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We consider the homogenisation of a coupled Stokes flow and advection-reaction—diffusion problem in a perforated
domain with an evolving microstructure of size €. Reactions at the boundaries of the microscopic interfaces lead
to the formation of a solid layer, which is assumed to be radially symmetric with a variable, a priori unknown
thickness. This results in a growth or shrinkage of the solid phase and, thus, the domain evolution is not known
a priori but induced by the advection-reaction—diffusion process. The achievements of this work are the existence
and uniqueness of a weak microscopic solution and the rigorous derivation of an effective model for ¢ — 0,
based on e-uniform a priori estimates. As a result of the passage to the limit, the processes on the macroscale
are described by an advection—reaction—diffusion problem coupled to Darcy’s equation with effective coefficients
(porosity, diffusivity and permeability) depending on local cell problems. These local problems are formulated on
cells that depend on the macroscopic position and evolve in time. In particular, the evolution of these cells depends
on the macroscopic concentration. Thus, the cell problems (respectively the effective coefficients) are coupled to the
macroscopic unknowns and vice versa, leading to a strongly coupled micro-macro model. Homogenisation results
have been obtained recently in Ref. 31, 72 for the case of reactive—diffusive transport coupled with microscopic
domain evolution, but in the absence of advective transport. We extend these models by including the advective
transport, which is driven by the Stokes equations in the a priori unknown evolving pore domain.

Keywords: Homogenisation; free boundary, evolving microstructure; advection-reaction—diffusion process; Stokes
flow; two-scale convergence.

AMS Subject Classification: 35B27, 35K57, 35R35, 76M50, 76305, 80A19

1. Introduction

Reaction—diffusion problems, coupled with adsorption—desorption effects and possibly with flow, are en-
countered as mathematical models for numerous real-world processes. With respect to the processes like
adsorption—desorption, which take place at the boundary of the domain and not inside, such problems
can be divided into two categories. Whenever adsorption—desorption effects have no or minimal impact
on the local geometry, the adsorbed species is modelled by an unknown defined at the boundary. This

*Present address: Department of Mathematics, Technical University of Dortmund, Vogelspothsweg 87, 44227 Dortmund,
Germany



L Oct ber 29 19; 5% WSPC/INSTRUCTION FILE output
a ete'r IS

op and D. er emann

leads to so-called fixed-domain models. Alternatively, the adsorption—desorption effects may lead to the

formation of a layer having a non-negligible thickness. This thickness is not known a priori, but depends

on the other unknowns of the model. Therefore, it may vary in time in an a priori unknown manner, and
the fluid—solid interface is a free boundary. In this case, one deals with evolving domains.
Additional challenges are encountered whenever these processes take place in a complex domain.

From an application point of view, one may consider a porous medium, consisting of many solid grains

surrounded by voids (the pores). The flow, advective transport, reaction and diffusion take place inside the

pores, and adsorption and desorption at the grain boundaries/pore walls. At this scale, the (microscopic)
mathematical model is a coupled system with fluid flow and reaction—diffusion taking place in a complex,
perforated domain (the pore space) and ordinary differential equations defined at the grain surface.

Examples in this sense are related to mineral precipitation and dissolution'®:56:62  biofilm growth®®,

colloid deposition®? and water diffusion into absorbent particles?®:64.

An illustrative example of this phenomenon is precipitation and dissolution taking place in a porous
medium, where the void space is filled with a fluid, e.g. water. The dissolved chemical species can be
diffusively and advectively transported. These chemical species may react at the grain boundaries, yielding
a solid layer of e.g. salt, this being the precipitation process. Conversely, the reverse process of dissolution
is also possible, reducing the salt layer and releasing chemical species into the fluid.

The complexity of the domain limits the practical usage of the microscopic models. A natural step
is to approximate such models by homogenised ones, which provides the macroscopic behaviour of the
system. Extending the idea mentioned above to the case of complex media, two different types of models
can be identified: the microscopic domain is either fixed or evolving. In the former case, the adsorbed
species (e.g. the salt) is modelled by an unknown concentration defined at the (complex) boundary. In
the latter, the adsorbed species forms a (time-dependent) layer at the fluid-solid interface, leading to
microscopic free boundaries.

In this work, we address the latter case of a free boundary under the assumption that the (microscopic)
pore space is modelled by spherical obstacles, which are e-periodically distributed in the macroscopic
domain, with time-dependent local radii. The reactive transport and flow in the locally evolving pore
space is modelled by an advection—reaction—diffusion equation, where the advective transport velocity is
modelled by the Stokes equations. The radii of the obstacles grow or shrink according to a concentration-
dependent reaction rate at their interfaces.

Whereas the literature on the analysis and homogenisation for fixed-domain models is extremely vast,
the one devoted to evolving domains is rather limited and the rigorous upscaling of fully coupled reac-
tive transport in evolving porous media is still a challenging task. The locally different evolution of the
microstructure requires a transformation-based homogenisation approach, which reduces the problem to
an — albeit complex — fixed-domain problem. This approach is visualised for the geometry under consid-
eration in Figure 1. As the evolution occurs on the microscale, this introduces terms in the (transformed)
advection-reaction—diffusion equation and Stokes system to be upscaled with only weak convergence
properties, similar as with slow diffusion terms, which have been studied extensively for fixed-domain
problems.

Restricting the model to a radially symmetric growth or shrinkage of the microstructure in each pore
makes this detail of the problem one-dimensional, which gives just enough regularity to enhance the
convergence based on the a priori estimates and to allow the passage to the limit in the transformed
terms. Additionally, we restrict the reaction rate at the interface in a way avoiding clogging or complete
disappearance of the precipitate layer. While the latter is justified by physical assumptions (for example,
precipitation and dissolution take place at surfaces of solids), the assumption of no clogging is motivated
from a mathematical point of view, since otherwise we can only expect local-in-time solutions for the
model. After passing to the limit € — 0 in the fixed configuration, the limit problem can be transformed
back to the original evolving situation leading to an advection-reaction—diffusion problem coupled to
Darcy’s equation with effective coefficients (porosity, diffusivity and permeability) depending on local cell
problems.
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Fig. 1. Transformation-based homogenisation approach. The non-periodic microproblem is transformed to a periodic substi-
tute problem, for which the homogenisation limit can be taken. The resulting substitute macroproblem is then transformed
back. This approach is equivalent to the direct homogenisation of the original non-periodic problem”! but is simplified by
the periodic geometry.

The highlights of the paper are as follows:

e Existence and uniqueness of a global-in-time weak solution for a coupled Stokes and advection—
reaction—diffusion system in an evolving microdomain

e Essential bounds for the concentration uniformly with respect to e

e General (strong) two-scale compactness results based on e-uniform a priori estimates associated
to problems in evolving microdomains

e Coupled Darcy and advection—reaction—diffusion system as the homogenised limit, with effective
coefficients depending on cell solutions on evolving micro-cells

Literature overview After transformation we are dealing with reaction—diffusion—advection and Stokes
equations in fixed domains. Of course, the coefficients in these equations depend on the unknown of the
system which makes the problem highly nonlinear. However, several results from periodic homogenisa-
tion theory can be transferred to our problem so, in what follows, we mention some of them related to
our problem. In the case of a fixed domain, rigorous homogenisation results for reactive transport with
nonlinear interface and bulk terms are presented in Ref. 29, 27 and in Ref. 35, 20, 13, 47 for different scal-
ings of the interface terms. The homogenisation of non-linear models involving slowly diffusing quantities
(diffusion of order £2) are for instance considered in Ref. 7, 38, 55 and with (fast) diffusion on internal
boundaries in Ref. 32, 33, 34. In Ref. 39, a precipitation—dissolution model involving a multi-valued disso-
lution rate is homogenised. For the case of a fixed domain, rigorous homogenisation results for Stokes flow
are presented in Ref. 65, 2, 76, 4, 8, see also Ref. 74 for a more detailed overview. Related (advection—)
diffusion problems were homogenised rigorously in Ref. 19, 47, 46.

For the case of an evolving geometry, the moving boundaries are modelled in Ref. 66, 10, 58, 11, 62,
36, 12 (for dissolution and precipitation processes), Ref. 60, 61 (for biofilm formation) Ref. 57 (for colloid
dynamics) and Ref. 56 (for a general framework) by means of a level-set function or approximated by
phase-field approaches. However, the models are only upscaled formally by asymptotic two-scale expan-
sions. A convergence proof for a given evolving level-set function has recently been presented in Ref. 26. On
the other hand, the mathematically rigorous homogenisation of microscopic models defined in an evolving
geometry is extremely challenging and the literature on the subject is very scarce. In particular, reactive
transport and flow fully coupled to an evolving microstructure have not been considered before. To cope
with the evolving microstructure rigorously, one possibility is to transform the equations to a fixed, peri-
odic substitute domain and to pass to the limit there, as illustrated in Figure 1. This approach, which we
follow also in this article, was presented in Ref. 51 and applied for (advection—)reaction—diffusion processes
Ref. 30, 52, 53, 54 and for an elasticity problem in Ref. 21. The transformation approach was used for the
homogenisation of quasi-stationary Stokes flow in Ref. 73 and for instationary Stokes flow in Ref. 74. In
the latter two works, a given generic microscopic domain evolution was considered and the fluid velocity
at the moving interface was given. In Ref. 71, the transformation approach was justified by showing that




L Oct ber 29 19; 5% WSPC/INSTRUCTION FILE output
a ete'r IS

op and D. er emann

the homogenisation process commutes with the transformation, i.e. transforming the problem on a peri-
odic reference domain, performing the homogenisation there and transforming the problem back actually
gives the homogenisation result for the original equation. Moreover, two-scale transformation rules for
the homogenisation correctors are presented in Ref. 71 enabling a two-scale back-transformation, which
provides a completely transformation-independent homogenisation result. The transformation rules are
extended for the Stokes problem in Ref. 73. These results on the homogenisation of problems with evolving
microstructure by means of the transformation-based approach are summarised and presented in more
detail in Ref. 70.

In Ref. 31, 72, the homogenisation of reactive transport for a priori not given evolving microstructure,
which depends on the unknowns itself, was considered. The geometrical setting is the same as in the
present work. More precisely, we assume that, around each grain, the microstructure evolution is radially
symmetric and the free boundary can be described locally by the (uniform) thickness of the layer. How-
ever, we consider here additional advective transport, where the fluid velocity is modelled by the Stokes
equations. This requires not only the inclusion of the Stokes equations in a non-linear manner, but we
also have to deal with the new advective term in the advection—reaction—diffusion equation. Since the
coefficents of this advective term arise as solution of the Stokes equations, it provides low regularity and
complicates the homogenisation.

Content of the paper In what follows, let the time interval (0,7) be given by T' > 0. The heterogeneous
medium Q < R™ (for n € {2,3,4}) consists of the e-scaled pore space €. which is obtained by removing
the solid grains from 2. The centres of the grains are distributed periodically, where the distance between
two neighbouring centres is of order € and, thus, the pore space () depends on ¢ and the time ¢ for

€ [0,77]. In the pore space §.(t), we consider an advection—reaction—diffusion equation for the solute
species u. and the Stokes equations for the fluid velocity v. and the fluid pressure p.. We assume that
the periodically distributed solid grains are spheres with different radii R. of the order of the microscopic
length scale ¢, which do not intersect. The grains evolve independently of each other and we assume that
the evolution is radially symmetric and, thus, well-described by the radii. The radii are given as a solution
of ordinary differential equations (ODEs), which depend on the solute concentration on the surface of
the grains and, therefore, on the unknowns of the system.

To establish existence of a microscopic solution and for deriving the macroscopic model, we transform
the problem onto a substitute domain which is periodic and constant with respect to time. Since the
evolution of the domain is coupled with the solution of the system, the transformation mapping depends
on the unknowns of the model and, thus, the resulting transformed equations become highly non-linear
with coefficients depending on the transformation. To show the existence and uniqueness of a weak
solution of the microscopic model (on the fixed domain Q) we use Schéfer’s fixed-point theorem, where
we construct the fixed-point operator as the composition of the following three operators. The first
provides the domain evolution for given concentration (solves the ODE for R.), the second provides a
solution of the Stokes equation for given domain evolution, and the third operator gives the solution of
the nonlinear advection—reaction—diffusion equation for given fluid flow and domain evolution. In order
to obtain the continuity of these operators, a very subtle choice for the corresponding spaces is required.
Moreover, the uniqueness of the solution for the full microscopic problem is obtained by energy methods,
which require additional Lipschitz continuity for the operators.

To pass to the limit ¢ — 0 and derive the macroscopic model, we use the concept of two-scale conver-
gence, respectively the unfolding method. In order to deal with the nonlinear terms, we need the strong
two-scale convergence. In particular, we require such strong compactness results for the concentration u.
and the nonlinear coefficients arising from the domain transformation. These coefficients depend on the
transformation mapping, and since the evolution of the microscopic domain can be described by the radii
R, the strong two-scale convergence of the coefficients can be reduced to the strong (two-scale) conver-
gence of R.. Let us point out a crucial difficulty in the derivation of the strong two-scale convergence of
ue. Due to the nonlinear structure of the problem, we are not able to obtain e-uniform a priori bounds for
the time derivative d;u., which together with an L?-energy bound for u. and its gradient would guarantee
the strong two-scale convergence of u., see Ref. 28, 46. In our case, we only obtain an e-uniform bound for
0¢(Jeue), where J. denotes the Jacobi-determinant of the transformation mapping. Now, for the strong
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convergence of u., the idea is to use a Kolmogorov—Simon-type compactness result, for which we have to
control shifts with respect to space and time, and for the latter we use the bound on 0;(J-ue). Such a
result was already obtained in Ref. 31. In this paper, we present a similar strong two-scale compactness
result with a simplified proof and under weaker a priori bounds. We point out that in Ref. 72 the strong
convergence of u. for the pure reaction—diffusion was obtained by showing an estimate for the time-shifts
directly from the weak variational equation. We emphasise that, in contrast to the results in Ref. 31, 72,
due to the additional advective term in our microscopic problem, we need an e-uniform essential bound
for the concentration u. in order to control the time derivative d;(J-u.). In view of the application, this
essential boundedness is natural.

For the strong convergence of the radii R., the standard Kolmogorov compactness theorem is applied.
For this, we use the e-uniform energy bounds for u. and its gradient, and that R. depends Lipschitz-
continuously on u.. Such a result (for the same a priori estimates) was also obtained in Ref. 31, but
under slightly stronger assumptions on the initial value for R.. In Ref. 72, the strong convergence was
obtained by comparing the microscopic ODE for R, with the (expected) macroscopic ODE. For this, the
strong convergence of u. was necessary. We emphasise that, in our approach, this strong convergence
is necessary only to identify the limit problem for the macroscopic radii, and not to obtain the strong
convergence of R.. With the strong two-scale convergence of the coefficients and of the concentration
ue, and the weak two-scale convergence of the fluid velocity v., we are able to pass to the limit in the
microscopic reaction—advection—diffusion equation. Finally, to obtain the full macromodel, we have to
derive Darcy’s law for the Stokes system with the pulled-back coeflicients. For the latter, again using the
strong convergence of R., we obtain the strong two-scale convergence, and therefore we can pass to the
limit e — 0. We mention that a similar homogenisation result was obtained in Ref. 73, but for an a priori
known evolving microstructure. However, in the present paper, we use a slightly different technique. In
fact, for the derivation of the so-called two-pressure Stokes problem (with pulled-back coefficients), we
use a two-pressure decomposition as in Ref. 5. Further, we first formulate the Darcy law with its cell
problems on the fixed reference elements, and finally transform it back to the evolving reference element.

The resulting effective equations consist of a homogenised advection—reaction—diffusion equation de-
scribing the species transport, an ODE (depending on the macroscopic variable in the sense of a pa-
rameter) describing the local reference cell evolution and a Darcy law for evolving microstructure. The
porosity as well as the effective diffusivity and permeability can be obtained by means of the solutions
of cell problems, which take the local microstructure into account. Since we perform the homogenisation
on the fixed microscopic domain 2. with the pulled-back coefficients depending on the chosen transfor-
mation, we obtain, in a first step, cell problems on a fixed reference cell with coefficients depending on a
local transformation. By transforming these equations to the actual local space- and time-dependent cell
domain, we obtain a completely transformation-independent homogenisation result. In particular, the cell
problems and the effective coefficients depend on the macroscopic quantities via the local cell geometry.
This leads to a strongly coupled micro-macro system.

The paper is organised as follows: In Section 2, we present the microscopic model on the evolving
domain Q.(¢) and transform it onto the fixed substitute domain .. In Section 3, we formulate the
macroscopic model and state the main results of the paper. The proof of existence and uniqueness of
a microscopic solution are given in Section 4. Afterwards, we derive in Section 5 the e-uniform a pri-
ori estimates, which form the basis for the compactness results necessary to pass to the limit € — 0.
These compactness results are given in Section 6, where we also derive the macroscopic model with the
effective coefficients depending on cell problems formulated on fixed reference elements and with coeffi-
cients depending on the transformation. Moreover, we transform the effective diffusivity, Darcy velocity
and permeability on the space- and time-dependent cells, which yields a transformation-independent ho-
mogenisation result. In Appendix A, we discuss the properties of the transformation and, in Appendix B,
we state some further technical auxiliary results. In Appendix C, we give a brief introduction to two-scale
convergence and to the unfolding operator, and state some basic properties.

Basic notations Let Q — R™ be open and f : Q — R™*! for n,m,l € N. We denote the derivative
of f by df. Specifically for I = 1 (f: Q — R™), we identify Jf with its Jacobian matrix given by
(0f(x))ij = 0Op, fi(x) = 0;fi(x) for i = 1,...,n, and j = 1,...,m. Further, we define the gradient
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of f: Q@ — R™ as the transpose of the Jacobian matrix, Vf := 0f". For a matrix-valued function
A: Q — R™ ™ we define its divergence V- A: Q@ - R" fori=1,...,n by
=) A
j=1

Thus, the operator V- applies to the columns of A. In particular, for a vector field v : Q — R™, we define
the Laplace operator by Av := V-(Vv) = (V- (Vv;)),. With ¢ : Q@ — R, we have the following identities
which will be used frequently throughout the paper:

V- (Av)=[V-A]- v+ A: Vv,
V. (¢pA) = ¢V - A+ ATV, (1.2)
with the Frobenius product B : C := tr(BTC) = > ._, B;;C;j for B,C € R™ ™.

i,7=1
Now, let ¢ : (0,T) x @ — Q < R™ such that (¢, -) is a diffeomorphism from Q to Q. We define its
Jacobian determinant J := det(V) and write A(z) := J(z) (0(z)) " for z € Q. Then, the Piola identity

(see Ref. 44 )
V-A=0 (1.3)

holds. Together with the Jacobi formula, ¢; det B = tr(adj(B)d;B) for the derivative of the determinant
of a matrix-valued function t — B(t), we get for V := Adpp

0] =V V. (1.4)

Let n,d € N, then for @ < R" a bounded Lipschitz domain, we denote by LP(Q)?, WP(Q)? the
standard Lebesgue and Sobolev spaces with p € [1,0]. In particular, for p = 2, we write H'(Q)¢ :=
WL2(Q)4. With S a subset of 082, we let HL(Q) denote the H'() functions vanishing on S (in the
sense of traces). For the norms, we omit the upper index d, for example we write | - | 1»(q) instead of
|-l Lr (c2ya- For a separable Banach space X and p € [1, 0], we denote the usual Bochner spaces by LP(2, X)
or LP((0,T),X) when time is involved. For the dual space of X, we use the notation X'. Further, we
consider the following periodic function spaces. Let Y := (0,1)" be the unit cell in R™, then C (V) is

the space of smooth functions on R", which are Y-periodic, and W2(Y') is the closure of C% (Y') with

respect to the norm on W1P(Y). Again, we use the notation H:_ (Y) := W12(Y). Finally, for a subset

per per
Y* c Y with 0Y < 0Y*, we denote by Y*) the space of functions from H!_  (Y) restricted to Y*.

per( per

2. The microscopic model

In this section, we introduce the microscopic model, which is at first formulated on a time-dependent
evolving microscopic domain Q. (t). More precisely, the transport and fluid equations are formulated in
the current configuration (Eulerian coordinates) €. (t). The heterogeneous domain Q.(t) is given as a
rectangle periodically perforated by solid grains of spherical shape, where the radii of the solids differ
and change in time, and are described by R.(t,z). The evolution of the radii depends on the (local)
concentration at the surface of the grains. As a first step of our approach, we then transform the model to
a fixed (time-independent) domain with periodically distributed solid grains of identical radii (Lagrangian
coordinates), which corresponds to the microscopic transformation illustrated on the left-hand side of
Figure 1.

2.1. The microscopic model in the evolving domain

Let T > 0 and, for n € {2, 3,4}, we consider a rectangle Q = (a,b) c R" with a,b € Z™ and a; < b; for all

i€ {1,...,n} and we write [z] for the (component-wise) integer part of x € Q and {x} := x —[z]. Further,
let € > 0 be a sequence tending to zero such that e~! € N. We denote the unit cube by Y := (0,1)" and
we define

K.:={keZ" : e(k+Y)cQ}.

We describe by R, the radii of the solid grains in the evolving microdomain, where the evolution of R. is
given by the ordinary differential equation (2.2e) below. More precisely, let Ruyin and Ry.x be constants
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such that 0 < Rpnin < Rmax < 0.5 and let R, : (0,T) X Q — [eRpmin, € Rmax] be constant on every microcell
e(Y + k) with k € K.. We define the evolving microdomain 2 (¢) by

Q(t) = O\ | Br.x(b),

keK.

where

BRE,k(t) = BRE(t,w) (s(m + k))

with « € e(k +Y) and m the center of the cube Y. Further, we denote the evolving surface of the solid
grains by

T.(t) == 0Q.(t)\o9, T, (t,z) = 0Bg, k(t) forzee(k+Y).

The non-cylindrical domains are now given by

Qf == |J W x@ and HI'= [] {t} xT(0). (2.1)

te(0,T) te(0,T)

Finally, we let v, denote the unit normal of I'. () pointing out of Q. (t).

00000000
Q\............
s e e e PPNPOOPOO®
. s e 00@OOOO
TT?.....Q.QQ
e s 0 00 P WPPOO®
e o 0o 00 0 000G .
e o 0 0 00 0 000G
e o 0o 0 0 000 00@0O
e o 0o 0 0 0 @O k
e o o o ®e €

Fig. 2. Visualisation of the e-scaled geometry Q. (¢) for some fixed time t. Note that the domain  is not a rectangle in
this illustration; in the analysis, this assumption is only made to avoid further technical notations in the definition of the
microscopic geometry and can be relaxed. The essential assumption is that the whole domain €2 is covered by micro-cells of
the form e(Y + k).

We consider the following microscopic problem:

Problem P.. Find u., R.,p. : QT — R and v. : QT — R"™ such that u. solves the transport equation

diue — V- (DVUE — vgus) = f(ue) in Q7 (2.2a)
—(DVu, — veu.) - ve = —0iReue + pg(ue, e ' R.) on HY, (2.2b)
u =0 on (0,T) x 09, (2.2¢)
u(0) = u® in Q.(0), (2.2d)
the radii R, of the balls in the microcells solve the ODE
t
OtR. = 57[ g <u5(t, 2), Re( ’Z)> do, in Q7 (2.2¢)
Ie (t’a[%]y) €
R.(0) = R™™ in Q.(0), (2.2f)
and the fluid velocity v. and the fluid pressure p. are solutions of the Stokes problem
—e2V-(e(ve)) + Vpe = he in QF, (2.2g
V-v.=0 in Q7 (2.2h

v, = =0t R.ve on Hg

(2
(—e?e(ve) + pI) v = pyv on (0,T) x 09, (2.2
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with the symmetric gradient
1
e(v.) = 3 (Vo- + Vol) .

This system describes advection, reaction and diffusion of the concentration u. in the pore fluid having
velocity v, and pressure p., where f describes bulk reaction rate and g the adsorption/desorption rate
at the mineral layer surface. The evolution of the microstructure is encoded in the evolution of the solid
grain radii R.. Moreover, initial data are denoted by a superscript “in” and py, is the exterior pressure.
Details on the data, the corresponding assumptions and their implications are discussed at the end of
Section 2.3, in Assumptions (A1) — (A7) in particular. E.g. Assumption (A1) on g ensures that clogging
of the pores cannot occur.

Observe that the speed |v.| in (2.2i) equals |d;R.|, which is analogous to assuming that the molar
density of the solid mineral layer is negligible when dissolved in the fluid phase. In particular, the free
boundary and the fluid move with the same velocity. We refer to Ref. 50, 67 for details. Further, by
assuming that the growth is radially symmetric, mass conservation only holds in an averaged sense. More
precisely, the mass is conserved at the level of every cell but not pointwisely, as d;R. is defined in (2.2e)
as the average of the total effect of the surface reaction over the grain. Therefore, (2.2b) and (2.2¢) can
be interpreted as a cell-averaged Rankine-Hugoniot condition.

Furthermore, note that we have chosen the viscosity in the Stokes problem equal to % for sake of
shorter notation. Since the model considered here is dimensionless, this is not a restriction but the result
of the choice of the scaling. We emphasise that the physically relevant cases are n = 2 and n = 3. However,
since our results are also valid for n = 4, we also include this case. In fact, from a mathematical point
of view, the advective term in the weak formulation turns out to be well-defined owing the continuous
embedding from H! into L* for n < 4.

2.2. Microscopic problem on the fixed domain

We reformulate Problem P, on an in-time cylindrical and e-periodic domain by transforming (2.2) via
a family of diffeomorphisms 9 (t,-) : Q. — Q. (¢) for a periodic reference domain .. The domain €. is
given by a reference radius, which we choose to be equal Ry .y, via

e =0\ | J By (e(m+ k). (2.3)
keK.

We construct . explicitly by the corresponding displacement mapping 1. (t,z) = 9(t,x) — x. There-
fore, we construct the following generic displacement in the reference cell similarly to Ref. 31: let
x € C®([0,0);[0,1]) be monotonically decreasing with x(s) = 1 for s < Rpax and x(s) = 0 for
$ = (Rmax + 0.5)/2, then

B(Rsy) = (R — i) 222 x(Jy — m]).

Then, the mapping
y = P(Riy) =y +9(Riy) =y + (B — Runax) frmp X(ly — ml), (2.4)

is a diffeomorphism from Yz onto Y for every R € [Rumin, Rmax], where Y7 := (0,1)"\Bg,,,, (m) for
R € [Rumin, Rmax] and Y* = Y;{max
By e-scaling the generic displacement, we obtain

Ue(t,7) = et (7 Re(t, 2); {2£}) (2.5)

for R.(t,-) constant on £(k + Y*). We note that v is zero in a neighbourhood of the boundary of Y
and, thus, 7?/1; is also smooth at the cell interfaces e(k + 0Y) for k € K, even though R.(t,z) and
{Z} contain jumps at the interface of the cells. From the e-scaled displacements, we obtain the e-scaled
diffeomorphisms

Ve(t, ) =z + e (e Re(t, 2); {£}) . (2.6)
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We use the following notation for the Jacobians of 1., its adjugate and the transformed diffusion
coefficient:

F. = 0. = Vi, (2.7)
J. = det(F.), (2.8)
A, = J.F (2.9)
D.=J.F-'DFET. (2.10)

Having such a well-posed mapping between the radii R, and the domain transformation . at hand,
the microscopic model in the fixed domain reads as follows:
Reaction—diffusion—advection equation:

Ot(Jeue) — V- (DeVue —uc A (ve — 04e)) = Jo f (ue) in (0,7) x Q,
—(D:Vu: —usAc(ve — 02pe)) - v = Jopg(ue, e *R.)  on (0,T) x T, (2.11a)
dla
ue =0 on (0,T) x 09,
u:(0) = ul in Q..
Evolution of the radii:
OtR. = s][ g (ue(t,z), Rg(t,z)> do, in (0,7) x Qe, (2.11Db)
FE(E[%]Y) €
R.(0) = R™ in Q., (2.11c)
with T'. (2) == el + z for z € R™.
Stokes equations:
—e2V-(Acec(ve)) + Al Vp. = J.he in (0,7) x Q,
V- (Aev) =0 in (0,7) x Q.,
(2.11d)
Ve = —0¢Rev on (0,T) x T,
(75265(”05) +p5I) A;rz/ = pbA;rz/ on (0,T) x 092,
where
1
e (v) = 3 (F-TVu+ Vo' FIY). (2.12)
Remark 2.1.

(i) With the Piola identity (1.3), the divergence equation for the Stokes system can be written as
Ac : Vv =V - (Acv:) = 0.
(ii) The boundary condition for the fluid velocity v. on I'. can be expressed as
—O0tRev = 04 on (0,7) x I'..

(iii) Since 9. (t,z) = x in a neighbourhood of 02, we obtain for the stress boundary condition for the

fluid
(—e2e(ve) + pI) v = pov on oS

However, in what follows, we also use the transformed stress boundary condition including .,
which also covers more general geometries. For example, in Ref. 73 an a priori known evolving
microscopic domain was considered with perforations intersecting the outer boundary 0f2. In this
case, one has to consider py, o ..

(iv) From (1.4), we obtain

V- (Asws) =-V- (Agatws) = —(9th.
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In order to formulate the Stokes equations as a problem with a no-slip condition on I';, we subtract the
Dirichlet boundary values —0; R.v = 01, from the solution v.. More precisely, we consider w,. = v.— 0.,
and further subtract the normal stress boundary values from the pressure p.. With g. := p. — p,, we get
the following Stokes system (we use again 1. (t,z) = x in a neighborhood of d9):

—” v'(Aaea(ws)) + A;FVQE = J.he + e V'(Aeea(atwe)) - A;I—VPb in (O,T) x e,
V- (Acw,) = =V - (A0, in (0,7) x Q,,
(Aw) = =V - (A.0002) in (0.7) o1
we =0 on (0,T) x T,
(—e?ec(we) + ¢-1) Alv=0 on (0,T) x 0N2.

2.3. The weak formulation

The following weak form of (2.11) with subtracted Dirichlet boundary values for the velocity is derived
classically by multiplication with test functions and integration (by parts):

Definition 2.1. We call (uc, R, we, q-) a weak solution of the micromodel (2.11a)—(2.11c) and (2.13) if

ue € L2((0,T), H3o ()  with 0;(Jou) € L2((0,T), Hio(92)"),

R. e WH((0,T), L*(.)) n L*((0,T) x Q.)  with &;R. € L*((0,T) x Q.),
w. € L*((0,T), Hf_(Q2:)"),

ge € L2((07T)’L2(Qs))a

such that, for every ¢. € Hl,(€.), there holds almost everywhere in (0,7)

(Or(Jeue), ¢E>H§Q(QE)’,H§Q(QE) + J [D:Vu, —uAcwe] - Vo do
o (2.14a)
= J Je f(ue)pedr — PJ Jeg(ue, 571R5)¢5 do
Qe

€

and there holds almost everywhere in (0,7) that
R(t
OtR: = 6][ g (us(t,z), E(’Z)> do,in (0,7) x Q. (2.14b)
re(efz],) c
Moreover, for all 7. € Hf. (Q)", there holds almost everywhere in (0,7

e? L Jeee(we) : e<(n:) dx —f V- (Aen.) da (2.14c)

=—e2f Jeee(@ube) : ec(n2) f Joh. nedx—J ATVpy <. do,
Qe

€

and, almost everywhere in (0,7) x €., we have

V- (Acwe) = =04 J.. (2.14d)
Further, we require the initial condition (u., R.)(0) = (ul®, Ri").
Remark 2.2.

(i) The initial condition for u. makes sense since the regularity of u., J., and 0;(Jeue) imply
ue. € C°[0,T],L?(2:)). In fact, as a consequence of the product rule, we obtain d;u. €
L2((0,T), H3o(€2:)), which implies the continuity of u. as a mapping from [0,7] to L?(f.).
However, in the context of homogenisation, it is typically not appropriate to work with Jgu.
since this function usually does not fulfill a uniform a priori bound with respect to €.

(ii) From the transformation of surface integrals, see for example Theorem 1.7-1 in Ref. 15, we first
obtain a boundary term of the form

,pf TV T Vg (e, e Re)d do
I
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in (2.14a). However, in our case, we have |V1)- 71| = 1 owing to the choice of the transformation
n (2.6). For more details, we refer to Appendix A of Ref. 31.

For the derivation of a priori estimates for the microscopic solutions, it might be helpful to
consider a time-integrated version of the transport equation (2.14a) and choose time-dependent
test functions ¢, (t, z). However, under the regularity assumptions in Definition 2.1, u. is not an
admissible test function since the advective term is not well-defined. In fact, the Holder inequality
is not applicable owing to low regularity with respect to the time variable. In the existence proof,
where we work with the Galerkin method and, therefore, with more regular approximations, this
causes no problems since the advective term cancels out after an integration by parts (where we
have to use the boundary and divergence conditions for u. and w,), see equation (5.5) in the
proof of the a priori estimates.

To keep the notation of the weak solution simpler, we only require enough regularity such that
the variational equations are well-defined (pointwisely in time). We will show, see Lemma 5.1 and
5.2, that the microscopic solution is in fact more regular. More precisely, we additionally have

u: € L*((0,T) x Q.),
w. € L7((0,T), Hp_(Q)"),
ge € L*((0,T), L?(20)).

Note that the transformation of Problem P. would yield h.(t,z) := h(t,9.(t,z)). For sake of
simplicity, we assume that h. is a given sequence and we neglect its dependence on the transfor-
mation .. We also assume that f. does not depend explicitly on ¢ and x. In this, way we can keep
the notation simpler and the focus on the relevant aspects of the paper. Of course, more general
assumptions are possible and the following analysis also holds for h. (¢, ) = h(t, (¢, x)), where
h € L*((0,T),C%L(Q)). Thereby, the Lipschitz regularity with respect to 2 is only necessary
for the proof of Lemma 4.4. The two-scale convergence of h(t,.(t,x)) — h(t,x) was shown in
Theorem 3.8 of Ref. 71. One can argue analogously for f..

In what follows, we summarise the assumptions on the data, for which we use the notion of two-scale
convergence, the definition of which can be found in Section Appendix C of the appendix.
Assumptions on the data:

(A1)

(A3)

We assume that g € C%!(R?) is bounded. More precisely, there exists a constant C; > 0 such
that

lg| < Cy, (2.15)
and a constant L, € R such that for every ui,ug, 71,72 € R the Lipschitz estimate
g(ur, 1) = g(uz,r2)| < Lg(lur — uz| + [r1 —72]) (2.16)
holds. Moreover, we assume that

if r < Runin, (2.17)
> Ruax (2.18)

for u € R in order to ensure that the radii do not become too small or too large, i.e. the obstacles
do not vanish or touch each other (or the boundary of Y).
For the microscopic initial data u!" € L*(Q.), a C > 0 exists such that

[ul| oo 0y < C

uniformly with respect to e. Further, there exists '™ € L?({2) such that " 22, yin,
The initial radii R® € L®(Q2) are constant on every cell e(Y + k), k € K.. Furthermore, there
exist Rumin, Rmax € R, 0 < Ruyin < Rmax < %, such that almost everywhere in )

eRmin < R < eRmax-
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We also assume that
e 'RM 5 RN in L2(Q).

(A4) For the reaction rate in the transport equation, we assume f € C%!(R). In particular, there holds
the following growth condition:

[f ()] < C(1 + |u]) (2.19)

for a constant C' > 0 and for all u € R.

(A5) For the force term in the Stokes equations, we assume h. € L%((0,T), L*(Q.))" and h,
with hg € L*((0,T), L?(2))" for all p € [1, o).

(A6) For the external pressure, we assume pp € L*((0,T), Hz(09)). In particular, there exists an
extension (for which we use the same symbol) p, € L2((0,T), H(Q)).

(A7) The diffusion coefficient D € R™*" is symmetric and positive definite.

2,p,2

ho

Typically, the rates used in the modelling of adsorption/desorption processes are Lipschitz continuous
and bounded, which is motivated by (multi-) enzyme kinetics like the Michaelis—Menten kinetics. The
assumption in (2.17) is natural when considering salt dissolution and precipitation or biofilm growth in
a porous medium. For example, in the former case (2.17) is analogous to saying that dissolution cannot
happen in the absence of a salt layer along the grains (see e.g. Ref. 66, 67). Furthermore, (2.18) can be
justified if additional effects are taken into account. Referring to the same application, if the salt layers
along two neighbouring grains grow too close to each other, this narrowing of the space occupied by the
fluid typically gives rise to very high velocities and, consequently, to high shearing stresses at the salt
boundaries, as well as to an increased local fluid pressure. The former can lead to salt detachment, while
the latter to increased dissolution effects. However, such effects are not included explicitly in our model
but are implicitly taken into account by (2.18), which, from a mathematical point of view, we use to
guarantee the global existence in time. Geometrically, (2.17) and (2.18) allow the microscopic geometry
to evolve locally without changing its topology.

3. Main results and macroscopic model

Let us summarise the main results of the paper in two theorems, which will be proved in the subsequent
sections. The first is the existence and uniqueness of a weak microscopic solution of the problem (2.11)
with subtracted Dirichlet boundary values for the velocity:

Theorem 3.1. There exists a unique weak solution of the microscopic problem (2.11a)—(2.11¢) and (2.13)
in the sense of Definition 2.1.

In a second step, we show suitable compactness results for the microscopic solutions and pass to
the limit ¢ — 0. We show that the limit functions are a weak solution of a macroscopic model with
homogenised coefficients defined as follows. The triple (ug, Ro,po) with the macroscopic concentration
ug : (0,T) x © — R, the macroscopic function of local radii Ry : (0,T) x Q — [Rmin, Rmax], and the
Darcy pressure pg : (0,7") x 2 — R solves the following problem: We define the evolving reference element
and surface

Y*(t,$) = Ygo(t,;c) = Y\BRo(t,m) (m)a F(tvx) = aBRo(t,w) (m)a (31)
which allows to define the porosity 6 via
0(t, z) = |Y*(t, )| (3.2)

Between the porosity 6 and the specific surface I'(¢, z), we have the relation 0,0(t,z) = |I'(¢,x)|0:Ro. The
transport equation describing the evolution of ug is given by

6t(0u0) -V (D*VUO — Uo’U*) = Hf(’U,o) + (7t9p in (07T) X Q, (333)

ug =0 on (0,T) x 09, (3.3b)

(Bup)(0) = O u™ in €, (3.3¢)
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with the homogenised diffusion coefficient D* : (0,7) x  — R™*™ defined in (6.32) respectively (6.36),
and the Darcy velocity v* : (0,7) x @ — R™ given in (3.3h). The evolution of the local radii in every
macroscopic point, Ry, satisfies

0tRo = g(uo, Ro) in (0,T) x Q, (3.3d)
Ro(0) = R™ in Q, (3.3¢)

and the Darcy pressure pg : (0,7) x Q — R is given by
-V (K*(ho - vpo)) = —8t0 in (O,T) X Q, (33f)
Po = Db on (0,T) x 09, (3.3¢)

with the permeability tensor K* : (0,T) x  — R™*"™ defined in (6.28) respectively (6.34). We emphasise
that the following relation between the Darcy velocity v* and the Darcy pressure pg holds:

U* = K*(ho - Vpo) (331’1)

We note that, in our special situation where the evolving reference elements are perforated with balls,
the homogenised diffusion coefficient D* and the permeability tensor K* are in fact scalar-valued, see
Lemma Appendix B.2 in the appendix.

A weak solution of the macroscopic model (3.3) is defined as follows:

Definition 3.1. We call (ug, Ro,po) a weak solution of the macroscopic model (3.3) if

ug € L*((0,T), Ho(Q))  with 0;(Auo) € L*((0,T), H} (Q)'),
Ro e Wh((0,T), L*(Q)) n L*((0,T) x Q)  with ;Ro € L*((0,T) x Q),
Po — Db € Lw((OvT)aH(}(Q )»

)
with (fug)(0) = 6y (see Remark 3.1) for 6 given by (3.2) such that the following variational equations
are fulfilled almost everywhere in (0,7): For all ¢ € H}(2), we have

OuBu0). 61+ g + [ [D*Fto ] Vo = [ (65 + 2i8p)odt (3.4)

while for all £ € H}(Q2), we have

J K*(h—Vpg) - Védx = J —00€ du.
Q Q
Furthermore,
0rRo = g(uo, Ro) (3.5)
almost everywhere in (0, 7).

Remark 3.1. We immediately obtain that a weak solution in the sense of Definition 3.1 fulfills
Oug € C°([0,T],L3(2)) and, therefore, the initial condition (Aug)(0) = 6™u™ makes sense. For
RI* € H'(Q), the spatial regularity of ug and RI® can be transfered onto the ODE (2.11b) and we ob-
tain R € C([0,T]; HY(Q) n L*(Q)) and, thus, 6,071 € C([0,T]; H*(Q) n L*(Q)). Moreover, the uniform
L*((0,T) x 2)-bound of u. yields ug € L®((0,T) x Q) and, thus, V(6ug) = VOug+0Vug € L2((0,T) x ).
Then, we can conclude fug € C([0,T]; L?(2)) and, thus, ug = 0~ 10ug € C([0, T]; L?(Q2)). Then, the initial

m

condition (3.3¢) can be replaced by ug(0) = u™.

The second main result of the paper is the convergence of the microscopic solutions to solutions of
the macroscopic model just introduced.

Theorem 3.2. Let (ue, we, pe, Re) be the unique weak solution of the microscopic problem (2.11). Then,
up to a subsequence, these sequences converge to the limit functions (ug, wo, po, Ro) in the sense of Propo-
sition 6.2, which is a weak solution of the macroscopic model (3.3) in the sense of Definition 3.1.
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4. Existence and uniqueness of the microscopic model

In this section, we show the existence and uniqueness of the weak solution (ue,we,pe, Re) of the mi-
croscopic model (2.14a)—(2.14c). For the existence result, we employ a fixed-point argument. Thereby,
we show not only the continuity of the operator, which is necessary for the existence of a solution, but
also its Lipschitz continuity. Thus, we can conclude the uniqueness of the fixed point and, thereby, the
uniqueness of the solution of (2.14a)—(2.14c). To control the coordinate transformation, we use results
from Appendix A and to derive the Lipschitz continuity of the solution of the Stokes equations, we use
an abstract result on the continuity of saddle-point problems given in Appendix B.

4.1. Construction of the fized-point operator and its properties

In order to show the existence of a weak solution of the microscopic model (2.11) in the sense of
Definition 2.1, we apply a fixed-point argument as follows. For § € (%,1), we define the operator
Fi o L2((0,7),HA(9.)) — L*((0,T) x Q.) n HY((0,T),L*(Q)) by Fi(t.) := R., where R. solves
the problem

iR, = s][FE(Em o (ﬁs(t,z), Rs(t””) do, in (0,7) x ., (4.12)

9
R.(0) = R in Q.. (4.1b)

In Lemma 4.1, we will see that the operator is well-defined. In particular, R, is constant on every microcell
e(Y* + k) for k € K. and the assumptions on g ensure that the values of R, are in [Ruyin, Rmax] and its
time derivative is essentially bounded.

For the linearisation of the Stokes problem, we first introduce the set

Y. i= {R. € L%((0,T) x 9.) 0 H'(0,T), L(92.)) :
10t Re || oo 0,1y x 2.) < €Cy, Rel|e(y# 4 constant for every k e K., (4.2)
e 'Re(t,z) € [Runin, Rimax] for almost every (t,z) € (0,T) x Q.}.
Note that solutions of (4.1) are actually elements of Y. as shown in Lemma 4.1 below. Now, we define

Fo: Yo — L2((0,7T); H%E (Q-)™) as the solution of the linearised Stokes problem, i.e. ]:2(}%5) = w,, where
(we, q) € L*((0,T); HE_(Q:)™) x L*((0,T); L*(2:)) is the unique weak solution of

—e? V(A (w.) + Al Ve = Johe + €2 V-(8c(0pe)) — Al Vp,  in (0,7) x Q.
V- (Aewe) = =V (Ae0p) i OT)x Qo

we =0 on (0,7) x T,

(—e?e-(w:) + ¢-1) Alv=0 on (0,7) x 09,

where €., /L, ﬁ'g, je and ?LE are defined in the same way as e, A¢, F., J. and h. but with 1:25 instead of R..
We emphasise that the operator is well-defined since ﬁe is constant on every micro-cell and, therefore,
the trace of 9, R. on I'. exists and is an element of L*((0,T) x I'z). Moreover, we note that the velocity
fields which solve (4.3) are elements of Z., where

Ze = {w. € LQ((Oa 1), Hllg ()") : V- (Ac(we + 0e1pe)) = 0, HwEHLOO((O,T);HllE Qo)) S Cr}, (4.4)

where C}, depends on C,; and h.. The existence of such an upper bound C}, is given by Lemma 4.3 below.
Finally, we define the operator

Fs:Ye x Ze x L*((0,T), H? () — L*((0,T), H*(Q.))

via ]-},(]%E, We, Ue ) = U, where ue is a weak solution of the linearised transport problem

0 (Jous) — V- (ﬁgvus - usﬁgws) — J.f(@.) in (0,T) x Q.,
—(ﬁEVuE — uE/L@E) V= pfsg(ﬁs,s’lﬁs) on (0,7) x T, (4.5)
u. =0 on (0,T) x 09,

u:(0) = ul in Q,
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which is analogously defined as in (2.14a). Here, the data J., D, and @. are again defined in the same
way as J., D, and w, with R, instead of R.. Now, we are able to define the fixed-point operator for the
whole system:

F LQ((OaT)vHB(QE)) - LQ((OaT)vHﬂ(QE))v .7:(@5) = ]:3 (]:1(’175),]:2 (]:1(’(/1\5)),@5) ’

which can be visualised as follows:

/}L/%YYE

L2((0,7); HP(Q.)) "7 7

(Raywax'&a)'—’ua

In what follows, we show that the operators F;, i = 1,2,3, are well-defined (Lemma 4.1, 4.3 and
4.5, respectively), and, thus, also the fixed-point operator F. Moreover, the Lipschitz continuity of 7,
1 =1,2,3, is addressed in Lemma 4.2, 4.4 and Remark 4.1, respectively, which allows us to deduce the
uniqueness of a fixed point of F and, thus, the assertion of Proposition 4.2.

Lemma 4.1. The operator F; is well-defined and the range of F1 is in Y.

Proof. Let @i. € L?((0,7); H?(9.)). Due to the trace embedding H?(Q.) < L?(I'.), the right-hand side
of (4.1a) is well-defined. Then, for every z € ¢(k +Y) (with k € K.), the mapping

(t,r) — s][ g (i(t,2),e7'r) do
re(efz],)

is constant with respect to x, globally Lipschitz continuous with respect to r and measurable with
respect to t. Hence, Carathéodory’s existence theorem'® yields the existence and uniqueness of a solution
R.(-4,w) € WHL(0,T) of (4.1a)—(4.1b) for every x € Q., and R.(-4,x) is constant with respect to z on
every microcell (k+Y") (here, we also used that RI™ is constant on every microcell). Then, we immediately
obtain together with the essential boundedness of g that R. € L®((0,T) x Q.) n H*((0,T), L*(Q.)) and
also O, R. € L*((0,T) x ). More precisely, we have for almost every (¢t,z) € (0,T) x Q.

|0 R (t, 7)| < ]lgl @2y < eCy (4.6)

Moreover, (2.17)-(2.18) ensure e *R.(t,7) € [Ruin, Rmax] for every t € (0,7) and almost every = € Q..
Note also that, for every t € (0,T), the range R (t,-) lies in a finite-dimensional subspace of L*(€.) and,
therefore, R, is measurable as a function from (0,7") to L®(Q.). a

The following Lemma provides a Lipschitz-type estimate for the operator Fi.

Lemma 4.2. Let ul € L?((0,T) xT'.), j = 1,2, and RL be given by (4.1a) (resp. (2.11b)) for 4. = ul
(not necessarily with identical initial conditions).

Then, if RL(0) = R2(0) it holds for almost every t € (0,T) that

IRY — R2| e ((0,6)x0) < Cellul —uZ|L10,0)xr.),
|0:RY — 0. R2|| 20,0y, () < Cellul — 2] L2(0,0),01(r.))
for a constant C. (depending on €). In particular, for ul € L*((0,T), H'(€2.)), we obtain for every u > 0

the existence of a constant C(u) > 0 such that the right-hand sides in the inequalities above can be further
estimated by

C(u)
13

Jul = u2| L2001 (r.)) < lut = w2l L2 (0,0 x 00y + #IVUE = VUZ| 120, x0.)-

We also have the s-uniform Lipschitz estimate (for different initial conditions)

e Y RE — R2| o (0,1),22(02))

B (4.7)
< C (Velul = v2llL2o,my<r.) + € HIREH0) — R2(0)] 12(0))

Ze - > L2((07T)3H/8(Q€))'



1\? (‘Jgober 29 2 26?67" 19§ POIY\(Z%E%/INSTRUCTION FILE output

ahn Wiedemann

for a constant C > 0 independent of €, which implies that Fy is Lipschitz continuous.

Proof. A proof for the first two estimates can be found in Lemma 14 of Ref. 31 and inequality (4.7)
follows by similar arguments as in Proposition 4 of Ref. 31. However, for the sake of completeness, we
sketch the proof. We use the notation 6R. := R! — R? and du. := ul — u2. Using (4.1a), we obtain with
the Lipschitz continuity of g almost everywhere in (0,7) x Q

+0,0R. < C (527”H(SUEHLI(FE(E[%]Y)) + ‘§RE|) . (4.8)

Integrating with respect to time and using the Gronwall inequality, the first two inequalities in the
statement follow. For (4.7), we integrate (4.8) with respect to time. After squaring and integrating over
Q, we get for almost every ¢ € (0,7T)

t
2 3—n 2 2 2
L 6R.(t,7)2 dz < cL L (5 I8t (2], y) + 19Be] > dz ds + C|5R-(0)| 32
t t
-c ¥ { F o el ao ds} +C | 18R 0 ds + CIORO) 30
keK. e(Y+k) 0
<C <ESH5UE||2L2((0,T)er) + [6Re |72 (0,0 x02) + \|5Rs(0)”2L2(Q)) :

Now, the desired result follows from Gronwall’s inequality. O

Next, we analyse the operator F5 and show that it is, in particular, Lipschitz continuous.

Lemma 4.3. The operator Fo is well-defined and the range of Fo(R.) is in Z..

Proof. In Theorem 3.1 of Ref. 73, the existence of a unique solution (we(t), ¢=(t)) € H_(Q2:)™ x L*(€Q:)

of (4.3) for a.e. t € (0,T") was shown under the assumptions (A.3)—(A.6) on 125(15) and the assumptions
he(t) € L2(Q)" and d,;1-(t) € H'(Q.)". Moreover, this pointwise argumentation was transferred to the
existence and uniqueness of a solution (we,q.) € L ((0,t); Hp_(2)") x L*((0,T); L*(Q)) of (4.3), where
the L* (0, T')-boundedness of the solution arises from the L (0, T)-boundedness of he (see (AB)) and 0y1)e,
which is given by Lemma Appendix A.2.

To conclude F2(R.) € Z., we note that the divergence condition is obviously fulfilled. The existence
of an upper bound Cj, such that | Fo(R:)| e (0,781 (2™ < Cy, for all R, € Y, is shown in Theorem 3.1
of Ref. 73 as well. ]

In what follows, for two given functions ¢' and ¢?, we denote its difference by
5 = ¢! — ¢°.

Lemma 4.4. The operator Fo is locally Lipschitz continuous. More precisely, for every ball B < Y,
there exists a constant Lg . > 0 such that

| Fa(RY) — Fal

b (|-

for all ﬁf;,ﬁg € B and every te (0,T).

+[V(FARY) - Fo(RE))

Rl
HL2 ((0,t)x2e) L2((0,t)xQ) (4 9)

+|6,R! — o, R?

m((o £),L2(.)) L2<<o,t>xna>>

Proof. We prove this lemma by applying Lemma Appendix B.4, which states that the solution of
saddle-point problems depends Lipschitz-continuously on the right-hand side and the operators of the
saddle-point problem. Within this proof, we use the shorthand notation V' = H%E (Q) with the norm
lvlly = Vv]2q.) and Q = L2(€2). Then, we define almost everywhere in (0,7) the following bilinear
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and linear forms related to the linearised Stokes problem for given radii }A%E

<v,w> = 12(.(v), Al Vw)q = $X(F Vo + (F] V)T, Al Vw)q,
2. (v.q) =—(q,V: (Av))q = —(g, A- : Vv)o,

T2, W) = (Jehe,v)q = ag (2ide,0) — (A:Vpy,v)q,

9, (a) = b(0rte, q) = (¢, V-(A-001).))q = (¢.01]2)q

for v,w € V and ¢ € Q. We note that 1%;, ég € Y. and, thus, we obtain with the Holder inequality the
bounds for F. and A, from Lemma Appendix A.2 and the Lipschitz estimates of Lemma Appendix A.3

lap: (v, w) — ap, (v, w)]| =%€2(5}?’5Vv + (5135VU)T, A\;Vw)Q
Le2(F2TV0 + (F2TV0) T, 6A] V)

(4.10)
) folly ol -

<C. ((Mﬁ

Héﬁa
L*(Q.) L*(Q¢)

<Cs||5f{6HL2(Q )

By employing the boundedness of /L and dA. from Lemma Appendix A.2 and the Lipschitz estimates
of Lemma Appendix A.3,

b7 (0,9) = bps (v, 9)] = (4,54 : Vo)g| <[54 L () gl 0]l v (4.11)
< Ce[0R:] ey lalllvlv

forallveV and q € Q.
Taking into account the Holder inequality, the Lipschitz continuity of h., the boundedness of A., F.
and hl, (4.10), the Poincaré inequality for H%E (©2:) and Lemma Appendix A.2, we obtain

|f13bé (v) — fﬁg (V)] <|(5jshEaU)L2((0,t)xQE)| + |a1§§ (00s1)e,v)]
+ g (02,0) — age (202 0)| + (BA.Ypr, )
SN U PRt

v
el

2

v lvlly + Ce

£ Lo(Q.) HUHQ

<C. [ (1+ 10 R 2.y ) 16Re N n ey + 101 Rl vl
From Lemma Appendix A.3, we get

1971 (a) = 972 (@)] = 1(g,68:12) 0l < gl @l60:T: | @ < C(|60:Re ] + [§Rel@) dlo-
Altogether, it holds that

<C:

b

L2(Q.)
<C.M Hfz; _R?

12
— R?

+ Hbéé — sz

Hafez i

|~ Fa

Bil Bil

4.12
+C. |oy(R! — R?) (412
LQ(QE) 3 € €

v Hgﬁé ~ 92

Q' L2 (QE)

for M =1+ Hatﬁ;HLZ(QE) + \\Bt§?\|L2(QE) with the norms defined in Lemma Appendix B.4. By similar
estimates, it can be easily observed that

Bil
’

for E;, ]?ig € B. Moreover, (A.8) and (A.9) yield constants ag, By > 0 such that

R,

[SB]

<
Bil
<C.M

le%z

QI

ag (v,v) = ag v}
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for all v e V and
bs v,q
inf sup M = fo.
9€Q vV ||UHV HQHQ

Thus, a fie’bfés’ fﬁg and 9h. fulfill the assumptions of Lemma Appendix B.4 and we can transfer the
Lipschitz continuity of the data (see (4.12)) onto the solution which yields almost everywhere in (0,7T)

|FoRE) = Fo(RD)| e, + | V(F2(BE) = Fa(RE)

() L2(22)

< LC.M Hf%i - R? (R - R2)

+ C;
L2()

L2(Q.)

Integrating with respect to time from 0 to t € (0,T) and employing the Holder inequality yields
Fo(RE) = PR 120y x00 vafz ) — Fa(RD))

L2((0,T)x )

+C. |oy(R! — R?)

L@((O T);L2(Qc)) L2((0,T)x.)
and, thus, (4.9). O

< G [Mllago.r) | RE - R

Lemma 4.5. The operator Fs is well-defined and continuous.

Proof. For the reaction—diffusion-advection equation in (4.5), existence of a weak solution can be estab-
lished for example by using the Galerkin method, see Chapter 23 of Ref. 75, which is based on standard
energy estimates. Similar estimates will be shown with explicit dependence on ¢ in Section 5, so we skip
the details.

For the continuity of the operator, we consider sequences (f%’;, WF) e Y. x Z, see (4.2) and (4.4), and
ak e L2((0,T), H?(Q.)), such that for k — oo

RF - R, in L*((0,T) x Q.) n H'((0,T), L*(Q)),
@? - /@E in L2((07T)7H11‘5 (Qf)n)v
at - a. in L2((0,T), H?(Q.)).

From Lemma Appendix A.3, we also get the strong convergence of J ﬁk and ﬁk in LOO((O T) x QE) to
JS, DS7 and A.. From the a priori estimates in Lemmata 5.1 and 5.2 below we obtain for u¥ ]-},(R’E“, )
and a constant C. > 0 (depending on ¢) the estimate

H@tul.:HL"’((O,T),H{%Q(QE)’) + uf | 22 0,m), 11 (20)) < Ce.

Hence, there exists u. € L2((0,7), H:,(Q:)) n H*((0,T), H3o(€2)") such that, up to a subsequence, u¥
converges weakly to u. in L2((0,T), H'(€2.)) and strongly in L?((0,T), H?(€.)) by the Aubin-Lions
lemma and, by continuity of the trace operator, also in the space L?((0,T) x I'.). Further, d;u® converges
weakly to dyu. in L2((0,7), H3,(€:)"). Testing the weak formulation of the linearised problem (4.5) with
B(z)(t) with ¢ € Hio () and ¢ € CF([0,T)), we get

T T
—J <J5ku’:7¢>H;Q(QE)/’HF1/Q(QE)wdxdt+J J [DFVul — uk ARGE] - Vo da dt

ff JEF(aR) g da dt — p J J JEg _1Rk>q§1/)dadt

+| TErov0)do

€

Passing to the limit k& — oo, we obtain

T T
_J <J5u5’¢>HéQ(Qs)/,HéQ(QE)w, dzdt + J f [DEVUE — UEAE’@E] . V¢¢ dzdt
0 0 Ja.

_ L ' LE Jof (@) dadt — pLTL Jog (.7 B.) oot

" f 7.0y 16(0) da
Qe
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A density argument shows F3(Re, @, 4.) = ue. The initial condition u.(0) = ul™ can be obtained by a
similar argument as above and integrating by parts in time. This implies the continuity of Fs. a

Remark 4.1. The operator F3 is even Lipschitz continuous. This can be shown by similar arguments as
in the proof of Theorem 3 of Ref. 31 and the proof of Proposition 4.2 below. In both proofs, the difference
of two fixed points of F are estimated. However, it is straightforward to generalise these arguments to
show the Lipschitz continuity. Here, we restrict ourselves to the continuity of F3, which is enough to
guarantee the existence of a solution. For uniqueness of the weak solution, we can use the results from
the proof of Theorem 3 of Ref. 31 and, therefore, avoid repeating the same arguments, which shortens
the uniqueness proof.

4.2. FExistence of a solution for the micoscopic model

Proposition 4.1. There exists a weak solution (ue, Re, we, qe) of the microscopic problem (2.11a)—(2.11c¢)
and (2.13) in the sense of Definition 2.1.

Proof. We apply Schifer’s fixed-point theorem (see e.g. Ref. 23) to the operator F. For this, we have to
show that F is compact and continuous and that the set

X = {u. € L*((0,T), H*(2.)) : u. = AF(u.) for some 0 <\ < 1}

is bounded. Let (4¥)reny < L2((0,T), H?(2.)) be bounded and u* := F(@F). Standard energy estimates
for parabolic equations provide

Hatul;HLz((o,T),H;Q(QE)/) + HUfHLz((o,T),Hl(QE)) < C:

for a constant C. > 0 independent of k (but depending on ). For more details on this estimate, we
refer to the proof of Lemma 5.1 in Section 5 below, where we show uniform a priori estimates with
respect to e. The Aubin—Lions lemma, see Ref. 41, implies the existence of a convergent subsequence in
L%((0,T), H?(Q.)) and, therefore, F is compact.

The continuity of the operator F follows from the continuity of the operators F;, i = 1,2,3, see
Lemmata 4.1, 4.4, and 4.5.

It remains to show the boundedness of X. We only have to consider u. = AF(uc) for u. €
L2((0,T), H?(Q.)) and A € (0,1]. Hence, we have to replace u. in the microscopic model (2.11) with
4. The associated weak formulation of this equation is obtained by multiplying the right-hand side of
(2.14a) by A. Then, the boundedness of u. (uniform with respect to A) can be obtained again by standard
energy estimates. Now, Schéfer’s fixed-point theorem implies the existence of a fixed point and, therefore,
the existence of a microscopic solution. O

4.3. Uniqueness of a solution for the microscopic model

Now, we show the uniqueness of the weak microscopic solution. In Theorem 3 of Ref. 31, the uniqueness
was established for the problem without convection. Hence, here we generalise this result, where the
crucial new ingredient is the Lipschitz estimate from Lemma 4.4.

Proposition 4.2. The weak solution (ue, Re, we, qe) of the microscopic problem (2.11) obtained by Propo-
sition 4.1 18 unique.

Proof.

Consider two microscopic solutions (uZ, RZ, w!, ¢Z) for j = 1,2. Since every problem associated to the
operators F;, i = 1,2,3, admits a unique solution, it follows that u/ are fixed points of F. Hence, we
have u! = F(ul), Rl = Fi(ul) and w! = Fo(RZ). The triple (ue,w., R.) fulfills the a priori estimates
of Section 5. This can be shown by the same arguments as in the proofs of Lemmata 5.1 and 5.2. In
particular, the estimates from Lemmata Appendix A.2, Appendix A.3 and 4.2 are valid, as well as the
inequality (4.9).
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Now, as in the proof of Theorem 3 of Ref. 31 (see the last inequality in the proof in particular) with
only slight modifications for the nonlinear right-hand sides with f and ¢ in the transport equation, we
subtract the weak equations for u! and u2 and test with du. to obtain for almost every t € (0,7) and a
constant ¢ > 0 the estimate

|6ue ()| L2(0.) + cllVoue| L2 ((0,6)x.)

(4.13)
< OEH(SUEHLQ((OJ)XQE) + (J(U6Aewa)a VCSUE)(O,t)XQE s

where C. > 0 is a constant depending on € (C; is a generic constant in what follows) and A7 is defined
as in (2.9). It remains to estimate the convective term on the right-hand side:

(5(U5Asws)a V(SUE) (0,t)xQe

= (u;A;(SwE, V5ug) + (ui&‘law?, Vaus)( + (5UEA§U)§, véuf)(o,t)x

(0,t) x Qe 0,t)x Q. Q.

=1+ 1+ Is.
In what follows, we use the essential bound for A!, see Lemma Appendix A.2, and the essential bound for

u! from Lemma 5.2 in Section 5. Note that these bounds do not require a uniqueness result. We estimate
11 by

I < Celul] oo (0,0 x 0o 10well L2 ((0,6) x2) | VOt | L2((0,6)x 2.

<
< Cedwe] £2((0,6)x00) Ve L2((0,6)x 2. ) -

Using estimate (4.9) from Lemma 4.4, as well as Lemma 4.2, we obtain for arbitrary p > 0 the existence
of C¢(w) such that

L <C: (||5RsHLoo((0,t)xQE) + H(satREHL’-’((O,t)XQS)) IVouellLz(0.6) <)
< Ce|l0uc 20,0y, 21 0oy IVOUell L2 ((0,0) x20)
< Ce(M)HfsusH%Z((o,t)xQE) + N’H(svusnzLQ((O,t)xQE)‘

Next, using again Lemma Appendix A.3 and 4.2 and the a priori bounds for u} and w?, we get with the
Holder inequality

I Il 2o (0,6 x 2o 10 Ae | Lo ((0,6) x 20y W2 | 10 (0,8, 22 (0 )) | VOUe | 22 ((0,6) x 20

NN N

C.
Celduc| L1 (0,6)xr) IVOUe L2 ((0,0)x 020
Ce()|0ue] 22 (0,0 x00y + #ITVUC]T2 (0.4 x62.)-

Finally, for I3, we use integration by parts, the zero boundary condition of u. on 02 resp. w. on I'; as
well as 0iJ: = V - (A.w.) and Lemma Appendix A.2 to obtain

1
I3 = §(5Uaatjgv5“€)(0,t)xﬂa < CEH(SUEH%%(O,t)xQE)-

Altogether, we obtain (perhaps after some redefinition of )

((s(usAswE)? V‘Sus) (0,t) x02.)

< Ce(p) (”5UEH2L2((O¢)><QE) + ||5as|\2L2((o,t),Hﬂ(Qs))) + H‘||5VUEH%2((O¢)><QE)'

Plugging this estimate into (4.13) and choosing 1 small enough, such that we can absorb the gradient
term on the right-hand side by the left-hand side, we deduce

loue ()| L2 (. + cl0Vue] L2(0,0)xa.) < Celduc]L2((0,6)x0.)-

Application of the Gronwall inequality leads to the desired result. O
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5. A priori estimates for the microscopic solution

In this section, we show uniform a priori estimates for the weak solution (u.,we, R.) of the microscopic
problem (2.11). These estimates are the basis for the two-scale compactness results stated in Proposition
6.1 and Proposition 6.2 of Section 6.1 below, which allow us to pass to the limit ¢ — 0 in the weak formu-
lation (2.14). The proof follows the following scheme: The uniform bound for R, is a direct consequence
of the essential boundedness of g. Therefore, R. and J;R. can be estimated independently of u.. The
bounds for R. allow to control the velocity w. and the pressure p.. Finally, we are able to estimate the
concentration u..

Lemma 5.1. The weak solution (u., R, w.,q:) of the microscopic problem (2.11) fulfills the following a
priort estimates

o™

IRl 0,7y x20) + [0t Re | Lo 0,17y x 20

lwellze(0,7),2(0.)) + ElVwellLe(0,7),2(00)) + lgell 22 ((0,7),L2(0))

elldeuc 20,7y, 100y + luellLe 0.y, L2(00)) + [Vue]L2(0,7)x0.)

NN NN
Q Q a Q

10e(Jeue)l L2 (0.1), 12 (00)) + [etie Lo (0,7),L2(00)) + €IV (Jete) [ 20,7)x020)

Proof. Bound for R.: We start with the bounds for the radii R.. This follows immediately from the
essential boundedness of g: For almost every (¢,z) € (0,T) x €., we have

00Re (¢, 2)] < elgl e z2) < <C.

This also implies the L*-bound for R, (which was already shown in Lemma 4.1).

Bound for we and g.: Due to the bound (5.1) for R, shown above, we can apply Lemma Appendix A.2.
Now, the results follow directly from Theorem 3.1 of Ref. 73, where the existence and uniqueness of a
solution as well as a priori estimates for the Stokes problem for given evolving microstructure are shown.
Bound for u.: Here, we use similar arguments as in the proof of Lemma 6 Ref. 72, so we skip some
details. The main new part is the convective term. We divide the proof into two steps, showing the
estimate for |[uc| 1o ((0,7),2(0.)) and [Vuc|z2(o,r)x0.) first (which then directly also implies the estimate
for EHV(JEUE)HLZ((O,T)XQE)):

Step A: We begin by testing the weak equation for u. (2.14a) with u. to obtain almost everywhere in
(0.7)

<at(JEU8)7UE>H1(QE)I’H1(QE) + J D.Vu, - Vu.dx =
Q
f uEAEwE-Vudeﬁ-f Jsf(ug)ugdx—pf g(us, 'R )Juada
Q. Q. .

Using the uniform coercivity of D, see (A.7), we get for almost every t € (0,7)

2
L Tt el

< —3 J O Jeue|* dz + J U Acw, - Vue dx
Qe

€

+J ']Ef(ue)uadx_pf g(ua, 'R )Jugd()'
Q T.

€

Using the uniform bounds for R, J. (see Lemma Appendix A.2), the growth condition on f from
assumption (A4) and the boundedness of g from assumption (2.15) together with the trace inequality, we
obtain for arbitrary u > 0 a constant C), > 0 such that

f Jgfgugdx—pf g(ug, R)Jusda
Qe e

<C, (1 + ||UEH2L2(QE)) + WZHV“E”%?(QE)'
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For the convective term, we use integration by parts and V - (A.w.) = —dJ (see Remark 2.1) to obtain
1 1
—= f 0Tz |ue|? dx + J us Acwe - Vue do = = f luc|? Acw, - vdo = 0. (5.5)
2 Jo. Q. 2 Joo.

For the last equality, we used w. = 0 on Iz and u. = 0 on 0f). Choosing p > 0 small enough, integration
by parts and Gronwall’s inequality imply

e | e 0,79, 22(00)) + Vel 20,1y x00) < C.
Now, from the properties of J. and V.J. in Lemma Appendix A.2, we get
eIV (Jeu)l 20,1y <00 < C.

Step B: Now, we show the estimate for d;(J.uc). For this, we use the uniform bound for w. in L*((0,T) x
Q.), which is shown in Lemma 5.2 below, for the proof of which we only need the regularity of the weak
solution but no e-uniform a priori bounds. However, we emphasise that for the proof of the existence
of a weak microscopic solution we used the Galerkin method, see Lemma 4.5, and for the Galerkin
approximation we have no (uniform) L®-bound (the proof of Lemma 5.2 is not valid for the Galerkin
approximation). We also obtain the regularity for d;(J.u.) without the L*-bound for u,., see Remark 5.1
below for more details.

We test (2.14a) with ¢ € H*(€2.) such that [¢] g1 (o) < 1. We only estimate the convective term. The
estimates for the other terms follow straightforwardly. The L*-bound for u,. is obtained from Lemma 5.2
using the essential bound for A, (see Lemma Appendix A.2) and the Holder inequality for almost every
t € (0,7). More concretely, we obtain u(t) € L*(€.) and

|ue () ze .y < [uelzeo,rxa) < C
for almost every ¢ € (0,T"). We emphasise that, in general, the mapping ¢ — [u.(t)| 1= (q.), in other words
ue : (0,T) — L*(Q¢), is not measurable. Furthermore, we obtain for almost every ¢ € (0,7T)

L (ueAcwe - Vo) (t, ) dv < Cluc(t) | 1> o) lwe (t) [ L2(2.) [ V[ 20,y < C-

Here, we also used the L*-bound with respect to time of w.. Hence, we obtain for almost every t € (0,7
that

[0 (Jeue) (8), )l < C (L + | Vue(t) ] 22(a.))

and, therefore,

J00(Tzue) (D) 0y < € (1+ [Vue(®) | z2ge)) -

Using the a priori bound for Vu,, we further obtain

10:(Jeue)ll L2 0,1y, 1, (2. < C-

Now, the estimate for d,u. follows from the product rule and the bound for eV J. in Lemma Appendix A.1.
A similar argument is valid for Jou. and V(J.u,). Thus, the proof is complete except for the verification
of Lemma 5.2 which is undertaken below. O

Remark 5.1. As indicated in Step B in the proof above, to obtain the e-uniform bound for J;(J-u.)
in Lemma 5.1, we need the uniform L*-bound for u. from Lemma 5.2 below. However, in the Galerkin
method in the proof of Lemma 4.5 (where we are not allowed to use Lemma 5.2), we can argue in the
following way to obtain a bound for d;(J.u.) (not uniformly with respect to €): From the a priori bounds
already obtained for w. and u. in Step A of the proof above, we get

j ueAcw, - Ve da| < Cellue] gy hwel gy [Vl 22
Qe

< CEHUEHHl(Qs)HwEHHl(QE)



October 29, 2025R,19:58 WSPC/INSTRUCTION FILE

outpuyt
igorous homogenisation of reactive transport and flow qu)Hy coupled to an evolving microstructure 23

for a constant C. depending on e. Now, arguing as in the proof above, we obtain with the
L*((0,T), H(Q:)™)-bound for w. and the L?((0,T), H'({2.))-bound for u. the estimate

10t (Jeue)| 20,1y, H2,, (20)) < Ce-

oQ
We now show the essential bound for u., which holds uniformly with respect to the homogenisa-
tion parameter €. Further, under some additional assumptions on the data, the non-negativity of the
concentration u. also follows.

Lemma 5.2. The solution u. is uniformly essentially bounded. More precisely, there exists a constant
C > 0 (independent of €) such that

[uel Lo (0,r)x0.) < C. (5.6)
Under the additional assumptions on the data
f)(w)™ <)%, 9w, R)(w)” =0, ul>0 (5.7)
for every R,u € R, where (-)~ = min{-,0}, the solution u. is non-negative.

Proof. Following the classic strategy for proving such results, we define for w > 0 the function W =
e “'u. and for k > 1 the functions Wy, :== W —k and W, := (W —k)*, where (-)* := max(-,0). Choosing
e W' as a test function in (2.14a), we obtain

Lt@t(,feug), e Wi ds + (D Vue, ef“’sVW,:)(o’t)XQS
= (Aswauaae_wsvwl;‘r)(o’t)xﬂs + (Jef(ue), €™ W) 0,0 x
+p (Jgg(us,5_1R5),e_“sWJ)(07t)xrs .
Using the identity
e 0 (Jeue) = 0y [Je (e ue — k)| + we™ Joue + kdyJe

in L2((0,T); Hi,(Q:)') and similar arguments as in Lemma 3.2 of Ref. 69, we get (for k large enough)
¢ ¢
J (Op(Jeus), e Wi Hds = f (™0 (Joue), Wi Hds
0 0

t
_ L @ TTWR] W ds 4 (o™ Taue, W) o + (BT W) v

- slvawr el -3 viwro

=0
o+ (KT,

2

1 t
+7J J 0tJ5Wka+ dx ds
) 2 Jo Ja.

2
L2(Q. L2(Qe

+ (we*“’stus, W,:)

(0,8) 0,6)x Qe *

For the second term in (5.8), we obtain with the e-uniform coercivity of D, from (A.7)

(DVue,e VW) 0.0, = (DeVWi, VW) 0.1yx0. = (DVW,F VW) (0, <.

> co| VW 72 0.0 x00) -
Hence, we obtain
1 2
3 H\/JtW,j(t)Hm(QE) + ol VW1 220.0x0.)
< (Aswauaveiwsvwlj)(o’t)xﬂi + (JEf(uE)7einW;)(Ort)XQE

_ s I 5.9
+p (Jeg(ue, e ™ Re), e W) (0 e, _5_[;) L 01 J- Wi Wi da ds (5.9)

6
— (wJ-W, W,j)(07t)xﬂs — (koyJe, W,j)(oyt)mg = lZ IL.
=1
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For the convective term I!, we have
1_ +
Il = (Acw. W, VW; ) (0.6)x 9.
(Acw W, VW,5)
=: Al + A2,

+k (Acw., VIV})

(0,t)x Qe (0,t)xQ2e

For the first term, we use V- (Acw,) = 0y J. almost everywhere in €. and A.w, -v = 0 almost everywhere
on I'.. Moreover, we use the zero boundary condition of u. on 02, which is then also valid for W,j , to
obtain with integration by parts

1

A= L, vw ) = —5 (V- (4ews) , (W)

(0,t)x Qe
= (at Ea( +)2)(0 HxQe _I:}'

For the term A2, we obtain with similar arguments

(O,t) X Qe

N — N

A? = k(atJEaW}:)(O,t xQe = *IG-

Now, we note that f(u) < C(1+u) < C(1+ We**) for u > 0 and W, = 0 for u < 0 almost everywhere.
Thus, we obtain

|f(w)e W < C(1+We*®)e " W,F < Cle™* + W + k)W, <CL+W} +kW,.  (5.10)

Using additionally the essential boundedness of J. as well as the Holder and Young inequalities, we obtain
for 12

12| < f C(L+ W, + k)W, dzds
(0,t) x Qe
<SCA+R)IW L onxan) + CIWE 13200 x0.)

t
<c(+ k2)f J Az ds + Wi 220 6
0 Jiw )=k}

For the boundary term I2, we obtain with the essential boundedness of J. and g as well as the scaled
trace inequality for y > 0 (with & < 1)

|12 < eCCylle™* Wil |10,y xr.) < CIWil L (0ayxsn) + el VW e 0.0 xe)
t
<C [ | s+ OO B onenny + HIVWE ago o
o Jiw@)>k}

For I?, we get
155 (J Wk vW )(Ot)xQ +k(J€7W )Ot)xQE

Whﬂwkyowm)+c<ﬁjj‘ Mﬂ»+wwﬁmmwm0.
{W(t)>k}

Combining all the results, we obtain

1 2
3 H\/JtW,j(t)HLz(QE) + COHVW]:_H%Z((O,QXQE)

t
M)k'QJ J dzds + [C(p) — wmin] [W; H%z((o,t)x(ls) + p| VW, HQLQ((O,t)xQE)'
0 J{w(t)>k}
For p small enough, the term including the gradient on the right-hand side can be absorbed by the

left hand side. Hence, choosing w > C(’i‘ n) in the inequality above (for fixed §), we obtain for almost every
€ (0,T)

t
Wi By + IV oo uny < CF [ | dods (.11
(W(t)>k)}
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Now, the result follows from II Theorem 6.1 of Ref. 40 implying
u, < C
for a constant C' > 0 independent of . Repeating these arguments with —u, instead of u., we obtain
—u. < C,

which gives the essential boundedness of u. uniformly with respect to e.
It remains to show the non-negativity. For this, we choose (u:)~ = min(u.,0) as a test function in
(2.14a) and obtain (by a similar calculation as above for W,")

1d _
5&“(“&) HQLQ(QE) + COHV(UE)—H%Q(QE)
< J Je f(ue)(ue)™ dz — pf Jeg (usvgile) (ue)” do
QE 5
< O (ue) ™ 720y
Now, the Gronwall inequality implies the non-negativity of the microscopic concentration .. O

6. Derivation of the macroscopic model

In this section, we show that the microscopic solution (ue, we, pe, Re) converges in a suitable sense to the
solution of the macroscopic model (3.3) formulated in Section 3 for ¢ — 0. In a first step, we establish
compactness results obtained from the a priori estimates in Section 5 and, in a second step, we pass to
the limit € — 0 in the weak formulation of the microscopic problem in Definition 2.1, which corresponds
to the passage to the limit illustrated on the bottom of Figure 1.

6.1. Compactness results for the microscopic solutions

Based on the a priori estimates from Section 5, we derive compactness results for the microscopic solutions.
As a suitable convergence concept for the treatment of problems including oscillating coefficients and
domains, we use the two-scale convergence, see Appendix C.1. Since we are dealing with functions on
perforated domains, we have to extend these functions to the whole domain. While for the fluid velocity
w, it is natural to use the zero extension, the situation is more complicated for the pressure p. and the
concentration u.. For the pressure, we use an extension from Tartar given in Ref. 59, see also Ref. 42.
For the concentration, we would lose spatial regularity for the zero extension and, therefore, we use
an extension operator from Ref. 17, see also Ref. 1 for more general domains. Namely, there exists an
extension operator E. : H'(Q.) — H'(Q) such that

| Bl L2y < Clellr2a.ys
|E-bc| (o) < Cloe]mra.

for all ¢. € H'(£2.) with a constant C' > 0 independent of e. For time dependent functions, we apply this
operator pointwisely in ¢t. We write in short

U, = F.u. € L*((0,T), H'(Q)) (6.1)
and we obtain

|tie || 20,1y, 1 (02)) + |ie | e (0,7, 22 (02)) < C- (6.2)

However, we emphasise that this extension operator in general does not preserve the regularity for the
time derivative and, therefore, we lose control for the time variable of the microscopic sequence ., which
is important to obtain strong two-scale compactness results. The strong two-scale convergence of u. was
shown for the same a priori estimates in Proposition 5 of Ref. 31 and with additional estimates for the
differences of shifts with respect to time in Ref. 72. Here, we simplify the proof of Ref. 31 by showing the
following general strong two-scale compactness result. The Proposition will then be applied to J. and uc,
so we keep the same notation, but we slightly generalise the assumptions for the sake of the proposition.
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For the sake of readability, and in view of the context in which the proposition is applied, we state the
result in terms of functions J. and u., but the assumptions are slightly more general than needed here.

Proposition 6.1. Let n > 2 and V. = H'(Q.) dense in L*(Q.). Let u. € L?((0,T),V.) and J. €
LO((0,T) x Q) with d;(Jou:) € L2((0,T), V) with respect to the usual Gelfand triple V. = L*(Q.) < V..
Further, let J. = ¢o > 0 for a constant ¢y > 0 independent of € and

10t (Jeue) | 20,1y, v2) + luel L2(0,7), 11 (02.)) < C-
Moreover, assume there exists k(h) with k(h) — 0 for h — 0 and h > 0 such that
| J(- + R) = Je| Lo 0,0—n), Lo (02.)) < k(D) (6.3)

with s > 1 arbitrary forn = 2 and s = 5 for n = 3. Then, there exists ro(h) with ko(h) — 0 for h — 0
such that

|ue(- + h) — ucllL2(0,7—n),02(0.)) < Ko(h).

In particular, there exists ug € L*((0,T) x Q) (even in L?((0,T), H*(£2))) such that, up to a subsequence,
Xq.Us converges strongly in the two-scale sense to xysuo-

Proof. For a function ¢ : (0,7) x U — R with U < R", we define the shift with respect to time for
0O<h«landte (0,7 —h) by

ond(t) == 0no(t, ) = ¢(t + h) — &(t).

Since J. = ¢o > 0 almost everywhere in (0,7") x €., it holds for almost every ¢ € (0,7 — h) that

cOHéhuE(t)Hig(QE) < JQ Jo(t + h)(Spue(t))? da.
By an elementary calculation, we get

Jo(t + B) (Snue (£)? = 6n (o) (£)0nue (t) — O Je (t)ue (£)dhus(t),

from which we obtain

T—h
collnuc]|F2 (0, r—nyxa.) < f J On(Jeue)(t)dpus(t) du dt

T—h
- f f ST () () e (£) das it
= AL, + A2,

Let us estimate the two terms separately. We start with the second term and restrict ourselves to the case
n = 3 (the case n = 2 follows by similar arguments). Using the Sobolev embedding H!(Q.) — L2*(9.)
with 2% := we obtain u. € L2((0,T), L2* (Q.)) such that

27
HUEHL2((0 T),Lr% () S CHUEHU ((0,T),H'(Q.)) S <C

with a constant C' > 0 independent of €. More precisely, this constant is independent of € owing to the
existence of the extension operator E. defined at the beginning of Section 6.1. Now, the Holder inequality
implies

T—h
A2 | IOl e Oy (Ht 4 D) + i) )

2
< 2fuelLe o1y, 2% (@ 100Tel Lo (0.7 ,L% (0
< Ck(h).
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For the first term A! ,, we have (using the natural embedding in the Gelfand triple V. — L?(Q.) — V)

T—h
£ﬁ=f (S (Jeuc) (), e (8))v, dt
0

< 00 (Jeue) [ L2(0,7—n),v2) [0nue(®) | L2 (0,7, 157 (20.))

-

~—
<h[0s(Jeuwe)l L2 (0,1, v

< Ch.
Altogether, we obtain

IontelL2(0,7-nyx0.) < CVh + K(h) =t Ko(h)
and, obviously, xo(h) — 0 for h — 0.

It remains to show the strong two-scale convergence of u.. The proof follows similar ideas as in Lemma
10 of Ref. 28. Using the extension @, of u. defined in (6.1), we obtain with (6.2)

to
Ja&ﬂ < Cliie | p2(o,my,m @) < C-
t1 H'(Q)

Then, noting the compact embedding H!(Q)) — L?(2), we have that Szf e dt is relatively compact in
L2(Q). Further, it holds that (the extension operator is pointwisely defined in time)

~ h—
1083 L2 (07,220 < ClOntuel 2 (0.7 ny. 2200y < Cro(R) 223 0.

Therefore, by the Kolmogorov—Simon compactness theorem, see Theorem 1 of Ref. 63, @, converges
strongly in L2((0,T) x §2). This gives the desired result. a

Remark 6.1.

(i) Proposition 6.1 is not restricted to the case of radially symmetric perforations and remains
valid for arbitrarily perforated domains 2. as long as there exists a linear extension operator
E*: HY(Q.) — H'(Q) such that

|EXuc| 10y < Cllue|mia.y  for all u. € H' ().

Such an operator exists for example for periodically perforated connected Lipschitz domains, see
Ref. 1 for more details. In particular, the result is valid for Q. = Q and gives (besides the strong
two-scale convergence) the strong convergence in L2((0,7) x ) in this case.

(ii) Under the additional assumption u. € L®((0,7), L*(Q.)) with

luel L= (0,7),22(0.)) < C

for a constant C' > 0 independent of e, we can replace (6.3) with

[Je(- + ) = Jel L2 (0, 7—n), 2 (0.)) < K(h)

and obtain the same result (using slightly different arguments for the term A; , in the proof).

In the following proposition, we give the compactness results for the microscopic solutions. The results
for (ue, R.) have already been established in Ref. 31 for the same a priori estimates as in Lemma 5.1
and the Lipschitz estimate for R, from Lemma 4.2 (with slightly stronger regularity assumptions on
R.(0)). Similar compactness results were also obtained in Ref. 72, where an additional estimate for the
differences of the shifts of u. with respect to time was shown for the strong convergence of u., and the
strong convergence of R. was shown by a direct comparison with the macroscopic radii Ry using the
microscopic and macroscopic ODE.

For u., we use the extension from (6.1). Further, since w. € L*((0,T); Hf (%)), we can extend it
by zero to a function w. € L*((0,7); H(Q)) in order to state the convergence. Moreover, to obtain not
only a weak but also strong convergence result for the pressure, we extend it as follows (see Ref. 42):

CIE(t7«T) ifxe QE,
Q:(t,x) = IYl*I S ge(t,z)dz ifxek+eY\Y*) for ke K.. (6.4)

k+eY*



1\? (‘Jgober 29 2 26?67" 19§ POIY\(Z%E%/INSTRUCTION FILE output

ahn Wiedemann

Note that this extension coincides with the extension from Tartar in Ref. 59.

Proposition 6.2. The microscopic solutions (ug, we,pe, Re) fulfill the following convergence results up
to a subsequence:

(i) There exist ug € L*((0,T), Hy(Q)) nL*((0,T), L*(Q)) and uy € L*((0,T) x Q, H} . (Y*)/R) such
that

U —ug in L*((0,T) x Q),
2,2
xo.Vu: == xy* (Vug + Vyur),
2,2
XQ.Ue — Xy*Uo,
Ue|r. ﬂ>u0 onI'..

(ii) There exists Ry € H'((0,T),L*(Q)) n L*((0,T) x Q) with 0;Ry € L*((0,T) x Q) such that for
all pe [1,0)

e 'R. - Ry in LP((0,T) x Q), (6.5)
e '0;R. — 0:Ry in LP((0,T) x Q). (6.6)

These convergences are also valid in the strong two-scale sense in Q and I'c. Further, it holds
almost everywhere in (0,T) x § that

ORo = g(uo, Ro).
(i4i) There exists wo € L*((0,T); L*(Q; H;&(Y))) with

wp =0 in (0,T) x Q x (Y\Y*), (6.7)
Aowo =0 m (O,T) x £ X K (68)

O Agwo | = —0,6 in (0,T) x Q x Y, (6.9)

such that for the zero extension of w to § it holds for every p € [1,00) that

We wWo, (610)
eVw, 22 Vywo, (6.11)
gec(we) 222 eq(wp), (6.12)

where eo(wo) = 3 (F, Fy "Vywo + Vywd FyY) and Fy is defined in (6.16) below.
Moreover, there exists Qo € LOO((O,T)7 HO (Q)) such that for every p € [1,0)

Q: — Qo in LP((0,T); L*(2)), (6.13)
Qs +pp = P. > Py :=Qo+pp in LP((0,T), L*(Q)). (6.14)

Proof. We start with (i). The existence of uy and u; and the weak two-scale convergence results follow
from the a priori estimates in Lemma 5.1 and the two-scale compactness results from Lemma Appendix
C.1 in the appendix. Using again the a priori estimates from Lemma 5.1, the strong convergence of 1,
follows from Proposition 6.1 provided that (6.3) holds true. However, this is a direct consequence of
Lemma Appendix A.3 (with Rl = R, and R? := R.(-; + h,-,)) and the Lipschitz continuity of R. with
respect to time (6710, R, is essentially bounded, see (5.1)).

Next, we consider the convergence results in (ii) for R.. The first result (6.5) was shown in Proposition 4
of Ref. 31, and in the strong two-scale sense on the surface I'; in Corollary 7 Ref. 31 but with slightly
stronger regularity assumptions on the initial values R® and RI'. In particular, it was assumed that
RI" e H(Q). Here, we dropped this assumption and only assume (as in Ref. 72) the strong convergence
of e7!RI" in L%(Q). However, since the proof still follows the same lines as in Proposition 4 Ref. 31, we
only sketch the main ideas. We use the standard Kolmogorov compactness result, see for example Ref. 9,
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and since R. is bounded in L?(Q) it is enough to control the shifts in time and space. In what follows,
we extend R. and u. by zero outside 2, which is possible due to the zero boundary condition of u. on
0. (It is also possible to consider shifts within € but then the argumentation becomes more technical.)
The essential bound of d; R, implies for all A > 0 and t € (0,7 — h)

571HR6('t +h, a:) - REHL”((O,Tfh)xQ) < Ch.

For the spatial variable, it is enough to consider shifts with el for [ € Z™ (see also (42) in Ref. 31). From
the Lipschitz estimate (4.7) in Lemma 4.2, we obtain, using the trace inequality (see Lemma Appendix
B.3 in the appendix), the strong convergence of e 'R in L?(Q2) (which guarantees a bound for the
shifts), the mean value theorem (u. is extended via @. to the whole domain ) and the a priori bound
for Vu, already obtained above,

TN Re(vt, 0 +€l) — Re| 1o (0.1),22(0)) < C (¢ + K([el]))

with k(Jel|) — 0 for |el| — 0. Hence, the Kolmogorov compactness result implies the desired result.

The convergence of the time derivative d; R, was shown in Proposition 6 of Ref. 31 and Theorem 17
of Ref. 72, but here we give a much simpler compactness argument using the unfolding operator. More
precisely, on page 27 of Ref. 72, the strong two-scale convergence of the radii and their time derivatives
was shown by considering the difference between the microscopic and macroscopic radii R, and Ry and
using their respective equations (the equation for Ry can be obtained a priori by using formal arguments
without using compactness of the radii R.). Using the unfolding operator 7 (see Appendix C.2), we
obtain from the ODE (2.14b)

e 'R (t,x) = ﬁ Lg (T (ue)(t, 2, 2), To(e ™ Re) (2, 2)) do,

for almost every (t,x) € (0,T) x Q. Using the strong two-scale convergence of u. and e 'R, on I'., we
obtain

T-(s7'R.) — Ry in LP((0,T) x Q x T),
Te(ue) — uo in L2((0,T) x Q x I).

Hence, up to a subsequence, these convergences also hold pointwise almost everywhere in (0,7) x Q x T.
Then, for almost every (¢,x) € (0,T) x Q x I, we get

e R(t,x) > ﬁ f gluo(t, ), Ro(t,2)) do = gluo(t,2), Rolt, z)). (6.15)

Lebesgue’s dominated-convergence theorem now implies the convergence in LP((0,7) x Q). It remains
to show the convergence of the traces of ¢, R.. Since 0; R. is constant on every microscopic cell, we also
have that 7:(0,R.)(t, x, ) is constant for almost every (¢, z). Hence, using the trace inequality, we obtain
(with V (Te(e 710, Rc) — g(uo, Ro)) = 0)

| Te(e7 0uRe) — g(uo, Ro)|Lo((0,m)x0xT) < C|Te(e™ 0 R:) — g(uo, Ro) |l Le((0.1)x2xy#) — 0.

Last, we consider the convergence results in (iii). The compactness results (6.10) and (6.11) with the
properties (6.7), (6.8), (6.9) for the limit function wg are shown in Lemma 4.9 of Ref. 73 and Corollary 5.2
of Ref. 73. Moreover, (6.12) can be concluded from (6.11) and the strong two-scale convergence of F- 1,
which is given by Lemma 6.2 below, by a standard argument. (Use the unfolding operator and the fact
that a product of a weakly L?-convergent and a strongly L2?-convergent sequence, which is additionally
uniformly essentially bounded, converges weakly in L2-sense.) The strong convergence of Q.(t) in L?() to
Qo(t) was shown in Lemma 4.8 of Ref. 73 for almost every ¢ € (0, T) similarly as in Ref. 2 (where different
boundary conditions were considered). The uniform pointwise upper bound for [g.(t)| z2(q.) for almost
every t € (0,7 leads to a uniform pointwise upper bound for the extension |Qc(t)]z2(q) for almost every
t € (0,7). Thus, Lebesgue’s dominated convergence theorem provides the strong convergence Q. — Qg in
LP((0,T); L*(2)) for every p € [1,00). We note that the a priori estimates and the compactness results of
Ref. 73 are formulated pointwisely with respect to time but can easily be adapted to the time-dependent
two-scale convergence, since the time variable only acts as a parameter, see also Ref. 16 for results on the
parameter-dependent unfolding operator. O
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As an immediate consequence of the strong convergence results for R, and 0;R., we obtain strong
two-scale compactness for the coefficients in the transformed equations. Therefore, we define the limit
transformation ¢y and its Jacobians with respect to the microscopic variable by (see also (2.4) for the
definition of v)

Bo(t, ) = D(Rolt,2), 5) = (Ro(t2) — Runan) =2y x(ly — ),
dolt,w,y) =y +do(t,z,y) =y + (Ro(t,2) — Runax) femmp X (ly — m|).

Thus, ¥o(t,z,-) is a diffeomorphism from Y* onto Y*(¢,z) for a.e. (t,z) € (0,7) x Q with inverse
Yo Lt x,y) = v Y (Ro(t,x),y) for y € Y*(t,z). Moreover, we define analogously to the e-scaled setting

Fy =V, Jo = det(Fp), Ag = JoFyt, Do = JoFy, 'DE;T. (6.16)

In the following lemma, we show the strong two-scale convergence for the derivatives of .. Since the
coefficients F., A;, D, and J. in the weak form (2.14) can be expressed as rational functions of the
derivatives of 1., we can conclude the strong two-scale convergence for them in Lemma 6.2 afterwards.

Lemma 6.1. Let R, be the subsequence from Proposition 6.2 and 1. be given by (2.5) and Ve be given
by (2.6). Then, it holds
eldl=1g, 1/15 5%1#07
elola,, Ve 22 8, Vo,
el1710,0,, e = €710, e 22> 0,0,,30 = 040y, %0
for all o € Nj.

Proof. We follow the argumentation of Ref. 72. We note that R, 22, Ry and 0; R, 22, 0t Ry yield the
pointwise convergences TR (t,z) — Ro(t,z) and 0, T-R.(t,z) — 0:Ro(t, ) for a.e. (t,z) € (0,T) x Q for
a subsequence. By employing the continuity of r — 0, ¢ (r,y) and r — 0, 0i)(r,y) for o € Nij |, we
obtain
el T 0, ety y) = &7 0y, Tedbe (b, 2, y) = 0y, (P(TERe(t, ), { [ 1+eud)
= 0y Y(TeRe(t, ), y) — Oy, P(Ro(t,2),y) = 0y, o(t, 2,y)

and
el TL0,0,, Ve (t 2, y) = €710y, Te0we (8, 2, y) = 0y, 0 (P(T2R=(t, ), {[] + ey}))
= 0y 0 (Y(T-Re(t, ), y)) = 0y, Ot (T-Re(t, ), y) O, T-Re (1, @)
— 0y, IRV (Ro(t, ),y)0: Ro(t, ) = 0y, stbo(t, 2, y)
for a.e. (t,z,y) € (0,T) x Q x Y. Then, we obtain glol=1770, 1&5 — Oy 1/30 and 5“1‘717'6%(%1&5 — &yaétﬁzo
by Lebesgue’s convergence theorem, which yields el®l=14, 1/15 6 Lo and gl*1=18, 1), 2P, Oy L Ostho.
Since this argumentatlon holds for every arbitrary subsequence, it holds for the whole sequence. Since

F. = 6ww5 + W and Fy = aywo + ¥, we can transfer the convergence to F.. Moreover, it can be easily
observed that 0y, = 6t¢5 as well as 0y = 8t¢0 O

Lemma 6.2. Let R. be the subsequence from Proposition 6.2. Then, it holds for every p € [1,00) that

F 2 Ry, L 2i> Jo, JIVEL ot o AR F*1
D. 2% Dy, Ao 2 A, A—1 2P, AGY, ed A 2B 0, Ay, (6.17)
c0, ATV 2P 0, ASY 00 2B 0dy, e 0n0ithe 2D 040,000,

The convergence of J. is also valid on the surface T'..

Proof. The convergences of F.,J. and D, were shown in Corollary 8 of Ref. 31 using the structure of
1. and the strong convergence of R.. In Lemma 3.3 of Ref. 71, Lemma 10 of Ref. 72 and Lemma 4.6 of
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Ref. 73, a more abstract argumentation was used in order to provide additionally the strong convergences
for J71, F-1, Ao, At 20, A and €0, AZ! from the first two convergences of Lemma 6.1. The strong two-
scale convergence of J. follows with the two-scale convergence of e ~10;0,1. by the same argumentation.
For sake of completeness, we recap this argumentation briefly. First, we note that the convergence of
F. = V¢! is given by Lemma 6.1. Since J. = det(F.) is a polynomial with respect to the entries of F.,
the strong two-scale convergence can be transferred on J.. Having the bound for J. > c¢; from below, we
can transfer the strong two-scale convergence of J. to J 1.

In the next step, we notice that all other terms on the left-hand side in (6.17) can be represented as
polynomials with respect to the entries of V)., €0,0,%c, 0:V)e, €040,0:1- and J=1. Their convergences
are provided by Lemma 6.1 and, thus, can be transferred to these polynomials, which yields (6.17).

The strong two-scale convergence of J. on the surface I'. follows with the same argumentation and
using the unfolding operator for periodic surfaces in the proof of Lemma 6.1. O

Finally, we have the following weak compactness result for the time derivative of J.u,:

Corollary 6.1. Let Iu\g denote the zero extension of Jous. Then, it holds up to a subsequence that
&, (j—u\) — 0u(Buo)  weakly in L2((0,T), H-1(Q)), (6.18)

where the porosity 0 is defined in (3.2).

Proof. This proof was shown on p. 133-134 in Ref. 31 for slightly different boundary conditions and can
be easily adapted to our setting. We emphasise that in our notations we have

0(t,z) = [Y*(t,2)| = f

dy:f JO(tax7y)dy 0
Y*(t,x) Y *

6.2. Proof of Theorem 3.2

Now, we are able to prove our main result Theorem 3.2, i. e. pass to the limit € — 0 in the weak formulation
of the microscopic model. The ODE for Ry in (3.3d) — (3.3e) follows directly from Proposition 6.2(ii).
The Darcy law in (3.3f) — (3.3g) was derived in Ref. 73 for a given evolution of the microscopic domain
(with the same properties of ¢.). Hence, the results are also valid in our setting. However, for the sake
of completeness, we will sketch here the essential steps and also use a slightly different proof with an
orthogonality argument, see Lemma Appendix B.1 in the appendix, to obtain the two-pressure Stokes
model, which was also used by Allaire in Ref. 37. This alternative proof is of interest in itself and provides
a method for dealing with Stokes problems in evolving domains. Further, throughout the proof, we work
on the fixed reference element and additionally formulate the cell problems and the Darcy velocity on
the fixed reference cell Y*. Finally, the derivation of the macroscopic transport equation (3.3a) — (3.3¢)
follows similar lines as for pure diffusion without convection in Section 5.2 of Ref. 31 and, therefore, we
will focus only on the convective term in our proof below.

We start with the derivation of Darcy’s law, where we mainly follow the ideas of Allaire in Ref. 37, and
first obtain a generalised two-pressure Stokes model for evolving microdomains. For this, we introduce
the space

Y= {n ELA(Q, Hly, o(Y*)")
(6.19)

Vy'nz(]ianY*,Vx-J*ndyz()inﬂ}
Y

with H!

per,0

(Y*):={ve H., (Y*) : v=0o0nT}. We also define the subspace

VP =V A CP(Q, H,, o (Y*)™).

per,0

The space V* is a dense subspace of V. For n € V* and ¢ € C§°(0,T), we choose

n(t, ) == AZY(t)n (m g) (6.20)
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as a test function in (2.14c) to obtain after integration with respect to time and using A. : Vn. =
PV - (n (~m, ;1)) =YV, -n (-m, ;”), where the notation is used to clarify that we insert the same variable
in both arguments,

T T T
52J f Jees(ws) : 66(776) dedt — J J‘ 4V N (‘T77)wdxdt
0 Ja. 0 Ja. €

T T (621)
T

= g2 f J Jeee (Ophe) : ec(ne) de dt + J f [JEAE_ThE — Vpb] n (:U, 7) ¥ dx dt.
o Ja. o Ja. €

From the strong two-scale convergence results in Lemma 6.2 and the strong two-scale convergence of
n (-, g), which follows from the oscillation lemma Lemma 1.3 of Ref. 3, we obtain that the unfolded
sequence Tz (ge-(n.)) converges strongly in L*((0,T) x Q x Y*) to eq(Ay 'n)y for s € [1,2) and, therefore,
(up to a subsequence) also pointwise almost everywhere in (0,7) x Q x Y*. Further, it holds due to the
essential bounds for F-' and AZ! (and its derivative) almost everywhere in (0,7) x Q x Y'*

7 (v (- 2)l)-

Since the right-hand side converges strongly in L2((0,7) x € x Y*), Lebesgue’s dominated-convergence

Te(eectn)l < € ([eTe (Vam ()| +

g

theorem implies ee. (1) 22, eo(Ag'n)y. Further, Lemma Appendix A.2 implies that

le<(Pehe )20, myx0.) < C

for a constant C' > 0 independent of €. Hence, the first term on the right-hand side in (6.21) is of order ¢
and vanishes for ¢ — 0. Using the compactness results from Proposition 6.2 and Lemma 6.2, we can pass
to the limit € — 0 in (6.21) and obtain almost everywhere in (0,T)

J f Joeo(wy) : 60(145177) dydz — J J [JOAaThO — Vpb] -ndydx = 0.
QJY* QJy*

By density this result is valid for all € V. The left-hand side defines a functional on L*(€, H] ., o(Y*)").
Due to Lemma Appendix B.1 in the appendix, there exist Py € L®((0,7T), Hi(Q2)) and g1 € L*((0,T) x
Q x Y*)/R such that for all n e L%(Q, H!,, ,(Y*)") it holds almost everywhere in (0,7) that

per,0
J J Joeo(wp) :eo(Aaln)dydx—i-f VP0~77dyda:—J J @1Vy -ndyde
QJyx QJy= QJy=

:fj Joho-Aglndydx—JJ Vpy, - ndydz.
QJy* QJy*

Repeating the arguments above, where we choose as the test function in (6.20) the function 7 as 7 €
Coo (2, Oy o(Y*)") with V,, - = 0, and subtracting the resulting equation from (6.22), we obtain by a
(Y*)") with V,, - n = 0 almost everywhere in (0,7")

density argument for all n € L?((Q, Hg)er,O

JJ VPO‘WdyJFJJ QoV, -ndydx = 0.
QJY* QJy*

Using Lemma 2.10 of Ref. 3, we obtain Py = Qo = po — pr (where pg is the limit of p., see also
Proposition 6.2) and, in particular, py € L?((0,T), H*(f)). Altogether, replacing n with Agn (which is
still an admissible test function) in (6.22), we get almost everywhere in (0,7)

(6.22)

J J Joeo(wo):eo(n)dydx+f f Ango«ndyda:—J J 1 Vy - (Aon) dydx
QJY* QJy* QJy*

(6.23)
= J J Joho - ndydz.
Q Jy*
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In other words, the triple (wo, po, ¢1) is the unique weak solution of the two-pressure Stokes model

—Vy - (Ageo(wo)) + Ay Vapo + Ag Vyqi = Joho  in (0,T) x Q x Y*,

—Vy . (A()'w(]) =0 11 (0 T) x ) x Y*,
wo =0 on (0,7) x Q2 x T,
(6.24)
-V f Agwody = 0 in (0,T) x Q,
v

Po = Db on (0,T) x 092,
wo, q1 18 Y-periodic.

An elementary calculation shows that for all £ € R™ it holds almost everywhere in (0,7") x  x Y* that
Jo€ = Ag [V (Yo —y) - )] + Ag&. (6.25)

Hence, we can write the first equation in (6.24) as

—Vy - (Ageo(wo)) + Ag Vy [a1 — (0 — y) - ho] = Ag [ho — Vapo] -
We emphasise that this substitution holds also for the weak formulation, where we note that (g —y) - ho,
Al and the test functions are Y-periodic and that the test functions are zero on I'. This leads to the
following cell problems on the fixed reference element Y*: We denote for ¢ = 1,...,n by (w;,m;) €
L*((0,T) x Q,H}, o(Y*)™) x L*((0,T) x Q; L*(Y*)/R) the unique weak solutions of the cell problems
~V, - (Ageo(w;)) + AJVymi = Aje;  in (0,T) x Q x Y*,

Vy - (Agw;) =0 in (0,7) x Q x Y™, (6.26)

w;, m; are Y -periodic.
Since the two-pressure Stokes problem (6.24) admits a unique weak solution, we obtain from the linearity

of the problem the following result:

Corollary 6.2. It holds that

wp = Z(ho — Vapo)iws,
izl

@ = (o —y) - ho + D, (ho — Vapo)imi

i=1

and the Darcy-velocity v* is given for almost every (t,x) € (0,T) x Q by

'U*(t, x) = A()'U}O dy = K*(ho - Vpo) (627)
Y ¥
with the permeability tensor K* € L*((0,T) x Q)™*™ defined by (fori,j =1,...,n)
K} = f Joeo(w;) : eg(w;)dy = J Age; - wjdy. (6.28)
Y * Y

In particular, it holds that V - v¥ = —0;0 with the porosity 0 defined in (3.2) and, therefore, py satisfies
the Darcy law (3.3f) - (3.3g).

Next, we consider the transport equation and derive (3.4). As a test function in the variational equation
(2.14a) we choose ¢(t, ) = ¢o(t, ) +e¢1 (t, 2, L) with ¢g € CF(2) and ¢1 € CF((0,T), CF(Q,CL.(Y)))
to obtain after integration with respect to time:

LT <at(J€u€) G0t en (t’ - ?m> >Hsg<na>',H;Q<na> a
+ LT Le [D-Vu. —uAcwe] - Voo +eVoon (t2.2) + Vyon (12,2 ) | dat (6.29)

:LT JQE Jo Iy [¢0 + e (t,:c, g)] dxdt — pLT LE Jeg (ug,eﬂRE) [(;50 + e (t,x, g)] do dt.
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Using the convergence results from Proposition 6.2, Lemma 6.2 and Corollary 6.1, we can pass to the
limit ¢ — 0. For more details on the treatment of the non-convective terms, we refer to Section 5.2 of
Ref. 31 and Theorem 17 of Ref. 72, in particular for the boundary term.

Using integration by parts with respect to the microscopic variable y and using V,, - (Agwg) = 0 (see
Proposition 6.2(iii)), we have

JOT JQE ue Acwe - [V¢o +eVedn (t, ) + Vo1 (t z, 7>] dzdt
EHOJ J fy* (t,z)Ao(t, z,y)wo(t, z,y) - [Vo(t,z) + Vyé1(t,z,y)] dy dz dt

J J ug(t, z)v* (t, ) Vo (t, ) dxdtfj J olt, ) (Aowo)gbl(tzy)dydzdt
v

= f f UQU*V¢0 dz dt.
0 JQ

Hence, for ¢ — 0, we obtain from (6.29) the limit equation (neglecting the arguments of the functions for
a simpler notation)

T
J (0(Oug), o) 1(Q),H}( )—JO L ugv™* P da dt

T
+ j J Dy [V’U,O + VyU1] . [V(ﬁo + Vy(ZM] dydzdt = f 0fody — p|F(t, x)|6tR0¢o dz dt
QJy=* 0 Ja
(6.30)
with the porosity 6 defined in (3.2). In the last term, we can replace 00 = —|I'(¢,x)|0;Ro. By density,
this equation is valid for all ¢o € L*((0,T), Hy(€2)) and ¢y € L*((0,T) x Q, H}..(Y*)). We emphasise

that we also used the L*((0,T") x Q)-bound for uy here. By standard arguments from homogenisation
theory, see for example Ref. 3, we obtain by choosing ¢y = 0 that u; admits a representation of the form

n
’U«l(t,ﬂ?,y) = Z ainO(tax)Xi(tvxay)
=1

for almost every (t,z,y) € (0,T) x Q x Y*, where x; € L*((0,T) x Q, H},(Y*)/R) are the unique weak
solutions of the cell problems

—Vy . (DO(Vyx,» + €i)) =0 in (O,T) x ) x Y*
—Do(Vyxi+e) v=0 on (0,T) x Q x T,

X: 18 Y-periodic, J x:dy = 0.
Y ¥

(6.31)

We define the homogenised diffusion coefficient D* € L®((0,T) x Q)"*™ for 4,5 = 1,...,n and almost
every (t,z) € (0,T) x Q) by

D;"j(t, x) = S Do(t,2)[Vyxi(t,z,y) + €] - [Vyx;(t,z,y) + e;] dy. (6.32)

Note that the right-hand side depends on the transformation vy and, therefore, on the radii Ry.

6.3. Transformation of the cell problems back to the evolving domain

Instead of the cell problems (6.26), we can consider the cell problems in the evolving domain, which
corresponds to the two-scale back-transformation illustrated on the right-hand side of Figure 1. This
relation was already obtained in Ref. 73 and this cell problem on the evolving micro-cell was already
derived by formal methods in Ref. 66. We have the following formulation: Find (w;,7;) € L*((0,T) x
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Q; H!

dero(Y¥(t,2))) x L*((0,T) x Q; L*(Y*(t,2))/R) such that
=V, - (e(w;)) + Vymi = e in  Y*(t,2),

V, - =0 in  Y*(t,2), (6.33)

w;, T; are Y-periodic, j w(t,x,y)dy =0
Y ¥ (t,x)

for almost every (¢, z) € (0,T) x . (The Bochner spaces of vector-valued functions with range depending
on the domain of definition are defined via restriction, see for example Ref. 45). Using (6.25), we observe

that wz(t7 €T, y) = ’Ll]i(t, Z, 1/1(;1(t7 €T, y))7 ﬁz(ta z, y) = ﬂ-i(t7 T, 1/61(75’ €T, y)) - (wal(ta L, y) _y> up to a constant
depending on t and x, where (w;, ;) is the solution of (6.26). Having this relation, the permeability tensor
(6.28) can be transformed accordingly, which yields

K*(t, )i = J e(w;) : e(w;) dy = J ei - w; dy, (6.34)
Y* (t,x) Y*(t,x)

where the second equality is obtained with (6.33). With the periodicity and the divergence property, it
can be shown that for p € H!  ,(Y*) with V- = 0 it holds that

per,0
f (Vi) " : Vpdy = 0.
Y#(t,2)
Thus, in (6.33), the symmetric gradients eg(w;) can be replaced by %Vﬁ)i, and therefore K* is given by
K* (t,.’l?)ij = % J VIZ]Z‘ : Vﬁ}j dy

Y (t,2)

(6.35)

By the same argumentation, the symmetric gradient can be replaced in (6.24), (6.26) and (6.28).

Following Ref. 71, we obtain that the representation of D* is independent of the transformation g
included in the diffusion coefficient Dy as an integral over the evolving reference element Y* (¢, x). More
precisely, we have

D’z‘](t7x) = J‘ D[f{z(t;i&y) +ei] : [)Z](t,x,y) + ej] dyu (636)
Y ¥ (t,x)
where x; € L*((0,T) x Q,H}.(Y*(t,x))/R) are the solutions of the following cell problems on the
evolving reference element Y*(¢, x) for almost every (t,z) € (0,T) x €
*vy : (D(Vy)zl + 61)) =0 in Y*(t,l’),
—D(Vyxi+e) - v=0 on I'(t, x), (6.37)
X; is Y-periodic, J Xi(t,z,y)dy = 0.
v

Between y; and y;, the following relation holds for almost every (¢, z,y) € (0,T) x Q@ x Y* (up to a
constant depending on ¢ and x):

)Zi (t,.’[,'@/)o(t,l’,y)) = Xl(t,l',y) + (y - 1/’0(@%9)) " €.

Now, we proceed with the macroscopic equation. Choosing ¢ = 0 in (6.30) and using the definition of
D* we obtain by a standard calculation

T T
f (0¢(Ouo)s bo)r—1(0),m1(0) — J J ugv™ dpo d dt

0 o Jo
(6.38)

T T
+ J f D*Vug - Veodrdt = f J 0fpo + p0b¢o da dt
0 Ja 0o Ja

for all ¢ € L2((0,T), H}(R)), which is precisely the variational equation for ug in the weak formulation
of the macroscopic model in Definition 3.1. It remains to establish the initial condition uy(0) = u'®, see
also Remark 3.1, where it suffices to show (fug)(0) = #™u!™. This follows by integration by parts with
respect to time in (6.29), choosing ¢; = 0 and passing to the limit ¢ — 0 and comparing the resulting
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equation with (6.38). For more details, we refer again to Section 5.2 of Ref. 31. Note that the homogenised
equations in Ref. 31 contain additional terms on the right- and left-hand side which cancel each other.
In fact, the origins of these terms in the e-scaled model already cancel each other, see also Ref. 72, and
they do not appear in the homogenisation process and the e-scaled weak form here. Consequently, the
homogenised equations of Ref. 31 and Ref. 72, in which advection is not considered, coincide, whereas
(6.38) contains the additional advective transport term. This completes the proof of Theorem 3.2.

7. Conclusions and outlook

Developing a rigorous homogenisation approach, we derived an effective reactive transport and flow model
consisting of an advection-reaction—diffusion problem coupled to Darcy’s equation with effective coeffi-
cients (porosity, diffusivity and permeability) defined via cell problems, which depend on the macroscopic
position and evolve in time. In particular, the evolution of these cells depends on the macroscopic con-
centration. Thus, the cell problems (respectively the effective coefficients) are coupled to the macroscopic
unknowns and vice versa, leading to a strongly coupled micro-macro model. This limit system is obtained
by upscaling a coupled Stokes flow and advection—reaction—diffusion problem in a perforated domain with
an evolving microstructure of size e, in which reactions at the boundaries of the microscopic interfaces
lead to the formation of a solid layer, which is modelled to be radially symmetric with a variable a priori
unknown thickness induced by the advection-reaction—diffusion process.

The approach strongly relies on the regularisation induced by the restriction to a radially symmetric
solid layer. While the recovery of well-posed limit problems seems to be out of reach for a fully general
evolution of the microstructure, slightly more general models might still be manageable within this
framework and this is a subject of further investigation. E.g. if the growth/shrinkage of the solid layer is
restricted to occur in normal direction only, this can be handled by the same methods in principle at the
price of having to restrict to local results with respect to time. A critical aspect is that the local-in-time
existence interval remains independent of €. However, this can be obtained from a uniform bound on the
growth function g in Assumption (Al).

Appendix A. Properties of the domain transformation

In this section, we summarise some technical details on the transformation .. Most of the following
results were shown in Ref. 72 or Ref. 31 for a similar transformation. For the sake of completeness, we
sketch the proofs.

More precisely, we show several e-scaled a priori estimates for the transformation ., which was
defined in (2.6), as well as its Lipschitz-continuous dependence on the radii. We employ these properties
for proving the existence and uniqueness of a microscopic solution of (2.14) and for the derivation of
e-independent a priori estimates of the solution. Moreover, in Lemma 6.2, we show that several two-
scale convergence results for the transformation . follow if R. converges. We will use this convergence
in order to pass to the two-scale homogenisation limit. The direct two-scale limit problem as well as
the homogenised problem contain coefficients which depend on the limit of ¥, for € — 0. Nevertheless,
we show in the Subsection 6.3 how the cell problems and effective tensors can be transformed back
on reference cells, the domains of which depend on their macroscopic position and time. Thus, the
homogenised problem and the cell problems become independent of the transformations . and its limit.
Having this in mind, the transformation . is reduced to a tool for proving existence and uniqueness of
the microscopic problem, as well as the homogenisation.

In order to enhance the understanding of the e-scaled diffeomorphisms 1., we note that (2.6) and
(2.4) yield

1/)s(t>33) =T+ 51/} (E_IRE(t7x); {g}) - {g}
= e[Z] + e (e Re(t,2); {2}) -
Thus, 1. is nothing but a union of diffeomorphisms (5*1]%E (t,z); ) for every e-scaled cell. Hence, the

bijectivity of (5*1]%E (t,z); ) from Y* onto Y:—lRE(t ») can be transfered into the bijectivity of 1. (¢, -)
from Q. onto Q. (¢).

(A1)
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Moreover, the e-scaled estimates for 1. are obtained from corresponding results for (sflRe(t, x); )
which are independent of R..

Lemma Appendix A.1 (Cell transformation). Let x € C*([0,00);[0,1]) be monotonically decreas-
ing with x(A) = 1 for A < Rpax and x(A) = 0 for A\ = (Rmax + 0.5)/2. Then, ¥(R,-) as defined in (2.4)
is a diffeomorphism from Y* onto Yji for every R € [Ruyin, Rmax] such that

Y(R;Y*)=Yj for every R € [ Rmin, Rmax]s
Y(R;z) == for every R € [Rumin, Rmax], T € Y\Y("I}nmJroﬁ)/27
Hw(R7 )HC%?) <C fO?” every Re [Rmina Rmax];
det(0,0(r;x)) = ¢y for every R € [Ruin, Rmax], T € Y™,
R ¢(R;) € C*([Rumin, Rimax], C*(Y*)™)).
Proof. After translation, we can assume without loss of generality that m = 0 and Y* =
(-3, %)" \BRg,,...(0) (and, similarly, we redefine Y}5). First, we consider ¢ as a function from R™\{0}
into R™. With a(\) == A+ (R — Rumax)Xx(N), for A = 0, we can write 1 in the following way for y € R™\{0}
Yy

¥(y) = a(|y|)m~ (A2)

Since  is decreasing and R — Ryax < 0, we obtain that « is strictly increasing. Hence, with a(Rpax) =
R and limy_o a()\) = o0, we get that a : [Rpax,©) — [R,00) is bijective. This implies that ¢ :
R™\Bg,,.,(0) — R™\Bg(0) is bijective. In fact, for z € R™ with |z] = R, there exists A\, = Rpax such
that a(A,) = |z|. For y == A= 5, we get from (A.2) that ¥(y) = z and, therefore, ¢ is surjective. For
y1,y2 € R™\Bpg,_ . (0) with ¥(y1) = 1¥(y2), we obtain (taking the absolute values), using again (A.2),
that a(|y1]) = a(|yz2|), and the bijectivity of a gives |y1| = |y2|. In particular, this implies y; = ya, so
¢ : R™\Bg,,... (0) = R™\Bg(0) is injective. Finally, since 1(y) = y for y = 1(Rmax + 0.5), we obtain that
Y Y* — Y[ is bijective.

Moreover, since 1 is smooth with respect to both arguments, ['(R; )]z is uniformly bounded
with respect to the parameter R in the compact set [Rpax, Rmin]. The essential uniform boundedness of
det (0,1 (r; z)) away from 0 follows from the continuity of det(d,1) on the compact set [ Rmin, Rmax] X Y *
and the pointwise positivity in one point, which can be shown by an explicit calculation. O

We note that the construction of ¥(R;-) by (2.4) does in fact not give a diffeomorphism from Y
onto Y. In Ref. 72, a diffeomorphism with the same properties from Y onto Y was constructed. Further,
the corresponding cell displacement (R, y) vanishes at dY and, thus, ¥(R;-) € C% (Y*;R") for all

per
R € [Ruin, Rmax]- Next, we transfer the radius-independent estimates of Lemma Appendix A.l into

e-uniform estimates for . with the following lemma.

Lemma Appendix A.2. Let R. € WL ((0,T), L?(Q)) n L®((0,T) x Q.) be constant on every micro
cell with |0y Rz | L= (0, 1yx0.) < Cg and e ' Re € [Runin, Rmax]. Let ¥, be defined via (2.6) with its Jacobian
matriz F. = 0. = V] and Jacobian determinant J = det(F.). Moreover, let D., A. be given by (2.10),
(2.9). Then, there exists constants C,« > 0 such that almost everwhere in (0,T)

e e —ido. |l Lo,y + 1 Fell po(a.) + el oo, < O

(A.3)
€)|0aFel e,y + € 1Dadell o (o) + € 100 el o) < C (A4)
e 0stell oo g,y + 102058 | Loy + 196 Tel ooy < Cs (A.5)

(A.6)
(A7)

Je(t,x) = ¢y,

("D{ =" JLF'DF-T¢ = a|¢)? for all ¢ e R™.
Moreover, we obtain for every v e Hf ()

(€% (v), AL V) = a [Vo[72(q,) (A.8)
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. (Q7 v'(AEU))QE
inf sup
4€L2(Q) veH}_(0.) € HVU”Lz(QE) ||QHL2(Q€)

> B. (A.9)

Proof. The estimates (A.3)—(A.6) are proven in Ref. 31, 72. They follow by elementary calculations via
scaling the estimates of Lemma Appendix A.1, which we carry out for (A.6) as an example,

Jo(x) = det(0,¢:(t, x))) = det (€0,0 (5_1R€(t, 2);{£})) = det 0y (Re(t,x);{%})) = ¢4

The coercivity (A.7) is shown as part of the proof of Proposition 4.1 in Ref. 71. It follows from (A.3)
and (A.6). The uniform coercivity (A.8) is shown in Lemma 3.6 of Ref. 73 using a uniform Korn-type
inequality for two-scale transformations. The inf-sup condition (A.9) is shown in the Proof of Theorem
3.1 of Ref. 73 by means of an e-scaled right-inverse of the divergence operator, which is based on the
extension operator developed in Ref. 65, 2. O

As already mentioned above, these estimates and particularly the explicit dependence on ¢ are for
technical reasons and crucial for the a priori estimates and the homogenisation. Let us point out some
properties in more detail. The inequality (A.3) shows that the transformation 1. is close to the identity
and oscillations are small but leads to macroscopic effects for the derivatives of ¥.. Further, (A.6) means
that no volume is “compressed” to one single point. Finally, (A.7) and (A.8) give coercivity for the
transport equation and the Stokes equations in the fixed coordinates. The following inequalities are used
to establish the uniqueness of the micro-model in particular and, for this, the explicit dependence on
€ is not necessary. Only for J., an e-uniform bound is necessary for the strong two-scale convergence.
However, for the sake of completeness, we formulate the precise dependence on ¢ in all inequalities.

Lemma Appendix A.3. Let Rl R? fulfill the assumptions of Lemma Appendiz A.2 and let ¥, i €
{1,2}, be given by (2.6) and F¢, AL, D¢, accordingly. Then, the following estimates hold almost everywhere
n (0,7):

e ve - wSHL«”fv(QE) +|F - FEHLOO(Q ) S e'C|R: - RzHLT(Q )

|42 = A2l oo, + 102 = D2l oy + 12 = T2l o,y <7 C R = B2 g
e0a(AZ = AD oo,y < €T COR: = B g

et 0w = 2| o,y S €O R = B oy + 67 C (R = B 2y
Hva”/’; - Vat(ﬁ”m(@ ) <e'C HRl - REHB(QE) +e'C Hat(Ri E)”L%QE) ’
0Tz — atJ2HL2(Q y<e'C |R: - g”p(ﬂg) +e O ou(R: - Rg)”p(ﬂg) :

Proof. We note that Lemma Appendix A.1 provides R — ¥(R;-) € C®([Ruin, Rmax], C2(Y*)™)). Thus,
1) as well as all its derivatives depend Lipschitz-continuously on R. After rescaling, this can be carried
over to 1. via (A.1), which yields the Lipschitz estimates above. For the Lipschitz estimate of D, the
Lipschitz estimate of F- ! is used in addition. This, estimate can be obtained by the Lipschitz estimate of
F. and the uniform bound J. > c¢; from below. We note that, for the Lipschitz estimate of A, = J.F_

this is not necessary since A, is the adjugate of F., and, thus, is nothing but a polynomial with respect
to the entries of F. O

Appendix B. Auxiliary results

In this section, we summarise some technical results important for the treatment of our problem. We
start with a two-pressure decomposition:

Lemma Appendix B.1. Let the space V be defined as in (6.19). We denote its annihilator in
L3(Q, HY., o(Y*)™) by VL. Then, it holds that

per,0

= {Vmpo +Vyp1 € L? (Q, Héer O(Y*)n)/ S Po € Hé(Q)u p1 € Lz(Q x Y*)/R}~



October 29, 2025R,19:58 WSPC/INSTRUCTION FILE 0

utput
igorous homogenisation of reactive transport and flow qu)Hy coupled to an evolving microstructure 39

Proof. Similar results can be found in Lemma 1.5 Ref. 37 and Section 14 of Ref. 14. For a detailed proof
(for thin domains, which can be easily transferred to our situation), we refer to Lemma 5.3 and Remark
5.5 of Ref. 24. a

Next, we show that, in the case of symmetrical inclusions in the perforated reference cell Y* (in our
case simply balls), we get a simplified structure for the homogenised diffusion coefficient and permeability
tensor. More precisely, in the special situation when the perforations are balls, we get that the homogenised
diffusion coefficient D* and the permeability tensor K* in Section 3 are scalars, which we formulate in the
following lemma for the permeability tensor (the proof follows similar lines for the homogenised diffusion
coefficient). Here, we consider Y* := (-1, %)n \B,(0) with r € (0, 3), and define the permeability tensor
K*eR"™" fori,j=1,...n via

Kij = J wj - e;dy, (B.1)

v

where (w;, ;) solve
—Ayw; +Vymj=¢; inY¥
V, w; =0 inY¥
v (B.2)
wj =0 on T,
w; is Y-periodic.

The following result is well-known in the literature, but we were not able to find a proof which is why we
give its short proof for the sake of completeness.

Lemma Appendix B.2. The permeability tensor K* fulfills K;; = 0 for i # j and K;; = Kjj; for all
i,j =1,...,n. In other words, there exists k > 0 such that K = kE,.

Proof. Let R € R"*" be an orthonormal matrix. More precisely, we assume R = R’ = R™'. Later,
we will choose R as a reflection at a hyperplane through the origin. We define w;(y) := Rw;(Ry) and
7j(y) == m;(Ry). Hence, an elementary calculation shows that (w;,7;) solves (B.2) with e; replaced by
Rej.

Now, for fixed j € {1,...,n}, we choose R with Re; = —e; and Re; = ¢; for i # j, i.e. Ry =
(Y1, Yj—1, =Yj, Yj+1,-- - s Yn). Then, (—w;, —7;) is also a solution of (B.2) and, therefore, w; = —wj.
We get after transformation and using the definition of @; (using |det(R)| =1 and RT = R = R™!):

KZ“ZJ‘ wj-eidy:f R@j-eidy:—j wj - Re; dy.
Y Y * Yk

This implies that K is a diagonal matrix. In order to identify the diagonal elements K;; = K; for i # j,
we choose Re; = e;, Re; = e; and Re; = ¢; for [ € {1,...,n}\{7,j}. The same argumentation as above
yields @; is a solution of (B.2) with right-hand side e;. Therefore, we obtain @w; = w;, which yields

Kj‘:J‘ wj-ejdy=f ij.ejdy:J- wi-Rejdy=J wi-eidy=Kii.
Y* Y'* Y* Y*

Hence, we get the desired result with k := K;; (with i € {1,...,n} arbitrary). a

We have the following well-known trace inequality for heterogeneous domains 2., which can be ob-
tained by a standard decomposition argument.

Lemma Appendix B.3. Let p € [1,00). For every u > 0, there exists a constant C(u) > 0 independent
of € such that

1
v |uelrer.) < ClW)lluc|rr(a.) + e[ Vel e a.)
holds for all u. € WHP(€,).

Finally, we show that the solution operator for a saddle-point problem is locally Lipschitz continuous.
We formulate this result for an abstract saddle-point problem.
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Lemma Appendix B.4 (Lipschitz continuity of saddle-point problems). Let V,Q be Banach
spaces and

={aeBil(V,V) | |a|g; < and a(v,v) > « ||v||%/ for an a >0 and allve V}, (B.3)

= (e Bil(Q,V) | |bly < 0 and _inf  sup b(g,v)/(lalglvlv) = B fora >0},  (B.4)
q€Q\{0} yev\{0}

where for a € A and be B

la(v, w)]
lallgy = sup (B.5)
B wevvoy vl lwly
b(q, v)|
I6]lg; = sSup (B.6)

qeQ\{0}, veV'\{0} lvlly HQHQ
Let L: Ax Bx V' xQ — V x Q be the solution operator of the following saddle-point problem with
L(a,b, f,g) == (v,p), where (v,p) € V x Q 1is the unique solution of
a(v,) +b(p,:) = f in V', (B.7
b(-,v) =g in Q' (B.8)

~—

Let v, By, Hy M > 0 and

A = {ae Alla|gy < H and a(v,v) = ag |v]} for allve V},

B%:={beB| inf sup bg,0)/(lalelv]v) = Fo},
q€Q\{0} ye1\{0}

={eV v < M},

Qu={deQ |||
Then, L is Lipschitz continuous on AJ x BPo x Vi; x Q4 and the Lipschitz constant depends only on
ag, Bo, H, i.e. there exists L(a, Bo, H) such that

Q=

”L(a/lablaflvgl) - ‘C(a'27b27f2ag2)”V><Q
< L{ao, fo, H) (M (lar = aslgs; + b1 = ballga) + (L1 = foly + g1 — 92101 ) ) -

Since the coercivity constant and the inf-sup constant depend continuously on the bilinear form, L is
locally Lipschitz continuous on A x B x V' x Q' in particular.

Proof. For i€ {1,2}, let (a;,b;, fi,9i) € A} x B x Vi, x Q4 and let (v;,p;) € V x @ be the unique
solution of the corresponding saddle-point problem (B.7)—(B.8), i.e
ai(vi,*) + bi(pi,) = fi in V', (B.9)
bi('a Ui) =0i in Q/' (Blo)
By applying the coercivity of a; and the linearity of the bilinear forms and the right-hand sides, we obtain
ag |00} <ay(6v, 6v)
= — 6b(p2, 6v) — 6g(0p) + 0b(dp, v2) + 6 f (0v) — da(ve, Iv)
< [6bllgs [p2lg 601y + 109l 19l g + 16bll5; [6P] g [v2lly,
+ 611y 16vlly + [6algy vzl [60]y -

We note that standard existence theory provides the following bounds for the solution (v;, p;) of (B.9)-
(B.10)

2|ail g

lvilly < o0 | filly + lgil o < CM, (B.11)

2
2 HaiHBil 2 Ha’iHBil

Iodg < 21dm 1, + 2o

CM, (B.12)
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where C' depends on H but not on M. Then, the boundedness of the bilinear forms and the right-hand
sides yields the boundedness of the solutions and we obtain

Qo H(SUH%/ < CM( 166] 531 60y + [16b] 55 H‘SPHQ + [[dal gy H(;UHV)

+C(Ioglg 199l + 18f1y. 9wl )- (B.13)
Moreover, employing the inf-sup estimate for b, yields
Bolléplg < [b1(-,0p) |y = [—a1(dv,-) = (6a)(va,-) + 6.f — 6b(-, p2)|y»

< llar]gy l6vlly + [6algs [lvally + 16 f1lyr + [6b]g3 HP2HQ .
Using the boundedness of the data and of the solutions, we obtain
Boloplg < C([6vlly + [6fly) + CM ([0alg; + [6b]5;) - (B.14)
Inserting (B.14) in (B.13) and applying the Young inequality yields for arbitrary A > 0
2
60l < CM ([18blq 13vly + Il Il )

+CM [6b] gy (|80]y + [6F]1y) + C M2 [16b] 5y (16l + [60]55)
+C 8gl g (160 + [8£1y) + CM [8g]l o (16aly + [8b] )
+[6£lv 160l

< CAMP(|0b]3 + [9all ) + Al0v] + Cx[6£15 + Cx |95, -

By choosing A small enough and taking the square root, we obtain

H(SU”V < CM(H(SbHBil + H(SaHBil> +C H(Sva' +C ||69HQ’ . (B.15)
Inserting (B.15) into (B.14) yields

lopllg < CM([[0b] gy + ldalgy) + C oSl + Clogle - (B.16)
Thus, (B.15)—(B.16) imply the local Lipschitz continuity of L. a

Appendix C. Two-scale convergence and unfolding

In this section, we briefly summarise the notion of two-scale convergence and the concept of the unfolding
operator. These methods provide the basic techniques to pass to the limit € — 0 in the microscopic
problem.

C.1. Two-scale convergence

We start with the definition of two-scale convergence, which was first introduced and analysed in Ref. 49
and Ref. 3, see also Ref. 43. Here, we formulate two-scale convergence for time-dependent functions.
However, the aforementioned references can be easily extended to such problems since time acts as a
parameter. For the initial data, we use the usual two-scale convergence for time-independent functions,
which can be defined in the same way.

Definition Appendix C.1. A sequence u. € L1((0,T), L?(Q?)) for p,q € [1,0) is said to converge in the
two-scale sense (in LYLP) to the limit function ug € LI((0,T); LP(2 x Y)) if the following relation holds

T T
limf f ue(t, z)¢ (t,x, E) dzxdt = J f f uo(t, z,y)P(t, z,y) dy da dt
e=0Jo Ja € o JalJy

for every ¢ € Lq,((O,T);LPI(Q,C’ger(Y))). In this case, we write u. 20p ug. For ¢ = p, we use the

. 2,
notation wu. =P UQ.
A two-scale convergent sequence u. convergences strongly in the two-scale sense to ug (in LILP) if

lim fJue| ago.7). 20 (2)) = luollLa(0.1), Lo (@xv))s
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. 2,q,p . . . 2,p
and we write u, —— ug in this case. For ¢ = p, we write u. —— uy.

In Ref. 6, 48, the method of two-scale convergence was extended to oscillating surfaces:

Definition Appendix C.2. A sequence of functions u. € L((0,T), LP(T.)) for p,q € [1,0) is said to
converge in the two-scale sense on the surface I'. (in LYLP) to a limit ug € L9((0,T), LP(2 x I")) if

hn(l)eJ- f ue(t, z)¢ tm )dadt JJJuotﬂcy)qﬁ(twy)daydxdt

holds for every ¢ € C ([0,T] x Q,CY,,(T')). We write u. 2ap

per

ug on I'. in this case. For ¢ = p, we use

the notation u. 20, up on I';.
We say that a two-scale convergent sequence u. converges strongly in the two-scale sense on I'. (in
LrL9) if

. 1
iﬂ% v |ue|Laco,r),o(r.)) = luollLa(o,r),Lr@x1)

” . 2,q, . . . 2,
additionally holds and we write u. 22, 44 in this case. For q = p, we write u. =P o on I'..

We have the following compactness results (see e.g. Ref. 3, 43, 48, with slight modification for time-
dependent functions):

Lemma Appendix C.1. For every p,q € (1,0) we have:
(i) For every bounded sequence u. € L1((0,T), LP(R)), there exists ug € LI1((0,T), LP(2 x Y)) such
that, up to a subsequence,

2,q,p

Uge ug-

(ii) For every bounded sequence u. € L((0,T),WLP(Q)), there exist ug € LI((0,T),LP()) and
uy € L9((0,T), LP(Q,WLP(Y)/R)) such that, up to a subsequence,

per

2,q,p
Ue Uo,

2
Vaue 222N g + Vyuy.

(iii) For every sequence u. € LI((0,T), WYP(Q)) with u. and eVu. bounded in LI((0,T), WP(Q)),
there exists ug € L1((0,T), LP(Q, WLP(Y))) such that, up to a subsequence, it holds that

per

2,q,p
Ue U,

2,q,p
eVue Vyup.

(iv) For every sequence u. € L1((0,T), LP(T';)) with

1
e [ue| a0, o (ry) < C,
there exists ug € L1((0,T), LP(2 x T')) such that, up to a subsequence,

2,q,p

Uge ug on ..

C.2. The unfolding operator

When dealing with nonlinear problems it is helpful to work with the unfolding method, which allows a
characterisation of weak and strong two-scale convergence, see Lemma Appendix C.3 below. We refer to
Ref. 16 for a detailed investigation of the unfolding operator and its properties. For a perforated domain
(here we also allow the case Y* =Y, i.e. Q. = Q), we define the unfolding operator for p, q € [1, 0] by

Te o L9((0,T), LP (%)) — LU((0,T), LP(Q x Y'*)),
7—5(’&5)(15,5[},?/) = Ue (t;E [g] + Ey) .
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In the same way, we define the boundary unfolding operator for the oscillating surface I'. via
Te: Lq((O,T),Lp(FE)) — Lq((O7T),LP(Q « 1—\))’
x
Telue)(ty) = ue (e[ ] +e).

We emphasise that we use the same notation for the unfolding operator on ). and the boundary unfolding
operator on I'.. We summarise some basic properties of the unfolding operator, see Ref. 16, generalised
in an obvious way to time-dependent functions with different integrability p and ¢:

Lemma Appendix C.2. Let ¢,p € [1,0].
(i) For u. € L1((0,T), LP(2.)), it holds that
I7=(ue)ll Lo 0,1, Lr(@xy*)) = [ucllnao,1),Lr(02.))-
(ii) For u. € L1((0,T), WP(§,)), it holds that
VyTe(ue) = eTe(Vaue).
(iti) For u. € L4((0,T), LP(T,)), it holds that
172 (ue) | Lo o1y, Lo xry) = 7 el oo,y 20 (0.))-

The following lemma gives a relation between the unfolding operator and two-scale convergence. Its
proof is quite standard and we refer the reader to Ref. 7 and Ref. 16 for more details (see also Proposition
2.5 of Ref. 68).

Lemma Appendix C.3. Let p,q € (1,00).

(a) For a sequence u. € L9((0,T), LP(K2)), the following statements are equivalent:
(i) ue 2OP g (ue 2ap up)
(1) Te(ue) — uo (Te(ue) = ug) in L1((0,T), LP(Q2 x Y)).

(b) For a sequence u. € LI((0,T), LP(T;)), the following statements are equivalent:

(i) ue 200 up (ue 200 ug) on I,
(1) Te(ue) — uo (Te(ue) = ug) in L1((0,T), LP(Q2 x T)).
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