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ABSTRACT

A metric on the space of real N-vectors R" is defined which has the property
to characterise the Lorenz dominance order X < Y for X,Y € R'N. The metric d is

derived from the Euclidean norm | X*| , on X* where X* denotes the vector (%),

where X = (x;). The key element in the characterization of X <Y is the inequality

d(X*, Y =d(X°, Y. 5

for every elementary permutation x of {1,... N}, where X = (X")_, i.e. x applied to X~
and where a permutation is called elementary if two consecutive coordinates are

| interchanged.
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I. INTRODUCTION

Let X,Y € R, where N € N. The Lorenz dominance order is defined between

vectors X = {X;,....Xn), Y = (Vy,---Yn} for which one has

6] x,y;20 vVi=1.,N (1)
(i) X,Y decreasing (2)

If this is the case we say that X is dominated by Y, denoted X < Y if

] J
(a) Z;xisiz.; Yis Vi =1,...,N (3)
N N

b) 2 %= Vi @

If only (a) is valid we say that X is weakly dominated by Y and denoted by X <, Y.

The Lorenz dominance order was introduced by M.O. Lorenz in 1905 in order
to measure income inequality (Lorenz  [4] ) and has been studied heavily since then.
The notation and terminology are due to Hardy, Littlewood and Polya (3] . We
refer the reader to the important book of Marshall and Olkin who present this subject
in a clear and illustrative way and in which many references are given (see Marshall
and Olkin [5] ). The topic and this book have become so important that there has
been created a "follow-up” service on results on the Lorenz dominance order : details

appear in Bondar [2] ™

To the good of my knowledge there has never been given a metric theory of

the Lorenz dominance order. Yet, such a theory could be helpfull in the comparison

The author is indebted to Prof. Dr. R. Rousseau for drawing his attention to this
- article,

We point out a small mistake in this paper : inequality (8.1b) : (aj,aya;) <

(s,5/2,5/2) for isosceles triangles is always true if a, > a, = a; but if a, =

a, > a, there is the conditon a, < 3/2 a;, as can readily be seen.
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of vectors X € RN as above, according to certain order (<) properties. Such
comparisons have been provided e.g. in Batagelj [1] between similarity measures
and between dissimilarity measures. Such measures compare two vectors X,Y as
above according to their "degree” of similarity or dissimilarity. Therefore it seems
more basic to search for a metric theory of the Lorenz order itself rather than of

derived measures as described above. This is done in this paper.

We managed to reach a metric characterization of the Lorenz dominance order in the
following (rather surprising) way. Let N € N and X,Y « R”. Denote X' = (X;);en, Where
j

X =3 x (5)

i.e. the coordinates that form the Lorenz curve of X (cf. Marshall and Olkin [5] ).

Denote
S, o2
X[z = 11X*[]2 = J):; X (6)
and, for every X,Y € R™
dX Y = [||X-Y]|], )

Denote, for every permutation x of {1,... N}
Xr = (Raq1ys + + + s Xap) 8)
Finally denote (X')" = X™ and

X = X (9)

{and not (X,)” or any other interpretation).

Amongst other characterzations of Lorenz dominance orders we present the

following theorem :



Theorem :
Let X,Y € R™™ be such that X, Y are decreasing and that

N N

zl:xi=§)(i

Then the following assertions are equivalent :

() XX

k

(i) (a) Zégxisgz‘fz;yi’ V€=1,...,N- (10)

B XY™ SdX ) (11)

for every elementary permutation n of {1,...,N}.

A permutation x is called elementary if 3j, € {1,...,N} such that

x(jo*1) = j,

®ljo) = Jo+1

x(i) = i, Vi #j,j,+1
In this case we denote x = -
If j = Nthenj,+1=N+1=1({mod N) and we use 1 instead of N+1. This boils
down to changing the index set {1,...,N} to

{1{mod N},...,N(mod N) = 0{mod N)}

but we keep the notation {1,...N} for simplicity. There are N elementary permutations.

In the sequel we prove the above result and several other ones (involving "X
<Y orY < X" or the same assertions with < replaced by <,). We furthermore show
that (ii) (a) # (i) and (ii) (b) # (i) so that both properties (ii) {a} and (ii) (b) are

essential (note that (i) = (ii) (a), trivially). Note also that (ii} (a) &= X" <, Y .



We investigate the inequality

dX™, Y™) < 4%, Y, ) (12)

and give necessary and sufficient conditions on X, Y in order that '(12) is valid for

some or all elementary permutations x of {1,...N}.

We also show that in (11) no * can be deleted so that we cannot replace (11)

d(x*, Y*) = d(X, Y2) (13)

or

d(XY) =sd(X,Y,) (14)

and we also show that (13) or (14) with the inequality signs reversed cannot replace
{11).

Formula (11) is remarkable since it involves quadruple summations and, as

said, no summation can be deleted!
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II. CHARACTERIZATION THEOREMS FOR THE LORENZ DOMINANCE
ORDER

Let X,Y € R, where N € N. Hence X and Y are N-vectors with positve
coordinates : X = (X,..Xy), Y = (¥5,-¥n). We further assume that X and Y are

decreasing. We denote

| .
X =% % . §=1....N (15)
j .
Y}=§y‘l ’ J=1,-..,N (16)
k
E=Y X . k=1,...,N (17)
k
ey L ket s
and
¢
Acz Ek ’ e=1,.--,N (19]
£
Bl‘:;’nk ’ €=1:""N [20)

Note that X™ = (A,,...,Ay) and Y™ = (B,,...,By). Note also that (using (10)) : X] =
(& ap--Eapny) @nd Y = (M, 0y M), fOr every permtation x of {1,..,N}.



We have the following theorem :
Theorem IL.1:
Suppose X an Y are as above and that X <, Y. Then

d(X™, Y sd(X, Y ) ) (21)
for every elementary permutation .

Proof :

Since « is an elementary permutation, there exists j, € {1,..,N} such that x = x; .

o

Note that we take j, + 1 = 1 in case j, = N as explained in the introduction.
A.Letj, € {1,.,N-1}
We have :

N

dZ(xt-,Ya‘*) =; (Af _Bc)z

and
jo-l
dAXL YD) = Y (A -B)?+
§o-1 jo-1 2 N
(Z G + EJ,+1 - M~ Maf * E (A, - Bp)?
k=1 k=1 =+l

Here we denote

jo-1

§=0

for j, = 1, hence making the above equality valid.



jo—l johl 2 N
E Ek + Ejod-l - ‘ ﬂk "ﬂj°+l) Z 'El (&o _Bjo)z

€= .+

Using (19) and (20) and decomposing into factors yields :

o~1 Jor1 Jorl

i Jo
(Ej°+] ol TR TR ﬂjo)-_(z; € - Z-; ™+ g;l E - g nk) 20 (22)

Now X <, Y implies
X <Y, %<1,
had Eksnk’ Vk=1,...,N

This implies that the second factor in (22) is negative. The first factor is also negative
since X <, Y implies
ﬁj.*l - Ejo = &,q = Yj°+1 =N M

This proves (21).
B.letj,= N

We have now

N-1 ¢ ¢ 2
6 (%3] = (Bt + 32 [60e 5 B me- 3 m] < (Ao Byt D

enote

£

Z;=

for € = 1. Then (21) is valid if and only if



N-1 L4 L4 N-1 4
Z;(EN"'Z;E];"W}.I‘- m] 2;; & - ﬂk]

Decomposing in factors we find the condition

(EN‘TIN'El*"h)-(i; Ek+EN+i; Ek-i; ﬂk'ﬂn'i;ﬂk]

N-1

)

=0.

(23)
X <, Y implies X; < Y}, ¥j = 1,..,N and hence &, < n,, vk = 1,..,N. Hence the second

factor is negative. Furthermore

N N
EN"‘TN‘En“Th:ngj ']Z‘; Y, =0

This proves (21) for all elementary permutations. O

Wenote that (22) =0forj,=N-land Xy = Yy (eg X <Y):
)ﬁou - Yj,q =XN-Yy=
Hence
d(X™, Y*) = d{¥%, Yar ) (24)
for all vectors X, Y such that X < Y.

This is not so if X <, Y and certainly not so for the other elementary

permutations x,,X,,..., Ty, Ty. Ths is shown in the next theorems.

Theorem I1.2 :

Under the conditions of theorem I1.1 we have that

d(xu-, Ys-) < d(x;it’ Y‘r;n
[3 [ (25]
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G, = 1,2,..,N-1) if and only if

X.a*Yu (26)

Proof :
{25} is true iff

-1 o-1 1o+l Jo#l
(Ej°+1_nju+l- 4-')‘)_1 (z; Ek'z; T’k+§ E"_Z; nk]>0

This follows from the proof of theorem IL1.

Now the second factor is negative since X <, Y. So this condition is equivalent with

o ~ &, ~ (M - M) <0

Hence

xjo"’l < &’jo"'l

(equivalently on.l # on‘, sine X <, Y). D

Theorem 11.3 :

Under the conditions of theorem II.1, we have that

d(X™, Y™ < (X, Vo) (27)
if and only if there exist a j € {2,..,N} such that X; # Y.

Proof :

In (23} all terms are positive since X <,, Y.
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In order for (23} to hold with a > sign (this is equivalent with (27)) it is
necessary and sufficient that there exist a €€ {1,...,N-1} such that

L4

(EN"’Fn‘El‘“’h)-[i; EK+EN+§ Ek”g'ﬂk“'ﬂn'-"g ﬂk)’o

e
(recall that g =0 for ¢ = 1). This condition is equivalent with

En-&i<mn-m (28)
and

£
2§(Ek-nk)+EN-nN+El-m<0 (29)

{since < is certainly valid, since X <, Y).

Equivalently :

N N

JZ;%‘JZ;Y; (30)

and (29). (30) is valid if and only if there exists a j € {2,...,N} such that X; # ; {since

X <, Y), in which case also (29) is satisfied at least if £ 2 j (and for € < j is (29) zero
N-1

if j is the first such index). In any case, the sum E as appearing in (23) is strictly
positive if and only if X; # Y, for a certain j € {2,..,N}, proving the equivalence
asserted in the theorem. O

Corollary 11.4 :

X <, Y, X#Yand

d(X*, Y™ =d(X", Y (1)

for all elementary permutations is only possible if X; = Y; for all j = 2,...,N, and this

condition is necessary and sufficient.
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" Proof :

This follows readily from theorems II.2 and I1.3. O

More concretely this means that only vectors X <,, Y are allowed (in order to
have (31)) suchthat X = Yor, if X2 Y, X, < ¥, X; =X + X, =¥ + V2 = Yo . Xy = Yy

We give an example : N = 3,
IR U U RS U U |
x'(‘i’ 3 §)’ Y"(z' 6’ 3)
Then X <Y, X # Y. Furthermore

{1

v 1 4 10\ e _(1 10 23
SR T 3 B |

3

We find
d(X™, Y™ = d(X;, Yz))
= 4, Ya) = dX )

i
18

We continue our study of relation (21).
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Theorem I1.5 :
Theorem I1.1 is also valid if Y <, X

First proof :

This is trivial from the symmetry of the distance d. O

Second proof :
Repeat the proof of theorem IL.1. Both factors in (22} and {23) are now positive, giving

again a positive product. a

Hence we have the result that X <, Y or Y <, X implies

(X", Y™ =45, Y.) (21)

for every elementary permutation x of {1,...,N}. The converse is not true as will be

proved in the next section. However, if we consider the trivial implications
X<,Y = A, <B, , vé=1,.,N
Y<,X = A, 2B, , vé=1..,N

we can formulate necessary and sufficient conditions for < and <.

Theorem I1.6 :

Let X, Y be two decreasing vectors with positive coordinates. Then the following

assertions are equivalent :
(1) X<,Y or Y<,X

(ii} (a) A, - B, have the same sign, V¢ = 1,..,N
b) d(X", Y") < d(X], Y]), for every elementary permutation = of {1,...N}.
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Proof :

(i} = (ii) follows from theorems IL.1 and IL.5 and the above remark.
(i) = ()

(ii) (b} implies, using (22) which is equivalent with (21),

o1 Jo-l Jo*l ia%1

(Ej,¢1 -y - Ejo + T’ju)' (jg Ek - g ™ + g; Ek - g nk) =0

for every j, = 1,...,N-1. Hence
Gt Mg ~ &, * M)A ~Ba * Ay - B, 20 (32)

Suppose {ii) (a} with the positive sign. Then the second factor in (32) is positive

implying the positivity of the first factor. Hence
x-i otl 2 Y:i o*l

Vj, = 1,.,N-1. Hence X, 2 Y,, Vi = 2,..,N.
" Furthermore X, = A, 2 B, = Y;. Hence Y <,, X. The same proof for X <, Y under the
condition that A, < B, V€ = 1,..,N. D

Important remark 11.7 :
The above theorem is alsc true when we only use the elementary permutations
x;y,..., M- This follows from the above proof since we only used (22) and not (23).

Furthermore, if

N N

§Xi=§yi

then the above theorem is also true when we only use x,,..., %y ,. This follows from the
above and (24).

In completely the same way we have the following theorems {we skip the
trivial proofs). Also remark I1.7 is valid.
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Theorem I1.8 :

Let X, Y be two decreasing vectors. Then the following assertions are equivalent :
(i) X<, Y
(ii) (a) A, <B,, vé€=1.,N

(b) d(X", Y") « d(X], Y], for every elementary permutation x of {1,...,N}.

Theorem 11.9 :

Let X, Y be two decreasing vectors with positive coordinates, such that

N N

§§i=§ ¥i

Then the following assertions are equivalent :
(i) X<Y or Y<X
(ii) (a) A,-B,have the same sign, V€ = 1,..,.N

(b) d(X", Y7} <d(X],Y,) for every elementary permutation x of {1,...N}.

Theorem I1.10 :

Let X, Y be two decreasing vectors with positive coordinates such that

N N
Z;xi=EYi

Then the following assertions are equivalent :
(i) X<Y
(ii) (a) A,<B, ,v€=1,..N

(b} d(X", Y") < d(X],Y,") for every elementary permutation = of {1,... N}.

The above four theorems can also be formulated in the following form (we

only present this form for the last theorem).
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Corollary I1.11 :
Let X, Y be two decreasing vectors with positive coordinates such that

N N
z; X = Z; ¥i
and such that

A,:i}));i);xlsaﬁé;,{:l):y, (33)

Then the following assertions are equivalent :
(i) X <Y

(ii) d(X”, Y7) £ d{X], Y,") for every elementary permutation x of {1,...,N}.

Let us look again at theorem II.6 (but the remarks go as well for the next 3
theorems). We will show in the next section that {ii) (a) # (i) and that (ii) (b) # (i),
so that both conditions in (ii) are necessary.

Furthermore, in the next section, we show that (ii) (b) cannot be replaced by

diX', Y) < d(X,, Y)) (34)
or

d(X,Y) < d(X,, Y,} (35)

We will also show that (34) nor (35}, with < replaced by 2 are true.
Hence, the obtaind results are the best possible.

We also remark that all the above theorms are also true when |.|, in (7} is

replaced by any |.|,-norm with 1 s p < e This can readily be verified.
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III. THE CHARACTERIZATION THEOREMS ARE THE BEST POSSIBLE

We show that all conditions in the theorems I1.6, 11.8, I1.9 and I1.10 are needed.

IL1. (ii)(a) =# (i), i.e. there exist decreasing vectors X, Y with positive coordinates for
which A, - B, have the same sign for all £ = 1,...,N and yet X £, Y and
Y £, X.

Proof :
Take

Then X £, Yand Y £, X and X; = Y; = 1. But

A -Bi=-qr - B--Zad A-B=-g

This example works to prove (ii) (a) # (i) in all four theorems.

I1.2. (ii)(b) =# (i), i.e. there exist decreasing vectors X, Y with positive coordinates for
which
daix®, Y7 < d(X], Y;)

for every elementary permutation = of {1,..,N} and such that X £, Y and Y 4, X.

Proof :

From the theorems, we already know that not all A, - B, (£ = 1,..,N) can have the

same sign. We start with this. We take

_3 xof1l 10 34 ¢ 1 1 1
N—3, X (24, 24, 24), Y (29 49 4)
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It is clear that X £, Y and Y £, X and X; = Y, = 1. Note that
A -B =--1 and A -B, = o=
! 24 24
We show that

diX”, YT < diX], Y

for every elementary permutation x of {1,2,3). By remark IL7 it is enough to check =,

only. We have
11
dz X‘t, Y:n =
( ) (24)2
14 12 xrs *w
< e W)
Verify that
2 = LL1 29 2 e LL)
d (Xrg’ Yﬂ'!) - (24)2 >d (x ’ Y )

and

2ixr** LT 11 2 . .
T Vo) = 53 > 4AXT X

as it should (cf. (24)).

I1.3. The theorems 116, 11.8, I1.9 and I1.10 ar wrong when X", Y™ is replaced by X', ¥’
or by X, Y in (ii){b).

Proof :
Take
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Then X < Y. Take x,. Then, with X; = (X'],l and the same for Y, we have

P Yo) = 7rgyz < 9HEY = 1y 36)
L] L] 19 * * . 20
dz(X,,.,. Y"x) = W <d¥X*, YY) = (12)2 (37)

(verify that

T ey 98 ax sy _ 93
dz(xrl, Y,,l) L > d2X*, Y*) = 12)?

as it should).

I1.4. From (36) and (37) one might have the conjecture that the above four theorems

are also valid for (ii)(b) replaced by
d(x,, Y,) £ d(X)Y)

or
d(X;, Y;} < d(X,Y)

This is not true.

Proof :
Take

SEENE S SRR X
Then X <Y and

AKXV = 2 < 4K, X) = 5=

and



d¥( X%, Y") = ;—g < d¥Xo, Yu) = -%%

20.
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