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ABSTRACT

We present a rationale for the Hirsch-index rank-order distribution and prove that it is a power
law (hence a straight line in the log-log scale). This is confirmed by experimental data of
Pyykkd and by data produced in this paper on 206 mathematics journals. This distribution is
of a completely different nature than the impact factor (IF) rank-order distribution which (as

was proved in a previous paper) is S-shaped. This is also confirmed by our example.

Only in the log-log scale of the h-index distribution we notice a concave deviation of the

straight line for higher ranks. This phenomenon is discussed.
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. Introduction

If one ranks a set of journals (e.g. in a field) in decreasing order of their impact factors (IF)

then we showed in Egghe (2008) that this rank-order distribution r® IF(r) as well as the
function r® In(IF(r)) is S-shaped: convex for smaller r and concave for larger r. We could
even show in Egghe (2008) that the concave part of the function r® In(IF(r)) is larger than

the one of the function r® IF(r). The shape of r® In(IF(r)) was experimentally confirmed

in Mansilla, Koppen, Cocho and Miramontes (2007).

Since we want to compare these theoretical and experimental results with analogous results on
the Hirsch-index distribution for the same set of journals (which is the main topic of the
present paper), we produced a new data set: 206 mathematics journals of which we traced

citation data in the Web of Science (WoS). Fig. 1 gives the r® IF(r) function (distribution)

and Fig. 2 gives the r® In(IF(r)) function. We clearly see the S-shape in both graphs and

confirmation is also given that the concave part in Fig. 2 is “larger” than in Fig. 1.
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Fig. 1 IF(r) in function of r
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Fig. 2 In(IF(r)) in function of r

In the next section we will present a rationale for the Hirsch (h-)-index rank-order distribution
based on results from Egghe (2005), Chapter 2 (relation between a size-frequency function
and a rank-frequency function) and from Egghe (2007) where a rationale is given that the

size-frequency function of the h-index is a power law (law of Lotka).

In the third section we present the graph of r® h(r) which should be convexly decreasing

(being a decreasing power law): this is confirmed. Since power laws in a log-log scale are
straight lines we also give this graph in Section 3. The straight line is confirmed except for

large ranks r. The same shapes were experimentally recovered in Pyykkd (2008).

In the fourth section we give conclusions and discuss the deviation from the straight line
encountered in the previous section. We link this phenomenon with similar deviations in
paper-citation graphs in Molinari and Molinari (2008), Radicchi, Fortunato and Castellano
(2008), Lehmann, Jackson and Lautrup (2008) and van Raan (2001a,b).



I1. The rank-frequency function h(r) of the h-index

We briefly repeat the argument that the size-frequency function f (h) (the number of journals
(or authors) with h-index h (see also Egghe (2007)) is a power law (law of Lotka). Suppose a

journal or author has T articles. Supposing the article-citation relation to be Lotkaian, there

exists an exponent o> 1 such that

1
o

h=T 1)
as proved in Egghe and Rousseau (2006). Then supposing that the number of articles of a
journal or an author is also distributed according to Lotka’s law (in terms of authors this was
the original finding of Lotka himself ! — see Lotka (1926)). Then there exists another

exponent o > 1 such that the number of journals (or authors) with T articles is given by

f(1)=

° @

T

where C> 0. Hence (1) and (2) imply that the number of journals or authors with h-index h is

given by

C
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f(h)= 3

again a power law (law of Lotka): the size-frequency function of the h-index is a law of
Lotka.

This ends the first part of the argument. The second part is the derivation of the rank-
frequency function h(r) of the h-index based on the size-frequency function (3). This is a
classical result, known for over 20 years — see e.g. Egghe (2005), Chapter 2: the rank r of the
journal or author with h-index j is given by (by definition of f), denoting h™* for the inverse

function of h(r):
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Hence the rank-frequency distribution of the h-index is a power law, i.e. the so-called law of
Zipf (cf. Egghe (2005)).

It is clear that (7) is a convexly decreasing function, hence different from the S-shaped

distribution 1F(r) of the impact factor (see previous section).

We will, in the next section verify this on the same dataset (206 mathematics journals) on

which we calculated IF(r).



111. Experimental verification

Fig. 3 gives the graph of h(r) for 206 mathematics journals with citation data from the WoS
(the same data on which we calculated 1F(r)). It is clear that we indeed obtained a convexly
decreasing function h(r). This graph is similar to the one obtained in Miller (2006) (50
journals in physics).
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Fig. 3 h(r) in function of r

Since (7) is a power law we have that the graph of Inr versus Inh(r) is linear. Graphs of

power laws are, usually, presented in this so-called log-log format. Therefore we also
produced the log-log version of Fig. 3 — see Fig. 4. The expected linear shape is true except

for higher ranks.
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Fig. 4 Inh(r) in function of Inr

We believe that Figs. 3 and 4 confirm, to a good extent the theoretical findings of the previous
section. For a discussion of the concave part in Fig. 4 we refer the reader to the next section.

These experimental findings are in line with those of Pyykkd (Pyykko (2008)): there one has

more graphs where the log-log version of h(r) is (almost perfectly) linear (hence the

predicted power law h(r)) but we feel that many graphs are truncated for high ranks r.

1\VV. Discussion, conclusions and an open problem

In this paper we used a data set of 206 mathematics journals in the WoS. Both the rank-order

distributions of the impact factor and of the Hirsch-index were constructed. The IF(r) and
In (IF(r)) -graphs showed an S-shape as predicted in Egghe (2008), with a “larger” concave

part for In(IF(r))than for IF(r).



We presented a theory proving that the rank-order distribution of the h-index has a different

shape: h(r) is a decreasing power law and hence is convexly decreasing. The log-log graph of
h(r) shows a linear decrease (as it should for a power law) except for large ranks r. We can

give a partial explanation for this. The argument goes as follows. In the derivation of the

power law (7) for h(r) we made two assumptions.

Q) the article-citation relation follows Lotka’s law

(i) the journal (or author)-article relation also follows Lotka’s law.

Now, we think that assumption (ii) is non-controversial since it reformulates the historical law
of Lotka (Lotka (1926)). Although assumption (i) is intuitively correct we found deviations of
this law in the literature. If assumption (i) should be true, then the article-citation relation in
log-log scale should be linear. In van Raan (2001a,b) (Fig. 4), Radicchi, Fortunato and
Castellano (2008) (Fig. 1), Brantle and Fallah (2007) (Fig. 3) and Lehmann, Jackson and
Lautrup (2008) (Figs. 1,2) we see, however, that the article-citation relation (size-frequency
function) in log-log scale is concavely decreasing: only the highly cited papers follow a
straight line. This deviation of Lotka’s law (and hence the (partial) violation of assumption

(1)) is the reason for the deviation from formula (7).

It is very rare that size-frequency functions deviate from Lotka’s law (see Egghe (2005),
Chapter 1). An explanation of the van Raan curve (and hence also of the Radicchi et al. curves
and the Lehmann et al. curves since they are similar) is given in van Raan (2001a,b), using

Bessel functions.

A similar deviation, but now on the rank-frequency function can be seen in Molinari and
Molinari (2008).

Rousseau (2009) communicated to me that the rank-order distribution of the h-index

resembles well a lognormal distribution. A rationale for this is lacking.
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