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Abstract

Telemonitoring in chronic heart failure management aided in self monitoring of day to day patients
biomarkers such as blood pressure, weight and heart rate. The clinicians in the health center use
these measurements to enhance timely intervention and thereby reduce rehospitalization. We study
the post discharge profiles of the different biomarkers measurements availed to the health center via
telemonitoring using flexible statistical model. Analysis is based on the use of generalized additve
mixed model (GAMM) using p-splines. The flexible additive linear predictor which is based on smooth
functions is used to capture the rather complex functional relation between the biomarkers and time.
We include parametric random effects to account for extra sources of variability. The post discharge
profiles are also studied to investigate whether there exists differences in evolutions based on the
baseline covariates: sex, left ventricular ejection fraction (LVEF), heart rhythm, New York Heart
Association (NYHA) functional classification of the heart failure and age. The GAMM provided a
good deal of flexibility in describing the overall post discharge profiles of these biomarkers and it also
better described the evolution of biomarkers across levels of covariates. The clinicians might use

these approach to predict patient conditions and rehospitalization.

Key words: chronic heart failure (CHF), generalized additive mixed models (GAMM), p-splines,

telemonitoring
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1 Introduction

1.1 Telemonitoring in Chronic Heart Failure Management

Heart failure is related with substantial morbidity, mortality, and healthcare costs (Ho et al.,
1993 and Bui and Fonarow, 2012). Patients are often followed closely in heart failure clinics but
admittance to a cardiology department is frequently needed, and the 30-day readmission rate
is high (Jencks et al., 2009). The clinical course of heart failure is characterized by recurrent
hospitalizations due to fluid overload and/or worsening of renal function (Dendale et al., 2011).
A regular adjustment of treatment of CHF patients is needed to lower morbidity, mortality,
and healthcare costs. The European Guidelines on heart failure stress that education about
medication adherence, early warning signs of impending decompensation, support of self-care
behaviour, and optimization of pharmacological and device therapy are the main aims of long

term care of heart failure (Dickstein et al., 2008).

Telehealthcare (or telemonitoring) may be a solution, contributing a way to identify and monitor
subclinical congestion. The earlier identification and treatment of congestion together with
improved coordination of care may prevent hospitalization. The potential use of telemonitoring
to help in transmitting important parameters is acknowledged, and the important players in
the chronic management of heart failure patients are the patient, the primary care physician,
and the heart failure management team (Dickstein et al., 2008). The classical approach used
in heart failure teams, with regular telephone contacts is however, labour-intensive. Therefore,
the question arises of whether a close collaboration between general practitioners (GPs) and
the heart failure nurse and/or cardiologist, facilitated by modern communication technology
allowing day-to-day follow-up of body weight, blood pressure, and heart rate, may result in an

improved clinical outcome (Dendale et al., 2011).

The telemonitoring machine provides not only measurement alerts but also a graph of the evo-
lution of the biomarkers profile (Dendale et al., 2011). Such profiles are useful in visualizing
the long term trends of a biomarker for a particular patient. However, sometimes the observed

longitudinal profiles shows complicated trends which cannot be easily described. Hence, some



techniques have to be adopted in order to capture such trajectories in an appropriate way. Hav-
ing the longitudinal setting, one can use linear mixed models to analyse such measurements and
quantify the evolution of the biomarkers. As stated in Fitzmaurice et al., (2009), by measuring
study participants repeatedly through time, longitudinal studies allow the direct study of tem-
poral changes within individuals and the factors that influence the change. This can be analyzed
using some variant of the mixed effects models which allow modeling and analysis of between
and within individual variation (Pinheiro and Bates, 2000). However, there is a wide variety
of challenges that arise in analyzing longitudinal data. Although such parametric models enjoy
simplicity, they have suffered from inflexibility in modeling complicated relationships between
the response and covariates in various longitudinal studies such as growth curves (Verbeke and
Molenberghs, 2000). To circumvent the inflexibility of linear mixed models, a wide variety of
models have been developed recently (Fitzmaurice et al., 2009). Generalized additive models
(GAMs) are among the alternatives. GAMs are flexible statistical models that captures the
complex functional relationships of the outcomes and covariates in a smoothed manner rather

than constant fashion (Wood, 2006).

In this project, the generalized additive mixed models are the primary method of analysis to
describe longitudinal postdischarge profiles of blood pressure, weight and heart rate by capturing

the functional relationships of these biomarkers and time.

1.2 Objectives

This project has two main objectives: (1) to study the postdischarge longitudianl profiles of the
four biomarkers (diastolic, systolic, weight and heart rate) using flexible statistical techniques
in such a way that one can easily see the long term trends. (2) to investigate whether the
evolution of the profiles are influenced by the patients baseline characteristics (age, sex, LVEF,

heart rhythm, NYHA and NTproBNP). Analyses will be conducted using package 'mgcv’ in R.



2 Data description

2.1 The Chronic Heart Failure

The data used in this study is obtained from a study conducted in Belgium between 2008 and
2010 and whose aim was to study whether follow-up of chronic heart failure (CHF) patients, by
means of a telemonitoring program, reduced mortality and rehospitalization rates (Dendale et al.,
2011). Daily measurements of systolic and diastolic blood pressure, heart rate and weight, were
remotely collected from 80 patients. These patients at hospital discharge were provided with a set
of apparatuses, through which they not only made these measurements, but also remotely availed
the measurements to the medical personnel. These longitudinal measurements were recorded
each day for a period of about 6 months. However, the durations of measurements depend on
whether the patient get hospitalized or dropped from the study due to death or other reasons
within the period which resulted in unbalanced measurements. Moreover, all biomarkers have
missing values due to a variety of reasons. In addition to the biomarkers, the following patient
characteristics were also collected at baseline: sex, age, heart rhythm, NTproBNP (a measure
of cardiac muscle fiber stretch,the lower the value the better), patient fitness indicator(NYHA).
NYHA stands for New York Heart Association functional classification of heart failure and is an
indicator for patients fitness at a given moment. The scores for NYHA in the data set ranges
from 1-4.The highest being the worst score. These scores are classified in to four classes based
on Chul-Ho et al., (2012) classifications and given in Table 1. The left ventricular ejection
fraction (LVEF), is a measure of heart performance which indicates the fraction of of blood
being pumped out of the ventricle within each contraction. It is usually categorized as high
(or preserved_ejection) and low (or reduced_ejection) based on percentage of the blood, where a
higher figure is better (Njagi et al., 2013). And heart rhythm which could be classified as normal
and abnormal is also available in the data set. The description of the variables are presented in

Table 1 below.



Table 1: Telemonitoring CHF Data. Variable Description.

Variable category Description
Predictors
Sex 0 Female
1 Male
NYHA 1<=NYHA<2 classl
2<=NYHA<3 classlI
3<=NYHA<4 classlII
NYHA>=14 classIV
LVEF _status 1(reduced_ejetion) < 45% of ejection fraction
O(preserved _ejection) > 45%of ejection fraction
Heartrythm 0 Normal heartrym
1 Abnormal heartrym
Age Age of a pateint at discharge
NTproBNP  Measures of cardiac muscle fiber stretch at discharge
Responses
DBP Diastolic blood pressure (in mmHg unit)
SBP Systolic blood pressure (in mmHg unit)
Weight Weight of a patient measured (in kg times 10)
Heart rate Heart rate of a patient measured (in b.p.m)




3 Statistical Methodology

3.1 Generalized Additive Models

Although linear models have been the dominant approach for the analysis of longitudinal data
when the outcome is continuous, in many applications the pattern of change is more faithfully
characterized by a function that is non-linear in the parameters (Fitzmaurice et al., 2009). In
other settings, parametric models for longitudinal data are not sufficiently flexible to adequately
capture the complex patterns of change in the outcome and their relationships to covariates.
In such circumstances, it is fundamental to use flexible techniques such as smoothing splines
(Ruppert et al., 2003). Moreover, parametric regression models all assume a linear (or some para-
metric) form for the covariate effects and such assumption is too restrictive for many practical
applications. This restrictions led to the development of nonparametric and semi-parametric
regression methods, within which the linear or parametric form of (some of) the covariates are
replaced by a flexible function (Fitzmaurice et.al, 2009). Generalized additive models (GAMs)
are a nonparametric extension of GLMs, used often for the case when you have no a priori reason
for choosing a particular response function (such as linear, quadratic, etc.) and want the data to
show us an appropriate functional form rather than imposing some rigid parametric assumption
(Wood, 2006). It extends generalized linear models (GLMs) by replacing the linear predictor
with an additive predictor composed of a sum of smooth functions (Hastie and Tibshirani, 1986,

1990).

The GAM models provide a great deal of flexiblity in describing the response-predictor relation-
ships (Wood, 2006). However, the flexibility and convenience of the model comes at the cost of
two new theoretical problems. It is necessary both to represent the smooth functions in some
way and to choose how smooth they should be. It requires solving 3 problems not encountered
in linear modelling:(1) the smooth function has to be represented some how, (2) the degree of
smoothness of the function must be controllable and (3) the amount of smoothness most appro-
priate should be selectable in a data-driven way (Wood, 2006). In the coming section, we will

gently introduce GAM formulation and its estimation procedures as well as the choice of bases.



3.2 GAM formulation and base selection:

The general structure of generalized additive model is given by:

9(E(yi)) = X706+ fi(x)) (3.1)

where Y; is the response variable, assumed to belong to some exponential famiy. g is a smooth
monotonic link function, X is the ith row of the model matrix for any strictly parametric
model components, and 6 is the corresponding parameter vector. The f; are smooth functions
of covariates x;, which may be vector covariates. The f; are subject to identifiability constraints,
typically that j [j(x;)=0 Vj. The model can further be extended by including extra random
effect terms to arrive at the generalized additive mixed model (GAMM)( Lin and Zhang, 1999).
The first step in GAM estimation is to represent the smooth terms in model (3.1) using spline
bases with associated penalties (Marx and Eilers, 1998;Wood, 2006). Each smooth term is

represented as

i) = 02, Bikbjn(x)

where the bj;(2j) are known basis functions, chosen to have convenient properties, while the
Bjk are unknown coefficients, to be estimated. Given bases for each smooth term, model (3.1 ),
can be re-written as a GLM, g(E(y;) = X;8, where X includes the columns of X* and columns
representing the basis functions evaluated at the covariate values, while 5 contains 8* and all the
smooth coefficient vectors, 8;. The detail procedures for setting up GAM as GLM is found in
Wood (2006). Unlike GLM, GAM are usually estimated by penalized likelihood maximization,
where penalties are designed to suppress overly wiggly estimates of f; terms. This is the idea
behind the penalized regression approach of GAM estimation (Wood, 2006). However, before
GAM estimation, for each smooth function in the model, a basis has to be chosen. A basis can
be seen as a way of defining the space of functions of which f (or a close approximation to it)
is an element (Wood, 2006). There are several spline bases to choose from. The next section
introduces some of these bases and the estimation procedures for the choosen splines base for

our analysis.



3.3 Bases and knots for smoothing splines

Spline functions are piecewise polynomials, with the polynomial pieces joining at the knots and
fulfilling continuity conditions for the spline itself and some of its derivatives (Costa, 2008).
In practice both the types of base and the number knots and its location need care (Ruppert
et,al., 2003). Several alternatives exist for the choice of the basis functions bj;;, such as; cubic
regression splines(CRS), cyclic cubic regression splines, truncated power bases (TP), P-splines,
p-splines with shrinkage, cyclic p-splines, B-splines, thin plate splines and thin plate regression
splines(TPRS) to mention some. Here we will introduce some of them. The detail descriptions
along with the merits and demerits of the these bases are found in Wood (2006).

Cubic spline bases: the most commonly used smoothing spline is the natural cubic smoothing

spline. The natural cubic spline arises as the solution of the penalized residual sum of squares
criterion (Hastie et al., 2009). It interpolates the data, and yields a linear fit if the smoothing
parameter A — oco. Because for smoothing splines the number of smoothing parameters to be
estimated is as large as the number of unique observations, they are computationally intensive
(wood, 2006). On the other hand, for data sets with a large number of distinct measurement
times, or with several spline terms in the model, the cubic spline mixed model generates a large
number of random spline effects with a dense design matrix Zs;. Hence, solution of the mixed-
model equations may then require a large amount of computer workspace and processing time
(Ruppert et al., 2003).

The truncated power and B-Splines: Truncated power bases are useful for understanding

the mechanics of spline-based regression, and they can be used in practice if the knots are
selected carefully or a penalized fit is used. However, the truncated power bases have the
practical disadvantage that they are far from orthogonal. This can sometimes lead to numerical
instability when there is a large number of knots and the penalty parameter A is small (or zero
in the case of ordinary least squares). Therefore, in practice, especially for OLS fitting, it is
advisable to work with equivalent bases with more stable numerical properties (Ruppert et al.,
2003). The most common choice is the B-spline basis. The B-spline basis is popular and widely

used because of its sparse, local form and good computational properties in terms of matrix



inversion ( Fitzmaurice et al., 2009). B-splines are also useful in constructing P-splines (Wood,

2006).

P-splines: P- splines are low rank smoothers which were proposed by Eilers and Marx (1996).
They are low range splines in which the number of knots are much lower than the dimension of
the data. They also relax the importance of the localization and the number of knots. Moreover,
P-splines are extremely easy to set up and use, and allow a good deal of flexibility in that any
order of penalty(measures of wiggleness) can be combined with any order of B-spline basis,
as the user sees fit (Ruppert et al., 2003). However, the simplicity is somewhat diminished if
uneven knot spacing is required, and that the penalties are less easy to interpret in terms of the
properties of the fitted smooth, than the more usual spline penalties (Wood, 2006). The focus
in this thesis on p-splines using B-splines basis. In the next section we will give representation
of B-spline and P-splines. With respect of the number of knots in most of the situations, the
suggestion is to use a moderately large number of equally-spaced knots. The first goal for any
algorithm in selecting number of knots (K) is to make certain that K is sufficiently large to
fit the data. The second goal is to choose K not so large that computation time is excessive

(Durban et al., 2005).

3.3.1 Construction of P-splines

P-splines are low rank smoothers using a B-spline basis, usually defined on evenly spaced knots,
and a difference penalty applied directly to the parameters, §;, to control function wiggliness
(Wood, 2006). The B-spline basis is appealing because the basis functions are strictly local,
each basis function is only non-zero over the intervals between m + 3 adjacent knots, where m
+ 1 is the order of the basis (Wood, 2006). To define a k parameter B-spline basis, we need to
define k +m + 1 knots, z1 < 22 < ... < Tgymr1, where the interval over which the spline is to
be evaluated lies within [x,,42, x| (so that the first and last m + 1 knot locations are essentially

arbitrary). Consider a flexible regression model

yi=f(z)+e € ~N(0,0%) i=1..,N (3.2)



where y; is the response variable for the observations ¢ = 1,..., N and f(.) is smooth function of

covariate x.

To estimate the function f(.), it is assumed that this function can be represented by a linear

combination of known basis functions B; . An (m+ 1) order spline can then be represented as

flz)=3F | B"(x)Bi

where 3; = [61....Bk]T is a vector of unknown regression coefficients .The B; are the B-spline
basis functions, which most conveniently defined recursively as follows:

S -1 Titmt2 — T o1 .
Pa) = I ) T i) o

B 1 z; <z <2zt

T
0 otherwise

Under this representation the model parameter 6; can be easily estimated using ordinary least

squares;
B — BTB—IBTy
where
31(961) . o BK(ml)
B =
Bi(zy) ... Bg(xn)

and y = (y1....yn) and the penalization is discrete and directly penalizes the coefficients instead

of the whole curve which reduces the dimensional problem.



3.4 GAM estimation via P-IRLS

We have stated that in regression spline, the number and also the location of the knots have a
great impact on the final estimates. When the number of knots increases the estimated curve
(in comparison with the true curve) becomes too wiggly, meaning that the data are over fitted
(Wood, 2006). To solve this problem, O‘Sullivan (1986) introduced the idea of penalized splines,
where a smoothness penalty is added to the least squares criterion while estimating the regression
coefficients 3. For example, the penalization based on the second derivative function of f of

penalized splines for model (3.1) is fitted by minimizing the penalized sum of squares:
(y—BB) (y— BB) + A [ f(x)*0m (3.3)

where A is the smoothing parameter which controls the trade-off between fidelity to the data
and roughness of the function estimate. The trade off between model fit and model smoothness
is controlled by the smoothing parameter A. A — oo leads to a straight line estimate for f, while

A = 0 results in an un-penalized regression spline estimate.

Because f is linear in the parameters, 3;, the penalty can always be written as a quadratic form

in B
[1f"(@)]?0z = TS5

Associated with each smooth function ,the measures of function wiggliness is given by Bfgj,@j,
where S’j is a matrix of known coefficients. As stated in section 2.2, given bases for each smooth
term, the GAM model can be re-written as a GLM. However, the generalization from GLMs to
GAMs requires the development of theory for penalized regression, in order to avoid problems
of overfitting (Wood, 2006). The fit of such GLM is most conveniently measured using the

deviance:

D(IB) = z{lmam - l(ﬂ)}¢

where [ is the log-likelihood of the model, and [,,,4, is the maximum possible value for [ given

the observed data, which is obtained by considering the MLE of a model with one parameter

10



per datum (under which the model predicted E(y;) is simply y;)(Wood, 2008). ¢ is is a scale
parameter, and the definition of D means that it can be calculated without knowledge of ¢.
Maximizing the likelihood is equivalent to minimizing the deviance, and in several ways the
deviance behaves rather like the residual sum of squares in linear modeling (Wood, 2008). If
the bases used for the smooth functions, f;, are large enough to be reasonably sure of avoiding
misspecification, then the model will almost certainly overfit if it is estimated by minimizing the

deviance (Wood, 2008 ). For this reason GAMs are estimated by minimizing
D(B) = X; X;iB7S;PB

where \; are smoothing parameters and the S; are the S~j suitably padded with zeroes so that
BTSj,B: ,Bfgj,@j and S = Zj A;S;. The A; controls the smoothness of the component smooth
functions. Hence, smoothness selection is about choosing values for the A;. Given A ,the
penalized deviance can be minimized by penalized iteratively re-weighted least squares (P-
IRLS)(Wood, 2006). However, A; have to be estimated as well. The fact that A; is unknown,

arise a need for an iterative procedure to estimate (.

Let V(p) be the function such that var(y;) = V(ui)¢. Let w; denote any prior weights on
particular data points (used to weight the component of deviance attributable to each datum).

Then, 3 can be estimated by iterating the following steps to convergence.

1. Given the current u*, calculate the pseudo data Z*, and weights,w;* where

wik = W and Z; = g7 (ui")(yi — pi®) + XB¥, g is the link function, Z* is a

vector of pseudo-data and W is daiagonal matrix with diagonal elements wf.

2. Minimize
VWK (2K — XB)H2 + ﬁTSj,B with respect to 3 to find A1,

Evaluate the linear predictor, n/*+1 = X B+ and the fitted values ugkﬂ} = gil(n[kﬂ}).

)

Hence, the penalized least squares estimator of 3 is given by;
B=X(XTX +\S) 'XT (3.4).
Where the influence, or the hat matrix for the model can be written A = X (XTW X + S)leTW.
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3.5 Degrees of Freedom and Scale parameter estimation

The effective degrees of freedom of a GAM, defined as tr(A), where A is the influence matrix
described above, indicate the flexibility of the fitted model. For instance, using large values
for the smoothing parameters would result in a very inflexible model (a model with very few
degrees of freedom). The application of penalties reduces the model degrees of freedom. It is
possible to break down the effective degrees of freedom of the model to each smooth function in
the model or even to each BZ separately. It can be shown that the effective degrees of freedom

for the model parameters in the general weighted case are given by the leading diagonal of
F=(XTWX+58) 'XTWX, (3.5)

where S = )" j AjS;. F can also be shown to be the matrix that maps the un-penalized estimates
to the penalized ones and Fj; to measure the effective degrees of freedom of the i** penalized

parameters.

Residual Variance or scale parameter estimation: For the additive model case,the residual

variance(o?) is usually estimated in a manner analogous to the linear regression case as

A —Ayl?
57 ==t (3.6)

whilst the scale parameter in the case of a GAM is estimated by the Pearson-like estimator as

~ ) ro=1(y 22
¢) — Zz V;N:tr(gz) ,uz) (37)
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3.6 Smoothing parameter selection

The critical point of the penalized spline smoothing is the choice of the smoothing parameter \.
In the previous section, it was stated that if a large smoothing parameter is chosen the resulting
curve is very smooth, but if we choose a small smoothing parameter, the resulting estimate
becomes too wiggly. Penalized likelihood maximization can only estimate model coefficients, (3,
given smoothing parameters A, so it is of interest to discuss how to estimate the smoothing

parameter and then this section covers some practical methods of A estimation.

There are several methods to choose the optimal value of of A such as Ordinary cross-validation
(OCV), Generalized Cross Validation (Hastie and Tibshirani, 1990; Wood, 2006) or Akaike
Information Criterion (Wood, 2008). The methods of Ordinary cross-validation (OCV) and
GCV were introduced as automatic methods of smoothing parameter choice. OCV aimed to
minimize the mean squared error of prediction (MSEP) across a set of data points. By omitting
observation y;, while fitting the model, using the model to predict E(y;), and repeating the

procedure to all data in turn, the following estimate of OCV in the additive model case is

obtained: V, = %Z?(yz _ m[—l])2

where /ii[_” denotes the prediction of E(y;) obtianed by omitting y;. It can be shown that
estimation of V,, can be estimated once using the following expression which requires fitting the

original model once.

o (yi—a)?
V;) o n(llfA“‘)2

However, the OCV method is computationally expensive and suffer from lack of invariance
(Wood, 2006). Another disadvantage of this method was that data values with high leverage
could have a large influence on the choice of A\. On the other hand, Genaralized cross validation(
GCV) (Craven and Wahba, 1979) was developed to downweight these values in the estimation of
the smoothing parameter. The GCV method obtains an estimate of the value A that minimizes

the MSEP. In additive model, GCV is given by

_ nlly—p)l?
Vo = fumima)?
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Generaization of GCV criterian into GAM can be obtained first by writting the GAM fitting

objective in terms of model deviance

D(B) + 3271 A8 DB,
then the GCV score is defined as
_ _nD@)
Vo = [n—tr(A)]?

GCV has computational advantages over OCV, and it also has advantages in terms of invariance
(Wahba, 1990). Efficient algorithms are available to calculate both the OCV and the GCV esti-
mates. However, both OCV and GCV estimates may work poorly in the presence of correlated
errors, although they are thought to be reasonably robust against misspecification of the error

distribution( Fitzmaurice et al., 2009).
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4 Generalized Additive Mixed Models

When repeated measurements are taken on each subject, the subject to-subject variation in-
troduces a new source of randomness and an extension to GAMs may be necessary. Analogous
to the extension of GLMs to generalized linear mixed models (GLMMs), GAMs have likewise
been extended to GAMMSs (generalized additive mixed models) by inclusion of random effects.
A GAMM is just a GLMM in which part of the linear predictor is specified in terms of smooth
functions of covariates (Lin and Zhang, 1999). For example, an Additive Mixed Model has a
structure something like
yi = XaB + fi(z1) + fi(zei, v2:) + -+ Zib+ & (4.1)

where y; is a univariate response; ( is a vector of fixed parameters; X; is a row of a fixed effects
model matrix; the f;s’ are smooth functions of covariates xy; Z; is a row of a random effects
model matrix; b ~ N (0,) is a vector of random effects coefficients, with unknown positive
definite covariance matrix €; ~ N(0,X) is a residual error vector, with i element €;, and

covariance matrix ¥ which is usually assumed to have some simple pattern.

In section 3.4, it was said that moving from GLMs to GAMs requires the development of theory
for penalized regression, in order to avoid overfitting, but GLMM methods require no adjustment
in order to cope with GAMMs: it is possible to write any of the penalized regression smoothers as
components of a mixed model, while treating their smoothing parameters as variance component
parameters, to be estimated by Likelihood, REML or PQL methods (Wood, 2006). The detail
procedures of estimation and the inferencial paradigm with respect GAMM is found in Wood

(2006).
4.1 Model Selection

In GAM frame work, model can be compared using the GCV deviance or AIC (Wood, 2006).
For each model, GCV or AIC would be minimized over A to obtain the model GCV or AIC. Then
models with small GCV or AIC would be considered best. All models with reasonably small
GCV or AIC values should be considered as potentially appropriate and evaluated according to

their simplicity and scientific relevance. The idea behind the AIC is to penalize the loglikelihood
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with the number of parameters, namely AIC=-2LL+2p with p the number of parameters in the
model (fixed effects and variance components). The usage of the AIC in this form may not be
appropriate in case of semi parametric models (Maringwa et al., 2008¢) and instead an adjusted
AIC, should be used. The penalty term of the adjusted AIC takes the effective number of
parameters into account, which generally is higher than p because the smoothing is accounted
for. In Sectoin (3.6) we have seen how to determine the effective degrees of freedom(or effective
number of parameter) by using the design matrix of fixed and random effects corresponding to
the penalized spline. Thus the effective number of parameters(E,) for the generalized model
is (Ruppert et al., 2003) given by equation (3.5), then adjusted AIC is given by AICadj =
—2LL 4 2Ep.

4.2 Hyphothesis Testing

Next to model selection, formal tests are required. Hastie and Tibshirani (1990) describe ap-
proximate F-tests for generalized additive models based on deviances. One may also wish to test
the hypothesis that the simpler of two nested models is correct versus that the larger is correct.
A comparison of the likelihoods evaluated at the penalized maximum likelihood estimates might

be given, by the following test statistic:

A = 2[1(7) — L(7o) ||

where 7jp and 7); are the estimated linear predictors for the null and alternative models respec-
tively. Treating the smoothing parameters as known rather than estimated, the test statistics
is roughly approximated that under the null, A ~ X2E DF—EDF,» Where EDF and EDF repre-

senting the respective effective degrees of freedom.

To test for the need of covariance matrix parameters, likelihood ratio test based on mixture of
chisquares (%X? + %x? +1) can be used. It is an asymptotic distribution where s is the number

of fixed effects parameters constrained under the null hypothesis.

For inference regarding fixed effects, the bayesian credible intervals was used. From the fact that

we rely on some prior beliefs about parameter A, the distribution for GAM results in bayesian
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frame works (Wood, 2006). Hence, for constructions of confidence bands the bayesian uncer-
tainity approach was used. The detail descriptions of the distributional results and derivation

of confidence bands for GAMs and also for GAMMSs are found in Wood (2006).

5 Software

In our report, SAS 9.3 was used to get summary statistics and plots. The mgev package within
R 3.2 was used for all inferential analyses. Specifically, the gamm function within the mgcv
package was used for GAMM fitting. The function implements GAMMSs in two phases: first
calling lme or glmmPQL to estimate the model in the AMM and GAMM case, respectively,
and then transforming the returned object into a gam object, so that GAM-related inferences
can be drawn. The estimated plots along with their credible intervals are obtained from gam
component of the model, while inference for model diagnostics are obtained from Ime component
of the models. Selected codes are shown in Appendix: E for both SAS and R. All statistical

tests were conducted at 5% level of significance.
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6 Results

In this section, the data introduced in Section 1.3 are analyzed and results of the analysis based
on GAM and its extension with application of the penalized spline (P-splines) will be discussed.
Recall that the aim of this study is to come up with a flexible technique to model postdischarge
profiles of telemonitered chronic heart failure patients; i.e investigating the functional relation-
ships of the longitudinal biomarkers measurements and time, and to see if there is a difference
in the evolutions of the profiles across the patient’s baseline characteristics described in Table 1.
Analysis of each outcome will be presented separately. First, diastolic blood pressure by taking
into account the possible covariates will be discussed. Then, systolic blood pressure, weight and

heart rate measurements will be analyzed in the respective order.

6.1 Exploratory Analysis

Prior to analysis, the data were examined for possible problems. A large number of missing
observations was observed in the data in general and in each outcome in particular for un-
known reason of missingness. As mentioned in section 1.3 the study involved 80 subjects whose
biomarkers were measured repeatedly during 6 months of follow-up after hospitalization. The
number of biomarker observations per subject varied from 0 to 186, resulting in a total of 9767,
9740, 10183 and 9744 observations for diastolic, systolic, weight and heart rate respectively.
Table 2 shows the summary statistics of the four outcomes. Out of 80 patients, one had no
measurements for DBP and SBP while 4 had no measurements for measures of cardiac muscle
fiber stretch (NTproBNP). The value of DBP ranges from 31 to 125 with mean of 71.4, while
SBP ranges from 74 to 205 with mean of 123.83 in mmHg units. The ranges observed in weight
measurements was considerable, ranging from 350.5 to 1478 with mean of 766 in units of 10xkgs.
The measurements for heart rate ranges from 40 to 134 with mean 69.8 and variance of 164.4 in
beats per minute ( b.p.m). In the data there were 30 female and 50 male patients. With respect
to the left ventricular ejection fraction(LVEF), 23 patients had high ejection fraction (> 45%)

while 57 patients had the low (< 45%) figure. By heart rhythm, 44 patients had normal while
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36 classified as abnormal. The distribution of patients by New York Heart Association classes
(NYHA) is highly unbalanced. 34 pateints were categorized to class III followed by class IV with
27 patients. Class I and class II had 5, 14 patients respectively. The median age of patients was

77 whith minimum 46 and maximum age of 95.

Table 2: Summary statistics

Variables N NMISS Minimum  Mean Maximum Variance
DBP 9767 2566 31 71.35 125 146.61

SBP 9740 2593 74 123.83 205 385.47
Weight 10183 2150 390 766.06 1478 28007.49
Heart rate 9744 2589 40  69.73 134 164.41

6.1.1 Diastolic Blood Pressure

Individual Profiles

Figure 1 shows the individual diastolic postdischarge profiles for randomly selected patients.
The profiles appeared indistinguishable with up and down curvatures. It demonestrates cyclic
trends which makes the assumptions of linear trend questionable. Moreover, it shows high

within and between variability which suggest the plausibility of random effects for the model to

be considerd.
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Figure 1: Randomly selected individual pro-
files of daistolic blood pressure.

Time (days after hospitalization)

Figure 2: Average evolution of diastolic
blood pressure.
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In order to be able to further visualize the overall evolution of diastolic blood pressure, the overall
mean evolution for the diastolic blood pressure was considered and can be viewed in Figure 2.
The curve demonestrates up and down trend through out the period. The mean profiles by
level of covariates are also given in Figure 3 (a~e). The plot shows distinguished evolution of
the average diastolic blood pressure accross the categories of age, but the difference gradually
vanish. Similarly, there is a difference in the evolution across class of NYHA, where the trends
for patients in the first three classes evolved differently from those in the fourth class. For Sex,
LVEF and Heart rhythm, the profiles are indistinguishable except at some points in time. The
observed individual and mean profiles were not so clear for one to describe the post discharge
profiles of diastolic blood pressure. Hence, the profiles need to be smoothed in appropriate ways
to describe the longitudinal trends and there by differentiate the evolutions among groups of

patients in the study.
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Figure 3: Average evolution of diastolic blood pressure by levels of covariates. (a) gender, (b)

LVEF, (c) heart rhythm,(d) age category and (e) NYHA.

6.1.2 Systolic Blood Pressure

The subject specific longitudinal systolic profiles for randomly selected patients are presented
in Figure 4, where the within-patient variability appeared substantial. In Figure 5 the overall
average evolution is shown. The trend is increasing although it shares the wiggly curvature
observed in DBP profiles of Figure 2. The systolic mean profiles by level of covariates are
displayed in Figure 23 (in appendix B). The plot shows distingiushed evolution of postdischarge
systolic blood pressure profiles for males and females as well as across LVEF levels. The average
evolution of females remained higher than males during the period. Similarly, the profile for
patients who had high ejection fraction (LVEF > 45 %) is clearly distinguished from those who
had low ejection fraction. For the NYHA, the evolution is some what differ accross classes where
patients in the fourth and second classes had a lower evolution range compared to the first and
the third classes. Specifically, for patients in the fourth class the trend remained below the
pulled average systolic value for most of the time. For heart rhythm and age category, there was
no clear difference in the trends except at some intervals. All in all, the observed individual and

average systolic profiles implied that a suitable model would have to be adopted to capture the
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oscillations in a smooth rather than constant fashion.
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Figure 4: Randomly selected individual profiles of Figure 5: Awerage evolution of systolic blood
systolic blood pressure. pressure.

6.1.3 Weight

The individual and average weight trends are presented in Figure 6 and Figure 7 respectively.
The individual profiles appeared in a different range of evolution suggesting there was a high
between variability but more or less constant within fluctuation unlike systolic and diastolic
profiles. The overall mean profile fluctuates around the pooled average for most of the durations,
but it sharply decreased at the end. Furthermore, the mean profiles by levels of covariates are
displayed in Figure 24 (in appendix B). It shows distinguished evolution of weight measurements
conditioned on the categories of covariates. For patients with worst score of NYHA (class IV),
around the first month of post discharge, their average profile remained fluctuating above the
pooled average value, but dropped immediately and start evolving below the average value for
the rest of the duration. Once again Figure 24 can give a clue to consider all covariates in

studying postdischarge profiles of weight and the need of smoothed profiles.
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6.1.4 Heart rate

In Figure 8 and Figure 9 individual and average profiles for heart rate measurements are pre-
sented respectively. The within and between Variability is evident from the individual and mean
postdischarge profiles, with mean profile decreasing over time . On the other hand, Figure 25
(in appendix B) shows mean heart rate profiles by covariates. It can be seen that there was a
difference in evolution across levels of covariates. In general the observed curvatures suggest the
need for a flexible model, which would be able to capture the functional dependence of heart
rate on time. As the aforementioned outcome variables, we need to study the profiles in a better

way such that one can easily describe the trend.
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Figure 8: Randomly selected individual pro-
files of heart rate measurements Figure 9: Average evolution of heart rate
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7 Modelling The Trends

7.1 GAMM Application to Chronic heart failure data

In this section, we apply the GAMM model (4.1) to analyze the longitudinal biomarkers. The
interest is in estimating the time profile of these biomarker measurements as well as investigating
the effects of covariate, on the trends. All variables, except age and NTproBNP are dichotomous
(LVEF (high=1, low=0), gender (male=1, female=0), heart rhythm (normal=0,abnormal=1),
and NYHA _classes (I, II, III, IV). For each of categorical variables three different models were
considered. Model 1 which assumes the overall trend of the biomarkers (or common effect of
time with out adjusting for covariates). In model 2, the trends for the groups differ only by
constant, and model 3 which allows different trends for the groups (the difference curve). Later

on, different modifications were made on model 3 by varying the structures of random effects.

The general formulations of the models are given as :

Yi; = f(t;) + bi + €5 (1)
Yi; = Bo + B1 Xk + f1(t;) + bi + €5 (2)
Yi; = f1(t;) + f2(t;) Xk + b; + € (3)
where Yj; is the response of patient i measured at occasion j ,i=1,---,N, j=1,--- ,n;, f(.) is

a smooth function which reflects response trend, ¢; is the time of interest in days, b; is random
intercept, €;; is the random error of the 4t response measurement for i*" patient, X} is the
kth level of the covariate representing Sex, LVEF, heart rthythm and NYHA in their respective
analysis. §y is the intercept for the reference group and (; represents the fixed effect parameter

for k' level of the covariate .
b; ~ N(0, D)
€i5 "~ N(O, 0’2)

The continuous covariates, age and NTproBNP were also included in the model, but in para-

metric form.
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7.1.1 Comparison of spline bases

Although we proposed to use p-splines, it was of interest to compare the performance of some of
the bases. According to (Ruppert et al., 2003), in principle, a change of basis does not change
the fit though some bases are more numerically stable and allow computation of a fit with greater
accuracy. Besides numerical stability, reasons for selecting one basis over another are ease of
implementation (especially of penalties) and interpretability. The latter consideration is usually
not too important since one is generally interested only in the fit, not the estimated coefficients.
Prior to fitting tha actual model, we carried out comparison of some of spline bases. As stated
in section 3.2 there are several spline bases such as truncated polynomial basis, cubic regression
splines (CRS), cyclic cubic regression spline, thin plate regression spline (TPRS), p-splines, and
shrinkage smoothers to mention some. We have also discussed the theoretical properties of some
of these bases. Now we will explore a number of these options in terms of the smoothing ability
of the model, and its fit. For illustration purpose, we considered GAMM for the diastolic blood

pressure with only the smoothed effect of time i.e model (1).

First, model (1) was fitted using cubic regression splines (CRS), p-splines (ps), thin plate regres-
sion splines (TPRS), cubic regression splines with shrinkage (cs), thin plate regression splines
with shrinkage (ts), cyclic cubic regression splines (cc), cyclic p-plines (cp) and the tensor prod-
uct smooth with p-splines bases. In Figure 10, the result of model 1 for the smoothed effect
of time on diastolic blood pressure is presented. The y-axis represents the estimated effective
degrees of freedom (edf) while the x-axis represents the time in days. It can be seen that the
trend for DBP seems more or less the same under each option of bases. The different smoothing
bases produce almost indistinguishable estimated curves. The estimated effective degrees of
freedom (edf) range from 3.5 to 5, where the lower edf indicates higher penality. The solid line
is the estimated effect where the dashed lines are the confidence bands. The horizontal dashed

line shows the region where the effect is zero.

In addition to the use of plots, the bases were formally compared using AIC . Table 3 displays

the AIC and loglikelihood values of the fitted models. The model with cubic regression splines
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Figure 10: Graphical comparison of smoothing bases for the random intercept model with
smoothed time effect fitted to diastolic blood pressure.

and p-splines gave the smallest AIC which is equal to 66969.41 and 66971.14 respectively.

By adjusting AIC for the respective total estimated effective degrees of freedom (5.720 and 5.230)
using AICadj = —2LL + 2Ep., for p and cubic regression splines the adjusted AIC became

66970.84 and 66971.54 respectively. This suggested that the two bases do the job equally well.

The above considerd random-intercept model only assumes a shift in subject-specific profiles,
which is a restrictive assumption. So it is of interest to comapre bases by considering a more
complex models, for example, including subject-specific intercepts and slopes. Hence, to see the
long term effect while accounting subject to subject variation, comparison was done by extending
model (1), where random slope is added to the model . As shown in Table 3 the inclusion of
random slope improved the model loglikelihood and resulted in smallest AIC compared to the
random intercept model. Moreover, the AIC for the two bases, cubic regression and p-splines

were almost equal with 65820.18 and 65820.29 respectively.
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Table 3: Comparison of bases using Loglikelihood and Akaike Information Criterion. RI is for
random intercepts model while RS is the model with random intercept and slopes.

Model CRS PS TPRS cc cp cs  ts te with ps

RI AIC 66969.41 66971.14 66973.64 66984.2  66984.49  66974.28 66976.83 66972.99
-loglik  -33479.71 -33480.57  -33481.82  -33488.10 -33488.24 -33483.14 -33484.42  -33480.99

RS AIC 65820.18 65820.29 65821.75  65821.34  65822.54  65822.18 65841.44 65823.69
-loglik  -32902.09 -32902.24  -32902.87 -32903.67 -32903.77 -32904.09 -32913.72  -32904.84

Lastly, we compared the fit performance of some smoothing bases by using model (1). But, now
with out the random effects term , and where the mean of diastolic and systolic blood pressure
were fitted as a function of smoothed effect of time (in days). The results of the models are
presented in Figure 11 and 12. The figure shows the observed mean of DBP and SBP overlaid by
the estimated values under the different bases. The estimated trend lines from cubic regression
(green solid line) and p-splines (red solid line) bases approximated the observed means well.
In conclusion, the comparison revealed that for the data at hand, both cubic regression and p-
splines provided a good deal of flexibility to the profiles. However, because of the computational

issue and for other reasons stated in section (3.3), p-spline was adopted for further analysis.

In the coming section we will illustrate the GAMM model for each biomarker by considering the
influence of baseline patient characteristics one at a time using p-splines. But, before applying
the mixed model structures, the simple GAM models (with out random effects) were fitted for
the four outcomes as a smoothed functions of only time in the models. The results are illustrated
in Figure 26 in appendix B. It can be seen that the estimated mean curve for diastolic showed
a fluctuating trend. The systolic curve is increasing while it resulted in a decreasing trajectory
for heart rate. For weight, it initailly declined then followed by constant evolution and at the

end it dropped quickly.
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7.2 Diastolic Blood Pressure

The three models described in section 7.1 were considered by taking the influence of each co-
variate at a time. For example, model (3) for the influence of gender on diastolic blood pressure

is given by :
DBPij = fi(tj) + fa(tj)Sex; + b; + €5

Fori=1,2,...... yN,7 = 1;2,....,ni, DBPF;; is the diastolic measurement of ith pateint at j*"
day. where f1 is a smooth function representing the trajectory for male patients, fs the smooth
trajectory of female patients. The aim is to see the long term effect of gender so that we have
used an interaction model in which the categorical factor (gender) interacts with a continuous
factor (day). Both fi and fo were represented using p- splines. The function f(.) is estimated
by f(t;) = B0 where BJ is the B-spline basis for the function f(¢;) and 8 is the fixed effect

parameter . In this model bi represents the subject specific random intercepts.

Table 4 contains the gam components of the fitted model where edf represent the estimated
effective degrees of freedom. The diastolic trajectories for both male and female patients were
estimated with a significant smoothed trends. The AIC values for model (1) and model (3) were

66971.14 and 66956.18 respectively, which favored model (3) over model (1). On the other hand,
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in comparison of the long term smooth effect of gender, model (3) with a model which assumes
constant effect of gender, model (2) (with AIC=66972.87), clearly supported the former over
model (2). The resulting plot for model (3) is also displayed in the upper two panels of Figure 13.
A straight line, corresponding to 2 degrees of freedom, was estimated for the female trajectory,
while the effect of male was estimated as a smooth curve with 4.253 degrees of freedom. The
total degrees of freedom, the sum of these two plus one degree of freedom for the model intercept
resulted in 7 degrees of freedom. The solid lines/curves on the plots represent the estimated
effects while the dashed lines corresponds to the 95% confidence limits (strictly Bayesian credible
intervals). The rug plots, along the bottom of each plot, show the values of the covariates of
each smooth, while the number in each y-axis caption is the effective degrees of freedom of the
term being plotted. From the figure we can infer that the diastolic profiles for male patients is

decreasing with some fluctuations while for female patients it had an increasing trend.

Table 4: Gam components of the model fitted to diastolic blood pressure in assessing gender effect
(RI is for random intercepts and RS for random slopes).

Smoothed.term edf Ref.df F p-value
Model (1) s(day) 4.235 4.235  9.605 <0.0001
R-sq.(adj) = 0.0001 AIC =66971.14
Model (2) s(day) 4.253 4.253 15.04 <0.0001
R-sq.(adj) = 0.0013 AIC = 66972.10
Model(3) with RI  s(day)*(sex=M) 4.253 4.253 15.04 <0.0001
s(day)*(sex=F) 2.000 2.000 10.49 <0.0001
R-sq.(adj) = 0.0028 AIC =66956.18
Model(3) with RS  s(day)*(sex=M) 5504 5.504 13.892 <0.0001
s(day)*(sex=F) 6.664 6.664 7.851 <0.0001
R-sq.(ad)) = 0.0028 AIC = 65789.27

Model (3) was further extended to a more elaborative structure by allowing subject specific
random slopes. To test if the random slope assumption is appropriate for the model, the model

was fitted with and with out random slopes using the following hypothesis of interest:
HO:a'lzm:O ; H1:a'l2]2>0
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Where 0'2U2 is the variance of random slopes. As the null distribution of the test statistics, a
mixture of chi-square approximation (%Xg—i— % x3) was used. The — 2Restricted log-likelihood was
1172.909 and the p-value was <0.0001, highly significant, so there is evidence to reject the null
hypothesis. That means the random slope would be appropriate for the model. The residual
error variance from the model with random slopes was estimated as o2 = 45.99 and the variance
parameter of random intercept was 051 = 87.24, which indicated a high patient to patient
variability at baseline. The variance parameter of the random slope was 032 = 0.0033. Negative
correlation was observed between the random intercept and slopes, which was estimated as
v = —0.755, it showed that patients who started high do not remain high and vice versa. The
plot for gam components of model (3) with the random slopes is displayed in the lower two
panels of Figure 15, where the female trajectory showed some smoothed curvature compared to
the straight line of model without random slopes. The smoothed diastolic curve for male patients
showed both decreasing and increasing trend during the period. For female patients, the curve
initially increased and then started to evolve more or less in a constant fashion. In general
the estimated curves under the random slope model appear to describe the mean evolution
rather well. NTproBNP and age were also included in the model in parametric form however,
NTproBNP was not significant at 5% significance level while age had a significant impact on
the evolution. For model diagnostics, a plot of standardized residuals versus time was plotted
for model 3 with random slopes structure and shown in Figure 14. Residuals were observed to
scatter without showing any particular trends, which is an indication that the selected model

approximated the data well.
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Figure 13: Estimated smooth terms of the model for effect of gender on DBP. The upper two
panels are from model(3) with random intercept only and the lower are obtained from random
slopes and intercepts model

Standardized residuals

Fitted values

Figure 14: Model diagnostic for gender effect on diastolic blood pressure resulted from the model
with random slopes.

LVEF, Heart rhythm and NYHA: So far we have looked at the influence of gender on
diastolic longitudinal profiles. In what follows we will study the long term effect of LVEF, heart

rhythm and NYHA respectively. For each predictors, three models, i.e model (1), model (2) and
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model (3) were considered. From comparison of the model with constant effect of the covariates
model (2) with model (3), the latter resulted in smallest AIC and prefered over the former
which happened true for the three covariates (Table 9 in appendix A). Hence, for all predictors
model (3) was choosen as optimal model. The numerical output for the estimated effects from
model (3) is presented in Table 5. From the table, we can see that the longitudinal diastolic
profile for LVEF was estimated as a smooth curve with 6 and 4.3 degrees of freedom for patients
who had high and low level of ejection fraction respectively. For normal and abnormal levels of
heart rhythm the trajectories were estimated non linearly with 5.84 and 6.45 degrees of freedom.
Similarly for NYHA classes except for the patients in class II, the curve had a significant non
linear trend. The gam components of the model for left ventricle ejection fraction and heart
rhythm are plotted and presented in Figure 15. The curves for LVEF evolved differently for the
two categories early in time after hospitalization. Patients with high ejection fraction showed
a decreasing trend while those with low level had an increasing trend. Similarly, non linear
trends are observed for patients with normal and abnoraml heart rhythm. In Figure 16 the
estimated diastolic curve by NYHA are presented. Patients in the first (I) category had a sharp
decreasing profiles with 1 degrees of freedom. Patients in class II had straight line trajectory with
2 degrees of freedom while the rest class showed a curvature trend; the third (III) class showed
an increasing smoothed trend. Patients in the fourth (IV) class showed a different evolution
phases, where the initial decreasing phase followed by along increasing period before reaching
the plateau at about day 100 and then showed some fluctuation. The random slope model was
also considered. The assumption for the need of random slope was tested using mixtures of
chisquares distribution and the results for the test of random effects reduction and model AIC
are dispalayed in Table 9 (in appendix A). The result indicated that for all predictors, the more
elaborative random effect structures containing random intercepts and random slopes provided

a better structure compared to the model with only random intercepts.
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Table 5: Estimated components of the model for the effect of LVEF, heart rhythm and NYHA
on DBP resulted from model 8 with random intercepts.

LVEF Smoothed.term edf Refdf F p.value
s(day)*(LVEF=high) 6.08 6.08 4.368 0.0002
s(day)*(LVEF=low) 429 452 10219 <0.0001

Heart rhythm
s(day)*(Heart rhthym=Normal)  5.84 6.58 1.99 0.055
s(day)*(Hear trhym=Abnormal) 6.45 7.23 6.75 <0.0001

NYHA
s(day)*(NYHA=ClassI) 1.000 1.000 29.54  <0.0001
s(day)*(NYHA=ClassII) 2.00 2.00  0.051 0.9500
s(day)*(NYHA=ClassIII) 3.53 3.53  8.64 <0.0001
s(day)*(NYHA=ClassIV) 6.41 6.41 11.33  <0.0001
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Figure 15: Estimated gam components of model (3) fitted to the DBP. The upper two panels are
for LVEF and the lower are for heart rhythm categories.
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Figure 16: Estimated gam components for model (3) fitted to DBP by level of NYHA.

7.3 Systolic Blood Pressure

A model fitting procedures similar to the one used for diastolic blood pressure was applied for
the remaining three biomarkers. For systolic blood pressure, the model comparison results are
displayed in Table 10 (in appendix A). In the table the column -2loglik is the loglikelihood
difference between two models with the same random effects while -2(In\y) is the restricted
maximum likelihood resulted from mixtures of chi-squares and used to compare models with
different random effects. From comparison of model (1) and model (2) with model (3), model
(3) was found to be the best fitting model for each variables based on AIC and -2loglik. This
indicated that along term smoothed function of covariates are needed to describe the systolic
trend. We have also extended model (3) by adding linear and quadratic random slopes. These
models are represented by model (4) and model (5) in the table respectively. For sex, LVEF and

NYHA, model 5 was choosen. For heart rhythm, a model with linear random trend (model (4)
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was shown as the best model under consideration. Hence, further inference was based on model

(5) for sex, LVEF and NYHA while model (4) was used for heart rhythm.

The estimated model components of univariate analysis for the systolic blood pressure from the
best fitting models is summarized in Table 6 (in appendix A). A significant non linear smoothed
trend is observed for categories of sex and heart rhythm. Having low level of left ventricular
ejection fraction (LVEF) was not significant (P=0.0719), indicating that spline is not needed to
describe the systolic profiles of patients in this group. Regarding NYHA, a significant smoothed
trajectory was obseved for the groups of patients in class II and class IV with (p=0.009 and
0.0005) respectively. The plots of gam components of the model for effect of sex, LVEF and heart
rhythm categories on the evolution of systolic blood pressure is given in Figure 17, with effective
degrees of freedom on y-axis and x-axis representing time (in days). For male patients the trend
shows an initial decreasing followed by increasing phase. On contrary, for female groups, the
trend is initially increasing, after reaching the first peak, it evolved with little fluctuation and
then the second peak is observed around 150 days. The profile is decreasing for patients with
high level of left ventricular ejection fractions (LVEF) while it is increasing for patients with low
level of LVEF. For patients in the subgroups of normal heart rhythm, it is initailly decreasing
and then increasing for the rest period with some fluctuations. For patients with abnoramal
heart rhythm, the estimated trend evolved in a constant fashion except some bumps at about
day 100. On the other hand, the the estimated effect along with confidence bands for patients
in subgroups of NYHA is depicted in Figure 20 (in appendix B). Non linear trends are evident

from the plots.

In conclusion, all results indicated that the longitudinal systolic post discharge profile is better
described in a smoothed manner rather than a constant fashion. We have also observed a

difference in evolution across the categories of covariates.
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Figure 17: FEstimated model terms for additive effect of gender, LVEF and heart rhythm on
systolic blood pressure.

7.4 Weight

In Table 11 (appendix A) all models fitted to weight are presented with their respective AIC
and loglikelihood. In comparing the common trend, model (1) with the model which assumes
different curve for groups, model (3), both AIC and loglikelihood supported the later for all the

considered covariates.

To account for subject to subject variability other than at baseline, the linear and quadratic
random slopes were considered. These models are given by model (4) and model (5) in the table.
However, since model 5 comes with negligible variance for the quadratic random slopes and it
did not converged for the sex and heart rhythm covariates, it was not considered. We compared
model (3) with model (4) using mixtures of chisquares and model 4 was choosen as optimal to
describe the weight profiles for all predictors. The estimated components from model (4) are
presented in Table 7 (appendix A). The approximate p-value indicates that the weight curve
for the subgroups of patients, i.e male (<0.0001), females (p=<0.0001), patients with low level

of LVEF (p=<0.0001) and with normal heart rhythm (p=0.0001) had a smoothed non linear
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trend. On the other hand, for patients in the first (I), third (III) and fourth (IV) classes of the
functional classifications of heart failure (NYHA), the trend had a significant smooth trajectory
while for patients in class I1, it did not have significant smoothed non linear trends. The resulting
plot for estimated components along with the 95% bayesian credible intervals is presented in
Figure 18 and in Figure 21 (in appendix B). From both figures it can be observed that the
trajectories had some flexible curvatures, except for some subgroups. The coincidence of the
confidence limits and the estimated straight line, at the point where the line passes through zero

on the vertical axis, is a result of the identifiability constraints applied to the smooth terms.

7.5 Heart rate

Different GAMM models were fitted and for all predictors, model (5) was found to to be the
best fitting model (Table 12 in appendix A) and adopted for further inference. On the other
hand, from comparison of the fit for model (1) and models adjusted for covariates (model 3)
the later resulted in smallest AIC and flexible structures for the profiles. The numerical output
for model (5) is presented in Table 8 (appendix A). The model output show that there was a
signifcant non-linear smoothed trend for both gender and LVEF levels. The results demonstrate
that the patients in each categories of sex and LVEF had different evolution trend for heart
rate. The assumptions of non linear smoothed trend was not significant for the subgroup with
abnormal heart rythm and for the T and IIT classes of NYHA. This indicated that the long term
heart rate profiles for patients in these groups did not have a non linear trajectory rather can be
described using other approach, may be linear trend. The gam componets of the model with 95%
credible intervals for sex, LVEF and heart rhythm are displayed in Figure 19 and in Figure 22
(in appendix B) for NYHA. From both plots some flexible curvatures are evident with increasing
and decreasing trends over time. The baseline predictors, age and NTProBNP were also included
in the model in their parametric form and age was found to have a significant effect but not
NTproBNP. All in all, flexible relationships of the biomarkers with time were observed from the
considerd GAMM models and differences in evolution among patients categorized according to

their baseline characteristics. For model diagnostics, the standard conditional residuals against
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time was plotted for each outcomes under the choosen optimal models (not presented) and the
residuals showed agreat deal of scatter which shows that the considered models approximated

the data well.
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Figure 18: FEstimated model terms for additive effect of gender, LVEF and heart rhythm on
weight curve obtained from model (4).
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Figure 19: Estimated model terms for additive effect of gender, LVEF and heart rhythm on heart
rate curves obtained from model (5).
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8 Discussion and Conclusion

This study based on the analysis of the chronic heart fluire data collected collected in 2008,/2010
from different hospitals in Belgium. The objectives of this report are to study the post discharge
profiles of four biomarkers measurements collected via telemonitoring instrument after hospi-
talization and to investigate whether this evolutions are influenced by the patients age, gender,
status of left ventricular ejection fraction (LVEF), heart rhythm, measures of cardiac muscle
fiber stretch (NTproBNP), and on measures of physical fitness (NYHA). The measurements
were taken within a period of six months after hospitalization. All patients did not stay the
whole six months. Some patients rehospitalized, some of them dropped from the study. The

data has also large number of missing observations due to unknown reason of missingness.

This study has touched upon flexible modelling techniques, with emphasize on penalized spline
methodology for modelling the biomarkers profiles. The observed subject specific longitudinal
profiles of the four biomarkers showed a curvature like cyclic trend which arise a need to model
the time effect in a smoothed fashion in order to better visualize the post discharge profiles.
Generalized additive mixed models with p-splines were applied to describe the post discharge
profiles in a flexible smoothed way. For all biomarkers, the GAMM resulted in a great deal of
flexibility in capturing the relationships of the biomarkers measurement and time. A significant
difference in long term evolution was observed for subgroups of patients who where categorized
according to their baseline characteristics. The overall and the difference curve showed both
increasing and decreasing trajectories for the biomarkers. Patients in certain categories resulted
in an unusual trend where the profiles showed a sharp decreasing or increasing trend over time.
While others showed both increasing and decreasing trajectories. For instance the diastolic
profile for patients whose physical fitness was categorized in the first class according to the
NewYork Heart Association (NYHA) functional classification, had a sharp decreasing estimated
mean trend for the whole period. Although, prediction is not the objectives of this report,
such trends might give a clue for clinicians to take timely intervention. Compared to male

patients, the systolic profiles for females showed slight increase within the first month and then
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steady until the end. It was aligned with the finding that female patients are more likely to
have preserved systolic function (Dumitru and Baker, 2014). In general, we have demonstrated
the versatility of the the generalized additive mixed models using penalized spline approach.
Clinicians can benefit from this approach to predict patients condition and there by take timely

interventions.

8.1 Future Reaserch and Recommendations

This report has several limitations. First, the data had missing observations but, we ignored the
missingness mechanism based on the assumption of missing at random (MAR) which might not
hold true. So future analysis should consider the missingness in the data to varify the validity
of the result. Second, we fitted the simple GAMM models where the random effects intered in
linear way but in practice semi-parametric models can be fitted by allowing non linear smoothed
random effect structures. We carried out univariate analysis by considering the covariate effect
at a time. Therefore it is worthwhile to consider the covariates at the same time. Third, we used
p-splines with default numbers of knots by assumming equally spaced knots. So it is important
to see how sensitive is the fit by varying the number of knots and comparing the result with other
spline bases which do not assume equally spaced knots. The selection of the knots (break point)
can also be determined in such a way that it is clinically meaningful. We suggest to consider also
the clinicians point of view in determining the break points while fitting the model. Last, the
four biomarkers were considered separately, so it might be interesting to consider simultaneously

using joint models such as multivariate analysis and observe how the evolution changes.
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10 APPENDIX

10.1 Appendix A:Tables

Table 6: Estimated gam components of the model for additive effects of Sex, LVEF, heart rhythm
and NYHA on SBP resulted from model (5) for sex and LVEF and model (4) for heart rhythm.

Predictor Smoothed.term edf Refdf F p.value
Sex
s(day)*(Sex=M) 5.011 5.031 5.873 <0.0001
s(day)*(Sex=F) 6.685 6.687 6.099 <0.0001
LVEF
s(day)*(LVEF=high) 2.000 2.001 6.584 0.0014
s(day)*(LVEF=low) 3.342 3.352  2.263 0.0719
Heartrhythm

s(day)*(Heart rhythm=Normal) 3.046 3.046 5.377  0.0010
s(day)*(Heart thythm=Abnormal) 6.462 6.470 3.457  0.0016

NYHA
s(day)*(NYHA=ClassI) 1.001 1.001 0.860  0.3536
s(day)*(NYHA=ClassII) 4742 4742 3133 0.0094
s(day)*(NYHA=ClassIII) 4171 4171  1.067  0.1500
s(day)*(NYHA=ClassIV) 5882 5.882 4.054  0.0005
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Table 7: Estimated gam components of the model for additive effects of Sex, LVEF, heart rhythm
and NYHA on Weight from model (4).

Predictor Smoothed.term edf Refdf F p-value
Sex
s(day)*(Sex=M) 3.216 3.217 8.346 <0.0001
s(day)*(Sex=F) 5.733 5.735 5.454 <0.0001
LVEF
s(day)*(LVEF=high) 1.983 1.982 2.860 0.0580
s(day)*(LVEF=low) 5.716 5.720 7.806 <0.0001

Heart rhythm
s(day)*(Heart rhythm=Normal) 2,696 2.696 7.27 0.0001
s(day)*(Heart rhythm=Abnormal) 2.003 2.003 2.31 0.0992

NYHA
s(day)*(NYHA=Class) 0.999 0.999 0.613 <0.0001
s(day)*(NYHA=ClassII) 2.109 2.109 0.180  0.846
s(day)*(NYHA=ClassIII) 6.793 6.793 3.755  0.0005
s(day)*(NYHA=ClassIV) 7.200 7.200 2.375  0.0190

Table 8: Estimated gam components of the model for additive effects of Sex, LVEF, heart rhythm
and NYHA on heart rate from model (5).

Predictor Smoothed.term edf Refdf F p-value
Sex
s(day)*(Sex=M) 4.637 4.639  5.360 0.0001
s(day)*(Sex=F) 7.496 7.496 4.835 <0.0001
LVEF
s(day)*(LVEF=high) 6.772 6.772 6.148  <0.0001
s(day)*(LVEF=low) 6.017 6.017 7.343  <0.0001
Heartrhythm

s(day)*(Heart rhthym=Normal) 4474  4.474  4.219 0.0014
s(day)*(Heart rhythm=Abnormal) 2.002 2.002 2.805 0.0605

NYHA
s(day)*(NYHA=Class]) 4351 4.351 2282  0.0529
s(day)*(NYHA=ClasslI) 7.478 T.A478  19.493 <0.0001
s(day)*(NYHA=ClassIII) 2.001 2.001 2192  0.1117
s(day)*(NYHA=ClassIV) 2.010 2.010 3.145 0.0429
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Models Comparison

I.Diastolic blood pressure

Table 9: Test for reduction of random effects and model AIC for DBP .

Model AIC logLik -2loglik p-value
LVEF Model (1) 66971.99 -33478.00
Model (2) 66973.02 -33480.38 0.12 0.7300
AIC logLik -2In(A\y)  p-value
Model(3) RI ~ 65825.71 -32901.85
Model (3)_.RS 65581.10 -32776.55 250.60 <0.0001
Heart rhythm Model (1) 66971.99 -33480.57
Model (2) 66972.94 -33480.47 0.21 0.6500
AIC logLik -2In(Ay)  p-value
Model(3) RI ~ 65826.35 -32902.17
Model(3)_-RS  65604.17 -32788.08 228.1808 <0.0001
NYHA Model (1) 66971.99 -33478.00
Model (2) 66974.50 -33479.25 2.65  0.4494
AIC logLik 2ln(A\y)  p-value
Model(3) RI  66895.75 -33433.88
Model(3) RS 65826.68 -32896.34 1075.07 < 0.0001
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I1.Systolic blood pressure

Table 10: Test for reduction of random effects and model AIC for SBP.

Sex Model AIC logLik  -2loglik  -2In(An) p-value
Model 1 74657.57 -37323.78
Model 2 74651.68 -37319.84 7.88 0.005
Model 3 74621.53 -37319.84 34.15 < .0001
Model 4  72987.86 -36482.93 1639.67 < .0001
Model 5 72637.91 -36304.95 355.95 < .0001
LVEF DModel 1 74657.57 -37323.78
Model 2 74649.57 -37318.78 10.00 0.0016
Model 3 74627.26 -37305.63 26.31 < .0001
Model 4  72987.88 -36482.94 1645.38 < .0001
Model 5 72649.44 -36310.72 344.44 < .0001
Heart rhythm Model 1 74657.57 -37323.78
Model 2 74659.43 -37323.71 0.14 0.7066
Model 3 74643.45 -37313.73 19.97 < .0001
Model 4 72986.92 -36482.46 1662.53 < .0001
Model 5 not converged
NYHA Model 1 74657.57 -37323.78
Model 2 74661.15 -37322.57 2.42 0.4899
Model 3 74297.66 -37134.83  375.49 < .0001
Model 4  72975.68 -36470.84 1327.98 < .0001
Model 5 72636.61 -36298.30 345.07 < .0001
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ITI.Weight

Table 11: Test for reduction of random effects and model AIC for weight.

Sex Model AIC logLik -2loglik -2In(Ax)  p-value
Model 1 91782.73  -45886.36
Model 2 91783.75 -45885.87 0.98 0.3221
Model 3 91766.72 -45875.36 21.02 < .0001
Model 4  89839.78 -44908.89 1932.95 < .0001
LVEF Model 1 91782.73 -45886.36
Model 2 91784.19 -45886.10 0.53 0.47
Model 3 91761.69 -45872.85 26.50 < .0001
Model 4  89826.90 -44902.45 1940.79 < .0001
Heart rhythm Model 1 91782.73 -45886.36
Model 2 91783.50 -45885.75 1.23 0.27
Model 3 91727.84 -45855.92 59.66 < .0001
Model 4 89858.17 -44918.08 1875.67 < .0001
NYHA DModel1 91782.73 -45886.36
Model 2 91788.02 -45886.01 0.7034 0.8724
Model 3 91618.17 -45795.09  181.85 < .0001
Model 4  89862.75  -44914.37 1761.42 < .0001
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IV.Heart rate

Table 12: Test for reduction of random effects and model AIC for heart rate.

Sex Model AIC logLik  -2loglik  -2In(An)  p-value
Model 1 67590.93 -33790.47
Model 2 67592.63 -33790.31 0.31 0.5811
Model 3 67464.50 -33724.25 132.13 < .0001
Model 4 65738.35  -32858.17 1732.15 < .0001
Model 5 65267.93  -32619.96 476.42 < .0001
LVEF Model 1 67590.93  -33790.47
Model 2 67592.28  -33790.14 0.65 0.4207
Model 3 67584.59  -33784.30 11.69 0.0029
Model 4  65756.20  -32867.10 1834.39 < .0001
Model 5 65267.51  -32619.75 494.69 < .0001
Heart rhythm Model 1 67590.93 -33790.47
Model 2 67587.93  -33787.975 4.99 0.0254
Model 3 67555.61  -33769.80 36.32 < .0001
Model 4 65778.73  -32878.36 1782.88 < .0001
Model 5 65288.79  -32630.39 495.93 < .0001
NYHA Modell 67590.93  -33790.47
Model 2 67584.96  -33783.48 13.97 0.2400
Model 3 67414.12  -33693.06  181.08 < .0001
Model 4 65676.14  -32821.07 1743.98 < .0001
Model 5 65166.92  -32563.46 515.2207 < .0001
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10.2 Appendix B:Figures
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Figure 20: Estimated SBP curve by NYHA from model (5) with 95% bayesian credible
intervals.
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Figure 21: FEstimated Weight curves by NYHA from model (4) with 95% bayesian
credible intervals.
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Figure 22: FEstimated heart rate curves by NYHA with 95% bayesian credible intervals from
model (5).
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Average Systolic Blood Pressure
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I. Average evolution of Systolic blood pressure
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Figure SBPa: Average profile plots by heartrhythm

Figure SBPa: Average profile plots by Age category
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23:  Awerage evolution of systolic blood pressure by levels of covariates.
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II. Average evolution of Weight
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Figure 24: Average evolution of Weight by gender(a) ,LVEF (b), heart rhythm (c),age (d) and
NYHA (e)
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III. Average evolution of heart rate
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Figure 25: Average evolution of heart rate by gender(a) ,LVEF (b), heart rhythm (c),age (d)
and NYHA (e)
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Figure 26: Over all estimated curves of DBP, SBP, Weight and Heart rate from GAM (without
random effects and with only time in the model)

10.3 Appendix E:Codes

10.3.1 SAS-code

sk koK ok ok o sk sk ok ok ok o ok sk sk ok sk ok ok sk sk sk ok sk ok sk ok ok DT DTS skeok sk e ke skskok sk s o sk sk ok ok sk ok ok ok
*individual profile plotsx;
ok ko ko ok ko ok ok ok ko ko ko ko ko ko ko ko ko ko ok ok DDk ok ok ok ok ok ok ok ok ok ok 5
proc sort data=thesil;by ptid time ;run;
goptions reset=all i=join;
axisl w=3 label=(h=2 minor=none
font=’times new roman’ "Daysafterhospitalization")
order=(1 to 186 by 10);
axis2 w=3 label=(h=2 A=90
font=’times new roman’ ’Diastolic blood pressure ’)

order=(40 to 134 by 5);
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footnote font=’times new roman’ h=2
’Figure 2: Individual profile plots for diastolic blood pressure’;
proc gplot data=thesil;plot dbp*day=PTID/ haxis=axisl vaxis=axis2

nolegend;run;quit;

** sample codes for Average evolution by levels of covariates*x*
/* average DBP plot by SEX*/

proc sort data=thesis;by sexc day ;

proc means data=thesis;

var dbp sbp weight heartrate;by sexc day;

output out=meanNYHA ;run;

data meanNYHA1l; set meanNYHA; if _STAT_=’MEAN’ then output; run;
goptions reset=all ;

symboll c=red w=1 i=j;

symbol2 c=darkblue W=1 i=j ;

axisl W=2 color=DEEPblack label=(h=2

font=’times new roman’ ’Time (in days)’)minor=none

order=( 1 to 200 by 10);;

axis2 W=2 color=DEEPblack label=(h=2 A=90

font=’times new roman’ ’Average Diastolic Blood Pressure ’)
minor=none order=( 60 to 90 by 5);

footnote font=’times new roman’ h=2

’Figure SBPa: Average profile plots by gender’ ;

LEGEND LABEL=NONE POSITION=(TOP INSIDE) VALUE=(H=4)

DOWN =2 FRAME;

proc gplot data=meanNYHA1;

plot DBP*day=sexc/haxis=axisl vaxis=axis2 LEGEND=LEGEND;

run;
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quit;

10.3.2 R-code

#Codes used to fit GAMM#

rm(list = 1s());1s()

#Statistical analysis#;

#GAMMs ,HEARTFLUIRE DATA#;#read data#

memory.limit(size = NA)

memory.limit(size = 4000)

#HeartFluire=na.omit (HeartFluire)#

HeartFluire=read.table("C:\\Users\\abdi\\Documents\\SECONDYR

\\sem-2nd\\thesis\\Thesis.csv", sep=",",header=T, na.string="*")

HeartFluire$heartrym<-factor (HeartFluire$heartrym)

HeartFluire$sex<-factor (HeartFluire$sex)

HeartFluire$LVEF <-as.numeric(HeartFluire$LVEF)

HeartFluire$NYHACLASS=as.numeric (HeartFluire$NYHA)

HeartFluire$NYHACLASS=factor (HeartFluire$NYHACLASS)

str(HeartFluire)

#Diastolic MODELS#

#SEX

#over alltrend

modell<-gamm(dbp~s(day,bs="ps"),
data=HeartFluire,random=1ist (ptID="1),control=1lmc)

#constant effect of sex

model2<-gamm(dbp~s(day,bs="ps")+sexc,

data=HeartFluire,random=1ist (ptID="1),control=1mc)

#difference curve with random intercept
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model3<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(sexc=="Female")),
data=HeartFluire,random=1ist (ptID="1),control=lmc)

#difference curve with random intercept and slopes

model4<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(sexc=="Female")),

data=HeartFluire,random=1ist (ptID="1,ptID="day) ,control=1lmc)

#difference curve with random intercept, linear and quadratic random slopes

modelb5<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(sexc=="Female")),

data=HeartFluire,random=1list (ptID="1,ptID="day+I(day~2)),control=1lmc)

#LVEF
#over alltrend
modell<-gamm(dbp~s(day,bs="ps"),
data=HeartFluire,random=1ist (ptID="1),control=lmc)
#constant effect of LVEF
model2<-gamm(dbp~s(day,bs="ps")+LVEFC,
data=HeartFluire,random=1ist (ptID="1),control=lmc)
#difference curve with random intercept
model3<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps" ,by=as.numeric(LVEFC=="HIGH")),
data=HeartFluire,random=1ist (ptID="1),control=1lmc)
#difference curve with random intercept and slopes
model4<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(LVEFC=="HIGH")),
data=HeartFluire,random=1ist (ptID="1,ptID="day) ,control=1mc)
#difference curve with random intercept and slopes+random quadratic slopes
model5<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric (LVEFC=="HIGH")),
data=HeartFluire,random=1list (ptID="1,ptID="day+I(day~2)),control=1lmc)
#Heart rhythm
modell<-gamm(dbp~s(day,bs="ps"),

data=HeartFluire,random=1ist (ptID="1),control=1lmc)
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model2<-gamm(dbp~s(day,bs="ps")+heartrymc,
data=HeartFluire,random=1ist (ptID="1),control=lmc)
model3<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps" ,by=as.numeric (heartrymc=="Not normal")),
data=HeartFluire,random=1ist(ptID="1),control=1lmc)
model4<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(heartrymc=="Not normal")),
data=HeartFluire,random=1ist (ptID="1,ptID="day),control=1lmc)
modelb5<-gamm(dbp~s(day,bs="ps")+s(day,bs="ps",by=as.numeric(heartrymc=="Not normal")),
data=HeartFluire,random=1ist (ptID="1,ptID="day+I(day~2)),control=1lmc)
#NYHA
modell<-gamm(dbp~s(day,bs="ps"),
data=HeartFluire,random=1ist (ptID="1),control=lmc)
model2<-gamm (dbp~s(day,bs="ps")+NYHACLASS,
data=HeartFluire,random=1ist (ptID="1),control=lmc)
model3<-gamm(dbp~s(day,bs="ps")+
s(day,bs="ps",by=as.numeric (NYHACLASS=="II"))+
s(day,bs="ps",by=as.numeric (NYHACLASS=="III"))+
s(day,bs="ps",by=as.numeric (NYHACLASS=="IV")),
data=HeartFluire,random=1ist (ptID="1),control=1mc)
model4<-gamm(dbp~s(day,bs="ps")+
s(day,bs="ps" ,by=as.numeric (NYHACLASS=="II"))+
s(day,bs="ps" ,by=as.numeric (NYHACLASS=="III"))+
s(day,bs="ps",by=as.numeric (NYHACLASS=="IV")),
data=HeartFluire,random=1ist (ptID="1,ptID="day) ,control=1mc)
modelb5<-gamm(dbp~s(day,bs="ps")+
s(day,bs="ps",by=as.numeric (NYHACLASS=="II"))+
s(day,bs="ps",by=as.numeric (NYHACLASS=="III"))+
s(day,bs="ps",by=as.numeric (NYHACLASS=="IV")),

data=HeartFluire,random=1ist (ptID="1,ptID="day+I(day"2)),control=1lmc)
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#Example codes to extract summary from the fitted model
#GAM COMPONENT

summary (model5$gam)

#LME COMPONENT

summary (model5$1me)

#Plotting GAM componnets
par (mfrow=c(2,2))
plot(model5$gam,xlab="Time (in days)",main="a[Male]",select=1,scale=0)
plot(model5$gam,xlab="Time (indays)" ,main="b[Female]",select=2,scale=0,

ylab="f(day,5.73) ") ##for ploting

#Plotfor residual diagnostics

x<-model5$1lme

plot(x,resid(.,type="p") “day)
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