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Abstract

In [1] the Theorems 1, 2 and 3, as well as Proposition 1, are incorrect as they are stated. To make them 
correct it suffices to add the extra condition

D(x,0, λ) = 0

to the expressions (1.1) and (1.4).
The same holds for Definition 2.

© 2024 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.

MSC: primary 34C20, 34C45, 34D15, 37E30; secondary 34C07, 34C40, 34C23, 37D10, 34E15

Keywords: Planar vector field; Planar diffeomorphism; Normal form; Invariant manifold; Invariant foliation

DOI of original article: https://doi.org/10.1016/j.jde.2022.06.008.

E-mail address: freddy.dumortier@uhasselt.be.

https://doi.org/10.1016/j.jde.2024.08.028
0022-0396/© 2024 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, and similar 
technologies.



F. Dumortier Journal of Differential Equations 409 (2024) 881–883
1. On the generality of the results

The extra condition on D does not restrict the generality of the results on the normal form of 
2-d slow-fast vector fields and diffeomorphisms along normally hyperbolic critical curves with 
regular slow dynamics. It suffices to add two propositions that can be obtained by straightforward 
calculation. Proposition 2 corrects the flaw at the end of the proof of Lemma 2 in [1].

Proposition 1. Let Xε,λ be a family of vector fields, given by the equation

{
ẋ = y.C̄(x, y, ε, λ) + ε.B̄(x, ε, λ)

ẏ = y.Ā(x, y, ε, λ) + ε.D̄(x, ε, λ),
(1.1)

with Ā, B̄, C̄ and D̄ smooth functions, having the property that for all λ ∈ K ⊂ Rp , with K
compact, and for all x ∈ [0, x0], with x0 > 0, hold the conditions ā(x, λ) = Ā(x, 0, 0, λ) < 0, 
and (c̄d̄ − āb̄) > 0 (resp. < 0), for b̄(x, λ) = B̄(x, 0, λ), d̄(x, λ) = D̄(x, 0, λ), and c̄(x, λ) =
C̄(x, 0, 0, λ).
Then there exists, on [0, x0] × [−y0, y0], for y0 > 0 and ε sufficiently close to 0 and for λ ∈ K , a 
smooth (ε, λ)-family of coordinate changes of the form

(x, y) �→ (x, y + ε.g1(x,λ)),

for some smooth function g1, transforming expression (1.1) into:

{
ẋ = y.C(x, y, ε, λ) + ε.B(x, ε,λ)

ẏ = y.A(x, y, ε, λ) + ε.D(x, ε,λ),
(1.2)

with A, B, C and D smooth functions, having the property that for all λ ∈ K ⊂ Rp , with K
compact, and for all x ∈ [0, x0], with x0 > 0, hold the conditions d(x, λ) = D(x, 0, λ) = 0, 
a(x, λ) = A(x, 0, 0, λ) = ā(x, λ) < 0, and

b(x,λ) = B(x,0, λ) = ((āb̄ − c̄d̄)/ā)(x,λ),

hence b(x, λ) > 0 (resp. < 0).

Proposition 2. Let fε,λ :R2 →R2 be a smooth family of diffeomorphisms, given by the equation

(x, y) �→ (x + y.C̄(x, y, ε, λ) + ε.B̄(x, ε, λ), y.Ā(x, y, ε, λ) + ε.D̄(x, ε, λ)), (1.3)

with Ā, B̄, C̄ and D̄ smooth functions, having the property that for all λ ∈ K ⊂ Rp , with K 
compact, and for all x ∈ [0, x0], with x0 > 0, hold the conditions 0 < ā(x, λ) = Ā(x, 0, 0, λ) < 1, 
and (b̄ − āb̄ + c̄d̄)(x, λ) > 0 (resp. < 0), for b̄(x, λ) = B̄(x, 0, λ), d̄(x, λ) = D̄(x, 0, λ), and 
c̄(x, λ) = C̄(x, 0, 0, λ).
Then there exists, on [0, x0] × [−y0, y0], for y0 > 0 and ε sufficiently close to 0 and for λ ∈ K , a 
smooth (ε, λ)-family of coordinate changes of the form
(x, y) �→ (x, y + ε.g1(x,λ)),
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for some smooth function g1, transforming expression (1.3) into:

(x, y) �→ (x + y.C(x, y, ε, λ) + ε.B(x, ε,λ), y.A(x, y, ε, λ) + ε.D(x, ε,λ)), (1.4)

with A, B, C and D smooth functions, having the property that for all λ ∈ K ⊂ Rp , with K 
compact, and for all x ∈ [0, x0], with x0 > 0, hold the conditions d(x, λ) = D(x, 0, λ) = 0, 
0 < a(x, λ) = A(x, 0, 0, λ) = ā(x, λ) < 1, and

b(x,λ) = ((b̄ − āb̄ + c̄d̄)/(1 − ā))(x,λ),

hence b(x, λ) > 0 (resp. < 0).
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