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On the derived category of Grassmannians in
arbitrary characteristic

Ragnar-Olaf Buchweitz, Graham J. Leuschke and Michel Van den Bergh

ABSTRACT

In this paper we consider Grassmannians in arbitrary characteristic. Generalizing
Kapranov’s well-known characteristic-zero results we construct dual exceptional col-
lections on them (which are however not strong) as well as a tilting bundle. We show
that this tilting bundle has a quasi-hereditary endomorphism ring and we identify the
standard, costandard, projective and simple modules of the latter.

1. Introduction

Throughout K is a field of arbitrary characteristic. Let X be a smooth algebraic variety over
K and let D be its bounded derived category of coherent sheaves. An object 7 € D is called a
tilting object if it classically generates D (i.e. the smallest thick subcategory of D containing 7
is D itself) and Home, (7, T[i]) = 0 for ¢ # 0.

If T is a tilting object in D and A = Endp, (7)) then the functor RHome, (7, —) defines an
equivalence D = D’(mod A°). If in addition 7 is a vector bundle then we call T a tilting bundle.

A sequence of objects Fi, Fs, ..., Eg which classically generates D is called an exceptional
sequence if RHomoe, (Ej, E;) = 0 for j > ¢ and RHomo, (E;, E;) = K. An exceptional sequence
is strongly exceptional if in addition Extlfgx(Ei, E;) =0 for all 4,5 and k # 0. Obviously if (E;);
is strongly exceptional then 7 = @, E; is a tilting object in D.

Two exceptional sequences Eq, Eo, ..., Ey and Fy, Fy_q,...,F; are said to be dual if

RHOHI@X (E,L,FJ) = 5@',]' - K.

We now specialize to the the case where X is the Grassmannian G = Grass(l, F') = Grass(l,m)
of [-dimensional subspaces of an m-dimensional K-vector space F. On G we have a tautological
exact sequence of vector bundles

0—R—F'®rk 0z — Q—0 (1.1)

in which @ has rank [ and R has rank m — [. When K is a field of characteristic zero, Kapra-
nov | ] constructs a pair of dual strongly exceptional sequences on G which we now describe.
For a partition a let L* be the associated Schur functor; our conventions are that LV = Sym'V
and L)V = A'V. Further let o be the transpose of o and let |a| = >, a; be its degree.
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THEOREM 1.1 (Kapranov | |). Assume that K has characteristic zero. Let B,,, be the set
of partitions with at most u rows and at most v columns equipped with a total ordering < such
that if |a| < |B| then o < B. Let By, be the same as By, but equipped with the opposite
ordering. Then there are strongly exceptional sequences on G given by

(LaQ)aeBl,m—l and (La/R)CMGEl’m,l N

In particular the vector bundle

K= @ L*Q

a€EB m—1
is a tilting bundle on G. Moreover the exceptional sequences (L% Q)aeB, ,,_, and (La,RHaH)aeE o
are dual.
For K a field of positive characteristic p, Kaneda | ] shows that K remains tilting as

long as p > m — 1. However K fails to be tilting in very small characteristics.

EXAMPLE 1.2. Assume that K has characteristic 2 and put G = Grass(2,4). Then the short
exact sequence

0—AQ—Q®Q—Sym?Q —0 (1.2)

is non-split. This follows for example from Theorem 5.4 below and the fact that the sequence of
GL(2)-representations

0— AV —>VeV—Sym’V —0
is not split, where V = K? is the standard representation. In particular Ext%/)G(Sme Q, /\QQ) =+

0, so that Sym2 Q and /\2Q are not common direct summands of a tilting bundle on G in
characteristic two.

In this note we give a tilting bundle on G which exists in arbitrary characteristic. For a
partition o = [a1, ..., ap] put

A Q=A"Q®¢ - ®c \"Q.
Our first main theorem is the following.

THEOREM 1.3. Define a vector bundle on G by

T= P A"Q. (1.3)

a€By m—i

Then T is a tilting bundle on G.

In characteristic zero we recover Kapranov’s tilting bundle, up to multiplicities, by working
out the tensor products in (1.3) using Pieri’s formula.

The proof of Theorem 1.3 depends on the following vanishing result which we will also use
in [ ].

ProPOSITION 1.4. For a € By ,,—; and 3 an arbitrary partition we have for i > 0
Exth, (A* Q,L°Q) = 0. (1.4)
Furthermore if | 5| < |a| then we have as well Hom@G(/\a/Q, LPQ) = 0.
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In our next result we show that Kapranov’s characteristic-zero result can be partially salvaged
in arbitrary characteristic.

THEOREM 1.5 (see Theorem 7.5 below). There exists a total ordering < on By ,—; such that

(L*Q)achy,,—, and (L*R[al])

aePl,mfl

are dual exceptional collections on G, where El,m,l is By - equipped with the opposite ordering.

We use this result to obtain another proof of Kaneda’s result that K remains tilting in
characteristics p > m — 1 (Corollary 7.7).

The proof of Theorem 1.5 goes through the construction of a nice semi-orthogonal decompo-
sition | ] on D*(coh(G)) which we summarize in the following theorem.

THEOREM 1.6 (see Theorem 5.6 below). There is a semi-orthogonal decomposition
Db(COh(G)) = <D0, N 7Dl(mfl)>

where ford =0, ..., l(m—l), Dy is the derived category of the generalized Schur algebra associated
to the representations whose composition factors have highest weight o« € Bj,,—; such that
lo| = d.

The connection between Theorem 1.3 and 1.5 depends on the theory of quasi-hereditary
algebras [ ]. In this regard we have the following additional result.

THEOREM 1.7. Let T be as in Theorem 1.3 and put A = Endp, (7). Then A is quasi-hereditary.
Furthermore the homogeneous bundles (L“Q)aep, ,,_, correspond to the standard right A-modules

and (LY R[|al]) correspond to the costandard right A-modules.

Q€Bim—1
This theorem is a special case of Theorem 8.3 below in which we also characterize the simple
and projective right A-modules.

The authors wish to thank Vincent Franjou, Catharina Stroppel and Antoine Touzé for help
with references. After this paper was posted to the arXiv, we learned that A. Efimov has obtained
results similar to Theorems 1.6 and 1.7 by different methods.

2. Some preliminaries on representation theory

Throughout we use | | as a convenient reference for facts about algebraic groups. If H C G
is an inclusion of algebraic groups over the ground field K, then the restriction functor from
rational G-modules to rational H-modules has a right adjoint denoted by ind% (| , 1.3.3]).
Its right derived functors are denoted by R’ indfl. For an inclusion of groups K € H C G and
M a rational K-representation there is a spectral sequence | , 1.4.5(c)]

EY9: RPind% RYindi M — RPT4ind§ M . (2.1)

If H C G are group schemes such that G/H is a scheme, and V is a finite-dimensional H-
representation, then Lg (V') is by definition the G-equivariant vector bundle on G/H given by
the sections of (G x V)/H. The functor Lg/p(—) defines an equivalence | , Theorem 2.7]
between the finite-dimensional H-representations and the G-equivariant vector bundles on G/H.
The inverse of this functor is given by taking the fiber in [H] € G/H.
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If G/H is a scheme then R"ind$ may be computed as [ , Prop. 1.5.12]
R"indfj M = H"(G/H, Lg/y(M)). (2.2)

We now assume that G is a split reductive group with a given split maximal torus and Borel
T C B C G. Welet X(T') be the character group of 7" and we identify the elements of X (7") with
the one-dimensional representations of T'. The set of roots (the weights of G on Lie ) is denoted
by R. We have R = R~ [[ R™ where the negative roots R~ represent the roots of Lie B. For
a € R we denote the corresponding coroot in Y (7') = Hom(X(7T),Z) | , I1.1.3] by «”. The
natural pairing between X (T') and Y (7T') is denoted by (—, —). A weight A € X(T') is dominant
if (A, ") > 0 for all positive roots a. The set of dominant weights is denoted by X (7). The set
X(T) is naturally partially ordered by putting A < p if © — A is a sum of positive roots.

The following is the celebrated Kempf vanishing result ([ ], see also [ , 11.4.5]).

THEOREM 2.1. If X € X(T)4 then R'ind§\ = H'(G/B,Lg/p(\)) vanishes for all strictly
positive i. ]

We now restrict to G = GL(m). In this case we let T be the diagonal matrices in G and
B the lower triangular matrices. The weights of T' can be identified with m-tuples of inte-
gers [aq, ..., o] via diag(z1,...,2m) — 271+ 25m. Thus X(T) = Y(T) = Z™. Under this
identification roots and coroots coincide and are given by (0,...,0,4+1,0,...,0,F1,0,...,0).
The pairing between X (7T') and Y (7T') is the standard Euclidean scalar product and hence
X(T)y = {loa,...,am] | a5 = oy fori < j}. A dominant weight with only non-negative en-
tries will be called a partition. Mentally we represent a partition by its Young diagram, with the
length of the rows corresponding to the entries. The sum ) . «; is the degree of the weight o and
is denoted by |a|. We say that a representation has degree d if all its weights have degree d. We
say that a representation is polynomial if all its weights contain only non-negative entries.

If & = [a1,...,0a4p,] is a partition then we denote by L%, K¢ the corresponding Schur and
Weyl functors. More precisely for a vector space (or a vector bundle) V' define for a partition «

ANV =QRAV  Sym*V=Q)Sym*V DV =X D"V

where in particular D*V = (V®%)% is the u'" divided power representation, A"V is the exterior
power, and Sym" V' is the symmetric power.

Then we put with d = |a]:
LV = im (/\a’v 4y ped 5 Gyme V) (2.3)
KoV = im (DO“V 5 ped 9 /\“’V) (2.4)

where a and s are respectively the anti-symmetrization map and the symmetrization map. Their
precise form is obtained from a filling of the Young diagram associated to « (see [ , §8.1]).
The resulting representations K*V, LV are independent of this labeling.

In the sequel we freely pass between the functor point of view and the representation theory

point of view using the following lemma. If A € X (T'), then H(\) def ind$ \ is a so-called induced

representation with highest weight A. Dually one defines the corresponding Weyl representation
as V(A\) = H%(—wo))¥ where wy is the longest element of the Weyl group | , §2.13].
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LEMMA 2.2. Let V' be the standard representation of GL(m) and let o be a partition. Then

LV = H%«a) (2.5)
KV =V(a)
Proof. The identity (2.5) is | , (4.1.10)]*. To prove (2.6) we note that by [ , 11.2.13(2)]

we have V(a) = " H(a), where "M is M" as a vector space and g € G acts on ¢ € MY via
g+ ¢ = pog’ where (—)" denotes transposition. Clearly M s "M is a contravariant monoidal
functor and furthermore one verifies

TSym“V = D"V
TAYV = A\"V.
Applying 7 (=) to the right-hand side of (2.3) yields the right-hand side of (2.4), finishing the

proof. O
According to | , Prop. 11.2.4] L*V has a simple socle which we denote by X%. According
to | , 8I1.2.6] KV has a simple top, which is also equal to 3. (Recall that the socle is the

sum of all simple submodules, while the top of a module M is M/rad M.)

We also state for easy reference the following characteristic-free versions of the Cauchy formula
and the Littlewood-Richardson rule. See | , (2.3.2), (2.3.4)].

THEOREM 2.3 (Boffi | |, Doubilet-Rota-Stein | ). Let V and W be K-vector spaces
and let o and 8 be dominant weights.

(i) There is a natural filtration on Sym'(V ® W) whose associated graded object is a direct
sum with summands tensor products LV @ LYW of Schur functors.

(ii) There is a natural filtration on L®V @ LPV whose associated graded object is a direct
sum of Schur functors LV . The « that appear, and their multiplicities, can be computed
using the usual Littlewood-Richardson rule.

If char K = 0 then the filtrations above degenerate to direct sums.

3. Proofs of Theorem 1.3 and Proposition 1.4

We stick to the notation already introduced in the introduction. We will identify G = Grass(l, F')
with Grass(m — [, FY) via the correspondence (V C F) — ((F/V)¥ C FVY).

For convenience we choose a basis (f;)i=1,..m for F' and a corresponding dual basis (f;"); for

FY. We view G as the homogeneous space G/P with G = GL(F") = GL(m) and P C G the
parabolic subgroup stabilizing the point (W C FY) € G where W = Z;’il_ﬂ K f}. As above let

Note that our L is Lo in | ]
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T and B be respectively the diagonal matrices and the lower triangular matrices in G.

GL(m) FY
aL(l) | 0,
,,,,,,, Lo
i m— 1
po
\m—1 GL(m—1) R,

Let H = G1 xG9 = GL(l) x GL(m—1) C GL(m) be the Levi-subgroup of P containing 7'. We
put B; = BNG; and T; = TNG;. We denote the standard representations of G1 and Gy by V' and
W respectively. Thus for x = [P] € G/P we have V = Q; and W = R,; equivalently Q = L5 (V)
and R = Lg(W). (Throughout we silently view G;-representations as P-representations to apply
Le(—).) Tt follows that A% Q = Lo(AYV) and L8Q = Lg(LoV).

For use in the proof below we fix an additional parabolic P° in G given by the stabilizer of
the flag (3, K f)p=1,..1- We let G° = GL(m — [+ 1) C P° C G = GL(m) be the lower right
(m—141xm—1+ 1)-block in GL(m). We put T° =T N G° and B° = BN G°, i.e. B° is the
set of lower triangular matrices in G° and T° is the set of diagonal matrices.

G° m—1+1

Proof of Proposition 1.4. The usual spectral sequence argument implies that Extzb e ( /\a/ Q,L" Q)
is the it cohomology of Homo, (A" Q, L#Q) = (A Q)" @¢ LPQ, so we must show

H{(G,\"Q" ®¢ - ®¢ N\“" Q" ®g L’Q) =0

foralli>0and uy >+ > upym_y >0, and also for i =0 if > u; > |B].
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Using the identity
U \V l—u l v
(N'Q)' =A"ee (NQ)
and the fact (Theorem 2.3(ii)) that A"™"Q ® LPQ is filtered by subquotients of the form LYQ

with |y| > |B], we can reduce immediately to the case u; = -+ = u,,—; = [, replacing 8 with a
larger partition if necessary. The tautological exact sequence (1.1) allows us to write

\
(/\lQ> _ /\mF ®K /\mflR )
Thus it is enough to prove that for an arbitrary partition ~,
L"Q ®¢ /\m_l'R Qg - V¢ /\m_l'R

(with m —I factors of A™ 'R) has vanishing higher cohomology. Using (2.2) we see that we must
prove that for ¢ > 0 we have

Riind§ (mv AW /\m_lW) —0, (3.1)

where as above V', W are the standard representations of Gy, Go. Since V has rank [, we may
assume that v has at most [ entries. Put ¥ = [y1,...,v,m —1,...,m — 1] € X(T). We have

VoA "W @ A"'W = ind§) L'V @ indG2 L0 W
= indb7.
It is clear that 7 is dominant when viewed as a weight for T' considered as a maximal torus in
H = G1 x G4 with respect to the Borel subgroup By x Bs. So Kempf vanishing implies that
Riindf7 = R'ind% 525 = 0 for all i > 0.

Thus the spectral sequence (2.1) degenerates and we obtain
R'ind$ (L'YV INWe---® /\m—lw> = R'ind% 7. (3.2)

Thus if 7 is dominant (i.e. 7; = m —1) then the desired vanishing (3.1) follows by invoking Kempf
vanishing again.

Assume then that 7% is not dominant, i.e. 0 < v; < m — [. We claim that R’ indgo 7 = 0 for
all i. Then by the spectral sequence (2.1) applied to B € P° C G we obtain that R*ind%5 = 0
for all 7.

To prove the claim we note that P°/B 2 G°/B° and hence by (2.2) R*ind5” 7 = R?ind%. (7 |
T°). In other words we have reduced ourselves to the case | = 1 (replacing m by m — 1+ 1).

So now we assume | = 1. Thus G = P(F) =2 P!, which we write as P for short. The partition
v consists of a single entry 7, and we have ¥ = [y;,m — 1,...,m — 1]. Under the assumption
y1 < m — 1 we have to prove R’ ind%ﬁ = 0 for all i. Applying (3.2) in reverse this means we

have to prove that
dm—1

Q%M Rp (/\m‘lR>
has vanishing cohomology on P.
We now observe Q = Op(1) and since
R = ker(Op' — Op(1))
we also have

A"IR = Op(—1)
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so that
Q%M @p N TIREM L = Op(—m +1+71).
It is standard that this line bundle has vanishing cohomology when 0 < v; < m — 1, so we are
done.
For the last statement of the Proposition, observe that in the above argument if |3| < |«]

then we are always in the case where 7 is not dominant, and thus the vanishing holds also when
1 =0. O

Proof of Theorem 1.3. The main thing to prove is that Extf% (T,7T)=0for i # 0. Applying the
characteristic-free Littlewood-Richardson rule Theorem 2.3(ii), we see that it suffices to prove
that 7Y ®g LY Q has vanishing higher cohomology whenever + is a partition with at most [ rows.
This is the content of Proposition 1.4.

Kapranov’s resolution of the diagonal argument together with the characteristic-free version
of Cauchy’s formula (Theorem 2.3(i)) still implies that the vector bundle K in Theorem 1.1
classically generates D’(coh(G)). See, for example, | ]. Thus it suffices to show that L*Q
for o € By, is in the thick subcategory C generated by 7. Inductively, we may assume that o
is such that L?Q is in C for all 3 less than « in the lexicographic ordering on partitions.

Consider U = /\allQ R - Q¢ /\aEQ. Then Pieri’s formula, which is a special case of the
Littlewood-Richardson rule, yields a filtration of I with successive quotients L?Q such that
6 < « and such that L*Q appears with multiplicity one. Furthermore U has a good filtration
[ , §11.4.16], one in which the L?Q appearing as quotients are in decreasing order for the
lexicographic ordering on partitions, that is, the largest 5 appear on top | , I1.4.16, Remark
(4)]. Hence U maps surjectively to L*Q and the kernel is an extension of various L°Q with 3
strictly smaller than « in the lexicographic ordering. By the hypothesis all such L?Q are in C.
Since U is in C as well we obtain that L*Q is in C. O

REMARK 3.1. By | , Lemma (3.4)] the indecomposable summands of /\a/V are precisely

the tilting representations for GL(V'), so we can obtain the following more economical tilting
bundle for G

= P Lo,
a€By i
where M® is the tilting GL(I)-representation with highest weight « | , E.3]. Note however
that the character of M strongly depends on the characteristic. Hence so does the nature of 7°.

For use below we need the following complement to Proposition 1.4.
PROPOSITION 3.2. For every partition o and every polynomial G1-representation U of degree
< |a| we have
RHomo, (\* Q, Ls(U)) =0. (3.3)
Proof. 1t suffices to prove the claimed vanishing for U simple of degree less than |«|, so for

U = ¥# with B a partition such that |3| < |a|. We do this by induction on 3. Since ¥” is the
socle of L Q we have by | , Prop. 6.15] a short exact sequence

0—Y 1V — 85 —0

where S is obtained lthrough extensions involving only X7 with v < . By induction we may
assume RHome, (A @, Ls(S)) = 0. Then (3.3) for U = % follows from the final statement of
Proposition 1.4. O
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4. Reminder on semi-orthogonal decompositions

We recapitulate some facts concerning semi-orthogonal decompositions that we need later. No
originality is intended.

If S is a triangulated category and S is a set of objects then we denote by (S) the smallest
triangulated subcategory of S that contains S and is closed under isomorphisms. If & = (5)
then we say that S generates S as a triangulated category. (This is stronger than “classically”
generating S as in the Introduction.)

DEFINITION 4.1. A semi-orthogonal decomposition of a triangulated category S is a sequence
of full subcategories A1,..., A, C S generating S as a triangulated category and such that
Homgs(A;j, A;) = 0 for j > i. We denote such a semi-orthogonal decomposition by (Aj1,..., Ay).
Sometimes we write S = (A1, ..., Ap).

If X is an object in a triangulated category then a filtration F' of length n on X is a sequence
of maps

0=FRX —F 43X — - —X=X.

We write (grp X); = cone(F; 11X — F;X). The following well-known lemma shows that Defi-
nition 4.1 is equivalent to the seemingly stronger one in | , Def. 2.3].

LEMMA 4.2. Let (Ay,...,A,) be a semi-orthogonal decomposition of S. Then every object X in
S has a filtration F of length n such that (grp X); € Aj41.

Proof. By induction it is sufficient to prove this for n = 2. In that case the result is | )
Lemma 3.1]. O

In order to work conveniently with semi-orthogonal decompositions one needs a property
called “admissibility” | ]. If A is a full triangulated subcategory of a triangulated category
S then A is (left, right) admissible if the inclusion functor A — S has a (left, right) adjoint,
or equivalently if there exist semi-orthogonal decompositions (A, A’") resp. (A", A). If A is both
left and right admissible then it is said to be admissible.

A saturated triangulated category is a K-linear triangulated category A such that for all
A, B € A we have ), dim Homf4(A, B) < oo and such that every co- or contravariant cohomo-
logical functor H': A — mod(K) satisfying >, dim H(A) < oo is representable. The derived
category of coherent sheaves on a smooth proper algebraic variety is a particular example of a
saturated triangulated category [ , .

If A is a saturated full triangulated subcategory of a K-linear triangulated category S then
A is admissible | , Prop 2.6]. Furthermore if S is a saturated triangulated category then
every left /right admissible subcategory is automatically admissible (and hence saturated). This
follows by combining [ , Prop. 2.6] and | , Prop. 2.8]. From this we deduce that if we
have a semi-orthogonal decomposition S = (Ay,...,Ay) of a saturated S then all the “slices”
(Ai, ..., A;) are admissible and saturated.

In particular if we put S¢; = (Ay,...,.A;) then this yields a filtration S¢; C -+ C S,y = S
by admissible subcategories. Let B; be the right orthogonal of S¢;—1 in S¢;. Then we have
semi-orthogonal decompositions S¢; = (B;,S<;i—1). Iterating we obtain a semi-orthogonal de-
composition

S =(Bn,Bn-1,...,B1)
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such that
(Ap, ..., A)) = (Bi,....,B1) .
This is called the semi-orthogonal decomposition (right) dual to S = (A4y,...,.4,). Note that
[ » (4)]
B; =S<;NS%i_y

= (Aig1, - AN (AL AT

= (A1, A, A, AT
In particular for ¢ £ j

Hom(A;,Bj) =0. (4.1)

The following is also well-known | ].
LEMMA 4.3. Assume S is saturated. Let +; be the composition of the canonical functors
it A — S¢; — Sgi/Sgl;l =B;.
Then ~; is an equivalence of categories. Furthermore we have for A € A;, B € B;
Homg (A, B) = Homg, (7i(A), B) = Homg(vi(A), B) .
Proof. We have semi-orthogonal decompositions
S<i = (S<i-1,Ai) = (Bi, S<i1) -

The fact that ~; is an equivalence follows from | , Lemma 1.9].

Let 5: A; — S<; and 1: B; — S¢; be the inclusion functors and let +* be the left adjoint to
1. Then v; = 1* 0 3. We have

Homgs (A, B) = Homs_,(94,:B)
= Homgs_, (+"74, B)
= Homgp, (7i(A), B).
The equality Hompg, (7i(A), B) = Homs(7;(A), B) is just that B; is a full subcategory of S. [

5. Semi-orthogonal decompositions for Grassmannians

In this section we write D for the bounded derived category of coherent sheaves on G. This is in
particular a saturated category (see §4). We will construct a semi-orthogonal decomposition of
D.

We start by observing that the proof of Theorem 1.3 actually shows

LEMMA 5.1. D is generated as a triangulated category by ( /\O‘, Q)aeB,,,_, (instead of just clas-
sically generated, see §4). O

A set S of dominant weights is saturated if whenever o € S and § < « is dominant we have
B € S. (Here and below “<” is the standard ordering on weights; see §2.) The set Bj,,—; is
an example of a saturated set for GL(l). For d > 0 let C4 be the category of finite-dimensional
G1 = GL(I)-representations whose composition factors have highest weights « satisfying |o| = d
and « € By ;. Thus Cq is a truncated category in the sense of | , Ch. A] associated to

10
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a saturated set of dominant weights. In particular Cy is the category of finite modules over a
certain finite-dimensional algebra, called a generalized Schur algebra | , §A.16].

We collect some elementary facts about the derived category of Cg.

LEMMA 5.2. Let Rep(G1) be the category of rational Gi-representations and for each d let
ng(Rep(G 1)) be the bounded derived category of complexes of representations having cohomol-
ogy in Cq. The canonical functor

D*(Cq) — D, (Rep(Gh))
is an equivalence of categories.

Proof. That the functor is fully faithful follows from the fact that the Yoneda Ext’s in Cy4 are the

same as those in the ambient category Rep(G1) (see | , Prop. A.10]). Essential surjectivity
follows from fully faithfulness and the fact that the essential image contains the generating
subcategory Cq. O

In the sequel we will simply confuse D%(Cy) and ng (Rep(G1)).

LEMMA 5.3. The triangulated category DP(C4) is generated by the representations /\O‘IV for
a € By, |a| = d, where as usual V' is the standard representation of Gj.

Proof. This is of course well-known but for the convenience of the reader we give the proof. Let
A be the full subcategory of D%(Cy) generated by (/\O‘IV)aeBlym%M:d. It is sufficient to prove
that A contains the simples X% for o € By, || = d.

By reasoning similar to the proof of Theorem 1.3 we see that A contains KV for o € By,
with |a| = d. By | , 11.2.13] K*V has simple top £% and by the dual version of | ,
I11.6.13] the other Jordan-Holder quotients of K*V are of the form X7 with |y| = |a| = d and
v < a. Thus 7 € Cy4. By induction we may assume that such 37 € A. Hence it follows that
e A O

We define a functor
®q: D°(Cy) — D

by ®4(U) = L (U) for U € D(Cy), where we view U as a complex of P-representations in the
obvious way.

THEOREM 5.4. The functor ®4 is fully faithful.

Proof. By Lemma 5.3 it is sufficient to prove that for o, 8 € Bj,,—; with || = || = d the
canonical map

RHomg, (A" V. \”'V) — RHomo, (A" Q, A" Q) (5.1)
is an isomorphism (where we have used that Lg(V) = Q). Now /\O‘,V and N\° 'V are tilting
representations | , Lemma (3.4)] and so on the left-hand side of (5.1) there are no higher

Ext’s. Likewise on the right-hand side there are no higher Ext’s because of Proposition 1.4.

So we only have to show that the map
Homg, (A*V, V) — Homo, (A" Q, \” Q)

is an isomorphism. It is certainly injective: take the fiber of the right-hand side in [P] € G/P
to get Homg (A“V, /\B V), and the composition is injective. Thus we need only compute the

11
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K-dimensions of each side. Since the Euler characteristic is independent of base field’and the
higher Ext’s vanish, it suffices to do this in characteristic zero.

Thus we assume that K has characteristic zero. Then we may decompose /\O‘,V, /\6 'V as
sums of simple modules LYV, L°V. Thus it is sufficient to prove that

Homgy,y(L*V, L°V) — Homo, (L*Q, L° Q)
is an isomorphism. Or in other words, since in characteristic zero the L*V are simple,
Home, (L*Q,L°Q) = 6,5 K .
This follows from the Littlewood-Richardson rule, combined with Bott’s theorem (see e.g. | ,

§3.2, §3.3)). O

Now let Dy be the essential image of D?(C;) under ®,4, i.e. the closure of that image under
isomorphisms. From Lemma 5.3 we obtain:

COROLLARY 5.5. Dy is generated by /\O‘,Q for a € By, o = d. d
We have:

THEOREM 5.6. The triangulated category D has a semi-orthogonal decomposition
D =(Dy, ..., Digmy)) - (5.2)
Furthermore Dy is generated by L“Q for o € By ,,,—; with |o| = d.

Proof. By Lemma 5.1, D is generated by /\o‘/ Q for a € By ;. It follows from Corollary 5.5 that
D is generated by (Dg)q and that Dy is generated by those /\a/Q with |a| = d.
To complete the proof that (5.2) is a semi-orthogonal decomposition we need that Hom(Dy, D) =

0 for d > e, or equivalently that RHomD(/\O‘/Q, /\ﬁ/ Q) =0 for || = d, || = e. This follows from
Proposition 3.2. 0

The theorems we have stated have dual versions where Q is replaced by R and B;,,—; by
By,—11. We prove these by passing to the dual Grassmannian Grass(m — [, F).

LEMMA 5.7. The vector bundle
T= P A"R (5.3)
a€B,, 1
is a tilting bundle on G.
Proof. Using the duality RHomo,(—,Og) on D it is sufficient to show that 7'V is a tilting
bundle. Now 7" is equal to . Bon_1 /\a/ (RY) and we see that the latter is a tilting bundle by
passing to the dual Grassmannian (which replaces RY by Q) and invoking Theorem 1.3. O

For d > 0 let C/, be the category of finite-dimensional Gy = GL(m — [)-representations whose
composition factors have highest weights « satisfying || = d and a € B,,_;;. We have the
following analogue of Theorem 5.4, where

®): Db(C)) — D
is defined again by U — Lg(U)

2This follows from the standard fact (see for example [ , 3.8]) that Euler characteristics are constant in
families. To deduce characteristic independence one must use that everything in our setup can be defined over a
commutative ring, and in particular over a discrete valuation ring of unequal characteristic.

12
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THEOREM 5.8. The functor @, is fully faithful.

Proof. This follows by dualizing the proof of Theorem 5.4. O
Below we let D) be the essential image of D°(C/;) under ®/,. We obtain the following analogue

of Corollary 5.5.

LEMMA 5.9. D/, is generated by AYR for o € Bp—1y, la| = d. O

THEOREM 5.10. The triangulated category D has a semi-orthogonal decomposition

(Dl Dh) -

Furthermore D), is generated by K*R for o € By,_;; with |a| = d.

Proof. This follows by dualizing the proof of Theorem 5.6. O
REMARK 5.11. Let rep,.(G;) be the category of finite-dimensional G;-representations of degree
e. Then L (U) for U € rep,(G;) with e < d is contained in (D.)e<q if i =1 and (D,)e<q if i = 2.

Note that we do not assume that the dominant weights of U are in By ,,—; or By,—;;. To prove
this for ¢ = 1 we have to show that Hom(Dy, Lg(U)) = 0 for f > d. Given that Dy is generated

by /\O‘IQ for o € By - and || = f this follows from Proposition 3.2. The argument for ¢ = 2
is dual.

The following result finishes this section.

THEOREM 5.12. The semi-orthogonal decompositions
D= (Dy,...,Dim_yy) and D= <D;(m7,), . ,D6>

are dual to each other. Furthermore the induced equivalence vq: Dy — D!, defined in Lemma 4.3
sends L*Q to K R[d] for a € By, with |a| = d.

Proof. To prove that the semi-orthogonal decompositions are dual, according to §4 we have to
show that

ng = lgd )
where we set Deg = (Do, ..., Dg) and DL, = (D, ..., D). We prove the inclusion Dy C DL,
The opposite inclusion is similar.

From Theorem 5.6 we obtain that D¢y is generated by L*Q for |a| < d. Thus we have to
show that for such o we have L®Q € D’g 4

According to | , Ch 2, Ex. 21] we have a resolution for L*Q given by the Schur complex
LY(R — FY® Og)
and furthermore by | , Thm. (2.4.10)(b)] L“(R — FY ® Og) has a filtration such that
g L*(R—F'®0g)i= @ K 'ReLV(F). (5.4)
lv|=tvCa

By Remark 5.11 all KY'R are in Dlgd' Hence so is L*Q.
Assume now |a| = d. In that case (5.4) shows that

LQ = K¥Rlja]] modD.,_,.

If in addition o € By ,,—; then Lemma 5.9 implies K a/RHaH € D), from which we conclude that
v4(LYQ) = K* R]|a]]. O

13
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6. Some more comments on representation theory

If we combine Theorems 5.4, 5.8, and 5.12 we obtain an equivalence of categories g4 def (@&_1 o
Y40 ®4)[—d] between D®(C;) and DP(C/;). The existence of such an equivalence is well-known (see
e.g. | , Cor (3.9)] for a similar result) but the standard construction uses the representation
theory of the symmetric group.

Below we list some properties of the equivalence, which we will use in §8. For a a partition
let M“ be the indecomposable tilting G1-representation with highest weight «. Similarly for
B € Bp_1,; let ¥'P be the simple Ga-representation with highest weight 4 and let P'® be the
projective cover of 3’4 in C/.

Since M has highest weight o and since Bj,,—; is a saturated set of partitions, all the
dominant weights of M® are in By ,,—;, whence M € Cq4 by | , Lemma E.3].

PROPOSITION 6.1. We have for a € By ,,—; with |a] =d
54(LYV) = KW (6.1)
54(M®) = P (6.2)
Proof. Statement (6.1) follows from Theorem 5.12. To prove (6.2) we first note that by suit-
ably filtering M and invoking (6.1) we obtain that é4(M®) € C). Furthermore since g4 is an
equivalence for ¢ > 0 and 8 € By, with |5| = d we have
Extl, (54(M®), K W) = Extl, (54(M®),04(L°V)) = Exth (M®LPV) = 0. (6.3)
We now claim that we have for ¢ > 0
Extl, (62(M*),2%) = 0. (6.4)
We prove this by induction. As before we have a short exact sequence
0—U—K'W—%" 0

where U is obtained through extensions involving only X7 with v < . By induction we may
assume EthCQ((Sd(Ma),U) = 0. Then (6.4) follows from (6.3). We conclude that d§4;(M®) is
projective. Since M® is indecomposable, the same is true for §;(M“). Hence 64(M®) is equal to
some P". To prove that §4(M*) = P’ o' it is sufficient to construct a surjective map

5a(M®) — KW
since KW has simple top .
By | , §E.4] we have a short exact sequence
0—H-—M*— LV —0

where H is an extension of LYW with v < «a. After applying d; this becomes a distinguished
triangle

Sq(H) — 6q(M®) — KW —

with 64(H), 34(M®) € C). The long exact sequence for cohomology shows that §4(M®) — KW
is indeed surjective. ]

14
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7. Exceptional sequences on Grassmannians

PROPOSITION 7.1. Assume «, 3 € By, with |a| = |3|. If
RHomp, (L*Q, LPQ) # 0 (7.1)
then o > 3. Furthermore we also have
RHomp, (L*Q,L*Q) = K.

Proof. We have L*Q = ®4(L*V), LPQ = ®4(LAV). So to prove the first claim, by Theorem 5.8
we must show that

RHomg, (L°V,LPV) # 0

implies o > B. Since LV, LPV are induced representations it suffices to invoke | , Prop.
11.6.20].
By | , Prop. 11.2.8] we have Homg, (L*V, L*V) = K. Hence to prove the second claim

we have to show
Exty (L*V,LYV) =

for i > 0. This follows from | , Prop. 11.6.20]. O
PROPOSITION 7.2. Assume «, 3 € By,—1, |a| = |B|. Then
RHomo, (L*R, LPR) # 0 (7.2)

implies > . Furthermore we also have
RHomo, (L*R,L“R) = K .
Proof. This is proved in exactly the same way as Proposition 7.1. O
COROLLARY 7.3. The subcollections
(LD)aeny i, laj=a  ad  (L"R)aep, . jaj=d
form exceptional collections in Dy. ]
PROPOSITION 7.4. For o, 3 € By,—y, |a| = || we have
RHomp, (KR, L°R) = 645 K .
Proof. Put d = |a| = |B|. We have KR = &/,(K*W), L°R = ®,(L°W). So by Theorem 5.8 we

must show
RHomg, (KW, L°PW) = 0,5 - K .

As KW is a Weyl representation and LPW is an induced representation, it suffices to invoke
[ , 11.4.13]. O

Now we make By ,,,_; into a totally ordered set by equipping it with an arbitrary total ordering
< such that if |a| < |B| then a < § and if |a| = || and a > § in the standard partial order on
partitions, then o < 8. We write By ,,_; for By ,,—;, equipped with the opposite ordering.

The following is the main result of this section.

THEOREM 7.5. The collections (L®Q)aep,,, , and (LB/RHBH)BGE __, form dual exceptional
collections in D. In other words for o, 3 € By,,—; we have

RHome, (L*Q, LP R[|B]]) = 6aps - K . (7.3)
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Proof. The fact that (LYQ)qc By 18 an exceptional sequence follows from Theorem 5.6 and
Proposition 7.1. Similarly the fact that (L5'R[|5]]) 5¢B,,,., is an exceptional collection follows

from Theorem 5.10 and Proposition 7.2. So it remains to prove the duality property (7.3). By
Theorem 5.12 combined with (4.1) we may assume that |a| = |3|. We compute for all i € Z

Exti, (L*Q, L7 R[|8]]) = Extip,, (74 (L* Q), L” R[|]))
= Exti, (K R[|al], L7 R[|5]])

= 0a,8 - 0i0 - K,
using, respectively, Lemma 4.3, Theorem 5.12, and Proposition 7.4. 0
To conclude this section we use the “linkage principle” | , Cor. I1.6.17] to recover the

result of Kaneda, mentioned in the Introduction, that Kapranov’s tilting bundle K remains tilting
in large characteristic.

LEMMA 7.6. Assume that K has characteristic p with p > m — 1. Let o € By y,—;. Then /\O‘,Q is
a direct sum of L?Q with || = |a| and furthermore there are no homomorphisms between the
summands of \“ Q.

Proof. Set d = |a|. Using Theorem 5.4 it is enough to prove the following claim: C4 is a semi-
simple category with simple objects given by LAV for 8 € By ym—; with |3] = d. Indeed if this
claim holds then /\a/V is a direct sum of the simple objects L2V (which thus have no Hom’s
among them) and it suffices to apply the fully faithful functor ®(—)4 to obtain the corresponding
result for A* Q.

The claim follows directly from the linkage principle [ , Cor. I11.6.17] which we state in
the case of interest to us. If v, § are dominant weights for G; and Ext}%(E'y, %) # 0 then 7, &
are in the same orbit for the affine Weyl group.

A fundamental domain® C for the affine Weyl group ([ , I1.6.1(6)]) is given by the set
of z = [x1,...,1] satisfying (z + p,a) < p for all positive roots a, where p = [I[,1 —1,...,1];
equivalently

O<zi—i—w;+j<p

for j > 4. The first inequality is automatically satisfied for a dominant weight. For the second
inequality we note that if v = [y1,...,v] € Bjm—; then

Yi— v <Sm—l
and

—i4+j<l-1.
Thus

Yi—i—v+i<m—-Il+l-1=m-1<p.

In other words Bj,,—; C C and thus no two elements of By yp—1 are in the same orbit for the
affine Weyl group. The claim follows. O

The fact that B,cp, /\a/ @ is a tilting object, together with Theorem 5.6 and the previous
lemma, yields immediately the following.

3 A fundamental domain is a complete irredundant set of orbit representatives | , IV.3.3].
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COROLLARY 7.7 (Kaneda | |). The Kapranov strong exceptional collection (L*Q)aeB, ,,_,
remains strong exceptional as long as p > m — 1. In particular K = @ By, L*Q remains
tilting for such p. 7

8. Relation with quasi-hereditary algebras

We quickly remind the reader of the module-theoretic description of quasi-hereditary algebras
a la Dlab-Ringel [ ]; see also for example [ , ]. Let A be a finite-dimensional K-
algebra and let (S(\))xea be a complete set of the simples, with projective covers P(\) — S())
and injective hulls S(A)—=Q(M).

Fix a total ordering < on A. Define the standard module A(\) to be the largest quotient of
P(\) having composition factors of the form S(u) with p < A. Equivalently | , Lemma 1.1]
A()) is the quotient of P(A) by the maximal submodule generated by any direct sum of the
form €, , P(u). Similarly the costandard module V() is the largest submodule of Q(A) having
composition factors S(u) with g < A. In particular S(X) is the top of A(\) and the socle of V(A).
Set A = (A(N))xrea and V = (V(A))aea-

We assume that each A()\) (equivalently each V())) is Schurian, i.e. the endomorphism ring
is a division ring.

For an arbitrary collection © of A-modules, denote by F(©) the class of ©-filtered modules,
that is, A-modules M having a filtration M = Mg > My D --- D My = 0 with successive
quotients M;/M;_1 in the collection ©.

DEFINITION 8.1 ([ , Theorem 1]; see also | , , ). The algebra A (with the
fixed order <) is called quasi-hereditary if the following equivalent conditions hold:

(i) AA € f(A)-

(i) F(A) = {X | Exth(X,V(\) = 0};
(i) F(8) = {X | Bxt(X, VO0) =0 for all i > 1}
(iv) EX‘LA(A V) =0.

For a quasi-hereditary algebra, the standard and costandard modules determine each other
in D?(A) (the bounded derived category with finite cohomology) by

RHoma(A(N),V(p) =0y, K. (8.1)

For the proof of Theorem 8.3 below we also remind the reader of the notion of “standardiza-
tion” | , 83], see also the “universal extensions” of | ], in the special case of interest. An
indexed collection © = (O(\))aea of objects in a K-linear abelian category C is standardizable
provided

(i) Home(O()), O(x)) and Ext:(©(\) O(u)) are finite-dimensional for all A, y, and
(ii) the quiver with vertex set A and an arrow A\ — p if either there is a non-trivial non-
isomorphism ©(\) — O(u) or Ext:(O(N), ©(x)) # 0 has no oriented cycles.
In particular note that if © is an exceptional collection then © is standardizable.

The next result is essentially contained in the proof of | , Theorem 2] for modules over a
finite-dimensional algebra; see also | , Theorem 5.1] for a statement in the geometric context.
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THEOREM 8.2. Let © = (©(\))xea be a standardizable collection in an abelian category C. Then
there exists a projective generator P € F(O) such that A" = End¢(P) is quasi-hereditary with
standard modules Home (P, O())).

As in the introduction put
T= P A2
a€By i

and A = Endo, (7). Denote by A° the opposite algebra. For a € By ,,—; consider the following
complexes of right A-modules:

A(a) = RHomp, (T, L*Q) (8.2)
V() = RHomo, (T, L% R[|e]) (8.3)
P(a) = RHomgp, (T, ﬁ@(Ma)) (8.4)
S(a) = RHomo, (T, L& (=')||a]) (8.5)

where as before M is the indecomposable tilting GL({)-representation with highest weight «.

THEOREM 8.3. The complexes A(«a), V(a), P(a), S(«) are concentrated in degree zero, and
the S(«) are the simple right A-modules with the P(«) their projective covers.

As in §7, let < be an arbitrary total ordering on By ,,—; such that if |a| < |B|, or if |o| = |p]
and « > [ in the natural partial order on partitions, then o < (8. Then A is quasi-hereditary
with respect to this ordering. The standard and costandard modules having S(«) respectively as
top and socle are A(a) and V(«).

Proof. Set © = (L*Q)aen,,,_,- Then © is an exceptional collection by Theorem 7.5, so in par-
ticular is standardizable. Let P € F(O) be the projective generator guaranteed by Theorem 8.2,
so that A’ = Ende, (P) is quasi-hereditary with standard modules Homp,, (P, L*Q).

On the other hand Proposition 1.4 implies that 7 is a projective generator for F(0O) as well.
This easily yields that A and A" are Morita equivalent and that the objects Homp, (7, L*Q) are
the standard objects. By Proposition 1.4 we may replace Hom by RHom.

Since the costandard modules V() are characterized by RHom o (A(a), V(B)) = dup - K,
we deduce from (7.3) that they are indeed given by the formula (8.3).

By [ , Lemma (3.4)] the indecomposable summands of /\O‘IV are precisely the tilting
representations M?, and M® occurs as a direct summand with multiplicity one in A V. It
follows that the P(«a) are indeed the indecomposable projectives.

To show that the S(«) are the corresponding simple A-modules we have to prove
RHom 40 (P(x), S(8)) = 0a,p - K .
We compute
RHomyo (P(a), §(8)) = RHomoy, (Lo(M®), Lo(S")[|])).

It follows from Theorem 5.10 combined with (4.1) that if |«| # || then there is nothing to prove.
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So assume |a| = || = d. Then we have
RHomo, (Lo (M*), L(2)[18]]) = RHomoy (va(®a(M*)), 2(")[|8]))
= RHomg, (64(M®), 2"
= RHomg, (P, 2'%)
—60p K,
where the first equality is Lemma 4.3 and the third is Proposition 6.1; in the second, d4 is as

introduced in §6.

It remains to prove that S(«) is the top of A(a) and the socle of V(«). Since for quasi-
hereditary algebras the top of A(«) coincides with the socle of V(«) it is sufficient to prove only
the first of these statements. There is a surjective map M — L*V whose kernel is an extension
of LAV with 8 < a | , $E.4]. Apply Homp (T, Lg(—)) to obtain a map P(a) — A(w),
which is surjective by Proposition 1.4. This finishes the proof. O

ExaMPLE 8.4. We compute the quiver and relations of the quasi-hereditary algebra A in the
first non-trivial example, (m,[) = (4,2). We live inside the 2 X 2 box Bs 2, so the vertices of the
quiver, equivalently the summands of the tilting bundle 7, are labeled

2
0, 0, \2Q, 02 Q, \?Q® Q, (/\ZQ)® .

The quiver has the following form.

A’Q

0->50 p||o A2Q® Q-2 (A2@)®2
x /
353

The labels stand for natural maps between these bundles, some of which depend on a global
section A € FV:

e p: QRQ — /\2Q the natural surjection and a: /\2Q — Q ® Q the anti-symmetrization;
e 5): O — Q with 1+ X;
e 0\: 9 —> 09RO withr— ARz,
e 5: 0090 —AQ®Qwithz®y— AAy®x; and
®2
° t>\:/\2Q®Q—></\2Q) withz AyQz—> Ay AAz.

These maps generate all the arrows in the quiver. For example, the obvious complementary map
ay: Q — Q® Q defined by o\ () = x ® A can be obtained as a)(1 — ap). The relations are

most compactly written in terms of the pseudo-idempotent e def ap satisfying e = 2e, and the
“swap” 1 — e which sends x ® y to y ® x. We have

e pa = 2Id/\zQ;
o (1 —e)ars, = ausy;

o O\(1—e)ay = Bray — Buan;
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° t)\ﬁ“(l — 6) = t“ﬁ)\ .

We observe that in this picture, each vertical “slice” is equivalent to the derived category of
a generalized Schur algebra. For example, in the middle we recognize the quiver for the Schur
algebra S(2,2) in characteristic 2 | , 3.1.1, 5.4].

In characteristic different from 2, the idempotent %e gives Q ® Q = /\2Q @ Sym? Q, and the
algebra becomes Morita-equivalent to the path algebra of the equivariant quiver

DQF\/ - %AQQ__ - DQFV
// y X \\\
/ N
/ 2
PV FV@FY 9 v 5 \®
00t - T8 SN R )
\ /)
AN
N FVv FY g
N ~
N FT S S Sym2 Qo — = pi g

with relations
e 0 — /\2Q given by D*FV;
e O — Sym? Q given by /\2FV;
e O — /\2Q® Q given by FV ® FY;
®2
e N?’Q— (/\2Q> given by D?FY; and
2 2,\%% . 2
e Sym*Q — (/\ Q) given by A“FV.

Most of these are straightforward to verify. The relations across the central diamond, however,
are not the obvious commutativity ones | , ]. To compute those relations, give names
to the maps:

with

e ax(z) =
(

ax A )-x/\y@)\

=

[ ]

e c)\(x) = Az; and

o dy(zy) =ANzQRyU+ ANy .
Then we find, for A\, u € F,

ducy = 2bya, — byay .
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It follows that the defining relations are

d)\CM + duCA = b)\au -+ bua)\
dycy — dye, = 3(bray, — buay) .
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