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Abstract

We examine the performance of the power prior and the meta-analytic-predictive
(MAP) prior for the analysis of (overdispersed) count data when multiple historical
control data are incorporated into the analysis of the current data. To this end, we
explore the Poisson and the negative binomial distribution. We propose a computa-
tional approach based on path sampling for the calculation of the scaling constant
of the modified power prior (MPP). We illustrate the methods through a motivating
example of a clinical trial evaluating the effect of an experimental treatment to reduce
the number of incontinence events for patients with an overactive bladder. Further-
more, we assess the performance of these methods via a simulation study in case of
heterogeneity of the control arms. For similar current and historical control arms, the
MPP approach offers greater statistical power than the MAP prior approach. When
the means are different across the control arms, the MPP yields a slightly inflated
type I error rate, whereas the MAP prior does not. When the dispersion parameters
are different across the control arms, the results are reversed. In conclusion, the MPP
approach outperforms the MAP prior approach for count data.

Keywords: Meta-analytic predictive prior, negative binomial, Poisson, overdispersion,
power prior

*Correspondence Akalu Banbeta, akalubanbetastat@gmail.com I-Biostat, UHasselt, Hasselt, Bel-
gium.

1



1 Introduction

The inclusion of historical control data in the analysis of clinical trial data may reduce the

size of the control group and/or increase the power of the study. But naively pooling the

historical controls with the current control data often results in an inflated type I error

rate and a biased treatment estimate. Bayesian procedures have been developed to borrow

information from historical studies that take into account the discrepancy of the historical

to the current data. These are the so-called dynamic borrowing methods. There is lately an

increased interest in the use of such dynamic borrowing methods, with the most popular

approaches based on the power prior (Ibrahim and Chen 2000; Duan et al. 2006) and

the meta-analytic-predictive (MAP) prior (Neuenschwander et al. 2010). Both methods

discount the impact of historical data to account for between-study heterogeneity. But the

performance of the two approaches may depend on the amount of historical results and

type of variability of the results in the study arms, and on how this variability is addressed

in the analysis (Banbeta et al. 2022).

The power prior approach assumes that the parameters of historical and current data

are the same, but that the historical data are discounted to an amount that is proportional

to the discrepancy between the historical and current data. Discounting with the power

prior is obtained by raising the likelihood function of the historical data to a power δ, where

0 ≤ δ ≤ 1. The power prior approach was first proposed by Ibrahim and Chen (2000) to

borrow information from a single historical data, and later extended to multiple historical

studies by Duan et al. (2006). The power is interpreted as the fraction of information to

be borrowed from the historical study, and can be fixed by the user or estimated from the

(control and current) data. For multiple historical data, each of the historical likelihoods

are raised to a power. These powers can be taken different and independent (Duan et al.

2006) or dependent (Banbeta et al. 2019). When the power is estimated from the data,

Duan et al. (2006) suggested to use the normalized power prior to obey the likelihood

principle. The power prior approach is especially useful with very few historical studies.

There is no objection to use the normalized power prior approach with multiple historical

studies, but estimating the powers may become computationally intensive especially when

the powers are estimated using a Markov chain Monte Carlo (MCMC) approach. Indeed,
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since the scaling constant, which involves integration, needs to be computed at each MCMC

iteration, the procedure becomes quickly cumbersome for multiple historical studies. In

previous publications of our team, we have explored various versions of the power prior

approach for multiple historical controls for binary (binomial model) and Gaussian (normal

distribution) data, see (Banbeta et al. 2019) and (Banbeta et al. 2022). Here we explore

the power prior approach for count data. We first look at the Poisson distribution, and

then to the negative binomial distribution which is of more interest since it addresses the

often encountered overdispersion.

In contrast to the power prior approach, the MAP prior approach assumes that the

model parameters of the studies are exchangeable thereby sharing a common distribu-

tion. In the MAP prior approach borrowing information from historical studies is in-

versely proportional to the heterogeneity among the (historical and current) studies. The

between-study variability is measured by the between-study variance. The connection of

this approach to a random effects meta-analysis makes it a popular choice for dynamic

borrowing. However, with a single or very few historical studies much of its attractive

properties depends on the available information of the between-study variance.

For both approaches borrowing information will be minimal when there is great discrep-

ancy between the results obtained from the historical studies vis-a-vis the results obtained

from the current study. In some cases, the current results may be so different that we wish

to ignore the historical data. This is an example of a (current) data - (historical informa-

tion) prior conflict. Such a data-prior conflict is not known at the start of a new trial. In

order to be protected against such great discrepancy, Schmidli et al. (2014) suggested to

robustify the MAP prior. Robustified power priors have been suggested by Banbeta et al.

(2019) and Banbeta et al. (2022) for binary and Gaussian data.

Little attention has been devoted to dynamic borrowing methods for count data, es-

pecially for the power prior approach. In this paper, we explore the power prior for the

Poisson model and the negative binomial model, when there is overdispersion in the counts.

Focus is on the computational aspects of the normalized power prior. Further, we have

performed a simulation study to compare the performance (type I error rate and power)

of the power prior and the MAP prior for the two count models. In addition, the dynamic
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borrowing methods are applied to a placebo controlled phase III study treating overactive

bladder (OAB) patients for incontinence events.

Incontinence (leakage) is an important symptom of an overactive bladder. The primary

outcome of OAB trials is often the number of incontinence episodes recorded in micturition

diaries, which can be analyzed with a Poisson or negative binomial model. In Martina et al.

(2015), a frequentist Poisson and negative binomial model was applied by pooling the data

of three randomised, double blind, placebo controlled phase III studies. See Khullar et al.

(2013), Nitti et al. (2013) and Herschorn et al. (2013) for a description of these three trials.

In these trials a similar control treatment was used. Here we wish to use the control arms

of the trials described in Khullar et al. and Nitti et al. as historical controls for the study

of Herschorn et al.. In this study the efficacy of 50 mg mirabegron in patients with OAB

was evaluated. The original frequentist analysis was based on a rank ANCOVA (Herschorn

et al. 2013), but it did not fit the data well enough to allow a clear clinical interpretation

(Martina et al. 2015).

Our paper proceeds as follows. Section 2 describes the considered OAB trials. Section

3 gives an overview of the power prior and the meta-analytic prior approach. In the same

section the methods are applied to the two count models. In Section 4 we analyze the

clinical trial described in Herschorn et al. (2013) thereby borrowing information from two

previously conducted trials described in Khullar et al. (2013) and Nitti et al. (2013). Section

5 describes the set up and the results of our simulation study. Section 6 concludes with a

discussion. Supplementary derivations and results are presented in the Appendix.

2 Motivating Example

An overactive bladder causes a frequent and sudden urge to urinate that may be difficult

to control. In addition, one may also experience unintentional loss of urine (urgency in-

continence). Here, we considered three randomised controlled trials for patients with OAB

in the Phase III studies (see Khullar et al. 2013, Nitti et al. 2013 and Herschorn et al.

2013). All of these trials use a similar treatment for the control group. The latter trial

evaluates the effect of 50 mg mirabegron on incontinence episodes as compared to a con-

trol treatment. The original analysis of the trials make use of an ANCOVA model based
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on change from baseline in incontinence episodes was implemented. Later Martina et al.

(2015) applied a frequentist Poisson and negative binomial model to the study data. The

endpoint of this analysis was the number of incontinence episodes in a 3-day period. In

this study, we considered the number of incontinence episodes observed three days prior to

week 12 as the endpoint of interest. We used control data described in Khullar et al. and

Nitti et al. to help evaluating the effect of active treatment over the control treatment in

the trial of Herschorn et al. using the borrowing methods. The descriptive statistics for

the three trials are shown in Table 1.

Table 1: The descriptive statistics of patients in the motivating example.

Trial Khullar et al. (2013) Nitti et al. (2013) Herschorn et al. (2013)
Group Control Control Control Treatment
Number of subjects 291 325 262 256
Inc12, mean (SD) 4.6 (7.3) 5.3 (8.2) 4.5 (7.0) 3.4 (6.2)
Inc0, mean (SD) 8.0 (7.1) 9.0 (9.1) 7.3 (7.0) 7.5 (6.8)
Sex, n (%)
Female 243 (83.5) 270 (83.1) 211 (80.5) 204 (79.7)
Male 48 (16.5) 55 (16.9) 51 (19.5) 52 (20.3)
Age group, n (%)
< 65 years 177 (60.8) 191 (58.8) 165 (63.0) 148 (57.8)
≥ 65 years 114 (39.2) 134 (41.2) 97 (37.0) 108 (42.2)

Abbreviation: Inc0, total number of incontinence events in the 3-day diary at baseline;
Inc12, the number of incontinence episodes observed three days prior to week 12; SD,
standard deviation.

From Table 1 one can observe that the variance of the counts exceeds their mean,

indicating overdispersion at baseline and at week 12. Therefore, we considered in this

study not only the Poisson distribution to model the response but also the negative binomial

distribution.

3 Dynamic Borrowing Methods

This section discusses the two aforementioned Bayesian borrowing methods. In Section

3.1, the general framework of the power prior approach is introduced, while in Section 3.2

the power prior approach is developed for count data. Finally, in Section 3.3, the MAP

prior approach for count data is discussed.
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3.1 The Power Prior Approach

3.1.1 Basic Formulation

The power prior approach (Ibrahim and Chen 2000; Duan et al. 2006; Banbeta et al. 2019)

provides an informative prior based on historical data for Bayesian inference for the analysis

of current data. The power prior is constructed by raising the likelihood function of the

historical data to a fractional power 0 ≤ δ ≤ 1 to discount the historical data relative to

the current data. Let the data from the current study denoted by D and the likelihood

function for a chosen model be denoted by L(θ|D), where θ is a vector of unknown model

parameters. We denote the data of the historical study by D0. Note that for the power

prior approach, it is assumed that the model parameter θ is the same in the historical and

current data. The initial formulation of the power prior for θ is defined as (Ibrahim and

Chen 2000)

p(θ|D0, δ) ∝ L(θ|D0)
δp0(θ), (1)

with δ chosen by the user and p0(θ) is the initial prior for θ of the historical data D0.

Including the current data D yields the following posterior distribution

p(θ|D0,D, δ) ∝ L(θ|D)L(θ|D0)
δp0(θ). (2)

The parameter δ downweights the historical data relative to the likelihood of the current

study L(θ|D). The case δ = 0 implies that the historical data are neglected; while δ = 1

gives equal weight to L(θ|D0) and the likelihood of the current study L(θ|D), resulting in

full incorporation of the historical data. In other words the two data sets are pooled in the

latter case.

While in (1) δ is fixed by the user, it may not be easy to choose for an appropriate

value of the power. Another approach is to estimate δ from the data. This can be done by

giving δ a prior. In that case we work with the joint power prior p(θ, δ) to produce a joint

posterior distribution for (θ, δ). However, this posterior distribution does not satisfy the

likelihood principle (Birnbaum 1996) (see Duan et al. (2006) for a proof). For this reason
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Duan et al. has suggested a normalized posterior distribution

p(θ, δ|D0,D) ∝ L(θ|D)L(θ|D0)
δp(δ)p0(θ)

C(δ)
, (3)

where C(δ) =
∫
θ
L(θ|D0)

δp0(θ)dθ is a scaling constant (see e.g. Duan et al. 2006). The

corresponding power prior is often referred to as the normalized or modified power prior

(MPP).

The original power prior approach has interesting statistical properties (see e.g. Ibrahim

and Chen 2000 and Ibrahim et al. 2015). However, choosing a justified power may not be

easy, especially when there are multiple historical studies. Because the joint power prior

does not satisfy the likelihood principle, it violates the basic Bayesian principle and is

therefore not recommended. This leaves us with the modified power prior, which requires

the computation of the scaling constant. When the parameters are estimated using Markov

chain Monte Carlo methods, the scaling constant needs to be computed at each iteration.

This may be computationally intensive since it involves evaluating an integral. This is

illustrated in Section 3.2.

3.1.2 Multiple Historical Studies

The power prior approach has been developed to incorporate multiple historical studies

(Duan et al. 2006; Banbeta et al. 2019, 2022). With the same settings as in the previous

section, suppose now that we have K historical data sets denoted by D0k (k = 1, . . . , K).

Now for each historical data set we apply a power parameter δk (k = 1, . . . , K). For δk fixed

and chosen a priori by the user, the power prior with multiple historical studies is obtained

from extending (1) to p(θ |D0, δ) ∝
∏K

k=1 L(θ |D0k)
δkp0(θ), where D0 = {D01, . . . ,D0K}

represents the data of K historical studies and δ = {δ1, . . . , δK} denotes the total vector

of chosen powers.

It is now even more difficult to choose appropriate powers a priori, and therefore the

preferred approach is to estimate δ. In that case, the posterior distribution for (θ, δ) based
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on the modified power prior with multiple historical studies is generalized as

p(θ, δ |D0,D) ∝
L(θ|D)

[∏K
k=1 L(θ |D0k)

δkp(δk)
]
p0(θ)∫ [∏K

k=1 L(θ | D0k)δk
]
p0(θ)dθ

. (4)

The denominator in (4) is the scaling constant of the modified power prior with multiple

historical studies.

The computation of the scaling constant becomes more challenging for multiple his-

torical studies, especially when the integration in the scaling constant is not tractable

analytically. For the binomial and Gaussian case, the analytical results are available (Ban-

beta et al. 2019, 2022). Here, we deal with count data that are possibly overdispersed. The

computational aspects of the power prior for the Poisson and negative binomial models

are discussed in Section 3.2. In this section, we highlight that, while analytical results are

still available for the Poisson model, this is not the case anymore for the negative binomial

model or any count regression models.

3.1.3 Priors for δ

A first choice for p(δk) is to take a uniform prior or a beta prior with fixed positive shape

parameters α and β (see e.g. Duan et al. (2006)). In that case each historical study is

given a separate and independent weight, which produces expression (4). However, since

an a priori selection of the historical studies will involve only those that are assumed to

be similar to the data of the current study, it appears natural to assume that the power

parameters δk of the power prior approach are similar or at least related. This is achieved

by installing a hierarchical structure for the power parameters by assuming that δk have a

common distribution, say Beta(αδ, βδ), whereby the shape parameters αδ and βδ are given

a prior distribution and then estimated from the data. Priors of the shape parameters can

be given in terms of their overall mean µδ =
αδ

αδ+βδ
and variance σ2

δ =
µδ(1−µδ)
αδ+βδ+1

. The power

prior approach with this modification is called the dependent MPP (DMPP) (Banbeta

et al. 2019). The expression of the joint posterior corresponding to the DMPP is given as
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p(θ, δ, µδ, σ
2
δ |D0,D) ∝

L(θ|D)
[∏K

k=1 L(θ |D0k)
δkp(δk |µδ, σ2

δ )
]
p(µδ, σ

2
δ )p0(θ)∫ [∏K

k=1 L(θ | D0k)δk
]
p0(θ)dθ

. (5)

The hierarchical structure of the DMPP helps to develop the robust version of the power

prior approach (Banbeta et al. 2019). The robustified DMPP is used to account for the

possibility of a prior-data conflict. That is, it ignores the historical information when the

current control data vastly differ from the historical control data. Robustness to the DMPP

can be achieved by applying the mixture prior to the weight parameters having the DMPP

prior as one component and another component concentrated at zero. Let wR represent the

proportion of a point mass at zero represented by pR(δk) for the k
th trial. The robustified

DMPP (RDMPP1) then assumes that δk has the following mixture distribution

δk ∼ (1− wRk)× p(δk |µδ, σ2
δ ) + wRk × pR(δk), k = 1, ..., K. (6)

For the robust component pR(δk) we can take a spike distribution concentrated closely

around zero having a small variance (Banbeta et al. 2019) and often wRk = 0.1 (Mutsvari

et al. 2016; Banbeta et al. 2022). Specific settings to the priors can be found in Section 4.1.

If one wishes to assign the same mixing proportion to all historical trials simultaneously,

the robustified DMPP (RDMPP2) is based on

δ ∼ (1− wR)× p(δ |µδ, σ2
δ ) + wR × pR(δ). (7)

The above review was described in terms of historical studies, actually randomized

clinical trials. A clinical trial involves an experimental and a control arm. In this paper,

we aim to make use only of the historical controls and hence the unknown parameter θ

expresses the result obtained in the control arm. However, much of what is developed below

also applies to a parameter expressing the efficacy of the experimental treatment versus

the control treatment.
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3.2 The Power Prior Approach for Count Data

3.2.1 Poisson Model

Assume K historical controls, with corresponding data sets D0k = {y0k1, ..., y0knk} consist-

ing of n0k subjects delivering counts y0ki (i = 1, . . . , n0k). The total historical data set is

denoted by D0 = {D01, ...,D0K}. We first assume that the counts y0ki (i = 1, . . . , n0k)

have a Poisson distribution with a trial-specific rate λCk . The control arm of the cur-

rent study consists of nCC subjects, while there are nCT subjects in the treatment arm.

Let D = {yCC1, ..., yCCnCC , yCT1, ..., yCTnCT } denote the data from the current trial, with

yCCi(i = 1, . . . , nCC) the control arm counts following a Poisson distribution with rate

parameter λCC , while in the experimental arm one obtained counts yCTi(i = 1, . . . , nCT )

following a Poisson distribution with rate parameter λT .

Assume that the current trial was set up to test the efficacy of the experimental treat-

ment, which is expressed as the rate ratio RR = λT/λCC for the Poisson model. We now

wish to make use of the information coming from the K historical controls. Note that in

the power prior approach, the rate parameter for all historical controls and the current

control is assumed to be the same, i.e. λCk = λCC = λC (k = 1, . . . , K). The posterior

for the model parameters θ = {λC , RR} based on the modified power prior approach for a

Poisson model follows from expression (4):

p(λC , RR, δ |D0,D) ∝
L(λC , RR|D)

[∏K
k=1 L(λC |D0k)

δkp(δk)
]
p0(λC)p0(RR)∫ [∏K

k=1 L(λC | D0k)δk
]
p0(λC)dλC

. (8)

An analytical expression of the scaling constant, which is the denominator in (8), can

be obtained when we take a Gamma(α0, β0) prior for λC , i.e. a conjugate prior for the

likelihood of the Poisson model.

In Appendix A.1, we show that the scaling constant for this choice is equal to

C(δ) =
βα0
0

Γ(α0)
∏

pδkk

Γ(
∑
δksk + α0)[∑

nkδk + β0
]∑ skδk+α0

, (9)

where Γ denotes the gamma function, sk =
∑n0k

i=0 y0ki and pk =
∏n0k

i=0 y0ki!.
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3.2.2 Negative Binomial Model

The negative binomial model is a useful extension of the Poisson model to deal with overdis-

persed counts, i.e. when the variance of the data exceeds the mean. With the same notation

as in the previous section, we now assume that the endpoint of the kth historical control

y0ki has a negative binomial (NB) distribution and it is parameterized by a mean λCk and a

dispersion parameter κk. That is, y0ki | λCk , κk ∼ NB(λCk , κk), such that mean(y0ki) = λCk

and Var(y0i) = λCk + κkλ
2
Ck
. Alternatively, the negative binomial model can be param-

eterized by the probability of success πCk =
κk−λCk
κk

and stopping parameter rk = 1/κk.

Note that the negative binomial distribution of the kth historical data becomes a Poisson

distribution when rk → ∞ (or κk → 0) for a given mean λCk .

Similarly, the data of the the current trial are assumed to have a negative binomial dis-

tribution with dispersion parameter κC and means λCC for the control arm and λCT for the

experimental arm. As before, we assume for the power prior approach that the same model

parameter applies to all controls. This means that the mean and dispersion parameter of

all historical controls and the current control are equal to λC and κ, respectively.

Using the modified power prior, the posterior for (λC , κ, RR) for the negative binomial

model is given by

p(λC , κ, RR, δ |D0,D) ∝
L(λC , κ, RR |D)

[∏K
k=1 L(λC , κ |D0k)

δkp(δk)
]
p0(λC)p0(κ)p0(RR)∫ [∏K

k=1 L(λC , κ | D0k)δk
]
p0(λC)p0(κ)dλCdκ

.

(10)

Unfortunately, now there is no analytical expression of the scaling constant. As a result,

we had to use a computational procedure based on path sampling (van Rosmalen et al.

2017). Details of this algorithm are discussed in Appendix A.2.

3.2.3 Poisson and Negative Binomial Regression

A further step is to include covariates into the count models. The importance of inclusion

of covariates in models in the application of the borrowing methods is discussed in Banbeta

et al. (2022). Namely, through this approach differences across trials due to the baseline
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characteristics could be handled. When covariates are included in the count models, the

logarithm of λki for the ith subject in the kth control group can be modeled by a linear

combination of unknown parameters as

log(λki) = β0 + β1x1ki + β2x2ki + . . . βpxpki + tki, (11)

where k = 1, . . . , K + 1 with 1, . . . , K for the historical controls and K + 1 for the current

control, x1ki is a binary covariate equal to 0 corresponding to the control treatment(s)

and tki expresses the exposure time. A similar expression holds for the patients from the

current experimental treatment, but now with x1ki = 1. For the Poisson distribution, the

likelihood of the kth study, denoted by Lk, is defined as

Lk =

nk∏
i=1

λykiki

yki!
exp(−nkλki). (12)

For the negative binomial model expression (12) is replaced by

Lk =

nk∏
i=1

Γ(yki + 1/κ)

yki!Γ(1/κ)

(
1/κ

1/κ+ λki

)1/κ(
λki

1/κ+ λi

)yki

. (13)

The posterior distribution of the modified power prior approach for the count regression

model can then be expressed as

p(β, κ, δ |D0,D) ∝
L(β, κ|D)

[∏K
k=1 L(β, κ |D0k)

δkp(δk)
]
p0(β)p0(κ)∫ [∏K

k=1 L(β, κ | D0k)δk
]
p0(β)p0(κ)dβdκ

, (14)

where β represents the (p+ 1)-dimensional vector of unknown regression coefficients.

Determining the scaling constant in (14) is quite challenging. To address this computa-

tional issue, we applied the path sampling algorithm suggested by Friel and Pettitt (2008).

In van Rosmalen et al. (2017), an algorithm was developed for a single power parameter.

But the algorithm becomes complicated with increasing the number of power parameters.
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In this study, we have extended the algorithm to take into account two power parameters

so that the power prior approach can be applied for incorporating two historical studies as

in our motivating data set.

The main idea behind the algorithm of Friel and Pettitt is that the logarithm of C(δ) =∫
θ
L(θ | D0)

δp0(θ)dθ is equal to an integral of the log-likelihood, where the integration is

done with respect to δ, where in their procedure δ is a single parameter. Friel and Pettitt

showed that d
dδ
log(C(δ)) = Ep(θ|δ,D0)(log(L(θ | D0))), i.e. the expected log-likelihood of

the historical data as a function of parameters that are sampled from the power prior

L(θ | D0)
δp0(θ). This is equivalent to log(C(δ)) =

∫ δ
δ∗=0

Ep(θ|δ∗,D0)(log(L(θ | D0)))dδ
∗.

For the case of two historical studies, we have two powers δ = {δ1, δ2} and so now

the scaling constant C(δ) is two dimensional. To obtain the solution, we compute the

derivative of C(δ) with respect to δ1 and δ2. Based on the above formula of log(C(δ)), the

partial derivative of log(C(δ)) with respect to δ1 and δ2 can be obtained as ∂
∂δ1

log(C(δ)) =

Ep(θ|δ∗1 ,δ2,D01D02)(log(L(θ | D01))) and ∂
∂δ2

log(C(δ)) = Ep(θ|δ1,δ∗2 ,D01D02)(log(L(θ | D02))),

respectively. Further details of the path sampling algorithm is described in Appendix A.2.

3.3 The Meta-Analytic-Predictive Approach

3.3.1 The Meta-Analytic Predictive Prior

The meta-analytic-predictive (MAP) prior approach, proposed by Neuenschwander et al.

(2010), was developed especially for the case when there are several historical studies. In

this approach the model parameters are assumed exchangeable across the studies and are

allowed to differ according to a hierarchical prior. In the MAP prior approach the (pos-

terior) predictive distribution of the model parameter for the current data is computed

based on the historical data. When the current data are already present, as in our motivat-

ing study one can apply an alternative, but equivalent, approach called the meta-analytic

combined (MAC) approach.

Keeping the notation of the previous section, the MAP prior approach for the Poisson

and negative binomial model follows from the general development below. In our example

we assumed that the dispersion parameter κ for the negative binomial model is assumed

to be the same (but estimated from the data) across trials.
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Assume that the data have a sampling distribution F and the log-transformed param-

eters have a Gaussian distribution. For a dichotomous outcome, the logit transform of the

proportion parameter is assumed exchangeable and follows a Gaussian distribution, as in

the original proposal of Neuenschwander et al. (2010). Then

y0ki ∼ F (ψCk), (k = 1, ..., K)(and (i = 1, ..., nk), (15)

ψC1 , ..., ψCK , ψCC | µ, τ 2 ∼ N (µ, τ 2), (16)

where ψCk = log(λCk) and ψCC = log(λCC), µ is the population mean and τ the standard

deviation of the control parameters.

For Poisson and negative binomial regression, we apply the MAP prior approach by

assuming exchangeability of the intercept β0 for the historical and current trials, whereas

the slopes are assumed to be the same (but estimated from the data) across trials. That

is,

β0k, β0K+1 ∼ N (µ, τ 2), k = 1, ..., K, (17)

where β0k is the intercept for the kth historical data and β0K+1 is the intercept for the

current data. The expression of the posterior distribution for the MAP prior can be found

in Appendix A.3.

In the MAP prior approach, the amount of borrowing is defined in terms of the degree

of between-study heterogeneity. For overdispersed count data with mean parameter λ

(or ψ = log(λ) in log scale) and dispersion parameter κ, the degree of between-study

heterogeneity is expressed as τ relative to σψ, where σ
2
ψ = κ + 1/λ for a large sample

(Gsteiger et al. 2013). For example for σψ = 2 the values for τ equal to 0.1, 0.25, 0.5, 1 and

2 represent small, moderate, substantial, high and very high between-trial heterogeneity,

see Gsteiger et al. (2013) for more details.

3.3.2 The Robust Meta-Analytic Predictive Prior

To handle the possibility of a prior-data conflict, Schmidli et al. (2014) suggested a robusti-

fied version of the MAP prior. They suggested to use a mixture prior with one component
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the MAP prior and the other component a weakly-informative component. More specifi-

cally the robust MAP prior for the Poisson and negative binomial model assumes that

ψCC | µ, τ 2 ∼ (1− wR)×N (µ, τ 2) + wR × πR, (18)

where πR is the robust (actually weakly-informative prior) component and wR is the pro-

portion of this component. For πR we assumed a unit-information prior, i.e. a HN(0, σψ)

half-normal prior. The choice of σψ is described in Section 4.1. Note that the robust version

of the MAP prior will ignore the historical information when there is a prior-data conflict.

Similarly, the robust MAP prior for the count regression model is expressed as

β0K+1 | µ, τ 2 ∼ (1− wR)×N (µ, τ 2) + wR × πR. (19)

4 Analysis of the Motivating Data Set

In this study, we analyze the effect of a treatment for patients with an overactive bladder

(OAB) with the number of incontinence episodes observed three days prior to week 12

as primary endpoint. We apply the aforementioned Bayesian borrowing methods in the

clinical trial of Herschorn et al. (2013) while borrowing information from the two similar

previous control arms in Khullar et al. (2013) and Nitti et al. (2013), respectively. Unlike in

Herschorn et al. we now consider count models such as the Poisson and negative binomial

model. Since the data showed overdispersion only the negative binomial regression model

was considered with sex, age group and the number of incontinence episodes at baseline as

covariates.

The following Bayesian dynamic borrowing methods were used for analysis: “MPP Ind”

- which is the modified power prior with independently distributed powers; “DMPP” - MPP

with dependently distributed weight parameters; “RDMPP1” - DMPP with robustness

on each individual component; “RDMPP2” - DMPP with robustness simultaneously; the

“MAP” - the MAP prior method and the “RMAP” - the robustified version of the MAP

prior method. We also ignored the historical data for the “Current data” approach, and

simply pooled all data from the control arms with the method “Pooled data”.
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4.1 Initial Prior Settings

When settings initial priors to model parameters, we followed recommendations from pre-

vious choice made in the literature. For the Poisson model, a Gamma(0.001, 0.001) prior

was taken for λC in the MPP methods, for λCk in the Pooled approach and for λCC in both

the Current data and the Pooled data approaches. For the MPP Ind approach a Beta(1,1)

prior was taken for each δk. In the DMPP approach, the shape parameters µδ and σ
2
δ were

given a uniform prior U(0, 1) and an inverse-Gamma prior IG(0.01, 0.01), respectively. For

pR(δk) in the RDMPP1 and pR(δ) in the RDMPP2, we used a half-normal distribution

with variance parameter
σ2
δ

25
with σ2

δ the variance of the slab part (George and McCulloch

1993; Banbeta et al. 2019). For the hyperparameter µ in the MAP approaches, we assumed

a N (0, 104) prior. For τ we assumed a unit information prior, i.e. a HN(0,
σψ
2
) half-normal

prior, where σψ =
√
κ+ 1/λ. From Var(y) = λ + κλ2, the value of κ for the OAB data is

roughly 2.5. Accordingly, we set σψ = 1.7 for the analysis of OAB data. In all methods, a

vague N (0, 104) prior is assumed for the treatment effect, log(RR). In the RMAP method,

we set a HN(0, σψ) prior for πR with 10% attributed to the weakly-informative component

of the mixture prior.

For the negative binomial regression model, we assumed a vague N (0, 104) prior for

the regression coefficients. For the dispersion parameter κ, we considered an Exp(κm)

exponential prior distribution. We set κm = 2.5 for the analysis of OAB data based on

summary statistics from the data. But a Gamma(ακ, βκ) prior centered at a plausible

overdispersion value can be used when one wishes to allow for appropriate uncertainty. We

obtained similar posterior results based on both priors, and thus we presented only the

results of the first prior.

4.2 Posterior Sampling

The calculation of the posterior involves Markov chain Monte Carlo (MCMC) computa-

tions. For the MPP approach, this is done using the MCMCPack package in R, while JAGS

was used for the other methods. For all methods a single as well as multiple chains were

initiated and 50 000 MCMC iterations per chain were run after 5000 burn-in iterations.

Convergence was assessed using Geweke’s diagnostic, which is based on Z-scores for a test
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of equality of means between the first and last parts of the chain Geweke (1992). Besides,

we have checked the covergence of the methods based on multivariate potential scale reduc-

tion factor (PSRF). Based on a guideline in Brooks and Gelman (1998), a PSRF value of

less than 1.10 can be interpreted as convergence of model parameters. Codes are available

in the Online Appendix.

4.3 Results

Using a Poisson model with one covariate, i.e. the treatment type, the posterior mean

of rate ratio (RR) between the active and control treatments based on the Current data

analysis is 0.766 (95% CI: 0.702, 0.837) (Table 2). For the Pooled data analysis, the

posterior mean decreases to 0.706 (95% CI: 0.656, 0.759). For the MPP and the MAP

methods, the estimated value of the RR falls between these aforementioned values. For the

corresponding negative binomial model, the posterior means of the dispersion parameter

κ were all around 2.8 with a 95% CI far away from 0, see Table A4 in the Appendix for

the obtained κ values. Since κ = 0 is not supported by the data, we concluded that the

Poisson model is not appropriate for the OAB data.

For the Current data and the MAP approaches in the negative binomial model, where

no covariate except the treatment effect is included, the RR of active treatment over control

treatment is not significantly less than 1, see Table 2. But based on the Pooled data and

the MPP methods, the RR becomes significantly less than 1. For the negative binomial

regression model, all Bayesian methods result in a statistically significant RR of mirabegron

over the control treatment in the OAB patients (Table 2). That is, the Current data, the

MAP and RMAP analyses now provide posterior means of RR that are equal to 0.731

(95% CI: 0.547, 0.958), 0.755 (95% CI: 0.581, 0.954) and 0.754 (95% CI: 0.581, 0.955),

respectively. For the Pooled data analysis the estimated value of RR becomes 0.797 (95%

CI: 0.641, 0.982). The MPP results are somewhat closer to the Pooled data analysis

results compared to the MAP methods, i.e. 0.768 (95% CI: 0.594, 0.975) for the MPP

Ind, 0.763 (95% CI: 0.596, 0.960) for the DMPP, 0.764 (95% CI: 0.598, 0.967) for the

RDMPP1 and 0.767 (95% CI: 0.594, 0.980) for the RDMPP2. The posterior summaries

of the aforementioned models are obtained from a converged Markov chain. Geweke’s and
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PSRF diagnostics for some methods are presented in Figures A1 through A4 in Section

A.5.

Based on all methods, the number of incontinence episodes at baseline is significant (See

Table A5). The posterior distribution of the coefficient of this covariate for the Current

and the Pooled data analyses, on the log scale, is 0.098 (95% CI: 0.075, 0.122) and 0.094

(95% CI: 0.081, 0.108), respectively. The posterior estimates obtained from the dynamic

borrowing methods lie in-between these two values. The sex and age group are never

statistically significant. The dispersion parameter is again significant for all methods using

the negative binomial regression analysis. Based on the MPP Ind method, the posterior

means of the power parameters for the two historical control groups are 0.437 and 0.295,

respectively. For the DMPP method, these values are closer to each other, which are 0.364

and 0.357, respectively. In the MAP approach, the estimated medians of τ and σψ are

0.105 and 1.508, respectively, resulting in τ/σψ = 0.069. This amount shows that the

estimated level of heterogeneity among the OAB trials is approximately small according to

the criteria described in Section 3.3.1.
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Table 2: The posterior distribution of the rate ratio (RR) between the treatment and
control of the trial described in Herschorn et al. (2013) using different borrowing methods.

Model Methods Mean Median SD 95% CI p(RR < 1|D0,D)
Current data 0.766 0.766 0.034 (0.702, 0.837) 1.000
Pooled data 0.706 0.705 0.026 (0.656, 0.759) 1.000
MAP 0.763 0.762 0.034 (0.697, 0.832) 1.000

Poisson RMAP 0.763 0.763 0.034 (0.698, 0.833) 1.000
MPP Ind 0.744 0.723 0.031 (0.686, 0.806) 1.000
DMPP 0.734 0.733 0.033 (0.669, 0.802) 1.000
RDMPP1 0.751 0.750 0.034 (0.685, 0.818) 1.000
RDMPP2 0.734 0.733 0.030 (0.678, 0.794) 1.000
Current data 0.785 0.776 0.121 (0.574, 1.060) 0.949
Pooled data 0.718 0.713 0.088 (0.566, 0.902) 0.997

Negative MAP 0.763 0.752 0.110 (0.575, 1.009) 0.974
binomial RMAP 0.764 0.755 0.109 (0.574, 1.001) 0.975

MPP Ind 0.747 0.739 0.101 (0.573, 0.966) 0.985
DMPP 0.741 0.733 0.099 (0.570, 0.957) 0.989
RDMPP1 0.750 0.741 0.103 (0.573, 0.979) 0.982
RDMPP2 0.748 0.741 0.096 (0.584, 0.955) 0.990
Current data 0.731 0.724 0.105 (0.547, 0.958) 0.987
Pooled data 0.797 0.792 0.087 (0.640, 0.982) 0.982

Negative MAP 0.755 0.751 0.096 (0.581, 0.954) 0.990
binomial RMAP 0.754 0.749 0.095 (0.581, 0.955) 0.990
regression∗ MPP Ind 0.768 0.762 0.098 (0.594, 0.975) 0.985

DMPP 0.767 0.759 0.093 (0.596, 0.960) 0.988
RDMPP1 0.764 0.757 0.095 (0.598, 0.967) 0.987
RDMPP2 0.767 0.760 0.097 (0.594, 0.980) 0.984

Abbreviations: DMPP, dependent modified power prior; MAP, meta-analytic predictive;
MPP, modified power prior.
∗ Besides the treatment type, the negative binomial regression model includes the sex,
age group and number of incontinence episodes at the baseline as covariates.

5 Simulation Study

The purpose of this simulation study is to explore the operation characteristics (type I error

rate, power and necessary sample size) of the dynamic borrowing methods. In addition,

we wish to examine the impact of variation in the dispersion of count outcome data across

studies on these operating characteristics. Note that, as for the motivating data set, we

have taken two historical studies from which the control arms provide information into the

current study. Various scenarios and settings are considered. In Section 5.1, settings for

data generation are described. In Section 5.2, the simulation results are presented.
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5.1 Simulation Settings

For each scenario, we have allocated 100 subjects to each of the two historical control arms

and to each of the two arms of the current trial. Data were generated according to a

negative binomial distribution for the count outcome. We varied the means of the control

arms λC and the dispersion parameter κ; when κ = 0 a Poisson distribution is obtained.

We have simulated 1000 data sets for each scenario and setting.

The scenario-specific data generation settings are described in Table 3. The simulated

data in Scenario 1 and Scenario 2 are based on a Poisson model with different levels of

heterogeneity due to the means of the control arms. Scenarios 3 through 6 correspond

to overdispersed data with different levels of heterogeneity either due to the mean or the

dispersion (variance) of the data across the control arms. The size of the treatment effect

(rate ratio RR) impacts the power of test. To obtain meaningful powers, the scenarios

varied only slightly with the scenario that corresponds to RR = 1 for computing the type I

error rate. Analysis of the simulated data for all scenarios was performed using: a Poisson

model and a negative binomial model. The prior distributions and the posterior sampling

strategy were taken as for the real-life data example, see Section 4.1 and 4.2.

5.2 Results of the Simulation Study

For Poisson data (Scenarios 1 and 2), analyses based on the Poisson and the negative

binomial model produced similar results, see Table 4. In Scenario 1 whereby the control

groups are very similar, all methods achieved approximately the nominal type I error rate

of 5%. The DMPP method gave the highest statistical power as compared to all borrowing

methods and offered approximately 15% more statistical power than the Current data

approach (ie, an uninformative prior). When there is a substantial level of heterogeneity

across the means of the control arms (Scenario 2), the DMPP methods lead to an inflated

(about 9%) type I error rate with less inflation (about 7.5%) of type I error rate for MPP

Ind. In this case, the MAP approach gave type I error rates which are approximately

equal to 5%. But the MAP approach offers only about 3% more power as compared to the

Current data analysis.

The counts generated in Scenarios 3 through 6 are overdispersed, and hence only the



results based on the negative binomial analysis are presented. When the means and the

dispersion parameters across the control arms are similar (Scenario 3), all methods achieved

the nominal type I error rate of 5% and the DMPP method offered the highest amount

of approximately 9% increase in power compared with the Current data analysis. When a

substantial level of heterogeneity in the means is present (Scenario 4), the MPP methods

produced an inflated type I error rate (about 10%) but the MAP methods achieved the

nominal type I error rate of approximately 5%. When there is a substantial heterogeneity in

the dispersion parameters across the control arms (Scenario 5), the MPP methods control

the type I error rate in contrast to the MAP approach. In this case, the DMPP method

offered approximately 8% more power compared with the Current data analysis, which is

the highest of all other borrowing methods. Finally, when both the mean and dispersion

parameters vary across trials (Scenario 6), all methods except analysis without historical

data lead to inflation of type I error rate. In this case, the MPP approach produced highly

inflated type I error rate (about 10%) than the MAP appraoch (about 6.5%).

An additional simulation study based on a single historical control group was considered

with results presented in Table A1. In that case, only one MPP method can be used, i.e.

the MPP Ind. The performance of the dynamic borrowing methods is similar to the case of

two historical control arms. Namely, for homogenous data all methods had approximately

the nominal type I error rate of 5%. When there is a substantial level of heterogeneity

in means of the current and historical control groups, the MPP method had only a slight

inflation (6.2%) of type I error rate, while the MAP approach could achieve the nominal

type I error rate. When there is a substantial heterogeneity in the dispersion parameters

of the data, the MAP approach had an inflated (about 10%) type I error rate in contrast

to the MPP approach.

To explore the impact of borrowing historical information on the size of the future study,

we calculated the estimated percentage reduction in required sample size for the borrowing

methods compared with the Current data analysis in the simulation study, see Table A2.

The calculation is based on an increase in the statistical power compared to that of the

Current data analysis, see the formula in Appendix A.4. The 15% increase in statistical

power for the DMPP method versus the Current data analysis in Scenario 1 (using the



negative binomial analysis) corresponds with a sample size reduction of 32%. Similarly,

in Scenario 3 and Scenario 6 the corresponding sample size reductions in a future study

based on the DMPP method are 24% and 18%, respectively. See Table A2 for details of

the obtained results.

The main conclusions of our simulation study are:

� When the means and the dispersion parameters across the current and historical

control arms are similar, the type I error rate is well controlled for all methods. In

that case, the DMPP method yielded the best power.

� For different means across the control arms, the MPP methods produced a slightly

inflated type I error rate. In this scenario, the MAP approach could control the type

I error rate.

� When the dispersion parameters across the control arms are different for overdispersed

data, the MPP methods could achieve an estimated type I error rate close to the

nominal rate of 5%, whereas the MAP methods lead to inflated type I error rates.

� When both the mean and dispersion parameters across the control arms are different,

both the borrowing methods produced an inflated type I error rate, with higher

inflation to the MPP approach.
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Table 3: Scenarios and settings in the simulation study

Level of
Scenario Settings heterogeneity
1. The same mean λC = 4
across control arms κ = 0 No
and no overdispersion RR∗ = 0.810

2. Different means log(λC) ∼ N
(
log(4), 0.016∗∗

)
across control arms, κ = 0 Substantial
and no overdispersion RR∗ = 0.81

3. Overdispersed data λC = 4
with the same mean κ = 1 No
and dispersion parameter RR∗ = 0.637
across the control arms

4. Overdispersed data with log(λC) ∼ N
(
log(4), 0.08∗∗

)
different means across the κ = 1 Substantial
control arms but the RR∗ = 0.637
same dispersion parameter

5. Overdispersed data with λC = 4
the same mean but different κ = 2.5 (variance = 44) for current control Substantial
dispersion parameters across κ1 = 0 (variance =4 ) for 1st hist. control
control arms κ1 = 1.25 (variance =24 ) for 2nd hist. control

RR∗ = 0.637

6. Overdispersed data with log(λC) ∼ N
(
log(4), 0.08∗∗

)
the different mean and κ = 2.5 (variance = 44) for current control Substantial
dispersion parameters across κ1 = 0 (variance =4 ) for 1st hist. control
control arms κ1 = 1.25 (variance =24 ) for 2nd hist. control

RR∗ = 0.637
∗ RR is the treatment effect to calculate the statistical power, where RR = 1 for the type I
error rate.
∗∗ Between-trial variance is calculated relative to σ2

ψ = κ+1/λ, where ψ = log(λ), with κ = 0
in Scenario 2 and κ = 1 in Scenario 4.
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Table 4: Simulation study: The type I error rate and the power of the treatment effect based
on 1000 simulated data sets.

Poisson model for analysis Negative binomial model for analysis

Scenario∗ Method Type I error rate Power Type I error rate Power
Current Data 0.049 0.761 0.048 0.735
Pooled Data 0.048 0.921 0.046 0.906
MAP 0.045 0.844 0.046 0.815

1 RMAP 0.044 0.836 0.043 0.818
MPP Ind 0.043 0.868 0.040 0.868
DMPP 0.042 0.870 0.044 0.882
RDMPP1 0.046 0.853 0.044 0.863
RDMPP2 0.041 0.851 0.043 0.872
Current Data 0.046 0.780 0.044 0.749
Pooled Data 0.337 0.773 0.343 0.739
MAP 0.050 0.803 0.047 0.783

2 RMAP 0.050 0.801 0.044 0.784
MPP Ind 0.078 0.803 0.075 0.785
DMPP 0.077 0.781 0.098 0.787
RDMPP1 0.077 0.794 0.094 0.782
RDMPP2 0.079 0.786 0.097 0.791
Current Data 0.056 0.806
Pooled Data 0.057 0.923
MAP 0.047 0.855

3 RMAP 0.048 0.855
MPP Ind 0.052 0.886
DMPP 0.051 0.899
RDMPP1 0.051 0.891
RDMPP2 0.052 0.893
Current Data 0.059 0.794
Pooled Data 0.305 0.769
MAP 0.058 0.807

4 RMAP 0.057 0.805
MPP Ind 0.094 0.819
DMPP 0.104 0.828
RDMPP1 0.102 0.825
RDMPP2 0.103 0.833
Current Data 0.044 0.727
Pooled Data 0.117 0.938
MAP 0.105 0.886

5 RMAP 0.103 0.888
MPP Ind 0.043 0.805
DMPP 0.043 0.809
RDMPP1 0.044 0.789
RDMPP2 0.047 0.773
Current Data 0.053 0.804
Pooled Data 0.326 0.826
MAP 0.066 0.861

6 RMAP 0.067 0.861
MPP Ind 0.101 0.846
DMPP 0.112 0.865
RDMPP1 0.103 0.864
RDMPP2 0.105 0.868

Abbreviations: DMPP, dependent modified power prior; MAP, meta-analytic predictive;
MPP, modified power prior.
∗ The six scenarios are defined in Table 3.



6 Discussion

The MPP has become a well-established version of the power prior approach. It allows

to estimate the power parameter of the power prior from the data, which is difficult to

fix a priori by the user especially in the case of multiple historical studies. However, the

MPP approach has not been explored enough for many statistical models. In this paper,

we have examined the MPP approach for count outcome data. Except for the Poisson

model without covariates, the integration of the scaling constant of the MPP approach

has no closed-form expression for other count models. To this end, we have developed a

computational approach based on path sampling for the calculation of the scaling constant

for (overdispersed) count data.

Based on our simulation study, the MPP approach gives better results than the MAP

approach for comparable historical and current studies, with the highest power for the

DMPP method. This result is similar to our conclusion in Banbeta et al. (2019, 2022). In-

corporating comparable historical studies is the most likely scenario in practice if historical

studies are selected using a strict application of comparability criteria, for example in line

with the criteria in Pocock (1976) or their revised version in Hatswell et al. (2020). In this

case, the DMPP approach could help to reduce about one-third of the required sample size

in a future study by borrowing historical information. Note that the robustified versions of

the MAP and MPP approaches are mostly designed to account for the prior-data conflict

due to violations of exchangeability assumption, where the current trial differs more from

the historical trials than the historical trials differ among each other. Note that our sim-

ulation study was designed for different levels of heterogeneity but within exchangeability.

As a result, values obtained based on the robustified versions of the methods in this study

were similar as in the original (unrobustified) priors.

Here, we found that the MPP approach can handle between-study variation due to

the dispersion parameter when the means of the count data are the same across studies,

whereas the MAP approach results in an inflated type I error rate. In this scenario, the

MPP approach enables to reduce about 18% of the required sample size in a future study

without any loss of power compared to the analysis without historical data. When there

exists mean difference across studies, the MPP gives a slightly inflated type I error rate,
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whereas the MAP approach is able to control the type I error rate to approximately 5%.

But, the gain in power through the MAP approach in this case is minimal compared to the

analysis without historical data.

The aforementioned results show that the MPP approach is relatively better than the

MAP approach for overdispersed data. This conclusion can facilitate the preference of the

power prior approach for count data when the assessment of between-study variability is

difficult for the MAP approach with a few historical studies. However, the poor performance

of the MAP approach with between-study variation in the dispersion parameter may be

due to the fact that this approach is not designed for variations in the dispersion parameter.

The classical MAP approach assumes only the variation of the intercept across studies. The

variation of other parameters could potentially be addressed by considering the bivariate

MAP approach, see Qi et al. (2022). Note that the commensurate prior proposed by Hobbs

et al. (2011) is an alternative approach for incorporating a single historical study, but it

has a close relationship to the MAP approach (Hobbs et al. 2012).

While the MPP approach may be a good choice for the count outcome, future research

should address the main disadvantage of this approach, namely the inflation of type I error

rate when means differ across studies. For this, one could examine the original assumptions

of the MPP approach, such as by allowing model parameters to vary across study arms.

Our path sampling algorithm computes the scaling constant of the MPP approach effi-

ciently for two historical studies. When several historical studies are available, the principle

of the path sampling is still possible. However, advanced mathematical solution to reduce

the steps inside the path sampling algorithm may be needed to increase the speed of compu-

tation. Otherwise, alternative approaches, such as numerical integration techniques, could

potentially be used to solve the integration of the scaling constant.
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Appendix

In this supplementary section, we have provided several derivations and results of the bor-

rowing methods for the count models. In Section A.1, we have derived C(δ) of the Poisson
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model. In Section A.2, we have discussed the path sampling algorithm for the computation

of C(δ) for incorporating two historical data. In Section A.3, we have described the poste-

rior distribution for the MAP prior. In Section A.4, we have provided the formula for the

estimated percentage reduction in required sample size for future study. Additional results

are presented in Section A.5.

A.1 Scaling Constant for the Poisson Model

For a single historical study, the power prior for the Poisson model is defined as

p(λC , RR, δ |D0,D) ∝ L(λC |D0)
δp(δ)p0(λC)p0(RR)∫

L(λC | D0)δp0(λC)dλC
. (A1)

The denominator in (A1) is the scaling constant of the Poisson model. It is computed

as

C(δ) =

∫
λC

e−δn0λCλsδC
pδ

βα0
0 λα−1

C e−β0λC

Γ(α0)
dλC (A2)

=
βα0
0

Γ(α0)pδ
Γ(δs+ α0)

(δn0 + β0)δs+α0
.

After including the current data, the posterior for {λC , RR} for multiple historical

controls is given by

p(λC , RR, δ |D0,D) ∝
L(λC , RR|D)

[∏K
k=1 L(λC |D0k)

δkp(δk)
]
p0(λC)p0(RR)∫ [∏K

k=1 L(λC | D0k)δk
]
p0(λC)dλC

. (A3)

The scaling constant C(δ) for the Poisson model is the denominator in (A3) and it is

30



expressed as

C(δ) =

∫
λC

e−
∑
nkδkλCλ

∑
skδk

C∏
pδkk

βα0
0 λα0−1

C e−β0λC

Γ(α0)
dλC (A4)

=
βα0
0

Γ(α0)
∏

pδkk

∫
λC

λ
∑

skδk+α0−1
C e−

[∑
nkδk+β0

]
λCdλC (A5)

=
βα0
0

Γ(α0)
∏

pδkk

Γ(
∑

skδk + α0)[∑
nkδk + β0

]∑ skδk+α0
.

The numerator in (A3) can be expressed as

e−nCTλC (RR× λC)
sCT

pCT

e−nCCλCλsCCC

pCC

e−
∑
nkδkλCλ

∑
δk

C sk∏
pδkk

βα0
0 λα0−1

C e−β0λC

Γ(α0)

K∏
k=1

p(δk)p0(RR),

(A6)

where sCT =
∑nCT

i=0 yCTi, sCC =
∑nCC

i=0 yCCi, pCC =
∏nCC

i=0 yCCi! and pCT =
∏nCT

i=0 yCTi!.

A.2 Calculating the Scaling Constant for the Negative Binomial

Regression Model

In this section, we describe the scaling constant in the power prior for incorporating two

historical studies for the negative binomial regression model, i.e.

C(δ) =

∫
L(θ | D01)

δ1L(θ | D02)
δ2p0(θ)dθ, (A7)

where δ = {δ1, δ2} denotes the vector of two power parameters, θ = {β, κ} is the vector

of unknown parameters, with β the vector of regression coefficients and κ the dispersion

parameter.

Since an analytical solution is missing for the scaling constant of the negative binomial

regression model, we applied the path sampling algorithm Gelman and Meng (1998). We

adapted the algorithms of Friel and Pettitt (2008) constructed to calculate the marginal

likelihood of a model using power posteriors, i.e.
∫
θ
L(θ | D0)

δp0(θ)dθ, with δ = 1. In

their algorithm, they introduce the power δ as an auxiliary variable, only for computational

purposes. For a scaling constant with a single power parameter δ, it is straightforward
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to adapt the scaling constant C(δ) =
∫
θ
L(θ | D0)

δp0(θ)dθ, and this is described in

van Rosmalen et al. (2017).

The algorithm of Friel and Pettitt is based on the idea that the logarithm of C(δ) is

equal to an integral of the log-likelihood, where the integration is done with respect to δ.

Friel and Pettitt showed that d
dδ
log(C(δ)) = Ep(θ|δ,D0)(log(L(θ | D0))), i.e. the expected

log-likelihood of the historical data as a function of parameters that are sampled from the

power prior L(θ | D0)
δp(θ). This is equivalent to

log(C(δ)) =

∫ δ

δ∗=0

Ep(θ|δ∗,D0)(log(L(θ | D0)))dδ
∗. (A8)

For the case of two historical studies, we have two power parameters δ = {δ1, δ2}.

Unlike the scaling constant with a single power C(δ), the scaling constant C(δ) is two

dimensional. To obtain the solution, we determined the derivative of C(δ) with respect to

δ1 and δ2. Based on (A8) the first-order partial derivatives of log(C(δ)) with respect to δ1

and δ2 can be obtained as

∂

∂δ1
log(C(δ)) = Ep(θ|δ∗1 ,δ2,D01D02)(log(L(θ | D01))) (A9)

∂

∂δ2
log(C(δ)) = Ep(θ|δ1,δ∗2 ,D01D02)(log(L(θ | D02))). (A10)

Our path sampling algorithm for calculating C(δ) consists of the following steps in

Section A.2.1. The calculation of C(δ) follows next in Section A.2.2.

A.2.1 Steps in the Path Sampling Algorithm

1. Choose ∆ - the increase value in δ1 or δ2 per iteration; n∆ = 1/∆ denotes the number

of steps. Choose niter - the number of MCMC samples per iteration. Create two

empty n∆ × n∆ matrices A and B.

2. Initialize δ1 = 0 and δ2 = 0, and initialize the model parameters from a prior p(θ).

3. Repeat the following until δ1 > 1

(a) Increase the value of δ1 by ∆
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(b) Sample niter MCMC iterations from the power prior distribution with weight δ1

and δ2.

(c) Calculate the average log-likelihoods of the each historical data (as in equations

(A9) and (A10)) using all the parameter sets sampled for the current value of

δ1 and δ2. Save the average log-likelihood of D01 at the row and column values

of A equal to δ1 and δ2, respectively. Save the average log-likelihood of D02 at

the row and column values of B equal to δ1 and δ2, respectively.

4. Increase the value of δ2 by ∆ and initialize the model parameters from a prior p(θ).

5. Repeat Step 3 until δ2 > 1.

A.2.2 Calculation of C(δ)

The calculation of the the scaling constant is based on the column-wise and row-wise

cumulative sums of A and B. Let ccumA denote the column-wise cumulative sum of

A and rcumB represent the row-wise cumulative sum of B. The cumulative sum of the

average log-likelihoods of D01 and D02 denoted by cumAB can be computed as the sum

of ccumA and the first row of rcumB. Equivalently, cumAB can be computed as rcumB

and the first column of ccumA. This calculation is based on a concept that the increase

in average log-likelihood for introducing a historical data should be the same regardless of

weight values in the previous historical data. C(δ) is now proportional to the exponential

of cumAB.

For the implementation of our path sampling algorithm, we used a step size for δ1 and

δ2 equal to ∆ = 0.02 and niter = 2000 MCMC samples per iteration. After running the

algorithm for C(δ), the posterior results of the power prior is computed by sampling from

p(θ, δ |D0) ∝
L(θ|D)

[∏K
k=1 L(θ |D0k)

δkp(δk)
]
p0(θ)

C(δ)
, (A11)

using a Metropolis-Hastings algorithm and looking up the value of C(δ) for every candidate

pair of {δ1, δ2} using the results of the first algorithm. To calculate C(δ) for values of δ in

between the points used in the path sampling method, we used the bilinear interpolation
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of log(C(δ)) using akima package in R statistical software.

A.3 Posterior of the MAP

The posterior distribution for the MAP prior for the Poisson model can be formulated as

follows.

pMAP (ψC1 , ..., ψCK , ψCC , RR, µ, τ
2 | D0,D) ∝ L(ψCC , RR | D)×

p(ψCC | µ, τ 2)
( K∏
k=1

L(ψCk | D0)p(ψCk | µ, τ 2)
)
p0(RR)p0(µ)p0(τ

2). (A12)

The posterior distribution for the MAP prior for the negative binomial model and regression

can be derived in a similar manner.

A.4 Sample Size Reduction for Future Study

We calculated the estimated percentage reduction in required sample size for future study

in the simulation study. It is based on increase in statistical power for the borrowing

methods compared with Current data analysis. The formula is given as

1− (Φ(0.025) + Φ(1− PC))
2

(Φ(0.025) + Φ(1− PS))2
, (A13)

where PS denotes the estimated power of the specific method, PC denotes the estimated

power of the Current data analysis, and Φ() is the quantile function of the standard normal

distribution. This formula is based on standard formulas for sample size calculations, which

depend on the power and the significance level via the term (Φ(α/2)+Φ(1−β))2, where α

is the significance level and β the probability of a type II error. Equation A13 is obtained

by comparing the results of this term between the borrowing method and the Current

data analysis, under the assumption that the type I error rate is controlled at a 5% level.

Note that these sample size reductions are only valid if the type I error rate is adequately

controlled. See the results of our simulation study in Table A2.
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A.5 Supplementary Results

In Table A1, we presented the settings and the results obtained from a simulation study

based on a single historical control arm in the analysis of current trial. In Table A2, we

presented the estimated percentage reduction in required sample size for a future study

for the borrowing methods in the simulation study. Finally, in Table A4, Table A4 and

Table A5, we presented additional results based on the analyses of the OAB trials using

the Poisson, the negative binomial and the negative binomial regression, respectively.

Table A1: Simulation study using a single historical control arm for the negative binomial
model: The type I error rate and the power based on 1000 simulated data sets.

Level of
Scenario heterogeneity Methods Type I error rate Power

λC = 4 Current Data 0.050 0.783
κ = 1 Pooled Data 0.051 0.888
for both current and No MAP 0.045 0.822
historical controls and RMAP 0.042 0.817
RR∗ = 0.606 MPP Ind 0.039 0.853
log(λ) ∼ N (log(4), τ 2ψ = 0.08∗∗) Current Data 0.050 0.794
κ = 1 for both current Substantial Pooled Data 0.245 0.773
and historical due to mean MAP 0.048 0.807
controls and RMAP 0.044 0.803
RR∗ = 0.606 MPP Ind 0.062 0.809
λC = 4 Current Data 0.042 0.794
κ = 1.25 for current Substantial Pooled Data 0.099 0.978
and κ = 0 for due to variance MAP 0.104 0.922
historical controls and RMAP 0.109 0.921
RR∗ = 0.606 MPP Ind 0.048 0.812

Abbreviations: MAP, meta-analytic predictive; MPP, modified power prior; RR, rate ratio.
∗ A treatment effect to calculate the statistical power, where RR = 1 for the type I error
rate.
∗∗ A between-trial variance to give a substantial level of heterogeneity relative to σ2

ψ = κ+1/λ,
where ψ = log(λ).
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Table A2: Estimated percentage reduction in required sample size for future study, based
on increase in power in simulation study for the borrowing compared with Current data
analysis.

Poisson model for analysis Negative binomial for analysis

Methods Sc 1 Sc 2 Sc 1 Sc 2 Sc 3 Sc 4 Sc 5 Sc 6
Pooled data 37.3∗ -1.7 37.6∗ -2.4 30.3∗ -6.3 46.3 5.6
MAP 19.3∗ 5.6∗ 17.2∗ 7.9∗ 12.3∗ 3.2∗ 34.4 14.5
RMAP 17.7∗ 5.1∗ 18.5∗ 8.2∗ 12.3∗ 2.8∗ 34.8 14.5
MPP Ind 24.7∗ 5.6 29.2∗ 8.4 20.2∗ 6.2 17.3∗ 10.7
DMPP 25.2∗ 0.2 32.3∗ 8.8 23.9∗ 8.5 18.2∗ 15.5
RDMPP1 21.3∗ 3.4 28.2∗ 7.7 21.6∗ 7.7 13.9∗ 15.2
RDMPP2 20.8∗ 1.4 30.1∗ 9.7 22.3∗ 9.7 10.4∗ 16.2

Abbreviations: DMPP, dependent modified power prior; MAP, meta-analytic pre-
dictive; MPP, modified power prior.
∗ The type I error rate was well controlled.
The five scenarios are defined as follows:
Sc 1: The same mean across control arms and no overdispersion.
Sc 2: Different means across control arms and no overdispersion.
Sc 3: Overdispersed data with the same mean and dispersion parameter across
control arms.
Sc 4: Overdispersed data with the same dispersion parameter but different means
across control arms.
Sc 5: Overdispersed data with the same mean but different dispersion parameters
across control arms.
Sc 6: Overdispersed data with different mean and different dispersion parameters
across control arms.
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Table A3: Poisson model: The posterior distributions of the borrowing parameters for the
Bayesian methods.

Method Factor Mean Median SD 95% CI
MAP

τ 0.240 0.168 0.219 (0.053, 0.886)
RMAP

τ 0.245 0.168 0.231 (0.053, 0.921)
MPP Ind

δ1 0.607 0.635 0.260 (0.082, 0.982)
δ2 0.139 0.109 0.142 (0.003, 0.546)

DMPP
δ1 0.349 0.431 0.200 (0.052, 0.826)
δ2 0.293 0.383 0.200 (0.019, 0.784)

RDMPP1
δ1 0.417 0.564 0.194 (0.010, 0.900)
δ2 0.120 0.096 0.014 (0.001, 0.474)

RDMPP2
δ1 0.310 0.318 0.095 (0.125, 0.476)
δ2 0.278 0.275 0.087 (0.098, 0.434)

Abbreviations: DMPP, dependent modified power prior;
MAP, meta-analytic predictive; MPP, modified power
prior; SD, standard deviation.



Table A4: Negative binomial model: The posterior distributions of dispersion parameter
(κ) and borrowing parameters for the Bayesian methods.

Method Factor Mean Median SD 95% CI
Current Data

κ 2.929 2.931 0.235 (2.498, 3.425)
Pooled Data

κ 2.701 2.698 0.142 (2.438, 2.988)
MAP

κ 2.705 2.692 0.144 (2.437, 3.003)
τ 0.199 0.128 0.226 (0.005, 0.839)

RMAP
κ 2.700 2.698 0.144 (2.430, 2.995)
τ 0.198 0.137 0.215 (0.007, 0.781)

MPP Ind
κ 2.789 2.770 0.184 (2.457, 3.181)
δ1 0.591 0.636 0.272 (0.056, 0.983)
δ2 0.422 0.429 0.278 (0.018,0.959)

DMPP
κ 2.776 2.766 0.180 (2.444, 3.156)
δ1 0.512 0.508 0.189 (0.163, 0.881)
δ2 0.499 0.494 0.191 (0.151, 0.874)

RDMPP1
κ 2.783 2.774 0.185 (2.446, 3.178)
δ1 0.507 0.514 0.210 (0.037, 0.893)
δ2 0.444 0.465 0.240 (0.006, 0.864)

RDMPP2
κ 2.782 2.770 0.188 (2.454, 3.184)
δ1 0.492 0.496 0.187 (0.091, 0.837)
δ2 0.483 0.486 0.191 (0.074, 0.834)

Abbreviations: DMPP, dependent modified power prior; MAP,
meta-analytic predictive; MPP, modified power prior; SD, stan-
dard deviation.
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Table A5: Negative binomial regression - including covariates bedsides the treatment
type: The posterior distributions of coefficients of covariates, dispersion parameter (κ) and
borrowing parameters for the Bayesian borrowing methods.

Method Factor Mean Median SD 95% CI
Current Data

Baseline Inc 0.098 0.097 0.012 (0.075, 0.122)
Sex (Female) -0.220 -0.214 0.182 (-0.584, 0.131)
Age group (>= 65) 0.003 0.003 0.146 (-0.282, 0.291)
κ 2.293 2.285 0.199 (1.929, 2.713)

Pooled Data
Baseline Inc 0.094 0.094 0.007 (0.081, 0.108)
Sex (Female) 0.100 0.102 0.121 (-0.131, 0.342)
Age group (>= 65) 0.017 0.017 0.091 (-0.161, 0.198)
κ 1.952 1.949 0.114 (1.740, 2.185)

Baseline Inc 0.095 0.094 0.007 (0.081, 0.108)
MAP Sex (Female) 0.103 0.106 0.120 (-0.137, 0.336)

Age group (>= 65) 0.016 0.016 0.091 (-0.163, 0.195)
κ 1.953 1.949 0.114 (1.737, 2.185)
τ 0.168 0.105 0.193 (0.005, 0.707)

RMAP
Baseline Inc 0.094 0.094 0.007 ( 0.081, 0.108)
Sex (Female) 0.101 0.102 0.122 (-0.143, 0.332)
Age group (>= 65) 0.016 0.016 0.092 ( -0.167, 0.193)
κ 1.954 1.950 0.114 (1.736, 2.184)
τ 0.173 0.110 0.221 (0.005, 0.817)

MPP Ind
Baseline Inc 0.097 0.096 0.010 (0.078, 0.116)
Sex (Female) -0.069 -0.063 0.159 (-0.398,0.234)
Age group (>= 65) 0.008 0.006 0.120 (-0.226, 0.246)
κ 2.12 2.112 0.170 (1.827,2.478)
δ1 0.437 0.400 0.267 (0.026, 0.954)
δ2 0.295 0.241 0.228 (0.013, 0.8660)

DMPP
Baseline Inc 0.096 0.095 0.009 (0.078, 0.114)
Sex (Female) -0.061 -0.050 0.157 (-0.378, 0.239)
Age group (>= 65) 0.014 0.009 0.122 (-0.225, 0.256)
κ 2.117 2.106 0.166 (1.824, 2.473)
δ1 0.364 0.343 0.170 (0.085, 0.741)
δ2 0.357 0.335 0.166 (0.088, 0.732)

RDMPP1
Baseline Inc 0.096 0.096 0.010 (0.078, 0.116)
Sex (Female) -0.078 -0.072 0.159 (-0.398, 0.221)
Age group (>= 65) 0.006 0.006 0.122 (-0.237, 0.247)
κ 2.126 2.117 0.167 (1.820, 2.471)
δ1 0.381 0.367 0.214 (0.010, 0.832)
δ2 0.305 0.302 0.209 (0.005, 0.734)

RDMPP2
Baseline Inc 0.095 0.095 0.008 (0.078, 0.112)
Sex (Female) -0.050 -0.059 0.160 (-0.386, 0.244)
Age group (>= 65) 0.012 0.009 0.115 (-0.208, 0.244)
κ 2.101 2.109 0.157 (1.821, 2.436)
δ1 0.359 0.342 0.178 (0.106, 0.759)
δ2 0.354 0.338 0.177 (0.094, 0.737)

Abbreviations: DMPP, dependent modified power prior; MAP, meta-analytic
predictive; MPP, modified power prior; SD, standard deviation.



Figure A1: The OAB data: Geweke’s and multivariate PSRF values for negative binomial
regression analysis based on the MAP approach.

Figure A2: The OAB data: Geweke’s plot for the rate ratio (treatment effect), intercept
(Beta0), dispersion parameter (k) and between-study standard deviation (tau) based on
the MAP approach.
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Figure A3: The OAB data: Geweke’s and multivariate PSRF values for negative binomial
regression analysis based on the MPP approach with independent weight parameters.

Figure A4: The OAB data: Geweke’s plot for the treatment effect in rate ratio (RR),
intercept (Beta0), weights of the two studies (weight1 and Weight2) and dispersion param-
eter (k) based on the MPP approach with independent weight parameters.


