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We consider the homogenisation of a coupled Stokes flow and advection–reaction–diffusion problem in a perforated
domain with an evolving microstructure of size ε. Reactions at the boundaries of the microscopic interfaces lead

to the formation of a solid layer, which is assumed to be radially symmetric with a variable, a priori unknown

thickness. This results in a growth or shrinkage of the solid phase and, thus, the domain evolution is not known
a priori but induced by the advection–reaction–diffusion process. The achievements of this work are the existence

and uniqueness of a weak microscopic solution and the rigorous derivation of an effective model for ε Ñ 0,

based on ε-uniform a priori estimates. As a result of the passage to the limit, the processes on the macroscale
are described by an advection–reaction–diffusion problem coupled to Darcy’s equation with effective coefficients

(porosity, diffusivity and permeability) depending on local cell problems. These local problems are formulated on
cells that depend on the macroscopic position and evolve in time. In particular, the evolution of these cells depends

on the macroscopic concentration. Thus, the cell problems (respectively the effective coefficients) are coupled to the

macroscopic unknowns and vice versa, leading to a strongly coupled micro–macro model. Homogenisation results
have been obtained recently in Ref. 31, 72 for the case of reactive–diffusive transport coupled with microscopic

domain evolution, but in the absence of advective transport. We extend these models by including the advective

transport, which is driven by the Stokes equations in the a priori unknown evolving pore domain.

Keywords: Homogenisation; free boundary, evolving microstructure; advection–reaction–diffusion process; Stokes
flow; two-scale convergence.

AMS Subject Classification: 35B27, 35K57, 35R35, 76M50, 76S05, 80A19

1. Introduction

Reaction–diffusion problems, coupled with adsorption–desorption effects and possibly with flow, are en-

countered as mathematical models for numerous real-world processes. With respect to the processes like

adsorption–desorption, which take place at the boundary of the domain and not inside, such problems

can be divided into two categories. Whenever adsorption–desorption effects have no or minimal impact

on the local geometry, the adsorbed species is modelled by an unknown defined at the boundary. This
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leads to so-called fixed-domain models. Alternatively, the adsorption–desorption effects may lead to the

formation of a layer having a non-negligible thickness. This thickness is not known a priori, but depends

on the other unknowns of the model. Therefore, it may vary in time in an a priori unknown manner, and

the fluid–solid interface is a free boundary. In this case, one deals with evolving domains.

Additional challenges are encountered whenever these processes take place in a complex domain.

From an application point of view, one may consider a porous medium, consisting of many solid grains

surrounded by voids (the pores). The flow, advective transport, reaction and diffusion take place inside the

pores, and adsorption and desorption at the grain boundaries/pore walls. At this scale, the (microscopic)

mathematical model is a coupled system with fluid flow and reaction–diffusion taking place in a complex,

perforated domain (the pore space) and ordinary differential equations defined at the grain surface.

Examples in this sense are related to mineral precipitation and dissolution10,66,62, biofilm growth60,

colloid deposition22 and water diffusion into absorbent particles25,64.

An illustrative example of this phenomenon is precipitation and dissolution taking place in a porous

medium, where the void space is filled with a fluid, e.g. water. The dissolved chemical species can be

diffusively and advectively transported. These chemical species may react at the grain boundaries, yielding

a solid layer of e.g. salt, this being the precipitation process. Conversely, the reverse process of dissolution

is also possible, reducing the salt layer and releasing chemical species into the fluid.

The complexity of the domain limits the practical usage of the microscopic models. A natural step

is to approximate such models by homogenised ones, which provides the macroscopic behaviour of the

system. Extending the idea mentioned above to the case of complex media, two different types of models

can be identified: the microscopic domain is either fixed or evolving. In the former case, the adsorbed

species (e.g. the salt) is modelled by an unknown concentration defined at the (complex) boundary. In

the latter, the adsorbed species forms a (time-dependent) layer at the fluid–solid interface, leading to

microscopic free boundaries.

In this work, we address the latter case of a free boundary under the assumption that the (microscopic)

pore space is modelled by spherical obstacles, which are ε-periodically distributed in the macroscopic

domain, with time-dependent local radii. The reactive transport and flow in the locally evolving pore

space is modelled by an advection–reaction–diffusion equation, where the advective transport velocity is

modelled by the Stokes equations. The radii of the obstacles grow or shrink according to a concentration-

dependent reaction rate at their interfaces.

Whereas the literature on the analysis and homogenisation for fixed-domain models is extremely vast,

the one devoted to evolving domains is rather limited and the rigorous upscaling of fully coupled reac-

tive transport in evolving porous media is still a challenging task. The locally different evolution of the

microstructure requires a transformation-based homogenisation approach, which reduces the problem to

an – albeit complex – fixed-domain problem. This approach is visualised for the geometry under consid-

eration in Figure 1. As the evolution occurs on the microscale, this introduces terms in the (transformed)

advection–reaction–diffusion equation and Stokes system to be upscaled with only weak convergence

properties, similar as with slow diffusion terms, which have been studied extensively for fixed-domain

problems.

Restricting the model to a radially symmetric growth or shrinkage of the microstructure in each pore

makes this detail of the problem one-dimensional, which gives just enough regularity to enhance the

convergence based on the a priori estimates and to allow the passage to the limit in the transformed

terms. Additionally, we restrict the reaction rate at the interface in a way avoiding clogging or complete

disappearance of the precipitate layer. While the latter is justified by physical assumptions (for example,

precipitation and dissolution take place at surfaces of solids), the assumption of no clogging is motivated

from a mathematical point of view, since otherwise we can only expect local-in-time solutions for the

model. After passing to the limit ε Ñ 0 in the fixed configuration, the limit problem can be transformed

back to the original evolving situation leading to an advection–reaction–diffusion problem coupled to

Darcy’s equation with effective coefficients (porosity, diffusivity and permeability) depending on local cell

problems.
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Fig. 1. Transformation-based homogenisation approach. The non-periodic microproblem is transformed to a periodic substi-

tute problem, for which the homogenisation limit can be taken. The resulting substitute macroproblem is then transformed

back. This approach is equivalent to the direct homogenisation of the original non-periodic problem71 but is simplified by
the periodic geometry.

The highlights of the paper are as follows:

‚ Existence and uniqueness of a global-in-time weak solution for a coupled Stokes and advection–

reaction–diffusion system in an evolving microdomain

‚ Essential bounds for the concentration uniformly with respect to ε

‚ General (strong) two-scale compactness results based on ε-uniform a priori estimates associated

to problems in evolving microdomains

‚ Coupled Darcy and advection–reaction–diffusion system as the homogenised limit, with effective

coefficients depending on cell solutions on evolving micro-cells

Literature overview After transformation we are dealing with reaction–diffusion–advection and Stokes

equations in fixed domains. Of course, the coefficients in these equations depend on the unknown of the

system which makes the problem highly nonlinear. However, several results from periodic homogenisa-

tion theory can be transferred to our problem so, in what follows, we mention some of them related to

our problem. In the case of a fixed domain, rigorous homogenisation results for reactive transport with

nonlinear interface and bulk terms are presented in Ref. 29, 27 and in Ref. 35, 20, 13, 47 for different scal-

ings of the interface terms. The homogenisation of non-linear models involving slowly diffusing quantities

(diffusion of order ε2) are for instance considered in Ref. 7, 38, 55 and with (fast) diffusion on internal

boundaries in Ref. 32, 33, 34. In Ref. 39, a precipitation–dissolution model involving a multi-valued disso-

lution rate is homogenised. For the case of a fixed domain, rigorous homogenisation results for Stokes flow

are presented in Ref. 65, 2, 76, 4, 8, see also Ref. 74 for a more detailed overview. Related (advection–)

diffusion problems were homogenised rigorously in Ref. 19, 47, 46.

For the case of an evolving geometry, the moving boundaries are modelled in Ref. 66, 10, 58, 11, 62,

36, 12 (for dissolution and precipitation processes), Ref. 60, 61 (for biofilm formation) Ref. 57 (for colloid

dynamics) and Ref. 56 (for a general framework) by means of a level-set function or approximated by

phase-field approaches. However, the models are only upscaled formally by asymptotic two-scale expan-

sions. A convergence proof for a given evolving level-set function has recently been presented in Ref. 26. On

the other hand, the mathematically rigorous homogenisation of microscopic models defined in an evolving

geometry is extremely challenging and the literature on the subject is very scarce. In particular, reactive

transport and flow fully coupled to an evolving microstructure have not been considered before. To cope

with the evolving microstructure rigorously, one possibility is to transform the equations to a fixed, peri-

odic substitute domain and to pass to the limit there, as illustrated in Figure 1. This approach, which we

follow also in this article, was presented in Ref. 51 and applied for (advection–)reaction–diffusion processes

Ref. 30, 52, 53, 54 and for an elasticity problem in Ref. 21. The transformation approach was used for the

homogenisation of quasi-stationary Stokes flow in Ref. 73 and for instationary Stokes flow in Ref. 74. In

the latter two works, a given generic microscopic domain evolution was considered and the fluid velocity

at the moving interface was given. In Ref. 71, the transformation approach was justified by showing that
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the homogenisation process commutes with the transformation, i.e. transforming the problem on a peri-

odic reference domain, performing the homogenisation there and transforming the problem back actually

gives the homogenisation result for the original equation. Moreover, two-scale transformation rules for

the homogenisation correctors are presented in Ref. 71 enabling a two-scale back-transformation, which

provides a completely transformation-independent homogenisation result. The transformation rules are

extended for the Stokes problem in Ref. 73. These results on the homogenisation of problems with evolving

microstructure by means of the transformation-based approach are summarised and presented in more

detail in Ref. 70.

In Ref. 31, 72, the homogenisation of reactive transport for a priori not given evolving microstructure,

which depends on the unknowns itself, was considered. The geometrical setting is the same as in the

present work. More precisely, we assume that, around each grain, the microstructure evolution is radially

symmetric and the free boundary can be described locally by the (uniform) thickness of the layer. How-

ever, we consider here additional advective transport, where the fluid velocity is modelled by the Stokes

equations. This requires not only the inclusion of the Stokes equations in a non-linear manner, but we

also have to deal with the new advective term in the advection–reaction–diffusion equation. Since the

coefficents of this advective term arise as solution of the Stokes equations, it provides low regularity and

complicates the homogenisation.

Content of the paper In what follows, let the time interval p0, T q be given by T ą 0. The heterogeneous

medium Ω Ă Rn (for n P t2, 3, 4u) consists of the ε-scaled pore space Ωε which is obtained by removing

the solid grains from Ω. The centres of the grains are distributed periodically, where the distance between

two neighbouring centres is of order ε and, thus, the pore space Ωεptq depends on ε and the time t for

t P r0, T s. In the pore space Ωεptq, we consider an advection–reaction–diffusion equation for the solute

species uε and the Stokes equations for the fluid velocity vε and the fluid pressure pε. We assume that

the periodically distributed solid grains are spheres with different radii Rε of the order of the microscopic

length scale ε, which do not intersect. The grains evolve independently of each other and we assume that

the evolution is radially symmetric and, thus, well-described by the radii. The radii are given as a solution

of ordinary differential equations (ODEs), which depend on the solute concentration on the surface of

the grains and, therefore, on the unknowns of the system.

To establish existence of a microscopic solution and for deriving the macroscopic model, we transform

the problem onto a substitute domain which is periodic and constant with respect to time. Since the

evolution of the domain is coupled with the solution of the system, the transformation mapping depends

on the unknowns of the model and, thus, the resulting transformed equations become highly non-linear

with coefficients depending on the transformation. To show the existence and uniqueness of a weak

solution of the microscopic model (on the fixed domain Ωε) we use Schäfer’s fixed-point theorem, where

we construct the fixed-point operator as the composition of the following three operators. The first

provides the domain evolution for given concentration (solves the ODE for Rε), the second provides a

solution of the Stokes equation for given domain evolution, and the third operator gives the solution of

the nonlinear advection–reaction–diffusion equation for given fluid flow and domain evolution. In order

to obtain the continuity of these operators, a very subtle choice for the corresponding spaces is required.

Moreover, the uniqueness of the solution for the full microscopic problem is obtained by energy methods,

which require additional Lipschitz continuity for the operators.

To pass to the limit ε Ñ 0 and derive the macroscopic model, we use the concept of two-scale conver-

gence, respectively the unfolding method. In order to deal with the nonlinear terms, we need the strong

two-scale convergence. In particular, we require such strong compactness results for the concentration uε
and the nonlinear coefficients arising from the domain transformation. These coefficients depend on the

transformation mapping, and since the evolution of the microscopic domain can be described by the radii

Rε, the strong two-scale convergence of the coefficients can be reduced to the strong (two-scale) conver-

gence of Rε. Let us point out a crucial difficulty in the derivation of the strong two-scale convergence of

uε. Due to the nonlinear structure of the problem, we are not able to obtain ε-uniform a priori bounds for

the time derivative Btuε, which together with an L2-energy bound for uε and its gradient would guarantee

the strong two-scale convergence of uε, see Ref. 28, 46. In our case, we only obtain an ε-uniform bound for

BtpJεuεq, where Jε denotes the Jacobi-determinant of the transformation mapping. Now, for the strong
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convergence of uε, the idea is to use a Kolmogorov–Simon-type compactness result, for which we have to

control shifts with respect to space and time, and for the latter we use the bound on BtpJεuεq. Such a

result was already obtained in Ref. 31. In this paper, we present a similar strong two-scale compactness

result with a simplified proof and under weaker a priori bounds. We point out that in Ref. 72 the strong

convergence of uε for the pure reaction–diffusion was obtained by showing an estimate for the time-shifts

directly from the weak variational equation. We emphasise that, in contrast to the results in Ref. 31, 72,

due to the additional advective term in our microscopic problem, we need an ε-uniform essential bound

for the concentration uε in order to control the time derivative BtpJεuεq. In view of the application, this

essential boundedness is natural.

For the strong convergence of the radii Rε, the standard Kolmogorov compactness theorem is applied.

For this, we use the ε-uniform energy bounds for uε and its gradient, and that Rε depends Lipschitz-

continuously on uε. Such a result (for the same a priori estimates) was also obtained in Ref. 31, but

under slightly stronger assumptions on the initial value for Rε. In Ref. 72, the strong convergence was

obtained by comparing the microscopic ODE for Rε with the (expected) macroscopic ODE. For this, the

strong convergence of uε was necessary. We emphasise that, in our approach, this strong convergence

is necessary only to identify the limit problem for the macroscopic radii, and not to obtain the strong

convergence of Rε. With the strong two-scale convergence of the coefficients and of the concentration

uε, and the weak two-scale convergence of the fluid velocity vε, we are able to pass to the limit in the

microscopic reaction–advection–diffusion equation. Finally, to obtain the full macromodel, we have to

derive Darcy’s law for the Stokes system with the pulled-back coefficients. For the latter, again using the

strong convergence of Rε, we obtain the strong two-scale convergence, and therefore we can pass to the

limit ε Ñ 0. We mention that a similar homogenisation result was obtained in Ref. 73, but for an a priori

known evolving microstructure. However, in the present paper, we use a slightly different technique. In

fact, for the derivation of the so-called two-pressure Stokes problem (with pulled-back coefficients), we

use a two-pressure decomposition as in Ref. 5. Further, we first formulate the Darcy law with its cell

problems on the fixed reference elements, and finally transform it back to the evolving reference element.

The resulting effective equations consist of a homogenised advection–reaction–diffusion equation de-

scribing the species transport, an ODE (depending on the macroscopic variable in the sense of a pa-

rameter) describing the local reference cell evolution and a Darcy law for evolving microstructure. The

porosity as well as the effective diffusivity and permeability can be obtained by means of the solutions

of cell problems, which take the local microstructure into account. Since we perform the homogenisation

on the fixed microscopic domain Ωε with the pulled-back coefficients depending on the chosen transfor-

mation, we obtain, in a first step, cell problems on a fixed reference cell with coefficients depending on a

local transformation. By transforming these equations to the actual local space- and time-dependent cell

domain, we obtain a completely transformation-independent homogenisation result. In particular, the cell

problems and the effective coefficients depend on the macroscopic quantities via the local cell geometry.

This leads to a strongly coupled micro–macro system.

The paper is organised as follows: In Section 2, we present the microscopic model on the evolving

domain Ωεptq and transform it onto the fixed substitute domain Ωε. In Section 3, we formulate the

macroscopic model and state the main results of the paper. The proof of existence and uniqueness of

a microscopic solution are given in Section 4. Afterwards, we derive in Section 5 the ε-uniform a pri-

ori estimates, which form the basis for the compactness results necessary to pass to the limit ε Ñ 0.

These compactness results are given in Section 6, where we also derive the macroscopic model with the

effective coefficients depending on cell problems formulated on fixed reference elements and with coeffi-

cients depending on the transformation. Moreover, we transform the effective diffusivity, Darcy velocity

and permeability on the space- and time-dependent cells, which yields a transformation-independent ho-

mogenisation result. In Appendix A, we discuss the properties of the transformation and, in Appendix B,

we state some further technical auxiliary results. In Appendix C, we give a brief introduction to two-scale

convergence and to the unfolding operator, and state some basic properties.

Basic notations Let Ω Ă Rn be open and f : Ω Ñ Rmˆl for n,m, l P N. We denote the derivative

of f by Bf . Specifically for l “ 1 (f : Ω Ñ Rm), we identify Bf with its Jacobian matrix given by

pBfpxqqij :“ Bxj
fipxq “ Bjfipxq for i “ 1, . . . , n, and j “ 1, . . . ,m. Further, we define the gradient
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of f : Ω Ñ Rm as the transpose of the Jacobian matrix, ∇f :“ BfJ. For a matrix-valued function

A : Ω Ñ Rnˆn, we define its divergence ∇ ¨A : Ω Ñ Rn for i “ 1, . . . , n by

r∇ ¨Asi :“
n
ÿ

j“1

BjAji.

Thus, the operator ∇¨ applies to the columns of A. In particular, for a vector field v : Ω Ñ Rn, we define

the Laplace operator by ∆v :“ ∇ ¨p∇vq “ p∇ ¨p∇viqqni“1. With ϕ : Ω Ñ R, we have the following identities

which will be used frequently throughout the paper:

∇ ¨ pAvq “ r∇ ¨As ¨ v `A : ∇v, (1.1)

∇ ¨ pϕAq “ ϕ∇ ¨A`AJ∇ϕ, (1.2)

with the Frobenius product B : C :“ trpBJCq “
řn

i,j“1BijCij for B,C P Rnˆn.

Now, let ψ : p0, T q ˆ Ω Ñ rΩ Ă Rn such that ψpt, ¨q is a diffeomorphism from Ω to rΩ. We define its

Jacobian determinant J :“ detp∇ψq and write Apxq :“ Jpxq pBψpxqq
´1

for x P Ω. Then, the Piola identity

(see Ref. 44 )

∇ ¨A “ 0 (1.3)

holds. Together with the Jacobi formula, Bt detB “ trpadjpBqBtBq for the derivative of the determinant

of a matrix-valued function t ÞÑ Bptq, we get for V :“ ABtψ

BtJ “ ∇ ¨ V. (1.4)

Let n, d P N, then for Ω Ă Rn a bounded Lipschitz domain, we denote by LppΩqd, W 1,ppΩqd the

standard Lebesgue and Sobolev spaces with p P r1,8s. In particular, for p “ 2, we write H1pΩqd :“

W 1,2pΩqd. With S a subset of BΩ, we let H1
SpΩq denote the H1pΩq functions vanishing on S (in the

sense of traces). For the norms, we omit the upper index d, for example we write } ¨ }LppΩq instead of

}¨}LppΩqd . For a separable Banach spaceX and p P r1,8s, we denote the usual Bochner spaces by LppΩ, Xq

or Lppp0, T q, Xq when time is involved. For the dual space of X, we use the notation X 1. Further, we

consider the following periodic function spaces. Let Y :“ p0, 1qn be the unit cell in Rn, then C8
perpY q is

the space of smooth functions on Rn, which are Y -periodic, and W 1,p
perpY q is the closure of C8

perpY q with

respect to the norm on W 1,ppY q. Again, we use the notation H1
perpY q :“ W 1,2

perpY q. Finally, for a subset

Y ˚ Ă Y with BY Ă BY ˚, we denote by H1
perpY

˚q the space of functions from H1
perpY q restricted to Y ˚.

2. The microscopic model

In this section, we introduce the microscopic model, which is at first formulated on a time-dependent

evolving microscopic domain Ωεptq. More precisely, the transport and fluid equations are formulated in

the current configuration (Eulerian coordinates) Ωεptq. The heterogeneous domain Ωεptq is given as a

rectangle periodically perforated by solid grains of spherical shape, where the radii of the solids differ

and change in time, and are described by Rεpt, xq. The evolution of the radii depends on the (local)

concentration at the surface of the grains. As a first step of our approach, we then transform the model to

a fixed (time-independent) domain with periodically distributed solid grains of identical radii (Lagrangian

coordinates), which corresponds to the microscopic transformation illustrated on the left-hand side of

Figure 1.

2.1. The microscopic model in the evolving domain

Let T ą 0 and, for n P t2, 3, 4u, we consider a rectangle Ω “ pa, bq Ă Rn with a, b P Zn and ai ă bi for all

i P t1, . . . , nu and we write rxs for the (component-wise) integer part of x P Ω and txu :“ x´ rxs. Further,

let ε ą 0 be a sequence tending to zero such that ε´1 P N. We denote the unit cube by Y :“ p0, 1qn and

we define

Kε :“ tk P Zn : εpk ` Y q Ă Ωu .

We describe by Rε the radii of the solid grains in the evolving microdomain, where the evolution of Rε is

given by the ordinary differential equation (2.2e) below. More precisely, let Rmin and Rmax be constants
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such that 0 ă Rmin ă Rmax ă 0.5 and let Rε : p0, T qˆΩ Ñ rεRmin, εRmaxs be constant on every microcell

εpY ` kq with k P Kε. We define the evolving microdomain Ωεptq by

Ωεptq :“ Ωz
ď

kPKε

BRε,kptq,

where

BRε,kptq :“ BRεpt,xqpεpm ` kqq

with x P εpk ` Y q and m the center of the cube Y . Further, we denote the evolving surface of the solid

grains by

Γεptq :“ BΩεptqzBΩ , Γε pt, xq :“ BBRε,kptq for x P εpk ` Y q .

The non-cylindrical domains are now given by

QT
ε :“

ď

tPp0,T q

ttu ˆ Ωεptq and HT
ε :“

ď

tPp0,T q

ttu ˆ Γεptq. (2.1)

Finally, we let νε denote the unit normal of Γεptq pointing out of Ωεptq.

Ωε(t)

Ω

Γε(t)

ε k

RminRmax

Rε,k

Fig. 2. Visualisation of the ε-scaled geometry Ωεptq for some fixed time t. Note that the domain Ω is not a rectangle in

this illustration; in the analysis, this assumption is only made to avoid further technical notations in the definition of the
microscopic geometry and can be relaxed. The essential assumption is that the whole domain Ω is covered by micro-cells of

the form εpY ` kq.

We consider the following microscopic problem:

Problem Pε. Find uε, Rε, pε : Q
T
ε Ñ R and vε : Q

T
ε Ñ Rn such that uε solves the transport equation

Btuε ´ ∇¨
`

D∇uε ´ vεuε
˘

“ fpuεq in QT
ε , (2.2a)

´pD∇uε ´ vεuεq ¨ νε “ ´BtRεuε ` ρgpuε, ε
´1Rεq on HT

ε , (2.2b)

uε “ 0 on p0, T q ˆ BΩ, (2.2c)

uεp0q “ uinε in Ωεp0q, (2.2d)

the radii Rε of the balls in the microcells solve the ODE

BtRε “ ε

 
Γεpt,εr x

ε s
Y

q
g

ˆ

uεpt, zq,
Rεpt, zq

ε

˙

dσz in QT
ε , (2.2e)

Rεp0q “ Rin
ε in Ωεp0q, (2.2f)

and the fluid velocity vε and the fluid pressure pε are solutions of the Stokes problem

´ε2 ∇¨pepvεqq ` ∇pε “ hε in QT
ε , (2.2g)

∇ ¨ vε “ 0 in QT
ε , (2.2h)

vε “ ´BtRενε on HT
ε (2.2i)

`

´ε2epvεq ` pεI
˘

ν “ pbν on p0, T q ˆ BΩ, (2.2j)
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with the symmetric gradient

epvεq :“
1

2

`

∇vε ` ∇vTε
˘

.

This system describes advection, reaction and diffusion of the concentration uε in the pore fluid having

velocity vε and pressure pε, where f describes bulk reaction rate and g the adsorption/desorption rate

at the mineral layer surface. The evolution of the microstructure is encoded in the evolution of the solid

grain radii Rε. Moreover, initial data are denoted by a superscript “in” and pb is the exterior pressure.

Details on the data, the corresponding assumptions and their implications are discussed at the end of

Section 2.3, in Assumptions (A1) – (A7) in particular. E.g. Assumption (A1) on g ensures that clogging

of the pores cannot occur.

Observe that the speed |vε| in (2.2i) equals |BtRε|, which is analogous to assuming that the molar

density of the solid mineral layer is negligible when dissolved in the fluid phase. In particular, the free

boundary and the fluid move with the same velocity. We refer to Ref. 50, 67 for details. Further, by

assuming that the growth is radially symmetric, mass conservation only holds in an averaged sense. More

precisely, the mass is conserved at the level of every cell but not pointwisely, as BtRε is defined in (2.2e)

as the average of the total effect of the surface reaction over the grain. Therefore, (2.2b) and (2.2e) can

be interpreted as a cell-averaged Rankine–Hugoniot condition.

Furthermore, note that we have chosen the viscosity in the Stokes problem equal to 1
2 for sake of

shorter notation. Since the model considered here is dimensionless, this is not a restriction but the result

of the choice of the scaling. We emphasise that the physically relevant cases are n “ 2 and n “ 3. However,

since our results are also valid for n “ 4, we also include this case. In fact, from a mathematical point

of view, the advective term in the weak formulation turns out to be well-defined owing the continuous

embedding from H1 into L4 for n ď 4.

2.2. Microscopic problem on the fixed domain

We reformulate Problem Pε on an in-time cylindrical and ε-periodic domain by transforming (2.2) via

a family of diffeomorphisms ψεpt, ¨q : Ωε Ñ Ωεptq for a periodic reference domain Ωε. The domain Ωε is

given by a reference radius, which we choose to be equal Rmax, via

Ωε “ Ωz
ď

kPKε

BεRmaxpεpm ` kq. (2.3)

We construct ψε explicitly by the corresponding displacement mapping qψεpt, xq “ ψεpt, xq ´ x. There-

fore, we construct the following generic displacement in the reference cell similarly to Ref. 31: let

χ P C8pr0,8q; r0, 1sq be monotonically decreasing with χpsq “ 1 for s ď Rmax and χpsq “ 0 for

s ě pRmax ` 0.5q{2, then

ψ̌pR; yq :“ pR ´Rmaxq
y´m

}y´m}
χp}y ´ m}q.

Then, the mapping

y ÞÑ ψpR; yq :“ y ` ψ̌pR; yq “ y ` pR ´Rmaxq
y´m

}y´m}
χp}y ´ m}q, (2.4)

is a diffeomorphism from Y ˚
Rmax

onto Y ˚
R for every R P rRmin, Rmaxs, where Y ˚

R :“ p0, 1qnzBRmax
pmq for

R P rRmin, Rmaxs and Y ˚ :“ Y ˚
Rmax

.

By ε-scaling the generic displacement, we obtain

|ψεpt, xq :“ εψ̌
`

ε´1Rεpt, xq; tx
ε u
˘

(2.5)

for Rεpt, ¨q constant on εpk ` Y ˚q. We note that qψ is zero in a neighbourhood of the boundary of Y

and, thus, |ψε is also smooth at the cell interfaces εpk ` BY q for k P Kε, even though Rεpt, xq and

tx
ε u contain jumps at the interface of the cells. From the ε-scaled displacements, we obtain the ε-scaled

diffeomorphisms

ψεpt, xq “ x` εψ̌
`

ε´1Rεpt, xq; tx
ε u
˘

. (2.6)
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We use the following notation for the Jacobians of ψε, its adjugate and the transformed diffusion

coefficient:

Fε “ Bψε “ ∇ψJ
ε , (2.7)

Jε “ detpFεq, (2.8)

Aε “ JεF
´1
ε , (2.9)

Dε “ JεF
´1
ε DF´T

ε . (2.10)

Having such a well-posed mapping between the radii Rε and the domain transformation ψε at hand,

the microscopic model in the fixed domain reads as follows:

Reaction–diffusion–advection equation:

BtpJεuεq ´ ∇¨ pDε∇uε ´ uεAεpvε ´ Btψεqq “ Jεfpuεq in p0, T q ˆ Ωε,

´pDε∇uε ´ uεAεpvε ´ Btψεqq ¨ ν “ Jερgpuε, ε
´1Rεq on p0, T q ˆ Γε,

uε “ 0 on p0, T q ˆ BΩ,

uεp0q “ uinε in Ωε.

(2.11a)

Evolution of the radii:

BtRε “ ε

 
Γεpεr x

ε s
Y

q
g

ˆ

uεpt, zq,
Rεpt, zq

ε

˙

dσz in p0, T q ˆ Ωε, (2.11b)

Rεp0q “ Rin
ε in Ωε, (2.11c)

with Γε pzq :“ εΓ ` z for z P Rn.

Stokes equations:

´ε2 ∇¨pAεeεpvεqq `AJ
ε ∇pε “ Jεhε in p0, T q ˆ Ωε,

∇ ¨ pAεvεq “ 0 in p0, T q ˆ Ωε,

vε “ ´BtRεν on p0, T q ˆ Γε,
`

´ε2eεpvεq ` pεI
˘

AJ
ε ν “ pbA

J
ε ν on p0, T q ˆ BΩ,

(2.11d)

where

eεpvq :“
1

2

`

F´J
ε ∇v ` ∇vJF´1

ε

˘

. (2.12)

Remark 2.1.

(i) With the Piola identity (1.3), the divergence equation for the Stokes system can be written as

Aε : ∇vε “ ∇ ¨ pAεvεq “ 0.

(ii) The boundary condition for the fluid velocity vε on Γε can be expressed as

´BtRεν “ Btψε on p0, T q ˆ Γε.

(iii) Since ψεpt, xq “ x in a neighbourhood of BΩ, we obtain for the stress boundary condition for the

fluid
`

´ε2epvεq ` pεI
˘

ν “ pbν on BΩ.

However, in what follows, we also use the transformed stress boundary condition including ψε,

which also covers more general geometries. For example, in Ref. 73 an a priori known evolving

microscopic domain was considered with perforations intersecting the outer boundary BΩ. In this

case, one has to consider pb ˝ ψε.

(iv) From (1.4), we obtain

∇ ¨ pAεwεq “ ´∇ ¨ pAεBtψεq “ ´BtJε.
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In order to formulate the Stokes equations as a problem with a no-slip condition on Γε, we subtract the

Dirichlet boundary values ´BtRεν “ Btψε from the solution vε. More precisely, we consider wε :“ vε´Btψε,

and further subtract the normal stress boundary values from the pressure pε. With qε :“ pε ´ pb we get

the following Stokes system (we use again ψεpt, xq “ x in a neighborhood of BΩ):

´ε2 ∇¨pAεeεpwεqq `AJ
ε ∇qε “ Jεhε ` ε2 ∇¨pAεeεpBtψεqq ´AJ

ε ∇pb in p0, T q ˆ Ωε,

∇ ¨ pAεwεq “ ´∇ ¨ pAεBtψεq in p0, T q ˆ Ωε,

wε “ 0 on p0, T q ˆ Γε,
`

´ε2eεpwεq ` qεI
˘

AJ
ε ν “ 0 on p0, T q ˆ BΩ.

(2.13)

2.3. The weak formulation

The following weak form of (2.11) with subtracted Dirichlet boundary values for the velocity is derived

classically by multiplication with test functions and integration (by parts):

Definition 2.1. We call puε, Rε, wε, qεq a weak solution of the micromodel (2.11a)–(2.11c) and (2.13) if

uε P L2pp0, T q, H1
BΩpΩεqq with BtpJεuεq P L2pp0, T q, H1

BΩpΩεq1q,

Rε P W 1,8pp0, T q, L2pΩεqq X L8pp0, T q ˆ Ωεq with BtRε P L8pp0, T q ˆ Ωεq,

wε P L2pp0, T q, H1
Γε

pΩεqnq,

qε P L2pp0, T q, L2pΩεqq,

such that, for every ϕε P H1
BΩpΩεq, there holds almost everywhere in p0, T q

xBtpJεuεq, ϕεyH1
BΩpΩεq1,H1

BΩpΩεq `

ż

Ωε

rDε∇uε ´ uεAεwεs ¨ ∇ϕε dx

“

ż

Ωε

Jεfpuεqϕεdx´ ρ

ż

Γε

Jεgpuε, ε
´1Rεqϕε dσ

(2.14a)

and there holds almost everywhere in p0, T q that

BtRε “ ε

 
Γεpεr x

ε s
Y

q
g

ˆ

uεpt, zq,
Rεpt, zq

ε

˙

dσz in p0, T q ˆ Ωε. (2.14b)

Moreover, for all ηε P H1
Γε

pΩεqn, there holds almost everywhere in p0, T q

ε2
ż

Ωε

Jεeεpwεq : eεpηεqdx´

ż

Ωε

qε∇ ¨ pAεηεqdx

“ ´ε2
ż

Ωε

JεeεpBtψεq : eεpηεqdx`

ż

Ωε

Jεhε ¨ ηε dx´

ż

Ωε

AJ
ε ∇pb ¨ ηε dσ,

(2.14c)

and, almost everywhere in p0, T q ˆ Ωε, we have

∇¨pAεwεq “ ´BtJε. (2.14d)

Further, we require the initial condition puε, Rεqp0q “ puinε , R
in
ε q.

Remark 2.2.

(i) The initial condition for uε makes sense since the regularity of uε, Jε, and BtpJεuεq imply

uε P C0pr0, T s, L2pΩεqq. In fact, as a consequence of the product rule, we obtain Btuε P

L2pp0, T q, H1
BΩpΩεqq, which implies the continuity of uε as a mapping from r0, T s to L2pΩεq.

However, in the context of homogenisation, it is typically not appropriate to work with Btuε
since this function usually does not fulfill a uniform a priori bound with respect to ε.

(ii) From the transformation of surface integrals, see for example Theorem 1.7-1 in Ref. 15, we first

obtain a boundary term of the form

´ρ

ż

Γε

Jε|∇ψ´T
ε ν|gpuε, ε

´1Rεqϕ dσ
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in (2.14a). However, in our case, we have |∇ψ´T
ε ν| “ 1 owing to the choice of the transformation

in (2.6). For more details, we refer to Appendix A of Ref. 31.

(iii) For the derivation of a priori estimates for the microscopic solutions, it might be helpful to

consider a time-integrated version of the transport equation (2.14a) and choose time-dependent

test functions ϕεpt, xq. However, under the regularity assumptions in Definition 2.1, uε is not an

admissible test function since the advective term is not well-defined. In fact, the Hölder inequality

is not applicable owing to low regularity with respect to the time variable. In the existence proof,

where we work with the Galerkin method and, therefore, with more regular approximations, this

causes no problems since the advective term cancels out after an integration by parts (where we

have to use the boundary and divergence conditions for uε and wε), see equation (5.5) in the

proof of the a priori estimates.

(iv) To keep the notation of the weak solution simpler, we only require enough regularity such that

the variational equations are well-defined (pointwisely in time). We will show, see Lemma 5.1 and

5.2, that the microscopic solution is in fact more regular. More precisely, we additionally have

uε P L8pp0, T q ˆ Ωεq,

wε P L8pp0, T q, H1
Γε

pΩεqnq,

qε P L8pp0, T q, L2pΩεqq.

(v) Note that the transformation of Problem Pε would yield hεpt, xq :“ hpt, ψεpt, xqq. For sake of

simplicity, we assume that hε is a given sequence and we neglect its dependence on the transfor-

mation ψε. We also assume that fε does not depend explicitly on t and x. In this, way we can keep

the notation simpler and the focus on the relevant aspects of the paper. Of course, more general

assumptions are possible and the following analysis also holds for hεpt, xq :“ hpt, ψεpt, xqq, where

h P L8pp0, T q, C0,1pΩqq. Thereby, the Lipschitz regularity with respect to Ω is only necessary

for the proof of Lemma 4.4. The two-scale convergence of hpt, ψεpt, xqq Ñ hpt, xq was shown in

Theorem 3.8 of Ref. 71. One can argue analogously for fε.

In what follows, we summarise the assumptions on the data, for which we use the notion of two-scale

convergence, the definition of which can be found in Section Appendix C of the appendix.

Assumptions on the data:

(A1) We assume that g P C0,1pR2q is bounded. More precisely, there exists a constant Cg ą 0 such

that

|g| ď Cg, (2.15)

and a constant Lg P R such that for every u1, u2, r1, r2 P R the Lipschitz estimate

|gpu1, r1q ´ gpu2, r2q| ď Lgp|u1 ´ u2| ` |r1 ´ r2|q (2.16)

holds. Moreover, we assume that

gpu, rq ě 0 if r ď Rmin, (2.17)

gpu, rq ď 0 if r ě Rmax (2.18)

for u P R in order to ensure that the radii do not become too small or too large, i.e. the obstacles

do not vanish or touch each other (or the boundary of Y ).

(A2) For the microscopic initial data uinε P L8pΩεq, a C ą 0 exists such that

}uinε }L8pΩεq ď C

uniformly with respect to ε. Further, there exists uin P L2pΩq such that uinε
2,2

ÝÝá uin.

(A3) The initial radii Rin
ε P L8pΩq are constant on every cell εpY ` kq, k P Kε. Furthermore, there

exist Rmin, Rmax P R, 0 ă Rmin ă Rmax ă 1
2 , such that almost everywhere in Ω

εRmin ď Rin
ε ď εRmax.
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We also assume that

ε´1Rin
ε Ñ Rin

0 in L2pΩq.

(A4) For the reaction rate in the transport equation, we assume f P C0,1pRq. In particular, there holds

the following growth condition:

|fpuq| ď Cp1 ` |u|q (2.19)

for a constant C ą 0 and for all u P R.
(A5) For the force term in the Stokes equations, we assume hε P L8pp0, T q, L2pΩεqqn and hε

2,p,2
ÝÝÝá h0

with h0 P L8pp0, T q, L2pΩqqn for all p P r1,8q.

(A6) For the external pressure, we assume pb P L8pp0, T q, H
1
2 pBΩqq. In particular, there exists an

extension (for which we use the same symbol) pb P L8pp0, T q, H1pΩqq.

(A7) The diffusion coefficient D P Rnˆn is symmetric and positive definite.

Typically, the rates used in the modelling of adsorption/desorption processes are Lipschitz continuous

and bounded, which is motivated by (multi-) enzyme kinetics like the Michaelis–Menten kinetics. The

assumption in (2.17) is natural when considering salt dissolution and precipitation or biofilm growth in

a porous medium. For example, in the former case (2.17) is analogous to saying that dissolution cannot

happen in the absence of a salt layer along the grains (see e.g. Ref. 66, 67). Furthermore, (2.18) can be

justified if additional effects are taken into account. Referring to the same application, if the salt layers

along two neighbouring grains grow too close to each other, this narrowing of the space occupied by the

fluid typically gives rise to very high velocities and, consequently, to high shearing stresses at the salt

boundaries, as well as to an increased local fluid pressure. The former can lead to salt detachment, while

the latter to increased dissolution effects. However, such effects are not included explicitly in our model

but are implicitly taken into account by (2.18), which, from a mathematical point of view, we use to

guarantee the global existence in time. Geometrically, (2.17) and (2.18) allow the microscopic geometry

to evolve locally without changing its topology.

3. Main results and macroscopic model

Let us summarise the main results of the paper in two theorems, which will be proved in the subsequent

sections. The first is the existence and uniqueness of a weak microscopic solution of the problem (2.11)

with subtracted Dirichlet boundary values for the velocity:

Theorem 3.1. There exists a unique weak solution of the microscopic problem (2.11a)–(2.11c) and (2.13)

in the sense of Definition 2.1.

In a second step, we show suitable compactness results for the microscopic solutions and pass to

the limit ε Ñ 0. We show that the limit functions are a weak solution of a macroscopic model with

homogenised coefficients defined as follows. The triple pu0, R0, p0q with the macroscopic concentration

u0 : p0, T q ˆ Ω Ñ R, the macroscopic function of local radii R0 : p0, T q ˆ Ω Ñ rRmin, Rmaxs, and the

Darcy pressure p0 : p0, T qˆΩ Ñ R solves the following problem: We define the evolving reference element

and surface

Y ˚pt, xq :“ Y ˚
R0pt,xq

“ Y zBR0pt,xqpmq, Γpt, xq :“ BBR0pt,xqpmq, (3.1)

which allows to define the porosity θ via

θpt, xq :“ |Y ˚pt, xq|. (3.2)

Between the porosity θ and the specific surface Γpt, xq, we have the relation Btθpt, xq “ |Γpt, xq|BtR0. The

transport equation describing the evolution of u0 is given by

Btpθu0q ´ ∇ ¨ pD˚∇u0 ´ u0v
˚q “ θfpu0q ` Btθρ in p0, T q ˆ Ω, (3.3a)

u0 “ 0 on p0, T q ˆ BΩ, (3.3b)

pθu0qp0q “ θinuin in Ω, (3.3c)
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with the homogenised diffusion coefficient D˚ : p0, T q ˆ Ω Ñ Rnˆn defined in (6.32) respectively (6.36),

and the Darcy velocity v˚ : p0, T q ˆ Ω Ñ Rn given in (3.3h). The evolution of the local radii in every

macroscopic point, R0, satisfies

BtR0 “ gpu0, R0q in p0, T q ˆ Ω, (3.3d)

R0p0q “ Rin in Ω, (3.3e)

and the Darcy pressure p0 : p0, T q ˆ Ω Ñ R is given by

´∇ ¨ pK˚ph0 ´ ∇p0qq “ ´Btθ in p0, T q ˆ Ω, (3.3f)

p0 “ pb on p0, T q ˆ BΩ, (3.3g)

with the permeability tensor K˚ : p0, T q ˆΩ Ñ Rnˆn defined in (6.28) respectively (6.34). We emphasise

that the following relation between the Darcy velocity v˚ and the Darcy pressure p0 holds:

v˚ “ K˚ph0 ´ ∇p0q. (3.3h)

We note that, in our special situation where the evolving reference elements are perforated with balls,

the homogenised diffusion coefficient D˚ and the permeability tensor K˚ are in fact scalar-valued, see

Lemma Appendix B.2 in the appendix.

A weak solution of the macroscopic model (3.3) is defined as follows:

Definition 3.1. We call pu0, R0, p0q a weak solution of the macroscopic model (3.3) if

u0 P L2pp0, T q, H1
BΩpΩqq with Btpθu0q P L2pp0, T q, H1

0 pΩq1q,

R0 P W 1,8pp0, T q, L2pΩqq X L8pp0, T q ˆ Ωq with BtR0 P L8pp0, T q ˆ Ωq,

p0 ´ pb P L8pp0, T q, H1
0 pΩqq,

with pθu0qp0q “ θinuin (see Remark 3.1) for θ given by (3.2) such that the following variational equations

are fulfilled almost everywhere in p0, T q: For all ϕ P H1
0 pΩq, we have

xBtpθu0q, ϕyH´1pΩq,H1
0 pΩq `

ż

Ω

rD˚∇u0 ´ u0v
˚s ¨ ∇ϕ dx “

ż

Ω

pθf ` Btθρqϕdx, (3.4)

while for all ξ P H1
0 pΩq, we have

ż

Ω

K˚ph´ ∇p0q ¨ ∇ξ dx “

ż

Ω

´Btθξ dx.

Furthermore,

BtR0 “ gpu0, R0q (3.5)

almost everywhere in p0, T q.

Remark 3.1. We immediately obtain that a weak solution in the sense of Definition 3.1 fulfills

θu0 P C0pr0, T s, L2pΩqq and, therefore, the initial condition pθu0qp0q “ θinuin makes sense. For

Rin
0 P H1pΩq, the spatial regularity of u0 and Rin

0 can be transfered onto the ODE (2.11b) and we ob-

tain R0 P Cpr0, T s;H1pΩqXL8pΩqq and, thus, θ, θ´1 P Cpr0, T s;H1pΩq X L8pΩqq. Moreover, the uniform

L8pp0, T qˆΩq-bound of uε yields u0 P L8pp0, T qˆΩq and, thus, ∇pθu0q “ ∇θu0`θ∇u0 P L2pp0, T qˆΩq.

Then, we can conclude θu0 P Cpr0, T s;L2pΩqq and, thus, u0 “ θ´1θu0 P Cpr0, T s;L2pΩqq. Then, the initial

condition (3.3c) can be replaced by u0p0q “ uin.

The second main result of the paper is the convergence of the microscopic solutions to solutions of

the macroscopic model just introduced.

Theorem 3.2. Let puε, wε, pε, Rεq be the unique weak solution of the microscopic problem (2.11). Then,

up to a subsequence, these sequences converge to the limit functions pu0, w0, p0, R0q in the sense of Propo-

sition 6.2, which is a weak solution of the macroscopic model (3.3) in the sense of Definition 3.1.
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4. Existence and uniqueness of the microscopic model

In this section, we show the existence and uniqueness of the weak solution puε, wε, pε, Rεq of the mi-

croscopic model (2.14a)–(2.14c). For the existence result, we employ a fixed-point argument. Thereby,

we show not only the continuity of the operator, which is necessary for the existence of a solution, but

also its Lipschitz continuity. Thus, we can conclude the uniqueness of the fixed point and, thereby, the

uniqueness of the solution of (2.14a)–(2.14c). To control the coordinate transformation, we use results

from Appendix A and to derive the Lipschitz continuity of the solution of the Stokes equations, we use

an abstract result on the continuity of saddle-point problems given in Appendix B.

4.1. Construction of the fixed-point operator and its properties

In order to show the existence of a weak solution of the microscopic model (2.11) in the sense of

Definition 2.1, we apply a fixed-point argument as follows. For β P
`

1
2 , 1

˘

, we define the operator

F1 : L2pp0, T q, HβpΩεqq Ñ L8pp0, T q ˆ Ωεq X H1pp0, T q, L8pΩεqq by F1ppuεq :“ Rε, where Rε solves

the problem

BtRε “ ε

 
Γεpεr x

ε s
Y

q
g

ˆ

puεpt, zq,
Rεpt, zq

ε

˙

dσz in p0, T q ˆ Ωε, (4.1a)

Rεp0q “ Rin
ε in Ωε. (4.1b)

In Lemma 4.1, we will see that the operator is well-defined. In particular, Rε is constant on every microcell

εpY ˚ ` kq for k P Kε and the assumptions on g ensure that the values of Rε are in rRmin, Rmaxs and its

time derivative is essentially bounded.

For the linearisation of the Stokes problem, we first introduce the set

Yε :“
␣

Rε P L8pp0, T q ˆ Ωεq XH1pp0, T q, L8pΩεqq :

}BtRε}L8pp0,T qˆΩεq ď εCg, Rε|εpY ˚`kq constant for every k P Kε,

ε´1Rεpt, xq P rRmin, Rmaxs for almost every pt, xq P p0, T q ˆ Ωε

(

.

(4.2)

Note that solutions of (4.1) are actually elements of Yε as shown in Lemma 4.1 below. Now, we define

F2 : Yε Ñ L2pp0, T q;H1
Γε

pΩεqnq as the solution of the linearised Stokes problem, i.e. F2p pRεq :“ wε, where

pwε, qεq P L2pp0, T q;H1
Γε

pΩεqnq ˆ L2pp0, T q;L2pΩεqq is the unique weak solution of

´ε2 ∇¨p pAεpeεpwεqq ` pAJ
ε ∇qε “ pJεphε ` ε2 ∇¨ppeεpBtψεqq ´ pAJ

ε ∇pb in p0, T q ˆ Ωε,

∇ ¨ p pAεwεq “ ´∇ ¨ p pAεBt pψεq in p0, T q ˆ Ωε,

wε “ 0 on p0, T q ˆ Γε,
`

´ε2peεpwεq ` qεI
˘

pAJ
ε ν “ 0 on p0, T q ˆ BΩ,

(4.3)

where peε, pAε, pFε, pJε and phε are defined in the same way as eε, Aε, Fε, Jε and hε but with pRε instead of Rε.

We emphasise that the operator is well-defined since pRε is constant on every micro-cell and, therefore,

the trace of Bt pRε on Γε exists and is an element of L8pp0, T q ˆ Γεq. Moreover, we note that the velocity

fields which solve (4.3) are elements of Zε, where

Zε :“ twε P L2pp0, T q, H1
Γε

pΩεqnqq : ∇ ¨ pAεpwε ` Btψεqq “ 0, }wε}L8pp0,T q;H1
Γε

pΩεqnq ď Chu, (4.4)

where Ch depends on Cg and hε. The existence of such an upper bound Ch is given by Lemma 4.3 below.

Finally, we define the operator

F3 : Yε ˆ Zε ˆ L2pp0, T q, HβpΩεqq Ñ L2pp0, T q, HβpΩεqq

via F3p pRε, pwε, puεq :“ uε, where uε is a weak solution of the linearised transport problem

Btp pJεuεq ´ ∇ ¨

´

pDε∇uε ´ uε pAε pwε

¯

“ pJεfppuεq in p0, T q ˆ Ωε,

´p pDε∇uε ´ uε pAε pwεq ¨ ν “ ρ pJεgppuε, ε
´1

pRεq on p0, T q ˆ Γε,

uε “ 0 on p0, T q ˆ BΩ,

uεp0q “ uinε in Ωε,

(4.5)
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which is analogously defined as in (2.14a). Here, the data pJε, pDε and pwε are again defined in the same

way as Jε, Dε and wε with pRε instead of Rε. Now, we are able to define the fixed-point operator for the

whole system:

F : L2pp0, T q, HβpΩεqq Ñ L2pp0, T q, HβpΩεqq, Fppuεq :“ F3 pF1ppuεq,F2 pF1ppuεqq , puεq ,

which can be visualised as follows:
Yε

Yε ˆ

L2pp0, T q;HβpΩεqq Zε L2pp0, T q;HβpΩεqq .
ˆ

L2pp0, T q;HβpΩεqq

F2

R̂ε ÞÝÑwε

id

F1

ûε ÞÝÑRε

id

F3

pR̂ε,ŵε,ûεqÞÑuε

In what follows, we show that the operators Fi, i “ 1, 2, 3, are well-defined (Lemma 4.1, 4.3 and

4.5, respectively), and, thus, also the fixed-point operator F . Moreover, the Lipschitz continuity of Fi,

i “ 1, 2, 3, is addressed in Lemma 4.2, 4.4 and Remark 4.1, respectively, which allows us to deduce the

uniqueness of a fixed point of F and, thus, the assertion of Proposition 4.2.

Lemma 4.1. The operator F1 is well-defined and the range of F1 is in Yε.

Proof. Let puε P L2pp0, T q;HβpΩεqq. Due to the trace embedding HβpΩεq ãÑ L2pΓεq, the right-hand side

of (4.1a) is well-defined. Then, for every x P εpk ` Y q (with k P Kε), the mapping

pt, rq ÞÑ ε

 
Γεpεr x

ε s
Y

q
g
`

puεpt, zq, ε´1r
˘

dσz

is constant with respect to x, globally Lipschitz continuous with respect to r and measurable with

respect to t. Hence, Carathéodory’s existence theorem18 yields the existence and uniqueness of a solution

Rεp¨t, xq P W 1,1p0, T q of (4.1a)–(4.1b) for every x P Ωε, and Rεp¨t, xq is constant with respect to x on

every microcell εpk`Y q (here, we also used that Rin
ε is constant on every microcell). Then, we immediately

obtain together with the essential boundedness of g that Rε P L8pp0, T q ˆ Ωεq XH1pp0, T q, L2pΩεqq and

also BtRε P L8pp0, T q ˆ Ωεq. More precisely, we have for almost every pt, xq P p0, T q ˆ Ωε

|BtRεpt, xq| ď ε}g}L8pR2q ď εCg. (4.6)

Moreover, (2.17)–(2.18) ensure ε´1Rεpt, xq P rRmin, Rmaxs for every t P p0, T q and almost every x P Ωε.

Note also that, for every t P p0, T q, the range Rεpt, ¨q lies in a finite-dimensional subspace of L8pΩεq and,

therefore, Rε is measurable as a function from p0, T q to L8pΩεq.

The following Lemma provides a Lipschitz-type estimate for the operator F1.

Lemma 4.2. Let ujε P L2pp0, T q ˆ Γεq, j “ 1, 2, and Rj
ε be given by (4.1a) (resp. (2.11b)) for puε “ ujε

(not necessarily with identical initial conditions).

Then, if R1
εp0q “ R2

εp0q it holds for almost every t P p0, T q that

}R1
ε ´R2

ε}L8pp0,tqˆΩq ď Cε}u1ε ´ u2ε}L1pp0,tqˆΓεq,

}BtR
1
ε ´ BtR

2
ε}L2pp0,tq,L8pΩqq ď Cε}u1ε ´ u2ε}L2pp0,tq,L1pΓεqq

for a constant Cε (depending on ε). In particular, for ujε P L2pp0, T q, H1pΩεqq, we obtain for every µ ą 0

the existence of a constant Cpµq ą 0 such that the right-hand sides in the inequalities above can be further

estimated by

}u1ε ´ u2ε}L2pp0,tq,L1pΓεqq ď
Cpµq

ε
}u1ε ´ u2ε}L2pp0,tqˆΩεq ` µ}∇u1ε ´ ∇u2ε}L2pp0,tqˆΩεq.

We also have the ε-uniform Lipschitz estimate (for different initial conditions)

ε´1}R1
ε ´R2

ε}L8pp0,T q,L2pΩqq

ď C
`?
ε}u1ε ´ u2ε}L2pp0,T qˆΓεq ` ε´1}R1

εp0q ´R2
εp0q}L2pΩq

˘ (4.7)
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for a constant C ą 0 independent of ε, which implies that F1 is Lipschitz continuous.

Proof. A proof for the first two estimates can be found in Lemma 14 of Ref. 31 and inequality (4.7)

follows by similar arguments as in Proposition 4 of Ref. 31. However, for the sake of completeness, we

sketch the proof. We use the notation δRε :“ R1
ε ´ R2

ε and δuε :“ u1ε ´ u2ε. Using (4.1a), we obtain with

the Lipschitz continuity of g almost everywhere in p0, T q ˆ Ω

˘BtδRε ď C
´

ε2´n}δuε}L1pΓεpεr x
ε s

Y
qq ` |δRε|

¯

. (4.8)

Integrating with respect to time and using the Gronwall inequality, the first two inequalities in the

statement follow. For (4.7), we integrate (4.8) with respect to time. After squaring and integrating over

Ω, we get for almost every t P p0, T q

ż

Ω

|δRεpt, xq|2 dx ď C

ż t

0

ż

Ω

ˆ

ε3´n}δuε}2
L2pΓεpεr x

ε s
Y

qq
` |δRε|2

˙

dxds` C}δRεp0q}2L2pΩq

“ C
ÿ

kPKε

#

ż t

0

ż

εpY `kq

ε3´n}δuε}2L2pεpΓ`kqq dxds

+

` C

ż t

0

}δRε}2L2pΩq ds` C}δRεp0q}2L2pΩq

ď C
´

ε3}δuε}2L2pp0,T qˆΓεq ` }δRε}2L2pp0,tqˆΩq ` }δRεp0q}2L2pΩq

¯

.

Now, the desired result follows from Gronwall’s inequality.

Next, we analyse the operator F2 and show that it is, in particular, Lipschitz continuous.

Lemma 4.3. The operator F2 is well-defined and the range of F2pRεq is in Zε.

Proof. In Theorem 3.1 of Ref. 73, the existence of a unique solution pwεptq, qεptqq P H1
Γε

pΩεqn ˆL2pΩεq

of (4.3) for a.e. t P p0, T q was shown under the assumptions (A.3)–(A.6) on pψεptq and the assumptions
phεptq P L2pΩqn and Btψεptq P H1pΩεqn. Moreover, this pointwise argumentation was transferred to the

existence and uniqueness of a solution pwε, qεq P L8pp0, tq;H1
Γε

pΩεqnqˆL8pp0, T q;L2pΩεqq of (4.3), where

the L8p0, T q-boundedness of the solution arises from the L8p0, T q-boundedness of phε (see (A5)) and Btψε,

which is given by Lemma Appendix A.2.

To conclude F2pRεq P Zε, we note that the divergence condition is obviously fulfilled. The existence

of an upper bound Ch such that }F2pRεq}L8pp0,T q;H1
Γε

pΩεqnq ď Ch for all Rε P Yε is shown in Theorem 3.1

of Ref. 73 as well.

In what follows, for two given functions ϕ1 and ϕ2, we denote its difference by

δϕ :“ ϕ1 ´ ϕ2.

Lemma 4.4. The operator F2 is locally Lipschitz continuous. More precisely, for every ball B Ă Yε,

there exists a constant LB,ε ą 0 such that

›

›F2p pR1
εq ´ F2p pR1

εq
›

›

L2pp0,tqˆΩεq
`

›

›

›
∇pF2p pR1

εq ´ F2p pR1
εqq

›

›

›

L2pp0,tqˆΩεq

ď LB,ε

ˆ

›

›

›

pR1
ε ´ pR2

ε

›

›

›

L8pp0,tq,L2pΩεqq
`

›

›

›
Bt pR

1
ε ´ Bt pR

2
ε

›

›

›

L2pp0,tqˆΩεq

˙ (4.9)

for all pR1
ε,

pR2
ε P B and every t P p0, T q.

Proof. We prove this lemma by applying Lemma Appendix B.4, which states that the solution of

saddle-point problems depends Lipschitz-continuously on the right-hand side and the operators of the

saddle-point problem. Within this proof, we use the shorthand notation V “ H1
Γε

pΩεq with the norm

}v}V :“ }∇v}L2pΩεq and Q “ L2pΩεq. Then, we define almost everywhere in p0, T q the following bilinear
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and linear forms related to the linearised Stokes problem for given radii pRε

a
pRε

pv, wq :“ 1
2ε

2ppeεpvq, pAJ
ε ∇wqQ “ 1

2ε
2p pFJ

ε ∇v ` p pFJ
ε ∇vqJ, pAJ

ε ∇wqQ,

b
pRε

pv, qq :“ ´pq,∇¨p pAεvqqQ “ ´pq, pAε : ∇vqQ,

f
pRε

pvq :“ p pJεhε, vqQ ´ a
pRε

pBt pψε, vq ´ p pAε∇pb, vqQ,

g
pRε

pqq :“ bpBt pψε, qq “ pq,∇¨p pAεBt pψεqqQ “ pq, Bt pJεqQ

for v, w P V and q P Q. We note that pR1
ε,

pR2
ε P Yε and, thus, we obtain with the Hölder inequality the

bounds for pFε and Aε from Lemma Appendix A.2 and the Lipschitz estimates of Lemma Appendix A.3

|a
pR1
ε
pv, wq ´ a

pR2
ε
pv, wq| “ 1

2ε
2pδ pFε∇v ` pδ pFε∇vqJ, pA1

ε∇wqQ

` 1
2ε

2p pF 2J
ε ∇v ` p pF 2J

ε ∇vqJ, δ pAJ
ε ∇wqQ

ďCε

ˆ

›

›

›
δ pFε

›

›

›

L8pΩεq
`

›

›

›
δ pAε

›

›

›

L8pΩεq

˙

}v}V }w}V .

ďCε}δ pRε}L2pΩεq.

(4.10)

By employing the boundedness of pAε and BAε from Lemma Appendix A.2 and the Lipschitz estimates

of Lemma Appendix A.3,

|b
pR1
ε
pv, qq ´ b

pR2
ε
pv, qq| “ |pq, δ pAε : ∇vqQ| ď }δ pAε}L8pΩεq}q}Q}v}V

ď Cε}δRε}L8pΩεq}q}Q}v}V

(4.11)

for all v P V and q P Q.

Taking into account the Hölder inequality, the Lipschitz continuity of phε, the boundedness of pAε, pFε

and ph1ε, (4.10), the Poincaré inequality for H1
Γε

pΩεq and Lemma Appendix A.2, we obtain

|f
pR1
ε
pvq ´ f

pR2
ε
pvq| ď|pδ pJεphε, vqL2pp0,tqˆΩεq| ` |a

pR1
ε
pδBt pψε, vq|

` |a
pR1
ε
pBt pψ

2
ε , vq ´ a

pR2
ε
pBt pψ

2
ε , vq|| ` |pδ pAε∇pb, vqQ|

ďC
›

›

›
δ pJε

›

›

›

L8pΩεq
}v}Q ` C

›

›

›
δBt pψε

›

›

›

V
}v}V

` Cε}δ pRε}L2pΩεq

›

›

›
Bt pψ

2
ε

›

›

›

V
}v}V ` Cε

›

›

›
δ pAε

›

›

›

L8pΩεq
}v}Q

ďCε

”´

1 ` }Bt pR
2
ε}L2pΩεq

¯

}δ pRε}L8pΩεq ` }δBt pRε}Q

ı

}v}V .

From Lemma Appendix A.3, we get

|g
pR1
ε
pqq ´ g

pR2
ε
pqq| “ |pq, δBt pJεqQ| ď }q}Q}δBtJε}Q ď Cεp}δBt pRε}Q ` }δ pRε}Qq}q}Q.

Altogether, it holds that
›

›

›
a
pR1
ε

´ a
pR2
ε

›

›

›

Bil
`

›

›

›
b
pR1
ε

´ b
pR2
ε

›

›

›

Bil
ď Cε

›

›

›

pR1
ε ´ pR2

ε

›

›

›

L2pΩεq
,

›

›

›
f
pR1
ε

´ f
pR2
ε

›

›

›

V 1
`

›

›

›
g
pR1
ε

´ g
pR2
ε

›

›

›

Q1
ď CεM

›

›

›

pR1
ε ´ pR2

ε

›

›

›

L2pΩεq
` Cε

›

›

›
Btp pR

1
ε ´ pR2

εq

›

›

›

L2pΩεq

(4.12)

for M “ 1 ` }Bt pR
1
ε}L2pΩεq ` }Bt pR

2
ε}L2pΩεq with the norms defined in Lemma Appendix B.4. By similar

estimates, it can be easily observed that
›

›

›
a
pRε

›

›

›

Bil
`

›

›

›
b
pRε

›

›

›

Bil
ď Cε,

›

›

›
f
pRε

›

›

›

V 1
`

›

›

›
g
pRε

›

›

›

Q1
ď CεM

for pR1
ε,

pR2
ε P B. Moreover, (A.8) and (A.9) yield constants α0, β0 ą 0 such that

a
pRε

pv, vq ě α0 }v}
2
V
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for all v P V and

inf
qPQ

sup
vPV

b
pRε

pv, qq

}v}V }q}Q
ě β0.

Thus, a
pRε
, b

pRε
, f

pRε
and g

pRε
fulfill the assumptions of Lemma Appendix B.4 and we can transfer the

Lipschitz continuity of the data (see (4.12)) onto the solution which yields almost everywhere in p0, T q

›

›F2p pR1
εq ´ F2p pR1

εq
›

›

L2pΩεq
`

›

›

›
∇pF2p pR1

εq ´ F2p pR1
εqq

›

›

›

L2pΩεq

ď LCεM
›

›

›

pR1
ε ´ pR2

ε

›

›

›

L2pΩεq
` Cε

›

›

›
Btp pR

1
ε ´ pR2

εq

›

›

›

L2pΩεq
.

Integrating with respect to time from 0 to t P p0, T q and employing the Hölder inequality yields

}F2p pR1
εq ´ F2p pR1

εq}L2pp0,tqˆΩεq `

›

›

›
∇pF2p pR1

εq ´ F2p pR1
εqq

›

›

›

L2pp0,T qˆΩεq

ď Cε }M}L2p0,T q

›

›

›

pR1
ε ´ pR2

ε

›

›

›

L8pp0,T q;L2pΩεqq
` Cε

›

›

›
Btp pR

1
ε ´ pR2

εq

›

›

›

L2pp0,T qˆΩεq

and, thus, (4.9).

Lemma 4.5. The operator F3 is well-defined and continuous.

Proof. For the reaction–diffusion–advection equation in (4.5), existence of a weak solution can be estab-

lished for example by using the Galerkin method, see Chapter 23 of Ref. 75, which is based on standard

energy estimates. Similar estimates will be shown with explicit dependence on ε in Section 5, so we skip

the details.

For the continuity of the operator, we consider sequences p pRk
ε , pw

k
ε q P Yε ˆZε, see (4.2) and (4.4), and

pukε P L2pp0, T q, HβpΩεqq, such that for k Ñ 8

pRk
ε Ñ pRε in L8pp0, T q ˆ Ωεq XH1pp0, T q, L8pΩεqq,

pwk
ε Ñ pwε in L2pp0, T q, H1

Γε
pΩεqnq,

pukε Ñ puε in L2pp0, T q, HβpΩεqq.

From Lemma Appendix A.3, we also get the strong convergence of pJk
ε ,

pDk
ε , and

pAk
ε in L8pp0, T q ˆΩεq to

pJε, pDε, and pAε. From the a priori estimates in Lemmata 5.1 and 5.2 below, we obtain for ukε :“ F3p pRk
ε , pw

k
ε q

and a constant Cε ą 0 (depending on ε) the estimate

}Btu
k
ε}L2pp0,T q,H1

BΩpΩεq1q ` }ukε}L2pp0,T q,H1pΩεqq ď Cε.

Hence, there exists uε P L2pp0, T q, H1
BΩpΩεqq X H1pp0, T q, H1

BΩpΩεq1q such that, up to a subsequence, ukε
converges weakly to uε in L2pp0, T q, H1pΩεqq and strongly in L2pp0, T q, HβpΩεqq by the Aubin–Lions

lemma and, by continuity of the trace operator, also in the space L2pp0, T q ˆΓεq. Further, Btu
k
ε converges

weakly to Btuε in L2pp0, T q, H1
BΩpΩεq1q. Testing the weak formulation of the linearised problem (4.5) with

ϕpxqψptq with ϕ P H1
BΩpΩεq and ψ P C8

0 pr0, T qq, we get

´

ż T

0

x pJk
ε u

k
ε , ϕyH1

BΩpΩεq1,H1
BΩpΩεqψ dxdt`

ż T

0

ż

Ωε

r pDk
ε∇ukε ´ ukε

pAk
ε pw

k
ε s ¨ ∇ϕψ dxdt

“

ż T

0

ż

Ωε

pJk
ε fppukεqϕψ dx dt´ ρ

ż T

0

ż

Γε

pJk
ε g

´

pukε , ε
´1

pRk
ε

¯

ϕψ dσ dt

`

ż

Ωε

pJk
ε p0quinε ϕψp0qdx.

Passing to the limit k Ñ 8, we obtain

´

ż T

0

x pJεuε, ϕyH1
BΩpΩεq1,H1

BΩpΩεqψ
1 dxdt`

ż T

0

ż

Ωε

r pDε∇uε ´ uε pAε pwεs ¨ ∇ϕψ dxdt

“

ż T

0

ż

Ωε

pJεfppuεqϕψ dx dt´ ρ

ż T

0

ż

Γε

pJεg
´

puε, ε
´1

pRε

¯

ϕψ dσ dt

`

ż

Ωε

pJεp0quinε ϕψp0qdx.
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A density argument shows F3p pRε, pwε, puεq “ uε. The initial condition uεp0q “ uinε can be obtained by a

similar argument as above and integrating by parts in time. This implies the continuity of F3.

Remark 4.1. The operator F3 is even Lipschitz continuous. This can be shown by similar arguments as

in the proof of Theorem 3 of Ref. 31 and the proof of Proposition 4.2 below. In both proofs, the difference

of two fixed points of F are estimated. However, it is straightforward to generalise these arguments to

show the Lipschitz continuity. Here, we restrict ourselves to the continuity of F3, which is enough to

guarantee the existence of a solution. For uniqueness of the weak solution, we can use the results from

the proof of Theorem 3 of Ref. 31 and, therefore, avoid repeating the same arguments, which shortens

the uniqueness proof.

4.2. Existence of a solution for the micoscopic model

Proposition 4.1. There exists a weak solution puε, Rε, wε, qεq of the microscopic problem (2.11a)–(2.11c)

and (2.13) in the sense of Definition 2.1.

Proof. We apply Schäfer’s fixed-point theorem (see e.g. Ref. 23) to the operator F . For this, we have to

show that F is compact and continuous and that the set

X :“
␣

uε P L2pp0, T q, HβpΩεqq : uε “ λFpuεq for some 0 ď λ ď 1
(

is bounded. Let ppukεqkPN Ă L2pp0, T q, HβpΩεqq be bounded and ukε :“ Fppukεq. Standard energy estimates

for parabolic equations provide

}Btu
k
ε}L2pp0,T q,H1

BΩpΩεq1q ` }ukε}L2pp0,T q,H1pΩεqq ď Cε

for a constant Cε ą 0 independent of k (but depending on ε). For more details on this estimate, we

refer to the proof of Lemma 5.1 in Section 5 below, where we show uniform a priori estimates with

respect to ε. The Aubin–Lions lemma, see Ref. 41, implies the existence of a convergent subsequence in

L2pp0, T q, HβpΩεqq and, therefore, F is compact.

The continuity of the operator F follows from the continuity of the operators Fi, i “ 1, 2, 3, see

Lemmata 4.1, 4.4, and 4.5.

It remains to show the boundedness of X . We only have to consider uε “ λFpuεq for uε P

L2pp0, T q, HβpΩεqq and λ P p0, 1s. Hence, we have to replace uε in the microscopic model (2.11) with
uε

λ . The associated weak formulation of this equation is obtained by multiplying the right-hand side of

(2.14a) by λ. Then, the boundedness of uε (uniform with respect to λ) can be obtained again by standard

energy estimates. Now, Schäfer’s fixed-point theorem implies the existence of a fixed point and, therefore,

the existence of a microscopic solution.

4.3. Uniqueness of a solution for the microscopic model

Now, we show the uniqueness of the weak microscopic solution. In Theorem 3 of Ref. 31, the uniqueness

was established for the problem without convection. Hence, here we generalise this result, where the

crucial new ingredient is the Lipschitz estimate from Lemma 4.4.

Proposition 4.2. The weak solution puε, Rε, wε, qεq of the microscopic problem (2.11) obtained by Propo-

sition 4.1 is unique.

Proof.

Consider two microscopic solutions pujε, R
j
ε, w

j
ε, q

j
εq for j “ 1, 2. Since every problem associated to the

operators Fi, i “ 1, 2, 3, admits a unique solution, it follows that ujε are fixed points of F . Hence, we

have ujε “ Fpujεq, Rj
ε “ F1pujεq and wj

ε “ F2pRj
εq. The triple puε, wε, Rεq fulfills the a priori estimates

of Section 5. This can be shown by the same arguments as in the proofs of Lemmata 5.1 and 5.2. In

particular, the estimates from Lemmata Appendix A.2, Appendix A.3 and 4.2 are valid, as well as the

inequality (4.9).
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Now, as in the proof of Theorem 3 of Ref. 31 (see the last inequality in the proof in particular) with

only slight modifications for the nonlinear right-hand sides with f and g in the transport equation, we

subtract the weak equations for u1ε and u2ε and test with δuε to obtain for almost every t P p0, T q and a

constant c ą 0 the estimate

}δuεptq}L2pΩεq ` c}∇δuε}L2pp0,tqˆΩεq

ď Cε}δuε}L2pp0,tqˆΩεq ` pδpuεAεwεq,∇δuεqp0,tqˆΩε
,

(4.13)

where Cε ą 0 is a constant depending on ε (Cε is a generic constant in what follows) and Aj
ε is defined

as in (2.9). It remains to estimate the convective term on the right-hand side:

`

δpuεAεwεq,∇δuε
˘

p0,tqˆΩε

“
`

u1εA
1
εδwε,∇δuε

˘

p0,tqˆΩε
`
`

u1εδAεw
2
ε ,∇δuε

˘

p0,tqˆΩε
`
`

δuεA
2
εw

2
ε ,∇δuε

˘

p0,tqˆΩε

“: I1 ` I2 ` I3.

In what follows, we use the essential bound for A1
ε, see Lemma Appendix A.2, and the essential bound for

u1ε from Lemma 5.2 in Section 5. Note that these bounds do not require a uniqueness result. We estimate

I1 by

I1 ď Cε}u1ε}L8pp0,tqˆΩεqq}δwε}L2pp0,tqˆΩεq}∇δuε}L2pp0,tqˆΩεq

ď Cε}δwε}L2pp0,tqˆΩεq}∇δuε}L2pp0,tqˆΩεq.

Using estimate (4.9) from Lemma 4.4, as well as Lemma 4.2, we obtain for arbitrary µ ą 0 the existence

of Cεpµq such that

I1 ď Cε

´

}δRε}L8pp0,tqˆΩεq ` }δBtRε}L2pp0,tqˆΩεq

¯

}∇δuε}L2pp0,tqˆΩεq

ď Cε }δuε}L2pp0,tq,L1pΓεqq }∇δuε}L2pp0,tqˆΩεq

ď Cεpµq}δuε}2L2pp0,tqˆΩεq ` µ}δ∇uε}2L2pp0,tqˆΩεq.

Next, using again Lemma Appendix A.3 and 4.2 and the a priori bounds for u1ε and w2
ε , we get with the

Hölder inequality

I2 ď Cε}u1ε}L8pp0,tqˆΩεqq}δAε}L8pp0,tqˆΩεq}w2
ε}L8pp0,tq,L2pΩεqq}∇δuε}L2pp0,tqˆΩεq

ď Cε}δuε}L1pp0,tqˆΓεq}∇δuε}L2pp0,tqˆΩεq

ď Cεpµq}δuε}2L2pp0,tqˆΩεq ` µ}δ∇uε}2L2pp0,tqˆΩεq.

Finally, for I3, we use integration by parts, the zero boundary condition of uε on BΩ resp. wε on Γε as

well as BtJε “ ∇ ¨ pAεwεq and Lemma Appendix A.2 to obtain

I3 “
1

2
pδuεBtJ

2
ε , δuεqp0,tqˆΩε

ď Cε}δuε}2L2pp0,tqˆΩεq.

Altogether, we obtain (perhaps after some redefinition of µ)

`

δpuεAεwεq,∇δuε
˘

p0,tqˆΩεq

ď Cεpµq

´

}δuε}2L2pp0,tqˆΩεq ` }δpuε}2L2pp0,tq,HβpΩεqq

¯

` µ}δ∇uε}2L2pp0,tqˆΩεq.

Plugging this estimate into (4.13) and choosing µ small enough, such that we can absorb the gradient

term on the right-hand side by the left-hand side, we deduce

}δuεptq}L2pΩεq ` c}δ∇uε}L2pp0,tqˆΩεq ď Cε}δuε}L2pp0,tqˆΩεq.

Application of the Gronwall inequality leads to the desired result.
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5. A priori estimates for the microscopic solution

In this section, we show uniform a priori estimates for the weak solution puε, wε, Rεq of the microscopic

problem (2.11). These estimates are the basis for the two-scale compactness results stated in Proposition

6.1 and Proposition 6.2 of Section 6.1 below, which allow us to pass to the limit ε Ñ 0 in the weak formu-

lation (2.14). The proof follows the following scheme: The uniform bound for Rε is a direct consequence

of the essential boundedness of g. Therefore, Rε and BtRε can be estimated independently of uε. The

bounds for Rε allow to control the velocity wε and the pressure pε. Finally, we are able to estimate the

concentration uε.

Lemma 5.1. The weak solution puε, Rε, wε, qεq of the microscopic problem (2.11) fulfills the following a

priori estimates

}Rε}L8pp0,T qˆΩεq ` }BtRε}L8pp0,T qˆΩεq ď Cε, (5.1)

}wε}L8pp0,T q,L2pΩεqq ` ε}∇wε}L8pp0,T q,L2pΩεqq ` }qε}L8pp0,T q,L2pΩεqq ď C, (5.2)

ε}Btuε}L2pp0,T q,H1pΩεq1q ` }uε}L8pp0,T q,L2pΩεqq ` }∇uε}L2pp0,T qˆΩεq ď C (5.3)

}BtpJεuεq}L2pp0,T q,H1
BΩpΩεq1q ` }Jεuε}L8pp0,T q,L2pΩεqq ` ε}∇pJεuεq}L2pp0,T qˆΩεq ď C (5.4)

Proof. Bound for Rε: We start with the bounds for the radii Rε. This follows immediately from the

essential boundedness of g: For almost every pt, xq P p0, T q ˆ Ωε, we have

|BtRεpt, xq| ď ε}g}L8pR2q ď εCg.

This also implies the L8-bound for Rε (which was already shown in Lemma 4.1).

Bound for wε and qε: Due to the bound (5.1) for Rε shown above, we can apply Lemma Appendix A.2.

Now, the results follow directly from Theorem 3.1 of Ref. 73, where the existence and uniqueness of a

solution as well as a priori estimates for the Stokes problem for given evolving microstructure are shown.

Bound for uε: Here, we use similar arguments as in the proof of Lemma 6 Ref. 72, so we skip some

details. The main new part is the convective term. We divide the proof into two steps, showing the

estimate for }uε}L8pp0,T q,L2pΩεqq and }∇uε}L2pp0,T qˆΩεq first (which then directly also implies the estimate

for ε}∇pJεuεq}L2pp0,T qˆΩεq):

Step A: We begin by testing the weak equation for uε (2.14a) with uε to obtain almost everywhere in

p0, T q

xBtpJεuεq, uεyH1pΩεq1,H1pΩεq `

ż

Ωε

Dε∇uε ¨ ∇uε dx “

ż

Ωε

uεAεwε ¨ ∇uε dx`

ż

Ωε

Jεfpuεquε dx´ ρ

ż

Γε

g
`

uε, ε
´1Rε

˘

Jεuε dσ.

Using the uniform coercivity of Dε, see (A.7), we get for almost every t P p0, T q

1

2

d

dt

›

›

›

a

Jεuεptq
›

›

›

2

L2pΩεq
` α}∇uε}2L2pΩεq

ď ´
1

2

ż

Ωε

BtJε|uε|2 dx`

ż

Ωε

uεAεwε ¨ ∇uε dx

`

ż

Ωε

Jεfpuεquε dx´ ρ

ż

Γε

g
`

uε, ε
´1Rε

˘

Jεuε dσ.

Using the uniform bounds for Rε, Jε (see Lemma Appendix A.2), the growth condition on f from

assumption (A4) and the boundedness of g from assumption (2.15) together with the trace inequality, we

obtain for arbitrary µ ą 0 a constant Cµ ą 0 such that

ż

Ωε

Jεfεuε dx´ ρ

ż

Γε

g
`

uε, ε
´1Rε

˘

Jεuε dσ

ď Cµ

´

1 ` }uε}2L2pΩεq

¯

` µε2}∇uε}2L2pΩεq.
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For the convective term, we use integration by parts and ∇ ¨ pAεwεq “ ´BtJε (see Remark 2.1) to obtain

´
1

2

ż

Ωε

BtJε|uε|2 dx`

ż

Ωε

uεAεwε ¨ ∇uε dx “
1

2

ż

BΩε

|uε|2Aεwε ¨ ν dσ “ 0. (5.5)

For the last equality, we used wε “ 0 on Γε and uε “ 0 on BΩ. Choosing µ ą 0 small enough, integration

by parts and Gronwall’s inequality imply

}uε}L8pp0,T q,L2pΩεqq ` }∇uε}L2pp0,T qˆΩεq ď C.

Now, from the properties of Jε and ∇Jε in Lemma Appendix A.2, we get

ε}∇pJεuεq}L2pp0,T qˆΩεq ď C.

Step B: Now, we show the estimate for BtpJεuεq. For this, we use the uniform bound for uε in L
8pp0, T qˆ

Ωεq, which is shown in Lemma 5.2 below, for the proof of which we only need the regularity of the weak

solution but no ε-uniform a priori bounds. However, we emphasise that for the proof of the existence

of a weak microscopic solution we used the Galerkin method, see Lemma 4.5, and for the Galerkin

approximation we have no (uniform) L8-bound (the proof of Lemma 5.2 is not valid for the Galerkin

approximation). We also obtain the regularity for BtpJεuεq without the L8-bound for uε, see Remark 5.1

below for more details.

We test (2.14a) with ϕ P H1pΩεq such that }ϕ}H1pΩεq ď 1. We only estimate the convective term. The

estimates for the other terms follow straightforwardly. The L8-bound for uε is obtained from Lemma 5.2

using the essential bound for Aε (see Lemma Appendix A.2) and the Hölder inequality for almost every

t P p0, T q. More concretely, we obtain uεptq P L8pΩεq and

}uεptq}L8pΩεq ď }uε}L8pp0,T qˆΩεq ď C

for almost every t P p0, T q. We emphasise that, in general, the mapping t ÞÑ }uεptq}L8pΩεq, in other words

uε : p0, T q Ñ L8pΩεq, is not measurable. Furthermore, we obtain for almost every t P p0, T q

ż

Ωε

puεAεwε ¨ ∇ϕq pt, xqdx ď C}uεptq}L8pΩεq}wεptq}L2pΩεq}∇ϕ}L2pΩεq ď C.

Here, we also used the L8-bound with respect to time of wε. Hence, we obtain for almost every t P p0, T q

that

|xBtpJεuεqptq, ϕy| ď C
`

1 ` }∇uεptq}L2pΩεq

˘

and, therefore,

}BtpJεuεqptq}H1
BΩpΩεq1 ď C

`

1 ` }∇uεptq}L2pΩεq

˘

.

Using the a priori bound for ∇uε, we further obtain

}BtpJεuεq}L2pp0,T q,H1
BΩpΩεq1q ď C.

Now, the estimate for Btuε follows from the product rule and the bound for ε∇Jε in Lemma Appendix A.1.

A similar argument is valid for Jεuε and ∇pJεuεq. Thus, the proof is complete except for the verification

of Lemma 5.2 which is undertaken below.

Remark 5.1. As indicated in Step B in the proof above, to obtain the ε-uniform bound for BtpJεuεq

in Lemma 5.1, we need the uniform L8-bound for uε from Lemma 5.2 below. However, in the Galerkin

method in the proof of Lemma 4.5 (where we are not allowed to use Lemma 5.2), we can argue in the

following way to obtain a bound for BtpJεuεq (not uniformly with respect to ε): From the a priori bounds

already obtained for wε and uε in Step A of the proof above, we get
ˇ

ˇ

ˇ

ˇ

ż

Ωε

uεAεwε ¨ ∇ϕdx
ˇ

ˇ

ˇ

ˇ

ď Cε}uε}L4pΩεq}wε}L4pΩεq}∇ϕ}L2pΩεq

ď Cε}uε}H1pΩεq}wε}H1pΩεq
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for a constant Cε depending on ε. Now, arguing as in the proof above, we obtain with the

L8pp0, T q, H1pΩεqnq-bound for wε and the L2pp0, T q, H1pΩεqq-bound for uε the estimate

}BtpJεuεq}L2pp0,T q,H1
BΩpΩεq1q ď Cε.

We now show the essential bound for uε, which holds uniformly with respect to the homogenisa-

tion parameter ε. Further, under some additional assumptions on the data, the non-negativity of the

concentration uε also follows.

Lemma 5.2. The solution uε is uniformly essentially bounded. More precisely, there exists a constant

C ą 0 (independent of ε) such that

}uε}L8pp0,T qˆΩεq ď C. (5.6)

Under the additional assumptions on the data

fpuqpuq´ ď |puq´|2, gpu,Rqpuq´ ě 0, uinε ě 0 (5.7)

for every R, u P R, where p¨q´ “ mint¨, 0u, the solution uε is non-negative.

Proof. Following the classic strategy for proving such results, we define for ω ě 0 the function W :“

e´ωtuε and for k ě 1 the functions Wk :“ W ´k andW`
k :“ pW ´kq`, where p¨q` :“ maxp¨, 0q. Choosing

e´ωtW`
k as a test function in (2.14a), we obtain

ż t

0

xBtpJεuεq, e´ωsW`
k yds` pDε∇uε, e´ωs∇W`

k qp0,tqˆΩε

“
`

Aεwεuε, e
´ωs∇W`

k

˘

p0,tqˆΩε
` pJεfpuεq, e´ωsW`

k qp0,tqˆΩε

` ρ
`

Jεgpuε, ε
´1Rεq, e´ωsW`

k

˘

p0,tqˆΓε
.

(5.8)

Using the identity

e´ωtBtpJεuεq “ Bt
“

Jε
`

e´ωtuε ´ k
˘‰

` ωe´ωtJεuε ` kBtJε

in L2pp0, T q;H1
BΩpΩεq1q and similar arguments as in Lemma 3.2 of Ref. 69, we get (for k large enough)

ż t

0

xBtpJεuεq, e´ωsW`
k yds “

ż t

0

xe´ωsBtpJεuεq,W`
k yds

“

ż t

0

xBt rJεWks ,W`
k yds`

`

ωe´ωsJεuε,W
`
k

˘

p0,tqˆΩε
`
`

kBtJε,W
`
k

˘

p0,tqˆΩε

“
1

2

›

›

›

a

JεW
`
k ptq

›

›

›

2

L2pΩεq
´

1

2

›

›

›

a

JεW
`
k p0q

›

›

›

2

L2pΩεq
looooooooooomooooooooooon

“0

`
1

2

ż t

0

ż

Ωε

BtJεWkW
`
k dxds

`
`

ωe´ωsJεuε,W
`
k

˘

p0,tqˆΩε
`
`

kBtJε,W
`
k

˘

p0,tqˆΩε
.

For the second term in (5.8), we obtain with the ε-uniform coercivity of Dε from (A.7)

pDε∇uε, e´ωs∇W`
k qp0,tqˆΩε

“ pDε∇Wk,∇W`
k qp0,tqˆΩε

“ pDε∇W`
k ,∇W`

k qp0,tqˆΩε

ě c0}∇W`
k }2L2pp0,tqˆΩεq.

Hence, we obtain

1

2

›

›

›

a

JεW
`
k ptq

›

›

›

2

L2pΩεq
` c0}∇W`

k }2L2pp0,tqˆΩεq

ď
`

Aεwεuε, e
´ωs∇W`

k

˘

p0,tqˆΩε
` pJεfpuεq, e´ωsW`

k qp0,tqˆΩε

` ρ
`

Jεgpuε, ε
´1Rεq, e´ωsW`

k

˘

p0,tqˆΓε
´

1

2

ż t

0

ż

Ωε

BtJεWkW
`
k dxds

´
`

ωJεW,W
`
k

˘

p0,tqˆΩε
´
`

kBtJε,W
`
k

˘

p0,tqˆΩε
“:

6
ÿ

l“1

I lε.

(5.9)
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For the convective term I1ε , we have

I1ε “
`

AεwεW,∇W`
k

˘

p0,tqˆΩε

“
`

AεwεW
`
k ,∇W`

k

˘

p0,tqˆΩε
` k

`

Aεwε,∇W`
k

˘

p0,tqˆΩε

“: A1
ε `A2

ε.

For the first term, we use ∇ ¨ pAεwεq “ BtJε almost everywhere in Ωε and Aεwε ¨ν “ 0 almost everywhere

on Γε. Moreover, we use the zero boundary condition of uε on BΩ, which is then also valid for W`
k , to

obtain with integration by parts

A1
ε “

1

2

`

Aεwε,∇pW`
k q2

˘

p0,tqˆΩε
“ ´

1

2

`

∇ ¨ pAεwεq , pW`
k q2

˘

p0,tqˆΩε

“
1

2

`

BtJε, pW
`
k q2

˘

p0,tqˆΩε
“ ´I4ε .

For the term A2
ε, we obtain with similar arguments

A2
ε “ kpBtJε,W

`
k qp0,tqˆΩε

“ ´I6ε .

Now, we note that fpuq ď Cp1 ` uq ď Cp1 `Weωsq for u ě 0 and W`
k “ 0 for u ď 0 almost everywhere.

Thus, we obtain

|fpuqe´ωsW`
k | ď Cp1 `Weωsqe´ωsW`

k ď Cpe´ωs `W`
k ` kqW`

k ď Cp1 `W`
k ` kqW`

k . (5.10)

Using additionally the essential boundedness of Jε as well as the Hölder and Young inequalities, we obtain

for I2ε

|I2ε | ď

ż

p0,tqˆΩε

Cp1 `W`
k ` kqW`

k dxds

ď Cp1 ` kq}W`
k }L1pp0,tqˆΩεq ` C}W`

k }2L2pp0,tqˆΩεq

ď Cp1 ` k2q

ż t

0

ż

tW ptqąku

dxds` C}W`
k }2L2pp0,tqˆΩεq.

For the boundary term I3ε , we obtain with the essential boundedness of Jε and g as well as the scaled

trace inequality for µ ą 0 (with ε ď 1)

|I3ε | ď εCCg}e´ωsW`
k }L1pp0,tqˆΓεq ď Cpµq}W`

k }L1pp0,tqˆΩεq ` εµ}∇W`
k }L1pp0,tqˆΩεq

ď Cpµq

ż t

0

ż

tW ptqąku

dxds` Cpµq}W`
k }2L2pp0,tqˆΩεq ` µ}∇W`

k }2L2pp0,tqˆΩεq.

For I5ε , we get

I5ε “ ´ωpJεW
`
k ,W

`
k qp0,tqˆΩε

` kpJε,W
`
k qp0,tqˆΩε

ď ´ωJmin}W`
k }2L2pp0,tqˆΩεq ` C

˜

k2
ż t

0

ż

tW ptqąku

dxds` }W`
k }2L2pp0,tqˆΩεq

¸

.

Combining all the results, we obtain

1

2

›

›

›

a

JεW
`
k ptq

›

›

›

2

L2pΩεq
` c0}∇W`

k }2L2pp0,tqˆΩεq

ď Cpµqk2
ż t

0

ż

tW ptqąku

dxds` rCpµq ´ ωJmins }W`
k }2L2pp0,tqˆΩεq ` µ}∇W`

k }2L2pp0,tqˆΩεq.

For µ small enough, the term including the gradient on the right-hand side can be absorbed by the

left-hand side. Hence, choosing ω ą
Cpµq

Jmin
in the inequality above (for fixed δ), we obtain for almost every

t P p0, T q

}W`
k }2L2pΩεq ` }∇W`

k }2L2pp0,tqˆΩεq ď Ck2
ż t

0

ż

tW ptqąku

dx ds. (5.11)
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Now, the result follows from II Theorem 6.1 of Ref. 40 implying

uε ď C

for a constant C ą 0 independent of ε. Repeating these arguments with ´uε instead of uε, we obtain

´uε ď C,

which gives the essential boundedness of uε uniformly with respect to ε.

It remains to show the non-negativity. For this, we choose puεq´ :“ minpuε, 0q as a test function in

(2.14a) and obtain (by a similar calculation as above for W`
k )

1

2

d

dt
}puεq´}2L2pΩεq ` c0}∇puεq´}2L2pΩεq

ď

ż

Ωε

Jεfpuεqpuεq´ dx´ ρ

ż

Γε

Jεg
`

uε, ε
´1Rε

˘

puεq´ dσ

ď C}puεq´}2L2pΩεq.

Now, the Gronwall inequality implies the non-negativity of the microscopic concentration uε.

6. Derivation of the macroscopic model

In this section, we show that the microscopic solution puε, wε, pε, Rεq converges in a suitable sense to the

solution of the macroscopic model (3.3) formulated in Section 3 for ε Ñ 0. In a first step, we establish

compactness results obtained from the a priori estimates in Section 5 and, in a second step, we pass to

the limit ε Ñ 0 in the weak formulation of the microscopic problem in Definition 2.1, which corresponds

to the passage to the limit illustrated on the bottom of Figure 1.

6.1. Compactness results for the microscopic solutions

Based on the a priori estimates from Section 5, we derive compactness results for the microscopic solutions.

As a suitable convergence concept for the treatment of problems including oscillating coefficients and

domains, we use the two-scale convergence, see Appendix C.1. Since we are dealing with functions on

perforated domains, we have to extend these functions to the whole domain. While for the fluid velocity

wε it is natural to use the zero extension, the situation is more complicated for the pressure pε and the

concentration uε. For the pressure, we use an extension from Tartar given in Ref. 59, see also Ref. 42.

For the concentration, we would lose spatial regularity for the zero extension and, therefore, we use

an extension operator from Ref. 17, see also Ref. 1 for more general domains. Namely, there exists an

extension operator Eε : H
1pΩεq Ñ H1pΩq such that

}Eεϕε}L2pΩq ď C}ϕε}L2pΩεq,

}Eεϕε}H1pΩq ď C}ϕε}H1pΩεq

for all ϕε P H1pΩεq with a constant C ą 0 independent of ε. For time dependent functions, we apply this

operator pointwisely in t. We write in short

ruε :“ Eεuε P L2pp0, T q, H1pΩqq (6.1)

and we obtain

}ruε}L2pp0,T q,H1pΩqq ` }ruε}L8pp0,T q,L2pΩqq ď C. (6.2)

However, we emphasise that this extension operator in general does not preserve the regularity for the

time derivative and, therefore, we lose control for the time variable of the microscopic sequence ruε, which

is important to obtain strong two-scale compactness results. The strong two-scale convergence of uε was

shown for the same a priori estimates in Proposition 5 of Ref. 31 and with additional estimates for the

differences of shifts with respect to time in Ref. 72. Here, we simplify the proof of Ref. 31 by showing the

following general strong two-scale compactness result. The Proposition will then be applied to Jε and uε,

so we keep the same notation, but we slightly generalise the assumptions for the sake of the proposition.
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For the sake of readability, and in view of the context in which the proposition is applied, we state the

result in terms of functions Jε and uε, but the assumptions are slightly more general than needed here.

Proposition 6.1. Let n ě 2 and Vε Ă H1pΩεq dense in L2pΩεq. Let uε P L2pp0, T q, Vεq and Jε P

L8pp0, T q ˆΩεq with BtpJεuεq P L2pp0, T q, V 1
εq with respect to the usual Gelfand triple Vε Ă L2pΩεq Ă V 1

ε .

Further, let Jε ě c0 ą 0 for a constant c0 ą 0 independent of ε and

}BtpJεuεq}L2pp0,T q,V 1
εq ` }uε}L2pp0,T q,H1pΩεqq ď C.

Moreover, assume there exists κphq with κphq Ñ 0 for h Ñ 0 and h ą 0 such that

}Jεp¨ ` hq ´ Jε}L8pp0,T´hq,LspΩεqq ď κphq (6.3)

with s ą 1 arbitrary for n “ 2 and s “ n
2 for n ě 3. Then, there exists κ0phq with κ0phq Ñ 0 for h Ñ 0

such that

}uεp¨ ` hq ´ uε}L2pp0,T´hq,L2pΩεqq ď κ0phq.

In particular, there exists u0 P L2pp0, T q ˆΩq (even in L2pp0, T q, H1pΩqq) such that, up to a subsequence,

χΩε
uε converges strongly in the two-scale sense to χY ˚u0.

Proof. For a function ϕ : p0, T q ˆ U Ñ R with U Ă Rn, we define the shift with respect to time for

0 ă h ! 1 and t P p0, T ´ hq by

δhϕptq :“ δhϕpt, ¨xq :“ ϕpt` hq ´ ϕptq.

Since Jε ě c0 ą 0 almost everywhere in p0, T q ˆ Ωε, it holds for almost every t P p0, T ´ hq that

c0}δhuεptq}2L2pΩεq ď

ż

Ωε

Jεpt` hqpδhuεptqq2 dx.

By an elementary calculation, we get

Jεpt` hqpδhuεptqq2 “ δhpJεuεqptqδhuεptq ´ δhJεptquεptqδhuεptq,

from which we obtain

c0}δhuε}2L2pp0,T´hqˆΩεq ď

ż T´h

0

ż

Ωε

δhpJεuεqptqδhuεptqdx dt

´

ż T´h

0

ż

Ωε

δhJεptquεptqδhuεptqdxdt

“: A1
ε,h `A2

ε,h.

Let us estimate the two terms separately. We start with the second term and restrict ourselves to the case

n ě 3 (the case n “ 2 follows by similar arguments). Using the Sobolev embedding H1pΩεq ãÑ L2˚

pΩεq

with 2˚ :“ 2n
n´2 , we obtain uε P L2pp0, T q, L2˚

pΩεqq such that

}uε}L2pp0,T q,Lp˚
pΩεqq

ď C}uε}L2pp0,T q,H1pΩεqq ď C

with a constant C ą 0 independent of ε. More precisely, this constant is independent of ε owing to the

existence of the extension operator Eε defined at the beginning of Section 6.1. Now, the Hölder inequality

implies

|A2
ε,h| ď

ż T´h

0

}δhJεptq}
L

n
2 pΩεq

}uεptq}L2˚
pΩεq

´

}uεpt` hq}L2˚
pΩεq

` }uεptq}L2˚
pΩεq

¯

dt

ď 2}uε}2
L2pp0,T q,L2˚

pΩεqq
}δhJε}

L8pp0,T q,L
n
2 pΩεqq

ď Cκphq.
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For the first term A1
ε,h, we have (using the natural embedding in the Gelfand triple Vε ãÑ L2pΩεq ãÑ V 1

ε)

A1
ε,h “

ż T´h

0

xδhpJεuεqptq, δhuεptqyV 1
ε ,Vε dt

ď }δhpJεuεq}L2pp0,T´hq,V 1
εq

loooooooooooooomoooooooooooooon

ďh}BtpJεuεq}L2pp0,T q,V 1
εq

}δhuεptq}L2pp0,T q,H1pΩεqq

ď Ch.

Altogether, we obtain

}δhuε}L2pp0,T´hqˆΩεq ď C
a

h` κphq “: κ0phq

and, obviously, κ0phq Ñ 0 for h Ñ 0.

It remains to show the strong two-scale convergence of uε. The proof follows similar ideas as in Lemma

10 of Ref. 28. Using the extension ruε of uε defined in (6.1), we obtain with (6.2)
›

›

›

›

ż t2

t1

ruε dt

›

›

›

›

H1pΩq

ď C}ruε}L2pp0,T q,H1pΩqq ď C.

Then, noting the compact embedding H1pΩq ãÑ L2pΩq, we have that
şt2
t1
ruε dt is relatively compact in

L2pΩq. Further, it holds that (the extension operator is pointwisely defined in time)

}δhruε}L2pp0,T´hq,L2pΩqq ď C}δhuε}L2pp0,T´hq,L2pΩεqq ď Cκ0phq
hÑ0
ÝÑ 0.

Therefore, by the Kolmogorov–Simon compactness theorem, see Theorem 1 of Ref. 63, ruε converges

strongly in L2pp0, T q ˆ Ωq. This gives the desired result.

Remark 6.1.

(i) Proposition 6.1 is not restricted to the case of radially symmetric perforations and remains

valid for arbitrarily perforated domains Ωε as long as there exists a linear extension operator

E˚
ε : H

1pΩεq Ñ H1pΩq such that

}E˚
ε uε}H1pΩq ď C}uε}H1pΩεq for all uε P H1pΩεq.

Such an operator exists for example for periodically perforated connected Lipschitz domains, see

Ref. 1 for more details. In particular, the result is valid for Ωε “ Ω and gives (besides the strong

two-scale convergence) the strong convergence in L2pp0, T q ˆ Ωq in this case.

(ii) Under the additional assumption uε P L8pp0, T q, L2pΩεqq with

}uε}L8pp0,T q,L2pΩεqq ď C

for a constant C ą 0 independent of ε, we can replace (6.3) with

}Jεp¨ ` hq ´ Jε}L2pp0,T´hq,L8pΩεqq ď κphq

and obtain the same result (using slightly different arguments for the term A2
ε,h in the proof).

In the following proposition, we give the compactness results for the microscopic solutions. The results

for puε, Rεq have already been established in Ref. 31 for the same a priori estimates as in Lemma 5.1

and the Lipschitz estimate for Rε from Lemma 4.2 (with slightly stronger regularity assumptions on

Rεp0q). Similar compactness results were also obtained in Ref. 72, where an additional estimate for the

differences of the shifts of uε with respect to time was shown for the strong convergence of uε, and the

strong convergence of Rε was shown by a direct comparison with the macroscopic radii R0 using the

microscopic and macroscopic ODE.

For uε, we use the extension from (6.1). Further, since wε P L8pp0, T q;H1
Γε

pΩεqq, we can extend it

by zero to a function wε P L8pp0, T q;H1pΩqq in order to state the convergence. Moreover, to obtain not

only a weak but also strong convergence result for the pressure, we extend it as follows (see Ref. 42):

Qεpt, xq :“

$

&

%

qεpt, xq if x P Ωε,
1

|Y ˚|

ş

k`εY ˚

qεpt, zqdz if x P k ` εpY zY ˚q for k P Kε.
(6.4)
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Note that this extension coincides with the extension from Tartar in Ref. 59.

Proposition 6.2. The microscopic solutions puε, wε, pε, Rεq fulfill the following convergence results up

to a subsequence:

(i) There exist u0 P L2pp0, T q, H1
0 pΩqqXL8pp0, T q, L2pΩqq and u1 P L2pp0, T qˆΩ, H1

perpY
˚q{Rq such

that

ruε Ñ u0 in L2pp0, T q ˆ Ωq,

χΩε∇uε
2,2

ÝÝá χY ˚ p∇u0 ` ∇yu1q ,

χΩεuε
2,2

ÝÝÑ χY ˚u0,

uε|Γε

2,2
ÝÝÑ u0 on Γε.

(ii) There exists R0 P H1pp0, T q, L2pΩqq X L8pp0, T q ˆ Ωq with BtR0 P L8pp0, T q ˆ Ωq such that for

all p P r1,8q

ε´1Rε Ñ R0 in Lppp0, T q ˆ Ωq, (6.5)

ε´1BtRε Ñ BtR0 in Lppp0, T q ˆ Ωq. (6.6)

These convergences are also valid in the strong two-scale sense in Ω and Γε. Further, it holds

almost everywhere in p0, T q ˆ Ω that

BtR0 “ gpu0, R0q.

(iii) There exists w0 P L8pp0, T q;L2pΩ;H1
#pY qqq with

w0 “ 0 in p0, T q ˆ Ω ˆ pY zY ˚q, (6.7)

∇¨ypA0w0q “ 0 in p0, T q ˆ Ω ˆ Y, (6.8)

∇¨x

¨

˝

ż

Y ˚

A0w0

˛

‚“ ´Btθ in p0, T q ˆ Ω ˆ Y, (6.9)

such that for the zero extension of wε to Ω it holds for every p P r1,8q that

wε
2,p,2

ÝÝÝá w0, (6.10)

ε∇wε
2,p,2

ÝÝÝá ∇yw0, (6.11)

εeεpwεq
2,p,2

ÝÝÝá e0pw0q, (6.12)

where e0pw0q “ 1
2 pF´J

0 ∇yw0 ` ∇yw
J
0 F

´1
0 q and F0 is defined in (6.16) below.

Moreover, there exists Q0 P L8pp0, T q;H1
0 pΩqq such that for every p P r1,8q

Qε Ñ Q0 in Lppp0, T q;L2pΩqq, (6.13)

Qε ` pb “: Pε Ñ P0 :“ Q0 ` pb in Lppp0, T q, L2pΩqq. (6.14)

Proof. We start with (i). The existence of u0 and u1 and the weak two-scale convergence results follow

from the a priori estimates in Lemma 5.1 and the two-scale compactness results from Lemma Appendix

C.1 in the appendix. Using again the a priori estimates from Lemma 5.1, the strong convergence of ruε
follows from Proposition 6.1 provided that (6.3) holds true. However, this is a direct consequence of

Lemma Appendix A.3 (with R1
ε “ Rε and R2

ε :“ Rεp¨t ` h, ¨xq) and the Lipschitz continuity of Rε with

respect to time (ε´1BtRε is essentially bounded, see (5.1)).

Next, we consider the convergence results in (ii) forRε. The first result (6.5) was shown in Proposition 4

of Ref. 31, and in the strong two-scale sense on the surface Γε in Corollary 7 Ref. 31 but with slightly

stronger regularity assumptions on the initial values Rin
ε and Rin

0 . In particular, it was assumed that

Rin
0 P H1pΩq. Here, we dropped this assumption and only assume (as in Ref. 72) the strong convergence

of ε´1Rin
ε in L2pΩq. However, since the proof still follows the same lines as in Proposition 4 Ref. 31, we

only sketch the main ideas. We use the standard Kolmogorov compactness result, see for example Ref. 9,
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and since Rε is bounded in L2pΩq it is enough to control the shifts in time and space. In what follows,

we extend Rε and uε by zero outside Ω, which is possible due to the zero boundary condition of uε on

BΩ. (It is also possible to consider shifts within Ω but then the argumentation becomes more technical.)

The essential bound of BtRε implies for all h ą 0 and t P p0, T ´ hq

ε´1}Rεp¨t ` h, ¨xq ´Rε}L8pp0,T´hqˆΩq ď Ch.

For the spatial variable, it is enough to consider shifts with εl for l P Zn (see also (42) in Ref. 31). From

the Lipschitz estimate (4.7) in Lemma 4.2, we obtain, using the trace inequality (see Lemma Appendix

B.3 in the appendix), the strong convergence of ε´1Rin
ε in L2pΩq (which guarantees a bound for the

shifts), the mean value theorem (uε is extended via ruε to the whole domain Ω) and the a priori bound

for ∇uε already obtained above,

ε´1}Rεp¨t, ¨x ` εlq ´Rε}L8pp0,T q,L2pΩqq ď C pε` κp|εl|qq

with κp|εl|q Ñ 0 for |εl| Ñ 0. Hence, the Kolmogorov compactness result implies the desired result.

The convergence of the time derivative BtRε was shown in Proposition 6 of Ref. 31 and Theorem 17

of Ref. 72, but here we give a much simpler compactness argument using the unfolding operator. More

precisely, on page 27 of Ref. 72, the strong two-scale convergence of the radii and their time derivatives

was shown by considering the difference between the microscopic and macroscopic radii Rε and R0 and

using their respective equations (the equation for R0 can be obtained a priori by using formal arguments

without using compactness of the radii Rε). Using the unfolding operator Tε (see Appendix C.2), we

obtain from the ODE (2.14b)

ε´1BtRεpt, xq “
1

|Γ|

ż

Γ

g
`

Tεpuεqpt, x, zq, Tεpε´1Rεqpt, x, zq
˘

dσz

for almost every pt, xq P p0, T q ˆ Ω. Using the strong two-scale convergence of uε and ε´1Rε on Γε, we

obtain

Tεpε´1Rεq Ñ R0 in Lppp0, T q ˆ Ω ˆ Γq,

Tεpuεq Ñ u0 in L2pp0, T q ˆ Ω ˆ Γq.

Hence, up to a subsequence, these convergences also hold pointwise almost everywhere in p0, T q ˆΩˆΓ.

Then, for almost every pt, xq P p0, T q ˆ Ω ˆ Γ, we get

ε´1BtRεpt, xq Ñ
1

|Γ|

ż

Γ

gpu0pt, xq, R0pt, xqqdσz “ gpu0pt, xq, R0pt, xqq. (6.15)

Lebesgue’s dominated-convergence theorem now implies the convergence in Lppp0, T q ˆ Ωq. It remains

to show the convergence of the traces of BtRε. Since BtRε is constant on every microscopic cell, we also

have that TεpBtRεqpt, x, ¨yq is constant for almost every pt, xq. Hence, using the trace inequality, we obtain

(with ∇ypTεpε´1BtRεq ´ gpu0, R0qq “ 0)

}Tεpε´1BtRεq ´ gpu0, R0q}Lppp0,T qˆΩˆΓq ď C}Tεpε´1BtRεq ´ gpu0, R0q}Lppp0,T qˆΩˆY ˚q Ñ 0.

Last, we consider the convergence results in (iii). The compactness results (6.10) and (6.11) with the

properties (6.7), (6.8), (6.9) for the limit function w0 are shown in Lemma 4.9 of Ref. 73 and Corollary 5.2

of Ref. 73. Moreover, (6.12) can be concluded from (6.11) and the strong two-scale convergence of F´1
ε ,

which is given by Lemma 6.2 below, by a standard argument. (Use the unfolding operator and the fact

that a product of a weakly L2-convergent and a strongly L2-convergent sequence, which is additionally

uniformly essentially bounded, converges weakly in L2-sense.) The strong convergence of Qεptq in L2pΩq to

Q0ptq was shown in Lemma 4.8 of Ref. 73 for almost every t P p0, T q similarly as in Ref. 2 (where different

boundary conditions were considered). The uniform pointwise upper bound for }qεptq}L2pΩεq for almost

every t P p0, T q leads to a uniform pointwise upper bound for the extension }Qεptq}L2pΩq for almost every

t P p0, T q. Thus, Lebesgue’s dominated convergence theorem provides the strong convergence Qε Ñ Q0 in

Lppp0, T q;L2pΩqq for every p P r1,8q. We note that the a priori estimates and the compactness results of

Ref. 73 are formulated pointwisely with respect to time but can easily be adapted to the time-dependent

two-scale convergence, since the time variable only acts as a parameter, see also Ref. 16 for results on the

parameter-dependent unfolding operator.
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As an immediate consequence of the strong convergence results for Rε and BtRε, we obtain strong

two-scale compactness for the coefficients in the transformed equations. Therefore, we define the limit

transformation ψ0 and its Jacobians with respect to the microscopic variable by (see also (2.4) for the

definition of ψ)

ψ̌0pt, x, yq :“ ψ̌pR0pt, xq, yq “ pR0pt, xq ´Rmaxq
y´m

}y´m}
χp}y ´ m}q,

ψ0pt, x, yq :“ y ` ψ̌0pt, x, yq “ y ` pR0pt, xq ´Rmaxq
y´m

}y´m}
χp}y ´ m}q.

Thus, ψ0pt, x, ¨q is a diffeomorphism from Y ˚ onto Y ˚pt, xq for a.e. pt, xq P p0, T q ˆ Ω with inverse

ψ´1
0 pt, x, yq “ ψ´1pR0pt, xq, yq for y P Y ˚pt, xq. Moreover, we define analogously to the ε-scaled setting

F0 :“ ∇yψ
J
0 , J0 :“ detpF0q, A0 :“ J0F

´1
0 , D0 :“ J0F

´1
0 DF´J

0 . (6.16)

In the following lemma, we show the strong two-scale convergence for the derivatives of ψε. Since the

coefficients Fε, Aε, Dε and Jε in the weak form (2.14) can be expressed as rational functions of the

derivatives of ψε, we can conclude the strong two-scale convergence for them in Lemma 6.2 afterwards.

Lemma 6.1. Let Rε be the subsequence from Proposition 6.2 and ψε be given by (2.5) and ψ̌ε be given

by (2.6). Then, it holds

ε|α|´1Bxα
|ψε

2,p
ÝÝÑ Byα

|ψ0,

ε|α|Bxα∇ψε
2,p

ÝÝÑ Byα∇yψ0,

ε|α|´1BtBxαψε “ ε|α|´1BtBxα
|ψε

2,p
ÝÝÑ BtByα

|ψ0 “ BtByαψ0

for all α P Nn
0 .

Proof. We follow the argumentation of Ref. 72. We note that Rε
2,p

ÝÝÑ R0 and BtRε
2,p

ÝÝÑ BtR0 yield the

pointwise convergences TεRεpt, xq Ñ R0pt, xq and BtTεRεpt, xq Ñ BtR0pt, xq for a.e. pt, xq P p0, T q ˆ Ω for

a subsequence. By employing the continuity of r ÞÑ Byα
qψpr, yq and r ÞÑ ByαBt qψpr, yq for α P Nn

0 , we

obtain

ε|α|´1TεBxα
ψ̌εpt, x, yq “ ε´1Byα

Tεψ̌εpt, x, yq “ Byα
pψ̌pTεRεpt, xq, trxs ` εyuqq

“ Byα ψ̌pTεRεpt, xq, yq Ñ Byα ψ̌pR0pt, xq, yq “ Byα ψ̌0pt, x, yq

and

ε|α|´1TεBtBxα
ψ̌εpt, x, yq “ ε´1Byα

TεBtψ̌εpt, x, yq “ Byα
Btpψ̌pTεRεpt, xq, trxs ` εyuqq

“ ByαBtpψ̌pTεRεpt, xq, yqq “ ByαBRψ̌pTεRεpt, xq, yqBtTεRεpt, xq

Ñ Byα
BRψ̌pR0pt, xq, yqBtR0pt, xq “ Byα

Btψ̌0pt, x, yq

for a.e. pt, x, yq P p0, T qˆΩˆY . Then, we obtain ε|α|´1TεBxα
ψ̌ε Ñ Byα

ψ̌0 and ε|α|´1TεBxα
Btψ̌ε Ñ Byα

Btψ̌0

by Lebesgue’s convergence theorem, which yields ε|α|´1Bxα
ψ̌ε

2,p
ÝÝÑ Byα

ψ̌0 and ε|α|´1Bxα
Btψ̌ε

2,p
ÝÝÑ Byα

Btψ̌0.

Since this argumentation holds for every arbitrary subsequence, it holds for the whole sequence. Since

Fε “ Bx|ψε ` ⊮ and F0 “ By|ψ0 ` ⊮, we can transfer the convergence to Fε. Moreover, it can be easily

observed that Btψε “ Bt|ψε as well as Btψ0 “ Bt|ψ0.

Lemma 6.2. Let Rε be the subsequence from Proposition 6.2. Then, it holds for every p P r1,8q that

Fε
2,p

ÝÝÑ F0, Jε
2,p

ÝÝÑ J0, J´1
ε

2,p
ÝÝÑ J´1

0 , F´1
ε

2,p
ÝÝÑ F´1

0 ,

Dε
2,p

ÝÝÑ D0, Aε
2,p

ÝÝÑ A0, A´1
ε

2,p
ÝÝÑ A´1

0 , εBxAε
2,p

ÝÝÑ ByA0,

εBxA
´1
ε

2,p
ÝÝÑ ByA

´1
0 , BtJε

2,p
ÝÝÑ BtJ0, ε´1BxBtψε

2,p
ÝÝÑ BtByψ0.

(6.17)

The convergence of Jε is also valid on the surface Γε.

Proof. The convergences of Fε, Jε and Dε were shown in Corollary 8 of Ref. 31 using the structure of

ψε and the strong convergence of Rε. In Lemma 3.3 of Ref. 71, Lemma 10 of Ref. 72 and Lemma 4.6 of
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Ref. 73, a more abstract argumentation was used in order to provide additionally the strong convergences

for J´1
ε , F´1

ε , Aε, A
´1
ε , εBxAε and εBxA

´1
ε from the first two convergences of Lemma 6.1. The strong two-

scale convergence of Jε follows with the two-scale convergence of ε´1BtBxψε by the same argumentation.

For sake of completeness, we recap this argumentation briefly. First, we note that the convergence of

Fε “ ∇ψJ
ε is given by Lemma 6.1. Since Jε “ detpFεq is a polynomial with respect to the entries of Fε,

the strong two-scale convergence can be transferred on Jε. Having the bound for Jε ě cJ from below, we

can transfer the strong two-scale convergence of Jε to J´1
ε .

In the next step, we notice that all other terms on the left-hand side in (6.17) can be represented as

polynomials with respect to the entries of ∇ψε, εBxBxψε, Bt∇ψε, εBtBxBxψε and J´1
ε . Their convergences

are provided by Lemma 6.1 and, thus, can be transferred to these polynomials, which yields (6.17).

The strong two-scale convergence of Jε on the surface Γε follows with the same argumentation and

using the unfolding operator for periodic surfaces in the proof of Lemma 6.1.

Finally, we have the following weak compactness result for the time derivative of Jεuε:

Corollary 6.1. Let zJεuε denote the zero extension of Jεuε. Then, it holds up to a subsequence that

Bt

´

zJεuε

¯

á Btpθu0q weakly in L2pp0, T q, H´1pΩqq, (6.18)

where the porosity θ is defined in (3.2).

Proof. This proof was shown on p. 133–134 in Ref. 31 for slightly different boundary conditions and can

be easily adapted to our setting. We emphasise that in our notations we have

θpt, xq “ |Y ˚pt, xq| “

ż

Y ˚pt,xq

dy “

ż

Y ˚

J0pt, x, yqdy.

6.2. Proof of Theorem 3.2

Now, we are able to prove our main result Theorem 3.2, i. e. pass to the limit ε Ñ 0 in the weak formulation

of the microscopic model. The ODE for R0 in (3.3d) – (3.3e) follows directly from Proposition 6.2(ii).

The Darcy law in (3.3f) – (3.3g) was derived in Ref. 73 for a given evolution of the microscopic domain

(with the same properties of ψε). Hence, the results are also valid in our setting. However, for the sake

of completeness, we will sketch here the essential steps and also use a slightly different proof with an

orthogonality argument, see Lemma Appendix B.1 in the appendix, to obtain the two-pressure Stokes

model, which was also used by Allaire in Ref. 37. This alternative proof is of interest in itself and provides

a method for dealing with Stokes problems in evolving domains. Further, throughout the proof, we work

on the fixed reference element and additionally formulate the cell problems and the Darcy velocity on

the fixed reference cell Y ˚. Finally, the derivation of the macroscopic transport equation (3.3a) – (3.3c)

follows similar lines as for pure diffusion without convection in Section 5.2 of Ref. 31 and, therefore, we

will focus only on the convective term in our proof below.

We start with the derivation of Darcy’s law, where we mainly follow the ideas of Allaire in Ref. 37, and

first obtain a generalised two-pressure Stokes model for evolving microdomains. For this, we introduce

the space

V :“

"

η PL2pΩ, H1
per,0pY ˚qnq :

∇y ¨ η “ 0 in Ω ˆ Y ˚, ∇x ¨

ż

Y ˚

η dy “ 0 in Ω

* (6.19)

with H1
per,0pY ˚q :“

␣

v P H1
perpY

˚q : v “ 0 on Γ
(

. We also define the subspace

V8 :“ V X C8pΩ, H1
per,0pY ˚qnq.

The space V8 is a dense subspace of V. For η P V8 and ψ P C8
0 p0, T q, we choose

ηεpt, xq :“ A´1
ε ψptqη

´

x,
x

ε

¯

(6.20)
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as a test function in (2.14c) to obtain after integration with respect to time and using Aε : ∇ηε “

ψ∇ ¨
`

η
`

¨x,
¨x
ε

˘˘

“ ψ∇x ¨ η
`

¨x,
¨x
ε

˘

, where the notation is used to clarify that we insert the same variable

in both arguments,

ε2
ż T

0

ż

Ωε

Jεeεpwεq : eεpηεqdx dt´

ż T

0

ż

Ωε

qε∇x ¨ η
´

x,
x

ε

¯

ψ dxdt

“ ´ε2
ż T

0

ż

Ωε

JεeεpBtψεq : eεpηεqdxdt`

ż T

0

ż

Ωε

“

JεA
´J
ε hε ´ ∇pb

‰

¨ η
´

x,
x

ε

¯

ψ dx dt.

(6.21)

From the strong two-scale convergence results in Lemma 6.2 and the strong two-scale convergence of

η
`

¨, ¨
ε

˘

, which follows from the oscillation lemma Lemma 1.3 of Ref. 3, we obtain that the unfolded

sequence Tεpεeεpηεqq converges strongly in Lspp0, T q ˆΩˆY ˚q to e0pA´1
0 ηqψ for s P r1, 2q and, therefore,

(up to a subsequence) also pointwise almost everywhere in p0, T q ˆ Ω ˆ Y ˚. Further, it holds due to the

essential bounds for F´1
ε and A´1

ε (and its derivative) almost everywhere in p0, T q ˆ Ω ˆ Y ˚

|Tεpεeεpηεqq| ď C
´
ˇ

ˇ

ˇ
εTε

´

∇xη
´

¨,
¨

ε

¯¯
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Tε

´

∇yη
´

¨,
¨

ε

¯¯
ˇ

ˇ

ˇ

¯

.

Since the right-hand side converges strongly in L2pp0, T q ˆ Ω ˆ Y ˚q, Lebesgue’s dominated-convergence

theorem implies εeεpηεq
2,2

ÝÝÑ e0pA´1
0 ηqψ. Further, Lemma Appendix A.2 implies that

}eεpBtψεq}L2pp0,T qˆΩεq ď C

for a constant C ą 0 independent of ε. Hence, the first term on the right-hand side in (6.21) is of order ε

and vanishes for ε Ñ 0. Using the compactness results from Proposition 6.2 and Lemma 6.2, we can pass

to the limit ε Ñ 0 in (6.21) and obtain almost everywhere in p0, T q

ż

Ω

ż

Y ˚

J0e0pw0q : e0pA´1
0 ηqdy dx´

ż

Ω

ż

Y ˚

“

J0A
´J
0 h0 ´ ∇pb

‰

¨ η dy dx “ 0.

By density this result is valid for all η P V. The left-hand side defines a functional on L2pΩ, H1
per,0pY ˚qnq.

Due to Lemma Appendix B.1 in the appendix, there exist P0 P L8pp0, T q, H1
0 pΩqq and q1 P L8pp0, T q ˆ

Ω ˆ Y ˚q{R such that for all η P L2pΩ, H1
per,0pY ˚qnq it holds almost everywhere in p0, T q that

ż

Ω

ż

Y ˚

J0e0pw0q : e0pA´1
0 ηqdy dx`

ż

Ω

ż

Y ˚

∇P0 ¨ η dy dx´

ż

Ω

ż

Y ˚

q1∇y ¨ η dy dx

“

ż

Ω

ż

Y ˚

J0h0 ¨A´1
0 η dy dx´

ż

Ω

ż

Y ˚

∇pb ¨ η dy dx.

(6.22)

Repeating the arguments above, where we choose as the test function in (6.20) the function η as η P

C8
0 pΩ, C8

per,0pY ˚qnq with ∇y ¨ η “ 0, and subtracting the resulting equation from (6.22), we obtain by a

density argument for all η P L2pΩ, H1
per,0pY ˚qnq with ∇y ¨ η “ 0 almost everywhere in p0, T q

ż

Ω

ż

Y ˚

∇P0 ¨ η dy `

ż

Ω

ż

Y ˚

Q0∇x ¨ η dy dx “ 0.

Using Lemma 2.10 of Ref. 3, we obtain P0 “ Q0 “ p0 ´ pb (where p0 is the limit of pε, see also

Proposition 6.2) and, in particular, p0 P L2pp0, T q, H1pΩqq. Altogether, replacing η with A0η (which is

still an admissible test function) in (6.22), we get almost everywhere in p0, T q

ż

Ω

ż

Y ˚

J0e0pw0q : e0pηqdy dx`

ż

Ω

ż

Y ˚

AJ
0 ∇p0 ¨ η dy dx´

ż

Ω

ż

Y ˚

q1∇y ¨ pA0ηqdy dx

“

ż

Ω

ż

Y ˚

J0h0 ¨ η dy dx.

(6.23)
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In other words, the triple pw0, p0, q1q is the unique weak solution of the two-pressure Stokes model

´∇y ¨ pA0e0pw0qq `AJ
0 ∇xp0 `AJ

0 ∇yq1 “ J0h0 in p0, T q ˆ Ω ˆ Y ˚,

´∇y ¨ pA0w0q “ 0 in p0, T q ˆ Ω ˆ Y ˚,

w0 “ 0 on p0, T q ˆ Ω ˆ Γ,

´∇x ¨

ż

Y ˚

A0w0dy “ 0 in p0, T q ˆ Ω,

p0 “ pb on p0, T q ˆ BΩ,

w0, q1 is Y -periodic.

(6.24)

An elementary calculation shows that for all ξ P Rn it holds almost everywhere in p0, T q ˆ Ω ˆ Y ˚ that

J0ξ “ AJ
0 r∇y ppψ0 ´ yq ¨ ξqs `AJ

0 ξ. (6.25)

Hence, we can write the first equation in (6.24) as

´∇y ¨ pA0e0pw0qq `AJ
0 ∇y rq1 ´ pψ0 ´ yq ¨ h0s “ AJ

0 rh0 ´ ∇xp0s .

We emphasise that this substitution holds also for the weak formulation, where we note that pψ0 ´yq ¨h0,

AJ
0 and the test functions are Y -periodic and that the test functions are zero on Γ. This leads to the

following cell problems on the fixed reference element Y ˚: We denote for i “ 1, . . . , n by pwi, πiq P

L8pp0, T q ˆ Ω, H1
per,0pY ˚qnq ˆ L8pp0, T q ˆ Ω;L2pY ˚q{Rq the unique weak solutions of the cell problems

´∇y ¨ pA0e0pwiqq `AJ
0 ∇yπi “ AJ

0 ei in p0, T q ˆ Ω ˆ Y ˚,

∇y ¨ pA0wiq “ 0 in p0, T q ˆ Ω ˆ Y ˚,

wi, πi are Y -periodic.

(6.26)

Since the two-pressure Stokes problem (6.24) admits a unique weak solution, we obtain from the linearity

of the problem the following result:

Corollary 6.2. It holds that

w0 “

n
ÿ

i“1

ph0 ´ ∇xp0qiwi,

q1 “ pψ0 ´ yq ¨ h0 `

n
ÿ

i“1

ph0 ´ ∇xp0qiπi

and the Darcy-velocity v˚ is given for almost every pt, xq P p0, T q ˆ Ω by

v˚pt, xq :“

ż

Y ˚

A0w0 dy “ K˚ph0 ´ ∇p0q (6.27)

with the permeability tensor K˚ P L8pp0, T q ˆ Ωqnˆn defined by (for i, j “ 1, . . . , n)

K˚
ij “

ż

Y ˚

J0e0pwiq : e0pwjqdy “

ż

Y ˚

AJ
0 ei ¨ wj dy. (6.28)

In particular, it holds that ∇ ¨ v˚ “ ´Btθ with the porosity θ defined in (3.2) and, therefore, p0 satisfies

the Darcy law (3.3f) – (3.3g).

Next, we consider the transport equation and derive (3.4). As a test function in the variational equation

(2.14a) we choose ϕpt, xq “ ϕ0pt, xq ` εϕ1
`

t, x, xε
˘

with ϕ0 P C8
0 pΩq and ϕ1 P C8

0 pp0, T q, C8
0 pΩ, C8

perpY qqq

to obtain after integration with respect to time:
ż T

0

A

BtpJεuεq, ϕ0 ` εϕ1

´

t, ¨x,
¨x

ε

¯E

H1
BΩpΩεq1,H1

BΩpΩεq
dt

`

ż T

0

ż

Ωε

rDε∇uε ´ uεAεwεs ¨

”

∇ϕ0 ` ε∇xϕ1

´

t, x,
x

ε

¯

` ∇yϕ1

´

t, x,
x

ε

¯ı

dxdt

“

ż T

0

ż

Ωε

JεFε

”

ϕ0 ` εϕ1

´

t, x,
x

ε

¯ı

dxdt´ ρ

ż T

0

ż

Γε

Jεg
`

uε, ε
´1Rε

˘

”

ϕ0 ` εϕ1

´

t, x,
x

ε

¯ı

dσ dt.

(6.29)
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Using the convergence results from Proposition 6.2, Lemma 6.2 and Corollary 6.1, we can pass to the

limit ε Ñ 0. For more details on the treatment of the non-convective terms, we refer to Section 5.2 of

Ref. 31 and Theorem 17 of Ref. 72, in particular for the boundary term.

Using integration by parts with respect to the microscopic variable y and using ∇y ¨ pA0w0q “ 0 (see

Proposition 6.2(iii)), we have

ż T

0

ż

Ωε

uεAεwε ¨

”

∇ϕ0 ` ε∇xϕ1

´

t, x,
x

ε

¯

` ∇yϕ1

´

t, x,
x

ε

¯ı

dxdt

εÑ0
ÝÑ

ż T

0

ż

Ω

ż

Y ˚

u0pt, xqA0pt, x, yqw0pt, x, yq ¨ r∇ϕ0pt, xq ` ∇yϕ1pt, x, yqsdy dx dt

“

ż T

0

ż

Ω

u0pt, xqv˚pt, xq∇ϕ0pt, xqdxdt´

ż T

0

ż

Y ˚

u0pt, xq∇y ¨ pA0w0q
loooooomoooooon

“0

ϕ1pt, x, yqdy dxdt

“

ż T

0

ż

Ω

u0v
˚∇ϕ0 dxdt.

Hence, for ε Ñ 0, we obtain from (6.29) the limit equation (neglecting the arguments of the functions for

a simpler notation)

ż T

0

xBtpθu0q, ϕ0yH´1pΩq,H1
0 pΩq ´

ż T

0

ż

Ω

u0v
˚ϕ0 dxdt

`

ż T

0

ż

Ω

ż

Y ˚

D0 r∇u0 ` ∇yu1s ¨ r∇ϕ0 ` ∇yϕ1sdy dx dt “

ż T

0

ż

Ω

θfϕ0 ´ ρ|Γpt, xq|BtR0ϕ0 dx dt

(6.30)

with the porosity θ defined in (3.2). In the last term, we can replace Btθ “ ´|Γpt, xq|BtR0. By density,

this equation is valid for all ϕ0 P L2pp0, T q, H1
0 pΩqq and ϕ1 P L2pp0, T q ˆ Ω, H1

perpY
˚qq. We emphasise

that we also used the L8pp0, T q ˆ Ωq-bound for u0 here. By standard arguments from homogenisation

theory, see for example Ref. 3, we obtain by choosing ϕ0 “ 0 that u1 admits a representation of the form

u1pt, x, yq “

n
ÿ

i“1

Bxi
u0pt, xqχipt, x, yq

for almost every pt, x, yq P p0, T q ˆ Ω ˆ Y ˚, where χi P L2pp0, T q ˆ Ω, H1
perpY

˚q{Rq are the unique weak

solutions of the cell problems

´∇y ¨ pD0p∇yχi ` eiqq “ 0 in p0, T q ˆ Ω ˆ Y ˚,

´D0p∇yχi ` eiq ¨ ν “ 0 on p0, T q ˆ Ω ˆ Γ,

χi is Y -periodic,

ż

Y ˚

χi dy “ 0.

(6.31)

We define the homogenised diffusion coefficient D˚ P L8pp0, T q ˆ Ωqnˆn for i, j “ 1, . . . , n and almost

every pt, xq P p0, T q ˆ Ωq by

D˚
ijpt, xq :“

ż

Y ˚

D0pt, xqr∇yχipt, x, yq ` eis ¨ r∇yχjpt, x, yq ` ejs dy. (6.32)

Note that the right-hand side depends on the transformation ψ0 and, therefore, on the radii R0.

6.3. Transformation of the cell problems back to the evolving domain

Instead of the cell problems (6.26), we can consider the cell problems in the evolving domain, which

corresponds to the two-scale back-transformation illustrated on the right-hand side of Figure 1. This

relation was already obtained in Ref. 73 and this cell problem on the evolving micro-cell was already

derived by formal methods in Ref. 66. We have the following formulation: Find pw̃i, π̃iq P L8pp0, T q ˆ
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Ω;H1
per,0pY ˚pt, xqqq ˆ L8pp0, T q ˆ Ω;L2pY ˚pt, xqq{Rq such that

´∇y ¨ pepw̃iqq ` ∇yπ̃i “ ei in Y ˚pt, xq,

∇y ¨ w̃i “ 0 in Y ˚pt, xq,

w̃i, π̃i are Y -periodic,

ż

Y ˚pt,xq

π̃pt, x, yqdy “ 0

(6.33)

for almost every pt, xq P p0, T q ˆΩ. (The Bochner spaces of vector-valued functions with range depending

on the domain of definition are defined via restriction, see for example Ref. 45). Using (6.25), we observe

that w̃ipt, x, yq “ wipt, x, ψ
´1
0 pt, x, yqq, π̃ipt, x, yq “ πipt, x, ψ

´1
0 pt, x, yqq´pψ´1

0 pt, x, yq´yq up to a constant

depending on t and x, where pwi, πiq is the solution of (6.26). Having this relation, the permeability tensor

(6.28) can be transformed accordingly, which yields

K˚pt, xqij “

ż

Y ˚pt,xq

epw̃iq : epw̃jqdy “

ż

Y ˚pt,xq

ei ¨ w̃j dy, (6.34)

where the second equality is obtained with (6.33). With the periodicity and the divergence property, it

can be shown that for φ P H1
per,0pY ˚q with ∇¨φ “ 0 it holds that

ż

Y ˚pt,xq

p∇w̃iq
J : ∇φdy “ 0.

Thus, in (6.33), the symmetric gradients e0pw̃iq can be replaced by 1
2∇w̃i, and therefore K˚ is given by

K˚pt, xqij “ 1
2

ż

Y ˚pt,xq

∇w̃i : ∇w̃j dy. (6.35)

By the same argumentation, the symmetric gradient can be replaced in (6.24), (6.26) and (6.28).

Following Ref. 71, we obtain that the representation of D˚ is independent of the transformation ψ0

included in the diffusion coefficient D0 as an integral over the evolving reference element Y ˚pt, xq. More

precisely, we have

D˚
ijpt, xq “

ż

Y ˚pt,xq

Drχ̃ipt, x, yq ` eis ¨ rχ̃jpt, x, yq ` ejsdy, (6.36)

where χ̃i P L8pp0, T q ˆ Ω, H1
perpY

˚pt, xqq{Rq are the solutions of the following cell problems on the

evolving reference element Y ˚pt, xq for almost every pt, xq P p0, T q ˆ Ω:

´∇y ¨ pDp∇yχ̃i ` eiqq “ 0 in Y ˚pt, xq,

´Dp∇yχ̃i ` eiq ¨ ν “ 0 on Γpt, xq,

χ̃i is Y -periodic,

ż

Y ˚

χ̃ipt, x, yqdy “ 0.

(6.37)

Between χi and χ̃i, the following relation holds for almost every pt, x, yq P p0, T q ˆ Ω ˆ Y ˚ (up to a

constant depending on t and x):

χ̃i pt, x, ψ0pt, x, yqq “ χipt, x, yq ` py ´ ψ0pt, x, yqq ¨ ei.

Now, we proceed with the macroscopic equation. Choosing ϕ1 “ 0 in (6.30) and using the definition of

D˚, we obtain by a standard calculation
ż T

0

xBtpθu0q, ϕ0yH´1pΩq,H1
0 pΩq ´

ż T

0

ż

Ω

u0v
˚ϕ0 dx dt

`

ż T

0

ż

Ω

D˚∇u0 ¨ ∇ϕ0 dxdt “

ż T

0

ż

Ω

θfϕ0 ` ρBtθϕ0 dxdt

(6.38)

for all ϕ0 P L2pp0, T q, H1
0 pΩqq, which is precisely the variational equation for u0 in the weak formulation

of the macroscopic model in Definition 3.1. It remains to establish the initial condition u0p0q “ uin, see

also Remark 3.1, where it suffices to show pθu0qp0q “ θinuin. This follows by integration by parts with

respect to time in (6.29), choosing ϕ1 “ 0 and passing to the limit ε Ñ 0 and comparing the resulting
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equation with (6.38). For more details, we refer again to Section 5.2 of Ref. 31. Note that the homogenised

equations in Ref. 31 contain additional terms on the right- and left-hand side which cancel each other.

In fact, the origins of these terms in the ε-scaled model already cancel each other, see also Ref. 72, and

they do not appear in the homogenisation process and the ε-scaled weak form here. Consequently, the

homogenised equations of Ref. 31 and Ref. 72, in which advection is not considered, coincide, whereas

(6.38) contains the additional advective transport term. This completes the proof of Theorem 3.2.

7. Conclusions and outlook

Developing a rigorous homogenisation approach, we derived an effective reactive transport and flow model

consisting of an advection–reaction–diffusion problem coupled to Darcy’s equation with effective coeffi-

cients (porosity, diffusivity and permeability) defined via cell problems, which depend on the macroscopic

position and evolve in time. In particular, the evolution of these cells depends on the macroscopic con-

centration. Thus, the cell problems (respectively the effective coefficients) are coupled to the macroscopic

unknowns and vice versa, leading to a strongly coupled micro–macro model. This limit system is obtained

by upscaling a coupled Stokes flow and advection–reaction–diffusion problem in a perforated domain with

an evolving microstructure of size ε, in which reactions at the boundaries of the microscopic interfaces

lead to the formation of a solid layer, which is modelled to be radially symmetric with a variable a priori

unknown thickness induced by the advection–reaction–diffusion process.

The approach strongly relies on the regularisation induced by the restriction to a radially symmetric

solid layer. While the recovery of well-posed limit problems seems to be out of reach for a fully general

evolution of the microstructure, slightly more general models might still be manageable within this

framework and this is a subject of further investigation. E.g. if the growth/shrinkage of the solid layer is

restricted to occur in normal direction only, this can be handled by the same methods in principle at the

price of having to restrict to local results with respect to time. A critical aspect is that the local-in-time

existence interval remains independent of ε. However, this can be obtained from a uniform bound on the

growth function g in Assumption (A1).

Appendix A. Properties of the domain transformation

In this section, we summarise some technical details on the transformation ψε. Most of the following

results were shown in Ref. 72 or Ref. 31 for a similar transformation. For the sake of completeness, we

sketch the proofs.

More precisely, we show several ε-scaled a priori estimates for the transformation ψε, which was

defined in (2.6), as well as its Lipschitz-continuous dependence on the radii. We employ these properties

for proving the existence and uniqueness of a microscopic solution of (2.14) and for the derivation of

ε-independent a priori estimates of the solution. Moreover, in Lemma 6.2, we show that several two-

scale convergence results for the transformation ψε follow if Rε converges. We will use this convergence

in order to pass to the two-scale homogenisation limit. The direct two-scale limit problem as well as

the homogenised problem contain coefficients which depend on the limit of ψε for ε Ñ 0. Nevertheless,

we show in the Subsection 6.3 how the cell problems and effective tensors can be transformed back

on reference cells, the domains of which depend on their macroscopic position and time. Thus, the

homogenised problem and the cell problems become independent of the transformations ψε and its limit.

Having this in mind, the transformation ψε is reduced to a tool for proving existence and uniqueness of

the microscopic problem, as well as the homogenisation.

In order to enhance the understanding of the ε-scaled diffeomorphisms ψε, we note that (2.6) and

(2.4) yield

ψεpt, xq “ x` εψ
`

ε´1Rεpt, xq; tx
ε u
˘

´ tx
ε u

“ εrxε s ` εψ
`

ε´1Rεpt, xq; tx
ε u
˘

.
(A.1)

Thus, ψε is nothing but a union of diffeomorphisms ψ
`

ε´1Rεpt, xq; ¨
˘

for every ε-scaled cell. Hence, the

bijectivity of ψ
`

ε´1Rεpt, xq; ¨
˘

from Y ˚ onto Y ˚
ε´1Rεpt,xq

can be transfered into the bijectivity of ψεpt, ¨q

from Ωε onto Ωεptq.
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Moreover, the ε-scaled estimates for ψε are obtained from corresponding results for ψ
`

ε´1Rεpt, xq; ¨
˘

which are independent of Rε.

Lemma Appendix A.1 (Cell transformation). Let χ P C8pr0,8q; r0, 1sq be monotonically decreas-

ing with χpλq “ 1 for λ ď Rmax and χpλq “ 0 for λ ě pRmax ` 0.5q{2. Then, ψpR, ¨q as defined in (2.4)

is a diffeomorphism from Y ˚ onto Y ˚
R for every R P rRmin, Rmaxs such that

ψpR;Y ˚q “ Y ˚
R for every R P rRmin, Rmaxs,

ψpR;xq “ x for every R P rRmin, Rmaxs, x P Y zY ˚
pRmax`0.5q{2,

}ψpR; ¨q}C2pY q
ď C for every R P rRmin, Rmaxs,

detpBxψpr;xqq ě cJ for every R P rRmin, Rmaxs, x P Y ˚,

R ÞÑ ψpR; ¨q P C8prRmin, Rmaxs, C2pY ˚qnqq.

Proof. After translation, we can assume without loss of generality that m “ 0 and Y ˚ “
`

´ 1
2 ,

1
2

˘n
zBRmax

p0q (and, similarly, we redefine Y ˚
R ). First, we consider ψ as a function from Rnzt0u

into Rn. With αpλq :“ λ` pR´Rmaxqχpλq, for λ ě 0, we can write ψ in the following way for y P Rnzt0u

ψpyq “ αp|y|q
y

|y|
. (A.2)

Since χ is decreasing and R ´Rmax ď 0, we obtain that α is strictly increasing. Hence, with αpRmaxq “

R and limλÑ8 αpλq “ 8, we get that α : rRmax,8q Ñ rR,8q is bijective. This implies that ψ :

RnzBRmax
p0q Ñ RnzBRp0q is bijective. In fact, for z P Rn with |z| ě R, there exists λz ě Rmax such

that αpλzq “ |z|. For y :“ λz
z

|z|
, we get from (A.2) that ψpyq “ z and, therefore, ψ is surjective. For

y1, y2 P RnzBRmax
p0q with ψpy1q “ ψpy2q, we obtain (taking the absolute values), using again (A.2),

that αp|y1|q “ αp|y2|q, and the bijectivity of α gives |y1| “ |y2|. In particular, this implies y1 “ y2, so

ψ : RnzBRmaxp0q Ñ RnzBRp0q is injective. Finally, since ψpyq “ y for y ě 1
2 pRmax ` 0.5q, we obtain that

ψ : Y ˚ Ñ Y ˚
R is bijective.

Moreover, since ψ is smooth with respect to both arguments, }ψpR; ¨q}C2pY q
is uniformly bounded

with respect to the parameter R in the compact set rRmax, Rmins. The essential uniform boundedness of

detpBxψpr;xqq away from 0 follows from the continuity of detpBxψq on the compact set rRmin, Rmaxs ˆY ˚

and the pointwise positivity in one point, which can be shown by an explicit calculation.

We note that the construction of ψpR; ¨q by (2.4) does in fact not give a diffeomorphism from Y

onto Y . In Ref. 72, a diffeomorphism with the same properties from Y onto Y was constructed. Further,

the corresponding cell displacement qψpR, yq vanishes at BY and, thus, qψpR; ¨q P C8
perpY

˚;Rnq for all

R P rRmin, Rmaxs. Next, we transfer the radius-independent estimates of Lemma Appendix A.1 into

ε-uniform estimates for ψε with the following lemma.

Lemma Appendix A.2. Let Rε P W 1,8pp0, T q, L2pΩεqq X L8pp0, T q ˆ Ωεq be constant on every micro

cell with }BtRε}L8pp0,T qˆΩεq ď Cg and ε´1Rε P rRmin, Rmaxs. Let ψε be defined via (2.6) with its Jacobian

matrix Fε “ Bψε “ ∇ψJ
ε and Jacobian determinant J “ detpFεq. Moreover, let Dε, Aε be given by (2.10),

(2.9). Then, there exists constants C,α ą 0 such that almost everwhere in p0, T q

ε´1 }ψε ´ idΩε
}L8pΩεq ` }Fε}L8pΩεq ` }Aε}L8pΩεq ď C, (A.3)

ε }BxFε}L8pΩεq ` ε }DxJε}L8pΩεq ` ε }BxAε}L8pΩεq ď C, (A.4)

ε´1 }Btψε}L8pΩεq ` }BxBtψε}L8pΩεq ` }BtJε}L8pΩεq ď C, (A.5)

Jεpt, xq ě cJ , (A.6)

ζJDεζ “ ζJJεF
´1
ε DF´J

ε ζ ě α }ζ}
2
for all ζ P Rn. (A.7)

Moreover, we obtain for every v P H1
Γε

pΩεq

pε2eεpvq, AJ
ε ∇vq ě α }∇v}

2
L2pΩεq , (A.8)
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inf
qPL2pΩεq

sup
vPH1

Γε
pΩεq

pq,∇¨pAεvqqΩε

ε }∇v}L2pΩεq }q}L2pΩεq

ě β. (A.9)

Proof. The estimates (A.3)–(A.6) are proven in Ref. 31, 72. They follow by elementary calculations via

scaling the estimates of Lemma Appendix A.1, which we carry out for (A.6) as an example,

Jεpxq “ detpBxψεpt, xqqq “ det
`

εBxψ
`

ε´1Rεpt, xq; tx
ε u
˘˘

“ det
`

Byψ
`

Rεpt, xq; tx
ε u
˘˘

ě cJ .

The coercivity (A.7) is shown as part of the proof of Proposition 4.1 in Ref. 71. It follows from (A.3)

and (A.6). The uniform coercivity (A.8) is shown in Lemma 3.6 of Ref. 73 using a uniform Korn-type

inequality for two-scale transformations. The inf–sup condition (A.9) is shown in the Proof of Theorem

3.1 of Ref. 73 by means of an ε-scaled right-inverse of the divergence operator, which is based on the

extension operator developed in Ref. 65, 2.

As already mentioned above, these estimates and particularly the explicit dependence on ε are for

technical reasons and crucial for the a priori estimates and the homogenisation. Let us point out some

properties in more detail. The inequality (A.3) shows that the transformation ψε is close to the identity

and oscillations are small but leads to macroscopic effects for the derivatives of ψε. Further, (A.6) means

that no volume is “compressed” to one single point. Finally, (A.7) and (A.8) give coercivity for the

transport equation and the Stokes equations in the fixed coordinates. The following inequalities are used

to establish the uniqueness of the micro-model in particular and, for this, the explicit dependence on

ε is not necessary. Only for Jε, an ε-uniform bound is necessary for the strong two-scale convergence.

However, for the sake of completeness, we formulate the precise dependence on ε in all inequalities.

Lemma Appendix A.3. Let R1
ε, R

2
ε fulfill the assumptions of Lemma Appendix A.2 and let ψi

ε, i P

t1, 2u, be given by (2.6) and F i
ε , A

i
ε, D

i
ε, accordingly. Then, the following estimates hold almost everywhere

in p0, T q:

ε´1
›

›ψ1
ε ´ ψ2

ε

›

›

L8pΩεq
`
›

›F 1
ε ´ F 2

ε

›

›

L8pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L8pΩεq
,

›

›A1
ε ´A2

ε

›

›

L8pΩεq
`
›

›D1
ε ´D2

ε

›

›

L8pΩεq
`
›

›J1
ε ´ J2

ε

›

›

L8pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L8pΩεq
,

ε
›

›BxpA1
ε ´A2

εq
›

›

L8pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L8pΩεq
,

ε´1
›

›Btψ
1
ε ´ Btψ

2
ε

›

›

L2pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L2pΩεq
` ε´1C

›

›BtpR
1
ε ´R2

εq
›

›

L2pΩεq
,

›

›∇Btψ
1
ε ´ ∇Btψ

2
ε

›

›

L2pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L2pΩεq
` ε´1C

›

›BtpR
1
ε ´R2

εq
›

›

L2pΩεq
,

›

›BtJ
1
ε ´ BtJ

2
ε

›

›

L2pΩεq
ď ε´1C

›

›R1
ε ´R2

ε

›

›

L2pΩεq
` ε´1C

›

›BtpR
1
ε ´R2

εq
›

›

L2pΩεq
.

Proof. We note that Lemma Appendix A.1 provides R ÞÑ ψpR; ¨q P C8prRmin, Rmaxs, C2pY ˚qnqq. Thus,

ψ as well as all its derivatives depend Lipschitz-continuously on R. After rescaling, this can be carried

over to ψε via (A.1), which yields the Lipschitz estimates above. For the Lipschitz estimate of Dε, the

Lipschitz estimate of F´1
ε is used in addition. This, estimate can be obtained by the Lipschitz estimate of

Fε and the uniform bound Jε ě cJ from below. We note that, for the Lipschitz estimate of Aε “ JεF
´1
ε ,

this is not necessary since Aε is the adjugate of Fε, and, thus, is nothing but a polynomial with respect

to the entries of Fε.

Appendix B. Auxiliary results

In this section, we summarise some technical results important for the treatment of our problem. We

start with a two-pressure decomposition:

Lemma Appendix B.1. Let the space V be defined as in (6.19). We denote its annihilator in

L2pΩ, H1
per,0pY ˚qnq1 by VK. Then, it holds that

VK “
␣

∇xp0 ` ∇yp1 P L2pΩ, H1
per,0pY ˚qnq1 : p0 P H1

0 pΩq, p1 P L2pΩ ˆ Y ˚q{R
(

.
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Proof. Similar results can be found in Lemma 1.5 Ref. 37 and Section 14 of Ref. 14. For a detailed proof

(for thin domains, which can be easily transferred to our situation), we refer to Lemma 5.3 and Remark

5.5 of Ref. 24.

Next, we show that, in the case of symmetrical inclusions in the perforated reference cell Y ˚ (in our

case simply balls), we get a simplified structure for the homogenised diffusion coefficient and permeability

tensor. More precisely, in the special situation when the perforations are balls, we get that the homogenised

diffusion coefficient D˚ and the permeability tensor K˚ in Section 3 are scalars, which we formulate in the

following lemma for the permeability tensor (the proof follows similar lines for the homogenised diffusion

coefficient). Here, we consider Y ˚ :“
`

´ 1
2 ,

1
2

˘n
zBrp0q with r P

`

0, 12
˘

, and define the permeability tensor

K˚ P Rnˆn for i, j “ 1, . . . n via

Kij :“

ż

Y ˚

wj ¨ ei dy, (B.1)

where pwj , πjq solve

´∆ywj ` ∇yπj “ ej in Y ˚,

∇y ¨ wj “ 0 in Y ˚,

wj “ 0 on Γ,

wj is Y -periodic.

(B.2)

The following result is well-known in the literature, but we were not able to find a proof which is why we

give its short proof for the sake of completeness.

Lemma Appendix B.2. The permeability tensor K˚ fulfills Kij “ 0 for i ‰ j and Kii “ Kjj for all

i, j “ 1, . . . , n. In other words, there exists k ą 0 such that K “ kEn.

Proof. Let R P Rnˆn be an orthonormal matrix. More precisely, we assume R “ RJ “ R´1. Later,

we will choose R as a reflection at a hyperplane through the origin. We define w̃jpyq :“ RwjpRyq and

π̃jpyq :“ πjpRyq. Hence, an elementary calculation shows that pw̃j , π̃jq solves (B.2) with ej replaced by

Rej .

Now, for fixed j P t1, . . . , nu, we choose R with Rej “ ´ej and Rei “ ei for i ‰ j, i. e. Ry “

py1, . . . , yj´1,´yj , yj`1, . . . , ynq. Then, p´w̃j ,´π̃jq is also a solution of (B.2) and, therefore, w̃j “ ´wj .

We get after transformation and using the definition of w̃j (using |detpRq| “ 1 and RJ “ R “ R´1):

Kij “

ż

Y ˚

wj ¨ ei dy “

ż

Y ˚

Rw̃j ¨ ei dy “ ´

ż

Y ˚

wj ¨Rei dy.

This implies that K is a diagonal matrix. In order to identify the diagonal elements Kii “ Kjj for i ‰ j,

we choose Rej “ ei, Rei “ ej and Rel “ el for l P t1, . . . , nuzti, ju. The same argumentation as above

yields w̃j is a solution of (B.2) with right-hand side ei. Therefore, we obtain w̃j “ wi, which yields

Kjj “

ż

Y ˚

wj ¨ ej dy “

ż

Y ˚

Rw̃j ¨ ej dy “

ż

Y ˚

wi ¨Rejdy “

ż

Y ˚

wi ¨ ei dy “ Kii.

Hence, we get the desired result with k :“ Kii (with i P t1, . . . , nu arbitrary).

We have the following well-known trace inequality for heterogeneous domains Ωε, which can be ob-

tained by a standard decomposition argument.

Lemma Appendix B.3. Let p P r1,8q. For every µ ą 0, there exists a constant Cpµq ą 0 independent

of ε such that

ε
1
p }uε}LppΓεq ď Cpµq}uε}LppΩεq ` µε}∇uε}LppΩεq

holds for all uε P W 1,ppΩεq.

Finally, we show that the solution operator for a saddle-point problem is locally Lipschitz continuous.

We formulate this result for an abstract saddle-point problem.
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Lemma Appendix B.4 (Lipschitz continuity of saddle-point problems). Let V,Q be Banach

spaces and

A :“ ta P BilpV, V q | }a}Bil ă 8 and apv, vq ě α }v}
2
V for an α ą 0 and all v P V u, (B.3)

B :“ tb P BilpQ,V q | }b}Bil ă 8 and inf
qPQzt0u

sup
vPV zt0u

bpq, vq{p}q}Q}v}V q ě β for a β ą 0u, (B.4)

where for a P A and b P B

}a}Bil :“ sup
v,wPV zt0u

|apv, wq|

}v}V }w}V
, (B.5)

}b}Bil :“ sup
qPQzt0u, vPV zt0u

|bpq, vq|

}v}V }q}Q
. (B.6)

Let L : A ˆ B ˆ V 1 ˆ Q1 Ñ V ˆ Q be the solution operator of the following saddle-point problem with

Lpa, b, f, gq :“ pv, pq, where pv, pq P V ˆQ is the unique solution of

apv, ¨q ` bpp, ¨q “ f in V 1, (B.7)

bp¨, vq “ g in Q1. (B.8)

Let α0, β0, H,M ą 0 and

Aα0

H :“ ta P A | }a}Bil ď H and apv, vq ě α0 }v}
2
V for all v P V u,

Bβ0 :“ tb P B | inf
qPQzt0u

sup
vPV zt0u

bpq, vq{p}q}Q}v}V q ě β0u,

V 1
M :“ tv1 P V 1 |

›

›v1
›

›

V 1 ď Mu,

Q1
M :“ tq1 P Q1 |

›

›q1
›

›

Q1 ď Mu.

Then, L is Lipschitz continuous on Aα0

H ˆ Bβ0 ˆ V 1
M ˆ Q1

M and the Lipschitz constant depends only on

α0, β0, H, i.e. there exists Lpα0, β0, Hq such that

}Lpa1, b1, f1, g1q ´ Lpa2, b2, f2, g2q}V ˆQ

ď Lpα0, β0, Hq

´

M p}a1 ´ a2}Bil ` }b1 ´ b2}Bilq `

´

}f1 ´ f2}V 1 ` }g1 ´ g2}Q1

¯¯

.

Since the coercivity constant and the inf–sup constant depend continuously on the bilinear form, L is

locally Lipschitz continuous on AˆB ˆ V 1 ˆQ1 in particular.

Proof. For i P t1, 2u, let pai, bi, fi, giq P Aα0

H ˆ Bβ0 ˆ V 1
M ˆ Q1

M and let pvi, piq P V ˆ Q be the unique

solution of the corresponding saddle-point problem (B.7)–(B.8), i.e.

aipvi, ¨q ` bippi, ¨q “ fi in V 1, (B.9)

bip¨, viq “ gi in Q1. (B.10)

By applying the coercivity of a1 and the linearity of the bilinear forms and the right-hand sides, we obtain

α0 }δv}
2
V ďa1pδv, δvq

“ ´ δbpp2, δvq ´ δgpδpq ` δbpδp, v2q ` δfpδvq ´ δapv2, δvq

ď }δb}Bil }p2}Q }δv}V ` }δg}Q1 }δp}Q ` }δb}Bil }δp}Q }v2}V

` }δf}V 1 }δv}V ` }δa}Bil }v2}V }δv}V .

We note that standard existence theory provides the following bounds for the solution pvi, piq of (B.9)–

(B.10)

}vi}V ď
1

α0
}fi}V 1 `

2 }ai}Bil

α0β0
}gi}Q1 ď CM, (B.11)

}pi}Q ď
2 }ai}Bil

α0β0
}fi}V 1 `

2 }ai}
2
Bil

α0β2
0

}gi}Q1 ď CM, (B.12)
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where C depends on H but not on M . Then, the boundedness of the bilinear forms and the right-hand

sides yields the boundedness of the solutions and we obtain

α0 }δv}
2
V ď CM

´

}δb}Bil }δv}V ` }δb}Bil }δp}Q ` }δa}Bil }δv}V

¯

`C
´

}δg}Q1 }δp}Q ` }δf}V 1 }δv}V

¯

. (B.13)

Moreover, employing the inf–sup estimate for b1 yields

β0 }δp}Q ď }b1p¨, δpq}V 1 “ }´a1pδv, ¨q ´ pδaqpv2, ¨q ` δf ´ δbp¨, p2q}V 1

ď }a1}Bil }δv}V ` }δa}Bil }v2}V ` }δf}V 1 ` }δb}Bil }p2}Q .

Using the boundedness of the data and of the solutions, we obtain

β0 }δp}Q ď C p}δv}V ` }δf}V 1 q ` CM p}δa}Bil ` }δb}Bilq . (B.14)

Inserting (B.14) in (B.13) and applying the Young inequality yields for arbitrary λ ą 0

}δv}
2
V ď CM

`

}δb}Bil }δv}V ` }δa}Bil }δv}V

¯

`CM }δb}Bil p}δv}V ` }δf}V 1 q ` CM2 }δb}Bil p}δa}Bil ` }δb}Bilq

`C }δg}Q1 p}δv}V ` }δf}V 1 q ` CM }δg}Q1 p}δa}Bil ` }δb}Bilq

` }δf}V 1 }δv}V

ď CλM
2p}δb}

2
Bil ` }δa}

2
Bilq ` λ }δv}

2
V ` Cλ }δf}

2
V 1 ` Cλ }δg}

2
Q1 .

By choosing λ small enough and taking the square root, we obtain

}δv}V ď CMp}δb}Bil ` }δa}Bilq ` C }δf}V 1 ` C }δg}Q1 . (B.15)

Inserting (B.15) into (B.14) yields

}δp}Q ď CMp}δb}Bil ` }δa}Bilq ` C }δf}V 1 ` C }δg}Q1 . (B.16)

Thus, (B.15)–(B.16) imply the local Lipschitz continuity of L.

Appendix C. Two-scale convergence and unfolding

In this section, we briefly summarise the notion of two-scale convergence and the concept of the unfolding

operator. These methods provide the basic techniques to pass to the limit ε Ñ 0 in the microscopic

problem.

C.1. Two-scale convergence

We start with the definition of two-scale convergence, which was first introduced and analysed in Ref. 49

and Ref. 3, see also Ref. 43. Here, we formulate two-scale convergence for time-dependent functions.

However, the aforementioned references can be easily extended to such problems since time acts as a

parameter. For the initial data, we use the usual two-scale convergence for time-independent functions,

which can be defined in the same way.

Definition Appendix C.1. A sequence uε P Lqpp0, T q, LppΩqq for p, q P r1,8q is said to converge in the

two-scale sense (in LqLp) to the limit function u0 P Lqpp0, T q;LppΩ ˆ Y qq if the following relation holds

lim
εÑ0

ż T

0

ż

Ω

uεpt, xqϕ
´

t, x,
x

ε

¯

dx dt “

ż T

0

ż

Ω

ż

Y

u0pt, x, yqϕpt, x, yqdy dx dt

for every ϕ P Lq1

pp0, T q;Lp1

pΩ, C0
perpY qqq. In this case, we write uε

2,q,p
ÝÝÝá u0. For q “ p, we use the

notation uε
2,p

ÝÝá u0.

A two-scale convergent sequence uε convergences strongly in the two-scale sense to u0 (in LqLp) if

lim
εÑ0

}uε}Lqpp0,T q,LppΩqq “ }u0}Lqpp0,T q,LppΩˆY qq,
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and we write uε
2,q,p

ÝÝÝÑ u0 in this case. For q “ p, we write uε
2,p

ÝÝÑ u0.

In Ref. 6, 48, the method of two-scale convergence was extended to oscillating surfaces:

Definition Appendix C.2. A sequence of functions uε P Lqpp0, T q, LppΓεqq for p, q P r1,8q is said to

converge in the two-scale sense on the surface Γε (in LqLp) to a limit u0 P Lqpp0, T q, LppΩ ˆ Γqq if

lim
εÑ0

ε

ż T

0

ż

Γε

uεpt, xqϕ
´

t, x,
x

ε

¯

dσ dt “

ż T

0

ż

Ω

ż

Γ

u0pt, x, yqϕpt, x, yqdσy dx dt

holds for every ϕ P C
`

r0, T s ˆ Ω, C0
perpΓq

˘

. We write uε
2,q,p

ÝÝÝá u0 on Γε in this case. For q “ p, we use

the notation uε
2,p

ÝÝá u0 on Γε.

We say that a two-scale convergent sequence uε converges strongly in the two-scale sense on Γε (in

LpLq) if

lim
εÑ0

ε
1
p }uε}Lqpp0,T q,LppΓεqq “ }u0}Lqpp0,T q,LppΩˆΓqq

additionally holds and we write uε
2,q,p

ÝÝÝÑ u0 in this case. For q “ p, we write uε
2,p

ÝÝÑ u0 on Γε.

We have the following compactness results (see e.g. Ref. 3, 43, 48, with slight modification for time-

dependent functions):

Lemma Appendix C.1. For every p, q P p1,8q we have:

(i) For every bounded sequence uε P Lqpp0, T q, LppΩqq, there exists u0 P Lqpp0, T q, LppΩ ˆ Y qq such

that, up to a subsequence,

uε
2,q,p

ÝÝÝá u0.

(ii) For every bounded sequence uε P Lqpp0, T q,W 1,ppΩqq, there exist u0 P Lqpp0, T q, LppΩqq and

u1 P Lqpp0, T q, LppΩ,W 1,p
perpY q{Rqq such that, up to a subsequence,

uε
2,q,p

ÝÝÝá u0,

∇uε 2,q,p
ÝÝÝá ∇xu0 ` ∇yu1.

(iii) For every sequence uε P Lqpp0, T q,W 1,ppΩqq with uε and ε∇uε bounded in Lqpp0, T q,W 1,ppΩqq,

there exists u0 P Lqpp0, T q, LppΩ,W 1,p
perpY qqq such that, up to a subsequence, it holds that

uε
2,q,p

ÝÝÝá u0,

ε∇uε 2,q,p
ÝÝÝá ∇yu0.

(iv) For every sequence uε P Lqpp0, T q, LppΓεqq with

ε
1
p }uε}Lqpp0,T q,LppΓεqq ď C,

there exists u0 P Lqpp0, T q, LppΩ ˆ Γqq such that, up to a subsequence,

uε
2,q,p

ÝÝÝá u0 on Γε.

C.2. The unfolding operator

When dealing with nonlinear problems it is helpful to work with the unfolding method, which allows a

characterisation of weak and strong two-scale convergence, see Lemma Appendix C.3 below. We refer to

Ref. 16 for a detailed investigation of the unfolding operator and its properties. For a perforated domain

(here we also allow the case Y ˚ “ Y , i. e. Ωε “ Ω), we define the unfolding operator for p, q P r1,8s by

Tε : Lqpp0, T q, LppΩεqq Ñ Lqpp0, T q, LppΩ ˆ Y ˚qq,

Tεpuεqpt, x, yq “ uε

´

t, ε
”x

ε

ı

` εy
¯

.



October 29, 2025 19:58 WSPC/INSTRUCTION FILE output
Rigorous homogenisation of reactive transport and flow fully coupled to an evolving microstructure 43

In the same way, we define the boundary unfolding operator for the oscillating surface Γε via

Tε : Lqpp0, T q, LppΓεqq Ñ Lqpp0, T q, LppΩ ˆ Γqq,

Tεpuεqpt, x, yq “ uε

´

t, ε
”x

ε

ı

` εy
¯

.

We emphasise that we use the same notation for the unfolding operator on Ωε and the boundary unfolding

operator on Γε. We summarise some basic properties of the unfolding operator, see Ref. 16, generalised

in an obvious way to time-dependent functions with different integrability p and q:

Lemma Appendix C.2. Let q, p P r1,8s.

(i) For uε P Lqpp0, T q, LppΩεqq, it holds that

}Tεpuεq}Lppp0,T q,LppΩˆY ˚qq “ }uε}Lqpp0,T q,LppΩεqq.

(ii) For uε P Lqpp0, T q,W 1,ppΩεqq, it holds that

∇yTεpuεq “ εTεp∇xuεq.

(iii) For uε P Lqpp0, T q, LppΓεqq, it holds that

}Tεpuεq}Lqpp0,T q,LppΩˆΓqq “ ε
1
p }uε}Lqpp0,T q,LppΓεqq.

The following lemma gives a relation between the unfolding operator and two-scale convergence. Its

proof is quite standard and we refer the reader to Ref. 7 and Ref. 16 for more details (see also Proposition

2.5 of Ref. 68).

Lemma Appendix C.3. Let p, q P p1,8q.

(a) For a sequence uε P Lqpp0, T q, LppΩqq, the following statements are equivalent:

(i) uε
2,q,p

ÝÝÝá u0 (uε
2,q,p

ÝÝÝÑ u0)

(ii) Tεpuεq á u0 (Tεpuεq Ñ u0) in Lqpp0, T q, LppΩ ˆ Y qq.

(b) For a sequence uε P Lqpp0, T q, LppΓεqq, the following statements are equivalent:

(i) uε
2,q,p

ÝÝÝá u0 (uε
2,q,p

ÝÝÝÑ u0) on Γε,

(ii) Tεpuεq á u0 (Tεpuεq Ñ u0) in Lqpp0, T q, LppΩ ˆ Γqq.
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54. M. A. Peter and M. Böhm. Multiscale modelling of chemical degradation mechanisms in porous media with

evolving microstructure. Multiscale Model. Simul., 7:1643–1668, 2009.
55. M. Ptashnyk and T. Roose. Derivation of a macroscopic model for transport of strongly sorbed solutes in the

soil using homogenization theory. SIAM J. Appl. Math., 70(7):2097–2118, 2010.
56. N. Ray, T. Elbinger, and P. Knabner. Upscaling the flow and transport in an evolving porous medium with

general interaction potentials. SIAM J. Appl. Math., 75:2170–2192, 2015.
57. N. Ray, T. van Noorden, F. Frank, and P. Knabner. Multiscale modeling of colloid and fluid dynamics in

porous media including an evolving microstructure. Transp. Porous Med., 95:669–696, 2012.
58. M. Redeker, C. Rohde, and I. S. Pop. Upscaling of a tri-phase phase-field model for precipitation in porous

media. IMA J. Appl. Math., 81:898–939, 2016.
59. E. Sánchez-Palencia. Nonhomogeneous media and vibration theory, volume 127 of Lecture Notes in Physics.

Springer-Verlag, Berlin-New York, 1980.
60. R. Schulz and P. Knabner. Derivation and analysis of an effective model for biofilm growth in evolving porous

media. Math. Methods Appl. Sci., 40(8):2930–2948, 2017.
61. R. Schulz and P. Knabner. An effective model for biofilm growth made by chemotactical bacteria in evolving

porous media. SIAM J. Appl. Math., 77:1653–1677, 2017.
62. R. Schulz, N. Ray, F. Frank, H. S. Mahato, and P. Knabner. Strong solvability up to clogging of an effective

diffusion-precipitation model in an evolving porous medium. European J. Appl. Math., 28(2):179–207, 2017.
63. J. Simon. Compact sets in the space Lp

p0, T ;Bq. Ann. Mat. Pura Appl., 146:65–96, 1987.
64. T. Sweijen, C. van Duijn, and S. Hassanizadeh. A model for diffusion of water into a swelling particle with a

free boundary: Application to a super absorbent polymer particle. Chem. Eng. Sci., 172:407–413, 2017.
65. L. Tartar. Incompressible fluid flow in a porous medium - convergence of the homogenization process. Ap-

pendix of Ref. 59, 1979.
66. T. L. van Noorden. Crystal precipitation and dissolution in a porous medium: effective equations and numer-

ical experiments. Multiscale Model. Simul., 7(3):1220–1236, 2008.
67. T. L. van Noorden. Crystal precipitation and dissolution in a thin strip. European J. Appl. Math., 20(1):69–91,

2009.
68. A. Visintin. Towards a two-scale calculus. ESAIM Control Optim. Cal. Var., 12(3):371–397, 2006.
69. D. Wachsmuth. The regularity of the positive part of functions in L2

pI;H1
pΩqq XH1

pI;H1
pΩq

˚
q with appli-

cations to parabolic equations. Comment. Math. Univ. Carolin., 57:327 – 332, 2016.
70. D. Wiedemann. Analytical homogenisation of transport processes in evolving porous media. University of

Augsburg, PhD thesis, 2023.
71. D. Wiedemann. The two-scale-transformation method. Asymptot. Anal., 131:59–82, 2023.
72. D. Wiedemann and M. A. Peter. Homogenisation of local colloid evolution induced by reaction and diffusion.

Nonlinear Anal., 227:113168, 2023.
73. D. Wiedemann and M. A. Peter. Homogenisation of the Stokes equations for evolving microstructure. J.

Differential Equations, 396:172–209, 2024.
74. D. Wiedemann and M. A. Peter. A Darcy law with memory by homogenisation for evolving microstructure.



October 29, 2025 19:58 WSPC/INSTRUCTION FILE output
46 M. Gahn, M. A. Peter, I. S. Pop and D. Wiedemann

J. Math. Anal. Appl., 546:129222, 2025.
75. E. Zeidler. Nonlinear Functional Analysis and its Applications II/A. Springer, 1990.
76. V. V. Zhikov. On the homogenization of the system of Stokes equations in a porous medium. Russ. Acad.

Sci., Dokl., Math., 49:144–147, 1994.


