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Abstract

Introduction: Copulas are often used to model correlated survival data with small
and equal cluster size. In copula models, the joint survival function of the different
observational units in a cluster is modelled as a function, called the copula, of the
marginal survival functions of the observational units. The copula determines the type
of dependence. We consider parametric copula models; the parameter vector is called
the dependence or association parameter vector. A nice feature of copulas is that the
marginal survival functions in the copula model do not depend on the parameters of
the copula. Therefore, the marginal survival functions and the dependence parameter
vector can be estimated separately. This is the idea of the two-stage estimation

approach.

In the first stage, the marginal survival functions are estimated. This can be done in a
parametric, a semi-parametric and a nonparametric way, possibly taking into account
the effect of covariates (Shih and Louis, 1995; Glidden, 2000; Andersen, 2005). In the
second stage, the dependence parameter vector is estimated by maximizing the
loglikelihood, with the marginal survival functions replaced by their estimates

obtained in the first stage.

Objective: The objective of this thesis is to compare the parametric, semi-parametric
and nonparametric two-stage estimation methods. Based on a simulation study, we
would like to study the robustness of the estimation of the dependence vector against

misspecification of the marginal survival functions.

Method: In this study, all approaches parametric, semi-parametric and nonparametric
were compared for data sets which were generated from Clayton copula using
simulations. Boxplots, estimated bias and estimated mean square error (MSE) of the

copula parameter are the bases for the comparison between those three approaches.

Results and conclusion: The results provide evidence for the fact that parametric
approach is more accurate for the correct model (multiplicative Weibull regression
model) and for the misspecified models (additive Weibull model and multiplicative

loglogistic regression model).

Key words: copula function, joint survival function, two-stage estimation, Clayton
copula.

iv



Contents

L. INErOAUCHION.....ciiiiiiiiiiee ettt e e e e e e e e s aaaeeee s 3
2. MethOdOIOZY ...ttt 5
2.1 Copula MOAEIS ...ccevieeiiieeiie ettt et e e saee e naeeesabeeennneeas 5
2.2 TWO-StAZE ESIMALION ....eeruetieeiieeeiieeeiteeeite e et e e st e e st e e sibeeesabeeenabeesabeessbbeesnneeens 7
2.2.1 First stage: estimation of the marginal survival functions...........cccccceceenee. 7
2.2.1.1 Parametric approach..........cccoecvieeiiiieiiiieiiieecee e 8
2.2.1.2 Semi-parametric approach .........coccueeveiieriieeniieeriee e 8

2.2.1.3 Nonparametric approach ...........ceeceeeriiieeriiieeniieenieeereee e 8

2.2.2 Second stage: estimation of the association parameter..............cceeeveereuveennne 9

3. SIMUIALON STUAIES ....evieeeiiiiieeeeiiieee e e e e eeaaeee s 10
3.1 Description of the SIMUIAtiONS ........cccceieiiiiiiiiiieniieeeeee e 10
3.2 Choice Of the PArAmMELErS ..........eeeruiiiriiiieiiieeeite ettt 12
3.3 Results of the simulation StUAY .........ccceeeiiieriiieniiiecee e 13
3.3.1 Results for the multiplicative Weibull regession model..............cccceeennee.. 14
3.3.2 Results for the multiplicative loglogistic regression model........................ 18
3.3.3 Results for additive regression model with Weibull baseline hazard......... 21
3.3.4 Model COMPATISON .....eerueiieiiiieniiieeiiee ettt et et e et sbt e et eesabeeesareeens 25

4. Discussion and ConcluSiON........cccuvviieeiiiiiieeeniiiieee e 27
RETETENCES ...ceieueiieiiiie ettt et ettt e e saaee e 29
YN 0] 01C) 1 14 . SR TUPRPS 30



List of Tables

Table 1: Estimated bias of the association parameter 0, for three

approaches when marginal distributions are correctly specified............................

Table 2: Estimated MSE of the association parameter 0, for three

approaches when marginal distributions are correctly specified ...........................

Table 3: Estimated bias of the association parameter 0, for three

approaches when marginal distributions are misspecified (loglogistic)...................

Table 4: Estimated MSE of the association parameter 0, for three

approaches when marginal distributions are misspecified (loglogistic)...................

Table 5: Estimated bias of the association parameter 0, for three approaches

when marginal distributions are misspecified (additive Weibull)................cccccouveun..

Table 6: Estimated MSE of the association parameter 0, for three approaches

when marginal distributions are misspecified (additive Weibull)............................



List of Figures

Figure 1: Density functions of the loglogistic, Weibull regression

and additive regreSSiON MOAEL. ...............ccuuveiuiiiieiiiii ettt e e 13
Figure 2a: Box plots for estimated § with the value 0=0.5

and K=100 clusters (COrrect MOdel)..................c.ccouiiiiiiiiiiiiiiiii e 16
Figure 2b:Box plots for estimated f for the 8=0.5 and K=500 clusters (correct model)........ 16
Figure 3a: Box plots for estimated 0 with the value 0=0.5

and K=100 clusters (COrrect MOdel).................c.coouiuiiniiiiiiiiiiii et 17
Figure 3b: Box plots for estimated 0 with the value 6=0.5

and K=500 clusters (COTrect MOAel)...............cc.uuuiuiiiiiiiiiiiiiiieii e 17
Figure 4a: Box plots for estimated f§ with the value 8=0.5

and K=100 clusters (loglogistic mOdel).................c.ccoiiuiiiiiiiiiiiiiiiiiiiiniiiiiiniiieieeee e, 20
Figure 4b: Box plots for estimated § with the value 6=0.5

and K=500 clusters (loglogistic model)......................cccciiiiiiiiiiimnnnnniennicneennnn 20
Figure 5a: Box plots for estimated 6 with the value 0=0.5

and K=100 clusters (loglogistic mMOdel).................c..cciiuiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieee e, 21
Figure 5b: Box plots for estimated 6 with the value 0=0.5

and K=500 clusters (loglogistic model).................c..cccoiiiiiiiiiiiiimiiniieeiiesieenieenennnn 21
Figure 6a: Box plots for estimated § with the value 0=0.5

and K=100 clusters (additive model)....................cccoiiiiiiiiiiiiiiiiiiiiiiieeeeiieeeeiieee e 23
Figure 6b: Box plots for estimated § with the value 0=0.5

and K=500 clusters (additive model).....................ccciiiiiiiiiiiiiimmiiiiiiieeeecieeesiinneennn 24
Figure 7a: Box plots for estimated 0 with the value 6=0.5

and K=100 clusters (additive c model)...................cciiiiiiiii ittt 24
Figure 7b: Box plots for estimated 0 with the value 6=0.5

and K=500 clusters (additive model)....................ccciiiiiiiiiiiiiiiiiiiiiieeeeiieeeiiene e 25



1. Introduction

In survival analysis the response of interest is the time from a well-defined time origin
to the occurrence of a specific event. Some examples are the time from onset of
disease to death, the time from recovery to the time of recurrence of a disease. This
response is called the failure time, the survival time or the event time. A special
difficulty that often occurs in the analysis of survival data is the possibility that some
responses are known to have occurred only within certain intervals. Such incomplete
observation of the event time is called (right) censoring. Right censoring occurs when
only a lower bound for the time of interest is known. In many studies there is a natural
clustering in the data; event times within the same cluster may be correlated. Such
data are known as clustered survival data. In this thesis, we consider bivariate data

with right censoring.

In the recent years, copula models became increasingly popular for modelling
multivariate survival data. According to Li (2000), a copula is a function that links
univariate marginals to their full multivariate distribution. In copula models the joint
survival function of the event times in a cluster is modelled as a function, called the
copula. Genest and Mackay (1986) and Shih and Louis (1995) offer a way of
combining the marginal approach with a model for the association within units. The
joint survival function is modelled through the marginal survival functions and the
association parameter. Because of the way the copula model splits the problem in two
with the marginal survival functions and an association parameter, a two-stage
estimation procedure suggests itself by first estimating the margins and then using the

estimated margins to estimate the association parameter.

A copula is used as a general way of formulating a multivariate distribution with
small and equal cluster size in such a way that various general types of dependence
can be represented. One of the advantages of copula models is their relative
mathematical simplicity; the marginal survival functions do not depend on the
parameters of the copula. Another advantage is the possibility to build a variety of
dependence structures based on existing parametric or nonparametric models of the
marginal distributions. Therefore, the marginal survival functions and the dependence

parameter vector can be estimated separately. This is the idea of the two-stage



estimation approach. This two-stage estimation procedure was suggested by Hougaard
(1987) and also studied by Shih and Louis (1995) in the case where each margin was

modelled separately.

In the first stage, the marginal survival functions are estimated. This can be done in a
parametric, a semi-parametric or a nonparametric way, possibly taking into account
the effect of covariates (Shih and Louis, 1995; Glidden, 2000; Andersen, 2005). In the
second stage, the dependence parameter is estimated by maximizing the loglikelihood,
with the marginal survival functions replaced by their estimates obtained from the

first stage.

The objective of this project is to compare the parametric, semi-parametric and the
nonparametric two-stage estimation methods. Based on a simulation study, we study
the robustness of the estimation of the dependence parameter vector against

misspecification of the marginal survival functions.

In Section 2 we describe some general ideas on copulas and we give a definition of
the Clayton copulas. We also discuss the parametric, semi-parametric and
nonparametric two-stage estimation methods. In Section 3 we compare the
performance of the three estimation methods based on a simulation study. Finally, the

discussion and conclusions are presented in Section 4.



2. Methodology

2.1 Copula models

Copula models are typically used to model the joint survival function of clustered data
with small and equal cluster size. The copula approach is often used for bivariate data
(see. e.g., Shih and Louis, 1995; Andersen, 2005; Duchateau and Janssen, 2008). We
study copula models for bivariate failure time data. Assume we have K different
clusters, each cluster i having 2 subjects. Each subject is observed from time zero to a
failure time Tj; or to a potential right censoring time Cj; independent of Tj;. Let Xj; =
min (7j; , C;j) be the observed time and J; be the censoring indicator which is equal to
1 if X;=T;; and O otherwise. Let (T;;, T;>) be bivariate of failure times the observational
units in cluster i and let S;;, j=1,2, be the marginal survival functions of Tj;, where the
index ij is used to indicate that the marginal survival function may depend on a
covariate z;, The survival copula is the function that links the marginal survival

functions S;; to generate the joint survival function, i.e.,
Si (t1, 12) = Co (Siz (17), Si2 (12)) t, >0 (1)

for the bivariate distribution function Cy defined on (u, v) € [O, 1]2, taking values in
[0, 1] and having uniform marginals. Cy is called a survival copula with parameter 6
and satisfying: Cy (u,0) = 0 = Cy (0, v), Cy (u,1) = u and Cy (1,v) = v. The existence
(and uniqueness if the marginal survival functions are all continuous) follows from
Sklar’s theorem (Sklar, 1959). In this report we focus on an important class of copulas
known as Archimedean copulas, which received considerable attention (Genest and
Mackay, 1986) for the study of clustered survival data. Archimedean copulas are

defined as

Cuv)=¢" ¢+, 2)

where u, v € [0, 1] and where ¢ is a generator of the copula, satisfying: ¢: [0, 1] —
[0, 0], is a continuous strictly decreasing function such that ¢ (0) = o0, ¢ (1)=0, and
¢'is the pseudo-inverse of ¢, continuous and non increasing on [0, o] and strictly

decreasing on [0, ¢ (0)] and ¢ is convex.



There are a great variety of families of copulas which belong to the Archimedean
copulas. However, in this report we consider the Clayton copula. For the Clayton
copula, ¢ (s) = (1+0s)™" %is the Laplace transform of a gamma distribution with mean
1 and variance 6. The generator of the copula is the inverse of the Laplace transform,

1.e.,
P = 1)
Lo

Hence, the Clayton copula is given by:
Co(u,v) =(u’ +v?—1)"" | where 6> 0. 2)

The failure times 7;; and T}, are positively associated when 6 > 0 and are independent

when 6 — 0. For investigating more deeply the dependence parameter we consider a
measure of correlation, which is known as Kendall’s T. Kendall’s T is a rank

correlation measure, and so measures the strength of the relationship between two

variables. It is invariant under strictly increasing transformations of the underlying
random variables. Like other measures of correlation Kendall’s T will take values

between -1 and +1, with a positive correlation indicating that the ranks of both
variables increase together while a negative correlation indicates that as the rank of

the one variable increases the other one decreases.

Let T;; and T;; be failure times with an Archimedean copula C generated by ¢,
Kendall’s T is then given by:
1

Tﬁ:1+4j.—d¢(t) t 3)

o '(1)
0

When C is a Clayton copula (3), then Kendall’s T is given by:

1

T,= 1+4I ol dt = 1+4j Ctdt =2
0

—gr ¢! 6+2 , 4
0

where 6 is the copula parameter.



2.2 Two-stage estimation

The bivariate survival function S; (. , .) in survival copula model (1) is characterized
by the dependence function Cy(. , .) and the two marginal survival functions S;;(.) and
Si2 (). This special structure suggests that we may estimate the two margins and the
copula parameter 6 separately. The estimation of S; (. , .) may be carried out in two-
stages: in the first stage, the marginal survival functions S;;(.) and S;>(.) are estimated
nonparametrically (Nelson-Aalen estimator), semi-parametrically or by using a
parametric model ( Weibull regression model). At the second stage, the estimated
marginal survival functions are plugged in the likelihood and the association
parameter is estimated via the maximum likelihood method. The likelihood, L, can be

written as

4,(1-8,) ), (1-0,)
[T, 0t e B0 B G
i=1 172 aX aX 12432 :
il i2

Using the relationship between the joint survival function and the survival copula (1)
and using as notation U;= S;(X;;) and V;=S,(X;>), the likelihood in terms survival
copula is given by:

5.5 aC (Uz ,V )5,1(1—5,'2)
du,

1

H Lf (X)) f (X )1 ¢, (U, V)™

6
AC, U, V)™ ©

aV,

1

Ca (Ui ’Vi )(1—%)(1—5,-2) )

2.2.1 First stage: estimation of the marginal survival functions

In the first stage of the estimation, we estimate the marginal survival functions using a
parametric, a semi-parametric and a nonparametric approach. A model for the
marginal survival functions is fitted taking the clustering into account in the variance

of the estimated parameters.



2.2.1.1 Parametric approach

In the first stage of the estimation the marginal survival functions are estimated by
using a parametric approach proposed by Andersen (2005). We assume that the

marginal survival function comes from a multiplicative Weibull regression model:
S ij(t) - CXp{—ﬂt'D exp(ﬁzij)} .

It follows from Andersen (2005) that the parameter estimators are consistent and

asymptotically normal.

2.2.1.2 Semi-parametric approach

In the semi-parametric estimation approach, we model the marginal survival functions
in the first step using a Cox proportional hazard model with covariate z;;, as proposed
by Andersen (2005).

The Cox regression model is given by:
A,; () = 4, () exp(Sz;)

where 4,(%) is the baseline hazard at time ¢ and £ is the fixed effect parameter.

In terms of the cumulative hazard function, we obtain
Aij (1) = Ay () eXp(lBZij ).

The survival function is then given by:

§,-,-(t) =exp{—/A\o (t;ﬁ)exp(,/ﬁ\zij) }

It follows from Spiekerman and Lin (1998) that /A\O (. ;,/B) and ,3 are consistent and

asymptotically normal.

2.2.1.3 Nonparametric approach

In the nonparametric approach, we assume that we observe a deterministic binary

covariate z; at the observational unit level. In the first stage the marginal survival



functions are estimated by using a Nelson-Aalen estimator for the group with z;=0

and z;;= 1 separately. For j=1,2, we have

 [ew[-R0). i 5 =0
i exp(—//iz(t)), if z; =1.

A N

Where Ai(.) and A»(.) are the Nelson-Aalen estimators for the cumulative hazard

function for the group with z;;=0 and z;;= 1.

2.2.2 Second stage: estimation of the association parameter

In the second stage of estimation, we estimate the copula parameter € by maximizing
the loglikelihood, in which the marginal survival functions are replaced by their
estimates obtained in the first stage. The derivations of the formulas are found in the

Appendix L. Then the log likelihood function for the Clayton copula can be written as

8,0, [log(§ /(X)) + 8, (X)) =D 7§77 (X)) §, (X i) 1+

M

Il
—_

M
M=

3,(1=38,)10g[(S,"(X;)+ S, (X, ))-D" 7 77X, )1+

~
1l

—
1l

-

(1_51‘1)(1_5[2)10g[(51_6(xi1)+ Sge(Xiz)_l)_l/g] . (7)

~ M=

In the second stage of the estimation, we replace in this logliklihood expression S;(X)
by the estimated marginals §,~,~(Xij) from the first stage. To estimate the copula

parameter 6, the logliklihood expression (7) is maximized with respect to 6.



3. Simulation studies

3.1 Description of the simulations

This section presents a simulation study aimed at assessing the behaviour of the
association and the regression parameters, for the parametric, semi-parametric and the
nonparametric approaches presented in Section 2.2. A possible shortcoming of the
parametric and semi-parametric methods of estimating the copula parameter € is that
they are likely to be inconsistent if the marginal distributions are misspecified at the
first step. To study the robustness of the model, we generate 1000 data sets with 100
and 500 clusters that contain two observations each. The observations for each data
set are generated in the following way. First, 100 and 500 pairs (U;;, U;;) are
generated from Clayton copula using the algorithm in Appendix II. To obtain the
failure times 7T;; we assume that in the first step the marginal survival functions come

from:

1. A multiplicative Weibull regression model with a binary covariate (z;; = 1 for

the first level and z;; = 0 for the second level)

The marginal survival function is then given by:
U,-j = Sij (TU) =exp{—-A, (Tij)exp(zijﬁ)} ) )

with A(T)=AT”. The jth failure time in the ith cluster is then obtained as follows:

N PR CT I e
v Aexp(z;p) ’

for j = 1,2, and i=1,2,...,K, where (U;; , Uj;) are the pairs that we obtained by
generating from a Clayton copula. This assumption corresponds to the correct

specification of the marginal distributions.

10



2. A multiplicative loglogistic regression model with a binary covariate (z;; = 1

for the first level and z;; = 0 for the second level)

The marginal survival function is then given by:

U,:,‘ = S,j (T,,) = eXp{_AO(le)eXp(leﬂ)}
ex Z;; ” 9
=[5, ()] v

1
1+ exp(a)tt

with S, (t) = . The jth failure time in the ith cluster is obtained as

follows:

exp(BZ,) 1/k
exp ij
1-(U,) /

exp (a,) (UU )I/exp(z,-jﬁ)

for j = 1,2. and i = 1,2,..,K, where (U;; , Uj;) are the pairs that we obtained by

generating from a Clayton copula.

3. An additive regression model with Weibull baseline hazard model with a

binary covariate (z;; = 1 for the first level and z;; = 0 for the second level)

A (1) = Apt”™ + Bz,

The marginal survival function is given by:

S; () =exp(—Apt” = Bz,1). (10)

The computation of the 7j; is obtained by solving numerically such that equation (11)

is satisfied.

log(U,) == Apt*™ = Bzt

(11)
=log(U, )+ Apt”™" + Bzt =0,

11



for j = 1,2, and i = 1,2,...,K, where (U;; , U;;) are the pairs that we obtained by

generating from a Clayton copula.

A censoring time Cj; for the observations of each cluster is generated from a uniform
distribution so that we obtained approximately 20% censoring. Thus we have (T;;, Ti»)
and (Cj;, Cip), fori=1, 2, ..., K. The observed times are given by X;; = min (T};, C;)).
For each simulated data set, we estimate the marginal survival functions and the
association parameter using the parametric, semi-parametric and nonparametric two-

stage estimation approaches discussed in Section 2.2.

3.2 Choice of the parameters

For each of the three model assumptions described in Section 3.1, we consider 100

and 500 clusters with 2 observations each. Three values of the association parameter &
were considered corresponding to the Kendall’s T of 0.2, 0.5 and 0.8 for the Clayton
copula. Therefore, using (4) the values of 8 that we choose for the Clayton copula are

0.5, 2.0, and 8.0, which corresponds to the Kendall’s T respectively.

The parameter values £, A and p of the multiplicative Weibull regression model are
chosen to resemble the diagnosis data set in Duchateau and Janssen (2008): f= 0.522
A=0.119 and p= 2.42. For the multiplicative loglogistic regression model and additive
regression model with Weibull baseline hazard, we choose the parameters such that
the means and the variances of the event times 7j; of these two models are
(approximately) the same as the mean and variance of the event times T in the case
of the multiplicative Weibull regression model. The computation of the means and the
variances of these three models are found in Appendix III. By solving these equations
numerically, we obtain the values for the parameters of the multiplicative loglogistic
regression model: o = -3.1061, k = 4.5725 and f =0.3534. For additive regression
model with Weibull baseline hazard, we obtain A= 0.119 = 0.0391 and p= 2.4199.

The motivation for choosing the parameter values of the multiplicative loglogistic
regression model and the additive regression model with Weibull baseline hazard can
be seen from the plots of the density functions of 7j; that correspond to these three

models to compare the shape of their densities.

12



From Figure 1 it was observed that the three density functions have approximately the

same mean and variance.

—  Loglogistic — Loglogistic
________ Weibull additive Weibull additive
""""""" Weibull multiplicative

Weibull multiplicative

0.6
I

05
1
05
1

Density
0.3 04
1
Density
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0z
1

0.1
0.1

0.0
0.0

Time Time

Figure 1: Density functions of the Loglogistic, Weibull regression and Additive

regression model.

3.3 Results of the simulation study

To compare the estimated marginal survival functions and the estimated copula
parameters obtained by the parametric, semi-parametric and nonparametric two-stage

estimation approaches we consider:

(i) a box plot of ' and @' for the three approaches, where ' is the estimate of /3 for

the /th data set and where é? is the estimate of 6 for the /th data set, for /=1, . . .,

1000. We only show the boxplots for # = 0.5 and K = 100 and K = 500 in this
section. Similar plots can be made for the other values of 6.
(i1) the estimated bias and the estimated mean squared error (MSE) for the copula

parameter are obtained as follows: estimated bias = L’ Y60 — 6, and estimated

13



MSE = L~ > {6”) — 6 }2, where 6 is the true value. A MSE close to zero means that

the estimator & predicts the parameter 6 with approximately perfect accuracy. The
method with the smallest estimated bias and MSE is generally better.
The computations and the Figures were programmed in R Version 2.7 and in SAS

Version 9.1.

3.3.1 Results for the multiplicative Weibull regression model

Table 1 and Table 2 present the estimated bias and the estimated MSE of the
estimators for the association parameter obtained by the parametric, semi-parametric
and nonparametric two-stage estimation approaches when the marginal survival

functions are correctly specified.

From Table 1, we can observe that for all values 8 except 8 = 0.5 if K = 500, the
estimated absolute bias of & is smallest for parametric approach. In general, the

absolute values for the estimated bias of @ are larger for the nonparametric approach

as compared to the semi-parametric approach. Also we observe that for € = 8, the
estimated absolute bias of & for the three approaches are negative whereas for 6 =

0.5, the absolute estimated bias of 6 is positive for the three approaches. This means
that most of 1000 estimated association parameters 6 for the three approaches are less
than the true value @ = 8 and larger than the true value # = 0.5. We can conclude that
the parametric approach performs better than the other two approaches if the marginal
survival function is correctly specified whereas the semi-parametric and the

nonparametric approaches give similar results.

Table 2 shows that the estimated MSE of @ is smallest for the parametric approach,

except for & = 2 if the number of clusters is 100. The semi-parametric and

nonparametric approaches provide similar values for the estimated MSE of 6. From

Table 1 and 2, if we increase the number of clusters from 100 to 500 for a particular

value of 8, the estimated absolute bias and estimated MSE of @ decrease. This means
that if the number of clusters increases, the estimated values of the copula parameter 6

are closer to the true value. Also if we increase the values of 6 for a particular value of

K, the estimated absolute bias and estimated MSE of @ increase. In general, the
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parametric approach is considerably better than the semi-parametric and the

nonparametric approaches.

Table 1: Estimated bias of the association parameter 6, for three approaches when

marginal distributions are correctly specified.

K =100 K =500
T(0) 0.20 0.50 0.80 0.20 0.50 0,80
® 0.50 2.00 8.00 0.50 2.00 8.00
Parametric 0.000224  0.007178  -0.577586 | 0.002565  -0.011945 -0.097097
Semi-parametric ~ 0.001762  -0.049520 -1.489570 | 0.001134  -0.032438 -0.519660
Nonparametric 0.0067624 -0.057544 -1.509004 | 0.002766  -0.035616 -0.524235

Table 2: Estimated MSE of the association parameter 0, for three approaches when

marginal distributions are correctly specified.

K =100 K =500
7(0) 0.20 0.50 0.80 0.20 0.50 0,80
0 0.50 2.00 8.00 0.50 2.00 8.00
Parametric 0.046290 0.185942 2.170887 | 0.008945  0.041287  0.402654
Semi-parametric  0.047156 0.181159 3.583578 | 0.009101  0.041823  0.639727
Nonparametric 0.048608 0.184787 3.710306 | 0.009147  0.042361  0.649917

Figure 2 shows that the median of the estimated values for f is slightly larger for K =

500 than K = 100. The estimated median of £ is approximately equal for the

parametric and semi-parametric approaches, both for K = 100 and K = 500. The

estimated median and the estimated mean of £ are equal for K = 500 whereas for K =

100, the estimated mean of f is greater than the estimated median of . The boxplots

of the estimated values of f for the two approaches indicate that the interquartile

range is about 0.20 for K = 100 whereas for K = 500, the interquartile range is smaller

(0.10). This implies that the interquartile range decreases as the number of clusters

increases from 100 to 500. Finally, for the number of cluster 500, the distributions of
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the estimated values of f are symmetric and the estimated values of f are closer to the

true value f = 0.522.

Boxplots for the Estimated Betas
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Figure 2a: Box plots for estimated f for the 0=0.5 and K=100 clusters.
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Figure 2b: Box plots for estimated f for the 0=0.5 and K=500 clusters.

From Figure 3, we can observe that the estimated median of 6 for the three
approaches is about 0.52 and 0.50 for K = 100 and 500, respectively. Many outliers
are also observed in all approaches for K = 100 whereas for K = 500, few outliers are
observed. The boxplots of the estimated values of 6 for the three approaches indicate

that the interquartile range decreases as the number of clusters increases from 100 to
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500. In general, from the boxplots we observed that if we increase the number of
clusters from 100 to 500, the estimated mean of @ is closer to the true value 0.5 and

the distributions of the estimates values of 8 are symmetric for all approaches.

Boxplots for the Estimated Thetas
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Figure 3a: Box plots for estimated 0 with the value 0=0.5 and K=100 clusters.
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Figure 3b: Box plots for estimated 0 with the value 0=0.5 and K=500 clusters.
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3.3.2 Results for the multiplicative loglogistic regression model

Table 3 and Table 4 present the estimated bias and the estimated MSE of the
estimators for the association parameter obtained by the parametric, semi-parametric
and nonparametric two-stage estimation approaches when the marginal survival

functions are misspecified.

From Table 3, we can observe that for all values of € except 8 = 0.5 the estimated
absolute bias of & is smallest for the parametric approach and largest for the semi-

parametric approach whereas for = 0.5, the estimated absolute bias of 6 is smallest

for the semi-parametric approach both for K = 100 and K = 500. Also it was observed

that, except for 8 = 0.5, all the estimated biases of @ are negative for the three
approaches. This means that except for 8 = 0.5, most of 1000 estimated values of 6 for

the three approaches are smaller than the true value of 6.

Table 4 shows that for all values of # except for 8 = 0.5, the estimated MSE of 0 is

smallest for the parametric approach and largest for the semi-parametric approach

whereas for 8 = 0.5, the estimated MSE of @ is smallest for the semi-parametric
approach both for K = 100 and K = 500. Further more, from Table 3 and 4, if we

increase the number of clusters from 100 to 500 for a particular value of 6, the

estimated absolute bias and estimated MSE of @ decrease. This means that if the
number of clusters increases, the estimated values of the copula parameter @ are closer

to the true value. Also if we increase the values of 6 for a particular value of K, the

estimated absolute bias and estimated MSE of & increase. Finally, we can conclude
that, the parametric approach performs well compared to the nonparametric and semi-

parametric approaches.
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Table 3: Estimated bias of the association parameter 0, for three approaches when
marginal distributions are misspecified (loglogistic).

K =100 K =500
2(0) 0.2 0.5 0.8 0.2 0.5 0.8
0 0.5 2 8 0.5 2 8
Parametric 0.036517 -1.465873  -7.458529 | 0.036684 -1.459934 -7.44575

Semi-parametric  0.003195 -1.503504 -7.497158 | -0.00190 -1.49997 -7.486951

Nonparametric ~ 0.013563 -1.492388  -7.487823 | 0.008436 -1.489482 -7.477714

Table 4: Estimated MSE of the association parameter 0, for three approaches when
marginal distributions are misspecified (loglogistic).

K =100 K =500
7(0) 0.2 0.5 0.8 0.2 0.5 0.8
0 0.5 2 8 0.5 2 8
Parametric 0.042196 2.190054 55.66938 | 0.042507 2.173872 55.47872

Semi-parametric  0.041045 2.301334 56.24469 | 0.041047 2.291349 56.09066

Nonparametric 0.042657 2.269198 56.10715 | 0.041693 2.260499 55.95368

From Figure 4, it was observed that for the two approaches the estimated mean of f is
smaller than the estimated median of f both for K = 100 and K = 500. The estimated
mean of £ for the semi-parametric approach is about 0.37 which is slightly larger than
the estimated mean of f§ for the parametric approach both for K = 100 and K = 500.
The boxplots of the estimated values of f for the two approaches indicate that the

interquartile range is approximately 0.10, both for K = 100 and K = 500.
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Boxplots for the Estimated Betas
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Figure 4a: Box plots for estimated ff with the value 6 = 0.5 and K = 100 clusters.
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Figure 4b: Box plots for estimated f with the value 8 = 0.5 and K = 500 clusters.

Figure 5 shows that the estimated mean and the estimated median of 6 are
approximately equal for the nonparametric and the semi-parametric approaches
whereas for the parametric approach the estimated mean of 6 is larger than the
estimated median of 6 both for K = 100 and K = 500. The boxplots of the estimated
values of @ indicate that the interquartile range is about 0.25 for the nonparametric
and the semi-parametric approaches whereas for the parametric approach the

interquartile range is about 0.32 both for K = 100 and K = 500.
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Boxplots for the Estimated Thetas
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Figure 5a: Box plots for estimated 0 with the value 8=0.5 and K=100 clusters.
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Figure 5b: Box plots for estimated 0 with the value 0=0.5 and K=500 clusters.

3.3.3 Results for additive regression model with Weibull baseline
hazard

Table 5 and Table 6 present the estimated bias and the estimated MSE of the
estimators for the association parameter obtained by the parametric, semi-parametric
and nonparametric two-stage estimation approaches when the marginal survival

functions are misspecified.

21



From Table 5, we can observe that for all values of 8 except for 8 = 0.5, the estimated
absolute bias of & is smallest for the parametric approach. Table 6 shows that for
large values of 6, the estimated MSE of 6 is smallest for the parametric approach

whereas for 8 = 0.5, the estimated MSE of @ is smallest for the semi-parametric
approach. The estimated MSEs are similar for the semi-parametric and the

nonparametric approaches. Finally, Table 5 and 6 indicate that the estimated absolute

bias and estimated MSE of @ decrease if the number of clusters increases from 100 to
500 for a particular value of 6. This means that as the number of clusters increases,
the estimated values of the copula parameter 6 are closer to the true value. Also if we

increase the values of @ for a particular value of K, the estimated absolute bias and

estimated MSE of @ increase.

In general, we can conclude that the parametric approach performs better than the
other two approaches. This may be due to the fact that, when z; = 0, the marginal
survival function reduces to the multiplicative Weibull regression model. Hence, we

have only misspecification when the covariate z;; is equal to 1.

Table 5: Estimated bias of the association parameter 0, for three approaches

marginal distributions are misspecified (additive Weibull).

when

K=100 K =500
7(0) 0.2 0.5 0.8 0.2 0.5 0.8
O 0.5 2 8 0.5 2 8
Parametric 0.026194 0.041769  -0.718988 | 0.012919  0.018030  -0.336448
Semi-parametric  0.001187 -0.089611 -1.410522 | -0.007847 -0.041654 -0.527627
Nonparametric 0.015604 -0.042229 -1.486290 |-0.004010 -0.029579 -0.556186
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Table 6: Estimated MSE of the association parameter 6, for three approaches when
marginal distributions are misspecified (additive Weibull).

K =100 K =500
7(0) 0.2 0.5 0.8 0.2 0.5 0.8
& 0.5 2 8 0.5 2 8
Parametric 0.048642  0.209617  2.330342 | 0.010051  0.040862  0.498952

Semi-parametric ~ 0.046031  0.194920  3.556593 | 0.009529  0.042627  0.654911

Nonparametric 0.049764  0.202136  3.883541 | 0.009569  0.042385  0.698909

From Figure 6, we can say that for the two approaches, the estimated mean of S is
approximately equal for the parametric and the semi-parametric approaches both for
K =100 and K = 500. Also negative value of outlier is observed for K = 100, whereas
for K = 500, positive outliers are observed for the both approaches. The boxplots of
the estimated values of § for the two approaches indicate that the interquartile range is

about 0.20 for K = 100 whereas for K = 500, the interquartile range is smaller (0.10).
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Figure 6a: Box plots for estimated ff with the value 0=0.5 and K=100 clusters.
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Boxplots for the Estimated Betas
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Figure 6b: Box plots for estimated f with the value 0=0.5 and K=500 clusters.

From Figure 7, it was observed that the estimated mean and estimated median of € are
approximately equal for the nonparametric and the semi-parametric approaches both for
K =100 and K = 500 whereas for the parametric approach the estimated mean of 4 is
larger than the estimated median of 6 both for K = 100 and K = 500. Many outliers are
also observed in all approaches for K = 100 whereas for K = 500, few outliers are
observed. The boxplots of the estimated values of @ for the three approaches indicate
that the interquartile range decreases as the number of clusters increases from 100 to

500.
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Figure 7a: Box plots for estimated 0 with the value 0=0.5 and K=100 clusters.
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Figure 7b: Box plots for estimated 0 with the value 0=0.5 and K=500 clusters.

3.3.4 Model comparison

We compare the performance of the estimation methods for the three model
assumptions made to generate the data. If the data are generated assigning a

multiplicative Weibull regression model (correct model), it was observed that the

estimated absolute bias and the estimated MSE of & are smallest for the parametric
approach. If the data are generated assigning a misspecified models (an additive
regression with Weibull baseline hazard or multiplicative loglogistic regression

model), it was observed that for all values of 8 except 8 = 0.5, the estimated absolute

bias and the estimated MSE of & are smallest for the parametric approach. For the

multiplicative Weibull regression model, the estimated absolute bias and the

estimated MSE of & are largest for the nonparametric approach whereas for the

multiplicative loglogistic regression model, the estimated absolute bias and the

estimated MSE of & are largest for the semi-parametric approach. If we increase the

number of clusters from 100 to 500 for a particular value of 8, the estimated absolute

bias and the estimated MSE of @ decrease for the three models. And if we increase
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the true value of 6 for a particular value of K, the estimated absolute bias and the

estimated MSE of @ increase for the three models.

For the multiplicative Weibull regression model (correct model), the distributions of
the estimated values of § are symmetric and the estimated values of B are closer to the
true value if the number of clusters increases from 100 to 500 whereas for the
misspecified models, the distributions of the estimated values of  are asymmetric and
the estimated values of  are not closer to the true values if the number of clusters
increases from 100 to 500. For the multiplicative Weibull regression model and
additive regression model with Weibull baseline hazard, the boxplots of the estimated
values of @ for the three approaches indicate that the interquartile range decreases as
the number of clusters increases from 100 to 500 whereas for multiplicative
loglogistic regression model, the interquartile range is constant both for K = 100 and

K =500.
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4. Discussion and Conclusion

This study focused on the comparison of parametric, semi-parametric and
nonparametric two-stage estimation methods for copula models. A nice property of
copulas is that the marginal survival functions do not depend on the parameters of
copula. Therefore, the marginal survival functions and the dependence parameter

vector can be estimated separately.

In the first stage, we estimate the marginal survival functions using parametric and
semi-parametric approaches proposed by Andersen (2005), and using a nonparametric
approach. In the second stage, the dependence parameter is estimated by maximizing
the loglikelihood, with the marginal survival functions replaced by their estimates. To
compare the performance of the parametric, semi-parametric and the nonparametric
estimation approaches, we compute the estimated biases and the estimated MSEs for

the estimators of the copula parameters based on 1000 simulated data sets.

The estimated absolute bias and the estimated MSE of the estimator for the copula
parameter are smallest for the parametric approach for the three models, except for 6

= (0.5. For the multiplicative Weibull regression model, the estimated absolute bias

and the estimated MSE of & are largest for the nonparametric approach whereas for

the multiplicative loglogistic regression model, the estimated bias and the estimated

MSE of & are largest for the semi-parametric approach. For the misspecified models
(an additive regression with Weibull baseline hazard and multiplicative loglogistic
regression model), the estimated bias and the estimated MSE of the copula parameter
are larger for parametric approach when 6 = 0.5. This implies the parametric approach
performs worse than the nonparametric and the semi-parametric approach when 6 =
0.5 for the misspecified models. If we increase the number of clusters from 100 to

500 for a particular value of 6, the estimated absolute bias and the estimated MSE of

6 decrease for all simulation settings and for the three models. For the multiplicative
Weibull regression model (correct model), the distributions of the estimated values of
B are symmetric and the estimated values of [ are closer to the true value if the
number of clusters increases from 100 to 500 whereas for the misspecified models,

the distributions of the estimated values of B are asymmetric and the estimated values

27



of B are not closer to the true values if the number of clusters increases from 100 to

500.

In conclusion, for the correct model, estimated bias of the parameter estimators of the
marginal survival functions is small whereas for the misspecified models, the
parameter estimators of the survival functions are more biased. In estimating the
copula parameter, the parametric approach is more accurate for the correct model and

for the misspecified models for large values of 6.

The following aspect is recommended for further research. We considered 100 and
500 clusters, 8=0.5, 2 or 8, and about 20% of censoring. It might be interesting to
consider values of # which are smaller than 0.5 and to vary the percentages of

censored observations to obtain conclusions in a more general setting.
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Appendix

I. Contributions to the likelihood

When the two observations are censored, the contribution to the likelihood is given by

-1

S (X, Xp) = (Sn_e(Xn)'i' SiZ_H(XiZ) _1);
When the two observations are events, the contribution to the likelihood is given by

9°S(x,,x,) _ 9*C(u,v)

ox,,0x,, ou dv

f(Xi,x,) = fx) f(x,)

=C, (M,V)f(xil)f(xﬂ)

T S ()

1

=1+0)(§ . )+ S (x-S

where ¢y is the copula density.

II. Algorithm to generate pairs (u1, u;) from a Clayton copula with association

parameter 0

1. Simulate v; from U [0; 1]
Take u; =v;

2. Simulate v, from U [0; 1]

Set

_d _d —6 -6 -1/6
vV, —d—ulCe(ul,uz)‘ , —d—ul[(ul +I/l2 —1) :|

u
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—_ 0 —0-1
= — —(u,, +u, - 1) (=O0u,, )
V)
-1
. —9-1 —9 —9 P
Vor = Uy (u,, + u, - 1)
Then solve for u, we get,
9 ~1/6
v, (1+6) ) ) _v -1
_ - _ - o+1 _
i, = - +1-u, ={l+u " (v, ' =1) }o

u,

Thus we have (u;, u;). Repeat step 1 and 2, K times to generate pairs (ujj, Ujp), for i =

1, ..., K, using the above algorithm. Where K is number of clusters.

III. The means, densities and variances of the three models are given as follows:
1. Weibull regression model:

The hazard and marginal survival functions of this model is

Ay (1) = Apt” exp(Bz,;)
Sij (1) = {CXP(—/U”) }exP(ﬁZiz‘)

The density function is
fij (l) = /lptﬂ—l exp(_/‘ttﬂ)exp(ﬁzij ){CXp(—ltp) }exp(ﬁzlj y—1

The first and the second moments are given by:

1 1 1p
ETH)=T(l+—){ ——
@) =11 ,0){ Aexp(Bz;) }
) 2 1 2/p
ETH=I'(—+1)] ——
@) (p 1 Aexp(Bz;) |

The variance is
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1 2

P2 | P& +1)] !

Var(T;) = F(1+l){
p

2. Loglogistic regression model:
The density function is

1
1+ e%t*

£, 0=k FE exp(fz,)

The first and the second moments are given by:

i 1 exp(fz; )+l
E(T.)= | e%kt* PR exp(Bz,,) dt
(’]) _([ { 1+eatk } p(ﬁ U)
(=" z 1 if z, =0 and k >1)
k . &« J
sm(?)

+oo

1 exp(fBz;)+1
E(Ty) = | ekt { — }77 " exp(Bz)dt
/ -([ 1+ e%t* !

The variance is given by:

Var(Ty) = EG2)~{ ET,))

3. Additive regression model with Weibull baseline hazard:

The density function is
[ (0) = (Apt”™ + Bz exp(=At” — Bz,1)

The first and the second moments are given by:

E(T,) = j (Apt” + Bz;t)exp(~At® — Bz t)dr
0

ET;) = j (Apt™*! + Bz, ) exp(—At” — Bz, b)dt
0

The variance is

Var(T,) = E(T})—{ ET,) }
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