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1 Introduction

We look for analytic models near hyperbolic singularities of families of real
analytic vector fields X.. The interesting case deals with saddles, since for
sources or sinks we have the results of Poincaré [1, 2]. For families we cannot
use the Siegel theorem since the condition on the small divisors is fragile. Even
on the formal level (i.e. power series) the number of resonances between the
eigenvalues is infinite for a family: for instance in the case of a planar saddle this
comes to the density of the rationals in R. One option is to use a C* (k < 00)
normal form for the family [5]. Here we want to remain within the analytic
category, and have to allow a less simplified form.

A first standard simplification is to use stable and unstable manifolds, and
to ’straighten’ them, i.e. to write the vector field such that these are linear
subspaces. The fact that these invariant manifolds are analytic and depend
analytically on the parameter will also follow from the results in this paper.
The normal form we aim at will be moreover be ’as flat as desired’ along these
invariant manifolds if there are no low order resonances for Xj.

This approach can already be found in [3, 11, 12] and we extend the results
in [12], on which our methods are inspired. Even though in this paper we confine
ourselves to the case of a family of vector fields, we can prove similar results for
a family of diffeomorphisms [7]. We shall also prove that possible symmetries
are preserved in our local analytic model and by the changes of variables.



2 Settings and preliminaries

As we only aim local conjugacies near the singularity, we will restrict to analytic
functions being convergent power series on a polydisk

D(a,R) := B(aj, Ry) x -+ x B(an, Ry)

where a = (a1, -,a,) € C" and R = (Ry,---,R,) € (Rt \ {0})". We
need a few facts from local analytic function theory [4]. We say that a series

> menn @m(z) converges normally on a poly-disk D(a, R) if )\ SUDP,c i |[@m (2)]
converges on every compact set K C D(a, R). If f is analytic on the poly-disk
D(a, R), we have

amlf  (z—a)™
ozm @) m!

f(z) =

meN™”

, 2 € D(a, R),

with normal convergence. This normal convergence implies that ) nn @m(2)
exists and is independent of the order of summation and that the sum is analytic
if all a,,, are analytic.

In what follows we want to work with functions that are analytic in a variable
2z € CP and a parameter ¢ € CY. Equipping CP™¢ with the maximum-norm,
the cartesian product of a poly-disk in CP with a poly-disk in CY? is a poly-disk
in CPT4. Introducing e := (1,1,---,1) € C™ (with n > 1) this choice of norm
gives us that B(a,R) = D(a,Re) C C™. So by the normal convergence, we
have for each analytic function f(z,¢) on D(a, Re) x D(b,r) in CP x C? that
f(z,8) = X enw fm(€)(z —a)™, for each z € D(a,R) and ¢ € D(b,r), with
normal convergence and each f,(g) is analytic in D(b,r). Conversely if the
series ), n» fm(€)(2 —a)™ converges normally on D(a, R) x D(b,r) and each
fm(€) is analytic on D(b, ), then by uniform convergence of the series on each
compact subset the function defined by the sum f(z,¢) 1= > cn» fm(€)(z—a)™
is analytic on D(a, R) x D(b,r) as it is clear that f,,,(¢)(z — a)™ is analytic on
D(a, R) x D(b,r) and we have normal convergence. We will need the following
consequence of this:

Proposition 1 Let f,,(¢) be an analytic function on D(b,r) for each m € NP
and g(z) = Y, cne 9m (2 —a)™ is an analytic function on D(a, R), with g, real
and positive, such that

| fm ()] < gm,Vm € NP,

then the function f : CPT9 — C with
fze) =Y fm(e)z—a)"
meNP

is analytic on D(a, R) x D(b,r).

Consider a p-parameter family of n-dimensional real vector fields X, with a
singularity of hyperbolic type. We assume that the vector field can be written



as a convergent power series in its variables and the parameter £ such that
if we extend this vector field to C™, i.e. we replace each real variable by a
complex one, we obtain a complex power series that converges on a poly-disk
D(0,R) x D(0,r) C C™ x CP. So we consider a real analytic family. We also
assume that all eigenvalues of the linear part at the singularity have multiplicity
1 for ¢ = 0. Using the Implicit Function Theorem, we may assume that the
singular point is the origin for all € near zero and that X, is given by

X5:$:A€.’L‘+f5(l‘)7 (1)

where f.(x) = O(|x|?) is an analytic function of (z,¢) on a poly-disk D(0, R)
and A. is in Jordan Normal Form, in such a way that the eigenvalues of A, with
negative real part are labeled from 1 upto s and those with postive real part
from s + 1 upto n.

In order to calculate the formal normal form it is convenient to have a
diagonal linear part at the origin, therefore we will use complex coordinates.

Using the matrix
1 1

we obtain the change of coordinates z = Px where P is a complex n X n matrix.
Applying this change of coordinates (1) is transformed into

Y.:2=B.z+ F.(2) (2)

B. = diag(ri(e), - ,va(e),a1(e) +ib1(e), a1(e) —if1(e), - -,
a(€) +iBy(€), an(€) — iBu(€), pr(), -+ -, pe(e),
71(€) +101(€),11(e) — ib1(€), -+, vale) + ida(e), vale) — ida(e))-
As f. is a real analytic function with a complex extension converging on a

poly-disk D(0, R), we have that F; is an analytic function of (z,e) where z has
the following properties:

e if \;(e) is a real eigenvalue of A, then Zj = z; = x;, in other words z; is
a real variable,
o if \j(e) and Aj11(e) form a pair of complex conjugate eigenvalues of A.,

Zjt2j41 Zj—Zj+1
5 I

then Zj = Zj41- So T = 5

and ;41 =
Therefore F. will be analytic for

o |z;| = |z;| < Ry, if z; is real,

* |z + zj1| = 2[z;| <2R; and [z5 — zj4a| < 2Rj1a, i 75 = 240

This immediately gives the following properties of F:

o if z; is real, then F ;(z) = F; ;(2),

o if Zj = Zj+1, then Fg,j(z) = F87j+1(z).



3 Spectral conditions and results

In Siegel’s Theorem the eigenvalues are assumed to be a fortiori non-resonant.
Here we want to relax the notion of non-resonance a bit. Therefore we consider
a complex n X n matrix A with Spec(A) = {A1,---, A} where A1, -+, A have
negative real part and As41,---, A\, have positive real part. Following [12] we
consider (for any integer £ > 1):

Stnys = m € N"| ij < {or Z m; </t (3)
Jj=1 Jj=s+1

Ton,s = m € N"| ij > { and Z m; > L (4)
Jj=1 j=s+1

so N" = 8y s UTrs and Sp s N Topns = 0. For any formal power series
F(z) =3, enn Fin@™ we have

F(z) = Z Fox™+ Z Ez™

MmESy n,s meﬂ,n,s
= [F@)]%" + [F@) .

We recall that Spec(A) is a resonant set if there exists a m € N™ with |m| > 2
and k£ =1,---,n such that

ij)\j = )\k (5)
7=0

In what follows we will fix an integer ¢ (which one wants to take as large as
possible in applications) and demand that no element of Sy, s is a solution of
(5). In such a case we will say that S¢,, s causes no resonances in Spec(A4).
It is obvious that if Spec(A) is non-resonant, then Sy, s will cause no resonance
in Spec(A). To fix the ideas we give an example of a hyperbolic singularity
which is resonant but no element of Sg ,, s (for given ¢ and n) satisfies (5). Take
¢ =19, n =3, s=1and eigenvalues —11, 9414 and 9—i, then the first resonance
equation becomes

—11mq + (9 + i)mz + (9 — ’i)mg = —11.

We consider all solutions of this equation and take the solution with the smallest
stable and unstable ’length’. In this case m = (19,11,11), i.e. m; = 19 and
mg + m3 = 22. Thus, even though the system is resonant, Sig 31 causes no
resonances in {—11,9+4,9 —i}.

In the statement of the results of this paper we shall use the following norms:

— . n
vl = 1I%agxn|yj|,Vy€C
1]l = max|F(z)|
|z|<r



for any continuous function F' on D(0, re).

Theorem 1 Consider a fized integer £ > 1 and an n-dimensional real vector
field
X2 =Ax+ f(2) (6)

such that A. is a real n x n matriz in Jordan Normal Form, f-(x) = O(|z|?) for
x — 0 where f. is a real analytic function of x and € such that f°, the complex
extension of f-(x), is analytic on a poly-disk D(0, R) x D(0,7) and Sy s causes
no resonances in Spec(Ap), where s denotes the number of eigenvalues of Ag
that have a negative real part. Then there exists positive constants rq, r1, Ko,
K1, p and a change of coordinates

z=y+ ¢ (y) (7)

which is real analytic in (y,€) such that ¢2 is analytic on D(0,r1€) x D(0, pe),
such that ||¢e|l; < Kog? for ¢ < ro and € € D(0, pe), and (7) conjugates (6) to

Yo:y=Ay+9:-(y), (8)

where g:(y) is real analytic in (y,¢€), [gs(y)]se‘""g =0 and

14

|9e()| < Kal(yr, -+ 7y8)|£|(ys+17' 3 Yn)
fory € D(0,r1€).

From the properties of g. in (8) and the fact that the transformation given
by (7) is analytic in the variable and the parameter gives us the following result
as a corollary of Theorem 1.

Corollary 1 Under the conditions of Theorem 1 we have that the stable and
unstable manifold of X. at the origin are real analytic manifolds depending in
a real analytic way on the parameter €.

If the original family admits symmetry, then we have the following result.

Theorem 2 If - under the conditions of Theorem 1 - the family of vector fields
X: admits an analytic family of symmetries S (i.e. Se is an analytic family
of linear maps such that (S:).Xc = X.), then the transformation given by (7)
commutes with Se and the resulting family of vector fields given by (8) admits
the same family of symmetries.

Remark 1 If we replace the family X. in Theorem 2 is reversible instead of
symmetric with respect to Se, i.e. (S:)«Xe = —X¢, then the result of Theorem 2
remains valid provided that ¢ < 3. For instance this implies that the local sta-
ble and unstable manifold can straightened by means of an analytic change of
variables which commutes with the symmetry.



4 Absence of small divisors

In this section we want to show that if S, ,, s causes no resonances in
Spec(Ayg), then there exists a constant p > 0 such that for all € € B(0, p) C C?
we have that S, s causes no resonances in Spec(A.).

We consider the kth resonance equation (for k =1,---,n):

a b
> 0+ si(0(0) +B;(0)) + Y 55(05(0) —iB;(0))  + (9)
j=1 j=1 j=1

d
uj(75(0) +6;(0)) + Y ;(7;(0) —i6;(0)) = Aw(0)

j=1 j=1

M&

Z tip5(0

where A;(¢) is the jth component of A, = (Ai(e), -+, An(€)). Looking more
closely at this equation, one should note that there are actually 2 equations to
consider: one coming from the real parts and one coming from the imaginary
parts.

Proposition 2 Let A. be as in (6). Then the eigenvalues of Ao are resonant iff
the eigenvalues of Ag are resonant, where A. is the (a+b+c+d) x (a+b+c+d)
matriz defined by

A 0 0 o0
- | 0o AP o o
1 o o A® o
o o0 o AW

where ALY and AP are defined in (1) and AP = diag(ay(g), -+, ap(€)) and
AL = diag(n (e), -+ 7a(e)).

PRrROOF: The eigenvalues of A form a resonant set iff (5) has a solution. Looking
at the real and the imaginary part of this equation, we obtain the following two
equations

a b c
eru] +Z s+ 8;)a( )+th,uj(0)
j=1 j=1 j=1

d
+Z uj +u;)7j(0) = R(A(0)),  (10)

b d
> (55— 5)8; +Z ;=)0 = S((0)). (11)

j=1

If I(Ax(0)) = 0, a solution of (11) is given by taking §; = s; for j = 1,---,b
and 4; = u; for j = 1,---,d. If F(A\x(0)) # 0, then we have to look at the

[=p}



sign of R(A,(0)). In the positive case there is a ¢ € {1,---,d} such that we
take %4(0) = @y(0) £ 1 (the %+ is determined by the sign of J(Ax(0))). Taking
§j=sjfor j=1,---,band 4; = u; for j # ¢, we find a solution of (11). In the
negative case there is a ¢ € {1,---,d} such that we take 5,(0) = 5,(0) £ 1 (the
+ is determined by the sign of I(Ax(0))). Taking §; = s; for j # g and @; = u;
for j =1,---,d, we find a solution of (11). In all of these cases (10) is reduced
to

a c d
> rwi(0)+ ) si(2a4(0)) + thuj(O) + Z u;(275(0)) = R(Ax(0)).

— J=1

This latter equation is equivalent with saying that there is resonance between
the eigenvalues of

A 0 0o o0
0 24 0o 0
0

In a similar way one proves that the eigenvalues of Ay are resonant iff the
eigenvalues of A are resonant. Q.E.D.
From the proof of Proposition 2 we obtain the following result.

Corollary 2 Let A, be as in (6). Then Spn. s causes no resonances in Spec(Ayp)
iff S; ; 5 causes no resonances in Spec(Ayg), where A. is defined in Proposition 2

n,s
and
n = a+b+c+d,
S = a+b,
é— max Ak (0) gégé— min Ak (0)
2 1<k<n 2 2 1<k<n 2

The exact value of { depends on Spec(flo),

In order to fix the ideas we give some examples of this situation:

e Consider Spec(Ag) = {—3,5+ 1,5 — i}, then Sg 31 causes no resonances
in Spec(Ap) (and 6 is the maximal value of ¢ causing no resonances). As
Spec(Ag) = {—3,5}, we have that S3 5,1 causes no resonances in Spec(Ay),
hence / = 3 = %.

e Consider Spec(Ag) = {—2,5+¢,5 — i}, then Sy 31 causes no resonances
in Spec(Ap). As Spec(Ag) = {—2,5}, we have that Sz 21 causes no reso-

nances in Spec([lo), hence ¢ = 2 = % - %



To facilitate the notations, we use the constants ¢, 72 and § defined in Corol-
lary 2, this way we can write that A, is an 72 x 7 matrix and that there are §
stable directions. Also we introduce A, as the fi-tuple of eigenvalues of A..

Now we look at the kth resonance equations on the eigenvalues of Ag:

a b c d
Z’I‘jl/j(()) + Z SjO[j(O) + Ztﬂjg(()) + Zu]")/j(()) = S\k(()) (12)

As we agsume that the eigenvalues are non-resonant, (12) has no non-trivial solu-
tions in S; ;; ;. We can interpret this non-resonance in the following geometrical
way. Consider the n-tuple

(Tla"'arraaslv"'75batla"'at(:7ula"'aud)

as a point on the grid Z", then the non-resonance of the eigenvalues of A
means that the hyperplane H with equation given by (12) contains only one of

the “grid points” in S; .. This point is the intersection of H with the xj-axis
(the kth axis in R™) and it has coordinates ey := (0,---,0,1,0,---,0) with a
1 on the kth position. The hyperplane H will intersect the xj-axis (for j # k)
in the point ?kggi e;. For each point P of S, . (with |P| > 2) we consider the
; 7
hyperplanes through the points P and ej. These hyperplanes will intersect each
axis in a point of the form (é\"_’—gooi + nH/7p> e; where ng p € R\ {0} depends on
J
the hyperplane H' and the point P. As we are working in Sj 7.z we know that
Pmin [ner p| > 0, so there exists a § > 0 such that 6 = Pnéin [nE:.p| > 0.
€ €

2,75 7,5
Let us denote the hyperplane that gives this 6 by H, the intersection of this
hyperplane with the axis will give us the “closest” resonance. This way we have
obtained a bound for the ratio of the eigenvalues of A.:

() A(0)
SRS WE I W R 19)

for j =1,---,n. The region U of R" defined by the bounds

M0 gm0
2;(0) T X(0)

for j = 1,---,7, is an open subset of R™ containing Ag. We know that for
each k=1,---,7, € — A\ (€) is a continuous map that is either strictly positive
either strictly negative in a neighbourhood of the origin. As U is open, the
continuity of the mappings € — ;’“8 gives us the existence of a p; > 0 such
that (13) is fulfilled for all € € B(O,ka). Taking p as minimum of all p;, (as there
only a finite number of py, we have that p > 0), we have that SZ,ﬁ; causes no

S
resonances on the eigenvalues of A for all e € B(0, p) = D(0, pe). By virtue of
Proposition 2 we have that S, ,, s causes no resonances on the eigenvalues of A,
if e € B(0, p) = D(0, pe).



Proposition 3 If S;,, s causes no resonances in Spec(Ay), then there exists a
positive constant r such that Ym € S;,, s and Ve € B(0, p) = D(0, pe) (where p
was determined in the previous argumentation):

[ (Aeym) = Aj(€)] = kil (14)
where 1 < j <n and \j(e) denotes the jth eigenvalue of A..
As we have that
[ (e, 1) — Ay (6))

Y

IR((Ae,m) — Aj(2))]
‘<Am> _ %(Aj(g))‘

where m € S 7,5 is related to m as follows:

Y

mj =m; for 1<j<a
ThaJrj = Mg425j-1 + Ma42j for 1 S] < b
Matbtrj = Mat2b+j for 1<j<ec

Matbtcets = Mat2btet2j—1 + Mayopyer2; for 1 <5 <d,
and
[m| = |m].
Proposition 3 will be a consequence of

Proposition 4 There exists a positive constant K such that for the eigenvalues
of Ac we have that Ve € B(0, p) = D(0, pe):

[(Aym) = X(e)| = Klm] (15)
for allm € Sf,ﬁ,é and j=1,---,n.

To prove Proposition 4 we need another result. To make the proof a bit
clearer, we will assume that the eigenvalues of Ay meet

A(0) < -+ < X5(0) <0< Az (0) < -+ < X5(0).

This can be achieved by a permutation of the basis vectors, so it won’t effect
the result given in (15).

Before stating and proving the lemma, we need to introduce the following
notations

max \j(¢) if min |[N;(e)] <  min |A;(e)]
q0(€) — IS.JSS~ ) 1§g'§s B S+1§.]§n R
Sn Aj(e) i min [A(e)] > min [X;(e)]
min X;() if go(e) <0
O A afe) >0
§+11n§ajxgﬁ j\&) 1L qole
g_(c) = gﬁ?y‘xgﬁi\j () if q4(e) <O
minA;(e) i g()>0
[z] := min{k € Z|z < k}.



We remark that qg, ¢+ and ¢_ are always continuous functions of € but not
necessarily analytic functions of €.

For each m € & 5, s we use the following notations which denotes the splitting
with respect to the stable and the unstable directions:

M; = (mq,---,my)
Mu = (ms+1a"'7mn)-
Lemma 1 As §; ; - causes no resonances in Spec(A.), we have for all m €
Sgﬁg satisfying
a:(e) _ ;=8 | s l =( 7
m| > —(£-1 +(—-1)| :=E(e, 4 16
ol 2 |29~ 7 ) (- 1) = e (16)

the following inequality
[(Aeom) = %] 2 1= Da- (@) + (ml = T+ Dao(e) —a(5)] (17)
forallj=1,--- n.

PROOF: First we establish the inequality for those m for which |m| is “suffi-
ciently” large, afterwards we show that these |m| are bounded below by Z(e, £).

First we consider the case where |Mz| < ¢. For |My| sufficiently large
<1~Xg,m> — \j(g) will be positive. So taking |[M;z| = — 1, we have

(Ra5) = (=),
(REMi) 2 Ssna(e)(ml —+1),
—Xi(e) = —Aale),
where
AZ = (o) oes As(e)),
A = (snale) o Aale)

So we can conclude

<A,m> —2i(8) > (0= DAre) + Assr()(Im| — E+1) = Aa(e) > 0. (18)

Second we consider the case where |Mz| < . For |M;| sufficiently large
<1~\5, m> — X\;(¢) will be negative. So taking |Mg| = £ — 1, we have

<A§,M§> < (Im| =+ 1)As(e),
(A Ma) = (I=1hae),
~Xi(e) < =Xi(e)



So we can conclude

<A,m> —2i(6) < (0= DAr(E) + As(e)(Im| — E+1) = Aa(e) <0. (19)

Combining (18) and (19) we find the inequality stated in (17).
The right-hand side of (17) will be increasing after the unique zero of this

function. A short calculation will give us the lower bound Z(e, ¢) as stated in
(16). Q.E.D.
PRrOOF(of Proposition 4): From (17) we deduce that there exists a constant

K, for all m € S - with |m| > E(e, ) such that ‘<1~X8,m> - 5\](5)’ > K.|m]|.
Starting from the right-hand side of (17) we have that

(@1 (©) + (ml = T+ Daole) —g5()] 2
[a0(€)-lml = (2 = Dg—() + (1 = Dao(e) — 4+(2)].

The latter expression will be positive for [m| > Z(¢,f). Take |m| > &_; :=

max{Z(g, ), E1 (e, £)}, then

lgo(e)| — \(17—1)Q—(6)+(|1n:‘l7)qo(6)—q+(€)| >
. {—1)q_ (e + (1 — 2 €) — 5
et (o)~ D0+ 0= Danle) 0 (@)])
e€B(0,p) 55,2
hence

(6= 1)g—() + (Im| = £+ Dao(e) — a4+ ()] = K |m|

and

K, < inf .
S lqo(e)]

For each r with 1 < |m| < Z(e, £) we can find a constant K, > 0 such that
‘<As7m> - 5\3(6)‘ > K,,|m|: we just take

[(Aeim) = 2(6)
K,, ;= inf .
e€B(0,p) |m|

Defining
K := min ({Kr | | < E(e, )} U {K*}> :

we have the wanted constant. K will be strictly positive as it is the minimum
of a finite set of strictly positive numbers. Q.E.D.

5 Proof of Theorem 1

The proof of Theorem 1 consists of 3 parts: first we determine 2 equations that
will give us (7), second we show that there exists a formal solution and finally we
show that the formal solution converges, i.e. there exists an analytic solution.

11



5.1 Determining the change of coordinates

In this subsection we want to establish an equation which will allow us to deter-
mine the transformation (7) we are seeking. From now on we will work in the
complexified setting given by (2), this will make it easier to determine a formal
solution. This means that we will need to “complexify” the function ¢. given

by (7).
So we have a vector field given by

2= Bez+ F.(2)

where z = Px with P defined previously, which we want to transform into a
vector field
W = Bew 4+ G (w)

where P~1w € R™ (as we wish to return to a real vector field at the end) and
[Ge(w)]°™ =0, by a transformation

z=w+ pe(w).
In order to return to a real vector field we will have
¢e(w) =pt. @s(Pw) (20)

and
G.(w) =P~ g.(Pw)

where P is the matrix defined previously, that gives the change of basis. Per-
forming this transformation we find the following two equalities

i = (In+ Dype(w))(Bew + Ge(w))
2= Be(w+pe(w)) + Fo(w+ ¢ (w))

If we introduce the operator Lp.
L. pe(w) = Dy pe(w) Bew — Bee(w) (21)
then these equations can be combined to obtain
Lp.pe(w) = Fe(w + ¢c(w)) = Ge(w) = Dupe(w)Ge(w) (22)

We split (22) up into two separate equations. This splitting up will be done
with respect to S¢n s and 7y, s. Thus we will solve

Lp.pe(w) = [Fo(w+ p.(w))%m (23)
[Fe(w + e (w)] o™ = (I + Dupe(w))Ge(w) (24)

If we can solve (23), then we can determine G (w) directly as (I, + D, (w))
is invertible in a sufficiently small neighbourhood of the origin. We know that
the formal expansion of . starts with terms of degree 2 in w, so multiplying

12



[Fe(w + @ (w)] ™™ with (I, + Dype(w))~! will only increase the degree of
each term in w, hence

(In + Dupe (w)) ™ [Fo(w) + g (w))] |7 =0,

so [Ge(w)]®"" = 0.

Also from (24) we immediately have that |G.(w)| < Ki|Wy|*|W,|¢, where
Wy = (wr, - ,ws) and W,, = (wsy1, -, wy). Hence by virtue of (20) we have
the same bounds for g.(y).

In the next subsections we will solve (23) and show that the solution has all
properties as stated in Theorem 1.

5.2 Formal solution of (23)

A direct calculation shows that
Lp. ;(vw™) = v({Ac,m) — Aj(e))w™,

1 <j <n, forany m € N" and any v € C". This means that if we want to
have a formal solution ¢.(w) =}, /55 @m(€)w™, then (23) becomes

ma Se.n,s

Z A, () ((Ae, m)—Nj(e))w™ = Z Frj(e) | w+ Z ar(e)w”

|m|>2 |m|>2 |k|>2

where 1 < 57 < n and

ml>2

We now show how (25) can be solved formally. First we take the coefficient of
w for M € N™ with |M| = 2, then (25) gives

a .(E): FM,]'(E)
M-a (A, M) = X;(e)

thus aar;(¢) is an analytic function. We now proceed by induction, so assume
that an, ; is an analytic function of € for all m € N™ with 2 < |m| < N — 1.
Now take a m € N™ with |m| = N. Taking the coefficients of w™ in (25) we

find
Frn j(e) + Z P ((ak(e)]jgj<n—1)Fr,j(€)
<N -1

(Ac,m) = Aj(e)

(26)

am,j(€) =om

where o, is defined by

o 1 if meSins
L0 i meTpn,
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and where P" is a polynomial with positive integer coefficients. This result can
be proved by induction.

As we know that all F,; are analytic on the same poly-disk and the de-
nominator is non-zero, the induction hypothesis will give us that ap ;(e) is an
analytic function of ¢ in a poly-disk independent of M and j.

5.3 Convergence of the formal solution

We now want to prove that this formal solution converges, i.e. we have an
analytic solution in w. For this we will use the classical technique of majorants
[6, 10, 12]. Using this technique in combination with Proposition 1 will give
us that ¢.(w) is analytic in (w,e). Given two formal power series f(z) =
Y omennfmz™ and g(z) = > nngm2™, one says that g is a majorant of f if
we have that | f| < gm, ¥m € N™. One should note that in the latter definition
the coefficients of g(z) must be real and positive whilst the coefficients of f(z)
may be complex.
Given m € S; , s with |m| > 2, we have that

v(m) = selBIg),p) 12}3211' (Ac,m) — Ap(e)]

is bounded away from zero by virtue of Proposition 3. If we use the notation

Con \= F,
o seiau(g,ﬁ) 1I5nka§n| mﬁ(g)"

for a fixed p with 0 < p < p, then we can define

so F'is analytic in w, F} = --- = F,, and F} is a majorant of F. j for j = 1,---,n.
Let $(w) = 37,52 @mw™ be the solution of

- Styn,s
S vm)anu™ = [F(w+¢(w))} o (27)
m|>2
meESy n,s
As the coefficients on the right-hand side of (23) are majorised by the coefficients
on the right-hand side of (27) and the moduli of the coefficients on the left-hand
side of (23) are majorising the coefficients on the left-hand side of (27), hence
by division and (26) we obtain that ¢ is a majorant of ¢, for all ¢ € B(0, p), in
other words
|am ()] < g, j=1,---,n (28)

we also have that ¢1 = --- = @,,.
We would like to reduce the of question of convergence to a 1-dimensional
problem. Therefore we will need another majorant. We define

Cl = g Cm,

|m|=k
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and .
F(Z):=> azFZcC
E>2

then F(Z) equals Fj(Ze) for each j = 1,---,n, so F(Z) is obviously a majorant
for each component of F(Ze). As F(Z)e = F(Ze), F is analytic iff |Z| < R,
for all j = 1,---,n. Hence F(Z) is analytic on B(0,R) = D(0, Re) where

R = min R;. In the same line of arguments we introduce
1<j<n

then by Proposition 3 we know there exists a constant x > 0 for which we have
v > kk.
We can look at the solution ¢(Z) =37, ~, apZ* of
> kkarZ* = F(Z + ¢(Z)). (29)
k>2
As before we obtain that ¢(Z) is a majorant of each component of ¢(Ze), i.e.
(m,j < Qg

for all m € Sp s with |m| =k and 1 < j <n.
As k > 2, it is obvious that }°, -, kkapZ" is a majorant for D2 kapZ".

We know that F' is analytic on B(0, R), so we have that

k—oo

_ 1

m /e = —. (30)
R

Take a small but fixed § > 0, then (30) implies that there exists a K € N such

that for all £ > K we have

146
Yo < 2
=R

k
1
ckg( T‘S) Yk > K.
R

For 2 < k < K — 1 we obviously have

~ k k
< R 146
=R\ T R )

whence

Defining R = % and

¢ := max Cl

k
— Jl2<k<K-1%u{1
1+6> - L

15



we have that

1 k
ck§é<v> k> 2.
R

k
. Z .
As F(Z) = (‘EZ (R) is a geometrical series, we know that F'(Z) is analytic
k>2
on B(0,R) and F' is a majorant of F'.
Let ®(Z) =) 450 axZ* be the solution of

k®(Z) = F(Z + ®(2)), (31)

then ® will be a majorant of ¢.
As F is given by a geometrical series (31) becomes

KD(2) = (ZJFJS(Z)>;(Z+§(Z)>

¢ (Z+9(2))*
R2 1_ Z+2(2)
R

which gives the following quadratic equation in ®(Z2):
(¢4 kR) ®(Z)* + ((2¢ + kR) Z — KR?*) ®(Z) + ¢2* = 0. (32)
The discriminant of (32) is given by
D(Z) = ((2¢+ kR) Z — kR?) — 4 (¢ + kR) 2.
Now @ is given by

57 — R’k — (2¢+ kR) Z — \/D(Z)
2) 2 (¢4 kR)

)

where we take the solution with —y/D(Z) as we need the solution without
constant and linear terms in its formal series expansion. Now it is clear that ®
is analytic in B(0, R). From the series expansion it is clear that [|®|, < Kor?
for any r < 7o := R, and by virtue of the majorisation we have the same bound
for .. Writing down everything in its real components we obtain the properties
stated in Theorem 1.

6 Symmetric case

Consider an analytic family of linear maps S, : R™ — R", then S. is a symmetry
of the family of vector fields X, if (S.)«X. = X.. Consider a family of real
vector fields X, with a symmetry S.. First of all we put DX, (0) in its Jordan
Normal Form A., this can be done with a suitable matrix M, such that A, =

16



Mg_lDXE(O)M67 hence the vector field becomes XE = M;l - X, oM., It is
well-known, see for instance [2], that under a linear change of coordinates the
symmetry S. of X, is transformed into the symmetry S. = M7t S, M..

So from now on we will assume that DX.(0) = A. is already in its Jordan
Normal Form. As S. is a symmetry of the family of real vector fields X, we
have that 7. := P~1S_P is a symmetry of the complexified system where P was
defined previously. Given the fact that 7. is a symmetry of 2 = B.z + F.(2),
we necessarily have that T, commutes with B, and F.. As B. is diagonal and
all its eigenvalues are non-zero and have multiplicity 1, T, will be diagonal as
well. Therefore T. cannot “mix up” stable directions with unstable directions.
This gives us that 7. also commutes with []%™ and []7m.

6.1 ¢. commutes with S.

First we show that T, commutes with .. To obtain this result we need to look
at (23). We know that ¢, is the unique analytic non-zero solution of (23), so if
we prove that 71 o ¢, o T, is also a solution of (23) then by unicity we have
that ¢, = TE_1 o @, o T or in other words T, o . = . 0 1.

Let us define . := T ! 0 4. o T., then 1), is a solution of (23) iff

Dd)s(w)ng — Bews(w) — [Fs(w + 1/15(11)))]52’”*5
or equivalently

D (T_1 0.0 TE) (w)Bsw — B: (T_1 0. 0 TE) (w)

€ €

- [Fs(w + (Teil O Ye © T’e)(U/)]Se""’S .

(33)
As T, commutes with Be, F. and []°*™, (33) is equivalent with

T Do (Tew)Te Bow — T Bepo (Tow) = TV [Fo(Tew + oo (Tew))] 0™
(34)
As Ty is invertible we can put T.w =: z for all z € C™. Hence (34) is equivalent
with s
Do (2)Bez — Bepe(2) = [Fe(2 + < (2))]7 ™. (35)

Obviously (35) is equivalent with the demand that . is a solution of (23). So
if ¢, is a solution of (23) also 1. will be a solution of (23) and vice versa. As
we have proved that (23) has a unique solution, necessarily ¥, = ..

From this it is straightforward to prove that ¢. and S, commute.

6.2 ¢. commutes with S,

To obtain the desired commutation result we need (24) and prove that G,
commutes with T.. We use the same line of arguments as in the previous
section. So define I'; := T ! o G, o T;, then I, is a solution of (24) iff

,Ti,n,s

[Fe(w + @< (w))] = (In + D (w))T'e (w)
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or equivalently

[Fe(w + @e(w))]

As T, commutes with . we have by differentiating both sides of ¢, o T, (w) =
T. 0 p-(w) that Dy (T-w)T.w = T, Dy, (w), which is equivalent with

Tens = (L + Doe(w)(T7 0 G o T)(w). (36)

T- ' Do (Tow)T-w = Dy, (w). (37)

Applying (37) on (36) gives us

[Fe(w + Sﬁe(w))}T“m = (In + T571D906(Tsw)TE)(Tgle(Tsw)) (38)
As T, commutes with B., ., F. and [']TL”‘S, (38) is equivalent with
T [F(Tow + pe(Tew)] 7 = T (I + Do (Tow))Ge(Tew). — (39)

Putting T.w =: z for all 2 € C™ we obtain that (39) is equivalent with
[F(z + 0 (2))) 7™ = (I + D (w)) G (w). (40)

Obviously (40) is equivalent with the demand that G. is a solution of (24). This
means that Tz is a solution of (24) iff G, is a solution of (24). As (24) has a
unique solution, necessarily I'. = G, hence T, 0o G, = G oT.. As we did before
one derives that this latter equality is equivalent with S; o g. = g o Se.

This means we have proved Theorem 2.
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