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Abstract. In this work, we consider a mathematical model for flow in an unsaturated porous5
medium containing a fracture. In all subdomains (the fracture and the adjacent matrix blocks)6
the flow is governed by Richards’ equation. The submodels are coupled by physical transmission7
conditions expressing the continuity of the normal fluxes and of the pressures. We start by analyzing8
the case of a fracture having a fixed width-length ratio, called ε > 0. Then we take the limit ε → 09
and give a rigorous proof for the convergence towards effective models. This is done in different10
regimes, depending on how the ratio of porosities and permeabilities in the fracture, respectively in11
the matrix, scale in terms of ε, and leads to a variety of effective models. Numerical simulations12
confirm the theoretical upscaling results.13
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1. Introduction. Fractured porous media arise in a multitude of environmental17

and technical applications, including fragmented rocks, hydraulic fracturing, carbon18

dioxide sequestration, and geothermal systems. Fractures are thin formations, in19

which the hydraulic properties such as porosity and permeability differ significantly20

from those of the surrounding matrix blocks. Hence, fractures have a crucial impact21

on fluid flow [1], and fractures or entire fracture networks must be incorporated in the22

mathematical models for fluid flow. This is challenging from the numerical point of23

view, firstly due to the high geometrical complexity of fracture networks and secondly24

because grid cells with a high aspect ratio or a very fine grid resolution within the25

fractures and in the adjacent matrix region are required.26

In order to overcome the latter difficulty, it is appealing to embed fractures as27

lower-dimensional manifolds into a higher-dimensional domain (e.g. as lines in a28

two-dimensional domain). Such models are also referred to as mixed-dimensional29

models, or hybrid-dimensional models, or Discrete Fracture Network Models (DFN).30

Depending on the context, fractures may block or conduct fluid flow, which can be31

expressed for example by coupling the mathematical model for the matrix blocks32

with a differential equation on the lower-dimensional fractures. Herein, we prove that33

such models result naturally from models with positive fracture width in the limit34

case where the width passes to zero. The presented model in this work provides a35

physically-consistent foundation for discrete fracture modeling approaches as used e.g.36

in [28, 39, 64]).37

We consider a two-dimensional model for unsaturated fluid flow in a fractured38

porous medium. For the ease of presentation, the geometry is given by two rectangular39

matrix blocks, separated by a single fracture. Here we assume that, next to the40

matrix blocks, the fracture is a porous medium too, as encountered e.g. in the case of41
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2 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

sediment-filled fractures [35], or layered porous media [53]. We assume that the pore42

space of the porous medium is filled with a liquid (say, water) and air. Provided that43

the domain is interconnected and connected to the surface, the assumption that the44

air is infinitely mobile is justified, and the air pressure can be set to zero in the full45

two-phase model. In this way, the governing model in the matrix blocks and in the46

fracture is the Richards equation [60],47

(1) ∂t(ΦS(ψ))−∇ · (KaK(S(ψ))∇ψ) = f.48

Here, ψ denotes the pressure head, Φ the porosity of the medium, S the water satura-49

tion, Ka and K stand for the absolute, respective relative hydraulic conductivity, and50

f is a source or sink term. For simplicity, the gravity is neglected, and the absolute51

permeability is a scalar, but all the results in this paper can be extended to include52

gravity, or anisotropic media.53

In (1), Φ and Ka are medium-dependent parameters. Similarly, the water satu-54

ration S is a given, increasing function of ψ, whereas the relative conductivity K is55

a given function of S. As for Φ and Ka, these relationships depend on the type of56

the material in the porous medium. Therefore, all these material properties may be57

different in the fracture and in the matrix blocks, see e.g. [33]. Well-known are the58

van Genuchten–Mualem [29] and Brooks–Corey [15] relationships.59

The Richards equation is a nonlinear parabolic partial differential equation and60

may degenerate wherever the flow is saturated S′(ψ) = 0 (the fast diffusion case) or61

K(S(ψ))→ 0 (the slow diffusion case). However, the rigorous mathematical results in62

this work only cover non-degenerate cases, when the medium is strictly unsaturated.63

On the other hand, the effective models derived here remain formally valid also in the64

degenerate cases.65

In view of its practical relevance, the Richards equation has been investigated66

thoroughly in the mathematical literature. Without being exhaustive, we mention67

[4, 5, 19] for results concerning the existence of weak solutions including degenerate68

cases. Uniqueness results are obtained in e.g. [55, 56]. The numerical methods are69

developed in agreement with the analytical results. One remarkable feature is that70

when compared to the case of the heat equation, the solutions to the Richards equation71

lack regularity. For this reason, as well as for ensuring stability, the implicit Euler72

scheme is commonly used for the time discretisation. The outcome is a sequence of73

time discrete nonlinear elliptic equations, which are generally solved by means of linear74

iterative schemes like Newton, fixed-point or Picard. Such methods are discussed and75

compared e.g. in [44, 48]. For the spatial discretisation, we mention [23, 24, 40] where76

finite volume approaches are presented, [8, 59, 70] for mixed finite element methods,77

and [22, 54] for finite element schemes.78

In all papers mentioned above, the parameters and nonlinearities are either fixed79

over the entire domain, or vary smoothly. In other words, the problems can be80

considered over the entire domain, without paying particular attention to the fact81

that there are different media involved. In the present work, the medium consists of82

different homogeneous blocks, connected through transmission conditions that will be83

given below. In this context, domain decomposition methods represent an efficient way84

to reduce both the problem complexity, and to deal with the occurrence of different85

homogeneous blocks. We refer to [11] for a domain decomposition scheme applied to86

unsaturated flows in layered soils, and to [63] for a scheme combining linearisation87

and domain decomposition techniques in each iteration.88

The present work considers a particular situation, where the medium consists of89

two homogeneous blocks, separated by a thin, homogeneous structure, that is the90

This manuscript is for review purposes only.



UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 3

fracture. We assume a two-dimensional situation and let ε > 0 be a dimensionless91

number giving the ratio between the fracture width and length. Since the fracture92

is assumed thin, ε can be seen as a small parameter. If fractures are viewed as two-93

dimensional objects, their discretisation becomes complex as the mesh should either94

contain anisotropic elements respecting the fracture shape, or should be extremely95

fine. To avoid such issues, one possibility is to approximate fractures as lower di-96

mensional elements in the entire domain. This implies finding appropriate, reduced97

dimensional models for the fracture, and how these are connected to the models in the98

matrix blocks. In this sense, we mention [6, 46], where the reduced dimensional mo-99

dels for two-phase flow, respective reactive transport in fractured media are derived100

by formal arguments based on a transversal averaging of the model inside fractures.101

Similar results, but using anisotropic asymptotic expansion methods in terms of ε are102

obtained in [20, 49, 50, 51, 57], where the convergence of the averaging process is pro-103

ved rigorously when ε↘ 0. However, the models considered there are either linear, or104

the nonlinearities appear through reaction terms or the conditions coupling the mo-105

dels in two adjacent homogeneous sub-domains. We also refer to [2, 14, 26, 27], where106

reduced dimensional models for flow in fractured media are presented with emphasis107

on developing appropriate numerical schemes.108

The models considered here assume that the pressure is continuous at the in-109

terfaces separating the matrix blocks and the fracture. In other words, entry pres-110

sure models leading to the extended pressure condition derived in [18] are disregar-111

ded. For such models we also mention that homogenisation results are obtained in112

[21, 34, 62, 66]. In particular, oil trapping effects are well explained by such models.113

Although the pressure is assumed continuous at the interfaces separating the homoge-114

neous blocks, this does not rule out the situation where the averaged pressure across115

a fracture may still become discontinuous in the reduced dimensional models. Such116

models are discussed e.g. in [2, 7, 12]. The present analysis does not cover such cases,117

but we refer to [41, 43] for the formal derivation of such models in the specific context118

discussed here.119

Still referring to fractured media, but with a different motivation, are the works120

in [47] for a phase field model describing the propagation of fluid filled fractures and121

[31] for iterative approaches to static fractures.122

The main goal in this work is to give a mathematically rigorous derivation of123

the reduced dimensional models in fractured media. More precise, we give rigorous124

proofs for the convergence of the transversal averaging procedure when passing ε,125

the ratio between the fracture width and length, to zero. Depending on how the126

ratio of the porosities and of the absolute permeabilities in the different types of127

materials scale w.r.t. ε, five different reduced dimensional models are obtained. More128

precisely, if the fracture is more permeable than the adjacent blocks, it becomes a129

preferential flow path. On the contrary, if the fracture is less permeable than the130

blocks, the fluid will have a preference to flow in the blocks. In consequence, the131

reduced dimensional fracture equation for the fracture can be an interface condition132

or a differential equation. Such results are obtained by means of a formal derivation133

in [3, 46]. Our approach is in spirit of [49, 50, 51, 67], where the single phase flow134

through a highly permeable fracture is considered. In the cases mentioned above, this135

corresponds to a particular choice of the scaling in the porosity ratio, respectively the136

absolute permeability ratio.137

In this paper we consider the case of an unsaturated porous media flow, which is138

modeled through a nonlinear parabolic problem but with different nonlinearities in the139

matrix, respectively the fracture. We consider different scalings in the permeability140
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4 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

and porosity ratios, and give the rigorous mathematical justification of the averaging141

process that leads to a reduced dimensional fracture model when ε↘ 0. In one of the142

five cases considered here, we obtain a widely used fracture model. To our knowledge,143

this is the first rigorous mathematical justification given for such models, existing144

results in this sense being restricted to formal asymptotic arguments. Next to this,145

other four different classes of models are obtained rigorously, depending on the above146

mentioned scaling in the permeabilities and the porosities.147

The outline of this work is as follows. In Section 2, the coupled model is for-148

mulated, and a non-dimensionalisation procedure is carried out in order to derive a149

dimensionless model, which is then used for the upscaling. Two scaling parameters,150

κ and λ, are introduced. These account for the scaling of the porosities and absolute151

hydraulic conductivities with respect to ε. In Section 3, we briefly state the main152

results of this work. Section 4 is concerned with the existence of solutions to the153

model for a constant but positive fracture width, i.e. ε > 0. This is done by applying154

Rothe’s method (see e.g. [38]). Based on compactness arguments we prove the exis-155

tence of solutions to the coupled model. Further, to reduce the dimensionality of the156

fracture, we investigate the limit of vanishing fracture width, that is ε→ 0 in Section157

5. Section 6 presents numerical simulations that confirm our theoretical upscaling158

results.159

2. Model. First, we formulate the model in dimensional form. Thereafter, we160

introduce reference quantities and make assumptions on their scaling with respect to161

one another. This is where the scaling parameters κ and λ come into play. By relating162

the dimensional quantities to the reference quantities, the non-dimensional model is163

derived, which will be considered in the subsequent sections.164

2.1. Dimensional model. We resort to a simple two-dimensional geometry165

consisting of two square solid matrix blocks with edge length L separated by a fracture166

of width l. The geometry is illustrated in Figure 1 (left).

(−L− l
2, 0) (− l2, 0) ( l2, 0) (L + l

2, 0)

(−L− l
2, L) (− l2, L) ( l2, L) (L + l

2, L)

Ω̂m1 Ω̂m2
Ω̂f

Γ̂1 Γ̂2

ŷ

x̂

~n ~n

(−1− ε
2, 0) (−ε2, 0) (ε2, 0) (1 + ε

2, 0)

(−1− ε
2, 1) (−ε2, 1) (ε2, 1) (1 + ε

2, 1)

Ωm1 Ωm2
Ωf

Γ1 Γ2

y

x

~n ~n

Fig. 1. Dimensional (left) and dimensionless (right) geometry of the fracture and the surroun-
ding matrix blocks

167
The subscripts m and f indicate the matrix blocks and the fracture, respectively.168

They are defined as169

(2)

Ω̂m1
:=

(
−L− l

2
,− l

2

)
× (0, L), Γ̂1 :=

{
− l

2

}
× (0, L),

Ω̂m2 :=

(
l

2
, L+

l

2

)
× (0, L), Γ̂2 :=

{
l

2

}
× (0, L),

Ω̂f :=

(
− l

2
,
l

2

)
× (0, L).

170

We use superscript hats for denoting quantities associated with the dimensional model171

in order to distinguish them from the dimensionless quantities which will be introduced172
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subsequently.173

The model defined on the dimensional geometry is given by174

Problem PD:175 

∂t̂(ΦmŜm(ψ̂mj )) + ∇̂ · v̂mj = f̂mj in Ω̂T̂mj ,

v̂mj = −K̂a,mK̂m(Ŝm(ψ̂mj ))∇̂ψ̂mj in Ω̂T̂mj ,

∂t̂(Φf Ŝf (ψ̂f )) + ∇̂ · v̂f = f̂f in Ω̂T̂f ,

v̂f = −K̂a,f K̂f (Ŝf (ψ̂f ))∇̂ψ̂f in Ω̂T̂f ,

v̂mj · ~n = v̂f · ~n on Γ̂T̂j ,

ψ̂mj = ψ̂f on Γ̂T̂j ,

ψ̂ρ(0) = ψ̂ρ,I in Ω̂ρ,

176

for ρ ∈ {m1,m2, f}, j ∈ {1, 2}, where Ω̂m := Ω̂m1
∪ Ω̂m2

, and where we set ΩT̂ρ :=177

Ωρ× (0, T̂ ] for all spatial domains Ωρ and a given final time T̂ > 0. Furthermore, ~n is178

a normal vector pointing from Ω̂mj into Ω̂f . Ŝρ, v̂ρ, ψ̂ρ, K̂a,ρ, K̂ρ are the saturation,179

flux, pressure height, absolute and relative hydraulic conductivities in the subdomain180

Ωρ, respectively. ψ̂ρ,I is a given initial condition and f̂ρ is a source/sink term. To181

complete the model, boundary conditions are needed at the outer boundaries of the182

medium. For simplicity we assume that the pressure vanishes there.183

From an application point of view, the flow in the fracture and in the matrix184

blocks is modelled by the Richards equation, supplemented with the continuity of185

the normal fluxes and of the pressures as transmission conditions at the interfaces186

separating two homogeneous subdomains.187

2.2. Non-dimensionalisation. We define ε := l
L , that is, the ratio of the frac-188

ture width to its length. We take L as the reference length scale. The dimensionless189

geometry is as shown in Figure 1 (right):190

(3)

Ωm1
=
(
−1− ε

2
,−ε

2

)
× (0, 1), Γ1 =

{
−ε

2

}
× (0, 1),

Ωm2
=
(ε

2
, 1 +

ε

2

)
× (0, 1), Γ2 =

{ε
2

}
× (0, 1),

Ωf =
(
−ε

2
,
ε

2

)
× (0, 1).

191

Since the pressure is continuous at the interfaces, we define a single reference pressure192

head for the entire domain, ψ̄ = L. We further assume that the matrix blocks have193

the same properties. Consequently, only two absolute hydraulic conductivities are194

encountered, K̂a,m and K̂a,f , respectively. As reference time scale we set195

(4) T̄ :=
ΦmL

2

K̂a,mψ̄
=

ΦmL

K̂a,m

.196

The dimensionless pressure heads are then given as ψmj = ψ̂mj/L and ψf = ψ̂f/L,197

the dimensionless time as t = t̂/T̄ , and the final time as T = T̂ /T̄ . As regards the198

source terms, we set fmj = f̂mj T̄ /Φm and ff = f̂f T̄ /Φm.199

The functions Ŝρ and K̂ρ (where ρ ∈ {m1,m2, f}) are dimensionless. Expressed200

in terms of dimensionless arguments, they become Sρ and Kρ.201
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6 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

Using the Darcy law in the mass balance equation in Problem PD and using (4), one202

gets the dimensionless equations for the matrix blocks (j ∈ {1, 2})203

(5) ∂tSm(ψmj )−∇ ·
(
Km(Sm(ψmj ))∇ψmj

)
= fmj in ΩTmj .204

As announced in the introduction, the results depend on the types of materials205

in the blocks and in the fractures. More exactly, important is how the ratio of the206

porosities and of the absolute hydraulic conductivities in the fracture and the matrix207

blocks scale w.r.t. ε,208

(6)
Φf
Φm

∝ εκ, and
K̂a,f

K̂a,m

∝ ελ.209

Here κ, λ ∈ R are scaling parameters. For the ease of notation, we take the constants210

of proportionality to be one for the analysis. Using this and applying the same ideas211

as above, the model in the fracture becomes212

(7) ∂t(ε
κSf (ψf ))−∇ ·

(
ελKf (Sf (ψf ))∇ψf

)
= ff in ΩTf .213

The transmission condition for the normal flux transforms into214

(8) Km(Sm(ψmj ))∇ψmj · ~n = ελKf (Sf (ψf ))∇ψf · ~n on ΓTj .215

In what follows, the dimensionless fracture width ε > 0 is a model parameter. Given216

ε > 0, the dimensionless model becomes217

Problem Pε :



∂tSm(ψεmj ) +∇ · vεmj = fmj in ΩTmj ,

vεmj = −Km(Sm(ψεmj ))∇ψ
ε
mj in ΩTmj ,

∂t(ε
κSf (ψεf )) +∇ · vεf = fεf in ΩTf ,

vεf = −ελKf (Sf (ψεf ))∇ψεf in ΩTf ,

vεmj · ~n = vεf · ~n on ΓTj ,

ψεmj = ψεf on ΓTj ,

ψερ(0) = ψρ,I in Ωρ.

218

As mentioned before, homogeneous boundary conditions are imposed at the outer219

boundary.220

Remark 1 (Scaling parameters). The scaling parameters κ, λ ∈ R will be crucial221

in determining the effective models in the limit ε → 0. κ is related to the storage222

capacity of the fracture: for κ < 0, the reference porosity of the fracture increases for223

decreasing ε as compared to the reference porosity of the matrix blocks. Moreover,224

if κ ≤ −1, a storage term will be present in the reduced dimensional fracture model,225

meaning that the fracture maintains its ability to store water as ε approaches zero.226

For κ = 0, no scaling occurs, and for κ > 0, the storage ability of the fracture decreases227

for ε → 0 due to the decline of both the fracture volume (assuming fixed L) and of228

the fracture porosity.229

The parameter λ instead gives the scaling of the conductivities. Here we consider230

the case λ < 1. λ < 0 corresponds to the case of a highly conductive fracture when231

compared to the matrix, which means that the flow through the fracture is more232

rapid. Whenever λ > 0 the fracture is less permeable than the blocks. The case233
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λ = 0 means comparable conductivities. The case λ ≥ 1 corresponds to impermeable234

fractures, leading in the limit ε → 0 to models where the pressures at the matrix235

block at each side of the fractures are discontinuous (see [43]). To analyze such cases236

rigorously, one can employ techniques that are similar to ones used in [52], which are237

different from those used here. Accordingly, we only restrict to the case when λ < 1.238

3. Main result. Our main result is the rigorous derivation of effective models239
replacing the fracture by an interface. Table 1 provides a brief summary of the effective240

models for the entire range (κ, λ) ∈ [−1,∞) × (−∞, 1) except for the case when241

κ = −1, λ ∈ (−1, 1). Due to the nonlinearity of the time derivative term involved, the242

identification of the limit requires stronger estimates than we have. Therefore, this243

case is left out in this paper, but we refer to [41, 43] for the formal derivation.244
245

Fracture equation Parameter range for (κ, λ)

Effective model I Richards’ equation {−1} × {−1}
Effective model II Elliptic equation (−1,∞)× {−1}
Effective model III ODE for spatially constant pressure {−1} × (−∞,−1)
Effective model IV Spatially constant pressure (−1,∞)× (−∞,−1)
Effective model V Pressure and flux continuity between matrix blocks (−1,∞)× (−1, 1)

Table 1
Summary of the effective models

246

We state the strong formulation of the effective models, obtained for (κ, λ) ∈247

[−1,∞)× (−∞, 1) excepting the case κ = −1, λ ∈ (−1, 1). To this aim, we introduce248

the reduced dimensional fracture domain Γ = {0} × (0, 1) and let ΓT = Γ× (0, T ].249

3.1. Effective models: strong formulation. Effective model I consists of Ri-250

chards’ equation in the matrix block subdomains and the one-dimensional Richards251

equation in the fracture. It occurs for κ = λ = −1.252

253

Effective model I:254

(9)



∂tSm(ψmj )−∇ ·
(
Km(Sm(ψmj ))∇ψmj

)
= fmj , in ΩTmj ,

∂tSf (ψf )− ∂y (Kf (Sf (ψf ))∂yψf ) = [~qm]Γ , on ΓT ,

ψmj = ψf , on ΓT ,

ψmj (0) = ψmj ,I , on Ωmj ,

ψf (0) = ψf,I , on Γ,

255

where256

(10) [~qm]Γ := (Km(Sm(ψm1
))∇ψm1

· ~nm1
+Km(Sm(ψm2

))∇ψm2
· ~nm2

)
∣∣
Γ

257

is the flux difference between the two solid matrix subdomains acting as a source258

term for Richards’ equation in the fracture (note that ~nm1
= −~nm2

). Since this is259

the commonly used model when considering reduced-dimensional fracture models, we260

emphasise that it can be derived rigorously only for the scaling κ = λ = −1.261

If the porosity ratio changes slower w.r.t. the fracture aspect ratio than assumed262

before, whereas the permeability ratio remains proportional to the reciprocal of this263

aspect ratio, i.e. κ > −1 and λ = −1, then the time derivative term vanishes in the264

fracture model and one ends up with an effective model consisting of the Richards265

equation in the matrix blocks and an elliptic equation in the fracture.266

267
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8 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

Effective model II:268

(11)


∂tSm(ψmj )−∇ ·

(
Km(Sm(ψmj ))∇ψmj

)
= fmj , in ΩTmj ,

−∂y (Kf (Sf (ψf ))∂yψf ) = [~qm]Γ , on ΓT ,

ψmj = ψf , on ΓT ,

ψmj (0) = ψmj ,I , on Ωmj .

269

For κ = −1 and λ < −1, the pressure in the fracture becomes constant in space in270

the effective model, and due to the pressure continuity, it acts as the boundary con-271

dition for the pressure in the matrices. This happens because the permeability in the272

fracture becomes so large compared to the one in the blocks that in the limit ε↘ 0,273

pressure differences in the fracture are instantaneously equilibrated.274

275

Effective model III:276

(12)



∂tSm(ψmj )−∇ ·
(
Km(Sm(ψmj ))∇ψmj

)
= fmj , in ΩTmj ,

ψf (t, y) = ψf (t), on ΓT ,

∂tSf (ψf )(t) =

∫ 1

0

[~qm]Γ dy, on ΓT ,

ψmj = ψf , on ΓT ,

ψmj (0) = ψmj ,I , on Ωmj ,

ψf (0) = ψf,I , on Γ.

277

For κ > −1 and λ < −1, the pressure in the fracture takes a constant value at each278

time, in such a way that the total flux across the fracture is conserved. This is ac-279

tually a combination of the last two cases above, since both the time derivative and280

the capillary effects disappear in the effective fracture model. The fracture pressure is281

constant in space, and determined in such a way that the total flux across the fracture282

is continuous:283

284

Effective model IV:285

(13)



∂tSm(ψmj )−∇ ·
(
Km(Sm(ψmj ))∇ψmj

)
= fmj , in ΩTmj ,

ψf (t, y) = ψf (t), on ΓT ,∫ 1

0

[~qm]Γ dy = 0, on ΓT ,

ψmj = ψf , on ΓT ,

ψmj (0) = ψmj ,I , on Ωmj .

286

For κ > −1 and λ ∈ (−1, 1), an effective model results in which the fracture as a phy-287

sical entity has disappeared. One can therefore disregard the fracture in the effective288

model. In this case, both the pressure and the flux are continuous on Γ.289

290

Effective model V:291

(14)


∂tSm(ψmj )−∇ ·

(
Km(Sm(ψmj ))∇ψmj

)
= fmj , in ΩTmj ,

[~qm]Γ = 0, on ΓT ,

ψmj = ψf , on ΓT ,

ψmj (0) = ψmj ,I , on Ωmj .

292
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293

Remark 2 (Spatially constant pressure). For Effective models III and IV, the294

large permeability in the fracture leads to a constant pressure along the fracture295

domain. This can naturally occur only in case the pressure is not fixed at different296

values at the fracture boundaries. For homogeneous Dirichlet conditions, the pressures297

are prescribed at the boundaries but have an identical value such that the zero function298

is the only allowed solution in the fracture. However, our results generalise to the case299

of homogeneous Neumann boundary conditions in the fracture where the spatially300

constant pressure in the fracture may vary over time.301

In practice, the prescription of a suitable effective model can be done as follows:302

assuming that both the geometric and the hydraulic properties including porosity303

and permeability are given for several fractures and a porous matrix, the geometric304

description allows to identify ε (the characteristic width-to-length ratio). One then305

estimates the scaling of permeability and porosity as a power of ε. This gives λ and306

κ, based on which the catalogue of models provides the appropriate upscaled model.307

3.2. Comparison with existing models. We make a brief comparison with308

the fracture models that are widely used in practice (see e.g., [32, 61]). We refer to [46]309

where similar models are derived for single phase flow, but the interface conditions310

are relevant to us (see for example [3] for the extension to two-phase flow models).311

In contrast to the formal derivation in [46] our approach is mathematically ri-312

gorous once we assume a scaling of hydraulic properties on ε. Moreover in the models313

proposed therein, the closure condition introduces a parameter in the effective model314

for the fracture. Here, we have a catalogue of models and no additional parameter is315

necessary.316

The interface conditions as derived in [46] for a single phase linear Darcy flow317

model (Eqns. (3.18), (3.19) on pp. 1672) read318

−ξvm1 · n1|Γ1 + αfψm1 |Γ1 = −(1− ξ)vm2 · n2|Γ2 + αfψf ,

−ξvm2 · n2|Γ1 + αfψm2 |Γ2 = −(1− ξ)vm1 · n1|Γ1 + αfψf ,
319

where we once again emphasise that the above results are derived for a single phase320

steady state flow model. Here, αf := K̄a,f/ε = ελ−1K̄a,m and ξ is a parameter321

introduced when defining closure conditions. In terms of ε and rearranging terms we322

have (modulo a constant factor),323

ελ−1 (ψm1
|Γ1
− ψf ) = −(1− ξ)vm2

· n2|Γ2
+ ξvm1

· n1|Γ1
,

ελ−1 (ψm2 |Γ2 − ψf ) = −(1− ξ)vm1 · n1|Γ1 + ξvm2 · n2|Γ2 .
324

For any value of ξ, for λ < 1, as ε goes to zero, we get ψ1 = ψf on Γ1 and ψ2 = ψf325

on Γ2 and Γ1, Γ2 collapse on the same surface (compare with Effective models I–V).326

For more detailed comparison for other values of ξ we refer to [41].327

4. Existence. This section is concerned with the existence of a (weak) solution328

to Problem Pε for a fixed fracture width ε > 0. An existence result for a similar,329

equidimensional model related to two-phase porous media flows has been proven in330

[25]. Strictly speaking about existence, this result is relevant for this section, and331

adapting it to the situation considered here (the unsaturated, one-phase flow) would332

be relatively straightforward. However, the upscaling results in the next sections rely333

on the a priori estimates, in which the exact scaling in terms of ε needs to be specified334

explicitly. Therefore instead of adapting the results in [25] to the present case, we335
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give the proof of the a priori estimates and, as a direct outcome, obtain the existence336

of a weak solution. We proceed in the spirit of [57], where a linear model for reactive337

flow with nonlinear transmission conditions at the interfaces is considered. For the338

sake of readability, we drop the superscript ε since it is fixed throughout this section.339

4.1. Notation. In this work, we use common notation from functional analysis.340

The space L2(Ω) contains all real valued square integrable functions on a domain341

Ω ⊂ Rd, and W 1,2(Ω) ⊂ L2(Ω) stands for the subset of functions whose weak first342

order derivatives lie in L2(Ω) as well. Furthermore, Bochner spaces L2(0, T ;X) will343

be used, where X stands for a Banach space. For all domains Ω ⊂ Rd and time344

intervals [0, T ], we introduce the following abbreviations for the norm and the inner345

product:346

(15)
‖ · ‖Ω := ‖ · ‖L2(Ω), and ‖ · ‖ΩT := ‖ · ‖L2(0,T ;L2(Ω)),

(·, ·)Ω := (·, ·)L2(Ω) , and (·, ·)ΩT := (·, ·)L2(0,T ;L2(Ω)) .
347

In view of the particular Problem Pε, we use the following conventions:348

• ρ is the index for the subdomain and takes values in {m1,m2, f},349

• j is the index for specifying the matrix block subdomain and takes values in350

{1, 2},351

• for functions g which are the same in both matrix block subdomains (such as352

S, K, . . .), we define gm1 = gm2 =: gm, which allows to write e.g. Sρ(ψρ).353

Moreover, C ≥ 0 is a generic constant.354

355

4.2. Assumptions. For the analysis, we assume that the following conditions356

are satisfied (here ρ ∈ {m1,m2, f}):357

(Af ) fρ ∈ C(0, T ;L2(Ωρ)) and there exists Mf > 0 such that |fρ| ≤ Mf a.e. in358

ΩTρ .359

(ADS ) Sρ ∈ C1(R).360

(AS) There exist mS ,MS > 0 such that 0 < mS ≤ S′ρ(ψρ) ≤MS for all ψρ ∈ R.361

(ADK ) Kρ ∈ C1(R) and K ′ρ(Sρ) > 0 for all Sρ ∈ R.362

(AK) There exist mK ,MK > 0 such that 0 < mK ≤ Kρ(Sρ) ≤MK for all Sρ ∈ R.363

(Aρ) There exists Mρ > 0 such that |ψρ,I | ≤Mρ a.e. in Ωρ.364

Moreover, for the rigorous upscaling, we require the following bounds for the initial365

data and the source term in the fracture:366

• ελ‖ψf,I‖2Ωf ≤ C,367

• ε−κ‖ff‖2ΩTf → 0 as ε→ 0.368

For the ease of writing, let us suppress the dependency of ψρ,I and fρ on ε in the369

notation.370

Remark 3 (Assumptions). Note that due to Assumption (AS), we only consider371

the regular parabolic case here. Assumption (AK) excludes the slow diffusion case and372

guarantees the existence of a minimum positive permeability everywhere. Moreover,373

for the sake of presentation, we make the assumption Sρ(0) = 0, which can easily be374

achieved by redefining Sρ(ψ) = S̃ρ(ψ)− S̃ρ(0). Assumption (AS) immediately yields375

the estimate ‖Sρ(ψρ)‖Ωρ ≤MS‖ψρ‖Ωρ .376

4.3. Weak solution. We establish a suitable notion of a solution to Problem377

Pε. For this purpose, we define the function spaces378

(16) Vmj ⊂W 1,2(Ωmj ), Vf ⊂W 1,2(Ωf ),379
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where the desired boundary conditions are implicitly imposed by the choice of the380

subspaces Vmj and Vf . We choose homogeneous Dirichlet conditions for the external381

boundaries in this section, that is, Vmj = {u ∈W 1,2(Ωmj ), u = 0 on ∂Ωmj \ Γj} (the382

boundary value should be understood in the sense of traces). This choice of boundary383

condition simplifies the presentation and extensions to other boundary conditions such384

as no flow Neumann conditions can be made without major difficulties. Note that385

these spaces depend on the fixed fracture width ε.386

The weak formulation of Problem Pε reads as follows:387

Definition 4 (Weak solution). A triple (ψm1 , ψm2 , ψf ) in the product space388

L2(0, T ;Vm1
)×L2(0, T ;Vm2

)×L2(0, T ;Vf ) is called a weak solution to Problem Pε if389

(17) ψm1 = ψf on Γ1 and ψm2 = ψf on Γ2 for a.e. t ∈ [0, T ],390

in the sense of traces, and391

(18)

−
2∑
j=1

(
Sm(ψmj ), ∂tφmj

)
ΩTmj
− εκ (Sf (ψf ), ∂tφf )ΩTf

+

2∑
j=1

(
Km(Sm(ψmj ))∇ψmj ,∇φmj

)
ΩTmj

+ ελ (Kf (Sf (ψf ))∇ψf ,∇φf )ΩTf

=

2∑
j=1

(
fmj , φmj

)
ΩTmj

+ (ff , φf )ΩTf

+

2∑
j=1

(
Sm(ψmj ,I), φmj (0)

)
Ωmj

+ εκ (Sf (ψf,I), φf (0))Ωf
,

392

for all (φm1 , φm2 , φf ) ∈W 1,2(0, T ;Vm1)×W 1,2(0, T ;Vm2)×W 1,2(0, T ;Vf ) satisfying393

(19) φm1
= φf on Γ1 and φm2

= φf on Γ2 for a.e. t ∈ [0, T ],394

and395

(20) φρ(T ) = 0, for ρ ∈ {m1,m2, f}.396

Note that it makes sense to evaluate the test functions φρ at the times t = 0 and t = T397

in the above definition since the space W 1,2(0, T ;Vρ) is embedded in C(0, T ;Vρ).398

4.4. Time discretisation. In what follows, we discretise the problem in time399

using an implicit Euler approach, which gives elliptic equations at every discrete time400

tk = k∆t, for k ∈ {0, . . . , N}, where N ∈ N. We assume without loss of generality401

that N∆t = T . Here, ∆t > 0 denotes the fixed time step size. Choose ψ0
ρ = ψρ,I402

and let the sequence of solutions in domain Ωρ of the time-discrete problems be given403

as {ψkρ}. Moreover, let fkρ := fρ(tk). The definition of a weak solution to the time-404

discrete problem is given by405

Definition 5. Let k > 0 and let (ψk−1
m1

, ψk−1
m2

, ψk−1
f ) ∈ Vm1

×Vm1
×Vf be given.406

We call (ψkm1
, ψkm2

, ψkf ) ∈ Vm1
×Vm1

×Vf a weak solution to the time-discrete problem407

at time tk if it satisfies408

(21) ψkm1
= ψkf on Γ1 and ψkm2

= ψkf on Γ2409
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in the sense of traces, and410

(22)
2∑
j=1

(
Sm(ψkmj ), φmj

)
Ωmj

+ εκ
(
Sf (ψkf ), φf

)
Ωf

+ ∆t

2∑
j=1

(
Km(Sm(ψkmj ))∇ψ

k
mj ,∇φmj

)
Ωmj

+ ελ∆t
(
Kf (Sf (ψkf ))∇ψkf ,∇φf

)
Ωf

=∆t

2∑
j=1

(
fkmj , φmj

)
Ωmj

+ ∆t
(
fkf , φf

)
Ωf

+

2∑
j=1

(
Sm(ψk−1

mj ), φmj

)
Ωmj

+ εκ
(
Sf (ψk−1

f ), φf

)
Ωf
,

411

for all (φm1 , φm2 , φf ) ∈ Vm1 × Vm2 × Vf satisfying φmj = φf on Γj for j ∈ {1, 2}.412

4.5. Existence of solution for the time-discrete problem. We begin with413

the existence of solution for the time-discrete problem as given in Definition 5. We414

show that the solution triple (ψkm1
, ψkm2

, ψkf ) ∈ Vm1
×Vm2

×Vf satisfying Definition 5415

can be interpreted as a solution to an elliptic problem having coefficients with possibly416

jump discontinuities. The existence of solution is thus tantamount to showing that417

of an elliptic problem defined in the whole domain having possibly discontinuous418

coefficients. The latter follows from standard elliptic theory. We start by introducing419

the space V420

V := {(ψm1 , ψm2 , ψf ) ∈ Vm1 × Vm2 × Vf , s.t. ψm1 = ψf at Γ1, ψm2 = ψf at Γ2} ,421422

equipped with the norm423

‖ψ‖V :=

√(
‖ψm1

‖2W 1,2(Ωm1
) + ‖ψm2

‖2W 1,2(Ωm2
) + ‖ψf‖2W 1,2(Ωf )

)
.424

As before, the equalities on the interfaces Γ1,Γ2 are in the sense of traces. Below we425

will use the characteristic function χρ of Ωρ, ρ ∈ {m1,m2, f} in defining a function426

over Ω given a triple in V. In this respect we extend ψρ (ρ ∈ {m1,m2, f}), now427

defined on Ωρ, to the entire Ω. The specific extension is not relevant since only its428

restriction to Ωρ will be needed. We have the following proposition showing that V is429

isomorphic to W 1,2(Ω).430

Proposition 6. Given ψ ∈ W 1,2(Ω), its restriction to Ωρ, ρ ∈ {m1,m2, f},431

defines a triple (ψm1 , ψm2 , ψf ) ∈ V. Conversely, given (ψm1 , ψm2 , ψf ) ∈ V, ψ =432 ∑
ρ ψρχρ, ρ ∈ {m1,m2, f} lies in W 1,2(Ω).433

Proof. We start with the first part. For smooth functions, the assertion is ob-434

vious. Using a density argument and trace inequalities on Γ1 and Γ2, the extension435

to W 1,2 functions is straightforward. For the converse, the boundedness of the L2436

norm is clear. Further, it is sufficient to prove that the weak derivatives of the tri-437

ple (ψm1
, ψm2

, ψf ) ∈ V are equal to those of ψ restricted to Ωρ. For a given triple438

(ψm1
, ψm2

, ψf ) ∈ V, let ψ =
∑
ρ ψρχρ, ρ ∈ {m1,m2, f}. Let φ be weak derivative of439

ψ in the i−th direction. Using partial integration, for any smooth function w with440

compact support in Ω,441 ∫
Ω

φw dx = −
∫

Ω

ψ∂iw dx = −
∑
ρ

∫
Ωρ

ψρ∂iw dx.442
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Using partial integration on each subdomain443

−
∑
ρ

∫
Ωρ

ψρ∂iw dx =
∑
ρ

∫
Ωρ

∂iψρw dx,444

where the terms on the boundaries Γ1,Γ2 get cancelled due to traces being equal.445

The last equality shows that φ restricted to Ωρ, ρ ∈ {m1,m2, f} is equal to the weak446

derivative of ψ in the i-th direction. This proves the proposition.447

Remark 7. With respect to the norm ‖ψ‖W 1,2(Ω) =
√
‖ψ‖2Ω + ‖∇ψ‖2Ω, and the448

same for the W 1,2 norm on Ωρ, ρ ∈ {m1,m2, f}, the isomorphism of V to W 1,2(Ω) is449

an isometry.450

Next, we consider an elliptic problem defined in the entire domain Ω. For a given451

triple (ψk−1
m1

, ψk−1
m2

, ψk−1
f ) ∈ V, define ψk−1 =

∑
ρ ψ

k−1
ρ χρ, ρ ∈ {m1,m2, f}, and the452

ψ-dependent functions453

(23) K = Km1
χm1

+ ελKfχf +Km2
χm2

and S = Sm1
χm1

+ εκSfχf + Sm2
χm2

.454

With this, a solution for Problem PΩ is defined in455

Definition 8 (Weak solution of Problem PΩ). Given ψk−1, ψk ∈W 1,2
0 (Ω) is a456

weak solution if for all φ ∈W 1,2
0 (Ω) it holds that457

(24)
(
S(ψk), φ

)
Ω

+ ∆t
(
K(S(ψk))∇ψk,∇φ

)
Ω

= ∆t
(
fk, φ

)
Ω

+
(
S(ψk−1), φ

)
Ω
.458

The above problem therefore is a nonlinear elliptic problem with positive elliptic459

coefficient and a lower order reaction term that is monotone with respect to the460

unknown, and is piecewise smooth w.r.t. x. The existence of solution in the Hilbert461

space W 1,2
0 (Ω) is proved e.g. in [10, 13]. This is stated in the next lemma.462

Lemma 9. There exists a weak solution of problem PΩ in the sense of Definition463

8.464

The summary of the above discussion results in the existence of a solution for465

time discrete problem as per Definition 5 and is given below.466

Lemma 10. Given (ψk−1
m1

, ψk−1
m2

, ψk−1
f ) ∈ Vm1

× Vm1
× Vf , k > 0 , there exists a467

solution triple (ψkm1
, ψkm2

, ψkf ) ∈ Vm1
× Vm1

× Vf and468

(25) ψkm1
= ψkf on Γ1 and ψkm2

= ψkf on Γ2.469

Proof. The existence result in Lemma 9 provides ψk ∈ W 1,2
0 (Ω). Proposition470

6 gives a triple (ψkm1
, ψkm2

, ψkf ) ∈ Vm1 × Vm1 × Vf satisfying ψkm1
= ψkf on Γ1 and471

ψkm2
= ψkf on Γ2. Moreover, Proposition 6 states the equality of weak derivatives of472

ψk restricted to Ωρ with those of ψkρ . Starting from (24), this yields the existence473

result in Lemma 10.474

Note that the interface conditions on Γ1,Γ2 are those commonly used in applica-475

tions, the continuity of the normal flux and of the pressures. More involved ones, like476

nonlinear transmission conditions for the pressure, can appear for porous media flow477

models involving an entry pressure. In this sense we refer to [17, 18, 21, 36, 37, 53,478

57, 62, 66].479

This manuscript is for review purposes only.



14 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

4.6. A priori estimates. We define in each domain the energy functional480

(26) Wρ(ψρ) =

∫ ψρ

0

S′ρ(ϕ)ϕ dϕ,481

which we will use in the proof of the a priori estimates. First, we gather some482

properties of Wρ in a simple lemma, which is based on Assumption (AS):483

Lemma 11. The functional Wρ satisfies the following inequalities:484

(27)

Wρ(ψρ) ≥ 0,

Wρ(ψρ)−Wρ(ξρ) ≤ ψρ(Sρ(ψρ)− Sρ(ξρ)),

mS

ψ2
ρ

2
≤ Wρ(ψρ) ≤MS

ψ2
ρ

2
,

485

for all ψρ, ξρ ∈ R.486

We obtain the following estimate for the time-discrete solution:487

Lemma 12 (A priori estimate I). The solution (ψkm1
, ψkm2

, ψkf ) to the time-discrete488

problem in Definition 5 satisfies489

(28)

2∑
j=1

(
max

l∈{1,...,N}

∫
Ωmj

Wm(ψlmj ) d~x

)
+ εκ max

l∈{1,...,N}

∫
Ωf

Wf (ψlf ) d~x

+
∆t mK

2

2∑
j=1

N∑
k=1

‖∇ψkmj‖
2
Ωmj

+ ελ
∆t mK

2

N∑
k=1

‖∇ψkf‖2Ωf

≤
2∑
j=1

∫
Ωmj

Wm(ψmj ,I) d~x+ εκ
∫

Ωf

Wf (ψf,I) d~x

+
∆t Cpm

2mK

2∑
j=1

N∑
k=1

‖fkmj‖
2
Ωmj

+ ε−λ
∆t Cpf
2mK

N∑
k=1

‖fkf ‖2Ωf .

490

Proof. We test in (22) with the triple (φm1
, φm2

, φf ) = (ψkm1
, ψkm2

, ψkf ), which491

yields492

(29)
2∑
j=1

(Sm(ψkmj )− Sm(ψk−1
mj ), ψkmj )Ωmj

+ εκ(Sf (ψkf )− Sf (ψk−1
f ), ψkf )Ωf

+ ∆t

2∑
j=1

(Km(Sm(ψkmj ))∇ψ
k
mj ,∇ψ

k
mj )Ωmj

+ ελ∆t(Kf (Sf (ψkf ))∇ψkf ,∇ψkf )Ωf

=

2∑
j=1

∆t(fkmj , ψ
k
mj )Ωmj

+ ∆t(fkf , ψ
k
f )Ωf .

493

Poincaré’s inequality gives494

(30) ‖∇ψkρ‖2Ωρ ≥
‖∇ψkρ‖2Ωρ

2
+
‖ψkρ‖2Ωρ

2Cpρ
,495

for ρ ∈ {m1,m2, f}, where Cpρ > 0 denotes the Poincaré constant of the respective496

subdomain. The geometries of Ωm1
and Ωm2

are the same, and so are the Poincaré497
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constants. Hence we set Cpm := Cpm1
= Cpm2

, but note that for more general498

geometries, one can simply set Cpm := max{Cpm1
, Cpm2

} in the following estimates.499

Making use of this together with Assumption (AK) and equation (27)2 in Lemma500

11, we estimate501

(31)

2∑
j=1

∫
Ωmj

Wm(ψkmj ) d~x+ εκ
∫

Ωf

Wf (ψkf ) d~x+
∆t mK

2

2∑
j=1

‖∇ψkmj‖
2
Ωmj

+
∆t mK

2
ελ‖∇ψkf‖2Ωf +

∆t mK

2Cpm

2∑
j=1

‖ψkmj‖
2
Ωmj

+ ελ
∆t mK‖ψkf‖2Ωf

2Cpf

≤
2∑
j=1

∫
Ωmj

Wm(ψk−1
mj ) d~x+ εκ

∫
Ωf

Wf (ψk−1
f ) d~x+

∆t Cpm
2mK

2∑
j=1

‖fkmj‖
2
Ωmj

+

ε−λ
∆t Cpf
2mK

‖fkf ‖2Ωf +
∆t mK

2Cpm

2∑
j=1

‖ψkmj‖
2
Ωmj

+ ελ
∆t mK‖ψkf‖2Ωf

2Cpf
,

502

where we applied the Cauchy–Schwarz inequality and Young’s inequality. Summing503

over k from 1 to l for an arbitrary 1 ≤ l ≤ N leaves us with504

(32)

2∑
j=1

∫
Ωmj

Wm(ψlmj ) d~x+ εκ
∫

Ωf

Wf (ψlf ) d~x+
∆t mK

2

2∑
j=1

l∑
k=1

‖∇ψkmj‖
2
Ωmj

+ ελ
∆t mK

2

l∑
k=1

‖∇ψkf‖2Ωf ≤
2∑
j=1

∫
Ωmj

Wm(ψmj ,I) d~x+ εκ
∫

Ωf

Wf (ψf,I) d~x

+
∆t Cpm

2mK

2∑
j=1

l∑
k=1

‖fkmj‖
2
Ωmj

+ ε−λ
∆t Cpf
2mK

l∑
k=1

‖fkf ‖2Ωf ,

505

which finishes the proof.506

Remark 13. If other conditions are imposed at the outer boundaries and these
are such that the Poincaré inequality does not hold in the form used, one may use the
properties of Wρ in (27) to obtain the a priori estimates. This gives then

1

2

2∑
j=1

∫
Ωmj

Wm(ψlmj ) d~x+
1

2
εκ
∫

Ωf

Wf (ψlf ) d~x+
mS

2

2∑
j=1

‖ψlm1
‖2Ωmj

+
mS

2
εκ‖ψlf‖2Ωf +

∆t mK

2

2∑
j=1

l∑
k=1

‖∇ψkmj‖
2
Ωmj

+ ελ
∆t mK

2

l∑
k=1

‖∇ψkf‖2Ωf

≤
2∑
j=1

∫
Ωmj

Wm(ψmj ,I) d~x+ εκ
∫

Ωf

Wf (ψf,I) d~x+
∆t

2mS

2∑
j=1

l∑
k=1

‖fkmj‖
2
Ωmj

+ ε−κ
∆t

2mS

l∑
k=1

‖fkf ‖2Ωf +
∆tmS

2

2∑
j=1

l∑
k=1

‖ψkmj‖
2
Ωmj

+ εκ
∆tmS

2

l∑
k=1

‖ψkf‖2Ωf ,

and the rest follows by the discrete Gronwall lemma, but under additional assumptions507

on the source terms in the fractures.508
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Remark 14 (Non-degenerate case). In the strictly parabolic case as considered509

in this work, where an mS > 0 exists such that 0 < mS ≤ S′ρ(ψρ) for all ψρ ∈ R,510

we immediately obtain an L2 bound for ψkρ from the first two terms in Lemma 12 by511

Lemma 11:512

(33) mS

‖ψkmj‖
2
Ωmj

2
≤
∫

Ωmj

Wm(ψkmj ) d~x, and mS

‖ψkf‖2Ωf
2

≤
∫

Ωf

Wf (ψkf ) d~x.513

In what follows, we prove the L∞ stability of the time-discrete solution. We define514

the non-negative and non-positive cut of a function u ∈W 1,2(Ω) by515

(34) [u]+ := max{u, 0}, [u]− := min{u, 0}.516

Note that [u]+, [u]− ∈W 1,2(Ω), see e.g. [30, Lemma 7.6].517

Lemma 15 (A priori estimate II). For each ∆t > 0, ρ ∈ {m1,m2, f}, and k ∈518

{1, . . . , N}, it holds519

(35) ‖ψkρ‖L∞(Ωρ) ≤Mψ (k∆t+ 1) ,520

where521

(36) Mψ := max

{
Mρ,

Mf

mS

}
.522

523

Proof. The proof is done by induction. For k = 0, the statement holds due to524

Assumption (Aρ). Assume now that ‖ψk−1
ρ ‖L∞(Ωρ) < Mψ ((k − 1)∆t+ 1) . First, we525

show that ψkρ ≤Mψ (k∆t+ 1) almost everywhere in Ωρ.526

We test equation (22) with φρ =
[
ψkρ −Mψ(k∆t+ 1)

]
+

. These test functions527

satisfy the required transmission condition because ψkmj = ψkf on Γj . Adding some528

terms on both sides of the equation, we obtain529

(37)
2∑
j=1

(
Sm(ψkmj )− Sm (Mψ(k∆t+ 1)) ,

[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ εκ
(
Sf (ψkf )− Sf (Mψ(k∆t+ 1)) ,

[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf

+ ∆t

2∑
j=1

(
Km(Sm(ψkmj ))∇

(
ψkmj −Mψ(k∆t+ 1)

)
,∇
[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ ελ∆t
(
Kf (Sf (ψkf ))∇

(
ψkf −Mψ(k∆t+ 1)

)
,∇
[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf

=

2∑
j=1

(
Sm(ψk−1

mj )− Sm (Mψ(k∆t+ 1)) ,
[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ εκ
(
Sf (ψk−1

f )− Sf (Mψ(k∆t+ 1)) ,
[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf

+ ∆t

2∑
j=1

(
fkmj ,

[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ ∆t
(
fkf ,
[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf
.

530

This manuscript is for review purposes only.



UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 17

From Assumptions (AS) and (AK), and in particular the monotonicity of Sρ, we531

deduce532

(38)

mS

2∑
j=1

∥∥∥ [ψkmj −Mψ(k∆t+ 1)
]

+

∥∥∥2

Ωmj

+ εκmS

∥∥∥ [ψkf −Mψ(k∆t+ 1)
]
+

∥∥∥2

Ωf

+ ∆t mK

2∑
j=1

∥∥∥∇ [ψkmj −Mψ(k∆t+ 1)
]

+

∥∥∥2

Ωmj

+ ελ∆t mK

∥∥∥∇ [ψkf −Mψ(k∆t+ 1)
]
+

∥∥∥2

Ωf

≤
2∑
j=1

(
Sm(ψk−1

mj )− Sm (Mψ((k − 1)∆t+ 1)) ,
[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ εκ
(
Sf (ψk−1

f )− Sf (Mψ((k − 1)∆t+ 1)) ,
[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf

+ ∆t

2∑
j=1

((
fkmj −mSMψ

)
,
[
ψkmj −Mψ(k∆t+ 1)

]
+

)
Ωmj

+ ∆t
((
fkf −mSMψ

)
,
[
ψkf −Mψ(k∆t+ 1)

]
+

)
Ωf
.

533

On the right hand side above we used the inequality Sρ(ψρ) ≥ Sρ(ξρ) +mS(ψρ − ξρ),
valid if ψρ ≥ ξρ, and yielding

Sρ (Mψ((k∆t+ 1)) ≥ Sρ (Mψ((k − 1)∆t+ 1)) +mSMψ∆t.

Note that the first two terms on the right hand side in equation (38) are non-positive534

due to the induction assumption and the monotonicity of Sρ. Since Mψ ≥ Mf

mS
, the last535

two terms are non-positive as well, from which we infer that ψkρ ≤MS(k∆t+1) almost536

everywhere in Ωρ. Similarly, one tests equation (22) with φρ =
[
ψkρ +Mψ(k∆t+ 1)

]
−537

in order to show that ψkρ ≥ −Mψ (k∆t+ 1) almost everywhere in Ωρ. This concludes538

the proof.539

4.7. Interpolation in time. Now, we define functions on a continuous time540

domain by interpolating the solutions of the time-discrete problem in time. We use541

piecewise linearly interpolated functions in addition to piecewise constant functions:542

for almost every t ∈ (tk−1, tk] set543

(39)

Ψ̄ρ
∆t(t) := ψkρ ,

S̄ρ∆t(t) := S(ψkρ),

Ŝρ∆t(t) := S(ψk−1
ρ ) +

t− tk−1

∆t
(S(ψkρ)− S(ψk−1

ρ )).

544

Moreover, we need the piecewise constant interpolation of the source term f̄ρ∆t(t) = fkρ .545

In view of the a priori estimates in Lemmas 12 and 15, we obtain the following result546

for the interpolated functions:547

Lemma 16. The functions Ψ̄ρ
∆t, S̄

ρ
∆t, and Ŝρ∆t are bounded uniformly with respect548

to ∆t in L∞(0, T ;L2(Ωρ)) ∩ L2(0, T ;Vρ) ∩ L∞(ΩTρ ) for ρ ∈ {m1,m2, f}.549

In order to get a strong convergence in L2(0, T ;L2(Ωρ)), we need the following esti-550

mate for the time derivative of the saturation:551
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Lemma 17. Let κ, λ ≤ 0 and assume that ε−λ‖ff‖2ΩTf ≤ C and εκ
∫

Ωf
W(ψf,I) d~x ≤552

C. With ρ ∈ {m1,m2, f}, the functionals ∂tSρ are uniformly bounded w.r.t. ε in553

L2(0, T ;W−1,2(Ωρ)).554

Proof. We start with the formulation of the problem in the entire domain Ω,555

as stated in Definition 8. Further, using the time-interpolation in (39) and for any556

φ ∈W 1,2
0 (Ω), for a.e. t ∈ (0, T ] one gets557

(40)

∣∣∣〈∂tŜ∆t(t), φ〉W−1,2(Ω),W 1,2
0 (Ω)

∣∣∣ ≤ ∣∣∣ (K(S(ψk))∇ψk,∇φ
)

Ω

∣∣∣+
∣∣∣ (fk, φ)

Ω

∣∣∣
≤MK

 2∑
j=1

‖∇φmj‖Ωmj ‖∇ψ
k
mj‖Ωmj + ελ‖∇φf‖Ωf ‖∇ψkf‖Ωf


+

2∑
j=1

‖φmj‖Ωmj ‖f
k
mj‖Ωmj + ‖φf‖Ωf ‖fkf ‖Ωf ,

≤ ‖φ‖W 1,2(Ω)

MK

 2∑
j=1

‖∇ψkmj‖Ωmj + ελ‖∇ψkf‖Ωf


+

2∑
j=1

‖fkmj‖Ωmj + ‖fkf ‖Ωf

 ,

558

where φρ is the restriction of φ to Ωρ and we used the definition of K and S in (23).559

In view of the a priori estimate in Lemma 12 and using κ, λ ≤ 0 and the assumptions560

on the source term and on the initial conditions, integrating in time gives561

(41) ‖∂tŜ∆t‖L2(0,T ;W−1,2(Ω)) ≤ C,562

where C is independent of ε.563

Recall the presence of a factor εκ in the definition of Ŝ in (23). To obtain an564

estimate on the subdomain Ωf we consider the subspace of W 1,2
0 (Ω) that consists of565

functions vanishing outside Ωf , namely W+
f := {φ ∈ W 1,2

0 (Ω) : φ = χfφf , for φf ∈566

W 1,2
0 (Ωf )}. This bounds the W−1,2(Ωf ) norm in terms of the W−1,2(Ω) one,567

(42)

‖∂tŜf∆t‖L2(0,T ;W−1,2(Ωf )) =

∫ T

0

sup
φf∈W 1,2

0 (Ωf ),φf 6=0

|〈∂tŜf∆t, φf 〉|W−1,2(Ωf ),W 1,2
0 (Ωf )

‖φf‖W 1,2(Ωf )
dt

≤ ε−κ
∫ T

0

sup
φ∈W+

f ,φ6=0

|〈∂tŜ∆t, φ〉|W−1,2(Ω),W 1,2
0 (Ω)

‖φ‖W 1,2(Ω)
dt

≤ ε−κ
∫ T

0

sup
φ∈W 1,2

0 (Ω),φ 6=0

|〈∂tŜ∆t, φ〉|W−1,2(Ω),W 1,2
0 (Ω)

‖φ‖W 1,2(Ω)
dt

= ε−κ‖∂tŜ∆t‖2L2(0,T ;W−1,2(Ω)) ≤ Cε
−κ.

568

For κ ≤ 0, this gives the desired estimate.569

Remark 18 (κ, λ > 0). If either κ or λ is greater than zero, the proof of Lemma570

17 can be repeated but the constant C is no longer uniform w.r.t. ε. Nonetheless,571

∂tSρ remains bounded in L2(0, T ;W−1,2(Ωρ)), ρ ∈ {m1,m2, f}, for each fixed ε > 0.572
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Compactness arguments give rise to the following convergent subsequences:573

Lemma 19. There exists a Ψρ ∈ L2(0, T ;Vρ) and a subsequence ∆t → 0 along574

which we obtain for ρ ∈ {m1,m2, f}575

(43)

{Ŝρ∆t}∆t → Sρ(Ψρ) strongly in L2(0, T ;L2(Ωρ)),

{S̄ρ∆t}∆t → Sρ(Ψρ) strongly in L2(0, T ;L2(Ωρ)),

{Ψ̄ρ
∆t}∆t → Ψρ strongly in L2(0, T ;L2(Ωρ)),

{Ψ̄ρ
∆t}∆t ⇀ Ψρ weakly in L2(0, T ;Vρ).

576

577

Proof. The first convergence follows from the Aubin–Lions–Simon theorem [9, 65]578

by the estimates in Lemmas 16 and 17 (also see Remark 18). The convergence of579

the piecewise linearly interpolated functions implies the convergence of the piecewise580

constantly interpolated functions towards the same limit function (see e.g. [42, Lemma581

3.2]). The third convergence is a consequence of Assumption (AS) ensuring that the582

inverse function S−1
ρ exists and is Lipschitz continuous. Finally, the weak convergence583

in L2(0, T ;Vρ) is provided by the Eberlein–Šmulian theorem in view of the bounds in584

Lemma 16.585

It remains to show that the triple of limit functions is a weak solution:586

Theorem 20. The limit (Ψm1
,Ψm2

,Ψf ) is a weak solution to Problem Pε in the587

sense of Definition 4.588

Proof. Let (φm1
, φm2

, φf ) ∈ Vm1
× Vm2

× Vf . Summing (22) from 1 to k yields589

for almost every t ∈ (tk−1, tk)590

(44)

2∑
j=1

(
Sm(Ψ̄

mj
∆t (t)), φmj

)
Ωmj

+ εκ
(
Sf (Ψ̄f

∆t(t)), φf

)
Ωf

−
2∑
j=1

(
Sm(ψmj ,I), φmj

)
Ωmj
− εκ (Sf (ψf,I), φf )Ωf

+

2∑
j=1

∫ t

0

(
Km(Sm(Ψ̄

mj
∆t (τ)))∇Ψ̄

mj
∆t (τ),∇φmj

)
Ωmj

dτ

+ ελ
∫ t

0

(
Kf (Sf (Ψ̄f

∆t(τ)))∇Ψ̄f
∆t(τ),∇φf

)
Ωf
dτ

−
2∑
j=1

∫ t

0

(
f̄mj (τ), φmj

)
Ωmj

dτ −
∫ t

0

(
f̄f (τ), φf

)
Ωf
dτ

=

2∑
j=1

∫ tk

t

(
f̄mj (τ), φmj

)
Ωmj

dτ +

∫ tk

t

(
f̄f (τ), φf

)
Ωf
dτ

−
2∑
j=1

∫ tk

t

(
Km(Sm(Ψ̄

mj
∆t (τ)))∇Ψ̄

mj
∆t (τ),∇φmj

)
Ωmj

dτ

− ελ
∫ tk

t

(
Kf (Sf (Ψ̄f

∆t(τ)))∇Ψ̄f
∆t(τ),∇φf

)
Ωf
dτ.

591

The terms on the right hand side correct the error made on the left hand side592

by integrating to t instead of tk. Now, we choose test functions (φm1
, φm2

, φf ) ∈593
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L2(0, T ;Vm1
) × L2(0, T ;Vm2

) × L2(0, T ;Vf ) fulfilling φmj = φf on Γj and integrate594

in time from 0 to T to get595

(45)
2∑
j=1

∫ T

0

(
Sm(Ψ̄

mj
∆t (t)), φmj (t)

)
Ωmj

dt+ εκ
∫ T

0

(
Sf (Ψ̄f

∆t(t)), φf (t)
)

Ωf
dt

−
2∑
j=1

∫ T

0

(
Sm(ψmj ,I), φmj (t)

)
Ωmj

dt− εκ
∫ T

0

(Sf (ψf,I), φf (t))Ωf
dt

+

2∑
j=1

∫ T

0

∫ t

0

(
Km(Sm(Ψ̄

mj
∆t (τ)))∇Ψ̄

mj
∆t (τ),∇φmj (t)

)
Ωmj

dτ dt

+ ελ
∫ T

0

∫ t

0

(
Kf (Sf (Ψ̄f

∆t(τ)))∇Ψ̄f
∆t(τ),∇φf (t)

)
Ωf
dτ dt

−
2∑
j=1

∫ T

0

∫ t

0

(
f̄mj (τ), φmj (t)

)
Ωmj

dτ dt−
∫ T

0

∫ t

0

(
f̄f (τ), φf (t)

)
Ωf
dτ dt

=

2∑
j=1

N∑
k=1

∫ tk

tk−1

∫ tk

t

(
f̄mj (τ), φmj (t)

)
Ωmj

dτ dt+

N∑
k=1

∫ tk

tk−1

∫ tk

t

(
f̄f (τ), φf (t)

)
Ωf
dτ dt

−
2∑
j=1

N∑
k=1

∫ tk

tk−1

∫ tk

t

(
Km(Sm(Ψ̄

mj
∆t (τ)))∇Ψ̄

mj
∆t (τ),∇φmj (t)

)
Ωmj

dτ dt

− ελ
N∑
k=1

∫ tk

tk−1

∫ tk

t

(
Kf (Sf (Ψ̄f

∆t(τ)))∇Ψ̄f
∆t(τ),∇φf (t)

)
Ωf
dτ dt.

596

From the strong L2 convergence in (43)2, we infer that597

(46)

∫ T

0

(
Sρ(Ψ̄

ρ
∆t(t)), φρ(t)

)
Ωρ
dt→

∫ T

0

(Sρ(Ψρ(t)), φρ(t))Ωρ
dt.598

Furthermore, the strong convergence of Ψ̄ρ
∆t in L2(0, T ;L2(Ωρ)) in equation (43)3 and599

the weak convergence of the gradients in L2(0, T ;L2(Ωρ)) in equation (43)4 together600

with the Lipschitz continuity of Sρ and Kρ yield601

(47)

∫ T

0

∫ t

0

(
Kρ(Sρ(Ψ̄

ρ
∆t(τ)))∇Ψ̄ρ

∆t(τ),∇φρ(t)
)

Ωρ
dτ dt

→
∫ T

0

∫ t

0

(Kρ(Sρ(Ψρ(τ)))∇Ψρ(τ),∇φρ(t))Ωρ
dτ dt.

602

This follows from the following considerations: due to the ellipticity of Kρ, Ψ̄ρ
∆t603

converges strongly in L2(0, T ;L2(Ωρ)) and because of the Lipschitz continuity of Kρ604

and Sρ, Kρ(Sρ(Ψ̄
ρ
∆t(τ))) converges to Kρ(Sρ(Ψρ(τ))) strongly in L2(0, T ;L2(Ωρ)).605

The boundedness of Kρ gives the existence of a ~ξρ ∈ L2(0, T ;
(
L2(Ωρ)

)d
) such that606

(48)

∫ t

0

Kρ(Sρ(Ψ̄
ρ
∆t(τ)))∇Ψ̄ρ

∆t(τ)dτ ⇀ ~ξρ, weakly in L2(0, T ;
(
L2(Ωρ)

)d
).607

The identification of ~ξρ to Kρ(Sρ(Ψρ))∇Ψρ then follows by taking smoother test608

functions in (47) and passing to the limit.609
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Moreover, the time-continuity of f gives610

(49)

∫ T

0

∫ t

0

(
f̄ρ(τ), φρ(t)

)
Ωρ
dτ dt→

∫ T

0

∫ t

0

(fρ(τ), φρ(t))Ωρ
dτ dt.611

In what follows, we show that the terms on the right hand side in equation (45) vanish612

as ∆t approaches zero. For the terms involving a source term fρ, we obtain613

(50)∣∣∣∣∣
N∑
k=1

∫ tk

tk−1

∫ tk

t

(
f̄ρ(τ), φρ(t)

)
Ωρ
dτ dt

∣∣∣∣∣ ≤ (∆t)2

2

N∑
k=1

‖fkρ ‖2Ωρ +
∆t

2

∫ T

0

‖φρ‖2Ωρ ≤ C∆t,614

where we used the Cauchy–Schwarz inequality and Young’s inequality. Furthermore,615

we get616

(51)

∣∣∣∣∣
N∑
k=1

∫ tk

tk−1

∫ tk

t

(
Kρ(Sρ(Ψ̄

ρ
∆t(τ)))∇Ψ̄ρ

∆t(τ),∇φρ(t)
)

Ωρ
dτ dt

∣∣∣∣∣
≤ (∆t)2MK

2

N∑
k=1

‖∇ψkρ‖2Ωρ +
∆t

2

∫ T

0

‖∇φρ‖2Ωρ ≤ C∆t,

617

using the a priori estimate in Lemma 12. Therefore letting ∆t→ 0 gives618

(52)

2∑
j=1

∫ T

0

(
Sm(Ψmj (t)), φmj (t)

)
Ωmj

dt+ εκ
∫ T

0

(Sf (Ψf (t)), φf (t))Ωf
dt

+

2∑
j=1

∫ T

0

∫ t

0

(
Km(Sm(Ψmj (τ)))∇Ψmj (τ),∇φmj (t)

)
Ωmj

dτ dt

+ ελ
∫ T

0

∫ t

0

(
Kf (Sf (Ψf (τ)))∇Ψmj (τ),∇φf (t)

)
Ωf
dτ dt

=

2∑
j=1

∫ T

0

∫ t

0

(
fmj (τ), φmj (t)

)
Ωmj

dτ dt+

∫ T

0

∫ t

0

(ff (τ), φf (t))Ωf
dτ dt

+

2∑
j=1

∫ T

0

(
Sm(ψmj ,I), φmj (t)

)
Ωmj

dt+ εκ
∫ T

0

(Sf (ψf,I), φf (t))Ωf
dt,

619

for all (φm1 , φm2 , φf ) ∈ L2(0, T ;Vm1)× L2(0, T ;Vm2)× L2(0, T ;Vf ) such that φmj =620

φf on Γj for j ∈ {1, 2}.621

Note that for test functions (φ̃m1
, φ̃m2

, φ̃f ) ∈ W 1,2(0, T ;Vm1
) × W 1,2(0, T ;Vm2

)622

× W 1,2(0, T ;Vf ) satisfying φ̃m1(T ) = φ̃m2(T ) = φ̃f (T ) = 0, integration by parts623

yields624

(53)

∫ T

0

∫ t

0

(
fρ(τ), ∂tφ̃ρ(t)

)
Ωρ
dτ dt = −

∫ T

0

(
fρ(t), φ̃ρ(t)

)
Ωρ
dt,∫ T

0

∫ t

0

(
Kρ(Sρ(Ψρ(τ)))∇Ψρ(τ),∇∂tφ̃ρ(t)

)
Ωρ
dτ dt

= −
∫ T

0

(
Kρ(Sρ(Ψρ(t)))∇Ψρ(t),∇φ̃ρ(t)

)
Ωρ
dt.

625
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Thus, selecting φρ = ∂tφ̃ρ in (52) gives626

(54)

2∑
j=1

∫ T

0

(
Sm(Ψmj (t)), ∂tφ̃mj (t)

)
Ωmj

dt+ εκ
∫ T

0

(
Sf (Ψf (t)), ∂tφ̃f (t)

)
Ωf
dt

−
2∑
j=1

∫ T

0

(
Km(Sm(Ψmj (t)))∇Ψmj (t),∇φ̃mj (t)

)
Ωmj

dt

− ελ
∫ T

0

(
Kf (Sf (Ψf (t)))∇Ψmj (t),∇φ̃f (t)

)
Ωf
dt

= −
2∑
j=1

∫ T

0

(
fmj (t), φ̃mj (t)

)
Ωmj

dt−
∫ T

0

(
ff (t), φ̃f (t)

)
Ωf
dt

−
2∑
j=1

(
Sm(ψmj ,I), φ̃mj (0)

)
Ωmj

− εκ
(
Sf (ψf,I), φ̃f (0)

)
Ωf
.

627

Therefore, equation (18) holds true for all appropriate test functions.628

In order to show that the interface conditions are satisfied, we estimate629

(55) ‖Ψmj −Ψf‖ΓTj ≤ ‖Ψmj − Ψ̄
mj
∆t ‖ΓTj + ‖Ψ̄mj

∆t − Ψ̄f
∆t‖ΓTj + ‖Ψ̄f

∆t −Ψf‖ΓTj630

and consider the terms on the right hand side individually. The second term is zero631

by the definition of the time-discrete weak solution. For the first term, the trace632

inequality gets633

(56)
‖Ψmj − Ψ̄

mj
∆t ‖

2
ΓTj

≤ C(Ωmj )‖Ψmj − Ψ̄
mj
∆t ‖ΩTmj

(
‖∇Ψmj −∇Ψ̄

mj
∆t ‖ΩTmj + ‖Ψmj − Ψ̄

mj
∆t ‖ΩTmj

)
.

634

By the weak convergence in equation (43)4, the term in brackets is bounded, and635

from the strong convergence in equation (43)3, we get that ‖Ψmj − Ψ̄
mj
∆t ‖ΩTmj → 0 for636

∆t → 0. The third term on the right hand side of equation (55) vanishes with an637

analogous argument, which finishes the proof.638

Remark 21. For fixed ε, the estimate in the fracture can be improved by isolating639

the equation in the fracture. By carrying out the same procedure as above but with640

φf ∈ L2(0, T ;W 1,2
0 (Ωf )), that is, having zero boundary values on Ωf , we obtain641

(57)
∂tŜ∆t ⇀ ∂tSf (ψf ) weakly in L2(0, T ;W−1,2(Ωf )),

Kf (Sf (Ψ̄f
∆t))∇Ψ̄f

∆t ⇀ Kf (Sf (ψf ))∇ψf weakly in L2(0, T ;
(
L2(Ωf )

)d
),

642

and ψf satisfies the equation,643

(58) εκ (∂tSf (ψf ), φf )ΩTf
+ ελ (Kf (Sf (ψf ))∇ψf ,∇φf )ΩTf

= (ff , φf )ΩTf
,644

for all φf ∈ L2(0, T ;W 1,2
0 (Ωf )).645

5. Rigorous upscaling. In this section, we give the rigorous proof of the upsca-646

ling result, namely the convergence of the solution to Problem Pε towards the solution647

to the effective models in the limit ε→ 0. We present the upscaling for the parameter648
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range (κ, λ) ∈ [−1,∞)× (−∞, 1) except for the case when κ = −1, λ ∈ (−1, 1). This649

corresponds to scenarios in which the fracture-to-matrix porosity ratio does not grow650

too fast and the fracture-to-matrix conductivity ratio only decreases moderately in651

terms of ε.652

We employ techniques from [20], where upscaling was considered in the context of653

crystal dissolution and precipitation, and [57], which is concerned with the upscaling654

of a reactive transport model. For a more detailed presentation of the results, we refer655

the reader to [43].656

5.1. Kirchhoff transformation and rescaling of the geometry. We apply657

the Kirchhoff transform (see [4]) in each subdomain. For this, we introduce a function658

(59) Kρ : R→ R, uρ := Kρ(ψρ) =

∫ ψρ

0

Kρ(Sρ(ϕ)) dϕ.659

Due to the assumptions on Kρ and Sρ, the Kirchhoff transformation is invertible and660

one can define the function661

(60) bρ(uρ) := Sρ ◦ K−1
ρ (uρ).662

Note that bρ is Lipschitz continuous due to the Lipschitz continuity of Sρ and K−1
ρ .663

By the chain rule, one obtains ∇uρ = Kρ(Sρ(ψρ))∇ψρ, which transforms Problem664

Pε into a semi-linear problem. Since Kρ is Lipschitz continuous, the Kirchhoff trans-665

formed problem is equivalent to the original problem [45], and all a priori estimates666

from the previous section are satisfied for the Kirchhoff transformed variables, too.667

The advantage of the Kirchhoff transformed formulation is the linear flux term. Ho-668

wever, this comes at the cost of a nonlinear transmission condition for the Kirchhoff669

transformed pressure variable.670

We rescale the fracture in horizontal direction by defining z = x/ε, and consider671

the following672

(61)

ũf (t, z, y) = uf (t, zε, y),

ũf,I(z, y) = uf,I(zε, y) := Kf (ψf,I)(zε, y),

f̃f (t, z, y) = ff (t, zε, y).

673

To unify the notation, we set z = x in the matrix blocks. Observe that this means674

practically that the solid matrix subdomains are merely translated w.r.t. ε. Since675

they do not change their shape, we omit the ε in the notation and still write Ωmj . For676

the fracture model instead the ε dependence is explicit. We use Ωεf := (− ε2 ,
ε
2 )× (0, 1)677

in this section, and the shorthand notation Ωf := Ω1
f . Observe that this is also the678

domain for the rescaled pair of variables (z, y). The solution in each domain, uερ, will679

be endowed with a superscript ε to emphasise the ε-dependence.680

The fracture solutions in the effective models are defined on the reduced-dimensional681

fracture, Γ = {0} × (0, 1). For the weak solution we define the function spaces682

(62) V̄f := {u ∈ L2(Γ) : ∂yu ∈ L2(Γ), u = 0 on ∂Γ} = W 1,2
0 (Γ).683

Figure 2 illustrates the geometry of the problem in rescaled variables and the geometry684

of the effective models, in which the fracture has become one-dimensional.685
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(−1.5, 0) (−0.5, 0) (0.5, 0) (1.5, 0)

(−1.5, 1) (−0.5, 1) (0.5, 1) (1.5, 1)

Ωm1 Ωm2
Ωf

Γ1 Γ2

y

z

ε→ 0

(−1, 0) (0, 0) (1, 0)

(−1, 1) (0, 1) (1, 1)

Ωm1 Ωm2Γ

y

z

Fig. 2. Geometry with two-dimensional fracture in rescaled variables (left) and upscaled geo-
metry with one-dimensional fracture (right)

For each ε > 0, we define the z-averaged quantities686

(63)

ūεf (t, y) :=

∫ 1
2

− 1
2

ũεf (t, z, y) dz, f̄f (t, y) :=

∫ 1
2

− 1
2

f̃f (t, z, y) dz,

b̄f (ũεf )(t, y) :=

∫ 1
2

− 1
2

bf (ũεf )(t, z, y) dz, b̄f (ũεf,I)(y) :=

∫ 1
2

− 1
2

bf (ũεf,I)(z, y) dz,

687

as well as688

(64)

ŭεf (t) :=

∫ 1

0

ūεf (t, y) dy, f̆f (t) =

∫ 1

0

f̄f (t, y) dy,

b̆f (ũεf )(t) :=

∫ 1

0

b̄f (ũεf )(t, y) dy, b̆f (ũεf,I) :=

∫ 1

0

b̄f (ũf,I)(y) dy.

689

We state the weak formulation in terms of the Kirchhoff transformed and rescaled690

variables. In terms of the rescaled variables, the geometry is ε-independent and the691

x-argument of the functions associated with the fracture becomes ε-dependent instead:692

Definition 22 (Weak solution in rescaled variables). A triple (uεm1
, uεm2

, ũεf )693

∈ L2(0, T ;Vm1)×L2(0, T ;Vm2)×L2(0, T ;Vf ) is called a weak solution to the Kirchhoff694

transformed formulation of Problem Pε if695

(65)
K−1
m (uεm1

) = K−1
f (ũεf ) on Γ1 and K−1

m (uεm2
) = K−1

f (ũεf ) on Γ2 for a.e. t ∈ [0, T ],696

in the sense of traces, and697

(66)

−
2∑
j=1

(
bm(uεmj ), ∂tφmj

)
ΩTmj

− εκ+1
(
bf (ũεf ), ∂tφf

)
ΩTf

+

2∑
j=1

(
∇uεmj ,∇φmj

)
ΩTmj

+ ελ−1
(
∂zũ

ε
f , ∂zφf

)
ΩTf

+ ελ+1
(
∂yũ

ε
f , ∂yφf

)
ΩTf

=

2∑
j=1

(
fmj , φmj

)
ΩTmj

+ ε
(
f̃f , φf

)
ΩTf

+

2∑
j=1

(
bm(umj ,I), φmj (0)

)
Ωmj

+ εκ+1 (bf (ũf,I), φf (0))Ωf
,

698

for all (φm1
, φm2

, φf ) ∈W 1,2(0, T ;Vm1
)×W 1,2(0, T ;Vm2

)×W 1,2(0, T ;Vf ) satisfying699

(67) φm1 = φf on Γ1 and φm2 = φf on Γ2 for a.e. t ∈ [0, T ],700
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and701

(68) φρ(T ) = 0 for ρ ∈ {m1,m2, f}.702

The formulation in Definition 22 is the starting point for deriving limit models for all703

choices of κ and λ.704

5.2. Uniform estimates with respect to ε. In order to prove the convergence705

of Problem Pε towards an effective model, we establish estimates for the solution and706

its derivatives independent of ε, similar to the uniform estimates with respect to ∆t707

in Section 4.708

Testing with z-independent functions φf (t, z, y) = φf (t, y) in the fracture (and709

hence φm1
and φm2

fulfilling φm1
(t, z, y)|Γ1

= φf (t, y) = φm2
(t, z, y)|Γ2

for a.e. t ∈710

[0, T ]) in Definition 22 gives711

(69)

−
2∑
j=1

(
bm(uεmj ), ∂tφmj

)
ΩTmj

− εκ+1(b̄f (ũεf ), ∂tφf )ΓT +

2∑
j=1

(
∇uεmj ,∇φmj

)
ΩTmj

+ ελ+1(∂yū
ε
f , ∂yφf )ΓT =

2∑
j=1

(
fmj , φmj

)
ΩTmj

+ ε(f̄f , φf )ΓT

+

2∑
j=1

(
bm(umj ,I), φmj (0)

)
Ωmj

+ εκ+1
(
b̄f (ũf,I), φf (0)

)
Γ
,

712

for all (φm1
, φm2

, φf ) ∈W 1,2(0, T ;Vm1
)×W 1,2(0, T ;Vm2

)×W 1,2(0, T ; V̄f ) satisfying713

φm1
(t, z, y)|Γ1

= φf (t, y) = φm2
(t, z, y)|Γ2

for a.e. t ∈ [0, T ] and φρ(T ) = 0 for714

ρ ∈ {m1,m2, f}.715

Based on the a priori estimate in Lemma 12, one shows that the solution and its716

derivatives can be bounded uniformly in ε for κ ≥ −1, λ ≤ −1, and ε > 0 sufficiently717

small. In addition, we get uniform essential bounds for the solution since the constant718

Mψ in Lemma 15 is ε-independent:719

Lemma 23. There exists a C > 0 independent of ε such that720

(70)

2∑
j=1

‖uεmj‖
2
L2(0,T ;Vmj ) + εκ+1‖ũεf‖2ΩTf + ελ+1‖∂yũεf‖2ΩTf + ελ−1‖∂zũεf‖2ΩTf ≤ C,

2∑
j=1

‖uεmj‖L∞(ΩTmj
) + ‖ũεf‖L∞(ΩTf ) ≤ C.

721

These estimates are directly carried over to the averages of fracture solution by virtue722

of Jensen’s inequality:723

Lemma 24. There exists a C > 0 independent of ε such that724

(71) εκ+1‖ūεf‖2ΓT +ελ+1‖∂yūεf‖2ΓT +‖ūεf‖L∞(ΓT ) +εκ+1‖ŭεf‖2(0,T ) +‖ŭεf‖L∞(0,T ) ≤ C.725

For κ = −1 and λ ≤ −1, the effective model contains the time derivative of the fracture726

saturation. We proceed as for Lemma 17, but now for the Kirchhoff transformed727

and rescaled weak formulation of the time-discrete problem PΩ in Definition 8. We728
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introduce729

(72)

Aε :=

(
ελ−1 0

0 ελ+1

)
, u :=

2∑
j=1

umjχmj + ũfχf ,

f :=

2∑
j=1

fmjχmj + εf̃fχf , ~g(u) :=

2∑
j=1

∇umjχmj +Aε∇ũfχf ,

b(u) :=

2∑
j=1

bm(umj )χmj + εκ+1bf (ũf )χf ,

730

and define b̂∆t as the piecewise linear interpolation of b, in analogy to Ŝ∆t in (23).731

With Ω = Ωm1
∪ Ωm2

∪ Ω1
f ∪ Γ1 ∪ Γ2 we obtain (see (66) for the powers of ε)732

(73)

∣∣∣〈∂tb̂∆t(t), φ〉W−1,2(Ω),W 1,2
0 (Ω)

∣∣∣ =

∣∣∣∣∣
(
b(uk)− b(uk−1)

∆t
, φ

)
Ω

∣∣∣∣∣
≤
∣∣∣ (~g(uk),∇φ

)
Ω

∣∣∣+
∣∣∣ (fk, φ)

Ω

∣∣∣
≤ ‖φ‖W 1,2(Ω)

 2∑
j=1

‖∇ukmj‖Ωmj + ‖Aε∇ũkf‖Ω1
f

+

2∑
j=1

‖fkmj‖Ωmj + ε‖f̃kf ‖Ω1
f

 .

733

For λ ≤ −1 and κ ≥ −1, a discrete form of Lemma 23 yields uniform bounds for the734

right hand side from which we obtain after integrating in time735

‖∂tb̂∆t‖L2(0,T ;W−1,2(Ω)) ≤ C,736

with C independent of ε.737

Recalling that b(u) :=
∑2
j=1 bm(umj )χmj + εκ+1bf (ũf )χf , we derive as in Lemma 17738

for Ŝf∆t that739

‖∂tb̂f∆t‖L2(0,T ;W−1,2(Ω1
f )) ≤ Cε−κ−1,740

which is uniformly bounded in ε for κ ≤ −1. This proves741

Lemma 25. The functional ∂tbf is uniformly bounded w.r.t. ε in L2(0, T ;W−1,2(Ω1
f ))742

for κ = −1, λ ≤ −1.743

To obtain ε independent estimates, assumptions for the initial saturation and the744

source term in the fracture are needed. More precisely, if κ > 0, this means that745

the source in the fracture must approach 0 when ε → 0. This is natural since for746

κ > 0, the fracture porosity becomes smaller as the ratio of fracture width and length747

vanishes. In this case the fracture does not have enough capacity to store water, so748

having large source or sink terms would lead to an unphysical flow regime.749

Also, if λ < 0, the gradient of the initial pressure in the fracture is required to750

converge to zero rapidly enough. This can be understood as follows: for negative λ, the751

fracture is highly conductive as compared to the solid matrix blocks and in the limit of752
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vanishing fracture width, the fracture becomes so permeable that pressure differences753

are quickly equilibrated within the fracture (even instantaneously for λ < −1, so,754

the solution of the effective model is spatially constant). This behaviour must be755

accounted for by the initial pressure gradient in the fracture.756

By compactness arguments, the estimates above provide the following convergence757

along a sequence ε→ 0758

(74)

uεmj → Umj strongly in L2(0, T ;L2(Ωmj )),

uεmj ⇀ Umj weakly in L2(0, T ;Vmj ),

ūεf ⇀ Ūf weakly in L2(0, T ;L2(Γ)).

759

For λ ≤ −1, the gradient of the fracture solution ∇ũεf is bounded in L2(0, T ;L2(Ωf ))760

according to Lemma 23. From this, we infer just as for the matrix block solutions in761

equation (74) that there exists a subsequence of ε→ 0 along which762

(75)

ũεf → Uf , strongly in L2(0, T ;L2(Ωf )),

ūεf → Ūf , strongly in L2(0, T ;L2(Γ)),

ūεf ⇀ Ūf weakly in L2(0, T ; V̄f ),

ŭεf → Ŭf strongly in L2(0, T ).

763

The following result, nothing but Proposition 4.3 in [20] will also be used for deriving764

the effective model in the fracture765

Proposition 26. Let Ω = (− 1
2 ,

1
2 )× (0, L), f ∈ W 1,2(Ω), and let f̄ : [0, L] → R766

be defined as f̄(y) =
∫ 1

2

− 1
2

f(ξ, y) dξ. Then, in the sense of traces767

(76) ‖f(ξ0, ·)− f̄‖(0,L) ≤ ‖∂ξf‖Ω,768

for each ξ0 ∈ [− 1
2 ,

1
2 ].769

This proposition and Lemma 23 yield the following estimate:770

Lemma 27. There exists a C > 0 independent of ε such that for any z0 ∈ [− 1
2 ,

1
2 ]771

it holds772

(77) ‖ũεf (·, z0, ·)− ūεf‖ΓT ≤ ε
1−λ
2 C.773

Lemma 27 shows that λ = 1 ensures that the L2 distance between the Kirchhoff774

transformed pressure and its z-average remains bounded as ε → 0, while λ < 1775

provides the convergence.776

5.3. Upscaling results. It remains to show that the limit functions are a solu-777

tion to the respective effective model. We have778

Theorem 28 (Upscaling theorem). Depending on the range of κ and λ, the limit779

3-tupels are weak solutions to the effective models listed below:780

(78)

κ = −1, λ = −1 : (Um1
, Um2

, Ūf ) Effective model I,

κ ∈ (−1,∞), λ = −1 : (Um1
, Um2

, Ūf ) Effective model II,

κ = −1, λ ∈ (−∞,−1) : (Um1
, Um2

, Ŭf ) Effective model III,

κ ∈ (−1,∞), λ ∈ (−∞,−1) : (Um1
, Um2

, Ŭf ) Effective model IV,

κ ∈ (−1,∞), λ ∈ (−1, 1) : (Um1
, Um2

, Ūf ) Effective model V.

781

782
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Proof. We give the proof for λ ≥ −1. The cases λ < −1 are analogous, but783

require using spatially constant test functions for the fracture equation (69), i.e.784

φf (t, z, y) = φf (t). Note that for homogeneous Dirichlet boundary conditions, the785

fracture equations in Effective models III and IV reduce to ψf ≡ 0 (see Remark 2).786

787

We test with (φm1
, φm2

, φf ) ∈W 1,2(0, T ;Vm1
)×W 1,2(0, T ;Vm2

)×W 1,2(0, T ; V̄f )788

satisfying φm1
(t, z, y)|Γ1

= φf (t, y) = φm2
(t, z, y)|Γ2

for a.e. t ∈ [0, T ] and φρ(T ) = 0789

for ρ ∈ {m1,m2, f} and denote the terms in (69) by I1, . . . , I8. For all values of κ and790

λ, the term I6 vanishes in the limit ε→ 0 as791

|I6| = ε
∣∣∣(f̄εf , φf)ΓT ∣∣∣ ≤ ε‖f̄εf‖ΓT ‖φf‖ΓT → 0.792

The terms I5 and I7 do not depend on ε and remain unchanged as ε approaches zero.793

The strong L2 convergence in (74)1 and the Lipschitz continuity of bm give794

I1 = −
2∑
j=1

(
bm(uεmj ), ∂tφmj

)
ΩTmj

→ −
2∑
j=1

(
bm(Umj ), ∂tφmj

)
ΩTmj

.795

The weak convergence in (74)2 yields796

I3 =

2∑
j=1

(
∇uεmj ,∇φmj

)
ΩTmj

→
2∑
j=1

(
∇Umj ,∇φmj

)
ΩTmj

.797

As regards the fracture solution, we distinguish the cases λ = −1 and λ > −1: in case798

of λ = −1, the weak convergence in (75)3 leads to799

I4 =
(
∂yū

ε
f , ∂yφf

)
ΓT
→
(
∂yŪf , ∂yφf

)
ΓT
,800

whereas for λ > −1, we get801

|I4| = ελ+1
∣∣∣(∂yūεf , ∂yφf)ΓT ∣∣∣ ≤ ελ+1‖∂yūεf‖ΓT ‖∂yφf‖ΓT ≤ ε

λ+1
2 C‖∂yφf‖ΓT → 0,802

where we made use of the estimate for ∂yū
ε
f in Lemma 24.803

It remains to consider the terms I2 and I8. Here, we make a distinction be-804

tween the cases κ = −1 and κ > −1. First, consider the case κ = −1, where805

I2 = −
(
b̄f (ũεf ), ∂tφf

)
ΓT

and I8 is independent of ε.806

For the term I2, we start by estimating807 ∣∣∣∣∣ (b̄f (ũεf )− bf (Ūf ), ∂tφf
)

ΓT

∣∣∣∣∣ ≤
∣∣∣∣∣ (b̄f (ũεf )− bf (ūεf ), ∂tφf

)
ΓT

∣∣∣∣∣
+

∣∣∣∣∣ (bf (ūεf )− bf (Ūf ), ∂tφf
)

ΓT

∣∣∣∣∣.
808

For the first term on the right hand side we obtain using the Lipschitz continuity of809
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bf and Lemma 27810 ∣∣∣∣∣ (b̄f (ũεf )− bf (ūεf ), ∂tφf
)

ΓT

∣∣∣∣∣ ≤ ∥∥∥
∫ 1

2

− 1
2

(
bf (ũεf )− bf (ūεf )

)
dz
∥∥∥

ΓT
‖∂tφf‖ΓT

≤MS

∥∥∥∫ 1
2

− 1
2

∣∣∣ũεf − ūεf ∣∣∣ dz ∥∥∥
ΓT
‖∂tφf‖ΓT

≤MSC ε
1−λ
2 ‖∂tφf‖ΓT ,

811

which approaches zero as ε→ 0.812

Due to the strong convergence in (75)2, the second term vanishes:813 ∣∣∣∣∣ (bf (ūεf )− bf (Ūf ), ∂tφf
)

ΓT

∣∣∣∣∣ ≤MS‖ūεf − Ūf‖ΓT ‖∂tφf‖ΓT .814

This shows that815

I2 = −
(
b̄f (ũεf ), ∂tφf

)
ΓT
→ −

(
bf (Ūf ), ∂tφf

)
ΓT
.816

For κ > −1, we estimate817

|I2| = εκ+1
∣∣∣(b̄f (ũεf ), ∂tφf

)
ΓT

∣∣∣ ≤ εκ+1MS‖ũεf‖ΩTf ‖∂tφf‖ΓT ≤ ε
κ+1
2 MSC‖∂tφf‖ΓT ,818

which vanishes in view of Lemma 24. Similarly,819

|I8| = εκ+1
∣∣∣(b̄f (ũf,I), φf (0)

)
Γ

∣∣∣ ≤ εκ+1MS‖ũf,I‖Ωf ‖φf (0)‖Γ ≤ ε
κ+1
2 MSC‖φf (0)‖Γ820

vanishes in the limit.821

Finally, the Dirichlet interface condition for the pressure head has to be proven.822

It turns out that a weakly convergent subsequence in L2(0, T ;L2(Γ)) in the fracture823

suffices for this purpose. As the weak convergence of ūεf towards Ūf does not directly824

imply the weak convergence of K−1
f (ūεf ) towards K−1

f (Ūf ), we define the function825

R(umj ) := (Kf ◦K−1
m )(umj ) in order to transform the interface condition K−1

m (Umj ) =826

K−1
f (Ūf ) on Γj into a linear expression in Ūf , namely827

R(Umj ) = Ūf on Γj .828

Now we take an arbitrary test function φ ∈ L2(0, T ;L2(Γj)) and estimate829 ∣∣∣ (R(Umj )− Ūf , φ
)

ΓTj

∣∣∣ ≤ ∣∣∣ (R(Umj )−R(uεmj ), φ
)

ΓTj

∣∣∣+
∣∣∣ (R(uεmj )− ũ

ε
f , φ
)

ΓTj

∣∣∣
+
∣∣∣ (ũεf − ūεf , φ)ΓTj ∣∣∣+

∣∣∣ (ūεf − Ūf , φ)ΓTj ∣∣∣.
830

Let us denote the terms on the right hand side by J1, . . . , J4. As uεmj and ũεf satisfy831

the interface condition, we immediately get J2 = 0. Note that Assumption (AK)832

implies the Lipschitz continuity of R with Lipschitz constant MK

mK
. Making use of this833

and the Cauchy–Schwarz inequality yields834

J1 ≤
MK

mK
‖Umj − uεmj‖ΓTj ‖φ‖ΓTj ,835

This manuscript is for review purposes only.



30 F. LIST, K. KUMAR, I.S. POP, F.A. RADU

and one shows as in the proof of Theorem 20 that J1 → 0 in the limit ε → 0 using836

the trace inequality, the strong convergence in equation (74)1 and the boundedness837

of the gradient due to the weak convergence in equation (74)2. For the term J3, we838

obtain839

J3 ≤ ‖ũεf − ūεf‖ΓTj ‖φ‖ΓTj ,840

and from Lemma 27 we infer that J3 → 0. Finally, the weak convergence in equation841

(75)3 yields J4 → 0. Since φ ∈ L2(0, T ;L2(Γj)) was arbitrary, one has R(Umj ) = Ūf842

on Γj and thereforeK−1
m (Umj ) = K−1

f (Ūf ) on Γj in the sense of traces, which concludes843

the proof.844

Remark 29. The porous matrix domain Ωm1
has the interface at x = 0 with a845

fracture domain boundary that corresponds to z = −1 from the fracture domain side.846

Similarly, Ωm2 has the interface at x = 0 with fracture domain boundary at z = 1.847

The two interfaces become one in the reduced dimensional model, and the solution848

in the fracture domain is independent of z (see the effective models I – V above).849

Therefore the fracture model component becomes an effective boundary condition for850

the two model components defined in the porous matrices.851

Remark 30. We remark now the reason for leaving out the case when κ = −1, λ ∈852

(−1, 1) in our analysis. From (74) we get the boundedness of uεf and the smoothness853

of b̄f (uεf ) implies the existence of a weak limit for b̄εf . However, the identification of854

this limit in (69) to b̄f (uf ) requires a strong convergence of ūεf . However, Lemma 24855

does not give an estimate for ∇ūεf that is uniform with respect to ε. Therefore, the856

strong convergence of ūεf cannot be deduced. This is why the case mentioned above857

is not taken in the present analysis.858

6. Numerical simulations. This section presents some numerical examples to859

validate the theoretical upscaling results. The simulations are carried out using a860

standard finite volume scheme implemented in MATLAB. We use a matching grid,861

composed of uniform rectangular cells for partitioning the two-dimensional subdo-862

mains, and intervals of equal size for the one-dimensional fracture in the effective863

models. The flux is computed with a two-point flux approximation (TPFA) scheme.864

We use an implicit Euler discretisation in time with fixed time step, and the modified865

Picard scheme for the linearisation. We adopt a monolithic approach and solve the866

system of equations for the entire domain at once.867

The numerical example models the injection of water into an aquifer which is868

crossed by a fracture. The boundary and initial conditions are illustrated in Figure869

3. Although the analysis is given for homogeneous Dirichlet conditions, we expect870

the theoretical results to hold for more general boundary conditions, as considered871

in the numerical example. In the simulations with a two-dimensional fracture, the872

dimensionless fracture width takes the values ε ∈ {10−k : k ∈ {0, 1, 2, 3, 4}}. We873

impose no flow boundary conditions excepting the inflow region on the central lower874

edge of the left matrix block subdomain, namely for (x, y) ∈ [−1− ε
2 + 1

4 ,−
ε
2−

1
4 ]×{0},875

and the right upper boundary, for (x, y) ∈ [ ε2 + 1
4 , 1 + ε

2 −
1
4 ]× {1}, where a Dirichlet876

condition allows for outflow. Thus, the water must cross the fracture to leave the877

domain. The van Genuchten parametrisation (see [29]) of the S − ψ, respectively878

K − S relationships are given in Figure 3. These parameters correspond to silt loam879

in the matrix, respectively the Touchet silt loam in the fracture. As the fracture880

width goes to zero, the storage term and the flux term in the fracture are scaled with881
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εκ and ελ, respectively (see Problem Pε) in order to investigate the convergence of882

the full models towards the effective models. We refer to [41] for more numerical883

examples discussing how well the effective models approximate the full models for884

certain choices of fixed soil properties and fracture widths.885

We take the end time of the simulation to be T = 0.75. The time step is chosen886

as 0.005. The grid size is taken as ∆x = ∆y = 1/160 in the matrix blocks and887

∆y = 1/160 and ∆x ∈ {1/160, 1/800, 1/4000, 1/20000, 1/100000} in the fracture,888

corresponding to the different fracture widths ε. This means that the thinnest two-889

dimensional fracture with ε = 10−4 has a thickness of 10 cells in x-direction.

Ωm1 Ωm2
Ωf

Γ1 Γ2

y

x

Van Genuchten parametersGeometry

Boundary conditions

Ωm1 = (−1− ε/2,−ε/2)× (0, 1)

Ωm2 = (ε/2, 1 + ε/2)× (0, 1)

Ωεf = (−ε/2, ε/2)× (0, 1)

Initial condition and source term

ψI ≡ −3

f ≡ 0

no flow

ψ = −3

v = 0.1

Fracture Solid matrix

α 0.500 0.423
θS 0.469 0.396
θR 0.190 0.131
n 7.09 2.06
KS,f/KS,m 61.09

Fig. 3. Simulation parameters for the realistic example: geometry, initial and boundary condi-
tions, and van Genuchten parameters

890

In dimensionless setting, the van Genuchten–Mualem parametrisation becomes (see891

also Figure 4)892

(79)

Sρ(ψρ) =

 θR,ρ
θS,ρ

+ (1− θR,ρ
θS,ρ

)
[

1
1+(−αρψρ)nρ

]nρ−1

nρ
, ψρ ≤ 0,

θS,ρ, ψρ > 0,

Kρ(Sρ(ψρ)) =

Θeff,ρ(ψρ)
1
2

[
1−

(
1−Θeff,ρ(ψρ)

nρ
nρ−1

)nρ−1

nρ

]2

, ψρ ≤ 0,

1, ψρ > 0,

893

where θS stands for the water content of the fully saturated porous medium, θR894

denotes the residual water content, α and n are curve fitting parameters expressing895
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the soil properties, and Θeff(ψ) := θ(ψ)−θR
θS−θR is the effective saturation.896

Fig. 4. Schematic plot of the hydraulic relationships θ(ψ) and K(θ(ψ)) in the van Genuchten–
Mualem model

897

The ratio of the porosities, respectively of the absolute hydraulic conductivities898

are given by899

(80)
φf
φm

=
θS,f
θS,m

εκ, and
K̄a,f

K̄a,m
=
KS,f

KS,m
ελ,900

respectively, where KS denotes the saturated hydraulic conductivity.901

We consider two choices for κ and λ in this example:902

a) κ = λ = −1,903

b) κ = λ = 0.904

In the limit ε → 0, we expect the solution to converge towards Effective model I905

with the one-dimensional Richards equation governing the flow in the fracture in case906

a), while theory predicts convergence towards Effective model V in case b), where907

pressure and flux are continuous across the interface.908

Figure 5 depicts the pressure head of the effective models at final time t = T .909

In the subdomain Ωm1
the pressure has risen due to the injection of water from the910

boundary. While the solutions in the two effective models look similar at first glance,911

notice the kink in Effective model I at the fracture which reflects the difference in the912

normal fluxes obtained in the matrix domains at the reduced-dimensional fracture.913

this difference is due to the storage of water in the fracture. In contrast, the fracture914

has disappeared in Effective model V causing the pressure to be smooth. Besides, the915

storage term in Effective model I slows down the propagation of water into subdomain916

Ωm2 , which is reflected in the lower pressure on the right of the fracture as compared917

to Effective model V.918

Figures 6 and 7 show the x-averaged pressure head in the fracture for the full919

models and the corresponding effective model for case a) and b), respectively. Below,920

the difference ψ̄ − ψeff between each model and the effective model is depicted in a921

symmetric logarithmic scale (see [68]).922

In both cases, the convergence towards the respective effective model is evident.923

In case a), the difference between the full model with ε = 10−1 and Effective model I924

is smaller than 10−3 at each y-position and decreases further as the fracture becomes925

thinner. For ε = 10−3, the difference amounts to less than 10−7 and does not improve926

much further for ε = 10−4 since we are well below the tolerance of the nonlinear927
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solver, which is set here to 10−5. For ε between 1 and 10−3, the averaged pressure928

in the full models is higher than in the effective model along the entire fracture and929

decreases monotonically as ε goes to zero.930

In case b), we observe slower convergence towards Effective model V. This is in931

line with the estimate in Lemma 27 that provides for faster convergence for smaller932

values of λ. Nonetheless, for ε = 1, the difference between the full model and the933

effective model is greater than 0.1 and drops to less than 2× 10−4 for ε = 10−4.934

In order to quantify the convergence speed for both case, we plot the error in935

pressure head towards the respective effective model in Figure 8, split up into the936

fracture and the solid matrix blocks. The grey triangles indicate convergence rates of937

one and two, respectively. The convergence is faster in case a) than in case b), which938

is expected in view of the estimate in (77) due to the sharper bound for the derivative939

of the pressure perpendicular to the fracture. For case a), quadratic convergence is940

achieved until well below the tolerance of the nonlinear solver. In case b), we obtain941

linear convergence and for ε = 10−4, the L2-error amounts to less than 10−4 in all942

subdomains.943

Fig. 5. Solution to the effective models at t = 0.75: pressure head ψ of Effective model I (left)
and Effective model V (right).

7. Conclusion. We have developed effective equations for unsaturated flow in a944

two-dimensional porous medium consisting of two porous blocks separated by a thin,945

porous fracture. The flow is modeled by the Richards equation in both blocks, as946

well as in the fracture. The fracture shape is characterized by ε, a small parameter947

expressing the ratio of the fracture wdth and its length. The effective models are948

derived rigorously in the limit case when ε → 0, so the fracture is reduced to a one-949

dimensional object which becomes an interface between the adjacent blocks. Whereas950

the effective model in the porous blocks remains the Richards equation, the one in the951

reduced-dimensional fracture depends on two additional parameters, κ and λ. These952

describe how the ratios of the porosities, respectively of the absolute permeabilities953

in the two different types of media (the fracture and the porous blocks) depend on ε,954

namely εκ and ελ. Different regimes are considered, covering the cases κ > −1, λ < 1,955

corresponding to situations in which, compared to the porous blocks, the fracture is956

highly or less permeable, and has a high capacity to store fluid or not. The rigorous957

convergence proofs given here are sustained by preliminary numerical examples.958
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Fig. 6. Case a): x-averaged fracture solution along the fracture for different ε and for Effective
model I at t = T . The error with respect to the effective model is shown below.

Fig. 7. Case b): x-averaged fracture solution along the fracture for different ε and for Effective
model V at t = T . The error with respect to the effective model is shown below.

8. Acknowledgements. The authors would like to thank Dr. Markus Gahn959

for the fruitful discussions and valuable suggestions. The work of K. Kumar and F.A.960

Radu was partially supported by the Research Council of Norway through the projects961

Lab2Field no. 811716, IMMENS no. 255426, CHI no. 25510 and Norwegian Academy962

of Science and Statoil through VISTA AdaSim no. 6367. I.S. Pop was supported by963

the Research Foundation-Flanders (FWO) through the Odysseus programme (project964

GOG1316N) and by Statoil through the Akademia agreement.965

REFERENCES966

This manuscript is for review purposes only.



UPSCALING OF UNSATURATED FLOW IN FRACTURED POROUS MEDIA 35

Fig. 8. L2 error with respect to the corresponding effective model in each subdomain for both
cases. In the fracture domain Ωf , the error is between the x-averaged pressure head and the one-
dimensional pressure head of the effective model. The grey triangles indicate convergence rates of 1
and 2, respectively.
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[24] R. Eymard, D. Hilhorst and M. Vohraĺık, A combined finite volume-nonconforming/mixed-1016
hybrid finite element scheme for degenerate parabolic problems, Numer. Math. 105 (2006),1017
pp. 73–131.1018

[25] R. Eymard, C. Guichard, R. Herbin and R. Masson, Gradient schemes for two-phase flow1019
in heterogeneous porous media and Richards equation, ZAMM Z. Angew. Math. Mech., 941020
(2014), pp. 560–585.1021

[26] A. Ferroni, L. Formaggia and A. Fumagalli, Numerical analysis of Darcy problem on1022
surfaces ESAIM Math. Model. Numer. Anal., 50 (2016), pp. 1615–1630.1023

[27] L. Formaggia, A. Fumagalli, A. Scotti and P. Ruffo, A reduced model for Darcy’s problem1024
in networks of fractures ESAIM Math. Model. Numer. Anal., 48 (2014), pp. 1089–1116.1025

[28] T.T. Garipov, M. Karimi-Fard and H.A. Tchelepi, Discrete fracture model for coupled flow1026
and geomechanics, Comput. Geosci., 20 (2016), pp. 149–10.1027

[29] M.Th. van Genuchten, A closed-form equation for predicting the hydraulic conductivity of1028
unsaturated soils, Soil Sci. Soc. Am. J., 44 (1980), pp. 892–898.1029

[30] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order,1030
Springer, 1998.1031

[31] V. Girault, K. Kumar and M.F. Wheeler, Convergence of iterative coupling of geomechanics1032
with flow in a fractured poroelastic medium, Comp. Geosci., 20 (2016), pp. 997–1011.1033
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