS,m

respectively, where Kg denotes the saturated hydraulic conductivity.
We consider two choices for k and A in this example:
a) k== —1,

b) k=XA=0.

In the limit ¢ — 0, we expect the solution to converge towards Effective model 1
with the one-dimensional Richards equation governing the flow in the fracture in case
a), while theory predicts convergence towards Effective model V in case b), where
pressure and flux are continuous across the interface.

Figure 5 depicts the pressure head of the effective models at final time ¢t = T.
In the subdomain €2,,, the pressure has risen due to the injection of water from the
boundary. While the solutions in the two effective models look similar at first glance,
notice the kink in Effective model I at the fracture which reflects the difference in the
normal fluxes obtained in the matrix domains at the reduced-dimensional fracture.
this difference is due to the storage of water in the fracture. In contrast, the fracture
has disappeared in Effective model V causing the pressure to be smooth. Besides, the
storage term in Effective model I slows down the propagation of water into subdomain
Qn,, which is reflected in the lower pressure on the right of the fracture as compared
to Effective model V.

Figures 6 and 7 show the z-averaged pressure head in the fracture for the full
models and the corresponding effective model for case a) and b), respectively. Below,
the difference 1) — o5 between each model and the effective model is depicted in a
symmetric logarithmic scale (see [68]).

In both cases, the convergence towards the respective effective model is evident.
In case a), the difference between the full model with ¢ = 10~! and Effective model I
is smaller than 1072 at each y-position and decreases further as the fracture becomes
thinner. For ¢ = 1073, the difference amounts to less than 107 and does not improve
much further for ¢ = 107 since we are well below the tolerance of the nonlinear
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solver, which is set here to 107°. For ¢ between 1 and 1073, the averaged pressure
in the full models is higher than in the effective model along the entire fracture and
decreases monotonically as € goes to zero.

In case b), we observe slower convergence towards Effective model V. This is in
line with the estimate in Lemma 27 that provides for faster convergence for smaller
values of A. Nonetheless, for € = 1, the difference between the full model and the
effective model is greater than 0.1 and drops to less than 2 x 10~* for e = 10™*.

In order to quantify the convergence speed for both case, we plot the error in
pressure head towards the respective effective model in Figure 8, split up into the
fracture and the solid matrix blocks. The grey triangles indicate convergence rates of
one and two, respectively. The convergence is faster in case a) than in case b), which
is expected in view of the estimate in (77) due to the sharper bound for the derivative
of the pressure perpendicular to the fracture. For case a), quadratic convergence is
achieved until well below the tolerance of the nonlinear solver. In case b), we obtain
linear convergence and for ¢ = 10™4, the L?-error amounts to less than 10~ in all
subdomains.

Y G

Effective model I

Effective model V

2.5 -2.5

Fic. 5. Solution to the effective models at t = 0.75: pressure head v of Effective model I (left)
and Effective model V (right).

7. Conclusion. We have developed effective equations for unsaturated flow in a
two-dimensional porous medium consisting of two porous blocks separated by a thin,
porous fracture. The flow is modeled by the Richards equation in both blocks, as
well as in the fracture. The fracture shape is characterized by ¢, a small parameter
expressing the ratio of the fracture wdth and its length. The effective models are
derived rigorously in the limit case when € — 0, so the fracture is reduced to a one-
dimensional object which becomes an interface between the adjacent blocks. Whereas
the effective model in the porous blocks remains the Richards equation, the one in the
reduced-dimensional fracture depends on two additional parameters, £ and A. These
describe how the ratios of the porosities, respectively of the absolute permeabilities
in the two different types of media (the fracture and the porous blocks) depend on ¢,
namely £ and e*. Different regimes are considered, covering the cases K > —1,\ < 1,
corresponding to situations in which, compared to the porous blocks, the fracture is
highly or less permeable, and has a high capacity to store fluid or not. The rigorous
convergence proofs given here are sustained by preliminary numerical examples.
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Fracture: x-averaged 1 at final time

274 T T T T T T T T
Effective model I
275f —e=1
P —e=10"
[ —e=10"2
276 —c—10-3 ]
4 P —e=10"
2.77 -

0.1 0.2 0.3 0.4 0.5

Fic. 6. Case a): x-averaged fracture solution along the fracture for different e and for Effective
model I at t =T. The error with respect to the effective model is shown below.

Fracture: x-averaged 1) at final time

245 T T L e
F Effective model V
'2'5;’ —e=1
P —e=10""
2BE 10
) —Z.Gi —e=10"%
v Fo—e=10""

N

~

i
T

-
ool ol 0 By

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
y

D s
00000 ©ooo

Fic. 7. Case b): z-averaged fracture solution along the fracture for different e and for Effective
model V at t =T. The error with respect to the effective model is shown below.
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L? error in each subdomain

10724
: [m]
Case
a) b)

'.'le'.'le

Vng'v'ng
3 (B8 Q; -B-Qy g

TTT 1T 1T T 1T T |||||||| T |||||||| T |||||||| T |
10° 10t 107 1073 10

3

F1G. 8. L? error with respect to the corresponding effective model in each subdomain for both

cases. In the fracture domain Qy, the error is between the z-averaged pressure head and the one-
dimensional pressure head of the effective model. The grey triangles indicate convergence rates of 1
and 2, respectively.
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