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Abstract: In empirical studies, multiple outcomes are often measured repeatedly

over time, and interest frequently lies in studying the association between these

longitudinal outcomes and a time-to-event outcome. Therefore, shared-parameter

joint models for longitudinal and time-to-event outcomes have been developed.
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However, while such joint models in theory also allow for multiple longitudinal

outcomes, they are often restricted to a limited number of outcomes due to compu-

tational complexity when fitting the models. To address this problem, we propose

a new joint model, which is based on correlated instead of shared random effects,

and for which a pairwise-modelling strategy can be used. In this approach, the

longitudinal outcomes are modelled with (generalized) linear mixed models and

the survival outcome with a Weibull proportional hazards frailty model. Instead

of fitting the full joint model, this approach involves fitting all possible bivariate

models, and inference is based on pseudo-likelihood theory. The main advantage

of our approach is that there is no restriction on the number of longitudinally

measured outcomes that are jointly modelled with the time-to-event outcome.

Key words: High-dimensional Data; Linear Mixed Models; Pseudo-likelihood;

Survival Data; Weibull Proportional Hazards Frailty Model

1 Introduction

In empirical research, subjects, such as patients in medical studies, are often

followed-up over a certain time period, and several outcomes are measured repeat-

edly over time. A typical example are biomarker measurements that are collected

for each subject. Alongside these longitudinal data, the time until a well-defined

event can be of interest, for instance the time until death. Longitudinal data are
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often analysed using (generalized) linear mixed models (Verbeke and Molenberghs,

2000; Molenberghs and Verbeke, 2005). For survival data, Cox’ proportional haz-

ards models or accelerated failure time models can be used (Collett, 2023). When

there is a strong relationship between a longitudinal biomarker and the survival

outcome, standard mixed models separately fit for the longitudinal component can

result in biased estimation due to missingness (Wu and Carroll, 1988). To take

into account this bias, or when interest lies in studying the association between the

longitudinal outcomes and the survival outcome, a joint model for time-to-event

data and multivariate longitudinal data is needed. Up until now, shared-parameter

joint models, in which the survival outcome and longitudinal outcomes are linked

by including (functions of) the random effects of the longitudinal outcomes as

predictors in the survival model, have received attention.

Considerable developments have taken place in recent years in this field, e.g., by

Rizopoulos (2012). An overview of such joint models can be found in Papageorgiou

et al. (2019) and Tsiatis and Davidian (2004). In these joint models, the associ-

ation between the longitudinal outcomes and the survival outcome is reflected by

the regression coefficients of the functions of the random effects in the survival

model. Several extensions of this model have been proposed, such as incorporat-

ing recurrent events and competing risks (Papageorgiou et al., 2019). Nevertheless,

when a large number of longitudinal outcomes is modelled jointly with the sur-

vival outcome, the dimension of the random effects increases and computational

problems (e.g., convergence problems) often arise because (numerical) integration
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over the entire vector of all random effects is necessary. In an attempt to alleviate

the computational burden, several algorithms have been proposed. For instance,

Albert and Shih (2010) use the pairwise-fitting approach to model multivariate lon-

gitudinal data, but employ a two-stage approach to link the longitudinal outcomes

with a discrete survival model. However, this method still relies on the shared-

parameter model formulation. As a result, their approach remains restricted in

the number of longitudinal outcomes it can handle.

Moreover, it has been shown that such a two-stage approach, where the estimation

of the joint model is done in two steps, is biased. This bias arises since the

estimates are not coming from the full joint distribution, and are therefore not

corrected for missingness (Tsiatis and Davidian, 2004; Rizopoulos, 2012; Mauff

et al., 2020). Mauff et al. (2020) proposed the use of a correction factor to eliminate

this bias. However, most importantly, their model still only allows for a limited

number of longitudinal outcomes, since a multivariate (generalized) linear mixed

model has to be fitted in the first stage. Their simulation studies included up

to six outcomes. Moreover, using the JMbayes package (Rizopoulos, 2016) in

R, Nguyen et al. (2023) experienced convergence problems when trying to jointly

model 32 longitudinal variables with the survival outcome. These authors reached

convergence when only nine variables were selected.

Recently, Hickey et al. (2018) have developed the R package joineRML that uses

the Monte Carlo expectation-maximization algorithm to maximize the full likeli-

hood. While this package indeed allows for modelling multivariate longitudinal
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data, it remains unclear how the algorithm performs when encountering high-

dimensional multivariate longitudinal data. Models can also be fitted efficiently

based on a Bayesian approach by using Markov Chain Monte Carlo (MCMC)

methods (Lawrence Gould et al., 2015). However, when the random effects are of

high dimension, MCMC methods can be computationally very demanding and it

can be difficult to reach convergence.

We propose a new joint model for high-dimensional longitudinal data and survival

data, which allows for the use of the pairwise-fitting approach. This approach was

previously proposed by Fieuws and Verbeke (2006) to jointly model multivariate

longitudinal data. Mauff et al. (2021) adapted this approach to the Bayesian set-

ting, and tried to incorporate the multivariate joint model in a survival model by

using a corrected two-stage approach (Mauff et al., 2020). However, they were

unable to obtain a theoretically proper multivariate posterior distribution. We

propose a different joint model, which is based on correlated random effects in-

stead of shared random effects. Albert and Shih (2010) used the pairwise-fitting

approach in a two-stage joint model with discrete time-to-event data, in which

missingness is taken into account with a regression calibration approach. In our

proposed joint model, a frailty model for univariate survival data is used for the

survival outcome by employing a Weibull model with random effects (Duchateau

and Janssen, 2008). This Weibull model is then linked to the mixed models for

the longitudinal outcomes by assuming a joint multivariate distribution on the

random effects. By doing so, the number of outcomes that can be modelled jointly
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is no longer restricted. Jointly modelling a longitudinal outcome and a survival

outcome by allowing for correlation between the random effects and frailties has

been previously proposed in literature (Huang et al., 2011; Li et al., 2009). How-

ever, these studies were limited to models with a single longitudinal outcome.

Our approach extends this framework by allowing for the inclusion of multiple

longitudinal outcomes.

The rest of the paper is organized as follows. The case studies used to motivate

and illustrate our methodology are described in Section 2. The methodology is

laid out in Section 3, and the results of applying it to the example datasets is the

subject of Section 4. In Section 5, simulation studies are reported to examine the

performance of the proposed methodology.

2 Motivating Case Studies

2.1 Idiopathic Pulmonary Fibrosis

A motivating dataset for our methodology is the Idiopathic Pulmonary Fibrosis

(IPF) dataset, in which a cohort of 57 patients with idiopathic pulmonary fibro-

sis (IPF) were followed longitudinally (Molyneaux et al., 2017), and which was

previously analysed by Sun et al. (2019). Idiopathic pulmonary fibrosis (IPF) is a

progressive and fatal lung disease characterized by the gradual scarring (fibrosis) of

lung tissue. The median survival of patients with IPF is only 3–5 years (Schwartz

et al., 1994). The dataset comprises data of 20 gene expression profiles that were
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measured in the peripheral whole blood at each visit. Measurements were taken at

fixed timepoints: at baseline (timepoint = 0), 1 month (timepoint = 1), 3 months

(timepoint = 2), 6 months (timepoint = 3) and 1 year (timepoint = 4). The me-

dian number of measurements per patient is 3, with the number of measurements

ranging from a minimum of 1 to a maximum of 5. In addition, time to death, age,

gender and percent predicted forced vital capacity (FVC) were recorded. Out of

the 57 patients, 23 patients (40%) died, while 34 (60%) patients were censored.

Following Sun et al. (2019), age, FVC, and gene expression data, are standardized

to have mean 0 and variance 1. Our aim is to study the association between the

risk of death and the longitudinal gene expression profiles.

2.2 Primary Biliary Cirrhosis

In a second case study, we used the primary biliary cirrhosis dataset (pbc2) from

the JMBayes2 package. This dataset contains follow up data of 312 randomized

patients, collected at the Mayo Clinic between 1974 to 1984 (Murtaugh et al.,

1994). On average, there were 6.23 measurements for each individual, with a max-

imum of 16 measurements and a minimum of 1 measurement. During follow up,

several biomarkers were recorded repeatedly for each patient. In our application,

we focused on three biomarkers: serum bilirubin (mg/dl), serum albumin (mg/dl),

and prothrombin time (seconds). Of interest was studying the relationship be-

tween these longitudinal biomarkers and time until death, while correcting for age

at registration and sex. In total, 140 patients (44.87%) in the dataset died, mean-
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ing that 55.13% of the patients were censored. Many researchers have extensively

studied this dataset using joint modelling techniques (Crowther et al., 2013; Ri-

zopoulos, 2012; Hickey et al., 2018), which makes it an ideal first case study to

illustrate our proposed methodology.

3 Methodology

3.1 Joint Model for Multivariate Longitudinal Data and

Time-to-Event Data

3.1.1 Submodel for Multivariate Longitudinal Data

To model two or more longitudinal outcomes simultaneously, a joint model for

multivariate longitudinal data is needed. In the random-effects approach, the

joint model is built by assuming a mixed model for each outcome (Laird and

Ware, 1982; Verbeke and Molenberghs, 2000; Molenberghs and Verbeke, 2005).

Let us consider L longitudinal outcomes. Then, for each outcome l (l = 1, ..., L),

we let Yijl denote the jth measurement (j = 1, ..., nil) for subject i = 1, ..., N . The

vector Y ′
il = (Yi1l, ..., Yinill) then represents the vector of all measurements for the

lth outcome for subject i. For continuous outcomes, linear mixed models (LMMs)

are often used. In a LMM, we assume that Yil satisfies

Yil|bil ∼ N(Xilβl +Zilbil,Σil),
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in which Xil and Zil are known design matrices, βl is the vector of fixed-effects

regression parameters, bil is the vector of random-effects regression parameters,

and Σil is an (nil × nil) covariance matrix that depends on i only through its

dimension nil. Assuming conditional independence would imply Σil = σ2
l Inil

,

with Inil
being the identity matrix. For discrete outcomes, a generalized linear

mixed model (GLMM) can be used (Molenberghs and Verbeke, 2005). The GLMM

assumes that the outcomes Yijl are independent, conditionally on the random

effects bil, and have a density function that belongs to the exponential family of

the form

fi(yijl|bil) = exp[(yijlηijl − a(ηijl))/ϕl + c(yijl, ϕl)],

with mean E(Yijl|bil) = a′(ηijl) = µijl(bil) and variance V ar(Yijl|bil) = ϕla
′′(ηijl),

and with hl(µil(bil)) = Xilβl +Zilbil for a known link function hl.

The L longitudinal outcomes can be modelled jointly by linking the corresponding

random effects (Verbeke et al., 2014; Fieuws and Verbeke, 2004). Let bi denote

the vector encompassing all random effects from all mixed models, that is bi =

(bi1, bi2, ..., biL). To simultaneously model all L outcomes, a joint distribution

for these random effects can be specified. Often, we assume that bi is normally

distributed with mean zero and variance-covariance D. From the components in

D, the association between the outcomes can be derived. Further, we assume that,

conditionally on bi, the outcomes are independent. Thus, the association between

the outcomes is fully captured by the association between the random effects.



10 Dries De Witte et al.

3.1.2 Submodel for Time-to-Event Data

Time-to-event data are often analysed with proportional hazards (PH) models

(Duchateau and Janssen, 2008; Collett, 2023). Let t∗i denote the true event time

for subject i, (i = 1, . . . , N). Assuming that subjects are potentially right cen-

sored by censoring time ci, the observed event time is ti = min(T ∗
i , Ci). δi is the

event indicator, which is equal to one if the true event time is observed, that is

if t∗i < Ci, and equal to zero otherwise. We further assume that the censoring is

non-informative. The general form of a proportional hazards model can then be

expressed as

hi(t) = h0(t) exp(α
′wi),

where h0(t) is the baseline hazard function, wi the vector of known covariates and

α the vector of corresponding regression coefficients. Note that it is also possible

to include exogeneous (external) time-dependent covariates in this model. Then,

wi can be expressed as wi(t). In survival analysis, a Weibull distribution with

shape parameter ρ and scale parameter λ is often assumed for the event times,

such that Ti ∼ W (λ exp(α′wi), ρ) (Collett, 2023). Under this assumption, the

baseline hazard corresponds to h0(t) = λρtρ−1.

To link the Weibull PH model to the mixed model for the longitudinal outcomes,

we expand the model by including a random effect, such that all models can be

linked together via a common distribution for all random effects. For this purpose,

a univariate frailty model, previously proposed by Duchateau and Janssen (2008),
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can be used:

hi(t) = aiλρt
ρ−1 exp(α′wi) (3.1)

In this model, each subject has its own random effect ai, which is called a frailty.

This frailty term can be used to describe heterogeneity or to determine which

subjects are more frail; a high frailty value leads to an increased risk for the event,

while a low frailty value leads to a decreased risk for the event.

Several distributions for the random effect ai can be assumed. Elbers and Ridder

(1982) have shown that a frailty model is identifiable with univariate data, as long

as the frailty distribution has a finite mean and when covariates are included in

the model. The two most popular distributions are the gamma distribution and

the log-normal distribution, since the frailty cannot be negative (Duchateau and

Janssen, 2008). When a gamma distribution is used to ensure identifiability of the

model, we use a one-parameter gamma distribution with mean one: ai ∼ Γ(θ, 1/θ).

When a log-normal distribution is used, identifiability is ensured by setting the

mean equal to one: ai ∼ LN(1, σ2
a).

To account for the association between the survival outcome and the multiple

longitudinal outcomes, we allow the random effect of the Weibull PH frailty model,

ai, to be correlated with the random effects of the L linear mixed models bi.

The correlations between the frailty and the random effects then represent the

associations. Let us consider for instance the correlation between the survival

outcome and longitudinal outcome l modelled with a random intercept bil only. A

positive correlation between ai and bil then indicates that a subject with a higher
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value for the longitudinal outcome has an increased risk for the event. A negative

correlation might indicate that a subject with a higher value for the longitudinal

outcome has a decreased risk for the event. An important remark is that this

approach allows for the inclusion of multiple survival outcomes as well. In our

model, survival outcomes are simply treated as additional outcomes within the

model, while in the shared-parameter joint model, only a single survival outcome

is typically included, sharing random effects with the longitudinal outcomes.

Additionally, similar to the shared-parameter joint model, the visiting processes

(Lipsitz et al., 2002) are assumed to be independent, given the observed history.

This means that we assume that the decision of a subject to visit the clinic only

depends on the observed past history but not on underlying, latent subject char-

acteristics (Rizopoulos, 2012). In case this assumption is violated, the visiting

process itself should be modelled. To this end, the visiting times can be seen as

recurrent events, and the joint model can be extended with a time-to-event model

for this type of (multivariate) survival data. The implementation of this extension

in our proposed model is very straightforward, since the Weibull PH frailty model

(3.1) is especially suitable for modelling multivariate survival data (Therneau and

Grambsch, 2013).
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3.2 Estimation

3.2.1 Pseudo-Likelihood

For many models, maximizing the full likelihood can be difficult. For instance,

the normalizing constant can take a complicated form in multivariate exponential

family models (Molenberghs and Verbeke, 2005). A possible solution might then

be to replace the numerically challenging joint density by a simpler function that

is a product of conditional or marginal densities, which is the idea behind pseudo-

likelihood, or composite likelihood, estimation (Arnold and Strauss, 1991; Geys

et al., 1999; Aerts et al., 2002; Varin et al., 2011). For instance, one can replace

the joint density by all pairwise densities over the set of all possible pairs. Consider

for example a three-way density

Li = fi(y1i,y2i,y3i|θi).

This can be replaced by the product

L∗
i = fi(y1i,y2i|θ∗i )× fi(y1i,y3i|θ∗i )× fi(y2i,y3i|θ∗i ).

It is important to note that this does not affect the interpretation of the model

and that the model parameters have the same meaning as with full likelihood. We

refer to Geys et al. (1999) and Aerts et al. (2002) for a more formal introduction

to pseudo-likelihood estimation. They also describe the required regularity condi-

tions and the main asymptotic properties of the pseudo-likelihood estimators. The

consistency and asymptotic normality of these estimators have been demonstrated

by Arnold and Strauss (1991). They also show that a pseudo-likelihood estimator
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is always less efficient than the maximum-likelihood estimator. Nevertheless, Aerts

et al. (2002) state that the efficiency losses are minimal. Specifically for pairwise

likelihood, simulation studies have shown high efficiency relative to a full likelihood

approach (Renard et al., 2004; Fieuws et al., 2006; Feddag and Bacci, 2009; Varin

et al., 2011). In addition, pseudo-likelihood is often still computationally feasible,

when full likelihood is no longer possible. Geys et al. (1999) also argue that the

efficiency loss is often negligible and can be justified by the computational advan-

tages that it offers. Furthermore, important to note is that pseudo-likelihood is

not a full likelihood method, meaning that, a priori, it is not guaranteed that the

analysis is valid under missing at random (MAR) (Molenberghs et al., 2011). The

process is said to be MAR, when the missingness it independent of the unobserved

measurements, conditional on the observed ones (Little and Rubin, 2019).

3.2.2 Pairwise-Fitting Approach

In principle, parameter estimates for the joint model described in Section 3.1 can

be obtained by using standard software for fitting mixed models such as PROC

NLMIXED in SAS. However, when a large number of outcomes is modelled jointly,

the dimension of the random effects vector becomes large, such that maximizing

the likelihood becomes infeasible and computational problems arise (Ivanova et al.,

2016; Fieuws and Verbeke, 2006). To solve these computation problems, Fieuws

and Verbeke (2006) propose to reduce the dimensionality of the problem by first

fitting all bivariate models for all possible pairs ((S, Y1), (S, Y2),..., (S, YL)) sepa-

rately (Fieuws et al., 2006, 2007; Verbeke et al., 2014). In this so-called pairwise-



Joint Modelling With a Pairwise-Fitting Approach 15

fitting approach, instead of maximizing the likelihood of the full joint model, the

log-likelihood of each bivariate joint model for each pair is maximized separately:

N∑
i=1

lrsi(Θr,s|yri, ysi), r = 1, . . . ,m− 1, s = r + 1, . . . ,m,

where Θr,s is the vector that contains all parameters in the bivariate joint model

for pair (r, s). Further, we can combine all these pair-specific vectors into a stacked

vector Θ. Note that vectors Θ and Θ∗ are not identical. Some parameters in Θ∗,

for instance the covariance between two random effects of two different outcomes,

are estimated in only one bivariate joint model and are linked to one element in

Θ. Other parameters, for instance the covariance between two random effects of

the same outcome, are estimated in more than one bivariate joint model and are

therefore linked to multiple elements in Θ. In the latter case, we can average the

different maximum likelihood estimates from all bivariate models to obtain a single

estimate for the corresponding parameter. These averages are a linear combina-

tion of maximum likelihood estimates and are therefore asymptotically normally

distributed. It is possible to use a weighted approach instead of a simple average,

for example, by defining weights based on precision estimates. However, such an

approach introduces additional variability, as the weights must be estimated and

are not fixed. Furthermore, as demonstrated in the simulation studies in Section

5, using a simple average already shows good statistical properties. Therefore,

we argue that more complex weighting schemes do not provide substantial im-

provements over a simple average. This aligns with findings from related context,

where simpler weighting schemes have been shown to outperform more complex
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alternatives (Hermans et al., 2018; Tibaldi et al., 2003).

However, since we also need to take into account the variability between the

pair-specific estimates, we cannot simply average the standard errors to obtain

a standard error for the estimates. Moreover, two pairs with a common outcome

share information and, hence, the pair-specific estimates are correlated. Therefore,

standard maximum likelihood theory cannot be used for conducting inferences. In-

stead, it is proposed to use ideas from pseudo-likelihood theory for inference for Θ

(Arnold and Strauss, 1991; Geys et al., 1997). The asymptotic multivariate nor-

mal distribution for Θ̂, which is the vector containing all pair-specific (maximum

likelihood) estimates, can be expressed as

√
N(Θ̂−Θ) ∼ MVN(0,J−1KJ−1) (3.2)

where J−1KJ−1 is a robust variance estimator that can be seen as a ‘sandwich-

type’ estimator. However, we are merely interested in the estimates for the param-

eters in Θ∗. As argued earlier, this can be done by taking averages: Θ̂∗ = AΘ̂,

where A is an appropriate weight matrix. It can be seen that Θ̂∗ then follows a

multivariate normal distribution with mean Θ∗ and covariance matrix AΣ(Θ̂)A′,

with Σ(Θ̂) the covariance matrix for Θ̂ as expressed in (3.2). An important

distinction from more classical pseudo-likelihood methods is that in our pairwise

approach, the likelihoods of the pairs are maximized separately, which makes our

method computationally very feasible because each maximization only involves a

(small) subvector of all parameters in the full model. In classical pseudo-likelihood

methods, the joint density of the full model is replaced by all pairwise densities,
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but is still maximized over the entire vector of all parameters. Parallel processing

has the potential to further speed up computation.

3.3 Adjustment for a Non-Positive Definite Variance-Covariance

Matrix

Although the estimates of the pairwise-fitting approach are consistent, there is a

possibility that in small samples, the estimated variance-covariance matrix D of

the random effects may not be positive definite. To address this issue, the nearest

positive definite matrix can be obtained. To this aim, Rousseeuw and Molenberghs

(1993) have introduced several techniques. One such approach is the eigenvalue

method, which corrects non-positive definiteness of D as follows:

D+ = LẼL.

Here, L represents the collection of orthonormal eigenvectors of D, and Ẽ denotes

the diagonal matrix consisting of the eigenvalues of D, but where any negative

eigenvalues are substituted with a small positive value. This adjustment, however,

impacts the statistical properties of D, such as the unbiasedness and sampling

variance. Nevertheless, unless in situations where the D matrix is non-positive

definite even under a full likelihood approach, this is only an issue in small samples

since in large samples, the nearest positive definite matrix will be the estimated

D matrix itself, since the estimates of the pairwise-fitting approach are consistent

(Fieuws and Verbeke, 2006).
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3.4 Model Implementation

We used version 9.4 of the SAS System for Windows (SAS Institute, Cary NC).

The bivariate models were fitted using the SAS-procedure NLMIXED. In this

procedure, we only need to specify the conditional distributions of the responses

given the random effects. Essentially, we can distinguish between two types of

bivariate models.

The first type is a bivariate model with two longitudinal outcomes. In that case,

the log-likelihood contribution of subject i to the bivariate joint model for outcomes

l and k is:

li(Θ
∗|yli, yki) = log

(∫
fli(yli|bi)fki(yki|bi)f(bi)dbi

)
,

where Θ∗ represents the full parameter vector and bi denotes the vector of all

random effects.

The second type is a bivariate model with the survival outcome and one longi-

tudinal outcome. By assuming that the correlation between the random effects

accounts for the association between the two outcomes, i.e., assuming that the

two outcomes are independent conditionally on the random effects, we can define

the log-likelihood contribution of subject i to the bivariate joint model for the

survival outcome and longitudinal outcome l as

li(Θ
∗|ti,yli) = log

(∫
f(ti|di)

δiS(ti|di)
(1−δi)fli(yli|di)f(di)ddi

)
,

with di again denoting the vector of all random effects, now including the random

effect for the survival outcome and the random effects of the longitudinal outcome.
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Integration and optimization was carried out using (adaptive) Gaussian quadrature

with 21 quadrature points.

Although the NLMIXED procedure only supports normally distributed random

effects, this restriction can be bypassed using the probability integral transfor-

mation (PIT) method proposed by Nelson et al. (2006). Specifically for a gamma

distributed random effects, assuming that ui is a random effect following a standard

normal distribution, that is ui ∼ N(0, 1), a gamma distributed random variable

ai can be derived from ui through the following transformation: ai = F−1
a [(Φ(ui)],

where Fa is the cumulative distribution function (CDF) of ai, in this case the CDF

of a gamma distribution, and Φ(.) is the standard normal CDF.

4 Applications

4.1 IPF Data

In this section, we discuss the results of applying the pairwise-fitting approach on

the IPF dataset described in Section 2.1. Following Sun et al. (2019), a Weibull

PH model is assumed:

hi(t) = aiλρt
ρ−1 exp(α1agei + α2genderi + α3FV Ci),

where we assume a log-normal distribution for the random effect ai. For the

longitudinal outcomes, we assume the following linear mixed models:

Yijl = β0l + bil + β1lyearij + β2lyear
2
ij + ϵijl,
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where Yijl denotes the outcome for the lth gene (l = 1, ..., 20) measured for patient

i at timepoint j. The random effect bil can be interpreted as the average deviation

of patient i from the population average for outcome l. To model the trajectories

over time, a quadratic term was included in the model as suggested by Sun et al.

(2019). The full correlation matrix derived from the variance-covariance matrix

D can be found in Table 1 in the Supplemental Materials. No adjustment for a

non-positive definite matrix was necessary, as the estimated variance-covariance

matrix D was already positive definite.

Since we are mainly interested in the correlations between the survival random

effect and the random intercepts of the longitudinal outcomes, these correlations

are represented in Table 1. The highest correlation between survival time and the

random intercepts was observed for MMP8 (0.61), followed by CEACAM8 (0.50)

and OLFM4 (0.45). This suggests that a patient with an increased expression value

of these genes in the blood might have an increased risk of death. The highest

negative correlation could be observed for SNORA14A (-0.39), followed by GSTM1

(-0.31) and DEFA4 (-0.24), indicating that an increased expression value of these

genes might be associated with a decreased risk of death. Standard errors using

the Delta method were calculated for the correlations and ranged from 0.0181

to 0.9734. These standard errors along with the corresponding 95% confidence

intervals are presented in Table 2 in the Supplemental Materials. Notably, the

correlations between survival and DEFA4 (95% CI: [-0.5420, -0.0086]), HBZ 1

(95% CI: [0.0105, 0.4552]), OLFM4 (95% CI: [0.0874, 0.8028]), and CEACAM8
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(95% CI: [0.2473, 0.7456]) were significant, as their confidence intervals did not

include zero.

We also tried to fit a shared-parameter joint model by using the model implemented

in the joineRML package (Hickey et al., 2018). However, the model did not

converge because of the large number of longitudinal outcomes. This dataset has

been previously analysed by Sun et al. (2019). In this study, latent classes are

used with a primary focus on predicting the time to death rather than studying

the association between the longitudinal outcomes and the survival outcome. As

stated in their paper, it is not straightforward to assess the association between

the longitudinal outcomes and the survival outcome in the latent class model.

Moreover, when the number of longitudinal outcomes becomes large, they propose

modelling the longitudinal outcomes independently from each other, while in a

joint model, all outcomes should be modelled jointly.

Table 1: Correlations between the random intercepts and survival random effect

for the IPF study

EIF1AY RPS4Y1 HBZ TUBB2A TUBB2A 1 SLC12A1 DDX3Y DEFA4 UTY HBZ 1

ai 0.03 0.02 0.06 0.25 0.25 -0.11 -0.02 -0.28 -0.00 0.23

DAAM2 TXLNGY MMP8 OLFM4 TMEM176A OLAH SNORA14A TUBB2A 2 GSTM1 CEACAM8

ai 0.32 -0.02 0.61 0.45 -0.17 0.31 -0.39 0.03 -0.31 0.50

4.2 PBC Data

We have applied the pairwise-fitting approach on the pbc2 dataset introduced in
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Section 2.2. For the longitudinal outcomes, we assume the following linear mixed

models:

Yij1 = (0.1 ∗ prothrombinij)
−4 = β01 + bi1 + β11yearij + bi2 ∗ yearij + ϵij1,

Yij2 = albuminij = β02 + bi3 + β12yearij + bi4 ∗ yearij + ϵij2,

Yij3 = log(serBilirij) = β03 + bi5 + β13yearij + bi6 ∗ yearij + ϵij3,

in which bi1, bi3, bi5 are the random intercepts, bi2, bi4, bi6 are the random slopes

and ϵijl are the error terms that are assumed to be independent and normally

distributed with variance σ2
l . The covariate yearij represents the number of years

between the baseline visit (enrollment) and the date of visit j. For the survival

outcome, the following Weibull PH frailty model is assumed:

hi(t) = aiλρt
ρ−1 exp(α1agei),

where agei is the age at enrollment. For the subject-specific random effect, ai,

either a log-normal or a gamma distribution is assumed. Since the estimated

variance-covariance matrixD was non-positive definite, we applied the adjustment

described in Section 3.3. The correlations between the random effects and survival

random effect, derived from the adjusted D, when assuming a log-normal distri-

bution for ai, can be found in Table 2. The full correlation matrix can be found

in Table 3 in the Supplemental Materials. The correlation between the random

effect for the survival outcome and the random intercept for (0.1∗prothrombin)−4

is negative, which may indicate that a patient with a high prothrombin level at

baseline has an increased risk of death. Similarly, there is a negative correlation

between the random slope and the survival random effect, which may indicate that
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a patient whose prothrombin level increases faster on average has an increased risk

of death. We observe a high negative correlation between the random effect of the

survival outcome and the random intercept for albumin. This suggests that a pa-

tient with higher values for albumin at baseline has a decreased risk of death. The

negative correlation between the random slope of albumin and the survival random

effect indicates that a patient with a steeper increase in albumin level over time

has a decreased risk of death. Lastly, positive correlations were found between

the random effect for the survival outcome and the random intercept and slope

for log(serum bilirubin). This indicates that patients with a higher level of serum

bilirubin at baseline or patients whose serum bilirubin level increases faster over

time have an increased risk of death. All estimated parameters, together with the

robust standard errors, can be found in Table 4 in the Supplemental Materials.

Table 2: Correlations between the random effects and survival random effect after

adjustment for non-positive definiteness for the PBC study (log-normal distribu-

tion for ai)

ai bi1 bi2 bi3 bi4 bi5 bi6

ai 1.0000 -0.6652 -0.2461 -0.9009 -0.5927 0.3684 0.1282

We also fitted the model assuming a one-parameter gamma distribution for ai. The

results can be found in Tables 5 and 6 in the Supplemental Materials. The results

are similar to the results of the model assuming a log-normal distribution for the

survival random effect, and the conclusions are coherent between these versions.

The results obtained using our approach are consistent with those reported in pre-
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vious studies that have analysed the PBC dataset using standard joint modelling

methods (e.g. Hickey et al. (2018).

5 Simulation Studies

5.1 High-dimensional longitudinal outcomes

The most important advantage of our proposed methodology is that it allows to

jointly model as many outcomes as one would like, as long as the bivariate models

for all possible pairs can be fitted. The number of pairs is, of course, a quadratic

function of the number of outcomes. This means that computation time will

essentially increase quadratically if the pairs are fitted sequentially. If a sufficient

number of cores is available, all sets of pairwise models can be fitted in parallel,

potentially further decreasing the computation time.

To illustrate this, a small simulation study was conducted. The performance of

the estimators of the pairwise-fitting approach has been studied previously across

different simulation settings by Fieuws and Verbeke (2005). In Section 5.2, a more

extensive simulation study has been carried out to compare the pairwise-fitting

approach with a full likelihood approach. The purpose of this simulation study

was to demonstrate how the methodology can be used to model high-dimensional

multivariate longitudinal outcomes jointly with a survival outcome. We simulated

500 datasets, each including N = 1000 subjects. Ten longitudinal outcomes were
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simulated based on linear mixed models with a random intercept:

Yijl = β0l + bil + β1ltij + ϵijl, (5.1)

with Yijl denoting the lth (l = 1, 2, . . . , 9, 10) longitudinal outcome measured for

subject i at timepoint j (tij = 1, 2, . . . , 9, 10) and with ϵijl simulated from a normal

distribution with zero mean and variance σ2
l . The parameters were considered to

be outcome-specific. For the survival outcome, we simulated survival times from

the following Weibull PH frailty model:

hi(t) = aiλρt
ρ−1 exp(αxi), (5.2)

with xi a subject-specific covariate of which the values were sampled from a normal

distribution with mean 40 and variance 2. When the simulated event time ti

exceeded 5, subject i was administratively censored at time 5, such that 10%

of the subjects were censored. The frailties ai were sampled from a log-normal

distribution. All true parameter values can be found in Tables 7 and 8 in the

Supplemental Materials for the longitudinal outcomes and for the Weibull PH

frailty model, respectively. The matrix D that was used in the simulation study

can be found in Table 9 in the Supplemental Materials. High positive correlations

between the random effects were specified.

We applied the proposed methodology to each of the 500 datasets and summarized

the results by calculating the mean of the estimates and standard errors obtained

under this approach. The estimated correlation matrix between the random effects

can be found in Table 10 in the Supplemental Materials. The estimated correla-
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tions are very close to the true correlations, and no computational problems were

encountered when analysing all of the 500 datasets. The variance-covariance ma-

trix D can be found in Table 11 in the Supplemental Materials, and all estimated

parameters together with the robust standard errors can be found in Table 12 and

Table 13 of the linear mixed models and the Weibull PH frailty model respectively

in the Supplemental Materials. The estimated values of these parameters closely

align with the simulation parameters.

We also assessed the runtime required to fit the model. For this purpose, we

used the first simulated dataset and ran the SAS program twenty times. We did

this for an increasing number of longitudinal outcomes, modelled jointly with one

survival outcome, starting with one longitudinal outcome up to ten longitudinal

outcomes. We conducted the analyses on a HP ZBook laptop featuring an Intel

Core i7 processor and 32.0 GB of RAM. The laptop was running SAS version 9.4

and Windows 11 Enterprise as the operating system. Pairs were fitted sequentially

without using parallel processing. The average amount of runtime of the twenty

times the SAS program was run for each scenario is represented in Figure 1. Addi-

tionally, we also fitted the models with a full likelihood approach, meaning that all

longitudinal outcomes and the survival outcome are jointly fitted in one model in-

stead of fitting all possible pairs. Note that when only one longitudinal outcome is

modelled jointly with the survival outcome, the pairwise-fitting approach reduces

to a full likelihood approach since only one pair needs to be fitted. With a full like-

lihood approach, the models failed to converge when more than two longitudinal
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Figure 1: Amount of runtime that was required for fitting the model with a full

likelihood approach (solid) or pairwise-fitting approach (dotted) for up to 10 lon-

gitudinal outcomes.

outcomes are considered. To further illustrate that the pairwise-fitting approach

is not limited by the number of outcomes, we further increased the number of

longitudinal outcomes to 20, 30, 40, and 50, and successfully fitted the model

(Figure 2). The figure illustrates that computation time increases quadratically as

the number of pairs increases. However, with parallel processing, the increase in

computation time would be less.

5.2 Comparison with Full Likelihood Approach

In a second simulation study, the goal was to compare the estimates of the full

likelihood approach with the estimates obtained from using the pairwise-fitting

approach. To this end, we have simulated 1000 datasets, each containing two
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Figure 2: Amount of runtime that was required for fitting the model with a

pairwise-fitting approach for up to 50 longitudinal outcomes.

longitudinal outcomes and one survival outcome. We have only considered two

longitudinal outcomes since this setting can still be analysed with a full likelihood

approach. Each dataset consisted out of N = 1000 subjects. The time-to-event

data was simulated based on the same model as in (5.2), with the difference that

no subjects were censored. For the longitudinal outcomes, we used the same

random-intercepts model as in (5.1). We analysed these datasets using both the full

likelihood method and our proposed pairwise-fitting approach. For each approach,

we then calculated the average of all 1000 estimates. The bias was obtained by

subtracting this average from the true mean. Additionally, we have also calculated

the root mean squared error (RMSE), which can be used to assess the accuracy

of the estimates, and the coverage of 95% confidence intervals (Table 14 in the

Supplemental Materials). In general, the two approaches appear to be similar in

terms of bias, RMSE and coverage.
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After having conducted the simulation study without any censoring in the sur-

vival outcome, we conducted a subsequent simulation study where censoring was

induced. When the simulated event time ti exceeded 4, subject i was adminis-

tratively censored at time 4, such that 16% of the subjects were censored. When

a subject was censored, we simulated dropout in their two longitudinal outcomes

by marking the values after the 5th timepoint as missing. Consequently, these

subjects were only observed at timepoints t = 1, 2, 3, 4, and 5.

The results are presented in Table 15 in the Supplemental Materials. We noticed

that the bias in some parameters using the full likelihood approach is smaller

compared to using the pairwise-fitting approach. Comparing the biases of the

pairwise-fitting approach with censoring to the setting without censoring, it ap-

pears that there is a little more bias when censoring is present. However, the

difference does not seem to be substantial, certainly in light of the significant com-

putational advantage the pairwise-fitting approach offers, namely enabling efficient

estimation of joint models without any limitation on the number of longitudinal

outcomes. As stated before in Section 3.2.1, the computational advantages were

also the argument of Geys et al. (1999) to justify the minor efficiency loss when

using pseudo-likelihood methods. Indeed, while the pairwise-fitting approach may

result in some efficiency loss compared to a full likelihood estimation, this compro-

mise is justified. In situations where the number of outcomes becomes very large,

full likelihood methods can no longer be used. Our approach provides a scalable

solution that remains feasible in these cases where full likelihood methods cannot
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be applied. Additionally, none of the estimated variance-covariance matrices D in

both simulation studies were non-positive definite, which also demonstrates that

this is a small sample issue and that the estimates of the pairwise-fitting approach

are consistent.

6 Discussion

In this paper, we have proposed a new joint model for high-dimensional multi-

variate longitudinal data and survival data, which is based on correlated random

effects. The model is fitted using a pairwise modelling approach. The correlation

between the random effects for the longitudinal outcomes and the random effect

for the survival outcome provides us insight into the association structure. While

the standard shared parameter joint models suffer from computational problems

when many longitudinal outcomes are considered, our model does not and it al-

lows researchers to fit joint models without suffering from a restriction on the

number of outcomes, as long as the bivariate models can be fitted. Moreover,

our approach not only accommodates multiple longitudinal outcomes but can be

naturally extended to incorporate multiple survival outcomes as well.

We also used our model to analyse data of patients with idiopathic pulmonary

fibrosis. In this case study, we studied the association between the expression

profiles of 20 genes and risk of death. While a shared-parameter joint model was

no longer applicable, our model could still be used. To illustrate further that our
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model can be fitted irrespective of the number of outcomes, we simulated datasets

containing up to 50 longitudinal outcomes and a survival outcome, and analysed

it with the proposed joint model. Moreover, by means of two simulation studies

— one without censoring and one with censoring — we compared the performance

of our approach to that of a full likelihood approach. While the likelihood-based

method is, as expected, generally more efficient, we demonstrate that the bias in

our model is relatively small. Importantly, in cases with many outcomes, where a

full likelihood approach is no longer feasible, our approach remains very applicable.

The proposed model can be extended with ease. For instance, outcomes of a dif-

ferent type can be considered, such as count or binary longitudinal data. These

outcomes can be modelled with generalized linear mixed models and can be incor-

porated in the model by allowing for correlation between the random effects. For

the survival model, a model for recurrent events or for competing risks could also

be incorporated. Previous work by Molenberghs et al. (2010) and Molenberghs

et al. (2015) has explored the use of Weibull models with gamma and normal

random effects, referred to as the combined model. In this framework, gamma

random effects account for overdispersion, while normal random effects represent

the frailty term. This extension can also be incorporated into our approach.

Nevertheless, a possible limitation of our model is that it can only be used if all

possible pairs can be fitted. This might be challenging with standard software

when more complex random effects structures are assumed, for instance when

polynomials or splines are used as random effects, and when one would like to
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allow for correlation between all these random effects of one outcome and all these

random effects of another outcome. However, we argue that, in practice, most of

the correlation between the longitudinal outcomes and the survival outcome can

be captured by allowing the random intercepts and slopes to be correlated with

the survival random effect. Then, one can still use polynomials or splines in the

random effects structure, provided that these random effects remain uncorrelated

with those of the other outcomes. It should also be noted that this does not

prohibit the use of polynomials and splines in the fixed effects structure.
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