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Since then we have witnessed the proliferation of baroque, ill-defined and,
therefore, unstable software systems. Instead of working with a formal tool,

which their task requires, many programmers now live in a limbo of folklore, in
a vague and slippery world, in which they are never quite sure what the

system will do to their programs. Under such regretful circumstances the
whole notion of a correct program—let alone a program that has been proved

correct—becomes void. What the proliferation of such systems has done to the
morale of the computing community is more than I can describe.

Edsger W. Dijkstra



Abstract

This thesis is about the field of relational databases. It investigates techniques
that allow to incrementally maintain the results of relational queries when the
database content changes. The main use-case is keeping up-to-date material-
ized views, which are queries whose results are stored in the database system.
The considered query language is the relational algebra based on set semantics,
including the generalized projection operator to express aggregation. Modeling
the changes of the database content happens by, for each relation, specifying
a set of tuples to delete and a set of tuples to insert. The update that should
be applied to the value of a view to keep it up-to-date with the new database
content, is modeled in different ways, depending on which technique is under
investigation. The models used are count tables, deltas and change tables. Also
investigated is the notion of self-maintainability of (sets of) views, which ex-
presses whether (sets of) views can be maintained without access to the relations
they are based on.
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Summary

This is a summary of the content of this thesis in Dutch.

Deze thesis gaat over relationele databases. Ze handelt over het incrementeel
onderhouden van de resultaten van relationele algebra uitdrukkingen, als de
inhoud van de database verandert. Dit is vooral belangrijk in de context van
het up-to-date houden van zogenaamde materialized views (“gematerialiseerde
views”, relationele uitdrukkingen waarvan het resultaat in de database wordt
opgeslagen).

In het eerste hoofdstuk wordt de gebruikte relationele algebra beschreven,
en worden een aantal begrippen ingevoerd die van belang zijn in de rest van de
tekst.

Een van de ingevoerde begrippen is de delta: dit is een koppel van verza-
melingen, genaamd de positieve en de negatieve change-set (“veranderingen-
verzameling”). Een delta modelleert het verschil tussen twee relatie-instanties
van dezelfde ariteit. Een delta is een delta tussen twee relatie-instanties als de
tweede relatie-instantie het resultaat is van de tupels uit de negatieve change-set
te verwijderen uit de eerste relatie-instantie, en dan de tupels uit de positieve
change-set toe te voegen.

Voor deltas wordt een belangrijke normaalvorm eigenschap ingevoerd: min-
imaliteit. Een delta is minimaal voor een relatie-instantie, als alle tupels in
de positieve change-set nog geen elementen van de relatie-instantie zijn, en alle
tupels in de negatieve change-set wel degelijk elementen van de relatie-instantie
zijn. Er wordt aangetoond dat er slechts één minimale delta bestaat tussen
twee relatie-instanties van dezelfde ariteit, en we dus kunnen spreken van de
minimale delta tussen twee zulke relatie-instanties.

Gëınverteerde deltas worden ingevoerd, en er wordt aangetoond dat de in-
verse van een minimale delta een eigenschap bezit die intüıtief noodzakelijk is:
het toepassen van een minimale delta op een relatie-instantie, en op het resultaat
de inverse delta toepassen, geeft terug de originele relatie-instantie

Ook de term transactie wordt in dit hoofdstuk gedefinieerd. Een transactie
modelleert het verschil tussen twee database-instanties over hetzelfde schema, en
wordt beschouwd als een functie van relatie-namen naar deltas. Een minimale
transactie is een transactie waarvan alle deltas minimaal zijn.

Hoofdstuk twee introduceert afgeleide data. Meer specifiek worden twee
specifieke vormen aangehaald: indices en materialized views. Indices worden
niet behandeld in de tekst.

In het geval van een materialized view treedt het volgende probleem op:
wanneer de inhoud van de database verandert, kan het zijn dat de opgeslagen
waarde niet meer consistent is met de definitie van het view. In dit geval moet
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het view up-to-date gebracht worden. Aangezien er meestal van kan worden
uitgegaan dat de veranderingen aan de database-inhoud klein zijn ten opzichte
van de database-inhoud zelf (de zogenaamde heuristic of inertia), is het in
vele gevallen efficiënter om niet de hele uitdrukking die het view definieert te
herevalueren, maar om de verschillen met de vorige toestand te gebruiken om
het verschil tussen de oude toestand van het materialized view en de nieuwe
(gewenste) toestand te berekenen. Dit op een efficiënte manier doen wordt ook
wel het view maintenance problem genoemd.

Een aantal verschillende dimensies worden vermeld, volgens welke men ver-
schillende technieken voor view maintenance kan categoriseren.

In hoofdstuk drie wordt het zogenaamde count algoritme beschreven. Dit
is een algoritme voor view maintenance dat enkel gedefinieerd is voor SPJ-
uitdrukkingen. Dit zijn relationele algebra uitdrukkingen, die enkel de opera-
toren selectie, projectie en Cartesisch product gebruiken, en waarvoor op een-
voudige wijze een normaalvorm gespecifieerd kan worden.

De belangrijkste eigenschap van dit algoritme is dat in het extent (de rep-
resentatie van de waarde van het view) een extra attribuut wordt bijgehouden
voor elk tupel van het resultaat. Dit attribuut houdt bij hoeveel veroorzakende
tupels er in de basisrelaties aanwezig zijn, die het aanwezig zijn van het betr-
effende tupel in het resultaat verklaren. Dit moet gëınterpreteerd worden in
de context van projectie: een tupel dat het resultaat is van een projectie, kan
veroorzaakt worden door meerdere tupels in de operand van de projectie. Enkel
indien alle veroorzakende tupels uit de operand verwijderd worden, moet ook
het tupel uit het resultaat verwijderd worden.

Het count algoritme krijgt een database-instantie en een minimale transac-
tie ervoor als input. Het berekent een zogenaamde count tabel, die voor elk te
bëınvloeden tupel van het resultaat bevat hoeveel veroorzakende tupels er ver-
wijderd respectievelijk toegevoegd zijn. Indien het resulterende aantal oorzaken
nul wordt, wordt het tupel verwijderd. Als een tupel een positief aantal oorza-
ken wordt toebedeeld, en het maakte nog geen deel uit van het resultaat, dan
wordt het toegevoegd.

De details van het count algoritme worden uitgewerkt, en er wordt op een
intüıtieve manier bewezen dat het doet waarvoor het is ontworpen; namelijk
dat als de berekende count tabel wordt toegepast op het extent dat hoort bij de
gegeven database-instantie, dat het resultaat dan het extent is dat hoort bij de
nieuwe database-instantie. De nieuwe database-instantie is hier te interpreteren
als: de gegeven database-instantie waarop de gegeven transactie is toegepast.

Er worden twee mogelijke uitbreidingen kort aangehaald. Ten eerste is het
redelijk eenvoudig om de unie operator toe te laten in de te onderhouden
uitdrukkingen. De tweede uitbreidingsmogelijkheid is het toelaten van één
aggregatie-operator als buitenste operator van de uitdrukkingen. Deze uitbrei-
dingsmogelijkheden worden niet in detail besproken in de tekst.

Het vierde hoofdstuk introduceert een zeer algemeen algoritme voor het
onderhouden van views: algebräısche delta propagatie. Deze techniek gebruikt
de algebräısche structuur van de uitdrukking, en propageert deltas van de bladeren
naar de wortel van de uitdrukkingsboom. De deltas voor de bladeren zijn bek-
end: dit zijn de deltas die horen bij de transactie. De delta voor de wortel kan
worden gebruikt om de waarde van het view aan te passen.

Er wordt een paar van recursieve functies gedefinieerd, dat, gegeven de te
onderhouden uitdrukking, een paar van uitdrukkingen berekent. Indien dit paar
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geëvalueerd wordt, is het resultaat een delta tussen de oude en de nieuwe waarde
van het view. Deze functies worden gedefinieerd voor alle relationele operaties
behalve aggregatie.

Om de deltas voor elke knoop van de uitdrukkingsboom te berekenen, is
het in het algemeen niet genoeg om de deltas horende bij de kinderknopen te
kennen; er is ook toegang nodig tot de basisrelaties. Merk op dat hier een keuze
gemaakt kan worden: refereren, in de uitdrukkingen die het resultaat zijn van
de recursieve functies, de referenties naar de basisrelaties naar de oude (voor de
transactie) of de nieuwe (na de transactie) waarde hiervan? Er wordt aange-
toond dat, indien men één van de twee mogelijkheden kiest, men de functies op
een eenvoudige manier kan aanpassen zodat men de andere mogelijkheid krijgt.
Hiervoor worden twee bewijzen geleverd. Het eerste is waarschijnlijk intüıtief
duidelijker, het tweede daarintegen is eleganter.

Er wordt bewezen dat de gegeven recursieve functies inderdaad resulteren in
uitdrukkingen die een correcte delta berekenen. Hiervoor wordt een omvangrijk
bewijs gebruikt dat in appendix A teruggevonden kan worden.

Een notationeel probleem in verband met het algoritme wordt beschreven:
gebruikt men de normale algebräısche notatie voor de uitdrukkingen, dan kun-
nen de gegenereerde uitdrukkingen exponentieel langer zijn dan de oorspronke-
lijke uitdrukking. Dit probleem kan worden opgelost door gebruik te maken
van een notationeel systeem dat gebruik maakt van afkortingen voor resultaten,
die meerdere keren hergebruikt kunnen worden. In zulk een systeem hebben
de gegenereerde uitdrukkingen een lengte die lineair is in de lengte van de oor-
spronkelijke uitdrukking.

Er wordt een complexiteitsanalyse uitgevoerd door middel van een een-
voudige kosten-functie. De uitkomst hiervan is dat, als men de projectie-
operator buiten beschouwing laat, de incrementele uitdrukkingen efficiënter uit-
gevoerd kunnen worden dan de originele uitdrukking, als de veranderingen maar
klein genoeg zijn ten opzichte van de grootte van de basisrelaties.

Op het einde van het hoofdstuk bevindt zich nog een deel waarin aggregatie
wordt toegevoegd aan de ondersteunde operaties.

In hoofdstuk vijf wordt een techniek ingevoerd die change tabel propagatie
wordt genoemd. De oorspronkelijke, in de literatuur beschreven techniek heeft
als doel om zowel aggregatie als outer joins te optimaliseren ten opzichte van de
delta propagatie techniek. Dit wordt gedaan door een alternatief model te ge-
bruiken om veranderingen voor te stellen. Vanaf het moment dat een aggregatie-
of outer join operator wordt tegengekomen tijdens het propagatieproces, wordt
in de plaats van een delta een change tabel geproduceerd en verder gepropageerd.
Dit werkt enkel als de te onderhouden uitdrukking aan een heel aantal beperkin-
gen voldoet, en is daarom geen volledig algemene techniek.

De hier beschreven versie van de techniek beperkt zich tot het creëren van
change tabellen bij aggregatie-operators (outer join operaties worden dus niet
rechtstreeks ondersteund). Er wordt echter getracht de techniek op een meer
formele manier te benaderen dan in de literatuur.

Vergelijkbaar met de situatie bij het count algoritme wordt er een extent
gedefinieerd, dat een extra attribuut bevat dat het aantal oorzaken voor de
aanwezigheid van een tupel bevat. Ook de change tabellen bevatten zulk een
attribuut, dat wordt gebruikt om het corresponderende attribuut van het extent
aan te passen.
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Een change tabel bestaat uit een relatie-instantie en een aantal bijkomende
eigenschappen. Er wordt een verzameling van group-by attributen gedefinieerd,
die bepalen welke attributen van een change tabel gebruikt moeten worden om
corresponderende tupels in de change tabel en het extent te vinden. Voor de an-
dere attributen worden functies gedefinieerd, die uitdrukken hoe deze attributen
in de change tabel gecombineerd moeten worden met de corresponderende at-
tributen in het extent.

Er wordt aangegeven hoe een change tabel gecreëerd kan worden uit een
delta en hoe een change tabel te propageren door relationele operatoren.

Hoofdstuk zes is een kort hoofdstuk dat handelt over een eigenschap
genaamd self-maintainability (“zelf-onderhoudbaarheid”). Deze eigenschap is
van belang in het geval de systemen die de basisrelaties en het view bevatten
niet transactioneel gekoppeld zijn. Hierdoor kan men, als men de basisrelaties
benadert, er niet zeker van zijn dat men de waarde observeert die hoort bij
de transactie die men aan het verwerken is. Het kan dus interessant zijn om
te onderzoeken welke (verzamelingen van) views onderhouden kunnen worden
zonder de waarden van de basisrelaties te gebruiken.

Een view wordt self-maintainable genoemd, als het onderhouden kan worden
met enkel kennis van de transactie en de oude waarde van het view. Analoog
wordt een verzameling views self-maintainable genoemd, als alle elementen ervan
onderhouden kunnen worden met enkel kennis van de transactie en de oude
waarden van de views. Observeer dat het van fundamenteel belang is, dat
volgens deze definitie voor het onderhoud van een van de elementen van de
verzameling, de oude waarden van de andere elementen ook gebruikt mogen
worden.

Er wordt aangetoond dat niet alle views self-maintainable zijn, en dat men
elke verzameling views zo kan uitbreiden, dat ze self-maintainable wordt.

In hoofdstuk zeven worden kort enkele problemen aangehaald die zouden
kunnen optreden bij het implementeren van materialized views voor het vrije
databasesysteem PostgreSQL.

Hoofdstuk acht tenslotte, bespreekt een aantal gerelateerde onderwerpen.
Deze onderwerpen worden niet in detail uitgewerkt in deze thesis.

• Het concept om views uitgesteld te onderhouden. Dit beduidt het niet
onmiddelijk op de views toepassen van veranderingen aan de basisrelaties.

• Het optimaliseren van het evalueren van relationele uitdrukkingen in de
aanwezigheid van materialized views. Aangezien performantie de reden
is van het bestaan van materialized views, is het voor de hand liggend
dat het interessant zou zijn om een databasesysteem deze optimalisatie
automatisch uit te laten voeren.

• Het vaststellen van welke materialized views er best gecreëerd kunnen
worden, om een zo hoog mogelijke performantie te garanderen. Dit is
het logische vervolg van het vorige punt: ook de keuze welke views te
materialiseren zou geautomatiseerd kunnen worden.

vi



Contents

1 Introductory Material 1
1.1 Database Schemas and Instances . . . . . . . . . . . . . . . . . . 1
1.2 Relational Expressions . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Deltas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Transactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Incremental View Maintenance 6
2.1 Derived Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Classification of Incremental View Maintenance Techniques . . . 7
2.3 All-at-Once vs. Leaf-by-Leaf Propagation . . . . . . . . . . . . . 8

3 The Count Algorithm 9
3.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.3.1 Adding Union . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3.2 Adding Aggregation . . . . . . . . . . . . . . . . . . . . . 12

4 Algebraic Delta Propagation 13
4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.2 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
4.3 Complexity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . 16

4.3.1 Query Size . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.3.2 Time Complexity Under a Simplistic Cost Model . . . . . 16

4.4 Adding Aggregation . . . . . . . . . . . . . . . . . . . . . . . . . 19

5 Change Table Propagation 21
5.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
5.2 Aggregation Function Requirements . . . . . . . . . . . . . . . . 23
5.3 Creation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.4 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
5.5 Propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
5.6 Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

6 Self-Maintenance 27
6.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

7 Case Study: Investigating an Implementation for PostgreSQL 29

vii



8 Related Topics 30
8.1 Deferred View Maintenance . . . . . . . . . . . . . . . . . . . . . 30
8.2 Optimizing Queries in the Presence of Derived Data . . . . . . . 30
8.3 Choosing Derived Data Structures for Optimal Performance . . . 31

A Proofs 34

viii



Chapter 1

Introductory Material

1.1 Database Schemas and Instances

Definition 1.1 The countable set of all primitive values in a database is de-
noted by U.

Definition 1.2 A database schema is a function from a set of relation names
to the natural numbers. These natural numbers are called arities.

Database schemas are denoted with bold, uppercase letters starting from S.

Definition 1.3 A relation instance of arity n is a finite set of n-tuples over U.
The arity of a relation instance i is denoted ar(i).

Note that the unnamed perspective it used; natural numbers starting from 1 are
used to identify the attributes of a tuple. In logical formulas, attribute numbers
use a bold typeface to distinguish them from numerical constants.

Definition 1.4 Two relation instances are compatible iff they have the same
arity.

Definition 1.5 A database state or database instance of a database schema S
is a function from the relation names in the schema to relation instances. The
relation instances should have the arities that are dictated by S. The empty
database instance, which is the unique database instance of the empty schema,
is written D∅.

Database states are usually denoted using uppercase letters starting from D.

1.2 Relational Expressions

Definition 1.6 A relational expression over a database schema S is an expres-
sion constructed using the operators that follow. A relational expression Q can
be evaluated in the context of a database instance D of S, written D(Q). D(Q)
is a relation instance of a certain arity, written ar(Q). Let Q, Q1 and Q2 be
relational expressions, D a database instance of S, R a relation name occurring
in S, and θ a predicate that ranges over tuples:
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• A relation instance i. This expression evaluates to the relation instance
itself.

D(i) = i

• R. This signifies a relation name in S. The evaluation of R in the context
of D, D(R), is the relation instance D(R) itself.

• σθ(Q). This signifies the selection of tuples from Q that satisfy condition
θ. The arity of the result is the same as that of Q.

D(σθ(Q)) = {q : q ∈ D(Q) ∧ θ(q)}

• πA,f1,...,fm
(Q). This signifies the generalized projection. Inspiration for

this operator is taken from Gupta et al. [GHQ95]. A is a set of attribute
numbers, and f1, . . . , fm is a list of functions from relation instances to
primitive values. The fi are called aggregation functions. To evaluate a
generalized projection, first the projection of its argument on A is com-
puted. Then, the result is augmented with, for each fi, an extra attribute
that is the result of applying fi to the set of tuples that were projected to
the tuple in question. The arity of the result is the sum of the number of
attribute numbers in A and m.

(q1, . . . , qn)|A = (qi1 , . . . , qim),
where {i1, . . . , im} = A and 1 ≤ i1 < · · · < im ≤ n

D(πA,f1,...,fm
(Q)) = {t|A · (f1(g(t, A)), . . . , fm(g(t, A))) : t ∈ D(Q)} ,

where g(t, A) = {u : u ∈ D(Q) ∧ u|A = t|A}

Examples of aggregation functions are:

– sum(n), the summation operator over the attribute with attribute
number n.

– count(∗), the operator that returns the number of tuples in its argu-
ment.

– min(n), the operator that returns the minimal value of all values for
the attribute with attribute number n.

– max(n), the operator that returns the maximal value of all values for
the attribute with attribute number n.

– avg(n), the operator that returns the average value of all values for
the attribute with attribute number n.

When no aggregation functions are present in a generalized projection
operator, it is just called projection. This is important because some al-
gorithms in this text only work on expressions that do not include aggre-
gation. In case aggregation is not allowed, the definition of the operator
simplifies to:

D(πA(Q)) = {t|A : t ∈ D(Q)}

2



• Q1∪Q2, Q1∩Q2, and Q1−Q2. These signify the union, intersection, and
difference, respectively, of Q1 and Q2. The arities of Q1 and Q2 should
be the same, and the arity of the result equals this arity.

D(Q1 ∪Q2) = {q : q ∈ D(Q1) ∨ q ∈ D(Q2)}
D(Q1 ∩Q2) = {q : q ∈ D(Q1) ∧ q ∈ D(Q2)}
D(Q1 −Q2) = {q : q ∈ D(Q1) ∧ q 6∈ D(Q2)}

• Q1×Q2. This signifies the Cartesian product of Q1 and Q2. The arity of
the result is the sum of the arities of Q1 and Q2.

a · b = (a1, . . . , an, b1, . . . , bm),
where (a1, . . . , an) = a and (b1, . . . , bm) = b

D(Q1 ×Q2) = {q1 · q2 : q1 ∈ D(Q1) ∧ q2 ∈ D(Q2)}

The following are a few derived operators:

• Q1 onθ Q2. This signifies the theta-join of Q1 and Q2 on condition θ. The
arity of the result is the sum of the arities of Q1 and Q2.

D(Q1 on
θ
Q2) = D(σθ(Q1 ×Q2))

• Q1 ><θ Q2 and Q1 ><θ Q2. These signify the semijoin and anti-semijoin
of Q1 and Q2 on condition θ. The arity of the result is that of Q1.

D(Q1 ><
θ
Q2) = D(π{1,...,ar(Q1)}(Q1 on

θ
Q2))

D(Q1 ><
θ
Q2) = D(Q1 − (Q1 ><

θ
Q2))

Definition 1.7 The predicate A=, with A ⊆ {1, . . . , n} a set of attribute num-
bers, for relation instances of arity 2n, denotes:∧

i∈A
i = j, where j = n+ i

Relational expressions are usually denoted using uppercase letters starting from
Q. The algebra defined by these operators is called the relational algebra (with
aggregation).

Note that any relational expression that does not include relation names
can be considered an expression over the empty schema ∅. Its evaluation in the
context of D∅ is therefore permitted. Usually, the evaluation syntax is not used
in this case, and the expression is implicitly considered to be evaluated. For
example, to indicate the result of the union of two relation instances, {1} ∪ {2}
might be written instead of D∅({1} ∪ {2}).

Definition 1.8 Two relational expressions Q1 and Q2 over a common database
schema S are equivalent, iff for all database instances D of S, D(Q1) = D(Q2).
Equivalence of Q1 and Q2 is written Q1 ≡ Q2.
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1.3 Deltas

A delta models the difference between two compatible relation instances. When
applied to the first relation instance, the result is the second relation instance.
A delta is represented as a positive change-set (usually prefixed by a 4-symbol
in writing) and a negative change-set (usually prefixed by a 5-symbol).

Definition 1.9 A delta is a pair of relation instances (4i,5i). The result of
the application of this delta to a relation instance i is (i−5i)∪4i. The inverse
of this delta, written (4i,5i)−1, is (5i,4i). A delta between relation instances
i1 and i2 is any delta that, when applied to i1, yields i2.

According to this definition, first the negative change-set is deleted from the
relation, and only then the positive change-set is inserted. Whether to do it
that way, or the other way around, can indeed yield different results. This leads
to many kinds of problems:

Example 1.10 Applying a delta to a relation instance, and then applying the
inverse on the result, does not necessarily yield the original relation instance.

Proof For the proof, a contradiction is constructed. Consider the following:

i = ∅
(4i,5i) = (∅, {1})

This is a contradiction because applying the delta, and then applying its inverse,
doesn’t yield the original relation instance:

(((i−5i) ∪4i)−4i) ∪5i = (((∅ − {1}) ∪ ∅)− ∅) ∪ {1} = {1} 6= ∅ �

In order to make the notion of a delta more useful, a concept called minimality
is introduced, which tries to canonicalize the notion:

Definition 1.11 A delta (4i,5i) is called minimal with respect to application
to a relation instance i iff the following properties hold:

5i− i = ∅
4i ∩ i = ∅

Thus, minimality means that no tuples are deleted that are not in the relation
instance, and that no tuples are added that are already present. Note that a
delta can be minimal for some relation instances, although it is not minimal for
others.

The notion of minimality was introduced by Qian et al., although Blakeley
et al. captured the property without explicitly naming it [QW91, BLT86].

Remark 1.12 Let (4i,5i) be a minimal delta between any two relation in-
stances. 4i and 5i are always disjoint:

4i ∩5i = ∅
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Proof Let i be the relation instance to which (4i,5i) is applied.

∀x : (x 6∈ 5i ∨ x ∈ i) ∧ (x 6∈ 4i ∨ x 6∈ i)
=⇒ ∀x : x 6∈ 4i ∨ x 6∈ 5i
⇐⇒ 4 i ∩5i = ∅,

which concludes the proof. �

Remark 1.13

1. Any two compatible relation instances have exactly one minimal delta
between them. Therefore, one can unambiguously refer to the minimal
delta between two compatible relation instances.

2. The minimal delta between two relation instances i1 and i2 is (i2− i1, i1−
i2).

Proof A proof for this remark can be found in appendix A.

Remark 1.14

1. Applying a delta to a relation instance for which it is minimal, yields a
relation instance for which the inverse delta is minimal.

2. Also, applying the inverse delta on the result of the previous, yields the
original relation instance.

Proof Let i1 be the original relation instance, (4i,5i) the minimal delta for
it, and i2 = (i1 −5i) ∪4i the result of applying (4i,5i) to i1. Applying the
result of remark 1.13 to the delta between i2 and i1, yields:

4i = i1 − i2

5i = i2 − i1

. . . which coincides with (4i,5i)−1, also according to remark 1.13. Therefore,
(5i,4i) must be the minimal delta between i2 and i1. �

1.4 Transactions

Definition 1.15 A transaction between two database states Dold and Dnew of
a database schema S is a function that maps every relation name R in S to
a delta between Dold(R) and Dnew(R). The inverse of a transaction t is the
transaction corresponding to the function that maps to the inverse deltas, and
is written t−1.

Transactions are usually denoted using lowercase letters starting from t.

Definition 1.16 A minimal transaction is a transaction that maps to minimal
deltas only.

Definition 1.17 The delta collection deltas(t) of a transaction t for a database
schema S is a database instance that maps, for any R 7→ (4i,5i) in t, two
relation names 4R and 5R to 4i and 5i, respectively. It is assumed that all
relation names 4R and 5R do not conflict with relation names in S.
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Chapter 2

Incremental View
Maintenance

2.1 Derived Data

Derived data is data that is defined in terms of other data. Major examples in
the field of relational database systems include materialized views and indices.
Derived data is used to increase the performance of database systems, by pro-
viding the data in a form that is potentially more suitable for the execution of
the operations at hand.

In relational databases, a view is a relational expression that has been as-
signed a name, which can be used in queries as if it were a normal relation. A
view is called a derived relation, while normal relations are called base relations.
Adding the concept of views to a database system is straightforward: whenever
a view reference occurs in a query during execution, the view reference is re-
placed by its definition, and the resulting expression is the one that is really
executed.

A materialized view is a view whose extent (a representation of the value of
the view; i.e., a representation of the result of evaluating the expression that
defines the view) is stored in the database itself. It can be seen as a cache for
the result of the view definition. When an expression refers to a materialized
view, it can be evaluated by directly using this cache, thereby avoiding the
computations that would otherwise be necessary to compute the result of the
view’s defining expression. Of course, the base relations that a materialized
view is based on can change. Like a cache, the materialized view should then be
invalidated. Bringing a materialized view up to date with the current database
state is called view maintenance. The problem of doing this in a performant
way is called the view maintenance problem.

Indices are data structures that accelerate the process of determining which
tuples in a certain relation satisfy certain predicates. Being a form of derived
data, indices too need to be kept consistent with the data they are derived from.

Incremental Maintenance of Derived Data The most straightforward
way to do view maintenance is simply recomputing the whole materialized view
whenever it needs to be brought up to date. However, in most cases one can do
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better: most data in the base relations and view will not have changed. This is
called the heuristic of inertia by Gupta et al. [GM95]. One could try to optimize
the situation by only computing the necessary changes, and applying them to
the materialized view. Several algorithms to do this exist, and some of them
are investigated in this thesis.

Concerning indices, most database systems provide specialized incremental
algorithms to keep them in sync with the relations they are defined on. Those
are not investigated in this text.

2.2 Classification of Incremental View Mainte-
nance Techniques

Gupta et al. distinguish the following dimensions by which incremental view
maintenance algorithms can be classified [GM95]:

Information Dimension This refers to the information needed to calculate
the modifications to apply.

• The relations that the view is based on. It may be possible to have
access to the state of these as before or after the modifications took
place. Those two situations are differentiated in this text by means
of the pre-update and post-update terminology, introduced in section
4.1. It may also be possible that these states are both unavailable, but
the difference between one of them and the available state becomes
available afterwards. This may be the case when the transaction
updating the view is decoupled from the transaction that makes the
changes to the base relations.

• The materialized view itself. If access to the materialized view might
be needed, but access to the base relations is not, the view mainte-
nance technique is known as a self-maintenance technique. Chapter
6 investigates this topic.

• The integrity constraints that the base relations adhere to. This text
pays no attention to that information. One may want to consult
Vista’s PhD thesis for an investigation of this topic [Vis97].

Modification Dimension This dimension refers to what modifications to the
base tables are possible, and the way they are modeled. Examples could
be that modifications are expressed as tuples to insert or delete (e.g., the
deltas introduced in section 1.3). They could be expressed as SQL’s INSERT
and DELETE statements. Updates to tuples could be modeled as insertions
followed by deletions, as incremental changes (e.g., “add 5 to attribute a
of tuple x”), or otherwise. Schema changes may or may not be possible.
It may be possible to change the view definition, and still reuse the old
data in the materialized view to speed up the generation of the new data.

In this thesis, modifications on the base relations are modeled as deltas.
The modifications to apply to the materialized views are modeled in a
number of ways. Changes to the view definition or database schema are
not considered. For more information on the latter, see Gupta et al.
[GMR95].
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Language Dimension The language used to express the view definition. Ex-
amples are the relational algebra, the Chronicle query languages (see Ja-
gadish et al.), Datalog, etc. . . [JMS95] It also includes properties such
as whether set- or bag-semantics are used, and whether aggregation is
allowed or not.

The language used in this thesis is the relational algebra with set seman-
tics. Aggregation is also considered. For some maintenance algorithms,
the allowed operators are restricted, or expressions having specific prop-
erties are not allowed.

Instance Dimension This refers to what database instances and modification
instances the algorithm applies to. An example is that some algorithms
restrict the modifications to insertions of tuples, and disallow updates and
deletions. This might for example be useful in a data warehousing context.

None of the algorithms in this thesis restrict the database instances on
which they can operate, nor do they disallow any modifications that can
be expressed in the change model.

2.3 All-at-Once vs. Leaf-by-Leaf Propagation

Many incremental maintenance algorithms propagate changes from the leaves
of the expression tree (i.e., references to relations), up to the top level (i.e., the
result). For most of these techniques, one can differentiate between two ap-
proaches. Although most of the existing literature does not state this explicitly,
one of these approaches is usually adhered to:

All leaves at once The changes for all leaves are processed in one run. The
algorithm must be able to combine changes in both operands of a binary
operator. This usually makes the algorithms somewhat more complex.

Leaf-by-leaf The changes for the leaves are processed leaf by leaf. The al-
gorithm only needs to be able to propagate changes from one operand
of a binary operator at a time. This may simplify the algorithm, but
it may also decrease its performance. For example, one cannot always
easily incorporate optimizations that exploit integrity constraints, as the
intermediate database states might violate them.

Note that this works even when the same relation reference is used multiple
times in the expression. In that case one can just consider them as referring
to different relations that initially have the same content, and also end up
having the same new content after all leaves have been processed.

In this text, both approaches are used. The first one is the preferred approach,
and the second one is used if the complexity of the technique would otherwise
be too high.
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Chapter 3

The Count Algorithm

The count algorithm is a rather simplistic and restricted approach to incremental
view maintenance. It is an all-at-once (see section 2.3) algorithm that is defined
for SPJ-expressions only. The result of the algorithm is a count table, which
represents the changes to be applied to the extent (the representation of the
value of the view). To compute this count table, access is needed to:

• The deltas applied to the base relations.

• The values of the base relations before the transaction took place.

A count table can be used in a straightforward way to update the old value of
the view to the new value.

The name of this algorithm is derived from the fact that a number is stored
for every row in the extent. This number represents the number of reasons for
the row to exist. Whenever this count reaches zero, the row is to be deleted
from the view.

3.1 Definition

Blakeley et al. describe an algorithm for the incremental maintenance of views
defined by SPJ-expressions [BLT86]. SPJ-expressions are relational algebra ex-
pressions limited to the operations select, project, and Cartesian product (the
‘J’ in SPJ actually stands for join, but here the term is defined with Cartesian
product instead).

Lemma 3.1 Every SPJ-expression is equivalent to an expression of the form:

πA(σθ(R1 × · · · ×Rn))

This form is called the canonical form of an SPJ-expression.

Proof The proof can be found in appendix A.

The input to the algorithm is a database instance D, a minimal transaction t
for D, and a view definition V . The output indicates what changes are to be
applied to the view. It is a set of tuples, in which each tuple is tagged with a
non-zero integer number. Intuitively, the number represents how many causes
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for the tuple to be present are added to or removed from the view. This is to be
interpreted in the context of projection, where a resulting tuple can be caused
by one or more tuples in the original relation.

Definition 3.2 Fix a database instance D. In the context of the count al-
gorithm, the extent Ecount(D,V ) of a materialized view defined by an SPJ-
expression with canonical form V = πA(Q) is defined as:

Ecount(D,V ) = D
(
πA,count(∗)(Q)

)
Clearly, an extent is a relation instance in which every tuple has a non-zero
natural number as its last component. It is a special representation for a value
of the view. One can infer from an extent the current value of the view, as
stated in the following remark:

Remark 3.3 Let D be a database instance. Given an extent e of a view defined
by V for D, D(V ) is given by:

π{1,...,ar(V )}(e)

Proof Let V be equivalent to πA(Q). It is clear that ar(V ) = |A|. Thus follows:

π{1,...,ar(V )}(e) ≡ π{1,...,|A|}(e) ≡ π{1,...,|A|}(πA,count(∗)(Q)) ≡ πA(Q) ≡ V�

Definition 3.4 A count table for an extent with arity n is a relation instance of
arity n, in which every tuple has a non-zero integer number as its last component.

A count table represents the changes that have to be applied to the extent of a
view, whenever it needs to be updated.

Definition 3.5 The count refresh operator Rcount operates on an extent e and
a count table c for it as follows. Let a be the arity of e.

Rcount(c, e) = D∅
(
σa 6=0

(
π{1,...,a−1},sum(a)((e× {1}) ∪ (c× {2}))

))
The count refresh operator is the operator that applies the changes, represented
by a count table, to the extent of a view.

Definition 3.6 The count algorithm takes as input:

• an SPJ-expression V = πA(σθ(R1×· · ·×Rn)) (i.e., it is in canonical form),

• a database state D,

• a minimal transaction t for D.

The output is a count table for the extent of V , which is defined by:

4J =
n⋃
i=1

n∏
j=1

{
4Rj , if i = j
(Rj −5Rj) ∪4Rj , otherwise

5J =
n⋃
i=1

n∏
j=1

{
5Rj , if i = j
Rj , otherwise

σa 6=0

(
πA,sum(c)(σθ(4J)× {1} ∪ σθ(5J)× {−1})

)
,

where c = ar(R1) + · · ·+ ar(Rn) + 1 and a = |A|+ 1

This expression is to be evaluated in the context of D ∪ deltas(t).
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3.2 Correctness

The following theorem states that the count algorithm is correct :

Theorem 3.7 Let V = πA(Q) be an SPJ-expression in canonical form, and t
the minimal transaction between any two database states Dold and Dnew of a
database schema S. The count algorithm yields a count table c for which the
following holds:

Rcount (c, Ecount (Dold, V )) = Ecount(Dnew, V )

In other words, it yields a count table that, when applied to the extent of V for
Dold, yields the view’s extent for Dnew.

Proof The proof is expressed in an intuitive way only:

• If a tuple is in the positive change-set for one of the relations, that causes
this tuple to be added to the Cartesian product, multiplied by the new con-
tents of all other operands of the Cartesian product. This multiplication
has to be in the order of the Cartesian product in the view definition. I.e.,
if 4Ri contains a tuple ri, then Rm1 ×· · ·×Rmi−1×{ri}×Rmi+1×· · ·×Rmn is
added to the Cartesian product, where Rmk stands for (Rk−5Rk)∪4Rk.

• If a tuple is in the negative change-set for one of the relations, this causes
this tuple, multiplied by the old contents of all other operands of the Carte-
sian product, to be deleted from the Cartesian product. This multiplica-
tion has to be in the order of the Cartesian product in the view definition.
I.e., if 5Ri contains a tuple ri, then R1×· · ·×Ri−1×{ri}×Ri+1×· · ·×Rn
is deleted from the Cartesian product.

• No other tuples are added to or deleted from the Cartesian product.

This is exactly what the expressions defining 4J and 5J express.
These tuples are then filtered by the selection condition θ, to make sure that

only tuples that are relevant for the result are considered. Next, the tuples that
are to be added to the Cartesian product are tagged with 1, and the ones that
are to be deleted from it are tagged with −1. The result is then projected onto
the attributes of the projection, and for each resulting tuple the sum of the tags
is taken. This sum corresponds to the change in the number of causes for the
tuple in question, as a tuple tagged with 1 indicates the addition of a cause,
and a tuple tagged with −1 indicates the deletion of a cause. �

3.3 Extensions

3.3.1 Adding Union

It is quite straightforward to extend the count algorithm to additionally support
the union operator. This is based on the observation that union operators
can always be propagated to the top of the expression, so that a canonical
representation for such queries can be defined: it is the union of a set of canonical
SPJ-expressions. Such an expression can be maintained by computing count
tables for all SPJ subexpressions, and combining them by summing the causes.

This extension is not treated in detail in this text.
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3.3.2 Adding Aggregation

It is rather straightforward to extend the count algorithm so that it is able to
cope with one generalized projection operator as the outermost operator, if all
used aggregation functions are distributive.
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Chapter 4

Algebraic Delta
Propagation

The technique of algebraic delta propagation is a very general one: for every node
in the expression tree, a minimal delta is computed, based on the computed
deltas for the operands. This delta expresses the difference between the old
and the new value of the subexpression starting at the considered node. The
process is started at the leaf-nodes: for these the deltas are known, as they
correspond to the deltas in the transaction. Propagation functions are defined,
that result in expressions that compute the delta for a node, given the deltas
for the operands. The end result is the delta for the root node, which can be
applied to the extent of the view.

In general, algebraic delta propagation can be studied as a leaf-by-leaf or as
an all-at-once algorithm (see section 2.3). This text describes the all-at-once
approach, as it is not significantly more complex.

To compute the delta that is to be applied to the view’s extent, access is
needed to:

• The deltas applied to the base relations.

• The values of the base relations before or after the transaction took place.

Qian et al. are the first to describe the technique, formulating it for the rela-
tional algebra under set semantics [QW91]. Their paper contains some incor-
rect statements, however, that are only corrected years later by Griffin et al.
[GLT97]. Another paper by Griffin et al. describes the same technique under
bag semantics [GL95].

4.1 Definition

Definition 4.1 Let Dold and Dnew be database states of a database schema
S. Let t be the minimal transaction between Dold and Dnew. Let (4Q,5Q)
be a pair of relational expressions that may refer to relation names in S and
deltas(t). Given a relational expression Q, (4Q,5Q) is an incremental main-
tenance expression for Q if it calculates a minimal delta between Dold(Q) and
Dnew(Q).
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• If the expressions are to be evaluated in the context of deltas(t) ∪ Dold,
then (4Q,5Q) is a pre-update expression.

• If the expressions are to be evaluated in the context of deltas(t) ∪Dnew,
then (4Q,5Q) is a post-update expression.

This definition makes an interesting difference between pre-update and post-
update expressions. It may seem that the choice of evaluating the expressions
before (pre-update) or after (post-update) the transaction is executed, is of
fundamental importance. The following theorem though, states that the choice
does not matter that much:

Theorem 4.2 For every pre-update expression, an equivalent post-update ex-
pression exists. Also, for every post-update expression, an equivalent pre-update
expression exists.

Proof Consider every base relation R that is referenced in a pre-update expres-
sion for a transaction t. Let t(R) = (4R,5R). Then, R equals (R−4R)∪5R
in a post-update expression. To construct an equivalent post-update expression,
replace all references to a base relation R with (R−4R) ∪5R.

Analogously, consider every base relation R that is referenced in a post-
update expression for a transaction t. Let t(R) = (4R,5R). Then, R equals
(R − 5R) ∪ 4R in a pre-update expression. To construct an equivalent pre-
update expression, replace all references to a base relation R with (R−5R) ∪
4R. �

The following proof is a more elegant alternative to the previous proof. A similar
proof is mentioned by Colby et al. [CGL+96].

Proof (alternative) Let (4Q,5Q) be a pre-update expression for Q. Let Dold

and Dnew be any two database states, and t the transaction between them.
When (4Q,5Q) is evaluated in the context of Dold ∪ deltas(t), the result is a
minimal delta between Dold(Q) and Dnew(Q). Also, when (5Q,4Q) is evalu-
ated in the context of Dnew and deltas(t−1), that yields a minimal delta between
Dnew(Q) and Dold(Q), which is an inverse minimal delta between Dold(Q) and
Dnew(Q). Thus, one can construct a post-update expression equivalent with Q
by inverting t, and inverting the resulting delta.

Constructing a pre-update expression from a post-update expression can be
done analogously. �

The algorithm proposed by Griffin et al. propagates deltas from the base re-
lations to the top-level of the view expression [GLT97]. It is a set semantics
version of an algorithm described previously [GL95]. It considers all relational
operators except for aggregation (i.e., generalized projection is not allowed to
have any aggregation parameters). This is accomplished by a pair of mutually
recursive functions 4 and 5, that propagate the positive and negative change-
sets through relational operators. They take a view definition as parameter.
The pair of their results is an incremental maintenance expression, in which
plain relation names refer to the relation instances as before the transaction
takes place. Thus, it is a pre-update expression.
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4 and 5 are defined in table 4.1. The following abbreviations are used:

sub(Q) = Q−5(Q)
mod(Q) = (Q ∪4(Q))−5(Q)

V 4(V )
i ∅
R 4R
σθ(Q) σθ(4(Q))
πA(Q) πA(4(Q))− πA(Q)
Q1 ∪Q2 (4(Q1)−Q2) ∪ (4(Q2)−Q1)
Q1 ∩Q2 (4(Q1) ∩mod(Q2)) ∪ (4(Q2) ∩mod(Q1))
Q1 −Q2 (4(Q1)−mod(Q2)) ∪ (5(Q2) ∩ sub(Q1))
Q1 ×Q2 (4(Q1)×mod(Q2)) ∪ (mod(Q1)×4(Q2))

V 5(V )
i ∅
R 5R
σθ(Q) σθ(5(Q))
πA(Q) πA(5(Q))− πA(mod(Q))
Q1 ∪Q2 (5(Q1)−mod(Q2)) ∪ (5(Q2)−mod(Q1))
Q1 ∩Q2 (5(Q1) ∩Q2) ∪ (5(Q2) ∩Q1)
Q1 −Q2 (5(Q1)−Q2) ∪ (4(Q2) ∩Q1)
Q1 ×Q2 (5(Q1)×Q2) ∪ (Q1 ×5(Q2))

Table 4.1: Mutually recursive delta propagation functions 4 and 5. Taken
from Griffin et al. [GLT97].

4.2 Correctness

To make proving the correctness of the described algorithm easier, a lemma is
introduced:

Lemma 4.3 Let Dev and Dnew be two database states, and Q, 4Q and 5Q
relational expressions. Then:

Dnew(Q) = Dev((Q−5Q) ∪4Q)
Dev(5Q−Q) = ∅
Dev(4Q ∩Q) = ∅

. . . is equivalent to: ∀x :

x ∈ Dev(4Q) ⇐⇒ x 6∈ Dev(Q) ∧ x ∈ Dnew(Q)
x ∈ Dev(5Q) ⇐⇒ x ∈ Dev(Q) ∧ x 6∈ Dnew(Q)

Proof The proof for this lemma can be found in appendix A.
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In the context of incremental evaluation, these equivalences express that a tuple
should be in the positive change-set of a minimal delta iff it was not in Q before
the transaction took place, but was in Q after it. Analogously, a tuple should
be in the negative change-set of a minimal delta iff it was in Q before, and not
in Q after.

The following theorem states that the algebraic delta propagation algorithm
is correct :

Theorem 4.4 Let V be any relational expression without aggregation, and t
the minimal transaction between any two database states Dold and Dnew for
a common database schema. (4(V ),5(V ))—with functions 4 and 5 taken
from table 4.1—yields a minimal delta between Dold(V ) and Dnew(V ), when
evaluated in the context of Dold ∪ deltas(t). In other words, it is a pre-update
incremental maintenance expression for V .

Proof This theorem’s proof can be found in appendix A.

4.3 Complexity Analysis

Relational algebra queries can be executed in polynomial time with respect to
the size of the input database instance. This is clearly also true for the queries
generated by the algebraic delta propagation technique, as they are relational
algebra queries.

4.3.1 Query Size

What is more interesting is how the generated queries relate to the query to
be incrementally evaluated. Because of the fact that some of the expressions
in table 4.1 refer more than once to the functions 4 and 5 themselves, the
generated queries may be exponentially longer than the input query. This would
be unacceptable for all but the shortest input queries. However, this is merely
a syntactic problem: the increase in query length is caused by the repetition
of subexpressions. If a syntactic system is used that allows to define temporary
results or variables, and allow for these to be re-used multiple times, the problem
does not occur. The length of the generated queries expressed in such a system
is linear with respect to the length of the input query.

4.3.2 Time Complexity Under a Simplistic Cost Model

As optimizing relational algebra queries is an undecidable problem, this inves-
tigation of the time complexity shall not assume that either the input query, or
the corresponding incremental queries are executed in some optimal way. In-
stead, a rather simplistic cost-model is used to suggest that, given that some
conditions are fulfilled, executing the incremental queries is more efficient than
executing the input query. This technique is also used by Griffin et al. to sug-
gest the plausibility of the delta propagation technique for the relational algebra
with bag semantics [GL95].

The cost model is based on simply executing the operators used in the ex-
pression, modeling the cost of each operator. The idea behind the proof is to
use a specific property of the incremental expressions. This property is:
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• All references to the base relations are in the scope of an intersection or
difference operator that bounds the cost of evaluation within the order of
the size of the delta relations.

This can be implemented by using one of the operands to drive the computation,
and looking up these tuples in the other one, to decide whether a tuple should be
in the result or not. The following lemma states that, given some assumptions,
a lookup can be done in constant time:

Lemma 4.5 Let the following assumptions be true:

• Looking up a tuple in a relation (i.e., determining whether the tuple is in
the relation or not) can be done in constant time.

• Q is a relational expression without aggregation, and without projection.

Then, looking up a tuple in Q can be done in constant time.

Proof The proof is by induction on the structure of Q:

Relation reference and constant relation This is given as an assumption.

Selection If the tuple passes the condition, the result is the result of doing a
lookup on the operand. Otherwise, the result is false.

Union The result is the disjunction of doing lookups on both operands.

Intersection The result is the conjunction of doing lookups on both operands.

Difference The result is false if the result of a lookup on the first operand
is false. Otherwise, the result is the result of a lookup on the second
operand.

Cartesian product The result is the conjunction of doing a lookup on the
first operand for a prefix of the tuple, and doing a lookup on the second
operand for a postfix of the tuple, chosen so that the arities correspond
to the arities of the operands.

As all the operations described can, by induction, be done in constant time, it
follows that a lookup can be done in constant time. �

Furthermore, the next lemma states that this lookup operation makes it possible
to evaluate an intersection or difference operator in time linear in the number
of tuples in the left operand:

Lemma 4.6 Given the same assumptions of lemma 4.5, executing an intersec-
tion or difference operator takes time that is linear in the number of tuples in
the left operand.

Proof This proof is by construction. For both operators, loop over the elements
of the left operand. For every such tuple, do a lookup in the right operand.
Whether the tuple considered is part of the result depends on the operator, and
can be determined as follows:

Intersection A tuple is in the result, iff it is in the right operand.
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Difference A tuple is in the result, iff it is not in the right operand.

It is clear that this algorithm computes the correct result. Also, because of
lemma 4.5, it takes time linear in the number of tuples in the left operand. �

Let the number of tuples in the base relations and in the delta relations be
bounded by b and d, respectively. Cost functions cev and cinc are defined recur-
sively on the structure of the expression, that represent the cost of evaluating
a query, and the cost of evaluating its incremental maintenance expressions,
respectively. These functions are defined by table 4.2. They are based on the
following ideas:

Q cev(Q, b) cinc(Q, b, d)
i 1 0
R b d
σθ(Q′) cev(Q′, b) cinc(Q′, b, d)
Q1 ∪Q2 cev(Q1, b) + cev(Q2, b) cinc(Q1, b, d) + cinc(Q2, b, d)
Q1 ∩Q2 cev(Q1, b) + cev(Q2, b) cinc(Q1, b, d) + cinc(Q2, b, d)
Q1−Q2 cev(Q1, b) + cev(Q2, b) cinc(Q1, b, d) + cinc(Q2, b, d)
Q1×Q2 cev(Q1, b)cev(Q2, b) O((cev(Q1, b) + cev(Q2, b))

(cinc(Q1, b, d) + cinc(Q2, b, d)))

Table 4.2: The cost functions cev and cinc

Relation reference or constant relation Scanning a relation takes time lin-
ear in the number of tuples that it contains. The cost is considered to be
this number of tuples. In the case of a constant relation, the cost is con-
sidered to be a random constant.

Selection Filtering the operand does not change the order of the complexity.
The cost is just the cost of the operand.

Union Taking the union of the two operands does not change the order of the
complexity. The cost is therefore considered to be the sum of the costs of
the operands.

Intersection or difference For the special bounding operators described be-
fore, an implementation according to the proof of lemma 4.6 is assumed,
and thus the cost of executing one of these operators is considered the cost
of executing the left operand only. For the others, the cost is considered
the sum of the costs of executing the operands.

Cartesian product The cost is considered to be the product of the costs of
the operands.

Note: The last item may seem strange at first, but it is induced by the fact
that the size of the result of a computation and its cost are considered the same
in the cost model. This may not always be correct, and shows the suggestive
nature of this complexity analysis.
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Theorem 4.7 Given a query Q and a transaction t for a given schema.

lim
b/d→∞

cinc(Q, b, d)
cev(Q, b)

= 0

In other words, using the delta propagation technique is by any factor more
efficient than the approach in which the original query is executed, given the
assumptions, and given that one uses a large enough database relative to the
size of the deltas.

Proof This theorem’s proof can be found in appendix A.

4.4 Adding Aggregation

The previous algorithm does not support aggregation. To remedy that, Quass
introduced an extension to it that provides aggregation [Qua96]. What follows
is a set semantics version of that extension.

As in the previous section, the functions 4(V ) and 5(V ) are derived for
a view defined by V . The result is contained in table 4.3. The main work
is done by the following queries that calculate a pair (4w(Q,A, f1, . . . , fn),
5w(Q,A, f1, . . . , fn)).

4w(Q,A, f1, . . . , fn) = πA,f1,...,fn

(
mod(Q)><

A=
(4(Q) ∪5(Q))

)
5w(Q,A, f1, . . . , fn) = πA,f1,...,fn

(
Q><

A=
(4(Q) ∪5(Q))

)
This pair is considered to perform the following changes:

• Delete the tuples that might need to be changed because there is a tuple in
the incoming delta that has the same values for the projection attributes.

• Insert newly calculated versions for the above tuples, unless there are no
tuples left that would lead to a tuple with those values for the projection
attributes. Also, insert extra tuples for the projection attributes that are
in the delta for the subexpression, but were not yet in the result.

The pair cannot be considered a minimal delta, as it might delete a tuple,
and insert a tuple that is exactly the same, which would violate minimality.
An example is the insertion of a tuple with a neutral value for all aggregated
attributes (e.g., 0 in case of sum(n)), assuming that at least one tuple already
existed with the same values for the projection attributes. To make a minimal
delta out of the pair, these tuples have to be eliminated. This is exactly what
happens in table 4.3.

Theorem 4.8 Let V be any relational expression with or without aggrega-
tion, and t the minimal transaction between any two database states Dold and
Dnew for a common database schema. (4(V ),5(V ))—with functions 4 and
5 taken from table 4.1 and table 4.3—yields a minimal delta between Dold(V )
and Dnew(V ), when evaluated in the context of Dold ∪ deltas(t).

Proof This theorem is not proved in this thesis.
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V 4(V )
πA,f1,...,fn(Q) 4w(Q,A, f1, . . . , fn)−5w(Q,A, f1, . . . , fn)

V 5(V )
πA,f1,...,fn(Q) 5w(Q,A, f1, . . . , fn)−4w(Q,A, f1, . . . , fn)

Table 4.3: Extension of the functions 4 and 5 that adds support for aggrega-
tion.
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Chapter 5

Change Table Propagation

Situations exist where algebraic delta propagation for doing aggregation can be
improved by dropping the requirement that changes are always represented by a
delta. To address this concern, Gupta et al. introduce another way of modeling
changes, called change tables [GM99]. Such change tables are used to represent
changes that are the result of aggregation and outer join operations. In this text,
outer join operations are not considered, which also considerably simplifies the
algorithm. Furthermore, this text tries to give a more formal reinterpretation
of (this part of) the technique.

Change tables cannot represent all kinds of changes, so the method is defined
as one that is complementary to the algebraic delta propagation technique. The
idea is to use deltas until an aggregation operator is encountered. At this point,
the deltas are converted to change tables, which are then propagated further up
the expression tree. If a change table cannot be further propagated (because
of restrictions that are defined in the next sections), one can use the (generally
less performant) method described in section 4.4 instead.

At some point in the expression tree, every delta has to be converted to a
change table. Therefore, for the technique to be defined for some expressions,
dummy projections may have to be inserted, that project onto all attributes
(i.e., no-ops). This is because projections can be used to convert a delta to a
change table.

While the previously treated techniques are in this text defined using the
all-at-once approach (see section 2.3), the change table propagation technique
is defined using the leaf-by-leaf approach. The reason for this is that the (other-
wise required) interaction between deltas and change tables would become very
complex.

To compute the change table that is to be applied to the extent of the view,
access is required to:

• The deltas applied to the base relations.

• The values of the base relations before the transaction took place.
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5.1 Definition

Definition 5.1 For a view expression to be valid for the change table prop-
agation technique, some of its expression tree’s nodes need to be marked as
conversion points. Only (generalized) projection operators can be conversion
points. Every path from the root to a leaf in the expression tree requires ex-
actly one of these conversion points.

Consider an expression Q. Whether Q’s outermost operator is a conversion
point is written C(Q).

At these nodes, deltas are converted to change tables. Note that it may be
required to add dummy projection operators to the view expression, to make
sure that every path can be marked.

The representation of the value of the view is similar to the one used in
chapter 3 (i.e., the tuples have an extra attribute that stores a number of causes),
although the definition of the number of causes is somewhat more complex.

Definition 5.2 Let D be a database instance and V a query with aggregation.
In the context of change table propagation, the extent Echange(D,V ) of a mate-
rialized view defined by V is a relation instance of arity |V |+ 1, and is defined
as:

Echange(D,V ) = D(τ(V ))

Function τ is used to transform V , and is defined in table 5.1. It adds the count
attribute at the conversion points, and combines, for nodes above (i.e., closer to
the root than) the conversion points, the counts of the children. For selection
the counts are left alone, for projection the counts for all tuples projecting onto
one tuple are summed, and for Cartesian product the counts are multiplied.

The counts are defined such that they become zero when the tuple has
to be deleted during maintenance. This follows intuitively from the following
observations:

• Only when all tuples that project onto the same group-by attributes are
deleted, is the tuple in the result that has the same values for the group-by
attributes to be deleted.

• If a tuple in one if the operands of a Cartesian product has a number of
causes of zero, all tuples in the result stemming from this tuple are to be
deleted.

Definition 5.3 A change table �Q for an expression Q, having arity n, over a
database schema S, for a database instance D, consists of:

• A relation instance �Q of arity n + 1 (note the double use of �Q, as
both the syntax for a change table and this relation instance). The last
component of every tuple in �Q is an integer number, possibly zero.

• A set of attribute numbers �GQ ⊆ {1, . . . , n} (the group-by attributes).

• Functions �UiQ : U×U → U for 1 ≤ i ≤ n−|�GQ| (the update functions).
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V τ(V )
σθ(Q) σθ(τ(Q))
πA,f1,...,fn(Q) {

πA,f1,...,fn,sum(ar(Q)+1)(τ(Q)) if not C(V )
πA,f1,...,fn,count(∗)(Q) if C(V )

Q1 ×Q2 πQ12,q1q2(τ(Q1)× τ(Q2))
where Q12 = {1, . . . , q2} − {q1, q2}
and q1 = ar(Q1) + 1 and q2 = q1 + ar(Q2) + 1

Table 5.1: The function τ , that transforms the query that defines a view into
the query that defines its extent

A change table represents the changes that have to be applied to the extent
of a view, whenever it needs to be updated. The group-by attributes are a
key for the view, and are used to identify which tuples are to be updated (or
inserted, or deleted). The last component of every tuple indicates the change
in the number of causes for the tuple identified by the group-by attributes. The
update functions specify how the non-group-by attributes of a tuple from the
change table should be used to update the corresponding attributes of a tuple
from the extent.

5.2 Aggregation Function Requirements

The change table propagation algorithm requires that all used aggregation func-
tions have specific properties and are only used in a specific way. Intuitively,
it should be the case that the results are only combined using the aggregation
function itself, and yield a result as if the aggregation function was applied to
the (multi-)set that is the union of the original values that yielded the inter-
mediate results. Also, it is required that the original values can be inverted, so
that if a value is present together with its inverted value, they cancel each other
out.

Definition 5.4 The function combinef operates on two values a1 and a2 that
are the results of aggregation function f on sets A1 and A2 (A1 ∩A2 = ∅), and
produces the value that is the result of applying f on A1 ∪A2.

For example, combinesum(n)(a1, a2) = a1 + a2.

Definition 5.5 The function cancelV operates on a tuple t that is in the input
of a generalized projection operator V = πA,f1,...,fn . It produces a tuple that,
when added to a set B (t ∈ B), cancels the effect of the already existing tuple
t in B. This means that V (B − {t}) = V (B ∪ {cancelV (t)}).

Note that combinef and cancelV are not defined for all aggregation functions
f or generalized projection operators V . Only when they are defined, is the
change table propagation technique defined for these aggregation functions and
generalized projection operators.
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5.3 Creation

A change table can be created for the result of a generalized projection operator,
given a minimal delta for the operand.

Definition 5.6 Let V = πA,f1,...,fn(Q) be a relational expression for which to
derive a change table, and (4Q,5Q) a minimal delta for Q. Let the fi be
distributable aggregation functions. Let c be ar(Q) + 1. The change table �V
for V can be calculated as follows:

�V = πA,f1,...,fn,sum(c)((4Q× {1}) ∪ (5Q−1 × {−1}))
where 5Q−1 = {cancelπA,f1,...,fn

(t) : t ∈ 5Q}
�GV = A

�Ui
V = combinefi

5.4 Application

Definition 5.7 The change table refresh operator t operates on an extent
Echange(D,Q) for a view Q and a change table �Q for it as follows:

Echange(D,Q) t�Q = (Echange(D,Q)−D) ∪ U ∪ N

. . . with. . .

D = Echange(D,Q) ><
�GQ

=
�Q

U = σc 6=0(π�GQ,�U1Q(I1,I′1),...,�UaQ(Ia,I′a),c+c’(�Q on
�GQ

=
Echange(D,Q)))

N = �Q ><
�GQ

=
Echange(D,Q)

. . . where:

• c = ar(Q) + 1 (the number of the count attribute in the first tuple),

• c′ = 2c (the number of the count attribute in the second tuple),

• a = ar(Q)− |�GQ| (the number of aggregate attributes),

• Ii = |�GQ| + 1 (the number of the attribute containing the result of
aggregation function i, in the first tuple) and

• I ′i = c+ |�GQ|+ 1 (idem, in the second tuple).

Intuitively, the following happens. Let corresponding tuples in the extent and
the change table be tuples that have pairwise equal values for the group-by
attributes (i.e., tuples a and b for which �GQ

=(a · b) holds):

• All tuples that can possibly be influenced by the change table, being all
tuples in the extent that have a corresponding tuple in the change table,
are deleted from the extent. The set of these is D.
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• For all tuples in the change table that have a corresponding tuple in the
extent: They are combined with their corresponding tuple (using the up-
date functions), and the resulting tuples are inserted in the extent (i.e.,
the tuples in the extent are updated, as the old values are deleted by the
first step). Causes are combined by summing them. If the combination of
two tuples results in a tuple that has zero causes, then it is not inserted
(i.e., those tuples are deleted, as the values are deleted by the first step).
The set of tuples that are thus inserted is U .

• All tuples in the change table that do not have a corresponding tuple in
the extent are inserted in the extent. The set of these is N .

5.5 Propagation

The propagation of a change table is subject to some strong restrictions. Ta-
ble 5.2 lists the conditions and how to propagate a change table in case the
conditions are met.

V �V , �GV , �Ui
V conditions

σθ(Q) σθ(�Q),
�GQ,
�UiQ

θ does only refer to attributes
in �GQ.

πA,f1,...,fn(Q) πA,f1,...,fn,sum(c)(�Q),
{1, . . . , |A|},
�Ubi

Q

A ⊆ �GQ. Each fi refers
to only one attribute
with attribute number ai
(ai 6∈ �GQ, ai 6= c), and
�Ubi

Q = combinefi , with
bi = |{1, . . . , ai} −�GQ| and
c = ar(Q) + 1

Q1 ×Q2 πQ12,q1q2(�Q1 ×Q2),
�GQ1∪{|Q1|+ i : i ∈ �GQ2},{

�UiQ1 if i ≤ A1

�Ui−A1
Q2 otherwise

No conditions are imposed.
Q12, q1 and q2 are defined as in
table 5.1. A1 = |Q1| − |�GQ1|.
Propagating through the right
operand is analogous.

Table 5.2: How to propagate change tables through relational operators. In the
second row, ai is the attribute number of the bith non-group-by attribute of
�Q, and c is the attribute number of the count attribute of �Q. In the third
row, q1 and q2 are the numbers of the count attribute in the first and second
tuple, respectively. A1 is the number of aggregation functions in the first tuple.

5.6 Correctness

Theorem 5.8 Let V be a relational expression with aggregation, for which the
change table propagation technique is defined, and t the minimal transaction
between any two database states Dold and Dnew for a common database schema.
Echange(Dold, V ) t�V , where �V is the change table for V corresponding to t,
yields Echange(Dnew, V ).
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Proof This theorem is not proved in this thesis.
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Chapter 6

Self-Maintenance

A view (or set of views) is self-maintainable if it (or they) can be maintained
without accessing the base relations. This may be important in case the views
are materialized in a system that is decoupled from the system that contains the
base relations. In such a setting, it may be true that access to the base relations
is not possible in a transactionally correct way. Therefore, it is interesting to
investigate when (sets of) views are self-maintainable. That is what this chapter
is about.

Another approach to this problem is to change the algorithms so that they
can cope with seeing a snapshot of the base relations that is ahead-of-time,
and fixing-up the view when the related changes arrive. This text does not
investigate that approach.

6.1 Definition

Definition 6.1 Let S be a database schema and V a relational expression over
it. The view defined by V is called self-maintainable, if a function f exists for
which the following holds: For any two database states Dold and Dnew of S, and
t the minimal transaction between them:

Dnew(V ) = f(t,Dold(V ))

In other words, a view is self-maintainable if:

• the new value for the view can be determined from the combination of its
old value and the transaction.

Remark 6.2 Some views are not self-maintainable.

Proof Consider the view defined by π∅(R), with R a unary relation that is the
only relation in the schema over which the view is defined. Consider two initial
database states D1 and D2 that map R to {(a)} and {(a), (b)}, respectively. For
both of these database states, the view evaluates to {()}. Consider a transaction
that maps R to a delta (∅, {(a)}) (which is minimal for both D1 and D2). When
it is applied to D1, the new value of the view becomes ∅. However, when it is
applied to D2, the new value is {()} (i.e., the value doesn’t change). For a view
to be self-maintainable, its new value should be fully determined by the old

27



value and the transaction. As this is not the case for the considered view, it
follows that not all views are self-maintainable. �

Remark 6.3 A view of the form R, with R a relation name in S, is self-
maintainable.

Proof Let f be defined as:

f(t, R) = (R−5R) ∪4R, where t(R) = (4R,5R)

The fact that t is a transaction between Dold and Dnew gives:

Dnew(R) = (Dold(R)−5R) ∪4R
= f(t,Dold(R)),

which concludes the proof. �

Definition 6.4 Let S be a database schema, and Dold and Dnew any two
database states of it. Let t be the transaction between Dold and Dnew. A set of
views {V1, . . . , Vn}, defined by expressions over S is called self-maintainable if,
for i ∈ {1, . . . , n}, functions fi exist, such that:

Dnew(Vi) = fi(t,Dold(V1), . . . , Dold(Vn))

In other words, a set of views is self-maintainable if the new values of the views
can be determined from only the transaction and the old values. Note that a
set of views can be self-maintainable, although not all of its elements are self-
maintainable when considered separately. It follows that a set may not be self-
maintainable, although a superset of it may be. As the following theorem states,
a set of views can always be augmented so that it becomes self-maintainable.

Theorem 6.5 For any set of views V , a set V ′ ⊇ V exists, such that V ′ is
self-maintainable.

Proof The intuition behind the proof is that, if one adds all used base relations
to the set of views (remember that base relations are self-maintainable according
to remark 6.3), these base relations can be used to recalculate any relational
expressions over them.

Let V ′ = {V ′
1 , . . . , V

′
n} be V ∪ IV , with IV the set of views defined by, for

each base relation used in V , that base relation itself.
Let fi be defined as follows:

fi(t, R1, . . . , Rn) =
{

(Ri −5Ri) ∪4Ri, if Ri ∈ IV
V ∗
i , otherwise

where t(Ri) = (4Ri,5Ri)

Here, V ∗
i stands for V ′

i with all occurrences of base relations V ′
j ∈ IV replaced

by fj(t, R1, . . . , Rn). Intuitively, every occurrence of a base relation is replaced
by an expression calculating the new version of it.

For the fi with V ′
i ∈ IV , the same logic as in the proof of remark 6.3 applies.

Therefore, the following is true for the fi with V ′
i 6∈ IV :

Dnew(V ′
i ) = Dold(V ∗

i )
= fi(t, V ′

i , . . . , V
′
n),

which concludes the proof. �
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Chapter 7

Case Study: Investigating
an Implementation for
PostgreSQL

The following problems are potential show-stoppers for the implementation of
the techniques described in this text for the free software database system Post-
greSQL. It is clear that the techniques should first be adapted to a bag-version
of the relational algebra.

• The implementation of the set operators does not have the properties
regarding complexity, stated in lemma 4.5. The set operators intersection
and difference always take time linear in the sum of the sizes of both
operands. This may lead to performance problems.

• The concurrency control system that is used by PostgreSQL (a form of
MVCC, multi-version concurrency control, first described by Bernstein et
al. [BG83]), does not allow for real serializable execution of transactions,
unless one makes use of full-table locks. This may also lead to performance
problems.

• There is no direct support for abbreviating temporary results in the syn-
tactic system (which is a variant of SQL). This will lead to the exponential
blow-up of the expression size mentioned in section 4.3.1 if the technique
is implemented in the straightforward way.

There is support for triggers, which can be used to detect changes to the base
relations. There is also experimental support for triggering on commits, which
may be used to implement some more advanced techniques for deferred view
maintenance (see section 8.1).
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Chapter 8

Related Topics

8.1 Deferred View Maintenance

The previous sections describe algorithms for determining the changes that have
to be applied to a view, given the changes applied to the base relations for one
transaction. This seems to suggest that view maintenance should be performed
at the end of every transaction that modified the base relations. However,
depending on the workload, that is not always the most performant approach.
If, for example, many changes are performed on the base relations in between
the executions of queries that use the view, it might be more performant to
batch together all those changes, and calculate and apply one (probably bigger)
change to the view.

This technique is called deferred view maintenance. In Colby et al. and He
et al., techniques are explored that have to do with when to apply or calculate
which changes, and how to store the values of the deltas to the base relations
in the meantime [CGL+96, HXYY05].

8.2 Optimizing Queries in the Presence of De-
rived Data

In the presence of materialized views, it may be possible to formulate queries
that execute faster by directly referring to those materialized views in the query
expression. This, however, puts the burden of query optimization on the query
writer. The problem of automating the process of rewriting a query on the base
relations into an equivalent—but more performant—query that uses material-
ized views, is usually classified under the general query optimization problem.
Also, the traditional problem of optimizing queries in the presence of indices
falls under this problem.
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8.3 Choosing Derived Data Structures for Op-
timal Performance

Under the previous approaches, a database administrator has to choose which
derived data structures to create. Going even further, this choice could be
automated. The problems of doing this for indices and materialized views are
called the index selection problem and the view selection problem, respectively.
The inputs for the problems are a database schema, a database workload (a set of
queries and the frequency of their executions), and optionally some constraints
such as a storage limit. An algorithm that solves the problem would then output
which indices or materialized views should be instantiated. Another approach
is to continuously scan the queries being executed, and adapting the indices
to create and views to materialize while the system is running. For this, see
Kotidis et al. [KR99].

One area that is heavily investigated, is the sub-problem of choosing materi-
alized views that can be used for the evaluation of queries over data warehouses
organized in star-schemas. Usually, the problem is simplified to choosing which
combinations of the dimensional attributes are to be aggregated over. Those
combinations are usually represented as nodes in a lattice that expresses a can-
be-derived-from relationship. The corresponding problem of optimizing queries
in such a schema, given a set materialized views, is a much lighter problem than
the general problem described in the previous section.
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Appendix A

Proofs

Proof of Remark 1.13 This proof is by construction. Let i1 and i2 be two re-
lation instances. For a minimal delta (4i,5i) between them, the following
statements must hold:

(i1 −5i) ∪4i = i2

5i− i1 = ∅
4i ∩ i1 = ∅

These statements are equivalent to, ∀x :

(x ∈ i1 ∧ x 6∈ 5i) ∨ x ∈ 4i ⇐⇒ x ∈ i2
x 6∈ 5i ∨ x ∈ i1 (i)
x 6∈ 4i ∨ x 6∈ i1 (ii)

From which follows:

((x ∈ i1 ∧ x 6∈ 5i) ∨ x ∈ 4i ⇐⇒ x ∈ i2)
⇐⇒ (((x ∈ i1 ∧ x 6∈ 5i) ∨ x ∈ 4i) ∧ x 6∈ i1 ⇐⇒ x ∈ i2 ∧ x 6∈ i1)
⇐⇒ (x ∈ 4i ∧ x 6∈ i1 ⇐⇒ x ∈ i2 ∧ x 6∈ i1)
(ii)⇐⇒ (x ∈ 4i ⇐⇒ x ∈ i2 ∧ x 6∈ i1)

and

((x 6∈ i1 ∨ x ∈ 5i) ∧ x 6∈ 4i ⇐⇒ x 6∈ i2)
⇐⇒ ((x 6∈ i1 ∨ x ∈ 5i) ∧ x 6∈ 4i ∧ x ∈ i1 ⇐⇒ x 6∈ i2 ∧ x ∈ i1)
⇐⇒ (x ∈ 5i ∧ x 6∈ 4i ∧ x ∈ i1 ⇐⇒ x 6∈ i2 ∧ x ∈ i1)
(ii)⇐⇒ (x ∈ 5i ∧ x ∈ i1 ⇐⇒ x 6∈ i2 ∧ x ∈ i1)
(i)⇐⇒ (x ∈ 5i ⇐⇒ x 6∈ i2 ∧ x ∈ i1)

Which is equivalent to:

4i = i2 − i1

5i = i1 − i2
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As this construction always yields exactly one value for 4i and 5i, and thus
for (4i,5i), the proof is complete. �

Proof of Lemma 3.1 The lemma is proved by proving that selection and projec-
tion can always be pushed up in the expression tree, and that the application
of more than one selection (projection) in sequence can be combined into one
selection (projection).

Let D be a database instance, Q, Q1 and Q2 be SPJ-expressions, θ and ψ
predicates over tuples, and A a set of attribute numbers:

Pushing up a selection through a Cartesian product

x ∈ D(σθ(Q1)×Q2)
⇐⇒ ∃q1, q2 : x = q1 · q2 ∧ q1 ∈ D(Q1) ∧ θ(q1) ∧ q2 ∈ D(Q2)
⇐⇒ ∃q1, q2 : x = q1 · q2 ∧ q1 ∈ D(Q1) ∧ θ(q1 · q2) ∧ q2 ∈ D(Q2)
⇐⇒ x ∈ D(σθ(Q1 ×Q2))

Pushing up a selection that is the right operand of a Cartesian product can be
done analogously.

Pushing up a projection through a Cartesian product

x ∈ D(πA(Q1)×Q2)
⇐⇒ ∃q1, q2 : x = q1|A · q2 ∧ q1 ∈ D(Q1) ∧ q2 ∈ D(Q2)
⇐⇒ ∃q1, q2 : x = (q1 · q2)|A∪{|A|+1,...,|A|+ar(Q2)} ∧ q1 ∈ D(Q1) ∧ q2 ∈ D(Q2)
⇐⇒ x ∈ D(πA∪{|A|+1,...,|A|+ar(Q2)}(Q1 ×Q2))

Pushing up a projection that is the right operand of a Cartesian product can
be done analogously.

Pushing up a projection through a selection Define θ′ as the predicate
that does the same as θ, but for tuples before the projection was applied:

θ′(t) = θ(t|A)

Then:

x ∈ D(σθ(πA(Q)))
⇐⇒ x ∈ D(πA(Q)) ∧ θ(x)
⇐⇒ ∃q : x = q|A ∧ q ∈ D(Q) ∧ θ(x)
⇐⇒ ∃q : x = q|A ∧ q ∈ D(Q) ∧ θ(q|A)
⇐⇒ ∃q : x = q|A ∧ q ∈ D(Q) ∧ θ′(q)
⇐⇒ ∃q : x = q|A ∧ x ∈ D(σθ′(Q))
⇐⇒ x ∈ D(πA(σθ′(Q)))
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Combining two consecutive selections

x ∈ D(σθ(σψ(Q)))
⇐⇒ x ∈ D(Q) ∧ θ(x) ∧ ψ(x)
⇐⇒ x ∈ D(Q) ∧ (θ ∧ ψ)(x)
⇐⇒ x ∈ D(σθ∧ψ(Q))

Combining two consecutive projections Let B be a set of attribute num-
bers with B ⊆ {1, . . . , |A|}. Let C be constructed as follows:

A = {a1, . . . , an}, where a1 < · · · < an

B = {b1, . . . , bm}, where b1 < · · · < bm

C = {ab1 , . . . , abm}

Then:

x ∈ D(πB(πA(Q)))
⇐⇒ ∃s : x = s|B ∧ s ∈ D(πA(Q))
⇐⇒ ∃q, s : x = s|B ∧ s = q|A ∧ q ∈ D(Q)
⇐⇒ ∃q : x = q|A|B ∧ q ∈ D(Q)
⇐⇒ ∃q : x = q|C ∧ q ∈ D(Q)
⇐⇒ x ∈ D(πC(Q))

The desired form can now be obtained by starting with the original SPJ-
expression, pushing up all selections and projections (where all selections must
stay on top of, or are pushed above the projections), combining all selections to
one selection, and combining all projections to one projection. �

Proof of Lemma 4.3 The following holds for every value of x:

(x ∈ Dnew(Q) ⇐⇒ x ∈ Dev((Q−5Q) ∪4Q))
∧ x 6∈ Dev(5Q−Q) ∧ x 6∈ Dev(4Q ∩Q)

⇐⇒ (x ∈ Dnew(Q) ⇐⇒ (x ∈ Dev(Q) ∧ x 6∈ Dev(5Q)) ∨ x ∈ Dev(4Q))
∧ (x 6∈ Dev(5Q) ∨ x ∈ Dev(Q))
∧ (x 6∈ Dev(4Q) ∨ x 6∈ Dev(Q)) (1)

Table A.1⇐⇒ (x ∈ Dev(4Q) ⇐⇒ x 6∈ Dev(Q) ∧ x ∈ Dnew(Q))
∧ (x ∈ Dev(5Q) ⇐⇒ x ∈ Dev(Q) ∧ x 6∈ Dnew(Q)) (2)

The equivalence between (1) and (2) is proved by means of the boolean table in
table A.1. �

Proof of Theorem 4.4 The proof is by induction on the structure of expression
Q. Let Dev be Dold ∪ deltas(t). For each subexpression, the following should
hold:

Dnew(Q) = Dev((Q−5(Q)) ∪4(Q))
Dev(5(Q)−Q) = ∅
Dev(4(Q) ∩Q) = ∅
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x ∈ Dev(Q) x ∈ Dev(4Q) x ∈ Dev(5Q) x ∈ Dnew(Q) (1) (2)
0 0 0 0 1 1
0 0 0 1 0 0
0 0 1 0 0 0
0 0 1 1 0 0
0 1 0 0 0 0
0 1 0 1 1 1
0 1 1 0 0 0
0 1 1 1 0 0
1 0 0 0 0 0
1 0 0 1 1 1
1 0 1 0 1 1
1 0 1 1 0 0
1 1 0 0 0 0
1 1 0 1 0 0
1 1 1 0 0 0
1 1 1 1 0 0

Table A.1: Boolean table that proves the equivalence in the proof of lemma 4.3.

The first property expresses that the result of evaluating (4(Q),5(Q)) is indeed
a delta between Dold(Q) and Dnew(Q), when evaluated in the context of Dev.
The second and third express that this delta is minimal.

Let 4Q and 5Q be abbreviations for 4(Q) and 5(Q), respectively. Ac-
cording to lemma 4.3, the previous properties are equivalent to: ∀x :

x ∈ Dev(4Q) ⇐⇒ x 6∈ Dev(Q) ∧ x ∈ Dnew(Q)
x ∈ Dev(5Q) ⇐⇒ x ∈ Dev(Q) ∧ x 6∈ Dnew(Q)

These properties are proved by induction on the structure of Q, assuming that
they hold for the subexpressions. The first two cases are proved directly using
the properties given before.

Qm is used as an abbreviation for (Q−5Q)∪4Q. It is clear thatDev(Qm) =
Dnew(Q).

Relation instance Clearly, a constant relation instance is not influenced by
changes to the base relations. The proof is trivial:

Dnew(i)
def
= i

def
= Dold(i)

∅ − i ≡ ∅
∅ ∩ i ≡ ∅

Base relation This follows directly from the definitions of transaction and
minimality of transactions.

Dnew(R)
def
= Dold((R−5R) ∪4R)

5R−R
def
≡ ∅

4R ∩R
def
≡ ∅
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Selection Intuitively, it is clear that selection can just be pushed through.
Tuples added to Q that pass the condition should be added to V , and
passing tuples deleted from Q should be deleted from V .

x ∈ Dev(4(σθ(Q)))
⇐⇒ x ∈ Dev(σθ(4Q))
⇐⇒ x ∈ Dev(4Q) ∧ θ(x)
⇐⇒ x 6∈ Dev(Q) ∧ x ∈ Dnew(Q) ∧ θ(x)
⇐⇒ x 6∈ Dev(σθ(Q)) ∧ x ∈ Dnew(σθ(Q))

x ∈ Dev(5(σθ(Q))
⇐⇒ x ∈ Dev(σθ(5Q))
⇐⇒ x ∈ Dev(5Q) ∧ θ(x)
⇐⇒ x ∈ Dev(Q) ∧ x 6∈ Dnew(Q) ∧ θ(x)
⇐⇒ x ∈ Dev(σθ(Q)) ∧ x 6∈ Dnew(σθ(Q))

Projection A projected tuple should be added if it is not already in the result.

x ∈ Dev(4(πA(Q)))
⇐⇒ x ∈ Dev(πA(4Q)− πA(Q))
⇐⇒ x ∈ Dev(πA(4Q)) ∧ x 6∈ Dev(πA(Q))
⇐⇒ ∃y : y|A = x ∧ y ∈ Dev(4Q) ∧ x 6∈ Dev(πA(Q))
⇐⇒ ∃y : y|A = x ∧ y 6∈ Dev(Q) ∧ y ∈ Dnew(Q) ∧ x 6∈ Dev(πA(Q))
⇐⇒ x 6∈ Dev(πA(Q)) ∧ x ∈ Dnew(πA(Q))

A projected tuple should be deleted if there are no tuples left that project
to the same value.

x ∈ Dev(5(πA(Q)))
⇐⇒ x ∈ Dev(πA(5Q)− πA(Qm)
⇐⇒ x ∈ Dev(πA(5Q)) ∧ x 6∈ Dev(πA(Qm)
⇐⇒ ∃y : y|A = x ∧ y ∈ Dev(5Q) ∧ x 6∈ Dnew(πA(Q))
⇐⇒ ∃y : y|A = x ∧ y ∈ Dev(Q) ∧ y 6∈ Dnew(Q) ∧ x 6∈ Dnew(πA(Q))
⇐⇒ x ∈ Dev(πA(Q)) ∧ x 6∈ Dnew(πA(Q))

Union A tuple should be added if it is added to one operand, and was not in
the other one before the transaction.

x ∈ Dev(4(Q1 ∪Q2))
⇐⇒ x ∈ Dev((4Q1 −Q2) ∪ (4Q2 −Q1))
⇐⇒ (x ∈ Dev(4Q1) ∧ x 6∈ Dev(Q2)) ∨ (x ∈ Dev(4Q2) ∧ x 6∈ Dev(Q1))
⇐⇒ (x 6∈ Dev(Q1) ∧ x ∈ Dnew(Q1) ∧ x 6∈ Dev(Q2))

∨ (x 6∈ Dev(Q2) ∧ x ∈ Dnew(Q2) ∧ x 6∈ Dev(Q1))
⇐⇒ x 6∈ Dev(Q1) ∧ x 6∈ Dev(Q2) ∧ (x ∈ Dnew(Q1) ∨ x ∈ Dnew(Q2))
⇐⇒ x 6∈ Dev(Q1 ∪Q2) ∧ x ∈ Dnew(Q1 ∪Q2)
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A tuple should be deleted if it is deleted from one operand, and is not in
the other one after the transaction.

x ∈ Dev(5(Q1 ∪Q2))
⇐⇒ x ∈ Dev((5Q1 −Qm2 ) ∪ (5Q2 −Qm1 ))
⇐⇒ (x ∈ Dev(5Q1) ∧ x 6∈ Dev(Qm2 )) ∨ (x ∈ Dev(5Q2) ∧ x 6∈ Dev(Qm1 ))
⇐⇒ (x ∈ Dev(Q1) ∧ x 6∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2))

∨ (x ∈ Dev(Q2) ∧ x 6∈ Dnew(Q2) ∧ x 6∈ Dnew(Q1))
⇐⇒ (x ∈ Dev(Q1) ∨ x ∈ Dev(Q2)) ∧ x 6∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2)
⇐⇒ x ∈ Dev(Q1 ∪Q2) ∧ x 6∈ Dnew(Q1 ∪Q2)

Intersection A tuple should be added if it is added to one operand, and is in
the other one after the transaction.

x ∈ Dev(4(Q1 ∩Q2))
⇐⇒ x ∈ Dev((4Q1 ∩Qm2 ) ∪ (4Q2 ∩Qm1 ))
⇐⇒ (x ∈ Dev(4Q1) ∧ x ∈ Dev(Qm2 )) ∨ (x ∈ Dev(4Q2) ∧ x ∈ Dev(Qm1 ))
⇐⇒ (x 6∈ Dev(Q1) ∧ x ∈ Dnew(Q1) ∧ x ∈ Dnew(Q2))

∨ (x 6∈ Dev(Q2) ∧ x ∈ Dnew(Q2) ∧ x ∈ Dnew(Q1))
⇐⇒ (x 6∈ Dev(Q1) ∨ x 6∈ Dev(Q2)) ∧ x ∈ Dnew(Q1) ∧ x ∈ Dnew(Q2)
⇐⇒ x 6∈ Dev(Q1 ∩Q2) ∧ x ∈ Dnew(Q1 ∩Q2)

A tuple should be deleted if it is deleted from one operand, and it was in
the other one before the transaction.

x ∈ Dev(5(Q1 ∩Q2))
⇐⇒ x ∈ Dev((5Q1 ∩Q2) ∪ (5Q2 ∩Q1))
⇐⇒ (x ∈ Dev(5Q1) ∧ x ∈ Dev(Q2)) ∨ (x ∈ Dev(5Q2) ∧ x ∈ Dev(Q1))
⇐⇒ (x ∈ Dev(Q1) ∧ x 6∈ Dnew(Q1) ∧ x ∈ Dev(Q2))

∨ (x ∈ Dev(Q2) ∧ x 6∈ Dnew(Q2) ∧ x ∈ Dev(Q1))
⇐⇒ x ∈ Dev(Q1) ∧ x ∈ Dev(Q2) ∧ (x 6∈ Dnew(Q1) ∨ x 6∈ Dnew(Q2))
⇐⇒ x ∈ Dev(Q1 ∩Q2) ∧ x 6∈ Dnew(Q1 ∩Q2)

Difference A tuple should be added if it is added to the first operand, and
is not in the second operand after the transaction. Also, a tuple should
be added if it is deleted from the second operand, and is in the first
operand after the transaction (the usage of (Q1 −5Q1) instead of Qm1 is
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an optimization).

x ∈ Dev(4(Q1 −Q2))
⇐⇒ x ∈ Dev((4Q1 −Qm2 ) ∪ (5Q2 ∩ (Q1 −5Q1)))
⇐⇒ (x ∈ Dev(4Q1) ∧ x 6∈ Dev(Qm2 ))

∨ (x ∈ Dev(5Q2) ∧ x ∈ Dev(Q1) ∧ x 6∈ Dev(5Q1))
⇐⇒ (x 6∈ Dev(Q1) ∧ x ∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2)) ∨ (x ∈ Dev(Q2)

∧ x 6∈ Dnew(Q2) ∧ x ∈ Dev(Q1) ∧ (x 6∈ Dev(Q1) ∨ x ∈ Dnew(Q1)))
⇐⇒ (x 6∈ Dev(Q1) ∧ x ∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2))

∨ (x ∈ Dev(Q2) ∧ x 6∈ Dnew(Q2) ∧ x ∈ Dev(Q1) ∧ x ∈ Dnew(Q1))
⇐⇒ (x 6∈ Dev(Q1) ∨ (x ∈ Dev(Q2) ∧ x ∈ Dev(Q1)))

∧ x ∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2)
⇐⇒ (x 6∈ Dev(Q1) ∨ x ∈ Dev(Q2)) ∧ x ∈ Dnew(Q1) ∧ x 6∈ Dnew(Q2)
⇐⇒ x 6∈ Dev(Q1 −Q2) ∧ x ∈ Dnew(Q1 −Q2)

A tuple should be deleted if it is deleted from the first operand, and it was
not in the second operand before the transaction. Also, a tuple should be
deleted if it is added to the second operand, and it was in the first operand
before the transaction.

x ∈ Dev(5(Q1 −Q2))
⇐⇒ x ∈ Dev((5Q1 −Q2) ∪ (4Q2 ∩Q1))
⇐⇒ (x ∈ Dev(5Q1) ∧ x 6∈ Dev(Q2)) ∨ (x ∈ Dev(4Q2) ∧ x ∈ Dev(Q1))
⇐⇒ (x ∈ Dev(Q1) ∧ x 6∈ Dnew(Q1) ∧ x 6∈ Dev(Q2))

∨ (x 6∈ Dev(Q2) ∧ x ∈ Dnew(Q2) ∧ x ∈ Dev(Q1))
⇐⇒ x ∈ Dev(Q1) ∧ x 6∈ Dev(Q2) ∧ (x 6∈ Dnew(Q1) ∨ x ∈ Dnew(Q2))
⇐⇒ x ∈ Dev(Q1 −Q2) ∧ x 6∈ Dnew(Q1 −Q2)

Cartesian Product A tuple should be added if its first part is added to the
first operand, and the second part is in the second operand after the
transaction. Analogously for when its second part is added to the second
operand.

Let AQ1 be {1, . . . , ar(Q1)}, and AQ2 be {ar(Q1)+1, . . . , ar(Q1)+ar(Q2)}.

x ∈ Dev(4(Q1 ×Q2))
⇐⇒ x ∈ Dev((4Q1 ×Qm2 ) ∪ (Qm1 ×4Q2))
⇐⇒ (x|AQ1

∈ Dev(4Q1) ∧ x|AQ2
∈ Dev(Qm2 ))

∨ (x|AQ1
∈ Dev(Qm1 ) ∧ x|AQ2

∈ Dev(4Q2))

⇐⇒ (x|AQ1
6∈ Dev(Q1) ∧ x|AQ1

∈ Dnew(Q1) ∧ x|AQ2
∈ Dnew(Q2))

∨ (x|AQ1
∈ Dnew(Q1) ∧ x|AQ2

6∈ Dev(Q2) ∧ x|AQ2
∈ Dnew(Q2))

⇐⇒ (x|AQ1
6∈ Dev(Q1) ∨ x|AQ2

6∈ Dev(Q2))

∧ x|AQ1
∈ Dnew(Q1) ∧ x|AQ2

∈ Dnew(Q2)

⇐⇒ x 6∈ Dev(Q1 ×Q2) ∧ x ∈ Dnew(Q1 ×Q2)
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A tuple should be deleted if its first part is deleted from the first operand,
and the second part was in the second operand before the transaction.
Analogously for when its second part is deleted from the second operand.

x ∈ Dev(5(Q1 ×Q2))
⇐⇒ x ∈ Dev((5Q1 ×Q2) ∪ (Q1 ×5Q2))
⇐⇒ (x|AQ1

∈ Dev(5Q1) ∧ x|AQ2
∈ Dev(Q2))

∨ (x|AQ1
∈ Dev(Q1) ∧ x|AQ2

∈ Dev(5Q2))

⇐⇒ (x|AQ1
∈ Dev(Q1) ∧ x|AQ1

6∈ Dnew(Q1) ∧ x|AQ2
∈ Dev(Q2))

∨ (x|AQ1
∈ Dev(Q1) ∧ x|AQ2

∈ Dev(Q2) ∧ x|AQ2
6∈ Dnew(Q2))

⇐⇒ x|AQ1
∈ Dev(Q1) ∧ x|AQ2

∈ Dev(Q2)

∧ (x|AQ1
6∈ Dnew(Q1) ∨ x|AQ2

6∈ Dnew(Q2))

⇐⇒ x ∈ Dev(Q1 ×Q2) ∧ x 6∈ Dnew(Q1 ×Q2)

This finishes the proof. �

Proof of Theorem 4.7 This proof is by induction on the structure of Q.

Constant relation

lim
b/d→∞

0
1

= 0

Relation reference

lim
b/d→∞

d

b
= 0

Selection

lim
b/d→∞

cinc(Q′, b, d)
cev(Q′, b)

hyp
= 0

Union, intersection, and difference

lim
b/d→∞

cinc(Q1, b, d) + cinc(Q2, b, d)
cev(Q1, b) + cev(Q2, b)

hyp
= 0

Cartesian product

lim
b/d→∞

(cev(Q1, b) + cev(Q2, b))(cinc(Q1, b, d) + cinc(Q2, b, d))
cev(Q1, b)cev(Q2, b)

hyp
= 0

This concludes the proof. �
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