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We consider bi-objective ranking and selection problems, where the goal is to correctly identify the Pareto-
optimal solutions among a finite set of candidates for which the objective function values have to be estimated
from noisy evaluations. When identifying these solutions, the noise perturbing the observed performance may
lead to two types of errors: solutions that are truly Pareto-optimal may appear to be dominated, and solutions
that are truly dominated may appear to be Pareto-optimal. We propose a novel Bayesian bi-objective ranking
and selection method that sequentially allocates extra samples to competitive solutions, in view of reducing
the misclassification errors when identifying the solutions with the best expected performance. The approach
uses stochastic kriging to build reliable predictive distributions of the objectives, and exploits this information
to decide how to resample. The experiments are designed to evaluate the algorithm on several artificial and
practical test problems. The proposed approach is observed to consistently outperform its competitors (a well-
known state-of-the-art algorithm and the standard equal allocation method), which may also benefit from the

use of stochastic kriging information.

1. Introduction

In multi-objective or multi-criteria optimization problems, the goal is
to find the set of solutions that reveal the essential trade-offs between
the objectives (i.e., where no single objective can be improved without
negatively affecting any other objective); these solutions are referred
to as non-dominated or Pareto-optimal. When shown in the objective
space, they form the Pareto front, and the set of the corresponding
decision vectors is referred to as the Pareto set. Depending on the type of
problem, the Pareto front may have different geometries (e.g. concave,
convex, linear, disconnected). In real-life problems, the location and
geometry of the Pareto front are evidently unknown, and a discrete
set of solutions is often used to approximate it (Hunter et al., 2019;
Miettinen, 1999).

This article considers multi-objective problems where the objectives
can only be evaluated by means of stochastic experiments (e.g., stochas-
tic simulation). Consequently, the performances are distorted by noise.
Such problems occur frequently in real life. For instance, in manu-
facturing and distribution problems (e.g., lot sizing in manufacturing
plants), it is common to maximize the expected profit of the production
system, while also minimizing profit risk; in transportation problems
(e.g., constructing optimal routes for dial-a-ride services) it is common
to minimize tardiness of deliveries while also using minimal resources;

and in the healthcare sector it is often important to minimize both the
waiting time of patients and the idle time of doctors.

In this paper, we assume that the analyst has a finite set of solutions
at hand, for which they have already observed the objective outcomes
for a given number of replications. Such a set may result, for instance,
from running a multi-objective metaheuristic (see, e.g., Fieldsend and
Everson 2015), or a multi-objective simulation optimization procedure
(see e.g., Rojas-Gonzalez and Van Nieuwenhuyse 2020). The goal of
multi-objective ranking and selection (MORS) is to correctly identify the
true Pareto-optimal solutions among such a finite set, by adding extra
replications to solutions in the most informative way.

In the current literature on multi-objective stochastic simulation
optimization (see e.g., Feliot et al. 2017, Hernandez-Lobato et al.
2016, Horn et al. 2017), the ranking and selection phase is often
neglected: the sample means of the available objective evaluations
are then directly used to determine the Pareto-optimal set, disregard-
ing the sampling variability. Evidently, this may lead to two types
of errors: designs that are truly Pareto-optimal might appear to be
dominated, or designs that are truly dominated might appear to be
Pareto-optimal. Chen and Lee (2010) refer to these errors as Error Type
1 and Error Type 2 respectively, whereas (Hunter et al., 2019) refer
to them as misclassification by exclusion (MCE) and misclassification by
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inclusion (MCI). Throughout this paper, we use the MCE/MCI terminol-
ogy. The accuracy of the objective estimates can obviously be improved
by allocating extra samples, yet the resampling budget is naturally
limited. Allocating this budget among the candidates in the finite set
is not trivial. Static resampling (allocating the budget uniformly across
all alternatives) tends to be inefficient, in particular in settings with
limited budget and complex noise structures, as it often wastes a lot of
replications on inferior solutions (Rojas-Gonzalez et al., 2020).

Literature on the MORS problem is relatively recent, and still very
limited (Hunter et al.,, 2019). In this paper, we propose a sequential
MORS method that uses stochastic kriging (SK) metamodels (Ankenman
et al.,, 2010) to build predictive distributions of the objectives, based
on the sample means and variances after replication. This allows the
proposed method to exploit correlations in the objective outcomes
across different solutions, even in the presence of heteroscedastic noise.
Under a few mild conditions, and for few input dimensions, SK meta-
models provide reliable predictions that are superior to using sampling
information directly (Staum, 2009), as the noise in the observed perfor-
mance is considered in the predictions. We exploit the SK information
in a novel heuristic to determine which solutions to resample, and
show how other MORS algorithms can also benefit from using such
metamodel information. In addition, we propose two screening pro-
cedures to reduce the computational burden at each iteration. While
some preliminary ideas of the method presented here were published
in Rojas-Gonzalez et al. (2019), all the allocation decisions we put
forward in this paper are novel and show competitive performance
against the state-of-the-art.

The remainder of this article is organized as follows: Section 2
gives an overview of the relevant literature. Section 3 defines the prob-
lem and Section 4 gives the necessary stochastic kriging background.
Section 5 explains the proposed sampling criteria and outlines the pro-
posed algorithm, referred to as SK-MORS. We design the experiments
to evaluate the performance of the algorithm in Section 6, analyze the
results in Section 7 and conclude in Section 8.

2. Related work

The ranking and selection problem has been widely studied in the
single-objective case, and has been approached in different ways. One
of the most common goals is to maximize the probability of correct
selection (PCS), where under some mild conditions, convergence to the
solution with the true best expected performance can be theoretically
guaranteed (see e.g., Boesel et al. 2003, Frazier 2014, Kim and Nelson
2006). In some cases, however, an extremely large replication budget
might be required to differentiate two solutions with almost identical
performance, while such small differences in performance are likely
not relevant to the decision maker. Therefore, indifference zone (IZ)
approaches aim at guaranteeing the selection of the best solution or
a solution within a given user-defined quantity from the best (known
as the probability of good selection). This user-specified quantity defines
the indifference zone, and represents the smallest difference worth
detecting (see e.g., Boesel et al. 2003, Fan et al. 2016, Kim and Nelson
2001).

Relative to the single-objective case, the literature on multi-
objective ranking and selection is scarce; a good overview can be found
in Hunter et al. (2019). The multi-objective PCS (hereafter denoted
mPCS) is defined as the probability of correctly identifying the entire
Pareto set, and only this set (Branke & Zhang, 2019). For both the single
and multi-objective case, the true PCS must be estimated, usually via
Monte Carlo simulation, which often leads to a computational bottle-
neck (Chen & Lee, 2010). The multi-objective case is evidently more
complex, as the true Pareto front is often continuous and unknown
(and thus approximated with a relatively large discrete set), and the
dominance relationships between solutions are extremely sensitive to
simulation replications (see e.g. the results in Rojas-Gonzalez et al.
2020).

One of the most widely used MORS methods is the Multi-objective
Optimal Computing Budget Allocation (MOCBA), proposed in Lee et al.
(2010), built upon the well-known single-objective ranking and selec-
tion approach OCBA (Chen & Lee, 2010). As discussed by the authors,
the MORS problem can be formulated in several ways (e.g., maximizing
the mPCS or minimizing the classification errors when identifying
the non-dominated set). The proposed allocation rules use numerical
approximations to estimate which solutions are likely to be domi-
nated. In Chen and Lee (2010) a simplified version of the original
MOCBA is proposed, which avoids most of these issues. Another rel-
evant framework is the SCORE allocations for bi-objective ranking and
selection (Applegate et al., 2020; Feldman & Hunter, 2018; Feldman
et al., 2015), which aims to allocate replications to maximize the rate
of decay of the probability of wrongly identifying the true Pareto set,
and is asymptotically optimal.

More recently, Andradottir and Lee (2021) proposed a multi-
objective IZ procedure to estimate the Pareto set with the true best
expected performance with statistical guarantees. The work focuses
on providing a stopping criterion for replicating designs until a pre-
determined desired mPCS is achieved, which is desirable in some
MORS settings, but at the expense of a large replication budget due
to the approximation of several parameters. Another related work
appears in Binois et al. (2015), where by means of kriging metamodels,
predictive distributions are built over the objectives and conditional
simulations are used to estimate the probability that any given point
in the objective space is dominated; the method is found to be very
sensitive to the (unknown) geometry of the Pareto front, and is compu-
tationally expensive. To the best of our knowledge, there are only two
other multi-objective IZ procedures in the literature: Branke and Zhang
(2019) and Teng et al. (2010). The latter work clearly highlights the
shortcomings of the first, but remains limited to the biobjective case,
and is computationally demanding.

A different approach appears in the M-MOBA and M-MOBA-HV
algorithms (Branke & Zhang, 2019; Branke et al., 2016), which apply
a Bayesian approach to determine the solution that, when replicated
further, is expected to yield the maximum information value (Chick
et al., 2010). In the M-MOBA algorithm, this solution is the one with
the highest probability of changing the current Pareto set, whereas in
M-MOBA-HV, it is the one leading to the largest change in the observed
hypervolume (a widely used performance metric in deterministic multi-
objective optimization, that quantifies the volume of the objective
space dominated by a given set of points; see Auger et al. 2012, Zitzler
et al. 2007 for further details on hypervolume).

Another related stream of research comes from the evolutionary
multi-objective optimization community, which should in principle apply
a MORS procedure to assess the fitness of the solutions in each iteration,
if the observations are noisy. This issue is currently neglected, however,
and the sample mean is commonly used as the fitness estimate, regard-
less of the sampling variability. Several authors have looked at defining
the concept of dominance in noisy multi-objective optimization (see
e.g., Basseur and Zitzler 2006, Fieldsend and Everson 2005, Hughes
2001, Teich 2001), but there is no consensus in the literature on the
formalization of this concept. In Trautmann et al. (2009) and Vof3
et al. (2010), probabilistic dominance is defined by taking the volume
of the confidence intervals on the objective outcomes, and looking at
the center point of these volumes in order to determine the dominance
relationship. A relatively simple yet well performing approach is to al-
locate additional samples to solutions that survive from one generation
to the next in the evolutionary phase of the algorithm, as is proposed in
the Rolling Tide Evolutionary Algorithm (Fieldsend & Everson, 2015).
Another related approach is dynamic resampling, which varies the ad-
ditional number of samples based on the estimated variance of the
observed objective values. It aims to assess the observed responses at a
particular confidence level before determining dominance, and to avoid
unnecessary resampling (see e.g., Di Pietro et al. 2004, Syberfeldt et al.
2010).
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3. Problem definition

A multi-objective optimization problem can be defined as follows:

min[f; (). ... /(1.

In this expression, X ¢ k/; the notation x = [xy, ..., x,] then refers
to a decision vector (also referred to as design, or simply as point) of
dimension 4. The vector-valued function f X — [R"™ links each
decision vector with its objective values (/. ..., f,,), where m denotes
the number of objectives. In such a multi-objective setting, the concept
of dominance is used to compare solutions:

Definition 1. For two vectors x; and x, in X, x; < X, means x,
dominates x, iff f,(x;) £ f;(x,),¥j € {l,....m}, and 3j € {1....,m}
such that Fi(xp) < fi(xa)-

The solution to the multi-objective problem consists of the set of
x vectors that are not dominated by any other solution. This set of
decision vectors is referred to as the Pareto set; often, we can only
achieve a discrete approximation of this set, consisting of a finite
number of decision vectors. The corresponding set of objective vectors
is called the Pareto front.

In the stochastic case, the estimate for a given objective at a
given decision vector x; is usually calculated as the sample mean of
that objective over r; independently and identically distributed (IID)
replications:

f_j(xr.)=2f_;‘(xr.)[rr..b’f=l,_..,,n;J:l,..,.m (1)
k=1

where fj k(x;) denotes the simulated performance of x; on objective j at
the kth replication. As these replication outcomes are noisy measure-
ments of the objective performance f;(x;), the resulting sample mean
is also noisy:

F00) = £(x) + €;(x) (2)

The noise ¢;(x;) is commonly assumed to be independent among the dif-
ferent objectives; in practice, it tends to be heteroscedastic (Ankenman
et al.,, 2010; Kim & Nelson, 2006), meaning that it varies throughout
the search space.

In this paper, we focus on the bi-objective case (i.e., m = 2 objec-
tives); to simplify notation, we sometimes use f;; to denote f;(x;). The
posterior distribution for the unknown true function value of objective
J at point x; is

5
(S}~ Ny %},_w =l..,mj=12 3
i
where f;; and 57, denote the sample mean and sample variance of
objective j at design i, based on the r, replications. Evidently, Eq. (3)
expresses the Bayesian belief that each objective value is normally dis-
tributed, with the posterior variance decreasing as r; increases. Adding
#; additional simulation replications, yielding an average performance

of _:_:’ updates the sample mean as follows (Branke & Zhang, 2019):

7 i
r['f['j +r,'fu'

r
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fi ()]
Consequently, the dominance relationships among the alternatives
might change, thereby changing the estimated Pareto front (and, cor-
respondingly, the estimated Pareto set).

The goal of this research is to develop an efficient and effective
algorithm to allocate an additional (but limited) number of replications
among a finite number of competing designs, in view of minimizing
the expected total number of misclassification errors at the end of the
algorithm. We thus focus on solving the following optimization problem
(see also Lee et al. 2010):

min E(MCE+MCI) (5)

>

Fpeeessly

where r| denotes the number of additional replications on design i,
R is the replication budget available after performing r; replications
on each design i, and E(MCE+MCI) is the expected total number of
misclassification errors. As the exact number of errors cannot be com-
puted because the true Pareto optimal points are in general unknown,
this optimization problem is analytically intractable. In this paper, we
propose a sequential heuristic that aims to solve the problem using
stochastic kriging (Ankenman et al., 2010).

4. Stochastic kriging

Assume that we have observed the performance of an arbitrary
objective function f(x;) on a finite set of n designs of dimension d,
using r; IID replications per design. Stochastic kriging (SK) represents
the simulation output in each replication k by the following model:

FrEx) =+ M(x) + e (x)), (6

where f is a constant, and M(x;) is a realization of a mean 0 random
field. The term ¢*(x;) denotes the intrinsic noise in stochastic simulation,
typically assumed to be naturally independent and identically dis-
tributed across replications, with E[¢*(x;)] = 0 and Var[e*(x,)] = 2(x,).
As 7%(x;) depends on the location of x;, the model naturally allows for
heteroscedastic noise. The random field M is assumed to exhibit spatial
correlation, meaning that the outcomes M(x;) and M(x,) will tend to
be similar when x; is close to x;, in the design space. Ankenman et al.
(2010) refer to the random nature of M as extrinsic uncertainty, as it is
imposed on the problem in view of developing the model. In the design
and analysis of computer experiments, the standard assumption for M
is that it is a Gaussian random field.

The core of the extrinsic spatial correlation model is the covariance
function or kernel, which is used to quantify the covariance between the
outcomes of any two decision vectors x; and x,,. In this work we use the
(stationary) squared exponential kernel, also known as Gaussian kernel
(Eq. (7)), and the Matérn kernel (Eq. (8)):

d - 2
cov[ M (x,), M(x;)] = v exp [_ ) ( = 1 e ) ] 7)

g=1 q

o
|x,, = x
cov,3 p[M(x)). M(x,)] = 0 [1 +V3y
g=1

q

d
% 4 = Xpgl
b4 -— —
exp { 25 (8)
g=1 q
where ¢? and I, (g = 1,....d) are hyperparameters that denote the

process variance and the length-scale of the process along dimension
q, respectively. These hyperparameters, along with the constant § in
Eq. (6), are estimated from the available data (i.e., the n design vectors
and their corresponding sample means), usually by means of maximum
likelihood estimation (MLE). For further details on other popular kernels,
see Chapter 5 in Rasmussen and Williams (2005).

Using the obtained MLE estimates (f, ©° and fq) as plug-in esti-
mators, the analyst can then estimate the belief of the SK model with
respect to the true function outcome, at each design point x;:

LN ). X)), Vi= 1, n 9)

where f(x;) and §’(x,) denote the stochastic kriging predictor and the
predictor uncertainty at design point x;, respectively. These are given

by:
Fx) =f+ Z3,x, )1y + 217N E - A1,) (10)
$0x) =Ep (%) = Epy(x,) [Epy + 207 E(x,00)
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T
# (11)
12y + 21711,

with y =1 =17 [y, + Z, 17 Z4,(x,, ).

In Eq. (10) (also referred to as the posterior mean) and Eq. (11) (also
referred to as the MSE or posterior variance), f = [[(x)),.... f(x,)]"
is the n x 1 vector containing the sample means, and 1, is a n x 1
vector of ones. The n X n matrix £,, contains the kernel result for
each pair of design vectors (i.e., cov[M(x;,), M(x,)], for h,h' =1,....n),
using the plug-in estimators. Analogously, the n x | vector X,(x;.-)
contains the kernel results for the covariance between the function
outcome at the design vector x; for which the predictor is calculated,
and each of the » design vectors in the set (i.e., cov[M(x;), M(x,)], for
h=1,...,n). The nx n matrix X, contains the covariances between the
sample means of the n design vectors implied by the intrinsic noise:
diag[5%(x;)/rys ... . 5(X,) /1]

If each of the points in the set were replicated an infinite number of
times, X, would reduce to a zero matrix, implying that the estimated
sample means would be noise-free. In that case, the stochastic kriging
estimates in Egs. (10) and (11) would reduce to the well-known ordi-
nary kriging expressions (Kleijnen, 2015): the predictor would perfectly
coincide with the sample mean, and the predictor uncertainty at each
point would reduce to zero. Yet, in real life, the replication budget
is finite. Consequently, in all practical settings, the SK predictor in
Eq. (10) will not coincide with the sample mean at the observed points;
yet, the difference between them tends to zero as the noise on the sample
means is reduced. We exploit this crucial property in our proposed
MORS procedure, which, as described in the next section, uses distinct
stochastic kriging models for each objective.

5. Proposed MORS procedure

Let S be the set containing the n design vectors; at each location x;
(i = 1,....n), we have performed r; IID replications for each objective
Jj. Fitting a SK model to this data allows us to determine the predictor
(Eq. (10)) and MSE (Eq. (11)) for each point in S and for each objective
J. We thus dispose of two types of information for each design vector:
sample information (sample mean and variance) and SK information
(predictor and MSE). While we expect SK to yield more accurate per-
formance estimates than the sample means, these predictions may have
a high MSE associated to them. Thus, we are interested in sampling
on designs where both estimates are very different, as we expect these
to get closer to each other (and closer to the true performance) as we
increase the number of replications.

Consequently, we can identify one estimated Pareto front (and
corresponding Pareto set) based on the sample means, and another
one based on the SK information. Both fronts (and both sets) will be
equivalent in the limit (i.e., when the observational noise has been
reduced to zero). Hereafter, the notation ﬁ refers to a result deter-
mined using sample information, while the notation {7} denotes a result
based on SK model information. For example, f; and f, denote the
objective vectors for design x, identified using sample information and
predicted information respectively, while PS5 and PF denote the set
of Pareto-optimal points identified based on the model predictions. In
what follows, we first discuss the sampling criteria used in the proposed
procedure, followed by the outline of the resulting algorithm.

5.1. Proposed sampling criteria

Our aim is to allocate a finite budget of extra replications to the
points in S in such a way that we reduce the expected number of
MCE/MCI errors. Ideally, in the end, the Pareto-optimal points within
the finite set should be identified correctly. To do this we propose two
sampling criteria that the algorithm uses to rank and select the point(s)
to which extra replications will be added: the posterior distance (PD),
and the expected hypervolume difference (EHVD). These two criteria

serve different goals: while the PD focuses on improving the prediction
accuracy, EHVD allocates budget to those points for which errors in the
current sample mean estimates, caused by the noise, have the biggest
impact on the identification of the front. In the proposed algorithm, we
select the point(s) by maximizing both criteria simultaneously, in each
iteration. This is explained in detail in Section 5.2, when we discuss the
algorithm outline.

5.1.1. Posterior distance

As the SK predictor accounts for the intrinsic noise on the sample
mean, this causes the predictor value to differ from the sample mean,
and the MSE to differ from zero. Obviously, if the sample means were
noise-free, they would reflect the true function values, and the SK
predictor would reduce to the ordinary kriging predictor (as ordinary
kriging is an exact interpolator). For this reason, we propose to quantify
the attractiveness of adding more samples to a given location x; by
means of that point’s posterior distance (PD):

m

PD, = | 3 [1 7,000 = £y 1 48]

=1

Vi€ S. (12)

Adding replications to points with a high PD value reduces the noise
on the sample mean, such that the difference between f; and f, reduces.
Again, with infinite sampling budget, both would coincide with the
vector of true function values, so applying this sampling criterion would
in the limit reduce the sum of expected MCE and MCI errors to zero (see
also Applegate et al. 2020). Note that Eq. (12) resembles the Euclidean
distance between both vectors. While in Bayesian optimization adding
the MSE to the prediction value aids in exploring areas of the search
space where the uncertainty is high (Cox & John, 1992; Jones, 2001),
here it is added under the root to inflate the PD at points with high
posterior variance.

5.1.2. Expected hypervolume difference

In reality, budgets are not infinite. As the MCE and MCI errors result
from a misclassification of both the true Pareto-optimal points and the
truly dominated points, we would like the MORS algorithm to focus
its resampling efforts on those points where the current value of the
(noisy) sample mean may impact the correct identification of the front.
Following the rationale of the SK metamodel, the SK predictors can be
used as estimates, as they reflect the expected value of the models’ belief
of the true function outcome, based on the model assumptions and the
currently available information. To quantify the extent to which a given
point’s sample mean may impact the correct identification of the front,
we propose to look at the expected hypervolume difference for that point,
if its sample mean were replaced by its SK predictor. By definition, the
hypervolume associated with an arbitrary front PF is given by

HV(PF,r}:A(U (2 :z<z'-<r}). (13)
zePF

where r denotes the reference point, and the notation A refers to the
Lebesgue measure. The expected hypervolume difference for a given point
x; is then determined as:

EHVD, =| HV(PF.r)~ HV (dpp.r) | . (14)

with 4, = PF\f, Uf,. If replacing f, by f, does not yield any change
in the estimated front, the result is zero. This can only happen when
both vectors f, and f; are located in the dominated space, as shown in
Fig. 1(a), or when both vectors are exactly the same (which is very
unlikely). In all other cases in the figure, EHVD, results in a strictly
positive value (illustrated by the shaded area), as the front changes.
Fig. 1(b) shows a case where both estimates are on the front and
mutually non-dominated; Fig. 1(c) and (d) show the cases when both
estimates are on the front, but f < T or vice versa; and Fig. 1(e) and
(f) illustrate the cases where one of them turns out to be dominated by
some other vector g close to the front (e.g., f < & < f).
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Fig. 1. The different cases to be considered when calculating the EHVD.

5.2. Algorithm outline

The procedure is outlined in Algorithm 1. At the initial stage, we
assume b, > | replications have been already allocated to each point
in §, information the algorithm uses to fit a SK metamodel to each
objective. The metamodels are then used to predict each response
and respective prediction errors on these sampled points. The current
dominated and non-dominated sets are computed based on both the
sample and predicted means. For ease of reference, we summarize the
different sets of points used in Table 1.

The Screenmng Box procedure outlined in the algorithm is intended
to screen out points that are unlikely to change the front when they

receive extra replications (we refer to these as inferior points). In
stochastic single-objective simulation-optimization, such procedures
are widely used prior to running the ranking and selection procedure
(see e.g., Boesel et al. 2003). In the stochastic multi-objective case, it is
not straightforward to determine which points are statistically superior
to others, as some points might be better on one or more objectives with
a certain probability, while simultaneously being inferior on one or
more other objectives with a different probability (Chen & Lee, 2010).
The procedure uses the lower and upper confidence bounds of the
objectives at the different points; as both the model predictions and the
sample means are normally distributed, we can estimate these bounds

as ¢ (x;) + wy i't’)'j.’ (x;).j = 1.....m, where ¢ and o are, respectively, the
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Table 1
Overview of the different sets of points used in the proposed algorithm.

Notation Description

N Finite set of sampled points.

N Set of sampled points that have not been screened out.

PS.PF Pareto set and front based on sample information.

PS.PF Pareto set and front based on predicted information.

UCB.LCB Set of upper and lower confidence bounds of all points in § using sample means.
UCB.LCB Set of upper and lower confidence bounds of all points in § using predicted means.

performance estimate and associated variance for design x;, and w is the
critical value chosen by the analyst (Cox & John, 1992; Jones, 2001).
In the experiments, we use 99%, unless explicitly stated otherwise.

For each objective, the maximum upper confidence bound among
all the non-dominated points is determined (denoted by i; for the
sample means, and #; for the predicted means in lines 15 — 16 of
Algorithm 1). Note that, because we are minimizing the objectives, the
combination of these j upper confidence bounds defines a (hyper)box
in the objective space dominated by the current Pareto front, both
for the sample means and for the predicted means. By contrast, the
procedure considers the combination of all lower confidence bounds
for each dominated point. If the result falls outside the hyperbox, the
corresponding design is considered to be inferior, and is screened out
from the current iteration. As the set of inferior points is recalculated
in each iteration, it might be considered in further iterations.

While we acknowledge the heuristic nature of the procedure, the ex-
periments show that it helps to reduce the number alternatives (which
reduces computational effort, most importantly for the EHVD calcula-
tions) without affecting the overall performance of the entire allocation
procedure. Consequently, with Screening Box, it is highly unlikely to
screen out points that are truly non-dominated. Appendix A discusses
an alternative procedure (Screening Banp), which is more aggressive in
screening out points compared to the Screenng Box procedure. Yet,
as evidenced by the results in this appendix, it shows a higher risk
of excluding truly non-dominated points. Consequently, it may not be
suitable for settings with high or strongly heterogeneous noise.

The algorithm then calculates the EHVD and PD values for the
remaining points, in view of selecting the point(s) that will receive
extra replications; those points that have already reached the maximum
number of replications b,,,, are not considered. Based on the results,
a Pareto front can be distinguished (denoted by F-f), for which both
criteria are simultaneously maximized (see the illustration in Fig. 2).
The corresponding Pareto set PS is then determined, and the x; loca-
tions in this set are sorted according to increasing value of r,. Next,
the algorithm iterates over the design vectors in this set, allocating one
extra replication per point, until the budget B per iteration is depleted.
Note that the number of points in PS varies per iteration, as PF differs
per iteration.

Selecting the parameters b,, B and b,,,, will depend on the specific
total budget available, and on the number of points in the given
problem. As discussed in Chen and Lee (2010), a value of b, = 5 is
recommended to approximate the sample means and variances, and
by 15 used to prevent the algorithms from allocating an extreme
number of replications to a given point in order to ensure that the
limited sampling effort is well distributed among the diverse (but
competitive) solutions in the sampled set. B is chosen to balance the
computational effort (small B requires many updates to the SK model)
and the speed of learning from new data (large B means we make many
sample allocation decisions without using the incoming information to
update our SK model).

When the stopping criterion is met, the algorithm returns the est-
mated Pareto set based on the predicted means. We prefer PS above PS5,
as the SK information reflects the model’s belief about the true function
values, given all information available at the end of the algorithm. The
proposed allocation procedure is thus sequential: the SK models are
retrained with the new (more informative) sample means and variances
at the start of each new iteration.

Algorithm 1 SK-MORS algorithm

1: Input:

2: 8 > Set of candidate points
3t by > Maximum replication budget per point
4: B - Replication budget to be allocated per iteration
5: Output:

6: PS > The predicted Pareto set
7 Sy =8 - Initialize set of points that reached b,,,,
8: r; = by Vi t> Initialize replication matrix
9 By =0 > Initialize number of unused replications
10: while stopping criterion not met do

11: f;(x;) « Fit a SK metamodel to each objective j

12 Compute PF,PS,UCB, LCB, PF,PS,UCB and LCB
13: procedure Screening Box(UCB, LCB, UCB, LCB)

14: I=d t Initialize set of clearly inferior points
15: it =maxﬂ,fm v

16: fi; = max, g5 UC’B W

17: NP=S\PSns\PS.

18: forie NP do

19: for j=1:mdo

20: if LCB,; >a; and LCB,, > &, then
21: Iu{x;}, break

22: end if

23: end for

24: end for

25: return J

26: end procedure

27 S=8S\I
28 §=8\5,.
29: Compute EHVD, and PD,, Vi € §

> Temporarily screen out inferior points
> Remove points that have reached b,

max

> Eq. (14) and (12)

30: PF.PS « Pareto front and set of the maximization of PD and
EHVD
31 PS,,. — PS sorted in ascending order of r; values

32: B = B+ B, > Use previously unused budget
33: while J".S‘mrr is not empty or B, >0 do

34: forie P.S‘W, do

35: if r, <b,, then

36: Allocate 1 additional replication to x;: r; = r; + |

37 Bm:r - Bi.rer -1

38: else

39: Soax Y 1%}

40: end if

41: end for

42: F-jxur! = };‘j.wr!\‘smax

43: end while

44: Byer = Bier - Save unused budget

45: end while
46: Return PS

6. Test problems

In Section 6.1, we present the experimental details for a set of
well-known analytical bi-objective test functions. These functions have
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Fig. 2. Pareto front resulting from simultaneously maximizing EHVD and PD (normal-
ized in the [0, 1] interval), at an arbitrary iteration.

different Pareto front geometries, and were implemented with vary-
ing number of decision variables, and different levels of noise. They
are used to evaluate the performance of the proposed allocation cri-
teria against the standard EQUAL allocation and the MOCBA algo-
rithm (Chen & Lee, 2010), which we consider state-of-the-art (in Ap-
pendix B we provide the allocation ratios, but the full procedure is
as described in Chen and Lee 2010). Furthermore, we examine the
impact of using the SK information instead of the sample means and
variances in EQUAL and MOCBA as well. In Section 6.2 we evaluate the
performance of our proposed algorithm against EQUAL and MOCBA on
two examples motivated by real-life supply chain problems.

All algorithms are stopped when a predetermined number of addi-
tional replications R have been allocated. This is determined by the
number of iterations performed by the algorithms and the replication
budget per iteration B as R = B X iterations. This is a natural criterion,
as in most practical settings, the sampling budget will determine the
length of the run. We compare their performances by means of the
accuracy percentage of the set (APS) metric:

MCE + MCI
IS
where MCI and MCE are the number of misclassification errors by
inclusion and exclusion, respectively, and |S| is the total number of
designs. The metric is an intuitive measure to evaluate the accuracy of
the classification of the solutions in the sampled set, as it implicitly
considers both errors to be equally important. Evidently, it takes a
value between O and 1: if the algorithm correctly identifies the entire
true non-dominated and dominated sets, there is no misclassification of

points, and APS = 1.

APS =1- (15)

6.1. Artificial test problems

We use standard test problems from the deterministic multi-objective
literature to assess the performance of the algorithms (e.g., the ZDT,
DTLZ and WFG test suites). These benchmark functions allow the
analyst to construct problems with different number of objectives and
decision variables; for WFG, features such as modality and separabil-
ity can also be customized, using a set of shape and transformation
functions. While we include results for a total of ten problems in the
supplementary material (see Appendix D), here we focus on four sce-
narios that are representative from all the experiments we carried out.
These scenarios use three test functions with different characteristics:
WFG3 is a non-separable and unimodal problem with a linear Pareto
front, WFG4 is a separable and multimodal problem with a concave
Pareto front, and DTLZ7 is a multi-modal problem with a disconnected

Table 2
Summary of the experimental scenarios for the analytical test functions.

WFG3 WFG4 DTLZ7 DTLZ7
Number of objectives m 2 2 2 2
Number of decision variables 4 5 5 2 10
Number of points in § (|5]) 100 100 100 184
Size of the true Pareto set |PS,| 20 20 50 75
Noise level High Medium Low High
Total number of iterations 15 30 30 15

Kernel used in SK metamodels
Low noise std. dev.

Medium noise std. dev.

High noise std. dev.

Squared exponential: Eq. (7)
0.001RF, < z,(x) <05RF,
0.01RF, < 1,(x) < IRF,

LRF, < 1;(x) < 2RF,

front (see Huband et al. 2006 for the analytical expressions and detailed
characteristics of these problems).

The four scenarios are bi-objective minimization problems with
varying number of decision variables and levels of noise. The set of
points § being considered is discrete and contains a fixed and known
number of truly Pareto optimal points, denoted PS,. Note that both
the non-dominated and dominated sets of points need to be artificially
generated; to do this, we ran a standard evolutionary multi-objective
optimization algorithm (Deb et al., 2002) on the noise-free problem,
and extracted both sets of points ensuring that the dominated set is
close enough to the non-dominated set, such that it is difficult for
the algorithms to converge to zero errors. Table 2 summarizes the
experimental scenarios, and Fig. 3 illustrates the true objective values
of the finite set of points for these test functions.

These true objective outcomes are perturbed with heterogeneous
Gaussian noise. Hence, we obtain noisy observations f} kx)=f (X)) +
.c:f (x;), with e'_f(x‘-) ~ N0, 7;(x;)) for j = {1,2] objectives at the kth repli-
cation. In accordance with the previous literature (Jalali et al., 2017;
Picheny et al., 2013; Rojas-Gonzalez et al., 2020), we set the standard
deviation of the noise 7,(x), such that it varies linearly with respect to
the objective values. The maximum and minimum values of 7;(x) for a
given objective j are linked to the range of the true values of that objec-
tive in the region of interest (i.e., RF; = maxyg f;(x) — minycg f;(x)).
For each individual objective j, we use the minimum noise variance
at the location of that given objective’s minimum (i.e., the point that
would be optimal in case of single-objective minimization). Because of
the trade-off between the function values in the Pareto-optimal points,
this assumption automatically leads to a trade-off in the noise variance
of the functions at these points: in the extremes of the bi-objective front,
this variance is minimal for one objective, while higher for the other.
In that way, the linear structure ensures that the resulting ranking
and selection problems are non-trivial, as none of the Pareto-optimal
points has accurate sample means on both objectives. Evidently, the
same could have been achieved with other noise structures. As shown
in Table 2, we consider three levels of noise perturbing the responses
(low, medium and high), varying between 0.001RF; and 2RF;.

6.2. Practical applications

In this section we describe two practical bi-objective problems.
While both problems aim at optimizing the same two objectives, the
key difference is that Problem #1 is a demand allocation problem
that has 15 decision variables, and Problem #2 is an (s, ) inventory
control problem with 2 decision variables. Thus, our goal with these
experiments is not only to examine the convergence performance of the
algorithms, but also the performance of the SK metamodels in higher
dimensions. Also note that for the practical problems we use the Matérn
kernel (Eq. (8)), as it is preferred over the squared exponential kernel
(Eq. (7)) for practical applications (Snoek et al., 2012). For each of
these scenarios, the number of designs to be considered (i.e., |.S|) is
determined after performing a search of solutions using the algorithm
in Fieldsend and Everson (2015).
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Fig. 4. Ilustration of the Pareto front for the simultaneous minimization of cost (denoted f,) and negative service level (denoted f.).

6.2.1. Demand allocation problem

This problem is inspired by a real-life case from a company in the
chemical processing industry. The company has a variety of processing
units across different plant sites, each of them having unique processing
capabilities with respect to product mix. Each week, the company
needs to decide on the amount of product to be produced by each
processing unit, and the amount of product to be shipped to each sales
region, in order to meet the forecasted (weekly) demand for all product
types. This problem setting has already been used as a real-life case in
other articles (e.g., Jung et al. 2004), but then as a single-objective
problem minimizing the total expected costs incurred (consisting of
production, transportation, inventory holding and outsourcing costs)
subject to achieving a minimum service level from own production.
Further details of the problem formulation (based on Jung et al. (2004))
can be found in Appendix C.

In our experiment, the aim is to simultaneously minimize the ex-
pected total cost, and maximize this service level. Fig. 4 shows the
trade-offs between the objectives observed for an arbitrary instance of
the problem (Scenario 2). The left panel shows the approximation of the
true performance, obtained by running 10° replications on each of the
design vectors for this instance; the right panel shows the misclassifica-
tion errors observed at an arbitrary iteration of the SK-MORS algorithm.

In our scenarios (see Table 3), we look at a setting with 8 sales re-
gions, 3 production facilities and 5 product types. Every time an order is
placed, the nearest facility to that sales region that can fulfill the order
is selected. If the order cannot be fulfilled by any of the manufacturer’s
facilities, it is added to the excess demand which will be outsourced
during the period. Thus, we have a total of 15 decision variables (3
facilities and 5 products). Each simulation period is a week and the
simulation runs over 1 year (i.e., 52 periods). We consider different
levels of demand uncertainty, by varying the coefficient of variation y
across four scenarios: y = 0.1,0.3,0.6 and 0.9 (y = 0.3 coincides with
the coefficient of variation that results from historical data; the other

values were chosen to test the algorithms under sufficiently diverse
conditions). All scenarios assume normal demand distributions for all
product types; if a negative value is drawn in the simulations, the
absolute value is used.

6.2.2. The (s,S) inventory control problem

Inventory management problems occur frequently in real business
environments. One of the most studied inventory management policies
in the simulation optimization literature is the (s,.S) inventory policy
(also known as base stock policy), which raises the inventory position
(which equals the physical inventory plus outstanding orders minus
backorders) to the order up to level .S, as soon as it drops to or below
the reorder point s. The (s, 5) inventory setting we consider has been
extensively studied in the literature (see e.g., Bashyam and Fu 1998,
Kleijnen and Wan 2007). Recently, Angun and Kleijnen (2023) study
this problem in a single-objective setting where the average total cost
(consisting of the sum of inventory holding costs, and variable and fixed
ordering costs) is to be minimized subject to a service level constraint
(see Section 6.4 in their article).

We choose the input parameters and decision variables for the
problem equal to the ones in Angun and Kleijnen (2023) and Kleijnen
and Wan (2007). We consider 2 decision variables s and Q, where S =
s + Q. The inventory position is reviewed periodically: the per-period
demand D follows an exponential distribution with mean p, = 100,
while the replenishment lead time L follows an integer-valued Poisson
distribution with mean y; = 6 periods. The variable ordering costu = 1,
the holding cost h = 1, and the fixed ordering cost K = 36. The value
of s needs to fall in the interval [up X p;.3 X up x pg ] = [600, 1800],
while Q needs to fall in the interval [42.5,255]. Due to the stochastic
lead times, order crossovers can occur (i.e., orders are not necessarily
received in the same order as they were placed), such that the problem
is analytically intractable and stochastic simulation is needed to find
the s and Q.
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Table 3
Summary of the experimental scenarios for the demand allocation problem.
Scenario 1 Scenario 2 Scenario 3 Scenario 4
Kernel used in SK metamodels Matérn: Eq. (8)
Number of points in § (|.5]) 125 96 93 99
Size of the true Pareto set |PS,| 33 32 22 25
Coefficient of variation of demand y =01 =03 x =06 y =09
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Fig. 5. Pareto front for the simultanecus minimization of cost (denoted f,) and negative service level (denoted f,) for the (s,5) inventory problem. The left panel shows the
approximation of the true Pareto front, obtained from a simulation run with P = 30000 periods. The right panel illustrates the misclassification errors resulting at an arbitrary

iteration of the same instance, when P =208 periods.

Table 4
Summary of the experimental scenarios for the (5,5) inventory problem.
Scenario 1 Scenario 2
Kernel used in SK metamodels Matérn: Eq. (8)
Number of points in § (|.5]) 101 120
Size of the true Pareto set |PS,| 62 36
Number of periods 208 832

We formulate the problem as bi-objective, where the goal is to
minimize the expected total cost while simultaneously minimizing the
negative service level. We consider 2 scenarios (see Table 4). The
number of periods P differs across the scenarios: evidently, scenario 1
yields more noisy observations for the objectives than scenario 2, as it
has fewer replications. Yet, the observed objective outcomes in scenario
2 are naturally closer to the true front, making the ranking and selection
problem in this scenario equally challenging.

The trade-offs between the objectives are illustrated in Fig. 5. The
left panel shows the approximation of the true Pareto front, obtained
from a simulation run with P = 30000. As originally recommended
by Bashyam and Fu (1998), using this number of periods achieves
a steady-state, ensuring that the remaining noise in the resulting ob-
jectives is negligible. This approximated Pareto front is the reference
for evaluating the misclassification errors obtained by the different
algorithms.

7. Results

In Section 7.1.1, we compare the performance of the SK-MORS
algorithm against EQUAL allocation and the MOCBA algorithm (Chen
& Lee, 2010) on the analytical test functions, where we also show that
resampling points by simultaneously maximizing EHVD and PD outper-
forms a resampling approach based on the maximization of only one of
those in isolation. In Section 7.1.2, we analyze the benefit of using the
SK information instead of the sample means in the EQUAL allocation
and MOCBA algorithms. We also provide a separate evaluation of the
performance of the screening procedures in the supplementary material
(see Appendix A). Finally, in Section 7.2 we show the performance on
the two practical problems.

For each problem instance (analytical and practical), we run the
algorithms 30 times on the same instance (i.e., 30 macroreplications);
in the figures, we report the average APS value obtained at each
iteration of the algorithms, along with the 95% confidence intervals.
We set B = |S| (i.e., the budget per iteration equals the cardinality
of the set of points), to facilitate the comparison of our algorithm with
standard EQUAL allocation, which uniformly distributes the replication
budget among all alternatives (thus a budget of B = |.§| will run 1
additional replication per point per iteration). Furthermore, a value
of by = 5 is used to approximate the performance in all algorithms,
and a value of b,,, = 100 is used for MOCBA and SK-MORS. Table 5

max

summarizes the algorithms evaluated.

7.1. Performance on the analytical test functions

7.1.1. Proposed allocation criteria

Fig. 6 clearly shows that for all test problems considered, the
proposed algorithm converges faster towards the correct identification
of the true Pareto front. Moreover, the results in the supplementary
material (see Table 7) show that when the budget is depleted, the
proposed algorithm consistently yields lower number of true errors on
average than its competitors. Note also in Fig. 6 that the superiority
of MOCBA over EQUAL is not entirely clear for most scenarios, as in
these MOCBA and EQUAL require a much larger budget to converge.
On the other hand, SK-MORS shows consistent performance. In scenario
DTLZ7 (Fig. 6(c) and (d)), the proposed approach realizes a remarkable
jump in APS already at the beginning of the SK-MORS allocation; for
scenario DTLZ7 with noise, the variability is significantly higher, but
remains clearly superior to the competitors.

Fig. 7 shows that the best results eventually are achieved when both
criteria are combined, as opposed to using the PD and EHVD separately
(see Fig. 2). This is expected, given that they focus on different con-
tributions (allocating extra replications to the most uncertain points,
versus allocating replications to the points that are expected to change
the estimated front). An advantage of the PD criterion is its very low
computational cost, although the EHVD is shown to be more efficient
in convergence.
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Table 5
Overview of the different algorithms tested.
Algorithm Description
SK-MORS Algorithm 1.
SKMORS-PD SK-MORS algorithm using only the PD criterion.
SKMORS-HV SK-MORS algorithm using only the EHVD criterion.
EQUAL Allocate replications uniformly to all sampled points.
EQUAL-SKi EQUAL allocation using the SK predictions for identification.
MOCBA Multi-objective Optimal Computing Budget Allocation algorithm (Chen & Lee, 2010).
MOCBA-SK MOCBA algorithm using the SK predictions for allocation and identification.
MOCBA-SKi MOCBA algorithm using the SK predictions only for identification.
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Fig. 6. Convergence to the true Pareto set: the proposed algorithm versus standard EQUAL allocation, and the state-of-the-art MOCBA procedure, for the 4 artificial test problems

considered.

7.1.2. Impact of stochastic kriging

As evident from Fig. 8, feeding SK information to the identification
phase of EQUAL and MOCBA (i.e., using SK predictions only when
computing the misclassification errors), leads to a drastic improve-
ment in both algorithms (referred to as EQUAL-SKi and MOCBA-SKi
respectively); yet, they still show worse performance than the proposed
method. The bad performance of MOCBA-SK (i.e., feeding SK informa-
tion to the MOCBA algorithm for allocation and identification) is not
entirely surprising, as the sample variance and prediction MSE do not
reflect the same information (i.e., sampling variability and prediction
error, respectively). Overall, it is clear that the efficient identification
of the solutions with the true best expected performance is facilitated
by exploiting the stochastic kriging information (as opposed to relying
on the sample means). However, as shown in Table 6, fitting the
metamodels incurs higher running times than EQUAL or MOCBA. In
turn, the running time of these two worsens when they are assisted
by metamodels. In practice, this trade-off is relative to the underlying
simulation used: if the cost of evaluating the simulation is 10? or 10?
times more expensive than fitting the metamodels, then the differences
shown in Table 6 become irrelevant. In addition, using the proposed

approach is beneficial when the replication budget is extremely limited,
as it is shown to have a faster convergence rates (see e.g., Fig. 6).

7.2. Performance on the practical problems

Fig. 9(a)-(d) shows the results for the 4 scenarios considered for
Practical Problem #1, and Fig. 9(e)-(f) shows the results for the 2
scenarios considered for Practical Problem #2. For Problem #1, it is
evident that with increasing noise levels the method becomes more
useful. For Problem #2, it is remarkable how the proposed algorithm
is much closer to the maximum APS already from a very early stage of
the allocation; this is evidently due to the use of the predictive models
to determine the Pareto set. Moreover, in contrast with the results
on the artificial test functions, for both problems MOCBA shows clear
superiority to EQUAL (see e.g., Fig. 9(d) and (e)).

A relevant observation that is not visible from the figure is that
all algorithms struggle to converge to zero errors, even with very
large budgets of 100 or more iterations, because of several solutions
with only marginally different performance (conversely, see the re-
sults in Fig. 6). Indeed, in practice we often encounter solutions with



S.R. Gonzalez et al.

Table 6

Average (std. err.) of the running time per iteration, in seconds, for the WFG4 problem.

SK-MORS SK-MORS-PD SK-MORS-HV MOCBA

MOCBA-SKi MOCBA-SK EQUAL EQUAL-SKi

60.1 (9.78) 21.6 (2.21) 58.6 (19.44) 0.5 (0.00)

18.01 (4.02) 19.25 (3.43) 0.00 (0.00) 25.2 (2.13)
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marginally different performance, and thus also incorporating a multi-
objective indifference zone procedure can be beneficial. Yet again, these
remain very scarce in the literature.

8. Conclusions and future research

This paper proposed a bi-objective ranking and selection proce-
dure designed to allocate additional replications to specific alternatives
within a finite set, aiming to correctly identify the true non-dominated
solutions. The procedure relies on two sampling criteria that make use
of stochastic kriging metamodels. The first criterion, EHVD, focuses on
solutions where additional replications are expected to produce a sig-
nificant change in the estimated Pareto front. The second criterion, PD,
focuses on improving the precision of the estimated performance, but
without considering the dominance relationships between alternatives.
By selecting points that simultaneously maximize both criteria, we
obtain an algorithm that efficiently allocates the available replication
budget in view of reducing the misclassification errors.

Fitting the metamodels implies more computational effort than
EQUAL and MOCBA, especially in settings with high input dimen-
sions. The exact computation of the metamodels beyond 15 input
dimensions would require implementing an approximation (see e.g., Lu

et al. 2020), or a dimensionality reduction technique (see e.g., Binois
and Wycoff 2022), or using a different metamodel. While in practi-
cal settings this running time difference may not be significant, to
reduce the computational cost we propose two screening procedures.
The limited experiments show that the use of these procedures did
not significantly impact the performance of the algorithm in terms of
convergence. The choice of which one to use in practice will depend on
the specific problem at hand. For example, if detecting small differences
in performance for the observed non-dominated solutions is not crucial
for the decision-maker, using Screenmn Banp can be helpful to reduce
the computational overhead significantly, while still considering well-
performing solutions. Moreover, both procedures may be combined,
first using Screening Box and then switching to Screenivg Banp in later
iterations.

In settings with high noise, the sample variance can be inaccurate
with respect to the true variance if only a small number of replications
is taken. Yet, the results obtained illustrate that the proposed algorithm
consistently performs well, even if the (endogenous) noise on the objec-
tive values is increased by manipulating the uncertainty parameters. A
key further work direction is to investigate the effect of using common
random numbers (CRN) in our setting; while CRN are shown to inflate
the MSE in Ankenman et al. (2010), in Chen et al. (2012) they are
shown to be useful for simulation-optimization, and thus it may be
beneficial in the MORS setting.

Finally, extending the algorithm to handle more objectives is con-
ceptually straightforward, as metamodels can be constructed for any
required number of objectives. However, as highlighted by Afsar et al.
(2023), increasing the number of objectives leads to a dramatic rise in
the number of misclassification errors. In fact, MORS procedures tend to
allocate an excessively large replication budget to distinguish solutions
that differ only marginally, which exacerbates when the number of
alternatives reaches the hundreds or thousands, as is common in high-
dimensional objective spaces. In this context, exploring parallelization
of the resampling criteria or implementing batch resampling — such as
identifying batches of solutions that collectively maximize the EHVD —
could be highly beneficial. Moreover, research on scalability in objec-
tive space for problems involving many stochastic objectives remains
in its infancy (see e.g., Cooper et al. 2020, Hunter et al. 2019). A core
challenge is that the number of solutions needed to approximate the
Pareto front grows exponentially with the number of objectives, and
this, in turn, leads to a steep increase in the replication budget required.
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Fig. 9. Performance of SK-MORS vs. EQUAL and MOCBA for the 6 practical scenarios considered.

Appendix A. Screening band procedure

Here we propose an alternative screening procedure, named ScREEN-
NG Banp, which encloses a confidence region using the upper confidence
bounds of all the non-dominated points, not just the worst upper bound
among all non-dominated points (as with Screenmng Box). The procedure
is outlined in Algorithm 2, and the relative performance is compared
in Fig. 10. SK-MORS,,,,,. denotes an algorithm that does not screen out
any points, and the metric |.S| shows the number of points that remain
in the set after screening, at a given iteration.

Both screening procedures succeed in sequentially reducing the
number of candidate points considered as the observed performance
becomes more accurate (see (a), (c) and (e) in Fig. 10); evidently, the
biggest reduction is obtained with Screening Banp. Such reduction sig-
nificantly reduces the computational cost of executing the hypervolume
calculations in Eq. (14) for every candidate point at each iteration, but
at a higher risk of excluding true non-dominated points from resam-
pling. Indeed, as is clear from Fig. 10(b), (d) and (f), the noise levels
for the different scenarios have an impact on the performance of the
proposed algorithm with respect to the convergence to the true front.
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Fig. 10. Performance of the proposed screening procedures.

While for low and medium levels of noise no particular differences are
observed between both proposed methods, for a high level of noise the
performance of Screening Banp clearly worsens. Moreover, in Fig. 10(e),
we observe that the BAND procedure screens out a very large number
of points, including some of the MCE errors. This happens because
the noise is low and the dominated points are relatively far from the

non-dominated points.

Appendix B. MOCBA allocation rules

The allocation rules of the simplified MOCBA algorithm (Chen &
Lee, 2010) are summarized below. The following notation is used:

fi; * The sample mean of objective j in design i.
p; @ The design that dominates design i with the highest proba-
bility.
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Algorithm 2 Screening Banp

: Input: UCB, LCB, UCBand ICB

I=¢ > Initialize set of clearly inferior points
NP=S\PSnS\PS

: procedure Distance(f,. f,)

hy = E_,m:][fu = fi;?

return h;;,

: end procedure

: forie NP do

Ay —DlsmNCE(LCB UCB ), Yk € PF

by, =Distance(LCB,, UCB,), Vk € PF

: end for

12: forie NP do
13: u = argmin

=
= R A U L

Ry
hy,

kePF
14: v =argmin, _;=
15: for j=1:mdo
16: if LCB, > UCB,,
17: Tuix;}

18: break

19: end if

20: end for

21: end for

22: return [

and ﬁ,l- > fa’?ﬁl\j then

jL. : The objective j of p; that dominates the corresponding

objective of design i with the lowest probability.

t;; * The sample standard deviation of design i for objective .
a; : The budget allocation for design i.

S: The entire set of sampled points.

5 4: The subset of designs in 5 labeled as being dominated.

8yt The subset of designs in § labeled as being non-dominated.

For any given design g.h € §, and d € Sy:

“hip, /31 iy
@, = —5 (16)
Tsuﬁaf xpg_!',ﬁx

;= 17)
where
gr'p_f =Jp— fr'_f
_ Bipj 181
j:J = argmin P(X p = X)) = argmax ‘;”—”’i
Jell... i) JE(l.....m) ‘?.'u. + T;J.
"  |3:pj |
. H-u,. 5
p; = argmax P(f,; < f;;) = argmin ————
! grn H Pi i i:s sz +2
pv&l =1 p Ly Py
-2 2
hpnd, _ ihjy
Sy=qhlhes, ~ < min — ~ (18)
2 p = €Dy = 4 1°
higy Pl Uy hi
Sp=5\5, (19)

D, = {f|f€ S.p =h}
Dy = {hlh€ Sy.p,=d}

Appendix C. Formulation of the demand allocation problem

In general, the problem and corresponding notation are defined as
follows:

P,;5;- amount of product i produced on processing unit j at facility
s in time period 1 (decision variable).
S0 supply of product i from facility s to sales region ¢ in time
period ¢ (decision variable).
C,;,: unit production cost of product i on processing unit j at
facility s.
1,.: unit transportation cost from facility s to sales region c.
I,.,: amount of product i demanded by sales region ¢ in time
period r that must be outsourced due to insufficient supply at
company's facilities.
&1 unit cost for outsourcing production of product i demanded
in sales region c.
I,,.: inventory level of product i at the end of time period ¢ at
facility s.
h;,: cost for holding a unit of product i in inventory at facility s
for the duration of time period 1.
R, effective production rate for product i on processing unit j
at facility s in time period r.
RL;;,: run length of product i on processing unit j at facility s in
time period 1.
H,,: amount of time available for production on process j at
facility s during time period r.

;.. forecasted demand for product i in sales region ¢ at time
perlod 1.

Z,..: binary variable that takes value 1 if demand in sales region
¢ in time period ¢ is met by means by internal production, and 0
otherwise.
M,: maximum amount of production that can be outsourced per
product type, per period and per sales region.
M_: minimum amount of production that can be outsourced per
product type, per period and per sales region.
- coefficient of variation of the demand.
N,: total number of sales regions.

N,: total number of time periods.

The bi-objective optimization problem can then be formulated as fol-
lows:

min Z CU\PU\P+ E i' S“‘I+Z§“ ur+2hnr ist

I8 i5.0.0 foer [

NN, &
subject to:
Piaee Siper Do L1 20 non-negativity constraint
Pa;\f - RU>(RLUH)
P, <R, H, production capacity constraints

J.U = n[! 1y + Z ifst
- E Suw Vi.s. 1

M1 -
=Ml -2Z,,)

inventory balance constraint

Jr.r) = EII

outsource amount constraints
Appendix D. Results for the 10 artificial test problems considered

Table 7 shows the final APS (std. error) for the 10 artificial problems
tested. Here final refers to the performance when the replication budget
has been depleted (determined by the number of iterations). In addition
to the WFG3, WFG4 and DTLZ7 bi-objective scenarios considered in
Section 6, here we also include ZDT1 and DTLZZ2, which are also well-
known test problems in the literature (Huband et al., 2006). From
these results, we extracted 4 scenarios to show the convergence of the
algorithms in Section 7.
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Table 7
Performance of EQUAL, MOCBA and SK-MORS on the 10 different artificial test problems considered.
Problem Decision Noise Size of Size of Iterations Algorithm APS
variables level PS,.. N (std. err.)
EQUAL 0.65 (0.1115)
ZDT1 5 Medium 25 100 15 MOCBA 0.74 (0.0165)
SK-MORS 0.90 (0.1124)
EQUAL 0.75 (0.0781)
ZDT1 10 High 25 100 30 MOCBA 0.77 (0.0129)
SK-MORS 0.94 (0.1350)
EQUAL 0.68 (0.0277)
DTLZ2 5 Low 20 100 15 MOCBA 0.71 (0.0129)
SK-MORS 0.96 (0.0645)
EQUAL 0.49 (0.1025)
DTLZ2 8 High 20 100 30 MOCBA 0.54 (0.1414)
SK-MORS 0.88 (0.1231)
EQUAL 0.76 (0.0210)
DTLZ7 2 Low 50 100 30 MOCBA 0.78 (0.0222)
SK-MORS 0.97 (0.0231)
EQUAL 0.74 (0.0250)
DTLZ7 10 High 75 184 15 MOCBA 0.77 (0.0325)
SK-MORS 0.97 (0.0322)
EQUAL 0.85 (0.0199)
WFG3 5 Medium 20 100 15 MOCBA 0.90 (0.0250)
SK-MORS 0.99 (0.0010)
EQUAL 0.83 (0.0228)
WFG3 5 High 20 100 15 MOCBA 0.86 (0.0244)
SK-MORS 0.98 (0.0009)
EQUAL 0.90 (0.0258)
WFG4 5 Low 20 100 30 MOCBA 0.92 (0.0411)
SK-MORS 0.97 (0.0078)
EQUAL 0.91 (0.0222)
WFG4 5 Medium 20 100 30 MOCBA 0.93 (0.0331)
SK-MORS 0.98 (0.0088)
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