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ABSTRACT
We investigate the geometry of space-time prisms and their associated potential
path areas (for movement that takes place in the plane) in the setting where the
prism anchors have a spatial uncertainty area attached to them. Our main result is
a characterisation of such space-time prisms and their potential path areas in terms
of a generalised distance function between closed subsets of the ambient space. Since
the case where this spatial anchor uncertainty takes the form of a closed disk has
already been addressed by Kuijpers and Othman (2017), we focus on the more
realistic case where the uncertainty areas are ellipses and we apply our general
characterisation to this example to obtain explicit descriptions of the uncertain
prisms and their potential path areas.

KEYWORDS
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1. Introduction

The proliferation of portable location aware devices (such as, mobile phones, GPS and
Bluetooth), during the past decades, has resulted in the collection and availability of
huge data sets of time-stamped locations of moving objects (Giannotti and Pedreschi
2008). Such data represent (partial) trajectories of objects that move, for example, in
a two-dimensional plane or along some transportation network. Their collected move-
ment data is essentially discrete in nature and can be seen as a sequence ⟨(x0, y0,
t0), (x1, y1, t1), ..., (xn, yn, tn)⟩ of measured space-time locations, with increasing time
values t0 < t1 < · · · < tn. Such a sequence is called a trajectory sample and between
sampled space-time points, the trajectories are unspecified and unknown. Already in
the early 2000s techniques have been proposed, both in the GIS and spatio-temporal
database communities, to reconstruct trajectories from a given measured samples.
These techniques include linear interpolation and uncertainty cylinders and they pro-
duce realistic results for frequently sampled moving objects (Güting and Schneider
2005, Trajcevski et al. 2004, Wolfson 2002).

The problem of the uncertainty of the space-time locations of moving objects in
between measured space-time points has received much research attention in the past
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two decades and the space-time prism model, a technique coming from “time geogra-
phy”, has played a prominent role in this development. Space-time prisms were first
proposed by Hägerstrand (1970) to study and analyse the potentiality of human activ-
ity. They entered the GIS community in the 1990s in the work of Miller (1991) and the
spatio-temporal database research in the early 2000s in the work of Egenhofer (2003).
The space-time prism model relies on the knowledge of speed bounds for the moving
objects between trajectory sample points and based on these speed bounds a region of
space-time can be delimited which a moving object may have visited. Geometrically
seen, space-time prisms are the intersection of two space-time cones (one pointing to
the future and one to the past). In this context, trajectory sample points are referred
to as the anchor points of the prism. The spatial projection of a space-time prism con-
tains all spatial locations that a moving object may have visited in the available time
interval, given the anchor points and the speed bounds. Indeed, all physically possible
spatio-temporal paths are located in this area and is referred to as the “potential path
area” (PPA) or the “activity space” (AS) (see, for example, (Patterson and Farber
2015)).

We remark that, in our setting, besides the uncertainty of the space-time locations
between sample points, there are several other sources of uncertainty. These include
spatial and temporal measurement errors, outliers in the observations and missing
data. Several attempts were already made to take these additional sources of uncer-
tainty into account. For example, in Kuijpers et al. (2010), Othman (2009), both the
spatial and temporal uncertainty on the measurement of anchor points are studied in
the context of movement on a transportation network. In the presence of high preci-
sion clocks (for example, carried by satellites), temporal uncertainty is less important
and in Kuijpers and Othman (2017) the spatial uncertainty on the anchor points was
studied by modelling it in terms of “error disks” that are centered in the measured
location.

The main contribution of the present paper is that we generalise the result of Kui-
jpers and Othman (2017) from error disks to “arbitrary error regions” in the two-
dimensional plane. We give a general characterisation of both the space-time prism
and the potential path area in the case where anchor points are located in some un-
certainty region (that is the result, for example, of some measurement error). Our
characterisation is based on a distance function between two subsets of the plane
which generalises the classical Euclidean distance between points in the plane. Using
this distance function, we see that space-time prisms with uncertain anchor regions
are natural generalisations of classical prisms. The same is true for their potential path
areas, which in the classical setting are ellipses and which in the presence of anchor
uncertainty can be regarded as “generalised ellipses” (Ochkov et al. 2019). In partic-
ular, they are ellipses which have the two uncertainty regions as foci. We remark that
the above mentioned general results can be applied in many settings. These include
movement on transportation networks, but we mention that in that context prisms
with uncertain anchors were already studied by Kuijpers and Othman (2009) and also
by Othman (2009).

Next, this paper is devoted to applying this general result to the case where anchor
uncertainty regions are elliptical. In this way, we generalise the results of Kuijpers
and Othman (2017), since disks are special cases of ellipses. We also obtain a more
realistic setting since the error regions derived from Global Navigation Satellite System
(GNSS) positioning solutions rather have elliptical shapes than circular ones (Kaplan
and Hegarty 2017). Another example of elliptical error regions is provided by the Argos
satellite telemetry system (Argos 2018), which is popular in animal ecology, where it
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is used for tracking movement of for example marine animals. With each satellite fix,
the Argos system provides locations accompanied with an estimated error ellipses.
McClintock et al. (2015) work with such Argos data in studying the bearded seal and
the Hawaiian monk seal and they claim that “the (Argos) location error ellipse has
yet to be incorporated into analyses of animal movement”. This gives an example of
an area where the results of the present paper could be applied and towards the end
of this paper, we provide some application scenarios.

Apart from this application-related motivation, we also study error ellipses with
the complexity of the associated uncertain prisms and uncertain potential path areas
in mind. As our study shows, the geometry of these geometric figures exceeds the
complexity of the case of circular error regions extensively. Whereas uncertain prisms
with circular anchor uncertainty are truncated classical prisms (and can be therefore
described by polynomial inequalities of degree two), as shown by Kuijpers and Othman
(2017), uncertain prisms with elliptical anchor uncertainty need polynomials of degree
eight to describe them and their geometry is quite complicated. We give an explicit
description of these prisms and show that they are, at any moment in the time interval
of the ellipse, described by curves that are known as toroids. A description of the
associated uncertain potential path areas is even more intricate and we give a less
complicated way to approximate them by so-called 4-ellipses in an appendix.

A returning issue in the study of uncertain prisms and uncertain potential path areas
in the context of anchor uncertainty that is elliptical is that of quantifier elimination:
often it is easy to describe such sets by formulas that contain quantifiers. However,
such formulas are not very useful, for example, for testing membership of he geometric
set in question or for their drawing. This issue has been extensively studied in the con-
text of “constraint databases” (Paredaens et al. 2000), in which geometric figures are
required to be described by Boolean combinations of polynomial inequalities (without
quantifiers). In real algebraic geometry, algorithms are studied that perform quan-
tifier elimination, but due to their high computational complexity, these algorithms
are of limited practical use (Bochnak et al. 1998). We pursue to have quantifier-free
descriptions of uncertain prisms and uncertain potential path areas and much effort
is devoted, in this paper, to obtain them. For the uncertain potential path areas this
turns out to be complicated, in general. In particular case where the uncertainty re-
gions are disks, we obtain an explicit description of the uncertain potential path area,
which is a truncated ellipse (a result that was missing in Kuijpers and Othman (2017),
where uncertain prisms were characterised as truncated classical prisms).

Organisation of the paper. In Section 3, we review classical space-time prisms and
and their potential path areas and give the definitions of these concepts in the case of
spatial anchor uncertainty (adapted from Kuijpers and Othman (2017)). In Section 4,
we present a general characterisation of uncertain prisms and their uncertain potential
path areas in terms of a distance function between subsets of the plane. In Section 5,
we apply the general results to space-time prisms with elliptical anchor uncertainty
regions and in Section 6, we discuss the corresponding potential path areas. Section 7
presents some application scenarios. The paper concludes with a discussion and open
problems in Section 8.
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2. Related work

Space-time prisms first appeared in the area of time geography in the earlier work
of Hägerstrand (1970). Soon thereafter, their geometric properties and applications
to the study of human activity planning and analysis were developed (Burns 1979,
Lenntorp 1976). In the early 1990s, prims were introduced to the wider GIS community
(see, for example, the work of Miller (1991)) and in the early 2000s, they found their
way to spatial and spatio-temporal database research, where they were initially called
“beads” in Egenhofer (2003). Later on, the space-time prism model has found its way
into Moving Object Databases (MODs) (Wolfson 2002, Trajcevski et al. 2004, Güting
and Schneider 2005) and also into the theory of such database systems (Othman 2009,
Kuijpers and Othman 2010).

The introduction of space-time prisms in these new fields also brought with it a shift
in their details, purpose and use. Initially, in the context of time geography, prisms
were based on human-recorded activity (describing roughly the locations and times of
activities in a log book, for example) and they had their use in planning and deter-
mining the feasibility of activities and the description of the constraints of humans, as
is clear from the books of Burns (1979) and Lenntorp (1976). However, in the context
of GIS and spatio-temporal databases, their purpose shifted towards modeling the un-
certainty of the space-time locations in between measured anchors (Egenhofer 2003)
in order to reconstruct the moving object’s trajectories as an improvement on simple
linear interpolation (Wolfson 2002, Trajcevski et al. 2004). With the proliferation of
location-aware devices, such as GPS, the recording of the measured anchors also moved
from hand-written to fairly precise. In the context of satellite-based measurements, lo-
cation imprecision of some shape may still occur, but temporal measurements can be
considered extremely accurate.

Whereas the original space-time prisms were concerned with free movement in a
two-dimensional environment, they were later on also adapted to more constrained
movement on transportation network (Miller 1991, Kwan and Hong 1998, Wu and
Miller 2002, Kuijpers and Othman 2009) and other constrained spaces (Delafontaine
et al. 2011).

With the development of computational and analytic tools for prisms (Kwan and
Hong 1998, Miller 1991, 2005a,b, Yu and Shaw 2008), they have found applications
in transportation planning (Timmermans et al. 2002), crime analysis (Kwan 1999,
Ratcliffe 2006) and risk assessment (for example, in relation to epidemics and envi-
ronmental problems) (Jacquez 2000, Jacquez et al. 2005, Löytönen 1998).

For what concerns the uncertainty on the measurement of anchor points, early work
considered a Gaussian distribution for movement in the two-dimensional plane and this
probabilistic approach was also extended to deal with anchor uncertainty of prisms on
road networks by Pfoser et al. (2005). We already mentioned Kuijpers et al. (2010)
and Othman (2009), in which both the spatial and temporal uncertainty of anchor
points are considered in a probabilistic context for movement on a transportation
network and the propagation of these probabilities in the space-time prism is studied.
For movement in constrained spaces with obstacles, the combinations of spatial and
temporal uncertainty are considered by Delafontaine et al. (2011).

For self-reported activity, temporal uncertainty is more important (Chen et al. 2013,
Liao et al. 2014). In this paper, we ignore temporal uncertainty on anchor points., as
was done by Kuijpers and Othman (2017), from which we adopted the definition of
an uncertain prism and its potential path area.
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3. Space-time prisms with spatial anchor uncertainty

In this section, we review the definitions of classical space-time prisms and their po-
tential path areas. Next, we generalize the definitions by Kuijpers and Othman (2017)
for the case where spatial uncertainty areas are attached to the anchors of the prism.

We start by giving some notational conventions that are used throughout this paper.
We denote the set of the real numbers by R. We consider movement in the two-
dimensional plane and the corresponding spatio-temporal space is then modelled as
R2×R, in which R2 is the spatial component (where the movement takes place) and in
which the last component R is used to model the temporal dimension. We use p, q, ...
(with or without indices) to refer to spatial points in R2 and t (with or without indices)
to refer to the time moments. With this notation, we write (p, t) for a space-time point
in R2 × R. Whenever we need coordinates (x, y) for a spatial point p, we denote the
spatio-temporal point (p, t) by (x, y, t). Finally, we denote the standard Euclidean
distance function on R2 by d.

3.1. Classical space-time prisms and their potential path areas

In this section, we give the definition of classical space-time prisms and their potential
path areas for movement in R2.

3.1.1. Classical space-time prisms

Space-time prisms are usually applied in a context where trajectories of moving objects
are recorded as a discrete sample ⟨(p0, t0), (p1, t1), ..., (pn, tn)⟩ of space-time points in
R2 × R, which can be considered as an ordered sequence, following the order on the
time coordinate, t0 < t1 < · · · < tN . We call such a sequence of spatio-temporal points
a trajectory sample and the space-time points in it are referred to as sample points. In
between two sample points (pi, ti) and (pi+1, ti+1), the location of the moving object is
not recorded and thus unknown. However, when a maximal speed vmax > 0 is known
for the moving object, the possible space-time locations that a moving object may
potentially have visited between these sample points can be described by the well-
known space-time prism model (Burns 1979, Lenntorp 1976), of which we give the
definition next.

Definition 3.1. Let (pi, ti) and (pi+1, ti+1) be two spatio-temporal points in R2 ×R,
taken from a trajectory sample, for which ti < ti+1. Let vmax ∈ R, with vmax > 0, be
a speed bound of the moving object that produced these sample points. The space-
time prism for the anchor points (pi, ti) and (pi+1, ti+1) and the maximal speed vmax,
denoted by P(pi, ti, pi+1, ti+1, vmax), is defined to be the intersection of two cones in
R2 × R, being

(1) the bottom (or future) cone C−(pi, , ti, vmax) := {(p, t) ∈ R2 × R | d(p, pi) ≤
vmax · (t− ti) ∧ ti ≤ t} and

(2) the top (or past) cone C+(pi+1, ti+1, vmax) := {(p, t) ∈ R2 × R | d(p, pi+1) ≤
vmax · (ti+1 − t) ∧ t ≤ ti+1}.

Therefore, the prism P(pi, ti, pi+1, ti+1, vmax) is the set of all space-time points (p, t)
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Figure 1. An illustration of a classical space-time prism P(xi, yi, ti, xi+1, yi+1, ti+1, vmax), in yellow, that is

the intersection of the bottom cone C−(xi, yi, , ti, vmax), in blue, and the top cone C+(xi+1, yi+1, ti+1, vmax),

in red.

that satisfy the formula

ti ≤ t ≤ ti+1 ∧ d(p, pi) ≤ vmax · (t− ti) ∧ d(p, pi+1) ≤ vmax · (ti+1 − t). (1)

In this paper, we refer to such space-time prisms as classical space-time prisms.
Figure 1 gives an illustration of a classical space-time prism.

3.1.2. Potential path areas of classical prisms

Next, we give the definition of the potential path area associated with the prism
P(pi, ti, pi+1, ti+1, vmax). This is a subset of R2 that contains the spatial points that a
moving objects may have visited when travelling from pi to pi+1 in the time interval
[ti, ti+1], given the speed bound vmax. It corresponds to the spatial projection of the
prism, as the following definition shows. In this definition, we use the spatial projection
πR2 : R2 × R → R2 : (x, y, t) 7→ (x, y).

Definition 3.2. Given two anchor points (pi, ti) and (pi+1, ti+1) in R2 × R and a
speed bound vmax > 0, the spatial projection πR2(P(pi, ti, pi+1, ti+1, vmax)) of the
prism P(pi, ti, pi+1, ti+1, vmax), is called its potential path area and it is denoted by
PPA(pi, ti, pi+1, ti+1, vmax).

From Definition 3.1, it follows that PPA(pi, ti, pi+1, ti+1, vmax) can be
seen as the set of all p ∈ R2 that satisfy the quantified expression
∃t (ti ≤ t ≤ ti+1 ∧ d(p, pi) ≤ vmax · (t− ti) ∧ d(p, pi+1) ≤ vmax · (ti+1 − t)) . How-
ever, for practical purposes (for example, to verify membership of a spatial point to
the potential path area), such a quantified expression is not very useful. But it can be
easily shown that the this expression is equivalent to the quantifier-free condition

d(p, pi) + d(p, pi+1) ≤ vmax · (ti+1 − ti). (2)

This expression shows that the potential path area is a region enclosed by the ellipse
with foci pi and pi+1 and major axis vmax · (ti+1 − ti) (see (Burns 1979) and Chapter
4 in (Lenntorp 1976)).
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3.2. Space-time prisms with anchor uncertainty and their potential path
areas

In this section, we give the definition of space-time prisms with anchor uncertainty
and their corresponding potential path areas for movement in the space R2. Instead of
two anchor points (pi, ti) and (pi+1, ti+1) in R2×R (with ti < ti+1) and a speed bound
vmax > 0, we now have a region Ui at ti, a region Ui+1 at ti+1 and a a speed bound
vmax > 0. The regions Ui and Ui+1 are subsets of R2 and the idea is that a moving
object departs at ti from some point in Ui and arrives at ti+1 at some point in Ui+1,
travelling with maximal speed vmax. We assume, in the remainder of this paper, that
the uncertainty regions Ui and Ui+1 are compact subsets of R2, meaning that they are
bounded and topologically closed (the latter meaning, intuitively, that they contain
their borders).

3.2.1. Space-time prisms with anchor uncertainty

The above idea is reflected in the following definition of a space-time prism with anchor
uncertainty, which is a generalisation of (Kuijpers and Othman 2017).

Definition 3.3. The space-time prism with anchor uncertainty (or uncertain prism,
for short) with the spatial uncertainty areas Ui at ti and Ui+1 at ti+1, with ti < ti+1,
and the maximal speed vmax > 0 is denoted by UP(Ui, ti,Ui+1, ti+1, vmax) and is
defined as ⋃

pi∈Ui

⋃
pi+1∈Ui+1

P(pi, ti, pi+1, ti+1, vmax).

When we write UC−(Ui, ti, vmax) and UC+(Ui+1, ti+1, vmax) for the sets⋃
pi∈Ui

C−(pi, ti, vmax) and
⋃

pi+1∈Ui+1
C+(pi+1, ti+1, vmax), respecively, then it was

established in (Kuijpers and Othman 2017), using elementary properties of sets,
that UP(Ui, ti,Ui+1, ti+1, vmax) = UC−(Ui, ti, vmax) ∩ UC+(Ui+1, ti+1, vmax). We call
UC−(Ui, ti, vmax) and UC+(Ui+1, ti+1, vmax) the bottom cone and the top cone (of the
space-time prism with anchor uncertainty), respectively. Technically speaking, these
names are incorrect, as we will see later on, since these sets are not necessarily conic.
However, this nomenclature is in line with that of classical prisms.

3.2.2. Potential path areas of space-time prisms with anchor uncertainty

The potential path area, associated with a uncertain space-time prism is defined, as
before, to be its projection on the spatial plane. The potential path area consists of all
points that a moving object could have visited (irrespective of time) when travelling
from region Ui to a region Ui+1 within the given speed bound. This is reflected in the
following definition.

Definition 3.4. The potential path area associated with the space-time prism with
anchor uncertainty (or uncertain potential path area, for short) of the uncertain prism
UP(Ui, ti,Ui+1, ti+1, vmax) is defined as πR2(UP(Ui, ti,Ui+1, ti+1, vmax)) and is denoted
as UPPA(Ui, ti,Ui+1, ti+1, vmax).

The following property shows that the uncertain potential path area can be seen as
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a union of classical potential path areas. Its proof simply follows from the fact that
the spatial projection can be pushed through the unions of spatio-temporal sets.

Proposition 3.5. We have

UPPA(Ui, ti,Ui+1, ti+1, vmax) =
⋃

pi∈Ui

⋃
pi+1∈Ui+1

PPA(pi, ti, pi+1, ti+1, vmax).

4. A general characterisation of uncertain prisms and their uncertain
potential path areas

In this section, we give a general characterisation of uncertain prisms and of their
uncertain potential path areas. This characterisation is based on a distance function
between closed sets in the plane and it shows that, in terms of this distance function,
uncertain prisms and their uncertain potential path areas can be seen as generalisations
of classical space-time prisms and their potential path areas, which are defined in terms
of the standard Euclidean distance.

First, we describe this (well-known) generalised concept of distance (between sub-
sets of R2) (Kubrusly and Conci 2017). A natural extension of the standard distance
function d of R2 to two subsets A and B of R2 is defined as

d̄(A,B) = inf{d(a, b) | a ∈ A and b ∈ B}.

Since we work with compact (that is, closed and bounded) subsets of R2 in the follow-
ing, we observe that the infimum in the definition is finite and attained and we thus
have d̄(A,B) = min{d(a, b) | a ∈ A and b ∈ B}. When A (or B) is a singleton {p}, we
also write d̄(p,B). We remark that when both A = {p} and B = {q} are singletons,
then d̄(p, q) coincides with their Euclidean distance d(p, q), but in general d̄ is not a
metric (Kubrusly and Conci 2017).

4.1. A characterization of prisms with anchor uncertainty in terms of
the distance between subsets of R2

Here, we give a description of space-time prisms with anchor uncertaint in terms of
the generalised distance d̄.

Theorem 4.1. Let Ui and Ui+1 be two (compact) uncertainty regions in R2, as de-
scribed above. Let ti < ti+1 be two time moments and let vmax > 0 be a speed bound.
Then we have

UP(Ui, ti,Ui+1, ti+1, vmax) = {(p, t) ∈ R2 × R |
ti ≤ t ≤ ti+1 ∧ d̄(p,Ui) ≤ vmax · (t− ti) ∧ d̄(p,Ui+1) ≤ vmax · (ti+1 − t)}.

Before we proceed to proving this theorem, we remark that the formula that de-
scribes the space-time points that belong to UP(Ui, ti,Ui+1, ti+1, vmax) is a general-
isation (now using d̄ instead of d) of expression (1), that describes classical prisms.
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Proof. We abbreviate the uncertain prism in the statement of the theorem by UP
and the spatio-temporal set {(p, t) ∈ R2×R | ti ≤ t ≤ ti+1 ∧ d̄(p,Ui) ≤ vmax · (t− ti)∧
d̄(p,Ui+1) ≤ vmax · (ti+1 − t)} by ST. We need to show that UP = ST and do this by
proving the two set inclusions.

To prove the inclusion UP ⊆ ST, we take a point (p, t) ∈ UP and show that
(p, t) ∈ ST. If (p, t) ∈ UP, this means that there exists a point qi ∈ Ui and a point
qi+1 ∈ Ui+1 such that d(p, qi) ≤ vmax · (t − ti); d(p, qi+1) ≤ vmax · (ti+1 − t) and
ti ≤ t ≤ ti+1. Since d̄(p,Ui) is a minimum (over Ui), we have d̄(p,Ui) ≤ d(p, qi).
Similarly, we have d̄(p,Ui+1) ≤ d(p, qi+1). Therefore, we have d̄(p,Ui) ≤ vmax · (t− ti),
d̄(p,Ui+1) ≤ vmax · (ti+1 − t) and ti ≤ t ≤ ti+1 and we have shown that (p, t) ∈ ST.

To prove the inclusion ST ⊆ UP, we take a point (p, t) ∈ ST and show that (p, t) ∈
UP. If (p, t) ∈ ST, we have d̄(p,Ui) ≤ vmax · (t− ti), d̄(p,Ui+1) ≤ vmax · (ti+1 − t) and
ti ≤ t ≤ ti+1, by definition. Since Ui, Ui+1 and {p} are compact sets, the infima (in d̄)
are attained. This means that there exists a point qi ∈ Ui and a point qi+1 ∈ Ui+1 such
that d̄(p,Ui) = d(p, qi) and d̄(p,Ui+1) = d(p, qi+1). From the above inequalities, we
thus obtain d(p, qi) ≤ vmax · (t− ti); d(p, qi+1) ≤ vmax · (ti+1− t) and ti ≤ t ≤ ti+1. This
means that (p, t) belongs to the classical prism P(qi, ti, qi+1, ti+1, vmax), with qi ∈ Ui

and qi+1 ∈ Ui+1, and thus (p, t) ∈ UP. This concludes the proof of the second inclusion
and the proof is finished.

4.2. A characterization of uncertain potential path areas in terms of the
distance between subsets of R2

In this section, we give a description of the uncertain potential path area in terms of
the generalised distance d̄.

Theorem 4.2. Let Ui and Ui+1 be two (compact) uncertainty regions in R2, as de-
scribed above. Let ti < ti+1 be two time moments and let vmax > 0 be a speed bound.
Then we have

UPPA(Ui, ti,Ui+1, ti+1, vmax) = {p ∈ R2 | d̄(p,Ui) + d̄(p,Ui+1) ≤ vmax · (ti+1 − ti)}.

Again, we remark that the formula that describes the spatial points that belong
to UPPA(Ui, ti,Ui+1, ti+1, vmax) is a generalisation of expression (2) that describes the
classical potential path area (now using d̄ instead of d). The above theorem shows that
the uncertain potential path area is an “generalised ellipse” (with respect to d̄) with
(generalised) foci Ui and Ui+1 and major axis vmax · (ti+1 − ti) (Ochkov et al. 2019).

Proof. We abbreviate UPPA(Ui, ti,Ui+1, ti+1, vmax) by UPPA and the spatial set {p ∈
R2 | d̄(p,Ui) + d̄(p,Ui+1) ≤ vmax · (ti+1 − ti)} by S. We need to show that UPPA = S
and do this by proving the two set inclusions.

To show that UPPA ⊆ S, we take a point p ∈ UPPA and show that p ∈ S. If
p ∈ UPPA, this means that there exists a point qi ∈ Ui and a point qi+1 ∈ Ui+1 such
that d(p, qi) + d(p, qi+1) ≤ vmax · (ti+1 − ti). Since d̄(p,Ui) is a minimum (over Ui), we
have d̄(p,Ui) ≤ d(p, qi). Similarly, we have d̄(p,Ui+1) ≤ d(p, qi+1). Therefore, we have
d̄(p,Ui) + d̄(p,Ui+1) ≤ d(p, qi) + d(p, qi+1) ≤ vmax · (ti+1 − ti) and we have shown that
p ∈ S.

To show that S ⊆ UPPA, we take a point p ∈ S and show that p ∈ UPPA. If p ∈ S,
we have d̄(p,Ui) + d̄(p,Ui+1) ≤ vmax · (ti+1 − ti), by definition. Since Ui, Ui+1 and {p}
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are closed sets, the infima (in d̄) are attained. This means we have a point qi ∈ Ui

and a point qi+1 ∈ Ui+1 such that d̄(p,Ui) = d(p, qi) and d̄(p,Ui+1) = d(p, qi+1). From
d(p, qi)+ d(p, qi+1) = d̄(p,Ui)+ d̄(p,Ui+1) and d̄(p,Ui)+ d̄(p,Ui+1) ≤ vmax · (ti+1− ti),
it follows that d(p, qi) + d(p, qi+1) ≤ vmax · (ti+1 − ti), which means that p ∈ UPPA.
This concludes the proof of the second inclusion and the proof is finished.

5. Space-time prisms with elliptical anchor uncertainty regions

In the work of Kuijpers and Othman (2017), the case of circular anchor uncertainty
regions is investigated (be it without a description of the potential path area). How-
ever, as we have argued in the Introduction, in the context where sample points of a
trajectory are obtained by measuring devices, elliptical uncertainty regions are more
realistic. This case is discussed in this section, where we apply the general results of
Section 4, directly or indirectly, to the setting where Ui and Ui+1 are regions delimited
by ellipses. To make it clear that we work with ellipses, we change the notation to
UEi and UEi+1, in this section. First, we describe how UEi and UEi+1 are given in the
context of what we refer to as elliptical anchor uncertainty. For UEi, located in the
plane given by t = ti (the case UEi+1 is similar), we assume that the elliptical region
is given by the following parameters:

• the spatial center of the ellipse (xi, yi);
• its semi-major axis ai;
• its semi-minor axis bi; and
• the angle φi between the positive x-direction and the major axis of the ellipse.

The resulting elliptical uncertainty region in the plane t = ti is de-
noted by UE(xi, yi, ai, bi, φi), or UEi, for short. Its bordering ellipse is denoted
∂UE(xi, yi, ai, bi, φi), or ∂UEi, for short. Figure 2 gives an illustration.

ϕi

x

ai
bi

y
(xi, yi)

UE(xi, yi, ai, bi, ϕi)

Figure 2. The elliptical uncertainty area UE(xi, yi, ai, bi, φi) is shown in red and is located in the spatial

plane determined by t = ti. Its red bordering curve is ∂UE(xi, yi, ai, bi, φi).

The ellipse ∂UEi, in the plane t = ti, has the following (well-known) algebraic
equation:

((x− xi) cosφi + (y − yi) sinφi)
2

a2i
+

(−(x− xi) sinφi + (y − yi) cosφi)
2

b2i
= 1,
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t = 4

t = 6

∂UEi

p

Figure 3. The elliptical curve ∂UEi = ∂UE(0, 0, ai, bi, 0◦) is shown in red (for ai = 12 and bi = 4) and the

construction of the point on a parallel curve (starting from the point p ∈ ∂UEi) is illustrated in green. The

parallel curves for vmax = 3 and t = 1, 2, 4, 6 are shown in various colours.

but also its parametric equation:{
x(θ) = xi + ai cos θ cosφi − bi sin θ sinφi

y(θ) = yi + ai cos θ sinφi + bi sin θ cosφi,

with parameter θ for 0 ≤ θ < 2π, is of use to us.
Now that we have fixed the notation for elliptical uncertainty regions, we explore

the geometry of prisms with elliptical anchor uncertainty regions. Before giving their
algebraic description, we explore the nature of the bottom cone of these uncertain
prisms.

5.1. Parametric and algebraic descriptions of the bottom cone of the
prisms with elliptical anchor uncertainty

To describe the bottom cone of the prisms with elliptical anchor uncertainty, we first
study

UC−(UEi, ti, vmax) =
⋃

pi∈UEi

C−(pi, ti, vmax).

To reduce the length of the expressions, we look at UEi = UE(0, 0, ai, bi, 0
◦), located

in the plane t = 0. This corresponds to an ellipse in standard position, centered at
the origin of the plane, where the angle φi is taken to be 0◦. At moment t, with
ti = 0 < t, the spatial area that a moving object can be in is inscribed in the curve
that is “parallel” to the (spatial projection of the) ellipse ∂UEi with an “offset” of
vmax · (t − ti), or vmax · t, for t = 0. To construct this curve, we can, at each point
p of ∂UEi, construct a circle with radius vmax · (t − ti) and intersect this circle with
the perpendicular line to the tangent to ∂UEi in p. The outer intersection point then
belongs to the parallel curve. This construction is illustrated in Figure 3.

For a curve with parametric description x = f(θ) and y = g(θ) (in the parameter
θ), the equation of the parallel curve with outward offset d is given by xd(θ) = f(θ) +

11



Figure 4. Two views of the mantel of the bottom cone for 0 ≤ t ≤ 50 for UEi = UE(0, 0, 12, 4, 0◦) and

vmax = 3. The second view is a top view and shows several toroids.

d·g′(θ)√
f ′(θ)2+g′(θ)2

and yd(θ) = g(θ)− d·f ′(θ)√
f ′(θ)2+g′(θ)2

, in which the derivatives are taken with

respect to θ (Gray 1997). When we use the parametric description x = ai cos θ and
y = bi sin θ (with 0 ≤ θ < 2π) for the ellipse ∂UEi, we see that the curve parallel to
∂UEi at time t > ti is given by the parametric equations xt(θ) = (ai +

bi·vmax·t√
a2
i sin

2 θ+b2i cos
2 θ
) cos θ

yt(θ) = (bi +
ai·vmax·t√

a2
i sin

2 θ+b2i cos
2 θ
) sin θ,

(3)

with 0 ≤ θ < 2π (see also (Weisstein 2023)). These parallel curves are known as toroids
(a name derived from the fact that they represent the visible outlines of the torus)
and they were first studied by Cauchy in 1841 and were given their name by Catalan
and Breton des Champs in 1844. Although they may look like ellipses (for instance,
in Figure 3), they are actually algebraic curves of degree 8. Indeed, eliminating the
parameter θ from Equations (3) produces the polynomial equation

Toroid(x, y, ai, bi, vmax · (t− ti)) = 0

of degree 8 (Weisstein 2023). The long expression for Toroid(x, y, a, b, d), given in Ap-
pendix A for the interested reader, is taken from (WoframAlpha 2023).

The collection of these toroids for all t ≥ ti is then the mantel of the bottom cone.
A side and top view of this mantel (produced using the parametric description) are
given in Figure 4.

However, there is a problem with the equation Toroid(x, y, a, b, d) = 0, namely that
it produces two curves: one “outside” the ellipse (with positive offset d), together with
one “inside” the ellipse (with negative offset −d). Indeed, in Toroid(x, y, a, b, d) the
parameter d appears with even powers only, as a result of the elimination process. This
is illustrated in the top part of Figure 5, where we see the two curves at offsets d = 3
and d = −3 (corresponding to t = 1) that satisfy the equation Toroid(x, y, a, b, d) = 0
together with the ellipse they are parallel with (and the area enclosed by these two
parallel curves). This figure might suggest that the ellipse itself separates the two
curves, but this is not true for a larger offset, corresponding to a larger t, as is illustrated
by the bottom half of Figure 5, which corresponds to t = 10

3 or offsets d = 10 and
d = −10.

To overcome this difficulty and to obtain a polynomial expression for the bottom

12



Figure 5. On the top left: the ellipse ∂UEi(0, 0, 12, 4, 0
◦) (at ti = 0) in yellow and the toroidal curves

given by Toroid(x, y, 12, 4, 3) = 0 (at t = 1 with vmax = 3) in blue. On the top right: The set given by

Toroid(x, y, 12, 4, 3) ≤ 0. On the bottom left the same curves and area are given for t = 10
3
.

cone of the prism with elliptical anchor uncertainty, we need to separate the inner
from the outer offset curves. This is achieved by the following theorem that gives a
description in terms of polynomial inequalities only.

Theorem 5.1. Let UEi be an elliptical uncertainty region located in the plane t = ti
(with ti = 0) that is enclosed by the ellipse ∂UEi with equation x2

a2
i
+ y2

b2i
= 1, with

0 < bi ≤ ai. Let vmax > 0 be a speed bound. The bottom cone of the uncertain prism
with the standard ellipse UEi as uncertainty region, at t ≥ ti = 0, then consists of the
spatio-temporal points (x, y, t) ∈ R2×R that satisfy the following polynomial inequality
formula:

φStUC(x, y, t, ai, bi, vmax) :=

0 ≤ t ∧
(
Toroid(x, y, ai, bi, vmax · t) ≤ 0 ∨ x2

a2i
+

y2

b2i
≤ 1 ∨(

−ai ≤ x ≤ ai ∧ −vmax · (t− ti) ≤ y ≤ vmax · t
)
∨

(x+ ai)
2 + y2 ≤ v2max · t2 ∨ (x− ai)

2 + y2 ≤ v2max · t2
)
.

The proof of the above theorem uses various geometrical argumentations and we
refer the interested reader to Appendix B for the details.
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5.2. An algebraic description of the prisms with elliptical anchor
uncertainty

In this section, we give a description of the uncertain space-time prism

UP(UEi, ti,UEi+1, ti+1, vmax) = UC−(UEi, ti, vmax) ∩ UC+(UEi+1, ti+1, vmax),

with elliptical anchor uncertainty regions UEi = UE(xi, yi, ai, bi, φi) at t = ti and
UEi+1 = UE(xi+1, yi+1, ai+1, bi+1, φi+1) at t = ti+1 (with ti < ti+1).

We use the result of Theorem 5.1 to obtain this description. Since the transformationx
y
t

 7→

cosφi − sinφi 0
sinφi cosφi 0
0 0 1

x
y
t

+

xi
yi
ti


maps the standard ellipse UE(0, 0, ai, bi, 0

◦) at t = 0 to UE(xi, yi, ai, bi, φi) at t = ti,
we can use the inverse transformation to obtain a description of UC−(UEi, ti, vmax).
Therefore, UC−(UEi, ti, vmax) consists of the points (x, y, t) ∈ R2 × R that satisfy the
formula

φUC−(x, y, t, ti, ai, bi, φi, vmax) :=

φStUC(cosφi(x−xi)+sinφi(y−yi),− sinφi(x−xi)+cosφi(y−yi), t−ti, ai, bi, vmax).

Because of the presence of cosines and sines, this formula is no longer a description in
terms of polynomial inequalities.

By a similar argumentation, now taking into account that time should be reversed,
we obtain a description of the top cone:

φUC+(x, y, t, ti+1, ai+1, bi+1, φi+1, vmax) :=

φStUC(cosφi+1(x− xi+1) + sinφi+1(y − yi+1),

− sinφi+1(x− xi+1) + cosφi+1(y − yi+1), ti+1 − t, ai+1, bi+1, vmax).

We summarize these observations in the following theorem.

Theorem 5.2. Let UEi = UE(xi, yi, ai, bi, φi) be an elliptical anchor uncertainty re-
gion at t = ti and let UEi+1 = UE(xi+1, yi+1, ai+1, bi+1, φi+1) be an elliptical anchor
uncertainty region at t = ti+1, with ti ≤ ti+1. Let vmax > 0 be a speed bound. The
uncertain space-time prism

UP(UEi, ti,UEi+1, ti+1, vmax)

then consists of all spatio-temporal points (x, y, t) ∈ R2 × R that satisfy the formula

φUP(x, y, t, xi, yi, ti, ai, bi, φi, xi+1, yi+1, ti+1, ai+1, bi+1, φi+1, vmax) :=

ti ≤ t ≤ ti+1 ∧ φUC−(x, y, t, ti, ai, bi, φi, vmax) ∧
φUC+(x, y, t, ti+1, ai+1, bi+1, φi+1, vmax).
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As remarked before, because of the presence of cosines and sines, the formula of The-
orem 5.2 is no longer a description in terms of polynomial inequalities. However, as soon
as φi and φi+1 are fixed, they are and we can see that UP(UEi, ti,UEi+1, ti+1, vmax) is
a semi-algebraic set.

Based on the above theorem, we give an illustration of an space-time prism with
elliptical anchor uncertainty in Figure 6. As can be seen from this figure, the rim of
the uncertain prism is not located in a plane, as is the case for a classical prism.

Figure 6. Two views of the space-time prism with elliptical anchor uncertainty UEi = UE(0, 0, 10, 4, 0◦) at

ti = 0 and UEi+1 = UE(6, 6, 4, 1, 45◦) at ti+1 = 10, with vmax = 2.

6. The potential path area of space-time prisms with elliptical anchor
uncertainty regions

In this section, we study the uncertain potential path area of space-time prisms with
elliptical anchor uncertainty regions. By Definition 3.4, this potential path area is
the spatial projection of the uncertain prism. Therefore, we obtain a description of
UPPA(UEi, ti,UEi+1, ti+1, vmax) by quantifying the time variable t in the formula for
the prism provided by Theorem 5.2:

∃t φUP(x, y, t, xi, yi, ti, ai, bi, φi, xi+1, yi+1, ti+1, ai+1, bi+1, φi+1, vmax). (4)

However, the above formula not only contains cosines and sines but it also contains
a quantifier. For membership testing and drawing the uncertain potential path area,
it is desirable to have, at least, a quantifier-free expression. Even for fixed values of
the angles φi and φi+1, symbolic quantifier-elimination software (such as provided by,
for example, Mathematica) is not able to compute a quantifier-free alternative for the
above expression. Also, a theoretical approach to this quantifier-elimination problem
would require some kind of complicated geometric argumentation and is not obvious.

Next, we discuss how the potential path area can be visualized in general. Further,
we discuss an upper bound for the uncertain potential path area and exact descriptions
for a special case.
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6.1. Visualizing the uncertain potential path area of a prism with
elliptical anchor uncertainty

As an alternative, we explore the general expression of the potential path area, given
by Theorem 4.2, where the potential path area is described to contain the points
p ∈ R2 that satisfy

d̄(p,UEi) + d̄(p,UEi+1) ≤ vmax · (ti+1 − ti), (5)

which corresponds to a “generalized ellipse” with UEi and UEi+1 as foci and major
axis vmax · (ti+1 − ti). To make use of this description, we would need to have an
expression for the minimal distance from a point to an ellipse in the plane. But,
yet again, this is not an easy problem. Calculating the distance from a point to an
ellipse involves the computation of a root of a parametric polynomial of degree 4
and straightforward expression for this root is not readily available, because of which
it is approximated in practical implementations using numerical methods, such as
Newton’s method (Eberly 2013, Uteshev and Goncharova 2018). Implementations of
these approximative methods or symbolic software, such as Mathematica, that has
functions implemented to express the distance to a set, allow us to use Equation (5)
to produce images of the uncertain potential path area of space-time prisms with
elliptical anchor uncertainty regions. Based on such implementations, Figure 7 shows
the uncertain potential path area (in blue) of the uncertain prism shown in Figure 6
together with UEi (in yellow) and UEi+1 (in green).

Figure 7. The uncertain potential path area of the uncertain prism shown in Figure 6.

We conclude that it is difficult to obtain an explicit description of the uncertain
potential path area of space-time prisms with elliptical anchor uncertainty, although
we can algorithmically visualize it. However, this potential path area can be approx-
imated by so-called “4-ellipses”. We refer the reader who is interested in this type of
approximation to Appendix C, where we also discuss the quality of this approximation.

6.2. The uncertain potential path area for circular anchor uncertainty

When both uncertainty ellipses UEi and UEi+1 are disks, it is easy to obtain an explicit
description of the uncertain potential path area. This special case of our theory is
already discussed by Kuijpers and Othman (2017), but the description of the uncertain
potential path area is missing in that paper.
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In this case, we have UEi = D(pi, ai) and UEi+1 = D(pi+1, ai+1) (where D(p, ρ) =
{q ∈ R2 | d(p, q) ≤ ρ} denotes the closed disk with radius ρ). We can use Equation (5)
and the observation that d̄(p,UEi) equals d(pi, p)−ai when p is outside UEi and equals
0 when p is inside UEi. Using the four combinations in this observation would gives us
via Equation (5) a direct and explicit description of the uncertain potential path area.
However, the following theorem gives a nicer description of the uncertain potential
path area as the intersection of an ellipse and two disks. We denote the ellipse with
foci pi and pi+1 and major axis ρ by E2(pi, pi+1, ρ).

Theorem 6.1. Let UEi = D(pi, ai) and UEi+1 = D(pi+1, ai+1) be two circular uncer-
tainty regions around pi and pi+1 and with radii ai and ai+1, respectively. Then we
have

UPPA(UEi, ti,UEi+1, ti+1, vmax) = E2(pi, pi+1, vmax · (ti+1 − ti) + ai + ai+1) ∩
D(pi, vmax · (ti+1 − ti) + ai) ∩D(pi+1, vmax · (ti+1 − ti) + ai+1).

We refer the reader who is interested in the proof of this theorem to Appendix D.
This theorem is illustrated in Figure 8, for two fixed anchor uncertainty disks and

four values of vmax. For the lowest value of vmax (namely, vmax = 3), we see that the
uncertain potential path area is a ellipse that is truncated at both sides, whereas for
higher values of vmax (namely, vmax = 4 and 5) we already have that UEi belongs to
the ellipse. For the highest value vmax = 8, both UEi and UEi+1 are contained in the
ellipse.

Figure 8. For UEi = D((0, 0), 1) (in blue) and UEi+1 = D((5, 0), 2) (in red), ti = 0 and ti+1 = 1, we show
UPPA(UEi, ti,UEi+1, ti+1, vmax) for vmax = 3, 4, 5 and 8, respectively.

7. Some application scenarios

In this section, we present some application scenarios, in which we illustrate the use-
fulness of our results on space-time prisms and their potential path areas when anchor

17



uncertainty is given by elliptical regions. Our example is in the spirit of the work by
McClintock et al. (2015) who have used Argos-based data in their study of two types
of seals. This Argos data consists of location fixes accompanied by location error el-
lipses and in their work these data are the basis for the analysis of animal behavior. To
avoid getting entangled in biological details, we work with a synthetic dataset consist-
ing of five fixes of an imaginary sea animal given in local (x, y) coordinates together
with their error ellipses, which are given by a triple of major and minor axes and
an orientation angle (a, b, φ), as described above. Our toy dataset is given in Table 1
(where spatial and temporal units are irrelevant, since we only want to illustrate the
principles).

time t location (x, y) ellipse (a, b, φ)
0 (0, 0) (1, 3, 45◦)
5 (5,−8) (1, 2, 0◦)
10 (12, 0) (3, 1, 25◦)
15 (15, 5) (2, 12 , 0

◦)
20 (15, 10) (1, 1, 0◦)

Table 1. Synthetic dataset of five uncertain elliptical anchors of an imaginary sea animal.

In the work of McClintock et al. (2015), these data would be visualized as depicted
in Figure 9: the error ellipses around the location fixes, accompanied by a polyline
that represents the spatial projection of the linear interpolation trajectory between
these anchors. This polyline is a purely spatial object and it corresponds to the spatial
projection of the trajectory of minimal speed between the consecutive anchor points.
As such, it gives little information on the locations that our sea animal might have
visited.

Figure 9. Visualisation of the spatial projection of the dataset of Table 1 with the error ellipses (in red) and
the linear interpolation between consecutive location fixes (in black).

Using the results developed in this paper, we can take a step towards gaining more
insight in the potential movement of the sea animal. Obviously, in our context, we
need to assume some maximal speed. This could be a speed bound know by biologists
for this particular type of animal, but it can be any other meaningful quantity. In
our example, we have taken the value for vmax to be twice the minimal speed of the
animal between any two consecutive anchors. For this choice of speed limits, we depict
the uncertain potential path area for the given elliptical anchor uncertainty regions in
Figure 10. The respective uncertain potential path areas are shown there in yellow,
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blue, green and red (in increasing temporal order). This picture gives us an idea of the
locations the animal might have visited and from yellow potential path area, we can
derive that it is possible the animal might have been at the coast line.

Figure 10. Visualisation of the uncertain potential path areas, given the fixes and their error ellipses of
Table 1.

Next, we can add the temporal dimension and depict the chain of uncertain space-
time prisms corresponding to the five measured locations of this animal. This infor-
mation is shown in Figure 11.

Figure 11. Visualisation of the chain of space-time prisms, given the fixes and their error ellipses of Table 1.

To conclude this section, we present another example, in line with the previous one,
but involving two animals. Both animals have four location fixes with error ellipses
(we omit the details) and these are depicted in orange and green, respectively, in
Figure 12 on the left together with the respective linear interpolation trajectories.
When a biologist who knows the maximal speed of these animals would depict their
corresponding uncertain potential path areas (as shown in Figure 12 on the right),
s/he sees that there is an overlapping area between these spatial sets. This might be
an indication that these animals have met. We remark that meeting or not meeting
of animals is of interest in the study of how infectious diseases spread. However, a
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closer inspection, using the full spatio-temporal information given by their chains of
space-time prisms shows that these chains do not intersect. These chains are shown in
Figure 13. These animals have actually visited the same area but at different moments
in time.

Figure 12. Visualisation of the data of two animals (on the left) and the corresponding uncertain potential

path areas (on the right).

Figure 13. The chains of prisms of the two animals of Figure 12.

8. Conclusion and discussion

We investigate the geometry of space-time prisms and their potential path areas in
the setting where the prism anchors have a spatial uncertainty area attached to them.
Our main result gives a characterisation of such space-time prisms and their potential
path areas in terms of a generalised distance function between closed subsets of the
ambient space. A major part of this paper is devoted to the application of this general
result to the case where the anchor uncertainty regions are ellipses. We have seen that
an explicit (that is, quantifier-free) description of the uncertain prisms is quite hard
to obtain and that it uses polynomials of degree eight whereas classical prims can be
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described by quadratic polynomials. From a geometric point of view, these uncertain
prisms are therefore complicated to handle and a study of, for example, the “alibi
query” (Grimson et al. 2011) (which amounts to deciding prism intersection) is quite
infeasible. Therefore, moving from anchor uncertainty disks (as addressed by Kuijpers
and Othman (2017)) to ellipses is quite a leap and, in practice, uncertainty disks may be
more desirable than uncertainty ellipses. Also, a description of the uncertain potential
path areas is difficult to obtain when anchor uncertainty is modelled by ellipses. Here,
the difficulty is that an explicit formula for the distance between a point and an ellipse
is problematic.

We conclude by remarking that elliptical anchor uncertainty regions are just one
example. We used this example for its practical relevance and to show that this rele-
vant case can easily lead to complicated geometry. However, other application domains
might require other shapes of uncertainty regions. For example, in the context of lo-
cation fixes produced using a mobile phone antenna, the uncertainty regions might be
parts of a pie-shaped region (depending on signal intensity and direction of the an-
tenna). When locations are hand-recorded, they might take the shape of some building
that could be modelled by polygonal shapes. In many application, it might be useful
and sufficient to work with polygons, which might also serve as approximations of
more complicated regions. Our general result can be applied straightforwardly in the
case of convex polygons and this can be a useful substitute for the case of ellipses that
can be arbitrarily approximated by polygonal regions. The example of polygons may
suffice for many practical applications and we leave it for further study.
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Appendix A. An expression for Toroid(x, y, a, b, d)

From (WoframAlpha 2023), we have the following expression for Toroid(x, y, a, b, d):

Toroid(x, y, a, b, d) =

b4x8+2b6x6+2y2b4x6−4a2b4x6+2y2a2b2x6−4b4d2x6+2a2b2d2x6+b8x4−2y2b6x4−6a2b6x4

+ y4a4x4 + y4b4x4 + 6a4b4x4 + 2y2a2b4x4 + a4d4x4 + 6b4d4x4 − 6a2b2d4x4 − 6y2a4b2x4

+ 4y4a2b2x4 − 6b6d2x4 − 2y2a4d2x4 − 6y2b4d2x4 + 10a2b4d2x4 − 6a4b2d2x4 + 2y2a2b2d2x4

− 2a2b8x2 − 2y4a6x2 + 6a4b6x2 + 6y2a2b6x2 − 2a4d6x2 − 4b4d6x2 + 6a2b2d6x2 + 2y6a4x2

−4a6b4x2−10y2a4b4x2−6y4a2b4x2−2a6d4x2+6b6d4x2+6y2a4d4x2+6y2b4d4x2−8a2b4d4x2

+ 4a4b2d4x2 − 10y2a2b2d4x2 + 6y2a6b2x2 + 2y4a4b2x2 + 2y6a2b2x2 − 2b8d2x2

+ 4y2a6d2x2 + 4y2b6d2x2 + 4a2b6d2x2 − 6y4a4d2x2 − 2y4b4d2x2 − 8a4b4d2x2

− 6y2a2b4d2x2 + 6a6b2d2x2 − 6y2a4b2d2x2 + 2y4a2b2d2x2 + y4a8 + a4b8 + a4d8

+ b4d8 − 2a2b2d8 + 2y6a6 − 2a6b6 − 4y2a4b6 − 2a6d6 − 2b6d6 − 4y2a4d6 − 2y2b4d6

+ 2a2b4d6 + 2a4b2d6 + 6y2a2b2d6 + y8a4 + a8b4 + 6y2a6b4 + 6y4a4b4 + a8d4 + b8d4

+ 6y2a6d4 − 2y2b6d4 + 2a2b6d4 + 6y4a4d4 + y4b4d4 − 6a4b4d4 + 4y2a2b4d4 + 2a6b2d4

− 8y2a4b2d4 − 6y4a2b2d4 − 2y2a8b2 − 6y4a6b2 − 4y6a4b2 − 2y2a8d2 − 2a2b8d2 − 6y4a6d2

+ 2a4b6d2 + 6y2a2b6d2 − 4y6a4d2 + 2a6b4d2 − 8y2a4b4d2 − 6y4a2b4d2

− 2a8b2d2 + 4y2a6b2d2 + 10y4a4b2d2 + 2y6a2b2d2

Appendix B. A proof of Theorem 5.1

In this appendix, we give the details of the proof of Theorem 5.1, for the interested
reader. In order to prove this theorem, we need some terminology and a lemma. Let
UEi and vmax > 0 be as in the statement of the theorem. We abbreviate vmax · (t− ti),
which is vmax · t in this setting, by δt to contain the length of the expressions.

Our aim is to find a quantifier-free expression (that is, a Boolean combination of
polynomial inequalities) for the bottom cone, that can be seen as consisting of the sets

Ct := {p ∈ R2 × R | ∃q ∈ R2 : q ∈ UEi ∧ d(p, q) ≤ δt},

for all t ≥ ti = 0. The description that we have just given of Ct contains an existential
quantifier and our aim is to find a quantifier-free alternative. In order to achieve
this, we show that the set Ct is the union of three sets, and we give a quantifier-free
description of each of these sets.

The first of these three sets is simply UEi and we know it is described by the
quantifier-free inequality x2/a2i + y2/b2i ≤ 1, which is independent of t.

We denote the second of these three sets by TRt and we define it to be the re-
gion between the inner and outer parallel curves of UEi with offset δt and −δt .
We already know that TRt is described by the quantifier-free polynomial inequality
Toroid(x, y, ai, bi, δt) ≤ 0.

We remark that TRt is enclosed by the outer parallel curve of ∂UEi at offset δt.
This means that TRt ⊆ Ct. We denote by ITRt the set Ct \TRt. This is the the region
enclosed by the inner parallel curve of ∂UEi with offset −δt.

To describe the the third set, we first define the line segment L = {(x, 0) ∈ R2 | −a ≤
x ≤ a} and then define the region the region Lt as {p ∈ R2 | ∃q ∈ L : d(p, q) ≤ δt}.
This is the set of all points at distance at most δt from the line segment L and it is
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easy to see that it corresponds to the set

{(x, y) ∈ R2 | (−a ≤ x ≤ a ∧−δt ≤ y ≤ δt) ∨ (x+ a)2 + y2 ≤ δ2t ∨ (x− a)2 + y2 ≤ δ2t },

which is given by a quantifier-free formula.
Figure B1 illustrates the region Lt for the situation described in the top two images

in Figure 5.

Figure B1. For the top left figure in Figure 5, this figure gives the bordering curve of the region Lt in green.

With the above terminology, we are ready to prove the following lemma.

Lemma B.1. Using the above notation, we have the inclusion ITRt ⊆ Lt ∪ UEi.

Proof of Lemma B.1. Because ITRt is the region enclosed by the inner parallel curve,
it is enough to show that every point of the inner parallel curve is included in Lt∪UEi.
Say point p is a point on the inner parallel curve of ∂UEi with offset δt. If p ∈ UEi, then
we are done. So, let us assume that p /∈ UEi. Because p is a point on the inner parallel
curve, there exists a point q = (xq, yq) ∈ ∂UEi, such that p lies on the normal on ∂UEi

at q. The normal of ∂UEi at q is given by the equation a2i yq(xq − x) = b2ixq(yq − y).
To find the intersection of the normal with the x-axis, we fill in y = 0 and obtain

xi = xq
a2
i−b2i
a2
i

. Because q ∈ ∂UEi, we have −ai ≤ xq ≤ ai, and because ai ≥ bi, we

have 0 ≤ a2
i−b2i
a2
i

≤ 1. Combining these two gives us −ai ≤ xi ≤ ai, which means that

(xi, 0) ∈ Lt. Now, because (xi, 0) lies inside the ellipse and p lies outside the ellipse,
(xi, 0) must lie between p and q. Since d(p, q) = δt (by definition of the parallel curve),
d(p, (xi, 0)) ≤ δt which means p ∈ Lt. This completes the proof.

Using this lemma, we can now finish the proof of the theorem.

Proof of Theorem 5.1. To prove the theorem, what remains to be shown is the set
equality Ct = TRt ∪ Lt ∪UEi. Indeed, before we have already presented quantifier-free
formulas for each of these sets.

We first show that Ct ⊆ TRt ∪ Lt ∪ UEi. If p ∈ Ct, then either p ∈ TRt or p ∈ ITRt,
by definition of ITRt. In the first case, the inclusion is clear. For the second case, we
obtain p ∈ Lt ∪ UEi by Lemma B.1. So, we have shown p ∈ TRt ∪ Lt ∪ UEi.

For the inclusion TRt ∪ Lt ∪ UEi ⊆ Ct, we already know that TRt ⊆ Ct. And it is
trivial that UEi ⊆ Ct. What is left to prove is Lt ⊆ Ct, but this follows directly from
the fact that L ⊆ UEi. This finishes the proof.
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Appendix C. Approximating the uncertain potential path area using
4-ellipses

In this appendix, we show how the uncertain potential path area can be approximated
by “4-ellipses” and we discuss the quality of this approximation.

When (xi, yi, ti), (xi+1, yi+1, ti+1) ∈ R2 × R are two anchor points with elliptical
uncertainty areas UEi = UE(xi, yi, ti, ai, bi, φi) and UEi+1 = UE(xi+1, yi+1, ti+1, ai+1,
bi+1, φi+1), then we denote the foci of the ellipse ∂UEi by fi and f ′

i and the foci of
the ellipse ∂UEi+1 by fi+1 and f ′

i+1. The theorem below gives an upper bound for
the uncertain potential path area in terms of the four foci of these two ellipses and
their major axes ai and ai+1. This upper bound is delimited by a so-called “4-ellipse”.
We first define this notion. Given four points a, b, c and d in the plane R2, the filled
4-ellipse with foci a, b, c and d and “diameter” ρ > 0, denoted E4(a, b, c, d, ρ), consists
of all points p ∈ R2 for which

d(a, p) + d(b, p) + d(c, p) + d(d, p) ≤ ρ.

When we replace the inequality symbol with an equality symbol in the above equation,
we obtain a description of the border ∂E4(a, b, c, d, ρ), which we call the 4-ellipse with
foci a, b, c and d and diameter ρ. We remark that 4-ellipses belong to a family of
generalised ellipses, called n-ellipses. They were studied by James Clerk Maxwell (at
the age of 14) in 1845 (Maxwell 1845), who improved the their description compared
to the one first given by René Descartes in the 17th century. We remark that, for n
even, the algebraic degree of an n-ellipse is 2n −

(
n

n/2

)
(Nie et al. 2008), which means

that the degree of a 4-ellipse is 10.
The following theorem shows uncertain potential path area can be approximated

(from above) by 4-ellipses.

Theorem C.1. Let UEi and UEi+1 be two elliptical uncertainty areas with foci fi, f
′
i

and fi+1, f
′
i+1 and semi-major axes ai and ai+1, respectively (as described above). Then

we have

UPPA(xi, yi, ti, ai, bi, φi, xi+1, yi+1, ti+1, ai+1, bi+1, φi+1, vmax)

⊆ E4(fi, f
′
i , fi+1, f

′
i+1, 2ai + 2ai+1 + 2vmax · (ti+1 − ti)).

Before proving Theorem C.1, we need the following lemma.

Lemma C.2. Let UEi be an elliptical anchor uncertainty region (as above) and let p
be a spatial point. Then 2 · d̄(p,UEi) ≤ d(p, fi) + d(p, f ′

i) + 2ai.

Proof. Let q be the point in UEi with minimal distance to p, that is, d(p, q) = d̄(p,UEi).
We remark that because of the convexity of UEi, this point q is unique. If p lies inside
UEi, then d̄(p,UEi) = 0 and the conclusion certainly holds. So, we assume that p /∈ UEi,
which implies that q lies on the border of UEi. Applying the triangle inequality, we
obtain d(p, q) ≤ d(p, fi) + d(fi, q), as well as d(p, q) ≤ d(p, f ′

i) + d(f ′
i , q). Combining

these two inequalities gives 2 · d(p, q) ≤ d(p, fi)+ d(fi, q)+ d(p, f ′
i)+ d(f ′

i , q). By using
the fact that q lies on the border of UEi, and thus d(q, fi) + d(q, f ′

i) = 2ai, and the
assumption that d(p, q) = d̄(p,UEi), we obtain the desired inequality 2 · d̄(p,UEi) ≤
d(p, fi) + d(p, f ′

i) + 2ai.

Using the above lemma for UEi and UEi+1, we can prove Theorem C.1.
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Proof of Theorem C.1 Lemma C.4 gives us the two inequalities 2 · d̄(p,UEi) ≤
d(p, fi) + d(p, f ′

i) + 2ai and 2 · d̄(p,UEi+1) ≤ d(p, fi+1) + d(p, f ′
i+1) + 2ai+1. Adding

these two inequalities gives 2 ·(d̄(p,UEi)+ d̄(p,UEi+1)−ai−ai+1) ≤ d(p, fi)+d(p, f ′
i)+

d(p, fi+1) + d(p, f ′
i+1). By the assumption that p lies in the 4-ellipse with foci fi, f

′
i ,

fi+1 and f ′
i+1 and diameter 2ai+2ai+1+2vmax · (ti+1− ti), we have d(p, fi)+d(p, f ′

i)+

d(p, fi+1) + d(p, f ′
i+1) ≤ 2ai + 2ai+1 + 2vmax · (ti+1 − ti), and thus 2 · (d̄(p,UEi) +

d̄(p,UEi+1) − ai − ai+1) ≤ 2ai + 2ai+1 + 2vmax · (ti+1 − ti). We conclude the proof
by simple manipulation of the above inequality to obtain d̄(p,UEi) + d̄(p,UEi+1) ≤
2ai + 2ai+1 + vmax · (ti+1 − ti).

We illustrate the above theorem by showing, in Figure C1, the uncertain potential
path area of the uncertain prism shown in Figure 6 together with the 4-ellipse that
contains it.

Figure C1. The uncertain potential path area of the uncertain prism shown in Figure 6 together with the
larger 4-ellipse in red.

We proceed by showing the quality of this overestimation of the uncertain potential
path area by a 4-ellipse, in the next theorem.

Theorem C.3. Let UEi and UEi+1 be elliptical anchor uncertainty ellipses with foci
fi, f

′
i and fi+1, f

′
i+1 and long axes ai and ai+1, respectively (as described above). Let

vmax > 0 be a speed bound. Then, for every point p in E4(fi, f
′
i , fi+1, f

′
i+1, 2ai+2ai+1+

2vmax · (ti+1 − ti)), we have

d̄(p,UEi) + d̄(p,UEi+1) ≤ 2ai + 2ai+1 + vmax · (ti+1 − ti).

Before proving Theorem C.3, we need the following lemma.

Lemma C.4. Let UEi be an elliptical anchor uncertainty region (as above) and let p
be a spatial point. Then 2 · d̄(p,UEi) ≤ d(p, fi) + d(p, f ′

i) + 2ai.

Proof. Let q be the point in UEi with minimal distance to p, that is, d(p, q) = d̄(p,UEi).
We remark that because of the convexity of UEi, this point q is unique. If p lies inside
UEi, then d̄(p,UEi) = 0 and the conclusion certainly holds. So, we assume that p /∈ UEi,
which implies that q lies on the border of UEi. Applying the triangle inequality, we
obtain d(p, q) ≤ d(p, fi) + d(fi, q), as well as d(p, q) ≤ d(p, f ′

i) + d(f ′
i , q). Combining

these two inequalities gives 2 · d(p, q) ≤ d(p, fi)+ d(fi, q)+ d(p, f ′
i)+ d(f ′

i , q). By using
the fact that q lies on the border of UEi, and thus d(q, fi) + d(q, f ′

i) = 2ai, and the
assumption that d(p, q) = d̄(p,UEi), we obtain the desired inequality 2 · d̄(p,UEi) ≤
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d(p, fi) + d(p, f ′
i) + 2ai.

Using the above lemma for UEi and UEi+1, we can prove Theorem C.3.

Proof of Theorem C.3 Lemma C.4 gives us the two inequalities 2 · d̄(p,UEi) ≤
d(p, fi) + d(p, f ′

i) + 2ai and 2 · d̄(p,UEi+1) ≤ d(p, fi+1) + d(p, f ′
i+1) + 2ai+1. Adding

these two inequalities gives 2 ·(d̄(p,UEi)+ d̄(p,UEi+1)−ai−ai+1) ≤ d(p, fi)+d(p, f ′
i)+

d(p, fi+1) + d(p, f ′
i+1). By the assumption that p lies in the 4-ellipse with foci fi, f

′
i ,

fi+1 and f ′
i+1 and diameter 2ai+2ai+1+2vmax · (ti+1− ti), we have d(p, fi)+d(p, f ′

i)+

d(p, fi+1) + d(p, f ′
i+1) ≤ 2ai + 2ai+1 + 2vmax · (ti+1 − ti), and thus 2 · (d̄(p,UEi) +

d̄(p,UEi+1) − ai − ai+1) ≤ 2ai + 2ai+1 + 2vmax · (ti+1 − ti). We conclude the proof
by simple manipulation of the above inequality to obtain d̄(p,UEi) + d̄(p,UEi+1) ≤
2ai + 2ai+1 + vmax · (ti+1 − ti).

Appendix D. A proof of Theorem 6.1

In this appendix, we give the details of the proofs of Theorem 6.1, for the interested
reader.
Proof of Theorem 6.1 For the equality in the statement of the theorem, we abbrevi-
ate UPPA(UEi, ti,UEi+1, ti+1, vmax) by UPPA, the ellipse by E2 and the disks, centered
at pi and pi+1 by Di and Di+1, respectively.

To prove the inclusion UPPA ⊆ E2∩Di∩Di+1, we take p to be be a point in UPPA.
This means that d̄(p,UEi) + d̄(p,UEi+1) ≤ vmax · (ti+1 − ti). Because UEi and UEi+1

are disks, we have d̄(p,UEi) ≥ d(p, pi) − ai and d̄(p,UEi+1) ≥ d(p, pi+1) − ai+1. From
these observations it follows that

d(p, pi) + d(p, pi+1)− ai − ai+1 ≤ d̄(p,UEi) + d̄(p,UEi+1) ≤ vmax · (ti+1 − ti),

and thus p ∈ E2. Because d̄ always gives a positive value, we also have d(p, pi)− ai ≤
d̄(p,UEi) ≤ vmax · (ti+1 − ti), and p ∈ Di (and similarly, p ∈ Di+1). This proves the
first inclusion.

Next, we show the reverse inclusion E2 ∩ Di ∩ Di+1 ⊆ UPPA. Let p be a point in
E ∩Di ∩Di+1. We distinguish between three cases. When p lies outside both UEi and
UEi+1, we have d̄(p,UEi) = d(p, pi)−ai and d̄(p,UEi+1) = d(p, pi+1)−ai+1. Combining
this with the assumption that p ∈ E2 shows that p ∈ UPPA. Next, we consider the case
where p lies in exactly one of UEi and UEi+1. Let us say (without loss of generality)
that p ∈ UEi and p /∈ UEi+1. Then d̄(p,UEi) = 0 and d̄(p,UEi+1) = d(p, pi+1) − ai+1.
Now, the assumption that p ∈ Di+1 implies that p ∈ UPPA. Finally, we are left with
the case where p belongs both to UEi and to UEi+1. In this case however, we trivially
have p ∈ UPPA because d̄(p,UEi) = d̄(p,UEi+1) = 0. This concludes the proof of the
second inclusion.
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