Voorwoord

Differentiaalvergelijkingen kennen hun toepassing in talrijke gebieden. Ze
worden gebruikt als modellen om bepaalde verschijnselen te beschrijven.
In de literatuur vindt men hier allerhande voorbeelden van terug. Zoge-
naamde oscillerende elektrische circuits, die gebruikt worden in televisies,
radio’s, radars en andere elektronische apparaten kunnen bestudeerd wor-
den door middel van differentiaalvergelijkingen. Maar ook de bevolkings-
groei kan gemodelleerd worden via een differentiaalvergelijking.

Deze thesis handelt over polynomiale Liénard vergelijkingen, die we kort-
weg Liénard vergelijkingen zullen noemen. Liénard vergelijkingen zijn
een bijzondere vorm van tweede orde gewone differentiaalvergelijkingen.
Tweede orde gewone differentiaalvergelijkingen zijn wiskundige vergelij-
kingen waaraan een bepaalde functie voldoet die naast de functie zelf ook
de eerste en tweede afgeleide van de functie bevatten.

Laat ons, ter verduidelijking, de begrippen functie en de eerste en tweede
afgeleide van een functie nader verklaren. Een functie drukt in de wis-
kunde een afhankelijkheid uit van één element van een ander. Zo is
bijvoorbeeld f(z) = 2x een functie die aan elk reél getal x, het dubbele
van dit getal 2z relateert. Iedere functie f heeft een visuele voorstelling
in het vlak, ook wel grafiek genoemd. Deze grafiek kan men verkrijgen
door de koppels (z, f(x)) uit te zetten in een rechthoekig assenstelsel.
Een rechthoekig assenstelsel bestaat uit een horizontale as, de x—as, en
een verticale as, de y—as. In ieder punt = bestaat er een raaklijn rakend
aan de grafiek van f. De richtingscoéfficient, of helling, van deze raaklijn
wordt de afgeleide van f in z genoemd en genoteerd als f'(x). De tweede
afgeleide van f is gegeven door de afgeleide van de functie f’. Deze wordt
genoteerd als f”.
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Laten we, bij wijze van voorbeeld, het systeem van de zogenaamde ge-
dempte oscillator omschrijven d.m.v. een differentiaalvergelijking. Het
systeem van de gedempte oscillator ziet er als volgt uit. Beschouw een
deeltje met massa m, bevestigd aan het uiteinde van een veer. Het andere
uiteinde van de veer is bevestigd aan een vast punt. Heel het systeem
wordt opgezet in een bepaalde vloeistof. Wanneer het deeltje uit zijn
evenwichtspositie wordt gehaald, oefent het een oscillerende op— en neer-
waartse beweging uit. Noteer f(¢) als de tijdsathankelijke uitwijking van
de massa t.0.v. zijn evenwichtspositie.

De differentiaalvergelijking waaraan f(t) voldoet, bekomen we door het
toepassen van de tweede wet van Newton: F,,, = mf”(t), waarbij Fjy
de totale kracht is die het deeltje ondervindt. Deze totale kracht is
hier gegeven door de som van twee krachten werkende op het deeltje.
Enerszijds is er de terugroepende kracht uitgeoefend door de veer en
gegeven door —kf(t) waarbij k de zogenaamde veerconstante van de
veer voorstelt. Anderszijds is er de wrijvingskracht veroorzaakt door
de vloeistof. Deze kracht is tegengesteld aan de snelheid f’(¢) van het
deeltje en gegeven door —Af'(t) waarbij A een constante is afhanke-
lijk van de aard van de vloeistof. Zodus bekomen we als totale kracht
Fiot = =A\f'(t) — kf(t) zodat uit de tweede wet van Newton volgt dat

—\f'(t) = kf(t) = mf"(t) of nog:
£+ 25+ ) =0

Bovenstaande differentiaalvergelijking is in het bijzonder gegeven door
een Liénard vergelijking en is afhankelijk van een zogenaamde para-
meter \. Afhankelijk van in welke vloeistof het systeem wordt opgezet,
zal A een andere waarde aannemen. Stellen we het systeem op in het
luchtledige, dan ondervindt de massa m geen enkele wrijving en kan A
als nul beschouwd worden.

Een oplossing van een differentiaalvergelijking is niet uniek. Afhanke-
lijk van de begintoestand van het systeem krijgt men steeds een andere
oplossing. Deze begintoestand kan beschreven worden met zogenaamde
beginvoorwaarden. Indien men in het bovenstaande voorbeeld als be-
gintoestand, de toestand kiest waarin de veer niet is uitgerokken, dan
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zal het deeltje stil blijven hangen. De bijbehorende oplossing is gegeven
door de functie f = 0 en wordt ook wel een singulariteit van het systeem
genoemd. In het luchtledige echter (dus A = 0) zal, afthankelijk van de
mate waarin men het deeltje uit zijn evenwichtspositie brengt, het deeltje
een periodieke op— en neerwaartse beweging uitoefenen corresponderend
met een periodieke oplossing f.

Men noemt een periodieke oplossing geisoleerd wanneer de meest geringe
aanpassing van de begintoestand van het systeem ervoor zorgt dat de bij-
behorende oplossing niet meer periodiek is. Een geisoleerde periodieke
oplosssing wordt ook wel een limietcyclus genoemd. Men kan zich nu de
vraag stellen hoeveel van deze zogenaamde limietcycli er maximaal mo-
gelijk zijn in een Liénard vergelijking? Deze vraag stelde de beroemde
Duitse wiskundige David Hilbert(1862-1943) zich ook, weliswaar op een
wat algemenere manier waar we nu niet verder op ingaan. Wiskundigen
refereren naar dit probleem als Hilberts 16e probleem en zijn al meer dan
100 jaar op zoek naar de oplossing hiervan.

In een poging tot het zoeken naar een oplossing van dit probleem is
een kwalitatieve studie van de vergelijking onontbeerlijk. Hierin gaat
men niet op zoek naar een expliciet voorschrift van de functies die vol-
doen aan een bepaalde differentiaalvergelijking, maar tracht men, met
allerhande wiskundige technieken, de meest essentiéle aspecten van de
oplossingen te achterhalen.

Een belangrijk aspect in het onderzoek i.v.m. Hilberts 16e probleem
zijn de limiet periodieke verzamelingen. Differentiaalvergelijkingen die
afhangen van een parameter kunnen beschouwd worden als een fami-
lie van differentiaalvergelijkingen, waarbij elk lid van de familie corres-
pondeert met een welbepaalde parameterwaarde. Een limiet periodieke
verzameling van deze familie is dan een unie van oplossingen die kan
voorkomen als een limiet van geisoleerde periodieke oplossingen binnen
deze familie. In deze thesis beschrijven we alle mogelijke limiet perio-
dieke verzamelingen die kunnen voorkomen in een Liénard vergelijking
en bestuderen we er enkele van om zodoende een stapje dichter te komen
in de richting van de oplossing van Hilberts 16e probleem.
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Introduction

In 1928, the French physicist A. Liénard studied differential equations of
the following form [22]:

¥+ f(x)t + g(x) = 0. (1)

These so—called Liénard equations (1) appear to be very useful to model
oscillating behaviour. As an illustration of such an oscillating behaviour
in an electrical circuit, one can consider the famous example of Van der
Pol’s equation:

i—p(l—a2*)i+x=0, (2)
where p is some constant. It is well known that when p < 0, the system
will be damped; all solutions will tend asymptotically to zero as t — oc.
This corresponds to an electrical circuit that is dead, i.e. after some
period of time all the currents and voltages will approach 0. But as pu
crosses zero, the circuit becomes alive. For p > 0, there exists an unique
periodic solution to which every nontrivial solution tends as ¢ — oco. The
circuit oscillates.

Physically f(z)# in (1) should be regarded as a friction or resistance,
that opposes the motion induced by a force g(z). Equation (1) can be
written in the phase plane as:

T =y,
{ J = —g@)— f@y. ®)

where f(z) is referred to as the friction term and g(z) as the forcing term.

Often it can be convenient to study system (3) in the so—called Liénard
plane. Herefore, one applies the transformation

y=y+ F(z), (4)
1



with F(z) = — [ f(u) du to obtain the system:

{ i = y-Fo),

N (5)

y = —g().
In this thesis, we study polynomial Liénard systems of type (m,n); (m,n)
arbitrarily but fixed:

. r =Y,
X'{y — P(x) +yQ(a). (6)

where P and () are polynomials of respective precise degrees m and n.
Shortly, we will refer to these systems as Liénard systems (of a certain
type (m,n)). Using linear dilatations in x,y and ¢ we can assume that
P and @ are given by

P(z) = —(Ax™ + Z a;x'), Qz) = —(2" + Z bix'), (7)

with A=1or —1, if m # 2n+ 1, and A € R\{0}, if m = 2n + 1.

To study the behaviour near infinity we use a Poincaré—Lyapunov com-
pactification. 'The phase plane will be compactified in the so—called
Poincaré-Lyapunov disc. For a general introduction to as well the Poin-
caré compactification as the Poincaré—Lyapunov compactification, we re-
fer to |12] and [14].

Using an appropriate quasi-homogeneous compactification, the singu-
larities at infinity will be of a rather simple nature. We use a Poincaré-
Lyapunov compactification of type («, 3) € Ny x N; to compactify the
phase space in the Poincaré—Lyapunov disc of degree (o, 3) [12]. This
means that, near infinity, we set:

~ cosf _ sinf

v YT T

with § € S', and multiply the obtained vector field by a factor v? to ex-
tend the obtained vector field to the Poincaré-Lyapunov disc. Depending
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on (m,n) the degree (c, 3) and the power d in the factor v? is chosen to
be:

1. (a,0)=(1,n+1),d=mn, when m < 2n + 1,
2. (,0)=(2,m+1),d=m—1, when m > 2n + 1 and m is even,

3. (a,8) = (1,5(m+1)),d= (m—1)/2, when m > 2n + 1 and m is
odd.

The compactification, indicated in the previous list, is called the appro-
priate compactification for the respective Liénard system of type (m,n)
[10]. The associated disc is called the appropriate Poincaré-Lyapunov
disc and is denoted by D™ or shortly D. We endow D with the usual
topology of a disc. The vector field on D(™™ obtained from X, after such
an appropriate Poincaré—Lyapunov compactification and multiplication
by a factor v¢, is denoted as X. The study near infinity of X can also be
done by means of different charts.

Denote by L(™™ (D), the space of all vector fields X on D™™ obtained,
after an appropriate Poincaré-Lyapunov compactification, from a Lié-
nard system X of type (m,n) with P and @ as in (7). The systems
obtained from a system (6) with P or () zero can be interpreted as lying
on the boundary of this space of Liénard systems. These system are of
Hamiltonian or singular type [10].

In the first two chapters, we try to get a better idea of what is going
on in Liénard systems. In Chapter 1, we study the singularities of a Lié-
nard system X € L™ (D). A complete classification of them is made
relying on [12] and [14].

For a given degree N, Hilbert’s 16th problem asks for a maximum number
of limit cycles that an Nth degree polynomial vector field in the plane can
have. Using the localisation method of Roussarie [27], the proof of the ex-
istence of such a finite upperbound can be reduced to the finite cyclicity
of any limit periodic set occuring in the flow of a polynomial vector field
of degree N. Concerning Hilbert’s 16th problem for polynomial Liénard



systems, one uses herefore an appropriate Poincaré-Lyapunov compact-
ificiation of the phase plane [12] together with a compactification of the
chosen space of Liénard systems [10]. An attempt to solve the existence
part of Hilbert’s 16th problem for polynomial Liénard systems of a given
type (m,n) could hence start by listing all limit periodic sets occuring in
Liénard systems of type (m,n).

Therefore in Chapter 2, we describe all possible limit periodic sets oc-
curing in a Liénard system X € L™™ (D). We also give necessary con-
ditions on (m,n) for a limit periodic set to occur in X € L™ (D).

A major advantage of Liénard systems is the simplicity. Proofs or cal-
culations related to general systems often simplify considerably in the
context of Liénard systems. This is already used in Chapters 1 and 2,
but also in Chapter 3, we illustrate this by proving some results con-
cerning structural stability of Liénard systems in the respective spaces
L) (D).

When dealing with cyclicity problems, one often uses normal forms, near
singularities of a vector field, to simplify calculations. Chapter 4 deals
with some normal forms that we will need in the chapters that follow.

Chapter 5 concerns a search for so—called alien limit cycles inside an un-
folding of a Hamiltonian 2—saddle cycle. The theory behind this search
has already been presented in [16]. In view of applying the theory to
specific systems, we add in Chapter 5 some interesting formulas enabling
to check in practice the conditions given in [16] to track such alien limit
cycles. Like for the results on normal forms, also this Chapter is worked
out in a way that it can be applied to more general systems than Liénard
systems.

Chapter 6 deals with a cyclicity problem of an unbounded semi—hyperbolic
2-saddle cycle Ly, i.e. a 2—saddle cycle consisting of two semi-hyperbolic
saddles at infinity and including one connection that lies at infinity. In
this chapter we generalize results that have been obtained in [5].
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In Chapter 7, we describe all possible boundaries of any period annu-
lus occuring in a Liénard system, the bounded ones as well as the ones
that extend to infinity.






Chapter 1

Singularities in Liénard systems

Let X € L™ (D), as in the introduction obtained after an appropriate
Poincaré-Lyapunov compactification from a Liénard system X of type
(m, n):

r =Y,
X . 1.1
{ y = Plr)+yQ(x), (1)
where P and () are given by

P(z) = —(Ax™ + Z a;x’), Qr) = — (2" + Z bix'), (1.2)

with A=1or —1, if m # 2n+ 1, and A € R\{0}, if m = 2n + 1.

In this chapter we want to describe all possible singularities of X. The
study of the singularities at infinity is already done in [12]|. For sake of
completeness and for later use, we recall the results. Figures 1.1, 1.2,
1.3 and 1.4 show the behaviour near infinity of X in the three cases:
m<2n+1, m=2n+1and m > 2n + 1. Note that the behaviour near
infinity only depends on the degree (m,n) and the coefficient A. In these
pictures simple arrows on different curves near a singularity indicate that
the singularity is hyperbolic, while for semi-hyperbolic singularities we
use simple arrows for the centre behaviour and double arrows for the hy-
perbolic behaviour. Other singularities do not occur in the appropriate
Poincaré-Lyapunov compactification.

7
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meven, neven, A= 1 m even, n even, A= -1 modd, neven, A=1 m odd, n even, A= -1
meven, nodd, A=1 m even, nodd, A=-1 modd, nodd,A=1 modd, nodd, A=-1

Figure 1.1: Behaviour near infinity for m < 2n + 1 on the Poincaré-
Lyapunov disc of degree (1,n + 1).

DG

neven, O<A<4(n+1) nodd, O<A<4(n+1)
1
neven, A_4(n+1) n odd, A—m A>4(n+1)

Figure 1.2: Behaviour near infinity for m = 2n + 1 on the Poincaré-
Lyapunov disc of degree (1,n + 1).



CHAPTER 1. SINGULARITIES IN LIENARD SYSTEMS 9

L

Figure 1.3: Behaviour near infinity for m > 2n + 1, m even, on the
Poincaré-Lyapunov disc of degree (2,m + 1).

OQ

Figure 1.4: Behaviour near infinity for m > 2n + 1, m odd, on the
Poincaré-Lyapunov disc of degree (1,1 (m + 1)).

The study of the singularities of X situated in the interior of D(™™ ig
equivalent to the study of the singularities of the original Liénard system
X of type (m,n). Because & = y we say that the flow of X points to the
right above the z—axis and to the left below the r—axis. Regular orbits
of X will intersect the r—axis transversally.

A singularity s of X is given by a point s = (x,0) with P(zy) = 0.
The linear part of X at s is equal to

A (plon) o) )

with eigenvalues A, = 1 <Q<SL’0) + /Q(r0)? + 4P’(:L’0)) and correspond-
ing eigenspaces V; and V; spanned by respectively (1,A;) and (1, Ag).
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Moreover A\; Ay = —P'(xg). Further we write:

(x — 20)F + oz — x0)*,

a
l l (1.4)

Q(z) = b(x — x0)" + o(x — x0)’,

where ab # 0 and with (k,1) e N2 1 <k <mand 0 <[ < n. We call

(k,l) the Liénard degree of the singularity s.

The propositions below describe the singularities of a Liénard system
(1.1) with respect to their Liénard degree and the coefficients (a,b). We
will present all possible phase portraits of the singularities of a Liénard
system. A singulariy s always lies on the x—axis. In case s is not a focus
nor a center, a dotted line indicates the direction in which orbits can
approach the singularity. Notice that in presenting the phase portraits,
it is not possible to stress out the exact position of the orbits, nor their
exact contact with the directions in which they approach s.

Proposition 1.1 Ifk =1 and:
1. if a > 0, s is a hyperbolic saddle as in Figure 1.5 (a).

2. ifa<0,1l=0 and b*> + 4a > 0, then s is a stable node when b < 0
and an unstable node when b > 0. When b* + 4a > 0, all orbits
except two will approach the singularity along the eigenspace that
corresponds with the eigenvalue that is biggest in absolute value (see
Figure 1.5, (b) and (c)). In case b*+4a = 0 all orbits will approach
s along the unique eigenspace (see Figure 1.5, (d) and 1.5 (e)). In
particular s cannot be a star node.

3. ifa<0,l=0 and b>+4a < 0, then s is a stable focus when b < 0
and an unstable focus when b > 0 (see Figure 1.5, (f) and (g)).

4. ifa <0 andl > 0, then s is linearly a center. The singularity is a
focus or a center (see Figure 1.5 (h)).

Proof: Because X is analytic, s is a saddle, node or focus when it is
for the linear part A. When s is a node, one easily verifies that A is
diagonalizable if and only if the eigenvalues are different such that a star



CHAPTER 1. SINGULARITIES IN LIENARD SYSTEMS 11

(g)

Figure 1.5: Phase portraits of hyperbolic singularities and linear centers
of a Liénard system.

node is out of the question. The directions in which the orbits approach
the singularity can be found by blowing up, see for instance [25].In case
A has a center in s, it can be a center or focus for X. We are then left
with the well-known center—focus problem.

The phase portraits are obtained by using the fact that the flow of X
points to the right above the r—axis and to the left below the xr—axis.
In case of a saddle or node, no eigenspace coincides with the r—axis be-
cause A\;Ay # 0. Note also that the y—axis can not be an eigenspace.
When s is a saddle, the stable manifold theorem ensures the existence of
C“—invariant manifolds tangent to the eigenspaces y = \j(x — xo) and
Yy = Xo(z — ). O

Proposition 1.2 The singularity s of X s semi-hyperbolic if and only
if k > 2 and | = 0. Every center manifold has at s a contact of order
k — 1 with the x—axis and on it, the vector field behaves like

T = —%(x —20)* + o(x — zo)".

Depending on whether b is positive or negative there is an unstable re-
spectively stable manifold tangent to y = b(x — xy). Denoting Q(x) —b =
c(x — x)? + o(x — xo)?P for some p > 1, the (un)stable manifold has a
contact at s of order min{k — 1, p} with y = b(x — xy). Furthermore:
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1. if k is odd and a > 0 the singularity is of saddle-type (Figure 1.6,

(a) and (b)).

2. if k is odd and a < 0 the singularity is a stable node when b > 0
and an unstable node when b < 0 (Figure 1.6, (c) and (d)).

3. if k is even the singularity is a saddle-node (Figure 1.6, (e), (f),

(9) and (h)).

Moreover orbits not lying on the (un)stable manifold and adherent to s
belong to a center manifold, having at s a contact of order k — 1 with the
T—aTLS.

Figure 1.6: Phase portraits of semi-hyperbolic singularities of a Liénard
system.

Proof: The singularity is semi—hyperbolic if and only if Ay Ay = 0, A\ +
Ao # 0 which is equivalent to P'(zg) = 0, Q(zo) = b # 0. The linear part

of X at s is given by:
01
=5 0)

with eigenvalues 0, b and respective eigenspaces y = 0 and y = b(x — x9).

The center manifold theorem ensures the existence of at least one C*°
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manifold y = ¢(z) tangent to the x—axis and invariant under the flow of
X (see e.g. [3] or [14]), i.e.

d(x)e(z) = P(x) + c(2)Q(z) or c(z)(=b+ O(x —x0)) = P(x)
such that P(z) = O(x — x0)* implies ¢(z) = O(x — xy)*. Comparing
coefficients one sees that

c(x) = —%(SL’ — 20)" 4 oz — m)F.

Suppose now y = s(x) is the (unique) invariant manifold tangent to the
(un)stable direction y = b(z — x¢). Just as before the invariance implies

s(x)(s'(x) — Q(x)) = P(x). (1.5)
Substituting Q(z) = b+ O(z — x0)P and s(x) = b(x — z¢) + O(z — x0)?
one obtains
(b+ O(z — x0))(s'(x) = b) = Oz — 20)* ' + O(x — )7,

such that s'(z) —b = O(z — o)™ {*~17} ‘meaning that at z, the contact
between y = b(x — xy) and y = s(z) is of order min {k — 1, p}.

If v is an orbit not lying on the unique (un)stable manifold and it ap-
proaches s, then we know (e.g by [14]) that it lies on a center manifold.
Because all center manifolds are mutually infinitely tangent [14], ~ has
to have at s a contact of order £ — 1 with the x—axis.

The phase portraits are easily obtained using the fact that + =y. O

Proposition 1.3 The singularity s of X is nilpotent if and only if k > 2
andl > 1. Moreover:

1. if k = 2p is even and k < 21+ 1, the singularity is a cusp for which
the separatrices have at s a contact of order p (Figure 1.7, (a) and

(b)).

2. if k is even and k > 21+ 1, the singularity is a saddle—node. Orbits
can only approach s along the x—axis having at s mutual contact of

order | (Figure 1.7, (c), (d), (e) and (f) ).
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3. if k =2p+ 1 is odd and a > 0, then the singularity is a saddle
where the separatrices are tangent to the x—axis having at s mutual
contact of order p when k < 20+ 1 and of order | when k > 21 + 1

(Figure 1.7 (g)).
4. if k is odd and a < 0 and:

(a) if k <21+ 1, or k=2l+1 and b* + 4a(l + 1) < 0, then the
singularity is a focus or center (Figure 1.7, (h), (i) and (j) ),

(b) iflis odd and either k > 2I+1, or k = 2141 and b*+4a(l+1) >
0, then s s a singularity with one elliptic and one hyperbolic
sector where orbits can only approach s along the x—azis having

at s mutual contact of order | (Figure 1.7, (k) and (1) ),

(c) ifl is even and either k > 21+ 1, or k = 21+ 1 and b* +4a(l +
1) > 0 then s is an attractive node when b < 0 and a repelling
node when b > 0. All orbits will approach s along the x—axis
having at s mutual contact of order ! (Figure 1.7, (m) and (n)

).

Proof: If Q(zo) = 0 and P'(z() = 0, we see immediately that the linear

part of X is nilpotent.

The study of the singularity relies on quasi-homogeneous blow up. In

case k < 2l + 1 and k is odd, one uses the blow up

— — 2977
r=u, Yy=uwy,

k+1

with ¢ = 5= and we divide by wi~t. If k is even, one uses:

2 — gkl
r=u, y=u Yy,

and we divide by «*~!. In case k > 2] + 1, one uses the blow up:

_ _ ol
r=u, y=u'y,

and we divide by u'.

(1.6)
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Figure 1.7: Phase portraits of nilpotent singularities of a Liénard system.

In the directional charts {y = 41}, one won’t find any singularity in
the origin. We can therefore restrict our study in the {u = 41}-charts.
However using the transformations (1.6) and (1.7), the information found
in the {u = 1}-chart also covers the information in the {u = —1}-chart.
We refer to [14] where all calculations are present.

Let us clarify the statements about the contacts. In blow-up coordi-
nates the y—axis is invariant under the flow and corresponds to the origin
in the original coordinates. Suppose y = y(z) is an orbit that approaches
the singularity s, then this orbit will correspond to an orbit ¥ = 7(u) not
lying on the y—axis that approaches a singularity on the y—axis.

If £ < 2]+ 1, one finds no singularities at the origin after blow up [14].
Therefore y(u) = a + o(1),u — 0 with a # 0. After blowing down, we
get y(z) = az’s +o(z'3 ),z — 0.
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In case k > 20 + 1 one finds, after blowing up, two singularities on the
y-axis [14]. The origin is a semi-hyperbolic singularity with a unique
(un)stable manifold lying on the y-axis. All other orbits are given by
y(u) = o(u*%72), u — 0. Blowing down gives y(z) = o(z* '),z — 0.
The other singularity is a saddle having a unique invariant manifold,
transverse to the y—axis, given by 7(u) = a + o(1),u — 0 with a # 0.
Blowing down yields y(z) = o(z!),z — 0. Because k > 2[ + 1, we get
certainly y(z) = o(x!), z — 0 in both cases. [

The previous propositions classify the singularities of Liénard systems
(1.1) according to their Liénard degree (k,l) and the coefficients (a, b),
defined in (1.4). It is clear that a singularity of Liénard degree (k,[) can
only occur in a Liénard system of type (m,n) when m > k and n > [. As
a direct consequence of the former propositions, we can state the follow-
ing theorem that presents all possible singularities of a Liénard system
of type (m,n) € N2

Theorem 1.4 A Liénard system X of type (m,n) as defined in (1.1) has
at most m singularities, where we count a singularity (xo,0), k+ 1 times
when P(z¢) = P'(x) = -+ = P®(x) = 0. Denote by s a singularity of
X, then:

1. s can be a hyperbolic singularity: a saddle, a node (no star node) or
a focus, see Figure 1.5, (a)—(g). Near a node, all orbits approach s
along one of the eigenspaces of the linear part of X at s.

2. when n > 1, s can be a linear center, i.e. a center or a focus, see
Figure 1.5, (f), (g) or (h).

3. if m > 2, s can be a saddle—node. When m > 3, s is possibly
a semi—hyperbolic node or a semi-hyperbolic saddle. The unique
(un)stable manifold intersects the x—axis transversally. The center
manifolds will have at the singularity a contact of order at most
m — 1 with the x—axis. See Figure 1.6.

4. if m > 2, n>1,s can be a cusp, when m > 3, n > 1, s can
be a nilpotent focus, center, saddle or a singularity with an elliptic
sector, if m > 4, n > 1, s can be a nilpotent saddle—node, when
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m > 5, n > 2, s can be a nilpotent node. In case s is not a center
nor a focus, orbits can only approach the singularity s along the
x—axis. See Figure 1.7.

Let us now approach the former results from a different point of view
that will enable us to say something more about possible successions on
the z—axis of singularities of X.

A singularity s = (x0,0) induces a local behaviour on the vector field
X restricted to the xz—axis. Because X (x,0) = (0, P(z)) this behaviour
is completely determined by the local behaviour of P(x) at the zero
xo. In particular according to the sign of P in a right— and left semi-
neighbourhood of zy, we can distinguish four cases:

I. P(z) >0 for x < zp and P(z) > 0 for x > x,

IT

o)

() (

(x) < 0 for x < zg and P(x) < 0 for x > o,
III. P(x) <0 for x < zp and P(x) > 0 for x > x,
IV. P(z) > 0 for z < zp and P(x) < 0 for x > .

We speak respectively of singularities of up—up, down—down, down—up
and up—down type. We will now present all singularities of (1.1) accord-
ing to their type. Of course again, we cannot pay attention to exact
positions of orbits nor to exact contacts.

In cases I and II, the smoothness of P implies its tangency to the x—
axis. Depending on the sign of the lowest order coefficient, the local
behaviour of P looks like in Figure 1.8, (a) or (b). In particular P is of
the form

P(z) = a(x — xo)%“ + o(x — xO)QkO, a#0, kygeN

such that Propositions 1.2 and 1.3 imply that the singularity under con-
sideration can only be a cusp or a saddle-node. In Figures 1.9 and 1.10,
we present all singularities of up—up and down-down type.
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\r’/(x) r(x)
(a) (b)
P(x W) \[ P(x) P(x)

() (d) (e) (f)

Figure 1.8: Types of local behaviour at zy of P.

In cases 11 and IV and when P cuts the z—axis transversally, the singu-
larity is hyperbolic or a linear center, Figure 1.8, (c) and (e). In case P
is not transverse to the x—axis, s is semi-hyperbolic or nilpotent, Figure
1.8, (d) and (f). In any case k has to be odd such that P is of the form

P(z) = a(z — 20)** " + o(z — 20)**, a#0, ky€N.

When a > 0, the singularity is of down—up type and according to Propo-
sitions 1.1, 1.2 and 1.3 it has to be a saddle. On the other hand when
a < 0, the singularity is of up—down type given by a node, focus, center
or a singularity with one elliptic sector. Figures 1.11 and 1.12 present all
singularities of down—up and up-down type.

Let us now consider possible successions of singularities on the z—axis.
Suppose s; = (x1,0) and sy = (x2,0) are two successive singularities such
that 21 < xo. Then P cannot change sign in |x1, z5[ because of the inter-
mediate value theorem. One can easily prove the following proposition
(where * denotes "down" or "up").

Proposition 1.5 Suppose s; = (21,0) and sy = (x2,0) are two singu-
larities of a Liénard system such that v1 < xo, then:
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1. if s1 is of x—up type and sy is of down—x type, then there is a
singularity of up—down type situated on the r—axis between s; and
S9.

2. if s1 1s of x-down type and sy of up—* type, then there is a singularity
of down—up type situated on the r—axis between s1 and s».

Figure 1.9: Singularities of up—up type: a cusp of up—up type (a) and
saddlenodes of up—up type; (b) and (c) are semi-hyperbolic saddle-
nodes while (d) and (e) are nilpotent saddle-nodes.

Figure 1.10: Singularities of down-down type: a cusp of down-down
type (a) and saddle-nodes of down-down type; (b) and (c) are semi-
hyperbolic saddle-nodes while (d) and (e) are nilpotent saddle-nodes.
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(d)

Figure 1.11: Singularities of down—up type are all given by saddles; (a) a
linear saddle, (b) and (c) semi-hyperbolic saddles, (d) a nilpotent saddle.

(k) (1) (m)
Figure 1.12: Singularities of up-down type. Nodes of up-down type
can be hyperbolic (a),(b),(c) or (d) semi-hyperbolic (e),(f) or nilpotent
(g),(h). (i) and (j) present the singularities with one elliptic and one
hyperbolic sector. Foci, (k) and (1), can be nilpotent or hyperbolic. (m)
presents a center.



Chapter 2

Limit periodic sets in Liénard
systems

After a study of all possible singularities occuring in a Liénard system
X € L™ (D), we are able to describe all possible limit periodic sets
occuring in X. The other way around, we also describe necessary condi-
tions on (m, n) for a certain limit periodic set to occur in X.

For being able to treat limit periodic sets (and later on structurally sta-
bility) we will endow L™ (D) with a topology. We endow L(™™ (D)
with the coefficient topology. This is the topology 7 (™™ such that the
following map is a homeomorphism:

7 (LO(D), Tmm) —  (B,U)

= (Aaam—la"'7a07bn—17"'760)7

>

associating to each X € L™ (D), the coefficients
(A7 Am—15 - - -5 A0, bn—la SRR bO)
of the polynomials P and @ of the original system X (1.1) and where B

is given by {—1,1} x R"*™ when m # 2n+ 1, and R\{0} x R™™™  when
m = 2n + 1, equipped with the induced topology U from R™ "1,

21
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Define H(D) as the set of all non-empty compact subsets of D provided
with the Hausdorff metric, i.e.

d(Ky, Ky) = sup { sup d(z, K,), sup d(Ky,y)}; Ky, Kz € H(R?),

reK, yeKso

where d(a, K) = inf,cx {p(a, )}, p the Euclidean metric on R

A compact subset £ of D is said to be a limit periodic set of X €
Lm™ (D) if for each ¢ > 0 and for each neighbourhood V' of X, there ex-
ists an Y € V whose flow contains a limit cycle v such that dy (v, £) < e.
Limit periodic sets were first introduced in [18] and further worked out
in [28].

A limit periodic set can only be a singularity situated in D\OD, a pe-
riodic orbit or a graphic of X [28]. A graphic of X consists of a finite

number of singularities sq, ..., s,, not necessarily different, and a finite
number of regular orbits 74,...,7, connecting them in the sense that
fori =1,...,m w(v;) = $i41 and a(vi+1) = s;, where s,.; = s;. We

take care of taking r as small as possible avoiding useless coincidences
in the graphic. A graphic that is homeomorphic with the unit circle S*
is called a cycle. Depending on whether a limit periodic set, a periodic
orbit or a graphic fits in D\OD or not, we call it bounded resp. unbounded.

A pathwise connected subset of a graphic constitutes a (singular) con-
nection between two points A and B on L. Depending on the sense of
the flow of X we speak of a connection from A to B or from B to A.

Let us define a passage {O,,, s, O,} at a singularity s of X,, as the union
of s together with a regular orbit O, with s as w-limit and a regular orbit
O, with s as a-limit. It is clear that every singularity s of a graphic has
to possess at least one passage.

Let ¢ : A C [-1,1] — D be a C* function on an open connected subset
A C [-1,1]. Here [—1,1] is endowed with the induced topology from
R. Take 3 = ¢(A) with the induced topology. If p : A C [-1,1] — X
is a homeomorphism such that for every a € A, ¢/(a) and X (¢(a)) are
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linearly independent, then ¥ is called a transverse section of X.

From the fact that £+ = y in a Liénard system, it is easily seen that
for abritrarily x, the sets X = {(z,y) € D |y > 0} and X = {(=,y) €
D |y < 0} are transverse sections for any X € L™™ (D).

The following proposition is an easy consequence of the proof of the
Poincaré-Bendixson theorem. It can be found in [28] but we repeat it
here for sake of completeness.

Proposition 2.1 Suppose L is a limit periodic set of X and ¥ is a
transverse section of X. Then X intersects L in at most one point.

Proof: By contraposition, suppose that a,b are two distinct points of
L N Y. Consider a neighbourhood V' of X such that X is a transverse
section for each Y € V. Then for each ¢ > 0 there exists an Y € V
whose flow contains a limit cycle 7 such that dy (v, L) < e. In particular,
for ¢ small enough, one finds a v that intersects > at two points o and
(. However this will lead to a contradiction.

Consider therefore the segment [a, 3] lying on X together with the arc
A ={y(t) | t € [t1,t2]} part of v such that v(¢t;) = a and (t2) = 5.
Because J = A U [o, (] forms a simple closed curve, the Jordan curve
theorem insures us that J devides D into two connected components.
However points y(t) with ¢ < ¢; will be in another connected set as
points with ¢ > t5. Suppose for instance that that points () with ¢ < ¢;
are inside J and points () with ¢ > ¢, are outside J. Then the flow of X
on [«, 5] will be pointing outward the region enclosed by J, (indeed oth-
erwise the mean value theorem would ensure us a point on [«, 3] where
X is tangent to ). Hence v cannot be periodic. When points v(¢) with
t < t; are outside J, a similar argument can be used. [J

2.1 Bounded limit periodic sets

Let us describe the bounded limit periodic sets £ occuring in a X €
LM (D) for certain (m,n) € N2,
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In Chapter 1, we have already desribed the non-hyperbolic singulari-
ties lying in D\OD. If L is a bounded periodic orbit, it will be C¥
diffeomorphic to a circle cutting the x—axis transversally in two distinct
points. Indeed this follows immediately from the fact that © = y in a
Liénard system. Let us now study the bounded graphics.

We already know that all singularities of a bounded graphic have to
lie on the z—axis possessing at least one passage {O,,s, O,}. Locally
both O, and O, have the option to lie under or above the r—axis. We
come to four different passages:

i. a left-right-passage (Ir-passage): when both O, and O, lie above
the z—axis,

ii. a right-left-passage (rl-passage): when both O, and O, lie under
the x—axis,

iii. an upgoing—passage: when O, lies above and O, under the z—axis,
iv. a downgoing—passage: when O, lies under and O, above the x—axis.

We call Ir-passages and rl-passages also horizontal passages and the
upgoing- and downgoing passages also vertical passages. In Figure 2.1
the four kind of passages are illustrated.

(a) (b) () (d)

Figure 2.1: Horizontal and vertical passages of a singularity of a Liénard
system.

Only the singularities containing passages can be part of a graphic. Let
us give an overview, based on the results in Chapter 1, of all singularities



CHAPTER 2. LIMIT PERIODIC SETS IN LIENARD SYSTEMS 25

possessing passages.

We begin with the singularities containing a horizontal passage. Saddles
contain as well a lr-passage as a rl-passage (Figure 2.2). Saddle-nodes
and singularities with one elliptic sector contain either a lr—passage (Fig-
ure 2.3) or a rl-passage (Figure 2.4).

(d)

Figure 2.2: Saddles contain both lr— and rl-passages as well as both
upgoing and downgoing passages.

Figure 2.3: Singularities containing lr—passages but no rl-passages.



26

Figure 2.4: Singularities containing rl-passages but no Ir—passages.

The singularities with a vertical passage are the saddles containing upgo-
ing as well as donwgoing passages (Figure 2.2), the singularities of up—up
type containing upgoing but no downgoing passages (Figure 2.5) and the
singularities of down-down type containing downgoing but no upgoing
passages (Figure 2.6).

Figure 2.5: Singularities of up—up type all contain upgoing passages.
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Figure 2.6: Singularities of down-down type all contain downgoing pas-
sages.

Remark that the singularities in Figures 2.3 and 2.4, (b) and (c), also
contain upgoing passages while the ones in (d) and (e) also contain down-
going passages. The singularities in Figures 2.5 and 2.6, (b) and (c),
contain Ir-passages while the ones in (d) and (e) contain rl-passages.
Saddles contain all four kind of passages. Furthermore horizontal pas-
sages nor vertical passages have to be unique. For instance saddle-nodes
can contain infinitely many horizontal or vertical passages.

As a matter of example we list all possible bounded limit periodic sets
containing at most 2 singularities. Note that an exact position of the or-
bits or exact contacts cannot be illustrated in these pictures. To shorten
the list, we work up to reflections with respect to the r—axis, y—axis or
the origin, i.e. up to the transformations

1) = (=y, =), (2,0) = (=, =1),  (2,9) = (=2, —y).

First of all a bounded limit periodic set £ can be a bounded periodic or-
bit or a singularity, Figure 2.7, (a) and (b). Let £ be a bounded graphic.
If £ contains one singularity, then depending on the kind of passage of
the singularity, we find 3 different pictures. The singularity can have a
vertical passage, one horizontal passage or two horizontal passages lying
on L, respectively illustrated in Figure 2.7, (c), (d) and (e). If £ con-
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tains two singularities {si, so}, one distincts another 7 different pictures
according to the kind of passages at s; and s, that lie on L.

L[]
S1 S

(a) (b) ()

S1 SQQ

(d) (f)

@2%@

()

()

Figure 2.7: Possible bounded limit periodic sets containing at most two
singularities.

Concerning the possible topological types of the different singularities in
Figure 2.7, we can say the following, making use of the above presen-
tation of all singularities containing passages. In Figure 2.7 (b) every
topological type can a priori occur. Of course if the singularity is a sad-
dle, then it cannot be a hyperbolic one, but it can e.g. be a nilpotent
saddle of codimension 3, similar for a focus. In Figure 2.7 (e), s; has
as well a Ir-passage as a rl-passage implying that it has to be a saddle
(hyperbolic or non—hyperbolic). Singularities with a vertical passage on
L are possibly saddles, saddle—nodes or cusps. Those with a horizontal
passage on L can only be saddles, saddle-nodes or singularities with one
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elliptic sector.

The following theorem describes any bounded limit periodic set.

Theorem 2.2 Suppose L is a bounded limit periodic set of X € L™ (D).
Then L is a non-hyperbolic singularity of X situated in D\OD or it is
the union of two continuous graphs y = hi(x) and y = ha(x), x € [ag, bo),
ag < by such that:

i. Yo € [ag,bo] : hi(z) > 0 and ho(x) < 0. Moreover hy(ag) =
hQ(ao) =0 and h1<b0) = hQ(bo) =0.

i. for x €lag,bo[, hi(x)ha(z) = 0 if and only if (x,0) is a singularity
of X lying on L.

Moreover concerning the singularities, we have the following:

a. the zeros of hy (resp. hy) with abscis lying in |ag, by| can only be
saddles or one of the singularities presented in Figure 2.3 (resp.
Figure 2.4),

b. if (ap,0) (resp. (bo,0)) is a singularity, then it has to be a saddle or
a singularity of up—up (resp. down—down) type, Figure 2.5 (resp.
Figure 2.6),

c. if hi(z) = ha(x) =0, = €]ag, by, then (z,0) can only be a saddle.

Proof: Denote the singularities and regular orbits that constitute £ as
S1y...ySeand yp, ... Y

We first show that it is justified to assume that v, # ~; for every
i,j € {1,...,n}. Afterall suppose v; = ~; for some i # j, then also
s; = s; and s;41 = sj;1. For L being closed there has to correspond
connections (; from s;;; to s; and 2; from s;;; to s;. These connec-
tions have to coincide because otherwise they will result in two intersec-
tions of £ with a transveral 3} or ¥ contradicting Proposition 2.1. So
L; = {si, Si+1, Vi, {4 } describes the same graphic as £; = {s;, 541,7;, Q2 }
implying that the chosen configuration is not minimal, i.e. 7 is not as
small as possible.
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Because £ is compact, it is meaningful to set ag = min{x | (z,y) € L}
and by = max{x | (x,y) € L}. Let us denote the connection from a, to
by as I'1 and the one from by to ag as I's.

We now prove that I'; is entirely situated in the half plane {y > 0} im-
plying that it is the graph of a continuous function n;. Indeed suppose
I’y intersects the half plane {y < 0}, then it also intersects a transversal
Y., z €lag, by[. Because & = y the connection I'y also intersects 3. For
not contradicting Proposition 2.1 this intersection has to coincide with
that of I'y such that I'y and I's have at least one regular orbit in common.
But we just assumed that all regular orbits constituting £ were different.

Analogous arguments show that also I's is a continuous graph y = hy(x)
lying in the half plane {y < 0}.

Furthermore I'y cannot cut the x—axis at regular points with abscis lying
in Jag, bo[. Indeed because the vector field is transverse to the x—axis,
such an intersection would also imply an intersection with the half plane
{y < 0}. Therefore in ]ag, bo[, h1 can only be zero at singularities on L.
Of course also hi(ag) = hi(by) = 0. Analogous hs can only be zero at
singularities on £ with an abscis in ]ag, by| and ha(ag) = ha(by) = 0.

A singularity with an abscis in |ag, by[ that lies on I'; clearly has a Ir—
passage induced by I'y, while it has a rl-passage if it lies on I';. In
particular in the region ay < = < by, I'; only contains saddles or singu-
larities like in Figure 2.3 while I'; only contains saddles or singularities
like in Figure 2.4. Singularities (x,0) with = €]ao, by[ and lying on both
connections have both kind of horizontal passages implying that they
are saddles. If (ag,0) (resp. (bp,0)) is a singularity, it has to contain an
upgoing passage (resp. a downgoing passage) such that is has to be a
singularity of up—up type (resp. down—down type). [

Remark:

1. Property ii) follows immediately from property i). Indeed suppose
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hi(x) intersects the x—axis at (xo,0) with zy €|ag, by[ such that
(70,0) is a regular point of X. Then using same arguments as in
the above proof, one easily sees that hi(x) cannot completely lie
above the z—axis in the region ay < z < by.

2. As a direct consequence of this theorem, a bounded limit periodic
set L is a non-hyperbolic singularity or it is the union of cycles
of which all singularities are situated on the x—axis and that only
cross each other in a saddle.

2.2 Unbounded limit periodic sets

Concerning the unbounded limit periodic sets, we have the following
theorem.

Theorem 2.3 Suppose X € L™ (D) has an unbounded limit periodic
set L. Then one of the below mentioned conditions has to be satisfied; A
denotes the highest order coefficient of P in (1.1).

1. When

(a)m:2n+1,A>4(n—1+l) or,

(b) m>2n+1, m odd and A =1,
L is given by a periodic orbit lying at infinity, Figure 2.8 (a).

2. When
1

4(n+1)’
L looks like in Figure 2.8 (b). The two singularities are saddle—

nodes with a center behaviour at infinity and a repelling behaviour
on their hyperbolic separatrices.

m=2n+1,n even, A =

3. When
1

=2 1 dd, A = ——
m n+ 1,n odd, nt1)
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L looks like in Figure 2.8, (c), (d1) or (d2). The singularities s
and sy at infinity are both saddle—nodes with a center seperatiz at
infinity. The behaviour on the hyperbolic separatriz of si is attrac-
tive, while that of so s repelling.

4. When

=2 1 dd, 0 < A < ——
m n+ 1,n oda, 4(n+1)’

L looks like in Figure 2.8, (d1) or (d2). In this case the singularities
s1 and sy are both hyperbolic saddles.

5. When
m < 2n+1,m odd, n odd and A =1,

L looks like in Figure 2.8, (el) or (e2) containing at infinity two
semi—hyperbolic saddles s; and sy such that si (resp. ss) has an
unstable (resp. stable) separatriz lying at infinity and an attractive
(resp. repelling) center separatriz in D\OD.

Moreover in all cases the singularities on L that are situated inside D\OD
have to be saddles or one of the singularities pictured in Figure 2./.

S1

- - - ~ -

--- ~e -

(d1) (d2) (e1) (2)

Figure 2.8: All possible unbounded limit periodic sets (we do not pay
attention to the exact position of orbits nor to exact contacts).
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Proof: The study of the behaviour of X near infinity immediately im-
plies that the above mentioned cases are the only potentials in which X
can have a limit periodic set. Indeed we can distinguish two cases: £
includes whole infinity or partly infinity. In the first case, it can be a
regular periodic orbit at infinity or a graphic at infinity that only con-
tains singularities possessing a passage at infinity. It is obvious that this
is only possible when:

— 1
a. m—2n+1,AZm,

b. m>2n+1, m odd and A = 1.

When a limit periodic set £ is not lying enterily at infinity, it has to
contain at least one connection on 0D bordered by two singularities p;
and p, that both contain a passage. For £ being closed, p; and p, have
to possess a hyperbolic sector such that the flow on the separatrix lying
in D\OD is attractive in one singularity and repelling in the other. This
is only possible in the cases:

a. m<2n+1, modd, n odd and A =1,

— 1
b. m—2n+1,n0dd,O<A§m

The topological type of the singularities at infinity immediately follows
from the study of the behaviour near infinity of X in the above men-
tioned cases. In Figure 2.8, (d1), (d2), (el) and (e2), £ contains the
upper semicircle at infinity. Therefore for not being in contradiction
with proposition 2.1 the remaining part of £ has to be situated in the
half plane {y < 0}. In particular all regular orbits of £ lying in D\0D
are situated below the zr—axis implying that all singularities on £ not
lying at infinity have to contain a rl-passage. [

2.3 Occurence of limit periodic sets

Let X € L™™(D). We try to find necessary conditions on (m,n) for a
limit periodic set £ to occur in the flow of X.
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Suppose first £ is a bounded limit periodic set of X. If £ is a singu-
larity with Liénard degree (k,[), then obviously m > k and n > [. When
L is a bounded periodic orbit, then mn > 1. Indeed it is generally known
that inside a periodic orbit, there has to exist a singularity together with
a point where the divergence of X, i.e. Q(z), disappears.

Suppose now L is not a singularity nor a periodic orbit. Denote by
{s1,..., 8¢} with s; = (p;, 0) the singularities on £. We know from Theo-
rem 2.2, that £ is the union of cycles that can only cross each other in a
saddle. Denote ny as the number of cycles constituting £. The Liénard
degree (K, L) of L is defined as

(K.L) = (gkél)

where (k;,[;) is the Liénard degree of the singularity s; on L.

We recall from Chapter 1 that a singularity s; on £ induces a local
behaviour on P near p; that depends on the type of s;; s; can be of up—
up, down—down, down—up or up—down type. Moreover if the endpoints
aop and by of £ are not singularities, then it is clear that P(ap) > 0 and
P(by) < 0. From Proposition 1.5, it follows that there exists a minimum
number my of singularities, being all of up-down or down—up type, that
X is forced to have for P being continuous on [ag, by].

The following proposition now states necessary conditions for £ to occur
in the flow of X.

Theorem 2.4 Suppose L is a bounded limit periodic set of an X €
L") (D), then:

1. if L is a singularity with Liénard degree (k,l), then m > k and
n >,

2. if L is a periodic orbit, then mn > 1,
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3. if L is a graphic, then if my and ng is defined as above and (K, L)
1s the Liénard degree of L, m and n have to satisfy

m>K+mg and n> L+ ng.

Proof: Suppose L is a graphic. Then the degree of the polynomial P
has to be at least the number of its zeros, counted with their multiplicity.
Thus m > K 4 mq. Furthermore in each area enclosed by a cycle, there
has to exist a point where the divergence of X, i.e. Q(z), is zero such
that n > L +ny. U

When X contains an unbounded limit periodic set, m has to be odd
and A > 0 such that lim, . ., P(x) < 0 and lim,_, , P(z) > 0. More-
over if £ contains a singularity s = (p,0) in D\JD, then it induces a local
behaviour on P near p as desribed in Chapter 1. Again the continuity of
P, forces X to have a minimum number my of singularities, of up—down
and down—up type.

Further we define the Liénard degree of an unbounded limit periodic

set L as: . .
(K,L) = (Zkiazli)v
i=1 i=1

where (k;,1;);, i = 1,...,t are the Liénard degrees of the singularities on
L situated in D\OD. As a direct consequence of Theorem 2.3, we can
state necessary conditions on (m,n) for an unbounded limit periodic set
L to occur in a Liénard system of type (m,n).

Theorem 2.5 Suppose L is an unbounded limit periodic set of X €
Lm™(D).  Then if my is defined as above and (K, L) is the Liénard
degree of L, the following applies:

1. if L s a periodic orbit at infinity, then m > 2n+ 1, m odd,
2. if L is like in Figure 2.8 (b), then m = 2n + 1, n even,

3. if L is like in Figure 2.8, (c) or (d1), then m = 2n + 1 and n is
odd,
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4. if L is like in Figure 2.8 (d2), then m = 2n + 1, n is odd, m >
K+mgandn > L,

5. if L is like in Figure 2.8 (el), then m < 2n+ 1, m and n are odd,

6. if L is like in Figure 2.8 (e2), then m < 2n+ 1, m and n are odd,
m > K+ mg and n > L.

One can now ask oneself whether a limit periodic set does occur in a
system satisfying the minimal conditions given in Theorems 2.4 and 2.5.
Let us verify this in some examples.

A singularity with a Liénard degree (k,l) can indeed occur in a Lié-
nard system of type (k,l) as already discussed in Chapter 1. Periodic
orbits obviously occur in the Liénard system:

T = vy,
X ) Y
y = —cr+uay
having, by symmetry reasons, a center at the origin. Furthermore, from
Chapter 1 we know that the system:
To= Y,
X 1

y = —5e+y

has a strong stable focus in the origin and a periodic orbit lying at in-
finity. However a bounded periodic orbit isn’t possible here because the
divergence of X does not disappear anywhere.

Let us take a view to a loop as in Figure 2.7 (c). If the loop is based
at a hyperbolic saddle, we found that m has to be at least 2 and n at
least 1. It is well known that such a hyperbolic saddle-loop does indeed
occur in a Liénard system of type (2,1). Let us verify this in the next
proposition.

Proposition 2.6 The family

X, l 5T
{y — (e — 1)~y p)
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admits a loop as in Figure 2.7 (c), based at a hyperbolic saddle, for some
w €]0,3/2].

Proof: The family (X,) admits a hyperbolic saddle at the origin O =
(0,0) for all parameter values. At (1,0), X, admits a stable focus when
it < 1, a linear center when ;o = 1 and an unstable focus when p > 1.

Denote v*(p,t) and *(u,t) as the stable and unstable separatrix of O
respectively, that lie locally near O, in the half plane {z > 0}. Con-
sider the section ¥; = {(1,y) | y < 0}. Because & = y, it is clear that
v¥(p, t) intersects the section ¥ at some point (1,p(n)). We now show
that v*(u,t) will intersect the x—axis right of (1,0) after which it will
intersect X, at some point (1, q(p)).

The flow of X, is pointing upward on the z-axis for 0 < z < 1 and
downward for = > 1. Therefore if v*(u,t) intersect the r—axis, it has to
in a point lying right of (1,0). Entering the half plane {y < 0}, v*(u,t)
clearly has to intersect ¥, . So it suffices to show that v*(u,t) intersects
the z—axis. Suppose by contraposition, that v*(u,t) = (x,(t),y.(t))
stays in the half plane {y > 0}. Then it is clear that for some ¢, > 0 and
M > 0:

() = p(to) + / G(s)ds < yu(to) — M(t —to), >t

contradicting the fact that y,(t) > 0, V.

The function d(u) = q(u) — p(p) is clearly smooth. We now show that
d(0) > 0 and d(3/2) < 0 implying the result using the mean value theo-
rem. Consider herefore the algebraic curve:

2
y2—x2(§x—1) =0

which is a loop based at the origin and contained in the flow of the
Hamiltonian vector field:

To=y,
XHZ
y = —z(x—1).
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This loop is the union of two graphs y = f(z), lying in {y > 0}, and
y = g(x), lying in {y < 0}, both defined on [0,3/2]. Denote the region
enclosed by the loop as R.

Figure 2.9: Phase portraits of X,,;: (a) when p =0, (b) when p = 2. The
dotted orbit indicates the loop of X . The other orbits are the unstable
and stable separatrices of O of X,.

Locally near the origin 7“(u,t) and 7*(u,t) can be written as graphs
y = y,(r) and y = y;i(x). The vector field X, clearly points inwards in
the region R. Moreover for x near zero, one sees that:

W@ D) = —ale—1) - 2yi(e)

< —x(r—1)

= 10T ),

Integrating both sides, this inequality becomes (y(z))? < (f(z))? im-
plying yi(z) < f(x) for x near zero. On the other hand, one finds in an
analogous way that yj(z) < g(z), = near zero. Since the vector field is
pointing inwards in R, it is easily seen that d(0) > 0, see Figure 2.9 (a).
One can use totally similar arguments on the vector field X3/, to show
that d(3/2) < 0, see Figure 2.9 (b). O

We finish with an example containing an unbounded 2-saddle cycle,
where the saddles at infinity are both hyperbolic. Consider the Liénard
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—

Figure 2.10: Phase portrait of system (2.1)

system

r =Y
' L (2.1)
g = —qpr(r® +2)—ym

Because the system is symmetric with respect to the z—axis, i.e. it is
invariant under the transformation (z,t) — (—x, —t), the linear center
at the origin is a center. Moreover, it is the only singularity of the
system inside the Poincaré-Lyapunov disc of degree (1,2). Looking at
the behaviour at infinity, Chapter 1, Figure 1.2, one sees that there is
only one possibility for the global flow of the above system, Figure 2.10.
The system has an unbounded 2-saddle cycle. From Theorem 2.5, we
indeed know that m has to be at least 3 and n at least 1 for such an
unbounded 2-saddle cycle to occur.
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Chapter 3

Structural stability of Liénard
systems

In this chapter, we give some results concerning the structural stability of
Liénard systems. The results are already known for general vector fields,
but in the context of Liénard systems, their proofs can be considerably
simplified. We want to treat structural stability of Liénard systems in-
side the space L™ (D) endowed with the coefficient topology 7 (™™,
see Chapter 2.

We first treat the question whether all singularities in D\0D of a struc-
turally stable Liénard system have to be hyperbolic. Afterwards we also
prove that a structurally stable Liénard system cannot have any saddle—
connection lying inside D\0D.

A Liénard system X € LU™™(D) is said to be structurally stable if
there exists a neighbourhood V of X in (L(™™)(D), 70™™) such that
all Y € V are topologically equivalent with X on D. Two vector fields
X,Y € (L™™)(D), Tm™) are topologically equivalent when there exists
a homeomorphism h : D +— D which sends orbits of X to orbits of Y
preserving the orientation.

41
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3.1 Structural stability and hyperbolic sin-
gularities

It is well known that the hyperbolic singularities can be classified in
three topological types. Besides the saddles, we have the class of stable
singularities (stable nodes and stable foci) and the class of the unstable
singularities (unstable nodes and foci). For proving Theorem 3.2 below,
we will need the persistence of hyperbolic singularities after perturbation.

Theorem 3.1 If s is a hyperbolic singularity of an X € L™™ (D), then
there exists a neigbourhood V of X in (L'™™ (D), T™™) and a neigh-
bourhood N of s such that everyY € V has a unique hyperbolic singularity
i N that has the same topological type as s.

Proof: Suppose s is a hyperbolic singularity of X lying at infinity. Refer-
ring to the study near infinity (see Chapter 1), one sees that in the cases
where at least one singularity at infinity is hyperbolic, the behaviour near
infinity only depends of m,n and sgn A. So, every vector field lying in a
sufficiently small neigbourhood of X has the same behaviour near infinity.

It remains to treat the case where s lies in D\OD. Denote by X, a
Liénard system:

{?J = By(z) +yQy(2),

with
m—1 n—1
Py(z) = —(Az™ + > '),  Quz)=—("+ ) ba'),
i=0 1=0

and 1 := (A, ag,...,am_1,b0,...0p_1) € (B,U), where B = {—1,1} x
R™" when m # 2n + 1, and B = R\{0} x R™"", when m = 2n + 1,
endowed with the induced topology U from R™t" 1,

Let ny € B such that X, admits a hyperbolic singularity s. By def-
inition of the coefficient topology, it is clear that one has to show the
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existence of a neighbourhood W of 7y in (B,U) such that each Liénard
system X, with € W admits a hyperbolic singularity lying in a neigh-
bourhood of s and having the same topological type as s.

Because s is a hyperbolic singularity of X,, we have that X (ny,s) =0
and det (DZX (Mo, 5)) # 0, where D, denotes the differential of X with
respect to z = (z,y). The implicit function theorem guarantees the exis-
tence of a neighbourhood Wy of 7 in (B,U) and a neighbourhood N of

s together with a C“ function s : Wj — N such that
X(n,s(n))=0,Yne Wy and s(n) = s.

Further let s(n) = (z(n),0) and a(n) := P, (x(n)), b(n) = Q; (z(n)). 1t is
clear that if s is a saddle, then a(ny) > 0 implying, by continuity, that
one can choose the neighbourhood Wy such that a(n) > 0,Vn € Wy. If
s is a stable (resp. unstable) singularity, then a(ny) < 0 and b(ny) < 0
(resp. b(ng) > 0) which stays this way for n € Wy, Wy chosen small
enough. This ends the proof. [

Theorem 3.2 If X ¢ L™ (D) is structurally stable, then
1. all singularities of X in D\OD are hyperbolic, and

2. if m > 2n+1, all singularities at infinity are hyperbolic. When m <
2n+1, the singularities are either hyperbolic or semi—hyperbolic hav-

g a hyperbolic separatriz lying at infinity and a center separatriz
in D\OD.

Proof: Let X € L(™™ (D), obtained after an appropriate Poincaré-
Lyapunov compactification from a Liénard system X:

v .l =
{y = P(z) +yQ(x).

Following Theorem 3.1, the topological behaviour near any hyperbolic
singularity will not be affected by any small perturbation of X. We
search an appropriate perturbation of X that will change the topological
type of non—hyperbolic singularities. From Chapter 1, we know that, for
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a non-hyperbolic singularity s = (z,0), either P(x) = P'(x) = 0 or s is
a linear center.

Suppose first that every non-hyperbolic singularity of X is a linear center.

We consider the family (X,) obtained, after an appropriate Poincaré-
Lyapunov compactification, from the family:

<Xn>:{7”fy’
y = Pz)+yQ(x) +ny.

The linear centers perturb into strong unstable foci for small n > 0, while
for small 7 < 0 they perturb into strong stable foci. So, for n near zero,
X, is not topological equivalent to X _, implying the structural instabil-
ity of X.

Suppose that X has at least one non-hyperbolic singularity that is not a
linear center. Denote by {s1,...s}, with s; = (x;,0), the non—hyperbolic
singularities of X satisfying P(x;) = P'(x;) =0, 1 <7 < k. It is clear
that m > 2k. Consider a polynomial P(z) such that

P(s)=0 and P'(s)>0, V1<i<Fk.

Such a polynomial has degree at least 2k—1 < m. Let (7:]) be the family,
obtained after an appropriate Poincaré—Lyapunov compactification from
the family:

§ = P(x)+yQ(x) +nP(x).

For 1 # 0 small, the non-hyperbolic singularities {s1, ..., s;} change into
hyperbolic singularities. They will be saddles for 7 > 0 and nodes or foci
for n < 0. Using the same techniques as in Theorem 3.1, one verifies that
the linear centers persist as linear centers or strong foci for n # 0 small
enough. One concludes that for n > 0 small, X] has at least one saddle

(X,’,):{x -7 (3.1)

more than for n < 0 small. This implies immediately that X cannot be
structurally stable.
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The second statement easily follows from the study of the behaviour
near infinity (see Chapter 1). Indeed when m # 2n + 1, the behaviour
near infinity is always structurally stable. In case m > 2n + 1 all singu-
larities are hyperbolic, in case m < 2n + 1 they are either hyperbolic or
semi-hyperbolic having a hyperbolic separatrix at infinity and a center
separatrix in D\OD. If m = 2n + 1, X can only be structurally stable if
A# 4(n—1+1). Then all singularities at infinity are hyperbolic. [J

3.2 Structural stability and saddle—connec-
tions

A saddle—connection is an orbit I" such that both w(I') = S and o(T') = s
are saddles. When s # S we speak of a heteroclinic connection and when
s = 5 we speak of a homoclinic connection.

Saddle—connections are called bounded when as well s as S are situated
in the finite plane. When one of them lies at infinity we speak of an
unbounded saddle—connection.

It is possible that a saddle-connection of a Liénard system X € L™ (D)
lies completely at infinity. From Chapter 1, it is clear that this is only
possible in the following cases:

1. when m < 2n + 1, m odd and n are odd and A = 1, then X has a
saddle—connection at infinity between two semi—hyperbolic saddles
of which the hyperbolic seperatrices lie at infinity,

2. when m =2n+ 1, nisodd and 0 < A < m, X has a saddle-

connection between two hyperbolic saddles at infinity.

Obviously these saddle-connections will persist for any small perturba-
tion of X in L(™™ (D). This section will be devoted to the proof of the
following theorem.

Theorem 3.3 A structurally stable system X € L™ (D) cannot have
any saddle—connection lying in D\OD.
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It is sufficient to prove that any saddle-connection lying in D\JD breaks
after a certain perturbation. Indeed two topological equivalent vector
fields have to possess the same number of saddle-connections. One way
to prove this break up of any connection is the analytical way. One can
calculate a Melnikov integral to be non-zero. However we will prefer
another, more geometric way, to approach the problem making system-
atical use of the fact that we are dealing with Liénard systems.

Let us start with treating the bounded saddle-connections. By Theo-
rem 3.2, it is enough to restrict to those saddle-connections between two
hyperbolic saddles. We will need to study the influence of a certain per-
turbation on the separatrices of a hyperbolic saddle lying in D\OD.

Herefore let (X,) be a family in L™ (D), with 1 varying in a neigh-
bourhood P C R of zero, that is obtained after an appropriate Poincaré—
Lyapunov compactification from the family:

. r =Y,
<X">'{y — P(x) +yQ(x) + nyf(a), (3:2)

where f(x) is a strictly positive polynomial of degree at most n.

Suppose X = Xj admits a hyperbolic saddle s = (z0,0). It is clear
that the saddle persists at (zo,0) inside the family (X,). Consider the
sections

X7 ={(zy) |y >0} and ¥ ={(zy) |y <0}

By the implicit function theorem, one can suppose that any intersection
between one of the separatrices of s and the sections X1 or ¥ persists
for n € P. We now have the following lemma.

Lemma 3.4 Let (X)), n € P, be the family (3.2), where each X, has a
hyperbolic saddle s = (x0,0). Denote I'; and I'} as a stable and unstable
separatriz of the saddle s of X, respectively. Consider the sections X
for z > xq. Then:

1. every intersection p between 'Y and XF, z > xy will move upward

z 7

on 3T when n changes from zero into a positive number, and
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2. every intersection q between 'y and X7 will move upward on X7
when 1 changes from zero into a positive number.

Proof: The saddle s has two unstable hyperbolic separatrices for each
n. Suppose first that I'; is the unstable separatrix lying locally above
the z-axis and let p; be the first intersection of I'* with XF. By this we
mean that before p; the separatrix does not intersect the section X7 .

We now distinguish two cases. If I'* does not intersect the x—axis before
it reaches p;, we get a situation displayed like in Figure 3.1 (a). For
n > 0 the separatrix I'* will locally move upward. Indeed the eigenspace
belonging to the positive eigenvalue A;(n) of the linear part of X, at s is
spanned by (1, A1(n)) where \;(n) satisfies:

) = 5 (@) +0) + V@) T T TP ) > M(0), > 0

with P’(z9) > 0. Because X, points upward on I'* for n > 0, I’} stays
above I'* implying that the intersection point p; indeed moves upward.

In the other case I'* does intersect the x—axis before it reaches p;. The
separatrix ['* has to intersect the z—axis an even number of times to
get back above the z—axis for reaching . Denote this even number
of intersections as {i1,...i}, ordered such that it is increasing along
'™, i.e. ordered with increasing flight time along I'*. Remark that this
sequence is not arbitrarily. It has to satisfy 15,41 > ig;—1 and iy < ig;_2),
for all indices ¢ that make sense. The reason is obvious; else the unstable
separatrix would obstruct itself to reach X7

The first intersection ¢; will move to the right when 7 changes from
zero into a positive number. Indeed X, points upward on that part of
[ lying between s and i; while, locally, the separatrix moves upward.
The part of I'* lying between ¢; and iy lies under the z-axis and X, will
point downard on that part for n > 0 implying that i3 will move to the
left. Proceeding this argument by induction one concludes that iy will
move to the left. However on the part of I'* lying between 75, and py,
X, points upward for » > 0 and that’s why p; has to move upward. For
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k =1, these arguments are illustrated in Figure 3.1 (b).

Eventually all intersections after the first one will move upward. In-
deed denote the sequence of intersections as (p;);, ordered such that it is
increasing along I'*. The corresponding sequence of y—coordinates (y;);
is strictly monotone. Suppose first (y;); is increasing. Then if the first
intersection moves upward, so does the second one p, when 7 changes
from zero into a positive number. Indeed, the vector field X, points out-
ward on that part of I'* lying between p; and p, obstructing I') to reach
any point on X} under py, when 7 > 0, see Figure 3.1 (¢). Proceeding
by induction one concludes that all intersections have to move upward.
When the sequence (y;); is decreasing, same arguments will also prove
that all intersections move upward.

Figure 3.1: Movement of the unstable separatrix of a hyperbolic saddle
in the family (3.2).

By totally analogous arguments, one proves that the same result holds
for the other unstable separatrix of s lying locally under the z—axis.

Concerning the stable separatrices, one sees that the negative eigenvalue
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X2(n) of the linear part of X, at s satisfies:

pal) = 5 ((Qaw) 4 )~ QT 0 T 1P
_ m(_ Q(z0) 2
= A(0) + 5 (1 NGIENE +4P/(x0)) +O(n?)

implying that \y(n) > A2(0) for 0 < n << 1. One proceeds similar as
before to prove that any intersection between a stable separatrix I'j) of s
and X7 will move upward on X7 when 7 changes from zero into a positive
number. []

Lemma 3.5 Let (X,) € L™™(D), n € P, be the family (3.2), where
each X, has a hyperbolic saddle s = (x,0). Denote Iy and T as a stable
and unstable separatriz of the saddle s of X, respectively. Consider the
sections X for 2 < xg. Then:

1. every intersection p between I'y and X, will move downward on X7
when 1 changes from zero into a positive number, and

2. every intersection q between I'y and X will move downward on X}
when 1 changes from zero into a positive number.

Proof: The proofis totally analogous to that of Lemma 3.4. For instance
for the unstable separatrix lying locally under the x-axis, the arguments
are illustrated in Figure 3.2. [J

These two lemmas will imply that any structurally stable system cannot
have any bounded saddle—connections, which is the content of the next
theorem.

Theorem 3.6 If X € L™™(D) is structurally stable, then X cannot
have any bounded saddle—connection.

Proof: Suppose X has a bounded saddle-connection I' between two
saddles s = (z1,0) and S = (22,0) with s = a(I") and S = w(I"). The
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Figure 3.2: Movement of the unstable separatrix of a hyperbolic saddle
in the family (3.2).

study of this connection is equivalent with the corresponding saddle-
connection of the original Liénard system X:

.l =
{y = P(z) +yQ(x).

By Theorem 3.2, one can suppose that the saddles s and S are hyperbolic.
The following perturbation of X:

X, : { r= (3.3)
y = P(z)+yQ(z)+ny,

will cause I' to break, for n > 0 small.

First consider the case where x; = x5. Then s together with the ho-
moclinic connection are part of a loop based at s. From our study of the
bounded limit periodic sets Chapter 2, Theorem 2.2, we know what such
loops look like. Up to transformations

(SL’,t) = (—SL’, _t>7 (yvt) = <_y7 _t>7 (l’,y) = (—SL’, _y)7

the loop will look like in Figure 3.3 (a) or (b). It is easily seen that the
new vector field points outwards of the region R enclosed by the loop.
However choosing sections X% with 2z > =, that crosses the homoclinic
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connection transversally, Lemma 3.4 implies that one separatrix moves
to the interior of R and one moves to the exterior of R for > 0 small. So
the homoclinic connection cannot persist after perturbation, see Figure
3.3 (a) or (b).

Figure 3.3: Perturbation of a bounded saddle—connection inside the fam-
ily (3.3).

Suppose 71 < I3, then choose a section X with z €]z, x5[. Because
the flow points to the right above the z-axis, I' certainly has to inter-
sect X1 at least once, in particular there is an unstable separatrix I'
of s and a stable separatrix I'* of S both intersecting X in some point
p. For n > 0 small it follows from Lemma 3.4 that I’} will intersect
¥¥ in a point lying above p, while from Lemma 3.5 it follows that I}
will intersect ¥} in a point lying under p, see Figure 3.3 (¢). So I breaks.

If x5 < x1, one takes a section X, with z €|xs, 21[. Lemmas 3.4 and
3.5 imply that I" breakes for n > 0 small. [

We are left with the study of the unbounded saddle—connections of an
X € L™m™(D). By Theorem 3.2 one can suppose that the saddles in
D\OD are hyperbolic while the ones at infinity have hyperbolic sepa-
ratrices at infinity. We treat the cases m = 2n + 1 and m < 2n + 1
seperately. When m > 2n + 1 all singularities at infinity are nodes such
that an unbounded saddle—connection is out of the question.
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Proposition 3.7 When m = 2n + 1, a structurally stable vector field
X € L™ (D) cannot have any unbounded saddle—connection.

Proof: Consider X € L(™™ (D) and denote X as the Liénard system of
which X is obtained after an appropriate Poincaré—Lyapunov compacti-
fication. We write X as:

X:{::C - (3.4)
y = P(z)+yQ(x),

where P and ) are given as in (1.2) chosen such that X has an un-
bounded saddle-connection I with a(I') = s and w(I') = S. Along I" the
unstable separatrix I'* of s and the stable separatrix I'* of S coincides.

Unbounded saddle—connections are only possible in the cases

_1

nodd, 0 < A< +—— and neven,0<A<4(n+1),

1
4(n+1)

where we have two hyperbolic saddles at infinity, see Chapter 1, Figure
1.2.

We will show that, when n is odd, a perturbation of X corresponding
with a perturbation of X:

X,,:{J:j - . (3.5)
y = P(x)+yQ(zx) +nyz"

will cause the connection I' to break for 7 > 0 small. When n is even,
we use a perturbation determined by

X, : {x -7 ) (3.6)
y = Pz)+yQ(z) +nya"—>.

Let us first treat the case where n is odd. Then the saddle at infinity in
the positive z—direction has an unstable separatrix lying in D\0D and
the one in the negative z—direction has a stable separatrix in D\0D,
see Chapter 1, Figure 1.2. Three possibilities of I' have to be consid-
ered. In the first case I' is a connection from the saddle at infinity in
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the positive z—direction to a saddle in D\OD. In the second case I" goes
from a saddle in D\OD to the saddle in the negative z-direction. It
is clear that this case can easily be reduced to the first case by means
of the transformation (x,t) +— (—x,—t). Finally the case where I' is a
connection between the two saddles lying at infinity has to be considered.

Assume first that I has as a—limit, the saddle in the positive z—direction
and as w-limit a saddle lying in D\0D. Consider the section ¥, with
M chosen such that the section lies right of w(I') = S while the part of I'
lying between ¥, and s is situated entirely under the z—axis, see Figure
3.4 (a). One can suppose that S is hyperbolic and using Lemma 3.4 the
intersection of I'* with ¥}, moves upward for n > 0 small. We will now
show that the intersection of I'* with X, will move downward causing I
to break, see Figure 3.4 (a).

Figure 3.4: Perturbation of an unbounded saddle—connection in case m =
2n + 1. The dotted orbits are the ones of the unperturbed vector field.

Herefore, we study X, in the positive z—direction by means of the trans-
formation

r=1/u, y =v/u"
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Multiplying the result with a factor u”, we obtain the vector field:

o= —uv,
Xfoqv = —A- kg axu?E L — o (14 3R )
—(n + 1)v% + nou.

Because 0 < A < 17555 +1 we find for n = 0 a saddle at s, = (0, vg), with

1 —4A(n+1))/(2(n+ 1)) < 0 that will persist for n # 0.
Locally near s, , the unstable manifold of X,;r can be written as the graph
of a smooth function f,"(u), with f,7(0) = vo. For v > 0 small, f,"(u)
corresponds with the unstable separatrix of the saddle s of X, lying at
infinity.

We now show that locally for v > 0, the unstable manifold will move
downward for 1 > 0. Indeed the linear part of X, at (0,vo) is given by

A (—a2n s =) —V/I" f“(” - ”)

such that the slope w," of f," at zero equals

ot = %2 + vo(bp—1 — 1)
" 1—4A(n+1)
Because vy < 0 and vy — /1 —4A(n+1) < 0, the slope w,” will be

decreasing in 77 such that the unstable separatrix of s will locally move
downward for n > 0 small.

For nn > 0 the perturbed vector field 7,, points downward on that part of
I'* lying between s and ¥, such that it is easily seen that the intersection
of I'* with ¥, will move downward for n > 0 small, see Figure 3.4 (a).

Suppose now [ is a connection between the two saddles at infinity. From
the previous calculations we know that the perturbation of X defined
n (3.5) will result, for » > 0 small, in a locally downward motion of
the unstable separatrix I'* of s. Analogous calculations in the negative
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x—direction show that the stable separatrix ['* of S will locally move
upward. Indeed transforming X, by means of

r=—1/u, y = v/ u"

and multiplying the result with a factor v" one obtains:
U = uv,
Xyoq 0= A= (DR —o((=1)" + 3000 (=1) b ")
+(n + 1)v? + nou.

Again there is a saddle s_ = (0,vy) that will persists for n # 0, where
vo = (=1+ /1 —4A(n+1))/(2(n+1)) < 0. The linear part of X, at
s_ is given by

A — Vo 0
-\ —agn —vo(by_1 — 1) 1—-4An+1)) "

If {v = f, (u)} denotes the stable manifold of X~ near s_, then the slope
of f,~ at zero equals:

W = — Aon + 'UO(bn—l - n) _ _w+

K vo— /1 —4A(n+1) "

As before, one easily verifies that, for n > 0 small, the chosen pertur-
bation will cause the stable separatrix of S lying on I' to locally move
upward.

Because for n > 0, the perturbed vector field 7,, points downward on
the connection I" one easily sees that I" will break, see Figure 3.4 (b).

We now treat the case where n is even. Again there are two saddles,
one in the positive x—direction and one in the negative x—direction, both
having an unstable separatrix in D\0D. We only have to treat the case
where I" goes from the saddle at infinity lying in the positive z—direction
to a saddle in D\OD. By means of the transformation (z,y) — (—z, —y),
one easily obtains the case where I' goes from the saddle at infinity lying



26

in the negative z—direction to a saddle in D\0D. A saddle-connection
between the two saddles at infinity is not possible here.

So suppose «(I') = s lies at infinity in the positive z—direction and
w(l') = S lies in D\0D. As before, we take a section X, lying right
of S such that the part of the unstable separatrix of s lying between >,
and s is enterily situated under the z—axis. We perturb X by means of
(3.6). Notice that n # 0 because else, X is a linear vector field having a
node in the origin implying that a saddle—connection like I" is impossible.
So we may assume that n > 2.

Because n is even "2 is positive on whole the plane. Assuming that
S is hyperbolic, one knows from Lemma 3.4 that the intersection of the
stable separatrix of S with X, will move upward for 7 > 0. On the other
hand the intersection of the unstable separatrix of s with >, will move
downward. A study of the vector field in the positive z—direction gives:

U 7
X;_ : vo= —A- Ziio apu R — v(l+ Zk o bru"™™ )
—(n + 1)v* + nou?,

with a saddle at s; = (0, vy) where vg = (=14 /1 —4A(n+1))/(2(n+
1)) < 0. The unstable manifold of the saddle s, = (0,vp) of X,/ can
locally be written as the graph of a C* function g,"(u) with g, (0) = vo.
Let us write

gy (u) = vo + viu+ va()u? + O(w?).

Using the invariance of the unstable manifold under the flow of X.*, we
find that v; and vy(n) are given by:

a2y, + Vobp—1

U1 =

1—4A(n+1)
Aop—1 + nv% + v bnfl + Uo(bn,Q — T])
va(n) = — :
1+ 2nwvy

Noticing that vy9 < 0 and 1 4 2nvg > 0, one sees that the unstable
separatrix of s will locally move downward for n > 0. For n > 0, the
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vector field 7,7 points downward on the part of the unstable separatrix of
s lying under the x—axis. The connection will break after perturbation,
see also Figure 3.4 (a). O

Proposition 3.8 If X € Lt™™)(D), m < 2n + 1, is structurally stable,
then X cannot have any unbounded saddle—connection.

Proof: Let X € L(™" (D), obtained after an appropriate Poincaré-
Lyapunov compactification of a Liénard system X:

v JE =
{y = P(z) +yQ(x),

where P and ) are polynomials given as in (1.2), chosen such that X
has an unbounded saddle-connection I' with o(I') = s and «(I') = S.

Referring to the study near infinity in Chapter 1, saddles at infinity
are only possible in the following cases:

m odd, neven, A=1 and m odd, nodd, A=1.

The saddles at infinity are semi—hyperbolic. So it is the center separatrix
['“ of these saddles that possibly lies on I'.

Same arguments are used as in Proposition 3.7 that can be analogously
illustrated as in Figure 3.4. Let us start with studying the center separa-
trices of the semi-hyperbolic saddles at infinity. Transforming X in the
positive x—direction by means of the transformation

x=1/u, y = v/u"

and multiplying the obtained vector field with a factor u" yields:

= —uv,
_a2n—m+41 __

X+ : v = u Z;n;ol a,ku2n7k+1’ (37)
—o(1 4+ 342y beu ) = (n+ 1),
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One finds a semi-hyperbolic saddle in (0,0). It is the center manifold of
this saddle that can be part of I'. Locally near (0, 0), the center manifold
is a graph of a C™ function v*(u). Using the invariance of the center
manifold for the flow of X, one finds:

v+(u) — v0u2n7m+1 4 U1u2nfm+2 4 U2u2n7m+3 4 O(u2n7m+4)’ (38)

in which the coefficients vy, v; and v, are obtained by substitution of
(3.8) into (3.7):

vy = —1, vy = b1 + c(a), Vg = bp—o + d(by—1,0),

where ¢ only depends the coefficient vector @ = (ay, ..., a,,_1) and d de-
pends on b,_; and @. The explicit expressions of ¢ and d depend on the
difference (2n+1) —m > 0.

The saddle in the negative z—direction can be studied by means of the
transformation

r=—1/u, y = v/ u"

yielding, after multiplication with a factor u":

U = uv,

; m n—m m—1 n—
- O = (_1) +19,2 +1 _ o (_1>kaku2 k+1’ (3.9)

—o((=1)" + X3 (= 1) bpu™) + (n + 1)
The origin is a semi-hyperbolic saddle. Using again the invariance of the

center manifold for the flow of X, one finds that the center manifold is
the graph of some C'* function v~ (u) with

@(u) _ EOSZn—m-H + Elszn—m—l—Z + O(Szn_m+3), (310)
where
Ty = (—1)tm+h U1 = Tobn_1 + (@),
where ¢ only depends on the coefficient vector @ = (aq, . .., @m_1)-

Suppose first that we are the case where m and n are odd and A = 1.
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There are two saddles lying at infinity, the one in the positive x—direction
with a unstable separatrix in D\OD and the one in the negative x—
direction with a stable separatrix in D\0D. Suppose I' is a connection
going from the saddle s at infinity to a hyperbolic saddle S in D\0D. A
transformation (z,t) — (—x, —t) will treat the case where the w-limit of
I' lies at infinity in the negative x—direction and the a-limit of I' is given
by a hyperbolic saddle in D\0D.

Choose the section X, to lie right of S such that the part of the center
separatrix ['“ of s lying between ¥}, and s is situated enterily under the
x—axis. We perturb X as follows:

T =y,
X, : 3.11
" {y — P+ 5Q() + g, (3.11)

corresponding with a change of the coefficient b, _; of () into b, ; — 7.
Suppose now that 1 > 0, then looking at the coefficient v, in (3.8) and
noticing that A is equal to 1, one sees that the change of b, | corresponds
in a locally downward motion of the center separatrix of s. Moreover the
perturbed vector field points downward on that part of the center sepa-
ratrix lying between s and ¥, such that one sees that the intersection of
I'* with ¥, will move downward. On the other hand Lemma 3.4 implies,
that the intersection of the unstable separatrix of S and X, will move
upward.

When I' is an unbounded connection such that as well (') = s as
w(T') = S lies at infinity, the perturbation in (3.11) will cause, for n > 0,
the unstable separatrix of s to locally move downward. On the other
hand, looking at the coefficient 7; in (3.10), one sees that this perturba-
tion will lead to a locally upward motion of the stable separatrix of S.
For n > 0 the perturbed vector field points downward on the connection
I', such that I will certainly break.

Suppose m is odd, n is even and A = 1. In this case there are two
saddles lying at infinity, both with an unstable separatrix in D\90D. So
in any case a(I') = s has to be one of the saddles at infinity and S can
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only be a saddle in D\0D, supposed to be hyperbolic. Suppose s lies in
the positive x—direction. The case where s lies in the negative z—direction
can be studied by means of the transformation (z,y) — (—z, —y).

We use the following perturbation:

T o=y,
X, :4 B (3.12)
{y = P(z) +yQ(z) + nyz"2.

Using total analogous arguments as before, one sees that for n > 0 small,
the intersection of I'“ with X, will move downward while the intersection
of the unstable separatrix of S lying on I' with X, will move upward. [

We end this chapter with the following corollary of Theorem 3.3.

Corollary 3.9 Suppose X € L™ (D) is a Liénard system with a limit
periodic set L, containing at least one singularity. Then X cannot be
structurally stable.

Proof: Let us first treat the case where £ is bounded. When £ is a non—
hyperbolic singularity, the result follows immediately from Theorem 3.2.

Suppose L contains at least one singularity and one regular orbit. From
Theorems 2.2 and 3.2, one concludes that all singularities on £ have to
be hyperbolic saddles implying that £ contains at least one bounded
saddle—connection. So from Theorem 3.3, X cannot be structurally sta-
ble.

Consider now the case where £ is unbounded. From Theorem 2.3, we
know that this is only possible in 5 cases. We prove that in all these
cases X will be structurally unstable.

Case 1 is excluded because we have supposed that £ contains at least
one singularity. In case 2 and 3, a slight increasement of the coefficient A
will remove all singularities at infinity such that X cannot be structurally
stable. In case 4 and 5, a similar reasoning as in the bounded case shows
that £ has to contain at least one unbounded saddle—connection. [J
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Remark: A structurally stable Liénard system cannot have a closed
orbit being part of an annulus (an annulus is an open subset of D filled
by closed orbits). Indeed a perturbation like in (3.2) with f > 0 would
imply that, for ¢ > 0, the perturbed vector field points outward on all
closed orbits in the annulus. This means that the annulus will not persist
for € > 0 small.
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Chapter 4

Normal forms

In this chapter, we start by refreshing some elementary notions about
normal forms at singularities of vector fields. For later use, we will focus
our attention on the singularities at which the linear part of the vector
field is diagonalisable. Afterwards we will try to obtain a further sim-
plification of the obtained normal forms in case of a Hamiltonian vector
field admitting a hyperbolic saddle and in case of a family of vector fields
of which each member has a non—flat center behaviour of a same order
near a semi-hyperbolic singularity.

The obtained normal forms and the necessary techniques to obtain them
will be needed in the following chapters. Temporarily we will not limit
ourselves anymore to Liénard systems, needing a normal form for general
vector fields.

4.1 Singularities at which the linear part is
diagonalisable

We repeat how to obtain a formal normal form at singularities at which
the linear part of the vector field is diagonalisable. In particular we focus
our attention on the specific transformations that one has to perform in
order to obtain this normal form. In the appendix we implement these
necessary transformations in a Maple—procedure that can be helpful in
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performing these kind of calculations, see Appendix A.1.

Let us start by repeating the formal normal form theorem for vector
fields on R™ [19]. The original proof of the theorem can be found in [30].

Let X be a C* vector field on R™ admitting a singularity s. After a
translation the singularity can supposed to lie at the origin such that one
can write X = A+ f, where A is linear and f is a C**° function such that
f(0)=0and Df(0) = 0.

Consider the so—called adjoint action or Lie bracket operator:
Ly: H'(R") — H"(R")
X — A, X],

where H"(R"™) denotes the set of polynomial vector fields which are ho-
mogeneous of degree r and [A, X] is given by

[A, X]=A0oX — X oA,

where A and X are seen as differential operators. Let B" = L4(H"(R™))
and G" some complement, i.e. B"® G" = H"(R").

Theorem 4.1 Let k € N and X a C* vector field on R™ with X (0) = 0
and DXy = A. Then for each | < k, there exists, locally near 0, an

analytic coordinate change w = ¢(z) such that the l—jet of X'(w) =
D¢,(X(2)) at 0 reads

(X)) =A+ga+... + a1,
where g; € G4, Vi :2,... 1.
Proof: The proof proceeds by induction on 2 < r < [. Suppose
Jr(X)(0)(2) = Az + g2(2) + ... + gr—1(2) + X, (2), (4.1)

where g; € G*,Vi = 2,...,r — 1 and X, is homogeneous of degree r. The
term X, can be decomposed in B” ® G" as b, + g,. In particular, there
exists some polynomial P € H"(R™) such that

Xy = La(P) + gr- (4.2)
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We will show that, near the origin, the coordinate transformation
z=h(w) =w+ P(w)
will remove the component b, of X, in (4.1).

Substitution gives
(I+DP(w)) w = A(w+P(w))+ga(w)+. . .+gr—1 (w)+X,(w)+O (|| y [I*).

where we have used that

Py)=0(ly ") and Qily+O(ly ") =Qi(»)+O0(ly )

for each Q; € H'(R"),7 > 2. Because Dhy = I, h is a diffeomorphism
near the origin such that:
w = (I4+ DP,) 'Aw + AP(w) + - - -]
= (I-DP,+0O(]y|")[Aw + AP(w) + .. ]
= Aw+ ga(w) + ...+ gr—1(w) + X, (w)
+AP(w) — DP(w)Aw + O(|| w ||"™).

The (r — 1)-jet of X remains unchanged, while the terms of order r
change into X, (w) — La(P)(w), yielding the desired result. [

Notice that by Borel’s theorem [2]|, the case where | = k& = oo is not
excluded in Theorem 4.1. Indeed the above construction guarantees the
existence of a sequence of C*° coordinate changes {w = ¢"(2)},en,, de-
fined locally near the origin, such that the r—jet of X/ (w) = Dy7(X(2))
at 0 reads

3 (X)) (0)(w) = DYL(X(2)) = Aw + go(w) + gs(w) + - - + g,(w),

where each g; € G', 2 < i < r. Moreover j,_1(¢)"1)(0) = 7,_1(¥")(0).
By Borel’s theorem, there exists a C*° function ¢ such that j,.(1)(0) =



66

Jr(¥")(0) for each r € Ny. One easily verifies that for X’ (w) = D, (X (2)),
with w = ¢(2):

jooX/(O) = A+ Zgia
=2
with ¢g; € G%, i > 2.

As a special case, let us calculate normal forms of planar vector fields for
which the linear part A of X is diagonalisable. After a linear coordinate
transformation, we can suppose that A is given by

(A0
A= (O )\2) ’
where \; and )y denote the eigenvalues of A. The set

B = {xmy”m% |l0<m<r}u {xmyrm% |0<m<r}

is a basis for H"(R?) and

0 0 0 0
I m, r—m _~ — i ~ m,r—m -
alz™y 8x) P\lﬂfax‘i‘)@yay,%’ Yy 8x]
0
= ((m=DM+(r—m)dg)z™y"™™ e (4.3)
x
and totally analogously
La(z™ "’mg) =(mM\+ (r—m—1)X)a™ rem 0. (4.4)

such that B is a basis consisting of eigenvectors of L4. Therefore G" =
ker L 4 is a well chosen complementary space of B” with basis:

0
{xmyr_m— | (m — 1))\1 + (T - m))\Q =0,0<m < T} U

oy .
ey ™ g, ImAct (r—m —1)A = 0,0 <m <1},
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From the formal normal form theorem, one concludes that there exist,
locally near the origin, C'*° coordinates (u,v) = ¢(x,y) in which the
oo—jet of X reads:

)
u+ Y 3+ Cav+ o) o (46)

where ¥’ is the sum taken over those (m,r) satisfying \; = mA; + (r —
m), i = 1,2.

We emphase the fact that Theorem 4.1 only guarantees a formal nor-
mal form; X can be brought to (4.6) up to flat terms. However it can be
shown that the above normal form (4.6) is not only formal; there indeed
exists a near—identity transformation (a transformation that equals the
identity map up to flat terms) removing possible flat terms appearing in
the normal form. We will not go into further detail here and refer the
reader to [14]. As a special case however, we will show in Section 4.3 how
to remove the flat terms in case the singularity is semi-hyperbolic.

Furthermore, let us remark that, from Sternberg [29], a given C'™ vector
field is always C* conjugate to its N (k)—jet in a neighbourhood of a given
hyperbolic singularity for some N (k) > k, k € N.

Theorem 4.2 (Sternberg) For each k € Ny, there exists N(k) > k
such that a given C> vector field X is always C* conjugate to its N(k)-
jet in a neighbourhood of a given hyperbolic singularity.

We continue by treating families of vector fields. Let (X,) be a C*
family of planar vector fields, ;1 varying in some open set P C R? such
that Vi € P, X, admits a singularity s, at which the Jordan form of the
linear part of X, is given by

Ay = ()\1((),“) )\2(()#)) '

We have the following theorem of which the proof is based on techniques
introduced in [26]. The jets are only taken in the (z,y)—direction and the
C™ conjugacies are conjugacies by means of a diffeomorphism depending
C*> on (z,y, p).
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Theorem 4.3 Let (X,),cp be a family as above. Let g € P. Then for
each | € N, there exists a neighbourhood Py of po in parameter space such
that, for € Py, the l-jet of X, at s, is locally C*° conjugate to:

jl(Xu)(su)N< (Wz+ Y ak(p m’“’”)%+

k<i

m m 8
y‘i‘z b, (1 i )a_yu

k<l

(4.7)

for some coefficients a® (1), 0% (1) smooth in u and where ZZ is the sum
k<
taken over those (m, k) for which k < [ and X\;(uo) = mAi(uo) + (kK —

m)Aa(po), t = 1,2.

Proof: First one can perform a suitable, parameter dependent, linear
transformation such that the singularity s, lies at the origin, for each
parameter value ¢ € P, and such that the linear part of (X,) at the

origin is given by:
_ (M) 0
A= ( 0 Aa(p))

One proceeds by induction on 2 < r < [. Suppose one has found a
neighbourhood P,_; of p in parameter space such that Vi € P,_1, the
r—jet of (X,,) at s, is locally C* conjugate to:

Jr(Xp) (8) ~ < )z + Z 1 k amyt m"‘XT(x y)) aax

k<r—1

8
k<r—1 y
(4.8)

where X and Y are homogeneous polynomials in (x,y) of degree r.

Denote Z;, = XT 2 4 Y;faay € H"(R?). Denote pl, as the Lie bracket

operator on HT(RQ) r> 2
p,: H'(R?) +— H"(R?)
X = [A, X].
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For ;1 = pg, we already know that H"(R?) can be decomposed in Bj® Gf,
with Bj = Im o}, and G§ = ker p, . A basis for Gy is given like in (4.5),
where the appearing eigenvalues of A are replaced by the eigenvalues
)\1([10) and )\2(#0) of AMO'

Suppose Gg = {0}, then pj,  is inversible such that pj, is inversible for
@ in a neighbourhood P, C P,_; of . In particular, one can solve the
equation

(A, Pl = Z],

for some homogeneous polynomial P; of degree r in (z,y). Analogous
as in the proof of Theorem 4.1, one verifies that changing to the C'*°
coordinates (u,v) determined by (v,y) = (I + P])(u,v) will, locally near
the origin, remove the homogeneous term ZJ in (4.8).

Suppose now Gj # {0}. One easily verifies that pj is an isomorphism
of By onto itself. By continuity the space B = p}(B;) is of codi-
mension 2 for p near po. Taking perhaps a smaller neighbourhood
Py C Pr-1 of po, B, is transversal to G, YV € P,. So one concludes that
H"(R*) = B, ® G{ such that one can find C* polynomials P, € Bjj and
g, € Gy satistying

75 = (A, P + g (4.9)

Changing to C*° coordinates (u, v) determined by (z,y) = (I + P})(u,v)
will, locally near the origin bring (4.8) into the desired normal form. [

The proof of Theorem 4.3 reveals an inductive way for calculating the
normal form (4.6) up to any finite order | € N. Let us specify the trans-
formations that have to be performed in each induction step in the proof
of Theorem 4.3.

These transformations are determined by equation (4.9). Denote

Zite) = X (@) 5-+ X @) 5

m<r m<r
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For obtaining an expression for P], we decompose Z, in G & B, as
g, + b}, with

> 9,
Fy + Z (B (w)z™y™™) oy’

m<r m<r

where the sums appearing in this equation are taken over those m sat-
isfying m < rand \;(uo) # mAi(po)+(r—m)Aa(po), @ = 1, 2 respectively.

Replacing in the equations (4.3) and (4.4), the appearing eigenvalues
of A by the eigenvalues A\;(p) and Ao(p) of A,, one sees immediately
that P (z,y) is given by

1 a,, (1) m, r—m ) 0
2 (<m— () + = ma(n)” Y )a_ (4.10)

- 2 577;1(”) m, r—m g
+2 <mxl<u>+<r—m—1>w>x Y )ay’

m<r

for ;1 near f1, is an element of By satisfying [A,, P7] = b},

So, for u near gy, we conclude that, after a translation, moving the
singularities s, to the origin, and a linear transformation, bringing the
linear parts in their diagonal form, one can obtain the normal form (4.7)
of the [-jet of (X,) at s, by inductively changing to coordinates (u,v)
determined by

(z,y) = (I + P)(u,v),
where P is like in (4.10), 2 <7 <.

The above procedure for obtaining the normal form (4.7) can easily be
implemented in a Maple program, see Appendix A.1.
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4.2 Normal forms at hyperbolic saddles

As an application of the previous section, we treat normal forms at hy-
perbolic saddles. We will get to a further simplification in case of a
Hamiltonian vector field admitting a hyperbolic saddle. We will need
this normal form in Chapter 5, where alien limit cycles are searched for
near a 2-saddle cycle in an unfolding of a Hamiltonian vector field.

Consider a C* family of planar vector fields (X)) with parameter values
i varying in some open set P of RP. Suppose that for some o € P, X,
admits a hyperbolic saddle s. Denote the jordan form of DX, (s) as

A0

0 X))’
with Ay < 0 < A;. The ratio of hyperbolicity of X,, at s is given by
—Xo/ A1

As an easy consequence of the implicit function theorem, one can sup-
pose that the saddle will persist for all X,, © € P. By this we mean
that there exists a C* function s : P — R? such that each X, admits a
hyperbolic saddle at s, := s(u) with s,, = s. As a direct application of
Theorem 4.3, we have the following theorem.

Theorem 4.4 Let (X,).ep be a C* family as above such that X, ad-
mits a hyperbolic saddle s. Suppose the ratio of hyperbolicity of X,, at
s 18 rational, given by p/q with p,q € Ny, (p,q) = 1. Then for each
N € N, there exists a neighbourhood Py of po in parameter space such
that the M —jet, M = N(p+q) + 1, at 5, of each X, 1 € P, is locally
C*—conjugate to:

& = x<A1+Z§V:0 ai(u)(fc”yq)i),

I (Xp)(s) ~ N '
yo=y ()\2 +2ico bz‘(#)(x”yq)l) :

where the coefficients a;(1) and b;(11) are smooth in p.
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In case the ratio of hyperbolicity of X, at s is irrational, then for every
N € N, there exists a neighbourhood Py of po in parameter space such
that the N—jet of X,,, i € Pn, 18, locally near s,, C*° linearisable.

Notice that the above theorem only applies to every finite jet of the family
of vector fields, while for an individual vector field we have a normal form
for its infinite jet at our disposal. However from Theorem 4.2, which is
also available for families of vector fields (|1] or [21]), one can restrict to a
finite jet of the family, but then one has to cope with a finite smoothness
of the conjugacy.

Theorem 4.5 Let (X,),cp be a C* family such that X, admits a hy-
perbolic saddle s. Then for any k € Ny, there exists some neitghbourhood
Pr of po such that, when the ratio of hyperbolicity of X,, at s is given
by p/q, p,q € Ny, (p,q) = 1, the family (X,)uep, is, locally near s,,
C*—conjugate to:

b= o(n Y ae).
i = o S ).

for some N(k) > k. When the ratio is irrational, the family (X,,).cp, is,
locally near s, C*linearisable.

Let us now treat the case of a Hamiltonian vector field admitting a hy-
perbolic saddle and come to a further simplification. Similar reductions
of Morse functions are already obtained [20]. However results in [20] are
only valid near critical points that are no saddle points.

The following propositions apply to a more general class of vector fields,
the class of integrable vector fields. A C* vector field X on an open set
U C R" is called integrable if there exists a smooth function H on U
which is constant on all solution curves contained in U. The function
H is called a first integral of X = Xla% + Xga% and obviously it has to

satisfy XH = X, + X, 8—H =0.
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A hyperbolic saddle s of X corresponds to a Morse point of H, meaning
that DH(s) = 0 and the Hessian of H at s is invertible. From Morse’s
lemma [24], there exist C*° coordinates (u,v) near s in which H reads
uv. In these coordinates X will take a very simple normal form up to
C™ equivalence.

Proposition 4.6 Let X be an integrable vector field with integral H and
admitting a hyperbolic saddle s. Denote by (u,v) the coordinates near
s, given by Morse’s lemma, in which H reads uv. Then, near s and
expressed in the coordinates (u,v), X reads:

U o= —u,
{ . (4.11)
o= v,

up to C equivalence and a possible coordinate switch in (u,v).

Proof: Denote by Y, the vector field, defined locally near the origin,
that one obtains after expressing X in the coordinates (u,v). It is clear
that wv is a first integral of Y such that:

vYi(u,v) + uYs(u,v) =0, (4.12)
already implying that
Y1 = u?l and Y2 = U?Q, (413)

for some C* functions Y and Y, with Y 1(0)Y5(0) # 0. Substituting
(4.13) into (4.12), one obtains Y; = —Y5 or:

{u = —uYy(u,v),

v = vYs(u,v).

Clearly Y1(0)Y2(0) < 0 such that after a coordinate switch in the coordi-
nates (u,v) one can always suppose that Y5(0) > 0 implying the desired
result. O

One can ask oneself whether the opposite of Proposition 4.6 is true. Let
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X be an integrable vector field with integral H and admitting a hyper-
bolic saddle s. Denote by (u,v) the C* coordinates in which X reads like
in (4.11), up to C* equivalence. Will H read uv when expressed in the
coordinates (u,v)? The answer is no, but we can prove a weaker result,
stating that H restricted to each of the half planes {u > 0}, {u < 0},
{v >0} or {v <0} can be written as uv. Let us first prove the following
lemma.

Lemma 4.7 Suppose F : V C R? — R is a C* function, defined on a
neighbourhood V' of the origin, satisfying

OF OF

Let H be one of the half planes: {x > 0}, {x <0}, {y > 0} or {y <0}.
Then on 'H and locally near the origin, F' can be written as a C'™ function
2z = xy. By this we mean that there exists a C™ function f : I C R —
R, defined on a neighbourhood I of zero, such that F(x,y) = f(xy),
V(z,y) € VNH, with xy € I.

Proof: Let us suppose that H is given by {z > 0}, the other cases being
totally analogous. Consider the system:

{x - (4.15)

y = Y.

The orbits of this system lying in H are given by the curves zy = c,
¢ # 0 together with the origin as a singularity and the positive z—axis as
well as the positive and negative y—axis. Equation (4.14) clearly implies
that on V, F is a first integral of system (4.15). In particular F stays
constant on the orbits of (4.15) lying in H U V. Let us define, for ¢ near

zero, f(c) = F(co, E), ¢o chosen such that (cy,0) € HUV . It is easily
Co
seen that f is C.

We now check that f(zy) = F(z,y) on H and locally near the origin.
When z > 0, this follows immediately by the definition of f. Suppose now
x = 0, then because f(0) = F(x,0),Vz > 0, the continuity of F' implies
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F(0,0) = f(0). Because F' stays constant on the positive and negative
y—axis, it follows that F'(0,y) = F(0,0), Yy implying the required result.
U

Proposition 4.8 Let X be an integrable vector field with first integral H
that admats a hyperbolic saddle s. Suppose that there exist C* coordinates
(u,v), near s, in which X reads:

{u - (4.16)

vo= 0,

up to C™ equivalence. Then H, expressed in the coordinates (u,v), can
be written as a C* function in uv, locally near the origin, on each of the
half planes {u > 0}, {u <0}, {v >0} or {v <0}.

Proof: Denote ¢ as the coordinate transformation expressing the old
coordinates (z,y) in function of the new ones (u,v). Clearly H o ¢ is an
integral of the system (4.16) such that, near the origin,
Hop Hoyp
u v

Applying Lemma 4.7, the result immediately follows. [J

u (u,v) —wv (u,v) = 0.

We now apply the above propositions on a Hamiltonian vector field Xy
given by:

. 0H
l‘ P —_——
dy’
o (4.17)
y - 8:[7’

for some C* function H that is called the Hamiltonian of X . Suppose
Xy admits a hyperbolic saddle s.

Using Proposition 4.6, one sees that X can be brought to a very simple
normal form up to C* equivalence. We now want to describe another
way to obtain this normal form which is not based on Morse’s lemma but
on Proposition 4.8. As starting point, we use the formal normal form ob-
tained in (4.6) which can be an advantage when performing calculations



76

in practice. The formal normal form (4.6) can easily be obtained using
the Maple program in Appendix A.1.

The divergence of Xy is everywhere zero. In particular the eigenval-
ues of the linear part of X at s are opposite, £\, A > 0 implying that
the ratio of hyperbolicity of Xy at s equals 1. So, from (4.6), we know
that, locally near s, there exist C'™° coordinates (u, v) in which the co—jet
of Xy reads:

T —u<A+Ei21a@-(uv)i),
0 = v()\+zi216i(uv)i),

for some a;,b; € R, i € N;. In the next proposition, we prove that a; = b;
in the above normal form.

(4.18)

Proposition 4.9 For a Hamiltonian vector field Xy (4.17) that admits
a saddle s, there exist C™ coordinates (u,v), near s, in which the co—jet
of Xy reads:

= —u<A+Zi21a,~(uv)i),
b = v<A+Zi21ai(uv)i),

for some a; € R, € Ny.

(4.19)

Proof: We already know that there exists a C* coordinate transformation
(z,y) = p1(u,v) bringing Xy in (4.18). We prove that the coefficients a;
and b; in (4.18) are identical.

It is easily verified that the coordinate transformation (x,y) = ¢1(u,v)
transforms the Hamiltonian vector field into:

_— 1 0H o 901( )
YT T et Dy (u,v)  Ov o)
(4.20)
1 OH o ¢

a det Dy (u,v)  Ou (u,0).
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On the other hand using Borel’s theorem on the realisation of formal
power series, one finds smooth functions f and g such that

Jecf(0)(2) =D iz, jeog(0)(2) =D bi'.

i>1 >1

In particular ¢, brings Xy into
U = —u ()\ + f(uv)) + R(u,v),
(4.21)
v o= v()\ + g(uv)) + S(u,v),

with jo R(0) = j»oS(0) = 0. After a suitable near—identity transformation,
one can suppose that R = S = 0 [14]. Comparing (4.20) with (4.21), one
sees that:

OHopr _ wdet Doy (u, v)(A+ f(uv)),

8H8(z)1 (4.22)
T@l = wvdet Doy (u, v)(A+ g(uv)).

Abbreviating det Doy (u,v) as D(u,v) , one obtains
oD oD oD oD
A (050 = 052w )+ G o)) = 052 g
D, 0) (f (wv) — gluw) + wv(f'(uv) — g'(uv))) = 0.
(4.23)

By comparing terms in (uv)* in the 2k-jet at u = v = 0 of (4.23), we
prove by induction on k£ > 1 that a, = by, Vk € Nj.

It is easily seen that in every 2k—jet, k € Ny, at zero of the expression

oD oD

u%(u,v) - v%(“v U) = 07

no terms in (uv)’,7 < k appear. Therefore comparing terms in uv of the
2—-jet at zero of (4.23), one sees immediately that a; = b;. Suppose now



78

by induction that a; = b;,i < k, then no terms in (uv)’,i < k + 1 appear
in the (2k + 2)-jet at zero of the expression

oD oD

u%(u, v) f(uv) — v%(u, v)g(uv)

yielding, by comparing terms in (uv)*™! in the (2k + 2)—jet at zero of
(423), Ag+1 = bk+1. U

Theorem 4.10 Let Xy be a Hamiltonian vector field that admits a
hyperbolic saddle s at which the eigenvalues of DXg(s) are given by
X, A > 0. Then there exist C* coordinates (n,m) near s in which Xy

reads:
n = -n,
(4.24)

m = m,

up to a C*-equivalence factor A\ + d(nm), for some smooth function d
with d(0) = 0.

Denote by o the coordinate transformation expressing the old coordinates
(z,y) in function of the new ones (n,m) and let H be one of the half
planes {n > 0}, {n < 0}, {m > 0} or {m < 0}. Then ¢ can be chosen
such that the Hamiltonian expressed in the coordinates (n,m) reads nm
on H and the equivalence factor equals 1/ det Dp(n,m) = XA+ d(nm) on
H.

Proof: From Proposition 4.9, one already knows that there exists a C'*>°
coordinate change (z,y) = ¢;(u, v) bringing the co—jet of Xy near s into:

U = —u()\+zi21ai(uv)i),
b = v()\+zi21ai(uv)i),

for some a; € R, ¢ € N;. Using Borel’s theorem on the realisation of
formal power series, (4.25) can be written as:

{u = —u(A+ f(uw)) + R(u,v),
v = v(A+ f(uv)) + S(u,v),

(4.25)

(4.26)
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for some C* functions f, with jo, f(0)(2) = 3,5, a;2’. Applying a suit-
able near—identity transformation, one can suppose that the flat terms R
and S are zero [14], such that the normal form of Xy for C'*° equivalence

reads:
U = —u,
(4.27)

v o= w.
From Proposition 4.8, one knows that H, expressed in the new coor-
dinates (u,v), is a function in wv locally near the origin on each of
the half planes {u > 0}, {u < 0}, {v > 0} or {v < 0}. Suppose
H(u,v) = wvHy(uv) on {u > 0} with Hy(0) # 0. After a reflection with
respect to the u—axis, one can suppose that Hy(0) > 0. One performs
the local transformation (n,m) = ya(u,v), with

n = uGy(uv), m = vGo(uv), (4.28)

with Go(uv) = \/ Hp(uv). This transformation will leave (4.27), up to
(™ equivalence, invariant but will bring the Hamiltonian into nm on the
half plane {n > 0}. In the new coordinates (n,m), Xy reads:

. 1 0H o go( )
T T et Dyp(n,m) Om ",
. 1 OH o

m = (n,m),

det Dp(n,m) On

where ¢ = @00, '. On the other hand it is a straightforward calculation
to verify, using Lemma 4.7, that f(uv) can be written as function d in
nm locally near the origin on the half plane {n > 0}. Therefore applying
the transformation (4.28) on (4.26) (with R = S = 0), one finds:

{h = —n(A+d(nm)),
m = m(\+d(nm)),

for some C* function d with d(0) = 0 implying the result on {n > 0}.
The same arguments can be used for obtaining the result on the half
planes {n <0}, {m >0} or {m <0}. O
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Remark that after Section 4.1, one is able to calculate any finite jet
of the transformation ¢; used in the proof of the above theorem. Also
9 is determined up to any finite order such that one can calculate any
finite jet of o = ¢ 09, '. We will illustrate these calculations in a specific
example in Chapter 5.

4.3 Normal forms at semi—hyperbolic singu-
larities

Suppose (X,),ecx is a C* family of vector fields, p varying in some
compact subset K C R”, such that each X, admits a semi-hyperbolic
singularity that can supposed to lie at the origin after a suitable trans-
lation. By the Jordan normal form theorem, we can write the family
as:

(Xu>:{jj = Mwz + F(z,y, p), (429

y = G(z,y,p),

where A\, F' and G are C'* functions satisfying A(u) # 0, F(0,0,u) =
G(0,0,u) = 0 and D,F(0,0,u) = D,G(0,0,u) = 0,V € K where D,
represents the differential with respect to z = (z,y).

In Theorem 4.3, we have already found a normal form of a family like in
(4.29). In this section however, we try to continue this simplification to
come to a better normal form. We will need this normal form in Chapter
6, where we treat a cyclicity problem near an unbounded 2-saddle cycle,
containing 2 semi-hyperbolic saddles at infinity.

Let us assume that all X,,, u € K have a non—flat center behaviour of a
same order. By this we mean the following. Take p € K arbritrarily but
fixed, then the singularities of X, in a neighbourhood of the origin are
lying on

ANz + F(z,y, 1) =0,

which by the implicit function theorem is locally given by a graph x =
fu(y) for some C* function f,. f, is analytic in case F' is. So the
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ordinates of the singularities of X, are solutions of

G(fu(y),y, 1) = 0.

Saying that all X, have a same non-flat center behaviour of a same order
k € Ny is saying that Vi € K:

G(fu(), v 1) = ¥ hu(y),

for some h,,, C* in y with h,(0) # 0. Without loss of generality, one can
suppose that ,(0) > 0,V € K. After a linear change in y, we can take
hu(y) = 1+ yh(y, ) for some C*° function h.

The rest of this section will be devoted to proving the existence of a
coordinate transformation putting (4.31), up to C'*—equivalence, into
the form:
T = ux,
yk (4.30)
1 —a(py*"

where a(p) is C* and where we have supposed that A\(u) > 0,Vu € K.
When A\,(0) < 0,Vu € K, there will appear a minus sign in the first
component.

Yy =

We will heavily rely on the calculations made in [10], where one already
obtains a normal form like in (4.30) for an individual vector field admit-
ting a semi—hyperbolic singularity.

In all these calculations we will frequently use the following notation.
If f(u,p), with u € R or u € R?, denotes an arbritrarily C* function,
then for each € K the map u — f(u, ) is denoted as f,.

The first thing we note is that the normal form in (4.7) also applies
to the co—jet of (X,). Indeed referring to the proof of Theorem 4.3, one
sees that, because A\(u) # 0,Vu € K, each Bj, r € N stays transver-
sal to Gy, Vu € K. In particular, one can perform the transformations
(z,y) = (I+P])(u,v), ¥r € Ny, where P is defined as in (4.10), Vi € K.



82

This yields a sequence of C*° coordinate changes {¢},(z,9)}ren,, pt € K
defined locally near the origin bringing for each r, the r—jet of (X,) into:

{ &= Mpr+ 3, ai(p)zy™,

y = Z;:Q bl (lu)yla
for some coefficients a;() and b;(u), i = 2,...,r, C* dependent on .
By Borel’s theorem, we find a C* function ¢ : (z,y, 1) — (pu(x,y), 1)
such that jv,(0,0) = j-(¢},)(0,0), ¥Vr € N. In particular ¢ will bring
(X,) into:

{i = (M) +yf(y, 1) + p(z, ¥, 1), (4.31)

g =y +ygy, p) +alz,y, 1),

for some C* functions f, g, p and ¢ with jop,(0,0) =0, jq,(0,0) =0
for each 1 € K. Notice that we have also applied a linear change in y in

order to change the coefficient in front of 3/*, in the second component of
(4.31), into 1.

We continue by applying the stable manifold theorem, inducing the exis-
tence of an invariant manifold for (4.31) tangent to the zu—plane that can
be straightened to {y = 0} by a near—identity transformation. A near—
identity transformation ¢ : R? x K — R? satisfies joo (¢, — 1)(0,0) =
0,Vu € K and will not affect the co—jet of (4.31).

Straightening this invariant manifold, will change expression (4.31) into:

{ :6 = z(A(w) + yf(y, ) Jiﬁ(w,y,u), (432)
gy =y +yg(y, 1) +yi(x,y, ),

where )\, f, g are as in (4.31) and p, ¢ are C™ functions with jp,(0,0) =
0, JjooGu(0,0) = 0 for each p € K.

We can even do better, by linearizing X,,|,—0; by a near-identity trans-
formation.

Proposition 4.11 Let
= Mp)u(l+ h(u, p)) (4.33)
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be a differential equation on R, where X\, h are C*, X\(u) # 0, jooh,(0) =
0,Yu € K. Then there exists a unique change of coordinates

w= a1+ a(z, ), (434)
with o a C* function and jo,(0) = 0,Vu € K, changing (4.33) into
T = ANp)x.

Proof: The coordinate change (4.34) changes (4.33) into

da

(1+ alw p) + 25 (@ 1) = Ap)a(l + ale, m) (1 + ha(l + alz, 1)),

such that o has to satisfy
da
L+l )+ a5 () = (1+ ae, ) (L h(e(L+ ale, 1)

A straightforward calculation shows that a(z, 1) needs to be solution of
the differential equation

y —
YA
7 = (L y)h(z.y, ),
with h(z,y, ) = h(z(1+%), u)/2. This last equation clearly has a unique
C™ solution a with j,a,(0) =0,Vp e K. O

One finds a near-identity transformation linearising the behaviour of
X,, | {y = 0} or changing (4.32) into:

{ b= 2O) + S (1) + yalz, v, ), (4.35)

gy =y +ygly, n) +yB(x,y, 1),

where a and 3 are C* functions with jo,a,(0,0) = 0, joo3,(0,0) = 0
and where f, g are as in (4.31).

We continue by looking for a near-identity transformation changing (4.35)
into a similar expression with 3(x,y,u) = y*3(x,y, u) where 3 is C*.
We write

B(z,y, 1) = xBo(x, 1) + yBo(z, y, 1),
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and let v,(y) :== v(y, 1) be a C* solution of:

then joo(v.(z) —1)(0) = 0, Vu € K and (z,y) = (z,Y(z,p)) is a C
coordinate change transforming (4.31) into a similar expression with

B(x,y, 1) = yb(z,y, 1),

for some C* function f;(z,y, 1). Next we proceed by induction. If we
start with an expression:

{fif = x(Mp) +yf(y, w) +ya(z,y, 1),
gy =y A+ ygly, w) + v @Bz, 1) + yBy(z, y, 1)),

for some 2 <[ < k, then by using the C'* flat function

vz, 1) = —ﬁ /Ox By (u, 1) du,

we find that (z,y + y'y(x, 1)) are new C™ variables for which (X,) gets
a similar expression as (4.35) with

yB(z,y, 1) =y By (2, y, ),

for some C* function 1.

As such, the expression that we get after the previous steps is:

& =z(Mu) +yf(y, 0) +ya(z, y, p),
{ g =y (L +yg(y, 1) + yBla,y, 1)), (4.36)

where f, g are as in (4.35), & and 3 are O™ functions with j,,d,(0,0) =
jOO/gu(OaO), \V/M S K, k> 2.

We are now ready to prove the existence of a (not necessarily unique)
C* manifold x = z(y, u) = z,(y) such that for each p € K, x = z,(y)
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is an invariant manifold for (4.36) tangent to the y-axis. The function
x(y, 1) is a solution of the scalar differential equation

o

Vi z(A(p) + yh(y, n) +yC(z,y, 1)) + yD(x, y, 1),

for some C* functions h, C, D with j,,C,(0,0) = jD,(0,0) =0, Vi €
K and k > 2. The graph (z,(y),y) is also called a center manifold of
(4.36).

Lemma 4.12 Consider a scalar differential equation

dx
ykd—y = x(A() +yF(z,y, 1) + Gy, ) (4.37)
where F' and G are C™ functions, jooG,(0) =0 and () # 0,Vu € K.
Then there is at least one C* solution x = a(y, p) with o : (—e,e) x K —
R for some € > 0 sufficiently small, such that jo.a,(0) =0,V € K.

Moreover, whenever 3 : (0,e) x K — R (respectively 5 : (—¢,0) x K —
R) is a solution, for some ¢ > 0, with lir%ﬁ(y,u) = 0,Yu € K, then
y*)

B : [0,e) x K — R (respectively § : (—¢,0] x K — R) defined by
By, 1) = By, p) for x # 0 _and B(0, ) = 0, is everywhere C*° on its
domain of definition and j.(3,(0) = 0.

Proof: We attach to the scalar differential equation (4.37) the planar
system:

go=y~
Let us first take A\() > 0,Vu € K and restrict to {y > 0}. If we choose

[ € Nwith!>1and c € R\ {0}, we see that at any point of the curves
(ey!,y), and for y > 0 sufficiently small,

{ & =x(Mp) +yF (e, y, ) + Gy, ),

dx

d—y<cyl,y>' > lefiy' . (4.38)

see figure 4.1(a). As such all solutions z(y, u), for y > 0, have 0 as their
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Figure 4.1: Flow near a center manifold when (a) A(x) > 0 and when (b)
Ap) < 0.

limit as y — 0 (see Figure 4.1(a)). They are clearly C* for y > 0 and
satisfy the flatness property:

2y, 1) = y'uly, p), Ve N, (4.39)

for some u;(y, 1) smooth for y > 0 and bounded near y = 0.

Since they are solutions of equation (4.37), the flatness property (4.39)
also holds for the derivative z/,(y), and by differentiating (4.37), we can

prove inductively that it holds for all derivatives xftn) (y). Define Z(y, n),

as:
Ty, 1) = x(y, ), y >0,
’ 0, y =0,

then T is clearly C'*™ for y > 0. One can easily verify that the flatness
property (4.39) holds on all mixed derivatives:
Oty

Oyt ou?

(y, ), Vi,jeN,
such that z(y, i) is C*, with j7,(0) = 0,Vu € K.

Second we consider the case A(u) < 0, Vu € K, still keeping y > 0. Prop-
erty (7.6) still holds along the curves (cy',y) for any | € N with [ > 1 and
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any ¢ € R\ {0}. It induces a picture as in Figure 4.1(b). It easily fol-

lows that there exists at least one solution z(y, i), for y > 0 sufficiently

small, such that lirré z(y,p) = 0,Vu € K. Based on the same reason-
y—)

ing as in the previous case it follows that Z, with Z(y, u) = x(y, u) for
y > 0 and Z(0, u) = 01is also C*° at points (0, 1), 4 € K and j7,(0) = 0.

The side {y < 0} can be reduced to {y > 0} by a reflection in y. O

Choose now such a C* manifold {z = ¢ (y, 1)} satisfying j,(0) = 0,
Vi € K. The change of variables (z,y) — (z — ¢,(y),y) changes ex-
pression (4.36) into:

& =x(\p) +yfly,p) +yale,y, p),
{ v =y +ygly, 1) +yB(x,y, 1)), (4.40)

for some @ and 3 that are C* functions with j.@,(0,0) = jeol3,(0,0) =
0.

We postpone the proof of the elimination of the flat terms @ and 3 in ex-
pression (4.40), by a C* coordinate change ¢, to the end of this section.
Since the proof of this fact is independent of what follows, we will take
this for granted for the moment. We hence suppose, the semi-hyperbolic
vector field X to have the following simple normal form at the origin:

i =x(AMp) +yfly,p),
{ g =y (1 +yg(y, n)). A

This is the general C*> normal form for semi-hyperbolic singularities
with a non—flat center behavior. We now describe a simplification of the
center behavior.

Proposition 4.13 Consider the differential equation
i = uF(1 + uh(u, p)), (4.42)

for some C* function h(u,pu) and k € N with k > 2. Then there exists
a change of coordinates

u=y(1+ya(y,p)),
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with a(y, 1) a C* function, changing the above differential equation into

yk

"1 —a(p)yt

for some C* function a(p). If h is analytic then o can be chosen to be
analytic.

j (4.43)

Proof: We will treat both the C*° and the C“ results at once, each time
writing C* (respectively C*). So we start with an equation (4.42) where
h is C* (respectively C*). We write

=

-2

hlu, p) = ) as(p)u’ + O™ ™),

™

oL

(2

for some arbitrarily chosen N
change

k. By inductively using a coordinate

u=y(l+a(uy),
for a well chosen @(u), and 1 <[ <k — 2, we can change h(u, pt) into

h(u, 1) = a(p)u™2 + O(u*™).

The coefficient in front of 4*~2 cannot be changed. However the obtained
equation can be written as

k

u:%(uﬁ(u,u)),

for some C™ (resp. C*) function h(u, ) = O(u¥). Writing

=

h(u, ) = ai(p)u’ + Ou),

i

[
B

one verifies that the induction on [ > k£ can be continued to obtain:

u® —

U= W<l + h(u, 1)), (4.44)
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where h is C* (respectively C) and h(u, u) = O(u"), for some N > k.

We do not yet need to take a precise value for N, but we will see that
N > 2k — 2 will permit us to prove the proposition. We now try a
coordinate change

u=y(l+z(y,n)), (4.45)

where z(y, ) is C* (respectively C*) and check the necessary conditions.
Substituting (4.45) into (7.7), we immediately see that x(y, ;) needs to
be a solution of

do, _ 1-—a(uy*! e .

(1+x+y

with O(yY) some function in (z,y, 1) which is C°° (respectively C%).

A straightforward calculation reduces this to:

yj—y = a((k— 1) + Al 1)) + 5" Bly, 1), (4.46)

where A and B are C*° (respectively C* functions), A,(z,y) = O(||

(=) [)-

If we write x = yV~'X, then (4.46) changes into

dX

Yy = X((k—=N)+ A" "X, y, 1) + yCly, p),

for a function C(y, 1) which is C*° (respectively C*).

This last differential equation can be represented by the system:
{ X =X((k=N)+ AN X, y,1)+yCly, p)
y =y

Now if N = 2k — 2 then £ — N < 0 such that the system has a hyper-
bolic saddle at (0,0) when k£ > 3 and a semi-hyperbolic singularity for



90

k = 2. In any case there exists a C* (respectively C*) invariant manifold
(X(y, ), y) such that for each p € K, X = X, (y) represents an unstable
manifold at the origin. The function z(y, ) = yV !X (y, 1) provides a
solution of (4.46). O

Applying this proposition to expression (4.51), we can put a semi—hyper-
bolic singularity with non—flat center behavior in a very simple nor-
mal form for C*°—equivalence. If A\ > 0, we first multiply (4.51) by

(A(w) + f(y, 1)), leading to

{ T =u,
v =y*g(y, p).

After a linear coordinate change, we can require that g(0,p) = 1 +
yq(y, 1), for some C™ function g. Applying Proposition 4.13 to y*(1 +
yg(y, 1)) we can change the differential equation into:

T =,
k
Y

y = T N
1 —a(p)yr1

for some a(p), C* dependent on p. This is the final normal form for
C> equivalence, in the sense that the coefficient a(x) is an invariant if

we want to keep the expression as it is. If A < 0 we first multiply (4.51)
by —(A () + f(y, 1))~ ! leading to the normal fom:

C 1—a(p)yt

for some a(p), C*° dependent on .

Removal of the flat terms

In the former elaboration, we have left the problem of the removal of
flat terms in (4.40) in order to get the required C'* normal form. From
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now on we prefer to swith the z and y coordinate such that the r—axis
is a center manifold:

{ i = a1+ flz, p) + Alz,y, 1),

' - (4.47)
g =yMu) +7(z, 1) + Blx,y, ),

where f(z,p1) = xf(z, 1), g(z, ) = xG,(z, 1), all functions are C> and

Ap) # 0, JooAu(0,0) = jos Bu(0,0) =0, Vuu € K.

First we claim that there exists a C*° coordinate change 1) : R? x K — R?
such that jo (¢, — 1)(0,0) = 0,Vu € K, where [ is the identity isomor-
phism, that adapts (4.47) in a way that jo,A,(z,0) = jooBu(z,0) = 0,
Vi € K. To prove the claim we work with Taylor expansions in y, having
as coefficients C'* functions in z. The proof relies first on an induction
procedure on the powers of y” followed by an application of Borel’s the-
orem for representing such semi—formal developments by genuine C'*°
functions in two variables (see for example [2]).

We write (4.47) as:

{ =21+ f(z,p) +a(z, p) + yAlz,y, 1)), (4.48)

g =y\p) +9(z, 1) + bz, p) + yBlz,y, 1)),

with jsA,(0,0) = jeoB,u(0,0) = 0, juea,(0) = jaobp(0) = 0, Vpu € K.

To obtain a normal form as in (4.53) we could of course immediately
incorporate a(x, ;) in f(z,u). We will however prove that in fact also
a(x, ;1) can be removed, in the sense that in (4.51) only the oo-jet of f
matters and not its precise C* realisation. The same holds for g(z, p).

We first try a near—identity coordinate change
(z,y) = (X1 + au(X),y), (4.49)

proving the existence of a C*° function «,(X) = «(X, ;) that is flat in
X and that permits us to remove a(x, i) in (4.48). Substituting (4.49)
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into (4.48) and writing x instead of X gives

#(1+ apu(x)) + zaj,(z))

(14 oy (2)t (1 T+ au(@)) + apla(l + %(sc»))
Faby(1 4 o (@) (21 + a(z)), y).

We now choose a(z, i) such that

(1 + au(z) + zag,(2))(1 + f.(2))
= (4.50)

(L + Fu(x(1+ 0p(@))) + au(z(l + au(@)))) (1 + au(@)*,

leading to _ -
i =a"(1+ f,(x) + yAu(z,y)),

with joA,(0,0) = 0. The equation (4.50) has a solution a such that
Joou(0) = 0,V € K. Writing (4.50) as

(1 + fu(@))zay,(z) = [(k = 1) + O(2) + O(a(x))] o (x) + ap(z),

it is clear that such a solution is guaranteed by the unstable manifold
theorem.

The coordinate change does not change the form of the second equa-
tion of (4.48) such that (4.49) reduces (4.48) to

{ T = xk(l + f(:L‘ :u) +yA(:L‘ Y, :u)) (4.51)
g =y(Mp) + gz, 1) + bz, p) + yB(z, y, p)),

with f,g as in (4.48), jaA,(0,0) = jouB.(0,0) = 0 and jy,b,(0) = 0,
Y e K.

We continue similar by trying a transformation

(z,y) = (2, Y (1 + B(x, 1)), (4.52)
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for some C*° function §,(z) = ((x,n) that is flat in  and of which
we prove that it can be chosen such that the transformation (4.52) will
remove b(z, ) in (4.51). Writing y instead of Y, one gets

Y(1+ Bu(x)) + yB,(x)* (1 + Fu(@) + y(1+ Bu(2) Au(z, y(1 + ﬁu@:))))

(1 +ﬁu($))(A(M) £ G,(0) 4 B(2) + y(L+ Bu(e) Bl y(1 +ﬁu($))))-

We choose ((x, i) such that

bu(@)(1 + Bu(x)) = B (x) 2" (1 + f,(x))
which has clearly a C'™ solution such that j.3,(0) = 0. This yields into

Y1+ Bu(x)) = y(1 + Bu(x)) (M) + yg,(2)) + y*Hy(z,y)

with jooH,(0,0) =0,V € K. In particular

g =y\p) +9,(x) + ywu(z,y))

where joow,(0,0) =0,Vu € K.

The form of the first equation of (4.51) stays unchanged after the trans-
formation (4.52) leading to:

& =21+ flz, p) + yu(z,y, 1),
{ v =y\p)+g(z, p) +yw(z,y,um)), (4.53)

with jaou,(0,0) = jew,(0,0) = 0,Yu € K and f,7 as in (4.51).

We now proceed by induction. Suppose that we can write (4.53) as:

&= 2" (1+ fz, 1)+ y"u(z, y, 1),
{ ¥ =yMp) + gz, p) + y"w(z,y, 1)), (4.54)

for some n > 1. We search for transformations that change (4.54) into a
similar expression with n replaced by n + 1.
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We first try
(z,y) = (X(1+ X"y (X, 1), y), (4.55)

proving the existence of a C* function «,(X) = «(X,u) that is flat
in X and that permits us to change y"u(x,y,u) into y" " a(X,y, 1)
for some C*° function @ such that ju,(0,0) = 0,Vu € K. We write

h(z, 1) = a,(z,0).

Substituting (4.55) into the first equation of (4.54), and writing z in-
stead of X, gives
E(1 + ka*ya(z) + 2 ytal, (x) + naty" T la(e)y =
(14 2"y ay (@) (1 + fu(e(l+ 2"y ay,(2)))+
Y h(@(1+ 25yt (x) + O(y™H)).

Working modulo O(y"*1), this gives the following equation:

E(1+ ka*tya,(z) + 2Fytal,(z) =
z* [(1 + kPl (1) (1 + Fu(2) + nafyray () F () + y"hy () +
ny"a,(x)(Ap) +9,(x))] -

A straightforward calculation of the terms in 3™ shows that we have to
solve the following equation:

(1+ F(@)aba)(x) = (n(A(1) + G (@) + 2" T (2))a(@) + hy ().

Because j..h,(0) = 0,Vu € K, lemma 6.3 guarantees the existence of a
C® solution a(x, i) with jooy,(0) =0,Vu € K.

Substituting (4.55) into the second equation of (4.54) does not change
the form of it. Coordinate change (4.55) hence reduces (4.54) to some
expression

5= 5\ () + 3o, 1) + g, o ). (4.56)

of which the oo—jet is the same as in (4.54).

{ i = a*(1+ f(x, 1) +y" Lz, y, pw)),
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We continue similar and try a near-identity transformation
(z,y) = (2, Y (1 +Y"5(z, pn)), (4.57)

proving the existence of a flat C*° function §,(z) = ((x, ) that permits
us to change y"w(x,y, p) into Y™ (z,Y, u) for some C> function w
such that joow,(0,0) = 0,Vu € K. We write h(z, u) = w,(x,0).

Substituting (4.57) into the second equation of (4.56), and writing y
instead of Y, gives:

G(1+ (n+ 1)y"Bu(x)) +y" 6 (2)i =
y(1+y"Bu(2)(AMp) + G (2) + y"hyu(z) + Oy ™).

Working modulo O(y™*?) this gives the following equation:

g1+ (n+1)y"Bu(z)) =
y(AMw) +7,(2) + y"hy(2) + (Mp) +7,(2))y" Bu(x) -
y" B ()" (1+ f,(x))).

A straightforward calculation of the terms in y"*! shows that we have to
solve the following equation:

Bu(@)a (1 + f, (@) = —n(Mw) +7,(2))Bu(2) + hy(z).

Because j..h,(0) = 0, Lemma 6.3 guarantees the existence of a C'° so-
lution 8,(x) with j3,(0) =0,Vu € K.

Substituting (4.57) into the first equation of (4.56) does not change the
form of it. The successive coordinate changes (4.55) and (4.57) prove
that the induction works. We hence know that near the origin (X,,) is
C>—conjugate to a family:

&= aF(1+ f(z, p) + yAlz, y, 1)),
{ J = y(Mp) +3(z, 1) + yB(z,y, 1)), (4.58)

where the co-jet is as in (4.47) and jooA,(2,0) = juB,(z,0) = 0,
Yu e K.
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For eliminating the term A(x,y, ;) and B(z,y, 1) in the above expres-
sion, we proceed in a more general context. Let us denote the family
(4.58) as (X, +Y,) where (X,) and (Y,) are both C* families and
where each member is defined in a neigbourhood of the origin, and
JooYyu(2,0) = 0,V € K. We now want to find locally near the ori-
gin a C* diffeomorphism ¢ : R? x K — R? with ¢,(0) = 0 such that
(pu)e(Xy) = X, +Y, and joo(p, — I)(2,0) =0,Vu € K.

To that end, we will use the so called homotopic method (see, e.g. |21]).
We introduce a parameter 7 € [0, 1], consider (X)) = (X, + 7Y},), and
look for a family (¢},) of transformations with the property that

() Xy =X+ 7Y,V € K, (4.59)
and joo (), — I)(2,0) = 0,V € K,V € [0,1].

It now suffices to look for a 7—dependent vector field Z7, such that
Joo(Z})(,0) = 0, satisfying

(X, + 7Y, Z7] =Y, Vu € K, (4.60)

where [-, ] denotes the usual Lie-bracket operation. We prove that this
is sufficient in the next lemma, in which we use z = (z,y), Z(z, 1, 7) =
Zy(2), Xu(z) = X (2, p) and @(z, i1, 7) = @], (2).
Lemma 4.14 Let Z] be a solution of equation (4.60). Then ¢, defined
by

Iy

5, (o) = Z(p(z, 1, 7), 1, 7) (4.61)

is a solution of equation (4.59).

Proof: It clearly follows from j..(Z])(x,0) = 0 that j. (], — I)(z,0) =
0,Vu € K. We furthermore have to check condition (4.59), which we can
write as

E VN N C <X1<z,u>>_(<X1+TY1><¢<z,u,r>,u>>

Xo(z, 1) - (Xo +7Y2) (o2, o, 7), 1)
(4.62)

9y
o) o)
S (zm, 1) G2z 0, 7)
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To find the relation with equation (4.60), we differentiate (4.62) with
respect to 7:

Q

»1 O¢

(mo(z,u,r),u)) ZE ) 55 ) <x1<z,u>>
0

— 0
N &2EEmn S ) |\ Xy (2 )

Ya(p(2, 1, 7), 1)

6] T 2] T
PR (o2, 1, 7), 1) 25 (o2 7))\ 92 (2 )
PP e 1)) G (e 1), ) ) \ GRG0 7)
(4.63)
In this expression, we can write
dpi
5, (21 T) = Zile(z 1, 7), 1, 7) (4.64)

and by differentiating (4.64) we get

Q

() (2 1) & () (2, 7)

0
T(%2) () () (2 p,T)

%(¢<27M7T>7M77> a_y<¢<zvﬂuT>7ﬂuT> %<27M77>

(2 ,7)
%(@(2,#,7),#,7’) a—y(cp(z,,u,T),,u,T) %(2,,&,7’) %(2,#,7’)
This relation, together with (4.62) and (4.64), shows that (4.63) is the
same as (4.60). As such (4.62) follows from (4.60) by integration, i.e.
solving (4.61). O

We can suppose that \(u) < 0,V € K. If not we just change orien-
tation of the orbits by multiplying (X, +Y,) by —1. For simplifying
notation, we denote the z—axis as M and the distance of some z € R? to
M as || z ||p. From now on take 7 € [0, 1] arbitrarily but fixed. An orbit
of (X, + 7Y,) will be denoted by (2, it, 7, t) = v.(2, 7, ).
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We will see that equation (4.60) can locally be solved by defining:

7 = - / Tl ) (Y ulzm, )t = & M,
Z;(z) = 0, ze M,
(4.65)

where F),(7,(z,7,t)) represents, along an orbit v,(z,7,t), the matrix so-
lution of the related variational equation:

%Fu(w(z, 7, 1)) = [Do( Xy + 7Y,) (2, 7, ) (FL(u(2, 7, 1)),

Fﬂ(7M<z7 7, 0)) =1
(4.66)
We will prove that Z7(z, ) defined as in (4.65) is, locally near the origin,
C* and oo-flat along M. It is then easy to check that Z satisfies the
Lie-bracket relation required in (4.60), since equation (4.60) can clearly
be written as

(e 1) =

(D:=( Xy + 7Y) (2, 7 O Z (v (2,7, 1)) + Vi (u(2, 7, 1)),

from which it is clear that Z7, as defined above is a solution.

The hyperbolic contraction towards M, locally around the origin and
close to M, will appear to play a crucial role in proving the flatness of Z
along M. The hyperbolic contraction towards M implies the existence
of some v > 0, C' > 0 such that uniformly in 7 € [0, 1] and Vu € K:

(2,7, 8) < Ce™ || 2 lar, (4.67)

for initial values z in some e-—neigbourhood of M.

The definition in (4.65) requires that the orbits v,(z,7,t) exist for all
t € [0, 00[, which might not be the case for the equation under consider-
ation. However because one is only interested in the local behaviour of
(4.58), we can replace this vector field by one that stays unchanged near
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the origin but of which the x—component is zero away from the origin
and such that A(u) +g(x, u) + yB(z,y, 1) stays uniformly negative for y
near zero and x in the support of X, + 7Y}, |u-

By compactness of K there exists some A < 0 such that A(u) < A <0,
Vu € K. Choose a neighbourhood V. =| —¢, ¢[xV of the origin such that
on V.

_ - )
M) +9(z, 1) +yBle,y, ) < 3

Consider a bump function y(z) that is zero when |z| > ¢ and 1 when
|z| < n, for an 0 < n < e. Replace the vector field (4.58) by the vector
field:

T = x(z) (l’k<1 + fla, 1) + yA(z, y, M)))a
(4.68)

=y (Aw T (§laa ) + yBla,y, M))X@)),

that equals (4.58) for |z| < n and of which the x—component is zero for
|x| > . Because the hyperbolic character in the y—component is pre-
served in a uniform way, one sees that on V., (4.67) stays valid and all
orbits exist for ¢ — oo.

We now search appropriate upperbounds on

I Eu(ulz 1) |

et Byl 20 4O

I (Euyulz,7,0)) 7 =

and on

1Y,z 7 0) I, =0 (4.70)
appearing in the integral (4.65), implying the flatness of it along M.
The divergence at the origin of (4.68) is a strictly negative number. Thus

on V. the divergence has a lower bound that is strictly negative. Using
Liouville’s formula,

|det (Flu(vu(z,7,1)))| = exp </0 div (X, + 7Y,) (h(z, 7, 5))d5) , (471)
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one shows the existence of some N; > 0 such that
det(F(vu(z, 7, )| > e ™ Vze V., Vt>0, VpeK. (4.72)

Further, using (4.66), one sees that there exists some N, > 0 such that:

t
| Bl | < 14 N [ Byl I ds.
Vz e V.Vt > 0,Vu € K, implying, using Gronwall’s inequality,
| Fu(yu(z,7,0) 1< e, V2 e VLVt >0,Yu € K. (4.73)
Now (4.73) together with (4.72) and (4.69) results in
| (Fu(yu(z, 7))t 1< N, V2 e VL,V >0,Vu € K, (4.74)
with N = Ny 4+ N, > 0 leading to an upperbound on (4.69).

Further, using the flatness of Y, along M, one finds that for all £ € Ny,
there exists some Ly(k) such that

1Yz t) 1< Lo(k) || vz, 7,8) I3y, V2 € Ve,V 20,90 € K,

as || z ||my— 0. Together with (4.67) this implies for each k& € Ny, the
existence of some L(k) > 0 such that uniformly in 7 € [0, 1]:

1Yz, 7. 0) 1< LK) || 2 (I3, e, ¥E > 0,¥p € K, (4.75)

as || z [[m— 0, leading to an upperbound of (4.70).
If we now choose k € N such that N — kv < 0, then, using (4.74) and

(4.75) together with (4.65), one comes, for each j > k, to the existence
of constants p < 0 and A(j) > 0 such that:

. 400
1 Zi) | < AG) = Py / et

A(J) :
< ——= |zl
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as || z [[ar— 0 implying that the integral in (4.65) converges and that Z]
is flat along M.

Let us proceed by proving that the partial derivatives of Z;(z) with
respect to (z,y, uu, 7) are flat along M implying the smoothness of Z](z).
Define the function Hy(z, u,7), z = (x,y) as:

Hy(z, 1, 7) = Fu(vu(2,7,8) Y (yu(z, 7, 1)). (4.76)

We will prove that the partial derivatives of Z](z) with respect to x and
y are given by:

8"+mZ;( - /*‘X’ o"t™H,

ox™Jy™ o Ozmoy™

(z,p,7)dt, (n,m) e NxN. (4.77)

Herefore we search for appropriate upperbounds on the partial deriva-
tives of H with respect to x and y.

n—+m

An expression for the partial derivatives can be obtained by

ox"oy™
induction on n and m respectively. To simplify notation let us write

Gu(z,71,t) := F,(vu(2,7,1)). Differentiating H, with respect to x gives:

Btz n) = (Gl ™) ) Vbl )+

Guler. 0™ (Gt ) )

and by induction on n, one proves:

T ) =3 (1) (@m0

k=0

Using a similar induction on m, one gets:

ot H,
890"83/”(2"“’7) -
n.om ak-i—l . 8n+m—(k+l)
ch,z (W(Gu(zaﬂt) )) W(Yu(%(zaTat))),

(4.78)
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with Ck,l = (Z) (T?) .

We now search for appropriate upperbounds on the partial derivatives of
Y, (vu(2,7,t)) and G,(z,7,t)". Because Y,(z) is oo—flat along M, prop-
erty (4.75) stays valid on all its derivatives. So for each (i,7) € N x N
and ¢ € Ny, one finds a constant L, ;(¢) such that:

iti

| ox' 0y’

Ya(uuz, . 0)) < Lig(@) | 2 I3, e, VE=0,  (4.79)

as || z ||sy— 0. Furthermore, we prove by induction on i+, (i, j) € NxN,
the existence of positive constants C; ; and N, ; such that

iti
oxt Oyl

I (Gu(z, 7, )1 ||I< Ciye™iat, vt > 0. (4.80)
For ¢ 4+ j = 0, this is clear from (4.74). Suppose (4.80) is true for every
partial derivative of order less than or equal to (). We then prove that
(4.80) is also valid for every partial derivative of order @) + 1. Deriving
G.(z,7,t)~" with respect to x, one gets:

0 oy )
(Gulz T ) ) = =Gulz ) o

and analogously:

Gu(za T, t))GM(Za T, t)_la

0 _ 4 0 _
a—y(G“<Z,T,t) = -Gzt la—y(Gﬂ(Z,T,t))Gﬂ(Z,T,t) L

By induction on ¢ + j, one sees that for ¢ + 7 > 0:

ot .
axzay] (GM(Z,T, t) ) =
—1 8i+j -1
_GM(27T7 t) 8.1’18’3/] (GM(Z’Tv t))GM(Z’Ta t) -
8k‘1+11 1 8k‘2+l2 8k3+l3

_ —1
; Ch W(Gu(za 7,t) )W(Gu(za T, t))W(GM(z’ 1)),
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for some constants ¢, € R and where the sum is taken over the multiple
index b = (k1,ly,. .., ks,l3), with k, + 1, < @Q for each p € {1,2,3}.

By using Gronwall’s inequality, we now search appropriate upperbounds
on 27 (G,(2,7,1)), ¥(i,j) € N x N. From (4.73), we already have an

OxtoyI
upperbound on G, (z,7,t)). Define:

]::[t(zu p,7) = [Do( Xy + 7Y) (Y2, 7. 1) /(G (2, 7, 1))
Derivation of H, with respect to x gives:

%@’“’ 7) = DX(Xy + 1Y) (2, 7, 0)) (5 (2, 7, 1)), Gul2, 7,1))+

Dz(Xu + TYM)(/YM(Za T, t))(

From (4.66), one now sees:
wﬁwwfww<D/W94<mwmmaur@Mﬁ
or pu\<s 1 = 1 0 O YulZ, T, pul\=s 1y

t
0
D — >
2/0 I 8x<G“(2’T’ s)) || ds, ¥t=>0,

with D; and D, positive constants. Because the column vectors of
G(z,7,t) are given by the partial derivatives of v,(z, 7,t) with respect
to x and y, one finds:

a 7 2Nat ! a
- < 2 >
| G5 (Gulem ) 1< D 4 Dy [ (Gl [ ds vt =0

with Ny the positive constant given in (4.73). Using Gronwall’s inequality
leads to:

I %(Gu(z, 1)) | < CroeMot, Vi >0,

for some positive constants C o and N, . Totally analogous, it can be
shown that:
0

(G (2,7, 1) ||< Core™ort vt >0,
ay K )
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for some positive constants 6071 and NOJ. One now proceeds by induction
on the order i + j of the partial derivatives of G,(z,7,t) with respect to
x and y. Higher order derivatives of H with respect to x and y are given
by:

i H oiti
t(za p, ) = DXy + 1Y) (Vulz, 7, 8))(

(Gulz,7,0))+

oxrtdy’ oxtoyI
i+j b(p)
DD A DI (X 1Y) (ulz ) (wf ),
p=1 =1

(4.82)
for some constants d, € R and where each b(p) is some natural number
and each w} 1 is a vector of length p+ 1 with components partial deriva-
tives of G, (2, 7,t) with respect to « and y of order at most ¢ + j — 1.
Using Gronwall’s inequality, on a similar way as before, one can show,
for each i + 4, (i,j) € N x N, the existence of positive constants C; ; and
N, ; such that:

ai+j
| 0xtQyl

Substituting (4.83) in (4.81), the upperbounds in (4.80) indeed follow by
induction.

(Gu(z,7,1) ||< Ty yeNuat, vt > 0. (4.83)

By substituting (4.79) and (4.80) in (4.78), one finds, as || z ||p— O:

8n+mH n m
I Wawj(aw) 13 aerst | 2 |5, ve>0,  (4.84)
k= I=

for some constants ¢x; > 0 and where for each (k,[), g, is chosen such
that pr; = Ni;— v < 0. So for each (n,m) € NxN and k € N, there
exists a constant AY = together with a constant pf; < 0 such that:

8n+m Ht
ox™oy™

|| (2, . 7) I< AE et || 2 5, VE >0, (4.85)

In particular the integrals in (4.77) indeed converges and all partial
derivatives of Z] with respect to (z,y) are flat along M.
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Let us now look to the case where we also derive with respect to one
of the parameters (p1, ...,y 7). Let € {ui, ..., pp, 7}, we search for
appropriate upperbounds on the partial derivatives of H with respect to

(z,y, ) to prove:

an-l—m—l—rZ 400 8n+m+7"H
(Z,M,T) = _/ t(zauaT)dt'
0

ox"Oy™ " ox"oy™n"
The derivatives of H with respect to (z,y, 1) are given by:

8n+m+r Ht

dwm oy ) =

Hirtiztis . gntmr—(i1+iz+is)
; Ci(W(Gﬂ<z7 7,1) )) D=1 Pym—is G~ s (Yu(vulz,7,1))),
(4.86)
where the sum is taken over the mulitple index i = (iy,1s,143), with 4;
varying from 0 to n, i5 from 0 to m and i3 from 0 to r.

It will appear to be necessary to have upperbounds on the partial deriva-
tives of 7,(z,7,t) with respect to 7. We prove, for each k € Nj, the
existence of positive constants (', and N such that:

k

I j—ﬂk(%(z, 1) |< Cue™t, vt > 0. (4.87)

Define herefore
Vi(z,p,7) = (X, +7Y,)(2). (4.88)

Derivation of V' (v,(z, ,t), u, 7) with respect to 7, leads to:

% (%(’)/M(Z,T, t))) - %(V(%A(zaﬂ t)nuvT)) =

DV (yu(z7.0), 1, T)(a%(w(z’ 7,4))) + DV (2,7, 1), 1, 7)(1),
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where D,V denotes the differential of V' with respect to z = (x,y) and
D7V denotes the differential with respect to 7i. Therefore:

%mm ) =

/0 (DZV(%(?«%Tas)aﬂaT)(%(%(zm5)))+DMV(%(?«STas)aMaT)(l))dS,

yielding:

0 Lo
— < — d
I 8ﬁ(w(zmt)) ||_Qo7f+91/0 I 8ﬁ(w(zm s)) II ds,

for some positive constants €2y and §2;. Using Gronwall’s inequality, we
find:

o .-
| %(w(zm t) [|I< Cre™t, Wt >0,

for some positive constants C; and N;. On a totally analogous way as be-
fore, one can proceed by induction to come to the upperbounds in (4.87).

Using (4.79) and (4.87) and the infinitely flatness of Y, (z) along M, one
can verify by induction, for each ¢ € N; and (7,7, k) € N?, the existence
of constants L; ;x(q) such that:

oititk

I s YOz 7 0) 1< Ligw(@) | 2 13 7™ V£ 20, (4.89)
0zt 0yIof

as || z |[my— 0. Formula (4.81) stays valid when we take all appearing
partial derivatives of G, (z,7,t) and G, (2, 7,t)"! with respect to (z,y, f1).
As before, we assume by induction that for ¢ > 0:

oititk

W(Gu(za 7, 8) ) |< Cijpett, (4.90)

I
for some positive constants C; ; ; and N; ; with ¢ +j + % < ) and prove
that (4.90) also holds for i + j + k = @ + 1. Using the upperbounds in
(4.89) and (4.90), one finds an upperbound on all partial derivatives of H
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with respect to (x,y,7) on a totally similar way as before (see equations

(4.84) and (4.85)).

Appropriate upperbounds on Wﬂ;r; 7 (Gu(z,7,1)), V(i, j, k) € N’ can be

found by using Gronwall’s inequa %1ty Herefore one needs a formula for

the partial derivatives of H, with respect to (x,y,7). This formula can

be deduced by induction on the order of the partial derivatives yielding:
az‘+j+kﬁt Jitithk

W<Z) = D.V(yu(z, T, t%ﬂﬁ)(m(@b(zm )+

i+j+k b(p)

> D A DLV (e T ) ) (w] ),

p=1 I=1

(4.91)
where d! € R, each b(p) is some natural number, V is the function de-
fined in (4.88), Df;lv is a differential of V' of order p 4+ 1 with respect
to the directions z = (z,y) and @ and each wf“ is a vector of length
p + 1 that contains as components, the scalar 1, partial derivatives of
G(z,7,t) with respect to (z,y,7) of order at most i + j + k — 1 and
partial derivatives of 7, (2, 7,t) with respect to (x,y, ) of order at most
i+ j+ k.

Because the column vectors of G, (z, 7,t) are given by the partial deriva-
tives of order 1 of ,(2, 7,t) with respect to = and y, every partial deriva-
tive, with respect to (x,y, 1), of v,(2,7,t) of order i+ j+k with i+j > 0
corresponds to a partial derivatives of G, (z,7,t) of order (i + 7 —1) + k.
Making use of formula (4.91) and using the upperbounds in (4.87), one
is able to prove, by induction, on the order of the partial derivatives,
and using Gronwall’s inequality, for each (i, 7, k) € N3, the existence of
positive constants C; ; and N, ; such that:
giti+k

| O0xi Oy ok
Totally similar arguments can be used if, instead of succesively deriving

with respect to a same 71 € {y1,..., 1, T}, One, at each step, makes an
abitrary choice from (p1, ..., tp, 7).

(Gulz,m,1)) || < Ty jpeNiant, (4.92)
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Chapter 5

2—saddle cycles producing alien
limit cycles

In [16] it is proven that a Hamiltonian 2-saddle cycle can produce limit
cycles not covered by zeros of the related Abelian integral. Herefore, one
can consider an unfolding, leaving one connection of the 2—saddle cycle
unbroken, that is generic and of codimension 4 and in addition satifies
an extra generic condition concerning the derivatives of the transition
maps along the saddle—connections, which we will specify later on. The
limit cycles, produced after perturbation, that are not covered by zeros
of the Abelian integral are also called alien limit cycles, see also [4] or [6].

To check all these necessary conditions on an unfolding can be quite in-
volved. This chapter will present necessary techniques in order to check
the required generic conditions on specific examples. Let us first repeat
some elementary notions and specify the necessary conditions.

5.1 Settings and necessary conditions
We deal with perturbations of Hamiltonian systems:

T = _%_I; +€f7
(X(ﬁ,s)) : . OH (51)
Yy = B +€ga

109
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where H(z,y), f(z,y, 1, ¢),9(z,y, i, ¢) are C* functions, € is consid-
ered to take small positive values and j varies in some compact subset
K C RP. Further we abbreviate u = (11, £).

We suppose that the flow of X0 = Xy contains a period annulus
bounded by a hyperbolic 2-saddle cycle £ as in Figure 5.1. A period
annulus is a subset of the plane filled by closed orbits of Xy. The hy-
perbolic 2—saddle cycle consists of two saddle—connections I'; and I'; and
two hyperbolic saddles s; and sy such that s; := a(I';) = w(I'y) and
sg := a(l'y) = w(l'1). We choose H to be zero on the 2-saddle cycle and
strictly positive on the nearby closed orbits.

A difficult problem is to study the number of limit cycles of X ;. that
can be found for i € K, € near zero and (z,y) in a neighbourhood of L.

Figure 5.1: A 2-saddle cyle lying on the boundary of a period annulus.

In studying these limit cycles, one considers the difference map near the
period annulus. In first order approximation with respect to ¢, it is given
by the Abelian integral:

L0 = 107) = [ gy~ gd. (5.2)

where 7, is the regular orbit in the annulus on which H takes the con-
stant value h. Let us make this more precise.

Choose sections >; and X3, near s; and sy respectively, transverse to



CHAPTER 5. EXAMPLES OF ALIEN LIMIT CYCLES 111

I's. Denote by v and z, the regular parameters used to parameterise >,
and X3, with I'y represented by © = 0 and z = 0. Similar choose sections
Y and Y4, near s; and s, respectively, transverse to I'y and parame-
terised by regular parameters v and w respectively, with I'; represented
by v =0 and w = 0, see Figure 5.2.

Consider now the regular transition maps Ri from ¥, to X3 along I'y
and R, from ¥, to ¥, along I';. Let D}, and D2 be the corner passages
near the saddle sy, sy respectively, see Figure 5.2. All these transition
maps are expressed in function of the chosen regular parameter on the
sections Y;, ¢ = 1,...,4. They are only locally defined: as well € as the
chosen regular parameter take small positive values.

217’& 2372

2271} Z4721]

Figure 5.2: Transition maps near a 2-saddle cycle.

The difference map A is locally defined as:
Alu, ) = Ay (u) = A% (u, ) — Al(u, o),
for u > 0, with
Al(u,p) = Ay(u) = R, (u) o Dy, A*(u, ) = A2(u) = D7 o R (u).

Now the limit cycles of X, that can be found in a neighbourhood of £, for
w near (fig,0), i, € K, correspond to the positive zeros, close to u = 0,
of A, (u) with p varying close to (7, 0).

We show that A is, in first order approximation with respect to ¢ and



112

for h > 0, given by the Abelian integral (5.2) [16]|. This follows from the
fact that A is related to the return map P(w, ) = P,(w) on X4 in the
following way:

P, o AL = Ai

such that, if one defines §(w, u) = 6, (w) = P,(w) — w, then
Alu,pp) = Pyo Ay — Al =6,0A. (5.3)

Replacing w by h in the parametrisation of 3,, where i denotes the value
taken by H, 0 can be written as a function of h. It is generally known
that for h > O:

5,(h) = ea(h) + O(?),

(see for instance [17]). On the other hand for ¢ = 0, X, has a period
annulus near £ implying that

A =ceA. (5.4)

So comparing terms of first order in € in equation (5.3), one gets:

A(u.7i.0) = I(h), (5.5)

where I;(h) is the Abelian integral (5.2) taken over the level curve H = h
passing through the point w = A%ﬁ,O) (u) on Xy.

One can ask oneself whether this first order approximation of the differ-
ence map, given in (5.5), gives enough information to track limit cycles
near L. In the case where £ is a saddle-loop this reveals to be true [23].
However for the 2—saddle cycle case a direct transfer from results on the
zero—set of I;(h) to the results on the set of limit cycles is not always
possible as is showed in [16].

More precisly, let (X,) be an unfolding of a Hamiltonian vector field
Xy like in (5.1) such that X admits a period annulus bounded by a 2—-
saddle cycle like in Figure 5.1. Suppose u varies in some neighbourhood
of (g, 0), 11y € K, hence the unfolding is a perturbation of the Hamil-
tonian X5, 0) = Xp. After a translation in parameter space, one can
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always suppose that i, = 0. Suppose that the unfolding leaves one con-
nection (say I's) unbroken. Then in [16], it is proven that if the unfolding
is generic and of codimension 4, satisfying an extra generic condition con-
cerning the second derivatives at zero of the transition maps R}, and R?,
L can produce four limit cycles. However because the codimension of the
unfolding is 4, the related Abelian integral can have at most 3 zeros that
bifurcate from {h = 0} and f near zero.

Let us explain what is meant by (X,,) being a generic unfolding of codi-
mension 4 and specify the extra generic condition that (X,) has to satisfy.
Consider the related Abelian integral Iz(h) defined in (5.2). The family
Iz(h), @ varying in a neighbourhood of 0, has a Dulac series linear in
log u, see for example [16]. This means that if we consider {f;};cn with:

fo=1, fi=hlogh, fo=h, fs="h%logh, fi=h...

then there exists a formal development of I; at h = 0 with respect to

this scale:
o0

Iy = ai(@) fi
i=0
where all o;(fi) are smooth. The index of the first non-zero coefficient
a;(0) is called the codimension of Iz. One can show that the number
of zeros of I;; that bifurcate from {h = 0} and 7 near zero is at most
the codimension of I;. This is a simple application of the so—called
derivation—division algorithm as it appeared in [26], see also [16].

If the Abelian integral I;; is of codimension k, we say that it is generic if
the map

= (ao(m), - - (1)

is a local submersion at zero of R? into R* with k£ < p.

The unfolding (X)) is said to be generic of codimension 4 if the related
Abelian integral I;; is generic of codimension 3. For a general definition
of the codimension of the unfolding (X,,), we refer to [16]. In particular if
the unfolding (X,) is generic of codimension 4, then the related Abelian
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integral reads:

L(h) = p() + q(mhlog h + r(W)h + s logh + O(h?),  (5.6)

for some p, ¢, r, s smooth in 77, with

p(0) = ¢(0) =r(0) =0,  s(0) #0. (5.7)

Moreover the map
1= (p(R), q(m), r (1), (5.8)

has to be a local submersion at zero of R? into R?, with p > 3. In partic-
ular this means that at least four parameters (e taken into account) are
needed for (X)) being a generic unfolding of Xy of codimension 4.

However, referring to [16], it seems also natural to consider generic un-
foldings of codimension 3 with 5 parameters (7 € R* and ¢) such that

= (p(m), q(i), (1), a (7)) (5.9)

is a local submersion at zero. Here the coefficient ;1 () := a1(f, 0) is
defined such that the ratio 71 () of eigenvalues of the saddle of X, lying
near s; equals

ri(p) =1+ e (p).

So there are two different types of genericity here, (5.8) or (5.9). In the
example that we will treat in this chapter, we will use condition (5.9).

Let us now specify the extra generic condition concerning the transi-
tion maps R, and R’. In Section 5.4, we show that both transition maps
R and R, when expressed in appropriate normalizing coordinates near
the saddles, are the identity map for ¢ = 0. In particular

R, (v) = v+ e(=Fi(p) + 71 (v + m(p)v® + O(v?)), (5.10)

where (31,71, are C* in the parameter u = (i, ¢) and

Ry (u) = u+ e(=Pa(p) +a()u+ ma(p)u’ + O(w?)),
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for some (s, 79,12 C*° dependent on the parameter u = (f7,¢). However
because I's stays unbroken, (2(u) = 0,Vpu, and after performing a para-
meter dependent coordinate change in u, one can suppose that y5(u) = 0
yielding:

Ry (u) = u+e(nz(p)u” + O(u?)), (5.11)
with 75, C*° in p. The last generic condition now reads
12(0) # 2m(0). (5.12)

To start off, let us sketch how one could verify the required conditions
(5.7), (5.8) or (5.9) and (5.12) in practice.

The conditions (5.7), (5.8) or (5.9) all concern the Abelian integral I;;(z)
defined in (5.2) belonging to the system (5.1). In the calculations con-
cerning the Abelian integral, one can for instance rely on the Picard-
Fuchs equations in order to calculate the desired coefficients.

The coefficient p(fi), defined in (5.6), can easily be calculated once parame-
trisations for I'; and I's are known:

p(@) = 1,0) = [ fdy—gdz+ [ fdy—gde,  (5.13)
Fl I12
where the saddle—connections I'; and I'y are lying on the curve H = 0,
which is algebraic if H is a polynomial. Because I'; stays unbroken in
the unfolding, the integral in (5.13) taken over I'y is zero (see for instance
[31]) such that

p(7) :/p fdy — gdux.

Consider now the case where there exists some curve 71 = ~y(¢) in para-
meter space with v(0) = 0 such that the connection I'; stays unbroken
inside the subfamily

(Z2) = (Xir0).0))-
This is the case when there exists some 7y € {1,...,p} such that
P
5(0)=0 and 8; (0) #£0, (5.14)

0
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see for instance [19].

The family (Z.) has a 2-saddle cycle for each ¢ > 0 sufficiently small.
The second derivatives at zero of the transition maps along both saddle-
connections I'; and I's will only depend on €. In particular, looking at
(5.10) and (5.11), they are given by

d*R! N

o7 (0) =<, (5.15)
and )=

d°R: .

T2 (0) = ena(e). (5.16)

where R!, R? and 7j,, 7}, are the respective restrictions of R, R2 and 1,1,

on the curve 1z = ~y(¢) in parameter space. In particular because v(0) = 0:

7(0) =m(0) and 7j2(0) = n72(0).

Thus when (5.14) is satisfied, one is able to calculate the coefficients 7, (0)
and 7,(0) ones the first and second derivative at zero of R' and R? are
known up to order O(g?). We now continue by treating the transition
maps along a saddle-connection within a family that leaves the saddle—
connection unbroken. Let us start by refreshing some of the main ideas
concerning transition maps.

5.2 Transition maps

This section is meant to recall some elementary notions concerning the
transition maps and to calculate their first and second derivative. Let us
start with recalling the definition of a transition map of a planar flow.

Denote by X a C° planar vector field with flow ¢;(v),v € R? mean-
ing that

d
L) = X)),
¢o(v) = 0.
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Take two sections ¥; and Y, transverse to the flow of X. Suppose that
Vi = (fi,9:) : I; C R — 3 is a regular parametrisation of 3J;, for i = 1, 2.
Let p = (fi(s1),91(s1)) € X1 and ¢ = (fa(s2), g2(s2)) € X2 and assume
that the orbit ¢;(p) reaches ¢ in finite time 75. Then the C'*° function

0(s,s',t) = du(¥1(s)) — a(s) (5.17)

has a zero in (s,s',t) = (s1, $2,70). Because Yo is transverse to X and
the 1; are regular,

fo(s2) Xi(q)
95(s2)  Xa(q)

is not equal to zero. It follows from the implicit function theorem that
there exist C'™° functions 7', 7 defined on a neighborhood of s; such that

0(s,T(s),7(s)) =0, (5.18)
and T'(s1) = so, 7(s1) = 7o.

The function T'(s) is called the transition map of X from %; to %o
expressed in the chosen parameters s and s’. In particular the orbit
¢¢(11(s)) crosses the section Y5 at the point ¢»(7(s)). Note that T'(s) is
a regular map (see Theorem 5.2). The time needed to go from v (s) to
Yo(T'(s)) is given by 7(s). The function 7(s) is referred to as the transi-
tion time function of X from X to Xy expressed in the chosen parameter
S.

Derivatives of the transition map and the transition time function can
be found by means of implicit differentiation of the expression (5.18).
Denoting for fixed ¢, Dy¢(t,v) as the differential of the function
¢ R — R2
v P(v),

we find

Dag(7(8), ¥1(s)) ¥1(5) + X (r(s)(¥1(8))) 7' () — ¥5(T'(5))T"(s) = 0.
(5.19)
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To find the desired derivatives, we use Diliberto’s theorem [9] to decom-
pose the vectorial equation (5.19) with respect to an appropriate orthog-
onal basis. See also 7] where formulas for 7"(s) and 7/(s) are obtained
using Diliberto’s theorem.

The scalar and wedge product between a vector field X with Euclidean
coordinates (P, Q) and a vector field X with Euclidean coordinates (P, Q)
are denoted as

X -X=PP+QQ, and X AX:=PQ—-QP.

Define the vector field 1

N = X+,
X
multiple of the orthogonal vector field:
0 0
L
- _ 00— 4+ pP—_
Q@x * oy’

such that X+ - N = 1. The following C* functions are referred to as the
curl, the divergence and the curvature of X at p respectively:

cul X() = 520) - 5 00 div X) = 50+ 520

and:

1 d
o) = o (VO XG0 ). (20)

Theorem 5.1 (Diliberto, [9]). Let X be a C* planar vector field with
flow ¢¢(v),v € R% Let p € R? with X (p) # 0. For

w = aX(p) + BN (p)
the system:

{ o = DX(¢u(p))v, (5.21)

v(0) = w

has solution

Da¢(t, p)w = A(t) X (¢1(p)) + BE)N (¢1(p)),
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where A(t) = A(t, X, p,w) and B(t) := B(t, X,p,w) are given by:

At) = « —i—/o {ﬁ[%@ | X || — curl X]}((br(p)) B(r)dr,(5.22)

B(t) = Gexp ( /0 div X(6,(p)) d'r). (5.23)

Proof: To simplify the notation let us denote X (¢:(p)) = Xi(p) and
analoguous N(¢(p)) = N(p).

It is easily verified that v(t) = Dy (t, p)w satisifies (5.21). The decompo-
sition of this solution with respect to the orthogonal basis { X;(p), NV:(p) }
is given by

v(t) = A@)Xi(p) + B(t)Ni(p), (5.24)
with
A(t) = v(t) - % and B(t) = v(t) A Xi(p). (5.25)

Because v(0) = w, we have
A(0)=a and  B(0) =0. (5.26)

We now search for differential equations which A(¢) and B(¢) must sat-
isfy enabling us to find the formulas in (5.22) and (5.23).

Let us start by calculating B(¢). Deriving the expression of B(t) in
(5.25), one finds:

B'(t) = v'(t) A Xi(p) +v(t) A DX (di(p)) Xe(p)
= DX (¢u(p))v(t) A Xe(p) + v(t) A DX (¢(p)) X (p)
= tr DX(du(p))(v(t) A Xe(p))
= div X(¢«(p))B(1),

+

~ ~—
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concluding that B(t) is the unique solution of the differential equation:
B'(t) = div X(¢i(p))B(?),
B(0) = 5,

which obviously result in formula (5.23).

The formula for A(t) can be obtained analogously. Denote

14
24t
Differentiating v(t) - X;(p) =|| X:(p) ||* A(t) one finds

U X)) = LX) Xo(0).

I(t) 7

V(t) - Xi(p) + o) - %Xt(p) = 2I(t)A(t)+ || Xe(p) II* A'(1).  (5.27)

Using (5.24) one computes:
V(t) - Xa(p) = DX(du(p))v(t) - Xe(p)
= A@)I(t) + Bt)DX(:(p))Ne(p) - Xe(p), (5.28)
and
o(t)- S X,lp) = AWIW) + BOND) - S Xp). (5.29)
Substituting (5.28) and (5.29) into (5.27), one finds

__ B
1 Xp) 117

It is a straightforward calculation to show:

DX (¢:(p))Ni(p) - Xi(p) — Ni(p) - DX (¢:(p)) Xi(p) = — curl X(¢:(p)

A'(t)

(DX@MMM@»XM»+M@»wammxwﬂ.

such that using

1
I X:(p) |

k(6(p)) = (M@%DXWMM&WO,
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one finds
1
210 = { e X1 et X) ) B0
which together with the initial condition A(0) = « implies the formula
for A(t) in (5.95). O

Theorem 5.2 Let X be a C* wvector field. Consider the transition map
T'(s) between two sections X1 and 3o transverse to the flow of X. Suppose
W1 and Py are reqular parametrisations of these sections and 'y is the
orbit starting at 1¥1(s) and ending in V(T (s)). Defining the quantities

Ai(s) = A(s, X, ) = X(¢hi(s)) A vi(s),

and

e A X((s) ()
oils) = ol X)) = T8 = T X (0a)) P

with 1 = 1 or v = 2, the deriwatives of first and second order of T are
given by:

div X (¢i(s)),

AT €) div X
T'(s) = NGAE)] exp . mds, (5.30)

T"(s) = T'(s) (al(s)—T’(s)ag(T(s))+A1(s) i H“;‘(i"gdg)(asn

where ds represents the arc length element of I's and where A(z) =
A(z,X) and B(z) :== B(z,X), z = (z,y) € R?, are given by:

A(z) = D(div X).(X*(2)) — {(25 | X || —curl X)div X}(z),

div X
B(z) = exp/ ds,
o) I Xl

with T's(z) the orbit starting at 1¥1(s) and ending in z.

(5.32)
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Proof: To shorten notation during the proof let us denote § = T'(s).
The transition map 7" and the transition time function 7(s) are defined
by the equation (5.18):

0(s,5,7(5)) = ¢r(s)(1(8)) — ¢a(8) = 0. (5.33)

Derivation of (5.33) gives
Do (7(s), () (s) + X (2(5))7'(s) = 45(5)T"(s) = 0. (5.34)

Formulas for 7"(s) and 7'(s) will follow from a decomposition of (5.34)
with respect to the orthogonal basis { X, N} introduced in Theorem 5.1.

Decomposing v}(s) as

¥i(s) = ai(s) X (¥i(s)) + Bi(s)N (1i(s)) (5.35)
with
LX) )
o) = RO ) = X)) A ).

it follows from Theorem 5.1 that

Da(t,11(s)) (W1 (s)) = A() X (de(101(s)) + B)N (de(¥1(s))),  (5.36)

where A(t) = A(t, X,¢1(s), ¢ (s) and B(t) = B(t, X, ¢9(5), v (s)) are
defined as in Theorem 5.1. Substitution of (5.35) and (5.36) into (5.34)
yields

(a2<§>T'<s> () A<T<s>>)x<¢2<§>>

(5.37)
+(ﬁz(§)T’(s) . B<r<s>>)N<¢2<§>> 0
In particular 35(3)7"(s) — B(7(s)) = 0 such that
. ~(s)
T'(s) = g:ggi exp/0 div X (y(t)) dt (5.38)
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with v,(t) = ¢(t,11(s)). Formula (5.30) follows.

Derivation of (5.38) gives

T"(s) = T'(s) (%8% @8) +7/(s) div X (¢(3))

N /O " % (div X@s(t))) dt).

The formula can be simplified by applying the technique of partial inte-
gration on the integral fOT(s) 4 (div X (7,(t))) dt and using the formula

(5.39)

7'(s) = ao(8)T"(s) — A(7(s)) (5.40)

that follows from (5.37). Because:

%(div X(ys(t))) = D(div X)) (%%(t))
= D(div X)) (D29(t,¢1(5))¢1(s)),

one finds, after substituting formula (5.36),

%(div X(%(t))) = A(t)D(div X)) (X (15(1))) (5.41)

FB()D(div X )0 (N ((0).

Since D(div X),, 1) (X (75(t))) = £ div X(7,(t)) one can use the tech-

t
nique of partial integration on the integral

7(s)
/0 A)D(div X), o (X (1)) .

Using (5.41) this yields

/O T(S)%<div X(%(t)))dt = lA(t) div X (7,(t)) " Y, (5.42)

0
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where [ is given by

© A [ AB
| BOTXm " =20 J T B

with A and B defined as in (5.32). Substituting (5.42) and (5.40) into
(5.39) and using:

ﬁ2(§)i Bi(s) :51(5) _ Tl B5(3)
Ou(s) ds <ﬁz<§)) O EG)

the formula of 7"(s) follows. [

Let us formulate a special case of Theorem 5.2 which will often be used
in the next sections. See also [11], where the same formulas can be found.

Corollary 5.3 Let X = P%JrQa% be a C*° vector field. Suppose I is an
orbit lying on the x-axis and X; = {x = x;} are sections locally transverse
to the flow of X at (z;,0), i = 1,2 and parametrised by y — (z;,y). Then
the first two derivatives of the transition map T along I' from ;1 to X
read:
T'(0) = ex b %
p p (2, 0)dz ),

1

T"(0) = T'(0) /:2 PGy, ;22]33,@3, (x,0) exp (/: %(U,O)du) dx.

Similarly if T is an orbit lying on the y-azxis and ¥, = {y = y;} are sec-
tions locally transverse to the flow of X at (0,y;), i = 1,2 and parame-
trised by x — (x,y;). Then the first two derivatives of the transition map
T along T' from ¥} to X, read:

Y2 P$
. @

1 o / b2 QPJ:J: - QQme Y &
T"(0) = T'(0) 5 % (0,y) exp (/yl 0 (O,u)du)dy.

T'(0) = exp( i (O,y)dy),
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Proof: We only prove the first part of the theorem. The second part
then easily follows by a switch of the x and y coordinate.

Using the x—coordinate as parameter on I', one easily computes that
the formulas of Theorem 5.2 simplify to:

T'(0) = ig;g; exp ( / di;X (x,O)dx), (5.43)

and

T0) = T(0) [%(M)—T%O)%m,m

+ P(a1,0) / P, 0) exp ( / ' di;X (u, O)du) dx] |

T 1

(5.44)

with

5} Pny vy _PyPJr Y
Pla,0) = PPt Q) ~ AP Q)

(z,0).

These formulas can be further simplified. Let x € [z, o). Setting g(r) =

: . gr) P :
P )
(r,0) and integrating ORR: (r,0) on [z, z] gives
x Pa:
In P(z,0) — In P(x,0) = / F(u,())du,
1
such that (.0
P(z,0 *P
= “Z(z,0)dw |. A4
oo ([, o) 6w

Setting © = x5 and substituting (5.45) into (5.43) yields the formula of
T'(0).

Setting
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the fundamental theorem of calculus reads

F(zs) — F(z) = /M F'(x)dz,

xr1

which using (5.43) results in

P, P
* P,,P—P,P,+ P, “div X
P(x1, 0)/ Y P3y R (x,0) exp (/ 1\1; (u, O)du) dx.
1 1

Substituting (5.45) and (5.46) into (5.44) yields the formula of 7"(0).
U

5.3 Transition along a saddle—connection

We continue by considering the particular transition maps between sec-
tions transverse to a saddle—connection, expressed in normalizing coor-
dinates near the saddles. Moreover we don’t restrict to individual vec-
tor fields but treat the transition in a family that leaves the saddle—
connection unbroken.

Consider a C*° family of vector fields (X,),cp with parameter values
i varying in some subset P C RP. Suppose that for py € P, the vector
field X, admits a saddle-connection I', with a(I') = s; and w(I") = s,
s; and sy hyperbolic saddles of X,,,. The coordinates in which (X,,) is
expressed are denoted as (z,y).

We demand that for p near pg, the connection stays unbroken. In par-
ticular we suppose that for p near 1, X, has two hyperbolic saddles
s1(p) and so(p) lying in a neigbourhood of s; respectively s, such that
there exists a saddle-connection I', between them that coincides with T’

for p = pyp.
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Normalizing coordinates near the saddles

Let ¢ = 1 or i = 2. Denote the eigenvalues of the linear part DX, (s;)
at the saddle s; as \; and v; with v; < 0 < );. We already know from
Chapter 4 that for p near 1, locally near the saddle s;, (X,) can be
brought into a normal form depending on the ratio of hyperbolicity
Vi

ri=— N
For p near po the hyperbolic saddles s; and sy persist as sq(p) and so(p)
with s1(p0) = s1 and sy(jo) = s2. Denote the eigenvalues of DX, (s;(u))
as \;(u) and v;(p) with A\;(p0) = A and v;(p9) = v4. The corresponding
ratio of hyperbolicity of s;(x) is denoted as r;(u) and

ri(p) = — ii'u) =1 +Ti(),

X

D)
for some C*° function 7;(u) with 7;(p0) = 0.

In what follows, we suppose that p varies in some subset Py C P such
that s; and so persist as s;(p) and so(u) respectively, Vu € Py, and
(X,)uep, can be brought into a normal form at both saddles s; and ss.
The normal form at s; depends on the ratio of hyperbolicity ;. From
now on, (n,m) will denote the normalizing coordinates near s; or sy de-
pending on near which saddle, s; or sy, we are working.

In case r; is given by p;/qi,pi,¢; € N1, (pi,q;) = 1, there exist some
C* (k > 2) coordinates, near the saddle s;, in which the family (X,),cp,
reads:

{ o= n(\i(p) + ai(p)nPm® + P(nP'm®, p)),
(5.47)

o= m(vi(p) + bi(p)nP m + Q;(nP'm®, n)),

where Pj(z,pu) and Q;(z, ) are polynomials in z = nP'm% of degree
N(k) > k and of order O(z?). The dependences on the parameter u in
(5.47) are all C*°.
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On the other hand if the ratio of hyperbolicity r; of DX, (s;) is irra-
tional, then (X,),ep, is C* linearisable near the saddle s;. In particular
there exists some C* coordinates near the saddle s; in which (X,),.ep,

reads:
{ﬁ = ANi(u)n,

m = y(p) m.

(5.48)

The coordinate transformations expressing the coordinates (z,y) in func-
tion of (n,m) are denoted as gob and goi near s; and s, respectively. We
choose normalizing coordinates near s; (resp. $3) such that points on
the positive n—axis correspond to points on the unstable (resp. stable)
separatrix of s; (resp. ss), lying on I' for p = ug. This can always be
achieved by performing a suitable linear transformation in (n,m).

Let us denote the determinants of the corresponding jacobians of these
transformations as:

Al (n,m) = det Dy, (n,m), i=1,2. (5.49)

Further we also define

B) 7
B (n,m)

8@1
T om

(n,m)
agi '
I o (mym) |12

(5.50)

0, (n,m) =

Remark that geometrically AZ(n, m) represents the area of the paralel-
logram spanned by the vectors a%‘(n, m) and %%(n, m). The angle be-
tween these two vectors is strongly related to the function 6} (n,m).

The above normal form, together with the defined quantities can be
calculated using the techniques elaborated in Section 4.1 of Chapter 4.
In performing these calculations, the program in Appendix A.1 can be a
helpful tool.

Let us state the following lemma, which will be of use later on. It can be
applied near both saddles s; and s, inside the family (X,,),cp,-
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Lemma 5.4 Suppose (X,,) is a family of vector fields such that X,,, ad-
mits a hyperbolic saddle 5 persisting as S(u) for p near pg. Denote by
(n,m) the normalizing coordinates in which the family is, near s, ex-
pressed as the normal form N, N1 9 +N 2 in (5.47) or (5.48). Let
(z,y) =9,(n,m) be the correspondmg Ck coordmate change. Denote by
M) and (p) the eigenvalues of DX, (5(p)) with (1) < 0 < A(p). Then

Xﬂ@u(n,m))/\%(n,m) det Dp,,(n, m)N (n,m), (5.51)
and
S0 K@, 0)). 5 (n,0) T (u,0). 5 (n, 0)
T B O
Proof: The identity
X (@,(n,m)) = DB, (n,m)N,(n,m) (5.53)

together with
dJp 9P,
om

where e; = (0, 1), implies

(n,m) = Dp,(n, m)ey,

_ dp _ ~
XH(@#(”? m)) A a—T:(TIH m) = det D@,u(”u TTL) (Nﬂ<n7 TTL) A 62)7
resulting in the identity (5.51).

Further (5.53) and the expression of the normal form, (5.47) or (5.48),
learns us:

X,(@,(n.0) = Dp,(n,0)(A(w)ner)

— X(unDg,(n,0)e;

— 0o
= X(n (n,0)

which easily implies (5.52). O
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Expressing the transition using normalizing coordinates

We choose sections X, ¥2 transverse to the flow of (X,),ep, that corre-
spond to {n = 1} in the normalizing coordinates near s; and s, respec-
tively in the following sense.

Let i = 1 or i = 2. Consider the C* coordinate transformation (z,y) =
!, (n,m), with (n,m) the normalizing coordinates in which the family
(X)) is expressed as the normal form (5.47) or (5.48). Denote this nor-
mal form as (N},). Let C,, be a circle centered at the origin with radius
r; > 0 small enough such that C), lies in the domain of ¢,

The circle C,, will cut the n—axis in a point ¢; in a transverse way. Lo-
cally near ¢;, C,, is transverse to the flow of (N}). Thus both C., and
{n = 1} are sections locally transverse to the flow of (NV]). Choose m
as regular parameter on {n = 1}, there is no need to parametrise C,..
Consider the transition map 7};(m) from {n = 1} to C,, and the corre-
sponding transition time function Tﬁ(m), both locally defined: m lying
near zero and /4 varying near jio. Denote the flow of the family (X,),.cp,

as ®,(t,p). The section ¥, is then defined as:
% = {®u(—7,(m), ¢},(T},(m))) | m near zero}. (5.54)

The normalizing coordinate m can be used in order to parametrise the
section. Indeed denote ¢, (m) = (I)u(_ﬁi (m), ©,(T},(m))), then one easily
verifies that v, is a regular parametrisation of X, .

The transition map from ZL to Zi expressed in the normalizing coor-
dinate m is denoted as R,(m). Remark that R,(m) is only defined for
m near zero and p near fi.

Calculating the derivatives of R, directly using Theorem 5.2 is not pos-
sible. Indeed only a finite jet of gob and goi at (0,0) can be calculated
implying that one isn’t able to calculate the derivatives of the parame-
trisations of the sections ZZ, 1 = 1,2. However this can be dealt with as
we will show in a moment (see also [15]).
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Take Ky > 0 and gy > 0 such that {(z,y) |0 <n < Ky, —eg < m < &0}
lies in the domains of ¢, and 7. For some 0 < K < K, fixed, consider
the sections

SOL({<K7 m) ‘ —&p<m< 80}) = CLK’ = 1,2,
parametrised respectively by
(‘OL ‘{n:K} mngL(K,m), Z:LQ

Consider the part of ', lying between the sections C), ;- and C7 ., de-
noted as ', i, and write Z = T, x(Y) as the transition map along I',, x
from C ;- to C? ;- expressed in the parameter m. Further let F), x and
G,k be the transition maps from {n = 1} to {n = K} near s; and s
respectively, expressed using as parameter the normalizing coordinate m.
Then the transition map R, can be seen as the composition (see Figure
5.3) B

R“ :Gu,KOT,u,KOFu,K- (555)

- -

S1 So

1 2
CM7K C}’L?K

Figure 5.3: The transition map R, as the composition G, x0T, ko F), k.

The first two derivatives of 12, at zero are now given by

!/

R, (0) = G, x(0)T,, 1 (0) F, 1 (0),
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and
/ /!

Ry(0) = G}, k(0) [T}, (0) F, 1 (0) 2 + G}, (0) T, (0) [}, 1 (0) P+

G 1c(0) T 1 (0) Ec(0).
Because this equalities apply for every 0 < K < K|, one can switch over
to the limit for X' — 0 causing the chosen sections C, . i and C x to tend
arbitrarily close to the saddles. This proces will enable us to calculate
the derivatives as stated in the following theorem.

Theorem 5.5 Let (X)) be a C* family admitting for each parameter
two hyperbolic saddles s1(p) and so(p) with a saddle—connection I',, be-
tween them. Let R, be the transition map from E}L to Ei along I',, ez-
pressed using normalizing coordinates. Consider the normal form at s;,
(5.47) or (5.48), and the corresponding coordinate transformation ¢!,
i =1,2. Let I') i be the part of '), starting at wi(K,O) and ending in
02 (K,0).

Then one has

A, (0,0) Ai(p) div X,
R(0) = Lu DA e | im0 g / s
! AZ(0,0) Aa(p) K0 I Xl
5

(5.56)
where ds represents the arc length element of T',,. Suppose that R),(0) = 1,
then
R!(0) = lim {U (K) + L(K) + M () KW AL (K 0)/ AuBu }
O R [ w0 L TR TP
(5.57)

where A,(p) == A(p, X,), B.(p) := B(p, X,) are defined as in Theorem
5.2 and where U,(K) is the difference U, (K) — UX(K) with

04, i
oy <K70) . QM(KaO)
d

UL(K) = K‘”“”( div X, (¢}, (K, 0))), i=1,2.

The function 1,,(K) disappears for r; ¢ N. When r; € N it is given by
the difference I,(K) — I'(K) with

K
Ii (K) = a;(1) KT 4 Qbi(,u) + a;(p)ri(p) / u—(1+h(u))du’ i=1,2.
1

Ai(p) Ai(1)
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Proof: We have already noticed that the derivative R (0) equals

!/

R,(0) = GL7K(0)TM7K(O)F,Z7K(O)- (5.58)
We will successively calculate all derivatives appearing in the right part
of the above formula (5.58). Because the identity applies for all 0 < K <
Ky, one can take the limit for K — 0 to find the desired derivative R/ (0).

For calculating the derivatives [} ;(0) and G, (0), one can use the
formulas of Corollary 5.3. One computes:

F(0) = exp ( /1 K—“i’” du)

- oo (- nur)

= KW (5.59)
and:
b ora(p)
G x(0) = exp < / - 22 dz)
K
= exp (rz(u)ln[()
K2, (5.60)
such that

—

R,(0) = K (r2(w)=r1(u) T, x(0). (5.61)

The derivative T;v x(0) can be calculated using formula (5.30) in Theorem
5.2. From Lemma 5.4 it easily follows that

oo AEO NG div X,
T O = w0 hal) P </ PAK ) (562
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One now substitutes (5.62) into (5.61) and takes the limit for X' — 0.
Because the coordinate transformations @}L and @i are locally diffeomor-
phisms, AZ, i = 1,2 stays away from zero for K near 0 implying (5.56).

The second order derivative 12;(0) equals

/ 1/

R (0) = G}, (0) [T, x(0) F, (0) ] + G, c(0) T, 1 (0) [ F), 1 (0) P+

—/
i (0) T, 1 (0) F 1 (0).
(5.63)
. . =/
Assuming that R, (0) = 1, i.e. G| (0)T, (0) F}, (0) = 1, the above
equation simplifies to

7 _ Z,K <O> T,u,K«))
Ru(o) - G:,L,K(O)Q TMK(O) , F}Q’K(O).

(5.64)

Again we calculate all ingredients of the right part in this identity after
which we let K tend to zero.

The quotient TZ, x(0) /T; x(0) can be computed by use of Theorem 5.2.
We define

O-,LIL(K) = 01(07 XH’ Pu |U=K>7 0-;21<K) = 02(07 X,Lu’l/},u, ‘w:K)u

where oy and oy are defined as in Theorem 5.2 and find that

/!

ZKEgi _ (a;<K>—T;,K<o>o—i<K>+
(e onn Feoo) [ i)
" (5.65)

From (5.61) and the assumptation that R (0) = 1, it follows that

=/

T, x(0) = K=, (5.66)
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Substituting (5.59) and (5.66) into (5.65) and using Lemma 5.4, one finds
T” (0) - -
F o (0) = = (K el (K) — KMo (K)+
T;L,K<O)

() K0 ALK, 0) / Ay B“sdg).
T || X |l

The expressions for the functions O'Z(K ) can be simplified by applying
Lemma 5.4. When r; ¢ N, in particular when ¢; > 1, we find

OAL
=, (K,0)  6,(K,0)

7l = A0 Mk

div X,(0,(K,0),

while in the case where r; € N, we find

0AL
1 _ —yH<K’O) Hi(K,O) . 1 ay(p) -
W) = JR0) ~ i W Klou0K) 3K

Totally similar expressions are obtained for o7 (K).

For the expression F)/;-(0)/F], ;(0), we use Corollary 5.3. One calcu-
lates that for r; ¢ N this quantity vanishes and that for € N:

P~ P e ([ e

K
251(/~L)+CL1(M)7’1(M)/ =71 (1) g
M) 1

Computations of the same sort also reveal an expression for G} ((0)/G}, ;(0)
when 7, ¢ N:

G — 2R e [y (12

K
_ _252(M)+a2(ﬂ)7“2(ﬂ)/ o A2 g
A2 (1) 1
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Doing the obvious substitutions into (5.64) and taking the limit for
K — 0 yields the formula for R(0) in (5.57). O

Notice that in practice Theorem 5.5 can only be used when R}, (0) = 1,
which is true after a coordinate transformation m = R (0)m in normal-
izing coordinates near sj.

5.4 Transition along a Hamiltonian saddle—
connection

In this section, we apply the formulas obtained in the previous section
on an unfolding (X)) of a Hamiltonian vector field.

Consider: .
T = _a—('r7y)+€f<x7y7ﬂ)7
(X,) : y (5.67)
) oH
y = %(aﬁ, y) +eg(z,y, 1),

where H, f, g are all C* and p = (7, €) is varying near 1y = (fiy, 0) with
1o € RP. Suppose that for ¢ = 0, Xz, 0) = Xz has a saddle—connection
I' on which the Hamiltonian takes constant value 0. Denote s; and s
as the hyperbolic saddles that are respectively given by the a-limit and
w-limit of I. Assume that I" persists in the family (X,,).

Appropriate normalizing coordinates near the saddles

Relying on Chapter 4, we describe how to choose appropriate normaliz-
ing coordinates, simplifying the formulas obtained in the previous section.

Consider first the Hamiltonian vector field X near the saddles s; and
so. Let i = 1 or i = 2. Denote the eigenvalues of DXy (s;) as £X;, \; > 0.
Let (7, m) denote coordinates near s; in which Xy reads

{ﬁ i ?’_ (5.68)

3|
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up to a non-zero factor EP(m,m) that equals —\; for mm = 0. De-
note by 1} the coordinate transformation expressing the old coordinates
(x,y) in function of the new ones (7, m). Let H; denote the half plane
that contains, in its interior, the separatrix corresponding to the sep-
aratrix of s;, lying on T for ¢ = 0. One can choose 1 such that
H expressed in the new coordinates reads nm on H; and such that
E?(m,m) = —1/ det Dy} (n,m) on H,.

From Chapter 4, Section 4.2, we know that such coordinate transfor-
mations 1)} and 12 can be obtained by applying Morse’s lemma on the
Hamiltonian H near s; and s; respectively. On the other hand, one can
also start from the formal normal form and use the techniques elaborated
in the proof of Theorem 4.10. In this chapter, we prefer to use the last
technique, applying the program in Appendix A.1.

If necessary, one can perform a coordinate switch (7, m) — (7, 7) and /or
a reflection with respect to the origin (7, m) — (—7n, —m) near the sad-
dles s; and s, such that points on the positive m—axis correspond to
points on the unstable and stable separatrix of s; and s, respectively.
These transformations leave the expression of H and of the normal form
(5.68), up to a non-zero factor, invariant such that one can suppose that
Hoi =nm on {m > 0}. However the sign of det Dv{(0,0) can alter.
Let us write d; = 1/ det D)§(0,0) = £;.

We continue by peforming the transformation (x,y) = (7, m) on the
family (X,) yielding:

(5.69)

3
I

o= e, ),
—m + ggi(ﬁv m, ,LL),
up to the factor E?(m,m). One can now apply the techniques of Theorem
4.3 to simplify the expression of the functions f;(7,m, 1) and g;(7, m, p).

This will yield C* transformations

(m,m) = (I +e¢),)(n,m), i=1,2, (5.70)
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near s; and for p near i, transforming (5.69) into the normal form:

noo= n(l+e(N(p) + a(p)nm + Pi(nm, p))),
/ (5.71)
o= —m(1+e(7(p) — bi(p)nm — Q;(nm, 1)),

where P;(z, ) and Q;(z, ) are polynomials in z = nm of finite degree
N(k) > k and of order O(2?).

Composing all the above performed transformations, one obtains C¥
transformations (z,y) = ¢, (n,m) and (z,y) = ¢’ (n,m) near the saddles
s1 and ss respectively with p varying near po. In the normalizing coordi-
nates (n,m), near s;, the family (X,) reads as in (5.71) up to the factor
Ei(n,m, pn) = (EYo(I+¢¢.,))(n,m), i =1,2. For € = 0, this equivalence
factor is given by —1/ det Dy}(n,m) on {n > 0}. Points on the positive
n—axis correspond to points on the unstable and stable separatrix of s;
and s; respectively. For ¢ = 0 the transformations @}L and goi coincide
with )} and 92 respectively. Moreover the Hamiltonian H expressed in
normalizing coordinates is, for ¢ = 0, given by nm, near both saddles in
the half plane {n > 0}.

Expressing the transition along a Hamiltonian saddle—connection
using appropriate normalizing coordinates

Choose appropriate normalizing coordinates near s; and sy as in the
previous paragraph. As in (5.54), choose transverse sections Zi and Ei
corresponding to {n = 1} in normalizing coordinates near s; and s re-
spectively. Consider the transition map R,(m) between these sections
expressed in the second normalizing coordinate m.

Because we have chosen the normalizing coordinates in such way that

for ¢ = 0 the Hamiltonian H reads nm in the normalizing coordinates
near the saddles on {n > 0}, it is easily verified that

R,=1+0(e).
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On the half plane {n > 0}, one can define for i = 1, 2:

—E;(n,m, p) det (Dcpz(n, m)) = 1+ EZ;(TL, m) + O(e?),

— %—ﬁ(n, m) - Zﬁ) (n,m) (5.72)
o) = oy
W n,m

Further, we let a(77) = @;(pt) |-—o and 00(71) = bi(1) |e—o. We can now
state the following proposition.

Proposition 5.6 Suppose (X,,) is a perturbation of a Hamiltonian vec-
tor field as in (5.67), with p varying in a neighbourhood of some (fi,, 0),
with 1y € RP, such that Xy admits a saddle—connection I' : H = 0, be-
tween two hyperbolic saddles sy and s, that persists in the family (X,,).
Choose appropriate normalizing coordinates (n,m) near the saddles in

which (X,,) reads as in (5.71) and consider the functions 58 and ZL de-
fined in (5.72) together with the coefficients a%(fi) and 00 (f).

Consider the transition map from Z}L to Ei expressed in the appropri-
ate normalizing coordinates. Then we have

R,(0) =1+ 0(e). (5.73)
Denoting Tk as the part of T lying between ¥} (K, 0) and v2(K,0) and
fm, 9z as the restrictions of f and g to € =0, we have
A

R;(0) = & lim {a(ﬁ) + () I K + Ua(K) — /F T ds] +0(e?),

_ (5.74)
where A(z) is defined as

A(2):=D(div (fz, gu))z(Xﬁ(Z))—{(%o | X || = curl Xy) div (f, g)}(i’),

with ko(z) the curvature of Xy at z, as defined in (5.20), and where
U,(K) is given by the difference U%(K) — UE(K) with

n
1( “(K,0)+L( .0)

UalB) =7\ m 4, K

= div (£, 9) (o (. o>>), =12
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The coefficient o(fr)

is given by a3 (1) —ay(7) and 6(7) is given by 01(F) —
0(12) with 07 (1) = 2(b;' (7 )-

) + @ ()

Proof: We choose appropriate normalizing coordinates (n, m) near the
saddles as before and apply Theorem 5.5. In the normalizing coordinates,
all transitions occur in the half plane {n > 0}, even in {n > 0}N{m > 0}.
So all calculations in normalizing coordinates can be restricted to the half
plane {n > 0}, such that, for ¢ = 0, one can assume that the Hamiltonian
reads nm when expressed in normalizing coordinates and the equivalence
factor of the normal form is given by E;(n,m, x) which, for ¢ = 0, coin-
cides with —1/det Dy (n, m).

Formula (5.73) is just the consequence of the fact that R, = I + O(e).
However it can also be seen by applying the formula (5.56). Let us ex-
plain how formula (5.74) follows from Theorem 5.5.

In the formulas of Lemma 5.4, we have to take the equivalence factors
E;(n,m, u) into account, i = 1,2. Equation (5.51) stays valid up to this
equivalence factor:
SOL i 1
0—m(n’ m) = Ei(n,m, i) det Dy} (n, m)N,(n, m),
(5.75)
for i = 1,2 and where N, = Nﬁ% + Ni% denotes the normal form

(5.71) at s; or s, depending near which saddle we apply the identity.
Equation (5.52) is translated into:

Xy, (n,m)) A

o5

! ¢

X, (1.0)). 2 (n,0)  %2(0,0).2(n, 0)

| Xpu(},(n, 0)) |12 | %k (n,0) |2
(5.76)

Formula (5.75) implies that the area A’ in the proof of Theorem 5.5 is

now replaced by:

= —(1+eA,(n,m) +0(2), i=1,2
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Further, for e = 0, formula (5.76) leads to

X (05(n, 0)).22(n,0) 24 (n,0).2% (n, 0)

m on

I XD I G, 0) 2

such that ¢/ (n,0) appearing in the formulas of Theorem 5.5 now equals
Gy(n,0) + O(g),e — 0.

—d;n = 0y(n,0), (5.77)

Noticing that the divergence of X, reads div X, = ediv(f,g) + O(¢?)
and referring to the normal form in (5.71), it should be clear for the
reader that formula (5.56) in Theorem 5.5 reduces to

R(0) = ery (K, 1) + e°ra(K, ), (5.78)
where 7 (K, 1) is the function given by
A
(K, ) =a(p)+6(p) In K + U, (K) —/ 3 95,
roc | X |l

with all appearing functions defined as above.

Notice that the transformation 7 = R;,(0)m in normalizing coordinates
leaves the equality (5.78) invariant up to order O(s?). Therefore, one can
always assume that the condition 2/, (0) = 1 is satisfied such that it is
justified to apply formula (5.57) for obtaining a formula for R/(0) up to
order O(g?).

Because R, = I + O(¢e), we can write:
R;(0) = en(m) + O(e?), (5.79)

for some function 7n(f), C* dependent on fi. In particular comparing
(5.78) with (5.79), one sees:

Tl(Kv ﬂ) = U(ﬁ),
for all 0 < K < Ky, Ky near zero. This implies:

n(ﬂ) = [l(lino Tl(Ka ﬁ)?

resulting in formula (5.74). O



142

5.5 Calculation of 7; and 7,

We are mainly interested to apply the techniques of the previous sections
within the framework of Section 5.1. Consider:

o= )t er )
(X,) : 6Hy (5.80)
g = o5, @y tegley p),
where H, f,g are all C* and pu = (fi,¢) is varying near (fiy,0) with
1o € RP. Suppose that for ¢ = 0, Xz, 0) = Xy admits a period annu-
lus bounded by a hyperbolic 2-saddle cycle £L. We choose H to be zero
on the 2-saddle cycle and strictly positive on the nearby closed orbits.
Denote s; and s, as the hyperbolic saddles and I'; and I'y as the saddle—-

connections constituting £ as in Figure 5.1.

In this section, we obtain formulas for 7;(f,0) (resp. 72(f,0)) in the
case where one can find a curve in parameter space passing through
(71, 0) along which 'y (resp. I's) persists.

Appropriate normalizing coordinates near the saddles of a Ha-
miltonian 2—saddle cycle

One proceeds similar as in Section 5.4 to obtain a C* transformation
(z,y) = ¢},(n,m), near s;, such that (X,) is transformed into (5.71) up
to a non—zero factor E;(n,m,u). All notations are kept the same as in
the previous section.

The normalizing coordinates (n,m) can be chosen such that for e = 0:
points on the positive n—axes correspond to points on the stable and un-
stable separatrix (coinciding along I'; for € = 0) of s; and s, respectively;
similar, points on the positive m—axes correspond to points on the un-
stable and stable separatrix (coinciding along T's for ¢ = 0) of s; and s,
respectively; moreover, near s;, for ¢ = 0 and on {n > 0}, the Hamilto-
nian expressed in normalizing coordinates reads nm and the equivalence
factor reads —1/ det Dy (n,m), i = 1,2.



CHAPTER 5. EXAMPLES OF ALIEN LIMIT CYCLES 143

The above choice of coordinates implies an orientation on the normal-
izing coordinate axes. In particular ¢} and 3 have to be chosen such
that det D$(0,0) > 0 and det Dv2(0,0) < 0. This can be achieved by
performing, if necessary, coordinate switches near the saddles such that
det D}(0,0) equals 1/A; and det Dvy3(0,0) equals —1/)\,. Afterwards,
if necessary, a reflection with respect to the origin will be sufficient in
order that the positive n—axes and m—axes correspond to the appropriate
separatrices.

Formulas for calculating n; and 7

Choose appropriate normalizing coordinates near the saddles s; and ss.
As in (5.54), choose transverse sections X, and X7 corresponding to
{n = 1} in normalizing coordinates near s; and s, respectively. Sim-
ilar choose transverse sections Zz and Ei corresponding to {m = 1} in
normalizing coordinates near s; and s, respectively. The sections E}L
and Ei are parametrised using the normalizing coordinate m while the
normalizing coordinate n is used in order to parametrise the sections Zi
and Y.

Consider the transition maps R}, (m) and R (n) from X; to X3 and ¥,
to X, respectively, see Figure 5.2. The coefficients n;(u) and ny(p) are
defined as in Section 5.1:

R (m) = m + e(—0(p) + u(p)m + m(p)m® + O(m?)), (5.81)

and
Ri(n) =n+e(p(p)n® + O0(n?)). (5.82)

We assume that I'; as well as ' stay unbroken along a curve

7 =7(e),

We have the following corollary of Proposition 5.6.
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Corollary 5.7 Suppose (X,,) is a perturbation of a Hamiltonian vector
field Xy = X, 0) like in (5.80). Suppose Xy contains a 2-saddle cycle
i its flows, constituted by two saddles s1, sy and two saddle—connection
Iy, Ty which stay unbroken along a curve 1 = ~(g) in parameter space
passing through (fi,, 0). Choose appropriate normalizing coordinates near
the saddles in which (X,) reads as in (5.71) and consider the functions

0, and A’ defined in (5.72) together with the coefficients a%(i) and b9 (7).
0 o 3 )

Let T'K be the part of T lying between (K, 0) and ¥2(K,0). Anal-
ogously let T'Y be the part of Ty lying between (0, K) and ¥3(0, K).
Denote f,, and g,, as the restrictions of f and g to p = (p0,0) respec-
tively. Then the coefficient 1n1(fiy, 0) as defined in (5.81) reads

(7, 0) = fim, o) + 00 W K + Vi (8) - [ ],

=1l
K—0
_ (5.83)
where A(z) is defined as

A(2)=D(div (f. gu0>>z<xﬁ<z>>—{<2mo 1 Xl —eut] Xia)iv (Fuo. 9 >} (=)

with ko(2) the curvature of Xy at z, defined as in (5.20), and V4 (K) is
given by the difference V;O(K) v (K) with:

Ho
—2 —1
—1 1 8Aﬁ0 8Aﬁ0
VL) = (G0 - SR0),
—1 -2
e LB L B(E)
Vi) = (e i+ 2 i ),

where div; = div (fuq, 9uo) (V5(K,0)). The coefficient o(fy) is given by
as(Fo) — &g(ﬁo) and 0(Fiy) is given by 0x(fig) — 01(Fp) with &) (fp) =
2(67 (o) + @ (10) ).
Proof: Applying Proposition 5.6 on the family (Z.) = (X(y().)), one
easily obtains from formula (5.78):

d’R!}

(v(€):€) _ 2
W(O) = €T1(K, 5) + O(E ),
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for each 0 < K < K, K near zero, with

r(K,e) = B
a(y(e)) +6(v(e) n K + Uy (K) —/F ﬁds} + O(e).

Remark here that I'; runs from s, to s;. So, compared with the previous
section, the roles of s; and sy are interchanged. On the other hand

d?R} o)
—0O9 (0) = e (1(e), ) + O(e?)

dm

such that
m(y(e),e) +0(e) =ri(K,e) + O(e).

Substituting € = 0, one obtains:
771(E0> 0) = rl(Ka 0)7
for each 0 < K < K, resulting in the stated formula. [

Corollary 5.8 With the same notations and considerations as in Corol-
lary 5.7, the coefficient n2(fiy, 0) as defined in (5.82) reads:

(7 0) = Jimn | 3(7) + 3 &+ Vy6) ~ [ ]

~ (5.84)
where A(z) is defined as in Corollary 5.7 and Vi (K) is given by the
difference V2 (K) — Vi (K), with:

—2 —1

- 1 /0A- _
L) = (G0 - SR0.K).
—1 —2
- 0,(0, K) 0,(0, K) ..
2 = 0 20\
ﬁo(K) = K( K divy + WK divs |,

where div; == div (fu,, guo) (¥(0, K)). The coefficient 5(fiy) is given by
() — () and 6(71,) s given by 6,(7) — 61(7) with 62(7g) = 2(2(7o) +

a; (o))
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Proof: Locally near the saddles, the unbroken connection I'y corresponds
to the m—axis in the normal forms. After a coordinate switch (n,m) —
(m,n), we can apply Corrollary 5.7. The coefficients in the normal form
(5.71) switch roles and change sign, if we want to keep the expression of
(5.71) as it is. Because I's runs from s; to s, the roles of the saddles are
interchanged compared with Corollary 5.7. [

5.6 Unfolding a Hamiltonian 2—saddle cycle

In this section, we apply the formulas obtained in the last section in a
specific example. Consider a Hamiltonian vector field Xy with Hamilto-
nian

1
H(z,y) =y(a® + Ezﬁ -1),

which we unfold as (X(;.)) given by:

{ Po= 1— 4y — 2+ e[y + iyl +y(a? + 5y — D@ — Yay)],
y = 2zy+ey(py + o).

(5.85)
The phase portrait of Xy looks like in Figure 5.4. It contains four singu-
larities: two centers at (0, +2) and two saddles given by s; = (—1,0) and
sy = (1,0) where both saddles have eigenvalues £2. The singularities
stay fixed after perturbation, as well as the saddle—connection between
them lying on the x—axis. The saddles and the saddle—connection on the
xr—axis are part of two 2-saddle cycles, one lying in the half plane {y > 0}
and one lying in the half plane {y < 0}. On the 2-saddle cycles, H takes
the value zero, inside the annulus lying in the half plane {y < 0}, H is
strictly positive.

We suppose that p varies in an neighbourhood of (0,0) and verify con-
ditions (5.7), (5.9) and (5.12) near the 2-saddle cycle £ lying in the half
plane {y < 0}. From [16], one concludes that £ produces at least one
alien limit cycle inside the family (5.85), u varying near (0, 0).
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SlUSQ

Figure 5.4: Phase portrait of Xy = X¢).

The conditions concerning the transition maps

Let us start by verifying the condition concerning the transition maps
along the 2-saddle cycle £. We suppose that 1 = (f,¢) varies in a
neighbourhood of (0,0) and verify condition (5.12). Along {@ = 0} the
perturbation is zero on both connections of £, implying that they persist
in the subfamily X .y. Hence it is justified to use the formulas (5.81) and
(5.82) in order to calculate 7;(0) and 79(0). In what follows, notations
are kept the same as in Corollaries 5.7 and 5.8.

Calculation of appropriate normalizing coordinates

We calculate the appropriate normalizing coordinates near the saddles of
the subfamily (X.) = (X(o.)). The unfolding (X.) reads:

(X).{f = 1-1y® =2 +ey(a® + Fy* — 1)(z — ¥Eay),
L)
y = 2y
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with Xg = Xy. It will appear to be sufficient to perform normal form
calculations up to order 4.

The Hamiltonian vector field Xy has two hyperbolic saddles, one at
(—1,0) and one at (1,0). Near (1,0), we proceed as follows. We start
with calculating the 3—jet of (z,y) = v¥3(m,m), the coordinate change
transforming Xy into the normal form (5.68) up to C'™ equivalence.
First we translate the singularity to the origin, yielding:

T = —2x—iy2—:p2,
Y = 2y—+2xy.

The linear part at the origin is already in its jordan form. All terms of
order 2 are non—resonant such that the transformation

1, 1_,_

will remove all of them. The 3—jet of the obtained vector field reads,
writing (z,y) instead of (7, 7):

L 7
& = =2z —a2®+ Say?,
y = 2y—a%y— 5y’

Continuing this procedure, one obtains the transformation

ol T, 1, 1
that will remove all terms of order 3. One concludes that the 3—jet of X
is C¥ linearisable by the transformation given by the composition of the
translation (x,y) = (Z + 1,7) with (5.86) and (5.87).

The Hamiltonian expressed in the new coordinates already reads 2zy
up to order 5. Therefore the transformation that brings the Hamilto-
nian in xy is up to order 4 given by a dilatation that one can choose
to be (z,y) = (T, %). After a switch of the normalizing coordinates and
a reflection (x,y) — (—x,—y), the positive z and y—axis in normaliz-
ing coordinates correspond respectively to the unstable and the stable
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separatrix of sy lying on £. One obtains the following 3—jet of the trans-
formation (z,y) = ¥2(m, m):

_ = 129 129 18 T oo
(:E,y)—(l—m+5m — 5gn — 3 — M,

(5.88)
—in—inm - lnm?+ Ln®
The 3-jet of (X.) is transformed into:
no = T+ sen’m,
, s (5.89)
m = —m-—jenm—ePan’m,

up to a factor 2 4+ O(|mmm|?).

Near s; = (—1,0), one can proceed totally analogous as above. How-
ever, one can also make use of the symmetry of Xy with respect to the
y—axis, leading to the same results.

The Hamiltonian vector field is invariant under the transformation

("L‘ay7t) = (_xaya _t)a

such that the behaviour of Xy in the region {(z,y) | =1 <z < —1+4¢¢}
is exactly given by the behaviour of — Xy in the region {(z,y) | 1 —&¢ <
x < 1}. Choosing v := S o 92, where S(z,y) = (—z,y), the 3—jet of
(X.) is near s; transformed into:

n = n—ien’m,
= T+ Lenm + e L

(5.90)

3l

m,

up to a factor —2 + O(|nm|*). Moreover the Hamiltonian expressed in
new coordinates reads n'’m, up to order 5.

One continues by performing a transformation of the form I + ep!,
t = 1,2 near s; and sy respectively, keeping the unperturbed vector
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field unchanged but removing non-resonant terms of order less then 4,
appearing after the parameter ¢ in expressions (5.89) and (5.90).

Writing at each step again (z,y) as the old coordinates and (7,7) as
the new coordinates, the term %xya% in (5.89) can be removed by means
of a transformation

(,y) = (T,¥ - %EW), (5.91)
yielding in the vector field:
i = x4+ sexty,
y = —y+te <i€— %) 22y,

The non-resonant term
€ 15 — —\/gﬁ 22 2
FRERRER R P

can be removed in the 3-jet by a coordinate change

(z,y) = (T,7 — %e Gs — g) 7°7) (5.92)

yielding in the following normal form at s, for the 3—jet of (X.):

(5.93)

n = n+%€n2m,
m = —m,

up to a factor 2+ O([mm|’). Analogously, performing the transformation
_ 1 L1 3\ ,
(m,m) = (n,m + §s(nm +3 (15 + 3> n m)),

the 3-jet of (5.90) will, locally near s, be transformed into:

{7’1 = n—%z—:an,

m = —m,
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up to a factor —2 4+ O([mm|*).

Remark that one can use the program in Appendix A.1 for calculating
the above normal forms.

Calculation of 7,(0) and 7,(0)
We use formulas (5.83) and (5.84) to calculate 7,(0) and 7,(0).

Using the above normal form calculations, one computes:

—1 —2 13 1].
Oy, m) = Bo(n.m) = Sow— oy + O (w,9) I, (594)

and:

(5.95)

2

{ Ay(n,m) = tn4 LVBrn2 +O(| (n,m) |1?),
Ay(n,m) = —in—LVBan2 4+ 0(| (n,m) |*),

together with:

v (g0 ) = 20y~ V) + w1 - V), .90)

where fy and go are the functions appearing after the parameter € in the
expression of (X.). In particular, one gets:

div (angO)(,le)g](OaK)) = 07 1= ]-727 Vo< K < KOa

such that V2(K) = 0, for each K near zero, in formula (5.84). On
the other hand, using (5.95), one sees that the asymptotic behaviour of
Vi (K) as K — 0 is given by:

~ 1

Vo (K) = == + O(K), K —0.
One concludes that the function Vy(K) in (5.84) has the following asymp-
totic behaviour as K — 0:

Vo(K) = — + O(K), K —0.

1
K
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Further, from (5.94), we have:
%mmpﬁmangK+mK% K —0

and, from (5.96),

div (fo, 90) (V5 (K, 0)) = div (fo, go)(¥5(K,0)) = =K + O(K?),

such that the function Vi (K) in formula (5.83) is given by:

— 13
vmn:—ﬂ+omyKﬁa

Using (5.95), one easily gets
Vo(K) = O(K), K — 0
implying that V(K) in formula (5.83) is given by:

— 13

We are left with the calculations of the integrals appearing in the formu-

las (5.83) and (5.84) of 7;(0) and 72(0) respectively.

Consider the integral in formula (5.84), along the orbit I's lying on the
xr—axis. Parametrising the orbit using the z—coordinate leads to an in-
tegral over x € [ri(0, K),r%(0, K)] with ¢} = (r¢,r}) and K varying in
10, Ko, Ko near zero. A direct calculation yields the following primitive

of the integrandum:

1—=z x
F =1 — .
(@) n<1—|—x) 2?2 —1

The integral then equals F'(r?(0, K))— F(ri(0, K)) or because 7{(0, K) =

—72(0, K):

r2(0, K) 1—7r3(0,K)
Ji=—9_ V2" 9] S kAl
20K -1 “<1+r%<o,f<>)
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Using (5.88), one easily finds that
1
r2(0,K)=1—K + 51{2 +O(K?*, K—0
yielding in

1
I= ?—21n2+21nK+O(K), K — 0.

Consider now the integral along the connection I'; in formula (5.83),
r -x2+iy2—1:0
1- 192 )

which can be parametrised by the x—coordinate yielding an integral over
r € [r?(K,0),r{(K,0)]. A direct calculation shows that

G(z) = g(x) +%ln Gfi)

is a primitive of the integrandum, with ¢ a function of a rather long
expression satisfying

. . 13,
Jim g(2) = ~limg(x) = 57 — g™
Thus, the integral equals G(—r?(K,0)) — G(ri(K,0)). Using (5.88), one

sees K2
rI(K,0)=1— o6+ O(K?*), K—0

such that the integral equals
I:=2c+2InK —In192+0(1), K —0,
with ¢o = lim, |4 g(x).

Substituting all the obtained data in the formulas (5.83) and (5.84), one

gets:

35 3
m(0) = 5T In192 + sz, 72(0) = 2In 2.
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The conditions concerning the Abelian integral

Suppose h > 0 and denote 7, as one of the closed curves inside the
annulus of which £ is the boundary. The Abelian integral is defined as:

/ fdy — gdz, (5.97)

with f(x,y,u) and g(x,y,u) the functions that appear after the para-
meter ¢ in the expression of (X)), (5.85). We now check the conditions
(5.7) and (5.9).

In what follows, we show how to calculate the coefficients in the ex-
pansion

I(h,7i) = p(f) + q(@hlog h +r(@)h + s(@)h*log h+ O(h?).  (5.98)
The Abelian integral is given by:

I(h, 1) = fyh Hsrydy — (fy + fiax)ydz

_ 1 x
+ [, Tayady +y(2® + Sy = 1) — {Eyr)dy

H(z,y)

= fiy [, y*edy + (Hg - %h) |, wydy

+h fyh xdy — iy fyh ydx — Ti, fyh rydx

Using
[, d@y)=0 = [ ydv=— [ wzdy,
L, dZy)=0 = |, vydx = —1 L, rhdy,
f% x2dy = th 2edxdy =0,
implies
o L _
I(h, 1) = fyda(h) + (ts — ——h) 11 (k) + (1, + h) Lo (), (5.99)

8
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with Ix(h) = f% y*xdy. Now by direct computation, one easily verifies
that:

limy_o Io(h) = —V/3m,
hmh_,o ]1(h) = 8,
hmh_,o ]Q(h) = —3\/377',

In particular the condition to have a 2-saddle cycle is given by:
1(0, ) = _3\/§7Tﬁ4 + 8z — \/§7ﬁ1 =0.

Referring to [13|, the Picard-Fuchs equation are given by:

g (o 3p2—2 —3p 2 I
D(h)% L] = h 8 —h | | L], (5.100)
I —3p2 —3h 3n?) \L,
with D(h) = 2h(h* — (4)%). Writing;
Io(h) = =37+ aih + aghlogh + ash?logh + O(h?),
Ii(h) = 84 bih+byhlogh + bsh?log h + O(h?),
I(h) = =337 +cih+ cyhlogh 4 csh?log h + O(h?),

and substituting this in (5.100) gives:
(213 — 2h) [a1 + az2(1 +log h) + az(2hlog h + h) + O(h)]
= (2h* — 2)Io(h) — 3hI;(h) + 315(h)
(8h3 — 2h) [by + ba(1 + log h) + bs(2hlog h 4+ h) + O(h) ]
= hly(h) + 2h*I;(h) — hly(h)
(213 — 2h) [c1 + c2(1 + log h) + c3(2hlog h + h) + O(h) ]
= —3h21y(h) — 3hIy(h) + 3h*I5(h)

2
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Comparing the coefficient with h in every equation leads respectively to:
2
—2a1 =20 = —201 —6+ 301, —2b1 = 2by = W31, =2, —2c, = —24,
Those with hlogh are given by:
2
—2(12 = —2(1,2 + 502, —2b2 = 0, —202 =0.
So
as = —1, by = —V/3m, by = 0, o =12, ¢y = 0.

We conclude that:

Io(h) = —37+ayh — hlogh + ash?® + ash?log h + O(h?),
I(h) = 8—+/31h+ bsh? + bsh?logh + O(h?),
Li(h) = =331+ 12h + c3h? + cyh?log h + O(h?).

Using (5.99), the coefficients in (5.98) are given by:

p = —3V3n, + 8fi; — V37T,

= _ﬂlu

Q

<

2393 3

= 127, — V37, + aifiy,

»

= Cafly + bafiy + aqfiy; — 1,

So p(0) = q(0) = r(0) = 0, but s(0) # 0. Moreover, it is easily seen that
the map
i = (p(R), q(m), (1), ar (1)),

with oy () = 5(; — 7i,) is a local diffeomorphism at zero.

1
2



Chapter 6

Cyclicity of an unbounded
semi—hyperbolic 2—saddle cycle

We will study the cyclicity of an unbounded limit periodic set inside a
family of Liénard systems of type (m,n) with m < 2n+ 1, m and n odd.
We have already seen in Chapter 2 that it is possible for such Liénard sys-
tems to contain a heteroclinic connection between two semi—hyperbolic
saddles at infinity, giving rise to an unbounded semi-hyperbolic 2-saddle
cycle, see Figure 6.1.

Figure 6.1: An unbounded semi—hyperbolic 2—saddle cycle.

In this chapter we are aiming to find an upperbound on the number of
limit cycles that can perturb from such an unbounded semi—hyperbolic
2-saddle cycle L, generalising the techniques used in [5].

157
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Let (m,n) be natural numbers chosen fixed such that m < 2n+1, m and
n are odd. Consider a family of general Liénard systems:

To= Y,
(X)) 14 el (6.1)
g o= (@m0 wat) =y + Y i),
with paramater values (a,b) = (ag, a1, ..., @m—1,b0,...,b,1) lying in a
neighbourhood of a parameter value (@, b) = (@, @1, ..., @Gm_1,b0, - -+, bp_1)
for which X (0 % has an unbounded semi-hyperbolic 2—saddle cycle L.
Introducing the difference map AP (w) near L, with Aﬁ“vb)(O) = 0,
we will search an upperbound on the cyclicity of Lo at (a,b) inside the
family (X, ;). This cyclicity is defined as:

cycl(XP (a5 Los (@, b))= limsup {number of isolated zeros w of A(@"}.
(a,b)—(@,b),w |0

For m = 1, the above family (6.1) is a family of classical Liénard systems.
As is shown in [5], £y has finite cyclicity inside a family of classical
Liénard systems. However the techniques used in that article can also be
used in a more general context which we want to describe in this chapter.
Unfortunally a complete generalisation for m > 3 will be difficult as we
will see below. For the moment, the techniques introduced in [5] only
permit us to prove finite cyclicity of £y in certain subfamilies of (6.1).
We will obtain a quite good estimate for the cyclicity.

6.1 The difference map

In this section, we introduce the difference map near the unbounded
semi-hyperbolic 2-saddle cycle. This map will enable us to study the
limit cycles that can perturb from £, inside the family (X(Omb)). Such
limit cycles are also called large amplitude limit cycles.

It will appear to be useful to switch to the Liénard plane by means
of the transformation

y=y+F(z), (6.2)
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with F'(z) = (2" + 3.1, biz') and F(0) = 0. In order to study large
amplitude limit cycles an appropriate compactification of the phase plane
has to be performed. Notice however that the behaviour obtained at
infinity is not essentialy different from the behaviour at infinity of X ?a,b)
described in Chapter 1. Indeed the transformation (6.2) is extendable to
infinity [10].

Switching to the Liénard plane and compactification

As is well known, the study at infinity of (X (Oa ») can be done by means
of charts. Both semi-hyperbolic saddles s; and s, in Figure 6.1 cannot

be studied at once in one chart.

Therefore, we switch to the so—called Liénard plane bringing (6.1) into:

io= y= (et i ),

g o= = (a0 ),
where we have switched the roles of a; and b; to agree with the notation

used in [5]. We can simplify (6.3) by removing the coefficient in front of
2™ by means of a coordinate change

(6.3)

(z,y,t) — (px, By, 71),
with

m—1
m m—(2n+1)
W= (n+l)m7 = (n_;_l)Wtfﬂ) and ~ = 1 o
n+1

Because m is odd, (6.3) always has a singularity. After a translation a
singularity can always be supposed to lie at the origin, implying that
bp = 0. Adapting again the exact value of (a,b), one sees that it is
sufficient to study a family (X, ) of the form:

T = Yy — (.I‘n—H + Z aix"+1_i> ,
m—liz1
=1

(X(a,b)) . (64)
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with (m,n) € N? fixed such that m < 2n+1, m and n are odd, and with
parameter values

<a7b) = (alu"'aanablw"ubmfl) S W7
varying in a neighbourhood W of a parameter value
(@b) = (@, ..., 0, b1, .., bm1)

for which X ;3 has an unbounded semi-hyperbolic 2-saddle cycle. Re-
mark that we have also rearranged the coefficients which is more natural
realising that in the calculations at infinity, the coefficients of the higher
order terms will play a more prominent role.

We show that for a system X, like in (6.4), both semi-hyperbolic
saddles at infinity lie in the chart in the positive y—direction. A study in
the positive y—direction can be done by means of the tranformation

T =u/s, y=1/s""

and by multiplying the result with s”, leading to the family

4 n
v o= 1—u"t— E au" s
i=1
uerl m—1 ) )
(X ) . + S2n+17m 4 U E : biumfzSQnJrlferz’
(a,b)) - n+1 n+1 -
1=
1 m—1
$ = S2n+27m um 4 E :biumflsl )
n+1 ,
\ =1

(6.5)
The blown up vector field has two singularities s = (£1,0) that are
both semi—hyperbolic saddles with linear part

—(n+1) o
s ( S,
To understand the behaviour near s, = (1,0), we study the behaviour
on the center manifold that locally can be written as a graphic

{(U(s,a,b),s)|s>0}, (6.6)
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for some smooth function U with U(0,a,b) = 1. From (6.5), one sees
immediately that the behaviour on the center manifold is given by

1
$ = n—H82n+2im + O<32n+3im), s — 0. (67)

The behaviour near s_ follows easily from the behaviour near s, using
symmetry arguments. The flow of X(a,b) is invariant under the trans-
formation

(t,u,s) — (—t,—u, —s).

Therefore the behaviour of the flow of —X(mb) near s_ in the region
{(u,8) | s> 0,-1 < u < —¢} is found precisly in the behaviour of the
flow of X(,;) near s, in the region {(u,s) | s < 0,e < u < 1}, where
e > 0.

Furthermore by means of the transformation
r = —u/s, y=1/s""

one can easily verify that in the negative y—direction there are no singu-
larities. The transformation

x==x1/s, y = u/s"!

permits to study respectively the behaviour of X, ;) in the positive and
negative x—direction. One finds a repelling respectively attracting node
at the origin yielding the behaviour at infinity that is shown in Figure
6.2 (a).

As before we denote (Y(a,b)) as the family of vector fields on the Poincaré—
Lyapunov disc of degree (1, + 1) obtained from the family (X)) after
compactification.

Definition of the difference map

Denote I'y as the connection at infinity between the saddles s_ and s,
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oI 2

(a) (b)

Figure 6.2: (a) Behaviour near infinity of system (6.4), (b) A semi-
hyperbolic 2-saddle cycle at infinity.

of X(4p), i-e. the part of the u—axis lying between (—1,0) and (1,0) in
X(ap). This connection stays fixed for all parameter values (a,b) € W.
Denote I';,, and T, as the local center manifolds of s_ and s, re-
spectively. For (a,b) = (a,b), these two local manifolds coincide along a

heteroclinic connection, being part of £;. Denote this connection as I's
(see Figure 6.2 (b)).

Choose sections Y transverse to I'; near the saddles and parametrised
by a regular parameter. Furthermore, if the regular parameter on X%
is denoted by w, w > 0, then we suppose that the intersection I'; N 3!
corresponds to w = 0. One can define (see also Figure 6.2 (b)):

1. the Dulac maps Dgf ) describing the corner passage near si from
31 to X3 defined by the flow of £X ),

2. the regular transition maps RE“”” near I'; from ¥ to ¥, i = 1,2,
defined by the flow of £X ;) respectively.

The difference map A : $1 +— 2 expressed in the chosen parameters
on the sections X! and X7, is defined as:

A (w) = Aw, (a,0)) = (RE™ 0 DU — DI o RE) (w),
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with w lying near zero and (a, b) varying close to (@, b). The dependence
on (a,b) in all above defined maps is smooth.

The large amplitude limit cycles correspond to small positive zeros of
A The cyclicity Cycl(X (qp), (Lo, (@,D))) is equal to the least upper
bound of the number of isolated zeros of A for w | 0, (a,b) — (@, b).
An upperbound on this cyclicity will be found by applying a division—
derivation algorithm to A®? | based on Rolle’s theorem.

A suitable choice of the sections ¥/, together with their regular para-
matrisations will enable us to calculate the difference map. This choice
is determined by the normal form coordinates near s, in which X(a,b),
up to C'*° equivalence, reads:

N, : {z - (6.8)

W = w2n+2—m<1_i_a(a’b)wZn—i—l—m)—l’

with a = a(a, b), C>* dependent of (a,b). Denote ¢ = @b : I s U' as
the C'*° coordinate change expressing locally the normalizing coordinates
(z,w) in function of the coordinates (u, s). In Chapter 4, Section 4.3, we
proved that such normalizing coordinates exist. Remark that after some
dilatation we can suppose that [0,1] x [0,1] C U’. In the future we will
often not mention explicitly the dependence of ¢ on (a,b) for not over-
loading the notation. We now choose sections as follows.

Let
oy ={(1,+w) |w>0}NU and o = {(2,£1) | 2 > 0} NU’

and then choose:

SL=¢7'(0}), i =¢'(0}),

that are clearly transverse to I'y, ', respectively (see Figure 6.3). By
symmetry of the flow of X (ab)> ONE can choose:

21— = {(u7 S) ‘ 90(_“7 _S> S 01—}7 22— = {(u7 S) ‘ 90(_“, —S) € 0'3},
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transverse to I';, I'; , , respectively. Notice that by this definition the sec-
tions X%, 7+ = 1,2 depend on (a, b). In a natural way, we can parametrise
¥ by the first normalizing coordinate w and X3 by the second normal-
izing coordinate z.

To obtain a cyclicity result, it will be sufficient to study the Dulac maps
and the transition map R\"”. Herefore we will express R\*” and the
Dulac maps Dia ¥ in function of the normalizing coordinates near s, .

Let us start with the calculation of the Dulac maps.

N
Q Q
JQ‘
)

Figure 6.3: Corner passage in normal form.

The Dulac maps
In normalizing coordinates (z,w) the corner passage near s, in the half
plane {w > 0} reads:

Dy =D%:0l o3 (1,w) — (D(w),1), (6.9)

for some C'* function D = D®. The Dulac map D, is then completely
described by D:

DIV 5 o 22 - (u,5) o 97 (Da(p(u, 9))).

It is the map D that is the expression of D, in normalizing coordinates.
Using symmetry arguments also D_ can be completely described by D.
Indeed by symmetry of the flow of X, ), the Dulac map D_ reads:

D5 = %2 (u,5) > o (D_(p(u, 5))),
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where D_ = D% : g; +— o0, is the corner passage near s, in the half
plane {w < 0} in normalizing coordinates. This corner passage equals:

D_=D":0' % :(1,w) — (D(w),—1).
where we have used the invariance of the normal form N, under the re-
flection (¢, z,w) — (t, z, —w).
So we are mainly interested in the map D that is calculated in the fol-
lowing proposition.

Proposition 6.1 Let D = D be the C* map defined in (6.9), com-
pletely determining the corner passages near the saddles of X(qp). Then

1 — wm—(2n+1)
2n+1—m )

D(w) = u® exp (

Proof: Indeed D is determined by the integral equation:

1 2n+1—m D(w)
1+av 1
/w g = /1 Zd=

meaning that

1 wm™ (2n+1)

_2n+1—m+2n+1—m

—alnw = —1n D(w)
which immediately implies the result. [J

The transition map along [';

Also the transition map Rﬁ“"” can be expressed in normalizing coor-
dinates. We define the C*° map R; = Ri“’b) as:

PR (—p71 (1, —w))) = (1, R (w)), (1,~w)€ol.  (6.10)

Analogously let Ry = Réa’b) be the map describing the transition map
R from X2 to >? using normalizing coordinates.
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The rest of this paragraph will be devoted to the calculation of the deriva-
tives of R§a’b) at zero. Herefore, we use a similar technique as in Chapter
5 in which we pass to the limit of a regular transition as the sections
come arbitrarily close to the semi—hyperbolic saddles.

The derivatives of Rﬁ“"” will be strongly related to an intermediate nor-
mal form. From Chapter 4, Section 4.3, we know that there exists a C'*°
family of transformations, defined on a neighbourhood of s, that brings
(X (ab)) into an intermediate normal form (N, (22’2))

v o= 2“9V,

: (6.11)
S = g(a,b)<5)52n+2—m’

(N(i:,%)> : {

7 7 7b — — . . . .
where h = h(a : and § = g are strictly positive smooth functions.
Again by symmetry arguments, this normal form can also be used in the
neighbourhood of s_.

Denote (v,s) as the C™ coordinates in which this center manifold in
(6.6) has been straightened:

(v,8) = (—u+U(s,a,b),s).

From (6.7), we know that the behaviour of X, on the center manifold
is of the order O(s***2=™). Normal form calculations imply that 7Y
and g in (6.11) are given by:

m—1
1 o
gen(s) = (U(S)m + :biU(S)mlSZ> +O(82Emy,
i=1

n+1

7 (a,b)

B(S) = (0 + DU(S) + D (n-+1 - Dali(S)S" +0(s™+-m),

(6.12)
as S — 0, where we have omitted the dependence of U on (a,b). Writing

§(S) e ,
LS =1 Y gila,b)S +O(STTM) S — 0, (6.13)
i=1
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where g; = g;(a, b) are polynomials in the parameters (a, b), we can state
the following theorem.

Theorem 6.2 Consider the map Ry = @“’b), as introduced in (6.10),
describing the transition of the flow of X,, from ol to o} along the
unbroken connection I'y. Let g; be the coefficients defined in (6.13). Then
we have:

R1(0) =0 and R} (0) =1
If 0 < k < ZH=m sych that gy = g3 = -+ - gar—3 = 0 in (6.13), then
RV =0, wv2<j<2k-—1,
and
RP0) = regor_1, RPF(0) =0,
with

22! (n 4 1)3nirn L
f— ! 2n+1—m .
"k (k)1 (n +1) 2n+2—m — 2k

Notice that in the above theorem, we have omitted the dependence on
(a,b) in the notation of R; and the coefficients g; for not overloading the
notations. We will now give a sketch of the proof of the above theorem.
The proof proceeds in a totally similar way as in [5]. For further details
we refer the reader to [5].

Let ug > 0, sp < 1 be fixed and (uo, s¢) sufficiently close to s, such
that P = {(u,s) | up < u < 1,|s| < so} is contained in U. Let
ITF = {(+u,s) | 0 < s < s}

u

and consider the transition from IT; to I} defined by the flow of X (ab):
I, — I} (—u,s) — (u, H*Y(s)). (6.14)

Choose the w—coordinate as a regular parameter on o = o} Uol. Put

7\ = @b (ITF), there is no need to choose a parametrisation on ("

Denote by

U, = 0 5 glad)
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the regular transition map from o to 7™ defined by the flow of N,
(6.8). Let the inverse map of p(“*) be denoted by ¢ = (@) = (41, 1))
defined on U’ = p**(Y). For (1,w) € o, one can write:

V(P (w)) = (u, (W0 (w)) € T1.

By construction, we now obtain the following commutative diagram:

. R o (—1d) ) wlad)
o — oy — Tu,(a,b)
v | 1 o
T, (a,b) — H: N {S < O} — H: N {S > O}
wéa,b) Hz(La,b) ° (—Id)

(6.15)
Equivalently, we can write, where the parameter w < 0 corresponds with
the point (1,w) € ol:

T (RO () = o0, HED (i (UEOw))).  (6.16)

We have already noticed that X (a,b) Can be put in an intermediate normal
form (6.11) but also in the normal form N,, (6.8). Denote p = @b :
U — U" as the transformations bringing the vector field X (a,p) into the
intermediate normal form NN, (Z:%) Furthermore denote by:

@ — @(a,b) U’ — U"

(V.8) — (V.T@O(S)), (6-17)

the transformation bringing the vector field ﬁ]\@”t into the vector field
N,. Let L; = Lga’b) be the transition map R§a’b) expressed in the in-
termediate normalising coordinate S > 0. Then Lga’b) satisfies a similar
scheme as Rga’b), with ¢ replaced by ¢ defined locally around s, and with

the transition map Ui*" together with the sections o, 7{*" defined as

above but in the coordinates (V,S) (see Figure 6.4).
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A S
I, H o
| " R
S_ |—U1 S+ u
2 S
\I/ga,b)
|—]|
| 1 v
m(ﬁ’b) 1

Figure 6.4: Tllustration of the commutative diagram (6.15) for an arbi-
trarily but fixed uy < u; < 1, using intermediate normalizing coordinates
near the saddles.

Totally similar as in [5], one proves that H{*” (s) = s+ O(s2+3-m)

0. Performing the scheme (6.15) for Lﬁ“””, one finds that the first 2n +
2 — m derivatives of L, are strongly related to the derivatives:

yS —

0% 5, n+1—m
~(1 1<i< —
832’<’O)’ Visis 2

In particular, if 1 < k < 2%51=™ guch that

82@' @2
Os%

(,0)=0, VI<i<k-—1,
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then L
A
5@ =0 v2<m<2%k-1,
82kL 64,52 —2k aZk@Q
82k+1L
L §G2h+1 0) = 0

This relationship can be proved totally similar as in [5].

One proceeds by proving that
Go(V,8) = S+ O(s*™), 5 —0.

The proof given in [5] can be generalised in a rather straightforward way.
One only has to keep in mind that the order of the center behaviour is
2n+ 2 —m implying the necessary adaptions. Notice that the coefficients
b; come to play a rol in the calculations, but at the end cancel to give
the same result. One concludes that

Li(S) =S+ 0O(s*3 ™) S —0.

Finally, using the derivatives of L, one calculates that the derivatives
of R\“? will be related to those of the transformation 7@ defined in
(6.17) which are related to the coefficient g;(a, b) defined in (6.13), yield-
ing Theorem 6.2.

From Theorem 6.2, one sees that the knowledge of the first 2n +2 —m
derivatives of Ri“’b) at zero relies on the knowledge of the coefficients

Ggoivr1, 0 <2 < 2”’27’”’1 We remind the reader that these coefficients are
defined as
—(a 2n—m
(7’L+ 1)29( ’b)(s)

= 1+ gi(a,0)S" + O(S*"*17™), S — 0,
() 2

where g and h are the O™ functions appearing in the intermediate nor-
mal form (6.11).
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We are interested in the expression of a gopy1(a,b) with & < W,
assumming that all previous ones with odd index are zero. For m = 1,
this expression is just a multiple of as; ;. In the general case, the ex-
pression of gor11 will be an algebraic expression in (a,b) of which the
complexity increases considerably as k is getting bigger. However, when
all the coefficients ag; 1 and by;, 1 are supposed to be zero for i < k, the
expression of gor1 is rather simple as we will show in Theorem 6.4. This
result will not be strong enough to obtain a finite cyclicity result of L

inside a general family (X, ) as in (6.4), but only for certain subfamilies
of (X (a,b))-

For calculating the coefficient g1, 0 < ¢ < W we first have to
calculate U(s, a, b), expressing the center manifold.

Lemma 6.3 Let {u = U(s,a,b)} be the center manifold at s,. Then

ou 1
U(Oab)—landa(Oab) T

Moreover if 1 < k < W and k < "T’l such that a1 = a3 = -+ =
asg—1 = 0, then:

621+1 U

ai.

82Z+1(0ab) = 0, V0<i<k-—-1,
1 62k+1U 1
(2k + 1)! Os?k+1 (0,a,0) = T n+ 1 G2k+1-

Proof: Using the invariance of u = U(s) = U(s, a,b) under the flow of
X(a,p), one finds:

dU 1 2n+2—m m = m—1i %
E(S)n—HS U(S) + ZbZU(S) S
i=1

1
1 — n+1 ; n+1 i z m+1 2n+1-m
Z a;U + - 1 U(s)™"s
1 “ . 4
+ U(S) Z biU<8)m7182n+lfm+z.

n-+1
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Up to order O(s*"™17™) s — ( the above equation is given by:
L=U(s)"™ = aU(s)"'s' = 0. (6.18)
i=1

Write

U(s) =1+ ms+78 Yopems™ "+ O(s* ™), s — 0,

with ~; = 12U(0). Comparing coefficients with s in (6.18), we find:
" = ntl
If we assume that a; = --- = ag,_1 = 0 and so by induction also v, =

+++ = 79,_1 = 0, then equation (6.18) reduces to

1— (1 i Z’Y%S% 4 72k+152k+1> _ Z ;U (5)" 12 g2

i=1 i=1

nt1-2k—1 2k+1 _ 2k+-2

—agk+1U(s) s =0(s7"),s =0,

. 1 . . ﬁ . . h 2k+1.
mmplying, comparing coetiicients with s :

7 A2k+1

2%k4+1 = — .
* n+1

t

This lemma permits to prove the following proposition.

Theorem 6.4 Let % and 7 be the C*° functions appearing in the
intermediate normal form (6.11). Write G\@%(S) = gl@b)(S) (E(%b)(S))_1
and let g;(a,b) be the coefficients defined in (6.13). Then

1 m

G(S) = Gl + = g

a1)S + 0(S%),S — 0. (6.19)

Further let k € N such that 2k + 1 < 2n — m, then:
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1. If k is chosen such that 2k — 1 < m — 2 and 2k — 1 < n with

ay :a3:-~-a2k,1:0 andb1 :bgz"'bgkfl :0,
then
. m — 2k
Gic1 =0, V1<i<k and gopi1 = bopy1 — A2k 41-
n+1

2. If k is chosen such that 2k — 1 < n and 2k — 1 > m — 2 with
a1 =a3="--"ag_1 =0 and by =bg =---b,,_o =0,

then

m — 2k
n+1

G2ic1 = 0,V1<i<k and gopy1=— A2k 41-

3. If k is chosen such that 2k — 1 < m — 2 and 2k — 1 > n with
a1:a3:~-~an:0andb1:b3:-~-b%,1:0,

then
92i-1 =0, V1 <i <k and gopt1 = bop1-

Proof: Recall that:

m—1

1 -

geiis) = = (U(S)m+ ) :bl-U(S)mlSz) +O(52mHm),
1=1

(S) = (n+1)US)"+ zn:(n +1—14)a;U(S)" 'S + O(5*"+1=™),

i=1

E(a7b)
(6.20)

From Lemma 6.3, one knows that U(S) = 1 — ;%55 4 O(S?) implying:

1 a
glab) — _ L 2
g\»?(9) n+1<1 mn+15+blS)+O(S ),

(a,b)

7“0y = (n+1)(1—nn6215)+na15+0(52),
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such that (6.19) immediately follows.

We will only prove case 1, the other two being totally analogous. Suppose
that
ap =ag =---ag—1 =0 and by =bg = ---by_1 =0,

with £ chosen such that 2k — 1 < m — 2 and 2k — 1 < n together with
2k +1 < 2n — m. From Lemma 6.3, one sees that

k
U(S) =1+ 75™ - —zzfi ST L O(S42) S 0,
i=1

for some 7;,1 < i < k. One calculates, by substitution in (6.20):

ger(s)

k
, m
nt 1 (1 + ]Zl X}(CL, b)SQJ + (b2k+1 — nt 1a2k+1)52k+1 + O<52k+2)> ,

and

(8)=(n+1) (1 + 2 (e 0 - i

E(a’b)

angS%H 4 O<52k+2)> 7

for some polynomials x} and x7? in (a,b), 1 < j < k. Therefore

k
1 . - 2j 2k 2%+1 2%-+2
7t g T+l <1+ij(a,b)5 + n+1a2k+15 +O0(577) ),
( ) 7j=1
for some polynomials x; in (a,b), 1 < j < k which implies the result.
]
6.2 Cyclicity result

The result in Theorem 6.4 will not be strong enough to obtain the finite
cyclicity of any possible unbounded semi-hyperbolic 2—-saddle cycle L
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inside a general family (X)) of Liénard systems as in (6.4). We will
have to impose extra conditions on (X(,)), considering appropriate sub-
families (Y),) of (X(4)). Let us describe these appropriate subfamilies.

Appropriate subfamilies

We consider families of general Liénard systems like in (6.4)

i o= y— (x"“ + Z aix"+1_i> :
(X(a,b)) : mili:l (6.21)

where each ag; 1 or by;,; is considered to be zero inside the family and
this for each index 0 < ¢ < r with 2r — 1 = min {m — 2,n}. Such an
appropriate subfamily will be denoted as (Y,,) with parameter values y,
given by the non-zero coefficients among (a,b) € R™™~!. The para-
meter p takes values in RP, with p = m +n —r — 1. We prefer to order
(g1, ..., i1p) in such way that all non—zero coefficients among (a, b) with
odd index are placed in front, ordered with increasing index.

For instance, the family of Liénard systems with odd friction term is
an appropriate subfamily:

(n-1)/2 |
i = y— anrl + Z a2ixn+172l ’
Yap) : =

m—1
y o= - (xm + Z bl-xmi>,

i=1
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with parameter values 1 = (b1, b3, ..., by, 2,...). Another example is the
family of Liénard systems with odd forcing term:

( n
T = y-— (f‘“ + g aixnﬂ_’),
i=1

(5/(0176)) : (m_l;/z )
y = — 2"+ Z bz |,
\ i=1
with parameter values = (a1, as, ..., ay,,...).

Consider an appropriate subfamily (Y},) as described above with x vary-
ing in a neighbourhood V of some parameter value x° for which Y, has
an unbounded semi—hyperbolic 2—saddle cycle L.

Theorem 6.2 only permits to calculate the first 2n + 2 — m derivatives.
Therefore in order to be able to calculate enough derivatives at zero of
Rﬁ“”’), we restrict to families of Liénard systems of type (m,n) for which
2n—m > d = max {m — 2,n}. In the future we will also write d = 21 —1,
for an [ € N.

Because the subfamilies (Y},),cy are in particular families of general Lié-
nard systems all the previous calculations apply to them, where we just
have to replace the proper coefficients by zero. In particular compact-
ifying the phase plane results in a family (?ﬂ) which in the positive
y~direction takes the form (V) given by (6.5) with the proper coeffi-

cients replaced by zero.

Because we suppose that Y, admits an unbounded semi-hyperbolic 2—
saddle cycle, the vector field Y0 has a connection I'; between the saddles
s_ and s, that stays fixed for all parameter values i € V. On the other
hand the connection I's between s_ and s, of ?MO crossing the finite
plane can break after perturbation. Moreover locally around the saddle
sy the normal form of Yﬂ reads:

z = —Z,
N, :
{ w = w2n+2fm(1+a(,u)w2n+lfm)fl’
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where a = a(pu) is given like in (6.8), with the proper coefficients con-
sidered to be zero. Like before symmetry reasons imply that this normal
form can also be used locally around s_.

Dulac maps describing the corner passages at the saddles s_ and s, at
infinity and transition maps along the connections I'; and I'y are respec-
tively denoted as: DY and RY,. In normalizing coordinates the Dulac
maps are described by D = D*® and the transition maps along I'; and
I'; by R} and RY respectively. The difference map along Ly reads A*
which in normalizing coordinates is expressed as:

AM(w) = A(w, u) = (R o D" — D* o RY)(w), (6.22)

where (w, 1) varies in [0, Wy[xV for Wy > 0 small.
Finite cyclicity

This paragraph will be devoted to the proof of the following theorem.

Theorem 6.5 Consider an appropriate subfamily (Y,,) as in (6.21) and
let 110 be a parameter value for which Yo has an unbounded semi-hyper-
bolic 2-saddle cycle. Let d = max{m — 2,n} =2l — 1, then

Cycl(Y ., (Lo, u°)) < L.

Let (Y,).cv denote an appropriate subfamily as in (6.21) admitting an
unbounded semi-hyperbolic 2-saddle cycle L, for some parameter value
1°. To simplify the notations, we will omit the dependence on j of the
maps RY,, D", A¥.

Consider the difference map A, as defined in (6.22). By Rolle’s theo-
rem A has at most N + 1 zeros in a neighbourhood of zero if a%A has at
most IV zeros for w near zero, multiplicity taken into account. Therefore
an upperbound on cycl(Y ,, (Lo, u°)) is found by searching the number
of solutions of the equation:

Ry(D(w))D'(w) = D'( Ry (w)) By (w) (6.23)
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in which, as an immediate consequence of Proposition 6.1,

D/(w):wa+m—(2n+2) exp ; exp(— wm*(2n+1) (1+aw2n+1—m)
2n+1—m n+1—m ’

One sees that both sides in (6.23) are exponentially flat. For removing
this exponentally flatness, we introduce a reduced difference map A, in
such a way that its zeroes represent the roots of (6.23) and hence the
zeroes of 2.

The reduced difference map A is defined as follows. One takes loga-
rithms on both sides of (6.23) and suppresses the factor exp (z—-) on
both sides of the equation. In this way, the left hand side is reduced to

m—(2n+1)
log(Ry(D(w)))+(a+m—(2n+2))log w—m—l—log (14 aw?t1=m),
(6.24)
and the right hand side is reduced to
m—(2n+1)
(a+m — (2n+2))log (Ry (w)) — Bl
() (6.25)

log (1 + afty (w)*"+17™)) + log (1 (w).
We introduce a smooth function R; by the relation
Ri(w) = wRy(w).

Noticing that R,(0) > 0, we define the C° map A" (w) = A(w, ;1) by the
difference of the equations (6.24) and (6.25) multiplied by w?*~™:

Alw) = — (zln +1) (1 - El(tgm_(gnﬂ))

— (a+m— (2n+2))w ™log R, (w)

1 + O“1}2n+17m
1+ aRy(w)?nti-m

(6.26)

+ wm log <

+ w? ™log Ry(D(w)) — w?* ™ log R} (w).
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The map A(w, ;1) is well defined on [0, Wy[xV for an W > 0. Indeed
because R,(0) > 0, log R,(D(w)) makes sense and all other logarithms
are taken near 1 for w near zero. Moreover, we know from Theorem 6.2
that

Ri(w) =14+ 0(w), w—0

and hence

1

m—(2n+1) (1- Rl(w)m_(QnH)) =O(w), w — 0. (6.27)

We now have the tool at our disposal for searching an upperbound on the
number of limit cycles bifurcating from the cycle £, at infinity. Indeed by
construction zeros of A" correspond to zeros of %. By Rolle’s theorem,
it follows that the maximum number of zeros of A is at most one unit
more than this number for A. In order to obtain a good upperbound
on the number of limit cycles near L, for ; near 1, it hence suffice to
count small positive zeros of A. As in [5], we call A a reduced difference
map for the family (Y ).

For calculating this reduced difference map, we will need to know R;(w).
Combining Theorem 6.2 and 6.4 leads to the following proposition.

Proposition 6.6 Consider the map Ry = RY, describing the transition
of the flow of Yu from ol to ol along the unbroken connection I'y, ez-
pressed in terms of the normalizing coordinate w > 0. If 0 < k <[ -1
such that

i =0, V1l <1<k,

then R1(0) =0, R}(0) =1, all derivatives

O"R
G (0, 2<n <2k 1,
wn
are zero and
922 R 9% R,
W(O) = Cr+1Mk+1, W(O) =0,

for some constant cp1 # 0.
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This proposition permits to prove the following result.

Proposition 6.7 Let A : [0, Wy[xV +— R be the reduced difference map
as defined above. If 30 < k <[ — 1 such that

then
Aw, 1) = Cryrpipw® + O™, w — 0, (6.28)

for some constant Cl.
Proof: From Proposition 6.6, one knows that
El (w) =1 + ck+1,uk+1w2k+1 + O(w2k+2), w — O,

for some constant c¢j1. From (6.26) and d < 2n — m, it easily follows
that:

_ 1 1 — Ry(w)m=GrtD) o
A = O(w* =
W) = o () + O ™)
— Ckﬂk-i-lek + O(U}2k+1),
Ck+1
=™ O
where C}, m = (2n+1)

As a consequence we can state the following proposition.

Proposition 6.8 Consider a subfamily (Y,) as in (6.21) and let u° be
a parameter value for which Y,0 has an unbounded semi-hyperbolic 2-
saddle cycle. Let A be the reduced difference map as defined in (6.26).
Then the following conditions are equivalent:

1. 30 < Wy < Wy such that A(w, u°) = 0,Yw € [0, W[;

2.1 =pd=... 1 =0.

Proof: Condition 1 immediately implies condition 2 by Proposition 6.7.
Condition 2 implies that Y),0 is invariant under the reflection

(.T, Y, t) = (—SL’, Y, _t>
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implying that the flow of Y0 has to contain an unbounded annulus filled
by periodic orbits and bounded by L, at infinity. [J

For the proof of Theorem 6.5, we have to distinguish two cases. First
the finite cyclicity is proved in the regular case, this is the case where
A(w, u°) # 0 or equivalently

3k :p =0,Vj < kand i, #0.

0
Then the so-called center case is treated. This is when A" = 0 or
0 0
py=---=p =0

We first need the following lemma where we denote by x;(x) the nat-
ural projection:

Rt RY s RETE s (o) = (fhay fivns - fhp)-

Lemma 6.9 Concerning the difference map A defined in (6.26), there
exist 0 < Wy < Wy and C* functions ®; : [0, W1[xV; — R, with x;(V) C
Vi, 1 <i <1, such that ¥(w, ) € [0, W1 [xV:

Z(w’ N) = Z i ®; (w’ ’%i(:u))v (629)

with V1 <4 <:
P, (w, ki(p)) = Cw* > + O(w* ), w— 0,
where C; is given as (6.28).

Proof: Taylor’s theorem applied on A(w, 1) with respect to p; = 0
guarantees us the existence of some C*° function &, : [0, Wy[xV — R
such that V(w, ) € [0, Wo[x V-

Alw, 1) = A(w, 1) [u=0 +p1P1(w, p).

Applying the same principle on A(w, i) |,,—0, we find a C* function
Dy 2 [0, Wo[x Vs = R with k() C Vs such that V(w, p) € [0, Wo[xV:

A(w, p) = A(w, 1) |py=pa=0 F12P2(w, ka(p)) + 111 (w, p).
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Proceeding by induction we find C*° functions ®; : [0, Wy[xV; — R with
ki(V) C V; such that ¥(w, u) € [0, Wo[xV:

A(w, 1) = Aw, p) |1 =z =0 "‘Zﬂz w, Ki(f)).

=1

From Proposition 6.8 we know that
Z(wa :u) |u1:u2:---m:0: 0, ‘v’(w, :u) € [07 Wl[XV
for an 0 < W, < Wy implying (6.29).

From (6.29) it now follows that V1 < k < I:

A<w M) ‘M1= =pr—1=0" :ukq)k w, Hk Z ,ul w "iz ) (630)
i=k+1

On the other hand from Proposition 6.7, one sees that V1 < k < I:
A(w, 1) |y=mpy_=0= Crpipw® 2 + O(w*™ 1), w — 0. (6.31)
Equation (6.30) together with (6.31) implies that

(i, 1) — Craw**=?) Z 14w, i) = O(w? 1), w — 0.
i=k+1
The terms behind the summation sign are independent of jq, . .., u such

that the above equation immediately implies:
Op(w, 1) = CLw? 2 + O(w*™ 1), w— 0.
O

Proposition 6.10 Consider a subfamily (Y,) as in (6.21) and let p°
be a parameter value for which Y0 has an unbounded semi—hyperbolic
2-saddle cycle. Moreover suppose that

Elk;<l:u?:0,Vj§kandu2H7é0,

then
Cycl(Y ,, (Lo, pi°)) <k + 1.
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Proof: By Lemma 6.9, one can write

Z“Z w, ki1 V(w, p) € [0, Wy [xV, (6.32)
for some W, > 0 and smooth functions ®; : [0, W [xV; — R, with
ki(V) C Vi, 1 <i <. Moreover V1 <i <1:

®;(w, ki(1)) = Caw* 2+ O(w* ), w— 0.

for a constant C; # 0 given in (6.28).

We now apply a devision—derivation procedure on A(w,u’). Divide A
by the non—zero function ®;, for w > 0 close to zero, and then derive
with respect to w to obtain

-1
) = Z pi1 @i (w, ki),
i=1

for w near zero and with

Zli:%(é) and ®! = 88 (q)q")“), VI<i<Il-—1.
1 1

Then V1 <i<[—-1

= Clw* '+ O(w*), w— 0,

where C} := 2iC;;,/Cy # 0. Continuing this devision—derivation proce-
dure, after £ < [ derivations and divisions by a non-zero function, for

w > 0 close to zero, we find C*° functions Kk, ®F ... ®% and non-zero
constants C¥, ... CF, such that:

-k
—k
wop) =Y pepr®f (w, (1)),
i=1

for w near zero and with V1 <i <[ —k

= Cruw* ' + O(w*), w — 0.
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As a consequence since 1, # 0:
—k
A (w, 1) = gl Clw(l 4 o(1), w0,

So by continuity, there exists a constant 0 < W; < Wo and a neighbour-
hood Vy C V of u” in R? such that Yy € Vy, the map A(., 1) has at most
k zeros in [0, W[ implying the result. O

This proposition immediately implies that in the regular case the cyclic-
ity Cycl(Y ,, (Lo, p°)) is always bounded by I. We are left with treating
the center case.

Proposition 6.11 Consider a subfamily (Y,) as in (6.21) and let 1° be
a value for which Y, o has an unbounded semi—hyperbolic 2-saddle cycle.
Moreover suppose that

then
Cycl(Y ., (Lo, 1)) < L.

Proof: From Proposition 6.8, we know that Y,0 has no limit cycles near
Ly. Moreover all parameter values ¢ € V for which py = po = -+ =y =
0 correspond with a vector field Y, not having any limit cycle near L.
Let us denote:

C={pelRl:p =0,V1<j<lI}
Because V is a neigbourhood of ;° in RP, there exists py > 0 with

1
Voz{,uERp:Zu§<pg and ‘,uj—ug‘ < po,Vj>1} CV.

j=1
For all parameter values i € Vy\C, we have:

!
30 <p<po: pj=pp;, V1l <j<land Zﬂ?zl. (6.33)

Jj=1
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Lemma 6.9 guarantees the existence of an 0 < W; < Wj and functions
®,; : [0, W1[xV; — R with x;(V) C V; such that on [0, W;[xV:

l

Aw, p) = Z pi®i(w, ki(p)),

i=1
where each ®;(w, k;(11)) can be written as:
P;(w, ki(pn) = Cw* > + O(w* ™), w—0,

for some constant C; > 0. Now on [0, W;[xV,\C, one can express A in
terms of (p,7i) as:

A(w, x(p, 1) —PZM] (w, 5:(x(p, ),

where 1 = x(p,7i) is defined by (6.33) and u; = 71;, Vj > [. Isolated
zeros of A(., i) for € Vy\C correspond with isolated zeros of the map

= 23 )

with 0 < p < pg and 1 varying in the set

I
B:{EER”:Zﬁ:land }ﬂj—,u?} < po, V7 > 1}.

j=1

For any 0° = (1, ... 7)) lying on the unit sphere S'"* C R!, we find an
k = k(b”) < 1—1such that @} = 0,V1 < j < k but 7),, # 0. By
a totally analogous derivation—division argument as in Proposition 6.10,
we find a neighbourhood Vo of ii° in S'~! and a constant 0 < Wy < W,
such that the map ¥(., (p, ) has at most k zeros in |0, Wio|, for all (p, 1)
with x(p,t) € Vo and (fiy,...[;) € V. By compactness of the sphere
S'=1, we can now take a constant 0 < W < W, independent of b°, such
that A(w, ;1) has at most [ — 1 zeros in [0, W[, Vi € Vy. This ends the
proof. [



186



Chapter 7

Boundaries of period annuli in
Liénard systems

In the previous chapter, we met an unbounded semi-hyperbolic 2-saddle
cycle as exterior boundary of an unbounded period annulus occuring in a
Liénard system of type (m,n), with m < 2n + 1, m and n odd, reading:

i o=y (24 DO agantin)

y = — (.Tm _'_ 2521_1)/2 b2ixm—2i) )

We also say that X has a centrum at infinity. One way for X having a
centrum at infinity is X having a Hopf centrum in D\OD that extends
to infinity, also called an unbounded Hopf centrum.

In this chapter, we describe all possible exterior and interior boundaries
of as well bounded as unbounded period annuli. This permits to describe
the boundary of all possible Hopf centra, the ones that extend to infin-
ity as well as the ones that do not extend to infinity. Further, we find
some sufficient conditions for a Hopf centrum to be bounded or to be
unbounded.

187
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7.1 Boundaries of period annuli

Let X € L™ (D), obtained after a suitable Poincaré-Lyapunov com-
pactification from a Liénard system X of type (m,n):

. r =Y,
X'{y — P(a)+yQ), (7:1)

where P and () are polynomials of respective precise degrees m and n.
In this section, we will describe the possible boundaries of period annuli
occuring in X. We start with some definitions.

An open connected subset A of the plane filled by closed orbits of X
is called a period annulus of X; we will shortly call it an annulus. We
say that the annulus is bounded when A fits in some compact K C D\0D,
if not, A is said to be unbounded.

Let A be an annulus of X. We can provide A with an order relation
<. Herefore let p;,p, € A. Then, one can find two closed orbits of X,
v1 C A and 7o C A such that p; € v; and py € 7. Denote A; and A,
as the regions enclosed by ~; and v, respectively. We say that p; < py if
and only if A; C A,. If both p; < p, and ps < py, then we say that p; is
equivalent to ps, denoted as p; ~ po; this happens when p; and py both
belong to the same closed orbit.

We say that a sequence (p,)nen in A is monotonically increasing in A
if p; < piz1, Vi € N. If p, 1 < p;, Vi € N, we say that the sequence is
monotonically decreasing in A.
We define the exterior boundary of A as

0°A={q € dA| 3(py), monotonically increasing in A : p,, — ¢},
and the interior boundary of A as

0'A={q€dA|3(pn), monotonically decreasing in A : p, — ¢}.
Clearly 0°AN 0'A = ¢.
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Any periodic orbit of X intersects the z-axis in exactly two points. In
particular the intersection of A with the x—axis is the union of two open
intervals ]a, b[U]c, d| lying on the z—axis, see Figure 7.1. Notice, when a
or d lie on the circle at infinity, the annulus A is unbounded.

For each x €]a,d], the sections X} = {(z,y) € D | y > 0} and
Y. ={(z,y) € D | y <0} both intersect A in an unique open interval:

ANy = {apxlpl, [,

ANY, = {x}x]q vy,

(7.2)

where for each x, p= and ¢= are uniquely determined, with (z,pE) and
(7, ¢F) lying either in the interior of the disc D or on the circle at infinity.

2

Figure 7.1: An annulus A of X, the dotted line represents the z—axis.

Proposition 7.1 Suppose A is a period annulus of X € L™ (D) that
intersects the x—azis in |a, b[U]c, d[. Consider

IY ={(z,qf) |z €|a.dl}, T ={(z,pf) |z €b, [},

e

Ie ={(,¢;) | €ladl}, Ty ={(z,p;) |z €b,cl},

(7.3)
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with p=, qF defined as in (7.2). Then the exterior and interior boundaries

of A are invariant subsets for the flow of X, given by

oA = {(a,0)}U{(d,0)}UTHUT;,
7.4
JA = {(b,0)}U{(c,0)}UT} UT;. 74

Further {(a,0)} U {(d,0)}UT* and {(b,0)} U{(c,0)} UT5 are all con-
tinuous graphs.

Proof: Let us first prove the invariance, for the flow ¢, : D — R? of X,
of the exterior and interior boundary of A. Let p € 9°A (resp. p € 9'A),
then there exists a sequence (p,), in A that is monotonically increasing
(resp. decreasing) in A and that converges to p. Because of the continuity
of the flow ¢, of X, one immediately concludes that (¢;(p,))n is a mono-
tonically increasing (resp. decreasing) sequence in A converging to ¢;(p).

We proceed by proving the equalities in (7.4). Clearly the boundary
of A is given by:

F :={(a,0),(b,0),(c,0),(d,0)} UT'F UTF.

Indeed, one easily verifies that Vp € F,Ve > 0 : B(p,e) N A # ¢ and
B(p,e) N A° # ¢. Since 9°AN &' A = ¢, it clearly suffices to prove that

{(a,0)} U{(d,0)}uTFUT, Cc oA

and
{(b,0)}U{(c,0)}UTFUT; C 9'A,

for showing (7.4). We prove the inclusion concerning the exterior bound-
ary, the other one can be proved completely analogously.

Let us first remark that if p; = (z,y;) and py = (x,92) with z €]a, d[ and
Y1, Y2 > 0, then one has

11 < yo if and only if p; < ps.

This is evident and follows immediately from the fact that the closed
orbits trough p; and ps do not intersect.
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Suppose (z,q;) € T'f, then the sequence (z,q; — +),>n, with N big
enough, lies in A and converges to (z,q;). Moreover from the above
remark, one easily sees that (x, ¢ — %)n is a monotonically increasing se-
quence in A. It follows that I'; C 0°A. Similar I', C 0°A. One also sees
that (a,0) and (d,0) belong to 0°A by choosing appropriate sequences
in A that are lying on the z—axis and that converge to (a,0) and (d,0).

Concerning the statement of the continuity, we will only treat the in-
terior boundary. The exterior boundary can be treated in the same way.
In fact in the unbounded case, the result follows from the classification
that we will give in Theorem 7.2 and which does not rely on the previous
knowledge of the continuity in the unbounded case.

Let G = {(a,0)} U {(d,0)} UT;. Then G is the graph of the function
Pt x—pl,

where we set pi = 0 when x = a or x = d. We prove that P* is continu-
ous in any g € [a,d]. Suppose first (zo, P*(z0)) is a regular point of the
flow of X. Because the interior boundary is invariant for the flow of X, it
is clear that for = € [a, d] and near xy, the graph of P* is given by a con-
nected piece of the regular orbit of X passing through (zq, P*(z)) such
that P* is continuous at xg. If (zo, P*(z0)) is a singularity, then it has
to contain a hyperbolic sector induced by the annulus A. From the list
of singularities in Chapter 1, Figures 1.9, 1.10, 1.11 and 1.12, it is clear
that the boundary of such a hyperbolic sector is always continuous. Anal-
ogously, one shows that {(a,0)}U{(d,0)}UTI"; is a continuous graph. [

We can now completely describe all possible boundaries of annuli oc-
curing in a Liénard system X € L™" (D). Let us first treat the exterior
boundaries.

Theorem 7.2 Suppose A is a period annulus of X € L™ (D), then

1. if A is bounded, then 0°A is a loop, as in Figure 7.2 (a) or (b),
or a cycle with 2 singularities, as in Figure 7.2 (c¢). The singulari-
ties on the exterior boundary can only be saddles (as well hyperbolic
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as non-hyperbolic), saddle-nodes (as well semi-hyperbolic as nilpo-
tent) or cusps as described in Chapter 1,

0°A oA

Figure 7.2: Possible exterior boundaries of a bounded annulus A of X.

2. if A is not bounded, then one of the below mentioned conditions
have to be satisfied (as in Chapter 1, A denotes the highest order
coefficient of the polynomial P in (1.2)):

(a) When
1
m=2n+1,A>———orm>2n+1,m odd and A =1,
4(n+1)
then 0°A is given by a periodic orbit lying at infinity, see Fig-
ure 7.3 (a).
(b) When

m<2n+1,m andn odd , and A =1,

the exterior boundary looks like in Figure 7.3 (b) containing
at infinity two semi—hyperbolic saddles s1 and sy such that s,
(resp. s2) has an unstable (resp. stable) separatriz lying at
infinity and an attractive (resp. repelling) center separatriz in
D\OD.

(c) When
1

4(n+1)’
0°A, looks like in Figure 7.3 (c). When A =1/(4(n+1)), the

singularities at infinity are saddle-nodes of which the center
separatriz lies at infinity. The behaviour on the hyperbolic

m=2n+1,nodd ,0< A<
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seperatric is attractive for si, while it is repelling for s5. When
A <1/(4(n+1)), s1 and so are both hyperbolic saddles.

Figure 7.3: Possible exterior boundaries of an unbounded annulus A of
X.

Proof: From Proposition 7.1, one concludes that the exterior boundary
of A is an invariant set for the flow of X, being (at least in the bounded
case) the union of two continuous graphs, one lying in the half plane
{y > 0} and one lying in {y < 0}. Moreover the graphs are given by

{(a,0)} U{(d,00}UTS and {(a,0)}U{(d,0)} UL,

with T'7 C {y > 0}, I'. C {y < 0}, defined in (7.3), lying enterily in the
region a < x < d.

In particular if A is bounded, then A lies enterily in some compact
K C D\OD such that the only possible singularities of X lying on 9°A
are (a,0) and (d,0). This completely determines the structure of 9°A.
Furthermore, because of the analyticity of the Liénard system X, 0°A,
has to contain at least one singularity.

If only (a,0) (resp. (d,0)) is a singularity, then 9°A is a loop consisting
of the singulariy (a,0) (resp. (d,0)) and a regular orbit of X given by
rrur; U{(d,0)} (resp. 't UT, U{(a,0)}. If both (a,0) and (d,0) are
singularities, the exterior boundary of A consists of the two singularities
(a,0) and (d, 0) together with regular orbits I') and ', connecting them.
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Obvious the annulus A induces a hyperbolic sector on the singularities
of X lying on its exterior boundary. So referring to Chapter 1, the only
possibilities for the singularities are saddles, saddle-nodes and cusps.

Suppose now A is unbounded. Then 0°A includes the whole circle at
infinity or part of it. When it includes the whole circle at infinity, the
boundary is given by a regular periodic orbit at infinity. When it includes
partly the circle at infinity, 0°4 has to contain two singularities, s; and
S9, at infinity, with a hyperbolic sector induced by the annulus A. Re-
ferring to the study at infinity of X € L(™™ (D) in Chapter 1, it is clear
that only the graphics in Figure 7.3 can occur as exterior boundaries of
unbounded annuli.

In case (a), 9°A contains no singularities and is given by a periodic orbit
at infinity. In case (b), (a,0) and (d,0) are given by singularities of X at
infinity, I'} is a regular orbit lying at infinity and I, is a regular orbit
that lies completely under the z—axis. In case (c), the singularities are
lying on I',, (a,0) and (d,0) are part of a regular orbit lying at infinity
between the singularities s; and sy. [

Concerning the interior boundaries, we have the following theorem.

Theorem 7.3 The interior boundary of some period annulus A of X €
L™ (D), is given by

1. a center, or

2. the union of the two bounded (i.e. not intersecting D) continuous
graphs

{(¢,0)}U{(d,0)}uT! and {(a,0)}U{(d,0)} UL,
lying respectively in the half planes {y > 0} and {y < 0} and

containing at least one singularity of X. Concerning the type of
the singularities, we have the following:
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(a) the zeros of the continuous graph U'j (resp. T'; ) are singular-
ities that can only be saddles or one of the singularities pre-
sented in Chapter 2, Figure 2.2 and Figure 2.3 (resp. Figure

2.4),

(b) the intersections between U and T'; are saddles,

(c) if (a,0) (resp. (d,0)) is a singularity, then it has to be a cusp
of up—up (resp. down—down) type.

Proof: From Proposition 7.1, one concludes that the interior boundary of
A is an invariant set for the flow of X, being the union of two continuous
graphs, one lying in the half plane {y > 0} and one lying in {y < 0}.
The graphs are given by

{(b,0)} U{(c,0)} U and {(b,0)}U{(c,0)} UT;, (7.5)

with ' € {y > 0}, I'; C {y < 0}, defined in (7.3), lying enterily in the
region b < x < c¢. The two graphs intersect the x—axis in (b,0) and (¢, 0)
and possibly other points, with abscis lying in ]b, c|.

Whether the annulus is bounded or unbounded, 9‘A is clearly situated
in D\OD. Because of the analyticity of the Liénard system X, 9°A, has
to contain at least one singularity. Furthermore, the singularities lying
on & A are clearly given by its intersections with the z—axis.

If b = ¢, then obviously 0°A has to be a center. If b # ¢, then 0'A
is a graphic being the union of the two continuous graphs in (7.5). If
(b,0) (resp. (c,0)) is a singularity it clearly has to contain an upgo-
ing (resp. downgoing passage) and a hyperbolic sector lying left (resp.
right) of this vertical passage. Referring to the study of the singularities
in Chapter 1, one sees that this is only possible when (b, 0) (resp. (¢, 0))
is a cusp of up—up type (resp. down-down type). The singularities lying
on T'f" (resp. T';), and with abscis in ]b, ¢[, clearly contain a Ir—passage
(resp. rl-passage) determining the type of the singularities (see Chapter
2, Figures 2.2, 2.3 and 2.4). O

From Theorem 7.2, it is clear that the exterior boundaries of bounded
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(resp. unbounded) annuli form a subset of the list of bounded (resp.
unbounded) limit periodic sets that are inner polycycles. An inner poly-
cycle is a cycle that can be approached by limit cycles lying in the open
region enclosed by the cycle. Similarly, from Theorem 7.3, the interior
boundaries of the annuli form a subset of the list of bounded limit peri-
odic set that are outer polycycles. An outer polycycle is a cycle that can
be approached by limit cycles lying in the exterior of the region enclosed
by the cycle.

Not every limit periodic set is the boundary of some annulus. There
are some restrictions on the structure of a limit periodic set making it
the boundary of some annulus. The question remains whether every
boundary of some annulus is indeed a limit periodic set. Herefore, one
has to search an appropriate unfolding in L™ (D), of a Liénard system
with an annulus A, producing a limit cycle that can be put arbitrarily
close to the exterior (resp. interior) boundary of A for the Hausdorff
metric. At the moment, we won’t focus our attention to this question.
Let us instead, as a consequence of the former results, give a complete
description of the boundary of any Hopf centrum occuring in a Liénard
system.

7.2 Boundaries of Hopf centra

We say that X has a Hopf centrum at s if s is a linear center of X of
which an open neighbourhood is filled by closed orbits of X. In particular
X contains an annulus A with 9'A = {s}. We say that s is a bounded
Hopf centrum if A is bounded. When A is unbounded, s is an unbounded
Hopf centrum. Evidently a Hopf centrum s can never lie at infinity.

In this section we will describe all possible boundaries of, as well bounded
as unbounded, Hopf centra. We find some sufficient conditions for a Hopf
centrum to be bounded or unbounded.

From Theorem 7.2, we can describe all possible exterior boundaries of
the annulus A of X € L™ (D) occuring when X has a Hopf centrum
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s. We come to three possibilities, shown in Figure 7.4. The singularities
on 0°A can only be saddles, saddle—nodes or cusps.

Figure 7.4: Possible bounded Hopf centra of X. The Hopf centra are
bounded by a loop in (a) and (b) and a cycle with two singularities in

(c)-

Figure 7.5: Possible unbounded Hopf centra of X.

For an unbounded Hopf centrum, we have the options illustrated in Fig-
ure 7.5. As Theorem 7.2 states, case (a) can only occur when m = 2n+1,
A>1/(4(n+1)); or when m > 2n+1, m odd, A = 1. Case (b) can only
occur when m < 2n + 1, m and n odd, A = 1. The singularities s; and
So at infinity are semi-hyperbolic saddles where s; (resp. s) has an un-
stable (resp. stable) separatrix lying at infinity and an attractive (resp.
repelling) center separatrix in D\dD. Case (c) can only occur when
m=2n+1,nodd and 0 < A <1/(4(n+1)). When A =1/(4(n+ 1))
the singularities at infinity are given by saddle-nodes of which the center
separatrix lies at infinity. The behaviour on the hyperbolic separatrix is
attractive for s;, while it is repelling for s,. When A < 1/(4(n+ 1)), the
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singularities at infinity are hyperbolic saddles.

Let us now concern about the question whether a Hopf centrum is bounded
or unbounded. Using the above classification of unbounded Hopf centra,
one easily proves the following theorem.

Theorem 7.4 Suppose X € L™ (D) has a Hopf centrum s in D\OD,
then it 1s unbounded if and only if X has an unique singularity. Such an
unbounded Hopf centrum can only occur in the cases:

I.m=2n+1, A>1/(4(n+1)),
2.m=2n+1,nodd, 0 < A<1/(4(n+1)),
3. m>2n+1, modd, A=1,

4. m<2n+1, m odd, n odd, A= 1.

For verifying whether a given singularity s of X € L(™™ (D) is a Hopf
centrum, one can use the following theorem. Notice that after a suitable
translation, s can supposed to lie at the origin.

Theorem 7.5 (C. Christopher [8]) Let X € L™ (D) obtained after
an appropriate Poincaré-Lyapunov compactification from a Liénard sys-
tem X (7.1), with P'(0) < 0, then X has a centrum at the origin if and
only if there exists a polynomial, M(x) = z* + O(z3) and polynomials
k(z),1(z) with k(0) = 1(0) = 0 such that X is given by:

{ P o= y—k(M()),

j o= —LUM@) (76)

The above theorem completely characterises the Hopf centra in Liénard
systems. Another tool for characterising Hopf centra are Lyapunov coef-
ficients. For a general introduction to the Lyapunov coeflicients as well
as an algorithm to compute them, we refer to [14], see also appendix A.2.
In particular X reads like (7.6) if and only if all Lyapunov coefficient at
s are zero.
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Theorem 7.6 Let X € L™ (D), obtained after a suitable Poincaré-
Lyapunov compactification from a Liénard system X that is given by:

{ i o=y k(M)
y o= —5UM(2)),
for some polynomials M(x),k(2),1(z) with M(x) = z* + O(23),k(0) =

0,1(0) = 0,I'(0) > 0 and the degree of M odd. Then the origin is a
bounded Hopf centrum.

(7.7)

Proof: From Theorem 7.5, we already know that the origin is a Hopf
centrum. Using the previous theorem, we only have to show that the
origin is not the only singularity of X in D\0D.

The degree of M is odd, thus
M(x) =2 +ma® +- -+ Moje_ 2P+
for some k& > 1. Therefore:
M'(x) = 2(2 4 3myz + - - - (2k + D)mgp_12271),
implying that M’'(x) = xMy(z) with My(0) # 0 and the degree of M,

odd. So M, has to possess a zero zy # 0 implying that X has a singularity
not lying at the origin. [J
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Appendix A

Some Maple programs

In this appendix, we present a Maple-library containing programs that
can be very helpful when performing calculations related to vector fields.
The library is stored as vfields. In particular executing the single com-
mand with(vfields) all programs, contained in the library, are at the
users disposal.

A.1 Calculating normal forms with Ndiag

We present a procedure Ndiag that calculates a normal form for a local
family of vector field (X)) of which every member admits a singularity
s, at which the linear part of (X,) is diagonalisable. After a parameter
dependent linear coordinate transformation, one can suppose that s, is
fixed, lying at the origin for all parameter values and that the linear part
of (X,) at s, is in its diagonal form:

(M(N) 0 )
0 Xo(w))

The procedure has also the ability to calculate the normal form of an
individual vector field.

The program contains four, possible five parameters. The first four are
respectively given by:

201
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vf: the family (X,) of planar vector fields as a list containing
the first and second component of (X)),

coords: a list containing the name of the two coordinates in
which (X)) is expressed,

para: a list containing the name of the parameters; when
calculating the normal form of an individual vector field, one
has to enter the parameter list as empty,

r: the order up to one wishes to know the normal form.

Notice that the family (X,) is supposed to have a singularity at the origin
at which the linear part is already in diagonal form. So, if necessary, one
merely has to perform a (parameter dependent) linear transformation
before applying the procedure Ndiag.

The fifth parameter is optional. If present, Maple will store in it the
corresponding coordinate transformation bringing (X)) in the normal
form up to order r.

Concerning coordinate transformations, we make the following agree-
ment in this section. All transformations express the old coordinates in
function of the new. In particular if X, is a vector field and X; is the
transformed vector field by means of a coordinate transformation 7", then

locally
XI(T71<:U7 y)) = DT?I )X(](SL’, y)

(z,y

Let us illustrate the procedure by an example. The following command
> Ndiag([2*x+x"2+y"2,y+x*y], [x,y],[1,3,T);

returns the normal form of (2z + 2 4+ y*) 2 + (y + xy)a% up to order 3:

22+ 9%, yl.

The corresponding transformation is stored in 7", such that the command

T; returns:
[ L2 ! ]
T+ -z + —xy|.
5 » Y 5 Yy
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The procedure Ndiag

Before stating the main procedure, we will give some subprocedures that
Ndiag will need and that are also useful as independent procedures. Re-
mark that before being able to use the following procedures, one has
to load the library linalg in Maple. This is possible by the command
with(linalg);

The following procedure Transformation performs any transformation
on a vector field uf. As before vyfis given as a list with entries the compo-
nents of yf. The second paramater is given by cds, a list with entries the
names of the coordinates in which uf is expressed. The parameter 77 is
a list with entries the components of the transformation that one would
like to perform on vf.

> vfields[Transformation] :=proc(vf::list,cds::list,Tr::1list)
local J,V;

J:=jacobian(Tr,cds);
V:=inverse(J)&*subs(cds[1]1=Tr[1],cds[2]=Tr[2],vf);
RETURN (convert (evalm(V) ,1ist));

end:

The following subprocedure Tay returns the MacLaurin polynomial of the
vector field up to the given order » minus 1. The paramaters are yf and
cds and the order up to one wishes to know the MacLaurin polynomial.

> vfields[Tay] :=proc(vf::1list,cds::1list,r::posint)
local V1,V2;

V1:=convert(mtaylor(vf[1],cds,r),polynom);
V2:=convert (mtaylor(vf[2],cds,r),polynom) ;
RETURN([V1,V2]);

end:

The procedure Ndiag reads as follows.
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> vfields[Ndiag] :=proc(vf::1list,cds::1list,para::1list,
r::posint,T::evaln) local e,V,A,gr,P,Q,i,j,c,m,d,L,M;

p:=nops(para) ;

V:=Tay(vf,cds,r);
A:=subs({cds[1]=0,cds[2]=0}, jacobian(V,cds));
e:=[seq(Ali,i],i=1..2)]1;

if nargs>=4 then L:=[cds[1],cds[2]]; fi;

for gr from 2 to r-1 do
P:=0;Q:=0;

for i from 0 to gr do
c:=V[1];
c:=coeff(coeff(c,cds[1],i),cds[2],gr-i);
m:=(i-1)*e[1] + (gr-i)*e[2];
if ¢<>0 and subs({seq(paralil=0,i=1,...,p)},m)<>0 then
P:=(c/m)*cds[1]"i*cds[2]" (gr-i)+P;
fi;
od;

for j from 0 to gr do
d:=vV[2];
d:=coeff(coeff(d,cds[1],j),cds[2],gr-j);
m:=j*e[1] + (gr-j-1)x*el2];
if d<>0 and subs({seq(paralil=0,i=1,...,p)},m)<>0 then
Q:=(d/m)*cds[1]1"j*cds[2]" (gr-j)+Q;
fi;
od;

V:=Transformation(V,cds, [cds[1]+P,cds[2]+Q]);
V:=simplify(Tay(V,cds,r));

if nargs>=4 then
L:=subs({cds[1]=cds[1]+P,cds[2]=cds[2]+Q},L);
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L:=Tay(L,cds,r);

T:=L;
fi;
od;
RETURN (V) ;
end:

A.2 Calculating Lyapunov coefficients

The following program calculates Lyapunov coefficients of an individual
vector field X having a linear center at the origin. The paramaters are
given by: uf, a list of which the entries are given by the components of
X; cds, a list with entries the name of the coordinates in which X is
expressed and [, a naturual number such that the number of Lyapunov
coefficients that are calculated does not exceed (I —1)/2.

For a general introduction to Lyapunov coefficients as well as the al-
gorithm implementated in this procedure, we refer the reader to [14].

> vfields[Lyapunov] :=proc(vf::list,cds::list,1)
local cplex,G,F,H,Z,R,V,k,i,n,h;

cplex:=proc(vf::1list,cds::1list) local Z,rcds;
rcds:=[(cds[1]+cds[2])/2, (cds[1]-cds[2])/(2*I)];
Z:=transformation(vf,cds,rcds) [1];
RETURN(Z) ;

end:

G:=proc(R,cds::1list) local c¢,d,GR,i,j;
if R=0 then RETURN(0) fi;
d:=degree(R,op(cds));

GR:=0;

for i from 0 to d do
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for j from 0 to d do
if i<>j then
c:=2%coeff (coeff(R,cds[1],i),cds[2],j)/(i-3);
GR:=GR+c*x"i*xy"j;
fi;
od:
od:

RETURN(GR) ;
end:

F:=proc(R,Rk,cds::1list) local f,Imf,cds2;
f:=unapply(G(diff (R*Rk,cds[1]),cds), (op(cds)));
cds2:=[cds[1]+I*cds[2],cds[1]-Ixcds[2]];

Imf:=-coeff (simplify(f(op(cds2))),I,1);

Imf :=unapply(Imf,op(cds));

RETURN (Imf ((cds[1]+cds[2]1)/2, (cds[1]-cds[2]1)/(2%I)));
end:

H:=proc(R,Rk,cds::1list) local n,k,RS,A,B,DAB,ret,i,j,c;
if (R=0) or (Rk=0) then RETURN(Q) fi;

n:=degree(R,x,y);
k:=degree(Rk,x,y) ;
RS:=unapply (R*Rk,cds) ;
A:=-1/(2*I)*subs(I=-1,RS(cds[2],cds[1]1));
B:=1/(2*I)*RS(op(cds));
for i from 0 to n+k do
DAB:=-diff(A,cds[2])+diff(B,cds[1]);
c[i] :=coeff(coeff(DAB,cds[1],i),cds[2],1);
od:

ret:=-sum(c[jl1*(2*rho)”" (j+1)/(j+1),j=0..n+k);
RETURN ( ((2*Pi*I)/((2*rho)” ((n+1+k)/(2))))*ret) ;
end:
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#MAIN PROGRAM
Z:=cplex(vf,cds);

for k from 2 to 1 do
R[k] :=sum(coeff (coeff(Z,cds[1],i),cds[2] ,k-1i)
xcds[1]"i*cds[2]" (k-i),i=0..k);

od:

k:=k?;
h[1]:=F(1,R[2],cds);

for k from 2 to 1-2 do
hlk]:=F(1,sum(R[i]*h[k+1-i],i=2..k)+R[k+1],cds);
od:

k:="k?; i:=’1’;

n:=trunc((1-1)/2);
k:=n;

V:=simplify(H(1,R[2¥k+1],cds));
for i from 2 to 2xk do

V:=simplify(V + H(R[i],h[2%k+1-i],cds));
od:

RETURN (simplify(V/(2*%Pi)));
end:

Finally all programs presented in this appendix can be stored in a library,
called vfields, by means of the single command:

> save(vfields,"c:/.../maple/lib/vfields.m");

where "..." represents the directory in which Maple is stored (mostly

program files).
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