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Abstract

We consider a reaction-diffusion-advection problem in a perforated medium,
with nonlinear reactions in the bulk and at the microscopic boundary, and slow
diffusion scaling. The microstructure changes in time; the microstructural evo-
lution is known a priori. The aim of the paper is the rigorous derivation of a
homogenized model. We use appropriately scaled function spaces, which allow
us to show compactness results, especially regarding the time-derivative and we
prove strong two-scale compactness results of Kolmogorov-Simon-type, which al-
low to pass to the limit in the nonlinear terms. The derived macroscopic model
depends on the micro- and the macro-variable, and the evolution of the under-
lying microstructure is approximated by time- and space-dependent reference
elements.

Keywords: Homogenization; evolving micro-domain; strong two-scale convergence;
unfolding operator; reaction-diffusion-advection equation; nonlinear boundary condi-
tion
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1 Introduction

In this paper, we consider a reaction-diffusion-advection problem in a perforated
medium with evolving microstructure (the micro-domain). Such type of problems
are encountered as mathematical models for mineral precipitation or biofilm growth
in porous media [37, [7, 35, [34], manufacturing of steel [13], or the swelling of mi-
tochondria within biological cells [33]. Typically, in such mathematical models two
spatial scales can be encountered: a microscopic scale representing e.g. the scale of
pores in a porous medium and at which the processes can be described in detail, and
a macroscopic one, representing e.g. the scale of the full domain.

In situations like presented above, the microscopic processes can alter significantly
the microstructure, which changes in time. The evolution of the micro-domain then
depends on unknown quantities like the concentration of the transported species, or
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the fluid flow and the pressure. On the other hand, these unknowns do depend on the
microstructural evolution, so one speaks about problems involving free boundaries at
the microscopic scale. From a numerical point of view, such mathematical models are
extremely complex, which makes simulations a challenging task.

In this context, a natural approach is to derive upscaled, macroscopic mathe-
matical models approximating the microscopic ones, and describing the averaged be-
haviour of the quantities. Compared to the models involving a fixed microstructure,
the case in which the microscopic sub-domains occupied by the fluid and by the solid
phases are separated by a moving interface requires additionally a way to express the
microstructural evolution in time. One possibility is to use phase fields as smooth ap-
proximations of the characteristic functions of the two above-mentioned sub-domains
(see e.g. [32, ] for a reactive transport model in a porous medium involving pre-
cipitation and dissolution). This has the advantage that the moving boundaries are
approximated by diffuse transition regions and that the microscopic model is defined
in a fixed domain. On the other hand, this introduces curvature effects in the evolu-
tion of this diffuse region and, implicitly, of the evolving interface. Furthermore, two
different limits have to be considered: one in which the diffuse interface is reduced
to a sharp one, and another in which the macroscopic model is obtained from the
microscopic one. Choosing the proper balance in this limit process is not trivial, in
particular in a mathematically rigorous derivation.

Alternatively, one can consider sharp interfaces separating the phase sub-domains.
In the one-dimensional case, or for simple geometries like a (thin) strip or a radially
symmetric tube, the distance to the lateral boundary can be used to locate the moving
interface. For more complex situations like perforated domains, the moving bound-
aries can be defined as the 0-level set of a function solving a level set equation involving
the other model unknowns. In this sense we refer to the micro-model proposed in [37]
for crystal precipitation and dissolution in a porous medium. The evolution of micro-
scopic precipitate layer is described through a level-set, and a macroscopic model is
derived by a formal asymptotic expansion. In [7], this procedure is extended to ac-
count for non-isothermal effects. Similarly, in [35] the level set is used to describe the
microscopic growth of a biofilm in a porous medium, and the corresponding macro-
scopic model is derived by formal homogenization techniques.

For giving a mathematically rigorous derivation of the macroscopic model, and
more precise of the convergence of the limiting process, the main difficulties are in
proving the existence of a solution for the microscopic, free boundary model, and in
obtaining a priori estimates that are sufficient for a two-scale limit. In a first step
towards the rigorous homogenization of problems involving free boundaries at the
micro scale, here we consider a simplified situation and assume that the microstruc-
tural evolution is known a priori. In other words, we assume that the movement of
the interface can be expressed through a time and space dependent mapping from a
reference domain (see also [28] 29, [13]).

In what follows, € > 0 is a small parameter describing the ratio between the typical
micro-scale length and the one of the n-dimensional hyper-rectangle €. It also rep-
resents the periodicity parameter of a fixed, periodically perforated domain Q.. At
each time ¢ € [0, T], the micro-domain (occupied by the fluid) is .(t), with boundary
0Q.(t). Both are obtained as the image of a given mapping S, : [0,T] x Q - R,
namely Qc(t) = Sc(¢,9Q) and 0Q(t) = Se(t,00). Here, we assume that S, is a
diffeomorphism and sufficiently regular with bounds uniformly with respect to e, see

Assumptions|(A1)|-|(A6) and Example



Inside the moving domain Q.(t) the microscopic model is a reaction-diffusion-
advection equation. The diffusion is assumed of order €2, and the advection of order
€. The aim of this paper is a mathematically rigorous derivation of a macroscopic
model, of which solution approximates the one of the microscopic model. This is done
by using rigorous multi-scale techniques such as two-scale convergence [27,[2] 25, [3] and
the unfolding method [10, @], also known as periodic modulation or dilation operator
[5L 16, 40]. In doing so, the main challenge is to pass to the limit in the nonlinear terms.
Hence, a crucial part of the paper is the derivation of strong two-scale compactness
results based only on estimates for the solution of the micro-model.

Since the microstructural evolution is assumed known, to derive the macroscopic
model we transform the microscopic problem, defined in the moving domain Q. (¢),
to a problem defined on the fixed, reference domain .. This leads to a change in the
coefficients of the equations, which now depend on the transformation S, between €2,
and Q.(t). Especially, the time-derivative is applied to the product Jeu, involving the
determinant of the Jacobian of S, J. := det(VS,). We mention that e-independent
estimates are only obtained for the time-derivative 9;(J.u.) and not for du., and
therefore the product J.u, is used to control the dependence of u. on the time variable
in the homogenization process. Additionally, the regularity of the product J.u. with
respect to time is insufficient to control the nonlinear boundary terms, and therefore
refined arguments involving the time-derivative are required for the derivation of
strong compactness results. A further challenge in the proof of the strong convergence
is due to the small diffusion coefficient (of order €2), which leads to oscillations of
the solution with respect to the spatial variable and thus to a gradient norm of
order ¢!. Hence, the two-scale limit depends on a macro- and a micro-variable,
and standard compactness results used in the case of diffusion coefficients of order
1, like the extension of the solution to the whole domain, see [I], and Aubin-Lions-
type compactness arguments, see [22], fail. To overcome these problems, we use the
unfolding operator and prove strong convergence of the unfolded sequence in the L”-
sense by using a Banach-valued compactness argument of Kolmogorov-Simon type.
These are based on a priori estimates for the differences of the shifts with respect to
the spatial variable and the control of the time variable via the time-derivative. For
the latter, we prove a commuting property for the generalized time-derivative and the
unfolding operator using a duality argument, see also [I8] where similar techniques
were used for reaction-diffusion problems through thin heterogeneous layers.

The derived effective model depends on both, the micro- and the macro-variable.
The macro-variable lies in the fixed domain 2. In every macro-point of x € €2, one has
to solve a local cell problem with respect to the micro-variable, and on an evolving
reference element. For such cell problems, the macro-variable x enters rather as
a parameter. Hence, the evolution of the micro-structure is passed on to the cell
problems in the effective model.

Strictly referring to rigorous homogenization results for problems with an evolving
microstructure, we mention that even if the microscopic evolution is known a priori,
there are only a few results available and these are for linear problems, at least in
the boundary terms. In this sense we mention [28], dealing with a linear reaction-
diffusion-advection problem in a two-phase medium, and with diffusion of order €
and 1 in the different phases. Similarly, a model related to thermoelasticity in a two-
phase domain was considered in [I3]. In [29], a reaction-diffusion problem with an
evolving volume fraction (in our notation J.) is treated, where the volume fraction is
described by an ordinary differential equation which is not coupled to the solution of



the reaction-diffusion equation. A model for chemical degradation in multi-component
evolving porous medium is considered in [30] using a formal asymptotic expansion.
The homogenization of a linear parabolic equation in a domain with a partly evolving
and rapidly oscillating boundary is considered in [24]. In [38 [39] a macroscopic
model is derived for a linear double porosity model in a locally periodic medium not
evolving in time. The case of a locally periodic perforated domain that is also time
dependent is considered in [I4]. There the homogenization of a linear Robin boundary
value problem is analyzed by means of two-scale asymptotic expansion and corrector
estimates. The homogenization of a linear parabolic equation in a perforated domain
with rapidly pulsating (in time) periodic perforations, with a homogeneous Neumann
condition on the boundary of the perforations was considered in [12]. This is extended
in [II] to the heat equation defined in a perforated medium with random rapidly
pulsating perforations. A problem on a fixed domain, with diffusion of order €? and
nonlinear bulk kinetics - however, without the coefficient J. in the time-derivative
- is treated in [23]. The authors determine the strong convergence by estimating
the difference between the unfolded equation and the solution to the macroscopic
equation, which has to be known a priori. However, an additional regularity and
compatibility condition for the initial data is required. In [I7, [16] a reaction-diffusion
system for a two-component connected-disconnected medium was considered for fast
diffusion (of order 1) and nonlinear interface conditions as in our problem, where in
[16] an additional surface equation has been taken into account.

The paper is organized as follows: in Section [2| we introduce the microscopic
model in an evolving domain and transform it to a fixed domain. In Section 3| the
a priori estimates used for the derivation of the macro-model are proved. In Section
[] we establish general strong two-scale compactness results and a convergence result
for the time-derivative. The macroscopic model is derived in Section The paper
ends with the conclusions in Section [6l

1.1 Original contributions

Here we address the homogenization of a reactive transport model in an evolving
perforated domain. The evolution of the microstructure is assumed known a priori.
Since nonlinear bulk and surface reactions are considered, the derivation of strong
multi-scale compactness results is essential. The main results are:

- The derivation of a priori estimates for the micro-problem with coefficients
depending on the transformation between the time-dependent and the fixed
domain, and especially of the estimates for the differences between the shifted
solution and the solution itself, see Lemma [I] and

- The introduction of the space H,. with a weighted Sobolev-norm adapted to
the slow diffusion scaling (of order €2), which is the basis for weak and strong
two-scale compactness results, see Section [4}

- The commuting property of the generalized time-derivative and the unfolding
operator, based on a duality argument, see Proposition

- The general strong two-scale compactness result of Kolmogorov-Simon-type, see
Theorem

- The two-scale compactness result for the generalized time-derivative, see Propo-
sition [4}



- The derivation of a homogenized model for a reaction-diffusion-advection equa-
tion in an evolving domain, with nonlinear reaction-kinetics and low regularity
for the time-derivative, see Section [

The resulting homogenized model is a reaction-diffusion-advection equation
involving a macro-variable z € Q and a micro-variable y € Y (¢,2). More precisely,
for every time t € [0,7] and for every macroscopic point = € Q, Y (¢,x) denotes a
reference element. Observe that Y (-, z) evolves in time and that the macro-variable
only acts as a parameter. Hence, a parabolic problem has to be solved in every point
x € Q, in the evolving cell Y'(-,z). The evolution of the micro-domain €.(t) in the
microscopic model enters in the homogenized model via the reference cells Y (¢, ).
The macro-domain ) remains fixed, since we only consider (small) deformations of
order € of the micro-cells and of the outer boundary.

2 The microscopic model

With n e N, n>1 and a,b € N" such that a; < b; for all 7 = 1,...n, we consider the
hyper-rectangle Q = (a,b) ¢ R” as the macroscopic domain. Further e > 0 is a small
parameter such that €' e N. Q. c Q is a fixed, periodically perforated microscopic
domain, constructed as follows. With Y := (0,1)", we let Y* ¢ Y be a connected
subdomain with Lipschitz-boundary and opposite faces matching each other, i.e. for
i=1,...,n it holds that

OY* n{x; =0} +e;=0Y* n{x; =1}.

We define I' := 9Y* \ 9Y and assume that I' is a Lipschitz boundary. Further, let
Ke:={keZ" : (Y +k) cQ}. Clearly, Q = int (Ugex. (Y +k)). Now we define O,
by

Qe = int( U e(v=+ k:))

keK.

and the oscillating boundary T', as
e =00\ 09.

We assume that ). is connected and has Lipschitz-boundary. We emphasize that the
complement  \ 2. may be connected (if n > 3) or disconnected.
For t € [0,T], the evolving domain Q.(¢) and the evolving surface T (t) are de-

scribed by a mapping S : [0,T] x Q - R"™,
Se(t,) 1 Qe > Qe (1),

with Tc(t) = Sc(¢,T¢), see Figure |1} The Jacobi determinant of S is denoted by J,
i.e.we have J, := det (VSE).
Now we define the non-cylindrical domains Q7 and GT by

Q= U {thx(t), GI= U {t}xT),

te(0,T) te(0,T)



Figure 1: The fixed domain Q. and the time-dependent domain Q.(¢) obtained
through the mapping Se(t,-).

and consider Problem P, namely to find @, satisfying:
Oytic — V- (€ DViic — egeiic) = f(te) in Q7

-2DVi, v = —eg(i.) on GF,

~-2DViie v =0 on |J {t} x9Q(t) \Te(t), (1)
te(0,T")
@ (0) = ? in Q(0).

Here, v denotes the outer unit normal with respect to Q.(t), €2D is the diffusion-
tensor, and €g. : Q. - R” is a material velocity with the property that at the moving
surface 0 (t) it is equal to the evolution of the surface, eg.(t,-) v = atSG(t, Se(t, ')‘1)'
v. We emphasize that this condition is needed for the derivation of the weak formula-
tion of the problem, but not for the analysis. Therefore it is not stated in Assumption
referring to .. The functions f and eg describe the reaction kinetics in the
bulk domain (%), respectively at the surface I'.(¢t). For more details about the
derivation of such models we refer to e.g. [4].

We use common notations in the functional analysis. For a Banach space X with
norm | - || x we also use this notation instead of | - | x» for the norm in the product
space X" = X x...x X. Also, we use C' > 0 as a generic constant independent of e.
With this, and assuming that all integrals are well defined, we obtain by integration
by parts and the Reynolds transport theorem the following weak form of Problem P

(as given in (T)):

Problem Py,. Find d, € L2((0,T), H'(Q.(t))) such that for all ¢ € C1(QT) with
@(T,-) =0 it holds that

T T
- f f .0y ddwdt + f f [2DVi, - eGeii.] - Vodadt
0 Qc(t) 0 Qc(t)

T T
= i i 0
_fo fgs(t)f(ue)qsdxdmefo [Fe(t)g(u€)¢dodt+/ﬂe(o) W6(0)dz



Below we state the assumptions on S.:
(A1) S. e CH([0,T] x Q)™ with

1

Z0eSell oo o .ryamy + 19l coo.ryay + 1V Sellco o, rpxny < €

(A2) There exist constants ¢g, Cp > 0 independently of €, such that

co < J. < Cy.

(A3) We have J. € C1([0,T] x Q.) with

10eTell 22 (0,7 ,12) + €l VIl L= (0, 7yx02.) < C-
For the definition of the space H, we refer to Section [3]
(A4) For any ¢ e Z™ with |el| < h and 0 < h « 1 fixed, it holds that

” JE(.t7 ot Ee) - JEHCO([O,T]X@) < C|€€|7 and

IV Je(-ts 0 + be) = Ve| Lo (0,1)x0r) < Cl],
For the definition of the domain 2 we refer to Section

(A5) For any ¢ € Z™ it holds that
[ve(-t, -z + Le) = ve ”CO([O,T]inQ) < C|€|€2a
with ve(t,2) = VS (t,2) 10;Sc(t,x) and 0 < h < 1 fixed.

(A6) There exists Sy € C°(Q,C*([0,T7] x W))n such that Sy(t,z,-,) is Y-periodic
and Sp(t,z,-) : Y* = Y (t,x) := R(So(t,x,-)) (the range of So(t,z,+)) is a C*-
diffeomorphism and (for the definition of the two-scale convergence see Section

)

Se(t,z) > x strongly in the two-scale sense,
VSe(t,z) = VySo(t,z,y) strongly in the two-scale sense,
vSoi(t,z) - VyS(}l(t, x,y) strongly in the two-scale sense,

e oS (t,x,y) - 0:So(t, ) strongly in the two-scale sense.

Especially, it holds that J. — Jy = det V,Sy strongly in the two-scale sense. We
emphasize that due to the estimates in Assumption the strong two-scale con-
vergences in hold with respect to every LP-norm for p € [1,00) arbitrary large.
For the derivation of the macroscopic model we need the strong convergence of T¢J,
where 7T, denotes the unfolding operator, see Section [

In the following we give an example of a transformation S, for which the assump-

tions [(A1)|-|(A6)| are fulfilled.



Example 1. Let us consider that Y \Y* is strictly included inY , i.e. T is a compact
subset of Y. Furthermore, let w(t,z,y) with w : [0,T]x QA xY — R be a smooth
function, which is Y -periodic with respect to variable y. We assume that for every
(t,z) € [0,T] x Q the set

L(t,z) = {y+w(t,z,y)ro(y) ryel}cY (2)

is a closed C*-manifold with T'(0,2) = T. Here vy denotes the outer unit normal
vector with respect to Y*. Since T' is C?, the outer unit normal vy can be extended
to a tubular neighborhood of T, such that it has compact support in this neighborhood
and has C*-regularity. The properties of T'(t,x) imply the existence of cubes W, and
W;, such that W; c W, cY and

A= U I'(t,z) c W, W,.

(t,z)e[0,T]xQ2

Let us define a cut-off function xo € C§°(WO \ Wl) with 0 < xog <1 and xo =1 in A.
Now, we define the transformation Se by

st 2] 52 (2)

This means, that the moving interface T'c(t) can be described locally on every micro-

scopic cell. With Sy defined by

So(t,x,y) =y +w(t,z,y)x0(y)vo(y),

the sequence S, fulfills the properties -1(A6)
Remark 1.

(i) In applications like the ones mentioned in the introduction, the transformation
Se is not known a priori, but is itself a model unknown. For example, when con-
sidering dissolution and precipitation in a porous medium, the evolution of T'c(t)
s determined by the two processes named above, which depend on the concentra-
tion of the solute at the pore walls. Conversely, Qc(t) is the domain in which the
solute transport model component is defined, so the solute concentration depends
on the evolution of the free boundary Tc(t). This leads to a microscopic, mov-
ing interface problem. From the evolution of T¢(t) the transformation Se can
be constructed for example via the Hanzawa-transformation [19], see also the
monograph [31)] for an overview on this topic. Regarding E:mmple the crucial
point is to find the function w and to guarantee the condition together with
the regularity of T'(t,z). Often this is only possible locally with respect to time,
which rises additional difficulties in the homogenization procedure.

(i) The strong reqularity assumptions on Se and the uniform estimates with respect
to € are necessary for the analysis below. A relazation of the assumptions would
make the analysis significantly more difficult, beginning with the a priori es-
timates and the existence of a solution. However, from the application point
of view the transformation describes small microscopic deformation, as it oc-
curs for example in mineral precipitation. Especially, Assumptions and
imply that the microscopic deformations taken into account are small at



both the micro-scale (the boundary of the perforations) and the macro-scale (the
outer boundary). In other words, the displacement of every point with respect
to its initial configuration is of order e. Assumptions[(A4) and[(A5) say that
the shapes of neighboring microscopic cells are similar. Further, from (A1) it
follows that no clogging occurs.

Finally, we state the assumptions on the data:
(AD1) It holds that §. € L= (QT)" and
|Gl Lo (@ry < C.
Further, for q.(t,z) = V.S.(t,2) . (¢, Sc(t,z)) for almost every (¢,z) € (0,T) x
Q. we assume that for any ¢ € Z" it holds that
IgeCty -2 + £€) = Gell oo (0,1)x2r) < Clee].
There exists a Y-periodic function gg € L= ((0,7T) x Q x Y*) such that
Ge = VySy lgo  in the two-scale sense,
see Section [4] for the definition of two-scale convergence.

(AD2) It holds that f, g€ L?((0,T") x R), and for almost every t € (0,7 the functions
2z~ f(t,z) and z » g(t,2) are globally Lipschitz-continuous uniformly with
respect to t.

(AD3) The diffusion tensor D € R™" is symmetric and positive.

(AD4) For u?(z) = @?(S.(0,x)) it holds that u? e L?(£2.) are bounded uniformly with
respect to € and for any £ € Z™ such that |le| < h with 0 < h « 1 fixed, it holds
that

[0 (- + fe) = ul]l L2y == 0.

Further, there exists u® € L2(Q x Y*), such that u? — u" in the two-scale sense.

Using the mapping S., we transform the problem in to the fixed domain ..
Let us define

e (0,T) x Qe > R, uc(t,x) :=uc(t, S(t,z))
and for (¢,z) € (0,T) x Q.
D.(t,x) = VS.(t,x) ' DVS.(t, )",
Ge(t, @) = VSe(t,2) ' Ge(t, Se(t, @),
ve(t, ) := VS (t,2) 10, S (t, ).

Then, by a change of coordinates, we transform Problem P into Problem Py,
which is defined on the fixed domain .. We seek u, satisfying

5‘t(J€u£) -Vv- (EQJEDGVUE —eJeqeue + Jeveue) = Jef(ue) in (0,7) x e,
—-€2J.D.Vu, -v =—-€eJeg(ue) on (0,T) x T,
-2J.D.Vu.-v=0 on (0,T) x 09,

ue(o) = US in Q..

(3)



In the following, given a bounded domain U c R™, the duality pairing between
HY(U)" and H'(U) is denoted by (-,-)yy. With this we define a weak solution of
Problem Py (introduced in (3)):

Definition 1. A weak solution of the micro-problem Pr is a function u. € L*((0,T), H*(Q.)),
such that 9 (J.uc) € L*((0,T), H (2.)")), uc(0) = u?, and for every ¢ e H(Q.) and
almost every t € (0,T) it holds that

Oy (Jeue), ), + € J.DVue — eJoqeue + Jeveue) - Voda
Y

= fgé Jef(ue)qﬁdx-ke/l:E Jeg(ue)pdo W

The regularity of 9;(Jeu.) and the regularity of J. immediately imply Oyu. €
L2((0,T),H*(Q.)"). However, as will be seen below the estimates for the norm of
Oiue are not uniform with respect to €, therefore we work with the product Jeu..
We emphasize that in the variational equation the time-derivative is applied to
Jeue. This is unlike done Problem Py, where the time derivative was applied to
the test-function to avoid working with generalized time-derivatives for u. defined in
Bochner-spaces with values in time-dependent function spaces. We emphasise that
the analysis below is done for the transformed problem Pr.

Proposition 1. There exists a unique weak solution of Problem .

Proof. This follows e.g. by applying the Galerkin-method, and after obtaining esti-
mates that are similar to the ones in Lemma [l We omit the details. O
3 A priori estimates

We first introduce an H'(£2,)-equivalent norm, which is more adapted to the e-scaling
in the problem. We denote by H, the space of H' () functions, equipped with the
inner product

(ue,we)n, = (Ue, We)2(,) + eQ(VuE, Vwe) 12(0.)- (5)

The associated norm is denoted by |- |3,. The spaces H'(£.) and H,. are isomorphic
with equivalent norms. More precisely,

[0l < bl <€ dela,  for all g € H' ().
We have the embedding
L*((0,T), 1) = L*((0,T), H' (2)"),
and for F. € L?((0,T),H.) it holds that
IFell2 0,1y, (20)) < 1 Fellz2((o,7),20)-
Especially, for any w, € L2((0,T),H.) n H'((0,T),H.) it holds that

(Owe, pe)rer . = (Opwe, ) .y o,y for all . € H'(Q).

10



Clearly, the converse embedding also holds: if F. € L2((0,T), H*(Q.)") then F, €
L2((0,T),H.) as well. However, in this case the estimates of the operator norms in
the embedding depend badly on e,

| Fel 20,y ) < €M el 20,1y, 11 020y -

We will see in Section [4] that the norm on H. is the appropriate norm for the time-
derivative to obtain two-scale compactness results.

The following Lemma provides some basic a priori estimates for the solution wu,
and the product J u..

Lemma 1. A constant C > 0 not depending on € exists such that for the weak solution
ue of Problem Pr one has

luell o= (0,7, L2(00)) + lttell 20,7y ,20.) < € (6a)
Hat(JeUe)Hm((o,T),H;) + || Jeue HLQ((07T),’H6) <C. (6b)

Proof. We choose u, as a test function in equation . The positivity of D and the
properties of S, imply the coercivity of D.. Using co < J. and the formulas (remember
that 9;J. is a C°-function)

1d 1
((“)t(JEue),ue>Q5 = g%u\/(]_eue H%z(gg) + 5 /g; 8tJeufdx,

and (since 9y Je = V - (Jev,), what is an easy consequence of [21) p. 117])

1 1
f Jeeve - Vuedr = —= f 875J€’U/§dl' + = f Jve - Vufda,
Q. 2 Ja. 2 Jaq.

we obtain for a constant d >0

1d
S IV el 720, +de? [ Vue] 72,

1
<-— f 8,5Jeufd:17 +e€ f Jeeqe - Vuedr — f Jeeve - Vuedr
2 Ja. Q. Q.
+ fQ Je f(ue)uedx + € fr Jeg(ue)uedo

:ef Jsuqu‘Vuedx+f Je f(ue)uedx
Q. Q.
1 200 - SN AG)
ve [ Jeglu)ucd —ff Jove-vuldo = ) AD).,
6\/‘FE g(u )U 7 2 Joa. Ve lleda ]z=:1

We continue with the terms on the right-hand side. For any 6 > 0, a C'(0) > 0 exists
such that for the first term one has

AWM < Ce|Jeqel =)

e 2| Vel 220,y < C(0) |ue ||2L2(Q€) +0€’ ||VU6H%2(Q€)~

Concerning the nonlinear terms, we only consider the boundary integral. All others
can be treated in a similar way. We use the trace inequality for periodically perforated
domains, stating that for every 6 > 0, there exists C(0) > 0, such that for all w, €
H'(Q.) one has

€|lwe H2L2(BQ€) < C(@)HwEH%Z(QS) +0€* | Vue HQLQ(QS)' (7)

11



Together with the Lipschitz continuity of g, this implies that
A® < C’efr 1+ [uPdo < O(1+ euc2ar, )
<CO)(1+ JuclF2(q.y) + 0| Vue| 72 (.-
For AE4), we use similar arguments as above and Assumption to obtain
A£4) < Celue ”%2(696) < O(Q)Hueni?(ﬂe) + 06| Ve H2L2(95)~

Choosing 6 small enough, the terms on the right including the gradients can be
absorbed by similar terms on the left. Using the Gronwall-inequality and the H.-norm
induced by the inner product , we obtain inequality .

The L%((0,T),H.)-estimate for J.u, follows directly from and the properties
of J.. To prove the inequality for the time-derivative 9;(Jeuc ), we choose ¢ € H, with
|#]2. <1 as a test function in (4), and apply similar arguments as above. O

We emphasize that in the proof above we used the C'-regularity of J., but we have
not assumed a uniform bound with respect to € for the C%-norm of the time-derivative
OrJ.. We overcome this problem by using the equality 9;J. = V - (Jeve).

Remark 2. Due to the C'-regularity of J. and the product rule we have
Opue = I 0y (Jeue) = I ucdyJe € L2((0,T), He) = L*((0,T), H' (2)").

However, we only have a uniform bound for the L?((0,T),H.)-norm of 0;J., see
. Therefore, we obtain no bounds for Osu. in the L*((0,T),H.) norm (or in
L?((0,T), H (Q)")) that are uniform in €. Under the additional assumption

10t Jell L= (0, 7)x02.) < C,

from the results above one also gets

|O¢uie]| 20,y 341) < C-

3.1 Estimates for the shifted functions

To prove strong compactness results which are needed to pass to the limit in the
nonlinear terms, we need additional a priori estimates for the difference between
shifted functions and the function itself. For i > 0 let us define the set Q" = {x € Q :
dist(z,0Q) > h}. Further we define

K= {keZ” : e(Y+k)CQh},

b int( U e(Y*+k)),

keKh

2
>
i

It = int( U e(F+I<;)).

keKh

Then, for £ € Z" with |le] < h we define for an arbitrary function v, : Q. — R the
shifted function

v (x) = ve( + L),

12



and the difference between the shifted function and the function itself
Sve(2) == 8 (x) = ve(x) = ve(x + le) —ve().

In the following, we want to estimate 0(J.u.). Therefore, we need the variational
equation for the shifted function u, respectively quﬁ. Due to the low regularity for

€

the time-derivative 9;(Jeuc) € L*((0,T), H'(€2.)’), it is not obvious how to obtain
the time-derivative of (Jeu)’, since this function is only defined on Q". Therefore,
we argue in the following way: First of all, we define the space

Ho () = {pe e H'(Q) : ¢pe =0 on Q! \T"}

of Sobolev functions with zero trace on the outer boundary of Q. For v, € H((0,T), H*(Q)")
it holds that the restriction to Q" fulfills v. € H((0,T), HS(2")") with

(Ove; D)raaary macary = (Orve, )iy m1 (@)

for all ¢ € H(QF) and & denotes the zero extension of ¢ to . Further, we have
(0L, s cany e amy = (O0e, @ )iy i @)

Finally, the space H" is defined in the same way as H., with Q" replacing €.

Lemma 2. Let u. be the sequence of weak solutions of Problem Pr (stated in ),
O0<h<«1 and leZ" such that |le| < h. Then it holds

[6(Jeue) | L2(0,7),12my SCIS(Te(0)ud) | L2 (any + Clle| + CV/E,
with a constant C > 0 which may depend on h.

Proof. For the ease of writing we use the notation
we(tvx) = Je(t7 x)ue(t7 m)
Using the product rule gives

D.
J.D.Vu. = D Vw, — wETVJe.

An elemental calculation gives us the following variational equation for all ¢ € Hg(QF)

13



and almost everywhere in (0,7
2
<8t(5w6, ¢>H5(Q§)’,H})(Q§) +e LQ D Véw, - Vodx
:<8twf, ¢)Hé(gzéL)/7Hé(SzéL) + 62 \/g;iz vawf . v¢dI - 62 [2? 5D5VU}£ . vd)dl'
~(Owes Sy pcony = [ DVwe Voda
=(0swy, Dsany i ary + € fm JeD{Vug - Vodz
—(Bhwe, D)pus any i r) — € fm JeDeVue - Vodr
D
—é f 6D . Vw! - Vodr + €2 f 5(wE—EVJE) -Vodx
Qh Qt Je
D.
= _ ¢2 f 5D€wa -Vodx + €2 f owe—VJe - Vodx
Qh Qh Je

Je
+e€ f OWeqe - Vodx — f wféve -Vodz
Qr Qr

_fm 6w5ve.v¢dx+fgg (JEF(ul) = Tof (ue))bde

+e2f 5(&Vje)wf~v¢dm+e[ wf&qe-ngSd;U
Qn an

9
+¢€ th, (Jfg(uf) - Jeg(us))d)da' - Z Aéj)-

J=1

Now, we choose ¢ = n?Sw., where n € C* (KTQ) is a cut-off function with 0 <7 <1,
n=11in Q2" and =0 in Q. \ Q. This implies

1d

2 2
(8t6wea77 6w6)’Hé(QQ)’,'Hé(QZ) = 5@”775706”&(96)

and the coercivity of D, implies the existence of a constant d > 0 such that (we extend
every function by zero outside €.)

2 2
€ fﬂg D€V§w5~v(77 5w€)dx
=2 fQ Dn?Vow, - Vow.dx + 2¢* fQ ndwDVow, - Vndx
2 f2d||TIV5weH%2(Q€) + 26 fﬂ Ndwe D Vw, - Vndzx.

For the last term we use Lemma [1] to obtain for every 6 > 0 a constant C(6) > 0 such
that

E2

/Q ndw D Vowe - Vndx

<C(0)E[Swel72any + 0 InVOwe| 7 2(q.

< C(0)e* + 0e*|nviow. H2L2(QE)~

Now we estimate the terms AY). From the assumptions on S we obtain [0 D¢ | L= ((0,yxar) <
Clle|. This, together with the a priori estimates in Lemma [1] and after integration
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with respect to time, implies that for arbitrary 6 > 0, a constant C(0) > 0 exists s.t.

t t
/(; Agl)ds =—€2 /0 /(;h 1725D5wa - Vow, + 2775D65w€wa - Vndxds

<Ce|6D, | = ((0,6)x02m) |wa”L2((o,t)ng) [NV Owe £2((0,6yx2m)

+ CE(ndwe || L2 ((0,0yx ) 16 Del L= (0,69 x20) | VWE | L2 ((0,0)x0m)

<C(0)|tel* + 0€* | nviwe

2L2((o,t)mg) + CHnéu}ﬁH%"’((O,t)xQ?) + Ce e,

For the term A'® we use Assumptions (A2) and (A3) to conclude that

|7 .
—VJ, < —.
J L=((0,T)xk) €

Using the above gives

t t D. D.
f Agz)ds =92¢2 f f} (5w?—VJ€ -Vnm + 5w67VJ€ . V(Swendeds
0 0 Qb € €

< Ce|[dwe| T2 ((0,xany + Celndwe| 2 ((o0,0yxm) [1V8We ] L2 0.0y x21)

< Ce+ C(O)[n6wel| T2 (0 4yxan) + 06 1NVOWe] T2 (0 4yxc2n)-

For A£3)7 we use Assumption to obtain

D
5| =vJ. <Cil.
Js(F) i

Le=((0,T)xQ})

This implies that

t
fo AP ds <Cllele|wl] £2((0,6yxm) IMV0Wel 12 (0.4 <2

+ C\€€|€||775weHLZ((o,t)ng) waﬂm((o,t)xng)

<C(0)|te]? + 62 ||nvéw. \|§2((0,tmg) +C|ndw, |2 (O.pxmy T Clee?.

Using the assumptions on ¢, we obtain

t
[ ADds <Celwtl o pmam
i :

+ Ce|wel L2 ((0,0yxm) IM0Well 12 ((0,6)x0) 10Ge | L ((0,0)x 21
<C(0)|tel? + 62| nviw.| iz((oyt)mg) + Cndwe|Z2((0.any + CE|lel*.

\5Qe|\Lw((o,t)ng) \nvweHLZ(Qg)

For the fifth term, employing similar arguments as above leads to
" 40 2 2 >
fo Ads < 0(9)\|7l5we“L2((0,t)ng) +0e ||77V5we”L2((o,t)ng) +Ce.
For AE6)7 we use Assumption to obtain

t
[0 A ds <[[6ve pm((0,0yx2n)

+ Cllwt || L2 (0,x0m)

Wl L2 ((0,0yx0m) MV 0We]| 20,6 )x2m

[néwe ||L2((o,t)x9g) |6ve ||L°°((o,t)xszg)

<C(0)|le|? + 0€2|nvéw,| 32((0@@) + C|ndw. \|2Lz((07t)m?) +CEtel?,
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while for AE” we get
t
fo A£7)d3 < 0(9) ‘|7]6w€“i2((07t)x92) + 962 ||77V6w5”%2((0,t)><ﬂg) + CG.

From the nonlinear terms, we only consider the boundary term AEQ), since the other
one can be treated in a similar way. One has

t t t
/0 AO gs :e/o frg 5J€g(u£)n26w5dgds+e/0 frg Je(g(ul) - g(ue))n*dwedods
=:BW + B®

Using Assumption Lemma and the trace inequality , for Bé(l) we get

1
Bl <Cez|le][néwe p2((0,eyxrny + Cellel|uel L2 ((o,6)xrm) m0we | £2((0,6)xrm)

1
<Cez |le|[ndwe| L2 ((0,6yxrm)
<C(0)|lel[ndwel L2 (0,¢)xry + O€llel[V(ndwe) | L2 (0,6)xamy
<C(0) [n0we 720 4ycrny + CONEe* + Cellel + 0 [nVOwe 32 0 1)y

Using the positivity of J. and similar arguments as for Be(l) gives
t
B® SCG/ [h |Jcul = Joue|n?|dwe|dods
0 Jrt

t
<Ce f [F 0Tl Bwel + S Pdods
0 €

<Cllelelul] p2( (0,6 xrmy [M6We L2 ((0,6)xrny + C€H775we|\%2((0,t)xrg)

30(9)H’?‘SwsH%Z((O,t)ng) + C(0)|lef” + Celte] + 0€” |V sw. |22 ((0,)xmy + Ce.

Integrating with respect to time, applying the above estimates and the Gronwall-
inequality, after choosing # small enough, gives the desired result. O

4 Two-scale compactness results

In this section we prove a general strong two-scale compactness result for an arbitrary
sequence based on a priori estimates and estimates for the differences of the shifts.
We make use of the unfolding operator in perforated domains, see [9]. First of all, let
us repeat the definition of two-scale convergence, which was introduced in [27] and
[2].

Notation: To respect the notations used in early papers wherein the following con-
cepts have been introduced, in this Section u. and v, will denote arbitrary functions,
and are not related to the microscopic model discussed here.

Definition 2. A sequence u. € LP((0,T) x Q) for p € [1,00) is said to converge
in the two-scale sense to the limit function ug € LP((0,T) x Q xY), if for every
¢ e LP ((0,T) xQ, Cper(Y)) the following relation holds

T T
lim/ /ue(t,x)qﬁ(t,m,f)dxdt:f /fuo(t,x,y)¢(t,x,y)dyda:dt.
e—~0J0 Q € 0 QJYy
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A two-scale convergent sequence u. convergences strongly in the two-scale sense to ug,
if

E_I,% ”“€HL”((07T)XQ) = HUOHLP((O,T)xQxy).
Remark 3.

(i) By replacing Y with Y™ and Q with Qe, the Definition |q can be easily extended
to sequences in LP((0,T) x Q). In both cases we will use the same notation for
the two-scale convergence.

(i) The two scale convergence introduced above should actually be referred to as
"weak two scale convergence”. However, in accordance with the definition in
[2] we neglect the word "weak” and only use ”strong” to highlight the ”strong
two-scale convergence”.

In 3 25] the method of two-scale convergence was extended to oscillating surfaces:

Definition 3. A sequence of functions u. € LP((0,T) xT¢) for p € [1,00) is said to
converge in the two-scale sense on the surface T'c to a limit ug € LP((0,T) x Q2 xT"), if
for every ¢p € C ([O,T] x Q) CPET(F)) it holds that

. T T T
ll_r)%eﬁ fr ug(t,x)qﬁ(t,x,z)dadt— [0 fQfFuo(t,x,y)¢(t,x,y)daydxdt.

We say a two-scale convergent sequence u. converges strongly in the two-scale
sense, if additionally it holds that

. 1
lli%“’ luellLeco.myxr.) = w0l e (0, 7yx@xr)-

An equivalent characterization of the two-scale convergence can be given via the
unfolding operator, see [9], which is defined by (p € [1, 00)) for perforated domains by

T LP((0.T) x 2.) — LP((0,T) x 2 x Y™*), ﬁue(t,x,m:ue(t,e[f]wy),
€

where [-] denotes the integer part. In the same way we can define the unfolding
operator on the whole domin 2 and we use the same notation. We also define the
boundary unfolding operator by

T2 L(OT) <L) = D(OT) x @<, Tudtia,y) = uete| =]+ ey).
€

Let us summarize some important properties of the unfolding operator, which can be
found in [9]

(i) For uc,v. € L*((0,T) x Q) it holds that
(Ue, ve) 22((0,7)x0) = (Tethe, TeVe) L2((0,T)x2xy *) -

(ii) For ue € L*((0,T), H'(Qe)) we have V,Tcu, = €T (Vue).
(iii) For u.,v. € L*((0,T) xT.) it holds that

(u67U6)L2((O,T)><F€) = 6_1(7;bu67vae)Lz((O,T)xQxF)-
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The statements above remain valid if we replace € by €.
In [6] the following relation between the unfolding operator and the two-scale
convergence has been proved (see also [20]).

Lemma 3. For every bounded sequence u. € LP((0,T) x Q) the following statements
are equivalent

(i) ue > ug weakly/strongly in the two-scale sense for ug € LP((0,T) x QA xY).
(i) Teue = ug weakly/strongly in LP((0,T) x QA xY).

The same result holds for u. in LP((0,T) x T'.) with ev lwellLe(o,myxr.y < C and the
boundary unfolding operator T2. The result is also true, if we replace Q with Q. and
Y with Y*.

Now, we define the averaging operator U, : L?((0,T) x 2 x Y*) — L?((0,7T) x £2,)
as the L2-adjoint of the unfolding operator. An elemental calculation, see [9], shows

o [ ofeeloo[£]) {2

with {z} = z - [2]. As an immediate consequence of the L?-adjointness we obtain
[Ue(D) ] L2(0.1)x0.) £ [l L2((0,)x0x74)- (9)
Further, let us define the space
Ho(Y*)={pe H' (Y*): ¢=00n9Y ndY*}.
Then we have the following result

Proposition 2. For all ¢ € L*((0,T)xQ, H{(Y*)) it holds that €V U (¢) = Uc (V).
Especially, we have

|Ue (D) 20,7y, 71.) < D] L2((0,7)x2, 73, (v+))-
In other words, the restriction of U. to L*((0,T) x Q,HL(Y™*)) fulfills
Ue: L*((0,T) x QH(Y™)) - L*((0,T), He).
Proof. This is an easy consequence of the L?-adjointness of I/, and VyTe =€TcVs. In
ﬁzgctTf)or ¢ e L2((0,T) x Q,H(Y™)) and ¢ € C°(£2.) we have almost everywhere in

fﬂeue(@awiquxzfﬁfw T (0, 2b)dydx
=2 [ [ 00, T()dyde
Ry
:_% [Qeue(aywdx,

where the boundary term vanishes since 7c(¢) =0 on I' and ¢ =0 on 9Y n9dY™*. The
inequality is an easy consequence of @ and the definition of H.. O
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This result gives a formula for the generalized time-derivative of Tcu..

Proposition 3. Let v, € L*((0,T) x Q) n HY((0,T),H"). Then we have
Teve € H'((0,T), L* (2, Ho(Y™))')
with
(0:Teve, ) L2 mp (vo)y L2 (@ mi (v+)) = (Orve,Ue (D)), -
Additionally, we have
Haﬂ?veHL?((o,T),Lz(Q,Hé(Y*))') <[ Ovell2(0,1),22)-
Proof. For ¢ € L*(Q, H{(Y*)) and ¢ € D(0,T) we obtain immediately from Proposi-
tion
T
[ [ ) Tewdtamste ! () dydedt
o JaJy+
T T
= [ [, vt @)@y (drdt =~ [ (Droc(1).Ue(6)) 00t

The inequality is a direct consequence of (J;ve,Uc(d))a, = (O¢ve,Uc(P))2r 1. and
Proposition [2] . O

In the next proposition we show that under suitable a priori estimates, the ex-
istence of a generalized time-derivative for a two-scale convergent sequence extends
to the limit function. First, we introduce the difference quotient with respect to
time. Given a Banach space X and with 0 < A « 1, for an arbitrary function
ve L2((0,T),X) we define

v(t+h,x) —v(t,x)
h

Proposition 4. Let v, € L*((0,T),H.) n HY((0,T),H.) with

ohu(t, ) = for t € (0,7 -h), z e X.

lvell 20,720y + 19evell L2 0,1y ,342) < C-

Then there exists v € L*((0,T) x Q, H} . (Y*))n H'((0,T), L*>(Q, H),.(Y*)")), such
that up to a subsequence it holds that

Ve = Vg in the two-scale sense,

eVve = Vyg in the two-scale sense.

Further, for every ¢ € D((0,T) x Q, C;Y(W)) and ¢.(t,x) = ng(t,x, %) it holds that
(up to a subsequence)

T T
lim <8tv€7¢5)H1(Qe)’,H1(Qe)dt:fo <8t7]07¢)L2(Q’H1 (Y*)),L2(Q,H] (y*))dt.

e—=0J0 per per

Proof. By standard two-scale compactness results, a function vg € L*((0,T)x€2, H} . (Y™))
exists such that (up to a subsequence)

Ve = Vg in the two-scale sense,

eVue = Vyvo in the two-scale sense.
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To establish the existence of the weak time-derivative of vy we show that afvo is
bounded in L*((0,T - h),L*(Q, H},.(Y*)")) uniformly with respect to h. For ¢ €
D((0,T) x Q,C2.(Y*)) we define ¢.(t,2) := ¢ (t,#,%). Then it holds that

(0700, B) L2((0,7-h), L2(0, L. (Y*))),L2((0,T—h), L2 (Q,HL (Y*)))

per per

T-h
= h
fo fg fy Fy'vo(t, . y)o(t, . y)dydrdt
T-h
=1lim f /;2 OMve(t, ) pe (t, x)dzdt
0 .

e—0
T-h
- lim (07 ve(t), be(t,))aur 2. dt

e—0 Jo

<l |07 vel| 2 ((0.7-m) 340) | 0l 20,7y 24
< Clim | @c] L2 ((0.7-n).7.)-

The smoothness of ¢ immediately gives

T-h
2 T
€ — = t,l’, —
lo HLZ((O,T h),He) fo fQ ¢’( E)

e—0
— 8120, 7-ny, 2200, 51 (v+)))»

2
+€2

2
+

2
dxdt

cofes?)

Vy@ (t, x, %)

yielding

per per

|<8£1'U07¢>L2((O,T—h),L2(Q,H1 (Y*))),L2((0,T—h), L2 (Q, HY (Y*)))‘ <ClollL2¢o,1y,m51 (v*))-

By density arguments, this result holds for all ¢ € L*((0,T - h), L*(Q, H}.(Y™))).
Since this space is reflexive, we obtain

|07 vo lz2¢0,7-n),L2(,m1_(v*)ry) < C

per

uniformly with respect to k. Hence, dyvo € L*((0,T), L*(Q, H].,(Y*)")). Further, for
¢ € D((0,T) x Q, C;Zr(W))) and ¢ (t,z) = ¢(t,z, f) we obtain by integration by
parts that

T T T
A ((%ve,¢6)H1(Q€),7H1(Qe)dt = —/O‘ /S;e ve(t,m)(’“)tgzﬁ (t,!L'7 ;)dl’dt
e—0 T
- = [ f f UO(t7xay)atdj(tvxay)dydxdt
0 QJY*

per per

= £T<at007¢>L2(Q,H1 (Y*)),L2(HL, (Y*))-
With this, the proposition is proved. O
Remark 4. If the condition for the time-derivative dyv. in Proposition[] is replaced
by the weaker one, namely Oyv. € L*>((0,T), H'(2.)") with
|0l L2 (0,1, 11 (2.)) < C

the existence of Oyvg is not guaranteed anymore. However, using similar arguments as
in the proof above, one shows that the time-derivative of vy = [ vody exists. More
precisely, we have vy € L*((0,T), H*(Q)") and for all ¢ € H(Q) it holds that
T T
lim [ (Ove, By 1o,y mr () = fo (000, @) Er (), H1 ()

e—~0 J0
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For the proof of the strong two-scale compactness result we make use of the fol-
lowing lemma, which gives a relation between differences of shifted unfolded functions
and the functions itself.

Lemma 4. Let v, € L*((0,T) x€.). For 0<h < 1 and |z| < h it holds that

2
[ Teve(t. 2+ 2,9) = Teve| 2 1y evoy < {Z} [8rvelZz o,myxcan
je{0,1}n

with 1= 1(e, 2, §) = j +[2].

Proof. This result was proved for thin domains in [26, p. 709-710] and extended to
domains in [I6, Proof of Theorem 3. O

Now, we are able to formulate the strong two-scale compactness result.

Theorem 1. Consider a sequence of functions v, € L*((0,T), H'(Q2))nH((0,T),H.)
satisfying the following conditions

(i) An e-independent C > 0 exists such that
lvell 220,72y + 19evel L2 0,1y 342 ) < C-

(i) For 0 <h << 1 and £ € Z™ with |le| < h, it holds that

el—0
I6vell z2((0,1),22(ry)y + €1VOVe] L2((0,1),22(2n)y — O

Then, there exists vo € L*>((0,T) xQ, H..(Y™*)), such that for 3 € (%, 1) andpe[1,2)
it holds that

Tove »vo  in LP(Q, L*((0,T), H? (Y™))).

Remark 5. The strong convergence of Teve to vg in L2((0,T) x Q, H?(Y*)) can be
obtained if the condition is replaced by

h—0
l0vell L2(0.1), L22)) + €l VOVe] L2 (0,1, L2(02)) — 0,

where |le| < h. For this, in the proof below one has to make use of a result that is
similar to [15, Theorem 2.2], which can be proved in the same way as there. However,
to obtain the results stated here, the strong convergence for p € [1,2) is sufficient.

Proof of Theorem[1. We apply [15, Corollary 2.5] , which gives a generalization of
Simon compactness results from [36] for domains in R”, and therefore we have to
check the following properties:

(a) For A c Q measurable, the sequence V(t,y) = [, Teve(t,z,y)dx is relatively
compact in L2((0,T), H?(Y™)).

(b) For 0<h « 1 and |z| < h it holds that

z—0
Slip ||7;U6(t7 T+z, y) - Teve HLp(Qh,LQ((O,T),Hﬁ(Y*))) -
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(c) It holds that (h > 0)

h—0
— 0.

Sup | 7eve HLP(Q\Qh,LQ((O,T),HB(Y*)))

First of all, let A c Q and V. defined as in @ The properties of the unfolding
operator and the condition |(i)[ imply

2 2 2
‘|‘/;||L2((O,T),H1(Y"')) S ||7;U6||L2((O,T)XQ,H1(Y*)) S CH/UC ||L2((O7T),He) S C
Further, it holds for all ¢ € H(Y*) that
(6t‘/;7¢)7{(1)(Y*)’,H(1)(Y*) = (atﬁve’XA¢)L2(Q,’Hé(Y*))’,LZ(Q,"Hé(Y*))’

where x4 denotes the characteristic function on A. This implies for ¢ € H}(Y*) with
l#[ £ (y+) <1 together with Proposition

(0 Ve, )aea vy v < Haﬂéve||L2<Q7Hé(y*)), X0l L2 (vey) € Clowe| ..

Now, the condition (1) implies that
10:Vell 2 0.1y 12 vy < C,

i.e. V. is bounded in L2((0,7), H*(Y*))n H'((0,T),H{(Y*)"). Since the embedding
HY(Y*) - HP(Y*) is compact for 8 € (%,1) whereas H?(Y*) - H{(Y*)" continu-
ously, the Aubin-Lions Lemma implies that V; is relatively compact in L2((0,T), H?(Y*)).
This is condition [(a)] above.

To prove we use Lemma [4| to obtain that for 0 < h < 1 and |z| < h and € small
enough

2

[Tevet 2+ 2,9) = Teve] o gy, 20,9, 12009y

< C”ﬁ%(t T+ 2z,y) ~ Teve H2L2((0,T)x92h,H1(Y))

<C Y ov. H2L2((0,T)x§zg) + OGQHVCSUeHQB((o,T)XQg)
je{0,13n
with [ =€ (j + [i&(m the definition of §). Hence, for €,z — 0 we have fe - 0. Due
to the condition the right-hand side converges to 0 for €,z — 0. This means, that
@ holds for all but finitely many e. However, for these finitely many ¢, we can use
the standard Kolmogorov compactness result, and therefore @ is proved.
Condition is an easy consequence of the Holder inequality. For p* := 2%,

* * h—0
| Tevell o canan 220y, H8 vy < [N Q| Tvel 2 0,myxa, i (vy) < CRP =50,

where in the last inequality we used the condition O

5 Derivation of the macroscopic model

In this section we use the compactnes results obtained in Section [4 and the a priori
estimates from Section[3|to derive the macroscopic model, obtained for € - 0. In a first
step, we derive an effective model defined on the reference domain, more precisely the
reference element. Eventually, we transform the model to the one defined on a moving
domain, described with the help of time- and space-dependent reference elements.
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Proposition 5. Let u. be a sequence of weak solutions to Problem Pr in . There
exists aug € L*((0,T)xQ, H, . (Y*)))NL®((0,T), L*(QxY™)) with Joug € L*((0,T)x
Q,H} (Y*))nH'((0,T),L*(Q, H,..(Y*)")), such that, up to a subsequence, for p e
[1,2) and B € (%, 1) it holds that

Teue = ug in LP(Q,L*((0,T) x Y*)),
7;Ue - Ug m LP(Q7L2((0aT) x F))>
Te(Jeue) - Joug in LP(Q, L*((0,T), H®(Y™))).

Additionally, for every ¢ € ’D((O,T),LQ(Q),HQET(Y*)) and ¢ (t,x) := gb(t x £)

» Uy e

T T
li_{%[o (8t(Jeue)7¢6)H1(Qe)’,H1(Q€)dt:A (0c(Jouo), @) 20,11, (v*)),L2(0,H2,, (v+))dL-

per

Before giving the proof of Proposition [5| we state briefly a result about the strong
convergence of J. and the regularity of the time-derivative 0;Jy. This follows directly
from the assumptions on J,.

Remark 6. Theorem |I| implies that
TeJe = Jo in L*((0,T) x Q,H*(Y"))

for B e (%, 1). Further, by Pmposition and the boundedness of TcJ. in L= ((0,T) x
QWEP(Y*)), for every pe[1,00) we obtain

Jo € L=((0,T) x QW2 (Y™)),
VJo e L=((0,T) xQxY"™),
OeJo € L*((0,T), L*(, Hyer (Y™)")),
co < Jy < Cy.
Proof of Proposition[5 Assumption gives TeJ. - Jo in LI((0,T) x Q x Y*) for
every ¢ € [1,00). The a priori estimates from Lemma [1| imply the existence of a
ug € L*((0,7) x Q, H:_(Y*)), such that up to a subsequence

per
Teue = ug  weakly in L2((0,T) x Q, H'(Y™*)).
Further, since Tcu, € L= ((0,T), L?(2 x Y*) it holds that (see again Lemma [1)
luoll o (o.1). 22 (0xy )y <1 | Teue] Lo (o.1), 22 (xv+)) € €

for all p € [1,00) with a constant 0 < C' independent of p. Hence, we have obtained
that ug € L= ((0,7), L2(Q x Y*)).

With TcJ. € L= ((0,T) x 2 x Y™) and since it converges strongly in the L sense
for any q € [1,00), we obtain

Te(Jeue) —~ Joug  weakly in L*((0,T) x Q x Y*).

Further, due to Lemmata [l|and |2 recalling Assumption [(AD4)| the sequence J 1,

fulfills the conditions of Proposition 4| and Theorem Hence Joug € L?((0,T) x
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Q, HL, (V")) n H'((0,T), L*(, H}

per
that, up to a subsequence,

(Y*)")) and for pe[1,2) and S € (%, 1) it holds

er

7;(Jeue)_)<]0u0 in Lp(QvLQ((OvT)vHIB(Y*)))

Moreover, for every ¢ € D((O,T) x Q, ngr(Y*)) and ¢(t,x) = ¢ (t,x, %),

per

T T
li_{%[o (8t(Jeue)7¢6)H1(Qe)’,H1(Q€)dt:A (0c(Jouo), P 20,11, (v*)),L2(0,H2,, (v+))dL-

Especially, due to the continuity of the embedding H”(Y*) < L?(T") we obtain
Te(Jeue) - Joug  in LP(, L2((0,T) xT)).

Now, since J. > ¢ > 0, the strong convergence of T..J. (which holds in L?((0,7") x
Q,HA(Y™))), see Remark@ and Lebesgue’s Dominated Convergence Theorem imply
Teue = ug in LP(Q, L*((0,T) x Y™)),

Toue — g in LP(Q, L*((0,T) x I)).

O

We remark that for the time-derivative J;uy we obtain the following regularity:
From the product rule we obtain in the distributional sense

at’LLO = J(;lat(JouO) - JSI’LLoatJo.

Since Jg!' € L=((0,T) x Q,Wz}éﬁ(Y*)) for every p € [1,00), and especially p > n, we
have for every ¢ € H) . (Y*) that J5'(t,2,-4)¢ € H),(Y™) for almost every (t,x) €
(0,T) x Q. Hence, from 8;(Jouo) € L*((0,T) x Q, H}.(Y*)") we obtain that the first
term on the right in the equation above is an element of L*((0,T) x Q, H].(Y*)").

However, this is not true for the second term. We only have that, for ¢ € W}}é‘g(Y*)
with ¢ > n,

(J61U03tJOv¢>W§é?(Y*)',W§é?(Y*) = {0 o, J51u0¢>H$er(Y*>’»H$er(Y*>’

almost everywhere in (0,7) x Q. Therefore dyug € L*((0,T) x Q, WLa(Y*)").

per

Corollary 1. Up to a subsequence, it holds that

flue) = f(up) in the two-scale sense,

g(uc) = g(uo) in the two-scale sense on I'e.

Proof. This is an easy consequence of the strong convergence results for u. from
Proposition |5} For more details see [18, Corollary 5]. O

The assumptions on the transformation S, guarantee that

D. - [VySo]f1 D [VySO]fT strongly in the two-scale sense,

o, > [VySO]fl 0:So strongly in the two-scale sense,

24



where the strong two-scale convergence is valid with respect to every LP-norm for
pe[1,00). To simplify the writing we define

D= [VySo] " D[VySo] ™", a5 = [VySol g0, v = [VySo] T 0uSo
and state Problem P,;, which is to find ug solving

0¢(Joug) = Vy - (JoDg Vyuo = Jogouo + Jovguo) = Jo f (uo) in (0,7)xQxY™,
~JoD{Vyug v =-Jog(ug) on (0,7) x Q2xT,
uo(0) = u° in QxY",
uo(t,x,-) is Y-periodic.

Due to the low regularity of d;ug, we cannot guarantee ug € C°([0,7], L*(Q x Y*)),
so the initial condition ug(0) = u° holds only in a weaker sense. In fact, we show that
there is a set of measure zero N c (0,7, such that

. .0 =
lmfuo(8) =iy = 0.

Problem P, is the macroscopic counterpart of Problem Pr, as follows from

Theorem 2. The limit function ug € L*((0,T) x Q, H._(Y™)) satisfies 0;(Joug) €

per

L2((0,T), L*(, H) . (Y*)")), and is the unique weak solution of Problem Py;.

Proof. Testing in (@) with ¢.(t,z) = ¢ (¢, z, f) for ¢ € C5°([0,T) x Q, C2.(Y™)) gives

per

T
| ). oo,

T 9 z) 1 x
+ / [Q [e JDVue — €Jeqete + ngéue] Ve (t, x, f) +-Vyo (t,x, 7) dxdt
0 . € € €

:fonm Jef(ue)¢edxdt+ef0TfF‘ Jeg(ue)pedodt.

Using the convergence results from Proposition [5 we obtain for € — 0

T
fo (0:(Jouo), ®) L2(a,m1_(v*)y,L2(0,HL (v+))dt

per per

T
i /0 fn /y [JoDg Vyuo = Jogguo + Jovguo] - Vy¢dydudt

:fOT/Q/Y* Jof(uo)qsdydmdmfonwa Jog(uo)ddo, dzdt.

The regularity of Jyug stated in Proposition [5| implies that Joug € C°([0,T], L?(£ x
Y*)). Hence, integration by parts with respect to time in the equations above, and
similar arguments as before, imply

(J(]Uo)(O) = J()(O)uo.

Now, for almost every t € (0,7) we have

luo(t) = u®| 1 axy+y < C(1J0(0)uo(t) = Jo(#)uo(t) | L axy+) + [Jo(£)uo(t) = Jo(0)u’ | L1 (axy+))-
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The second term vanishes for ¢ - 0, due to the observations above. For the first term
we obtain using ug € L=°((0,7), L*(2x Y*))

[J0(0)uo(t) = Jo(t)uo(t) | L1 (axy*) < [J0(0) = Jo(t)] 2 (xy =y w0 () [ L2(axy )

t—0

< C[Jo(0) = Jo(*)ll L2 (axy+) — 0.

5.1 Transformation to the evolving macroscopic domain

Now we formulate the macroscopic Problem Pj; in an evolving macroscopic domain.
We define Y (¢, ) := So(t,2,Y™*) and I'(¢,x) := Y (¢,z) \ Y, and

7:LO: U {(t,x)}xY(t,x)»R, ﬂO(t7m7y):uO (t,$7561(ta$7y))~
(t,z)e(0,T)xQ

Further, we set for (t,z) € (0,7) xQ and y € Y (¢, )
Go(t,,y) = qo (t,2, 55" (t,2,9)),
and for z € Q and y € Y(0, ) the initial condition
@ (z,y) =u’ (CL‘, S50, z, y)) )

Finally, let Q7 := Ugtzyeo,myxe{(t,2)} x Y (t,2) and G* = Uy aye0,ryx{(t,2)} x
['(t,). With this, an elemental calculation shows that for all ¢ € C* (QT) with
¢(T,-) =0 and Y-periodic, one has

T T
_/O fgfy(t,w) ant¢dyd$dt+f0 fﬂfy(t@) [DVyuo—qOuo]-Vy¢dydxdt
T T
- ioodydadt+ [ [ [ glio)odo,dudt
i fﬂfm,m)f(uo)(b et s Jo - Jo gy IR0 00w

~0
0)dydzx.
+]ny(07w)u¢<)yx

In other words, g is the weak solution of the macroscopic problem defined in an
evolving macroscopic domain

Oyig = Vy - (DV o = Gotio) = f(tio) in Q"
~DVyiig-v = -g(ip) on GT,

70 (0) = a@° in Lg){x} x Y (0, ),

(10)

Ug is Y -periodic.

We emphasize that for regular enough data and solutions (which are not guaranteed
by our assumptions), we would obtain ¢o(t,z,y) - v = 8;S0(t,x,y) - v for almost every
(t,z,y) e GT.
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6 Conclusion

We derived a macroscopic model for a reaction-diffusion-advection problem defined in
a domain with an evolving microstructure. The evolution is assumed known a priori.
We consider a low diffusivity (of order €*), and include nonlinear bulk and surface
reactions. The effective problem depends on the micro- and the macro-variable, and
the evolution of the underlying microstructure is approximated by time- and space-
dependent reference elements Y (¢,2). Hence, in each macroscopic point x, we have
to solve a local cell problem on Y (¢,2). We emphasize that our methods are not
restricted to the scalar case, but can be extended easily to systems of equations with
Lipschitz-continuous nonlinearities. In order to carry out the homogenization limit,
we proved general two-scale compactness results just based on a priori estimates for
sequences of functions with oscillating gradients, and low regularity with respect to
time. In doing so, we used the appropriately scaled function space H., which allowed
us to show compactness results, especially regarding the time-derivative.

In general applications, however, the evolution of the microstructure is not known
a priori, and can be influenced by adsorption and desorption processes at the micro-
scopic surface, or by mechanical forces. In such cases, one has to consider strongly
coupled systems of transport, elasticity, and fluid flow equations in domains with
an evolving microstructure, leading to highly nonlinear problems with free bound-
aries. In this context, the identification of the transformation S, and its control with
respect to the parameter e plays a crucial role. If this is achieved, the multi-scale
methods developed in this paper can be employed in the study of such more complex
applications.

Acknowledgments

MG and ISP were supported by the Research Foundation - Flanders (FWO) through
the Odysseus programme (Project GOG1316N). MG was also supperted by the project
SCIDATOS (Scientific Computing for Improved Detection and Therapy of Sepsis),
which was funded by the Klaus Tschira Foundation, Germany (Grant Number 00.0277.2015).

References

[1] E. Acerbi, V. Chiadd, G. D. Maso, and D. Percivale. An extension theorem
from connected sets, and homogenization in general periodic domains. Nonlinear
Analysis, Theory, Methods & Applications, 18(5):481-496, 1992.

[2] G. Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal.,
23:1482-1518, 1992.

[3] G. Allaire, A. Damlamian, and U. Hornung. Two-scale convergence on periodic
surfaces and applications. in Proceedings of the International Conference on
Mathematical Modelling of Flow Through Porous Media, A. Bourgeat et al., eds.,
World Scientific, Singapore, pages 15-25, 1996.

[4] A. Alphonse, C. M. Elliott, and J. Terra. A coupled ligand-receptor bulk-surface
system on a moving domain: well posedness, regularity, and convergence to equi-
librium. SIAM Journal on Mathematical Analysis, 50(2):1544-1592, 2018.

27



[5]

[15]

[16]

T. Arbogast, J. Douglas, and U. Hornung. Derivation of the double porosity
model of single phase flow via homogenization theory. SIAM J. Math. Anal.,
27:823-836, 1990.

A. Bourgeat, S. Luckhaus, and A. Mikeli¢. Convergence of the homogenization
process for a double-porosity model of immiscible two-phase flow. SIAM J. Math.
Anal., 27:1520-1543, 1996.

C. Bringedal, I. Berre, I. S. Pop, and F. A. Radu. Upscaling of Non-isothermal
Reactive Porous Media Flow with Changing Porosity. Transp. Porous Med.,
114(2, SI):371-393, 2016.

C. Bringedal, L. von Wolff, and I. S. Pop. Phase field modeling of precipitation
and dissolution processes in porous media: upscaling and numerical experiments.
Multiscale Model. Simul., 18(2):1076-1112, 2020.

D. Cioranescu, A. Damlamian, P. Donato, G. Griso, and R. Zaki. The periodic
unfolding method in domains with holes. SIAM J. Math. Anal., 44(2):718-760,
2012.

D. Cioranescu, A. Damlamian, and G. Griso. Periodic unfolding and homoge-
nization. C. R. Acad. Sci. Paris Sér. 1, 335:99-104, 2002.

D. Cioranescu and A. Piatnitski. Homogenization of a porous medium with
randomly pulsating microstructure. Multiscale Modeling € Simulation, 5(1):170—
183, 2006.

D. Cioranescu and A. L. Piatnitski. Homogenization in perforated domains with
rapidly pulsing perforations. ESAIM: Control, Optimisation and Calculus of
Variations, 9:461-483, 2003.

M. Eden and A. Muntean. Homogenization of a fully coupled thermoelasticity
problem for highly heterogeneous medium with a priori known phase transfor-
mations. Mathematical Methods in the Applied Sciences, 40:3955-3972, 2017.

M. Fotouhi and M. Yousefnezhad. Homogenization of a locally periodic time-
dependent domain. Communications on Pure & Applied Analysis, 19(3):1669,
2020.

M. Gahn and M. Neuss-Radu. A characterization of relatively compact sets in
LP(Q, B). Stud. Univ. Babes-Bolyai Math., 61(3):279-290, 2016.

M. Gahn, M. Neuss-Radu, and P. Knabner. Derivation of an effective model for
metabolic processes in living cells including substrate channeling. Vietnam J.
Math., 45(1-2):265-293, 2016.

M. Gahn, M. Neuss-Radu, and P. Knabner. Homogenization of reaction—diffusion
processes in a two-component porous medium with nonlinear flux conditions at

the interface. SIAM J. Appl. Math., 76(5):1819-1843, 2016.

M. Gahn, M. Neuss-Radu, and P. Knabner. Effective interface conditions for
processes through thin heterogeneous layers with nonlinear transmission at the

microscopic bulk-layer interface. Networks and Heterogeneous Media, 13(4):609—
640, 2018.

28



[19]

[20]

[21]

22]

[23]

E. Hanzawa. Classical solutions of the Stefan problem. Tohoku Math. J.,
33(3):297-335, 1981.

M. Lenczner. Homogénéisation d’un circuit électrique. Comptes Rendus
de I’Académie des Sciences-Series I11B-Mechanics- Physics- Chemistry-Astronomy,
324(9):537-542, 1997.

J. E. Marsden and T. J. R. Hughes. Mathematical Foundations of Elasticity.
DOVER PUBN INC, 1994.

A. Meirmanov and R. Zimin. Compactness result for periodic structures and its
application to the homogenization of a diffusion-convection equation. Elec. J. of
Diff. Equat., 115:1-11, 2011.

A. Mielke, S. Reichelt, and M. Thomas. Two-scale homogenization of nonlinear

reaction-diffusion systems with slow diffusion. Networks & Heterogeneous Media,
9(2):353 — 382, 2014.

T. Muthukumar, J.-P. Raymond, and K. Sankar. Homogenization of parabolic
equation in an evolving domain with an oscillating boundary. Journal of Math-
ematical Analysis and Applications, 463(2):838-868, 2018.

M. Neuss-Radu. Some extensions of two-scale convergence. C. R. Acad. Sci.
Paris Sér. I Math., 322:899-904, 1996.

M. Neuss-Radu and W. Jéager. Effective transmission conditions for reaction-
diffusion processes in domains separated by an interface. SIAM J. Math. Anal.,
39:687-720, 2007.

G. Nguetseng. A general convergence result for a functional related to the theory
of homogenization. SIAM J. Math. Anal., 20:608-623, 1989.

M. A. Peter. Homogenisation in domains with evolving microstructures. C. R.
Macanique, 335:357-362, 2007.

M. A. Peter. Coupled reaction—diffusion processes inducing an evolution of
the microstructure: Analysis and homogenization. Nonlinear Analysis: Theory,
Methods & Applications, 70(2):806 — 821, 2009.

M. A. Peter and M. Bohm. Multiscale modelling of chemical degradation mech-
anisms in porous media with evolving microstructure. Multiscale Modeling &
Simulation, 7(4):1643-1668, 2009.

J. Priiss and G. Simonett. Moving Interfaces and Quasilinear Parabolic Evolution
FEquations. Birkhauser, 2016.

M. Redeker, C. Rohde, and I. S. Pop. Upscaling of a tri-phase phase-field model
for precipitation in porous media. IMA J. Appl. Math., 81(5):898-939, 2016.

I. E. Scheffler. Mitochondria. John Wiley & Sons, 2008.

R. Schulz and P. Knabner. Derivation and analysis of an effective model for
biofilm growth in evolving porous media. Math. Methods Appl. Sci., 40(8):2930—
2948, 2017.

29



[35]

[38]

[39]

R. Schulz, N. Ray, F. Frank, H. S. Mahato, and P. Knabner. Strong solvability
up to clogging of an effective diffusion-precipitation model in an evolving porous
medium. Euro. Jnl of Applied Mathematics, 2016.

J. Simon. Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl., 146:65-
96, 1987.

T. L. van Noorden. Crystal precipitation and dissolution in a porous medium: Ef-
fective equations and numerical experiments. Multiscale Modeling & Simulation,
7(3):1220-1236, 2009.

T. L. van Noorden and A. Muntean. Homogenisation of a locally periodic medium
with areas of low and high diffusitvity. Euro. Jnl of Applied Mathematics, 22:493
~ 516, 2011.

T. L. van Noorden and A. Muntean. Corrector estimates for the homogenization
of a locally periodic medium with areas of low and high diffusivity. Furo. Jnl of
Applied Mathematics, 24:657 — 677, 2013.

C. Vogt. A homogenization theorem leading to a volterra integro-differential
equation for permeation chromotography. SFB 123, University of Heidelberg,
Preprint 155 and Diploma-thesis, 1982.

30



