”Ce que nous évitons de reconnaitre en nous-memes, nous
le rencontrons plus tard sous la forme du destin”.

Carl Gustav Jung






Contents

1 Introduction 3
2 Two-boundary problems for Lévy processes 11
2.1 Overview . . . . ... e 11
2.2 One-boundary characteristics of the process . . . . . . ... .. 13
2.2.1 Spectrally one-sided case . . . . . ... ... ... ... 17

2.2.2 Scale function . . . . . .. ... oL 19

2.2.3 Compound Poisson process with two-sided jumps . .. 20

2.3 First exit from the interval . . . . ... ... ... ... .... 24

24

2.5

2.3.1 First exit from the interval by a spectrally positive Lévy

PTOCESS . . v v v e e e e e e e e e e e e 29
2.3.2 Exit by a standard Wiener process . . . . . .. .. ... 32

2.3.3 Exit from the interval by a compound Poisson process

with arbitrary positive and exponential negative jumps 34
Supremum, infimum and the position of the process . . .. .. 41

2.4.1 Supremum, infimum and the value of the spectrally pos-

itive Lévy process . . . . . . . .. ... 43

2.4.2  Supremum, infimum and the value of a compound Pois-

son process with jumps of both signs . . . . ... ... 48
Intersections of the interval . . . . .. . ... ... ... 52

2.5.1 Intersections by a spectrally positive Lévy process . . . 57

iii



iv CONTENTS
2.5.2 Intersections of the interval by a compound Poisson pro-
cess with arbitrary positive and exponential negative
JUMPS . . .o e e e e e e e 67
2.6 Occupation time of an interval . . . ... ... ... ...... 72
2.6.1 Compound Poisson process with linear drift . . . . .. 72
2.6.2 Spectrally one-sided Lévy process . . . ... ... ... 7
2.6.3 Standard Wiener process . . . . . ... .. ... ... 87
2.6.4 Compound Poisson process with arbitrary positive and
exponential negative jumps . . . . ... ... 89
3 Difference of two compound renewal processes 91
3.1 Introduction . . . . . . . . .. ..o 91
3.2 Definitions and auxiliary results . . . . . ... ... ... L. 94
3.3 One-boundary functionals of the process . .. ... ... ... 101
3.4 Exit from the interval . . . . .. .. ... ... ... L. 113
3.5 Infimum, supremum and the value of the process . . . ... .. 122
3.6 Asymptoticresults . . . .. ... ... L 132
3.7 Reflections from the boundary generated by the supremum . . 137
3.7.1 Passage of the lower boundary . . ... ... ... ... 138
3.7.2 Increments of the process reflected in its supremum . . 140
3.8 Reflections from the boundary generated by the infimum . . . 145
3.8.1 Passage of the upper boundary . . . .. ... ... ... 146
3.8.2  Increments of the process reflected in its infimum . . . 148
4 Applications for queueing systems 155
4.1 Introduction . . . . . . . . . ... 155
4.2 Description of M*|G?[1|B system . . . . . ... ........ 160
4.2.1 Busy period of the system . . . . . ... .. ... .... 162
4.2.2  Time of the first loss of a customer . . . . . . . ... .. 163

4.2.3 Number of customers in the system . . ... ... ... 164



CONTENTS v
424 Special case: M¥|G|1|B system . . . .. ... ... ... 168

4.3 Description of G|M*|1|B system . . . . ... ......... 171
4.3.1 Busy period of the system . . .. ... ... ...... 173

4.3.2 Time of the first loss of a customer . . . . ... .. .. 175

4.3.3  Number of customers in the system . . ... ... ... 177

4.3.4 Virtual waiting time . . . . . . .. ... ... 181

4.3.5 Special case: GIM*|1|B system . . . .. ... ... ... 182

5 Concluding remarks and further research 185
Appendix 189
Bibliography 191
Samenvatting 207






Acknowledgements

There are many people who helped me during this long and intense endeavor,
and I do not only refer to the process of writing a dissertation, but the 5 years
that took me to get here. There is no space to thank everyone, so if I have

not mentioned you, please do not think I forgot you.

First and foremost I would like to thank my supervisor Prof. Dr. Noél Vera-
verbeke for his nearly six years of inspiring supervision, for being a valuable
source of ideas and motivation. I am specially grateful for his commitment to
guiding me through my doctoral research, as well as for the time he has spent
reading the various drafts of articles and this thesis. Dear Noél, thanks for
caring and encouraging! Thanks for your advices and support! You were my

inspiration and example in many directions.

I acknowledge the full CENSTAT /I-BIOSTAT community. My special cordial
thanks go to all CENSTAT colleagues. Without their help and advice, going
that far would not have been possible. My experience started from their
hospitality, friendship and patience to listen to my poor Dutch. Thanks for
sharing your knowledge, for the stimulating multicultural atmosphere during

the work hours, lunches and for numerous activities you organized quite often.

I owe big gratitude to the members of the reading committee Andreas Kypri-
anou, Nicolai Leonenko, Wim Schoutens, Paul Janssen and Roel Braekers.
Your careful reading of the first draft of this thesis and various helpful com-
ments improved quality of this manuscript.

I would like to address special thanks to Prof. Dr. Roel Braekers for his
support, advice and encouragement. He was a good friend and fun to work
with.

I also would like to thank Prof. Dr. Nicolai Leonenko for his insightful com-
ments and valuable remarks.

I would like to express my deepest gratitude to Prof. Andreas Kyprianou for

his guidance and help in the successful accomplishment of this work.



I also would like to thank my office colleagues: Auguste Gaddah, Tom Jacobs
and Philippe Haldermans who were supportive and kind to me. It was always
fun to work with them. Thank you for the good moments that we had together.
And not to forget Benoit, who kept awake my interest in other things besides

Mathematics. I have learned a lot thanks to him.
Special words go to Jean-Paul who incessantly motivated and challenged me.

And never enough thanks to Margarita, Alena and Anna for their friendship,

care and support through difficult times.

My warm gratitude also to Secretariat staff for arranging many administrative

things for me.

And last but definitely not the least, is my family, who supported me from far
away. It is difficult to find words to express my gratitude and thanks to both
of you. To my farther, you played an important role in my personal growing
and professional developing. To my mother, you were always there for me and

gave me moral support and inspiration. Your love is always in my heart.



Chapter 1

Introduction

Stochastic processes serve as mathematical models of random phenomena in
time evolution. Lévy processes are stochastic processes with stationary inde-
pendent increments. They constitute a fundamental class of stochastic pro-
cesses which possess nice properties and, thus, proved to find a wide range of
applications in different areas such as risk theory and finance, physics, bio-
sciences and telecommunications, queueing theory, fragmentation theory etc.
For instance, Lévy processes are an excellent tool for modeling price processes
in mathematical finance. This fact emphasizes the importance of studying
Lévy processes, their path properties and various characteristics. Also the
asymptotic behavior of the Lévy process and its important functionals is an
important topic. On the other hand, the Lévy processes are important from
a theoretical point of view, since other classes of stochastic processes, such
as semi-Markov processes, semi-martingales are obtained as generalizations of

Lévy processes.

Theory of Lévy processes goes back to the 1920s, and mainly originated from
Lévy and Khintchine, when the key stones of modern probability were laid.
Their general structure has been gradually discovered by de Finetti, Kol-
mogorov, Lévy, Khintchine. Lévy processes were named after a famous French

mathematician Paul Lévy who himself called them a sub-class of processus ad-



ditifs (additive processes). After P. Lévy’s characterization in the 1930s of all
processes in this class, many researchers have studied properties of the dis-
tributions and behavior of sample functions. Later, the fluctuation theory
for random walks was developed mainly by Spitzer (1964), Wendel (1960),
Feller (1966), and then later for random processes (Borovkov (1972), Rogozin
(1966), Fristedt and Pruitt (1971), Fristedt (1974)). More recent work on
this topic is Alili and Chaumont (2001). The main weakness of fluctuation
identities for general Lévy processes is that they involve the one-dimensional
distributions of the process which are seldom explicitly known. In the case
of absence of negative (positive) jumps (a so-called spectrally one-sided Lévy
process) these identities can be expressed directly in terms of the root of the
characteristic equation, involving the Laplace exponent of the process and the
scale functions. Excursion theory, use of local times were further developed by
Greenwood and Pitman (1980), Doney (2004), Bertoin (1996a), Kesten and
Maller (1998). Excellent monographs on Lévy processes are due to Gihman
and Skorokhod (1973), Bertoin (1996a), Kyprianou (2006), Sato (1999).

One of the most popular and most applicable problems in the study of Lévy
processes is the so called boundary problem (or one- and two-sided exit prob-
lem). It is a problem of determining the law of the first passage of a level
(first exit time from a fixed interval) by the process and other characteris-
tics such as position of the process at this instant, the value of the overshoot
through the level, sojourn time inside the interval, number of intersections
of the interval, etc. Motivated by needs of applied sciences, first passage
problems and exit problems became a topic of many researchers. These prob-
lems were considered starting from Zolotarev (1964), Emery (1973), Suprun
(1976) and others. For evaluation of the first passage times for spectrally
one-sided Lévy processes see Rogers (2000). The first passage problem in
the context of ruin theory, insurance and dam theory has found a lot of ap-
plications (see for instance Chiu and Yin (2005), Klueppelberg et al. (2004),
Klueppelberg and Kyprianou (2006), Avram et al. (2009), Huzak et al. (2004),
Yang and Zhang (2001), Patie (2004), Avram and Usabel (2003)), options
pricing (Madan and Schoutens (2007), Mordecki (2002), Chesney and Jean-



blanc (2004), Boyarchenko and Levendorskii (2002), Avram et al. (2002), Kou
et al. (2003), Chesney and Jeanblanc (2004)). Asmussen et al. (2004) con-
sidered first passage problems for phase-type Lévy processes in the context
of pricing American options, and also in context of equity default swaps for
CGMY Lévy process, see Asmussen et al. (2008). For an overview of the
applications of Lévy processes in finance we refer to an excellent monograph
Schoutens (2003), see also Schoutens and Symens (2003), Cont and Tankov
(2004), Schoutens (2006). Later on, one-boundary characteristics were gener-
alized to a more complicated problem, i.e. a two-boundary problem. A lot of
significant contributions were made by Doney, Bertoin, Kyprianou and many
others. We particulary refer to a very comprehensive book by Kyprianou
(2006) on Lévy processes. Two-boundary problems for spectrally one-sided
Lévy processes were considered in Bertoin (1996b), (1997), Lambert (2000),
see also Doney (2005), Avram et al. (2004), Perry et al. (2005). Many of
these authors proposed new methods for the two-sided exit problem based
on martingale approach and the Ito excursions. Analytical properties of the
scale function were further studied in Doney (2005), Chan et al. (2007), Biffis
and Kyprianou (2008). Applications of scale functions in potential analysis of
subordinators were presented in Kyprianou and Rivero (2008) and Hubalek
and Kyprianou (2007), while Kyprianou et al. (2008b) deduced possible ap-
plications in control theory. Rogers Rogers (2000) and Surya (2008) provided
robust methods for numerical computation of scale functions. Zhou (2005)
made an important contribution from the general point of view of Lévy in-
surance risk processes and introduced the use of so-called scale functions in
his analysis of the Gerber-Shiu function. Following Zhou (2005), Biffis and
Morales (2008) provided an explicit characterization of a generalized version
of the Gerber-Shiu function in terms of scale functions. Generalization of the
scale functions for Markov additive processes was considered in Gerber et al.
(2006).

Scale functions have also found applications in risk insurance, more specif-
ically, in optimal barrier strategies (see: Zhou (2005), Renaud and Zhou
(2007), Kyprianou and Palmowski (2007) Albrecher et al. (2008), Loeffen



(2008) Kyprianou et al. (2008b) Kyprianou and Loeffen (2008). In the context
of last ruin times Chiu and Yin (2005) and Baurdoux (2008) also make exten-
sive use of the theory of scale functions. Moreover, generalized analogues of
scale functions appear in the first passage problem of a Markov additive pro-
cess and positive self-similar Markov processes. (see Breuer (2008), Kyprianou
et al. (2008a), Chaumont et al. (2008). Motivated by classical considerations
from risk theory, Kyprianou and Loeffen (2008) investigated boundary cross-
ing problems for refracted Lévy processes. The latter is a Lévy process whose
dynamics change by subtracting off a fixed linear drift whenever the aggregate

process is above a pre-specified level.

For applications of Lévy processes in biosciences, chemistry and theory of
branching processes we refer to Le Gall and Le Jan (1998) and Pakes (1996).
Another interesting part of the theory of Lévy processes is a study of reflected
processes. Stochastic processes with two absorbing or reflecting barriers occur
in sequential analysis, queueing theory, insurance risk, mathematical finance
and other applications areas (see Bertoin (1997)). For example, the optimal
time to exercise a Russian option is the first time that the reflected process
crosses a fixed level (see Pistorius (2003), Pistorius (2004)). In the context of
dams, for fluid queues with on-off inputs, the reflected Lévy processes were
studied in Dube et al. (2004), and in the context of queueing models using
martingale techniques in Kella et al. (2006). Hansen (2006) studied the max-
imum of the reflected random walk and considered application in structural
biology. For applications in sequential analysis we refer to Karlin and Dembo
(1992).

Solving optimal stopping problems driven by Lévy processes has been a chal-
lenging task and has found many applications in modern theory of mathemat-

ical finance.

Asymptotic analysis of the distributions of the boundary functionals of the
process constitutes one of the most difficult parts of the theory of Lévy pro-
cesses. The asymptotic expansions of the distributions of the two-boundary
functionals of random walks satisfying the Cramer’s condition were derived in
Lotov (1979a), Lotov (1979b). Analysis of the asymptotic properties of the



two-boundary characteristics of Lévy processes and random walks was made
in Lotov and Khodzhibaev (1984), Lotov and Khodzhibayev (1993), Lotov
and Khodzhibaev (1998a), Lotov and Khodzhibaev (1998b). Recently Lotov
and Orlova (2004), Lotov and Orlova (2005) studied asymptotic behaviour of

the two-boundary functionals for random walks defined on a Markov chain.

In the present work, we address both two-sided exit problems and the asymp-
totic analysis for various two-boundary characteristics of general Lévy pro-
cesses and the difference of two compound renewal processes. The methodol-
ogy we use is mainly based on a probabilistic approach, use of one-boundary
characteristics of the process and theory of Fredholm equations of the second
kind. This approach appears to be quite universal: it works for general Lévy
processes, general random walks, and even for certain semi-Markov processes.
The solution of most problems is given in the form of a Neumann series. For
the special case of Lévy processes, results are given in closed form, namely
in terms of the scale function of the process. More details on our results are

given in the next section.

This thesis consists of five self-contained parts, and it is structured as follows.
Chapter 2, consisting of 7 sections, is devoted to the study of various two-
boundary characteristics of Lévy processes. For this class of stochastic pro-
cesses we determine the Laplace transforms of several functionals connected
with the exit from a fixed interval. The results presented in Chapter 2 can be

found in the following published articles.

Kadankova (2003a). On the distribution of the number of the intersec-
tions of a fixed interval by the semi-continuous process with independent
increments. Theor. of Stoch. Proc., 1-2, 73-81.

Kadankova (2003b). Two-boundary problems for random walks with
negative jumps which have geometrical distribution. Theor. Prob. and
Math. Statist., 68, 60-67.

Kadankova (2004). On the joint distribution of supremum, infimum and

the magnitude of a process with independent increments Theor. Prob.



and Math. Statist., 70, 61-70.

Kadankov and Kadankova (2004). On the distribution of duration of
stay in an interval of the semi-continuous process with independent in-
crements. Random Operators and Stochastic Equations, 2004 , 12(4) ,
365-388

Kadankov and Kadankova (2005a). Intersections of an interval by a
process with independent increments Theor. of Stoch. Proc., 11(1-2),
54-68.

Kadankova and Veraverbeke (2005). Several two-boundary problems for
Lévy processes. Proceedings of the 4-th Actuarial and Financial Mathe-
matics Day. Ed. A. De Schepper et al, KVAB, Brussels, 97-106.

Kadankov and Kadankova (2005b). On the distribution of the first exit
time from an interval and the value of overshoot through the borders for

processes with independent increments and random walks. Ukr. Math.
J., 10(57), 1359-1384.

Kadankova and Veraverbeke (2007). On several two-boundary problems
for a particular class of Lévy processes. J. Theor. Probab., 20(4), 1073-
1085.

Anderluch and Kadankova (2008). Double-sided knock-in calls in an

exponential compound Poisson framework. Technical report TR0O8007.

It appears that the method introduced for Lévy processes can be applied for

another class of stochastic processes, namely for a difference of the compound

renewal processes and semi-Markov random walks with drift. In Chapter 3 we

study several two-boundary characteristics for the difference of a compound

Poisson process and a compound renewal process. The results presented rely

on the following papers.

Kadankov and Kadankova (2008c). A two-sided exit problem for a dif-
ference of a compound Poisson process and a compound renewal process
with a discrete phase space. Stoch. Models, 24(1), 152-172.



Kadankov, Kadankova and Veraverbeke (2009). Intersections of an in-
terval by a difference of a compound Poisson process and a compound
renewal process Stochastic Models, 25(2), 270-300.

Kadankov and Kadankova (2007). Two-boundary problems for a semi-
Markov walk with a linear drift. Random Oper. and Stoch. Equ. 15,
223-251.

Chapter 4 is concerned with possible applications in queueing theory. Queue-
ing systems with batch arrivals and finite buffer have wide applications in
the performance evaluation, telecommunications, and manufacturing systems.
One of the crucial performance issues of the single-server queue with finite
buffer room) is losses, namely, customers (packets, cells, jobs) that were not
allowed to enter the system due to the buffer overflow. This issue is espe-
cially important in the analysis of telecommunication networks. Motivated by
this fact, we derived the most important performance measurements of several
queueing systems of this type. More precisely, we consider the M*|G?|1|B and
G|M*|1|B queueing systems with finite waiting room (see a rigorous descrip-
tion of such systems in Chapter 4) and their modifications. For these systems
we study their main characteristics such as the busy period, the time of the
first loss of the customer, virtual waiting time and the number of customers
in the system at arbitrary time. The results presented can be found on the

following papers.

Kadankov and Kadankova (2008a). Busy period, time of the first loss
of a customer and the number of the customers in M*|G?|1|B system

Queueing Systems, (submitted).

Kadankov and Kadankova (2008b). Busy period, virtual waiting time
and number of the customers in G| M*|1|B system. Queueing Systems,
(submitted).

Kadankova and Veraverbeke (2008). Exit problems for an oscillating

compound Poisson process. J.Theor. Probab. (submitted).

Finally, we discuss the results and open problems in Chapter 5.






Chapter 2

Two-boundary problems for

Lévy processes

2.1 Overview

In this chapter we will solve several two-boundary problems for a Lévy process
whose Laplace exponent is of the general form (2.2.1). We first determine the
joint distribution of the first exit time and the value of the overshoot through
the boundary. Employing this distribution, we derive the Laplace transform
of the joint distribution of the supremum, infimum and the position of the
process. Next we find the joint distribution of the number of the upward and
downward intersections of the interval. We then apply the results obtained
to particular classes of Lévy processes, namely for the spectrally one-sided
Lévy process (2.2.7), the compound Poisson process with jumps of both signs
(2.2.13) and for the Wiener process.

We will also study the distribution of the total stay time inside and outside the
interval, which in our opinion is one of the most difficult two-boundary char-
acteristic of the process. This functional plays an important role in finance

applications, more specific in pricing corridor and hurdle options. Other appli-

11
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cations are, as suggested in Taleb (1997), to the management of a portfolio for
the computation of the expected amount of time a trader will spend in the red.
A similar problem for the standard Brownian excursion can be found in chem-
istry as well, and in particular, in the theory of ring polymers, as explained
in Jansons (1997). Fusai (2000) found Laplace transforms of the occupation
time inside the interval for the case of a Wiener process with drift. In Sec-
tion 7 we consider the occupation time for several classes of Lévy processes,
such as the compound Poisson process with positive jumps and negative drift,
the spectrally one-sided Lévy process and the compound Poisson process with

arbitrary positive jumps and exponential negative jumps.

The integral transforms of the two-boundary characteristics are obtained in
terms of the integral transforms of the one-boundary functionals of the process.
We employ probabilistic methods, the strong Markov property of the process
and its spatial and time homogeneity property. The majority of the equations
which appear, are linear integral equations. They are solved by means of the
method of the successive iterations. The solutions of the equations are given
in terms of the Neumann series, which for particular cases become geometric

progressions.

As a particular case, we also consider the Wiener process. It appears, that
the distributions of its boundary functionals are the limit distributions for the
corresponding distributions of the characteristics of the general Lévy processes
(after an appropriate scaling of time and space). To illustrate this, we state
and prove some limit theorems for the spectrally one-sided Lévy process and

for the compound Poisson process (2.2.13).
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2.2 Omne-boundary characteristics of the process

In this section we will give the definition of the general Lévy process and its
special subclasses and consider their one-boundary characteristics. It is well
known that distributions of the increments of Lévy processes are infinitely
divisible (Kyprianou (2006)).

Definition 2.2.1. A distribution F is said to be infinitely divisible if for every
n there exists a distribution F,, such that F is n-fold convolution of F,, : F' =
E"*. That is to say, a random variable X has an infinitely divisible distribution
F if for every n X can be represented as the sum X = X1, +Xopn+---4+ X,

of n independent random variables with a common distribution F,.

It can be shown that a random variable X has an infinitely divisible distribu-
tion if its Laplace transform admits the Lévy-Khintchine representation:

_ -pX _ o’ 2 —p _
k(p) = log Ee = —ap+—p°+ (e —14zp I{|x|§1}) II(dx), R(p) =0,

2
R

where a € R, 0 > 0 and the Lévy measure II is a Radon measure on R such
that IT({0}) = 0 and

/min (1,2%) (dz) < oco.

R
Definition 2.2.2. A stochastic process {Xy; t > 0}, Xo = 0 defined on a
filtered probability space (Q, §,{F:}, P) is said to be a Lévy process if it has
stationary and independent increments, and its paths are P-almost surely right

continuous with left limits (cadlag).

It follows from the definition of the Lévy process that for every ¢ > 0 the ran-
dom variable X; can be written as a sum of n independent variables distributed
as Xzt :

Xe=Xo + (X = Xo)+ -+ (Xp = Xuo1ye)
Hence, the distribution of X; is infinitely divisible. Conversely, every family

of infinitely divisible distributions with Laplace transform of the form e/*®)

can regulate a Lévy process. It is then possible to construct a Markov process
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X = {X;; t > 0} with stationary increments such that Xy =0 and E e PXt =
e*®) R(p) = 0 (Kyprianou (2006, p.5)).

Let {Xy; t > 0}, Xo = 0 be the real-valued Lévy process defined on the
filtered probability space (2, §, {F:}, P). Then the Laplace transform of the
increments of the process is of the form Ee P(Xi=Xo0) — cth(p) R(p) = 0. The
function k(p) is called the Laplace exponent, and it is given by means of the
Lévy-Khintchine representation:

2

a —T

k(p) = —ap+ —p* + / (e =1+ aply<ny) M(dz), R(p) =0, (2.2.1)
R

where a € R, 02 € R, and II(dx) is a measure of the jumps such that

/min (1,2%) (dz) < oco.
R

Observe, that this process is a strong Markov process (Dynkin (1965, p.99)).
Recall that a Markov process X = (xy, ¢, F;, P,) is given by

(i) ¢(w) on Q taking values in [0, c0)

(ii) a function z(t,w) = z4(w) defined for w € , ¢ € [0,{(w)] and taking
values in the state space (E, B)

(iii) for each ¢t > 0 a sigma-algebra F; on the space Q; = {w : ((w) > t}

(iv) for x € E a function P,(A) on some sigma-algebra Y on the space 2

containing F; for all ¢ > 0.
Definition 2.2.3. The real-valued function T(w) is called a Markov time if
(i) 0 < 7(w) < ((w)
(i1) for eacht >0 {r <t<(}eF

Definition 2.2.4. A measurable Markov process X = (x4, ¢, Fy, Py) is called
a strong Markov process on the state space (E,B) if for any Markov time T
and foranyt >0x e E, '€ B

Pylxrp €T/F ] =Py 2 €T (a.s.Q7,Py).
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In order to solve the two-boundary problems for the process X, we will require
the integral transforms of the one-boundary characteristics of the process.
Denote by
X;" =sup X,, X, =inf X,,
u<t

u<t
the running supremum and infimum of the process, and by vs ~ exp(s) an
exponential random variable with expectation 1/s, independent of the process.
The following identity (due to Spitzer (1964) and Rogozin (1966)) plays an
important role for solving boundary problems:

S

Ee PXvs = — °
s — k(p)

= Ee PXuEe X R(p) =0, (2.2.2)
where
Ee "X — exp ( /0 - %e_StE [e™PXt — 1, 2%, > 0] dt> . R(p) >0.
For all z > 0 define
P=inf{t: Xy >a}, T =X —z, 7Tp=Wf{t: Xy < -z}, T, =-X,, —x

the first passage time of the positive (negative —z) level x and the value of
the overshoot through this level. We use the convention that inf{()} = oo,
and on the events {77 = oo}, {7, = 0o} we assume that T% = oo, T, = o0

respectively.

Here and in the sequel we will use the following notation
fdu,s) =E [e75;T" € du, 7" < 00|, f*(s)=E[e ¥ ;7" < oo,
foldu,s) =E [e_”””; T, € du, 7, < oo] ) fz(s) =E [e_”””; Te < oo] .

Lemma 2.2.1. Let {X;; t > 0} be the real-valued Lévy process whose Laplace
exponent is given by (2.2.1). Then

(i) the integral transforms of the joint distributions of {T*,T*}, {1y, T} are

such that
x xr _1
B 1" = (Be Y0 ) B[N0 xg s a) . vp) 20,
—\—1 -
B — (B ) B[ Xox) S a) . R(p) 2 0

(2.2.3)
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the integral transforms of the joint distribution of {X,,S,Xi} obey the

equalities for s > 0

E [e_pX"S;X;Z < a:] = Ee PXwE [e_pXjS;X,Z < az} , R(p) <0,
(2.2.4)
E [e_pX"S;XV_S > —x] — Ee PXGE [e_pX;S;XV_S > —x} , R(p) >0.
Proof. The integral transforms of these joint distributions were determined
by Pecherskii and Rogozin (1969), see also Darling et al. (1972). We sketch
a brief proof of the formulae (2.2.3), (2.2.4), applying the Spitzer-Rogozin
factorization identity (2.2.2) and probabilistic reasoning. The total probability
law combined with the strong Markov property of the process allow us to write

the following equation for R(p) =0
Ee PXvs = E [e7?Xvs; X[ < 2] + Be ¥ P Be PXs (2.2.5)

Observe, that the increments of the process {X;; ¢ > 0} on the exponential
interval [0, vg] are realized either on the sample paths which do not cross
the upper level x (the first term of the right-hand side) or on the sample
paths which do cross the upper level x, and then the evaluation of the process
on [0,vs] is its probabilistic copy (the second term in the right-hand side).
In accordance with the total probability law and taking into account that
{X;" <a} = {7% > t}, we can write for R(p) = 0

Ee—pXt —E [e—pXt;Tm > t] +E [e_pXt;T(E < t]
=E [e_pXt;Xj' <z|+E [e_pXT” e PhraXi—re 2T ol (2.2.6)
where 6, is a shift operator (Gihman and Skorokhod (1973, p.432)). Since 77
is a Markov time, the increments of the process 0,2 X;_,« do not depend on

the sigma-algebra §,=, generated by the events {X (u) < v} N{r* > u} for all

u,v. Hence

¢
E [e_prm e_pef”“’Xt*Tz;Tx < t] = / E [e_pX“;Tx € du] Ee PXt-u,
0
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Substituting the right-hand side of this formula into (2.2.6), we find

t
Ee ?Xt = E [e_f”Xt;X;r < 3:] + / E [e_pX“; ™ € du] Ee PXt—u_
0

5t of the random variable

Multiplying the latter equality by the density se™
vs, and integrating it with respect to ¢t > 0, we obtain the equality (2.2.5). In

view of the identity (2.2.2) we rewrite (2.2.5) as follows:

(Ee—pxis>_1 E [e_p(xus ) XS < :E:| _E [e—p(XI,. X< 3:] =

—E [e_p(X'fs _m); Xj; > az} — Be X Ee 57 —PT", R(p) = 0.

The function which enters the left-hand side of the latter equality is analytic
in Rep < 0, and continuous including the boundary Rep = 0. By means of
this equality it is analytically extended to an analytic function in R(p) < 0,
remaining bounded. Hence, in view of the Liouville theorem this function
is a constant with respect to p, say C(s). In order to find this constant,
we compute the limit as p — oo which yields C(s) = 0. This standard

factorization reasoning (see Borovkov (1972, p.115)) yields two formulae

T T _1
Ee 57 —pT* _ (Ee—pXJLS) E [e—P(X:rs_x);Xj; > x} , %(p) >0

E [ PX, X < 2] = Be PXnE [e—Pst;X;; < x] . R(p) <0

for the integral transforms of the joint distribution of {7*, 7"}, and of {X,,, X' }.
Applying the first formula to the dual process {—Xy,; t > 0}, we will derive
the second equality (2.2.3) of the lemma. Applying the second formula to the
dual process {—Xy; t > 0}, we obtain the second equality of (2.2.4). A

2.2.1 Spectrally one-sided case

We will now derive the one-boundary characteristics for a Lévy process which
has only positive jumps (this means that the Lévy measure II has no mass on
(—00,0)). Let {Xy; t > 0}, Xo = 0 be the spectrally positive Lévy process

whose Laplace exponent is given by
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1 <
k(p) = §p20'2 —ap+ /0 (e7™ —1+ pr{xgl}) (dz), RN(p) >0. (2.2.7)

We will exclude subordinators (processes with non-decreasing paths) from the
consideration. In this case the integral transforms of the distributions of X,Z ,
X,

(1972) or Bertoin (1996a)):

are of the following form (see for instance Zolotarev (1964), Borovkov

Ee_pX;S = ﬂj §R(p) S 0, Ee_pst = ip_ic(S) §R(I)) Z 0’

(2.2.8)

where ¢(s) > 0 is a unique solution of the characteristic equation k(p)—s =0,
s>0 in R(p) > 0. It follows from (2.2.3) that the integral transforms of the
joint distributions of {7%,T*}, {7, T, } are such that ( ®(p), R(z) > 0)

E e T, € du| = e~ §(u) du,

e et 1 p+z—c(s) k(z) —s
PrRe ST A X gy = Z (1 — 2.2.
/0 € © dr p< k(p+2)—sz—c(s) )’ (22.9)

where 0(u) is the delta function, whose fundamental property is as follows:
[ £w) 8(u— a)du = f(a).
One of the well-studied and the most applied spectrally one-sided Lévy pro-

cesses is a compound Poisson process with a linear drift. Its Laplace exponent
is such that

k(p)=ap+c(Be? —1), an>0 R(p) >0, (2.2.10)

where 7 is the size of the positive jumps, ¢ is the rate of the jumps, and —«
is a coefficient of the negative drift. That is to say that
N(t)
X = m—at, t>0
k=0

where 19 = 0, ng ~ 1 are positive independent identically distributed variables,
{N(t);t > 0}, N(0) =0 is an ordinary Poisson process with parameter c,
independent from {n; k > 0}. Such process and its generalizations serve for

modeling risk processes, storage processes etc.
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2.2.2 Scale function

In this subsection we introduce a so called scale function (or resolvent function
in Ukrainian and Russian literature) which plays a key role in the theory of
spectrally one-sided Lévy processes. In the context of ruin theory, scale func-
tions appeared in Zolotarev (1964), Takacs (1967) and then later in Suprun
and Shurenkov (1975), Suprun (1976), Suprun and Shurenkov (1986), Ko-
rolyuk (1975) and Pistorius (2004). The importance of scale functions as
a class with which one may express a whole range of fluctuation identities
for spectrally negative Lévy processes became apparent in Chaumont (1996),
Bertoin (1996a) and a number of other articles (see for example Doney (2005),
Alili and Kyprianou (2005) and Lambert (2000)). In addition, the scale func-
tions often appear in martingale relations (see Chan et al. (2007)). They also
found applications in queueing theory (see for instance Dube et al. (2004),
Bekker et al. (2008)), in risk theory and optimal control Avram et al. (2006),
Loeffen (2008), Renaud and Zhou (2007).. Motivated by their wide applica-
tions, Borovskikh (1979) and Borovskikh and Korolyuk (1981) studied their
asymptotic properties. More recently, Chan et al. (2007) studied smoothness
of the scale functions. Hubalek and Kyprianou (2007) described a parametric
family of scale functions explicitly. They constructed a spectrally negative
Lévy process having a particular pre-determined Wiener-Hopf factorization.
Kyprianou and Rivero (2008) employed the approach proposed in Hubalek
and Kyprianou (2007) and combined it with methods of the potential analysis
of subordinators. It appears that the theory of special Bernstein functions is
closely related to the theory of scale functions. The authors found pairs of
spectrally negative Lévy processes whose scale functions are conjugate to one
another in an appropriate sense. They also proposed new explicit examples of
conjugate pairs of scale functions. Surya (2008) developed a robust numerical
method to compute the scale function of a general spectrally negative Lévy
process. The method is based on the Esscher transform of a measure under

which the scale function is determined.

Notion of resolvent goes back to 60s of the last century. Takécs (1966) de-

termined the probabilities of the first exit from an interval [—y, x] by a semi-
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continuous process without Gaussian component:

W(z) W ()
P[4 = ——=, PA"|=1—-—+ B = .
4] W(B)’ [47] W(B)’ Tty
The function W(z), x > 0 was defined by its Laplace transform:

& 1
e P*"W(z)de = —, R(p) > c,
/ (@)de == )
where ¢ > 0 is a unique root of the equation k(p) = 0 in the semi-plane R(p) >
0. Its modification, the function W*(z), © > 0, whose Laplace transform is

given as follows
> —px S 1
/0 epW(a:)dx:W, R(p) > c(s), s>0

is known as a scale function or the resolvent. Here ¢(s) > 0, s > 0 is the
unique positive solution of the equation k(p)—s = 0 in the semi-plane Rep > 0.
Korolyuk (1975) introduced the term resolvent and potential for the functions
W#(z), x > 0 and W(x), z > 0, and the notation Rs(z), Rs in case of the
compound Poisson process with positive jumps and negative drift with Laplace
exponent (2.2.10). Later the function W *(z), z > 0, was introduced in Suprun
and Shurenkov (1975), Suprun (1976), Borovskikh (1979) for the spectrally
one-sided Lévy processes. The authors also used notation and terminology
as in Korolyuk (1975). Here and in the sequel we will adopt the following

definition and notation.

Definition 2.2.5. The function Rs(x) : [0,00) — [0,00), © > 0, given by

R(:E)—L/VHooexp#d >c(s) s>0 (2.2.11)
) B v o el S >0, 2.

is called the scale function of the spectrally one-sided Lévy process. Here c(s)

is the unique root of the equation k(p) — s = 0 in the semi-plane R(p) > 0.

2.2.3 Compound Poisson process with two-sided jumps

Another important example of a Lévy process is the compound Poisson process

{X¢; t > 0} whose Laplace exponent is given by

k(p) = c/ooo (e™* — 1) dF (), R(p) =0, (2.2.12)
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where & is a jump size, F(z) = P [{ < z], x € R is the cumulative distribution

function of the jumps, ¢ > 0 is the rate of the jumps.

That is to say that
N(t)

X(t)=) & t=0
k=0

where & = 0, & ~ & are independent identically distributed variables with
distribution function F(x); {N(¢);t > 0}, N(0) = 0 is an ordinary Poisson
process withe parameter ¢, independent from {&; k > 0}. In particular, if the

distribution function is of the form
F(z) = aem’\I{mSO} +(a+(1-a)Pn< x])I{x>0}, a€(0,1), A>0,
where the r.v. 7 € (0,00), then

k(p) = a1

A€p+aﬂE€m—i% R(p) = 0, (2.2.13)
where a1 = ac, az = (1 —a)e, ¢ >0, a € (0,1).

Note, that inter-arrival times of the jumps of the process X; are exponentially
distributed with parameter ¢. With probability 1 — a there occur positive
jumps of size 1, and with probability a there occur negative jumps of value
—r, where v is exponentially distributed with parameter A. Here and in the
sequel we will call such process the compound Poisson process with a negative
exponential component. The first term of (2.2.13) is the simplest case of a
rational function, while the second term is nothing but the Laplace exponent
of a compound Poisson process with positive jumps of value 7 and intensity
of jumps as. It is a well-known fact (see for instance Borovkov (1972)), that
in this case the characteristic equation k(p) — s = 0, s > 0 has a unique root
c(s) € (0,A) in the semi-plane R(p) > 0. In this case the integral transforms
of X;i, X, are such that

pX7, _ C(8) A—p
EePX N o R(p) <0, (2.2.14)
Ee PXvs = i (p — c(s))R(p, s), R(p) >0, (2.2.15)
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where

1
(A =p)(k(p) —s)’
It follows from the first two equalities of (2.2.3) and the formulae (2.2.14),
(2.2.15) that the integral transforms of the joint distributions of {7%, 77},
{7z, Ty} are given by

R(p,s) =

R(p) >0, p#c(s). (2.2.16)

E [e= T, € du] = (A — o(s)) e ™) dy = Be™™Ply € du], (2.2.17)

/ e BTN gy = L (1 PEE A R E )Y 1y g g
0 p z—c(s)  Rlzs)

where R(p) > 0, R(z) > 0. Note that the random variables 7, T, are indepen-

dent and for all z > 0 the value of the overshoot T} is exponentially distributed
with parameter A. This property is a characteristic feature of the process in-
troduced. Observe that the function R(p,s) is analytic in the semi-plane
R(p) > c(s) with respect to p, and 1220 R(p, s) = 0. Therefore, it allows a rep-
resentation in the form of an absoliutely convergent Laplace integral (Ditkin
and Prudnikov (1966, p.71)):

R(p,s) = /000 e P*Rs(x) dz, R(p) > c(s). (2.2.19)

We will call the function R,(s), > 0 the resolvent of the compound Poisson
process with a negative exponential component. We assume that Rg(x) = 0,

for < 0. Note, that R4(0) = lim pR(p,s) = (c+s)7!, (p is real) and
p—00

— g cls) o SA
PIX, =01=" P =0 =ony
It follows from (2.2.15) that
R(p,s) = ols) 1 Ee_pXJS, R(p) > c(s). (2.2.20)

SA p—c(s)
The functions which enter the right-hand side of (2.2.20), are the Laplace
transforms of certain functions for %(p) > ¢(s). Therefore, the original func-
tions of the left-hand side and the right-hand side of (2.2.20) coincide, and

Ry(z) = % /Oec(s)(x_“)dP[st <u], x>0, (2.2.21)
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which is the resolvent representation of the compound Poisson process with
a negative exponential component. The representation (2.2.21) implies that
Rs(x), x > 0 is a positive, monotone, continuous, increasing function of an
exponential order, i.e. there exists 0 < A(s) < oo such that for all x > 0
Rs(x) < A(s)exp{zc(s)}, A(s) < oo. Therefore,

/ Rs(z)e” *dzr < oo, a > c(s).
0

Moreover, in the neighborhood of any x > 0 the function Rs(z) has bounded
variation. Hence, the inversion formula Ditkin and Prudnikov (1966, p. 68) is
valid:
1 a+i0o
Rs(z) = / e*PR(p, s) dp, a > c(s). (2.2.22)

2mi a—1i00

The latter formula can serve as a definition of the resolvent of the compound
Poisson process with exponential component. This definition is useful for solv-
ing two-boundary problems, since it allows to invert the Laplace transforms
that appear in the analytic expressions for the functionals studied. In order

to illustrate this, we give some examples:

Fos) =1 %Rs(x) 1 sASy(x),
fZ(c(s)) = E [e‘STz_C(S)TI;Tm < oo] = e75) — Ry(x)r(s), (2.2.23)
where

Ss(x) = /Ox Rs(u)du r(s) = %R(I), s)~!

p=c(s)

The relations (2.2.23) can be derived from formula (2.2.18) for z = 0 and
z = ¢(s) respectively and from the definition of the resolvent (2.2.22).

The knowledge of the one-boundary characteristics of the process allows to
solve a more complicated problem, i.e. a two-sided exit problem, which is the

topic of the next section.
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2.3 First exit from the interval

The first two-boundary problem we are going to consider is determining the
integral transform of the joint distribution of the first exit time and the value
of the overshoot through the boundary at this instant. This joint distribution
will play a key role for solving other two-boundary problems. Let B > 0 be
fixed, € [0, B], y = B — x, Xy = 0. Denote by

x =inf{t >0: X; ¢ [—y, x|}

the first exit time from the interval [—y, x| by the process. Note, that x is
a Markov time of the process (Skorokhod (1964)), and that P [x < oo] = 1.
Observe, that the exit from the interval can occur either through the upper
boundary z, or through the lower boundary —y. In view of this remark we

introduce the following events
A* = {X, >z}, i.e. the exit occurs through the upper boundary;

2, = {X, < —y}, i.e. the process exits the interval through the lower bound-
ary. Denote by

T=(Xy—2)loe + (—Xy —y)Ig, €Ry,  PRAT+2]=1

the value of the overshoot through the boundary at the instant of the first exit
from the interval. Here I4 = I4(w) is the indicator of the set A.

We now give a short review of the existing literature related to the study of

the joint distribution of the first exit time x and the value of the overshoot T.

Ito and McKean (1965) derived the Laplace transforms of the first exit time
X from the interval by the Wiener process. Takacs (1967) determined the
exit probabilities for the spectrally one-sided Lévy process without Gaussian
component (¢ = 0 in the defining formula (2.2.7) of Laplace exponent) in
terms of the scale function. Emery (1973) obtained the exit probabilities
for the spectrally one-sided Lévy process (2.2.7) in terms of the scale func-
tions. For the general Lévy process with Laplace exponent (2.2.1) Gihman and
Skorokhod (1973) (p.450) determined the joint distribution of {X,;, X;, X;"},

where X, = sup X, X; = Hg; X, For determining the joint distribution of
u<t u>~
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X, {x,T} Shurenkov, for instance, suggested to use the formulae of Dynkin
(1965, p.191) which are valid for any homogeneous Markov process. Utilizing
this idea, Suprun and Shurenkov (1975) obtained the representations for the
Laplace transform of the distribution of the first exit time x in terms of the

scale functions. (s > 0)

E [e—sx;my] — g:((g))7 (231)
Rs(x Rs(x B *
E[c 7] =1 Rs((B)) - SRS((B)) /0 Ry(u) du + 8/0 R (u) du,

For the compound Poisson process with negative drift whose Laplace expo-
nent is given by (2.2.10), the representations (2.3.1) were found by Korolyuk
(1975). Korolyuk and Shurenkov (1977) determined main boundary func-
tionals for the random walks defined on a Markov chain. In particular, they
introduced a matrix resolvent and found matrix analogues of the formulae
(2.3.1). Shurenkov (1978) redetermined the Laplace transforms of the joint
distribution of {, X, } in terms of the joint distribution of {X, , X;, X; } and

the measure II(A), for the spectrally one-sided Lévy processes:

E [e_SX;XX < l] = /

-y

[ﬁ:g) R —u) — Rs(—u)} T([L — 3 — 1, —00)) du,

(2.3.2)

where s > 0, | < —y,

Rs(y)
R(B)

Rs(x — u)du—Rs(—u) du = / e P~y < X, , X; € du, X;” < 2]dt.
0

In the same article the weak convergence was established for the distribution
of the overshoot through the boundary. To prove (2.3.2), the author employed
the Dynkin’s formulae, Dynkin (1965, p.191). Kemperman (1963) derived the
factorization identities for random walks, and Pecherskii (1974) proved these
identities for Lévy processes. It is worth mentioning that in Kemperman
(1963), Pecherskii (1974), Shurenkov (1978) the joint distribution of {x, T}
was determined in terms of the joint distribution of {X;, X, X;"} and the

measure II(A). This fact makes it difficult to employ these formulae for solving
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other two-boundary problems. Our contribution is that we use one-boundary
functionals of the process, which allows to determine other characteristics of

the process.

We now present the main result of this section. For all z,u > 0 we define
f¥(du,s) =E [ ST du] fe(du,s) = E [e_ST””;Tw € du] .

For z € [0, B], y = B — x we will use the following notation
F?(du,s) = f*(du, s) —/ fy(dv, s) o8 (du, s),
0
Fy(dus) = ydu,s) ~ [ £7(do,) sl )
0

Theorem 2.3.1 (Kadankov and Kadankova (2005b)). Let {Xy;t > 0} X (0) =
0 be the real-valued Lévy process with Laplace exponent (2.2.1), B > 0 be fixed
and z € [0, B], y = B—x. Then the integral transforms of the joint distribution
of {x,T} satisfy the following formulae for s >0

V¥(du,s) = E [e”™T € du, A" = F*(du,s) + / F*(dv, s)85 (v, du),
0

Vy(du, s) = E [e™ T € du,A,| = F,(du, s) +/ Fy(dv, s)82 (v, du),
0
(2.3.3)

where

(v, du) ZKi v, du, s) v>0 (2.3.4)
neN

are the Neumann series of the successive iterations, N = {1,2,...};
Ki)(fu du, s) = Ky (v, du, s)

K" (0, du, s) / K", dl,s)K+(l,du,s), neN,  (2.35)

are the successive iterations of the kernels K (v,du,s), which are defined as

follows:
K (v,du,s) :/ forn(dl,s) fB(du, s),
0

K_(v,du,s) = /OO FUrB(dl, s) iy p(du, s). (2.3.6)
0
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Proof. In view of the total probability law combined with the strong Markov
property of the process we can write the following system for the functions
V*(du,s), Vy(du,s) :

Fr(dus) = Veldu,s) + [ V(o) ),
0

fy(du, s) =V, (dv,s) + /000 V¥(dv, s) fu+p(du, s). (2.3.7)

The first equation reflects the fact the first passage time of the upper boundary
x can be realized either on the sample paths of the process X; which do not
intersect the lower boundary —y (the first term in the right-hand side) or on
the sample paths which do intersect the lower boundary —y and then intersect
the upper boundary = (the second term in the right-hand side). We also give

a brief explanation of this equation. It is obvious that

E [e_STz;Tx € du, " < Ty] =E [e_SX;T € du,le] ,

E [e_”y; T, € du, 7y < Tx] =E [e_SX;T € du,Qly] .
In view of the total probability law the following chain of equalities is valid:
E [e_STI;Tm € du] =E [e_STz; % € du, ™" < Ty] +E [e_STz; T € du, 1, < Tm]
—E[e™™T € du,%"] + E [e—sxe—STB*T;TB” € du, my} : (2.3.8)

Since  is a Markov time of the process, then the random variables 78+7, TB+T

do not depend on the sigma algebra §,, generated by the events { X (u) <
v}iN{x>wu} for all u, v. Hence

v+ B

oo
E [e—sxe—sTB+T;TB+T c du’Q[y:| - / Vy(dU,S)E [6—37 ;TU+B e dul .
0

Substituting the right-hand side of the latter equality in (2.3.8), we get the
first formula of (2.3.7). The second equality can be verified analogously. Let
us turn now to the system of the integral equations (2.3.7). It is analogous
to a system of linear equations with two unknowns and can be solved by a
substitution method. In view of this remark we substitute the expression for

the function Vj,(du, s) from the second equation into the first one, which yields

V®(du, s) = F*(du,s) + /OO /OO VE(dv, s) forp(dl, s) fB(du,s). (2.3.9)
=0 Jv=0
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Changing the order of integration in the second term of the equation (2.3.9),

we obtain
V®(du, s) = F*(du, s) +/ V¥ (dv, s) K4 (v,du, s) (2.3.10)
0

i.e. alinear integral equation for the function V*(du, s). The kernel K (v, du, s)

of this equation obeys the following inequality for v,u € Ry, s > s9 > 0

K. (v,du,s) = / E [e*™+5;T,yp € dl| E [e_STHB; THB ¢ du]
0

I+B

[e.e]
< / E[e7*™+8, T, p € dl]| Ee™*"
0

o
< Be " / E [e™*™+8, T, p € dI]
0
<Ee " Ee ™ <\ < 1, s> s0 >0,

where
B
A=Ee %7 Ee %78 < 1, sg > 0.

+B _¢rB
v <Ee ",

To derive this chain of inequalities, we used the relation Ee™*7

v > 0, which is the result of the following chain of relations

u

v
Ee """ — B [e_STB;TB > v] +/ E [e_STB;TB € du] Ee 7"
0
<E [e—STB;TB > v] +E [e—STB;TB < v] — R,

It can be shown similarly that Ee™*™+3 < Ee™ "3, v > (. For the sequence of

the n-th iterations
Kf)(v,du, s) = Ky (v,du, s), KJ(:LH)(U,du, s) :/ Ksrn)(v,dl,s) Ky (l,du,s),
0

of the kernel K (v, du, s), we deduce by means of the mathematical induction
that for all v,u € Ry, s> s9 >0 Kin)(v,du, s) < A", n € N. Thus, the
series
R (v, du) = Y KM (v,duys) < A(1—A)7
neN

of the successive iterations of the kernel K (v, du, s) converges uniformly for all

v,u € Ry, s > sg > 0. Thus, we can apply the method of successive iterations
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(Petrovskii (1965)) to solve the integral equation (2.3.10). This yields
V¥ (du,s) = F*(du, s) + / F*(dv, s)R5 (v, du), s> s0.
0

Letting s — 0, we get the first equality of the theorem. The second equality

can be verified analogously. A

2.3.1 First exit from the interval by a spectrally positive Lévy

process

Let {Xy;t > 0} be the spectrally positive Lévy process whose Laplace exponent
is given by (2.2.7). In order to determine the joint distribution of {x, T}, we
apply the results of Theorem 2.3.1. In this case the Neumann series (2.3.4)

are the geometric series. We now state a corollary of Theorem 2.3.1.

Corollary 2.3.1. Let {Xy;t > 0} be the spectrally positive Lévy process whose
Laplace exponent is given by (2.2.7), s > 0. Then

(i) the integral transforms of the joint distribution of {x,T} satisfy the

equalities:
—SX. — —yc(s) (C(S))
E[e™2,] =e —1_Gs o)) (2.3.11)
V¥(du,s) =E [ ST ¢ du] — [ _SX;EZly] E [e‘STB;TB € du] )

where

Gi(z) =E [e_STm_ZXT”“’;T“’C <oo]=1- e ™G R (2)r(s), x> 0;

(ii) the integral transform of the distribution of the first exit time is such

that
s Ry(x
E[e72,] = RB((S)), (2.3.12)
E [ "] = gB( i / Ry( du+s/ Ry(

where Rg(x) is the scale function (2.2.11) of the spectrally positive Lévy

process.
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Proof. It is worth mentioning that these results are not new. Formulae
(2.3.12) were obtained by means of the resolvent methods in Suprun (1976)
and Suprun and Shurenkov (1975). In case of the Poisson process with positive
jumps and negative drift (2.2.10) formulae (2.3.12) were derived in Korolyuk
(1975). Equalities (2.3.11) were obtained in Kadankov and Kadankova (2004)
and in Kadankova (2003a) after solving the system (2.3.7) for a spectrally
positive Lévy process. These results can also be found in the monograph
Kyprianou (2006) (see also Pistorius (2004) and the references therein).
Note, that it is the knowledge of the distribution of the value of the overshoot
through the boundary which allows us to solve other two-boundary problems
for the spectrally one-sided Lévy processes (see next sections).

We now verify equalities (2.3.11) by applying the results of the theorem. For
the spectrally positive Lévy process the function F,(du,s) and the successive

(")(

iterations K
Fy(du, s) = e (1 — G5 (c(s))) 6(u) du,
K™ (v,du, 5) = eV G5, p(c(s)) (Gie(s)" " o(u)du,  neN,

v,du, s), n € N are easy to calculate:

where () is the delta function, [ f(u) 6(u —a)du = f(a). The Neumann

— o
series of the successive iterations K_ (v, du, s) is a geometric progression, whose

sum is equal to:

ve(s) Giip(c(s))
1= Gyle(s))
)

Substituting the expressions for the functions F,(du,s), K% (v,du) into the

R (v, du) ZK v,du,s) =e
neN

o(u) du,

second formula of the theorem, we find that

- —ye(s) 1L = Ga(c(s))
V,(du,s) = E[e™ T € du, 2| = e v —— 5 0(u) du.  (2.3.13)

! | d SCO)
Integrating (2.3.13) with respect to u € R4 yields the first formula of (2.3.11).
(")(

The function F**(du,s) and the successive iterations K" (v,du, s) are given

as follows:
F*(du,s) =E [e ST ¢ du] — eV B [ =t B ¢ du]

Kg_") (v,du, s) = e~ c(s)(vt+B) (GSB(C(S)))"_1 E [e_STB;TB € du] , n € N.
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The Neumann series of the successive iterations of the kernel K (v, du, s) is a
geometric progression, whose sum is equal to:
e—c(s)(v+B)

£ (v, du) K d - Bl TBed
’U ’LL % U US 1—GSB(C(8)) [ € u]

Substituting the expression for the functions F*(du, s), &3 (v, du) into the first

formula of the theorem, we obtain

1 - Gi(c(s))

AN ) T8 e du
1= Gp(e(s))

V¥(du,s) =E[e STLTT ¢ du] — e7vel®)

(2.3.14)

i.e. the second formula of (2.3.11). Integrating the equalities (2.3.13), (2.3.14)
with respect to u € R, we get

—SX. _ o —yc(s 1_G:SL‘(C(S))
BLe2] = oy

B

_ P _ 1-— Gs (C(S)) _
E SX.o(r] E ST yc(s) x E ST .
[e 79{ ] - (& — € —1 Gs (C(s)) (&

Employing the definition of the scale function (2.2.11) and the integral trans-
form of the joint distribution of {7%, 7%} (2.2.9), we derive the representation

of the functions G%(c(s)), Ee™*™" in terms of the scale function:

S(c(s) =1 — r(s)e <) <(T), e = -2 o(x) + s ' () du
G(els) = 1= r(9)e VR (@), B =1 - L) 45 [ Ru)a

where r(s) = dipk(p)‘pzc(s). Substituting these expressions into the latter

equalities, we derive

E[e 2] =

—SX. T R (Z’) RS(‘T) B v
E e =1- (o) _SRB(S)/O Rs(u)du—ks/0 Rs(u) du

i.e. the formulae (2.3.12) of the corollary. A
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2.3.2 Exit by a standard Wiener process

Let {w;; t > 0} be a standard Wiener process whose Laplace exponent is
k(p) = 0®p?/2. In this case P[T* =T, =0] =1,

E [e_STx; % ¢ du] = e‘xm/oé(u) du=E [e_ST””;Tx € du] ,
and the formulae of Theorem 2.3.1 have a very simple form.

Corollary 2.3.2. Let {wy; t > 0}, wg = 0 be the standard real-valued Wiener
process, x € [0, B], y = B —y, and

x =inf{t > 0:w ¢ [~y,zl}, A ={wy =z}, Ay ={wy=-y}

be the first exit time from the interval [—y, x| and the events on which it can

take place. Then

(i) the Laplace transforms of x are such that

5. 9] — sinh (y\/2—8/0') — _ sinh (:E\/Q—S/J)
E[ ke ]  sinh (B\/%/O‘)7 b [ X’Qly]  sinh (B\/%/O‘)7
Ee™*X = cosh <%\/§/0>/00$h (?\/78/0‘) ; (2.3.15)

(ii) the distribution of x admits the following representation:

© no? t 2\ . (=X
P[x € dt;A*] = B Zk:exp <—§ (kmo/B) ) sin (Ek?ﬂ'> dt,
keN
no? t 2\ . Y
Py €dt,] = 7= > kexp (—5 (kno/B) ) sin (Eknr> dt,
keN
(2.3.16)

o0
202
2

Py edt = (2k + 1)e— 3(C+Dmo/B) G <%(2k + 1)77) dt:

k=0

(iii) the moments of x can be calculated as follows:

By = B 2nzn:( e (22Y * 2\ g eN
Yo\ & B ok )k PR
(2.3.17)
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In particular, for x =y = B/2
n __ - +
EX = T <20> En,  neNT,

where By = 1, Ey = 5,... are the Fuler numbers, defined by their

generating function:

E1:E2 E2$4 E3:E6
secx —1 = 51 + o + ol +... (2.3.18)

nx(n—2)x...5x3x1, nisodd;
nl=¢ nx(n—2)x...6x4x2, niseven;

1, n=-1,0.

Proof. For the Wiener process we have that

e~ (v+2B)V2s/o

— —(v+2B)V2s/c s _e
Ki(v,du,s) =e d(u)du, R (v,du) PR

d(u) du.

Inserting these expressions into the equalities (2.3.3), we derive formulae (2.3.15)
of the corollary. It is worth mentioning that formulae (2.3.15) were derived in
Ito and McKean (1965). In order to determine the functions

E [e—sx; le] =E [e_SX;Tx < Ty] , E [e—sx; Qly] =E [e—sx; Ty < Tx] ,

the authors of Ito and McKean (1965) derived a system of the equations similar
to (2.3.7), for the case of the Wiener process. They also found that

g e aVEs/e _ B/
Plxed;d] = oo /,_mo Ve by 120

Observe that the integrand in the later expression has simple poles in
sp=—1/2 (kno/B)?*, keZ"={0,1,...}.

Thus, choosing an appropriate integration contour (see Ditkin and Prudnikov
(1966)), we evaluate the latter integral, which results into the first equality
of (2.3.16). The second and the third formula of (2.3.16) follow from the
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first one. It is worth mentioning that the distributions (2.3.16) are the limit
distributions for the corresponding distributions of the first exit time for the
Lévy processes and random walks. Moreover, the formulae (2.3.16) are the
asymptotic expansions of the probabilities which enter their left-hand sides.
The formula (2.3.17) can be derived from the series expansion of the functions

coshz and (coshz)™!. A

Remark 2.3.1. As a byproduct we also state the formula for the following
series (x,y >0, z+y=D)

(D z—y
kZ:O(2/<;+1)2"+1008 5B 2k +1)m
_ 7.‘.2n+1 zn:(_l)k z—y 2k En—k
22n+2 — B (2k)!(2n — 2k)V
which can be derived from (2.3.17) and the third formula of (2.3.16). In par-

ticular, for x =y, we obtain

= — +
2k + 1)2nt1 22042 (2p) En,  Eo=1, mneZr,

i (_1)k 7T2n+1 1
e
where E,, n > 0 are the Euler numbers defined by (2.5.18).

2.3.3 Exit from the interval by a compound Poisson process

with arbitrary positive and exponential negative jumps

In this section we will apply the results of Theorem 2.3.1, to determine the
joint distribution of the first exit time and the value of the overshoot by the

compound Poisson process with Laplace exponent (2.2.13).

Corollary 2.3.3 (Kadankov and Kadankova (2006)). Let {Xy; t > 0} be the
compound Poisson process with Laplace exponent (2.2.13). Then for s >0 :

(i) the integral transforms of the joint distribution of {x,T} satisfy the

equalities:
Vildu,s) = fyfs) (1= Bem =% ) (1= T(s))~ e,

V¥(du, s) = f*(du,s) — E [e” 2] Ef B (du, s), (2.3.19)
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where fy(s) = Ee *v,
Ef B (du, s) = /\/ e M B (du, s) dv,
0

T(s) = fi(s) / T EF (du, 5)e ),

0

(ii) the Laplace transforms of x are such that
Vy(s) = B [ 2,] = £,(s) (1 - Ee—”””—c(s)Xﬂ) (1-T(s)7L,
Vi(s) = E [e ™A% = f%(s) — E [e %, Ef"T5(s),  (2.3.20)
where

) =B, EP = [ e )
0

(iii) the Laplace transform of x admits the following representation:

Vy(du,s) = ]f;((?) e du, Vy(s) = 55((?), (2.3.21)

VE(s)=1— ﬁg((?) 1+ sAsg(B)] + sASy(), (2.3.22)
< _ Rs(@)

/0 Rl > 1 di = AR SE) A8, (a), (2.3.23)

where Rg(x), © > 0 is the scale function (2.2.22) of the compound Pois-

son process with negative exponential component, Ss(x) = fom Rs(u) du,
R)NB) =\ / e R,(v+ B)du, S2(B)=A\ / e S,(v + B) du.
0 0

Proof. To verify the statements of the corollary, we will use the results of
Theorem 2.3.1. Employing the equalities (2.2.17), (2.2.18) and the definitions
(2.3.6) of the kernels Ky (v,du, s), we find that

K- (v,du,5) = fp(s)B 77" e o= hugy,

Ko (v,du,s) = e O f5(s)Ef 7B (du, s).



36

Employing these equalities, mathematical induction and the formula (2.3.5),
we determine the successive iterations Ki")(v,du, s), n € N of the kernels
Ky (v,du,s) :

K(_")(v,du, s) = fe(s)E g5 el TP T(s)" the ™ du,

K (v,du, s) = 7O f5(s)T ()" Ef 5 (du, s).
The series R (v, du) of the successive iterations KE_ZL) (v,du, s) are the geomet-

rical progressions, whose sums are equal to:

R (v,du) = fp(s)E e_STHB_C(S)THB] (1—T(s))" " xe Mdu,

R (v, du) = e fp(s) (1= T(s)) " BfP (du, 5).
Inserting the expressions for the functions K% (v, du) into (2.3.4) of Theorem
2.3.1, we obtain the equalities (2.3.19) of the corollary. Integrating (2.3.19)
with respect to u > 0, we get (2.3.20). Now, using the definition (2.2.22) of
the scale function and the formulae (2.2.17), (2.2.18), we find the following

representations for the functions f*(s), Ee=57 —¢(s)X-= .

. SA
f (3) =1- @RS(.Z') + S)\Sx(S),
E [e—ST”—C“)Xﬂ =1 e O R (x)r(s), (2.3.24)
where r(s) = %R(p, s)_l‘ o Substituting these expressions into (2.3.20),
p=c(s

we derive the representations (2.3.21)-(2.3.23) of the corollary. It is worth
mentioning that the representations similar to (2.3.21)-(2.3.23) were derived
for random walks with negative geometrical jumps in Kadankova (2003b). A
Another part of our research is studying the asymptotic behavior of the two-

boundary characteristics of the process. One of the results is given in the

following lemma. Denote yu = En, d*> = En?.

Lemma 2.3.1. Let {X;; t > 0} be the compound Poisson process whose
Laplace exponent is given by (2.2.13). Suppose, the following conditions are
satisfied:

EX| =a1/A —agu =0, EX?=2a1/)\+ ayd® = 0% < cc. (2.3.25)
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Then for all x > 0 the following limit equalities hold:

1 1 /2.
lim ERS/Bz(a:B) = %\/;smh (x\/ﬁ/a) ,

B—oo
1, 1 2.
Blgnoo ERS/BQ (xB) = E\/;Slnh (3:\/%/0) , (2.3.26)

lim LSS/BQ(J:B) = /\i [ osh (3:\/%/0) - 1} ,
1

B—oo B2
Bli_l)noo ﬁSS/Bg(xB) s { osh (x\/ﬁ/a) — 1} . (2.3.27)

Proof. The proof of the lemma is based on using asymptotic properties of the
scale function of the process, which were studied for spectrally one-sided Lévy
processes in Takacs (1967), Shurenkov (1978), Suprun and Shurenkov (1981),
Suprun and Shurenkov (1989), and more profoundly in Borovskikh (1979),
Borovskikh and Korolyuk (1981), see also Kyprianou (2006). In the proof we
will use the explicit form of the Laplace exponent (2.2.13) of the process and
the following limiting equality

1
Ee ™ =1 - pp+ 50°p* +o(p?),

which is valid for small values of p > 0. Let us verify the first equality
of (2.3.26). Under the assumptions (2.3.25) the function R(p,s) (defined by
(2.2.16)) admits the following chain of equalities for B — oo

R(p/B,s/B%) = (aip/B + (A — p/B) [ag(d*p? /2B — up/ B) — s/ B> + o(1/B?])

—1
:%(%(02])2/2—3)4—0(1/32)) , p,s>0.

Hence

. 1 9
Since

1 B,s/B? L 7 -winp du—L [" g B)d
B (p/ 3/ ) B2 e s/Bz(u) u_E 0 e S/B2(x ) xz,
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then

1 1 /2 .
lim ERS/BZ (xB) = E\/;Slnh (3:\/%/0) .

B—oo

The second equality of (2.3.26) can be verified analogously. We are now ready
to verify the first equality of (2.3.27). The function

> 1
S(p, s) = / e "PSy(x) dx = ER(}), s), p,s>0
0
obeys the following expansion under the assumptions (2.3.25) for large enough
values of B :

B

2 L 29 2\
S(p/B,S/B):A—p<ﬁ(0'p/2—8)+0(1/3 )) , p,s>0.

It follows from the latter equality that

) 1 9y 1 1 _i & —pa _
Blgnoo ﬁS(p/B,S/B )= vy S /\8/0 e [cosh <:E\/%/O‘> 1] dx.
Since

1 S T
ﬁS(p/B,s/B ):ﬁ ; e S, p2(zB) dz,
then
lim LS 2(xB) = L [cosh <3:\/%/0’> - 1} .
B—oo B2 s/B As

The second formula of (2.3.27) can be established analogously. A

Corollary 2.3.4. Let {Xy; t > 0} be the compound Poisson process with
negative exponential component whose Laplace exponent is given by (2.2.13),

z,y >0, x+y=1, and let

X(B) =inf{t: X; ¢ [-yB,xB]}
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be the first exit time from the interval [—yB,xB]. Under the assumptions
(2.3.25) the following relations hold:

lim P XéB;) ] =S Z ke 2(k70) sin (xkm) dt,
Bee 1 keN
: [x(B) 2 —$(kmo)?
lim P 27 yB| =m0 Z ke~ 2 sin (ykn) dt, (2.3.28)
Bee 1 keN
. —X(B) _ 2 = (2k+1)mo)?
Jim P = 2102 (2k +1)e 2 sin (z(2k + 1)7) dt.
oL k=0

Proof. Let x,y be such that z +y = 1. The formula (2.3.21) implies that

o[t ] - )
Rs/B2 (B)

It follows from the limiting equalities (2.3.26) that

. _x(B) sinh (zv/2s/0) s
1 E BZ -9 S N S S ) sx*. A
B [e o yB} sinh (v2s/0) i),

where x* = inf{t : w; ¢ [—y,z]} is the first exit time form the interval by the

Wiener process with dispersion o2. In view of the formulae (2.3.16) for B = 1

we have:
: x(B) Pk _ 2 —L(kmo)?
B}lm P 7 yB| =P[x" €dt, U] =no Z ke~ 2 sin (ykm) dt.

keN

The formula (2.3.22) implies that
R B
E |:6_ :| —1_ 5/32(.%' ) |:

R} p(B)
Calculating the limits in the right-hand side of the latter equality as B — oo,

SA
SS/BZ( )} + §53/32(x3).

s/B?

we get
lim E [ X(B);leB} = —Sl?h yv2s/o) =E [e_sx*;ﬂm} ;
B—oo sinh (v/2s/0)

This equality and the formula (2.3.16) imply for B = 1 that

. X(B) B * T 2 —t(kno)? -
BlgnooP[ 5o €AW | = Py € dt, A" =70 %ke 2(k79)" gin (zkm) dt.
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The third equality of (2.3.28) immediately follows from the other two. Hence,
we established the weak convergence of the distribution of x(B)/B? to the
distribution of x*.A It is worth noting that Doney and Maller (2002) studied
the asymptotic behaviour of a Lévy process at the instant of the first exit. See
also Bertoin (1997) for the asymptotic behaviour of the first exit time by a

spectrally one-sided Lévy process.
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2.4 Supremum, infimum and the position of the

process

The aim of this section is to determine the joint distribution of the supremum,
infimum and the value of the Lévy process. We will derive the integral trans-
forms of this joint distribution in terms of the joint distribution of the first
exit time and the value of the overshoot through the boundary.
Let {X;; t > 0}, Xo = 0 be the Lévy process with Laplace exponent (2.2.1),
xz,y > 0. We will determine the function
z
Qp(~y,x) = / e PP [—y <X,, X, €du, Xj; < a:] =E [e_pX“S;X > VS] .
~y
It is worth mentioning that the joint distribution of {X, , X,,, X, } was ob-
tained in the monograph Skorokhod (1964), in terms of the distributions of X,
{r*, 7%} and {1,,T,}. In order to derive the equations for the unknown func-
tion, the authors used probabilistic reasoning based on the inclusion-exclusion
formula. The method of the successive iterations was applied to solve the
integral equations. Our contribution is that we find the joint distribution of
{X,.,X,,, X/} in terms of the distribution {x, T} and of {X,,, XX}, which

are given by (2.2.4). The following statement is true.

Theorem 2.4.1 (Kadankov and Kadankova (2005b)). Let {X;t > 0}, Xo =0
be the Lévy process whose Laplace exponent is given by (2.2.1), x,y > 0,
B =z +y. Then the integral transform Q;(—y,az) of the joint distribution of
{X,., X0, X, } admits the following representation:

Qj(—) = U(s.0) = e [ €V (a0 s.p)
Qp(~y,z) = Uy(s,p) —e P / e PV¥(dv, s)Uy+B(S,D), (2.4.1)
0
where

U™(s,p) = B [ X7 < 2] = Be PYoE [P0 X <a) . R(p) <0,

Uy(s,p) = [e X X7 > —y] = Be PX4E {e_pX;S;XIZ,. > —y} , R(p) = 0.
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In particular

Ply> 1] =P[X; <] _/ E [T € do,2,) P [X; <o+ B]
0
(2.4.2)

=P [X, > —y —/0 E e T € dv,A"| P [X,. > —v—B)].

Proof. We start by verifying the first formula of (2.4.1). Observe, that the
increments of the process X; on the exponential time interval [0, 4] given that
the upper boundary x is not exceeded, can be realized either on the sample
paths of the process which do not intersect the lower boundary —y, or on
the sample paths which do intersect the lower boundary —y, and then do
not exceed the upper boundary. In view of this remark, employing the total
probability law combined with the strong Markov property and the spacial

homogeneity of the process, we can write the following equation:
E [e PXs; XF <z] =E[ePX ;x> 1] +
o
+/ E [e_SX;T € dv,Qly] VTP E [e_pX"S;X;rs <wv+ B] , R(p) <0.
0
(2.4.3)

Let us give more explantation, how we derived this equation. It is obvious that
the event {X;" < z} is equivalent to the event {7% > t}. Then in accordance

with the total probability law we write

E [e—pXt;XtJr <z] =E [e—PXt;Xt*' <z,7y>t]+E [e_pXt;Tm >t,7y, <t] =

E[e X >~y X <a]+E [ep(y”)e_pexxt*x; X<t > X’my] ’

where 0; is a shift operator. Since y is a Markov time of the process, then
the increments of the process 0, X;_, and 7B+T do not depend on the sigma

algebra §,. Hence,
E [ep(erT)e_p‘gXXf*X; x <t, 78T >t X,Qly} =

t o]
= ef”y/o /0 e’'Px € du,T € dv, U, | E [e‘pxt*“;TN’B >t — u] .
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Substituting the right-hand side of this equation into the previous equality,
we find that

E[e7XF <a] =E [ X7 > -y, X[ <o)+
t e’}
—i—epy/ / e’’Px € du,T € dv,2,| E [e_pXt’“;Xttu < U+B] .
0o Jo

st of vy and integrating it with

Multiplying this equality by the density se™
respect to ¢t > 0, we obtain the formula (2.4.3). The equality (2.4.3) implies
the first formula of (2.4.1). The second formula of (2.4.1) can be verified

analogously. The equality (2.4.2) follows from (2.4.1) for p = 0. A

2.4.1 Supremum, infimum and the value of the spectrally pos-

itive Lévy process

Let {Xy; t > 0}, Xo = 0 be the spectrally positive Lévy process with Laplace
exponent (2.2.7). The integral transforms of the joint distribution of {X,_, X, , X,
can be derived from (2.4.1) in terms of the scale function of the process. For

—y < a < (< x denote
~ o0
Qg,ﬁ(_y7$) = / e_StP [_y < Xt_7 Xt € [Oé,ﬁ], Xt+ < :L'] dt. (244)
0

Corollary 2.4.1. Let {Xy; t > 0}, Xo = 0 be the spectrally positive Lévy
process. Then the integral transform Q;(—y,:n) of the joint distribution of
{X;, X, X;"} is such that

R (33) B
p(—y,2) = — e B= 2.4.
QP( y’:E) U* (8 p) € R (B) U (S p) T +Y, ( 5)
B max{0,8}
~Z,5( Z /Rs u+y)du— / Rs(u) du, (2.4.6)
o max{0,a}

where

U*(s,p) =E [e_pX"S;X,j; < 3:] = (cgs) E [e_pXVt;X,Z < 3:] , o (2.4.7)
c(s)—p
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Proof. It follows from the corollary 2.3.1 that

Vy(du,s) =E [e—sx; T € du,Qly] =

Inserting the expression for Vj(du, s) into the first formula of (2.4.1) of Theo-
rem 2.4.1, we get the equality (2.4.5) of the corollary.

Now we will determine the function U*(s,p), z > 0. Employing formulae
(2.2.8) for the integral transforms of the distributions of X, , X;", and the

Vg?

equality (2.2.4), we obtain the integral transform of the joint distribution of
{X,,. X}

/OOO e~ (5, p) da = m (1 _ C(S)Z_p> o +1Z) — R 20

Taking into account the defining formula (2.2.11) of the scale function, we
invert the Laplace transforms with respect to z which enter the right-hand

side of the latter equality. This yields

U*(s,p) = e "PRs(z) — s/ e "PRs(u) du, x>0
0

c(s) —p
i.e. the representation of U*(s,p), x > 0 in terms of the scale function. Sub-

stituting the expression for U”(s,p) into (2.4.5), we find that

Q) = [ | G R ) = )|

where Rg(z) = 0 for < 0. Inverting the Laplace transforms in the right-hand
side of the latter equality, we get

Pl-y<X,, X, €du, X, <ua] = s?f;)) Ry(u+y) du — sRy(u) du

(2.4.8)

This density of the joint distribution of {X, , X, , X,/ } was determined (by
employing Dynkin’s formula) in Suprun (1976), Shurenkov (1978). Integrating
the equality (2.4.8) over the interval [o, 3], we obtain (2.4.6). A

Corollary 2.4.2 (Kadankova (2004)). Let {wy; t > 0}, wg = 0 be the Wiener

process whose Laplace exponent is such that k(p) = o>p*/2. Denote by w;, =
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inf w,, the running infimum and by w,” = supw, the running supremum of
u<t u<t

the process. Then the joint distribution
qg,ﬁ(_yax):P[_ygw;7 wte[a75]7 'IU:_S.Z'], —y§a<5§$

obeys the following equality for all x,y >0 (B =z +y)

[e.e]

Goal-va) =2 3 L ewp (< v/ 5

v=1

X sin (%m/) sin <Wwy> sin <ﬁ2_Ba7w> . (2.4.9)

Proof. Firstly, we calculate the scale function of the Wiener process.

Y4100

1 dp 1\/5, T

R, — pr "8 Z h(—v2s), 2.4.10

) 27”/.6 spo2—s o s o (0 S) ( )
Y—100

where v > v/2s/0, sinhu = (e —e™") /2. Inserting the expression for the
scale function (2.4.10) into (2.4.6), we obtain

~ h
R B? ost (223 ) = cont (¢

1 [cosh <ﬁ+ \/_> — cosh <£

S g

“z)]
@)] : (2.4.11)

where a™ = max{0, a}, 37 = max{0, 3}, coshu = (e + e~ *) /2. We have to
distinguish three cases, namely 0 < a < 8, a <0< 3, a < § < 0. Then the
formula (2.4.11) implies that

G5 5(—y,2) = 2 sinh 2v/2s sinh <W\/2—8> sinh <62— a\/2—8> |

& ’ $ sinh g\/ﬂ o
0<a<p;
Qi,ﬁ(_y,x) = g :ZE é\\//y_ sinh <23j - ﬁ\/_s> sinh < ﬁa\/_s> (2.4.12)
+ i ZZE x\\//—_ sinh <2y2l_ a s) sinh <;—:\/ﬂ> , a<0<p;
~Z,ﬁ(—y,$) = § % sinh <2y rat ﬁ S> sinh <ﬁ2;0—04\/%> ,

a< f<0.
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Let us consider the first equality of (2.4.12). Employing the inversion formula
(Doutsch (1960)), we get

t 1 v Hico t
d <—y,x>=—./ et QS y(—y.x)ds, >0,

The integrand is analytic in the entire complex plane apart from the points

Sl,:—1 (%)2, v eN,

where it has simple poles. Hence, choosing an appropriate integration contour
(Doutsch (1960)), we calculate the residues in these poles. This yields

qaﬁ ZRess s €% ZB( , ) (2.4.13)
veN

_4 Z ——t(m/U/B sin (%I/ﬂ') sin <WV7T> sin <52_Ba Vﬂ') .

In the same vain we establish that for all three cases of (2.4.12) that the
equality (2.4.13) holds. A

Remark 2.4.1. It is worth mentioning that the distribution (2.4.13) is the
limit distribution for the corresponding distribution of Lévy processes and ran-
dom walks. Note, that the right-hand side of this equality is the asymptotic
expansion of the probability which enters its left-hand side. This distribution

admits the following representation:

P [—y < inf wy, wy € [, B, supw, < az] =
u<t u<t

8 0o oo

_ —(u—2k(z+y))?/2to? _ —(u—2x—2k(z+y))?/2to? d

= g e E e U
V2t Ja ( — ) ’

which is due to Lévy (1948).

k=—00

We now establish the asymptotic results for the joint distribution (2.4.4).

Corollary 2.4.3 (Kadankova (2004)). Let {X;; t > 0}, Xo = 0 be the

spectrally positive Lévy process with Laplace exponent (2.2.7). Assume that
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EX; =0,EX?=02<o00, 2,y >0, 2 +y=1, -y < a< p <z, and denote
by

2
q(tJBB,ﬁB(_yB7mB) =P[-yB< X

tB2’ XtB2 € [OfB BB]

tB2 < xB]

the joint distribution of {X T, X, X~} re-scaled with respect to time by the
coefficient B2, and with respect to space by the coefficient B. Then this re-scaled
joint distribution qg?;ﬁB(—yB,mB) converges weakly as B — oo to the joint
distribution of the infimum, supremum and the value of the Wiener process wy

with Laplace exponent k(p) = o?p?/2. Besides, the following equality holds:

. 2 -
hm q(thB ﬁB(_yBaxB) = q(tx,ﬁ(_ywx) =

—Lt(nvo)? : 2z —a—p : f—a
= _ Z sin (z7v) sin fﬂ'l/ sin 5 v .

(2.4.14)

Proof. We suppose that the assumptions of Corollary 2.4.3 are satisfied. The

following chain of the equalities is obvious

S ~s/B?
73 Quppp(—yB.aB) =
S o —us/B? -
= 53 e /PP [—yB < X,, X, € [aB,BB], X} <zB]du
= s/ e *'P[-yB < X . X(tB?) € [aB,3B], X S < aB|dt
0
oy /O G p(~yB,aB) dt.
Thus, formula (2.4.6) of Corollary 2.4.1 implies that
: > —st _tB _ s/B? —
BIE)HOOS/O € tqtthﬁB( yB,ﬂj‘B)dt— hm BQQQB“BB(_Z/B7$B) -
B(y+6 B max{0,5}
— lim — S/B2 R /p2(u) du — R/ p2(u) du
Booo B2 s/B2 s/B s/B
B(y—i—a Bmax{0,a}

(2.4.15)

We will use the asymptotic properties of the scale function of the spectrally
positive Lévy process (Borovskikh (1979), Borovskikh and Korolyuk (1981)).
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We will need the following relations:

. 1 1 /2 . x
lim — R, p2(zB) = ;\/; sinh (;\/%) ,

B—oco B
zB
. S x
Bh_lgo ﬁ/o Ry p2(u) du = cosh (;\/23) -1

Taking into account these equalities, we calculate the limit in the right-hand
side of (2.4.15), which yields

fim [ estgtB . (—yB.aB)dt =~ |cosh £\/_ — cosh E\/_
an,ﬁB( yB,xB) t—s COs 5 2s Cos 5 2s

B—oo Jg
1 sinh £4/2
- M {cosh <y+6\/%> — cosh <y+ a\/%)} .
S sinh 3\/% o o
The right-hand side of this equality coincides with the right-hand side of
(2.4.11) for B = 1. Hence, the left-hand sides also coincide and

e ¢}

lim e P [—yB < X

B—oo g tB2’ XtB2 € [OéB,ﬂB], X+

Soe < aB|dt =

o
- / e S'P [—y < inf wy, wy € [, B], supw, < z| dt.
0 u<t u<t

where =,y > 0, x +y = 1. Thus we established the weak convergence of
the joint distribution qé%ﬁ 3 p(—yB,xB) to the corresponding distribution of
the Wiener process as B — oo. The equality (2.4.14) follows from (2.4.9) for
B=1.4a

2.4.2 Supremum, infimum and the value of a compound Pois-

son process with jumps of both signs

Let {Xy; t > 0}, Xo = 0 be the compound Poisson process whose Laplace
exponent is given by (2.2.13). We will now apply the results of Theorem 2.4.1
to determine the joint distribution of {X,©, X, , X, } for this process.

Corollary 2.4.4 (Kadankov and Kadankova (2006)). Let {Xy;t > 0}, Xo =0
be the compound Poisson process whose Laplace exponent is given by (2.2.13),
z,y >0, B=x+y. Then the joint distribution of {X, ,X,,, X, } obeys the
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formula:
Qi (—y,z) =P [—y < tigf Xi, Xo, <, sup Xy <z| = (2.4.16)
Vs t<vs
R ( ) u+y u
s(x
= s\ RNB) / Rs(v)dv — sA /Rs(v) dv + sRs(u), u € [—y,z].
0 0

where Rs(v) =0 for v < 0.

Proof. Firstly, we find the expression for U*(s,p), > 0, in case of the
compound Poisson process with negative exponential component. Employing
formulae (2.2.14), (2.2.15) for the integral transforms of X, , X", and the
equality (2.2.4), we find the integral transform of the joint distribution of
{X0,, X}

A—p
c(s) —

Taking into the account the defining formula of the scale function (2.2.22),

/OOO e U (s,p)dx = s . (1 3 C(S)z_ p> Rptzs).  R(z)>0.

we invert the Laplace transforms in the right-hand side of the latter equality,

which yields

A-p

S =

e "PRs(x) — s(\ — p)/ e "PRg(u) du, x>0
0
i.e. the representation of U*(s,z), x > 0 in terms of the scale function. It
follows from (2.3.11) and from Corollary 2.3.3 that
Rs(z)

Vy(du,s) =E [e—sx; T ¢ du,Qly] = RNB) e M.

Inserting the expression for the functions U”(s,p), * > 0, Vy(du,s) into the
first formula of (2.4.1) of Theorem 2.4.1, we obtain

Qp(—y,z) =s(p—A) /I e "PRs(u) du + se *PRy(x)
0

Rs(x)
RY(B)

B
+ sA / e POV R (u) du.
0
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It is not difficult to derive the equality
r 1
/ e PP [X,, <u,x > vs)du = 5 (Q(—y, ) =P [x > v e ™). (2.4.17)
~y
Now taking into account the obvious identity AS}(B) = R)(B) + AS,(B), we
derive from the formula (2.3.23) the expression for P [x > v]

=S x S RS(‘T) ? u)au — S : S)au
P[X>Vs]— Rs( )+ /\RQ(B)/O Rs( )d /\/0 Ru( )d :

Inserting the expressions for @y (—y, ), P [x > vs] into (2.4.17) and performing

some manipulations, we get

/ e PP [—y < inf Xy, X,, <wu, sup X; < x} du =

—y t<vs t<vg

-y

u+y u
v Rg(x)
_ pu _
/ e SA oY) /Rs(v) dv s)\/Rs(v) dv + sRs(u) | du,
0 0

where Rg(u) = 0 for u < 0. The latter formula is the equality of the Laplace
transforms. Hence, the original functions coincide as well, which yields the
formula (2.4.16). A

Corollary 2.4.5. Let {X;;t > 0}, X(0) = 0 be the compound Poisson process
whose Laplace exponent is give by (2.2.13). Assume that EX; = 0, EX12 =
02 < o0, 2,y >0, x+y=1, u€[~y,x]. Denote by

2 _
¢k (~yB,aB) =P [-yB < X

+
tB2? XtB2 < UB7 X

B2 = $B]

the joint distribution of {X*, X, X~} re-scaled with respect to time by pa-
rameter B%, and with respect to space by parameter B. Then this re-scaled
distribution qZBBZ(—yB,:EB) converges weakly as B — oo to the joint distribu-
tion of the supremum, infimum and the value of the Wiener process w; whose
Laplace transform is of the form k(p) = o*p?/2. In addition, the following

relation is valid:
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Proof. We assume that the conditions imposed in the Corollary 2.4.5 are

satisfied. We start proof by writing the obvious chain of the equalities.

= > QP (—yB,2B) =
S

)
= ﬁ/ e—vs/BQP [—yB <X,, Xy Lub, X{J‘ < :EB] dv
0

[ee]

= s/ e P [-yB < X,p, X (tB% < uB, X, <aB]dt
OOO

:s/ e st tB( yB,xB)dt.
0

Taking into account the formulae (2.4.16) of Corollary 2.4.4, we derive

I T et (yB.aB)di = lim 0% (—yB,B) = 2.4.1
Bl—%os/o € Qu ( y 73: )d BgnooB2QuB ( y 73: ) ( 9)
(u+y)B uB
A Ry/p2(v)d R dv + R, (uB
B1—>oo§ R/T s/BZ( v = s/B2 v) dv + by s/BZ(U )

In order to calculate the limits in the right-hand side of (2.4.19), we employ
the limit equalities (2.3.26), (2.3.27) of Lemma 2.3.1. This step implies that

° 1
Blim e_StquB (—yB,zB)dt = B [cosh <u+\/£/0’> — 1]
— 00 0
N 1 sinh (:E\/Q—S/J)
s sinh (v2s/0)
ut = max{0,u}. The right-hand side of this equality coincides with the right-
hand side of (2.4.11) for B = 1, a« = —y, f = u. Thus, the left-hand sides

coincide as well and

[cosh ((y + u)x/%/a) - 1] .

[e.e]

lim e S'P [—yB < X, Xip2 <uB, X\

B—oo g tB2’ = B2 S xB] dt =

o
= / I [ y < mf Wy, Wy < U, SUP W, < 7| dt,
0 u<t

where x,y > 0, z + y = 1. Hence, we established the weak convergence of the
distribution qz%z(—yB,:EB) to the corresponding distribution of the Wiener
process as B — oo. The formula (2.4.18) follows from (2.4.9) for B = 1,
a=—-y,=u. A
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2.5 Intersections of the interval

Let {X;; t > 0}, Xo = 0 be a general Lévy process. Following the notation

from Lotov and Orlova (2004), we introduce the random sequences (k € N)
ig =0, iy =inf{t >if Xy < -yl if =inf{t > : X; > 2},
where inf{(} = co. Denote by
of =max{k € Z" : i <t} eZ",

the number of the up-crossings of the interval [—y, ] by the process X; on the

time interval [0, ¢]. Similarly, we introduce

ig =0, 4f =inf{t >4, ,: Xy >z} iy =inf{t>i X, < -y}

Define

oy =max{k € Z" : i, <n} e Z",

i.e. the number of the down-crossings of the interval [—y, 2] by the process X}
on the time interval [0,t]. For all k,l € Z", |k — | < 1 introduce the following

notation:

pﬁc(t) =P [oz:r =k,a = l] , p,f(t) =P [af = k:] . pe(t) =Play = k],
(2.5.1)

where a; = aj” + a; is the total number of the intersections of the interval
[—y, z] by the process X;. Here and in the sequel we will denote the length of
the interval B = x + y.

It is worth mentioning that the distribution pff(z/s), k € Z* was found in
Lotov and Orlova (2004) for random walks, by using the projectors applied to
the factorization components of the random walk. Our contribution is that
we obtain the distributions (2.5.1) in terms of the joint distribution of {x, 7T}

and of the successive iterations Kin)(v, du,s), n € N (2.3.5).
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Let v > 0, a,b € [0, 1], and introduce the generating functions

h'(s,a,b) = E [aajs bvs [ Xo = x + v} ,
h(s,a,b) = E [a‘ﬂs b /X = o} ,

hy(s,a,b) = E [aais brs [ Xo = —(y + v)] .

Theorem 2.5.1 (Kadankov (2005)). Let {X;; t > 0}, Xo = 0 be the general

Lévy process. Then

(i) the generating functions of the joint distribution of {o} , ;. } are given

as follows:

h'(s,a,b) = /OO R (v,du,a,b) (1 — furp(s))

0
b [ 8tdnad) [T fasds) (1-1470)
(2.5.2)

hy(s,a,b) = /000 RS (v,du,a,b) (1— fT8(s))

—I—a/oooﬁs_(v,du, . b)/oo F*BL ) (1= frap(s)), (25.3)

0

h(s,a,b) =1 — Ee X
+/ V¥ (dv, s)h’(a,b, s) +/ Vy(dv, s)hy(a,b,s), (2.5.4)
0 0
where f(s) = Be ™", fu(s) = Be™*,

R (v,du,a,b) = 0(u —v)du + Z(ab)"Kin) (v, du, s);
neN

(ii) the joint distribution

pL(s) = ph(vs), kleZt, |k—1<1
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of {a;f ,a; } obeys the relations for n € Z+

At (s) = / v (dv, s / (v, du s / Furn(dl, $)(1 = fB(s),

0
(2.5.5)

i (s) = /0 TV, (do,s) /0 T K (0, du, ) /0 T B ) (1 fran(s))

i) = Yooy (1= [ Vo) fn(s) — [ Vo))
+ Lneny /000 V¥ (dv, s) /000 Ksr")(v, du, s) (1 — furB(S))

+I{neN}/0 Vy(dv,s)/ K(_n)(v,du, s) (1 — f“+B(s));

0
iii) the distributions pr(s) =P [al =n|, n € ZT are such that
n Vs

Bi(s) = 1— /0 TV (dv, ) £ B (s) — /0 TV, ) KD (0, ),
it(s) = / T Ve dv, ) [Ki"’ (v,5) — K" (o, s)] (2.5.6)
0

+/ Vy(dv,s)/ [K(_"_l)(v,du, s) —K(_")(U,du, s)] futB(s), nmneN,
0 0

Doy =1- VE(dv, s)f s) — V vs[{(l)fus
pO(S) 1 /0 (d7 )U+B() /0 y(d7) — ( 7)
P (s) = V., (dv, s K(")US—K(nl)Us 0.
n() /0 y(d7 )|: — ( 7) — (7)} (257)

+/ Vx(dv,s)/ [Kin_l)(v,du, s) —Kin)(v,du, s)} fu+n(s), neN,
0 0

where KJ(rO) (v,du, s) = §(u — v) du,

Ki")(v,s) :/0 Kin)(v,du, s), neN;
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(ilii) for the distributions p,(s) = P [a,, = n], n € ZT the following equalities
hold:

po(s) =1-— /000 V¥(dv, s) fo+rB(S) — /OOO Vy(dv,s)f”+B(s),

) = [V 09) | KO 009) = [T KD ) )]
(2.5.8)

+ /OO Vy(dv, s) [K(_")(U,s) — /OO K(_")(v,du, s)f“+B(s)} , neN,
0 0

Prvia(s) = [ V09| [ R (0 d5) s lo) = KO (00
0
(2.5.9)

+/ Vy(dv, s) [/ K(_n)(v,du, s)fUrB(s) — K(_nﬂ)(v,s)} , nezr.
0 0

Proof. To verify the formulae of the theorem, we will follow the reasoning
similar to those from the previous sections. That is to say, we will set up a
system of equations for unknown functions and will use the solution of the two-
sided exit problem. The total probability law combined with the spatial and
time homogeneity of the process X; and Markov property of 7%, 7., x allow
us to write the following system of the equations for the functions h"(s,a,b),
hy(s,a,b), h(s,a,b) :

h*(s,a,b) =1 — Ee™*™*5 + b/ forB(du, s)hy(s, a,b),
0
hu(s,a,b) =1 — Ec "7 4+ a/ B (dv, s)h¥ (s, a,b), (2.5.10)
0
h(s,a,b) =1 — Ee™*X +/ V®(dv, s)h’(s,a,b) +/ Vy(du, s)hy (s, a,b).
0 0

Substituting the expression for the function hy(s,a,b) from the second equa-

tion into the first one, we find that
h'(s,a,b) =1 — fyip(s) + b/ for(du,s) (1 — f“+B(s))
0

+ab/ K (v,du,s)h"(s,a,b), v >0,
0
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i.e. a linear integral equation for the function h"(s,a,b). Employing the

method of successive iterations (Petrovskii (1965)), we obtain

h'(s,a,b) = / R (v,du, a,b) (1 — Ee~™+5)
0

+ b/ £ (v,du,a,b) fusn(dl,s) (1 - Ee_STHB)
0 0

i.e. the formula (2.5.2) of Theorem 2.5.1. The function hy(s,a,b) can be
determined analogously, and the function h(s,a,b) is then determined by
means of the equality (2.5.8). Comparing the coefficients of a™b", m,n € Z™,
|m—mn| < 1in both sides of the first part of Theorem 2.5.1, we get the equalities
of the second part of 2.5.1.

We now turn to proving (2.5.6). Letting b = 1 in (2.5.2) implies for the

generating function

h'(s,a,1) = E [aa‘TS/onx—l—v] , a € 0,1],
of the joint distribution P [eyf, =n/Xo =z + U] that
(s,a,1) =1 - KP(v,5)+ Y a [ ) - K, s (25.11)
neN

Similarly for the generating function h, (s, a, 1) of the distribution
P [oyf =n/Xo=—v—y] in view of (2.5.3) for b =1, we find

ho(s,a,1) =1— fv+B( )
+ Z / (v,du, s) — K(_")(U, du, s)] futB(s). (2.5.12)

neN
Inserting the right-hand sides of the formulae (2.5.11), (2.5.12) into the third
equality of the system (2.5.10), we derive for the generating function h(s,a, 1)

of the distribution P [a+ = n] the following relation:
h(s,a,1) =1 —/ Vy(dv,s) B (s) — / Vx(dv,s)KJ(rl)(v,s)
+ Z / V& (dv, s [K " S_nﬂ)(v,s)}

neN

+ Z / y(dv, s /000 (v, du, s) — K(_n)(v,du, 8)] f“+B(8).

neN
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Comparing the coefficients of a™b", m,n € Z*, |[m —n| < 1 in both sides of
the latter equality yields the formulae (2.5.6). The equalities (2.5.7) can be
verified analogously. We now verify (2.5.8), (2.5.9). Letting b = a in (2.5.2)

yields for the generating function
h’(s,a,a) = E[a®s /Xy =z + ], a € 0,1],
of the distribution P [, = n/ Xy = x + v] the following relation:

(s,a,a) Z a2"K (v,8) —a Z a2"KJ(rn+1)(v,s)

nezt nezt

1-a) ) o / K\ (v, du, ) furp(s). (2.5.13)

nezt

Similarly for the generating function h, (s, a,a) of the distribution
P oy, =n/Xy = —v —y] it follows from (2.5.3) for b = 1 that

(s,a,a) Za2"K( vs—az 2"Kn+1v8)

neZ+* neZ+*

(1—-a) Y a? / K™ (v, du, s) f*TB(s). (2.5.14)
nezZt
Inserting the right-hand sides of (2.5.13), (2.5.14) into (2.5.4) of Theorem
2.5.1, and then comparing the coefficients of a®?, a®"*!, n € Z*, we derive the
formulae (2.5.8), (2.5.9). A

2.5.1 Intersections by a spectrally positive Lévy process

Let {Xy; t > 0}, Xo = 0 be the spectrally positive Lévy process whose Laplace
exponent is given by (2.2.7). Recall, that in this case the lower boundary
is reached continuously, i.e. P [T, =0] = 1. The integral transforms of 7,
{r*,T*} are such that

E (e T, € du] = e~ 6 (u) du,

S et 1 p+z—c(s) k(z) —s
PrRe ST =2 Xrr gy — 2 (1 — 2.5.1
/0 ¢ B g p< Mprs)-szom) 50
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where ¢(s) > 0, s > 0 is a unique solution of the equation k(p) — s = 0 in the
semi-plane R(p) > 0, and J(-) is the delta function. The following corollary

from Theorem 2.5.1 is true.

Corollary 2.5.1 (Kadankova (2003a)). Let {X;; t > 0}, Xo = 0 be the spec-
trally positive Lévy process whose Laplace exponent is given by (2.2.7). Then

(i) the joint distribution of {a ,a; } obeys the following equalities for n €

Z+ vs? Yy
() = 1= fP(s)] (e_yc(s) - g:é;) Gp(c(s))",
(s) = [£205) = Gilelo))] 3 Gels)" (25.16)
(5) = Ty (1= 79) + [1 = 7] 2 G (e
Ry(

where Rs(z), © > 0 is the scale function (2.2.11), and

5(c(s)) = 1=r(s)e * G R, (x T(s) = 1——— Ry(x)+s ’ u) du;
G(e(s) = 1=r(s)e ™R (@), fH(s) = 1= Rulaes [ Ry dus

(ii) the distributions of o, o, are given by

Py (s) =1 —e v fB(s),
Py () = eV fB(s) [1 = G(c(s))] Gle(s)™™ ", nmeN, (25.17)

Py (s) = 1 — e D@3 (c(s),
B (5) = e PG (e(s)) [1 - Gp(e(s)] Gple(s)™™, neN; (25.18)
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(iii) the distribution of av,, is such that

Po(s) =1 f%)% - <e—yc<s> . Rs<x>> |
s(7)

s(B
fP(s
3(517

B [FP(s) = Gp(c(s))] Gile(s)"

1 f3(s)] (e—yc<s> - R:((?)

=)

(1= F5(s)] Gple(s))"™!

S —yc(s RS(‘T)
- Gp(ete))] (e - o)

]52n(3) =

=

+

—

> GSB(C(S))n_l, n €N,

=

Pan+1(s) =

=y

+

—

> G5(c(s)", neZ™.

(2.5.19)

=

Proof. It is worth noticing that formulae (2.5.16) of the corollary were ob-
tained in Kadankova (2003a) as the result of solving the system (2.5.10) for the

case when X; is a spectrally positive Lévy process. Let us verify the equalities
(2.5.16)—(2.5.19) of Corollary 2.5.1.

In Section 2.3.1 we already determined the successive iterations
K(_n)(v, du, s) = e"®) s 5(c(s) Gyle(s)™ ! §(u)du, n €N,
Kg_")(v, du,s) = e “OBIGS (¢(s)" L fB(du,s), neN, (2.5.20)
and the integral transforms of the joint distribution of {x, 7'}

Vy(du,s) = E [e_sX;T IS du,Qly] =

Ry(x)

V¥(du,s) =B [T € du, &) = f*(du,s) - 5o

fBdu,s). (2.5.21)

Inserting the expressions for the functions Kin) (v,du, s), Vy(du,s), V*(du, s)
into the formulae (2.5.15)—(2.5.9) of Theorem 2.5.1, we derive the formulae of
the corollary. A

We now apply the results of Theorem 2.5.1 to determine the distributions
(2.5.1) for the standard Wiener process.

Corollary 2.5.2. Let {wy; t > 0} be the Wiener process whose Laplace expo-
nent is of the form k(p) = o*p?/2. Then
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(i) the joint distribution of {a; ,a; } obeys the equalities for n € Z*

ey\/ﬂ/o — e_y\/ﬂ/o

~n+1 _ —2B(n+1)V2s/o
pn(s) = BV e , (2.5.22)
zV2s/0 —x\/2s/0
ﬁn 1(8) _ € /7 —e / e—2B(n+1)\/ﬂ/o
n-+ 1 + e—B\/%/O' ’

~(](S) —1_ e:c\/g/()' + ey\/%/a
Pots) = 14 e—BV2s/o

6—2B\/2s/o
)

xV2s/o yV2s/o
_ € +e _ _—Bv2s/o\ _—B(2n+1)V2s/o .
pr(s) = o Bvas (1 e >e , neN;

(ii) the distributions of o , o, are such that

5i(s) =1 — e~ GBS/,
P (s) = (1 - e‘zBm/"> e~v-Ben-)VE/o o N
B (s) =1 — e~ @HBIVEs/o,

P (s) = (1 — 2BV meoBEnDVElT e,

(iii) the distribution of a, is given as follows:
em\/%/cr + ey\/ﬂ/o
Po(s) =1— -7

xV2s/o yV2s/o
~ _€ t+e _ _BV32s/0\ ,—B(n+1)V2s/o
Pn(s) = [ BV <1 e > e n e N.

6—23\/ 2s/o
’

Proof. For the Wiener process we can easily calculate

fE(s) = fz(s) = e_x‘/%/”, Kin) (v,du, s) = e_(”+2B")\/%/05(u) du,

- _ sinh (y\/Z/a) - sinh (x\/%/a)
V®(du,s) = L (BJasa) (BV25/0) o(u)du, Vy(du,s) = Sinh (B25)0) 0(u) du.

Substituting the expressions for these functions into the equalities of Theorem
2.5.1, we get the formulae of the corollary. A
Observe, that the Laplace transforms in the formulae of the corollary can be

easily inverted, and, hence, we can determine the distributions themselves.
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Denote

pi(a,b) = Plw, € (a,b)]

1 2 2
—u?/2to d
= e u, a) = a,00).
O’\/27Tt/ Hela) = pul )

Corollary 2.5.3. Let {wy; t > 0} be the Wiener process whose Laplace expo-
nent is of the form k(p) = o*p?/2. Then

(i) the joint distribution of {c, oy } admits the following expansion for
nez’

i) =2 > (-DFfum(—y+kB,y+kB),
k>2n+2

pia® =2 >  (-)*m(-z+kB,z+kB), (2.5.23)
k>2n+2)

() =1-2) (=" [m(x + kB) + m(y + kB)]
keN

pet)=2 Y (="' [m(-z+kB,z+kB) + u(—y + kB,y + kB)];
k>2n+1

(ii) the distributions of the number of the up-crossings o and of the down-

crossings o, obey the formulae for n € N

po(t) =1=2mu(y+B), Plaf 2n]
Py () =1-2u(x+B), Play >n]

(iii) the distribution of the total number of intersections oy is such that for
neN

i(y+ (2n —1)B),

24
2ue(x + (2n — 1)B); (2.5.24)

v

(t)=1=2> (=" [m(z + kB) + m(y + kB)],
keN

Ploy >n] =2 (-1 " [z +kB) + m(y + kB)].  (2.5.25)
k>n

Proof. Let us verify the first formula of (2.5.23). Taking into account the

expansion

<1 I e—B\/%/a)—l _ Z (_1)1{6_;&3\/%/07
keZ+
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we derive from (2.5.22) that

/OO ettty dt = Y (_1)k}e—(—y+k3+2(n+1)3)\/%/a
0

keZt 5
1
_ Z (_1)k‘;e—(y-i-k:B"rZ(nﬂ‘l)B)\/%/O'. (2526)
kez+

In order to invert the latter integral, we will employ the following well-known
identity for the Wiener process P [7% < t] = 2P [w; > z], > 0 and the inver-

sion formula:

vy+i00
1 1
— / et = emuV2/0 s 2P[w; > ul, v > 0.
2m1 S
Y—100

This formula combined with (2.5.26) yields

=2 > (-D¥um(~y+kB,y+kB)
k>2n+2

i.e. the fist equality of (2.5.23). Other equalities can be proven analogously.
A

It is worth mentioning that the distribution of the total number of the in-
tersections p,(t), n € Z* was found in Androchuk (2001) for a symmetric
Bernoulli random walk and for a symmetric Wiener process. The author used
the symmetry principle and the reflection principle to obtain formulae similar
to (2.5.25).

Remark 2.5.1. Taking into account the equalities (2.3.16), we can derive the
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following expansions for the density of x

2
Py € dt;A*] = o ke~ (km0/B) iy (%k‘w) dt,

B2
keN
P[x € dt; 2, no? > ke 3 (ko /B) iy (%lm) dt, (2.5.27)
keN
e t 2 T
Py €dt] = —— (2k + 1)e 2 (CkTDm0/B) gin (Z(2k + 1)) dt.
S (54 )

The formulae (2.5.23), (2.5.25) re-written in terms of the density of x take a
more compact form. For instance, the joint distribution of {aj,a; } admits

the following representation for n € Z+
P70 =2 [ Plxe dus]poal(2n+ DB 20+ 1)B),
Phi1(t) = 2/; P[x € du; Ay pre—u((2n + 1)B,2(n + 1)B),
o =1-2 [ Plvedilpuu(s),
po(t) = 2/0t P [x € du] pu—u(2nB,(2n+1)B), neN. (2.5.28)
The distribution of oy is such that
t
Pla; = 0] = 1—2/0 Plx € du] P [wi_u > B],
Play >n]=2 /Ot Py € du]P[wi_y >nB], neN. (2.5.29)

Now we study the asymptotic behavior of the number of intersections. Denote

by
at = lim o, o = lim oy
t—00 t—00
the number of the upward and downward intersections of the interval [—y, x]
by the process {X;; ¢ > 0} with an infinite time horizon respectively. For all

k,l € Z*, |k — 1] <1 introduce the notation
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where @ = at + o~ is the total number of intersections of the interval [—y, z]
by the process {Xy; t > 0}, Xo = 0. Denote m = E[X;| = —£'(0).

Corollary 2.5.4. Let {Xy;t > 0} be the spectrally positive Lévy process whose
Laplace exponent is given by (2.2.7). Then

(i) if m > 0 the joint distribution of {a™,a~} satisfies the formulae:

[1-G(B)GB)", prtt=o, n € Z+, (2.5.30)

R(x)
R(B)

=1-c pi= (e J0) 0 eEeEr, nen

where ¢ = lim ¢(s),

s—0

R(z) = lim R*(z), G(z)=1-e "k (c)R(x);

s—0

(i) if m < 0 then the joint distribution of {a™, o™} admits the representa-
tions for n € Z+

pp =PX" <] (PX" >B])",  ph=0,
"= Plzr < Xt < B|(P[XT > B))", (2.5.31)

n

where

Xt =sup Xy, PXt < 2] = —mR(z).
>0

Proof. Assume that m > 0. Then
lim Ee ™ = P[r% < o] = 1, lim ¢(s) =¢> 0.

s—0 s—0

Calculating the limits in (2.5.16) as s — 0, we derive (2.5.30) of the corollary.
Note that the function R(x), z > 0 determined by its Laplace transform

/ e PPR(z)dx = k(p)~t, R(p) > ¢,
0
enters the right-hand sides of the latter equalities. Let m < 0. Then

lim ¢(s) = 0, lim Ee ™ =P[XT > 1] < 1.

s—0 s—0
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The equality (2.2.8) implies that
Ee_pX+:—mL = P[XT <z]=—mR(x).
= X* <a] = ~mR()
Calculating the limits in (2.5.16) as s — 0, we derive formulae (2.5.31) of the
corollary. Taking into account formulae (2.5.17)—(2.5.19), one can derive for
ot a the equalities similar to (2.5.30), (2.5.31). A

It is worth mentioning that the distributions of the number of the intersections
for the Wiener process (2.5.23)—(2.5.25) serve as the limiting distributions for
the corresponding distributions for Lévy processes and random walks. As an

example we state such limit equalities for a spectrally positive Lévy process.

Corollary 2.5.5. Let {Xy; t > 0}, Xo = 0 be the spectrally positive Lévy
process whose Laplace exponent is given by (2.2.7). Assume that EX; = 0,
EX12 =02 <ooandz,y >0, x+y =1, B> 0. Denote by aZFBQ(B) the number
of the upward intersections of the interval [—yB,xzB] by the process X on the
time interval [0,tB2]; by @, 52 (B) the number of the downward intersections of

the interval [—yB,xB] by the process X on the time interval [0,tB?]; and let

pi(t,B) =P [0}, (B) =k,a;,(B)=1],  kleZt.

Then this distribution is such that

lim prt'(t,B) =2 > (=D um(—y+ky+k) =p(1), (2532

B—oo
k>2(n+1)
Bli—1>n Pnt1(t, B) =2 Z (—1)fpe(—z + b,z + k) = (1),
o k>2(n+1)

Jim pf(t, B) =123 (=D [z + k) + ply + k)] = py(0),

keN
Jim pr(t, B) =2 S U (k4 )+ -y + By + k)] = pi(),
e k>2n+1
where
pit)=Plat(t)=ka (t)=1], k,leZT,

at(t), a(t) are the number of the upward and downward intersections respec-
tively of the interval [—y, x|, x,y > 0, x +y = 1 by the Wiener process with
the Laplace exponent k(p) = o?p?/2.
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Proof. Suppose the conditions of the corollary are met. Consider the first

equality of (2.5.16) and employ it for the case when [~yB,zB] as s — s/B>.
This yields

S

o0
B /0 e™5 Bt () du, =

= [1— fB(s/B?)] <e—yBc<s/Bz> _ M)

G3P (e(s/B2)". (2.5.33)
RS/B2 (B)
Since
s —su/B?, n+1 _
B2 0 n (’LL) du
= S/ e 5P [0 52 (B) =n, 0,5, (B) =n+ 1] dt = S/ e Stp" (¢, B) dt,
0 0
then
Jim ettt B) dt = (2.5.34)
_ L _ B 2 —yBe(s/B?) Ry p2(2B) s/ B2 2n
= th—H>loo [1— f"(s/B?)] <e 7RS/B2(B) Gy~ (c(s/B™)".

We will now use the asymptotic properties of the scale function and we will
employ the following identity:

Bll_rgo ERS/BQ(ZEB) = ;\/; sinh (;\/28) , Bh—%o Be(s/B*) = V2s/o,
B
. S x
Bh—Igoﬁ/o R, /p2(u) du = cosh <;\/23) -1, z€]0,1].

Taking into account these equalities, we find that
. s/B2 —2x+/2s/0
Jim G (e(s/BY) = e 2VE ge o)1)

Calculating the limits in the right-hand side of (2.5.34), we obtain

lim e Stp" (¢, B) dt = 1 M <1 - e—\/%/a) o~ (2n+1)V2s/0
B—eo Jo s sinh(v/2s/0)
1
s

(e—<—y+2<n+1>>\/%/o _ e—(y+2<n+1>)¢%/o) <1 I e—x/%/o) - (2.5.35)
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The right-hand side of this equality coincides with the right-hand side of the
first formula of (2.5.22) for B = 1. This means that the left-hand sides of
these formulae should coincide as well. This results to the following equality:

o0 o
Blim e Stpntl(t, B) dt = / e Stpn L (t) dt.
- Jo 0

By means of this equality we established the weak convergence of the distri-
bution p?*1(¢, B) to the distribution p?*1(¢) of the symmetric Wiener process
in case when x,y > 0, x +y = 1. Further, it follows from (2.5.22), (2.5.28) for
B =1 that

) =2 Y (“Dru(—y+ky+k) =
k>2(n+1)

= 270 Z/ ke 5 gin (ykm) pi—u(2n 4+ 1,2n 4 2) du
keN

i.e. the first formula of (2.5.32). The second formula can be verified analo-

gously. A

2.5.2 Intersections of the interval by a compound Poisson pro-
cess with arbitrary positive and exponential negative

jumps

Corollary 2.5.6 (Kadankov and Kadankova (2006)). Let {Xy;t > 0}, Xo =0
be the compound Poisson process with Laplace exponent (2.2.13). Then

(i) the joint distribution of {a; ,a; } obeys the formulae n € Z*

P = (1= B2 ) (560 - gy ) TP

71 (5) = [BFE(s) — T(s)] %EB)F(S)"’ (2.5.36)

ﬁZ(S) = I{n:O} (1 - fy(s)) + [1 - EfFH_B(S)] R)\(B

+ Lineny [Efw—B(s) - T(S)] <fy(8) B R)MB
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where Rg(x), © > 0 is the scale function of the process (2.2.22),

Ef"B(du,s) = A/OO e OB (du, s)dv =1 — %RA( ) + sAS)N(B),
0 Cc(S
7(s) = fas) [ B e = 1= [l BB (s): (2530

(ii) the distributions of a;f , o, are such that

po(S) 1- f(S)Ef”“’B(S),

Dn(s) = f¥(c(s)) (1 —T(s)) T(s)" !, neN, (2.5.38)

where

(iii) the distribution of oy, admits the following representation:
_ R (z ) Ry(x)
O R UCE

Panls) = j;((B)) [1—Ef”+B(8)] T(5)'"

+[EBFE) - T6)] (A0 - jj;((j;))) (s, neN,
Ponti(s) = 1];;((?) [Bf7P(s) - T(s)] T(s)"
+[1-EpE(s)] <fy(8) - %) T(s)", nezt.

(2.5.39)

Proof. In Section 2.3.3 we already determined the integral transforms of the

joint distribution of {x, 7T} :

Vy(du, s) = gg((?) e M,
V¥(du,s) = f*(du,s) — fts(2) Ef7B(du, s), (2.5.40)

R3(B)



69

and the successive iterations

K™ (v,du,s) = fa(s)f* B (c(s)T(s)"  he ™ du,
KJ(:L) (v, du, s) = e7"C) fp()T ()" "Bf 7B (du, s),

where
Fle(s)) = / " P (du, 8)e ) = e _ Ry (a)r(s),
0

T(s) = fB(s) /0 h Ef 7B (du, s)e™ ") =1 — fp(s)R)(B)r(s).  (2.5.41)

Substituting the expressions for Ki")(v,du, s), Vy(du,s), V*(du,s) into the
formulae (2.5.5)—(2.5.9) of Theorem 2.5.1 we derive the equalities of the corol-
lary. A

Corollary 2.5.7. Let {X;; t > 0}, Xo = 0 be the compound Poisson whose
Laplace exponent is given by (2.2.18). Suppose that EX; = 0, EX12 = 0% <

and x,y >0, x +y =1, B > 0. Denote by

a?’BQ(B) the number of the upward intersections of the interval [—yB,xB] by

the process X on the time interval [0,tB?];

a, 52 (B) the number of the downward intersections of the interval [~yB,xB]
by the process X on the time interval [0,tB?]; and

pf(t,B):P[ o (B) =k, a

s B)=1], klezZ".

152
Then this distribution satisfies the following equalities:

lim prt(t,B) =2 > (=D um(—y+ky+k) =p(1), (25.42)

B—oo

k>2(n+1)
Jm B =2 30 (“)fm(a ko k) =P 0)
o k>2(n+1)

Jim pf(t, B) =12 (=1 [z + k) + ply + k)] = py(0),
keN

Jim pi(t, B) =2 > D (et R+ k) + =y + by + k)] = p(t),
k>2n+1
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where
B =Plat()=ha ()=1], kleZ",

at(t), a(t) are the numbers of the upward and downward intersections of the
interval [—y, x|, x,y > 0, v +y = 1 by the Wiener process with the Laplace
exponent of the form k(p) = o?p?/2.

Proof. Suppose that the assumptions of the corollary are met. Then taking
into account (2.5.37) and the equalities (2.3.26), (2.3.27) when B — oo, we
find that

B (%) _ _L SA —V2s/o
Ef <B2>_1 o(s/B?) B Rs/B2() 53/32() e )

(2.5.43)

The Laplace exponent of the process can be written as follows for small p > 0

k(p) = ;02p2+0( ).

In view of the latter equality and the identity k(c(s)) = s, we derive
Blim Be(s/B?) = V2s/0, Blim r(s/B?) = Ao V/2s. (2.5.44)

Then the function 7T'(s) is such that (when B — o)

T () = 1= fols/BARY m(Byr(s/B?) — Vo (25.45)

Let us consider the equality (2.5.36) for the case when [—yB,zB] and s —
s/B?. This yields

% e=su/ B2 il () iy = s/ eS¢, B) dt =
0 0
Rs B2 (l‘B) n
= [L-Ef"*P(s/B%)] (fy3<s/B2> R§7> (T(s/B?))
s/BQ( )
Hence,
lim - e Sth“(t, B)dt = eIVl — eV o 2(n+1)V2s/a

B—oo 0 1 + e—\/%/a'
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The right-hand side of the latter equality coincides with right-hand side of
(2.5.22) for B = 1. Then, necessarily the left-hand sides of these equalities
coincide as well, so that we derive

[ee)

[ee]
lim e tpnt(t, B) dt:/ e Stpn L (t) dt.

By means of the latter equality we established the weak convergence of the
distribution p?*1(¢, B) to the distribution p2*1(¢) of the Wiener process for
the case when z,y > 0, z +y = 1. It follows from (2.5.22), (2.5.28) for B =1
that

=2 > (Dfuml-y+ky+k) =
k>2(n+1)

t
= 27102 Z / ke 5 gin (ykm) pi—y(2n 4+ 1,2n 4 2) du
keN 0

i.e. the first formula of (2.5.42). Other formulae can be verified analogously.

A
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2.6 Occupation time of an interval

Let {Xy; t > 0}, Xo = 0 be a general Lévy process. Fix B > 0 and introduce

the indicator functions:

g(:E) = I{:EE[O,B]}) g*(:E) =1- g(:E)) r eR.

Define the following random variables

oy (t) = /0 oy + Xo)du, o(t) =t — oy (t)

i.e. the sojourn occupation time inside the interval [0, B] by the process y+ X,
u € [0, ¢] till the time ¢, and the total occupation time outside the interval [0, B]
by the process y + X, u € [0,¢] till time ¢. This section is concerned with
determining the integral transforms of the joint distribution of {oy(t), 0y (t)}
denoted as follows:
00
Cyla,b) = S/o e B vty () gr g b > 0.

We will focus on the compound Poisson process with positive jumps and nega-
tive drift, the spectrally one-sided Lévy process and on the compound Poisson
with arbitrary positive jumps and exponential negative jumps. For a symmet-
ric Wiener process we are able to invert analytically the Laplace transform
C'Zj(a, b) with respect to s, a,b, which results into the distributions of the ran-
dom variables o,(t),0,(t). These distributions appear to be the limiting dis-
tributions for the corresponding distributions of the spectrally one-sided Lévy
process. Under the conditions EX; = 0, EX12 < oo and after re-scaling time
and space, we will prove weak convergence of the distributions of o,(t), o7 (t)

y
to the corresponding distributions of the Wiener process.

2.6.1 Compound Poisson process with linear drift

Let {X;;t > 0}, Xo = 0 be the compound Poisson process with positive jumps

and negative drift whose Laplace exponent is such that

k(p) =ap+p(ETP*-1),  a,u>0, sx¢€(0,00), (2.6.1)
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where p is the intensity of he jumps, ¢ is the jump size, and « is a coefficient
of the drift. Introduce the scale function of the process by means of its Laplace
transform Rg(z) : [0,00) — [0,00), x > 0

1 Y400 1
s — w_ , > s 2.6.2
R(x)_QﬂiL_i e ) s D vy>c(s) s>0 ( )

where ¢(s) > 0 is a unique root of the characteristic equation k(p) — s = 0
in the semi-plane R(p) > 0. Per definition we set Rs(z) = 0 for all z < 0.
Observe, that

Rs(0) = lim p(k(p) —s)"' =1/a > 0.

p—00

In order to determine the Laplace transforms Cy (a,b), we first need to calculate
the auxiliary function which is defined below. Let y € Ry, 7, = inf{t > 0 :
y+ Xy <0}, oy = 0y(7y), 0, = 0, (7). Denote by

Dy(a,b) =E [e_”y_“"y_bazﬁy < ool , a,b,s >0

the integral transform of the joint distribution of {r,, oy, oy}, where oy is the
duration of stay inside the interval [0, B] by the process y + X(.) until the first

passage time 7, of the lower boundary 0, and o}, = 7, — 0y,

Lemma 2.6.1. Let {Xy; t > 0}, Xo = 0 be the compound Poisson process
whose Laplace exponent is given by (2.6.1). Then the integral transform of the

joint distribution of {r,, oy, o} are such that:

Up_,(a,0)

D = —velst) oy >0 2.6.3
where U (a,b) =1 for z <0,
Us(a,b) =1+ (a —b) / e G Ry (u)du, x> 0. (2.6.4)
0

Proof. Let y € [0, B], x = B — y and denote by
X = inf{t ty+ Xy ¢ [073]}7 T= (XX - x)IQl” + (_y - XX)IQ(y

the first exit time from the interval and the value of the overshoot through
the boundary at this instant. Note that 2A* = {X, > z}, A, = {X, < —y}
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are the events on which the exit can take place. Taking into account spatial
homogeneity of the process, the Markov property of y, and employing the total
probability law, we can write for the function Dj(a,b), y € R, the following

equations:
Dy(a,b) =E [e_(”“)x;ﬂy]
+/ E [e_(SJF“)X;T € du,le] e_“c(Ser)ng(a, b), ye€][0,B],
0
Di(a,b) = Di(a,b)e” V=Bt oy > B, (2.6.5)

Letting z = ¢(s+b) in (2.2.18), we derive for the function G%(z) = Ee™5™ —*%r*

x € Ry the following representation

-b
s+a -1 a a —xzc(s+b)
Go " els +0) c(s+a)—c(s+0b) Rsral@)e
+(a—0b) / e IR (u) du. (2.6.6)
0

Employing the latter equality and (2.3.11), (2.3.12), we get for the function
V(z,8) = E [e7*X%%] for 2 = c(s +b), s > s+a

Rsia(7)

VZ(e(s +b),s +a =U;(a,b evolsth) _
(els + )5+ ) = U(as) p

U (a,b)ePes+b)  (2.6.7)

Substituting the expression for the function V* (z,s) into the first equation of
(2.6.5), we get (x = B —y)

Rsya(z)

Pyla.0) = Rsta(B)

Rsya(7)
Rs—l-a(B)

Letting y = B in this equality, we find that

+ |Us(a, )+ U (a.0)eP | Dy(a,b), y € [0, BI.

S 1 —Dc(s
D%(a,b) = 0ol b)e Be(s+b)
B )

Substituting the latter expression for D7 (a,b) into (2.6.5), we derive the for-
mula (2.6.3) of Lemma 2.6.1. A

The next step is to determine the auxiliary function

@y(a,b) = E |77 ny >y > 0.
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Lemma 2.6.2. Let {Xy; t > 0} be the compound Poisson process with Laplace
exponent (2.6.1). Then the integral transform of the joint distribution of

{oy, oy} on the event {r, > vs} is such that
Q5 (a,b) = S—ib (u_,(a,b) — us(a,b)Di(a,b)),  y >0, (2.6.8)
where ui(a,b) =1 for x <0,
(@ b) =1+ (a—b) /0 " Revo(u)du, o3>0, (2.6.9)
and the function Dj(a,b), y > 0 is given by (2.6.3).

Proof. Employing the total probability law, homogeneity of the process and
Markov property of x, we write for QZ(a, b), y € Ry the following system of

equations:
Qjla.b) = —— (1 - Be (+x)
+ - i - /0 B [e—<8+a>><; T e du,w‘] (1 - e‘“c(8+b>) (2.6.10)
o [TB [T € duoe] Qylab)e . ye o)
Q3 (a,b) = - i - (1 _ e—(y—B)c(s+b)) +Q%(a,b) e WBIHD) s B

Taking into account (2.6.7) and (2.3.11), (2.3.12), we re-write the first equation
of (2.6.10) as follows (xr = B — y)

s — s s 778 xc(s+b)

Qj(a,b) = = (wila,b) ~ Ui(a,b)e )

8 s 778 Be(s+b) RS-Hl(x) 26.11

s (ub(00) — Up(a,0)e™00) peteis (2:6.11)
Rsya(T)

- Q3a,b) (U;<a, berele ) _ Ui (a, b)eBC<S+b>) )

RS—I—a(B )
Letting y = B in the latter equality, we find

s _ s s USB (CL, b) —Bc(s+b)
@p(a.b) = s+b s—H)Ujg(a,b)e

Inserting this expression for the function Q%(a,b) into (2.6.10), we derive the
second formula (2.6.8) of Lemma 2.6.2. A
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Thus, we found the auxiliary functions Dj(a,b), Qy(a,b), y € R4 (formulae

2.6.3, 2.6.8), and we are now able to determine the function of interest:

Cyla,b) = s/ e S tEe~ @M=ty gt q.b > 0.
0
Denote 7¥ =inf{t >0: X; >y}, TY = X;v —y, y > 0,
fY(dv,s) = E [e_STy;Ty € dv, 7Y < oo] , fY(s)=E [e_STy;Ty < oo] )

Theorem 2.6.1. Let {X;; t > 0} be the compound Poisson process with
Laplace exponent (2.6.1), us(a,b) = Us(a,b) =1, for z <0,

Ui(a,b) =1+ (a— b)/ et R (u)du, x>0,
0

i (ab) =1+ (a— b)/ Revo(u)du, z>0.
0

Then the following equalities are valid for the integral transforms of the joint

distribution of {oy(t),o,(t)}, y € R

s S s s —yc(s+b
Cy(a7 b) = S——l—b (uB—y(a7 b) - C(B)UB—y(a7 b)e ye(st )> , Ye R-i—a
S B B—u
C? (a,b) = 1+ (a— b)/ fY(du, s + b)/ Rsio(v)dv | (2.6.12)
4 S+ b 0 0
_ C(B)/ fY(dv,s +b)Ug_,(a, b)e_”c(5+b), y >0,
s + b 0
here k' (c(s + b)) = Lk ,
where K(e(s +1)) = k)|
a—"b U3 (a,b) ePettb) —u3(a,b)

C(B) = .
c(5+) K(c(s + b)) + (a—b) ;7 Us(a,b) da

Proof. Again, in view of the total probability law, spatial homogeneity of the

process and Markov property of y, we write the system of equations for the

function Cj(a,b), y € R

Cy(a,b) = @y(a,b) + Dja,b) Ci_(a,), 4 >0, (26.13)

S

Coyla,b) = s+b

(1—fY%s+0b)+ /000 fY(dv,s +b)C;(a,b), y>0,
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where C§_(a,b) = lin% C2,(a,b). Inserting the expression for the function
y—)
C’;(a, b), y > 0 from the second equation into the first one implies that

S

s+b

C*,(ab) = u—f%s+m»5[”ﬂwus+w@mmm

+ G (a, b)/ Fi(dv, s +b)D(a,b), y > 0.
0
Letting y — 0 in this equation, we derive a linear equation for the function
C§_(a,b), solving which yields

Ci_(a,b) = s (L= f2s+0) + fg fO(dv, s +b)Q5(a,b)
B L- fooo fo(dv, s + b)Ds(a,b)

Using the equalities (2.6.3), (2.6.8) and performing some calculations, we find

Ci_(a,b) = (ui(a,b) —Ug(a,b)C(B)). (2.6.14)

s+b

While performing the calculations, we also used the relations:

B B—v
/ fOdv, s + b)evels+?) / e UCEHIR L (u) du =
0 0

B 1 B
— / eTUEFTIR L () du 4+ — / U:(a,b) d,
0 @ Jo

B B—v B
/ fO(dv,s + b)/ Rsio(u)du :/ Rsiq(u) du—
0 0 0
L
ac(s +b)
which follow from (2.2.17, 2.2.18) and the definition of the resolvent (2.6.2).
Substituting the expression for the function C§_(a,b) (2.6.14) into (2.6.13),
we get formulae (2.6.12) of Theorem 2.6.1. A

[P U (a,b) — wh(a,b)]

2.6.2 Spectrally one-sided Lévy process

Let {X;;t > 0}, Xo = 0 be the spectrally positive Lévy process whose Laplace

exponent is given by (2.2.7). In this section we will assume that o > 0. In this

case lim0 Rs(x) = lim p(k(p) —s)~! =0, p > 0. It is well-known (see Pistorius
T— p—00

(2004)), that the function R.(z) = -4 R,(z), z > 0 is continuous and

T

lim0 R.(z) = lim p*(k(p) —s) ' =072 2,p>0.
r— p—o0
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The function C;(a, b), y € R obeys the integro-differential equation of the
second kind (Skorokhod (1964)), and %C’;(a, b), y € Ris a continuous function
with respect to y. Note, that the functions d%DZ(a, b), %QZ(&, b) possess the

same properties for y > 0.

Let y € Ry, 7y =inf{t > 0: y+ X; <0}, 0y = 0y(7y), 0y = 0,(7),
DZ(CL, b) - B |:€—8Ty_a0'y_b0'.;,7'y < OO] , a,b,s > 0.

Lemma 2.6.3. Let {Xy;t > 0}, Xo = 0 be the spectrally positive Lévy process
whose Laplace exponent is given by (2.2.7). Then the integral transform of the

joint distribution of {r,, oy, o} is such that

Ug_,(a,b
B_y(a ) e ve(s+b) y >0, (2.6.15)

Dy(a, b) = W ’ =

where Uz (a,b) =1, for x <0,
U;(a,b) =1+ (a — b)/ e Ut R o (u)du, x>0,
0

Rs(x), x > 0 is the scale function (2.2.11) of the process.

Corollary 2.6.1. Let {X;;t > 0} be the standard Wiener process with Laplace
exponent k(p) = % p? andy € [0,B], x = B —vy. Then

(i) the integral transform of the joint distribution of {1y,0y,0,} is given by

Vs + acosh(z+/2(s + a)) + Vs + bsinh(z/2(s + a))
Vs + acosh(B\/2(s + a)) + /s + bsinh(B+/2(s + a))’
(2.6.16)

Dy(a,b) =

where sinh x, cosh x are the hyperbolic sine and cosine;

(ii) the Laplace transforms of oy, o, are such that

cosh zv2a Eeb7) — 1 —i—a:\/%.

Ee %% = ————— e _—
cosh Bv2a 1+ BV2b
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(ili) the following equalities are valid for the random variables oy, oy

= (—1)n n 2n2 xm
Plo, > t] = 4 Z (=1) exp <—t&> cos E(Qn—i— 1),

T 2n+ 1 8B2
(2.6.17)
X z * Y wom2 |2 [ w2p
Ploy=0l=%,  Ploy>f=Le \E/ﬂ/Be /2 du;
(2.6.18)

(iv) oy, does not have moments, but the moments of the random variable o,

are given as follows:

Eol! = % kzn::o(_l)k (%)zk (;Z) En_p, neN, (2.6.19)
where E,, n € N are the Euler numbers defined by (2.53.18).
Proof. Let y € [0, B], x = B — y and denote by
x =inf{t:y+ X; ¢ [0, B]}, T=(Xy— o)y + (—y — X )Ig,

the first exit time from the interval and the value of the overshoot at this
instant. Here A* = {X, > z}, A, = {X, < —y} are the events on which
the exit can take place. It is not difficult to derive the following system of

equations for the function DZ(a, b), y € Ry
Di(a,b) = E [e—<s+a>><; Qly]
+/ E [e_(s+a)X;T € du,le] e‘“c(”b)DfB(a, b), ye€][0,B],
0
Dy (a,b) = Dp(a, b)e~W=Blels+b) 1y 5 B (2.6.20)

Here we used the Markov property of y, spatial homogeneity of the process and
total probability law. Let us explain this system. The first equation means
that the sojourn occupation inside the interval [0, B] till the first passage

time of the lower boundary occurs either on the sample paths of the process
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which do not intersect the upper boundary, or on the paths which exit the
interval [0, B] through the upper boundary. The second equation is evident.
In view of (2.2.9) we can write the following representation for the function
Gi(2) = Ee 7 7#%r 2 € Ry for z = ¢(s + b)

s+a —1_ a—b —xzc(s+b)
Gy c(s+0b) =1 G 1D Rsia(x)e

+(a—0b) / eTUETIR Lo (u) du.
0

Taking into account the latter expression and (2.3.11), (2.3.12), we find for
the function V®(z,s) = E [e7X"**; 7] for z = c(s + b), s — s + a that

Rsta()

VZ(c(s+b),s+a =U;(a,b erels+b) _ —star™)
(c(s +b) ) (a,b) RoruB)

U3 (a,b)eBGte) - (2,6.21)

Inserting the expression for the function V*(z,s) into (2.6.20), we get (z =
B -y)

Rsya(B —y)
D(a.b) = —talZ — J)
Wl =" B
s (B-y)e(s+b) _ Bstalt) - Be(s+b) | ms
+ |Up—y(a,b)e Ug(a,b)e D%(a,b), y €0, B],
Rsi4(B)

Di(a,b) = Dj(a,b)e” V=Bt -y > . (2.6.22)

Differentiating the equalities (2.6.22) and letting y = B, we obtain the follow-

ing system of equations:

d R, ,(0)
——D3(a,b = ST 4 (s + b)D%(a, b)—
S R,S a(o) S c(s
- DB(a7 b) Rs—:_a(B) UB(CL7 b)eB ( +b)7
d S S
| = —els + Db D)
where R, ,(0) = %Rﬁa(az)‘x_)o = 072 > 0. Solving this system, we find

D3 (a,b) = Ug(a,b) " exp{—Bc(s + b)}.

Substituting this expression into (2.6.22), we derive (2.6.15). Thus, Lemma
2.6.3 is proved. We now verify the statements of Corollary 2.6.1. Using the
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definition (2.2.11), we now calculate the scale function of the standard Wiener

process. For v > ¢(s) = v/2s we have

y+ioco
1 - 1 2 .
Rs(x) = 37 / e*P % dp = \/;smh (a:\/2s> . (2.6.23)
y—100

Substituting this expression for the scale function into (2.6.15) and performing

necessary calculations, we obtain formula (2.6.16) of Corollary 2.6.1.
Further, letting step by step in (2.6.16) s =0, b=0and thens=0, a=0,

we derive the Laplace transforms of the random variables o, o

y
Ee—9s _ cosh 3:\/2a, Eeto) _ 1 —I—:E\/Q—b’ t—B_y
cosh Bv2a 1+ BV20b

Calculating the contour integrals (Ditkin and Kuznecov (1951))
Y4100
1 at 1 coshzv2a
— e —1—- ————=] da,
2mi a cosh Bv2a

Y4100
1 1 1+ 2v/2b
/ ebt—<1 e ) db, (v > 0),

2mi b 1+ BV2b
y—100
we find the distributions of o, o},
Plo, > 1] = éi )" _tM T on+1), (2.6.24)
[oy > exp VP cos 5 (2n , (2.6.
X 2 2

Ploj;=0]==, Plo) >t el/?B \f/ e/ 2 du.  (2.6.25
=0 =5 Pl . 26.25)

The formula (2.6.24) is also the asymptotic expansion for the probability which
enters its left-hand side. For instance, restricting us only to the first term of

the series of (2.6.24), we can write for t — oo

4 7'('2 t"2
P[O’B>t]:; exp< 832> —|—o<e 882>.
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Using the asymptotic expansion of the integral (Dwight (2005)), we get from
the formula (2.6.25) as t — oo

n 2k
Plo; >t] = \/% (1 +Z(—1)kBt—k (2k — 1)!!) +0 <t"1+ > , yelo,B].
k=1

I
2
In order to determine the moments of the random variable o, (2.6.25), whose

Laplace transform is given by

cosh v/ 2a

Ee %% = —————— |
cosh Bv2a

:E:B_yv

it is necessary to use the series expansion (Dwight (2005)) of the function

sech = cosh™" . A

Now we will determine the auxiliary function
@y(a,0) = E et t=bn)iq, > oy >0,

Lemma 2.6.4. Let {Xy;t > 0}, Xog = 0 be the spectrally positive Lévy process
with Laplace exponent (2.2.7). Then for the integral transform of the joint
distribution of {0y, oy} on the event {r, > vs} the following equalities are

valid:

S

Qjab) = =

(usB_y(a, b) — up(a,b)Dy(a, b)), y=>0, (2.6.26)
where us(a,b) =1 for x <0

i (ab) =1+ (a— b)/ Revo(u)du, x>0,
0

the functions D;(a,b), y > 0 are determined by the equalities (2.6.15) of
Lemma 2.6.3.

Proof. According to the total probability law and Markov property of y, spa-

tial homogeneity of the process, we can write the following system of equations
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for the function Qj(a,b), y € Ry

Q3 (a,b) = — (1—Ee_(5+“)x>

s+a
- f’r ; /0 E [e—<s+a>><; Te du,le] (1 - e—“C(S”’)) (2.6.27)
+/ E [e_(er“)X;T € du,le] Q%(a, b)e_“c(5+b), y € [0, B],
0
S —(y—B)e(s s —(y—DB)c(s
Q,(a,b) = > (1—6 =B)e( +b)) + Q% (a,b) e W=BelH0) 1y 5 B

The three summands which enter the right-hand side of the first equation
mean that the total time of staying inside the interval [0, B] (outside the
interval [0, B]) by the process without intersection of the lower boundary can
be realized either on the sample paths of the process which do not leave the
interval [0, B], or on the paths which do leave the interval through the upper
boundary and never return back, or on the paths which do leave the interval
through the upper boundary and then return inside. The second equation
is evident. Employing (2.6.21) and (2.3.11), (2.3.12), we re-write the system
(2.6.27) as follows:

s 5 S s B—y)c(s+b
Qy(a> b) = S——i—b (UB_y(CL, b) — UB—y(a> b)e( y)e(s+ ))
C 5 (un(ab) — U (a. b)eBetst)) ForaB 1)
s+ (“B(“’ b) — Ug(a,b)e ) Rero(B) (2.6.28)
Rora(B —y)

+Q(a,b) (Ufg_ym, belBv)elet) Up(a, b)eBC“*b)) , y €10, B],

Rs—l-a(B)
(1 _ e—(y—B)c(s+b>> 4 Q%(a,b) e~ WBIHD) S B

S

Qjab) = =

Differentiating the equalities (2.6.28) and then letting y = B yields the fol-

lowing system:

s R 14(0)
= b S (a.b) — Us(a.b)eBelstb) ) Zstal”/
y=B S + b <C($ + ) + (U’B(a7 ) UB(CL7 )6 ) Rs—l—a(B)

R, (0
- Qpant) (ols 4 0) ~ Upla,p)elles9 L),

d s
d_yQy(a7 b)

d

d_yQZ(a’ b)

= 5 cls +0) — Qp(a.b)e(s +b).

y=B
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Solving this system, we find that

s _ S _ ’LLSB(CL, b) —Bc(s+b)
QB(a’b)_s—l-b <1 Ug(a,b)e '

Substituting this expression for the function Q%(a,b) in the equality (2.6.28),
we obtain the formulae (2.6.24) of the Lemma 2.6.4. A

Hence, the auxiliary functions Dj(a,b), @;(a,b), y € Ry are determined by
(2.6.15), (2.6.16), and we are now able to find the function

Cyla,b) = s/ et Ee~ @M=ty gt q,b > 0.
0

Denote 7¥ = inf{t >0: X; >y}, TY = X;v —y, y > 0,
fY(dv,s) =E [e_STy;Ty €dv, ¥ <o0], fYs)=E [e_STy;Ty < o0l .

Theorem 2.6.2 (Kadankov and Kadankova (2004)). Let {X;; t > 0}, Xy =
0 be the spectrally positive Lévy process with Laplace exponent (2.2.7) and
{Rs(x)}2>0 be the scale function of the process (2.2.11). Denote

US(a,b) =1+ (a—b) / U B Ny, @ >0,
0

us(a,b) =1+ (a — b)/ Rsiq(u)du, x>0,
0

ui(a,b) = Us(a,b) =1, for x < 0.
Then the integral transforms of the joint distribution of {oy(t),o,(t)}, y € R

are such that

s S s s —yc(s+b
Cy(a7 b) = s+b (UB—y(a7 b) - C(B)UB—y(a7 b)e ye(st )> , Ye R-i—a
s B B—u
C? , (a,b) = 1+ (a—0) / fY(du, s +b) / Rsio(v)dv | (2.6.29)
Y S+ b 0 0
-2 o) / fUdv, s + D)US_,(a,b)eCH0) 4 >0,
S+ b 0

where r(s,b) = k' (c(s + b)) = dipk(p)‘p:c(s) ’

a—b  Ugla,b)eBbth) —ys(a,b)

(s+b) r(s,b)+ (a—b) fOB Us(a,b)dx

C(B) = -
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Proof. One can find that the function Cj(a,b), y € R obeys to the following

system of the equations:
Cy(a,b) = Q;(a,b) + Dy(a,b) C5_(a,b), y >0, (2.6.30)

C:, (a,b) =

S50 (1—f%s+0b)+ /OOO fY(dv,s +b)C;(a,b), y>0,

where Cj_(a,b) = lin% C2,(a,b). We again used the total probability law,
y—)

spatial homogeneity of the process and Markov property of x. Now inserting

the expression for the function Cj (a,b) y > 0 from the first equation into the

second one, we find that

€2 yfab) = 5 (= P4 0) + [ (v +DQiaD)

+ G5 (a,b) / Fi(dv, s+ b)D3(a,b), y > 0. (2.6.31)
0

It follows from (2.6.15), (2.6.26) that

d a—>

—Dy(a,b = —c(s+b) — —— Ry o(B)e Belsth)
dy ol )yﬁo (s+8) U3 (a,b) +a(B)
S
——Qyla,b = - —b)Resa(B
dyQy(a, )M (@ D Rsra(B)+
a—1>b B

I Ry o(B)e Bt ) 9.6.32

+opub(ab) (C(s+b)+U,§(a,b)R+( )e (2.6.32)

Taking into account (2.2.9), (2.6.21) and the definition of the scale function
(2.2.11), we calculate the following limits:

B B—v
i/0 fy(dv,s—i—b)/ Rsio(u)du

dy y—0

= Rova(B) = 072 [Up(a,0)eP ) — gy (a,b)] s +b) 7,

/ f¥(dv, s+ be —Uc(s—l—b)/ _uc(s+b)Rs+a(U) du _ Rs+a(B)€_BC(S+b)
dy 0 y—0
B 1 B
+c(s+0) / eTUETIR L () du — — / U;(a,b)dz,
0 o= Jo
% / f¥(dv, s + b)evels D) =c(s+b)—r(s,b)o2 (2.6.33)
0 y—0
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Since the function %C; (a,b), y € R is continuous, we have

d S _ d S
d—yCy(a, b) =— d—yC_y(a, b)

y—0 y—0

Employing the latter equality, we calculate the limits (2.6.32), (2.6.33). Then
differentiating the first equality of (2.6.30) and the formula (2.6.31), we obtain

an equation with respect to the function C§_(a,b) :

S

=0 bAS(a, b) + B*(a,b)C;_(a,b), (2.6.34)
where
*(a _ up(a,b) r(s a— ’ *(a z | o2
w(eb) = 2o (veh) + ) [ Ui )
a—>b

o) (UB@ 0P —uab)) o2,

0.—2

m <r(s,b) + (a—=0) /OB U;(a,b) da:) .

It follows from (2.6.34) that

B?%(a,b) =

S

+b

C3_(a,b) = ——uy(a,b) Us,(a,b)C(B).

s
s+b
Inserting the expression for C§_(a, b) into the first equality of (2.6.30), we get
the formulae (2.6.31) of Theorem 2.6.2. A

Remark 2.6.1. It is worth noting that the formulae (2.6.15), (2.6.26), (2.6.29)
for the integral transforms of the distributions oy(t), y € R for the spectrally
positive Lévy processes are identical to the formulae (2.6.3), (2.6.8), (2.6.12)
for the compound Poisson process. The reason is as follows. A spectrally
one-sided Lévy process can be approximated by a sequence of compound Pois-
son processes with a drift (Gihman and Skorokhod (1973, ch.4,82)). This fact
assures the weak convergence of boundary functionals of the approrimating
Poisson processes to the corresponding boundary functionals of the spectrally

one-sided Lévy process.
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2.6.3 Standard Wiener process

Now we apply the results obtained in the previous sections to determine the
distribution of the sojourn occupation inside the fixed interval by a standard

Wiener process {w(t); t > 0}.

Corollary 2.6.2. Let {w(t);t > 0} be the standard Wiener process with the
Laplace exponent k(p) = %p2. Then

(i) the integral transform
Cyla,b) = s/ e S'E [e‘“"y(t)_boz(t) dt, yeR
0

of the joint distribution of {oy(t),0,(t)} satisfies the following equalities:

C%(a, b) __% (4= a—>b Sinh(%\/S—F—G)eXp{—(y_B)\/W}
y\@, Cs+b \/S—i-—a\/s—l——asinh(%\/s+a)+\/s+bcosh(%\/s+—a)

y > B, (2.6.35)
w1 (14 2= e i
a,b) = ——
4 s+a \/s+ \/S—I—asmh(\/—\/s—l—a)—I—\/S—l—bcosh(\/—\/s+a)
y € [0, B, (2.6.36)
C5(a.b) = s ;. a- b Smh(%\/ +a) exp{y\/2(s +b)}
A \/S—I—a\/s—kasmh(% a)+\/s+bcosh(%\/s+a)
y < 0; (2.6.37)

(ii) the expectations of oy(t), o, (t) are such that
t t
Eo? (1) = / Plw(u) > y]du +/ Plw(u) > B — y] du,
0 0
Eo,(t) =t —Eo,(t), yecl0,B], (2.6.38)

Eoy(t) :/0 Plw(u) >y — B]du —/0 Plw(u) > y] du,

Eo,(t) =t —Eoy(t), vy> B,
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where
t 2 poo 2 2
/ Plw(u) > z|du = trw e~ 2 du — 33\/%6_127.
0 V2rt Jg V2r

It is worth noting that for b = 0 the formulae (2.6.35)—(2.6.37) are given in Fu-
sai (2000). Inverting the Laplace transforms in the equalities (2.6.35)—(2.6.37)

yields the distributions of o, (t), o;(t). The following statement contains the

equalities for these distributions in the case when y € [0, B].

Theorem 2.6.3 (Kadankov and Kadankova (2004)). Let {w(t);t > 0} be the

standard Wiener process,

oy (1) = /O o(y+ww) du,  o(t) = /0 6" (y + w(w) du, y € [0,B]

be the sojourn occupation times inside and outside the interval [0, B] by the

process y +w(-) till time t. Then the distributions of oy(t), o, (t) are such that

n=0
2 & u (r +nB)? t—u ) v
2N (1) ST RE) )k, () g, N
+ ;::0( ) /0 exp ( 5% ) <t — v> d, arcsin ;
u € (0,1),
2 & - 2 u v
* _1_ = 1\ —(y+nB)*/2v : Y
Plo;(t) <u] =1 - ngzo( 1) /0 e K, (t — v> d, arcsin 4 / .

e}

9 t—u
- — E (—1)"/ e~ (@tnB)?/20 ¢ <L> d, arcsin 4 / E,
™= 0 t—wv t

where © = B —y, u € (0,t) and
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In particular,

2 o g [ (y+nB)? \/7
= —;g(—l) /Oexp<—T>dvarcsm n

0 t 2 [
s 0 0 2v t

For the proof we refer to Kadankov and Kadankova (2004).

2.6.4 Compound Poisson process with arbitrary positive and

exponential negative jumps

Theorem 2.6.4 (Kadankova and Veraverbeke (2005)). Let {X;; t > 0}, Xo =
0 be the compound Poisson process with Laplace exponent (2.2.13),

vi(z) =1+ a)\/ Reio(u)du, z>0; wvi(x)=1, <0,
0
Vi(z) =14 a(\— c(s))/ e OR () du, x>0; Vi(x)=1, z<O0.
0

Then the integral transform Cj(y) of oy(t), y € R satisfies the equalities for
B>0,5s>0,a>0

Cay) = v (B = y) — aRsra(B — y) + D (y)C*(B), y>0, (2.6.39)
Ci(—y) =1—-Ee ™ + /OO E [e™*™;TY € du] CS(u), y >0,
0
where r(c(s),s) = %()\ —p)(k(p) — 3)‘
22 (v3(B) — V2 (B)e“®P) V(B)

C*(B) — c(s) a
r(c(s), s) + a(X — c(s))

(Ve(z) — ae=®() Ryyq(w)) da

SN

The proof is quit technical and can be found in Kadankova and Veraverbeke
(2005).






Chapter 3

Difference of two compound

renewal processes

3.1 Introduction

The methodology developed in the previous chapter can be applied to an-
other class of stochastic processes. This chapter deals with the difference of
the compound Poisson process and the compound renewal process. Such pro-
cesses have proven to be appropriate models in many applied fields of probabi-
lity theory, such as telecommunication networks, cash management, computer
networks, and in particular, in queueing theory. In Chapter 4 we will illustrate

how our results are applied for certain queueing systems with finite buffer.

For this class of stochastic processes we determine several two-boundary charac-
teristics. The corresponding results are obtained by means of employing sim-
ilar methods as for Lévy processes and random walks. Note, that the process
under consideration is not a Markov process in general. In order to employ
the method from Chapter 2, we introduce an auxiliary two-component Markov
process by adding to the original process a linear component (called age pro-

cess).

We start with a short overview of the existing literature related to our problem.

91
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Distributions of the one-boundary functionals for the difference of renewal pro-
cesses have been studied by Lindley (1952), Prabhu (1980) and Cohen (1982).
The two-sided exit problem for such processes is closely related to the G|G|1
type queueing models. A summary of known results for the G|G|1 type model
can be found in Cohen (1982). The joint distributions of the one-boundary
functionals for the difference of compound renewal processes have been con-
sidered by Nasirova (1984) in terms of the solutions of linear integral equa-
tions. Special cases of the difference of renewal processes have been studied by
many authors: Pirdzhanov (1990), Ezhov (1993), Bratiychuk and Pirdzhanov
(1991), Ezhov and Kadankov (2002). One-boundary functionals for the dif-
ference of two compound Poisson processes with drifts and with various jump
distributions have been studied by Perry et al. (2002), Perry et al. (2005).
Two-boundary problems for the difference of two compound Poisson processes
with exponential negative jumps were solved in Kadankov and Kadankova
(2006).

This chapter is structured as follows. Firstly, we introduce the process and
state some auxiliary results. In Section 3 we derive the integral transforms
of the one-boundary characteristics of the process. Then the two-sided exit
problem is solved for the difference of the compound Poisson process and the
compound renewal process. The Laplace transforms of the joint distribution of
the first exit time, the value of the overshoot and the value of the age process
at this instant are determined (Section 4). In Section 5 we determine the joint
distribution of the infimum, supremum and the value of the process in terms
of the integral transforms of the one-boundary characteristics of the process.
The results obtained are applied for a particular case of this process, namely,
for the difference of the compound Poisson process and the renewal process
whose jumps are geometrically distributed. The advantage is that these results
are in a closed form, in terms of the resolvent sequences of the process, so that

we can derive the exit probabilities.

In this case the limit distributions of the one-boundary and two-boundary

2

functionals are found when p = 1, 6 < oo. The weak convergence is es-

tablished to the distributions of the corresponding functionals of the Wiener
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process with dispersion o2 in Section 6. The two final sections deal with the
reflected processes. We determine the distribution of the first passage time of
the lower boundary, distribution of the increments of the process and asymp-
totic behavior of the process. We consider the reflections generated by infimum
(Section 7) and by supremum (Section 8) of the process. These processes serve
to study the main characteristics of queueing systems with batch arrivals and
finite buffer (see Chapter 4).

We also determined the Laplace transforms of the distribution of the number
of intersections of the interval and investigated the limit behavior of this func-
tional. But this part of the study is not included in this thesis, and we refer
to Kadankov et al. (2009) for the results.

The results of this chapter can be found in the following articles:

Kadankov and Kadankova (2007). Two-boundary problems for semi-
Markov walk with a linear drift. Random Oper. and Stoch. FEqu.
(ROSE), 15(3), 223-251.

Kadankov and Kadankova (2008c). A two-sided exit problem for a dif-
ference of a compound Poisson process and a compound renewal process
with a discrete phase space. Stochastic Models, 24(1), 152-172.

Kadankov et al. (2009). Intersections of an interval by a difference of a
compound Poisson process and a compound renewal process. Stochastic
Models, 25(2), 270-300.
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3.2 Definitions and auxiliary results

Let 2,06 € N = {1,2,...} be independent integer random variables, and
n € (0,00) be a positive random variable independent of 3,6 with the dis-
tribution function F(x) = P[p < x|, x > 0. We will assume that Es, EJ,
En < co. Introduce the sequences {n,n,}, {5, s}, {5,9,,}, n € N of indepen-
dent identically distributed (inside of each sequence) variables and define the

renewal sequences

no(x) =0, m(z) =ne, Mnyr(@) =me+m+---+n,, neN, (321)
50 =0, 0, =3+ -+ So=0, 6, =0+ +0; n €N,

where 7,, € (0,00) is the random variable with the following distribution func-

tion
Fo(u) =P, <u] = [F(z+u) — F(2)](1 - F(z))™, u>0.

Denote by {7 (t)}i>0 € ZT = {0,1,... } a compound Poisson process with the

generating function of the form
E0™) = %O k@) =pn(E0*—1), 0] <1,

where p > 0 is the intensity of the jumps and 3¢ is a jump size. For all

t > 0 define a delayed renewal process generated by the random sequence

{nn(2) nez+ -

N.(t) = max{n € Z" : n,(z) <t} € ZT, x> 0. (3.2.2)
Introduce a right-continuous step process for all x > 0

Dy(t) = 7(t) — On, 1) € Z, t>0; Dg0)=0. (3.2.3)

We will call the process {D(t)}:>0 a difference of the compound Poisson
process and the compound renewal process. Observe, that this process is not

a Markov process in general. To be able to apply the method from the previous
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chapter, we require a supplementary process. Therefore, for all ¢ > 0 introduce

a right-continuous linear process

t+z, 0<t<n,
nt(t) = T e R, —(0,00),  zeR.. (3.24)

The process {n; (t)},>, increases linearly on the intervals [n,(z), nn41(x)),
n € Z7T, it is killed to_zero at the points 1, (z), n € N, and the value of the
process at the instant tg > 7, is equal to the time elapsed from the moment of
the last renewal of the renewal process (3.2.2) till to. We will call the process
(3.2.4) a linear component. Note, that this linear component is sometimes
referred to as the age process (age since the last renewal). By adding this
linear component to the process {Dy(t)};>,, we obtain a right-continuous

Markov process
{Xt}tZO = {Dw(t)v n;(t)}tz(] € Z % R-l-’ Xo = {0733}7 WS R-l-’ (325)

which governs the process {D,(t) }+>0. Note, that the process defined in (3.2.5)
is homogeneous with respect to the first component (Ezhov and Skorokhod

(1969)). It means that the transient probability of the process
Py o(A,y) = P [Dy(t) € A,ngt () < y/ Du(0) = k,n;7 (0) = 2]
enjoys the following property for all k € Z, y > 0 :

Pli,gc(A7 y) = Pg,x(A—k7 y)?

where A is a subset of Z, A_j, is the subset of integers k' such that ¥’ + k €
A. This property will be constantly used when setting up the equations. If
Xty = {k,u}, k € Z, u > 0, then the evolution of the process {X;}i>¢, in
the sequel does not depend on the value k of the first component. The first
jump of the process {m(t)}+>+, (which is distributed as s) will occur after
an exponential period of time with parameter u. The first renewal instant of
the process { Ny (t)}t>¢, (with jump size distributed as §) will take place after

elapsing of time 7.
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To determine the two-boundary characteristics of the original process, we first
derive the one-boundary characteristics of the process { X; }+>0. We now define
an auxiliary right-continuous step process which will be used in the sequel.

Introduce a generating sequence as follows (n € N)

f(2) =0, &(2)=7() =0, &ule)=8&@) +> & & =250),
i=1
where { = w(n)—d € Z, {§, &)}, n € N is a sequence of i.i.d. random variables.

Define the process

{S:(t) =0 = {&En ) (a:)}tzo €z, S:(0)=0, z€R,. (3.2.6)

The sample paths of this process are the constants on the time intervals
[ (2), Mns1 (), n € ZT, and there occur jumps at the instants 7, (z), n € N.
These jumps have the same distribution as £ = m(n) —J, where n € {2,3,...},
and & (z) = 7(n,) — 9 for n = 1. Here and in the sequel we will call the process
{Sz(t) }+>0 a semi-Markov random walk generated by the sequences {n,(z)},
{¢.(x)}, n € ZT. This name originated from Nasirova (1984).

For all x € Ry, |0] < 1 denote

fols) =Be™, f(s) = fo(s), fuls,6) = fuls — k(6) = E [e==670¥)].

The following statement relates the Laplace transforms of the processes N,(t),
D, (t), nf(t) and S.(t), t > 0.

Lemma 3.2.1. Let N,(t), D.(t), ni(t), Sz(t), t > 0 be the random processes
defined by formulae (3.2.2)-(3.2.6), and vs ~ exp(s) be an exponential random
variable independent of these processes. Then for all x € Ry, s > 0, |a] <1,
10],16] =1, p > 0 the following equality holds:

—px )

E2(a,b,0,p) = BaNe@)pDe(vs) gSe(vs) g=pni (vs) — %—k(b)(l — fao(s +p,b))
sa - s 1—f(s+pb)

+ ———— fu(s,00)E(0b)7° _ . 3.2.7

3+p—/<;(b)f (s, BO)E(60) 1—af(s,0)E(0b)—° ( )
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In particular, for all x € Ry, s > 0, the following formula is valid:

1— f(s)

EHSIE(VS) — 1 — N'r S + ~:L‘ 870 E9_6 ~ )
o)+ Fulo, B0

0] =1. (3.2.8)

Proof. It is not difficult to establish that the mathematical expectation
E2(a,b,0,p) obeys the following equation forz € Ry, s > 0, |a] < 1,10],]b| =1,
p=>0

1—fx(8+p,b)

Es =
SC(CL?b?e?p) S S+p—k(b)

eP" 1 af,(s, 0b)E(0b) O ES(a,b, 0, p).

In order to write this equation, we used the total probability law, independence
of the random variables ¢ and 7 (x), homogeneity of the process {X;};>¢ with
respect to the first component and the fact that the random time 7y () is a

Markov time. Setting x = 0 in this equation, we get

s 1— f(s+p,00b)

E(a0.0-) = o TR T af (s, 00)E(BL)

Substituting the expression for Ej(a,b,6,p) into the previous equality, we get
(3.2.7). Formula (3.2.8) follows from (3.2.7) forp=0,a=b=1. A

To determine the one-boundary characteristics of the process, we require the
one-boundary functionals of the semi-Markov walk {S;(t) }+>0 (3.2.6). We now
formally define them. For all z € Ry, k € Z" denote by

R (x) = inf{t : Sy(t) > k}, TF(z) = S, (7%(z)) — k € N,

7R =7k(0), TF=T"*(0), the instant of the first overshoot of the upper level k by
the process {Sz(t)}+>0 and the value of the overshoot through this level; and
by

Te(x) =inf {t : S.(t) < —k}, Ti(z) = =Sy (7n(x)) — k € N,

7e=7%(0), Ty=T}(0), the instant of the first overshoot of the lower level —k by
the process {Sz(t) }+>0 and the value of the overshoot at this instant. Observe,
that the random variables 7% (z), 7;(z) take their values from a countable set

{nn(z), n € N}, and they are Markov times of the process {S;(t)}+>0. We now
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formulate and prove some results for the one-boundary characteristics of the
semi-Markov walk {S,(t)}+>0 which appear to be analogous to the results for
usual random walks and Lévy processes (due to Spitzer (1964), Rogozin and
Pecherskii (1966), Pecherskii and Rogozin (1969)).

Lemma 3.2.2. Let {Sy(t)}i>0 € Z be the semi-Markov walk (3.2.6), and

S = sup Sp(u), S; = inf Sp(u), u, t >0
u<t u<t

be the running supremum and the infimum of the process {So(t)}i>0, s > 0.
Then

(i) the following identity (Spitzer (1964), Rogozin(1966)) is valid for the
semi-Markov walk {So(t) >0

gosoo) — LI pestmgsn 21, (3.2.9)
1— f(s,0) E0—°

where the random variables —SV_S,S;Z € Z* are infinitely divisible and

their Laplace transforms are given as follows:

EHS;E; = exp {Z lE |:e—87]n <0§n _ 1) aién > 0] } , |9|:|:1 < 17
nENn

(3.2.10)

(ii) the Laplace transforms of the joint distributions of {#%,T*}, {7, Ty},
k € ZT of the semi-Markov walk {So(t) }1>0 obey the following equalities
(Pecherskii and Rogozin (1969)) (10| <1)

E [e_S%kHTk; T < oo] = (E 9_5‘;)_1 E {Q_S;S_k; S, < —k} ; (3.2.11)
(iii) the integral transforms of the joint distributions of {So(vs), S} are such
that for all k € Z*
E [eso(us); St < k} — EOS-E [952;5,2 < k] ;=1

E [030(”9;5;5 > —k} — E0%:E [9555;5;5 > —k} L9 <1. (3.2.12)
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The proof is based on the factorization method (Borovskikh (1979)) and it is
given in Kadankov and Kadankova (2005b).

We now consider a particular case, when the random variable § € N is geo-

metrically distributed with parameter A € [0,1) :
Pi=n]=(1-M)A\"", neN, E§°=_-—= [0>1 (3213)

This assumption means that the process {D,(t)};>0 has geometrically dis-
tributed negative jumps at time instants {9, (z)},en. Here and in the sequel
we will denote the distribution (3.2.13) as follows 0 ~ ge(A). In this case
all characteristics of the process can be expressed in terms of a certain func-
tion which we introduce in the next section (see the defining formulae (3.3.4),
(3.3.5)).

Lemma 3.2.3 (Kadankov and Kadankova (2008c)). Let f(s) = Ee~*". Then
for s > 0 the equation

0—X=(1—\)f(s—k(9)), 0] <1 (3.2.14)

has a unique solution c(s) inside the circle |0] < 1. This solution is positive
and c(s) € (A 1). If E[»]|,E[n] < oo, p = u(1 — NE[x| E[n], then for p > 1,
lin% c(s) =ce (\1); and for p <1, lin%)c(s) =1

Corollary 3.2.1. Let § ~ ge(\), s >0, k € ZT. Then

(i) the generating functions of S, , S are such that

1—c(s) 1—=X/0
1—X 1—c(s)/0’

g% _ 1= (1= f(5)(0 — ()
L—c(s) g—A—(1—N)f(s,0)

E0%s =

0 > 1,

6] < 1; (3.2.15)

(i) the generating functions of the joint distributions of {7, Ty}, {7*,T*}
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are given as follows:
E 77 Tk = m] = (c(s) = A)e(s) A" = Be (1 = A",

(3.2.16)

e _0—c(s) (1=Nf(s,2)+A—2z
ZQE[e : ]_1—9/2 [1 z—c(s) (1=Nf(s,0)+r—0]|

keZt

Proof. The equalities (3.2.15) can be derived from (3.2.14) after taking into
account the fact that the factorization expansion is unique. Formulae (3.2.16)
follow from (3.2.11) of Lemma 3.2.2 and from (3.2.15). The first equality of
(3.2.16) implies that the random variable T} is independent from 7, for all
k € Z*, and it is geometrically distributed with parameter \. A
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3.3 Omne-boundary functionals of the process

In this section we will determine the one-boundary characteristics of the pro-
cess {Dg(t)}+>0 generated by the first overshoot time of a fixed level. Let
Xo={0,z}, z € Ry, k € Z*. Define

Tr(z) = inf{t : D,(t) < —k}, Ti(xz) = =Dy (i(x)) — k, inf{0} = oo

i.e. the first overshoot time of the negative level —k by the process {D,(t) }+>0
and the value of the overshoot at this instant. We will use the convention that

on the event {7 (z) = oo} Tj(x) = 0o. Denote By (x) = {m(z) < oo},

Jilw,m.s) =B [e™ O T (@) = m, By(a)], meN.

Lemma 3.3.1. The generating function fy(z,0,s) = > 0" fr(z,m,s) is
meN
such that

72(0,0,5) = (E 9_3;5)—1 E [e—svl—’f; S5 < —k} :

Jil@,0,5) = E [0~ 4 (a) < —k| +
+ Y E[e 6 (x) =i — k] £i(0,0,5), (3.3.1)
ieZt
where §1(x) = 7(n,) — 0 and S, = ti<nf So(t) is the running infimum of the
semi-Markov walk {So(t)}+>0- -

Proof. Observe, that the processes D,(t), Sy(t), t > 0 do not decrease on
the intervals [0, (x), nn+1(2)). It follows from the definitions of these processes
(3.2.3), (3.2.6) that the negative jumps of D,(t), Sy(t), ¢ > 0 can only occur
at instants {n,(x), n € N}. It also follows from (3.2.3), (3.2.6) that

Dw(nn(ﬂj)) = Sm(nn($)) = W(ﬁn(ﬂf)) — On, nezt.

Thus, the first overshoot time 7;(z) of the negative level —k and the value
of the overshoot T} (z) through this level by the semi-Markov walk {S,(t)}s>0
coincide in distribution with the first overshoot time 7 (z) and the value of the
overshoot Ty (z) by the process {D,(t) }+>0. The first equality of (3.3.1) follows
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straightforwardly from the second formula of (3.2.11). In order to derive the
second formula of (3.3.1), we used the total probability formula, the Markov
property of m;(z) = 7, and homogeneity of the process {X;}+>¢ with respect

to the first component. A

Corollary 3.3.1. Let § ~ge(N\), v € Ry, k€ ZT, m €N, s > 0. Then

(i) the Laplace transform of the joint distribution of {Tx(x), Tx(x)} satisfies
the following equality:

fe(z,m, s) = fuls — k(c(s))) e(s)F (1 = )AL, (3.3.2)

where c(s) € (A, 1) is the unique solution of the equation (3.2.14) inside
the circle |0] < 1, fu(s) = Ee ™" f(s) = Ee™* = fo(s);

(ii) if p > 1, then Plrp(z) < o] = fu(—k(c)) ¥ < 1, and 74,(z) is a defective
random variable for all k € Z+, x > 0; if p < 1, then Plri(z) < oo] =1,
and () is a proper variable for all k € Z, x > 0.

Proof. It is not difficult to assure that
Plr(t) — 6 =i] = (1 — ME [A\TO=+D. 24y > z] YA

Substituting the expression for f;(0,m, s) from (3.2.16) into the second formula

of (3.3.1), after some calculations we obtain (3.3.2). A

A more difficult problem is determining the generating function of the joint
distribution of the upper-boundary functionals of the process { D (t)}+>0. Let
Xo =1{0,z}, x € Ry, k € Z*. Denote by

Tk(:E) =inf{t: D,(t) > k}, inf{0} = oo

the instant of the first overshoot of the upper level k by the process { D (%) }+>0.
On the event B*(x) = {7¥(x) < oo} define

the value of the linear component and the value of the overshoot at the instant

of the first overshoot of the upper level. On the event {7%(z) = oo} we
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set per definition I¥ = T*(z) = oco. Introduce the following notation for the

mathematical expectations s >0, k€ ZT, meN, z € R
¥, dl,m,s) =E [e‘”k(m);lﬁ edl, T"(x) =m, SBk(:E)] )

and for the generating functions (|0] < 1)

B, dlm) = 3 6w dlm,s), i) = [ 3 @(w.dim)
0

kezZ+ meN

Let k € ZT and
P =inf{t:x(t) >k}, TF=n(*—k

be the first crossing time through the upper level k by the compound Poisson

process {7(t)};>0 and the value of the overshoot at this instant. Denote by

pe(t) =Plr(t) = k], S 0Fp(t) = EO™O = KO g <1,
keZt
k

pi(dt) =P[F* e dt, T =m] = p > pi(t)P[e =k —i+m]dt, meN
=0

oo [e.e]
For the Laurent series L(f) = > axb*, [0] = 1 such that > |ax| < oo we

k=—00 k=—o00
now introduce the projectors (Kemperman (1963)) in the following way:

00 -1
PrILOI =D b, 10]<1,  PBILO]= b’ [6]>1
k=0 — 00

Theorem 3.3.1. Let {D,(t)}+>0 be the difference of the compound Poisson

process and the compound renewal process (3.2.3), S = sup So(t), S, =
t<vg

ti?f So(t) be the supremum and infimum (3.2.10) of the semi-Markov walk
{So(t)}i=0 on the time interval [0,vs]. Then the generating function of the
Laplace transform of the joint distribution of {T*(x),1%,T"(x)} satisfies the
following formula on the event B*(x)

y1-F()

s _ —s(l—x
Oy(x,dl,m) =e T=Fla)

Loy 10" (d(l — )+

e 1 — F(l
FeL- PO

B0 [EG‘“S;SHQ”(dl) . (3.3.3)



104

where TIP(dl) = 3" 0Fpi(dl) = pel*OF [0%™; 3¢ > m] dl; and in particular,

kezt
oo L=T05  fals,0) St ot —s 5 111
Pj(z) = —— +1_f() E05 (Ee 1)E9 —

where TI5 = BO™s) = s/(s — k(9)).

Proof of the theorem can be found in Kadankov et al. (2009).

We now introduce a sequence which will play a crucial role in the sequel.
The idea to employ this sequence for semi-continuous random walks and semi-

continuous Lévy processes was due to Takacs (1967). Since the function

(ﬂ@—kw»::E[é*%eﬂ%] }:9{/ e"'Pn, € dt, n(t) =], 0] <1,

1<Y/an
is analytic inside the unit circle for all s, > 0, we have that the function
(1= X)fa(s — k(9))
u_xﬁ@—kw»+x—@

Q5(z) = s,2>0 (3.3.4)
(
is analytic on the open set |f| < ¢(s). In this region it can be represented as a
power series
x) = Z 08Q; (x), s,x>0.
keZ+
The coefficients of this expansion can be calculated by means of the inversion

formula:

1 L (L= M) fuls — k(0))
Qi () = %wﬂ:aw*lu—Aﬁ@—kw»+A—eda a € (0,¢(s)).

(3.3.5)
We will call the sequence {Q%(2)}rez+, > 0, defined by the formula (3.3.5),

the resolvent sequence of the process { D (t) }+>0. The following result expresses
the one-boundary characteristics of the process in terms of the resolvent se-

quence.

Corollary 3.3.2 (Kadankov and Kadankova (2008¢c)). Let § ~ ge(\), {Dz(t) }+>0
be the difference of the compound Poisson process and the compound renewal
process (3.2.3) whose jumps are geometrically distributed, x € Ry, k € Z™.
Then
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(i) the Laplace transforms of the joint distribution of {T*(x),1*, T*(x)} sat-

IR R

1sfy the following equality:

FFa,dl,m,s) = es(=2) 11_71?([)1{1 > zippt(d(l — x))

— F(x)
k
+ ®3(0,dl,m) Qi) — e [L = FI)] D_ Qi) pii(dl), (336
i=0
where ®5(0,dl,m) = e~ [1 — F(I)] kzz+ c(s)Fp(dl);

(ii) for the Laplace transform of the first crossing time through the upper
level k by the process {Dy(t) }i>0 for all k € ZT, s,x € Ry the following
formula holds:

Ee—STk(fE) -1 _ — ]:(C g;\) + Z |:Qk Z( ) — 1:| , (3.3.7)

where pp(s) =s [;" e t) dt;
(iii) for E[»], E[n] < oo and p < 1, 7%(x) is a defective random variable and
P[rf(z) < oo =1~ (1= p)(1 =N Qu(z) < 1

where {Qk(z) }rez+ is the resolvent sequence of the process {Dy(t)}i>0,
given by (3.3.9) for s =0:

L[ (- NE(-hE)
2 0= Ok+1 (1—)\)f( k() + X — 6’

Qr(x) = a € (0,¢(0));

(3.3.8)
if p>1, then for allk € Z, x € R Tk(l') s a proper random variable.

Proof. In case of § ~ ge(\) formulae (3.2.13), (3.2.15) imply that

%ﬁ[Eﬁ#ﬁ%H?MD}=%$[;:Zg¢$%ﬂﬂ:raiig(H?MD—T@gww)

Substituting this projector and E6S (3.2.15) into (3.3.3) yields

1—

(1 - )‘)fx(37 9)
(1 =N f(s,0) +X—6

s —s(l—z 1_F(l) m
O (x,dl,m) = e %—jﬂgqgﬂmmapﬂm—

—e %1 — F(I)]

(Hyuo— $¢mg (3.3.9)
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Employing the definition of the resolvent sequence (3.3.5) and comparing the
coefficients of 6%, k € ZT in both sides of this equality, we get formula (3.3.6)
of Corollary 3.3.2. Analogously we calculate

1 _ EoTws) 1—c(s) E [C(S)ﬂ'(ljs) _ 971'(1/8)]
+ 5_ Si _
Po (E9 1) Ef 1—6 ] 1—A 0 —c(s) ’
1— Eg7() fi
o(z) = o fu(s,9) E [c(s)“(”s> - 9“@8)] . (3.3.10)
1-0 (1-NFf(s0)+r—0

Taking into account the definition of the resolvent sequence (3.3.5), we com-
pare the coefficients of 6%, k € ZT in both sides of this equality, which yields
the formula (3.3.7). Note that the formulae of the corollary were obtained by
other methods in Kadankov and Kadankova (2008c). A

Remark 3.3.1. Along with expression (3.3.8) there exists another way to
calculate Qi (x), which is more applicable from practical point of view. We
will now derive the recurrent formula for Qk(x). It follows from (8.3.4) for
s,0 =0 that

Qo(z) = (1 = N)(A+ (1= X)fo) " fo(=),

where for all k € Z7F

fula) = Plr(n) =k = [ Pl € dtow(t) =K. fi= £(0).
Again, it follows from (3.8.4) for s =0 that

(1= N fo(=k(0)) = (1 = X) f(—k(6))Qo () + (A — 0)Qp().

Comparing the coefficients of 0%, k € N in both sides implies that

k

1= Nfi(x) =1 =X Qi(x) frmi + AQu(x) — Qr—1 ().

i=0
Combining like terms yields

k—1

A+ (1= A fo) Qulx) = (1 = N fu(@) + Qror(2) = (1= N Y Qi() fr—s-

1=0
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The latter formula is a recurrent relation which allows to calculate successively
the terms Q(x) given the previous terms Qo(z),...,Qk—1(x). For instance,

given the expression for Qo(z) one finds that

1-A 1—(1=X\fo

A vy vyl GO ey vyt

fo(x) .

We state another lemma which is essential in our derivations. For all z > 0,
k € Z* denote by

¥ =inf{t > 7%(x): D,(t)<k—-B}, IF=k—-B-D,(i*)eN

the first time of the downward intersection of the interval [k — B, k] by the
process {D,(t)}+>0 after the first passage time of the upper boundary k, and
the value of the overshoot through the lower boundary k — B at this instant.
As mentioned before, we use the convention that inf{()} ' % and I¥ = 00 on
the event {i* = oo}. It is obvious that n; (i¥) = 0.

Lemma 3.3.2. Let 6 ~ ge(X), {Dy(t)}i>0 be the difference of the compound
Poisson process and the compound renewal process (3.2.3), {Q5(z) }rez+, {Qr(z) }rez+,
x > 0 be the resolvent sequences of the process given by (3.53.5), (3.8.8). Then

(i) the Laplace transforms of the joint distribution of {ik, I¥
oF(m,s) =E [e‘SiI;; IF =m,i* < oo}

satisfy the following equality for all k € Z+, x > 0

©F(m,s) = [cx(s)c(s)B_k - c(s)BHr(s)%@)\)] (1— XA (3.3.11)

where co(s) = fu(s — K(c(s))), 7(s) = 1+ (1= MK (c(s) (s — k(c(s)));
(ii) if p < 1, then i¥ is a defective random variable, and
P it < oo] = 1= (1= p)(1 = N Qu(a);
if p > 1, then i¥ is a defective random variable and
P[5 < 00| = Fu(—h()eP =P (1= )71 4 K () f'(~k(c)]| Qula);

if p=1, then i* a proper random variable.
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Proof. Observe, that the following equality holds:
" (m, s) Z/ R, dl, i, s) fie(l,m,s).
€N
To obtain this formula, it is necessary to use the total probability law, space
homogeneity of the process {D,(t)}+>0 and the Markov property of the stop-

ping time 7%(x). Employing formula (3.3.2), it follows from the latter equality
that

@Z(mvs) = Z Hkgpi(mvs)

kez*
= /OO O (x,dl, c(s)) fi(s — k(c(s)e(s)B(1 = A)A™~ (3.3.12)
0
where |0] < 1,
5 (z,dl, z) = Z 2" Py(x,dl,m), |z| <1
meN

is the generating function of the Laplace transform f*(x,dl,m,s) of the joint
distribution of {Tk(x),nk(x),Tk(a;)}. From (3.3.6) we have

&p(z,dl, z) = e 50— F((i)) I{l > z}I3(d(l — z))

eI = FO)Qj () (T () — (), 0] <1, (33.13)

where
k(z) — k(6)
T3 ( I LOM iy <1
) =>"z di) —ys d, |z <
meN
Substituting the expression for the function ®§(z,dl,z) for z = c(s) into

(3.3.12), and integrating it with respect to { > 0, we find

Pt = | EEZFE ()8 — ()41 (5)(1 = ) Qi) | (1-AN™

where 0] < 1, 7(s) = 14 (1 — Nk (c(s))f'(s — k(c(s))). Comparing the coeffi-
cients of 6%, k € ZT in both sides of this equality, we get for all s,z > 0

Ph(m,s) = [ea(s)e(s)7 7" = e(s) 7T (s)(1 = N)TIQR(@))(1 = A",
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which is (3.3.11). Letting s — 0 and taking into account Lemma 3.3.1, we

obtain the statements of the second part of Lemma 3.3.2. A
Denote by D; (z) = sup D, (u), t > 0 the running supremum of the process.

u<t
Denote by

00, (x.p) = 3 OB [P PR @) D ) < k], o] <1, 2] > 1
kez+
the generating function of the joint distribution of the value of the process, its

linear component and its running supremum.

Theorem 3.3.2. Let {D,(t)}i>0 be the difference of the compound Poisson

process and the compound renewal process (3.2.3), S, = sup So(t), S, =
t<vg

ti?f So(t) be the supremum and infimum (3.2.10) of the semi-Markov walk,

SVs

{So(t)}+>0 on the time interval [0,vs], vs ~ exp(s) be an exponential random
variable independent of these processes. Then the generating function of the
Laplace transform of the joint distribution of {D.(vs),nt (vs), D (x)} satisfies

the following formula:

770 _ Fy(z,p) fm(s,ze) St ot F2(0,p) Sy, —6
Us z(x7p) - 1 o 0 1 . f(S) E(Ze) mg 1 _ 9 E(Ze) ]

(3.3.14)

where ~
1— fo(s+p—K(0)) TP
s+p—k(9) '
In particular, for p = 0 the generating function Ufz(a;) = ~f’z(az,O) of the
joint distribution of {Dy(vs), D;f (x)} is such that

Fj(z,p)=s

00 () = 0 020 gy

101 f(s)

% (BG0)~ -1) E(ze)sus] ,

(3.3.15)

where TI5 = BO™s) = s/(s — k(9)).

Corollary 3.3.3. Let § ~ ge(X), {Dx(t) }i>0 be the difference of the compound
Poisson process and the compound renewal process (3.2.3) whose jumps are

geometrically distributed, v € Ry, k € Z*. Then



110

(i) the generating function of the joint distribution of {Dy(vs),D;} (x)} is
such that

~ I8 s, 1— 260 M2, 1- c(s)
0 _ 20 26 s c(s) s
US’Z(x)_l—Q 1—-\X1-—6 ZG(w)+1—A1—C(S)/Z z@()
(3.3.16)

where Qp(x) is the generating function of the resolvent sequence (3.3.4);
(ii) the generating function

=> 2P [D.(vs) =i, D] (z) < k], 2| >1

i<k
of the joint distribution {Dy(vs), Dy ()} satisfies the following equality
forkeZ*

k 11 —c(s
(0) = AT s(0) = AT + T TS i), (33.17)

s . ~ QZ—Z(‘T) +
k(az):Zpi(s) T -1, keZ";
(iii) the distribution uf(z,s) = P [Dy(vs) =i, D (z) < k] is such that for
keZt, i<k

wb(a,s) = ALy (@) — A3() + ooy, (33.18)

Proof The function U;fz(:n,p) obeys the following equation for all z > 0,
keZ", |z2]>1,p>0

o0
Usk,z(w,p)ZS/ e te PP 77>t2zpz t) dt+
0

+ ZE [e™" m(ng) = i] 2 ZP[& = j]z_jU;f;iH(O,p),

i=0 jEN



111

where p;(t) = P[r(t) = i]. Multiplying the latter equation by 6%, |§] < 1 and

then summing over k € Z™, we get an equation

Fzse(x7p)

ﬁg,z($7p): 1_9

+ fuls — k(20))B) ﬁf’Z(O,p)E(zﬁ)_é} . (3.3.19)

To solve this equation, we will proceed as follows. Setting in (3.3.19) z = 0 and
multiplying by E(26)~?, we get for the auxiliary function I] = [Uf’z (0, p)E(20)~°
the following equation:

1 (1 f(s.20)B(0)") = %Ew)—é SL, 6 =1

where I, = B, [ng(o, p)E(zH)_‘S]. Employing the factorization identity

(3.2.9), we rewrite this equation in the following form:

H(mwfif4—l_ﬂ)mg[”@fhmwﬁwﬁ}z

Fo0.p0) g gysi—s| _ 1o 057 _
~ T [ e - e, =t

In view of the factorization reasoning we find that

1

— S

+ F2(0,p) - _
I = E(20)% %5 [7219_ S E(0)7 70
Substituting the expression for the projector I into (3.3.19), we obtain (3.3.14)
of Theorem 3.3.2. The equality (3.3.15) follows from the previous one.
To verify the statements of the corollary, we have to calculate the projector
which enters the right-hand side of (3.3.15). To do this, we need the following

lemmas.

Lemma 3.3.3. Leta € C, |a| < 1, A(0) be an analytic function for |6] < 1 and

continuous on |0] = 1. Then the following decomposition is valid for |0| € |a, 1],

0+a

A(0) _ aA(a) n 0A(0) — aA(a)
l—a/f 6—a 0—a
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where [0A(0) — aA(a)](0 — a)~! is a bounded analytic function for || < 1,
aA(a)(0 — a)~' is a bounded analytic function for 8| > a. Moreover, the
following equalities hold:

A(0) 0A(0) — aA(a) _ [ A9) aA(a)

+ _ _

o [1—a/9] B 0—a ’ o 1—a/f] 0-a’ (3:3.20)
Lemma 3.3.4. Let a € C, |a| < 1, A(f) be an analytic function for || > 1
and continuous for |@| = 1. Then the following decomposition is valid for

0] € [1,1/a], 6 £ 1/a
A0) _ A(l/a)  A(0) — A(1/a)

1—ab 1—ab 1—ab

where A(1/a)(1 — af)~! is a bounded analytic function for |0| < 1/a, [A(0) —
A(1/a)](1 — af)~ ! is a bounded analytic function for |0| > 1. In particular,

A(0) | _ A(l/a) _ [ A0) | _ A() - A(l/a)
1—a9] T 1-ab’ 0 [1—&9] - 1—afd (3:3.21)

T [
It follows from (3.2.13), (3.2.15) that

(B(0) — 1) B = L) 1220

1—X 20 —c(s)
Employing (3.3.20), (3.3.21), we evaluate
ot m, 1-:z0 B 1 1—20-, 1—c(s) e
O 11—020—c(s)| 20—c(s) [1—0 * 1—c(s)/z

Inserting the expression for the projector, the expression (3.2.15) for the func-
tion E(z@)s'js into (3.3.15), we derive

~ I1° I, 1— 260 M, 1- c(s)
0 _ 26 20 s c(s) s
Us,z($)_ 1—6 1—\A1-—6 20(33) 1—)\1—6(8)/2 20(33)

where Qj () is the generating function of the resolvent sequence (3.3.4). Com-
paring the coefficients of 6%, k € Z+, in both sides, we get (3.3.17). Comparing
the coefficients of z¢, i < k in (3.3.17), we derive (3.3.18). A
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3.4 Exit from the interval

Knowledge of the one-boundary characteristics of the process enables us to
solve the two-sided exit problem, which is considered below.
Let B € Z" be fixed, k € {0,...,B}, r = B—k, Xo = {0,z}, x > 0, and

introduce the random variable
. def
Xy (x) =inf{t: Dy(t) ¢ [-r K]} = x

the first exit time from the interval [—r, k] by the process {D,(t)}+>0. This
random variable takes values from a countable set, and it is a Markov time
of the process {X;};>0. Exit from the interval can occur either through the
upper boundary k, or through the lower boundary —r. In view of this remark
we introduce the events

A¥ = {D,(x) > k} ie. the process {D,(t)};>0 exits the interval [—r, k]
through the upper boundary k;

A, = {Dy(x) < —r} i.e. the process {D(t)}>0 exits the interval [—r, k]
through the lower boundary —r. Denote by

T = (D (X)—k)Igp+(—Du(x) =), L =0 (x)Iou+0TIgy,, PRIFH2A]=1

the value of the overshoot through the boundaries of the interval [—r, k] by
the process {D;(t)}+>0 and the value of the age process. Here Iy = Iy(w) is
the indicator function of the event . For all k € ZT, m € N, x > 0 denote

Fa,dlym,s) = fo(adlm,s) = Y fo(w,is) {0, dLm. 5),
1€N
E.(z,m,s) = fr(x,m,s) — Z/ Rz, dl,i,s) fieg(l,m,s).
ien 0
Theorem 3.4.1 (Kadankov and Kadankova (2008c)). Let {D4(t)}i>0 be the
difference of the compound Poisson process and the compound remewal process
(3.2.83) and B€ Z*, ke€{0,...,B},r=B—k, Xo={0,z}, x > 0. Then the

Laplace transforms

VE(x,dl,m,s) =E [e_SX;L ced, T =m, A%, V.(z,m,s)=E [e_SX;T = m,er]
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of the joint distribution of {x,L,T} satisfy the following formulae for s > 0,
meN

VF(x,dl,m,s) = F*(x,dl,m,s +Z/ F¥(x,dv,i s)ﬁm(dl m,s),
1€EN

Vi(z,m,s) = F.(z,m,s) + ZFT’ (x,i,5) R,

- (m,s), (3.4.1)
i€EN

where

ﬁ+ (dl,m,s) ZK+ (dl,m,s)"™, & (m,s) = ZK{(m,s)*(") (3.4.2)
neN neN

are the uniformly convergent series of the iterations, and

K (dlm, s)™ W E K (dlm,s), K7 (m,s) ™ € K (m, s),
K. (dl,m, s)* ) Z/ vi(du, j, ) K (dl,m,s)*("), neN
jeN
Ky (m,s)* ™) =3 " K7 (j,s) K; (m,s)"™, neN (3.4.3)
jeN

are the successive iterations of the kernels K:Z-(dl,m, s), K; (m,s), which are

given by the following defining formulae:
Kj(dlm,s) =Y firn(v,jis) [712(0,dlm, s),
jEN

K (m,s) Z/ FB(0,du, 4, 5) fivn(u,m,s). (3.4.4)

jeN

Proof.

Following Kadankov and Kadankova (2005b), we derive a system of equations
with respect to the functions V*(x,dl, m,s), Vi.(xz,m,s), s >0, m € N
. dl,m, s) = VF@,dl,m, s) + Y Velw,i,s) f775(0,dl,m, s),
€N
fr(x,m,s) =V.(z,m,s —I—Z/ VF(x,dv,i,s) fiyp(v,m, s). (3.4.5)
1€N
In order to write this system, we have used the law of total probability, homo-

geneity of the process {X;}:>0 with respect to the first component, Markov
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property of the random variables 7%(x), 74 (z), x and the following reasoning.
The first equation of the system (3.4.5) stresses the fact that the first overshoot
of the upper level k by the process { D (t) }+>0 (expression on the left-hand side
of the equation) can be realized either on sample paths which do not intersect
the lower level —r (the first term on the right-hand side of the equation) or on
the sample paths which do intersect the level —r and then later on intersect
the level k (the second term on the right-hand side of the equation). The
second equation of the system is written analogously. This system is similar
to a system of linear equations with two unknown variables. Substituting the
expression for the function V¥*(z,dl,m,s) from the first equation of system

(3.4.5) into the second one, we get

V7‘($7m7 3) = fT(:Evmv 3) B Z/OOO fk(g;’dy’i’s) fi+B(V,m, S)+

i€EN

T Z/()OOZV;’(‘T7Z7S) fi+B(07du7j7 3) fj—i—B(U,m, S).

JjeN i€EN

Changing the order of summation in the third term on the right-hand of the
latter equation, we obtain a discrete analog of the Fredholm integral equation

of the second kind for the function V,.(x,m,s)

Vi(x,m,s) = F.(z,m,s) + Z Vi(x,i,8) K, (m,s), (3.4.6)
€N

where the function

K. (m,s) = Z/OOO f”B(O,du,j, s) fj+B(u,m,s)

JEN

is the kernel of this equation. As mentioned above, 7%(z) € {n%, n € N},
Te(z) € {nn(z), n € N}, where n} is the instant of the n-th jump of the
compound Poisson process. It follows from the properties of the compound

Poisson process that for all k € Z+, z,s > 0 the following inequalities hold:

Ee—STk(m) S i , Ee—STk(w) S Ee—ST]Z.
s+ p
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Therefore, the kernel of the equation (3.4.6) enjoys the following property for
alli,meN, s>0

K. (m,s <Z/ B0, du, §, s) Ee™ M

jeN

< *B(0,du, j,s) < < 1.
Z/ f uy)_erM

jeN

Using the method of mathematical induction and the latter bound for the
kernel, one can show that for all i,m € N, K; (m,s)*™ < y"(s+pu)™, n € N.
Hence, the series
/7 K7 (m,s)"™ < £ < s>0
)= 3 R < <o
converges uniformly for all ¢, € N. Utilizing the method of successive it-
erations (Petrovskii (1965)) to solve (3.4.6), we get the second equality of
Theorem 3.4.1. Substituting the expression for the function V,.(x, m,s) from
the second equation into the first one, we find
Vk(a;,dl,m,s) = fk(x,dl,m, s) — Zfr(x,i,s) fHB(0,dl,m,s)+
€N
—I—ZZ/ VF(x, dv,i,s) fizs(v, 4, s) fPTB(0,dl,m, s).
JEN eN
Changing the order of summation in the third term in the right-hand side of

this equation, we obtain for the function V*(x, dl, m, s)
VF(x,dl,m,s) = F¥(z,dl,m, s —I—Z/ VF(x,dv, i, s) Ii(dl,m,s),
1€N

(3.4.7)

i.e. a discrete analog of a linear integral equation. The kernel of this equation

is given by

K;,Z(dl, m, S) = Z fH—B(Va j7 S) fj+B(07 dlv m, 8)7
jeN

and for all v,l > 0i,m € N, s > 0 it satisfies the following inequality

+ ,U ] . ,U, —ST; (I/) M
KI/J(dl’m’s)S S—i—/,LZfZJrB(V’]’S)S S+/J/Ee e é S+/’[/ <1
jeN
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Hence, the series of the successive iterations

ﬁ+ (dl,m,s) ZK+dlms*(”)§%<oo
neN
converges uniformly for all v, > 0 ¢,m € N. Employing the method of succes-
sive iterations (Petrovskii (1965)) for the equation (3.4.7), we derive the first
equality of Theorem 3.4.1. A

Corollary 3.4.1 (Kadankov and Kadankova (2008¢c)). Let {D(t)}i>0 be the
difference of the compound Poisson process and the renewal process (3.2.3),

d ~ ge(N), {Q7(x)}kez+, © > 0 be the resolvent sequence of the process given

by (3.3.5), Q3 = Q3(0). Then

(i) the Laplace transforms of the joint distribution of {x,L,T} satisfy the
following equalities for all x,s > 0, m € N

Qi (z)
EQ3 5

Vk(a;,dl,m,s) = fk(a;,dl,m,s) —

W(w,m, S) = (1 - /\)/\m—l’

Qr(7)
EQ3p
where the function f*(x,dl,m,s) is given by (3.3.6),

EQjip = Z(l — VN QE B

keN

EfOT5(0,dl,m,s) = (1= XA EB(0,dl,m, s);
keN

EftP(0,dl,m,s), (3.4.8)

(ii) for the Laplace transforms of the first exit time x the following formulae

hold:
E [G_SX;QLT] = Eé(gf_)By
B[] < 1- EQéiiL + AY(x) - EQ5i+LEA5 15(0),  (3.4.9)
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(iii) the probabilities of the exit from the interval through the upper and the
lower boundary by the process {Dy(t) }+>0 are such that

Qx(2) . Qx(z)
P er - s PR =1 — ,
[ ] EQ5+B [ ] EQ5+B
where the resolvent sequence of the process {Q(x)}rez+, © > 0, Qk def
Q1(0) is defined by (3.3.8).

Proof. Proof of Corollary 3.4.1 follows straightforwardly from Theorem 3.4.1.
We clarify the formulae of Corollary 3.4.1 by employing equalities (3.4.1) of
Theorem 3.4.1 which take a simple form for the case the renewal process has
geometrically distributed jumps. To apply (3.4.1), we have to calculate the
kernels (3.4.4), the successive iterations (3.4.3) and the series of the successive
iterations (3.4.2) for the process {D,(t)}+>0 in case when 6 ~ ge(X). Let us
verify the first formula of (3.4.8). Employing Lemma 3.3.2 and (3.4.2)-(3.4.4),
for all 7, m,n € N, one can derive
i+B

K'_(m73) =¥ (m73)7

7
n—1

K7 (m, )" = o B (m, s) (Bed ™ (s)) "

(2

R (m,s) = cpf)JrB(m, s) (1 - EgngrB(s)) - ,

(3

Fr(z,m,s) = cp(s)e(s) (1 = AL — oF(m, s), (3.4.10)

where ¢, (s) = f(s — k(c(s))), and the mathematical expectations {¥(m, s),
k € Z*}, z > 0 are given by (3.3.11),

_gik .
oh(s) = E [k < o] = 3 gh(m,s).
meN

Substituting the expressions (3.4.10) into the second equality of (3.4.1), we
obtain the first formula (3.4.8) of Corollary 3.4.1.

Let us verify the second formula of (3.4.8). Employing the statements of (3.3.2)
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and (3.4.2)-(3.4.4), we can calculate for all s,v,x >0, i,m,n € N that
K y(dl,m, s) = e, (s)c(s)PE f1P(0,dl,m, s),
IS, )" = (o)) (B ()" B .l ),
ﬁ:i(dl, m,s) = c,,(s)c(s)”B (1 - E gpg+B(s)) - E f‘5+B(O, dl,m,s),
FF(x,dl,m,s) = f*(x,dl,m,s) — cy(s)c(s) E f5+B(0,dl,m, s),  (3.4.11)

where the mathematical expectations fk(a:, dl,m,s), k € Z*, x > 0 are given
by (3.3.6). Substituting the expressions (3.4.11) into the first equality of
(3.4.1), we obtain the second formula of (3.4.8) of Corollary 3.4.1.

Summing both sides of the first equality of (3.4.8) with respect to m € N, and
summing the second equality of (3.4.8) over m € N, and then integrating it
with respect to [ > 0, we get the formulae (3.4.9). Letting s — 0 in both sides
of these equalities, we derive the probabilities of the exit from the interval by
the process {D,(t)}1>0. A

Let us stress the following fact. If we set parameter A = 0 in the geometrical
distribution P[§ = n] = (1 — A)A""L, n € N, A € [0,1), then P[§ = 1] = 1.
In other words it means that the process {D;(t)}+>0 has unit negative jumps
at the instants {9, (7)}nen, and oy, ) = Ni(t). Then, it follows from (3.2.3)
that

Dy(t) = (t) — No(t) € Z,  t>0. (3.4.12)

We will call this process a difference of the compound Poisson process and
a simple renewal process. Setting the parameter A = 0 in the statements of

Lemma 3.2.3 leads to the following result.

Lemma 3.4.1. For s > 0 the equation § = f(s — k(6)) has a unique solu-
tion c(s) inside the circle |8| < 1. This solution is positive, c(s) € (0,1). If
E[x]|,E[n] < 0o, p = uE[>]| E[n|, then for p > 1, li_)n%c(s) =ce€ (0,1); and for
p<1, lii%c(s) =1

Statements of Corollaries 3.3.1, 3.3.1, 3.3.2 and 3.3.3 can be reformulated in
a similar way. Letting A = 0 in the defining formula (3.3.5) for all s,z > 0 we
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get

P o i 1 fx(s_k(e)) o cls
Qi) = 5 ﬁe:a T ey e (341)

a resolvent sequence of the process { D, (t) }+>0, which is given by (3.4.12). This
resolvent sequence has been introduced in Kadankov (1985). Setting A = 0 in
(3.3.6), (3.3.7), we obtain

P, dl,m, s) = e=20) 11__75((;))1{1 > 2} (d(l — )
k
+ 3 (dl,m) Qi () — e L= F(D] > Qi () pi(dl),
=0
k
Ee*7 @) =1 - W Qp(z) + ;ﬁi(s) [QZ—z(x) - 1] (3.4.14)

the Laplace transforms of the upper one-boundary functionals of the process
{D5(t)}+>0 (3.4.12), where

®5(dl,m) = eI [1— F(1)] Z c(s)Fp(dl),  pi(s) = s/ e S'P[r(t) = i dt.
kez+ 0
We have introduced the auxiliary functions and the resolvent sequence of the

process (3.4.12), therefore we can state the following result.

Corollary 3.4.2. Let {D,(t)}+>0 be the difference of the compound Poisson
process and the renewal process (3.4.12), {Q;.(x) }rez+, * > 0 be the resolvent
sequence of the process given by (3.4.13), Q. def Q7(0). Then
(i) the Laplace transforms V.(x,m,s), V¥(x,dl,m,s) of the joint distribu-
tion of {x, L, T} satisfy the following equalities for all z,s >0, m € N

W(‘Tama S) = Q]Z(:E) 577117
RB41
VE(z,dl,m,s) = f¥(z,dl,m,s) - Q’Z—(x)fB“(O,dl,m, s),
QB—i—l

where 0;; is the Kronecker symbol and the function fE(x, dl,m,s) is given

by (3.4.14);
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(ii) for the Laplace transforms of the first exit time x from the interval by
the process {Dy(t) }1>0 the formulae hold:

s k
-G S @) — 1] - Q sz Qs — 1:
=0 B+1

B+1 i=0

(iii) the exit probabilities from the interval by the process { Dy (t)}+>0 are such

that Ou(a) ()
Wl k11 _ Wk €T
PR = Qp+1’ PRI =1 Qpi1’

def

where the resolvent sequence of the process {Qr(z)}pez+, © > 0, Qg
Qr(0) is given by (3.4.13) for s = 0.

To prove the corollary, one has to put A = 0 in the statements of Corollary

3.4.1.
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3.5 Infimum, supremum and the value of the pro-

cess

Let D} (t) = sup D.(+), D, (t) = [mfi D,() be the running supremum and infi-
[0.4] 0.t
mum of the process. In this section we will determine the generating function

ga(—=r,z,k) =E [—7‘ < D;(Vs),ZD””(VS),D;_(VS) < k} =E [zD”(”S);Xf(aj) > 1/8]
k .
= ZZZP [_TSD;(VS)7 DI(VS):i> Di(ys)ék]v k7T€Z+
of the joint distribution of the infimum, supremum and the value of the process.

In order to do this, we will follow the approach proposed for Lévy processes
in Kadankov and Kadankova (2005b).

Theorem 3.5.1. Let {D,(t)}+>0 be the difference of the compound Poisson
process and the compound renewal process (3.2.3), vs ~ exp(s), s > 0 be the
exponential random variable independent of the process, k,r € Z*, B =r + k.
Then the generating function of the joint distribution of { D} (vs), Dy (vs), D (vs)}

is such that

@(—r,z, k) = B (z,2,8) — 2~ Zz (™ T =i, 20,] Ef (0,2, ),
1€N
qi(—r z,k) = E (z,2,s —sz/ zE X Led, T =142 ] B 51,2, 8),
1€EN
(3.5.1)
where
Ef(z,2z,5) =E ZPes). DF (1) < k;] , E (x,z,5)=E [le‘(”S);D;(VS) > —r|.
In particular, the following relation is true:
Pl > 1] = PIDI () <H - [ Ble ST =i %JP[DL(0) < i+ B] =
0
(3.5.2)
= P[D, (vs) > —7] Z/ e, L € dl, T =i,%A¥|P[D, (1) > —i — B].

ieN
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Proof. According to the total probability law, the Markov property of ¥,
homogeneity of the process {X;};>0 with respect to the first component and

the properties of v,, we write

E [ZDZ(VS);D;_(VS) < k‘} =E [ZDZ(VS);D;(VS) > —r, D (vy) < k‘}

+27" Zz_iE le™XT =i, E [zDO(”S); Dy (vs) <i+ B} )
ieN

This equation shows that the increments of the process {D;(t)}+>0 on the
time interval [0, v4] given that no intersection of the upper level k € Z* occurs
(the left-hand side of the equation) are realized either on the samples paths
which do not intersect the lower level —r < 0, (the first term on the right-hand
side) or on the sample paths which do intersect the lower level —r and further
do not cross the upper level k (the second term on the right-hand side). A
more detailed derivation of this equation for Lévy processes and random walks
is given in Kadankov and Kadankova (2005b). One can note, that the first
formula of (3.5.1) follows immediately from the latter equation. The second

formula of (3.5.1) follows from the equation

E [zD”(”S);D;(VS) > —7‘] =E [zD”(”S);D;(VS) > —r, D (vg) < k}

+2Y /Oo JE [e_sx; Led,T= zmﬂ E [ZDN"S); Dy (vg) > —i — B} .
ieN V0

The identity (3.5.2) of Theorem 3.5.1 can be obtained from (3.5.1) by letting

z = 1. This remark completes the proof. A

We now assume that § ~ ge(A). In this case, we first determine the joint
distributions of { D (vs), D} (vs)} and of { D} (vs), D (vs), D (vs)} in terms of
the resolvent sequence. Secondly, we will consider the asymptotic behavior of

these functionals. Finally, we study the joint distribution of {D,(vs), D (vs)}.

Lemma 3.5.1. Letk € Z% and B} (z,2,s) = E [2P=); D¥ (v,) < k], 2| > 1

be the generating function of the joint distribution of {Dy(vs), D (vs)}. Then
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(i) the generating function E;f (z,z,s) is such that

B (z,2,5) = 2" Al(s) + (1 - 2) ]ilziAi(S) + 2" Q} (2)E5 1, (0, 2),
- (3.5.3)
where 3
e (0,2) = j(i ;(2\()3)) 11—_c(cs()s ;z;

(ii) the joint distribution €; (z,u,s) =P [Dy(vs) < u, Df (vs) < k],
u €] — 00, k] satisfies the following equality:

s(1 =)t

el @u,s) = Ax(s) + S

c(s)k_“QZ(x), AL(s) =0, u<0;

(3.5.4)

(iii) wunder the condition (A)

by 2
(A) p= (1~ NuByBs =1, 0% = ju [Bocloe 1) + 50 | < o,

the following limiting equality holds as B — oo, k > 0

1 2k—u

P[D,(tB%) < [uB], D} (tB?) < [kB]] — /2% gy

oV 2t

where [a] is the integer part of the number a, u < k.

Proof. In view of the total probability law, homogeneity of the process X;
with respect to the first component, Markov property of n;(x) we can write

for the function E; (z,z,s), k € ZT, z > 0 the following equation:

Ef(z,z,5) = s/ e P, > t|E [z’r(t);ﬂ(t) < k‘} dt+
0

o0

- k
- / ey Plne € du,m(u) = 02" Y (1= MNTTE L (0,2.5).
0 v=0

r=1

Introduce the generating function E§(z,2) = > 0FE; (z,z,s), |0] < 1. Mul-
kez+
tiplying the latter equation by 6% and summing over k € Z*, we derive the
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following equation for the function Ej(x, 2)

(3.5.5)

ES(x s 1= fo(s— kgzﬁ))+

Ay Ry ¥ 7

T s — k(zp) =Y

N — 20 i\/z(OVZ) _EZ(OVZ)] s ‘6’ <1, ‘Z’ > 1.

Letting = 0 in 3.5.5 yields
20 — A y
(1—=N)f(s— k(z@)) +A—20

x [f( — h(z0)~ = AA i/Z(O,z)—1i91_(;f&9k_(;;(;9))]‘

E5(0,2) =

The function which enters the left-hand side of this equation, is analytic in
|0] < 1. In view of Lemma 3.2.14 the denominator on the right-hand side has
a simple zero in 6 = ¢(s)/z. Hence, the nominator on right-hand side should
also have the simple zero. Letting # = ¢(s)/z in the nominator, we find the

function Ei/Z(O, z)

sL=N)"" 1—c(s)
s — k(c(s)) 1 C(S)/Z’
Employing the definition of the resolvent (3.3.4) and substituting the expres-
sion for E3(0, z) into (3.5.5), we get

32(0,2) = |2 > 1.

Ej(z,2) = A (s) + z (8) + Q2p(2)ES,. (0, 2), (3.5.6)

1-4

where

= 1 1
Az@ kAk s _ s .
kZ:O (26) —k(z0) \1—20 1—2\ ()

Using the definition of the resolvent (3.3.5) and comparing the coefficients of
6%, k € ZT in both sides of (3.5.6) implies that

Ef(z,2,8) = 2F A% (s) + (1 - 2) ZZZAZ ) + 28Q5 () 3/2(0,2),
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i.e. the equality (3.5.3) of the lemma. Comparing the coefficients of 2%, i < k
in both sides of the latter equality, we find

P[D.(vs) =i, D} (vs) < k] =
s 1—e(s)

s—k(c(s) 1T\ o(s)"Qi(x), i<k,

= Ay(s) = A7 (s) +

where A% (s) = 0, for i < 0. The latter formula implies (3.5.4). We now verify
the third statement of the lemma. Denote

&l (z,u, B) =P [D,(tB?) < [uB],Df (tB*) < [kB]] . It is clear that

[e.e]

BILH;O ; e el (x,u, B) dt = sBlEnOOQE[IiB}( x, [uB]).

To proceed further, we need the following limiting equalities (see Kadankov
et al. (2009))

¢(s/B%) =1—- B 'W2s/0 +o(B™Y),

[kB] O'\/%ET] B_)OO o+|kB]?

Bli_r)noo Aka](s/B2) —1— cosh (m/%ﬂ;) = lim A7 B2 (3.5)

In view of these equalities and of the formula (3.5.4) we derive

[e.e]

BILH})O ; e el (x,u, B) dt = 8_11{u<0} <e“\/%/"/2 - e—(%—u)\/%/cr/Q)

5 M pepouy (1 V72— @mVEI ) <

Denote by {w¢;: t > 0} the symmetric Wiener process with the dispersion o
and by 7% = inf{t : wy > a} the first passage time of the level a € Ry. The
Lévy formula P [r < t] = 2P [wy > a] implies for the Laplace transforms that

1 o0
e V2s/o 2/ e 5P [wy > a dt.
§ 0

FEmploying the latter formula to invert the Laplace transforms in the previous

equality, we derive the second limiting formula of the lemma. A
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Let k,r € Z*, u € [-r, k] and denote by

é?k(:n,u) =P [—r < D, (t), D, (t) <u, Di(t) < k‘] =P [Dx(t) < u, Xf(r) > t] ,
€z u) = €5 (z,u) = 8/000 e~tel (x,u) dt

the joint distribution of {D} (t), D.(t), D} (t)} and its Laplace transform.

Theorem 3.5.2. Let vs ~ exp(s) be an exponential random variable indepen-
dent of the process D(t), B =1+ k. Then

(i) the joint distribution of {D} (vs), Dy(vs), D} (vs)} is such that

& plz,u) = AX(5) - ) BATRG), we[nk (358)
EQ3. 5
where EASTTHU(s) = (1 — \) S NTLAL+u(s);
i=1
(ii) under the condition (A) and r € (0,1), k = 1 — r the joint distribution
éff];HkB} (x, [uB]) weakly converges as B — oo to the joint distribution

P [—r <inf w,, wy < u, sup w, < k} , u€ -k
v<t v<t

of the infimum, the supremum and the value of the symmetric Wiener

process with the dispersion o. In addition, the following limiting equality

holds
lim @B (x| B])—fzﬂ in(rmn)sin? [ Y
et e[TB],[k‘B} ZT,|U = - e n S TN )S B nm).

(3.5.9)

Proof. The total probability law, homogeneity of the process X; with respect
to the first component, Markov property of xZ(z) for all k,r € Z+, 2 > 0
imply the following equation for |z| > 1

E [zDz(”S);D;'(VS) < k:] =E [zDz(”S);X,{B(x) > I/s:| +

+ i E [e—sxr%); T= le] L OH)E [sz@s); D¥(v,) <i+B|, (35.10)
i=1
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where B = k + r. Let us briefly explain this equation. The increments of
the process D,(t) on the interval [0, ] without intersection of the level k
(the left-hand side) can be realized either on the sample paths of the process
which do not cross the negative level —r (the first term of the right-hand
side) or on the sample paths which do cross the level —r and then the further
evolution of the process is nothing but its probabilistic copy on [0, vs] (the
second term). In view of (3.5.10) and (3.4.8), (3.5.3) we find for the function
Bl (2,2) =E [ZD”J(”S);X,B(m) > VS] that

B} (2,2) = B (3,2,5) — il Z)\’ Ly (r+) Ef 5(0,2,5) =
EQ5+B ieN
= zkAk (1—2) ZZZAZ
B _ B+1 jB
YL ()~ (- 202 B oy
Q%) 1-)\/z
o B N e )
where AP (s,2) = 3 21Ai(s), Q5(\) = Y. AQ:(0). The formula (3.4.9)
i=0 i=B+1
yields
P [Xf(x) > ) = Ak (s) + C?k(:p) AB(s,\).
Qp(A)
It is not difficult to derive the following equality
k
Z 24€0  (r,u) = ! <ES (z,z) — 2P [XB(:E) > 1/8]> .
= rk 1— 2 7k \* r

The right-hand side of (3.5.11) implies that

k Q 7) B B—i ‘
Z (T, ) Zz“A“ P = O Z )\/z)iZ)\jAf)(s)
=0 7=0

Uu=-—r

Comparing the coefficients of z%, u € [—r, k|, we find

r4+u

€ (1) = A%(s) + Qiﬁ“Zﬂﬁ

Since

EQ§+B = (1 - )‘))‘_B_lQASB()‘% Z )‘ZA%)(S) = 07
;=0
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one can see that the previous equality is the formula (3.5.8). Let us verify
(3.5.9). It is clear that

&0 —st ~ 2 S B2
3/0 e te'[ffBHkB}(x, [uB])dt = QE[ZB},[kB](w’ [uB]), ke (0,1) r=1—k,

where the function €], (z,u) is determined by (3.5.8). Thus,

oo

. st~ B2 _ 1 . S/B2
Blgnoo ; € telfrB],[kB} (z, [uB]) dt = s Blfloo QE[TBHRB]

+ .
= 1 [1 — cosh <u—\/%>} —i—l M [cosh <r+u\/%> — 1] ,
s o s sinh+v/2s/o o

(a,[uB]) & e*(s) =

(3.5.12)

where 4™ = max(0,u). In order to compute this limit, we used the formulae
(3.5.7). Note, that the inversion of the Laplace transform in the right-hand
side of (3.5.12) this equality was found in Kadankova (2004) and resulted into
the following formula (a > 0)

1 4100
P|—r <infw,, w <u,supw, <k| = —/ ete*(s)ds =
vt v<t 270 Jo—ico

T+ U

sin(rmn) sin? < mr) , u € [—r k.
Therefore, we established the weak convergence of the joint distribution &, (u, B)

as B — oo to the corresponding distribution of the Wiener process and also
verified the formula (3.5.9). A

Now we consider the joint distribution of the position of the process and its
infimum {D; (-), D.(-)}.

Theorem 3.5.3. Denote by E; (x,2,5) = E [ZDI(”S);D;(VS) >-—r], r €
Z%,|z| <1 the generating function of the joint distribution of {Dy (-), Dz (-)}.
Then

(i) The function E; (x,z,s) is such that

E (z,z,8) = (1 —2)AZ(s) + (1 — 2) fr(z, 3)}\;—;\ Aj(s)z™", (3.5.13)
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where fr(*% S) =E [e_STT(x)§ %T’(x)] = cx(s)c(s)r7 CI(S) = f:c(s - k(C(S)),

s 1 1
B = 3 ko) = s (1 - T )

keZ+

(ii) the joint distribution E. (z,u,s) = P[Dgy(vs) > u, Dy (vs) > —r], u €

[—7, 00 satisfies the following equality:
E-(z,u,8) =1 — A" (s) — f,(z, 5) (1 - EA3+"+5—1(3)) . (3.5.14)

where EARO(s) = (1 — \) 32 N 1AEFi (), A%(s) = 0 for u < 0;
1€EN

(iii) under the condition (A),
2 2
() p= (L= NpBgBsr =1, 02 = i [Borloe — 1) + 155200, | < oo

the following limiting equality holds as B — oo, r > 0

1 u+2r
P(D,(1B) > [uB], D} (1B?) > [-rB]] - —— / P20 gy
oV2rt Ju

where [a] is integer part of the number a, u € [—r,00).

Proof. In accordance with the total probability law and the Markov property

of 7,(z) for all r € ZT we can write the following equation

E:P:W) = E [ZD“”(”S);D;(VS) > —r] + fr(, s) iz_"EzDO(”S), 2| = 1.

To write this equation, we used the path decomposition principle. It means
that the increments of the process D,(vs) on the interval [0,v] are realized
either on the sample paths which do not cross the lower level —r, or on the
sample paths which do intersect the level —r, and further evolution of the
process is its probabilistic replica on [0, v4]. From the latter equation we find
that

By (@,7,5) = D3(2) — fula, 5) =

?)\ Z_T]D(S](Z).
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Observe, that the function which enters the left-hand side of the equation is
analytic in |z| < 1. Therefore, the right-hand side is also an analytic function
for all |z| < 1. Employing (3.2.8) and the definition of resolvent (3.3.4), we get

E (z,2z,8) = (1 —2)AZ(s) + (1 — z)fr(a:,s)% Aj(s)z™", |z| < 1.

It is not difficult to establish the following equality

Zz (x,u,s) %ﬁ’s)z—r—lizEﬁ(x,Z,S), l2| < 1.

U=—r

It follows from this and the previous equality that

1—fr(z,s) _, 2 L= A oyt
Z 2YE. (x,u, s) ==, % —zAx(S)—fr(:E,s))\_ZAo(s)z .

uU=-—r

Comparing the coefficients of z%, u € [—r,o00[ and taking into account that
A (s) = 0, we obtain (3.5.14).

Denote é.(z,u, B) = P [Dy(tB?) > [uB], D; (tB*) > [-rB]], r > 0, u > —r.
It is clear that

. —s 1. s/B?
BlgnC>O ; e Stel (x,u, B) dt = gBlgnooE[k/B] (z, [uB)).

Employing the limiting equalities (3.5.7) and also (3.5.14), we find that

[e.e]

BILH;O ; e el (x,u, B) dt = 8_11{u>0} <e_“‘/%/”/2 - e_(2r+“)‘/%/0/2) +

+ 5 Tue-ro)) ( V27 1y = (rw) ‘/_/"/2> u>—r.

Denote by {w¢; t > 0} the symmetric Wiener process with dispersion o and
by 7* = inf{t : w; > a} the first passage time of the level a € Ry. The Lévy
identity P [1 < t] = 2P [wy > a] implies the following relation for the Laplace

transforms:

1 o0
B e~ V25/7 2/ e 5P [wy > a dt.
0

Using this formula to invert the Laplace transforms in the previous equality,

we obtain the limiting equality of the theorem. A
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3.6 Asymptotic results

In this section we will prove weak convergence of the distribution of the first
exit time for the difference of the compound Poisson process and the compound
renewal process to the corresponding distribution of the Wiener process under
certain conditions. Here and in the sequel we will assume that 6 ~ ge()), and

that the following conditions are satisfied:

2 2
(A) p=(1—-NpEnEx=1, o?=p E%(%—l)—l—% < 00.

We first state some auxiliary results and then formulate and prove the theorem.
In the sequel we will require the following expansions:
~ 1
fa(s) = 1= sEn; + o5"Bi; + o(s”), @ € Ry,
—pr [ 2
Ee ™ =1—pEx+ 2P Es” + o(p?), (3.6.1)
which are valid for small s, p.

Lemma 3.6.1. Let z,k € Ry, s > 0. The following limiting equalities hold:

lim Be sw8@)/B* — | Ee=s"P@)/B? _ o—kv2s/o (3.6.2)

B—o0 B—oo
where [a] stands for the integer part of the number a;
1
E \/_
Proof. It follows from (3.6.1) and (3.2.14) that the following representation

is valid for ¢(s/B?) as B — oo

c(s/B*) =1- %\/%/a +o0 <%> . (3.6.4)

Formula (3.3.2) and this asymptotic equality imply the first part of (3.6.2). We

s/B li s/B?
Jim —Q[,C/B (z )ZBE}l EQ[k/B 1) =

sinh(kv/2s/0). (3.6.3)

now focus on the asymptotic properties of the resolvent sequence {Q%(x) }rez+-
It follows from the definition (3.3.4) for # = e P, p > —Inc(s) that

0= Y 0|, = [ Mg dr

keZt

= / e{k}pe_kafk] (x)dk = Q5_,(x), p>—Inc(s),
0
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where {a} = a — [a] is the fractional part of the number a. It is clear that

Q) < Q4 (x) < P (2), (3.6.5)

where Q5(z) = [; e‘ka ( )dk, p > —Inc(s) is the Laplace transform
of the functlon Qfk ( ), k€ Ry. The definition (3.3.5) and (3.6.1) imply for
p > /2s/0 that

1 e 1 1—\)fu(s/B2 — k(e ?/B
lim —2(@{5/5(3;): lim — (~ )2(/ - B( ) —
B—co B B—oo B (1—)\)f(3/B —k(e p/ ))+)\—e p/
1 1
_E_UW7 p>V2s/o.

It follows from the chain (3.6.5) that

1 s/B? . s/B? 1 1
Blgnoo ﬁgp/B (z) = Blg)noo ﬁ(@e o5 (1) = E_n%, p> \/%/a.

Inverting the Laplace transforms in both sides, we obtain

. 1 3/32 1
Am 5Qs (#) = g, \/—smh(k\/_ s/o),

i.e. the first part of (3.6.3). It is not difficult to derive the following represen-

tation:
Q= Z O*EQ; 5 = 1= A 0 € (0,c(s)).
= (1= NF(s — h(e(s)) + A~ 0
The latter equality and (3.6.1) imply that for p > /2s/c
I Qs/B _ 1o k]/BEQs/B d — 1
Boso B2 Yer/p T gL B2 0 [k]+6 En p02—s

This asymptotic equality implies the second part of (3.6.3). We now establish
the second part of (3.6.2). Taking into account formulae (3.3.10), (3.6.1), we

derive

s . 1 [ _ o] 2 1
lim —<I> /B2 z) = lim —/ e PR/ BRe—sT"@)/B  qpe — =
B—oo B p/B( ) 0 p+\/2$/a
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It is obvious that @;(az) <O (r) < epthf,(a:), where
@;(:17) = / e PEEe @) g, p> —Ilnc(s)
0
is the Laplace transform of the function Ee—sm" @) ke R, . Hence,

L =s N e
Jim 87 @) = Jim 20/ ()

and

o0 o0
lim / BB/ gy = i [ e PrResT P @B g 1
B—oc B J Boo ) p+V2s/o

The latter equality implies the second part of (3.6.2). A

Denote by {w;; t > 0} a standard Wiener process, E[w] = 0, Var[w;] = 02 >
0, and let

X =inf{t: wy & (-1, k)}, ke (0,1), r=1-k,

denote the first exit time from the interval (—r, k) by the process w;. It is well-
known (see for instance Ito and McKean (1965)) that the Laplace transforms

of x* are such that

g inh (rv/2s/0) g sinh (kv/2s/0)

E sx™. AR | = STV 25/0) E XA | =—

{e ’ } sinh (v2s/0) ’ {e ’ } sinh (v2s/0) ’
where A¥ = {wy+ = k}, A, = {wy» = —r} are the events denoting the exit

from the interval (—r, k) through the upper boundary k and through the lower

boundary —r.

Theorem 3.6.1 (Kadankov et al. (2009)). Let {D,(t)}i>0 be the difference
of the compound Poisson process and the compound renewal process (3.2.3),
d ~ ge(N). Assume that the conditions (A) are satisfied, and

X(B) =inf{t : D,(t) ¢ [-rB, kB]}, ke(0,1), r=1—k BeRy,
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2A¥(B) = {D.(x(B)) > kB}, %,(B) = {D,(x(B)) < —rB}. Then the follow-

ing limiting equalities hold for B — oo

B
P [xf%) € dt;Qlk(B)] — P X € dnA] =m0y ne 2 sin(kmn) dt
neN

p [ng)

r(B)] —P[x* € dt; A,] = To? Z ne~2(™)* sin(rmn) dt.
neN
(3.6.6)

The limiting exit probabilities admit the following representations for B — oo

Plat(m)] - 23 T gy 2y ST

T T
neN neN

Proof. The first formula of (3.4.8) and (3.6.3) imply that

s/B? .
lim E [e_S%BT)‘Ql (B)} = lim Qs (¢ (@) _ sinh (kv2s/0)

B—o0 B—oo EQ%?M sinh (v2s/0)

=E [e_SX*;AT} .

Inverting the Laplace transform in the right-hand side of this equality, we
derive the first equality of (3.6.6). Taking into account the definition of the
function Aj(x) (3.4.9), we have

i B koxs _ S fx(s_k(e)) — 1
aj) = D O @) = <(1—)\)f(s—k‘(9))+)\—9 1“))’

keZ+

where 6 € (0,¢(s)). The latter equality and (3.6.1) imply for p > v/2s/c that

Loy o 1 [ B pk/B 45/B? 1 s
A EAS’P/B(:E) = g E/O TR Ay () dk = pIp2?—s
It is clear that 25 (x) < A%, (x) < ePAS(x), where A5 (x) = [ e_kpAs (z) dk

is the Laplace transform of the function A[ ]( x), k€ R+. Hence,

Blim L Ql;;g () = Blim 1As/f/3( ) and, thus,
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Inverting the Laplace transforms in both sides, we get

lim Afk/gf (x) = cosh <k‘\/%/a) —1, p>V2s/o.

B—oo

Analogously we derive that for all k € R
. s/B?
BlgnOO EA[k{B]+5(O) = cosh (k@/a) —1, p>+V2s/o,

where EAP 5 = EZN(l — MATLAS - (0). Tt follows from the second formula

[u]+1
(]
of (3.4.9) and from the two latter asymptotic equations that

BlEnmE [6_5%;9116(3)] = cosh <k:\/%/0) - M cosh <\/%/0)

sinh (v/2s/0)
inh 2 .
_ sin (rv2s/o) E [e_sx ;Ak] ‘
sinh (v2s/0)
Inverting the Laplace transforms in both sides, we obtain the second equality
of (3.6.6). It is worth noting that by means of (3.6.6) we established the weak

convergence of x(B)/B? to x* as — oo.

Remark 3.6.1. [t is worth noting that all the characteristics considered in
this chapter were determined for another class of stochastic processes, namely
for a semi-Markov work with a linear drift. The approach and methodology
are similar to the present case, therefore we do not present these results in this

framework, but refer to the corresponding articles:

Kadankov, V.F., Kadankova, T. (2007). Two-boundary problems fora
semi-Markov walk with a linear drift. Random Oper. and Stoch. Equ.
15, 223-251.

Kadankov, V., Kadankova, T. (2008). Intersections of the interval and
reflections for a semi-Markov walk with linear drift. Random Oper. and
Stoch. Equ. (submitted).
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3.7 Reflections from the boundary generated by the

supremuin

This and the next section are concerned with the processes reflected at the
boundaries. Our motivation to consider such processes comes from applica-
tions in inventory and queueing theory (see Chapter 4). We will determine
one-boundary characteristics of these processes and also the distribution of

their increments. We now move to the formal definition of reflections.

Denote by DL (t) = r + D,(t), t > 0 the process starting from r € Z when
nF(0) =z > 0. Let B € Z* and for all t > 0 we define a right-continuous

process reflected at the boundary B as follows:

Ef(:n,t) = D (t) — max {O,SupD;(-) - B} €] —o00,B|, re€]—o0,B].
[0,¢]

(3.7.1)

The first reflection from the upper boundary B of the process 5?(:@ t) takes
place at time 7877 (x). Then the process stays at this boundary for some
random time 7;, where [ = 5} (787"(x)). At the instant t = 757"(z) + n; the
process is reflected to a random state B — 4. In the sequel the evolution of the
process Ef(:n,t) is a probabilistic copy of its evolution on [0, 757" (x) 4 ;).
It is worth noting that reflections from the boundaries reflected by infimum
(supremum) were introduced by Lévy for a standard Wiener process. Applying
the symmetry principle and the mirror reflection principle, Lévy determined
the distributions of the boundary functionals of the reflected standard Wiener
process. We will show that these distributions are the limit distributions for

the reflected process after an appropriate scaling of time and space.

The reflected spectrally one-sided Lévy processes generated by the infimum
(supremum) of the process were considered in Avram et al. (2004), Nguyen-
Ngoc and Yor (2005). An interesting application in queueing theory for the
spectrally one-sided Lévy process reflected by its infimum was given in Bekker
et al. (2008). Note, that boundary functionals were studied in Lotov and
Khodzhibaev (1998b) for the reflected Lévy process generated by its infimum
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(supremum). It is worth noting that in this article the asymptotic expansions
for the distributions of the characteristics of the process were determined for

the reflected Lévy processes obeying the two-boundary Cramer’s conditions.

3.7.1 Passage of the lower boundary

We now define the boundary functionals for the process (3.7.1). For r € [0, B]
denote

) =mf{t : D (x,t) <0V 7 TPa)y=-D '@ YT, relo B

T

the first crossing time of the lower level 0 by the process Ef(az,t) and the

value of the overshoot at this instant. The following statement is true.

Theorem 3.7.1. Let {Ef(aj, t)}i>0 be the reflected processes defined by (3.7.1),
BeZ" rel0,B] and

VF(z,dl,m,s) =E [e_SX;L ced, T =m, A, Vi(z,m,s) =E [e_SX;T = m,ier]

be the Laplace transforms of the joint distribution of {x?(x),L, T} of the pro-
cess {Dyx(t) }i>0 given by Theorem 3.4.1. Then

(i) if 6 € N (an arbitrarily distributed non-negative variable), then the
Laplace transform of the joint distribution of {7, T} is such that (m € N)

vy (z,m) =E [e‘ﬁf(z);f = m} = Vi(z,m,s)
B

Pl =m+B]+ Y P[6=i|Vs_i(0,m,s)|, (3.7.2)
=1

where VE(z,dl,s) = S0 VE(z,dl,m,s),

aP"(x)

L T)

0o B B
o () :/0 Vi d$)fi(s),  Aw) =Y P = K a*(2)

k=1
(ii) if 6 ~ ge(N), then the following equalities hold:
e E) (1 F)S (@)

vo(x,m — 1—M\""1 relo,B],
T F U= FoBSt ., =[0.7]

(3.7.3)
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where S;(x) = Z?:o Qi(r), ES{ 5 = (1-=X)>2, )\i_le_HB(O);

the random variable 72 (z) is proper (P [75(x) < oo] = 1) and

E75(2) = En, — En+ En[ESs.p_1 — Sp_r_1(z)] < o0,  (3.7.4)
where Sy(x) = S)(z), ESs1p = ESY, p;
(iii) wnder the conditions (A) the following equality is valid

g h (kv/2
lim BeThn @ _ o (BV2s/0) 0,1), k=1—r.
B—oo cosh (v2s/0)

Proof. Let us verify the formula (3.7.2). It follows from the definition of the

process EE (x,t) (3.7.1), the total probability law and the Markov property of

X, Mn(x) that the following system of linear integral equations holds:

oo m) = Vilrom, ) + [ VEGe.dls)oip(tm),
0

vg(x,m) = fo(s)P[0 = m+ B] + f.(s) P[6 = r]og_,(0,m).

M=

r=1
This system is similar to a system of linear equations with two unknowns, and
it can be solved analogously. Substituting the expression for 7% (x,m) from

the second equation into the first one, we find that

B
7 (z,m) = Vi(z,m, s) + a*(z)P[6 = m + B] + ¥ (z) ZP[5 = r|vy_,(0,m).

r=1

Letting = 0 in the latter equation yields after calculations

B
> P[5 =r]v}_,(0,m) = —P[§ =m+ B]
r=1
B
+ |P[0=m+ B+ > P[5 =kVs_4(0,du,s)| (1 - A(0)".
k=1

Inserting the right-hand side of this quality in the previous one, we get (3.7.2).
In case when § ~ ge(\), formula (3.7.2) takes a more simple form. The first
formula of (3.4.8) and (3.7.2) imply that Tf(m) ~ ge(\) for any r € 0, B.
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Summing over m € N in both sides of (3.7.2), we find for the function vs(z) =
Ee*77 () that

B
— ) XNTVEL(0, s)] . (3.7.5)
i=1

Now we calculate a*(z), A(0) in case when § ~ ge()\). Employing formulae

(3.3.6), (3.4.8) and performing the necessary calculations, we find that

) o Qi)
aF(@) = fuols) + (1= f(5)Sf_1(2) — E5§+B

1-\ o 2 . .
W 1= Q3(0)] [ F(s) + (1 = F()ES3p ]

i—1 1—-A s
ZA Vi-i(0,5) = 3 11 QO

Substituting the right-hand sides of these equalities into (3.7.5) and taking into
account that Tf(m) ~ ge(A), we derive (3.7.3). The equality (3.7.4) follows

from the following relation E72(z) = — d%ﬁi(a:ﬂszo.

|7(5)+ (1= F(s)ES3 s |

1— A(0) =

To verify the limiting formula of the theorem, we will employ equalities (3.5.7)
which were obtained in Kadankov et al. (2009). On can also derive that for
all k>0

s/B? o 1 T -2 s/B?
hm B~ S[kB} (x) = B <cosh <k\/%/0> - 1) = BlgnooB ESyp s
(3.7.6)

Letting B — 0o, we have f,(s/B?) = 1 — En,s/B? + o(s/B?), which implies
for r € (0,1) that

lim Ee—sFﬁB](m)/Bz _ 1 + (cosh (k:\/2s/a) — 1)) _ cosh (k:\/2s/0) A
B—oo 14 (cosh (v2s/0) — 1)) cosh (v/2s/0) ’
A

3.7.2 Increments of the process reflected in its supremum

Define Eg(aj,t) = D,(t) — max{O,supr(') - k‘} €] — oo, k|, the process
[0,¢]

reflected from the upper boundary k € Z* generated by its supremum.

— T
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Theorem 3.7.2. Let {Eg(x,t)}tzo be the process reflected from the upper
boundary and pi(x,u) = P [Eg(:n,us) < u] , u €] — 00, k| be the distribution

of its increments on the exponential interval [0,vs]. Then

(i) forallk € Z" Pi(x, k) =1, and for u €] — oo,k — 1], x > 0 the following
equality holds

P (x,u) = A%(s) + c(s)F UL (s) (1%7?()8) + S;z_l(a:)> ,  (3.7.7)

where A%(s) =0, foru <0, F(s) =s(1—c(s))/(1 —A)(s — k(c(s)));
(ii) under the condition (A) for k > 0, u < k the following relation is valid:

kB 1 2k—u 5 2
lim P |Dy"  (x,tB?%) < [uB]] =1- / e~V /2 gy
B—oo avV 27Tt u

(3.7.8)

(iii) if p > 1, then the ergodic distribution py(u) = tlirgoP [Eg(:n,t) <u

exists, and

Ex 1-c¢ o
pr(u) = fout

il oo, k-1 — i 1).
g T Fo© , U €]—o0,k—1], c sli%c(s)e()\,)

Proof. Define the generating function of the increments of the process

k
— 5k R
P(z,2) = EzPo@vs) — E Z'P |:D§(:E,I/s) = z} .l >1, kezt.

—00

It is obvious that P (z,1) = P [Eg(x, vs) < k} = 1. In accordance with the

total probability law and the definition of the process Eg(:n, t) we can write
Pile2) = Bl (.29) + 2 [ £ ()
0
+ 2 / FED fi(s) (1 = XN) Y NP0, 2), (3.7.9)
0 i=1

where the function E; (z,z,s) = E [e_ZDl‘(”S);Tk(a;) > s is given by (3.5.3),
and the function f*(dl) = E [e_”k(x);nk(x) € dl} is determined by (3.3.6).
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This equation means the following. The sample paths on which the increments
of the process D, (t) occur can be decomposed into three parts: 1) the sample
paths which do not intersect the upper boundary k (the first term on the right-
hand side); 2) the sample paths which do intersect the upper boundary and
stay there (the second term); 3) the sample paths cross the upper boundary
and then they are reflected (the third term). After some calculations which

we skip, one can see that formula (3.3.6) implies that

[ o = o)+ 0 - Fpsi - =10
0

Letting x = 0 in (3.7.9) and taking into account the latter equality, we derive

Q. (x)-

. - i1, =% 5) — F(s) 1/z—1 .
(1 A);A P;(0,2) e T ) 2] > 1.

Substituting the right-hand of this equality and the expression (3.5.3) for
E}(z,zs) into (3.7.9), we find that (2| > 1)

k—1 =
P 2) = 24 (1 2) 3" 24l () + 2 F(s)—L2 < Jo(8) | g (:17)) .
k ; L—c(s)/z \ 1= f(s) k=l
Comparing the coefficients of 2%, i € {k,k —1,...}, we get
P [Dh(w.v) = k] =1 - 471(s) - F(s) (f(;()s) ¥ sz_1<w>> ,
P | Dy(x,vs) = i| = Ai(s) = A7 (s)+
+ F(s)e(s)* 711 — ¢(s)) (1'}}7?()8) + Si_l(a:)> , i < k.

One can assure that the second formula implies the equality (3.7.7) of the
theorem. Let us verify (3.7.8). It follows from the first formula of (3.5.7) that

S

F(S/B2) = 5 En + 0(3—2)’ Blgnoo C(S/BQ)[B(k—u)]—l — e—(k—u)\/g/a‘

Denote pt (z,u, B) = P ﬁ[OkB} (x,tB?) < [uB]|, k > 0. Then in view of (3.5.7),
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(3.7.6) we have:

00 1 9
. — st ~t URT _s/B o
Jim o Pila,u, B)dt = = lm P p (2, [uB]) =
_ 1 + —(k—u)v2s/o _
= (1—cosh (u \/23/0> +e cosh (k‘\/2s/a)> =
1 - —Uu S/O
A (5 )

1 —u\/2s/o - —u s/o
= Lucowy (1= e7V2/7 /24 e ChmVElr ) -y,

where u* = max{0, u}. Employing the formula emaV2s/0 — 2 [;° e 5P [wy > al dt,
to invert the Laplace transform, we derive the limiting equality of the theorem.

For p > 1 the mathematical expectation of 7%(z) is finite. It follows from
(3.3.7) that

ErF(z) =

( +Z [ Qi— Z()\)]<oo,

where p; = lin%) s~ pi(s fo t) =1]dt < oo. Moreover, the process
S—

Elg (x,t) is of regenerative type (Kuznetsov et al. (1983)). The instants of
the passages of the upper boundary are the regeneration times. Hence, there
exists the ergodic distribution of the process (Kuznetsov et al. (1983)) p(u) =
tliglo P [ﬁlg(x,t) < u] . To determine this distribution, it suffices to apply to
(3.7.7) the Tauberian theorem: pg(u) = ligg)]‘)i(a;, u). A

We will now determine the joint distribution of the increments of the process
and the first exit time from the interval [—r, k]. Let {Eg(az, t)}+>0 be the process
reflected from the upper boundary. Define for r, k € Z*

Ton(z) = inf{t: Dy(a.t) < —r} 7, Top(w) = —Dy(a.7) —r C T,
the first exit time from the interval [—r, k] by the process Elg (z,t) and the
value of the overshoot through the lower boundary —r. Since X; is homoge-
neous with respect to the first component, then {7, (x), T, (z)} are identi-
cally distributed as {?5(:17),7? ()}, B =k+r, and their joint distribution is
determined by (3.7.3).
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Theorem 3.7.3. Let {Eg(x,t)}tzo be the process reflected from the upper
boundary, p; ;(z,u) =P [ﬁ’g(:n,ys) <wu; Trp(x) > ys} , u € [—r, k| be the dis-
tribution of the increments of the process on the interval [0,vs] on the event

{Tri(x) > vs}.
(i) the distribution of the increments is such that for all r,k € Z*

)+ 0 f)Si, @)
f(s)+ (1= F(s)ES;, 5
_ fw(s) +(1— f(s))sli—l(iﬂ) S+utr

Po oz, u) = Al(s = A s), u € |-r,k—1];
Praan) = A30) = 5 S BAT (), e [k

D, k) =1 ., B=k+r, (3.7.10)

(ii) under the condition (A) the following limiting equality holds:

Jim P [ﬁng}(x,tB% < [uBJ; Ty em)(x) > tB2] o) = (3.7.11)
L (r(nt1)0)?
=2 Z % Sin<r <n+1> 7T> sin? <r—|—u <n+1> 7T>7
™ n€Z+ n + § 2 2 2

where r € (0,1), k=1—r, u € [-r k|

Proof. In accordance with the total probability law, homogeneity of the
process X; with respect to the first component, Markov property of 7, j(z)
and the properties of the exponential variable vy we can write

[e.9]

Pi(wu) = B p(wu) + T3 (2)(1 = N) Y NP p(0,u+7+1i), ue]—ookl,
i=1

where the function pj(z,u) = P [ﬁg(x,ys) < u} is determined in Theorem

3.7.2. This equation means that the increments of the process ﬁg (z,vs) are
realized either on the sample paths which do not exit the interval [—r, k], or on
the sample paths which do exit the interval and the further evaluation of the
process is its probabilistic replica on [0, vs]. Substituting the expression for the

function P (x,u) into (3.7.7), after necessary calculations we derive (3.7.10).
For r € (0,1), k =1 —r, u € [-r, k] denote

— —l[kB _
P (,u, B) = P [ Dy 7 (2,tB) < [uBl; 7oy i () > ¢5?)]
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Employing the third formula of (3.5.7), the limiting equality of Theorem 3.7.1,
we find

l lim _S/BQ( [ B]) = lim >~ —st—t ( B) dt — (3 7 12)
S B—>00p[kB] s o B—oo 0 € p?“,k: T - .
1 — cosh(utv/2s/0) 1 cosh(kv/2s/0)
pr— + _
s 5 cosh(v2s/0)

where v = max{0,u}. When u € [—7,0] we derive from this formula that

sy 2 cosh(kv2s/0) . r+u B
p*(s) = . —cosh(\/%/a) sinh? < 5 \/%/0) , u € [—r,0].

It is clear that s = 0 is not a singular point (pole or point of branching) of the

(cosh((u +7)V2s/0) — 1) e p*(s),

function p*(s). In the semi-plane R(s) < 0 this function has simple poles in
1 1\?
sn:—§02ﬂ2 <n—|—§> , neZt,

and it is analytic in the whole plane apart from these points. Hence, for a > 0

1 a+100
plt) = / e"'p’(s)ds = D Reses,p"(s).

2 ).
e nezt

Calculating the residues of the function p*(s) in s,, we obtain the right-hand
side of the formula (3.7.11) for u € [—r,0]. On can see that the first term in
the right-hand side of (3.7.12) is analytic in the whole plane for u € (0, k].
Applying the inversion formula, we find that the contour integral of this term
is equal to zero. The second term of (3.7.12) is the same also for u € [—r,0].
Thus, the formula (3.7.11) holds for u € [—r,k]. A

3.8 Reflections from the boundary generated by the
infimum
Denote by DL(t) = r + Dy(t), t > 0 the process starting from r € Z when

ni(0) =z > 0. Let r € Z*, and for all ¢t > 0 we define a right-continuous

process reflected at the boundary 0 as follows:

Do) = D5(0) ~win {0, DIC) | €27, DYw0)=r (35)
)
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The process DI (t) is reflected from the lower boundary 0 by its infimum Ob-
serve, that the first hitting of the boundary 0 by the process Dg(z,t) occurs
at the instant 7,.(z). Subsequent time periods between the hitting times are
identically distributed as 74(0).

3.8.1 Passage of the upper boundary

We will now determine boundary functionals for the process (3.8.1). For B €
Z*, r € |0, B] denote

B(w) = inf{t: Dj(z,t) > B}y ¥ 7, TH@)=D%z)— B, LEx)=ni(r)

T

the first crossing time of the upper level B by the process Dg(z,t), the value

of the overshoot and the value of the linear component at this instant.

Theorem 3.8.1. Let Qg(x,t){tzo} be the process reflected at its infimum
(3.8.1). Then

(i) the Laplace transform vl (dl,m,s) = E [e‘szf(x);L edl, T = m] of the
joint distribution of {72 (x), L, T} satisfies the following equality for s >
0

Vi (z,s)

r _ 1k
yx(dlvmas) =V (x,dl,m, S) + 1— ‘/()(O,S)

VB(0,dl,m,s), (3.8.2)

where k = B—r, Vy(x,8) = > Vi(x,m,s), and the functions V*(z,dl,m, s),
meN
Vi(x,m,s) are determined by (3.4.8); in particular

EAE(s) — AD(s)
E Q§+B - Q%

U (s) = Be ) =1 — Ak(s) + Qj(x) . (3.8.3)

(ii) under the condition (A) the following equality is valid:
e~ 5 (m(n+3)0)?

1 sin (k(2n +1)7/2),

i 4
Jim Pef@)/B > 1] == 3
nezZ+

where r € (0,1), k=1—1;
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(iii) the random variable T2 (x) is proper (P [r2(z) < oo] = 1), and

T

EAJTP — AP
EQs;y — Q5(0)

where Qp(z) = QU(x), EQsy5 =EQY, 5,

Er, (z) =45 + Qx(x)

< 00,

k 00
=Y pi - =N Q)] pi= [ Ple() =it
i=0 0

Let us verify formula (3.8.2). It follows from the definition of the process
Di(x,t) (3.8.1), the total probability law and the Markov property of x that

the following equation is valid:
o (dl,m, s) = VF(x,dl,m,s) + V,(z,s)vd(dl,m,s).
Letting z = r = 0 in this equation, we find that
Wd(dl,m, s) = VE(0,dl,m,s) (1 —V,(0,s)) "

Substituting the expression for the function ﬁg(dl , du, s) into the previous equa-
tion, we get formula (3.8.2). Formula (3.8.3) follows from (3.8.2) and (3.4.9).

Lemma 3.8.1. Under the condition (A) and k > 0 the following limiting
equalities hold:

Jim 257/ ) = L (cosh (kf/a) ~1) = Jim BES)

kB sEn S+ [kB]’
. s/B? 3/32
Jim [EQ/, — kB]} SZ cosh (kV2s/0) | (3.8.4)
AlRB) 2 [6+kB] 0] V2s
BlgnooB[ (s/B%) — EALTE) s/ )] T s S (kv2s/o).

Proof of the lemma can be found in Appendix. Formulae (3.8.3), (3.5.7) and
the latter equalities imply for B — oo, k € (0,1), r = 1 — k, that

Ee57r5®/B* _, .osh (k?\/%/ff) -

2sinh (k:\/%/a) V2s . o2 _ cosh (r\/ﬂ/a)
_ > /35En T sinh <\/%/0’> 2,U—% / cosh <\/%/0’> = osh (Vo) (\/%/0) .
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It is obvious that

g 1 1 cosh(rv2s/o)
st lim P[5 Bi>tldt=-—--—>"""177
/0 e [z (@)/ B> 1] s s cosh (v2s/0)

Inverting the Laplace transforms in both sides of the latter equality, we get

the limiting equality of the theorem.

3.8.2 Increments of the process reflected in its infimum

Let 7 € Z*, and denote by DY (x,t) = D,(t) — min{O, [151%’ D,(") —1—7‘} €
b
[—7, 00, the process reflected from the lower boundary —r. We remind that

the reflections are generated by its infimum. Introduce

Pi(x,2) = EzP% @) 2] <1, pP(a,u) = P [DY, (2,v5) > u], u € [~r,00]

S
T
the generating function of the increments of the process on the exponential

time interval [0, v5]. The following statement holds.

Theorem 3.8.2. Let {DY (x,t)}i>0 be the process reflected from the lower
boundary. Then

(i) the following equalities are valid for r € Zt, x > 0, u € [—r, 00|

Po(2,2) = (1— 2) |AZ(s) + 2" fula, 3)11_;0(1,) % Ag(s)} . (3.8.5)
-

p(z,u) =1 Ap7'(s) - T—cs) frla,s) [AGT7H(s) = EAng“”_l(S)] :

where A%(s) =0, for u < 0;

(ii) Under the condition (A), forr >0, u > —r

1 u+2r o 9
eV /2 gy
—Uu

lim P [Q?_TB}(x,tB% > [uB]| =1 -

B—oo

o2t
(3.8.6)
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(iii) if p = (1 — N)pEnEs < 1, then the ergodic distribution exists p (u) =
tlim P [Qo_r(w,t) > u] , and the limiting equality holds:
—00
1-—-

]_)7’( w) =1- E—n [Au-i-?“ 1 Ag-ﬁ-u-i-r—l} 7

where AF = E pr[1—(1=N"1Qu—i(x)], pf=["Pr(t)=1]dt

Proof. In view of the total probability law, the Markov property of 7,.(x),
homogeneity property of the process with respect to the first component, we
can write for the function P7(z,z) the following equation:

-r
P, 2) = By (1,2,5) + 02 + 4hr(2:5)z / S ai(d)Pi(l, 2)
st S+’u 1eN

ai(dl) = e " STI[ — F(D]P [3 = i] d, (3.8.7)

where the generating function E; (1, z,s) = E [2P=); D2 (v5) > —r], [2| < 1

is determined by (3.5.13).

This equation reflects the following fact. The increments of the process {D° . (x,t)}
can take place either on the sample paths which do not hit the lower boundary
—r, (the first term on the right-hand side) or on the sample paths which hit
the lower boundary —r and stay there (the second term) or, finally, on the
sample paths which hit the boundary —r, and then they are reflected from the
boundary (the third term). Denote

X(s,z) = m / Zal (di) P

1€N

Setting = 0 in (3.8.7) and performing necessary calculations, we get

[/ Zardx (x,z,8)2" +81_<;f—(i;9:'u)

reN

S

X (s, .
(s,2) = oy

Inserting this expression for the function X (s, z) into (3.8.7) yields

Pi(z,2) = B, (.2 s>+

T — A 1_f(s+lu’)
+ fr(z,8)2~ 1—c(s [/ %ardzr o (x,2,8)2" +ST




150

Inserting the expression (3.5.13) for the function E, (z,z,s) into the latter

equality and performing necessary calculations, we find that

Pl = (1= 2) [A5(6) 4 7 o) T 3= o

It is not difficult to derive the following relation:

-r

z z
1_2_1_2£78“(x7z)7 ’Z‘Sl

o
po(z,2) = Z 2'p(z,u) =

u=—r
This relation and the previous equality imply that

z7" 11—\ 1—2z
— 2A# _ —r+l . z .
1— 2 z :(:(S) z f (xas)l . C(S) \— 2 0(8)

pr(@,2) =

Comparing the coefficients of 2%, u[—r, 0o, we get the second formula of (3.8.5).
We now verify (3.8.6). The first formula of (3.8.5) and (3.3.2) imply that

Jim fp (/B =V >0,
Denote pL(z,u, B) = P [Q?_T,B} (z,tB?) > [uB]] , 7 >0, u > —r. It is obvious
that )
. st _ . s/B?
Jim e P(z,u, B)dt = — Lim p_p (2, [uB]).
Employing (3.5.7) and Lemma 3.8.1, we obtain

ma e St (z,u, B) dt = s_ll{u>0} (e‘“m/"ﬂ + e_(2r+“)\/%/"/2) +

+ 3_1I{ue[—r,0]} (1 — GU\/E/U/Q + 6_(2T+u)m/g/2> , uZ>-—r.

In view of the relation s~!e aV25/0 — 2 [, e 5P [wy > a] dt we invert the
Laplace transforms in the right-hand side of the latter equality, which yields
the limiting equality of the theorem. For p < 1 mathematical expectation of
7r(x) is finite. It follows from (3.3.2) that

Er,(2) = [En, + (1 - NEn] (1 —p) " < oc.

Moreover, the process D° (x,t) is of regenerative type (Kuznetsov et al.
(1983)). The instants of the passages of the lower boundary are the regen-

eration times. Hence, there exists the ergodic distribution of the process
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(Kuznetsov et al. (1983)) pr(u) = tlim P [Df(z,t) <u]. To determine this
distribution, it suffices to apply the Tauberian theorem to formula (3.8.5).
Here we denoted pg(u) = lig(l)gi(:n, u). A

Let {D°, (x,t)}>0 be the process reflected from the lower boundary —r. In-

troduce the following random variables
Ir,k(x) = inf{t : Qgr(‘%t) > k}:z7 Ir,k(‘r) = Qgr(‘rﬂl) — k, Lr,k(‘r) = 77;_(1)

i.e. the first exit time from the interval [—r, k], by the process D° (x,t),
the value of the overshoot through the upper boundary k& and the value of
the linear component at this instant, r,k € Z%.. Since the process X; is
homogeneous with respect to the first component, then the random variables
{z, 1), T, 1(2), L, ()} are identically distributed as {7 (x ), TB(x),L, ()},
B = k + r and, hence, their joint distribution is given by (3.8.2).

Theorem 3.8.3. Let {DY,(x,t)}4>0 be the process reflected from the lower
boundary —r. Denote by Qik(:n,u) = P [D°, (z,v5) < Top(T) > vs|, u €
[—r k| the distribution of the increments of the process on the exponential

interval [0,vs], s > 0 on the event {1, ,(z) > vs}. Then

1) the following equality is valid for r,k € , u € |-,
i) the foll l lid f kez* k

EAg-‘ru-i-r(S) _ Ag-ﬁ-r(s) .

P, (@ u) = Ag(s) — Qi (x) : PR (3.8.8)
ik EQ%.; — Qp
(ii) under the condition (A) the limiting equality holds:
def
E;meP | DIEPIEB?) < [WB); 7 o (0) > B2 Ep() = (3.89)

e —L(r(n+3)o)? ‘ 1 1
=— Z il 51n<(r+u)<n+§>7r>cos<r<n+§>7r>,
where r € (0,1), k=1—r, u € [-rk].

Proof. Introduce the generating function

Bf’,k)(l;’z) = E ngr(SUﬂ/s); IT,]{:(':U) > VS] .
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According to the total probability law, the homogeneity property of the process
X with respect to the first component, Markov property of 7, (), properties

of the exponential variable vy we can write the following equation:

Pl(z,2) = P} (v, 2) / Z (dl,m,s)P;, . g(l,2)z mEk 2l < 1,
meN

where vl (dl,m,s) =E [e‘sff(x);é ed,T = m} is determined by (3.8.2), and
Pi(z,z) =E [ZQO*T(“’C’”S)} is found in Theorem 3.8.2 by (3.8.5). This equation is

written using the path decomposition principle. The increments of the process
D (x,vy) can be realized on one of the following self-excluding events: 1) the
sample paths do not cross the upper boundary k, 2) the sample paths do
intersect the upper boundary and then the evolution of the process is just a
probabilistic replica of the process on [0, v4]. Inserting the expression (3.8.5)

for the function P;(z,z) into the latter equation, we find that

[ Do) = AGs) - [ oz 9)AT(9)+
- 0
s - 1- 1-z
+27"AG(s )1 o(s) X [fr ,s) mZG;\]/ 2(dl,m,s) frmiB(l,8)]

(3.8.10)

where 07(dl, z,s) = E [e‘” @ T L € dl] Performing necessary calculations
and taking into account (3.3.2) and (3.8.2) yields

1—c(s) Qi)
1-X EQp; —Qp

S [ st m s pnin(ls) = fiws) -

meN

In view of this equality and (3.8.10), we find that

P (@, 2) — M (1 —ul(s ~
Py >1 Z( U(S) _ peig) ok / o (dl, 2, 5)A7 (s)—
_ 0

k+1 1—o" 1— s
— z ( yw(s)) +Z_TA8(S) z ?k(x) —,
A=z EQp ;- Qf

<1 8.11
1_2 ‘Z’— ) (38 )
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where 0.(dl, z,s) = E e=5Tr @ L[ e dl,] . Then it is easily verified that

1 zk-l—l

- ps —
1 — 2 —T’,k(x7 Z) 1

k
(L-vh(s) = D "0}, (x,u).

u=-—r

—Z

Comparing the coefficients of z%, u € [—r, k] in both sides of (3.8.11), we obtain
(3.8.8). For r € (0,1), k=1—r, u € [-r k| denote

Pli(z,u,B) =P [Q&’“B](tBQ) < [uBl; Ty pm (%) > tB?].

Employing formula (3.8.8) and the limiting equality of Lemma 3.8.1, we find
that

e}

(z,[uB]) = lim e‘“ﬁ?,c(:n,u, B)dt = (3.8.12)

B—oo 0

_ 1= cosh(ut+v/2s/0) N 1 sinh(kv/2s/0)
s s cosh(v/2s/0)

where v = max{0,u}. When u € [—r,0] we derive from this formula that

“(g) = & —sinh(k\/ﬂ/a) sinh ( (u +r slo (ASHESS
PO =1 vy (Vo) e ol

It is clear that s = 0 is not a singular point (pole or point of branching) of the

. s/B?
Blgnoo DB, kB

sinh <(u + 7‘)\/%/0) & p*(s),

function p*(s). In the semi-plane R(s) < 0 this function has simple poles in

1 1\?
sn:—§02712 <n—|—§> , nezr,

and it is analytic in the whole plane apart from these points. Hence, for o > 0

atico
p(t) = 2%” /a_ioo eS'p*(s)ds = Z Ress—s, p*(s).
neZ+

Calculating the residues of the function p*(s) in s,, we obtain the right-hand
side of the formula (3.8.9) for u € [—7,0]. On can see that the first term on
the right-hand side of (3.8.12) is analytic in the whole plane for u € (0, k].
Applying the inversion formula, we find that the contour integral of this term
is equal to zero. The second term of (3.8.12) is the same also for u € [—r,0].
Thus, the formula (3.8.9) holds for u € [—r,k]. A






Chapter 4

Applications for queueing

systems

4.1 Introduction

In this chapter we illustrate the applications of our results in queueing theory.
Namely, we will study the queueing system with batch arrivals and finite buffer.
In the M*|G°|1|B system, for instance, customers arrive in batches of random
size s according to a Poisson process. Service time 7 has general distribution
and during the service cycle min{d,r} customers are served, where r is an
initial number of the customers in the buffer. We consider partial rejection,
meaning that if an overflow of buffer occurs due to the arrival of a batch of
customers, the amount of work brought by this batch is only partially admitted
to the buffer, up to the limit of the free buffer space just before the arrival.

The rest is rejected and therefore, is lost.

In many telecommunication systems, it is frequently observed that the server
processes the packets in groups of random size. For example, in ATM (Asyn-
chronous Transfer Mode) networks with multiple input links where each link
may serve messages that consist of several packets. Besides applications in
telecommunication systems, batch service queues have a wide range of appli-

cations in several areas including transportation systems and automatic man-
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ufacturing systems. In order to mathematically investigate the packet loss
and delay properties of a telecommunication network or a component of such
a network, one needs to study the characteristics of an appropriate queueing

system which express such phenomena.

One of the crucial performance issues of the single-server queue with finite
buffer (waiting room) is losses, namely, customers (packets, cells, jobs) that
were not allowed to enter the system due to the buffer overflow. This issue
is especially important in the analysis of telecommunication networks. There-
fore, our target is to determine the most important performance measures of
the queueing systems with batch arrivals and finite buffer. More precisely,
we consider the M*|G°|1|B and G°|M*|1|B queueing systems (see a rigorous
description of such systems below) and their modifications. Such systems also
serve as adequate models to study loss sales, cash management, transmis-
sion of traffic, internet servers networks, telecommunications (packet losses,
packet delays), etc. A queueing model of a communication network, for in-
stance, typically includes one or more sources which send packets (customers)
into the network (service station); these packets are then transmitted (served)
over a network link if the link is free, or stored temporarily in a buffer memory
(queue) if the link is busy transmitting another packet. Given such a queueing
model, the question is how to evaluate performance measures of interest, such
as the buffer overflow (or packet loss) probability, number of lost customers,

etc.

The evolution of the number of customers in the aforementioned systems is
described by a process with two reflecting boundaries. In the general case
this process is a difference of two renewal processes. Reflections from the
upper boundary are generated by the supremum (infimum) of the process.

Reflections from the lower boundary govern the server’s behavior.

In general such processes are not Markovian, but by adding a complementary
linear component (in some literature called age process), we obtain a Markov
process, which describes the functioning of the queueing system. Studying the
main characteristics of the system results in investigating the two-boundary

functionals of the governing process. For the queueing systems of M*|G9|1|B,
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G?|M*|1|B type the governing process is the difference of the compound Pois-
son process and the compound renewal process complemented with the linear

component.

Before introducing the model, we give a brief review of related results. Analysis
of the single-server queues with finite waiting room goes back to the articles of
Truslove (1975), Ohsone (1981) and others. A huge amount of literature exists
on the study of the single-server queue with all its variants. It is worth men-
tioning that the M*|G|1 queue with finite waiting room was studied for both
the partially rejected model and the totally rejected model in Baba (1984).
The author found the asymptotic distribution of the number of customers at
an arbitrary moment and immediately after a departure. Finite dams with
Poisson arrivals and the M|G|1 queue with impatient customers were studied
in Lee et al. (2001).

First passage times of the level by Lévy processes in context of queues were
considered in Dube et al. (2004), where the explicit characterization of the
Laplace transform of the busy period distribution was found for a finite ca-
pacity M|G|1 queue, see also Perry et al. (2000). In regard to finding the buffer
overflow time, the closest results are presented in Asmussen et al. (2002). The
authors considered the system where arrivals are modeled by a Markov modu-
lated Poisson process (MMPP) and service time is exponential. Previous works
on the overflow period were concentrated on simple Poisson arrivals (De Boer
et al. (2001), Chydzinski (2004)), batch Poisson arrivals Chydzinski (2006),
or renewal arrivals (Fakinos (1982) Pacheco and Ribeiro (2008)). See also
Chaudhry and Zhao (1994) for a discrete Geom(n)|Geom(n)|1|N model. Re-
cently, Chydzinski (2007b) carried out the study on the distribution of the first
buffer overflow time in a queue with batch Markovian arrival process (BMAP),
general service distribution, and finite buffer of size b (BM AP|G|1|b). The
main result represents the explicit formula for the Laplace transform of the

distribution of the first buffer overflow time.

In recent years there has been a great interest in analyzing various queueing
models with MAP (Markov Arrival Process) as input process or MSP (Markov

service process). MAP is used to represent correlated traffic arising in modern
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telecommunication networks. In systems with Markov arrival or service pro-
cesses (MAP, BMAP, or BMSP) and their modifications, it is common to use
the supplementary variable methods and/or embedded Markov chains. For
the method of supplementary variable we refer, for instance, to Choi et al.
(1998), where the authors considered the M AP|G|1 queueing system with in-
finite capacity. They derived the double transform of the queue length and
the remaining service time of the customer in service in the steady state. See
also Gupta and Vijaya Laxmi (2001), where the distributions of the number
of customers in the MAP|G*®|1|N queue at arbitrary, post-departure and
pre-arrival epochs have been obtained using both the supplementary variable
and the embedded Markov chain techniques. Gupta and Banik (2006) de-
rived explicit analytic expressions for the steady-state length distribution of
the GI|M SP|1 queue with finite as well as infinite buffer. For the embedded
Markov chains techniques we refer to Dukhovny (1996), where the generating
function of the steady-state probabilities of the chain for the bulk systems of
GI|M]|1 type was found. De Boer et al. (2001) studied the stationary distribu-
tion of the remaining service time upon reaching some target level in an M|G|1
system. The asymptotic analysis of the G|M SP|1|r queue has been carried
out by Bocharov et al. (2003). See also Chaplygin (2003) for the stationary
analysis of the GI|BM SP|1 queue and Kim and Kim (2007) for the asymp-
totic behavior of the loss probability as the buffer size tends to infinity. For
the M AP|G|1|b system Chydzinski (2007a) found distribution of the overflow
period in transient and stationary regimes and the distribution of the number
of cells lost during the overflow interval. Recently Banik et al. (2008) con-
sidered a finite-buffer single-server queue GI|BMSP|1|N. The steady-state
distribution of number of customers in the system at pre-arrival and arbitrary

epochs has been obtained.

As one can see, the majority of the recent literature is devoted mainly to
queue size and workload, most of the times in the steady state case. How-
ever, recently it was shown that steady-state parameters do not reflect the
reality. A detailed discussion of the drawbacks of steady-state parameters

when used as a quality of service criteria in telecommunication networks may
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be found in Schwefel et al. (2001). To our knowledge there are no results
employing two-boundary characteristics of the aforementioned governing pro-
cess to determine main performance measures. Thus, our contribution is that
we apply direct probability methods and supplementary variable approach
to determine several transient measure performances. More specific, we find
the Laplace transforms and the expectations of the busy period, the time of
the first loss of the customer, and the number of customers in the system in
transient and stationary regimes. To our knowledge, there are no results on
transient distributions for the models of M*|G%|1|B or GO|M*|1|B type.

The remainder of this chapter is structured as follows. Section 4.2 introduces
the M*|G?|1|B system. Then we study the main characteristics of the system
such as the busy period (Subsection 4.2.1), the time of the first loss of the
customer (Subsection 4.2.2) and the number of customers in the system at
arbitrary time (Subsection 4.2.3). In Subsection 4.2.4 we consider a special
case, when the governing process {D;(t)};>0 has unit negative jumps at the
instants {7, (7)}neny and Oy, ) = Ng(t). It means that the customers arrive
not in batches but one-by-one. In this case we obtain more tractable results.
Section 4.3 deals with the G°|M*|1|B system. We determine the busy period
(Subsection 4.3.1), the time of the first loss (Subsection 4.3.1), the distribution
of the number of customers in the system (Subsection 4.3.1) and the virtual
waiting time (Subsection 4.3.1). We also treat a partial case separately in
Subsection 4.3.5.

The results of this chapter appeared in the following articles:

Kadankov, V. and Kadankova,T. (2008) Exit problems for the differ-
ence of a compound Poisson process and a compound renewal process.
Queueing Systems, 59, 271-296.

Kadankov, V. and Kadankova,T. (2008) Busy period, virtual waiting

time and number of customers in GO|M*|1|B system. (submitted).

Kadankov, V. and Kadankova,T. (2008) Busy period, time of the first
loss of a customer and the number of customers in M*|G%|1|B system.
(submitted).
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4.2 Description of M*|G’|1|B system

In this section we will introduce the governing process and describe how the
queueing system M*|G%|1|B functions. Customers arrive in batches of ran-
dom size ¢ according to a Poisson process, i.e. the inter arrival times are
exponential (with parameter p). If upon arrival of a batch the server is busy,
then these customers join the waiting room (buffer) of size B + 1. If the
number of customers in the batch exceeds the number of the vacant places in
the buffer, then the amount of work brought by this batch is only partially
admitted to the buffer, up to the limit of the free buffer space. This means
that the customers are partially rejected. A service cycle lasts a random time
71 (arbitrarily distributed). After the cycle is completed, the buffer is reduced
by min{r,d} and the new service cycle starts. If the waiting room becomes

empty, then the server stays idle up to the arrival of a new batch.

It appears, that the reflected process (3.7.1) introduced in the previous chapter
serves to describe the number of the customers in the buffer, and the age
process (3.2.4) stands for the time elapsed since the start of the service cycle.
Let us give a formal definition of the governing process. In order to determine
main measure performances of this system, we will employ a two-component
Markov process, that is defined below. Let B € Z*, r € [0,B + 1], z > 0.

Introduce

Yoult) € {dra(®),mra(®)} €[0,B+1] xRy, ¥;,(0) = (r,2),

where d, ;(t) is the number of the customers in the waiting room at time t;

) time elapsed since the start of the service cycle up to t, if d, ,(¢) > 0,
Nr,x -
Nr,z(t) = 0 with probability 1, ifd, ,(¢t) =0

by means of the following recurrent equations:

—B+1 ~
Vo - (D7 @ nn 1), 0t <P ), .
| Yoolt — 7#8+(@)),  t> 7Pt (@), T

(4.2.1)
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(0,0), 0<t<p~exp(p),
Yoo(t) = q Yio(t — i) with probabilty P[> =], r€[l,B], t>f,
Yp41,0(t — i) with probabilty P[sc > B+ 1], t>f,
(4.2.2)

where Efﬂ(x, t) is the process reflected at the upper boundary (3.7.1),

B @) =inf{t: D, (2, 1) <1}, re 1B +1].

Remark 4.2.1. Since the process X; (3.2.5) is homogeneous with respect to
the first component, then the random variable 7541 (x) is identically distributed

as 7B (%) (3.7.3) and, hence,

vi(x) =E e_S%FH(I);%TBH(x) < oo] =v,_4(z), rell,B+1].

T

The process Y, »(t){;>0} serves as a stochastic model of the functioning of the
M*|G®|1|B, (§ ~ ge(\)) system, which has the following properties:

(i) The customers arrive in groups (batch arrivals) according to the Poisson
process with intensity g > 0. The number of the customers in each group

is represented by the random variable s € N.

(ii) The system has a finite waiting room (buffer) whose size equals B+ 1 <
oo. Suppose that upon the arrival of a new group of customers of size
» it finds r € [0, B + 1] occupied space in the waiting room. Then
min{k, >} joins the queue, and loss of size max{0, » — k} occurs, where
k = B+ 1 —r is the size of empty space in the waiting room (partial

rejection);

(iii) The duration of service completion is arbitrary distributed as n > 0.
Suppose, that at a time t the service cycle is accomplished. Then the
occupied space in the buffer is reduced by min{r, §}, where r € [1, B +1]
is the value of occupied spaces in the waiting room at a time t — 0. If at
the instant of the service completion r—min{r,d} > 0, then a new service
cycle starts. If at the instant of the service completion r —min{r,d} = 0,
then the new service cycle starts upon arrival of a new customer (after

exponential time with parameter p > 0).
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For all t > 0 the event {Y, .(t) = (4,y)}, i € [1,B + 1], y > 0 means that at
time ¢ there are ¢ occupied places in the waiting room, and y stands for the
time elapsed since the beginning of the service cycle. Here (r,z) is an initial
state of the system.

The event {Y; (t) = (0,0)} means that at a time ¢ the waiting room is empty
and the server is idle. The system stays in the (0,0) state for an exponential
period of time (with parameter pu.)

Therefore, d, ;(t) is the number of the customers in the waiting room at time ¢.
If d, 5(t) > 0, then 7, »(t) is the time elapsed since the last start of the service
cycle up to time t. If d, ;(t) = 0, then P[n, . (t) = 0] = 1. For this system we
will study several important performance measures which is the topic of the

next sections.

4.2.1 Busy period of the system

Assume that at a time tg = 0 system is in the state (r,z). Here r € [1, B + 1]
is the number of customers in the waiting room, and x > 0 is time elapsed

since the duration of the current service cycle. Introduce the random variable
br(z) = inf{t : d, »(t) = 0}

i.e. the instant at which the system for the first time becomes empty. Clearly,
the interval [0,b,(z)] is a busy period of (r,z) type. Thus, determining the
distribution of the busy period translates to the first passage time problem of

the governing process.

Theorem 4.2.1. Letbi(x) = E [e‘Sb"(I); by(z) < oo] be the Laplace transform
of the busy period of (r,x) type. Then the following equalities are valid:

bi(e) = 228 T A= F)Sh (@)
A O N R (DILE

x>0, rell,B+1], (4.2.3)
where

Si(@) =Y Qi(x), ESfp1=(1-XD NS5, p5(0).
; i=1
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Observe, that the random variable by(z) is proper (P [by(x) < oo] = 1), and
Eb,(z) = Eny, — En+ En[ESsip_1 — Sp—r(x)] < 00, (4.2.4)
where S(x) = S}(z), ESsyp = ES§, 5.

These formulae follow straightforwardly from Theorem 3.7.1 and Remark 4.2.1.

4.2.2 Time of the first loss of a customer

Suppose that the system starts functioning from the state (r,x) and denote

by I,(x) the time of the first loss of a customer (a group of customers).

Theorem 4.2.2. Let [}(z) = E [e‘szr(w); l;(z) < oo be the Laplace transform
of l,(x). Then the following relation is valid:

BAY P (s) — 5 A(s) - 25
EQj, 5 — 75 Qs)

EAG P (s) — S Als) - 52

15(0) =1 - EAY™B(s) + EQ3,

s —=1— Ak s s+ S+p
EE S oy, T R
wherer € [1,B+1], k=B+1—r,
_ B+1 3 B+1 '
Q(s) =D Plr=ilQhy1 s Als) =Y Ple=dAFT7(s).
=1 i=1

Note, that the random variables ly(0), l-(x) are proper, and they have finite

mathematical expectations.

Proof. This functional can be found by employing the first exit problem for
the governing process. Let r € [1, B + 1], > 0. Denote by xZ*!(z) = inf{t :
r+ D.(t) ¢ [1,B + 1]} the first exit time from the interval [1, B + 1] by the
process r + Dg(t). Since the process {Xi}i>0 = {Dy(t), 0, (¢)},5o (3.2.5) is
homogeneous with respect to the first component, then the randz)m variable
XPF(x) is identically distributed as xZ (). Besides, its Laplace transform is

determined by the formula of Corollary 3.4.1. In accordance with the definition



164

of the process Y; ;(t) we can write the following system of the equations for
the functions [5(x), [5(0) :

I5(z) = VBT (2,8) + Vi (2,8) 15(0),  re[l,B+1], >0,
B+1

2
Iu(IB+1 + : Z alls (426)

[§(0) =

where a; = P[> =], a; = P[» > i], and in view of (3.4.9)

Vici(z,s) = Q;B]Jai;f:)’ (4.2.7)
+
VBT (g 0) = 1 - 4B (g) - DB () (1-E455(s)).

EQ5 5

Substituting the right-hand side of the first equation of (4.2.6) for x = 0 into

the second one, we get

B+1 B+1

we H B+1— 2
15(0) = —_— V —_— (0,)5(
0() S+,uaB+1+S+,UZZ:;aZ + Zazz 80 )

The latter equation yields

M B+1 L B+1 -1
2 VBT 1-— Vi_1(0 .
S+M<CLB+1+ZCZZ (0,5) S+M;alll(,s)

1=1

[6(0) =

Taking into account the first formula of (4.2.6) and (4.2.7), we derive the
equalities (4.2.5) of the theorem. A
4.2.3 Number of customers in the system

Let vg ~ exp(s) be the exponential random variable with parameter s > 0.

Introduce the transient probabilities of the process d; . (t) >0y :

qﬁ’x(u) = P[dr,x(’/ )
Qi,x(o) = P[dr,x( )

IN

ul, qoo(u) =Pldoo(vs) <u], ruell,B+1]
0], 45,0(0) =Pldoo(vs) = 0].

Denote b(s) = ap b, 1(0) + 2 | a; b5(0).
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Theorem 4.2.3. The distribution of the number of customers at time vs is
such that

Gio(u) = EATF1(s) + % (B =1- "
02a(0) = A7 (s) + bi(m)%, G (B1)=1- %
G0 = s 0= %}]b()
where

Cul(s, \) = 136;212 s+ A+ ) (Af(s) - BATF(5))

Corollary 4.2.1. Let m; = tlim Pldy(t) = 1], i € [0, B+ 1] be the stationary

distribution of the number of customers in the M*|G[1|B system. Then

B -1
A .
mo = |1+ uEn (mEQJJrB + Z aiQB—i)] )

1=0

TB+1 = 1—7T0(1+CB()\)), T, = T (CZ()‘)_CZ—l()\))a 1€ [1,B],

where p; = liH(l) s 1pi(s) = [(° P [w(t) = i]dt < oo, Co(A) =0,

Qu
1—A

u u u : 1 u - Qu—i
Cu(N) = 1A (AO —EA% ) Af = lim ~ A3(s) = Yy [1_ 1_A].
=0

Proof. By p; . (u) = P [dy.(vs) < usbe(x) > v, r,u € [1, B + 1] denote the
transient probability of the process d, ;(vs) on the event {b,(x) > v} (meaning
that the server is busy). Taking into account the homogeneity of the process
X (3.2.5) with respect to the first component, the definition of the process
dy(t) and the formulae (3.7.10) of Theorem 3.7.3, we derive

Bra(B+1)=1-b(z),  Ba(u)=Ay"(s) = b (x)EAG™ ' (s), we [l B,

where the function b7 (z) is determined by (4.2.3).
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In accordance with the definition of the process Y, ;(t) we can write the fol-

lowing equations for the functions g; ,(u), ¢ o(u) for u € [1, B]

Gr2(w) = Pra(u) + by(2)g5,0(w),

W
Q(s),o(u) =3 iy ap QB+1 olu) + Zaz qlo . (4.2.8)

Substituting the right-hand side of the second equation into the first one, we
get

7
S+

Gr2(w) = Prp(u) + b7 (2) q(s, u),

where G(s,u) = apqp,qo(u) + Zil aiqjo(u). Letting x = 0 in the latter
equality implies that

R L X woo
aB qpy1,0(u) = apPpyip(u) +ap bsB+1(0)m q(s,u),

Zaz%o Zalplo —I—Zalbs _q(s u).

Adding these equalities, we obtain the function (s, u)

-1
q =p(s,u P S U
(o) = plo) (1= L 0) L we L),
where b(s) = ap b1 (0) + X7 a; b(0),

(s, u) = ap ppi1,0(u +Za2p20 ZazA“ "(5) = b(s)BATT T (s).

Substituting the expression for the function ¢(s,u) into (4.2.8), we find that

s ) = BAC(g) 4 Culs:A)

qo,0(u) = EAZT " (s) + T

s — AY (g S Ou(s7>‘)

QT’,x(u) - A:c ( ) + br( )S + - /LZ)(S)j (429)

where

Cu(S,)\) _ 18Qu

s s+ ) (Ag(s) - EAS*“(S)) .
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To derive the latter equalities, we used the following relation

S

HY A~ A = TR0 s welled]

which follows from the definition of the function A%(s). If u = B + 1, then

Pro(B+1)=1=bi(x), p(s,B+1)=1— b(s), and the following formulae are

valid:

s q;fx(B—kl):l—L@.

8+ p— pub(s) ’ § + p— pub(s)
(4.2.10)

Go(B+1)=1-

Taking into account the definition of the process Y; ;(t), we can write the

following equations for the functions ¢; ,(0), g5 (0)

Qi,x(o) = bf’ (:E)QS,O(O)’

S

B
7
5.0(0) = + apq} 0 —I—E a;q; o(0
‘J0,0( ) stu  stp BQB+1,0( ) 2 z%,o( )

Solving this system yields
sbi(x)
s+ —pb(s)

s S s
%0(0) = ———=—  ¢.(0) =

= 4.2.11
s+ g — pb(s) ( )

Observe that lin% Al(s) = lin% EA)™(s) = 0, lin% bi(x) = 1. It follows from
(4.2.9)—(4.2.11) and properties of the Laplace transforms that

lim g7 5 (u) = lim 5.0 (u) = ¢(v) = lim Pld)(t) <], we[l,B+1],
lim 47, (0) = lim ¢5,0(0) = ¢(0) = lim Pld(,(t) = 0].

The formulae (4.2.11) imply that

B 1
A N
1+ pEn <mEQé+B + Z aiQB—i)] .

=0

S
q(0) = lim ——— =
©) 520 s + p — pb(s)

In view of (4.2.9), (4.2.10) we find

q(B+1)=1-4q(0),  q(u) =q(0)Cu(}), wuell,B],
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where p; = lin% s7pi(s) = [{C P [r(t) = i) dt < oo,

Qu

R

Lt (A ~BAY), A = lm % Ajs) =Y

A

4.2.4 Special case: M*|G|1|B system

We will now consider a more simple and also more tractable queueing system,
where the customers are served one by one, and service time is distributed as 7.
Then the governing process is the difference of the compound Poisson process
and the simple renewal process, i.e. the process {D,(t)};>0 has unit negative
jumps at the times instants {7, (z)},en and dy,) = Ng(t). Obviously, we
can apply the results of previous sections to study the characteristics of the
M*|G|1|B system (P[0 = 1] = 1) with finite buffer. To illustrate this, we now
will determine the distribution of the busy period, the number of customers
in the system, time of the first loss of a customer. In this case we also find the

distribution of the number of lost customers at time of the first loss.

Corollary 4.2.2. Let P[5 = 1] = 1, b3(z) = E [e =" ®);b,(z) < o] be the
Laplace transform of the busy period of (r,x) type of the M*|G|1|B system.
Then the following relation is valid:

fols) + (1= ()S3, (a)
Fo)+ (1= ()85,

where Si(x) = Z?:o Q3 (x), Si(x) =0, for k < 0. The random variable b, (x)

s proper and

b (x) = , x>0, rell,B+1],

Eb,(z) = En, —En+En[Sp — Sp_(z)] < o0,
where Sg(z) = SY(z).

These formulae were derived in Kadankov (1985). To prove the corollary, it

suffices to set A = 0 in the equalities of Theorem 4.2.1.
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Corollary 4.2.3. Let P[0 = 1] = 1, I,(z) be the time of the first loss of the
batch of customers in the system M*|G|1|B, and l3(z) = E [e‘szr(z); I (z) < o0
be the Laplace transform of l.(x). Then the following formula holds:

-1
B) = 1= 40 - Qi) = (1= 00/ )

where r € [0,B+ 1], k = B+ 1—1r, Q(s) = Zf;lP[% = i|Q%q1_;- The

random variable l.(x) is proper and has finite mathematical expectation.

The function [J(x) was found in Kadankov (1985) in a different form. Note,
that Bratiychuk (2000) also studied this functional employing the potential
method. The author derived an analytic expression in terms of the triple

superposition of the series and operator functionals.

Corollary 4.2.4. The distribution of the number of customers in the system
M*|G|1|B at time vg is such that forr € [0,B+ 1], u € [1, B + 1]

s_]. bS
) = A5 (s) 4 03(e) 2Dy - U
) S+M—Mb(8) ’ 3+M_Mb(8)
q,.,(0,0) = sbr(@) b (z) 2 1.

s+ p—pb(s)
Corollary 4.2.5. Let m; = tlim Pldy(t) =], i € [0, B + 1] be the stationary

distribution of the number of customers in the system M*|G|1|B. Then

B -1
o = <1 +uEnZdiQ3_i) :

i=0
TB+1 = 1 — 1@ B, mi =7m0(Qi — Qi—1), i€ [l,B],

where the resolvent sequence of the process {Qp () }rez+, Qk def Qr(0), Qo =1

is given by (8.4.13) for s = 0.

To prove Corollaries 4.2.3-4.2.5, it suffices to set A = 0 in the equalities of
Corollaries 4.2.2, 4.2.1 and Theorem 4.2.3. Note, that the formulae of Corol-
lary 4.2.5 were obtained in Kadankov (1985).

Suppose that the system starts functioning from the state (r,z), r € [0, B+1].

Denote by i, , the number of the lost customers at the time of the first loss

I (x).
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Corollary 4.2.6. The generating function L; ,(z) = E [e‘s“(”ﬁ)z“@] of the
joint distribution of {l,(x),i, 5} is such that

k
Lia(2) = B3 () [ (s) — AT (s)] +
=0

5 4
5B (@b - @]
s ‘(2 SB 1—i SB—i
—i—MQk(:E) i=0 i 7 k=B+1-r (4.212)

Qbs1 s+u—pQ(s)/Q%.,

k
E [G_Slr(w)§ g = n} - g an AL (s) + Z(an—i-i — i) A () |+
i=1
B+1
0 (2) anQp 1+ X (Anti — Ani-1)Qp41,
Y 1; =1 , neN,

B s+ —pQ(s)/Q%q
where E'(z) = E [277 x> i), i€ Z7.

Proof. Conditioning on the first exit time, we can write the following system

of equations for L7 ,(2) :

L (2) = VE(z, 2,8) + Vi1 (x, s)Loo(z), rell,B+1]

X

B+1

_ M B+1 KB s
Lio(2) = E°T N (z) + —— E a, L7 o(2), (4.2.13)
s+ u S+ u =

where

Ph(a,.8) = B [T — Pr(a,zs) — D0 i ),
Qi

(4.2.14)

The equality (3.3.6) implies for the function f¥(z, z,s) = E [e‘STk(x)sz (). SBk(:E)]
that

k
FHla,zs) = B3 B() [AE7(5) = A1) + Qi@)F(els),2), (4.2.15)

1=0
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where F(c(s),z) = 11__6(08(5?2 k(sz_);k(cs(s). Solving the system (4.2.13) and taking

(c(s)
into account (4.2.14) for all » € [0, B+ 1], x > 0, we get

() EB+(z) + ;Bg:ll i fBH1(0, 2, 5) — B0, 2, )

Q1 s+ —pQ(s)/Qh,

Li,x(z) = fk(% 2, S) +p

The first formula of the corollary follows from the latter equality and from
(4.2.15). Comparing the coefficients of 2™, n € N in both sides of (4.2.12), we

derive the second formula of the corollary. A

4.3 Description of G°|M*|1|B system

In this section we will study the queueing system with batch arrivals of ran-
dom size 4. Time arrivals are the renewal instants of a compound renewal
process Ny (t)>0}- Service time is exponential, and during the service cycle
the amount s is processed. Before considering the queueing system of interest,

we stress the following facts.

Remark 4.3.1. Let B € Z* be fized, k € [0,B], r = B — k. Introduce the

process

Dyt (wt)=—D (zt) +k+ 1€~ 00, B+1], Dypy(2,0)=k+1.

(4.3.1)

This process is reflected at the upper boundary B+ 1, generated by the infimum

of the process Dy (t). Introduce the following random variable

Frop1(z) = inf{t : Dy (2,8) < 1} = inf{t : DO (x,t) > k} =
= inf{t : Di(x,t) > B} = 72(x).

This defining chain of stochastic equalities implies that Tr11(x) is identically

distributed as 72 (x), and, hence, in view of (3.8.3)

BAYY (s) — AP (s)

—k _ —sTE(z) _ 1 _ pAk-1 s
y(s) =Ee ™) =1 — A7 (s) + Qi_1(x) . —,
e E Q6+B B QB

T

kell,B+1].
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Remark 4.3.2. Let u € [1, B + 1]. Denote by

— —B+1 _
Phona(w) = P [ Dl (@.0) = P (@) > v

. —B
the Laplace transform of the increments of the process Dkfll (x,t) on the event

{Tr41(x) > t}. Definition of the process and Remark 4.3.1 imply that

P | Dyt (@,0) 2w Trpa(w) > v = P [DY (2,0) Sk +1 - 2P () > v,].

It follows from the latter equality and from (8.8.8) that for k,u € [1, B + 1]

EAg-l—B—I—l—U(S) _ A§+1—u(s)

4.3.2
BQ),, — Q) (43.2)

Pro (1) = A5 (s) — Qs (x)

We now introduce the governing process of the system. Let B € Z*, k €
[0, B+ 1], * > 0. Define the two-component Markov process

Yk,x(t) = {dk,m(t)777;:_(t)} S [07 B+ 1] X R-H Yk,ﬂc(o) = (k:,a;)

by means of the following stochastic recurrent equalities:

—B+1 —
Vi (t) = <Dk (x’t)’n+(t))’ 0§t<7k($>’, kell,B+1],

Yo ot (reay) (& — Th(2)), t>Tr(x),

0,7 (1), 0<t <,
You(t) =q Yiolt—me): (1= NAL ke[1,B], t>n,,
Ypsro(t —ne) : AP, t >,
The process Y +(t)(s>0) serves as a mathematical model of the functioning

of the GO|M*|1|B system with (§ ~ ge())). Let us describe how this system

works.

(i) Customers arrive into the system in batches according to the renewal
process Ny (t);>01- The number of customers in every batch is a random

variable distributed as § ~ ge(\) € N.
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(ii) The system has a finite buffer whose size equals B + 1 < co. Suppose
that upon the arrival of a new customer of size 0, it finds k € [0, B + 1]
occupied spaces in the waiting room. Then min{r,d} joins the queue,
and a loss of size max{0, — r} occurs, where r = B + 1 — k is the size

of empty space in the waiting room (partial rejection);

(iii) The duration of service completion is exponentially distributed with pa-
rameter 4 > 0. Suppose, that at a time ¢ the service cycle is accom-
plished. Then the occupied space in the buffer is reduced by min{k, s},
where k € [1, B+ 1] is the value of occupied space in the waiting room at
a time t—0. If at the instant of the service completion k—min{k, s} > 0,
then a new service cycle starts. If at the instant of the service completion
k — min{k, >} = 0, then the new service cycle starts upon arrival of a

new customer.

For all t > 0 the event {Y} ,(t) = (i,y)}, i € [1,B + 1], y > 0 means that
at the time ¢ there are ¢ customers in the waiting room, and that time y has
elapsed since the last arrival up to time t. We assume that (k,z) is an initial

state of the system.

The event {Y}, »(t) = (0,y)} means that at time ¢ the waiting room is empty
and the system is idle, and y time has elapsed since the last customers arrival
(up to time t). Hence, 1, is duration of the idle period (state (0,y)).

Thus, dj . (t) is the number of customers in the buffer at time ¢, 1} (¢) is the
time elapsed since the last arrival of the batch up to time t. The definition of
the process Y}, ;(t) (homogeneity of the process X; (3.2.5) with respect to the

first component) implies that the linear component 1, (¢) does not depend on

k.

4.3.1 Busy period of the system

Suppose that the system starts functioning at time to = 0 from the state (k, x),

where k € [1, B + 1] is the number of customers in the waiting room, z > 0 is
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time elapsed since the last arrival up to time ¢y = 0 Denote by

b(x) = inf{t : dpo(t) = 0}, n(z) = 0] (be(2))

the instant at which the system becomes empty for the first time and the value
of the linear component at time by (). Hence, the interval [0, by (z)] is a busy

period of (k,x) type.

Theorem 4.3.1. Letbj(z) = E [e_Sbk(m); b(x) < oo| be the Laplace transform
of the busy period of (k,z) type. Then

(i) the following equality holds:

EAYB(s) — AP (s)
E Q§+B - QSB 7

bi(z) =1 — A7 (s) + Qa (@) kell,B+1],

(4.3.3)

the random wvariable by (x) is proper (P [br(x) < oo] = 1), and its math-
ematical expectation is given by
5+B B

Ebk(x) = AI;‘_l — Qk_l(x)m < 00, (434)

(ii) the Laplace transform bj(x,dy) = E [e_Sbk(””); n(z) € dy| of the joint
distribution of {bg(x),n(z)} is such that k € [1, B + 1]

Efo5(0,dy,s) — f5(0,dy, s)
EQ§+B - Q% ,
(4.3.5)

bz(!ﬂ, dy) = fk_l(:Ev dy7 8) - Qz—l(x)

where the function f*(z,dy,s) = E [e_”k(””); TF(x) € dy,‘Bk(az)] , ke
7 is determined by (3.8.8).

Proof. The formula (4.3.3) follows straightforwardly from (3.8.3) and Remark
4.3.1. The equalities (3.8.2), (3.4.8) imply (4.3.5). A
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4.3.2 Time of the first loss of a customer

Suppose that the initial state of the system is (k,z), k € [0,B + 1], = > 0.
Introduce the following variables: I (x) the time of the first loss of a customer
(group of customers); iy ,(t) the number of lost customers on the time interval

[0,]; and iy ; = ik o (Ik(x)) the number of lost customers at time I (x).

Theorem 4.3.2. Let [j(z) = E [e‘szk(w); lk(z) < o] be the Laplace transform
of l(x). Then the following relations hold:

(5) + (1~ ()5}, ()
(5)+ (1= f()ES;, 5
li(z,m)=E [e_Slk(x); ihe=m|=0@)1-M\""" meN, (4.3.6)

i (z) = f; kelo,B+1],

where Si(r) = Z?:o Qi (x), Si(x) =0 for k < 0. The random variable l;(x)

s proper with finite mathematical expectation:
Eli(z) = Eng, — En+ En[ESs;p — Sk—1(2)] < o0,
where Sp(x) = S)(z), ESs+p = ES§, 5.

Proof. The functions i3 (x), k € [1, B + 1], [§(y) obey the following system of
equations:
@) = Visaa(s) + [ VA7 o dy o)),

0
B+1

5(y) = Fy()A"H o+ fy(s) Do (1= NN (0), (4.3.7)
k=1

where the functions V.(z, s), V¥(x,dy, s) are given by (3.4.8), (3.4.9). Substi-
tuting the expression for the function [§j(y) from the second equation into the

first one, we get:

B(2) = Vi, 5) + APTL /0 VA (2, dy, $)f, () +

B+1

+ /OOO VA (@, dy, s) fy(s) D (1= MA;(0).

k=1
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Letting « = 0 in the latter equation, we find for the function
X(s) = 2P (1 — AM)M12(0) that

ABHL 4 V(A s)
1— [CVB(\dy,s)fy(s)
where Vg(\, s) = (1= A) 2 A1, (0, 5),

B+1
VB dy,s) = (1—=X) > N VY0,dy, s).
k=1

X(s) + AP = (4.3.8)

Employing the formulae (3.3.6), (3.4.8), (3.4.9) and performing necessary cal-

culations, we obtain:
ML V(0 s) = (1-X) (EQiyp)

- / TVB(Ody, 5)fy(s) = (1— NSp(s) (EQis)

where Sp(),s) = f(s) + (1 — f(s))E S35 These equalities, formula (4.3.8)
and the second equality of (4.3.7) imply that
5(y) = fy(s)SB(A, 8) 7",

Inserting the right-hand side of this equality into the second equality of (4.3.7),

we get
I3 (z) = % +Sp(\,8)7! /OOO VE Yz, dy, s)f,(s),  ke[l,B+1].
In view of (3.3.6), (3.4.8), (3.4.9) we find that
[V 5 = o)+ 0= Fensia ) - Bty
0 5+B

The latter and the previous equality imply the first equality of (4.3.6). We now
verify the second equality. Observe, that iy, ~ ge(X). This can be formally
derived from the first formula of (3.4.8) and from the following system of
equations:

llsf(x7 m) = VB+1—]€(‘T7 S)(l - )‘))‘m_l + / Vk_l(x7 dy7 S)l(s)(y7 m)a

0
B+1

§(y,m) = fy(s)(L = MAPT™ 4 fy(s) Y (1= NN (0,m).
k=1
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To solve this system, one can apply a similar reasoning as for the the system
(4.3.7). A

Theorem 4.3.3. Let vs ~ exp(s) be an exponential variable with parameter
s > 0, independent from the process Yy, ;(t). Denote by I (n) = P [ig »(vs) = n],
n € ZT the distribution of the number of lost customers in the time interval
[0,vs]. For all k € [1,B + 1], = > 0 the following equalities are valid:

I} 2(0) = 1 = [}(z),
I} o(n) = G(@) (1= N1 = 15 (0) A+ (1= N5 (0)",  neN
(4.3.9)

Proof. Let fzm(z) =E [zik’w(ys)] , |z| <1 be the generating function of the
distribution of the number of lost customers. Then it obeys to the following

equation:
[ a(2) = 1= (@) + L} o (2) 311 0(2), (4.3.10)

where (4.3.6)

1—A
1—2\

Lio(2) = B 70200 | = i)
Letting k = B+ 1, x = 0 in (4.3.10), we find that
7s s Ts -1
[B+1,O(Z) = (1 - lB+1(0)) (1 - LB+1,O(Z)> .

Inserting the right-hand side of this equality into (4.3.10) implies

1-2
L —2X—2(1 = N)ig,,(0)

I} o(2) = 1= [i(x)

Comparing the coefficients of 2", n € ZT, we obtain (4.3.9) of the theorem. A

4.3.3 Number of customers in the system

Let vs ~ exp(s) be an exponential r.v. with parameter s > 0. Introduce the

transient probabilities of the process di () >0y, k € [0, B+ 1], >0

4.(0) =P [d,z(vs) = 0], qlsf,w(u) =Pldyy(vs) > ul, uwell,B+1]
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Theorem 4.3.4. The distribution of the number of customers in the system

at time vy is such that

1—A
] 1 _ Ak—1 o B _ 6+B s
112(0) = 1= A71(9) = (45(5) ~ BATH(5)) = Cia@)
o) = A7)+ (AFFIs) — BATET () o O (),
’ EQ5. 5

(4.3.11)
where A¥(s) = Si(z) =0 for k <0,
Cila) = fols)(1 = f()7! + Si(a).

We will now explore the asymptotic behavior of the number of customers in

the system. In the sequel we will assume that the condition (A) is satisfied:

ExEn?

p=1—-NpEnEx=1, o> =p|Ex(>x—1)+— 7T | <0
= S VI
Then the following limiting equality holds:
Jim P [dyp o (tB%) > [uB]] < q(t) =
1 2 g e ) k 1). (4312
= —u—;%Tsm( mn)sin (urn), k,u € (0,1). (4.3.12)

Corollary 4.3.1. Let qp = tlim Pldy(t) = 0], qu = tlim Pldy(t) > u], u €
[1,B + 1] be the stationary distribution of the number of customers in the

GO|M*|1|B system. Then

1—-A _
Q0 =1- E—U (A(? - EAS+B> (EQ5+B) ! )

1—A

En (A(?H_u - EAngBH_u) (EQs+8) ",

qu =

where p; = lin% s71pi(s) = [[TP [w(t) = i) dt < 00, Qr = QF,

u 1 1 m o = ) _Qu—i
0—51_%;140(3)—;01[1 —1_/\]
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Proof. In view of the definition of the process Y} .(t), Remark 4.3.2, we can

write the following equations for the functions g; ,(u), g5 ,(u) for u € [1, B+1]

Gha(0) = () + /0 b (e dy)a, (w), ke LBTL,
B

@,y (u) = fu(s) [)‘BQEH,O(U) + (1 =) Z )\k_lq;io(U) , (4.3.13)
k=1

where the function b§(z,dy) = E [e™*%(®); n(z) € dy] is given by (4.3.5). In-
serting the right-hand side of the second equation into the first one, we get

Gha(0) = pha(u) + /0 b dy) Fy () (0 ),

where ¢(\, u) = )\Bq%JFLO(u) +(1-=X) le /\k_lqlio(u). After some manip-

ulations, we get
g5(Au) = pH(A w)(1 = b(s, A) 7,

where p (A, u) = ABpg_y o(w) + (1= X) Sy Mmlps o (w),

00 _ B [es) _
b(Sv /\) = /\B/O b8B+1(07dy)fy(s) + (1 - >‘) Z )‘k_l /0 bi(O,dy)fy(S)
k=1

Employing (3.3.6), (4.3.2), (4.3.5) and performing necessary calculations, we

obtain

/OOO bi(z, dy) fy(s) = (1 — f(5)) (Czi_l(w) -

L6 ) = (1 F6) e P
+

AB—i-l—u(S) - EA(H-B—H—U(S)
B\ u) =(1-x) =2 : :
pB( ) ( ) EQ(SH_B o QSB
1—A

() = s (A77171(0) — BT ) (BQG )

In view of these equalities and the equations of the system (4.3.13) we de-

Qr.(z) EQ}p
1-A EQ5p—Qp)

rive the second formula of (4.3.11). Taking into account the definition of the
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process Yy ;(t), Remark 4.3.2, we find for the functions ¢; ,(0), g5 ,(0) that
Qkx / bkiﬂdy%y()

B
54(0) = 1= fy(s) + fy(s) [A Gi41,0(0) + (1 =N Y NG5 o(0)| . (4.3.14)
Inserting the right-hand side of the second equation into the first one, we get

/ bi (z, dy) (1 — f,(s) / by (2, dy) f,(8)a5(N), (4.3.15)

where ¢5(\) = )\qu3+170(0) + (1 =X kB=1 )\k_lq,‘iO(O). After some transfor-

mations of the latter equation, we obtain

g(\) =1 — (1= b(s, \))(1 = b(s, 1)) "

where

B

B(g) — EAB+ (s
b(s,\) = \Pb,(0) + (1 —A)kZ:lA’“‘lbi@) =1- ‘A)Aoéc)zf;j fo@%( )

The latter and the previous equality imply that

) =1~ T (A7)~ BAY () (BQGp)

Inserting the right-hand side of this equality into (4.3.15) yields the first equal-
ity of (4.3.11).

For k,u € (0,1) denote g (z,u, B) = P [djp) ,(tB?) > [uB]] . Employing the
second formula of (4.3.11), the limiting equality (3.5.7), (3.8.4), we find that

. s/B? . o —s
i gl (wB) = Jim [ g (o, B) di = (4.3.16)
1 —cosh((k —u)T+v2s/c) 1 cosh(kv2s/o) | def
= + - h((1 — 2 = q*(s),
R 2 O (1 Vs ) ()

where v = max{0,u}. When u € [k, 1) we derive from this formula that

1 cosh(kv/2s/0) i

s sinh(v/2s/0) nh((1—u)V2s/o),  welk1).

q (s) =
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It is clear that sy = 0 is a simple pole of the function ¢*(s). In the semi-plane

R(s) < 0 this function has simple poles in s, = —% (omn)?, n € N, and it is

analytic in the whole plane apart from these points. Hence, for o > 0

1 4100
q(t) = —/ estq*(s)ds = Z Ress—s, q"(s).

omi
@ nez+

Calculating the residues of the function ¢*(s) in s,, we obtain the right-hand
side of the formula (4.3.12) for u € [k,1). On can see that the first term in
the right-hand side of (4.3.16) is analytic in the whole plane for u € (0,k].
Applying the inversion formula, we find that the contour integral of this term
is equal to zero. The second term of (4.3.16) is the same also for u € [k, 1).
Thus, the formula (4.3.12) holds for u € (0, 1).

Observe, that ;13(1] Al(s) = 213% EAS™(s) = 0, l% bi(x) = 1. It follows from

(4.3.11) and the properties of Laplace transforms that
lin% G p(u) = lin% 9..(u) = qu = tlim Pld(t) > u], uwell,B+1],
lim g5, (0) = lim ¢5,,(0) = qo = lim P[d(,(t) = 0].

Calculating the limits in the right-hand sides of (4.3.11) as s — 0 yields the
equalities of Corollary 4.3.1. A

4.3.4 Virtual waiting time

Suppose that at time tyg = 0 the system is at the state (k,z), k € [0, B + 1],
x > 0. Denote by Wy, ,(t) the time required to serve the customers present in
the system at time ¢. Formally, this random variable can be determined in the
following way. Let 7(k) = inf{t: n(t) > k}, k € ZT. Then
B+1
Wia(t) = F(dio(t),  BePWeel) = N "Pldg,(t) =i Ee 7, p>0.

1=0

Corollary 4.3.2. Letk € [0, B+1], z > 0, vs ~ exp(s). The following equality
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holds for all v >0

B
P [Wk,w(VS) <vl=1- ZP [7(v) = i q/‘i,x(i +1),
=0 .
Tim P [Wiea(t) <] =1 > P ln(v) = i i,
=0

where the distributions qj ,(u), qu, u € [0, B+1] are given by (4.5.11), (4.3.12).

Proof. It is clear that P[7(k) > t] = P[n(t) < k], and, hence,

N
—_

Ee P ®) =1 -Plr(y,) <kl=1- 5p),
i=0
where p;(p) =p [,° e PP [r(v) = i] dv. Then
B+1 i—1 B
Ee PWea(vs) — 1—ZP dro(vs) =1 Y pi(p) =1 pi(p)
j=0 =0

2+ 1)

The right-hand side of this equality implies the formulae of Corollary 4.3.2. A

4.3.5 Special case: G|M*|1|B system

The process {Dy(t)}+>0 governing the G|M*|1|B system has unit negative

jumps at the times instants {1, (7)}nen and dy, ) = Nx(f). It means that the

customers arrive one by one at the renewal times of the process N,(t). We

will now determine the distributions of the busy period, time of the first loss

of a customer, number of the lost customers at time of the first loss, virtual

waiting time.

Corollary 4.3.3. Let P[0 = 1] = 1, bj(z) = E [e‘Sb"(x);br(:E) < 00| be the

Laplace transform of the duration of the busy period of (
G|M*|1|B system. Then

(i) the following equality holds:
Ay H( ) — Ag(s)

B+1 QB

bip(2) =1 — A7 (s) + Qs (2)

. ke

k,x) type of the

[1,B+1],
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the random variable by () is proper (P [bi(x) < oo] = 1) with finite math-

ematical expectation

AFTY - Af

———— < 00;

@p+1— QB

(ii) the Laplace transform bi(x,dy) = E [e_Sbk(””); n(z) € dy| of the joint
distribution of {bg(x),n(xz)} is such that for k € [1, B + 1]

fB+l(07 dy7 8) — fB(Ov dy7 8)

Q51— @5 ’
where the function fF(z, dy,s) = E [e‘”k(x); TF(z) € dy,in(:E)] , k€
Z* is determined by (3.3.7).

Eby(z) = AF1 — Q)1 (2)

bZ(.’L’,dy) = fk_l(xa dy, S) - QZ—I('Z')

Corollary 4.3.4. Let P[0 = 1] = 1, and let l(x) be the time of the first loss of
a customer in the GIM*|1|B system, iy, ,(vs) be the number of lost customers

in the time interval [0, vs). Then

i) the Laplace transform 15(z) = E [e 5% @) [, (2) < 00| of ly(x) is such
k
that

li(x) =

Fols) £ A= FODSIA@) ) gy
; , B+1],

(s)+ (1= f(s)SE
where Si(x) = Zf:o Qi (x), Si(x) =0 for k < 0. The random variable

lk(z) is proper with finite mathematical expectation
Eli(x) = En, — En+ En[Spy1 — Sp_1(x)] < o005

(ii) the distribution I} ,(n) = P [ix . (vs) = n], n € ZT of the number of lost

customers on the time interval [0, vs] obeys the equality:
I} o(n) = Lneo) (1 = 1(2)) + Linemy i () (1 — U511 (0)) (U541 (0)"

Corollary 4.3.5. The distribution of the number of customers in the system
G|M*|1|B at time v is such that

Gh0(0) = 1= A5 (5) = (45 (5) = AF*()) Cioa (@) /@,

Gha(u) = AL (5) + (AFF17(5) = AT7(5) ) Gy (2)/ Qi
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where Ak(s) = Si(x) =0 for k <0, Cf(z) = fu(s)(1 — f(s))~" + Si(x).

Let gy = tlim Pldy(t) = 0], qu = tlim Pldy(t) = u], u € [1,B + 1] be the
stationary distribution of the number of customers in the G|M*|1|B system.
Then

1
@ =1- B (A{? — A{?“) /QB+1,

L/ Bti-u _ 4B+2-u
qu = ET] <A A(] ) /QB+17
Jim P (Wi (t) <o) =1- = ZP (AB i Agf“—i) /Qpi1,
where pi:;i_l)]%s pi(s) = [;°P =i dt < 00, Q= QY,

0 = hm AO ZP; Qu z .

In order to prove Corollaries 4.3.3—4.3.5, it suffices to set A = 0 in the formulae
of Theorem 4.3.4 and of Corollaries 4.3.1-4.3.3.



Chapter 5

Concluding remarks and

further research

Both in applied sciences and in the academic world Lévy processes are con-
sidered as a valuable object. For this reason, studying this class of stochastic
processes and problems of their modeling receive much attention. Despite the
numerous works, there still remain a lot of open problems. Some of these

issues have been addressed in this thesis.

One part of this dissertation is concerned with so called one- and two-sided
exit problems for Lévy processes. This is a problem of determining the law
of the first passage of a level (the first exit time from a fixed interval) by the
process. Next, we studied other important characteristics such as position
of the process at the first exit time, the value of the overshoot through the
level, the sojourn time spent inside the interval, the number of intersections
of the interval, etc. We proposed a general approach for deriving the Laplace
transforms of the mentioned characteristics for the general Lévy processes.
Additionally, asymptotic analysis of these characteristics was performed. As a
result, we established the weak convergence of these functionals to the corre-
sponding functionals of the Wiener process (whose two-boundary functionals

are well known). In Chapter 2 we extended the existing solutions for partic-

185
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ular classes of Lévy processes to the most general case. The methodology is
mainly based on a probabilistic approach, use of the one-boundary functionals
of the process and the theory of Fredholm equations of the second kind. It is
worth mentioning that an essential part of the results is given in closed form,

in terms of the scale functions of the process.

From a computational point of view, the scale function approach can rely on a
large number of works on Laplace transform methods (Lee (2004), Duffie et al.
(2000)) and integro-differential equations (Kythe and Puri (2002)). Rogers
(2000) and Surya (2008), for instance, provided robust methods for numerically
computing scale functions. In recent literature scale functions proved to play
a substantial role in optimal barrier strategies, (see: Zhou (2005), Renaud
and Zhou (2007), Kyprianou and Palmowski (2007), Albrecher et al. (2008),
Kyprianou and Loeffen (2008) and Kyprianou et al. (2008b)).

From a practical point of view, the results obtained can be applied for mod-
eling options prices, probability of ruin of an insurance company, number of
customers in the queue, overflow of a dam, number of lost packages. Other
applications are in physics (Kramer’s problem) and biology (neuron threshold
models see Van Kampen (1992)).

The aforementioned methodology proved to be efficient for more complicated
classes of stochastic processes, such as a semi-Markov walk and a difference of
compound renewal processes. In Chapter 3 we studied several two-boundary
characteristics for the difference of a compound Poisson process and a com-
pound renewal process. Additionally, we considered processes reflected at their
infimum (supremum) which serve as governing processes in various applica-

tions.

The final part of this thesis deals with applications of the results obtained
in queueing theory. It is concerned with determining important performance
measures of single server queueing systems with batch arrivals and finite buffer.
One of the crucial performance issues of the single-server queue with finite
buffer is losses, namely, customers (packets, cells, jobs) that were not allowed
to enter the system due to the buffer overflow. This issue is especially im-

portant in the analysis of telecommunication networks. The overflow interval
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plays an important role in the design of forward error correction (FEC) al-
gorithms in packet networks. Therefore, knowledge of the distribution of the
time of the first loss, as well as the number of lost customers, the busy period
play a solid role. We obtained the Laplace transforms of these characteristics

in terms of the resolvent sequences and their modifications.

This research has risen a number of open problems. Despite the universal
nature, our approach leads to cumbersome expressions for the quantities of in-
terest. This is the price to pay for generality. Although we have presented the
exact formulae for the double Laplace transforms of the major two-boundary
functionals, still the question arises how to invert the Laplace transforms ob-
tained. Recently a lot of articles on the inversions techniques have appeared.
See for instance, Abate et al. (1996), Whitt (1999) Den Iseger (2006), Abate
et al. (1998). This brings us to continuation of the research in numerical

direction.

From a practical point of view, the estimation of the parameters of the afore-
mentioned queueing models is needed. Another direction of future work is to
study governing processes for the oscillating queueing systems. Motivation to
consider oscillating queueing systems stems from the following. In the basic
model of a single server queue it is desired to have the average service time
shorter than the average inter-arrival time, so that the queue length tends to
be smaller. In many situations we do not have this convenience. For instance,
it might be too expensive to consistently use a high performing server. Hence,
problem of a long queue could be resolved by designing an oscillating queueing
system. To our knowledge, there are few works related to this topic. We men-
tion Bekker et al. (2008), for instance, who considered oscillating spectrally
one-sided Lévy processes and Chydzinski (2002) who studied the M|GG|1 os-
cillating queueing system. The author used the potential method to determine
the steady-state distribution of the length of the queue. Bekker et al. (2009)
studied Lévy processes with adaptable exponent. Examples of such models are
queueing models in which the service speed or customer arrival rate changes
depending on the workload level, and dam models in which the release rate

depends on the buffer content.
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Let us verify the equalities (3.8.4) of Lemma 3.8.1. Suppose that the condition
(A) (given in Section (3.5) of Chapter 3) is satisfied. Then for s,p — 0 the
following expansions hold
~ 1
fa(s) =1 = sEn, + 5s"Ea; + o(s”), @ >0,
1
Ee 7 =1 — pEx + §p2E%2 + o(p?). (5.0.1)

2
We now derive the asymptotic expansions for the function S [2/5 (x) as B — oo.

The generating function

k -
S8 (x) = ek 5(p) = 1 (1 _N)‘)fx(s_k(e)) 0 ().
i) = 2 02 A = g Gk 1A SO

is such that for 6 = e™P, p > —Inc(s)

Si(a) = > 0*Si@)| = /0 e PHSs (2) dk =

keZ+t

= / e{k}pe_ka[sk} (x)dk =S}, (x), p > —lnc(s),
0

where {a} is the fractional part of the number a. By &3 (z) = [, e‘ka[sk} (x) dk,
p > —Inc(s) denote the Laplace transform of the function Siig (x). It is clear
that

6;(z) < S, (7) < PGy (x). (5.0.2)

Employing the limiting equalities (5.0.1) and the definition of the function

Sj(x), we obtain

lim SS/BZ (QJ)B_s — lim B3 (1- A)fm(S/B2 — k‘(e_p/B)) _
Booo € P/B B—oo 1 — e~ /B (1— )\)f(s/Bz _ k(e—p/B)) + \—ep/B
1 1
= ) D > \/%/O'

spEn §p2o? — s
It follows from the chain (5.0.2) that

1 1
spEn 5plo? —s

lim LGS/BZ(Q:) = lim LSS/BZ (x) =

B—oo B3 P/B Booo B3 e r/B (503)
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Inverting the Laplace transforms (with respect to p) in both sides, we obtain

1 s/ B? o 1
lim — S/ (z) = o (cosh(k‘\/%/a — 1) :

Booo B2 "kB]
In order to invert the Laplace transforms, we have calculated the residues in
the right-hand side of (5.0.3) in the simple poles p = 0,4+/2s/0. The second
part of the first equality (3.8.4) can be verified analogously:

Jim BES} T = <cosh(/<:\/_ Jo—1).

We will now verify the second formula of (3.8.4). Denote ¢, = EQj,, — QF,
k € Z*. Employing (3.3.4), (3.3.5), we determine the generating function of

this sequence

~5 __ k s _ (1_)‘)(1_f(3_k(6)))
P PR e Ve e

This generating function is such that for 6 = e, p > —Inc(s)

s T ot o [T e —pk s
qep—/o e P q[k}dk:—/o e pepq[k]dk:.

By g, = fooo e‘pkqfk} dk, p > —Inc(s) denote the Laplace transform of the

function qfk]. It is clear that
ap < Gc-» < €Pap. (5.04)
In view of the limiting equalities (5.0.1) and the definition of the function gj,

we find

_ _f 2 _ -p/B -1
lim qS{B/BB U— lim (1 )\)~(1 f(s/B* — k(e )))B _ 1puE% .
e B N GIBE KBt A B Lt s

B—oo
It follows from the chain (5.0.4) that

Inverting the Laplace transforms (with respect to p) in both sides, we obtain

. s/B2 .. s/B s/B2 wEs
lim Q[]gB} - Blfl |:EQ[6J,—]{;B Q[kB] ? cosh <k‘\/%/o‘> .

B—oo

The third formula of (3.8.4) can be verified analogously.
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In dit proefschrift bestuderen we de zogenaamde tweezijdige overschrijdingspro-
blemen voor verschillende klassen van stochastische processen. Deze stochasti-
sche processen dienen als mathematische modellen voor verschillende fenome-
nen. Meer specifiek houden we ons bezig met Lévy processen en met ver-
schillen van samengestelde vernieuwingsprocessen. Een Lévy proces is een
stochastisch proces dat onafhankelijke, gelijk verdeelde toenamen heeft en
waarvan de paden rechtscontinu zijn en linker limieten hebben. De klasse
van Lévy processen heeft een zeer rijke structuur, wat onder andere blijkt uit
het feit dat de klasse in één op één verhouding staat met de klasse van oneindig

deelbare verdelingen.

De rijke structuur van deze processen en hun eigenschappen laten allerlei
toepassingen toe in verschillende gebieden zoals risicotheorie, financi€le wiskun-
de, wachtlijntheorie, biologische wetenschappen en zo voort. In het bijzon-
der, zijn Lévy processen uitstekend geschikt voor het modelleren van de prijs-

bepaling van bijvoorbeeld opties in financiéle wiskunde.

Deze thesis kan onderverdeeld worden in drie delen. Na een inleiding beschou-
wen we (in Hoofdstuk 2) een aantal karakteristicken voor algemene Lévy pro-
cessen en hun speciale deelklassen. We bestuderen het zogenaamde het eerste
passage probleem: wat is de kansverdeling van het eerste tijdstip waarop het
Lévy proces een bepaald niveau overschrijdt of een interval verlaat en zijn
positie op dat ogenblik? Dezelfde vraag beantwoorden we voor bepaalde deelk-
lassen zoals Lévy processen met sprongen in één richting en het samengesteld

Poisson proces met sprongen in beide richtingen.

De gevonden resultaten stellen ons in staat andere karakteristieken van het
proces te bepalen. Aldus vinden wij de Laplace getransformeerde van de geza-
menlijke verdeling van infimum, supremum en positie van het proces op een
willekeurige tijdstip, het aantal kruisingen van het interval, de totale verblijfs-
duur binnen het interval, het aantal binnenkomsten in het interval. Ook geven
wij de beschrijving van het ergodisch gedrag van deze karakteristicken. We
geven een wiskundig bewijs voor de zwakke convergentie van deze verdelingen
naar de corresponderende verdelingen van het Wiener proces. Daarbij bepalen

we bijvoorbeeld hoe groot bij benadering de kans is dat zo’'n Lévy proces pas
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na zeer lange tijd een eindig interval verlaat.

Vanuit praktisch oogpunt zijn de verkregen uitdrukkingen bruikbaar voor het
bestuderen van andere klassen van stochastische processen en toepassingen er-
van: modelleren van het prijsgedrag van opties, het aantal verloren pakketten,
het aantal wachtende klanten in de wachtlijn, de kans op overstroming van een

dijk, de kans op ruine van een verzekeringsmaatschappij en zo voort.

In de loop van het werk aan de bovengenoemde hoofdproblemen hebben wij de
volgende probabilistische aanpak gevolgd. Voor de Laplace getransformeerde
van de gezamenlijke verdeling van het eerste uitgangstijd van het interval en
de waarde van overschrijding stellen wij een stelsel voor van lineaire inte-
graalvergelijkingen. De oplossing ervan wordt gevonden met behulp van de
theorie van Fredholm vergelijkingen van de tweede soort en de methode van
opeenvolgende iteraties. Het belangrijkste aspect hiervan is het gebruik van de
Laplace getransformeerde van de eenvoudige karakteristiecken van het proces
(gezamenlijke verdeling van de eerste passagetijd en de waarde van de over-
schrijding van een bepaald niveau). Deze zijn te bepalen via de Wiener-Hopf
factoren. In de meest algemene situatie is het niet evident om oplossingen
te vinden in gesloten vorm, maar voor bepaalde subklassen krijgen we de
uitdrukkingen in termen van zogenaamde schaalfuncties. Aan de hand van
deze oplossing kunnen we andere belangrijke karakteristieken van het proces

bepalen.

Vertrekkend van deze methodologie, hebben we onze bevindingen uitgebreid
naar het verschil van samengestelde vernieuwingsprocessen en semi-Markov
wandelingen. In Hoofdstuk 3 wordt de bestaande methode uitgebreid voor het
verschil van samengestelde vernieuwingsprocessen. Zulke processen kunnen

gebruikt worden als mathematische modellen van de wachtlijnsystemen.

Hoofdstuk 4 handelt over toepassingen van de gevonden resultaten in de
wachtlijntheorie. We illustreren dit door het bepalen van de bezige periode
van het systeem, het aantal klanten en het tijdstip waarop we het eerste ver-
lies van klanten ervaren voor M*|G°|1|B en G°|M*|1|B wachtlijnsystemen
(zie Hoofdstuk 4 voor de formele beschrijving). Bij de inrichting van compu-

tersystemen, communicatienetwerken en productiesystemen kent de wachtlijn-
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theorie een belangrijke toepassing. In de telecommunicatie treden wachtrijen
op bij telefoonoproepen die op een vrije lijn in de centrale wachten, digitale

berichten die op een vrij communicatiekanaal wachten, en zo voort.

We bestuderen wachtlijnmodellen met bulk aankomsten, één verwerkingseen-
heid en een eindige buffer. (Bulk aankomst betekent dat op elk aankomsttijd-
stip klanten als groep het systeem binnenkomen). Het aankomstproces wordt
dan door zowel de verdeling van de tussenaankomsttijden, als de verdeling van
de grootte van de bulk bepaald. De capaciteit van de bufferruimte geeft aan
hoeveel klanten tegelijk in het systeem kunnen aanwezig zijn. Bij een eindige
capaciteit kan overflow optreden en bijgevolg verlies van klanten, pakketten,
e-mails en zo voort. Tijdstip van overflow is dus een essentiéle performantie
karakteristiek van het systeem. Gemotiveerd door dit feit hebben wij on-
der ander de verdeling van het tijdstip van het eerste verlies van de klanten
verkregen. In dit kader bewijzen we dat bepalen van deze karakteristieken
zich vertaalt in het oplossen van een tweezijdige overschrijdingsprobleem voor
het proces dat het gedrag van het wachtlijn regeert. Dit proces is een modifi-
catie van een twee componenten Markov proces dat in Hoofdstuk 3 beschouwd

wordt.

Tenslotte, in Hooofdstuk 5, bespreken we verdere uitbreidingen en voortzetting
van ons onderzoek. De volgende stap is de implementatie van concrete wachtli-
jnmodellen en de schatting van de parameters van het model. Voor de nu-

merieke toepassingen is verder onderzoek noodzakelijk.






