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ABSTRACT. This paper is the continuation of our previous papers [16] and
[17] where we studied small-amplitude limit cycles in slow-fast codimension 3
saddle and elliptic bifurcations. We find optimal upper bounds for the number
of small-amplitude limit cycles in these slow-fast codimension 3 bifurcations.
We use techniques from geometric singular perturbation theory.

1. Introduction. In [16] and [17] we started to study small-amplitude limit cy-
cles (limit cycles near the origin (z,y) = (0,0)) in singular perturbation problems
occurring in planar slow-fast systems

T=y
+ . _
Xepa { U= —ay+ E(bg + b2+ box? £ 23 + 2t H(z, \) + 342G (w, y, )\)), (1)

where G and H are smooth, € > 0 is the singular parameter that is kept small,
b = (bo, b1, ba) are regular perturbation parameters close to 0 and A € A, with A
a compact subset of some euclidean space. The family X;r by Tepresents slow-fast
codimension 3 saddle bifurcations (in short, the saddle case) and Xy represents
slow-fast codimension 3 elliptic bifurcations (in short, the elliptic case). The goal
of this paper is to finish the study of small-amplitude limit cycles of (1) which is
initiated in [16] and [17]. More precisely, we show in the present paper that the
cyclicity of the origin (x,y) = (0,0) is equal to 2 in both the saddle and elliptic
cases, provided H(0,)\) # 0 for all A € A.

The small-amplitude limit cycle phenomenon in a planar slow-fast setting is typ-
ically observed when we deal with slow-fast limit cycles of canard type in planar
slow-fast families of vector fields. Let us explain a well known scenario. Working
with slow-fast systems in the (z,y)-plane with € as the singular perturbation pa-
rameter, one makes a rescaling in the (z, y, €)-space near the origin. A new rescaled
system, in rescaled variables (zg,yr), is less degenerate than the original one be-
cause the slow-fast structure is eliminated. A limit cycle in the (zg,yr)-space is
called a small-amplitude limit cycle of the original system, since its size tends to 0
in the (z,y)-plane as € goes to 0. Besides these limit cycles, the (x,y)-plane may
contain so-called detectable canard limit cycles, characterized by a slow movement
along attractive and repelling parts of critical curve and a fast movement. Interested
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in studying limit cycles in a neighborhood of the origin in the (z, y)-plane that does
not shrink to the origin when € — 0, one considers not only O(€) small-amplitude
limit cycles introduced above but also so-called “large” small-amplitude limit cycles
in the (z,y)-plane that are unbounded in the (x g, yr)-plane and close to the origin
in the (z,y)-plane. These large small-amplitude limit cycles are positioned between
O(€) small-amplitude limit cycles and detectable limit cycles of canard type, and
can be examined by blowing up the origin (z,y,€) = (0,0,0) and studying dynam-
ics in so-called family directional and phase-directional charts of the blow-up. The
O(&)-limit cycles are seen in the family directional chart. The difficulty lies in the
fact that these two types of small-amplitude limit cycles generally can not be stud-
ied in a uniform way, and one has to use different methods. It must be stressed that
it remains a difficult problem even when one is interested in cyclicity results for each
of the two types separately. To end this, one glues together the two different local
results to obtain the cyclicity of the origin in the (x,y)-plane. We refer to [18] and
[8]. In the first paper a codimension 1 Hopf case has been studied generalizing the
Van der Pol system; in the second one, a slow-fast Hopf point of higher codimension
in Liénard equations has been dealt with.

In the saddle and elliptic cases (1), an extra difficulty appears. Besides the singu-
lar parameter €, there are 3 parameters b = (bo, b1, b2) that unfold the codimension
3 nilpotent singularity at the origin (z,y) = (0,0). Therefore, we have to combine
two blow-up constructions (see [16] and [17]): a primary blowing-up where we blow
up the phase coordinates (x,y) and the parameter b and a secondary blowing-up
where we blow up the new phase coordinates (Z,y) and the singular parameter €.
Here, the study of small-amplitude limit cycles near (z,y) = (0,0) is far more com-
plex than the study presented in [18] and [8]. After the primary blow-up, we have
O(b) small-amplitude limit cycles in the (x,y)-plane and “large” small-amplitude
limit cycles in the (z,y)-plane. The O(b)-limit cycles are seen in the (Z,§)-plane
and originate from a system with a slow-fast structure, since the primary blow-up
has nothing to do with €. Hence, there are 3 different types of O(b) limit cycles:
detectable canard limit cycles in the (Z,y)-space, and after the secondary blow-
up, large small-amplitude limit cycles in the (Z, §)-space and O(€) small-amplitude
limit cycles in the (&, 7)-plane. Putting this together, we obtain 4 different types
of small-amplitude limit cycles in the (z,y)-space. Each of these 4 types has to be
studied separately and then all the results have to be glued together to obtain the
cyclicity of (z,y) = (0,0) in the saddle and elliptic bifurcations.

In Section 2, we describe the primary blow-up and the secondary blow-up in
detail, and we give a survey of results obtained in [16] and [17]. In the present
paper we focus first on those types of small-amplitude limit cycles in the saddle and
elliptic cases that have not been studied in [16] and [17]. Then the global cyclicity
result near (x,y) = (0,0) in (1) will be obtained by putting all local cyclicity results
together. Structure of the paper and the main result are given in Section 2.

The motivation to study the very degenerate slow-fast codimension 3 saddle and
elliptic bifurcations is twofold. We explain it in the remainder of this section.

First, let us consider the following open problem, closely related to Hilbert’s 16th
problem: Given any polynomial generalized Liénard equation

b=y

y=—f(x)y—g(x), ®
with deg f = n and degg = m, determine the uniform bound Q(m,n) on the
number of limit cycles in terms of the two degrees. System (2) is a representation
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in the phase plane of the second-order scalar differential equation
Z+ f(z)z+ g(z) = 0.

At present, the bound Q(m,n) is only known in some very low-degree cases. It has
been shown that Q(1,2) =1 ([20]), Q(1,3) =1 ([19]), Q(2,1) =1 ([2]), Q(3,1) =1
([11] and [13]) and Q(2,2) =1 ([12]). When G = 0 and H is polynomial, the given
family (1) of vector fields is of type (2) of degree (m,1). For n = 1, we point out
that there is a relation between (2) and slow-fast type Liénard equations
T=1y 3
{ §=—ay+elbo+brx + ... + b2t + 2! + 2 H(2), 3)
where € > 0 is the singular parameter kept small, (bg,b1,...,b;—1) are regular per-
turbation parameters close to 0 and where H is a smooth function. More precisely,
if we want to contribute to finding Q(m, 1) for m > 4, then we need to study (3)
forl =0,1,...,m—1, taking into account higher order terms in H. For more details
we refer to [10] and [21].

For [ = 0,1,2, systems of type (3) have been studied in [8] and [5]. In [4] and
[6], an arbitrary codimension ! > 3 has been treated putting focus on detectable
canard cycles. The study of small amplitude limit cycles of (3) for [ > 3 is far more
complex. The present paper, [16] and [17] give a complete study of the case | = 3.
We point out that the methods introduced in these three papers and a recursive
approach can surely be used to tackle a similar problem of an arbitrary codimension
l.

When € = 0, then (1) has a line of singular points given by {y = 0}. All points of
the line are normally hyperbolic, except for the origin where we deal with a nilpotent
singularity. We call the origin a generic turning (or contact) point because X(fb’ N
has a quadratic contact between the curve {y = 0} and the fast orbits. Though we
are inspired by the generalized Liénard equations, we study more general systems
(1) having an extra quadratic term €y?G(z,y, \). In fact, the system (1) is a smooth
local normal form for equivalence for slow-fast systems having a curve of singularities
with a generic nilpotent contact point and having a singularity of order 2 in the
slow dynamics located at the contact point (see [16]).

The second motivation can be found in [9] which deals with very delicate regular
generic saddle, focus and elliptic bifurcations of three parameter families of planar
vector fields around nilpotent singular points. Since € ~ 0, the focus case can
not occur in (1) (see [16]). We believe that the cyclicity result for the slow-fast
codimension 3 saddle and elliptic bifurcations will help to finish the study of small
limit cycles in the regular saddle and elliptic cases treated in [9]. This is a topic of
further study.

2. Statement of results. If we introduce a new variable Y = y + 122, then (1)
changes into

T=Y — %xz
Yy = E(bo +byw + box? £ 2% + 2t H(z, \) (4)
HY = 122G, Y — a2, ).
This is a representation of (1) in the so-called Liénard plane. In [16] we first have
reparametrized the b-parameters, by introducing weighted spherical coordinates:

<b07b1,b2) = (7"330,7‘23177"32), r >0, B = (BQ,Bl,Bg) S 82.
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If we introduce this change in the parameter space in the family of vector fields (4),
we obtain an (€, B, r, \)-family of vector fields in R?:

t=y—3
Y= €<7“3Bo +7r?Bix +rBoa® £ 2% + 2 H(z, \) (5)

+(y - %IQ)ZG("L y— %127 A))a

where we denote Y by y.

In [16] and [17], the calculations have been performed, as usual, in different
charts of the sphere and, depending on the chart which one uses, one finds different
configurations of limit cycles:
a) jump region: By = +1 and (B, Bs) in an arbitrary compact subset of the
plane; system (5) has no limit cycles in an arbitrary compact set in the (z,y)-plane
for é~0,r~0and \ € A,
b) slow-fast Hopf region: B close to 0, B; = —1 and By in an arbitrary compact
interval; if By # 0 (uniformly), then system (5) has at most one hyperbolic limit
cycle in an (€, By, By, r, \)-uniform neighborhood of the origin (z,y) = (0,0), for
€~0andr~D0,
c) “By = 17-region: By close to 0, B; = 1 and By in an arbitrary compact interval;
system (5) has no limit cycles in an arbitrary compact set in the (x,y)-plane for
E~0,r~0and A € A,
d) slow-fast Bogdanov-Takens region: By and By close to 0 and By = =+1;
system (5) has at most one hyperbolic limit cycle in an arbitrary compact set in
the (z,y)-plane for € ~ 0, r ~ 0 and A € A.

More precisely, let us write P = (0, —1,0) € S?. Define now

Qaf = {q € S*|d(¢q,P) < &'} C S?,

where ¢’ > 0 and d(q, P \/q1 (g2 +1)2 4¢3 with ¢ = (q1,q2,q3). Putting
these four cases together we obtain the followmg result (see [16]):

Theorem 2.1. (away from the point P) Given &' > 0 arbitrary, there exist
€ > 0, ro > 0 and a neighborhood V' of (z,y) = (0,0) such that for each (€,r, B, \) €
[0, €] % [0,70] X (S?\Qs) X A the system (5) restricted to V has at most one hyperbolic
limit cycle.

Observe that Theorem 2.1 does not cover the slow-fast Hopf region for By ~ 0
which corresponds to (Bg, By, Bs) ~ P. In [16] and [17], we supposed that H (0, \) #
0 for all A € A and we gave only partial results near P; e.g. we proved that for
€ > 0 and r > 0 sufficiently small, system (5) contains a saddle-node bifurcation of
limit cycles near P.

In the remainder of this section we suppose that H(0,)\) # 0 for all A € A. To
better understand the results near P obtained in [16] and [17], we need to combine
two blow-up constructions: one to unfold the codimension 3 singularity (a “primary
blow-up”), and one to dissolve the slow-fast structure (a “secondary blow-up”). We
focus on (5) with By ~ 0, By = —1, By ~ 0, and we introduce the following
rescaling:

€ Bo) = (€2E,eBy), €¢>0, e~0, (E,By) €S', E>0.
(

The calculations will be performed, as usual, in charts. When E is in an arbi-
trary compact interval in [0, +oo[ and By = %1, then the system (5) has no small-
amplitude limit cycles; for details see [16]. When F = 1 and By ~ 0, then (5)
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changes into

:i::yf%:cz

c_2( 3.3 .2 2 .3 4 A4
X:T-,BO,BQ,/\ ) y=e (r eBy — r*x 4+ rBox* + 2° + z*H(z, \) (6)
+(y - $2%)°Gla,y - 122, ).
The idea in [16] was to introduce the following primary blow-up:
(2,y,7) = (uz, u’g, ur), u >0, 7 >0, (z,,7) € $%, (7)

and to study the dynamics of (6) in the blown-up coordinates in different charts.
The family chart is obtained by taking 7 = 1 in (7) and keeping (Z,7) in some
arbitrarily large disk in R2. In this family chart, the vector field (6) yields, after
division by the positive factor u,

r=y—iz?

j=e (eBo — T+ By3? + 7 + uz*H(uz, \) ()
Fu(y — §22)2Guz, uA (g - 33%),0) )

For the study of (6) in the phase-directional charts “z = +1, T = —1, § = +1,
g = —1” we refer to [16] and [17]. If we want to study limit cycles of (6) in a fixed
neighborhood of the origin (z,y) = (0,0), independent of r, then we need to study
(6) in the family chart 7 = 1, and in the phase-directional chart § = +1 where the
blow-up map is
(z,y,7) = (UX,U%,UR),

bearing in mind that U ~ 0, U > 0 and (X, R) is in an arbitrarily large compact
set in R x [0, +o0.

In order to desingularize (8), in [16] we have blown-up the origin (Z,7,€e) =
(0,0,0) using the blow-up transformation (secondary blow-up):

(7,9, ¢) = (07, 6%y, dw), (9)
where § > 0, (Z,7,w) € S% and S2 is the half-sphere with w > 0. We have again
the family chart “w = +1” and the phase-directional charts “z = +1, £ = —1,

¥ =+1,y = —1". For a detailed study of (8) in these charts we refer to [16] or
Section 3 in this paper.

The goal of using the primary blow-up and the secondary blow-up was to detect
all closed curves (so-called limit periodic sets) on the primary blow-up locus and
the secondary blow-up locus that can generate small-amplitude limit cycles of (6)
fore >0,e~0,r>0,7r~0, By ~0and Bz ~ 0. In [16] we have obtained Figure
1 in the saddle case and Figure 2 in the elliptic case. There are five different kinds
of these limit periodic sets in the saddle case:

(i) and (ii) The singular point in the middle and the closed orbits L;, on the sec-
ondary blow-up locus;

(#i) The singular cycle Lo consisting of singularities S7, Sz and the regular orbits
that are heteroclinic to them;

(iv) The canard limit periodic sets Ly, g €]0, %[, in the (Z, §)-space;

(v) The slow-fast two-saddle-limit periodic set L.

There are five different kinds of such curves in the elliptic case:

(i), (¥) and (i1i) The singular point in the middle, the closed orbits L, and the
singular cycle Ly (see the saddle case);

(tv) The canard limit periodic sets Ly, § €]0,+oc[, in the (Z,y)-plane;
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(v) The singular cycle Lo consisting of singularities S, Sa, R1, R2 and the regular
and singular sections that are connected (heteroclinic) to them.

For precise definitions of all limit periodic sets in the saddle and elliptic cases we
refer to [16] and [17].

primary blow-up

secondary blow-up

F1GURE 1. A bird’s eye view of the primary and secondary blow-
up with limit periodic sets in the saddle case for (¢,r, By, B2) =
(0,0,0,0), with indication of (primary) slow dynamics.

In [16], we gave a complete study of the limit periodic sets Ly in both the saddle
and elliptic cases, and the limit periodic set L% in the saddle case. We proved that

the set Ugc(y, 501 Ly can produce at most 2 limit cycles for any fixed 0 < i1 < 2 < %
(resp. 0 < 71 < §2 < 400) in the saddle case (resp. the elliptic case). The limit
periodic set L% is shown to produce at most 2 limit cycles. The limit periodic set
Lo in the elliptic case is shown to produce at most 2 limit cycles, based on the work
in [17]. Let us recall that the paper [17] is devoted to the study of the transition
from the limit cycles of X;r,BO,BQ,A near (large) limit periodic sets Ly to the limit
cycles of X_ 5 5, \ near small (but detectable) canard limit periodic sets L, in
the (z,y)-space. This transition is referred to as primary birth of canards. The
limit periodic sets L, have been already studied in [4] and the limit cycles produced
by L, have nothing to do with the small-amplitude limit cycles of X;T, Bo,Ba\"

In Section 3 we prove that at most 3 limit cycles may occur near the polycycle Ly
in the saddle and elliptic cases. For a definition of Ly we refer to Section 3. Near L
we have the transition from the limit cycles near the ovals Ly, to the limit cycles near
the small (but detectable) canard limit periodic sets Ly in the (z,y)-space. We call
this type of transition secondary birth of canards and it has been observed in [8]. In
[8], they investigate the number of limit cycles that can appear near a slow-fast Hopf
point in Liénard equations, and this under very general conditions. Such a slow-fast
Hopf point occurs in system (8), at the origin. For a general smooth function G,
system (8) is not necessary Liénard, and the results proven in [8] can not be used,
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primary blow-up

secondary blow-up

FIGURE 2. A bird’s eye view of the primary and secondary blow-up
with limit periodic sets in the elliptic case, for (e,r, By, B2) =
(0,0,0,0).

but the same type of methods as in [8] can be used to tackle this “non-Liénard”
problem; one exploits symmetries that are present both in the system (8) and in
the blow-up construction (9), one uses smooth normal forms near semi-hyperbolic
singularities S; and S; to get the structure of the transition maps near S; and S,
etc. Seen the length of this paper, in Section 3 we give only a sketch of the proof
of the cyeclicity result near Lg; we refer the interested reader to [15] for a detailed
study of the non-Liénard equation (8) near Ly.

In Section 4 we investigate the limit cycles near the ovals Ly, for h €]0,1], in the
saddle and elliptic cases. We have L, = {(Z,9); e ¥(§— 32%+1) = h} (see Section
3). Here L; represents the singular point in the middle in Figure 1 and Figure
2, and Lj tends to the polycycle Ly as h — 0. We suppose that L; is oriented
counter-clockwise. For any small but fixed hg > 0 we prove that the set Uyc(n,,1)Ln
produces at most 2 limit cycles. We use the fact that the following conjecture up
to codimension 2, formulated by Dumortier and Roussarie in [8], has been solved
(see [14] and Section 4):

Conjecture. The system { [, T~ dy, th zdy, [, 3dy} of analytic functions is a
strict Chebyshev system on [hg, 1].

For a definition of a strict Chebyshev system we refer to [8] or Section 4. We point
out that the work in [14] was motivated by [8] and the slow-fast codimension 3
saddle and elliptic bifurcations.

We say that the cyclicity of the origin (z,y) = (0,0) for Xgi’b)\7 defined in (1), is
bounded by N if there exist a neighborhood V of (z,y) = (0,0), a neighborhood W
of (0,0,0) in b-space and an € > 0 such that for each (€,b,A) € [0,&] x W x A the
systems X §b7 ), have at most IV limit cycles inside V. (The minimum of such N is the
cyclicity of the origin). Now, based on the above discussion and Theorem 2.1, we
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get a finite cyclicity of (z,y) = (0,0) bounded by 9, in both the saddle and elliptic
cases. Of course we do not expect that 9 is an optimal bound for the cyclicity of the
origin. In Section 5 we discuss the relation of the formulas established in Section
3 with the abelian integrals in Section 4, and we find that the system (8) has at
most 2 limit cycles in a fixed neighborhood of the origin (z,7) = (0,0), i.e. the set
Uneo,11Ln produces at most two limit cycles in the saddle and elliptic cases.

In Section 6 we study evolution of zeros in a divergence integral introduced in
[16] and [17], and we find at most 2 limit cycles near (Uge[z,,+o00[ Ly) U Loo in the
elliptic case and at most 2 limit cycles near Ugelg, 1 1Ly in the saddle case where
y1 > 0 is arbitrarily small.

In Section 7, based on Section 5 and Section 6, we finally prove our main result:

Theorem 2.2. Consider (1) where H(0,)\) # 0 for all X € A. Then the cyclicity
of the origin (x,y) = (0,0) is equal to 2, in both the saddle and elliptic cases.

Remark 1. 1. Throughout the paper “smooth” stands for “C'*® smoothness”. We
make no distinction between CP-functions and C'?-functions where p and g are large
natural numbers. In this paper we call them C*-functions.

2. The notation O(ry,...,7;) where r = (rq,...,7;) is a function of x = (21, ..., 2y)
with values in R7 stands for a linear combination Zgzl R;r;, where R; are also
functions of 2. When all these functions are smooth (respectively C*) in z, then
we say that the function O(ry, ...,7;) is smooth (respectively C*) in x. In the paper
we allow z to be a function of ¥y = (y1, ..., Ym)-

3. Cyclicity of Lg. Let BY > 1 be arbitrary, but fixed, real number. We write

B = [-BY, BY] and consider smooth systems (8):
T=y—12°
ZeBoBaBan i 4 I =€ (630 =@+ Byi + Bya® o+ urtH (uz, A) (10)

+u(y — 3222 Gluz, v (g - 33%),0)),

where € > 0, e ~0, By ~0, Bo ~0, B3 € B, u ~0and A € A. Let us recall that
B3 = +1 represents the saddle case and By = —1 represents the elliptic case. Our
goal is to study limit cycles of (10) near Lyg.

Remark 2. The upper bound for the cyclicity of Ly that we obtain in this section
will not depend on the coefficient B3 kept in the compact set B.

This section is structured as follows. In Section 3.1 we study system (10) in the
family chart and in the phase directional charts of the secondary blow-up (9), and
we detect Ly on the secondary blow-up locus, for By = 0 (Figure 3).

In Section 3.2 we define a difference map near Ly which enables us to introduce
the notion of cyclicity of Ly as used in [17] and [8]. Then we state a result about
the cyclicity of Ly which provides us with an upper bound for the number of limit
cycles near Ly that is only one unit higher than a sharp upper bound that we expect
to hold (Theorem 3.2).

In Section 3.3, we give a sketch of the proof of Theorem 3.2; the detailed proof
of Theorem 3.2 can be found in [15].

3.1. Secondary blow-up. If we add the equation ¢ = 0 to (10), we obtain a
7 := (Bo, Ba, B3, u, \)-family of vector fields on R3:

- 9
Zr = ZE,BO>B2’33’U,)\ + OE'
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We consider the blow-up map (9) (defining a singular change of coordinates):
01 :RT x§* 5 R®: (6, (Z,7,w)) — (Z,7,¢) = (0T, 67, dw), w > 0.
The blown-up vector field is defined as the pullback of the original vector field Z.-
divided by §:
1

Z, = 56iZ,. (11)

The calculations near the blow-up locus {0} x Si will be performed, as usual, in
charts.

3.1.1. Family directional chart. We use the following family rescaling of (10):

(z,9) = (eZ,€°9), (12)
with (Z,7) in an arbitrarily large disk in R? and € > 0. The blown-up field is a
(e, 7)-family of 2-dimensional vector fields
T=7- 172
Zﬁ(lT) ©S Y= By — 7+ Baex? + B3®73 + uelx H (ue, \) (13)
+ued (Y — 372)2G(uex, u?e(§ — 372), \),
where we treat € as a parameter.
We give now some basic properties of the vector field (13). For By =€ = 0, Ze(lT)
becomes independent of any parameter:

~ o~ l~2
oo (14)
y=—TI.
The vector field (14) is invariant under the symmetry (Z,7,t) — (2,7, —t). As a
consequence, the vector field is of center type with the center at the origin (Z,7) =
(0,0). We also see that the vector field (14) is the dual of the differential 1-form:
wo = TdT + (§ — 17%)dy
which admits the function —e ¥ as integrating factor and the function H(Z,7) =
e ¥(y — 2% 4+ 1) as first integral. This means that
—e Ywy =dH.
Of course the integrating factor is not unique, but —e~¥ has the advantage that the
related Hamiltonian H is zero on v = {§ = 12 — 1} and also at infinity (e 77 is
flat for ¥ = 4+00). Notice that {H(Z,y) = 1} represents the center (z,y) = (0,0)
(the singular point in the middle in Figure 1, Figure 2 and Figure 3 is denoted by
L,) and that {H(Z,y) = h} = Lj, where h €]0,1[. The orbit -y separates the closed
level curves of H, which are obtained for h €]0, 1], from the open ones, with h < 0;
see Figure 3 for an illustration.

3.1.2. Phase-directional charts. To see what happens in the end points of the critical
curve in the blown up space, we consider the phase-directional chart in the y-
direction:

(7, 7,¢) = (6v,0%, 6w). (15)
We obtain a blown-up field which, after dividing by J, can be written as
v=1-— %’UQ + %w%D(é,w, v, T)
73 §= —16w?D(8,w,v,T) (16)
w = %w3D(5,w,v,T),
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where D(d,w,v,7) = —(wBo — v 4+ Bodv? + B30%v? 4+ udv* H(udv, \) + ud(1 —
102)2G (udv, u?6%(1 — 10?), )\))

On {§ = 0,w = 0} (16) has singularities at v = £++/2. The eigenvalues of the
linear part at v = /2 are given by (—v/2,0,0) and at v = —/2 by (v/2,0,0). Hence
(16) has at So = (1/2,0,0) a semi-hyperbolic singularity with the v-axis as stable
manifold and a two-dimensional center manifold, and at S; = (—+/2,0,0) a semi-
hyperbolic singularity with the v-axis as unstable manifold and a two-dimensional
center manifold. This is true for any 7. The points S » represent the end points of
the critical curve {v = +v/2,6 > 0,w = 0} in the blown-up space.

Other phase-directional charts are not relevant when studying Ly.

3.1.3. Combining the family chart and the phase-directional chart in the y-direction
for the secondary blow-up. The secondary blow-up locus can be considered as a 2-
dimensional closed disc which we denote by S. We treat the blown-up vector field
Z. to be a 7-family of 3-dimensional vector fields defined in a neighborhood of S.
For ¢ = 0, this family only depends on the parameter By ~ 0.

For By = 0, the vector field Z, on S is represented by the vector field (14). It
can be easily seen that the orbit v of (14) connects Sy and S in such a way that
the a-limit set of v is Sy and the w-limit set is S7. Let Ly denote the singular cycle
defined as the union of v with the arc C of 9S between S; and S,. Ly is a polycycle
of the blown-up vector field Z.. We refer to Figure 3.

3.2. Difference map and statement of results. Inspired by [15], we introduce
here a difference map near Lg. Take a small wg > 0 and a vy €]0, v/2] such that vy is
close to v/2. Choose (2-dimensional) sections ¥4 = {v = +w,} transverse to C' and
sections Ty = {w = wy} transverse to the orbit v (Figure 4). ¥_,T_ are chosen near
S1, while ¥4, T, are chosen near Sy. The chosen sections 74 are contained in the
family directional chart of the secondary blow up (Section 3.1), and we parametrize
T4 by (h,€) where h is the value of the corresponding Hamiltonian H introduced in
Section 3.1.1. The sections 34 are contained in the phase-directional chart {y = 1}
and can be parametrized by (4, w), where (0, w) are coordinates of (16) such that
(6,w) ~ (0,0) and (6, w) > (0,0).

We define now regular transition maps and Dulac maps near Lg:
a) the regular transition map JF, near C from ¥_ to X, defined by the flow of Z,
(the differential equation for Z, can be found by using (16)),
b) the Dulac maps DF describing the passage from X to 7%, defined by the flow
of +7, (the differential equation for Z, can be found by using (16)),
c) the regular transition map G, near v from 7. to T, defined by the flow of —Z,
(the differential equation for Z, can be found by using (13)).

In order to study bifurcating canard limit cycles near Ly, we will study zeros of
the difference map

Q. (8, w) = D o Fr(d,w) — G o D7 (6, w), (17)

where (6, w) are the chosen regular parameters on ¥_. This map Q,(d, w) takes its
values in the (h,¢€)-space. Since ¢ = 0 in the vector field Z,, the e-component of
Q- (9, w) is identical to 0. We denote the h-component of Q,(d,w) by w,(J, w).

Let B(d) be a ball of fixed radius d > 0 at the origin (6, w) = (0,0).
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semi-hyperbolic singularities

FIGURE 3. The dynamics of the vector field Z, for e = By = 0 and
the singular cycle Lo =~y U C.

Definition 3.1. a) w, (4, w) is said to have finite cyclicity if there exists N € N,
€ > 0,d > 0, ENO > 0, Bo > 0 and up > 0 such that for each fixed value of
(637_) 6]07 60} X [_BOv BO] X [_BQ’ BQ} X B x [_UOaUO] X Aa (B(b BQa 'LL) 7é (0707 O)a the
number of zeros (counting multiplicity) of w, (0, w) on s. = {(d,w); dw = ¢, (6, w) €
B(d),é6 > 0,w > 0} is bounded by N (the number of zeros of a function with an
empty domain is zero).

b) The minimum of such N is called cyclicity of w,. Cyclicity of Lg is the cyclicity
of w,.

The following theorem states that at most 3 limit cycles may occur in an (e, 7)-
unifogm neighborhood of Ly where e ~ 0, By ~ 0, B, ~0, Bs € B,u~0, A\ € A
and H(0,\) # 0 for all A € A.

Theorem 3.2. Suppose that H(0,\) # 0 for all A € A. Then the cyclicity of Ly is
bounded by 3.

3.3. Sketch of the proof of Theorem 3.2. In [15], a detailed study of the
transition maps DF, G, and F, can be found, giving the following structure of the
h-component w,(§, w):
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{0w = €}

FIGURE 4. The maps DF, F,,G,.

Theorem 3.3.
wr (0, w) = Boko(T,€) + €Baky(T,€) + 63u1<;3(7, €)

e _ _ e . =
+texp—-—3 <A+ + Bod®y + U53‘I’§r) —exp—_5 (A_ + B20®; + u63<I>§)

where gi(é,w, w?Inw, ) and zf’ki((S, w,w? Inw,T) are smooth functions in variable
(6, w,w?Inw,T), k; is a smooth function in variable (T,€) and kg is strictly positive
for (e, By) ~ (0,0). Moreover, we have

A%(0,0,0,7) =1, ®£(0,0,0,7) = £2v/2/3, $5(0,0,0,7) = (+4v/2/5)H (0, \)
and

A= (6, w,w?Inw,7) = A (8, w, w2 Inw, ) — 2v2Bow(1 + O(62,w)).
Proof. See [15], Theorem 4.20. O

3.3.1. Lie-derivative. For each fixed value of (e,7), with ¢ small and positive, the
function w; can be considered as 1-variable function defined on a segment s. =
{(6,w); 0w = €,(6,w) € B(d),0 > 0,w > 0}. In order to be able to study the
zeros of w; on s., we will consider its Lie-derivative Lyw, = 6355{ — w%‘*;j along
the vector field ) = ¢ % — w%. As the vector field ) is tangent to each segment
s¢ and has no zero on it, Rolle’s theorem will permit to find the cyclicity of w,
from the cyclicity of Lyw,. The reason to introduce this Lie-derivative is that the
equation {Lyw,(d,w) = 0} can be reduced to a simpler form than the equation
{w-(d,w) = 0} which contains exponential terms.

In the remainder of this section we investigate Lyw,. As the functions A% and 5%
given in Theorem 3.3 are smooth in (4, w, w? Inw, 7, €), we first give some properties
of the Lie-derivation for functions which are smooth in (6, w, w? Inw, 7, €).
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Lemma 3.4. If n,m € Z, then Ly(d"w™) = (n — m)é"w™. If F(§,w,T,e) =
f(0,w,w? Inw,T,€) with f smooth, then G(6,w,T,€) = LyF (6, w, T, €) is also smooth
in (8, w,w?Inw,,¢) and G(0,0,7,€) =0 (one can also write G = o(1)).

Proof. See [8], Lemma 5.9. O

We have an easy consequence of Lemma 3.4 that will be useful later:

Lemma 3.5. Suppose that n,m € Z and o € R.
1. If n # m and F(§,w,T,¢) = §"w™(a + o(1)) where o(1) is smooth in variable
(0, w,w?Inw,7,¢€) and o(1) =0 for (6, w) = (0,0), then

LyF(,w,7,¢) = (n—m)d"w™ (e + o(1)),
where the symbol o(1) is also for a function smooth in (6, w,w? Inw, T, €) and o(1) =
0 for (6,w) = (0,0).
2. If n = m, we have that

Ly(0"w™(a+ 0(1))) = o(6"w™).
Proof. As a consequence of Lemma 3.4, we have that

Ly (8" w™(a+o(1))) = (a+0o(1))Ly("w™) + 6"w™ Ly (o + (1))
=(n—m)d"w™(a+o(1)) + 6"w™o(1).

As a consequence of Lemma 3.4 (e = dw), we have that
Ly(Boko(T,€) + €Baki(T,€) + Surz(r,€)) = 0.
This means that it suffices to study the Lie-derivation of the exponential terms in
the expression for w, (6, w). If we write T (6, w, 7€) = At + 326&)?: + u(53<i>§f, then
we obtain

1 1 1 1
— + + - -

In order to push the terms L',y(ﬁTi) in the corresponding exponential terms, we
have to study Ly (-5T*) carefully. Using Lemma 3.4 we obtain that

1 1 1
L’y(ETi) = Tiﬁy(ﬁ) + ﬁﬁy(Ti)
1

e 1 +

(2Ti + z:y(Ti)).
Let us remind that 7% is smooth in (6, w,w? Inw,7,¢). Then, by Lemma 3.4, we
get

27%(0,0,7,€) + Ly(TF)(0,0,7,€) = 24%(0,0,0,7) +0 =2 > 0.

It follows that the function P* (5, w,T,¢) := 2T%(5,w, 7, €) + Ly (TF)(6,w, 7€) is
strictly positive by taking a sufficiently small ball B(d) at the origin (4, w) = (0, 0).
Since P* is smooth in (6, w,w? Inw, 7, €), its logarithm is also a smooth function in
(6, w,w? Inw, T, €). So, we can write

1 1 1 1, -
Lyw, = —EPJF exp—ﬁT+ + EP exp—ﬁT
1

1 1
__ 1 i 2 DY e e = 2 -
= wQ(exp wQ(T w”In PT) —exp wQ(T w”In P )) (18)
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The expression (18) implies that the equation {Lyw, = 0} is equivalent to

P
for w > 0. Using the properties of gi, Eﬁi and <I>3i given in Theorem 3.3 we have
that

TH—T" = A" — A~ 4+ Bod(®] — B7) + ud®(dF — @3)

42 + u53—8\5/§

— 2V2Bow(1 + O(6%,w)) + Bas—— (1 + 01(1)) (H(0,A) + 05(1)).

(20)
where O(6%,w),01(1) and o03(1) are smooth in (8, w, w? Inw, 7).
We look now at the remainder w? In 1;—;. We notice that

Pm— Pt =2(T" —TH + Ly(T~ =T7).

Keeping in mind Lemma 3.5 and (20) we obtain that
Ly(T™ =TT) = =2V2ByLy(w(l + O(6*,w)))
44/2 8
—Bgi»’:y(fs(l +01(1))) — uiﬁ y(8°(H(0,\) + 03(1)))
44/2 24\/

= 2v2Bow(1 + 0(6%,w)) — Bg—a( 01(1)) — UT&“*(H(O, \) + 03(1)),

for some new functions O(6%,w), 01(1), 03(1) smooth in (§,w,w? Inw, ). We hence
get

P =Pt 4+2(T" —TH)+Ly(T- —T7)
= Pt — 2v2Byw(1 4+ O(6%,w)) — B24vV25(1 + 01(1)) — u8V25°(H (0, \) + 03(1)),

for some new functions O(§2,w), 01(1),03(1).
From the above expression and the fact that P~(0,0,7,¢) = 2 > 0 it follows that

% =1 - V2Bow(1 + o(1)) — B22v25(1 + 01 (1)) — udv/26°(H(0, \) + 05(1)),

for some functions o(1),01(1),03(1) smooth in (J,w,w?Inw, 7). Taking the loga-
rithm of this expression we finally get

P
w? In 7= BowO(w?) + B30 (w?) + us>03(w?), (21)

where O(w?), O1(w?) and Oz(w?) are smooth in (6, w, w? Inw, 7).
If we use now the expressions (20) and (21) we obtain that
Tt -1~ er21nP:r =
2v2Bow(1 + O(82,w)) + B20 L2 (1 + 01(1)) + ud* 32 (H(0, \) + 03(1)),
where O(d,w?),01(1) and o03(1) are smooth in (§,w,w? Inw, 7). Then, finally, the
equation {Lyw, = 0} is equivalent, for w > 0, to:

2v2Byw(1 4 O(6%,w)) —|—B25£(1+01(1))

538‘[( H(0,)) 4+ 03(1)) = 0. (22)
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3.3.2. Upper bound for cyclicity of Lo. We use an algorithm of derivation-division
and in (22) we introduce (B}, By, u), with (B}, B2, %) € S? and

(BOa -827 ’LL) = p(B(I)7 BQ; ﬁ)
where p > 0, p ~ 0. For p > 0, using this rescaling we can change (22) into

_ _ _ _ 442
Q((S)vav B(/)aB27aaB3?A) = 2\/§B6U}(1 + 0(52,11))) +BQ§T\/>(1 +01(1))

+a53¥(ﬁ(0, A) +o03(1)) = 0. (23)
If p = 0, then the left-hand side of (22) is identical to zero, corresponding to a
system representing a center.

Instead of using coordinates on the sphere, it is customary to use different charts
of the sphere.

(1) Case & = 1, (B}, Bs) € K, K is any compact subset of R2. We begin the
derivation-division algorithm by dividing (23) by

Ty = 2v/2w(1 + O(82,w)),

the factor of the parameter B} in (23), which is strictly positive on segments s, for
each € ~ 0 and € > 0. Using Lemma 3.5 we obtain that

Ey(TQ) = Bgéw_lkl(l + 01(1)) + ﬂ&sw_lkg(H(O, )\) + Og(l)), (24)
1

for some positive constant k1 and k3 and some new o1(1) and o3(1). Hence, we
have eliminated the parameter Bj. Let us divide now (24) by the positive factor
Ty = Sw=tki(1+ 01(1)) of By in (24). Then, by Lemma 3.5,

Ly(5)

2

Ly( ) = @d%k3(H(0,\) + 03(1)), (25)
where k3 is a positive constant and o3(1) is smooth in (8, w,w? Inw, 7).

As @ = 41 and H(0,\) # 0 for all A € A, the expression (25) is nonzero, for
(8, w) ~ (0,0), (6,w) > (0,0), p~ 0, (Bh, Bz) € K, B3 € Band A € A. Now Rolle’s
Theorem implies that @ has at most 2 roots (counting multiplicity) on the segments
se under the given conditions on the parameters.

Remark 3. Since H(0,)\) # 0 for all A € A, in each step of the above algorithm of
derivation-division we deal with factors 6"w™(a+o0(1)), where a # 0 and n,m € Z,
n % m. This enables us to have a well-defined algorithm in each step.

(2) Case B} = £1, (Bs,u) € K, K is any compact set, and (3) Case By = +1,
(B),u) € K, K is any compact set. The study of the case (2) and the case (3) is
analogous to the study of the case (1); we can prove that Q has at most 2 roots
(counting multiplicity) on the segments s..

As the equation (22) is equivalent to {Lyw,; = 0} for w > 0, the Rolle’s theorem
implies that the cyclicity of w, is bounded by 3 under the given condition on the
function H. Hence we arrive at the statement of Theorem 3.2.

4. Limit cycles near Up¢cp, 1jLn- In this section we consider the blown-up vector
field Z., in the family directional chart, given by the expression (13):
T=7- 172
ZE(IT) ©S Y= By — 7+ Baex? + B3®T3 + uelz H (ue, \)
+ued(§ — 322)2G(uez, u?e(§ — 332), \).
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In Section 3.1.1, we defined a regular limit periodic set Ly, where h €]0,1]. We
take any value ho €]0, 1[ and consider the set Upeny,1)Ln- In the remainder of this
section we prove:

(1) If H(0,\) # 0 for all A\ € A, then ZE(IT) has at most two limit cycles near
Uhelho,1)Lin for each e ~0, € >0, By~ 0, Bo ~0, B3 € B, u~0 and A\ € A.

Our proof of (1) will be based on [8] and [14]. First we define a return map near
Uhelho,1)Ln as follows. We denote by pe - = (Te,r, Ye,r) ~ (0,0) the elliptic singular
point of Ze(,lr), for e ~ 0 and By ~ 0. Let us choose ;1 and 9o such that 0 < 71 < ¥»
and a smooth function i(g) on R such that i(y) = 1 for § < 71 and i(y) = 0 for
Y > Yo

We consider a smooth 7-family of two-dimensional sections S,, going from the
segment {€ — p. .} (in the family chart of the secondary blow-up) to the segment
{v=0,w =0, > 0}(in the phase-directional chart of the secondary blow-up). We
refer to Figure 5. In the family chart, we suppose that S; is equal to the section
{T = Z.,.1(y)}, parameterized by ¢ ~ 0 and ¥ > Y. ,. In the phase-directional
chart, we suppose that S; is equal to ¥ C {v = 0} where X p is parametrized by
(6,w) € [0,dp] x [0, wy], for sufficiently small and strictly positive numbers §y and
wo. For € and By small enough, this section S, is transverse to Z, and the return
map of —Z, is defined on it.

Now we can define an arbitrarily large subsection Sy, C S in the following
way. We choose any value hg €]0, 1[, small enough, and define S; 1, = {(Z,7,€) | € €
[0,€0], T =Ter.i(Y), YE [YersUno)} Where 3y, is the positive solution of the equa-
tion e ¥( + 1) = ho (i(yn,) = 0, for hg small enough).

We can parametrize section Sy p, by (h = e ¥(§ — 2(Z.+i(y))® + 1),€). Let us
write h) . = H(pe,-). Clearly we have h_|p,—o = 1. Then S;p, = {(h,€) | h €

[ho, h? ],e € [0,€0]}. If € is small enough, a return map (P(h,€,7),€) of fZe(,lT) is
defined from S; 5, to S; where S; is parametrized by (h,€), in the family chart.
Let Lj, be oriented counter-clockwise.

Proposition 4.1. There exist smooth functions zk(h,e,'r), for k =0,1,3, such
that

P(h,e,7)=h+ Bozo(h, €,7) + Bgezl(h, €,7)+ ue?’f/g(h, €T),
where Lo(h,0,0, By, By,u,\) = —th e Vdzx =: —Jy(h), L1(h,0,0, By, By, u,\) =

—th e V32dx = —J1(h) and Zg(h,O,O,BQ,Bg,u, A) = —H(0,)) th e V7tdz —
G(0,0,7) [, e7"(y — 12%)2dz =: —Jo(h).
Proof. See [8], Proposition 6.1. O

Let D, ,(h) = P(h,e,7) — h be the displacement function. Fixed points of h —
P(h,e,7), which are the roots of {D. . = 0}, correspond to the intersections of
periodic orbits of Ze(lT) with the e-level of S, p,.

We want to study the derivative %DEJ. We consider the derivative of D, , and
not directly the function itself, because this will permit to use results in [8] and [14].
We obtain

0
Oh

where Ly (h,e,7) = %Ek(h,E,T).

D.+(h) = BoLo(h,€,7) + BaeLi(h,e,7) +ue’La(h, e, 7)
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93]

FIGURE 5. Sections S, and 7, for By = 0.

Let us now recall the notion of a strict Chebyshev system of C°°-functions as
it was introduced in [8]. We restrict to degree 1 and 2 pointing out that strict
Chebyshev systems of degree 1 will be used in Section 6.

Definition 4.2. Let F = {fo, f1} (resp. F = {fo, f1, f2}) be a sequence of smooth
functions defined on an interval [a,b] C R. One says that F is a strict Chebyshev
system on [a, b] (in short ST-system) of degree 1 (resp. degree 2) if one has fy(z) # 0
(7

and (£1)/(2) # 0 (vesp. fo(z) #0, (£)'(2) # 0 and ((%’)/)/(2) #0) for all z € [a, b].
Remark 4. We can see by applying the algorithm of derivation-division that, if
F = {fo, f1} (vesp. F = {fo, f1, f2}) is a ST-system on [a, b], then any nontrivial
linear combination g fo + a1 f1 (resp. agfo + a1 f1 + asf2) has at most one zero
(resp. two zeros) on [a,b], counted with their multiplicity.

When H(0,) # 0 for all A € A, then we will show that on the interval [ho, h? ]
the system {Lo, L1, L3} is a ST-system of degree two, for each ¢ ~ 0, By ~ 0,
By ~ 0, B3 € B, u ~0and A\ € A. Remark 4 and Rolle’s Theorem will then
imply that the function D, . has at most three zeros (counting multiplicity) on
[ho, h? ], for € > 0 and (Bo, Ba,u) # (0,0,0). But one zero corresponds to the
focus/center point of our system (D -(h?,) = 0). As a consequence, the function
D, has at most two zeros (counting multiplicity) on [ho,h? [, for e > 0 and
(Bo, B2, u) # (0,0,0). Hence, (1) is proven.

To prove that {Eo, L, 1_13} is a ST-system, we have to consider
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{jOa jlan} = {%J(% %Jh %j2}
on [ho, 1]. First, we show that {Jo,J1, J2} is a ST-system on [ho, 1] for each A € A,
provided H (0, A) # 0 for all A € A. We rely on [14]. In [14] the following conjecture,
formulated by Dumortier and Roussarie in [8], has been solved for cases up to
codimension 2 (for a definition of a ST-system of degree g we refer to [8]):

Conjecture. For each j > 0, we define an analytic function I;(h) = f% 72y,
where 3, C {H(Z,9) := e 2 (y— 2>+ ) = h} and h €]0, 3]. For each ¢ > 0, the
system {lo, I, ...,1;} is a ST-system on [hy, 3], for each hy €]0, 5].

7n is a closed curve oriented counter-clockwise. In [14], it has been shown that
the system {lo, I1,I>} is a ST-system on [hq, 2] for each h; €]0, [ The following
lemma gives the relation between the systems {.Jy, Ji, Jo} and {Io, I, I}:

Lemma 4.3. Given any hg €]0,1[. Then for all h € [ho, 1] we have:
i) Jo(h) = —Io(%);

i) () =~ (5);

iii) Jo(h) = —16H(0,A\)I2(%) — 4G(0,0, \) I3 (%).

Proof. First, we prove

Jj(h) = C;L( /L e—%%di) = - /L 7%~ dy, (26)
h h

where h €]0,1] and j > 0. Let us recall that H(Z,y) = e ¥(y — 2% + 1). We write
wj = e Y72 d7 and, by differentiation, we obtain that:

dw; = e Y72 d7 A dy.
If we define % = —2%71dy, then it is easy to see that:
dw;
dH A\ S5 = dw;.

Then the formula in (26) follows from the formula of Picard-Lefchetz (see for ex-
ample [1]): %(th wj) = fL} dwi  Taking into account (26) and using the change

of variables {Z = 2X,7 = 2Y}, we obtain that:

_ . ) . ~ . h
Jj(h) = f/L TPy = f22ﬂ/_ X2y = fzzﬂlj(g). (27)
h ol

h
2

The expression (27) implies i) and ii).
It remains to prove iii). First, we show that

_ 1 _
/ e T( — 23)2d5 = / TR 7 (28)
Ly, 2 Lp,

1

for h €]0,1]. If (Z,7) € Ly, then dz = 2% 7ydy, and as a consequence, we obtain

_ 1 ~1
/ efy(gj—§§2)2daf:/ e y(2m —)3z tdy
Ly, Lp,

1 ~c . 3 3 TaBe] g~
= 7/ e Vhdy — f/ e VRdy + = / e VPEdy — / e VP T Ny
8 Lh 4 L;L 2 Lh Lh

(29)
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and
@) = b @F 7 + (D) df
= (5 1) + 7/ @)y — KF @27, (30)

m—1

where k > 1 and f is an analytic function. If we take f() = e ¥g™ !, m > 1, in

(30) and if we use the fact that [ d (f(7)@*) = 0, then we find that:
k—2

~ . -1 = e o~
/ e—ygmxk—Zdy _r “ e—y'gm 1 kdy + e—ygrn—?xkdy.
Ly 2k Jg, k L

On account of (31) the integrals in (29) can be written as:
1) th e Vyaidy = 5 s e VZ0dy,

2) [, eﬁ“’zidqj— = fL e VI + 3 [, e VEdy,

3) th e VPT ldy = — % L, € IO dy + %th e V73 dy.
Hence, we have that

~ 1. 1 Tl g~
/ e V(g — =7°)%dz = 7/ e VEidy.
Ly 2 3JL,
From the first equality in (30) for k = 3 and f() = e~ we obtain
3 th e VE3dy = th e VF2dz.
We have shown (28). The formulas (27) and (28) imply iii). O

Proposition 4.4. Take any ho €]0,1[. If H(0,\) # 0 for all X € A, then the
system {Jo, J1, Jo} is a ST-system on [hg, 1], for each A € A.

Proof. Take any hgy €]0,1[. We are going to use Lemma 4.3 and the fact that the
system {Io, 11, I>} is a ST-system on [2, 1]. It is clear that Jo(h) = —Io(2) # 0
for all h € [ho, 1]. We have that

(Y () = 2(ky(E) £0
for all h € [hg, 1]. Similarly, we obtain

(Brm - (2 (%)
z = 4H(0, \) 2
(7L (n) (0 )G;MZ)

+G(0,0,)).

This implies

~
¥)

(G5 0 =20 N (E) ()

If H(0,)\) # 0 for all A € A, then this expression is nonzero for all h € [hg, 1] and
all A € A. O

~
(=)

To end this, we need the following stability property of ST-systems (see [8],
Proposition 7.6.):

Proposition 4.5. Let F = {fo, f1} (resp. F = {fo, f1, f2}) be a ST-system on
[a,b] of order 1 (resp. 2). Let G = {go,q1} (resp- G = {g0,91,92}) be a second
system of smooth functions. Then, if each g; is sufficiently near f;, fori = 0,1 in the
Cl-norm (resp. for i =0,1,2 in the C*-norm), the system G is also a ST-system
on any interval [a', V'] for a’ ~a and b ~b.
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If we suppose that H (0, \) # 0 for all A € A, then Propositions 4.4 and 4.5 imply
that on the interval [ho, h? ;] the system {Lo, L1, L3} is a ST-system, for each e ~ 0,
By~0,By~0,BseB,u~0and A € A.

5. Limit cycles near Upc(p,1)Ln. In this section we consider system Z., near
(Z,79) = (0,0), defined in (10), and show:

(1) If H(0,\) # 0 for all A\ € A, then there exists a neighborhood V' of (Z,4) = (0,0),
independent of (e, ), such that Z, » has at most two limit cycles in V' for each e ~ 0,
€>0,By~0,By~0,B3seB,u~0and X € A.

We prove the proposition (1) by gluing results obtained in Sections 3 and 4 to-
gether. We merely consider “derivative of a global difference map”, defined near the
set Upeo,11Ln on the secondary blow-up locus, that permits to use good Chebyshev
properties of the derivative Lyw, and the derivative %DeﬁT(h) obtained respec-
tively in Section 3 and Section 4. For some reasons that become clear in later
sections we want the above mentioned global difference map to be a function of
(7,€,7) where § = €27.

We consider a smooth 7-family of two-dimensional sections 7, containing the
segment {e¢ — p r} defined in Section 4 in its boundary and transversally cutting ~y
(see Figure 5). We suppose of course that for each 7 we have S: N T = {€ = pe -}
and also that 7, coincides with T near v where T is defined in Section 3. We
parameterize T, by (h,€).

We choose any value hg €]0, 1] small enough. Let P (h) be the h-component of

the transition map from S;p, to 7T, for —Ze(}f) and P (h) be the h-component of
the transition map from S; p, to 7, for Ze(}T). We consider the difference map
Der(h) = P (h) = P (). (32)
Proposition 5.1. There exist smooth functions cik(h, €,7), fork =0,1,3, such that
De.+(h) = Bodo(h,€,7) + Baed (h,e,7) + ue’ds(h, e, 1),
where
do(h,0,0, By, Bs,u, \) = Jo(h), di(h,0,0, Ba, Bs,u,\) = Jy(h)

and
623(h7 07 07 327 B37 u, )\) = ._72(h)

Proof. We have D..(h) = PZF.(h) — PX.(P(h,e,7)) where P(h,e,7) is the h-
component of the return map defined in Section 4. As PX (h) = h + O(e, By)
the result follows from Proposition 4.1. O

Using the elimination h = h, T( y) :=e (% — 2(Ter.i(£))?+1), for € > 0 and
7 € [€%Te.r, €Tn, ), and writing D* (7, €) = D+ (he.+(7)), we obtain that

0 ~ 5 . .
a5 7 (5:€) = Bodi(,€,7) + Baedi (5 . 7) + ue'di(7, e, ),
with
o _0d; ) ) )
dj (y, €, T) = ( oh )(he,'r (y)v €, T)' ag he,‘r(y)v (33)

for j = 0,1,3. Using Section 4 and Proposition 5.1 we have that, if H(0,\) # 0 for

all A € A, then the system {%‘i‘), %‘21 , %‘ff’} is a ST-system on the interval [ho, h? ],
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for each fixed e ~ 0, By ~ 0, By ~ 0, B3 € B, u ~ 0 and A € A. Clearly, we have

that i
dpher (@) = e # (h = 3(Feri(E)? + 72, i(5)i (%)) <0

for € ~ 0, € > 0, By ~ 0 and § €]€%y, ].

we obtain

Lemma 5.2. If H(0,\) # 0 for all A € \, then the system {d%,d%,d5} is a ST-

system in § €]€2Ye +, €Yn, ), for each fived e ~ 0, € > 0, By ~ 0, By ~ 0, B3 € B,
u~0and A € A.

Uers €2Uny]. Putting all informations together,

Remark 5. Suppose that a € R, b € R and a < b. If one replaces the interval
[a,b] with ]a,b] in Definition 4.2, then one defines a ST-system on |a,b]. It is clear
that the result for ST-systems on [a, b] mentioned in Remark 4 remains true if one
replaces [a, b] with ]a, b].

In Section 3, by following the orbits of the blown-up vector field Z, in forward and
backward time, we defined transition maps (4, w) — D} o F.(§,w) and (§,w) —
Gr o D7 (d,w) from ¥_ to T4, near Ly on the secondary blow-up locus ( Figure
4). If we replace the section ¥_ with the section X5 (Section 4) in the definition
of Df o F,(§,w) and G, o D; (4, w), then the form of the h-component of the new
difference map D o F, (5, w)—G,oD; (4, w) defined on X 5 is given again in Theorem
3.3 with some new functions A* and <I>i having the same properties as the old ones
(see [15], Proposition 4.32). We denote the h-component of the difference map
defined on X g again by w,.

We introduce the analytic function K («, ) = % ifa# g and K(a,a) =
exp o. Using the notation introduced in Section 3.3.1, the expression (18) may be
written as

Lyw,; = %K(a,ﬁ)(T+ ~ T~ +w?In %) (34)
with
a=—L (Tt —w?lnPt)
and

B=-L(T" —w?lnP7).
In Section 3.3.1, using the elimination (0, w) = (1/¥, %), we have obtained that

TH T+ (- )1nf 2V2B)—=(1 + 0(1))

Vi Vi
BT (1 o) 4 P S O Foo1)) (35)

where 0¢(1),01(1) and 03(1) are smooth functions in (1/y, = 75 (7)2 In ==, 7) which,
uniformly in 7, tend to zero as (1/¥, ﬁ) — (0,0). If we define @, (7, €) := w,(/7,
%), then
200(5,6) = & (Lywr) (VT ).
Using (34) and (35), we obtain now an expression of a%@ﬂ for (1\/¥, %) ~ (0,0):
0

877@7@, €) = Bodo + Boegr + ue’gs (36)

with
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d0(7,6,7) = L VIK (@, B)V2(1 + 00(1)), g1 = H (V7K (. B) 22 (1 + 01(1))
and

i = (WK 0.0 L2 (50,0 + 03(1), (37)

recalling that og(1),01(1) and o3(1) are introduced in (35). The function K (c, 3)
is a smooth in the variable (1/%, ﬁ, T), flat at w = ﬁ = 0 and strictly positive for
7 >0 (We say that a smooth function f(x) is flat at z = 0 when j°° f(0) = 0.)
Now it can be easily seen that

Lemma 5.3. If H(0,\) # 0 for all A € X, then there exist sufficiently small 6o > 0,
wo >0, g > 0, ug > 0, BY > 0 and BY > 0 such that for each fized ¢ €]0, €],
By € [-B,BY], Bs € [-BY,BY], Bs € B, u € [0,up] and X € A the system

~ ~ ~ . . — 2

{G0, 1,93} is a ST-system in § € [ifg,ég].

We may suppose that yp, > u%g For ¢ ~ 0 and € > 0, on the segment

~ ~ 2 2 Al .
[€2y€77762yh0] m [;73’68] = [ﬁgaEtho] we have D:(y,&) = wT(y7€)' Then we get
a “global” difference map that we will write DG (5, €) for § € [*Je.r,02]. DC (4, )
is equal to D*(7, €) on [€27e -, €2Jn,] and equal to @, (7, €) on [;—22,68]. We want to

0

prove that the function S%DTG can be written as:

O

a—gDTG(gj, €) = Bod(?(gj, €,7) 4 BoedS (7, e,7) + ue3d§(y, €,T), (38)
for some functions d]G with the property that for each fized e ~ 0, € > 0, By ~ 0,
By~ 0, Bs€ B, u~0 and A € A the functions d? are smooth in the variable § €
[€Ye 6(2)]7and the system {d§,d§,dS'} is a ST-system in the variable §j €]€*y..,, 03],
provided H(0,\) # 0 for all X € A.

To prove this, we choose y3 and y4 such that =5 < y4 < y3 < yp, and a smooth

1
function ¢(y) on R such that i(y) = 1 for y > ys, i(y) = 0fory < ygand 0 < i(y) <1
for § € [4,73]. We now define for j =0,1,3, ¢ > 0 and § € [€* 7.+, 63):

A5 (F,6,7) = i(%£)4; (@, e, 7) + (1 —i(£))d: (7, e, 7).
The system {dS,dS,dS} coincides with the system {go, g1, gs} (resp. {d&,d%,d35})
on the interval [¢2ys, 62] (vesp. [€*Fc -, €2Y4]) and, by Lemma 5.3 (resp. Lemma 5.2),
is a ST-system on [€%Y3, 62] (resp. |€Ye 7, €2U4)), for € ~ 0, € > 0 and By ~ 0.
Lemma 5.4. If H(0,)\) # 0 for all A € A, then the system {dS,d${,dS} is a ST-
system in the variable § € [62#,62%0], for each e ~ 0, € >0, By ~ 0, By ~ 0,

0
BseB,u~0and A € A.
Proof. We will use the change of coordinates § = €27, for € > 0, and we will prove
that the system {dS,d{,d$} is a ST-system in the variable § € [ﬁ, Uh|, provided
0

H(0,)) # 0 for all A\ € A. Then we will have that the system {df,df,d$} is a
ST-system in the variable § € [€* -, €21, ], provided € > 0 and H(0,\) # 0 for all
0

A € A. Using (33) and (37), in the new variable (7, €, 7) we obtain that

where cz;‘] and §;; are smooth functions in (¥, €, 7), including e = 0. As the functions

D*(, €) and @, (7, €) coincide on the intersection [627%3, €91, ], we have that
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BodASO + Bzecﬁl + U€3CZ§3 = Bogoo + Bgﬁgll + U€3g33

for y € [

2
wq

Uno)- Hence, we have d% = gj; for j =0,1,3 and By = By = u = 0.

1

From this, it follows that d]G, in the variable (g, €, 7), on the interval [@7%0] can

be written as

d§ = E%(dA;ABO:Bg:u:O + O;(Bo, B2, u))

where O;(By, B2, ) is a smooth function in (¥, €, 7), including ¢ = 0. By Proposition

4.5, it suffices now to prove that the system {d};|p,=p,=u=c=0;j = 0,1,3} is a ST-

system in the variable y € [ﬁ, Uno|. This follows directly from (33). O
0

To end this, we use the following lemma (see [8]):

Lemma 5.5. Let F = {fo, f1, f2} be a system of C*®-functions on [a,b] (or]a,b]).
Let {I}k=01,..,m, m > 1, be a family of intervals of [a,b] (or ]a,b]):

I() = [a,dl] (07” ]a,dl]), Ik = [dg(k_l),d2k+1], k= ]., ey — 1 and Im = [dgm_g,b}
where a < dg; < doip1 < b, i = 0,....,m — 1. Let us suppose that for each k €

{0,1,...,m} the restriction of F to I}, is a ST-system of degree two on Ij.. Then, F
is a ST-system of degree two on [a,b] (or]a,b]).

We can apply Lemma 5.5 to the partition

]62@,7» 5(2]] :}ezge,Tv 62§4] U [62

%a €2§ho] U [62g37 6(2)}
as € > 0 and ﬁ < Y4 < Y3 < Yno- Then we get (38). Using Rolle’s theorem, we have
0

that the difference map ﬁf (7, €) has at most 3 zeros, counted with multiplicity, on
the interval |€2ye -, 03] for € > 0, (Bo, B2,u) ~ (0,0,0) and (By, B2,u) # (0,0,0).
As D% (e%J...,€) = 0, Rolle’s theorem implies that DY (7, €) can have at most 2
zeros, counted with multiplicity, on the interval €y ,, 2], for € > 0, (Bo, Ba,u) ~
(0,0,0), (Bo, Ba,u) # (0,0,0) and H(0,\) # 0 for all A € A. Hence, we have proved
(1).

6. Further study of limit cycles near the primary blow-up locus in the
elliptic and saddle cases. In this section we consider Xjr’ Bo.B,,x and assume
that e ~ 0, e > 0,7~ 0,7 >0, By ~ 0, By ~ 0 and H(0,\) # 0 for all A € A.
(When r = 0, then systems X;ET’ Bo.B,.x defined in (6) have no limit cycles near
(x,y) = (0,0) (see [16]).) We give a key step toward finding the optimal upper
bound on the number of limit cycles near (z,y) = (0,0), in both the saddle and
elliptic cases. We prove that the set (Uyery, ,+oo[Ly) U Loo, in the elliptic case, and
the set Ugcrg, 1 1Ly, in the saddle case, each produce at most two limit cycles for
any small g1 > 0. We merely glue together local cyclicity results for Ly, L% and
Lo proved in [16] and [17] by studying evolution of a simple zero in so-called full
divergence integral as parameters of our system vary.

In Section 6.1 we will study in detail the elliptic case. The study of the saddle
case will be similar to the study of the elliptic case and it will be given in Section
6.2. We point out that Theorem 6.5, proven in Section 6.1, and Theorem 6.7, proven
in Section 6.2, will play an important role in Section 7 in which we will finally show
that the cyclicity of XeJ—’rnB()B%A at the origin (z,y) = (0,0) is equal to 2.

First, let us recall the well known relation between the coordinates introduced
in Sections 2 and 3:
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6.1. Limit cycles near (Ugc[y, +oo[Liy) U Loo in the elliptic case. In this section
we suppose that y; > 0 is arbitrarily small.

In [17], by following the orbits of X_ 5 p  in forward and backward time,
we defined C*-transition maps from ¥p C {X = 0} to T4, near Lgg, that we
denote here by respectively (Fp,e) and (Cp,€). Section Yp is parametrized by
(U,R) € [0,Up] x [0, Rp] where Up > 0 and Rp > 0 are sufficiently small. Section
T, is defined in Section 3 (see Figure 4). Recall that T is parameterized by (h, ).
We define

h = AP(UaRaevBO7B27)\) = FP(U7 R7€7BOaBQa)‘) - CP(U7 R7€7BOaBQ7)‘)'

The consideration of Ap was sufficient to study the limit cycles bifurcating from
Loo (see [17]).
For some reasons that will become clear later in this section it is better to pa-
rametrize Xp \ {UR = 0} by the coordinates (g, r). Hence we can define
~ _ 1
AP(y, T, €, BO) B27 >‘) = AP(T’\/@, ﬁ

where 7 ~ 0, 7> 0, 7 € [, Y21, (e, Bo, Bs) ~ (0,0,0) and A € A.

By following the orbits of (8) (with the —-sign in front of #3) in forward and
backward time, we can define C*°-transition maps from Xp C {Z = 0} to T,
near the set Uge(y, g,) Ly for any g2 such that 0 < g1 < g2 < +oo. We denote the
transition maps by respectively (Fp,€) and (Cp,€). The section Y. is parametrized

by € > 0 and § € [§1,J2]. For more details we refer to [16] and [3]. We define
h = ZD(@; T, € BOa B27 >\) = FD(Q, T, € BOa 327 >‘) - CD(ga T, €, BOv 327 >\)

7€aB07327)‘) (39)

If we are interested in limit cycles bifurcating from Ug¢| Ly, it suffices to study

91,72]
Ap (see [16]). We may suppose that 3z < 7.
P
2
For e ~0,¢> 0,7 ~0andr > 0, on the intersection [ %]ﬂ[gl,gg] =[5, 72
P

R% 12

Ap and AD coincide. We have a “global” difference map ﬁg(y,r, €, By, Ba, \), for
2 ~
r~0,r>0,e~0,e>0 By~0,By~0, A€ Aand g€ [ﬂl,%],suchthat Ag is

equal to Ap on | g—;] and equal to Ap on [§1,7s]. For each fized (r, €, By, Ba, ),

%%7
we are interested in the number of isolated zeros of ZG on the segment [y, 2—2’23] We
will study, as usual, the derivative of AG w.r.t. g.

Being inspired by [16] and [17], first we want to get rid of the parameter By in Ag.
Based on [3], in [17] we proved that there exists a C*-function Bp(U, R, ¢, Ba, \) such
that solutions of Ap(U, R, €, By, Ba,A) = 0, for € ~ 0 and By ~ 0, can only occur
for By = Bp(U, R, ¢, By, \). Moreover, Bp is identically zero when By = UR = 0.
We now define
~ 1

BP(:U’T’QB%)\) = BP(T\/§7 \/37’6’327)\) (40)
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forr >0, r~0,¢e>0,e~0andy e [%7[7{—212’]
o~f ﬁp(g, r,€, By, Ba,A\) = 0, for ¢ ~ 0 and By ~ 0, can only occur for By =
Bp(g,r,€,Ba, A), and that

Bp(y,r,€, By, \) = Babh (), 7, €, Ba, \) + rb% (4,7, €, By, \)
where 5}3 and g% are C*-functions in (ry/7, %,r, €, Ba, \).

Now is clear that solutions

Again based on [3], in [16] we proved existence of a C*°-function ED(gj, r €, Ba, \),
for § € [§1,72], such that solutions of ED(Q, r,€, By, Ba,A\) = 0, for ¢ ~ 0 and
By ~ 0, occur only for By = Ep(g,r,e,Bg,/\). We have ED@,T,E,BQ,/\) =
ng})(g, r,€, Ba, \) + rg%(gj,r,e,B%/\) where ng and E% are C°-functions in the
variable (g,r, €, Ba, A).

Again we can consider a “global” function that we will write Eg(;y,r,e, Bs, \)

2 ~ ~ ~
for §j € [gl,%]. Bg is equal to Bp on [ and equal to Bp on [y1, Y]

1 Ui]
R% 1?2
Solutions of Ag(g,r, €, By, Ba, \) = 0, for ¢ ~ 0 and By ~ 0, are only possible for
~ 2

By = Bg(y,7,€,Ba, \). Hence it suffices to study isolated zeros (w.r.t. § € [y, %])
of the following family:

AG(Q) €, BQ) )‘7 é) = EG(?]7 T, €, EG(:&’ T, €, B27 )\)7 327 )‘)7 (41)
for each fiztedr ~0,7>0,e~0,e>0, Bo~0, \€A and y € [gjh(i—;].
Proposition 6.1. The function Bg can be written as

Ba(§,7, €, Ba, \) = Bobb (7,7, €, By, A) + 1b% (7, 7, €, B, A), (42)
2

where Eé and?% are C*-functions in (r\/y, %, 7,7, €, Ba, \) and where § € [i1, %]

Proof. We glue Ep and £~3D by a partition of unity. Let us choose 7% such that
7 < §p < 2 and a smooth function &(7) on the real line such that £(g) = 1 for
2
nggj},,f(gj)EOfOlﬁgjgR%andOS{(g)glforB%2 <y < yb. It can be now
P P
easily seen that
Bg = &(y)Bp + (1 £(5))Bo
= Ba(E@)bp + (1= £@)bp) + r(E@bp + (1 - £(@)0D).
O

Remark 6. The functions 5%; and Eé in (42) are bounded by construction. More
precisely, there exist M > 0, ¢¢ > 0, 79 > 0, B > 0 and Up > 0 such that

for each e €]0, ], r €]0,70], By € [-B9,BI], A € A and ¥ elgl,ﬁf—f’l we have
’blG(gj7r,e,Bg7)\)| < M and |b2G(gj,r,e,B2, )\)’ < M. We will treat b, and bZ, as new
bounded parameters bearing in mind that they depend on (i, 7, €, B, \).

dAc

Let us finally study 885;. First, we consider the function oy on each interval
U3 o
(7> 7#] and [71, 7). 2
L. On the interval gz, %] Let us define
P

AP(QJ T,G,BQ,)\,@) = AP(ZJ’ raQEG(gja T,G,BQ,)\),BQ,A),
FP(?]7T7 €, BOvBQa )‘) = FP(T\/§7 %a G,Bo, 327 A))
CP(?]7T76’BO>BQ7)\) = CP(T\/§7 %7€>BO7BQ7>\)7
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2 R 2
where § € [Ri%, %} and gj € 71, %}

We write Ly f = Ug5 — Rg{{7 where f is a C*-function in (U, R, ¢, By, Ba, \).
Again we invoke [17] and obtain that

8@% = Tg(ﬁYFP)(T\/?) %’ ) = _ﬁ €Xp %ﬁ}g’

88% = %(;CYCP)(T\/?7 %7) = T2y 4 €xp QC}D’
with

Fp=F3+FilnJ-, Cp =Ch+ Chln o,
where F2, F3,C2 and C% are CF in (7“\/§7 T \}lﬂ 756 € 2Ine, B, Bz, A) and
and C% are strictly positive. Furthermore, [17] implies that
~ T i
—Cp = By.po + Bz(*§ +p1) +rVH(=2V2H(0,A) + pa), (43)

where po, p1 and py are C*-functions in (r\/%, \} \1[ In f’ €,€2Ine, By, Ba, \) whi-

ch, uniformly in (By, A), tend to zero when (r/7, ﬁ,Bg, €) — (0,0,0,0).
We finally get

dAp OFp 0Cp 1 1~

_ B _ 1oy Lo a A
9y 0y 9y 2ge6K(62Fp,ech)(FP cL) (44)

where K(a, 8) = w if « # B and K(«o,a) = expa.

Lemma 6.2. K( FP7 6%5113) is a CF-function in (r\/¥, %, €, By, Ba, A\) and strictly
positive for e > 0 and 7 > 0. Moreover, for any m € N we can take € sufficiently

small such that K(% F}, %5}3) = O(em(ﬁ)m).

Proof. We have

1~ 1~ ! 1, ~ ~ ~ ~ 1
K(e—QF},7 :20}3) = / exp e—Q(tFI% +(1-t)Chp+ (tFp +(1—-1)C3)In \?)dt.
0 Y

Let us recall that ﬁ 3 and 6’% are strictly positive. By choosing € small enough,

the expression M can be chosen arbitrarily high, so that the integrand

in the above integral can be written as €™ (%) Sf(t,g,r € By, Ba, ) where f is a
Ck-function in (¢,7/%, %, €, Bo, B2, \). O

Taking into account (42), (43), (44), Lemma 6.2 and Remark 6 we obtain the

following expression for the derivative 8AUP

OBE K (Ba=T + )+ VH2VRE0.0) + )

dy
= Kp(Baofp+rfp) = Kp.Ip (45)
where p; and py are CF-functions in (r\/7, %,%ln %,6,62 Ine,r, BQ,)\,?)};,E%;)
which, uniformly in (X, bg,b%), tend to zero Whe~n (’1:\/27,%,3276) — (0,0,0,0),
and Kp is a C*-function in (r/7, %,e, 7, B2, A, b, b%) and strictly negative for

6>0andf>0
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In Definition 4.2, we can replace C> with C*. Then we deal with ST-systems
of C*-functions. Properties of ST-systems of C'*°-functions mentioned in Sections
4 and 5 remain true if we replace C* with C*.

Proposition 6.3. There exist Up > 0, Rp > 0, 79 > 0, ¢¢ > 0 and BY > 0

sufficiently small such that, for each r €]0,r¢], € €]0,¢0], B2 € [-BY, B3], A € A

and § € [yl, =+ ] the system {fp, fp} = {5 + p1,

VI(=2V2H(0,X) + p2)} is a (C*) ST-system in the variable § € |7 [ig ].
P

N

Proof. Let us recall that (r./g, i) (0,0) if g € [Rlz ) rz:'] where Rp > 0 and
Up > 0 are sufficiently small. Remark 6 and the above mentioned property of p1
imply that f} # 0 for each 7 ~ 0,7 >0, e~ 0, e >0, B, ~0, A € A, y € [y, rg]

and y € [ R i{ﬁ? | where wg, Up and Rp are sufficiently small. It can be easily seen
that
a9 f3 1 ,2V2H(0,))
;(*113) = f(i +Ps)
Yy fp Vi T

where ps is a CF-function in (r/7, f \} In f’ e,?Ine,r, By, A,?%,?%) which, uni-
formly in (r, A,?%,%%), tends to zero when (27‘\/5, %7B2,e) — (0,0,0,0). Since
H(0,)\) # 0 for all A\ € A, we have that a%(;—lf) # 0 for each 7 ~ 0, 7 > 0, € ~ 0,
P
€>0,By~0, NS A 7€ [gl,ﬁ’—?] and § € [R%,g—;] where wg, Up and Rp are
P
sufficiently small. O
Since the function Kp is nonzero for € > 0 and f > 0, Proposition 6.3 implies

thatforeachr~0,7“>O,6~O,6>O,BgNO,)\EAandye[yl,r—z]

(counting multiplicity) on the segment
(7 %]

R w2
2. POn the interval [g1,§2]. Let us define
Ap (e, Ba, N ij) := Ap (., e, Bg(ij,r, €, Ba, \), Ba, \),
where § € [1, 72] and ¢ € [71, Z—%]
Using [16] and [3] we obtain

OFp _ 1 171 0Cp . 1 1.1
Ty = —aexpalp, G = —aexpz0p,
with
ol (V2 odo 2
Fp= fO —1+B20— 92-&-7“93?1(79 A) +Fp <0,
L=/ gd +C} <0,

V2§ —14+Bao— 92+TQ3H(7‘Q A)
where ﬁ% and C% are C*°-functions in (7,7, €, €2 In €, By, Ba, \) and identically equal
to zero when € = 0. Furthermore, [16] implies that

- V2 _ 2y
—CL = By.p% + B / _—eee.
D 0-PD 2( 5 (1+Q2)2

7 & —o*do 2
Tr(H(0, A / S84 52, 46
( ( ) % (1 ¥+ Q2)2 pD) ( )

+pp)
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where p%, pl, and p?% are C*°-functions in (7,7, €, €% In¢, By, Ba, A) and identically
equal to zero when By =1 =€ = 0.
We finally get
OAp OFp ACp 11~ 1~ =~ o~
ag ay ag €6 (62 D> €2 D)( D D) ( )
where K is introduced in (44). The function K(% FD, L CD) is, by [3], a C°°-
function, flat at e = 0 and strictly positive for € > 0. Takmg into account (42),

(46), (47) and Remark 6 we obtain the following expression for the derivative aAD
OAp /\/ﬁ —o%do . _ /\/ﬁ —odo _2
920 _ g, (B 20 5L) 4 r(H(0, A e 4

=: KD(Bbe +’I“f%) =: Kp.p (48)

where p}, and p% are C*°-functions in (7,7, €, €2 Ine, B, /\,Eé,?%), identically equal
to zero when By = r = € = 0, and Kp is a C°°-function in variable (¥, 7, €, B2, \, b,
bZ) and strictly negative for € > 0.

Lemma 6.4. The system { [¥ /5 otz (0, X) [Y o0 ey} is a ST-system on
[71,72), for all X € A.

Proof. Let us write fy = fr (1‘;;15)2 and f; = H(0,\ fr 1&5") It is clear
that fo(g) >0 for all § € [yl,yg] We have
o
o) = 122 +arctan(25) (49)
and
_ = 2y(3 +4y -
fi(g) = H(0, ) (W - Sarctan(\/2y)>. (50)

Combining (49) and (50) we get

fiy _ =127 + 2/2y(3 + 27) arctan(/27)
(V@ = HON == 35y axctan(/35) 2

Since H(0,)\) # 0 for all A € A, it suffices now to prove that —123 + 2,/25(3 +
27) arctan(\/ﬁ) > 0 for all § > 0. Using z = /2y, it suffices to prove that
fa(x) := —62% + 22(3 + 2?) arctan(x) > 0 for all x > 0.

Since f2(0) = 0, it suffices to prove that fi(x) > 0 for all 2 > 0. This will be
true if and only if f3( ) = —x(3 + 52?) + 3(1 + 2?)? arctan(z) > 0 for all z > 0.

Since f3(0) = 0, it suffices to prove that fi(x) > 0 for all x > 0. f§(x) > 0 for all
x > 0if and only if f4(z) :== —z + (1 +2?) arctan(z) > 0 for all > 0. The function
fa is strictly positive for = > 0 because f4(0) = 0 and f;(z) = 2x arctan(z) > 0 for
all x > 0. O

Since the functions p}, and p2, in (48) are O(Ba,7,€,€2Ine) and smooth in
(7,7, €,€%Ine, Ba, A, b, b%), all their derivatives w.r.t. § are O(Bg,r €,€2Ine) func-

tions which are smooth in the variable (7,7,¢,€2Ine, By, A, b%;,b2 ). Lemma 6.4,
Proposition 4.5 and Remark 6 now imply that for eachr ~0,7r>0,e~0,e>0,

R 2
By ~ 0, A\ € Aand § € [i1, %] the system {fL, f3} is a smooth ST-system in
variable § € [§1,%2]. As Kp is smooth in (7,7, €, Ba, A, b, b%) and strictly negative
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fore>0 Wehavethatforeachrw() r>0,e~0,e>0 By ~0, A € A and

ye [y1, } the derivative 222 has at most one zero (counting multiplicity) on the
segment [y1,y2] ) _ .
We know that 22 is equal to 222 on [31, 3] and equal to aaA—,P on [Rl";,’ Ze).

Putting all informations together, we have that for each r ~ 0, 7 > 0, € ~ 0, € > 0,
2
By ~0, A€ Aandy € [yl, —#] the derivative 8AG has at most 2 simple zeros on

the segment [, T—;] Simple zeros in ag—yﬁ correspond to saddle-node bifurcations
of limit cycles (see [7]).

2
%G [T1, %} (see
Theorem 6.5). To see the intuition behind this result, we first make rescaling in the
parameter space (Bz,r) = w(Ba,7), where (By,7) € S', 7 > 0, @ ~ 0 and @ > 0.
Next, we find sets A; and Ay such that A = A; U Ay, H(0,\) > 0 for all X € Ay
and H(0,)\) < 0 for all A € Ay. Suppose that A € A;. When (327 ’) is between
(1,0) € St and (0,1) € S', then aaAyG has 10 zeros on the segment [7;, & ~#]. Hence, no
saddle-node bifurcation of limit cycles can occur near the set (Uge[g, +oo[Ly) U Loo-

We will prove tha

When (Bs,7) ~ (0,1), then the %T*G has no zeros on [, g—%] and may have one
simple zero near § = 0. Hence, a saddle-node bifurcation of limit cycles may occur
near the limit periodic set Uye[o,1)Ln, when By varies. When (By,7) goes from (0,1)
o (—1,0), then a simple zero of aaA—,G travels from § = 0 to § = +o0o. Hence, the
y-value, near which a saddle-node bifurcation of limit cycles occurs, travels from
g =0 to y = +o0o. A similar elaboration is possible when A € A;. We make this
more precise in Theorem 6.5.

Let us write go(y f\ﬁ ﬁ and g1(y f\ﬁ (Ifgd)Q Using (49) and
(50) we have that
T 1 4v2
1 T lim o go(f) = — 2 1
Amgo(7) = 5 m 7 \@390(1/) 3 (51)
and
1 1 2
lim —g1(g) = —2V2, hm y *—8\—f. (52)

G—+oo \/g (\/5)5gl(y)_ 5

Using (51), (52) and the proof of Lemma 6.4 once more we obtain that the quotient
g1 au@ _
9o 90(7)

and limg_, g;gzg = +o00. Note that the quotient g—l has an analytic extension to
6

y = 0 because go and g; are odd functions in Varlable \/§. Moreover (gl) (0) = 2.

Functions Ip and Ip defined respectively in (48) and (45) can be written as

is a strictly increasing analytic diffeomorphism on [0, +oo[, limy_,o+

Ip =wlp,Ip=w.lp,
where Ip = Bofh +7f3 and Ip = Bafp+7f2. As7 > 0 and (Bz,7) € S, we have
= /1B
Theorem 6.5. The following propositions are true:

(a) Take any small 5 > 0. There exist sufficiently small p > 0, Rp >0, Up >0,
€0 > 0 and wo > 0 and sufficiently large go > 0 such that 75 < Y2 and for each

fized w €]0, ], Ba € [—po,1[ (resp. Ba €] — 1,p0]), € G]O,eo], A € Ay (resp.

A€ Ay)and gy € [yl,—z)?] we have Ip < 0 (resp. Ip > 0) for § € [4h,72] and

(wr
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Ip <0 (resp. Ip >0) forgye [R2 ,%]

(b) For each small jig > 0 and ¢ > 0 there exist sufficiently small §; > 0, Rp > 0,
Up >0, g >0 and @y > 0 and sufficiently large §o > 0 such that §j; < 3?9, R% < Y2
and for each fized w €]0,wo], B2 € [—1 + po, uo] (resp. Bz € [po,1 — o)),
€ €]0,¢0], A € Ay (resp. X\ € A3) and § € [, W] Ip has precisely one simple
zero on the interval [§1, 3a], Ip is strictly positive (resp. strictly negative) at § = @1
and Ip <0 (resp. Ip >0) for g € [R%,%]

(c) Take any small g1 > 0. There exist sufficiently small o > 0, Rp >0, Up > 0,
€0 > 0 and wy > 0 and sufficiently large §o > 0 such that é < 7o and for each
fized w €]0,wy], Ba €] —1,—1+ po] (resp. Ba € [1—po, 1]), € €]0, €], A € Ay (resp.
A€ Ay) and y € [y, %] we have that Ip > 0 (resp. Ip <0) for § € [§1,7=2] and
Ip has at most one simple zero on the interval [R2 , %]
Proof. Using (48) (resp. (45)) we see that Ip = 0 (resp. Ip = 0) if and only if

By _ fb _ H(O,Ng1 +ph

rfh gty
B y(—2v2H 7
(resp. B f? fP — \/y( \/:r (Oi)‘)"’_p?) )
r fP —5+tm

The proposition (a) for By € [0,1] (resp. By €] — 1,0]) and A € Ay (resp.
A € Ay) follows directly from (45) and (48). It remains to prove the proposition
(a) for By ~ 0, By < 0 and A € Ay (resp. By ~ 0, By > 0 and A € Ay). Take
any small g; > 0. We observe that B2 — 0 as (By,7) — (0,1). As the quotient Z—;

is a strictly increasing function and 91%8; = 0, there exist small HO >0, Rp > 0,
Up >0, ¢¢ > 0 and wy > 0, and 32 > 0 large enough such that z < 7o and for
each w €]0,wo), By € [—p10,0] (resp. Bz € [0, uo)), € E]O 60] /\ eN (resp A€ Ag)
and 37 € [y, %] we have that —B—P < @ (resp. —22 > ) for g € [y1, 72 and

_ "2
5 ;—P (resp. —Z2 > )forye[Rz,(m,)z]

Let us prove the proposmon (b). Take any small pg > 0 and 7) > 0. For
By € [~1 + o, —pto] (vesp. Bg € [uo, 1 — po), the quotient % takes values in a

compact set C' C] — 00, 0[ (resp. C' C|0,+00]). Since limy_,o+ 9183 =0, there exist

now sufficiently small §; > 0, Up > 0, ¢g > 0 and @ > 0 such that 7; < %} and,
for each fixed w €]0, wy], € G]O €0), B2 € [—1 + po, —po] (resp. Ba € [uo, 1 — o)),

A€ Ay (resp. A € Ay) and § € [yl,%], —B > % (resp. —% < fl) for
¥ = ¥1. In other words, Ip is strictly positive (resp. strictly negative) for § = .
Moreover, there exists sufficiently small Rp > 0 such that for each fixed w €]0, @y,
By € [-1 +M072 to] (resp. Bz € [uo,1 *2N0D> € G]O €0, )\ € Ay (resp. A € 2/\2)
and § € [yl,ﬁ] we have that —£2 < ;—}Ij (resp. —=2 > ) for y € [1?,2 ; (gf) 1,
up to shrinking €y, wp and Up if necessary. Now we choose Y2 > 0 such that

R% < 72. Recall that ‘M—P = aA—D for y € [R2 ,J2] (hence Ip is strictly negative
Z

(resp. strictly positive) for y= yg) The result after Lemma 6.4 now implies that
Ip has precisely one simple zero on the interval [g, 7], for each fixed w €]0, @y,
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By € [~1+ po, —po] (resp. Bz € [uo, 1 — po]), € €]0,¢€0], A € Ay (resp. X € Ay) and
y € (1, %], up to shrinking €y and o if necessary.

It remains to prove the proposition (¢). Take any small §; > 0. On account of
Proposition 6.3 there exist Up > 0, Rp > 0, @ > 0 and €y > 0 sufficiently small
such that, for each fixed @ €]0,wo], € €]0,¢0], (B2,7) € S, # > 0, A € A and

~ 2 = 2
U € [, (g—;’)z], Ip has at most one simple zero on the inter\ial [é, (gﬁ] )
Let us recall that # > 0. We observe that the quotient % — —oo0 (resp. Bz —

+00) as (Ba,7) — (—1,0) (resp. (Ba,7) — (1,0)). Taking the well known properties

of the quotient Z—; into account, we see that there exist o > 0 small enough and g2 >

0 large enough such that 7z < 7 and for each fixed @ €0, @], Bz €] — 1, =1+ ug]
P

(resp. By € [1 — pg, 1[), € €]0,€0], A € Ay (resp. A € Ag) and y € [y, %] we

_ 2 _ 2
have —% > % (resp. —% < %) for § € [§1,¥2], up to shrinking ey and wyp if
necessary. O

In each proposition in Theorem 6.5 at least one of the two functions Ip and
Ip is nonzero on its domain. Hence, Theorem 6.5 implies that there exist ro > 0,
€0 > 0, B > 0 and Up > 0 small enough such that for each r €]0,r¢], € €]0, €],

-~ 2 A
By € [-BY,BY], A € A and § € [ji, %] the derivative aaA—yF has at most one zero

2
(counting multiplicity) in the variable § € [71, %] Using Rolle’s Theorem we
obtain that the set Loo U (Uge[y,,+00[Ly) Produces at most two limit cycles.

6.2. Limit cycles near U %]L)—, in the saddle case. We choose a small real

yEly1,
number g; such that 0 < g1 < % In this section we prove that the set Uye[gl,%]Lz?
can produce at most two limit cycles (see Theorem 6.7). Our attention goes to a
study of evolution of limit cycles in the (Z, §)-space born near the very delicate slow-
fast two-saddle-limit periodic set L% as parameters of our system vary. Notations
that we use in this section has nothing to do with the notations used in Section 6.1.

In [16], it has been shown that near (z,7) = (£1, 3) the family (8) (with the
+-sign in front of 3 and u = 7) has a persistent hyperbolic saddle which we denote
here by si. Of course, st depends on € > 0, ¢ ~ 0, 7 ~ 0, By ~ 0, By ~ 0 and
A € A. We define

gmax(r> €, B07 327 )\> = min{gunst (T7 €, BOa 327 >\)a gst (T7 €, BO7 BQ7 )\)}

where §unst(r, €, Bo, Ba, A) (resp. ¥st(r, €, By, Ba, \)) represents the smooth (includ-
ing e = 0) intersection of the unstable manifold at the point s_ (resp. the stable
manifold at the point s; ), at the (r, €, By, Ba, A)-level, and section {Z = 0} param-
eterized by 7. It can be easily seen that Fmax(0,0, Bo,0,A) = 3 ([16]).

By following the orbits of the system (8) in forward and backward time we define
transition maps from g C {Z = 0} to T, near the slow-fast two-saddle-limit
periodic set L1, which we denote here by respectively (Fg,€) and (Cs,€). Section
T, is defined in Section 3 (see Figure 4) and parameterized by (h,€). Section Xg is
parametrized by § € [Us, Umax(7; €, Bo, B2, \)] where we choose a sufficiently large
ys such that yg < % The two maps Fg and Cg are smooth with C*-extensions to
e =0 and § = Jmax (see [16]). We define

h = ES(?’ TaEaBO7BQa )‘) = FS(Q7T767BO7B2a )‘) - CS(:U?T,€7B())BQ’)\>‘
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Following the orbits of (8) in forward and backward time we can define transition
maps from Yo C {Z = 0} to T} near the set Ugc(y, 4,1 Ly, for any g such that
0< i <72 < % We denote transition maps by respectively (F¢,€) and (Cc,€).
Section X is parametrized by § € [§1,7=2]. The two transition maps Fo and Ce
are smooth, including € = 0 (see [3]). We define

h= KC‘(gaT.a €, BOvBQ7>‘) = Fc(gﬂ",E,Bo,BQ, )‘) - CC(ga T,G,Bo,B%)\).

We may suppose that gg < gs.

As in Section 6.1 we can construct a single difference map using 55 and Ac. We
will write it Ag(7, 7, €, Bo, B2, A) where 7 ~ 0, 7> 0, e ~ 0, ¢ > 0, By ~ 0, By ~ 0,
A€ A and § € [1, Ymax (7, €, Bo, Ba, A)]. Ag is equal to Ac on [71,7=2] and equal to
Ag on Yg. Clearly, the number of isolated zeros of Ag on [U1, Ymax (T, €, Bo, B2, A)|
has to be studied.

First, we want to eliminate the breaking parameter By. [16] implies that there
is a Ck- function ES(Q, r,€, Bo, \) such that solutions of ﬁg(gj,r,e,Bo,Bg,/\) =0,
for g ~ 7, r~0,€e~0, By ~0, B ~0and A\ € A, can only be possible for
By = Bs(y,r, €, Ba, \). Bg is identically zero when By = r = 0. In [16], it has been
proved that solutions of ﬁc(g, r,€, By, B2, A\) =0, for e ~ 0, By ~ 0 and § € [§1, ¥a),
can only occur for By = Ec(y,r €, Ba, \) where éc(g,r , B2, A) is a C°°-function.
BC is identically zero when By = 7 = 0. We consider a global function BG that is
equal to Be on [71,72] and equal to Bg for y > ys and §y ~ % Clearly, roots of
A(;(ym7 €, By, B2, A) = 0 can only be possible for By = Bg(y, r,€, Ba, \). Thus, we
study zeros on [gl,gmax(ne,gg(c, ry€, Ba, A), Ba, A)[=: Z¢ of:

A (y,7,€,Ba, A\ c) i= Zg(ﬂ7 T, €, ég(c, r,€, Ba, \), Ba, \), (53)

for eachr ~0,r>0,e~0,e>0, Bo~0, A\ € A and ¢ € [§1,co] where ¢y is a
fized real numberjuﬁ?ciently close to % and cy > %
We can write Bg(c,r, €, B2, A), for ¢ € [§1,col, as

ég(c, r, €, Ba, \) = BQEE(C, r,€, Ba, \) + rgé(c, r,€, By, \) (54)

where }% and EQG are C*-functions in (c,r, €, Ba, \).

We study BAG on [¢1,%2] and

[0, Umax (7, €, Ba(c, 7, €, B2, \), By, M) [=: 5.
1. On the segment [g1,7=]. Let us define
AC(gv T, €, BZ, >‘a C) = KC(ga T, €, EG(Ca T, €, BQ; )‘)a B27 >\)a

where 4 € [71,%2] and ¢ € [g1, co]. It is clear that Ag = A¢ for 3 € [91,92]. Using

(54) and [16], we have the following expression for the derivative 'E\BAT,C:

BAC /v2y _Q2dQ , B /\/21/ —Q4dQ _2
92¢ _ ko.(B 000 LY 4 r(H(0, N _—ede
6y C ( 2( 2 (1 — 92)2 pC) ( ( ) e (1 — 02)2 pC))

=t Kc.(Bof& +1fE) =t Kc.c (55)
where [)}J and [% are C*-functions in (7, 7, €, €2 In ¢, By, \, ¢), identically equal to zero

when By = r = € = 0, and where K¢ is a C*-function in variable (7,7, ¢, Ba, A, ¢)
and strictly negative for € > 0.
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Lemma 6.6. Forcmy0<y1<y2<2,{fr(1ggg) OAfr(lggé’Z} is

a ST-system on [§1,7a], for all X € A.

Proof. Let us write fo = f\ﬁ 19 592 and f; = H(0,)\) f \/ﬂ (19 ZS)Q Tt is clear
that fo(g) > 0 for all y € [yl, yg] We have
2y 1. 1—-+4/2y
foli) = 2L g L L (56)
-2y 2 1+V2y
and
N _ B V2y(=3+4y) 3. 1-V2
= H(0, A -1 . 57
hia) = 00 (Y ) B 1V 57)
Combining (56) and (57) we get
£ 4125+ V2(-3+27) In H\ﬁ)
(f)() H(0,2) - 1V '
0 (2v27+ (1 —27)In 1+\/ﬁ))
Since H(0,)\) # 0 for all A € A, it suffices to prove that —12,/7 + v2(-3 +
2¢) In 1+‘/\/2: > 0 for all § €]0, [. Using the change of variable z = /27, it suffices

to prove that fo(2) := —6z + (=3 + 2?) ]0,1[. Since f2(0) =0,
it suffices to prove that f4(z) > 0 for all z €]0,1[. f5(z) > 0 for all z €]0, 1] if and
only if f3(2) =2z + (1 — 2?) ]0,1[. The function fs3 is strictly
positive on ]0, 1] because f3(0) = 0 and fg(z) =2zIn1E >0 for all z €]0,1[. O

Using Lemma 6.6, we obtain that 22< has at most one zero (counting multi-

ph(nty) n [y1, 42|, for each € ~ 0, € > O, r~0,r>0 By ~0, A€ A and
[@1,00]

Let us write go(y fr ;9921)92 and g1 (% fﬁ —o'do Using (56) and

(1-07)2
(57) we get
90(7) = (VI (=12 + O((VD)?), 19) = (V5)* (=22 + O((v)?)
and lim_ - 2@ — 1, Combining this with the proof of Lemma 6.6 we obtain

5=3 90(y)
that the quotient g; is a (strictly) increasing analytic diffeomorphism on [0, é[,
: 9@ _ 9@ _
limg o+ go(y) 0 and lim 75 90(y) 1
2. On X§. Let us write

AS(ga T, €, BQ; )\a C) = ES(Z,_/? T, €, EG(Ca T € B27 >‘)7 B2a )‘)7
where § € X5 and ¢ € [§1,c0]. It is clear that Ag = Ag for y € ¥¢. In [16], it has
been proven that the derivative aaAgS can be written as:
0Ag
0y

where Kg is a CF-function in (¢, 7, €, Ba, A, ¢), strictly negative for € > 0 and O(e™)
for m arbitrarily large, and where

(yar €, B27)‘ C) KS(?7T7 €, BQ7A7C>‘IS(:E7T7 €, BQ7>\7C)

IS(@,T,G,BQ,)\,C) = m(T,G,BQ, )\,C).(h’l§+ - (1 + BQ<1 + Ol(BQ7T7 6))

+7‘(3H(0, )\) + OQ(BQ, T, 6))) Ing_ + Os5 (327 7’)) . (58)
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In the expression (58), we suppose that m is a strictly positive C*- function, O
and Oy are C*- functions not depending on 7, O3 is an e-regularly C*-function,
i.e. all its derivatives w.r.t. (g, r, B2, A, ¢) are continuous including € = 0, ¢; and
¢_ are CP-functions, ¢ = O(y — %,Bg,r, €), 35—; =-14+0(y - %,BQ,T, €) and
G+ — = = Bo(=1+O(§ — 3, Ba,r,€)) + r(—H(0,\) + O(y — 3, Ba,r,€)). It has
been shown in [16] that for each fixed r ~ 0, 7 > 0, e ~0, € >0, By ~0, A € A
and ¢ € [y, ¢o the function I's has at most one zero (counting multiplicity) on X¢.

Hence, the derivative 8(%5 (counting multiplicity) on X%, for
each fixed 7 ~0,7>0,e~0,¢>0, Bo~0, A€ Aand c € [71, col-

Putting all informations together, we obtain that, for each r ~ 0, r > 0, € ~ 0,
€ >0, By ~0, A € A and ¢ € [71, ¢], the function aAG (g, 7, €, Ba, A\, ¢) has at most
two (simple) zeros on ¥g. This result can be 1mproved As a simple consequence
of Theorem 6.7, we have that the function aaA—y_G has at most one zero (counting
multiplicity) on ¢, under a similar condition on the parameters. Rolle’s Theorem
will then imply that the set Uye[y1 ,]Lg produces at most two limit cycles.

Like in the elliptic case, we give the intuition behind the result stated below
as Theorem 6.7. We use the rescaling in the (Bs,r)-parameter space, r > 0, and
the decomposition of A into the disjoint union A = A; U A5 defined in Section
6.1. Suppose that A\ € Ay, i.e. H(0,A) > 0. When (Ba,7) € S! is between (1,0)
and (0,1), then the function 6?—9 has no zeros on . Hence, we have at most
gelg, 1)Ly When (Bg,7) ~ (0,1), then again the function

has no zeros on Xg, and two limit cycles may occur near (Z,7) = (0,0),

one limit cycle near U
g

o
created in a Hopf bifurcation of codimension 2 at By = 0. When (By,7) is between

H(0.\) oA c
(0,1) and (— Jition: \/1+H = )\)2) then the function <3¢ has no zeros on 3§

and has precisely one (s1mple) zero on [§1,y2]. Hence, a saddle-node bifurcation
of limit cycles occurs near Ugey, 5,1Ly When BO varies (see [7]). When (Ba,7) ~
(- H(0,)) 1
VIFHON)2 \/1+H(0,7)?
one (simple) zero on X¢. This simple zero corresponds to two limit cycles that
appear near the slow-fast two-saddle-limit periodic set L 1 for an appropriate value

of Bg. When (By,7) is between (— \/ig(z))\)z’ \/1+H(0 )\)2) and (—1,0), then the

), then the function 2 8@ [71,72] and has

BAG

function has no zeros on Y.

While the proof of Theorem 6.5 is based on the study of divergence integrals Ip
and Ip (hence, we do not need to consider derivatives of Ip and Ip w.r.t. §), in the
BIS due

to the fact that the expression (58) for I's is not suitable for the study of evolutlon
of a simple zero in I as the parameter (Bs,7) € S varies.

Theorem 6.7. The following propositions are true:

(a) Take any small g3 > 0. There exist sufficiently small po > 0, wo > 0 and
€0 > 0 and sufficiently large gs < % and yo < % such that gs < g2 and for each
fized @ €)0, 0], € €]0,¢0], B2 € [—po,1] (resp. Bz € [~1,10]), A € Ay (resp.
A € As) and c € g1, co] we have that I < 0 (resp. Ic > 0) for § € [§1,T=], and
Is <0 (resp. Is >0) for g e £%.

(b) Take any small pog > 0 and ¥ > 0. Then there exist sufficiently small §; > 0,
wo > 0 and g > 0 and sufficiently large s < % and §o < % such that ys < Yo,
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71 < 49 and for each fized w €]0, ], € €]0,€0], A € Ay (resp. A\ € Ay), By €
[~ Aoy * ool (resp. By € [, — L8y — o)) and ¢ € [, o] lo
has precisely one zero (counting multiplicity) on the interval [§1,3a), Ic is strictly
positive (resp. strictly negative) at § = g1 and Is < 0 (resp. I¢ > 0) for y € £¢.

(c) Take any small g1 > 0. There exist sufficiently small pg > 0, wo > 0 and
€0 > 0 and sufficiently large §s < L and 7o < L such that §s < §» and for

2 2 ).
each fized w €)0,w0], € €]0,€0], X € Ay (resp. X\ € Az), By € [—% —

A0\

1o = A (02

Is has at most one zero (counting multiplicity) on the interval X%.
(d) Take any small po > 0 and §1 > 0. There exist sufficiently small wy > 0 and
€0 > 0 and sufficiently large s < % and ga < % such that s < g2 and for each fized

@ €]0, 0], € €]0,€0], X € Ay (resp. A € Ay), By € [-1 AON o] (resp.

+ o) and ¢ € [g1,¢0] Ic > 0 (resp. Ic < 0) for g € [y1,7=2], and

P I H (00?2
5 H(0,\ _
By € [—% + 1o, 1]) and ¢ € [g1, co] we have that I > 0 (resp. Ic < 0) for
U € [y1,92), and Is > 0 (resp. Is <0) for g € L.
Proof. Using (58) it can be easily seen (see [16]) that
ol — By — HO,N)Ff+ 05 — 3, ,
o2 =maw 07 +0@ = 5 we)+0(1)). (59)
oy G465

Let us prove the proposition (a). Take any small 4; > 0. Since H(0,\) # 0 for
all A € A, we can find a sufficiently small g > 0 such that By + H(0,\)7 > 0
for all By € [—po,1], 7 = /1 — B2 and A € Ay, and By + H(0,\)7 < 0 for all
By € [~1, 0], 7 = /1 — B2 and A € Ay. As a simple consequence of (59), we can
find a sufficiently large g < % and sufficiently small wy > 0 and ¢y > 0 such that,
for each fixed w €]0,wy], € € [0,€p], B2 € [—po, 1] (resp. By € [—1,0]), A € Ay
(resp. A € Ag) and ¢ € [71, col, %I; < 0 (resp. ‘%; > 0) for all § € X¢.

Let us fix 32 €]ys,5[. Using (55) we see that I < 0 (resp. Ic > 0) on the
interval [g1, 72|, for each By € [0,1] (resp. B2 € [—-1,0]), @w ~ 0, w > 0, € ~ 0,
A€ Ap (resp. A € Ay) and ¢ € [§1,¢]. Let us recall that the quotient 2 — 0

as (B, 7) € S! goes to (0,1), the function le) is strictly increasing on ]0, %[ and
2 - 0. From this, it follows that —B o @, ie. I <0 (resp. — B @, ie.
90(1) T I T fe

Ic > 0), on the interval [g1, 7a], for each fixed @ €]0, @], € € [0, €], Ba € [~p0,0]
(resp. Bz € [0,p0]), A € Ay (vesp. A\ € Az) and ¢ € [, co], up to shrinking so,

wp and €y if necessary. Now, as a consequence of the fact that aaA—y,C = %s

Ag £
: = ) g or
7 € [Us, =], we have that Is(gs) < 0 and % < 0 (resp. Is(gs) > 0 and % > 0)
for all y € Xg, for each fixed € ~ 0, € > 0, By € [—po,1] and A\ € A; (resp.
By € [~1, 0] and A € Az). From this, it follows that Is < 0 (resp. Is > 0) on
X5, for each fixed w €]0, @], € €]0, o], B2 € [—po, 1] (resp. Bs € [—1, o)), A € Ay
(resp. A € Az) and ¢ € [71, co]-

Let us prove the proposition (b). Take any small po > 0 and 9 > 0. It follows
H(0,))

Bz Ho B2 1o R —
that —=2 > - (resp. —=2 < — 17#%) for all By € | TSI + po, — o)
B __HON T _ R2 .
(resp. By € [po, SR tol), 7 = +/1— B3 and A € Ay (resp. A € Ag).

=

91(¥

Since lim;
=07 go(y

= 0, there exist sufficiently small §; > 0, wg > 0 and ¢y > 0

I
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such that 7; < 7 and, for each fixed w €]0, @], € € [0,¢€0], A € Ay (resp. X € As),

D . H(0,)\) N D, N H(0,)\) N -

Bs € [ \/m =+ Ko, MO] (resp. By € [/1407 \/m MOD and ¢ € [ylaco],

I¢ is strictly positive (resp. strictly negative) at § = 7. B
We have that By + H(0,\)7 > po (resp. B2 + H(0,\)F < —pp) for all By €

___HON B __HON

[ \/m + po, ,UO] (I‘eSp. By € [Mo, \/m NO]) and A € Al (resp.

A € Ay). Using (59) we find a sufficiently large ys < 3 such that, for each fixed

@ €]0, @), € € [0,60], A € Ay (resp. A € As), By € [V% + 10, — o) (vesp.

D H(0,)\)
B2 € [/’L07_ 1_‘_1—{(0’)\)2

¥ € X¢, up to shrinking wg > 0 and €y > 0 if necessary. )
Since lim_ ﬁ(O,)\)g;—% = H(0,\) for all A € A and —£2 < H(0,\) —

T3 B
H(0,A) + “2) for all By € [—\/% + o, —pio] (resp. By €

__HON = _ — 2
(1o, im0 tol), T = +/1— B3 and A € Ay (resp. A € Ay), we can choose

— o)) and ¢ € [4h,col, % < 0 (resp. %I_S > 0) for all

(resp. —%

5 2 = 2
7> such that g < 7> < & and —£2 < ¢ (resp. —82 > f—?) for § = @2, w €0, wy),
2 T fc T fc
= A(0,\) =
€ [0,e0], A € Ay (resp. A € Ag), By € [—m + po, —po] (resp. Bs €

H(0,\ _ .. .
[0, —\/ﬁ — upl) and ¢ € [§1,¢o], up to shrinking wy and ey if necessary.

Hence, by taking gg sufficiently close to g2, we have Ig < 0 (resp. Is > 0) on X,
under the same conditions on the parameters and ¢ > 0, due to the above result on
%I; (see the proof of the prooposition (a)).

Using Lemma 6.6 and putting all informations together, we have that Io has
precisely one simple zero on the interval (7, 7], for each w €]0, @], € € [0, o],
(By,7) €S, 7>0, A € A and ¢ € [f1, co), up to shrinking @y and ¢, if necessary.

Let us prove the proposition (c). Take a small §; > 0. As mentioned above,
by [16], we can find sufficiently small oy > 0 and ¢y > 0 and a sufficiently large
s < % such that, for each fixed w €]0, w0, € € [0,€0), (B2,7) €S, 7 >0, A € A
and ¢ € [§1, col, the function /g has at most one zero (countlng multiplicity) on 3¢.

Fix g2 €]7s, %[ When By ~ __HON _then —7 ~ H(0,)). Combining this

V1+H(ON)2]
with the fact that the function g—; is strictly positive and increasing on |0, %[ with
the property that lim H(0,)\) glgzg = H(0,)), we observe that there exists

sufficiently small Ko > O such that, for each ﬁxed w 6}0 wol, € € [0,€6], A € Ay

(resp. A € Ay), B [—\/m — 1o, \/m + o] and ¢ € [y1, col,
B2 > 2¢ for § € [§1,Tz2] (resp. —7 < ;—? for § € [§1,72]), up to shrinking g
Cc
and €0 1f necessary
Let us prove the proposition (d) Take any small po > 0 and g; > 0. It follows
that By + H(0,\)7 < 0 (resp. By + H(0,\)7 > 0) for all A € A; (resp. A € Ap)

___HON H(0.)) o (5
and By € [-1, YT — po] (resp. By € [— \/m + po, 1]). Using (59)
we find a sufficiently large gyg < % and sufficiently small wg > 0 and ¢g > 0
such that, for each fixed @ €]0,wwo], € € [0,60], A € Ay (resp. X € Ap), By €

=1~ — ol (resp. B € [—% + 110, 1) and ¢ € [1, o), ;s >0

(resp. %I§ < 0) for all §j € X¢.
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Fix any 72 €|7s, %[ Again we use the above mentioned property of the quotient
Z—; and see that Ic > 0 (resp. Ic < 0) on the interval [§1,¥2], under the same
conditions on the parameters, up shrinking wy and ¢g if necessary. For the rest of
the proof we refer to the proof of the proposition (a). O

7. Cyclicity of (x,y) = (0,0) in the elliptic and saddle cases. We consider
smooth families XeimBoyB%)\ defined in (6) near the origin (x,y) = (0,0), for € ~ 0,
€e>0,7~0,r>0,By~0, Bp ~0and A € A. In this section we suppose that
H(0,\) # 0 for all X € A, and we will prove that the systems XfT’BO’B%A have a
cyclicity of (z,y) = (0,0) equal to 2. This result and Theorem 2.1 will then imply
Theorem 2.2.

In Section 7.1, a complete study of the elliptic case will be given. We will
use results obtained in Section 5 and the properties of Q%AG on segment [y, [7{—52’]
obtained in Theorem 6.5.

In Section 7.2, we will study the saddle case. As the study of the saddle case
is similar to the study of the elliptic case, in Section 7.2 we will not enter into all
details, but we will rather show how to adapt the arguments used in the elliptic
case.

In [16] we proved that the cyclicity of (z,y) = (0,0) is at least 2 in both the
elliptic and saddle cases.

Let us write Ji(h) = [, e Y3%dz, for each i > 0 and h €]0,1[. The following
lemma plays an important role in both the elliptic and saddle cases.

Lemma 7.1. We have lim,_, LJ];EZ; = j;ggg =1 and limy_,o ‘2%2% = ﬁggg =3.

Proof. Knowing that
Ji(0) = efj;o e~ 3T F2dE, for i > 0,
we get J1(0) = Jo(0) and J2(0) = 3.J5(0), by integrating by parts. O

System (10) has a singularity (Z,9) = (eZe.r, €. ») with eigenvalues
—Fe /T —A(110(e)
€ s ,
where pe; = (Ter,¥er) is introduced in Section 4. As Z., = By(l + O(¢)),
(€Ze.r, €Ye.r) is a hyperbolically stable focus (respectively a hyperbolically unstable
focus) for € > 0 and By > 0 (respectively By < 0). We refer to Figure 6.

Bo <0 Bo >0

FIGURE 6. The dynamics of (10) near (Z,y) = (€T r, €*Ye.r), for
e > 0.

In Section 5, we have proved that there exists ggg > 0 small enough such that the
function DY and its derivative 8%Df have at most two zeros (counting multiplicity)
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on the interval €2y, ;, Joo, for each € ~ 0, € > 0, By ~ 0, By ~ 0, r = u ~ 0,
(Bo, Ba,7) # (0,0,0), A € A and Bs € B. Hence, gy is independent of (¢, 7). In
this section we suppose that Bs € {—1,1}.

We know that ﬁf(ezﬂm,e) =0, for ¢ > 0 and € ~ 0. Suppose that gsps €
12T+, oo is the smallest value such that DE(Fsar,€) = 0. Since the section
T defined in Section 5 is parameterized by h and h increases as we approach the
singularity (Z,y) = pe -, Figure 5 and Figure 6 imply that DE(ij,€) > 0 (respectively
DE (3, €) < 0) for all § €]€*7. 7, Y[ when By > 0 (respectively By < 0).

7.1. Study of the elliptic case. We keep in mind the notation used in Section 5
and Section 6.1. Suppose that 7 = (By, By, —1,7, ).
2 ~ ~

For ¢ > 0 and 7 > 0, on [€*g.,,d2] N [gl,%] = [71,0%] DS and Ag, defined
respectively in Section 5 and Section 6.1, coincide (73 > 0 can be arbitrarily small
but fixed). Now we have a global difference map near (z,y) = (0,0) that we write
Agi(g,r,€,Bg, B2, \), for r ~ 0, r > 0,e~0,e>0, By ~0, Bo ~0, A € A and

2
¥ € [€Yer, %] In the remainder of this section we prove that the difference map
2

Ag; has at most two zeros (counting multiplicity) on the interval |€*Ye -, %], under
the above-mentioned conditions on the parameters. This implies that the cyclicity
of the origin (z,y) = (0,0) in the elliptic case is bounded by two.

In Section 6.1, the two control curves By = B p and By = B p are introduced.
Based on the following lemma, we know when these control curves are positive or
negative, depending on the parameter By # 0 defined in Section 6.1.

Lemma 7.2. We have that -
(a) Bp = Bae(—1+ O1(€, Ba, 7)) + re3(=3H(0,\) — G(0,0,\) + Oz(¢, B2, 1)) where
O1 and Oy are C*-functions in (r\/y, %,r, €, Ba, \),

(b) Bp = Bye(—1+ O1(e, By, 1)) +1e3(—3H (0, A) — G(0,0,\) + O (¢, By, 7)) where
01 and Oy are C™-functions in (y,r, €, Ba, \).
Proof. Taking into account Theorem 3.3 and Section 5, the h-component of the
difference map defined on X g, near Ly, is given by:
wy (8, w) = Boko(T, €) + Boek1 (T, €) + 1€ k3(T, €)
1 /~ ~ ~
+exp—— (A+ + B20®T + T(SSCI);)
w
1 /~ ~ ~
—exp—— (A— + Byody + r53<1>g). (60)

We know that € = dw, A~ = At +O(Byw) where O(Byw) is a C*°-function in vari-
able (6, w,w? Inw,). It can be easily seen that exp — -1 (ZJF + By0®7 +r53<5§) =

w?
O(Bow, B2§,76%) where O(Ba6,75%) and O(Bow, Ba6,76°) are C*°-functions in vari-
able (0, w,7) and are flat at w = 0 (see [15], Theorem 4.15). Hence (60) can be
written as

exp ,ﬁng + O(B326,76%) and exp fﬁ (ﬁf + B25<I>1_ + 7’63&);) = exp B yC

wr (0, w) = Boko(T, €) + Baer1(T,€) + 7’63,%3(77 €)
+0(Bow, B6,7%), (61)

for a new C*°-function O(Byw, B2d,76%), flat at w = 0. Clearly, w, (0, w)|p,=o = 0.
Since ko(T, €) # 0, the implicit function theorem and (61) imply existence of unique



CYCLICITY OF THE ORIGIN IN SLOW-FAST CODIMENSION 3 BIFURCATIONS 209

smooth function Bg(d, w,r, Ba, A), given by
Bp(6,w,r, By, \) = Bae(k{(A\) 4+ O1(w, By, 7)) + re*(k3(A\) + Oa(w, By, 7)) (62)

Ki(T,€)
_Ko(ﬂf)
that solutions of {w,(d,w) = 0}, for § ~ 0, w ~ 0 and By ~ 0, can only occur for
By = BB((Sv w,T, B?7 >‘)

Since 71 < &2, wT(\/ﬂ,%) is well-defined for

where O; and Oq are smooth functions and k?(\) = le=Bo=By=r—0, such

¥ = and wr (Vi =) =
ﬁp(gjl, ...) where Ap is defined in Section 6.1. For 7 € [U1,7=2] we obtain
Y 9Ap
Y1 8«77
— € Y 8£D _ _
= Wr y T/— + — y oo d !
Vi )+ [ s
= Boko(T, €) + Baery (T, €) + re’k3(T, €) + O(Boe, Bz, )

VOAp, , .,
-|-/y1 o7 (¥',..)dy". (63)

Ap(F,...) = Ap(in, ...) + (i, ..)dy

where O(Bye, By, r) is a smooth function in (e, 7), flat at ¢ = 0. In the last step in

(63) we used (61). We also have that 8(9&@/[) (7', ...) is a smooth function in (7, €, 7)
that is flat at e = 0 and identically equal to 0 when By = By = r = 0 (see (46) and

(47)). Hence (63) can be written as

Ap(y,r,€ Bo, B2, \) = Boko(T, €) + Baerk1 (7, €) + re’rs(,€)
+O(Bye, Bae, r€®) (64)

where § € [§1,72) and O(Bye, Bae,re®) is a smooth function, flat at € = 0. As a
simple consequence of (64), we have that

Bp = Bae(rY(N) + O1(e, B, 7)) + €3 (k3(N) + Oa(e, Ba, 7)), (65)
where O7 and Oy are smooth functions in (¥, r, €, B2, ) and where () and £3(\)
are introduced above.

Let us find a similar expression for Bp where Bp is defined for Yy € [Ri%, %23]
(see Section 6.1). We can take R% < 7gg. Forr ~0,r>0and § € [R%, [i—g’], the
~ P P
difference map Ap, defined in Section 6.1, can be written
~ _ ~ 1 v 65P —/ —/
Bo(.e) = Brlzg ) + [, G
R}
~ 1 Y 9Ap B
R}
= Boko(T, €) + Baek1(T,€) + re’rs(T, €)
7 9A
+O(Bye, Boe,r€*) + 8gf(gﬁ.“)dg’ (66)
RZ2

Rp

where O(Bge, Bae, 7€) is a smooth function in (e,7), flat at € = 0. In the last
equality in (66), we used (64).
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From (43), (44) and Lemma 6.2, it follows that the derivative 88%5’ is equal to 0
when By = By =r =0 and

OAp 1
el 7T,67B7B7>‘ :Oemf
( 0 B A) = O

oy’
where m € N is large enough and where O(e™ ) is a C*-function in variable

);

1
- V7Hm
(rv, ﬁ,ﬁ,Bo,Bg,)\). Since Ap(7, ...) is a C*-function in (r\/7, %,e, By, Ba, \)
(Section 6.1), (66) can be written now as
Ap(i,r,€, By, Ba, \) = Bokio(T,€) + Baern (,€) + re’ ks (7, ¢)
+em.O(BO, Bs, ’I“) (67)
where O(By, By, r) is a C*-function in (r\/7, %,T,G,Bo,BQ, A). If we replace By
with Bp in (67), then (67) is equal to zero. Hence we get
Bp = Boe(k)(\) + O1(e, Bz, 7)) + 1€ (K3(\) + Oa(e, Ba, 7)) (68)
where O7 and Oq are C*-functions in (r/%, %,r, €, Ba, \).
To end the proof of (a) and (b), we show that x9 = —1 and k3 = —3H(0,\) —
G(0,0,\) in the expressions (65) and (68).
We study the coefficient x9; the study of the coefficient &3 is completely analo-
gous. Suppose the contrary. Then there exists \g € A, mg > 0 and w; > 0 such

that |k)(Xo) + O1(w, Ba,7) + 1| > my, for (§, Ba,r) ~ 0 and w € [0,w;], where
O1(w, By, 1) is introduced in (62). By Lemma 7.1, there exists ws > 0 such that
1

wy < wy and | — W L1 < Mo for 0 < hg=e “3(L +1) < 1. As Jo(h) > 0
2

J()(h())
for h ~ hg, Proposition 5.1 and the implicit function theorem imply existence of

unique smooth function Bgg(h, €, 7, B2, A) such that solutions of lA)eﬁT(h) = 0, for
e ~ 0, By ~ 0 and h ~ hg, can only occur for By = Byg(h,€,r, Ba, A). Using the
elimination h = h(w) := e_w%(ﬁ + 1) and Proposition 5.1 once more, we obtain
that
J1(h(w)) s Ja(h(w))
Bgg = Bae| — ——+—2+04(8 — =2 L 0y(6 . 69
00 26( Jo(h(w)) + O1(6w) | + e Jo(hw)) + O3 (dw) (69)
For w ~ wy the functions B and By coincide and then, using (62) and (69), we
have that

mo < [69(Ao) + 01 (w, By, m) + 1| = | = LGB 4 0 (0w) +1| = |- G +1] < 20,
for w =wy, § = Bo =7 =0 and A = \g. This gives a contradiction. O

Lemma 7.2 implies

(70)

Bp = we(~Ba + O1(e, )
Bp = we(—Ba + Oz(e,@))

where (Ba,r) = w(Ba,7), (Bs,7) € S}, 7> 0, @ ~ 0 and @ > 0.

The difference map Ag; and its derivative %A g have at most two zeros (count-
ing multiplicity) on the interval |€*g. ;, Joo), for each 7 ~ 0, r > 0, € ~ 0, € > 0,
By ~ 0, Bo ~0and A € A. The constant gy is introduced after Lemma 7.1. We
choose 711 such that 0 < 11 < oo and we restrict ourselves to the case where
A € Aq; the study of the case where A € A5 is analogous. Let us recall that Kp < 0
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and Kp < 0 for € > 0, where Kp and K are defined respectively in (45) and (48).
Based on Theorem 6.5, we have 3 subcases.

(1) (Bg,7) € St, By € [—po,1[, po > 0 and po ~ 0. By Theorem 6.5 (a), there
exist sufficiently small o > 0 and Up > 0 such that for each w ~ 0, w > 0,
By € [~po,1[, e~ 0, >0, A€ Ay and 3 € [yu,m] we have

%AEI(Z?7 wr, €, BG(Z% wr, €, WB27 )\)7 WB% >\) = TAG(@? wT, €, wBQa )‘7 é) >0

2 —
for all § € [y11, (g—;’)z] If we suppose that Ag (g, w7, e, By, w’BY, \°) has at
2

least three zeros (cou_nting multiplicity) on the interval |(e° ) Yeo o0, (,_;({7;))2] for some

O~ 0, @ >0, BY € [~po,1[, € ~ 0, ¢ >0, B ~0, A € Ay and 7° =

— 2
(BY, @' BY, —1, %%, \Y), then at least one zero has to be in [0, (;0]7750)2], ie. B =
~ . 2
Bg(y°, @, %, w®BY, \°) for some 3° € [yoo, (uﬁ{%} (Section 6.1), and then, as a
consequence of the last inequality, we have
U2
_AEl(y,w 70,¢0, BY, w®BY, \%) > 0 for all § € [go, W]

Using now Rolle’s theorem we have that Ag (7, @7, €%, B, w®BY, g\o) has pre-
cisely one zero §j = 3° (counting mul‘Eiplicity) on the interval [goo, (1;[{7;,)2] Hence,
the function Ag;(y, @ 7, €%, By, w’BY, \) has precisely two zeros (counting mul-
tiplicity) on the interval }( )20 +0, Hoo[. Using the fact that DG(e Yerr€) = 0
and Rolle’s theorem once more we obtain that AEl (5,7, €%, By, w"BY, \°)
has at least three zeros (counting multiplicity) in ]( 92Ge0 10,y [ Since we have
2 AEl(y,w 70,€0, BY, w®BY, \0) > 0 for all § € [0, y°[, we see that the derivative
—AEl(y, 70,€%, By, w?BY, \°) has at least three zeros (counting multiplicity) in
](€2)27c0 o, yoo[ This is in clear contradiction to the fact that A i has at most

two zeros (counting multiplicity) on the interval 1€2Ye +, Yoo) for e >0and r > 0.
Hence the difference map A g (g, @f, €, By, wBa, \) has at most two zeros (counting

multiplicity) on ]e*g -, %] for each @ ~ 0, @ > 0, By € [—po, 1[, By ~ 0, € ~ 0,
e>0and A € Aq.

(2) (Bs,7) €S', (By,7) ~ (—1,0), By > —1. By Theorem 6.5 (c), there exist small
Up > 0 and po > 0 such that, foreachw~0 w >0, By €] —1,—1 + g, € ~ 0,

e>0, A€ A and gy € [y117ﬁ] O Ny (7, wT, €, Bg(y,wr €, ng,)\),wég,)\)

' 95
has at most one zero (counting multiplicity) on the interval [g11, ﬁ] and
%AEl(gjn,wF e, Bo(ij, @7, e, wBs, ), wBa, ) < 0.
Suppose that AY,(7) := Apgi(y, @7, €%, BY,w’BY, A\°) has at least three zeros
(counting multiplicity) on the interval | (e)?go o, %] for some @’ ~ 0, @’ > 0,
BYel—1,-1+ppl, e ~0,e® >0, B ~0,\° € Ay and 7° = (B, OBS,—I w070,
A%). Then B = Bg(y @970, 0, w0 BY, \%) for some 3° € 711, (w0r0)2] and
0 o /-
@AEl(yll) <0. (71)

Taking into account (70) we have that BJ > 0. There are two possibilities, either
AY (511) < 0or A%, (711) > 0. First, we suppose that A9, (@11) < 0. Then, as a sim-
ple consequence of (71), Rolle’s theorem and of the fact that A%l( j) has at most
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2
one zero counting multiplicity on the interval [g;1, (7;01%)2]7 AY%,(7) has at most one

2
zero counting multiplicity on the interval [§11, (1;0]7;))2] Hence, the function A%, (%)
has precisely two zeros (counting multiplicity) on the interval ](€®)?go0 ,o, %11. Since
A% ((€9)2Peg.r0) = 0, A% (711) < 0 and A%, (y) > 0 for § strictly between (€2)2g.0 o0
and the smallest zero of A%, (7) (BJ > 0), Rolle’s theorem implies that the deriv-
ative %A%l(g) has at least three zeros (counting multiplicity) in ](e®)?g.0 0, §11[.
Again this gives a contradiction. Suppose now that A%, (711) > 0. It suffices to
prove that A%,;(y) > 0 for all § €](€°)?g0 r0,711[. To prove this, we use (71),
A% ((€9)2Pey.0) = 0, Rolle’s theorem, the fact that A%, (7) > 0 for § strictly be-
tween (€2)2g.0 ;o and the smallest zero of A%, () (BY > 0) and the fact that AY, ()
and B%AOEl (7) have at most two zeros counting multiplicity on ](€°)?g.0 10, §11].
Hence, the difference map Ag;(y, @?, €, By, wBa, A) has at most two zeros (count-
2 —
ing multiplicity) on €. -, (;]775)2] for each w ~ 0, @w > 0, By €] — 1,—1 + g,
BONO,6N07E>OaHd)\EA1.
(3) (By,7) € S, By € C, C C] — 1,0] is an arbitrarily large compact subset of
R. We suppose that C = [-1 + po, —f0] where pog > 0 is arbitrarily small and
fixed. By Theorem 6.5 (b), there exist Up > 0 and gao > 0 such that gao < Too
_ . 2
and, for each @ ~ 0, >0, BeC,e~0,e>0, A€ Ay and y € [g227(z;]7£)2}7
%AEl(gj,wF, ¢, Bg(y, @7, €,wBs, \), @By, \) has at most one zero (counting mul-
2
tiplicity) on the interval [Fag, —(g;’)z] and
%AEl(ﬂQQ, wrT, €, Eg(jj, wrT, €, WBQ7 )\), WBQ7 )\) < 0.
As in the subcase (2) we can see that the difference map Ag (7, @7, €, By, @wBa, \)
2

has at most two zeros (counting multiplicity) on |€2ge ,, (g—%z] for each w ~ 0,
w>0, B, €C,By~0,e~0,e>0and X € Aj.

Combining (1), (2) and (3), we obtain that there exists Up > 0 such that the
difference map A g (g, 7, €, By, B2, A) has at most 2 zeros (counting multiplicity) on

2

1€2Ye [i—é’] for each v ~ 0, 7 >0, By ~0, By ~0,e~0,¢>0and A € A. Hence
the cyclicity of the origin (z,y) = (0,0) in the elliptic case is bounded by 2.

7.2. Study of the saddle case. We keep in mind the notation used in Section 5
and Section 6.2, and we suppose that 7 = (By, By, 1,7, \).

As in Section 7.1 we can consider a difference map near the origin (z,y) =
(0,0) that we will write Ag,(y,r, €, Bo, B2, \), for r ~ 0, r > 0, ¢ ~ 0, € > 0,
By ~ 0, By ~0, A € Aand § € [2Jer, Jmax(7 € Bo, Ba, N)]. Aga = Ag on
(71, Tmax (7, €, Bo, B2, \)] and equal to Ag, = DS on [¢*7. ;, 63] where the two maps
bf and Ag are defined respectively in Section 5 and Section 6.2. We may suppose
that 41 < 63. In this section we will prove that the difference map Ag, has at most
two zeros (counting multiplicity) on 1€2Ye r, Ymax (7, €, Bo, Ba, N)[, for each v ~ 0,
r>0,e~0,e>0, Bg~0, B ~0 and A € A. This will imply that the cyclicity
of the origin (z,y) = (0,0) in the saddle case is bounded by two.

Using the same trick as used in the elliptic case, in the saddle case is also possible
to show that

{ ,B;S = we(—By + O1(e,w)) (72)

Be = we(—Bs + Oz(¢,@))
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where (Ba,r) = w(By,7), (By,7) € St, F >0, w ~0and w > 0.

Similarly, the functions Ag, and ASa each have at most 2 zeros (counting
multiplicity) on the interval |27 ., yoo] for eache ~0,e>0,By~0,By~0,7r~0,
(Bo, Ba,r) # (0,0,0) and A € A. Again we choose %11 such that 0 < 711 < %oo,
and we consider A € A;. The functions Kg and K¢, introduced in Section 6.2, are
strictly negative for ¢ > 0. We have 4 subcases.

(1) (Ba,7) € S', By € [~pi0, 1. By Theorem 6.7 (a), there exists a sufficiently small
o > 0 such that for each fixed @w ~ 0, w >0, e~ 0, e >0, By € [—pg, 1[, A € Ay
and ¢ € [g11, ¢o] we have that

agAsa(y,wr €, Bc;(c w7, €, @By, \), B2, \) = %Ag(g,wﬂe,wég7)\,c) >0

for all § € [J11, Jmax (T, €, Bg (¢, @, €, wBs, \), @By, \)[=: Lag. Recall that the
constant cg is defined in Section 6.2. Like in the subcase (1) in the elliptic case,
we obtain that the difference map Ag, (9, @7, €, By, @wBa, \) has at most two zeros
(counting multiplicity) on |€2. +, Jmax (@7, €, By, @ Ba, A)|, for each @ ~ 0, @ > 0,
e~0,¢e>0, BQE[ o, [ A€ Ay and By ~ 0.

(2) (By,7) €S, By € [—\/% — o, 7% + o). By Theorem 6.7 (c),

there exists a sufficiently small pg > 0 such that, for each fixed w ~ 0, w > 0,
e~0,e>0,NEA, By €[~ _HON — o, — _HOA) + po] and ¢ € [F11, col,

N e TGRS 1+ H(0,))2
the derivative O%Aga(gj,wr,e,Bg(c, w7, €, @By, \), wBy, \) has at most one zero
(counting multiplicity) on the interval ¥ and

%Aga(ﬂll,wﬁ €, Eg(c, w?, €, wBy, \), wBs, \) < 0.

Clearly, the study of this case is analogous to the study of the subcase (2) in the
elliptic case. We obtain that the difference map Ag,(y, wT, ¢, Bo,ng,)\) has at
most two zeros (counting multiplicity) on |€*¥e r, Ymax (07, €, Bo, @Bz, A)[, for each

~ ~ _HON o, HON
w~0,w>0,¢ 0,e>(),/\€A1,BQE[\/m Ho, Tt RO to)
and Bg ~ 0.
(3) (By,7) €SY, By € [~ M—i—uo, —uo], to > 0 is arbitrarily small and fized.

1+ H(0,1)2

By Theorem 6.7 (b), there exists a sufficiently small gj2o > 0 such that g2z < oo and,
for each fixed @ ~ 0, @ >0, e~0,e>0, A€ Ay, By € [ H(0,A)

Nezoe

and ¢ € [gaz, ¢o], the derivative
%Aga(gj, wT, €, Eg(c, w7, €, @By, \), wBa, \)
has at most one zero (counting multiplicity) on
[J22, Umax (T, €, Eg(c, wr, €, By, \), wBa, \)|
and
%Asa(ﬂzz, wr, €, EG(C, w7, €, @By, \), @By, \) < 0.

The study of this subcase is analogous to the study of the subcase (2) in the sad-
dle case (or, equivalently, of the subcase (2) in the elliptic case). The difference
map Ag,(y,wr, €, By, wBa, \) has at most two zeros (counting multiplicity) on
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}ezgemymax(wf,e,BO,wBQ,)\)[, for each w ~ 0, w >0,e ~0,¢ >0, A € Ay,

5 ___HON _ ~
B € [ LA + lo, [1,0] and By 0.
(4) (Ba,7) € S, By €] — 1,— E(() N tol, o > 0 is arbitrarily small and

\/1+H(0,1)2
fized. By Theorem 6.7 (d), for each @ ~ 0, @ > 0, ¢ ~ 0, € > 0, A € Ay,
By €] —1,— HON o] and ¢ € [F11, col,

/1+H(0,))2
%Asa(j},wﬁe,ég(c, w7, €,wBy, \), wBy, \) = %Ag(Q,W’F,E,WBQ,)\,C) < 0.

for all y € Y. The study of this case is analogous to the study of the subcase (1)
in both the elliptic and saddle cases. The difference map Ag, (7, @7, €, By, wBa, \)
has at most two zeros (counting multiplicity) on |€2g. r, Umax (07, €, Bo, @wBa, A)],

for each w ~ 0, w >0, e ~0,e>0, A€ Ay, Bo €] - 1,— H(O)

Vivaoy  Hol and
By ~ 0.
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