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1. Introduction

Copulas and copula densities are building blocks to study the dependence between components of a random vector.
For many problems it is not evident how to select a parametric family of copulas to describe the data at hand and, hence,
nonparametric estimation of the copula and the copula density is an option. The Bernstein estimator of the copula and the
copula density is one such nonparametric estimator that received attention in recent papers. The authors in [7] study the
asymptotic distributional behavior of the Bernstein estimator of the copula. Assuming the marginals to be known, the results
on the asymptotic distributional behavior of the Bernstein estimator of the copula density are given in [10,2,3]. In this note
we show that the central limit theorem for the Bernstein estimator of the copula density is valid without imposing this
assumption.

To facilitate the discussion we first collect some preliminary definitions. For simplicity we consider bivariate random
vectors. Given a random vector (X, Y) with the joint distribution function H and marginal distribution functions F and G,
there exists a bivariate distribution function C on [0, 1]? [12] such that

H(x,y) = C(F(x), G)).

C is the copula corresponding to H; see [9] for a detailed discussion on copulas. We assume throughout that F and G are
continuous, which implies that C is unique and that

C(u,v) = HIF'(W), G (v))

with F~! and G~! being the usual quantile functions.
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A copula C(u, v), being continuous on [0, 1]? [9, p. 11], can be approximated by a Bernstein copula [10] in the following
way:

Bm(u, v) :ZZC( , ) Pp i (W) P ¢ (V)
—0 (=0

withfork=10,1,...,mand0<u <1

P i) = (’}j) uk(1 —

the binomial probabilities. We indeed have

lim B, (u,v) = C(u, v).
m—0o0

The Bernstein estimator of the copula C(u, v) is obtained by replacing C (5 £) in the corresponding Bernstein copula by
Co (£, L) with

Ca(u, v) = HofF; ' (), G, ' (v)}

where for a random sample (X1, Y1), ... (X;, Y,) from H,

Ha(x,y) = Zl(x <xYi<y

1 n
Fa(x) = ZI<X<x> Gr(y) =~ D 1Y = ).

i=1

This gives

mn(u U):chn< s > mk(u)Pml(v)

k=0 £=0

We call m the order of the estimator; the order will typically depend on n and we have m — oo asn — Q.
The copula density corresponding to C is denoted as ¢ and is given by (if it exists)

c(u, v) = 9*C(u, v)/dudv.

The corresponding Bernstein estimator of the copula density is

Cmn (U, v)zZZ ( ) 1 WPy, (V) (1

with P,; (1) being the derivative with respect to u.

In terms of these definitions we can detail the contribution we make in this note. Our asymptotic normality result for
cm.n(U, v) extends the results in [10,3]. They assume that the marginals F and G are known. Both papers indeed replace
the pair (F, 1(u), G;'(v)) by (F~'(u), G"!(v)). However, given a random sample (Xi, Yy), ..., (X,, Y,) from H, a fully
nonparametric Bernstein estimator for the copula density should use F, and G, rather than F and G. We show that the
asymptotic normality result remains valid if we take this double stochastic nature of the problem into account, i.e., the
stochastics coming from H,, and the stochastics coming from F,, and G,,. This covers the real data situation. Two references
to rank-based inference procedures for copulas are [5,6].

The paper is organized as follows. In Section 2 we state and prove the asymptotic normality result. In Section 3 we use
asymptotic bias and variance expressions to derive an optimal order m. Appendix contains two interesting properties of
binomial probabilities that are used in the proof of the theorem.

2. Asymptotic normality of the Bernstein estimator of the copula density

Our main result reads as follows.

Theorem. Assume

(1) The order m > 0 depends on n such that m = o{n'/>(log n)~"(log log n)~1/2}.
(2) The second order partial derivatives C(bD €22 agnd C? = ¢ of C exist and are continuous on [0, 1]
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Then, for 0 < u,v < 1,asn — o9,

(2)]/2{5 (w, v) — by, v)} -5 N (0: cCu, v) !
m M e 7 Ju(l—uwov( —v)
where

Ly k+1 £+1 k €+1

e B ) (5
k=0 ¢=0 m m m
k 1 k ¢
-C +C Y Pm—l,k(u)Pm—l,l(v)
m m’ m
m—1m—1 (k+1)/m +1)/m
=m?y_ {/ / c(s, t)ds dt} P 1,k (WPm—1,¢(v). (2)
k=0 ¢=0 (Jk

Remark 1. As shown in the proof below, the bias term b, (u, v) is equal to c(u, v)4+0(m~1). Therefore the centering b, (u, v)
may be replaced by the copula density c(u, v) if n/m® — 0. This combined with condition (1) shows that a good choice for
m s given by m = n* with < o < 3.
Remark 2. The proof of the theorem will make use of a stochastic representation of the empirical copula process given
in [13]. Conditions (1) and (2) are needed in that context. However the theorem also holds if condition (2) is replaced by the
set of weaker conditions given in [11]. The strength of this representation is that it handles at once the double stochastic
nature of the problem.

Proof. Recall a result of [13]: if the second order partial derivatives of C exist and are continuous on [0, 1], then

sup |Ca(u, v) — C(u, v)—fZ{I(Ul <u,Vi<v)—Cu,v)}

0<u,v<1

FC0 0 Y 00— 1)+ €D ) S =)~ v)
i=1 i=1

= 0{n"**(logn)"?(loglogn)'/*} as., asn — oo.

Here (Uq, V1), ..., (Un, V) is a random sample from C, CV(u, v) = ;’—UC(u, v), C@u, v) = %C(u, v). Plugging in in (1)
gives

_{_ZZ% {I <Ul.§%,Vif%)—C(%,%)}P;n,k(u)l’:nl(v)
i=1
1 k k
) nZ{I <Ui =< E) - m} mk(u)PmE(v)

i=1

Z) EZ {1 (vf < f) - E}P,;k(u)l’,;e(v)
n m m ! !

i=1

|
M=
M=
B
=
3|~
3|

+0{mn—**(logn)"/?(loglogn)/*} as.

uniformly in (u, v) € (0, 1)2.
The factor m in the order term appears because for each0 < u < 1,

ZiP L]~ f J_—oon”z)

as m — oo. This relation is derived in Lemma 1 of Appendix.
Denote the above decomposition as

Cmn(U, v) = bn(u, v) + (1) — () — ) + AV).
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The term b,; (u, v) is a deterministic bias term. By the continuity of ¢ we have

(k+1)/m  p(E+1)/m 1 k 14 1
/ / cs,)dsdt = —c| ——, —— | +0( =
p m> \m—-1 m-1 m?

uniformly ink, £ <m — 1.
This gives

bn(u,v) =c(u,v)+0 (l) .
m

The term (I) can be rewritten as

1 ! k+1 ¢ L+ 1
O =m > =31 LT L
=0 =0 S m m.m m
k k+1 ¢ 41
_P<E<U1 m am<Vi§m)}Pm—l,k(u)Pm—l,Z(v)
n
= Zip.

We check the Liapunov condition for the array {Z,} of independent random variables. Clearly E(Z;,) = 0. Further

1m—1m—1

k=0 ¢=0 k'=0¢'=0

m—1m—

Var <sz> = nE@Z%) = E{

k k+1 ¢ L+1 K
—P<*<U1_ +,—<1§i)}{1<—<U1§

m m m m m

14 K+1 ¢ g +1
—P<*<U1§ +,*<V1§ ha

m m m

k+1 ¢
{<<U1_ + ,— <V <
m m

£+1

m

1=

K+1 ¢
c — <V

’

Note that the product of the two indicators is zero if k # k" or £ # £’. From (3) we conclude that

£+

k+1
<U1<<+ ,

n m4 m—1m—1 k
Var Z]:Zi“ = —E ;;1 — <V <
1= =

14
m

£+1

k k+1 ¢
(< U <+, <V1

:‘3
o
rm——

3

Mg

O —_
P—

m—1m—1
K K+1 ¢ 0 +1
X P<*<U1§ +,*<V1§ *
k=0t=0 M m.m
mt (= [k k+1 ¢
+— ZP(—<U1§L,—<
T \iZoe=o \M m.om
m4 m=im-l k k+1 ¢ £4+1
D M EREL R
=0 =0 m

m? ('"—“"—1 (k k+1 ¢
— Pl—<Ui= s =
T \iZoe=0 \M m.om

(k+1)/m  p(+1)/m
</k m \/l/m

m? =ln-l ( k V4
= c
-1

>Pr2n—1,k(u)Pﬁ1—l.l(v)

) Pﬁ.q,k(u)Péq,e (v)

)

1
o)

< ) Pm—l,k(u)Pm—l,i(U)
m
) P11 (U)Pml,l’(v)}

2
£+ 1
Vi < T P11 (W)Pry—1,¢(v)

c(s, t)dsdt) _1 WP u(v)—%bzm(u,v)

1

2
£+1
<V = T P11 (W)Pry—1,¢(v)

2 +1
<

m

) } P4k (WPr—1,6 (V)P i (W) P10 (V). ]

)

483
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m—1m—1

1 1 2
0 <%> ; ;P%—Lk(”)lﬁ-l.z(v) - {c(u, v) +0 (E) }

m
~ —c(u, v)
n

1
4 Ju(l —uw)v(l —v)

by Lemma 3.1 in [1] or by Lemma 2 of Appendix with ¢ = 1. Repeatmg the same steps as above and using Lemma 2 of
Appendix for £ = 1, 2 and 3 we obtain that Zf 1 E(Z4) = 0((m/n)>). This gives that the Liapunov condition is satisfied.

Indeed, ) i 1E(Z4)/(Var(zl ]Zm))z = 0(m/n) = o(1), since m/n — 0. Therefore,

<£>1 P4 <0 c(u, v) ! )
m 7T J/u(l —u)v(1 —v)

The term (II) can be rewritten as

(H)—Z Z{ (uls)—} Pl Zcm(m i)p;nj(u).

We have

Z (1)( s ) m((v)—mZ{C(l)<k Z+l C(l)<k Z)}Pm—l,Z(v)
=0 £=0

m—1

2

+1)/m
( B t) dl'Pm 1@(1))

+0(m~ )} m—1,¢(V)

m’
k _ k _

=c(—,v>+0(m 1)=c( ,v>+0(m B
m m—1

0= E b= 2) Ao () oo
|

= k PR k4+1\ k-1
=m c ,v)+0(m) ) = I\U; = -
k=0 m—1 n‘= m m
k k

and

~ m = k k+1 1
Zin=— If=<U =< — — { P k().
n m m m

Calculations as before give that E(Zy,) = 0, var(3 L, Zn) = O(m"2/n), Py E(Z:]) = 0(m*?/n?) and that the Liapunov
ratio is 0(m"/2/n) = o(1). Similarly for Y"1, Zip.
Therefore

(1) and also (III) are Op(m'/*4/n"/?).
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With the normalization of (I) we have

(E)l/z () = Op (1/4) = 0p(1)
m m

and similar for (III).
Finally note that (n/m)/?(IV) = op(1) because of condition (1). This proves the theorem.

Remark 3. The restriction to the bivariate case is not essential. It is clear that the asymptotic normality result can be proved
along the same lines for the general d-dimensional case (d > 2) relying on the stochastic representation of a d-dimensional
empirical copula [13,11]. The norming factor becomes (nm~%?)"/?and the asymptotic variance is given by

1

—d/2
c(uy, ..., uq)(4m) Jur (T —uq) .. ug(1 —ug)

forO < uq,...,ug < 1.
Remark 4. The asymptotic normality result can be extended to the weak convergence of the process (n/m)'/? (cnm(u, v) —

c(u, v)) on (0, 1)% The key issue is the asymptotic tightness of the process (n/m)"/2Y""_ | Zi,. This can be obtained by
applying Theorem 2.7.1 in [14].

3. Asymptotic bias and optimal order

The bias term b,, (u, v) in (2) can be further expanded under additional assumptions on the partial derivatives of c. For
instance, if c has second order partial derivatives that are Lipschitz on (0, 1), then

bm(u, v) = c(u, v) + Lb(u, v)+o <l> (4)
2m m
where
b(u, v) = u(1 — u)cyu(u, v) + V(1 — v)cyy (U, V) + (1 = 2u)cy (u, v) + (1 — 2v)c, (u, v) (5)
and
] ad 02 92
= a—uc, Cy = %c, Cuu = ﬁc, Cop = wc.

This follows by applying various Taylor expansions and using the fact that the first and second central moments of a binomial
(m — 1, u) variable are 0 and (m — 1)u(1 — u).

Expression (4) together with the asymptotic variance expression in the theorem leads to a formula for the asymptotic
optimal choice of the order m. For the asymptotic mean squared error of cp, (1, v) we have the expression

m 1
—o?(u, v) + —b*(u, v)
n 4m?

where

1 1
o%(u, v) = c(u, v)—
47 Ju(1 —uwv(1 —v)
and b(u, v) is given in (5).
Minimizing with respect to m gives
bz(u, U) 3 n1/3
202%(u, v)

mg = mo(U, v) = {

and

b(u, v)o (u, v) }2/ S s

AMSE(Ciny,n(u, v)) = 3 { 2

With the choice m = n* with 1 < « <
included in this range.

%, as explained in Remark 1, we have that the optimal value my is close to be
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Appendix
In this appendix we prove two lemmas of independent interest that were used in the proof of the theorem.

Lemma 1. Forany 0 < u < 1, as m — oo, we have

Z|Pm,<(u)| [Ml—

Proof. By direct calculation we find

1
P W) = mpm,k(u)(k — mu).
Therefore
> Loy
| P ) | = ——— (k — mu)Pp i (u)
k=0 " u(l—u) k=[mu]+1

2
u(l1—u) (mu] +1) ([mur]n+ 1) w1 —

by an identity in [8].
Now use Stirling’s approximation for factorials and some algebra to obtain the result.

Lemma 2. Forany0 <u < l,any ¢ =1,2,...,asm — oo, we have
¢
(Vamu(=w) ZP““(u) — (0, ....0),
k=0
where ¢¢ (X1, . .., Xg) is the £-dimensional normal N, (0, X°) density with variance-covariance matrix £° = [oj], withoyj = 1
ifi=jandoy = 1/2if i #j.
Proof. Let A; = (A, A, ..., Ayp), fori =1, , m, and assume that for eachj = 1, Z,AU,Azj, ..., Apj are iid. with

E(Ayj)) =0and E(A ) =1. Suppose that A;; is lattlce with mass points b, b + h, b + 2h ..Defineforj=1,...,¢

n mb + kh
Smj=ZAij’ Xji=—"—,
i=1

Jm
for k = 0,+£1, £2,.... Mimicking the proof of Theorem 3 of Section XV.5 of [4] we arrive at the following multivariate
extension of his one-dimensional local central limit theorem for lattice random variables:
m Mo i=1, 0 8) - ulx X) = 0 (6)
ht \/ﬁ s IR (A3 EIURICE N4

uniformly in (x4, ..., x¢), where ¢; is the £-dimensional N, (0, X) density.

Now, suppose that {B;j, i=1,...,m; j=1,..., £} are independent Bernoulli variables with parameter u and that the
random vectors B; = (Bjy, .. ., Bjy¢) are independent of the random vector W = (W1, ..., W};), where Wy, ..., W,, are also

independent Bernoulli variables with parameter u.
Furthermore, setA; = (B;j—W;)/+/2u(1 — u), then E(A;) = 0, E(A ) = land Cov(Ay, Ay) = 1/2forj # k;i =1,
Also the span of A;; is h = 1/4/2u(1 — u). Conditioning on the event {le] W; = k} it follows that

P(smjzo,j:1,...,@):21),51*,}@). (7)
k=0

Hence the lemma follows from (6) and (7) with ¥ = X°.
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