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Samenvatting

De hoofdzaak van deze thesis is het karakterizeren van Brauer groepen van gevlochten

fusie categorieén, door gebruik te maken van technieken van zwakke Hopf algebras.

Zij (H, R) een quasi-triangulaire zwakke Hopf algebra. Ten eerste tonen we aan dat
het vol centrum van het eenheidsobject (zoals in [26]) isomorf is met een centralizer
deelalgebra van H. We bewijzen dat dit vol centrum is uitgerust met de structuur van
een gevlochten Hopf algebra. Ten tweede gaan we deze gevlochten Hopf algebra pH
gebruiken om aan te tonen dat de categorie van Yetter-Drinfeld modulen equivalent is
met de categorie van linkse zH-comodulen in de categorie (als gevlochten monoidale
categorieén). Ten derde, zij A een gevlochten bi-Galois objecten over pH, de functor
A[— is een gevlochten auto-equivalentie van de categorie van Yetter-Drinfeld mod-
ulen als en slechts als A quantum commutatief is. Ten slotte definiéren we de groep

bestaande uit quantum commutatieve Galois objecten.

7ij H een eindig dimensionale coquasi-triangulaire zwakke Hopf algebra over een
veld k, we beschrijven een verband tussen de Brauer groep en de groep van quantum
commutatieve Galois objecten aan de hand van een rij van groepen. Dit veralgemeent
de exact 1ij in [88] voor zwakke Hopf algebras. Indien k een algebraisch gesloten veld
is van karakteristiek nul en indien H cosemi-eenvoudige en co-aangesloten is, bekomen
we een isomorfisme tussen de Brauer groep Br(.#') en de groep van quantum com-
mutatieve Galois objecten. Als toepassing verkrijgen we dat, voor een gevlochten
fusie categorie €, de Brauer groep Br(%) isomorf is met de groep van quantum
commutatieve Galois objecten over een zekere gevlochten Hopf algebra. Als voor-
beeld bestuderen we de Brauer groep van alle modulaire categorieén verkregen uit
SU(N)-SOS modellen.

Daarenboven gaan we na dat voor een zwakke Hopf algebra H, de verzameling van



isomorfisme klassen van H-bi-Galois objecten een groep vormt, met als bewerking het

cotensor product. Dit veralgemeent het werk van Schauenburg in [66].
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Introduction

In [83] F. Van Oystaeyen and Y. H. Zhang defined and studied the Brauer group
Br(%) of a braided monoidal category ¢, which unifies the Brauer group of a Hopf
algebra in [I8|, [19], the Brauer-Long group in [45] [46] and other known Brauer groups
of structured algebras.

When % is a braided fusion category, the Brauer group Br(%) plays a vital role
in the core (an important invariant of ¢ ) studied in [30], and in the conjecture of
V.G Drinfeld, which states that the pair (Br(%), Aut’" (¢)) forms a crossed module.
In [28] A. Davydov and D. Nikshych proved this conjecture by applying the Picard
crossed module of a braided fusion category % defined in [31]. They interpret the
group in terms of braided autoequivalences of the Drinfeld center 2 (%) of . What
they used as a key point in the proof is an isomorphism between the Brauer group
of € defined in [83] and the subgroup Aut’" (2 (€),%) consisting of isomorphisms
classes of braided autoequivalences of Z(%) trivializable on %', see Theorem 4.2
in [28]. Thus determining the Picard crossed module and the Brauer group of a
braided fusion category % can be converted to computing or characterizing the group
Aut’™(Z(€),%). This thesis is to investigate this group via braided bi-Galois objects.

The group of bi-Galois objects plays an important role in the study of Brauer
groups, see [3, 21],22] 24] [79] 84]. For example, if H is a finite dimensional Hopf algebra

which is commutative and cocommutative, K. H. Ulbrich gave an exact sequence :
1— Br(k) — BD(0,H*) — D(0,H"),

where 6 is a Hopf map from H to H* and the group D(0, H*) consists of isomorphism
classes of certain H*-Galois objects, see [[9]. When 6 = e, this is just the well-

known Beattie’s exact sequence in [3]. However, when H is noncommutative and
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noncocommutative, the group of bi-Galois objects ( see [66 [RI] ) does not fit into
the exact sequence as above. In order to deal with the case of a finite dimensional
(co)quasi-triangular Hopf algebra H, Y.H. Zhang constructed in [88] a special group
Gal?(rH*) and also proved that there exists an exact sequence of groups

1 — Br(k) — Br(#™) — Gal®®(rH"),

where the group Gal9¢(gH*) is actually the group of braided Galois objects over some
braided Hopf algebra. It was seen in [88] that the group Gal9°(rH™) is relatively easier
to be computed. So the Brauer group Br(.# ') can be studied by investigating the
group Gal?(rH™*). Our project is to introduce the group of quantum commutative

Galois objects to characterize the Brauer group of a braided fusion category.

However, not every braided fusion category is the category of modules over some
finite dimensional Hopf algebra. By [31, Thm 8.33], a modular category ¢ ( a braided
fusion category with some additional structures ) with End(1) = C is the category
of modules over some finite dimensional quasi-Hopf algebra with a quasi-triangular
structure if and only if each simple object of ¥ has an integer Frobenius-Perron
dimension. But there exist many interesting examples of modular categories that
contain simple objects of non-integer Frobenius-Perron dimensions. For example,
H. H. Andersen provided a construction of a modular category as a quotient of the
category of tilting modules over a quantum group U,(g) at a root of unity, see [1].
The resulting modular category is in general no longer the category of modules over
a Hopf algebra. Therefore, the exact sequence in [88] can not apply to the Brauer
groups of these well-known modular categories in [I}, 43}, 64 [65], [74} [75), [76, [7'7].

In order to deal with the Brauer groups of these important categories, we need to
generalize the exact sequence in [88] to the case of a braided fusion category. Here,
the first difficulty that we meet is how to construct the group of so-called braided
Galois objects such that it is closely related to the Brauer group Br(%) of a braided

fusion category % .

It was proved that there exist special relations between (multi-) fusion categories
and representation categories of weak Hopf algebras defined in [8, 9], see [31] 39, [60].
For any fusion category %, V. Ostrik showed in [60] that there exists a weak Hopf
algebra H¢ such that % is equivalent to the category of finite dimensional left He-
modules, also see [39]. By [57], if ¢ is additionally braided, then H¢ can be equipped
with a quasi-triangular structure such that % is equivalent to the category of finite
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dimensional left Hg-modules as a braided fusion category. These facts inspire us to
construct the desired group by using the techniques from weak Hopf algebras.

Our project is divided into the following four steps.

The first step is to construct a braided Hopf algebra from a quasi-triangular weak
Hopf algebra. Let (H, R) be such a weak Hopf algebra. Unlike the Hopf algebra case,
the original algebra H can not be deformed into a Hopf algebra in the category of
modules over H by Majid’s transmutation theory. Here, our method is to consider
the full center of the unit object in the sense of [26]. This full center indicates that
our braided Hopf algebra rH should be based on some centralizer subalgebra of H,
instead of the original algebra H. This is explained in Chapter 2, where the main

result reads as follow:

Theorem 1. [Theorem 2.2.7] Let (H, R) be a quasi-triangular weak Hopf algebra.
Then the centralizer subalgebra Cy(Hyg) is a braided Hopf algebra ( or Hopf algebra
in the category (g M, ®¢, Hy, 1, r) ) with the following structures:

The multiplication 1 and unit 7 are defined by:

:Cy(Hs) @y Cy(Hy) — Cy(Hy), a®ibr— (11 -a)(12-b),
n=1dg, : HH — Cy(H;), x+— x.

The comultiplication A and counit € are given by:

A:Cyx(Hy) — Cu(Hy) ® Cy(Hy), z+— 21S(R?) @ R' - x4,

g=¢,:C0y(Hs) — Hyy, x> g4(x).
The antipode S is given by

S:Cy(H,) — Cyx(H,), z+— R’R?S(R'zS(R™)).

The second step is to use the braided Hopf algebra pH to re-describe the Drinfeld
center of the category of left H-modules by the category of left r H-comodules. Then
we discuss the relation between braided autoequivalences of the Drinfeld center and
braided bi-Galois objects. Finally, we construct the group of quantum commutative
Galois objects. These will appear in Chapter 3. The main result in Chapter 3 is
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written in the language of weak Hopf algebras as follows:

Theorem 2. [Corollary 3.1.7 and Theorem 3.2.8] Let (H, R) be a finite dimen-
sional quasi-triangular weak Hopf algebra over a field k. Then there is a braided
monoidal equivalence between the category of Yetter-Drinfeld modules over H and the
category of comodules over rRH. Moreover, if A is a braided bi-Galois object, then
the functor AO— is a braided autoequivalence of the category YD of Yetter-Drinfeld
modules if and only if A is quantum commutative.

Applying Theorem 2 to a braided fusion category, we obtain the following state-

ment:

Theorem 3. [Corollary 3.2.9] Let € be a braided fusion category. Then the
Drinfeld center of € is equivalent to the category of finite dimensional left comoduels
over some braided Hopf algebra Hy. Moreover, if A is a braided bi-Galois object over
Hey, then the functor AD— is a braided autoequivalence of the Drinfeld center of € if
and only if A is quantum commutative.

The third step is to relate the Brauer group to the group of quantum commutative
Galois objects that we constructed in Chapter 3. This is to generalize the exact
sequence in [88] to the case of a weak Hopf algebra. The main result in Chapter 4
reads as follows:

Theorem 4. [ Theorem 4.3.9 and Corollary 4.4.6] Let H be a finite dimensional
coquasi-triangular weak Hopf algebra over a field k. Let rH* be the associated braided
Hopf algebra ( apply Theorem 1 to the dual H*). Then there exists a sequence of
groups

Br(#"m) — Br(#™) — Gal®(rH*),

where H,, is the minimal weak Hopf algebra of H and Gal®(gH*) is the group of

quantum commutative Galois objects over pH*.

The last part is to show that the Brauer group Br (%) of a braided fusion category
% is isomorphic to the group of quantum commutative Galois objects when the base
field is algebraically closed:

Theorem 5. [ Theorem 5.2.6] Let H be a finite dimensional coquasi-triangular
weak Hopf algebra over an algebraically closed field k of characteristic zero such that it
18 cosemisimple and co-connected. Then there is an isomorphism between the Brauer

group Br(.#™) and the group Gali®(rRH*) of quantum commutative Galois objects.



In the language of a braided fusion category, we have the following:

Theorem 6. [Corollary 5.2.7] Let € be a braided fusion category. Then the
Brauer group Br(%) of € is isomorphic to the group of quantum commutative Galois

objects over some braided Hopf algebra.

Since a ribbon (modular) category is a braided fusion category with some addi-
tional structures (see Section 1.2), Theorem 6 also holds in the ribbon (modular) case,
see Corollary 5.2.8 ( 5.2.9). As an application, we compute the Brauer groups of all
modular categories obtained from SU(N).-SOS models by showing that they are
isomorphic to the groups of Galois objects over the corresponding Hopf algebras, see
Theorem 5.3.24 and 5.3.27.

As the direct sum of Hopf algebras is a weak Hopf algebra, the Brauer group of a
modular categories obtained from SU(N)r-SOS models can be characterized by the
group of Galois objects over a weak Hopf algebra (the direct sum of Hopf algebras).
This motivates us to consider how to form the group of bi-Galois objects over a weak

Hopf algebra. This generalizes Schauenburg’s work in [66] as follows:

Theorem 7. [Theorem 6.2.14] Let H be a faithfully flat weak Hopf algebra.
Let Gal(H, Hy) be the set of isomorphism classes of H- bi-Galois objects. Then
Gal(H, Hy) forms a group under the cotensor product [y .
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Notations and conventions

In this thesis, k is a fixed field. All vector spaces, algebras and coalgebras are assumed
to be over k. If not stated otherwise, all algebras are associative k- algebras with
unities. The unabored tensor ® means ®k. A module over an algebra always means

a unitary module. (—)* denotes the functor Homy (—, k).

A category in this thesis means an abelian category. All functors between such
categories are additive. We will use the symbol 2 for an equivalence between cate-
gories and the symbol ~ for an isomorphism between two objects (algebras, modules,

sets and vector spaces). The symbols id and Id will mean the identity map or functor.

A braided fusion category means over an algebraically closed field k of character-
istic 0. In some proofs, we often use morphisms to replace diagrammatic methods for

the sake of simplification.

Without otherwise stated, a weak Hopf algebra always means a weak Hopf algebra

over a filed k with a bijective antipode.

We use the (sumless) Sweedler’s notation for the comultiplication and coaction
(see [T1]):

(1) For a weak Hopf algebra H, for h € H, A(h) = h; ® hs. For a left H-comodule
M, p" stands for the left H-coaction, p%(m) = m_1) @ mp for all m € M. For a
right H-comodule N, pfstands for the right H-coaction, pf(n) = njo] @ nypy for all
n € N.

(2) For a braided Hopf algebra H, we let A'(a) = a(1y®a(s). For aleft H-comodule
M', we use p! for the left H-coaction, p!(m’) = my_yy ® myg, for all m" € M’. For
a right H-comodule N’, p” means the right H-coaction, p"(n') = n'(o) ® n'(l) for all
n' € N'.
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Chapter 1

Preliminaries

In this chapter, we will present some basic definitions and properties that are needed
in this thesis. The notions of a braided monoidal ( fusion ) category, a braided Hopf
algebra and the full center of an algebra will be first recalled. Second, we will follow
the process in [83] to give the definition of the Brauer group of a braided monoidal
category. Finally, the theory of weak Hopf algebras, our main tool in this thesis, will

be briefly recalled.

1.1 Braided monoidal categories

We will briefly recall the notion of a braided (rigid) monoidal category. For more

detailed discussion about braided monoidal categories, we refer to [42].

1.1.1 Monoidal categories

Definition 1.1.1. A monoidal category (¢,®,1,a,l,r) is a category € equipped
with

e a tensor product ® : € X € — €;
e an object I, called the unit of the monoidal category;

e anatural isomorphism a : ®(®1id) = ®(id ®), called the associativity constraint

1



CHAPTER 1. PRELIMINARIES

e a natural isomorphism ! : ®(I x id) — id, called the left unit constraint with

respect to [;

e a natural isomorphism r : ®(id xI) — id, called the right unit constraint with

respect to [;

such that the Pentagon Aziom and the Triangle Axziom are satisfied. That is, the
following two diagrams are commutative for all objects U, V, W and X in €.

ay,v, ®id
UaVeW)oX ——"2 (UaV)eW)®X
\LG‘U(&V,W,X
ay,vew,x UeV)e(WeX)

\L‘IU,V,W@X

idQavy,w,x

U(VeW)eX) ———— U (Ve (W X))

av,1,w

Volh)oW - VeIeW)

ryv ®idy idy @l

Vew

Definition 1.1.2. Let (¢,®,1I,a,l,r) and (2,®,I,a,l,r) be monoidal categories. A
laz monoidal functor from € to 2 is a triple (F, g, ¢2), where F : € — P is a
functor, and ¢g is a morphism from Iy to F(Iy), and

o : FU)Q F(V) — FURYV)

is a family of natural transformations indexed by all couples (U, V) of objects of &
such that the following three diagrams are commutative for all objects (U, V, W) in
€.

F(V)) & F(W) e F(U) @ (F(V) & F(W)
@ (U, V)®1dp(w)i 1dp(u)®602(v W)\L
FUV)®F(W) FU)@ F(VeW)
P2 (URV, W)\L <P2(U7V®W)\L
F(ay,v,w)
(UeV)o W) onr FU®(VeW))



1.1. BRAIDED MONOIDAL CATEGORIES

lr)

I FU) ———— = F(U)

lm(ﬂ)
w2 (I,U)

FO@FU) —22" S FI®U)

Wo@idp(u)i

TF(U)

FUY®I ——— > F(U)

iF(r(ﬁ)
FO o P —2%Y L puen

idF(U)@‘POl

In particular, if ¢o and @9 are additionally natural isomorphisms, then we call the

lax monoidal functor (F, g, ¢2) a monoidal functor.

A natural monoidal transformation n : (F, o, p2) — (F', ¢}, ¢h) between monoidal
functors from € to & is a natural transformation n : F' — F” such that the following
diagrams commute for each couple (U, V') of objects in %

F F —=F
)& F(V) — > FU V)
"7F(U)®77F(V)\L "F(U®V)\L

w2(U,V)

F(U) & F'(V) FU®V)

Iy = F(l¢)
F'(I)

A monoidal equivalence between monoidal categories is a monoidal functor F' :
% — 2 such that there exist a monoidal functor F’ : 2 — % and natural monoidal

isomorphisms 7 : Idg & FF' and 0/ : Ide = F'F. In case there exists a monoidal

equivalence between ¥ and 2, we say that € and Z are monoidal equivalent.

The monoidal functor (F,¢g,¢2) is said to be strict if the isomorphisms ¢ and

o are identities in 2.

A monoidal category is said to be strict if the associativity and the unit constraints
a,1,r are all identities of the category. In particular, a monoidal category is always

equivalent to a strict one, see Proposition XI.5.1 in [42].

Definition 1.1.3. (1) A left dual of an object V in a monoidal category is a triple

3
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(V*,by,dy), where V* is another object and by : I - V@ V* dy : V*@V — I, are

morphisms such that the compositions

I i i r
VL Tev O ey gy VOV, o vy

and

Ly idy idy .
V* \4 V*®I dy+ by V*®V®V* dy ®idy I®V* ly V*

are identities of V' and V* respectively.

(2) A monoidal category % is called rigid if any object V in ¥ admits a left dual.

1.1.2 Braided monoidal categories

Let € be a monoidal category with a tensor product ® : € x € — %. Denote by
T:% X€ — € x € the flip functor. That is, 7(V,W) = (W, V) for any V,W in ¥.

A commutativity constraint C' is a natural isomorphism C : ® — ®T.

Definition 1.1.4. Let (¢,®,1I,a,l,r) be a monoidal category.

(1) A braiding is a commutativity constraint C satisfying the Hezagon Aziom. That
is, the following two diagrams commute for any objects U,V and W in .

Cu,v
UR(VOW) — > (VW)U

auU,vV,W LV, W, U

A
/i

UQV) W Ve (WweU)

/
A

Cy, v ®idy dy ®Cy,w

a

U, W
(VU)W ——= V(U W)

Cuev,w
URV)@W —= W R (UQRV)

a; X ot
UV, W W,U,V

U®((Vew) WeUu)eVv

\

dy @Vy,w — w ®idy
a

U,w,v
UR@WRV) — (UQW)QV

/



1.1. BRAIDED MONOIDAL CATEGORIES

(2) A braided monoidal category (¢,®,1,a,l,r,C) is a monoidal category with a
braiding.

Definition 1.1.5. A monoidal functor (F, ¢, ¢2) from a braided monoidal category
(¢,®,C) to a braided monoidal category (2, ®, D) is called braided if for any pair
(U, V) of objects in €, the square

FU F(V FURV

V)& F(V) —> FUS V)

DF(U),F(V)\L F(CU,V)\L
Fv)e FU) —2Y0 s pv e u)

commutes.

A braided monoidal functor (F, ¢, ¢2) is called a braided monoidal equivalence if

the functor F is a monoidal equivalence.

Note that if C' is a braiding, so is the inverse C~1. We denote by (¢7¢",®,1,C~1)
the braided monoidal category (¢, ®,I) with the braiding C~!.

The most fundamental example of a braided monoidal category is the following
Drinfeld center of a monoidal category.

Example 1.1.6. The right Drinfeld center %, (%) of a monoidal category € is defined
to be the category whose objects are pairs (M, v_ ar), where M is an object of € and

v_  is a family of natural isomorphisms, called half braidings:
Z/M7NZM®N—>N®M, VNeC

satisfying Hexagon Axiom, see [42]. Similarly, the left Drinfeld center Z(%€) is the
category, whose objects are pairs (U, vy,—), where U is an object of ¢ and vy _ is a
family of natural isomorphisms satisfying Hexagon Axiom. Then the left center 27(%)
and the right center Z,.(¢) are two braided monoidal categories. By Proposition 1.1
n [13], there exist braided equivalences of braided monoidal categories

B(E) = Z(C), Z(€) = H(E).

Definition 1.1.7. A braided monoidal category ¥ is called closed if the functor
—® X : ¥ — € has a right adjoint for all objects X in ¥. The right adjoint, called
the inner hom functor, will be denoted by [X,—]: ¥ — €.
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Definition 1.1.8. An object P in a closed braided monoidal category is a finite

object of € if the canonical morphism

is an isomorphism. This is equivalent to the existence of a ’dual basis’.

Definition 1.1.9. A braided monoidal category € is called rigid if € is rigid as a

monoidal category.

Remark 1.1.10. (1) A rigid braided monoidal category % is closed because the
functor — ® X* is a right adjoint of — ® X for any object in €.

(2) The category of finite-dimensional vector spaces over a field is rigid.

(3) Any object in a rigid braided monoidal category is finite.

1.2 Braided fusion categories

In this thesis, a (braided) fusion category will always mean over an algebraically closed
field k of characteristic 0. We refer the reader to [2] [30, BI] for a general theory of
braided fusion categories. Let k be an algebraically closed field of characteristic 0.

Here we give the notion of a (braided, ribbon, modular) fusion category.

Definition 1.2.1. (1) An object U in an abelian category % is called simple if any

injection V — U is either 0 or an isomorphism.

(2) An abelian category % is called semisimple if any object V' is isomorphic to a

vV~ N,

ViedJ

direct sum of simple objects:

where V; are simple objects, J is the set of isomorphism classes of non-zero simple

objects in €, N; € Z, and only a finite number of N; is non-zero.

Definition 1.2.2. An abelian category % is k-linear if each hom set is a vector space

and the composition of morphisms is bilinear.
Definition 1.2.3. A k-linear abelian category ¥ is called finite if

(1) the morphism spaces are finite dimensional;

6



1.2. BRAIDED FUSION CATEGORIES

(2) every object is of finite length;
(3) ¢ has enough projectives, i.e., every simple object has a projective cover;
(4) there are only finitely many simple objects (up to isomorphism) in @.

Remark 1.2.4. A finite k-linear abelian category is equivalent to the representation

category of some finite dimensional algebra.
Definition 1.2.5. [34] Let € be a rigid monoidal category.

(1) A finite multi-tensor category € is a finite abelian k-linear rigid monoidal

category, where the tensor product is k-bilinear.

(2) A finite multi-tensor category ¢ is called a finite tensor category if the unit

object I is simple.
Definition 1.2.6. [30, 1] Let € be a finite tensor category.
(1) The category ¥ is called a fusion category if € is semisimple.

(2) A fusion category € is a braided fusion category if € is additionally braided.
For any two simple object V; and V; in a fusion category, we have

k if i=j,

Hom(v"’vj)_{ 0 if i

The theory of Frobenius-Perron dimensions or modules over fusion categories can be
found in [3I] and [60]. Now we follow [2] to define a ribbon category and a modular
category.

Definition 1.2.7. A braided fusion category (¢,®,I,a,l,r,C,(—)*,b,d) is called a
ribbon category if there exist natural isomorphisms (ribbon twist) 0x : X — X such
that

Oxgy = Cy,x o Cx,y o (6x @ Oy)

and
(Ox ®idx+)obx = (idx ® 0x)obx.

Following [75], the quantum trace of an endomorphism f € End(V) in a ribbon
category is defined to be

t’/‘q(f) = dVCV,V* (0f ® idy )bv

7
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with values in End(I). In particular, the quantum trace trq(idy ) is called the quantum

dimension of V.

Definition 1.2.8. A ribbon category (¢,®,1I,a,l,r,C,(—)*,b,d, ) is called a mod-

ular category if the following conditions are satisfied:
(1) The number of isomorphism classes of simple objects is finite;

(2) The square matrix S = {S; ;}i jes = {trq(Cv,,v;Cv,,v;)} is invertible over k.

Remark 1.2.9. Many authors consider a ribbon category by not necessarily requiring
semisimplicity in our definition, see [75]. We refer the reader to [44] [49] for the non-

semisimple case.

1.3 Braided Hopf algebras

A Hopf algebra in a braided monoidal category is also called a braided Hopf algebra
or a braided group, see [50} 51l [52]. The general construction of Hopf algebras in a
braided monoidal category can be found in [51} [52]. Here, we briefly recall from [52]
a braided Hopf algebra.

1.3.1 Braided Hopf algebras

Definition 1.3.1. Let (¢,®,1I,a,l,r) be a monoidal category.

(1) An algebra in € is a triple A = (A,na,pa), where A is an object in € and
na : I — A (unit) and p4 : A® A — A are morphisms in % such that
pao (idas®@na)=ida =pao(na®ida), pao (ida® pa)=prao (ua®ida).

(2) A coalgebra in € is a triple D = (D,ep,Ap), where D is an object in € and
ep : D — I (counit) and Ap : D — D ® D are morphisms in ¢ such that
(idD(X)ED)OAD =1idp = (€D®idD)OAD, (idD®AD)OAD = (AD(X)idD)OAD.

Let (A,ua) and (B, up) be two algebras in . An object M in % is called an

A-B-bimodule if there are morphisms in ¢
mpa:AQM — M, mp:M®B—M

8
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satisfying the coherence conditions:

ma(pa @idy) =ma(ida ®ma) on AR AR M,
mp(idy ® up) = mp(mp ®idg) on M ® B® B,
mA(idA ®m3) = mB(mA ®id}3) on AQ M ® B.

The bimodule category 4% consists of objects in ¥ which have A-B-bimodule struc-
tures, and morphisms in ¥ which are A-B-bilinear. It is easy to see that I is an

algebra. Write ¥p and 5% for the categories ;45 and 5% respectively.

Dually, for a coalgebra D, we define a left D-comodule, a right D-comodule and
a D-bicomodule. We denote by P¢ ( ¢P,P%€P) the category of left D-comodules
(right D-comodules, D-bicomodules).

Now assume that a monoidal category (¢, ®,I,a,l,r,C) has a braiding C.

An algebra (A,na, pa) in € is called braided-commautative if
pa=paoCaa.

Definition 1.3.2. We call (H, pug,npg, A, em,Su) a bialgebra in a braided monoidal
category € if (H, pum,nm) is an algebra in ¥ and (H, Ay, ep) is a coalgebra in € such

that the map ey is an algebra map and

Agopg = (pg @pm)o (idyg @ Cug @idy) o (Ag @ Ag).

A bialgebra (H, ug,nu, An,en) in € is called a braided Hopf algebra or a Hopf
algebra in % if there exists additionally a morphism Sy : H — H in ¥, called the

antipode, satisfying
pug o (Sy®idy)oAg =egonyg = pugo (idg @ Sg) o Ag.

Definition 1.3.3. Let (H, pum,ng, Ay, e, Sa) be a braided Hopf algebra. An al-
gebra (A, pa,na) is called a right H-comodule algebra in € if there exists a right
coaction p” : A — A ® H such that (A4, p") is a right H-comodule satifying

props=(pa®@pm)o(ida®Cha®idg)o(p" ®@p").
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Similarly, one can define a left H-comodule algebra in €.

Remark 1.3.4. Let H be a braided Hopf algebra. By [69] the right H-comodule
category is a monoidal category, where for any two right H-comodules (M, p},) and
(N, ph)s M ® N is a right H-comodule with the following structure:

Prugn = (idy ®idy @ pp) o (idy ® Cun ®idn) o (phy @ piy)-

Definition 1.3.5. Let H be a baided Hopf algebra and A a right H-comodule algebra
(A, pa,ma,ph). A right A-module is called a Doi-Hopf module if there exists a right
H-coaction ph, such that (4, p”) is a right H-comodule and

pomy = (ma® pp)o (idy @ Cra®@ide) o (phy ® ply).

Denote by €4 the category of Doi-Hopf modules in 4. A morphism in ' is a
morphism in % such that it is right A-linear and H-colinear.

1.3.2 Braided bi-Galois objects

Let (¢,®,1,a,l,7,C) be a braided monoidal category. An object P in ¥ is called
flat if the functor P ® — : ¥ — ¥ preserves equalizers. If it, in addition, reflects
isomorphisms, then P is called faithfully flat.

Definition 1.3.6. [25 [70] Let H be a Hopf algebra in . A right H-comodule
algebra (A, ua,na,p") in € is a right H-Galois object if A is faithfully flat and the
morphism

B=(ua®idg)o(idg®@p") : AQA— AQH

is an isomorphism in % .
Similarly, one can define a left H-Galois object and an H-bi-Galois object, see

[25, [70]. The relation between a right Galois object and the category of Doi-Hopf
modules is as follows:

Theorem 1.3.7. [25, [70] Let H be a flat braided Hopf algebra in € and A a right
H -comodule algebra in €. Then A is a right H-Galois object if and only if the functor
—®@A: ¢ — €L defines an equivalence.

10



1.4. THE BRAUER GROUP OF A BRAIDED MONOIDAL CATEGORY

1.4 The Brauer group of a braided monoidal cate-

gory

For the general theory of the Brauer groups of braided monoidal categories, the reader
is referred to [83]. In this thesis, we only consider the Brauer group of a rigid braided
monoidal category. Let (¢,®,1,a,l,r,C) be a rigid braided monoidal category.

Definition 1.4.1. [61] An object P in € is called faithfully projective if the morphism

[P, 1] ®1p,P] P—1T

induced by the evaluation, is an isomorphism.

Let (A,p14) be an algebra in %. There is another algebra (4, i), where A = A
as an object in ¢ and the multiplication is defined by p7 = p1aCa, 4. The algebra
(4, p) is called the opposite algebra of A.

Let (A, na) and (B, pp) be two algebras in 4. We have an algebra (AtB, pasn),
where A§B = A ® B as an object in % and the multiplication is defined by payp =
(pa ® pp)(idsa ® Cp a ®idg). In particular, the algebras AfA and AfA are called
% -enveloping algebras of A and denoted by A° and €A respectively.

An object M in 4%p is called B-cofiat if for all algebras C, D € € and objects
X € p6c , M®p X exists and the natural morphism M ®p(XQY) — (M®pX)QY
in 4%p is an isomorphism for any Y € €p. In particular, M is called bicofiat if it is
both A-coflat and B-coflat.

Definition 1.4.2. A Morita context in € is a sextuple (A4, B, 4Pg, 5Qa, f,g) con-
sisting of algebras A, B € ¥, an A-B-bimodule P € 4%, a B-A-bimodule Q € g%y,

and bilinear morphisms
f:PRQ — A, g:QR4P—B

such that the following diagrams commute:

_—
PRpQ®aP o A®a P
id@gl l
P®p B P

11
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QRAPREQ ——>Q®Ra A

d®f
g®idi \L

B®pQ Q.

Theorem 1.4.3. [83, Thm. 2.1] Let (A, B, AP, 5Qa, f,g) be a Morita context in
€. If P and Q are bi-coflat, f and g are bijective, then the following hold:

1. A~|P,Plp ~ p{Q,Q} and B ~[Q,Q|a ~4 {P, P} as algebras in €;
2. P~|Q,Ala ~5 {Q,B} and Q ~ [P, B]lp ~4 {P, A} as bi-modules in in €;

3. Ap, Pg,p Q and Q4 are faithfully projective.

In particular, if P is a faithfully projective object in %, then as algebras in €,

[P, P) ~ {P*,P*}, {P,P}~|[P*, P], [P,P]|~{P,P}.
More detail about Morita contexts can be found in the subsection 2.4 of [25].

Definition 1.4.4. An algebra (4, p4) in € is called an Azumaya algebra in € if A is
faithfully projective in € and the following canonical morphisms are isomorphisms:

P AR — (A4, 4], F(ai)(c) = anz(b® ),
G: AfA — [A, A], G(agh)(c) = pz(c® a)b.

Following Corollary 2.2 in [83], the following statements hold:

1. If P is faithfully projective in ¢, then [P, P] is an Azumaya algebra in &

2. If A is an Azumaya algebra in €, so is the opposite algebra A.

3. If A and B are Azumaya algebras in €, so is AfB.

Two Azumaya algebras A and B in ¥ are called Brauer equivalent, denoted by
A ~ B, if there exist faithfully projective objects M and N in € such that

Af[M, M] ~ B[N, N]

as algebras. This defines an equivalence relation in the set B(%) of isomorphism
classes of Azumaya algebras. The quotient set B(%)/ ~ is denoted by Br(%). For an

Azumaya algebra in €, we will always use [A] to represent the equivalent class of A.

12
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The product § induces an operation on the quotient set Br(%), that is, [A][B] =
[AtB] for two Azumaya algebras A and B. Then by [83] the set Br(%) forms a group
with the product induced by #, where the identity element is [I] or the class of [P, P]

for a faithfully projective object [P], and the inverse of [4] is given by [A]. This group
is called the Brauer group of €.

Remark 1.4.5. (1) By Theorem 3.1 in [83], the algebra A is an Azumaya algebra in

% if and only if the following two functors are equivalent:

A®_:(€—>Aﬁ2%7 _®Aicg—>chuA.

(2) For an Azumaya algebra A, the inverse functor of A ® — is given by

agalds =]t 42 — ¢,

which is isomorphic to the functor (—)#, see Proposition 3.4 in [25].

(3) This categorical construction of Brauer groups is quite general. All known
Brauer groups can be derived from this unifying definition, see Example 3.6-3.12 in
[33].

1.5 The full center of an algebra

Let (¢,®,1,a,l,7) be a monoidal category. We will recall the full center of an algebra

from Section 4 of [26], which plays an important role in this thesis.

Definition 1.5.1. Let (A, u4) be an algebra in a monoidal category €. The full
center Z(A) of A is an object in the left Drinfeld center Z;(%) together with a
morphism Z(A) — A in € such that the following universal property holds:

For any pair (Z,¢) with Z € 27(€¢) and £ : Z — A is a morphism in € such that
the diagram

vz, A
A® Z Z® A
Ei
1d®E AR A

KA

ARA—————

13
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commutes in ¢, where vz _ is the half-braiding of Z as an object of 27(%), there
exists a unique morphism Z — Z(A) in Z(%), such that the following diagram is
commutative:

Z Z(A)

RN

A.

Proposition 1.5.2. [20, Prop. 4.1] Let A be an algebra in a monoidal category €.
The full centre Z(A) has a unique structure of an algebra in Z(€) such that the
morphism Z(A) — A is a homomorphism of algebras in €. Moreover Z(A) is a
braided-commutative algebra in Z(€).

In addition, the full centre is an invariant under Morita equivalence, see Corollary
6.3 in [26]. Now assume that (¢, ®, 1, a,l,r) has a braiding C. We follows [60, 83] to
define the left center C;(B) of an algebra B in €.

Definition 1.5.3. The left center C;(B) of an algebra B in % is the terminal object
in the category of morphisms y : Y — B such that the following diagram commutes

Cy B
BRY<——Y®B

y®idl

id®y B®B

B

B B————>B.

Similarly, we can define a right center C,(B) of B.

Proposition 1.5.4. [26, Prop.5.1] Let € be a braided monoidal category and B an
algebra in €. Then the left center Cy(B) has a unique structure of algebra in € such
that the morphism C;(B) — B is a homomorphism of algebras in €. Moreover,

Cy(B) is a braided-commutative algebra in €.

Assume that the forgetful functor F': 2(%¢) — ¥ has a right adjoint R: ¢ —

% (%) with the natural transformations of the adjunction:
ay:U— RoF(U), fx : FoR(X) — X

14
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forall U € Z27(€¢) and X € €. Note that the functor R is automatically lax monoidal,
where the morphism g is given by the composite

I — RoF(I) — R(I);

and the natural transformation o is the following composition:

YR(X)®R(Y)

Ro F(R(X)® R(Y)) R(X)® R(Y)

R(FR(X),R(Y))\L

R(FoR(X)® FoR(Y) X | pixav).

The lax monoidal structure of R can transport algebras from € to Z(¥¢). If
(A, 114,ma) is an algebra in €, R(A) is an algebra in 27(%¢) with the unit map
R(na)epo: I — R(I) — R(A)
and the multiplication
R(pa)opa: R(A)® R(A) — R(A® A) — R(A).
The following theorem states the relation between a full center and a left center.

Theorem 1.5.5. [26, Thm. 5./] Assume that the forgetful functor F : 21(€¢) — €
has a right adjoint R : € — Z2(€) with the natural transformations a and B as

above. If the natural transformation B of the adjunction is epic, then
Z(A) ~ C(R(A4)),
for any algebra A in a monoidal category € .

For a general theory of full centers, the reader is referred to [26].

1.6 Weak Hopf algebras

In this thesis, we will mainly use the techniques from weak Hopf algebras to deal with

the problems with braided fusion categories. In this section, we will recall some basic
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definitions and properties of weak Hopf algebras. For more detail about weak Hopf
algebras, we refer to [ 5], 56].

1.6.1 Weak Hopf algebras

Definition 1.6.1. [8, Defn. 2.1] A weak Hopf algebra H is a k-algebra (H,m, u) and
k-coalgebra (H, A, ¢) such that the following axioms hold:

o A(hk) = A(h)A(k),

o A')=1® Ll ®@ly =1, @11, ® 1y,

o c(hkl) = e(hki)e(kal) = e(hko)e(kql),

e There exists a k-linear map S : H — H, called the antipode, satisfying
h1S(ha) = e(11h)12, S(h1)ha = 11e(hly),
S(h) = S(h1)h2S(hs),

for all h,k,l € H.
For a weak Hopf algebra H, we have idempotent maps €¢,e5: H — H defined by
Et(h) = E(llh)lg, Es(h) = 11€(h12).

The maps €; and €4 are called the target map and the source map respectively, and
their images H; and H, are called the target space and source space respectively.
In particular, H; and H, are Frobenius-separable subalgebras of H. Moreover, the

following equations hold:

h1 @ hoS(hs) = 11h ® 1g, (1.1)
S(h1)he @ hg =11 @ hly, (1.2)
h1 ® S(he)hs = hl; ® S(1), (1.3)
hiS(hs) @ hs = S(11) @ 1oh, (1.4)
e(ger(h)) = e(gh) = e(es(g)h), (1.5)
yhi ® S(12) = 11 ® S(12)y, (1.6)
25(11) @ 1s = S(11) ® 1oz, (1.7)

for g,h € H,y € Hy and z € H;.
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If H is a finite dimensional weak Hopf algebra with an antipode .S, then S is auto-
matically bijective. Moreover, the dual H* = Homy (H, k) of H is also a weak Hopf
algebra with the unit & and the counit & ¢ — (1, ¢) respectively. Other structures

on H* are given as follows:

(h, o) = (A(h), 6 @ ¢), (9@ h,A(@)) = (gh, ), (h,5(9)) = (S(h), ),

for all ¢,9 € H* and g, h € H. The target subalgebra of H* is denoted by H}.

Any weak Hopf algebra H contains a canonical minimal weak Hopf algebra H,,;p,
which is generated, as an algebra, by H; and H,. All minimal weak Hopf algebras
were classified in [55]. The following definitions can be found in [38 [56] 57, [62].
Definition 1.6.2. Let H be a weak Hopf algebra and Z(H) the center of H.

1) H is called connected if Z(H) N Hy = kly.

2) H is called regular if S?(x) = 2 for all x € H,ip.

(1)
(2)
(3) If H is finite dimensional, H is called co-connected if H* is connected.
(4) H is called a face algebra if Hy is a commutative algebra.

(5) H is called semisimple if H is semisimple as an algebra.

(6)

6) H is called cosemisimple if H is cosemisimple as a coalgebra.

Remark 1.6.3. (1) A weak Hopf algebra H is an ordinary Hopf algebra if and
only if A(1) = 1® 1, if and only if € is an algebra homomorphism if and only if
Hy=H; =klg.

(2) Let H be a weak Hopf algebra with an antipode S. Then S is an anti-algebra

isomorphism between H; and H,.

(3) Every weak Hopf algebra can be obtained by twisting a regular weak Hopf

algebra with the same algebra structure, see [55].

In what follows, a weak Hopf algebra will always mean a regular weak Hopf algebra.

Definition 1.6.4. [57, Defn. 6.1] Let H be a weak Hopf algebra with a bijective
antipode S. A quasi-triangular weak Hopf algebra is a pair (H, R), where

R=R'® R* € A“P(1)(H @ H)A(1),

17
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satisfying the following conditions:

(id @ A)R = Ri3Ri2, (1.8)
(A®id)R = Ri3Ro3, (1.9)
A“P(h)R = RA(h), (1.10)

where h € H, R = R®1, Re3 = 1®R, etc., and there exists R € A(1)(H®H)AP(1)
with RR = A°(1) and RR = A(1). R is often called an R-matriz. In particular,
(H, R) is called a triangular weak Hopf algebra if R = R?> @ R!.

For y € Hy, z € Hy, the following equations hold (see [57]):

(1®2)R=R(z®1), (y@1)R=R(1®y), (1.11)
(z@1)R=(1®S(z)R,  (1®y)R=(S(y)®1)R, (1.12)

Ry®1)=R1®S(y), Rl®z)=R(S()®1), (1.13)
(es ®id)(R) = A(1), (id®e)(R) = (S @ id)A“P(1),  (1.14)
(er @ id)(R) = A“P(1), (id @ &)(R) = (S @ id)A(1). (1.15)

Definition 1.6.5. A coquasi-triangular weak Hopf algebra is a pair (H, o), where H
is a weak Hopf algebra with a bijective antipode, and a k-linear map o : H ® H — k

satisfies:

o(ab,c) = o(a,c1)o(b,c2), o(a,bc)=o0o(ar,c)o(asz,b),
U((Il, bl)agbg = blala(ag, bg), O’(b, a) = 6(0,1()1)0’(()2, 0,2)6(@3[)3)7

for any a,b,c € H, and there exists 0! : H® H — k such that

o(ay,by)o " (az,bs) = e(ba), o~ (ay,by)o(as, b)) = e(ba)
e(arby)o"(az, by)e(bzaz) = o~ *(a,b)

for all a,b,c € H, where o~ ! is called a weak inverse of o, see Section 2 in [38].

Similar to a Hopf algebra, if H is a finite dimensional coquasi-triangular (quasi-

triangular) weak Hopf algebra, then the dual H* is quasi-triangular (coquasi-triangular).
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1.6.2 Categories of modules and braided fusion categories

Let H be a weak Hopf algebra and g M denote the category of left H-modules. By
[59, [7], we have a monoidal category (g M, ®¢, Hy,a,l,r) as follows:

e For any two objects M and N in g M,
M@ N={m®necMN|A(l)(m®n)=m®en}.

Clearly, M @ N = A(1)(M @ N) C M ® N;

e For any two objects M and N in g M, the H-module structure on M ®; N is
as follows: h-(m ®¢n) = hym ®; hon for all h € H and m € M and n € N;

e H, is the unit object with H-action h -z = g;(hz), where h € H,z € Hy, and

the k-linear maps lps, 7)s and their inverses are given by

l(ly-2®1s-m) =2z-m, l&l(m):ll'lH@)lym

rvu(li-m®1ly-2)=5(z) -m, r;/ll(m) =1 -m® 1y,
for any z € Hy and m € M, where M is an object in g M.

If (H, R) is a quasi-triangular weak Hopf algebra, then the category g M can be
equipped with a braiding C as follows:

C’MﬁN(m®tn):R2-n®tR1~m, for allm € M and n € N,

where M and N are any objects in g M.

Lemma 1.6.6. [57, Prop.5.2] Let H be a weak Hopf algebra. If H has a quasi-
triangular structure R, then there exists a braiding C' on the category g M:

Cun(m®;n)=R* n®, R -m, (1.16)

where R=R'® R?>, m € M and n € N. Conversely, if the category g M is braided,
then H can be equipped with a quasi-triangular structure R such that the category
aM has a braiding as (1.16).

Let H be a finite dimensional weak Hopf algebra. Let g.# denote the category of
finite dimensional left H-modules. Then (g.#,®¢, Ht,a,l,r) forms a rigid monoidal
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category with the following rigid structure:

e For any object M in g.#, define an action of H on M* by (h-¢)(m) = ¢(S(h)-
m), for any h € H, ¢ € M* and m € M. The duality morphisms are defined as

follow:

dMSM*®tM—)Ht, ¢®mr—>¢)(11m)12
by : Hy — M @, M™, Z’—>Z'(Zei®fi)’

where e; and f¢ are dual bases of M and M* respectively.

In particular, the category (g.#,®:, Hy,a,l,7) is a braided monoidal category if
H is finite dimensional and quasi-triangular. In this case, we have the Brauer group

Remark 1.6.7. (1) Let H be a finite dimensional weak Hopf algebra over an al-
gebraically closed field k of characteristic 0. By Proposition 3.1.5 in [56], if H is a

biconnected weak Hopf algebra, then H is semisimple if and only if H* is semisimple.

(2) The category g.# is a fusion category if and only if H is semisimple and
connected, see Corollary 2.22 in [3I]. By Lemma 1.6.6, a braided fusion category is
equivalent to the category of finite dimensional modules over some quasi-triangular

weak Hopf algebra, which is semisimple and connected.

Dually, let .#* denote the category of finite dimensional right H-comodules.
Then (#H,®,, Hy) is also a rigid monoidal category, see [38, 59, 62]. Here, a right

H-comodule M has an induced Hg-bimodule structure as follows,
y-m=mpe(ympy), m-y=mpe(mpuy),

where pft(m) = myy] ® myy, for all m € M and y € H,.

For finite dimensional right H-comodules M and N, denote by Hom_g_ (M, N)
the set of right Hg-linear maps from M to N. Then Hom_py_(M,N) is a right H-
comodule with pf defined by

PR (f)(m) = f(myo)) o) ®s f(mpo)) S (mp),
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for any f € Hom_p (M, N) and m € M. Moreover, for any object M in .#* the
functor — ®4 M has a right adjoint functor Hom_ g, (M, —), which is isomorphic to
the functor (—)*. Let End_pg, (M) be the set of right H-linear maps from M to
itself.

When H is coquasi-triangular, the category .# " has a braiding C:
Cov : UV =2VeU u;v— V(o] s U[O]J(U[1]7U[1]),

where U and V are any objects in .# ™. Following Section 1.4, we can form the Brauer

group Br(.#*), which will be mainly investigated in this thesis.

1.6.3 Yetter-Drinfeld modules

Definition 1.6.8. Let H be a weak Hopf algebra. A left H-module M is called a left-
left Yetter-Drinfeld module if (M, p*) is a left H-comodule such that the conditions

° pL(m) =m[-1] @ Mg € H®:V,
° (h . m)[_l] & (h : m)[o] = thfL[_l]S(hg) ® ho - mjo],

are satisfied for all h € H and m € M.

Let M be a left-left Yetter-Drinfeld module. For all m € M,
mi-1) ® mpg) = mi-1)5(l2) ® 11 - myg. (1.17)

We denote by 2% 9 the category of finite dimensional left-left Yetter-Drinfeld mod-
ules and the morphisms that are both left H-linear and left H-colinear . Furthermore,

if S is bijective, then % 9 is a braided monoidal category with a braiding given by
Cvw (v ®@w) = vj_q) - w ® vy,

where v € V € ## 9 and w € W € E#' 9. In particular, if (H, R) is a quasi-
triangular weak Hopf algebra, then every left H-mudule M becomes a left-left Yetter-

Drinfeld module in a natural way:
ph(m)=R?*®R'-m, Vme M.
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Clearly, the category p.# is a braided monoidal subcategory of the category 2% .
A left H-module M is called a left-right Yetter-Drinfeld module if (M, p®) is a

right H-comodule such that the following conditions

. pL(m) = mo) @ m[1] € H®:V,
o (h-m)g® (h-m)p) = ha - mig) ® hamp S~ (hy),
are satisfied for all h € H and m € M.

Similarly, one can define a right-right Yetter-Drinfeld module and a right-left
Yetter-Drinfeld module. The category of finite dimensional left-right (right-right, right-
left) Yetter-Drinfeld modules is denoted by y% 2" (% 2% Hay 9 y). The relations
between the Drinfeld centers and the categories of Yetter-Drindeld modules are given

in the following theorem:

Theorem 1.6.9. [20] Let H be a weak Hopf algebra with a bijective antipode. Then

the following two statements hold:
1. The category Zi(g#) is equivalent to L% 9 as a braided monoidal category;

2. The category 2, (g ) is equivalent to v 2™ as a braided monoidal category.

Theorem 1.6.10. [20] Let H be a weak Hopf algebra with a bijective antipode. Then
the category 1% 9" is equivalent to g% 2" as a braided monoidal category.

Proof. Note that 2. (g#) = Z(g#)"°". Then we get a braided monoial functor
E:y@9" — By g,

where for any left-right Yetter-Drinfeld module (M, p®), E(M) = M is a left-left

Yetter-Drinfeld module with the original action and the following coaction:
p*(m) = S(myy) ® myg),
where pf(m) = myo) @ myy) for all m € M. O

Definition 1.6.11. An algebra A in 2% is called quantum commutative if A is
braided-commutative in #2'%. Similarly, one can define a quantum commutative
algebra in % 4.
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1.6.4 Smash product algebras

Definition 1.6.12. Let H be a weak Hopf algebra. An algebra A with unity is called
a left H-module algebra if A is a left H-module such that

h-(ab) = (h1-a)(ha-b), h-1ga=-¢ei(h) 1a.
for all a,b € A and h € H.
Similarly, one can define a right H-module algebra. Now take a subspace A X H

of A® H as
{li-a®12h|Vae AV he H}

Then AKX H is an associative algebra with the unity 1;-14 ®12, and the multiplication
given by

(aX®h)(a'®K)=a(hy-a')Rhoh!, Va,a €A Vhh'e€H.

We call AX H the smash product algebra of A with H, see [54].

Definition 1.6.13. Let H be a weak Hopf algebra. An algebra with unity is called
a right H-comodule algebra if A is a right H-comodule such that the coaction p%
satisfies

p(la)(a®1) = (ida ®e¢) o pa), plab) = p(a)p(b),

for all a,b € A, see [15].

Define the right coinvariants of a right H-comodule algebra A as
A" = fac A pla) € A® H,}.

It follows from [16] that Ay = A = {a € A | p(a) = aljy) @ 117}, where pfi(1) =
1jo] ® 1pj. Moreover, we know form [87] that

{a € A|a[0] ®ap) = al[o] & 1[1]} ={a€ A\a[o] ®ap) = 1[0]a & 1[1]}.
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The centralizer of Ag in A is denoted by C4(Ap), i.e.,
Ca(Ap) = {a € Alab = ba, Vb € Ap}.

Lemma 1.6.14. [87/ Let H be a weak Hopf algebra, and A a right H-comodule
algebra. If there is a right H-comodule map ¢ from H to A such that ¢ is an algebra
map, then the right H-comodule algebra A is isomorphic to a smash product algebra

Ao H, where the coinvariant subalgebra Ag is a left H-module algebra with the action
defined by h — a = ¢(h1)ad[S(h2)], for any h € H,a € Ay.

Let A be a right H-comodule algebra. Consider a projection
p: A H — A® H,p(a® h) = alg ® hlpy,.
The canonical map v : A®4,A — Im(p) is defined by y(a®a,b) = abjg) @ byyy.

Definition 1.6.15. [16] A right H-comodule algebra A is a right weak H-Galois
extension of Ag if y: A® 4,4 — Im(p) is bijective.

Let A be a right weak H-Galois extension. It is easy to see that the centralizer
Ca(Ag) with the MUV action ( Miyashita-Ulbrich-Van Oystaeyen ([53, [78] [80]))

a~— h=htanl?

is a right H-module algebra, where v~ 1(1o) ® hlpy)) := Al @ %, In particular,
the centralizer C4(Ag) with the MUV action «— is a quantum commutative algebra
in the category of right-right Yetter-Drinfeld modules. So we have a map m from
the set of weak H-Galois extensions to quantum commutative algebras in the right
Yetter-Drinfeld modules

m(A) = Ca(Ap).

This map will play a key role in this thesis.

Example 1.6.16. Let A be a left H-module algebra. Then the smash product algebra
AN H is a right weak H-Galois extension with the coinvariant subalgebra AK1 (~ A).

The canonical map is given by
(ARH)®4 (AKH) — (AXH)® H, (aKh)® (' ®h') — a(hy -a") K haoh)| @ hi,.
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Its inverse is given by

(ARH)® H — (ARH)®4 (AR H), (a®h)@h — (aRRhS(R))) @ (1K k).
So hl @ b2 = (1K S(h1)) ® (1 X hy). The MUV action is given by
(a®g) —h=h"(aRg)hP® = (1K 5(h1))(aR g)(1® hy) = (S(hs) - a) ® S(h1)ghs,

forallaMge AKH and h € H.

Let H be a weak Hopf algebra and A a right weak H-Galois extension. Then the
following identities hold:

1]3,2] 2l _
hhig @ hiyp = 1o ® hpy, (1.18)
AR = 1ge(h1y), (1.19)

apgapi®@paf] = 195, (1.20)

bhM@phll = h php, (1.21)

e phl @ bt = W@ shl! @ hs, (1.22)
higl@shl? © hil = W@ phs) © S(h), (1.23)
(hg)M@p(hg)? = gMrM g galtlghl, (1.24)
Sil(am)[l] ®Sil(a[1])[2]a[0] =a®1l1, ( )

for g,h € H,a € A and b € B, see [4]].

Remark 1.6.17. A left H-module (right H-comodule ) algebra is the same as an
algebra in the category of left H-modules (right H-comodules).

1.6.5 Weak Hopf algebras and Hopf algebroids

Let A be an associative k-algebra with unity. An algebra U is called an A-algebra if
there is an algebra map i : A — U, see [72, [73]. In particular, the algebra End(A)
is an Ac-algebra with structure a ® b — (¢ — acbh). Denote by A°P the opposite
algebra of A, the map op: A — A°? ( a — @) is anti-isomorphic. Write A¢ for the
enveloping algebra A ® A° and ab for a ® b for all a,b € A.
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We use the following Sweedler-Takeuchi’s notations (see [72} [73]):
/5M®GN::M®N/(Em®nfm®an\a€A,m€ M,n € N),
/ Mz @ N, :={m®@necM®®N|ma®n=m®e®na,Va € A},

for any two A°-bimodules M and N. The X 4-product in [73] is defined as
b
MXAN::/ /5M5®aNb.

Let (U,%) and (V,j) be two A°-algebras. An A°-algebra map f : U — V is an
algebra mapfrom U to V such that foi=j.

If (U,7) and (V,j) are A%-algebras, so is U x4 V, with the A¢-algebra structure
given by

(Zu@v)(Zu’@v’) = Zuu’@vv’,

h:A® —UxaV,a®br—i(a) ® j(b).

For an A°-algebra (U, %), we can replace the map ¢ by its restrictions
s=i(—-®@1):A—U, t:=i(1l®—-): A? — U,

which are k-algebra maps with commuting ranges in U, see [I1]. The maps s and
t are called the source map and the target map respectively. In what follows, an
Ac-algebra (U, ) will be given sometimes by a triple (U, s,t), where s and t are as
above.

Let A be a k-algebra. An A-coring is a triple (C, A, ¢), where C is an A-bimodule,
A:C— C®pCande: C — Aare A-bimodule maps, satisfying the coassociativity
and the counit conditions. A detailed study about the theory of corings can be found
in [12].

Definition 1.6.18. Let A be an associative k-algebra. A left bialgebroid B =
(B, A, s,t,A, ) consists of an A®-algebra (B,s,t) and an A-coring (B, A, ) on the
same k-linear space B subject to the following compatibility axioms:

(i) The bimodule structure in the A-coring (B, A,¢) is related to the A¢-algebra
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(B, s,t) via
rober' = s(r)t(r')b, Vb€ B,rr' € A

(ii) Consider B as an A-bimodule as in (i). The coproduct A corestricts to a
k-algebra map from B to B x 4 B.

(iii) The counit € satisfies e(1p) = 14 and

£(bs(e(b'))) = e(bb') = e(bt(e(¥)))
for all b,V € B.

Remark 1.6.19. The notions of Takeuchi’s x 4-bialgebra in [73], Lu’s bialgebroid in
[48], Xu’s bialgebroid with an anchor in [85] have been shown to be equivalent in [I1].
Definition 1.6.18 is just the one in [48]. Similarly, we can define a right bialgebroid,
see [4, [40]. In particular, when A is Frobenius-Separable, a left ( right) bialgebroid is

equivalent to a weak bialgebra, see [67].

Definition 1.6.20. [10, Defn.4.1] A Hopf algebroid H = (H 1, Hr,S) consists of a left
bialgebroid H;, = (H, L, s, tr, AL,€1), aright bialgebroid Hr = (H, R, Sg, tr, ARr,€R)
and a k-module map S : H — H, called the antipode, such that the following con-
ditions hold:

(1) spoepotgr =tg, t, 0€L 0 SR = SR,
sgpoerot;, =tr, tRoero Sy, = S,
(2) (AL ®id) o AR, (id® Ag)oAyp,
(3) S is both L-linear and R-linear,
(4) mgo(id®S)o A =sgoer, mgo(S®id)oAr=sp0¢p.

Example 1.6.21. Let H be a weak Hopf algebra with a bijective antipode. By [10]
we get a Hopf algebroid H consisting of a left bialgebroid H; and a right bialgebroid
H,:

Hy = (H,Hy,idg,, S '|u,,Aey), H,=(H, H, idg,,S™!

H,, A Es).

Remark 1.6.22. The other equivalent notions of a Hopf algebroid with a bijective
antipode have been given by Bohm and Szlachdnyi, see [10, Prop.4.2]. Moreover,
Galois theory of Hopf algebroids can be found in [4l [5].
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Chapter 2

Constructions of braided

Hopf algebras

Let (H, R) be a quasi-triangular weak Hopf algebra over a field k. In this chapter,
we will discuss how to construct a braided Hopf algebra from (H, R). In Section 2.1,
we will mainly work out the full center of the unit object. This full center will be

equipped with the structure of a braided Hopf algebra in Section 2.2.

2.1 The full centre of the unit object

Let H be a Hopf algebra. There exists an adjoint pair of functors between the
category of H-modules and the category of Yetter-Drinfeld modules, see [17]. Now

we generalize this to the case of a weak Hopf algebra.

Lemma 2.1.1. Let H be a weak Hopf algebra with a bijective antipode S. Then the
forgetful functor F' : B% 9 — y.a has a right adjoint functor

I'(=):gtl — Bwp,
where I'(N) = 1, HS(14) ® 131} - N with the following H-action and H -coaction:
h-(g®@n) =higS(hs) @ hy -, p'(g@n) =g @ g @n.
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The adjunction morphisms
ay M — I'F'(M), Br:F'I'(L)— L
are given by the comodule structure on M and by the counit respectively:
ay(m) =mi_y ®@mpy, Pr(h®@n)=c¢ci(h) n.

In particular, the adjunction morphism B is epic.

Proof. Although it is similar to the proof of Corollary 2.8 in [I7] or Proposition. 5.1
in [27], we write down the detail for the sake of completeness. Denote by H ©® N the
object I'(N) for N € g /.

(1) We first show that for a left H-module N, I'(N) is a left-left Yetter-Drinfeld

module. The right H-action as above is well-defined since
h1gS(h3) @ ha-n = 11h19S(h3)S(13) @ 1ohs -n € H® N.
Forall g@n € H® N, we have g®@n = 1195(13) ® 12 - n = 1;¢95(14) ® 121] - n.
pE(g@n) = p(11gS(1y) @ 191) -n) = g1 @ 11925(1%) ® 11} -n € H® (H © N).
Note that A(z) = 112 ® 15 for any « € H;. So
W ®ly-(g20n) = 1791 ® 1511925(13) ® 1o1} - n = g1 ® (g2 @ n).

Thus pL(g®@n) € 1;H ® 15 - (H ® N). The compatible condition holds since

plh-(gen)] = p(higS(hs) @ ha-n)
= h192S(hs) ® hagaS(hs) @ h3 - n
= h1925(h3) @ ha - (g2 @ n),

for any h € H. Hence, the functor I'(=) : y.#/ — L% P is well-defined.

(2) Next we verify that « is natural. We have that for all m € M € % 9,

mi_y) @ mp) = Lim_1)5(13) @ 1z - mp).
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So « is well-defined. For any morphism f from M to N in the category of Yetter-

Drinfeld modules, the following diagram is commutative

A 1d(f) N

QN anN

H o F(M) CE) L gormw).

The coassociativity implies the H-colinearity of . So « : Id — I'F’ is a natural

transformation.

(3)  is also a natural transformation. Indeed, for any left H-module L,

Brlh - (g@1)]

Br(h1gS(h3)) @ ha 1)
= &i(h1gS(hs)) - (he - 1)
= [ee(h1gS(h3))hs] -1
= &(h1gS(hs))hs -1
es(h1)gS(hs))ha -1
119S(ha))h1ly -1
1195(es(h2))
1195(S(15)))h1112 - 1
11gS(15))h - (1412 1)
(e(11gS(13)11 12 - 1)
~(ee(l1gS(13))1112 - 1)
[Br(ligS(13) ® 111 - 1)]
[Brlg@1)],

(
(
(
( Yhils -1
(
(

forany g®l € H® L and h € H. So f, is left H-linear. Given a morphism g from L
to U in the category of left H-modules. Then g is left H;- and Hg-linear. Thus,

g(et(a) - 1) = et(a) - g(1).

for any a ® [ € H ® L. Hence, the diagram defining a natural transformation holds.
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F(H®L) F'I'(g)

BL Bu
I Ld(g) U

FI(HoU)

(4) We check the adjunction axioms for « and 8. The composition
BF oF'a:F' — F'I'F — F'
is the identity. Let M be a left-left Yetter-Drinfeld module, and m € M. We have
BF' o F'a(m) = BF'(mi_1) ® my)) = e¢(m_1)) - m[g) = m.
On the other hand, for any left H-module L and all I € L, we have
I'Boal'(l) =T'Boa(l'@1°) =T'B} @1} 21°) = (' ®1°) =TI'(),

here I'(l) = I' ®1° € H ® L. So the composition I'3 o ol is also the identity.

(5) Finally, we verify that the map £ is epic. For all n € N,

Br(ni—1) ®@ n)) = er(nf-1)) - njo) = n- O

Remark 2.1.2. (1) Since the braiding of the category £% & is not involved in the
proof of Lemma 2.1.1, this adjoint relation holds also for the category 2% 9",
Namely, the forgetful functor F’ : % 9" — p.# has a right adjoint functor
I'(=): gl — B 9"’ where F' and I’ are the same as in Lemma 2.1.1.

(2) The functor I'(—) := H ® — is just the X p,-product in the sense of [73]. In
particular, the functor I'(—) is lax monoidal, see Section 1.5.

In what follows, we will mainly consider H ® H;.

Lemma 2.1.3. Let H be a weak Hopf algebra. Then H ® Hy = 11 H1| ® 1515,

Proof. Tt is clear that H ® Hy D 1;H1} ® 1514. For all x € H; and h € H, we have
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Now we work out the module structure on H ® Hy. For all g,h € H,

h- (1191 ® 1215) = h1l1gl1S(hs) @ he - (1215)
= h111911S(h3) @ g(halal))
= higl1S((hal3)2) ® &[(haly)1]
= Th1gl1S(13h213) ® S(1Y)
= h1gS(h2)1l1 ® 1a.
Since H; is an algebra in the category of left H-modules, Theorem 5.4 in [26] implies

that I'(Hy) is an algebra in the category of left-left Yetter-Drinfeld modules with the

following structure
(11917 ® 1215) (1 R1Y @ 1515) = (11917 h1] ® 121515),

for all g,h € H.

Let H be a weak Hopf algebra. Consider the adjoint action on H, for all g,h € H,
H®H — H, g-h=g1hS(g2).

In general, the equation h = 1;hS(12) is not necessarily true, see Example 2.1.4 below.

So H with the adjoint action is not necessarily a left H-module.

Now define a k-linear map p : H — H, h —— 1;hS(12) and so we have a
decomposition H = Hy ® H;, where p(Hp) = 0 and p(h) = h, for all h € H;. It is
easy to prove Hy = Cy(Hy), where Cp(Hy) is the centralizer of Hy in H, see [57].

Example 2.1.4. Bohm and Szlachdnyi described first the following weak Hopf al-
gebra H of dimension 13, whose structures were given by the matrix unit basis, see
Section 5 in [9]. Now we present H in the form of generators as in [58]: Let k = C
and A\7! = 40052%. As an algebra, H is generated by {1, ey, ea, €3} with the following

relations:

2 .
€ =€ 1= 1,2,3, ejes = eseq,
€1€2€1 = )\61, €g9€3€y — )\62,

€3€2€3 = )\63, €9€1€9 = )\62.
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The formulas for the comultiplication are as follows:

A(l) = es®@er+ (1 —e3)®(1—ep),
Aler) = eres®@er +e1(1 —e3) @ (1 —e),
Aes) = es®@ejes+ (1 —e3) ® (1 —eq)es,
Ales) = (-0 (1 - Oy e o

+(1—-4) /\?;—eigs ® A?;—eisl + AA?;—?SZ ® A?Ai—eigz

1)\ (es—ez)? (e1—e2)®
+( )T —e3) @ (I —e)

The counit is given by :

€(1) = e(e2) = 2,
e(er) = e(ez) = e(eres) =1,
e(eren) = e(eses) = e(erezes) = 1,
e(erezes) = e(egeser) = A,

e(eger) = e(eges) = e(egeres) = e(egeresen) = 2.
The antipode is determined by
S(l) = 1, S(el) = €3, 5(63) = €1

S(e2) = (Mez + (1 — A)(1 —e3))ea(Aeg + (1 — A)(1 —e3)) L.

It is easy to see that H; and Hy are generated by {1,e;} and {1,es} respectively.
Now we work out the centralizer subalgebra Cp(H;). Clearly,

111HS(12) = 1H, 11615(12) = €1, 11635(12) = €1.
However, 17e25(12) # eq. In fact, 11e25(12) is of the form:

11625(12) = 63625(61) + (1 — 63)625(1 — 61)
= eszege3 + (]. — 63)62(1 — 63)
= e3ez€3 + (62 — 6362)(1 — 63)

= e3€2€3 + €3 — €362 — €g€3 + €e3€2€3
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= 2/\63 + e — €36y — €2€3
= (2)\ — 1)63 + (62 — 63)2.

Suppose that 11e25(13) = e3. Then 2Mes + ea — esea — eaes = e, which means

2

2)e3 —ezes = eses. So we have 2)\ezez — egeses = egeges. Since ez = e and egeqes =

Aes, then \es = eges and so Aeses = eseses. Using ea? = es and egeszes = Aes, we can
get Aeses = Aeg and so Aegeszes = Aeo?, which implies that A%e; = ey and A2 = .

Thus A = 1, which is a contradiction since \™! = 4cos*T.
Therefore, Cpy (Hs) = 11 HS(12) is generated by {1, e1, e3, (2 — 1)e3 + (e2 — e3)?}.

Lemma 2.1.5. Let H be a weak Hopf algebra. Then Cy(H,) is a left H-module with
the left adjoint action h-x = hyxS(hs) for all x € Cy(H,) and h € H.

Proof. Straightforward. O
For any z,y € Cy(H,), by A(1) € Hy ® Hy, 112yS(13) = xy. Now we have the

following lemmas:

Lemma 2.1.6. Let H be a weak Hopf algebra. Then the multiplication of H induces
the following morphism @ on Cy(Hy) in the category of left H-modules:

f:Cg(Hs) @ Cg(Hs) — Cu(Hy),

a®: b —  ab.

Proof. Note that (11 - z)(12-y) = S(11)12y = ay for all x,y € Cy(H,). So the map
7 is well-defined. For all h € H, we have

h-(xy) = hi(zy)S(he) (g)hlss(hﬂws(hg)
WO ey (ho)yS(hs) = hiawS(ha)hsyS(ha)

= (m-z)(h2-y).

=)
=

Thus the map 7 is a morphism in the category of left H-modules. O

Lemma 2.1.7. Let H be a weak Hopf algebra. Then (Cy(Hs), 1) is an algebra in
the category of left H-modules with the following unit:

n= IdHt cHy — CH(HS)
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Proof. 1t is clear that [ is associative. We only need to check the axioms for the unit.
It follows from the definition of {~! that

pme DI N z) = ame1)(S(l) ® 1y - 2)
= a(S(l)®1z-x)

for any « € Cr(Hg). So (7 ® 1) = id. Similarly, we also have
plemr @) =plen(l-z®ly) =a(l - 2@ 1) =z

O

Similarly, Cy(H) with the comultiplication A is an algebra in the category of
left-left Yetter-Drinfeld modules.

Lemma 2.1.8. Let H be a weak Hopf algebra. Then I'(Hy) is isomorphic to Cy (H,)
as an algebra in the category L% 9 of left-left Yetter-Drinfeld modules, where Crr(Hs)

has the following action and coaction:

h-g=higS(h2), p"(g9) =g ® g,

for all g € Cy(H) and h € H. In particular, I'(Hy) is quantum commutative.

Proof. First consider a k-linear map r: H®@ H — H, g® h — S~(h)g. We get

T(lth(lé) ® 121’1 . x)

S7H(121] - 2))[11hS(13)]
S7H(1228(1)))[1:1hS(15)]
11871 (2)hS(1%) € Cy(Hy).

So we have a well-defined map:
r:H®H, — Cy(H,), 1,hS(15) @ 151 - 2 — 11,57 (2)hS(15).
Define another map:
r': Cy(Hg) — H® Hy, h— 1101 ® 1515,
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We then show that the map 7’ is the inverse of the map r. In fact, for h € H, we have

r'r(11h1] ® 1215) = r'(1;hS(12))
LRSI, @ 151
= 1;17/h1] ® 1,151},

— LAl ® 1,1,

So r'r = idgem,. On the other hand, we have
TT/(h) = T‘(llhl/l ® 121/2) = 11h5(12) =h.

Thus rr' = idc,, (m,)-

Now we claim that r is an algebra isomorphism between H ® H; and Cy(Hy)
as algebras in the category of Yetter-Drinfeld modules. It is easy to see that r is

H-colinear. For all g,h € H, we have

rlh- (1191} ® 1215)]
= r(h1gS(h)l; ® 15)
= higS(h2) = h-(119S(12))
= h-[r(ligl} ® 1515)].

So r is H-linear. For all g,¢’ € H,

r[(1ig1] ® 1215)(11g'1] @ 1215)]
= r(lLiglig'l] ® 151515)
= 7(liglig'l] ® 151517)
= 1111g5(13)g'S(12)
= 1195(15)11g'S(12)
r(ligl} ® 1215)r(11g'1] ® 1215).

Finally, the quantum commutativity of Cy(H;) follows from
(a1 - b)as = a1bS(az)asz = a15(az)azb = ab.

for all a,b € Cy(Hs). O
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Now we give the relation between the full center of the algebra H; and Cp(Hj).

Lemma 2.1.9. Let H be a weak Hopf algebra. Then the full center Z(Hy) of the
algebra Hy in the category of left H-modules is isomorphic to the algebra Cy(Hs) in
the category of left-left Yetter-Drinfeld modules.

Proof. By Theorem 5.4 in [20], the full center Z(H;) of H; in the category of left
H-modules is isomorphic to the left center Cy(I'(H;)) of I'(H;) in the category of
left-left Yetter-Drinfeld modules. By Lemma 2.1.8, I'(H;) is quantum commutative.
So C;(I'(Ht)) = I'(Hy). Thus Z(H;) ~ Cy(Hy) as algebras. O

2.2 Constructing a braided Hopf algebra

It is well-known that if H is a quasi-triangular Hopf algebra, then H can be deformed
into a Hopf algebra in the category of left modules, see [50} 52]. In general, a weak
Hopf algebra H with a usual adjoint action is not necessarily a left (unitary) H-
module, see Example 2.1.4. So one should not expect that a quasi-triangular weak
Hopf algebra with the usual adjoint action can be deformed. Based on the full center
Cy(H,) of the unit object H;, however, we can still construct a Hopf algebra in the
category of left H-modules in a similar way to Majid’s method in [50].

Let (H, R) be a quasi-triangular weak Hopf algebra. Consider a map A:
A:Cy(Hy) — H® H, z+— 2:S(R*)® R - 2,

where the R-matrix R = R' ® R2.
Lemma 2.2.1. Let (H,R) be a quasi-triangular weak Hopf algebra. Then the map
A is a k-linear map from H to Cy(Hs) @ Cy(Hsy).

Proof. Tt is easy to see that A(H) C H ® Cy(Hs). Moreover,

Z(Jf) = xlS(Rz) X R'. To = .1315(R2) (%9 R11$QS(R12)
r1S(R*r?) @ R xS (rt) (1.16) r172S(R?) @ R'zyr!
r?29S(R*) ® R'r'zy = R? -1y ® R'ay € Oy (H,) ® H.

Thus A is well-defined. O
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Lemma 2.2.2. Let (H, R) be a quasi-triangular weak Hopf algebra. Then the follow-
ing hold:

1. The map A is a k-linear map from H to Cy(H,) ®; Cp(Hy);
2. In particular, Z|CH(HS) is a morphism in the category of left H-modules;

3. The morphism A is coassociative.
Proof. By Lemma 2.2.1, the first statement is true if
1y - (21S(R?) ®@ 1o - (R' - 29) = A(z),
for all x € H. Indeed,

1; - (a:lS(RZ ) ® 1y - (Rl . 1‘2)

HRYS(12) ® RY - a9
RZ)S(IQ) X R'. To = xlS(RQ) X R'. T2

where the last equality was given by A(x) € Cy(H,) ® H.

Now we show that A restricts to a morphism in the category of left modules. For

any h € H, we have

hi-(x1S(R*)) @ hy - (R' - 23) = hiz1S(R*)S(hy) @ hsR' -z
= hx1S(hoaR?) @ haR' -z
= hlxls(R2h3)®R ho - zo
= h121S(hg)S(R?) ® R* - (hozoS(h3))
= (h-21S(RP) @R (h-z)y =A(h-z).

Finally, we verify that the map A is coassociative. Indeed, for all = € pH,

>
®
=
(]
>
&
I

A(x1S(R?)) @ R - 2
(21 S(R*)1S(r?) @ r! - (215(R%)); @ R' -y
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= 5 SRS @r! - (228(R?) @ R'R' - 25
= 5 S(r*R) er (mgS(R’Q)) @ R'R" - 25
= SR ® R1 (228(R?)) ® R'S R - a3
= 118(RH) ® R - (22S(R?)) ® Ry - (R - x3)
= 1SR ® ( - Ta).
Thus the proof is completed. O

Lemma 2.2.3. Let (H,R) be a quasi-triangular weak Hopf algebra. Then the map
et 15 a left H-linear map from Cy(Hg) to Hy.

Proof. For all h € H,z € Cy(H,), we have

&‘t(h'l‘) = &t hle(hg)) i Et(hll‘é‘tS(hg))
(13

(

er(hizSeq(hg)) =" &y(h1125%(15))
(
(h

€t hthQ(lg)) = e4(hr1,S(12))

z) = ei(hei(z)).

Et

Thus ¢, is left H-linear. O]

Now the coalgebraic structure on Cp(H,) can be given as follows:

Lemma 2.2.4. Let (H, R) be a quasi-triangular weak Hopf algebra. Then Cp(Hy) is

a coalgebra in the category of left H-modules with the following structures:

ZZ CH(HS) — CH(HS) Q4 CH(Hs)v
£=c,: Oy(H,) —s H,.

Proof. Using Lemma 2.2.2 and 2.2.3, we only need to check the axioms of the counit,
(e:®1)0oA=1Id=(1®¢)0A. For all z € Cy(Hy), we compute the following:

r(l®e) o A(xr) = S(er(R'-x2)) - (21S(R?))
= 11(x1S(R%)S(12)S%(et(R" - z2))
= [1-(@15(R*))]S*(e(R - 22))
= (21S(R?))er(R - x2)
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= (331S(RQ))5(11R11$25(R12))12
= (©1S(R?R™?))e(S7Y(11)R*zaS(R™M))1y

UL (21 S(1 B2 R?))e(R s S(R™)) 1

= n1S(R?)e(RY225(R'2))S(11)12

= ©1S(R*)e(RY122S(R's))

= 1S(R*)e(es(RY 1 )z2S(RYS)) (L2 z1S(R*)e(1122S(R 1,))
= 51S(RY)e(1225(12)S(RY) "2Y 21 R2e(11225(10) RY)
(1.5) (1.15)

= IlR 8(111’25(12)&}(R1)) = J}11,1€(111'QS(12)1/2)
= 3311/16(113321/25(12)) = (1 . $)1€((1 . x)g) =X.

Similarly, by the equations (2.1)-(2.7), we have

(Ao1)oA) = [e(m1S(R))R- 22 =) [e1(216:5(R?)R'] -
= [e(maSe(B))RY - 22 "2 e (215(11))5(12)] - 2
= [Et(ﬂﬁllz)h] z2 = 1} [er(2112)225(11)]5(15)
1ee(@1S71 (1)) 2212)S(15) = 17 (e (215 (11))2212]5(15)
1 [er(w16¢(11))2212]S (1) = 17 [ee(2111)2212]S(15)
1y [e(

lee(n)z2)S (1) 12

Thus (Cy(H,),A,Z) is a coalgebra in the category of left H-modules. O

Now we show that Cy(Hy) can be equipped with a bialgebraic structure.

Lemma 2.2.5. Let (H, R) be a quasi-triangular weak Hopf algebra. Then Cp(Hy) is
a bialgebra in the category of left H-modules.

Proof. For all z,y € Cy(H,), we have

elry) = e(lioy)ls 2 e(lizey(y))ls
= e(zlie(y))le = e(zer(y)11)12
D (e y)S1))1e ) e(@S(11) Loz (y)
D el ae(y) = e(Lia)laei(y) = eol@)e(y),
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which shows that € is an algebra map. By Lemma 2.2.1 and 2.2.4, it remains only to
verify the equation (3.1). Note that RR = 1, ® 1;. The compatible condition on A

is shown by the following computation:

Feon(leCol)(AoA)(li-z@1s-y)

= (@EenleoCe)(AeAd)(@S(l)® ly)

= (Eeplele 1)(5”15(1 )S(R*) @ R - 2 @ 1oy1 S(R?) @ R - )

= (@Eem@S(R1)@r? - (1ay1S(R?) @ r'R' 22 @ R - y3)

= (Eep@S(R1) @ r’ly- (1 S(R?) @ r'R! -2y @ R™ - ys)
"2V @ m)@S(RY) @ r’ly - (1 S(R?) © r' LR -2y © R - yo)

= (@Eom(@S(RH)@r?- (nSR?)@r 'R 2o @ R - ys)

= (@1S(R*)(r*- (1 S(R?))) @ (r'R' - 22) (R - y2)

= (@S(R))(R - nS(R?) ® (R* - ) (R - )

= (@S(B*)(B%(1n S(R?))S(R?3)) @ (R - 22)(R" - o)

= (215,(R*1))(11S(R®))S(R?:) © (R' - x2) (R - yo)
(@1 S(R?)S(R1y) © (R - 22) (R - 1)
U2 (@) (1 S(R?)S(R?) @ (RS (1) - 22) (R - )

= (011 S(R?)S(R?) @ (R - (225%(12))(R" - o)

2

= a1LiliyS(R?) @ R - (225%(12)15y2)

= 21y S(R?) @ R - (225%(15)S™H(S(15)11)y2)
= 11 S(RH) @ R' - (225%(12)S 71 (11)yo)

= SR @R - (2258(11)12y2)

= SR @R - (z2y2),

for all z,y € Cy(H,). Thus the proof is completed. O

Let (H, R) be a quasi-triangular weak Hopf algebra. Let u = S(R?)R! and v =
R'S(R?), where R = R' @ R?. Then by [57, Prop.5.7] u and v are two invertible

elements in H, and for all h € H, we have

1 = R?2S*(RY, v '=S*RYHR?, S*h)=uhu"t, S7%(h)=vhv!
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Similar to [51, Thm. 4.1], define a k-linear map:
S:Cy(Hy,) — H, xz+— R*R?S(R'zS(R")).
Since R € A°P(1)(H @ H)A(1), we have for all x € gH,

11 R?R?S(R'zS(R'™))S(12) 1. R*R"”?S(1,R'zS(R'))

R*R?S(R'2S(R™)),

which implies that S is also a well-defined map from Cp (H) to itself.
Lemma 2.2.6. Let (H,R) be a quasi-triangular weak Hopf algebra. Then the map
S :Cy(Hs) — Cy(Hy) is left H-linear.

Proof. Take x € Cy(Hs). We have

S(z) = R*R?S(R'xzS(R'"))
— R2R/252(R/1)S(Rll’)
= R*u'S(R'z).
Using the properties of R, we get

S(h-z) = R*u'S(R'hizS(h2))
= R>u'5%(hy)S(R'hix)
= R2h2u_lS(R1h1x)
= hiR*u"'S(hyR'z) = h-S(x),
for all h € H. Hence, S is left H-linear. O

Now we state the main result in this chapter.

Theorem 2.2.7. Let (H, R) be a quasi-triangular weak Hopf algebra. Then Cy(Hy)
is a Hopf algebra in the category (g M, ®¢, Hy, 1, 1) with the following structures:

1. the multiplication 7t and the unit 7 are defined by:

0:Ch(Hs) ® Cy(Hs) — Cy(Hs), a®br— (11 -a)(ly-b),
7= 1Idy, : H — Cy(Hs), x+— x.
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2. the comultiplication A and the counit  are given by:

Cu(Hs) — Cu(H

3. the antipode S is given by

g : CH(HS) — CH(

s) @t Cr (
E=¢€¢ CH(HS) *)Ht,

x — ().

H,), z+—— R*R?S(R'2S(R™")).

H,), z+— 1 S(RP)QR" -z

Proof. Using Lemma 2.2.5 and 2.2.6, it is sufficient to verify the axiom of the antipode

S. Note that A(z) € Cg(

directly compute the following:

fio(1®5)o0Ax)

Similarly, we also have

H,) ®; Cy(H) and RR = A(1). For all z € Cy(Hy), we

21S(r*)R*R?S(R* (r!

21S(r!)R*S(R'1(r! - 22)S(R'2))

r1S(r?)R2S(R'rt - x5))

215(R*)R*2S(R" - x5))

z165(R*)S(R" - x3))

x1115(S(12) - z2)

21118 (225%(13))

21115 (x212) = ¢ ().

2um S(R' 2 S(r?)) (rt - 20)

R*u='S%(r})S(RYxy)(r' - 20)

Rzrzu’ls(Rlxl)(rl - Tg)

2T S(RY ) (RYy - 20)

2u_lS(asl) (R
(
(

1)
R2u_1S $1)11$25( )
Qu_lS $1)11$QS(12)S(R1)
R*u'e,(1-2)S(RY)

R*u™'S(R'S e, (2))
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(1é1) 5_155( )R2 _1S(R1)

= S7M1))e(xla) R2R2S?(RM)S(RY)

- 125(x5(1 )R2R?S(R'S(R™))

=" loe(ze(11))R?*S(RY 1 S(R'S))

=) 1se(x1,)R%Se,(RY)
loe(211)11.S(1h) = e4(a).

Therefore, S is the antipode of C(Hs). O

Now we apply Theorem 2.2.7 to the quantum double of a weak Hopf algebra.

Example 2.2.8. Let H be a finite dimensional regular weak Hopf algebra. We use

the following Sweedler hit actions:

h— ¢ =¢i1(h,¢2), ¢—h=/(h,d1)p,

for all h € H,¢ € H*. Nikshych et. al showed in [57] that the linear span J of the

following elements

¢®yh_(y45>¢®h7 yeHSa
pRzh—(e—2)p®@h, z€ Hy,

is a two-sided ideal in (H°P)*® H. Denote by D(H) the factor-algebra (H°P)*®@ H/J.
We write [¢ ® h] for the class of ¢ ® h in D(H). Then D(H) is a weak Hopf algebra

with the following structures:

[¢ @ h][Y ® g] = [2¢ @ hagl(S(h1),v1)(hs,v3), lpm) = [ @1]
A(fp @ h]) = [p1 ® ] ® 2 @ ha], €([¢p @ h]) = (e:(h), ¢),

S([¢ @ hl) = [S™1(d2) @ S(ha)|(ha, d1)(S(ha3), ¥3),
DH);=[H*s®1], D(H);=[e® Hy.

for all ¢, € (H°P)* and h,g € H. In addition, D(H) has the following quasi-
triangular structure:

R=Y[e®lekae, R=) [STH(d)al]akee]

J
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where {e;} and {e’} are dual basis of H and H*.

By Theorem 2.2.7, the centralizer subalgebra Cp ) (D(H)s) is a Hopf algebra in
the category of left D(H)-modules.

Remark 2.2.9. (1) When H; = H; = k, it is clear that Cy(Hs) = H is a Hopf
algebra in the category of left H-modules, see [50].

(2) Similarly, we can also construct another braided Hopf algebra based on C (Hy).

(3) Tt is easy to check that the Hopf algebra C'ir (Hy) in the category (g M, ®¢, Hy, l,r)
is cocommutative in the sense of [50], see Definition 2.3 in [50].

(4) In Example 2.2.8, by taking H as a special weak Hopf algebra like a groupoid
algebra, a face algebra in [38] or a generalized Kac algebra in [86], we can easily get

many detailed Hopf algebras in corresponding braided monoidal categories.

Let (H, R) be a quasi-triangular weak Hopf algebra. In what follows, a braided
Hopf algebra will always mean the Hopf algebra Cy(Hy) in the category of left H-
modules in Theorem 2.2.7 and be denoted by rH.

Now we look at the dual case, the construction of a braided Hopf algebra from a
coquasi-triangular weak Hopf algebra. Let (H, o) be a coquasi-triangular weak Hopf
algebra with a bijective antipode S. H contains an idempotent element e = 1;15. So
there exists a decomposition H = eH @ (1 — e)H. We can prove that eH is a Hopf
algebra in the category of H-comodules, see [23].

Theorem 2.2.10. Let (H, o) be a coquasi-triangular weak Hopf algebra. Then eH is
a Hopf algebra in the category of right H-comodules with the following structures:

1. the multiplication ™ and unit 7 are defined by,
m:eH ®eH — eH, m(eh ® eg) = ehagao(S(h1)hs, S(g1))
n:Hs — eH, 7j(z)=ex
2. the comultiplication A and counit €5 are given by,
A:eH — eH®eH, A(eh)=eh; @ ehs,
E=¢4:eH — H,.
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3. the antipode S is given by,

S:eH — eH, S(eh) = eS(h2)o(S(h1), hs)o(S2(hs), (ha).

2.3 The case of the right Drinfeld center

Now we consider the case of the right Drinfeld center that will be used in Chapter 5.

Let € and 2 be two categories. Assume that the functor F': 2 — % has a right
adjoint I : ¥ — 2 with a counit-unit adjunction (8,«) : FF — G. Then we can
construct a hom-set adjunction

O : homg(F—,—) — homg(—,1-)
in the following steps: For each f: FY — X and each g : Y — I X , define

Py x(f)=I(f)oay

and its inverse ¥y x (g) = BxoF(g). Conversely, if the functor F' : 92 — € has aright
adjoint I : ¥ — & with a hom-set adjunction ® : homg (F—,—) — homg(—,I—),
then we can construct its counit-unit adjunction (3, «) : F — G with

Bx = Pk x(lax) € home(FGX,X), ay = ®ypy(lpy) € homgy(Y,GFY).

Let € be a monoidal category. By Example 1.1.6, there exists a braided monoidal
equivalence

E: Z,(6) — Zi(€)"

with the inverse functor E~1. Note that Z7(%) = 2i(%)"" as monoidal categories.
We have the following lemma:

Lemma 2.3.1. Let € be a monoidal category. Assume that there is a functor
R: % — Z.(¢). Then R is a right adjoint functor of the forgetful functor F :
Z.(€) — € if and only if the composition functor Eo R : € — Z(€) is a right
adjoint functor of the forgetful functor F' : Z(¢) — €.

Let % be a monoidal category. Assume that the forgetful functor F’ : Z(¢) — €
has a right adjoint functor R’ : 4 — Z7(%¢) with the natural transformations of the
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adjunction:
ay:U— R oFU), Bx : FoR(X) — X

for all U € Z(%) and X € €. By Section 1.5 the functor R’ is automatically lax
monoidal, where the natural transformation s is given by the composite

R'(Bx ® By) o R (93 (R'(X),R'(Y))) 0 o (x )@ R ()5

for all X and Y in ¥. Note that E gives a monoidal equivalence. By Lemma 2.3.1,
we have the following lemma:

Lemma 2.3.2. Let € be a monoidal category. Assume that the forgetful functor
F': Z(€) — € has a right adjoint functor R' : € — 27(€). Then the composition
functor R :== E"1o R : ¢ — Z,(€¢) has a lax monoidal structure induced by E~*

and R', where E is the same as above.

Remark 2.3.3. By [32, 33| [60], the functor R in Lemma 2.3.2 has another lax
monoidal structure defined as follows:

Let px : F(R¢(X)) — X be the image of idgr(x) under the canonical isomorphism
hom(R(X), R(X)) ~ hom(F(R%(X)), X),

for all X in %. Let ux,y be the image of px @ py : R¢(X) @ Rg(Y) — Re(X QYY)

under the canonical isomorphism

hom(F(R¢(X)) ® F(Rg(Y)),X ®@Y) =~ hom(F(Rs(X)® Re(Y)), X ®Y)
~ hom(R4(X)® R¢(Y),Re(X ®Y)),

2

2

for all X and Y in €. If o/ and ' are the counit and the unit of (F, R) respectively,

by the relation between its counit-unit adjunction and its hom-set adjunction, the

map px,y is given by the composition R(8x ® fy) o R(‘PI_%ELX),R(Y)) o o/R(X)®R(Y) :
RX)®R(Y) — RoF(R(X)®R(Y)) — R[F(R(X))® F(R(Y))] — R(X®Y).

By the counit o’ = E~! o a0 E, this lax monoidal structure on R coincides with the

lax monoidal structure induced by E~' and R'.

By Theorem 1.6.10, there exists a braided monoidal equivalence functor from
a2 to Hay ™. Here we still denote this braided monoidal functor and its
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inverse by E and E~! respectively.

Corollary 2.3.4. Assume that there is a functor R : gl —s g% 2. Then the
functor R is a right adjoint functor of the forgetful functor F : g% 9% — yott if
and only if the functor E o R is isomorphic to the functor I'.

Proof. Follows from Theorem 1.6.9, Lemma 2.1.1 and 2.3.1. O
Corollary 2.3.5. Assume that the forgetful functor F : y@ 9" — g # has a right
adjoint functor R : gt — g% 2. Then

as algebras in the category % 9 where E and R are as above.

Proof. By Corollary 2.3.4, the functor E o R is also a right adjoint functor of the
forgetful functor F. By the uniqueness of a full center, F[R(H;)] ~ I' (H;) as algebras
in the category 2% 9. O

Remark 2.3.6. (1) Since E is an equivalent functor, we have
R(Hy) ~ E~"(I'(Hy))

as algebras in the category g% 2. By Remark 2.3.2, the algebra R(H;) was the
one constructed in [28) [32], which is of importance in the study of braided fusion
categories, see [28], [32]. Thus, this motives us to relate the theory in [28] B2] to the
full center of the unit object, see Chapter 5.

(2) Similar to [27], we can describe the full center of an algebra in the Drinfeld
center of H-modules by using the centralizer subalgebras of the smash product alge-

bra.
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Chapter 3

Braided autoequivalences and

bi-(zalois objects

Let H be a quasi-triangular weak Hopf algebra over a field k. In the previous chap-
ter, we equipped the full center of the unit object with the structure of a braided
Hopf algebra. In this chapter, this braided Hopf algebra is used to re-describe the
Drinfeld center by showing that there exists a braided monoidal equivalence between
the category of Yetter-Drinfeld modules over H and the category of comodules over
this braided Hopf algebra. This equivalence motivates us to discuss the relation be-
tween braided autoequivalences and bi-Galois objects. Finally, we form the group of

quantum commutative Galois objects.

3.1 The Drinfeld center

Let (H, R) be a quasi-triangular weak Hopf algebra. By Theorem 2.2.7, we have the
braided Hopf algebra rpH. In this section, we will investigate the relation between
the category of left comodules over rkH and the category of left-left Yetter-Drinfeld

modules over H. Now we need a special case of Definition 1.3.5.

Definition 3.1.1. Let H be a quasi-triangular weak Hopf algebra with a bijective
antipode S. Let M be a left H-module. We call (M, p') a left rH-comodule in
the category of left H-modules if (M, p') is a left rH-comodule such that p' is left
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H-linear, i.e.,

pl(h-m) =hy m_1)®hy - my, Yh € H, m € M.

In the sequel, a left g H-comodule will always mean a left rp H-comodule in the
category of left H-modules. Similarly, we have a right pH-comodule and an rH-
bicomodule.

For any two left pH-comdules (M, p') and (N, p'), M ®; N is a left g H-comdule
with the following structure:

h-(m®n)=h; -m® hy-n,
plimen)=(Eolel)(leCe1)(p @ p)(men),

where m € M, n € N, h € H and C is the braiding of the category g.Z .

Remark 3.1.2. We denote by * (;.4) the category of left g H-comodules and the
morphisms that are both left H-linear and left gpH-colinear. By [70], the category
&’H () is a monoidal category with the unit object H;.

Now we discuss the relation between the category #(y.#) and the category of
left-left Yetter-Drinfeld modules.

Lemma 3.1.3. Let H be a quasi-triangular weak Hopf algebra with a bijective antipode
S. Let (M,p!) be a left gH-comodule. Then M is a left-left Yetter-Drinfeld module

with the following H-comodule structure:
p*(m) =m_1R*> @ R' - mq),

where p'(m) = m(_1) ® m(g) for all m € M.

Proof. For any m € M, we have

llm(,l)RQ (39 12R1 “m)y = m(,l)llRQ ® 12R1 )
= m(,l)RQ Q@R mo).

So pL(M) € H® M.
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Next let us check that (M, p%) is a left H-comodule. For the coassociativity,

1@t = (A pL)(m(_l)R2 ® R!. m))
R*® (R' - mo))(—1)@° ® ¢" - (R - m(0))(0)
- m(*l)RQ ® (Ri - m(0)<—1>)q2 ®q' - (Ry- m(O))
m1),S(r*)R? @ (Ryr' - m(_1),)a” @ ¢" Ry - m(o)
m_1), S(r*)p*R* @ (p'r' - m(_1),)q* @ ' R" - mg)
m—1),2s(r)R? @ (! - m-n,)g® @ ¢ RY - my
) 11R? @ (S(12) - m(_1),)¢" © ¢'R* - m
= mr 1)11 R*® (m(_ 1)252(12)) ® q'R" - m)
= m LR*® (my— 15)* @ ¢'R' - m m o)
= m— )1R ®m_1),q° ®q1R1 - M)
= (m1), R} @ (m(1),R5 @ R - myq))
=  (A®)(mEyR*@ R -m)
= (A®1)pt(m).

The counit axiom holds as we have

(c@Dphm) =  elmnR)(E -m)
=" e(mne(R?)(R' - mq))
e(m-1)12)(S(11) - m(o))
= e(m1S(11))(12 - m(g))
= E(m( 1 11)(12 m(o))
= e(lim—qy)(12 - m(q))
= &lm)) -me)) =m,
where the last equality followed from the counit of a left zpH-comodule.

Finally, the compatible condition holds since

hl(TTL(_l)Rg) ® h2 . [Rl . m(o)]
= hlllm(_1)5(12)R2 ® h2R1 . m(o)
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1.3
D hym_1)S(ha)hsR? @ haR -
1.10
20 hym_1)S(ha)R2hs ® Rihs - myy
= (hl . m)(,l)Rth ® R'. (hl . m)(o).
forallme M and h € H. O

The following lemma tells us that the converse of Lemma 3.1.3 also holds.

Lemma 3.1.4. Let H be a quasi-triangular weak Hopf algebra with a bijective antipode
S. Let (N, p") be a left-left Yetter-Drinfeld module. Then N is a left rH-comodule

with the following structure:
p'(n) = n_yS(R?) ® R" - nyg,

where p*(n) = nj_y @ nyy for alln € N.

Proof. First of all, we need to check that p' is well-defined. For all n € N,

LSRR ®@ 1R “ng = [n-S(RY)]S(11) ® 1R - ny
= [nyS(LR*)]®12R" ny
= [nyS(R*)] @R -ny
Lin_yS(R*)S(12) ® R -ngy = Lin_y1S(12R*) ® R' - nyg)
LY 0 S(R) ® R', - nyg)
=  ling 1]S(R )®R1~(12~n[0])
=  nyS(R*)®@R"-ny.

So p'(N) C rH ®; N. The H-linearity of the map p' follows from

hy [N[ 1]S(R2)] ® hoR' - TL[O]
= hm (h2R2) ® th1
= hl’I’L (R2h3)®R1h2 7’L [0]
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for all h € H.

Now let us show that

(1@ p")p'(n)

(hanj—1S(h3))S(R*) ® R" - (ha - ny))
(h-n)—S(R*) @R - (h-n
pl(h ’ ’I’L),

o]

(N, p') is a left pH-comodule. For any n € N,

”[*1]S(R2) ® (R - npg)—ySr?) @ r' - (R" - np)
_yS(R?) @ Ring)_,S(Ry)S(r?) @' - (Ry - njoy,)
n-1, S(R?) ® Rinj_1),S(r*R}) @ r' R} - nyg)
ni_1), S(R*) ® Rinj_1), S(R3r*) ® Ryr" - nyg
n[—l]IS(R2q2) ® R!. [n[—l]QS(Tz)] @ q'r! ng
(-1, SrDIS(R?) @ R' - [n_1,S(r})] @ 1 - nyg)
1 S S(R?) ® R - [n_y S(r2)]a @' - ny

Aln_yS(r)] @' -ngy = (A@1)p!(n).

So the coassociativity holds. The counit axiom is given by the following

ei(n_yS(R?)) - (R - njg)

= (e(n_yS(R*)R") - ny

L9 (1,RY. ne(ling_ye[S(R?)])
= LR') - nie(lin;-1)S[es(R?)))
(1.14)

1517) - n[0]€(11’n[ 1]1)
1) - nge(lin_1)S(13))
12 . n[o]s(lln[_l]S(lg))

(
(
(
(125(13)) - njge(Ling—1S(17))
(
(

=n.

THE DRINFELD CENTER

Therefore, (N, p') is a left g H-comodule.

By Lemma 3.1.3 and 3.1.4, we obtain the following:

Theorem 3.1.5. Let (H, R) be a quasi-triangular weak Hopf algebra with a bijective

antipode S. Then there exists a monoidal equivalence F from the category *H (g.#)
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of left RH-comodules to the category L% 9 of left-left Yetter-Drinfeld modules:
Fo i (gd) — {99, (M,p') — (M, p"),

where p” is defined in Lemma 3.1.3 and the inverse of F is given by
G: GY D — (), (N,p")— (N, p),

where p' is also defined in Lemma 3.1.4.

Proof. We first claim that GF(M) = M for any object M of *H (g .#). Tt is enough
to check that p'(m) = m_1) @ m(g for all m € M. In fact,

plim) = myS[ER*)®@R" my,
= mepr’S(R) @R [r' - m)]
= mCyr’S(R*) @ (R'r) - my)
=" mene(R?) @ R -my)
m—1la ® S(11) - mg)
= ST (12)-m(1y @ S(1) - m)
= S(l2) -m 1) ®S(11) - m(o)
= Li-mey ®@lz-m

= M1 @M o)

Next we show that FG(N) = N for any object N of 2% 9. For all n € N,

pt(n) = ncyR*@R' -0,
= nySEHR*@R" - (r' - ny)
= nySE*)R? @ (R'r!) - ny
=" nqes(RY) @R -ny
nql @ S(12) - nyg
= n-S(l2) ® 11 - ny
= 1inyS(l2) ® 11 - (15 - n))
= Lin_yS(13) ® 12 - nyg
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= M-y @71

Finally, we verify that the triple (G, id, Id) is monoidal. It is clear that G(H;) = H;.
For any two left-left Yetter-Drinfeld modules U and V', the left r H-comodule structure
on G(U) ® G(V) is as follows:

(pelel)(1eCel)(pheph)(uewv)
= (u®1®1)(1®0®1)(u( 1) ® Uy @ n(—1) ® v(0))
= (p®1®1)(y—1)® R v ®R" -y @)
= u(R? 'v<71>>®R (o) ® (o),

where u € U and v € V. Now we have

’U,(_l)(R ’U( 1)) ® R 0) & U(O)
= (u-1Sp ))Rzl(v[_l]S(q )S(R?3) © R - (p" - ugg) © ¢ - vy

D Sy S(@)S(R?) @ (R'r'p') - ug) ® ¢ - vy
S s )y SE)S (R © (B'1) - ug) € 4" v
02 S oy S@)SED © (R'L) - ug) @' - v

= uyS(12)(v-yS(@*)S(RY) @ R - (11 - uj) ® ¢ - vy

= up(v-nS(e?)S(BR?) @ R -ujq) @ ¢" - v

= (uyo)S(B) @ RN - ug @ ¢ - v

e (u—1v—17)S(R?) @ R' - (ujg) ® vjg))

=  (uv)yS(R?) @ R" - (u®, v)

= pluep).
Hence, G(U ® V) = G(U) ® G(V). The other axioms of a monoidal functor are
obviously true. O

Since the category of left-left Yetter-Dinfeld modules is braided, the equivalence
in Theorem 3.1.5 can induce a braiding in the category of left rH-comodules such

that the equivalence becomes braided.

Corollary 3.1.6. Let (H,R) be a quasi-triangular weak Hopf algebra a bijective an-
tipode S. Then the category of left r H-comodules is a braided monoidal category with
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the following braiding, for allu € U and v € V,
é(u ®v) = u(_l)RQ v®R'- U(0),

Yu e U and v € V, where U and V are any two left rH-comodules. The inverse of
C' is given by

CHv@u) =R ug) @S (u)R?) -v,

Moreover, the functor G in Theorem 3.1.5 is a braided monoidal equivalence.

Proof. Using Theorem 3.1.5 and [42] we work out the stated braiding using the fol-

lowing diagram

G(U) @ G(V) - GU®V))
Cow),gv) G(Cuv)
G(V)®:G(U) G(V e U).

By Id: G(U)® G(V) = G(U @ V), the braiding C is the composition Id o Cy.y oId.
For any v € U and v € V, we have

GU’V(u@)v) = IdoCyyoldlu®wv)
= IdOCva(U®’U)
= Id(u[,l] VR u[o])
= U(,l)R2 0@ R! - U(0)-
Similarly, one can obtain the inverse of C. O

Remark 3.1.7. (1) When H is a finite dimensional quasi-triangular Hopf algebra,

the functor G was first proved in [88] to have a right adjoint functor.

(2) In Theorem 3.1.5 and Corollary 3.1.6, we do not need H to be finite dimen-
sional. In fact, our result holds for any infinite dimensional quasi-triangular weak

Hopf algebra over any field (or over a commutative ring).

Remark 3.1.8. Let (H, R) be a finite dimensional quasi-triangular Hopf algebra. By
Radford’s biproduct theorem in [63], there exists naturally a Hopf algebra p HfH. In
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particular, the category ,m(g.#) of left p H-modules (in the category g.# of left H-
modules) is equivalent to the category ,mym.# of left pHfH-modules as a monoidal

category.

By [25, 52], an induced structure R (:= (:® ¢)(R) ) on the Hopf algebra r H{H is
quasi-triangular if and only if the braiding of y.# is pH-linear in g.#. In fact, as
we know, the Hopf algebra g H{H is in general not quasi-triangular. So it does not
seem for the above equivalence naturally to become a braided equivalence between
the left Drinfeld center of y.# and the category ,p(m.#).

Following Corollary 3.1.6, however, we can naturally view the left Drinfeld center
of the category g.# as the category of left rH-comodules. This motivates us to
consider the relation between braided bi-Galois objects and braided autoequivalences

of the Drinfeld center of the category y.# in the next section.

3.2 Braided autoequivalences and braided bi-Galois

objects

In this section, let H be a finite dimensional quasi-triangular weak Hopf algebra. We

will construct braided autoequivalences from braided bi-Galois objects.

Remark 3.2.1. Note that H is finite dimensional. So is gH. By [57], rH has a dual
object. Thus gH is a finite object in the the category g.#. It follows from [25] that
rH is flat in the category g./Z .

Now we need some detailed definitions from Section 1.3.

Definition 3.2.2. An algebra A in the braided monoidal category g.# is called a
left rH-comodule algebra if A with a left rH-coaction p' is a left g H-comodule such
that

pl(ab) = a(_l)(R2 . b(—l)) ® (Rl . a(o))b(o),

for all a,b € A, where p"(a) = a(g) ® a(1). Namely, p is an algebra map in p ..

Similarly, an algebra A in the category g.# is called a right rH-comodule algebra
if A with a right pH-coaction p" is a right grH-comodule such that

p"(ab) = ao)(R* - b)) ® (R - ag))b),
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where a,b € A and p"(a) = a(y) ® a(;y. An rH-bicomodule algebra can be defined

similarly, see [69].

Let A be a right g H-comodule algebra. Define the coinvariant subalgebra of A as
Ao ={a € Alp"(a) =a®: 1}.
Similarly, the coinvariant subalgebra of a left p H-comodule algebra can be defined.

Definition 3.2.3. [70, Defn 2.1] Let A be a right g H-comodule algebra. We call A
a right braided rH-Galois object if A is faithfully flat and the morphism

B:A®: A— A®; rH, a®bl—>ab(0)®b(1)

is an isomorphism in g.Z.

Similarly, one can define a left braided rH-Galois object and a braided bi-Galois
object, see [T0].

Remark 3.2.4. For a right pH-Galois object A, the coinvariant subalgebra A, is

trivial. Similarly, the coinvariant subalgebra of a left p H-Galois object A is trivial.

It is easy to see that (gH, T,z —) is an object in the left Drinfeld center of the
category of left H-modules, where 7,5, _ is a half-braiding defined by

oM RH®M — M ® gH, h@m— r*R' -m @ r'hR?.

Since rH is cocommutative cocentral, for any left rH-comodule (M, p'), by [70],

there is a natural right comodule structure induced by the half-braiding 7, a7 :

pr=Tpgmop i M— gH®M — M ® gH.

Let (M, p',p") be an gpH-bicomodule. By [70], we call M cocommutative if the
right coaction p” is induced by the left coaction p!.

Definition 3.2.5. A cocommutative braided bi-Galois object A is called a quantum
commutative Gaols object if A is quantum commutative as an algebra in the category
of left-left Yetter-Drinfeld modules.
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For any two left-left Yetter-Drinfeld modules M and N, by Theorem 3.1.5 and
Corollary 3.1.6, the cotensor product MUN over pH is defined as

{m@neM®e,N|p'im)@n=mep(n)},
which is equal to
{m@neM@ Nr* mgr'm_j®n=men_yS(R*) @ R" -ng}. (3.1
If A is a braided rH-bi-Galois object, by [69] we have an isomorphism
& (AOM) @ (AON) ~ AO(M ®; N)

given by
f((a@m)® (b@n)) =a(R? - b)® R -men,

for all a,b € A, m € M and b € N. Following [70], the cotensor functor AOJ— is a

monoidal autoequivalence of the category ¥ (g.#).

Lemma 3.2.6. Let (H, R) be a finite dimensional quasi-triangular weak Hopf algebra.
If A is a quantum commutative Galois object, then the functor AO— is a braided

autoequivalence of the category *H (g.#).

Proof. Let A be a quantum commutative Galois object. By Theorem 3.1.5 and [42],
we only need to check that the diagram:

(AOM) ®; (AON) ~ ADO(M @ N))
Caom, a0N AOCwy, § (%)
(ADOIN) @, (ACIM) - AD(N ®; M)

is commutative. On one hand, for any a ® m € ALOM and b ®@n € AN, we have

€ o (Camar,aon)l(@@m) @ (b@n)]
= {(a® m)(_l)rQ -(ben)® r. (a®@m)o)]
[

= &layr?-(b@n)@r - (ag) ®@m)]
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= ac, i b®ac,rs n@rt - ag) @ry -m)]

la(—1),r7 - O][R*r] - aq)] ® R'a(—1),m3 -n®@7ry-m

= a1, S@)ri - b[R*r - [a' - apl] © R'aj—1),S(a])lr3 -n @1y -m
[aj—1 [ (@*)r?]1 - O)[R*riq" - ap)]] ® R'[aj-1,[S(¢*)r?]2] -n @1y - m

1.9

2 [ai_1}, [S(¢*)r*p*]1 - B[R*r'q" - ap)]] @ R [aj_1},[S(¢*)r*p*)a] - n@p' - m
(1.8

L) [aj_1}, [es(r)p?)1 - B [R*r" - ag)]] © R a1y, [es(r)p*]2] -n@p' - m
(1.14)

=7 o, [11p®) - B[R?S(12) - agl] @ RYaj_qp,[11p?]a] -n @ p' - m
= [apa,pi - B[R*S(12) - ap)]] ® RYap_q, Lipd] - n@p' - m
=" [a-a, 01 - B[R? - apg] @ RYap_1p,p3] - n @ p' - m,

where Corollary 3.1.6 and Lemma 3.1.4 were used in the first and the fifth equality
respectively. On the other hand, we have

—~

19 C)oél(a®@m)® (b n)
2

I
o

Il
S
3

[N
=

Il
S
3

N
=

Il
IS
<

)
=

Il
Q
)

N
=

[V

I
S
[N

I
IS
N

)
) n® r% - myg]
1)S(r3) - n @731y - myg

S

N O R N e e
=

N N N D N ) N
<
-
|
=

R%)p*S(r3) - n®7“§p131 Mg

-b)
. (r2 . b)](R2 “ajo)) o] ®T}R1a[ 1]p2S(r§) -n ®r%p1 -m
)% D)(R3 - a)) @ riR'aj_11,p°S(r3) -n @ ryp' - m
) (@QF - a) ®rQ' Rlap_y),p*S(rs) -n@ryp’ - m
=7 (a1, R*S(Q3)r* - b)(QF - age) ® r{Q a1, R'p*S(r3) -n @ ryp' - m

62



3.2. BRAIDED AUTOEQUIVALENCES AND BRAIDED BI-GALOIS OBJECTS

(g, BV Q7 ag) © VU Q a1, RPAS(03) - 0 rip! - m
U2 g, BP0 0))(@F - agg) © S(12)Q a1, RS (r}) - ript -m

U2V [, B2 0)](QPS(1) - a) © Qap_y, i RS (1) -n @ ript -m

LY (g, B2 0))(Q2 - a) ® Qa1 R'P*S(rd) -n@rip! -m

S o, B2 0)Q? - ag) © Qlapy, RIp S(R3) -n @ Rip' - m

U2 (o, B2 0@ - ag) @ Qap 1), P RES(RY) - n @ p'R) - m

= [a-, B D)(Q - ap) ® Q'apy,p*lz - @ p' LR - m

= (a1, B D)@ ) ® Q'ap_y,p*  n@p' R - m

where Corollary 3.1.6 and Lemma 3.1.4 were used in the second and the fifth equality
respectively; the twelfth and the thirteenth equations stemmed from the compatible

condition and the quantum-commutativity respectively. Thus

§o(Caomaon) =(1®C)o&.
Therefore, the proof is completed. O
Lemma 3.2.7. Let (H,R) be a finite dimensional quasi-triangular weak Hopf alge-

bra. Assume that A is a braided bi-Galois object. If the functor AO— is a braided

autoequivalence of the category RH(H///), then A is quantum commutative.

Proof. Assume that the functor ALJ— is a braided autoequivalence. We first have
the commutative diagram (x). Let M and N be any two left g H-comodules. By the
proof of Lemma 3.2.6, we get the following equation:
a)(r? - b) @ riaqp*S(rs) -n @ ryp' - m
= lac1),ri b[R*r] - a@)) ® Rla1),r3 n@ry-m, (3.2)

for all a @ m € ALOM and b ® n € ACN. In particular, for any a,b € A, we have
ag) ® a1y, b(o) (39 b(l) € AORrH and so

ao)(r? - b)) ® (- aqy) -1y - by © (- aqy o)
= a1, 77 bR - a)] ® Rra(1),75 - by @73 - aqy.
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Applying the map 1 ® g; ® £; to the above equality, we get

[ag—1),75 - bl [R*r1 - aq)] ® ee(R a(—1),75 - b1y)er(rs - ay)
= a@)(r* b)) @ eel(r' - ag)) - - boyleel (' - ag))pol]-

Since €; is an algebra map in the category g.# and A is a right g H-comodule algebra,

we obtain
[a(_l)r2 - b] [rl . a(o)] = ab,

which is equivalent to ab = (aj_1)-b)aj). Thus, A is a quantum commutative algebra.

Now we show that A is cocommutative. Namely, we need to verify that the right
coaction p” on A is induced by its left coaction p” and the half-braiding. Note that
the regular left H-module H has an induced Yetter-Drinfeld module structure, where

the comodule structure is given by
p*(h) = R* ® R'h := h{_y @ hp), Vh € H,

Then by Lemma 3.1.4 we have a left g H-comodule on H, where p!(h) = 1®; h for
any h € H. Namely, (H,p!) is a trivial left g H-comodule. Now we consider ACrH
and AOH. Note that 14 ®; 1y € AOH and a(g) ® a(y € AOrH. By the equality
(3.2), we easily get

aq)(r? - 1) @ riaqyp?S(r3) @ rap' - aa)

= [a(_l)lrf : ].MRz’f'% . a(o)] ® Rla(_1)2T§ ® 7“% S a(1)-
One one hand, we have

aq)(r? - 1a) ® riaqyp®S(rs) @ rap* - az)
= a@(e(r’) - 1a) @ riaqyp®S(ry) @ rip' - a2

U ) (14 - 14) @ S(1) hayp*S(1s) @ Lap' - aga)
= 1i-a@) @ 15Li00)p*S(1s) @ 1op' - agy)
= a0® 11‘1(1)1725(13) ® lopt - a)
= a@ ®@aup®S(l2) ® Lip' - ag

(L11)

ag) ® amp’ @p' - ag).
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On the other hand, we

have

[a—1y,r5 - LA][R?r] - a()] ® R'a(—1),m3 @73 - aq)

= [ee(a

= ¢ (a
(L4) [&_t(a(

= [ee(a

= |

= S()
(1.11)

2.1
R*r]

1T%) ' 1A] [RQT% : a(O)] & Rla(_l)zrg & ’I"% (1)
“1y,64(r7)) - La)[R?ry -a)] ® Rla(,l)zrg ® T3 “ay)
(S(11)) - La][R*r] - ag)] @ Rlac-1),1ar® @ 73 - aq)

_1)

1)
_1)
“1),) - La][R?r] - ag)) @ R'a(_1),m* @13 -

1; - 1A] [RQT% . a(O)] ® Rllga(_l)’l”2 ® 'r% (1)

RQT% . a(O)] ® Rllga(,l)’l“Q (39 r% A1)

“a) ® Rla(_l)rz ® r% a1y

Then the following equation holds:

aq) @ agyp® @ p'

“a(e) = Rzr% * a(0) X Rla(_l)'rz & 7‘% “a) € AQ H® H.

Applying (1 ® 1 ® €) to right side of the above equation, we get

(1 ®R1® 6)(R27’% RJ0) & Rla(_l)r2 ® 7’% . a(l))

R*ri - a) ® [R'a(—1yr?)e(es(ry)an)S(rs))
R2ri ag) ® [Rla(_l)r2]s(a(1)5(r%))

Rry - aq) © [Rta1yr?le(aqyes(S(r3)))
R*ri - ao) ® [R'a—1yr’le(a)S(es(ry)))
R*r'1y - ag) ® [R'a(—1yr?le(ap)S*(12)))
R%*r11, ag) ® [Rla(_l)TQ]e(a(l)S(lg)))
R*r'1y - ag) ® [R'a—1yr’le(S(12)ay))
R*r'1y - ag) ® [R'a(—1yr’le(laaq))

Rzrls(st(a(l))) -a(o) ® [Rla(_l)r2]
R%*rt. ag) ® [Rla(_l)r2],

where the counit of a right pH-comodule A was used in the last equality. Now we

obtain

R%*rl. a) @ [Rla(_l)rz] = (11 8)(&(0) (24 a(l)pz ®p1 . a(g))
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= a@) @ap’e

(»

= a) @agpe(es(p)ae)

= a ®amp’elaeSp")]
(
(

(
= aq) ®ampelaeSes(ph))]
(11)

! a(2)

(pz)]

a(o) ®a(1 loe a2 S 11 ]

= a(0) X a(l)lgs(lla@))
= o) ®amelac)
= o) ®aq),

where the counit of g H was applied to the last equality. This means that a right
rH-comodule structure on A is induced by its left g H-coaction. Therefore, A is a

quantum commutative Galois object. O

Theorem 3.2.8. Let (H, R) be a finite dimensional quasi-triangular weak Hopf alge-
bra. Assume that A is a braided bi-Galois object. Then the functor AL— is a braided
autoequivalence of the category BH 9 of left-left Yetter-Drinfeld modules if and only

if A is quantum commutative.

Proof. Assume that A is a braided bi-Galois object. By Lemma 3.2.6 and 3.2.7,
the functor ACJ— is a braided autoequivalence of the category #(y.#) if and only
if A is quantum commutative. Following Corollary 3.1.6, the category 2 (y.#) is
equivalent to the category %' of Yetter-Drinfeld modules as a braided monoidal
category. Thus the functor AC— is a braided autoequivalence of the category Z% 9
of Yetter-Drinfeld modules if and only if A is quantum commutative. O

When H is a finite dimensional quasi-triangular weak Hopf algebra over an alge-
braically closed field of characteristic 0 such that it is semisimple and connected, we

have the following statement:

Corollary 3.2.9. Let € be a braided fusion category. Then the Drinfeld center of
€ is equivalent to the category of finite dimensional left He-comoduels over some
braided Hopf algebra Hy. Moreover, if A is a braided bi-Galois object over Hy, then
the cotensor functor AL— is a braided autoequivalence of the Drinfeld center of € if

and only if A is quantum commutative.

Proof. Let € be a braided fusion category. By [60], there is a semisimple con-
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nected weak Hopf algebra such that € is equivalent to the category of finite dimen-
sional left Hy-modules. By [57], H¢ can be equipped with a quasi-triangular struc-
ture such that % is equivalent to the category of finite dimensional left Hy-modules
as a braided fusion category. Thus the proof is completed by applying Corollary
3.1.6,Theorem 3.2.8 and [33, Thm. 3.1]. O

Similarly, we have the following corollary:

Corollary 3.2.10. Let € be a braided fusion category. Then the Drinfeld center of
€ is equivalent to the category of finite dimensional left Hg-comoduels over some
braided Hopf algebra Hey. Moreover, if A is a braided bi-Galois object over Hy, then
the cotensor functor —JA is a braided autoequivalence of the Drinfeld center of € if

and only if A is quantum commutative.

3.3 The group of quantum commutative Galois ob-

jects

Corollary 3.3.1. Let (H,R) be a finite dimensional quasi-triangular weak Hopf al-
gebra. If A and B are quantum commutative Galois objects, so is AOB.

Proof. Let A and B be quantum commutative Galois objects. Then we have that
AO~- and BO- are braided autoequivalences on the category £% 9. So is the com-
position (AOB)O—. By Proposition 3.2.3, AOB is quantum commutative. O

For a bi-Galois object A, by [69] there exists a unique braided bi-Galois object
A=Y (up to isomorphism) such that AJA™! ~ g H and A~'JA ~ g H. By Theorem
6.6 in [69], A~! is isomorphic to A as rH-bicomodule algebras.

Corollary 3.3.2. Let (H,R) be a finite dimensional quasi-triangular weak Hopf al-

gebra. If A is a quantum commutative Galois object, so is A™L.

Proof. Suppose that A is a quantum commutative Galois object. We know that the
functor AO— is a braided autoequivalence. So is the inverse functor A~'0—. Thus

the Galois object A~! is quantum commutative. O

Theorem 3.3.3. Let (H, R) be a finite dimensional quasi-triangular weak Hopf al-

gebra. Denote by Gali(rH) the set of isomorphism classes of quantum commutative
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Galois objects over gH. Then Gali®(rH) forms a group under the cotensor product
O. This group is called the group of quantum commutative Galois objects over rH.

Proof. Follows from Theorem 3.2.8, Corollary 3.3.1 and 3.3.2. O

Remark 3.3.4. For any left H-module M, define a left H-comodule as follows:
pt(m)=R*®R'-m := mp_1] ® my), Ym € M.

It is easy to see that (M, p¥) is a left Yetter-Drinfeld module. So we have an embed-
ding gt — 2% 9. By Lemma 3.1.4, there is a left pH-comodule structure on M
pl(m) = 1 ®; m, for any m € M. Namely, (M, p') is a trivial left g H-comodule. If A
is a braided bi-Galois object, then (AOOM) ~ M, which means that the functor AC—
is isomorphic to the identity functor on the category of left H-modules.

Definition 3.3.5. [28, Defn 2.1] A braided autoequivalence F of 2% 9 is called
trivializable on g4 if the restriction F|,_» is isomorphic to the identity functor as a
braided monoidal functor. We denote by Aut®™ (2% 9, y.#) the group of isomorphism

classes of braided autoequivalences of g@ 9 trivializable on y.# .

Corollary 3.3.6. Let (H, R) be a finite dimensional quasi-triangular weak Hopf al-
gebra. Then the group Gali®(rH) is a subgroup of the group Aut™™ (B% 9, y.4).

Proof. Follows from Theorem 3.2.8 and 3.3.3 and Remark 3.3.4. O

Remark 3.3.7. In Chapter 5, we will see that the group Gali¢(grH) will play a
fundamental role in the characterization of the Brauer group of a braided fusion

category.

Now we write down the left center and the right center for an algebra in the

category of left H-modules, see Section 1.5 for the definiton.

Let A be an algebra in the category of left H-modules. The left center of A is
defined as

Z)(A) = {a € Alab = (R* -b)(R' - a), Vb € A}.
Similarly, the right center of A is
Z,(A) = {c€ Albc = (R*-¢)(R" - b), Vc € A}.
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By Section 1.5, we have the following lemma:

Lemma 3.3.8. Let (H, R) be a quasi-triangular weak Hopf algebra. Then Z;(A) and
Z.(A) are objects in the category of right H-comodules.

Proof. For the sake of completeness, we also give here a detailed proof. For all a €
Z1(A), b€ A and h € H, we have

(R*-b)(R*h-a) = (R*15-b)(R'11h-a)
R2€t(h2) )(thl . a)

(
(

= (R?haS(h3)-b)(R'hy - a
( (h

)
= (M R%S(h3)-b)(haR" - a)
= hu-[(R*S(h3) - b)(R' - a)]
= hu-[(R*-(S(hs)-b))(R' - a)]
= hi-[a(S(h3) - b)]
= (h1 a)(h2S(hs3) - b)

= (11h-@)(12~b) = (ha)b
So (h-a) € Z;(A). Similarly, for all h € H and b € Z;(A),
(R?h-b)(R'-a) = (R?h3-b)(R'haS (1) -a)
= (hoR?-b)(hsR'S™(hy) - a)
= hy-[(R?-0)(R'S™(h1) - a)]
= hy-[(S7H () - a)]

= (h287'(h1) - a)(hs - b)
= (Lia)(1zh-b) = a(h-b).

Thus Z;(A) and Z,(A) are objects in the category of left H-modules. O

Now let A be a left rp H-comodule algebra in the category of left H-modules. Then
the coinvariant subalgebra is:

A={ac A|a(,1) & a) = S(11) ® 13- a}.
Similarly, if A is a right rpH-comodule algebra in the category of left H-modules, its
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coinvariant subalgebra is:

Ao, ={a € Alag) ®aq) =11 -a® 1z}

3.4 The coquasi-triangular case

Let (H,o) be a finite dimensional coquasi-triangular weak Hopf algebra. Naturally,
the dual H* is quasi-triangular. Since the category % @g of right-right Yetter-
Drinfeld modules is equivalent to the category g?!/ 2 of left-left Yetter-Drinfeld
modules, by Corollary 3.1.6 there exists an equivalence between the category % .@g
of right-right Yetter-Drinfeld modules and the category ## (g..#) of left pH*-
comodules. For two right-right Yetter-Drinfeld modules X and Y, we can define
a cotensor product XY over gkH*. Now we collect some facts needed in the next
chapter.

Let M be a right H-comodule. There are two right H-module structures on M:

m < h =mo(mp),h), Vhe Hme M.
m <4 h=mo(h,S " (mpy))), Vh € Hym € M.

We have the following characterization of the cotensor product O, gr+:

Lemma 3.4.1. Let (H,0) be a finite dimensional coquasi-triangular weak Hopf alge-
bra. Let X and Y be right-right Yetter-Drinfeld modules. Then

XV ={z@ye XQY|(r 4«h)®@y -ha=x-hi®y<hs), VheEH}.

Proof. Similar to the proof of [88, Lemma 2.9].

Lemma 3.4.2. Let (H,o0) be a finite dimensional coquasi-triangular weak Hopf algeba

and A an algebra in the category of right-right Yetter-Drinfeld modules. Then

A={a€Ala-h=a<h, VheH},
A, ={a€ Ala-h=a4h, VheH}

Proof. Similar to the proof of [88, Lemma 2.5]. O
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Chapter 4

The Brauer group Br(.#™)
and the group Gal9“(rH™)

For a finite dimensional quasi-triangular weak Hopf algebra (H, R), the category g .#
of finite dimensional left H-modules is equivalent to the category .#*" of finite di-
mensional right H*-comodules. So there exists an isomorphism between the Brauer
groups Br(y.#) and Br(.#™"). For the sake of convenience, we investigate directly

the case of a finite dimensional coquasi-triangular weak Hopf algebra (H, o).

In this chapter, H and H* will always mean a finite dimensional coquasi-triangular
weak Hopf algebra (H,o) with an antipode S and the dual (H*, R) respectively.
Moreover, the antipode of the dual (H*, R) will be still denoted by S. Since the dual
(H*, R) is quasi-triangular, by Theorem 2.2.7, we have the braided Hopf algebra p H*.
By Theorem 3.3.3, we get the group Gal?(gH*) of quantum commutative Galois
objects over pH*. In this chapter, we will study the relation between the Brauer
group Br(.#™) and the group Gal9°(grH*) by generalizing the exact sequence in [88]
to the case of a weak Hopf algebra.

4.1 Galois-Azumaya algebras

An Azumaya algebra in the category .Z is called H-Azumaya.
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Definition 4.1.1. [88] An H-Azumaya algebra A is called Galois-Azumaya if A is a

right weak H-Galois extension of its coinvariant subalgebra.

Let M be a finite dimensional right H-comodule. Then the dual space M™* of M
is a right H-comodule with the coaction pf given by

i

pr(m”) = mig @ mpy, migy(m)mpy = m*(my)S(mpy),¥ m € M.

Now we work out the induced right H-action < on M*. In fact,

(a<h)(m) = ap(m)o(apy,h) = almp)o(S(mpu),h)
a(m))o(mpy, S7(h)) = a(m < S7L(h)),

for all o € M*, h € H and m € M.

Note that H is a regular right H-comodule with the comultiplication A. So (H, <)
becomes a right H-module. For all h € H, x € H; and y € H,, we have

h <z = hio(hg,z) = h1e(S(z)ha) = S(x)h
h <y = hio(he,y) = hie(h2S(y)) = hy.

Moreover, we have two right H-comodules H* and End_g_ (H*), see Remark 1.6.7.

Lemma 4.1.2. We have a right H-comodule algebra map 0 from H to End_p (H*)
defined by
0:H — End_g. (H*), (0(h)(a),a) = {(a,aS™%(h)).

Proof. We first verify that the map 6 is right H,-linear. Indeed,

O (a-y),a) = (a-y,aS72(h)) = (o, (@ST(h)) - S™(y))

Next we show that 6 is an algebra map. For any a,g,h € H, a € H*,

(O(gh)(@),a) = (a,aS7*(gh)) = (a,aS™*(9)S7*(h))
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Finally, we claim that the map 6 is right H-colinear. Since the right H-comodule
structures on H* and End_ gy, (H*) are induced by a regular right H-comodule
(H,A), we have (o, a)aq) = (o, a1)S(az) and 6(h))(a) @ 0(h)n) = 6(h)(ovo))jo) @
O(h) (o)) S(ap) for all a € H* and a,h € H. So

(O (), @)0()yy =

—
Q
no
-
>
N

A
=
|

&

Therefore, 0 is right H-colinear. O

Corollary 4.1.3. End_g_ (H*) is a smash product algebra.

Proof. Follows from Lemma 1.6.14 and 4.1.2. O

Note that 1o)f ® 1) = flo) ® fri) = flio) ® 1y for any f € End_g, (M) “H. We
have
(1 f)(m) @ 1y = fiop(m) @ fr) = [flj0](m) @ 137, Vm € M,

which is equivalent to

Fm)o) @ ee(f(m)p)) = F(mp) o @ f(mi)S(mpy) = f(mp) @ ¢(mpy)

since 1jg)(m) ® 1py = myg) @ mpyS(mpzy) = mig) ® e¢(mypy). Let Endy (M) denote
the set of all elements in End® (M) which are right H-colinear.

Lemma 4.1.4. Let M be a finite dimensional right H-comodule. Then
End_p, (M) “" = End" (M).
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Proof. Note that the following equation holds:

f(m)o @ ee(f(m)p)) = f(mp)) o @ f(mo)) S (mpy),

for any f € End_g, (M) “°? and m € M. On one hand, we have

(1@ pr(1®@S™H)(p™ @ D]If (mio))) @ f (mig) S (myy)]-
=(1@pr(1®@S™N)[f(mp)p ® f(mg)p @ fmp)Smpa)l]

= f(mio)io) ® muyS ™ [f (myo)) 1].f (o)) g

= f(myo))io) @ mpyS™ [es(f (mio)) )]

= f(mpo))i) @ mpyS ™ [L]e(f (myg)) ) 12)

= f(mo))o)17 @ my S~ 1[11}5(f(m[o])[1]1212)

= f(mpo) o115 [12] @ mpy S~ [L]e(f (myo)) ) 1512)
= f(mo) o111 ® mpylae(f(mio))p)

= f(mo) 11 ® myyls

= f(mg 1) @ myyle = f(mp) @ mp

where 7 is a flip map. On the other hand, we have

(1@ ur(1@S™)(p" @ D)][f(m)g @ ee(f(m)py)]
= f(m)o) ©@ S~ [ee(f(m) )] f (M) = f(m)jo) © f(m)p

So f € End" ;; (M).

Conversely, we get

gm0 ® g(mpo)S(mpy) = g(myoy,) @ Moy, S(mpy)
g(mjo)) @ er(mp)),

for all g € End",; (M) and m € M. Thus g € End_p, (M) . O
Lemma 4.1.5. H* is a left H-module algebra with the following H-action:

h-h* =h*(h*s,S72(h)), YheH, h*eH".

Proof. Tt is easy to check that H* with the given H-action is a left H-module. The
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4.1. GALOIS-AZUMAYA ALGEBRAS

equation h - 1* = g;(h) - 1* holds since

<h ) 1*7a> = (1*1,a><1*2,5_2(h)> = <1*17a><1*27S_2(h)>
= (e,a87%(h)) = (e,aS % (e4(h)))
= <€t(h) : 1*,CL>,

for any a, h € H. Moreover, we have

(h1-g*)(ha - h") 9 1(9%2, S 72 (h1))h*1(h*2, S7%(ha))
g 1h*1(g*2h*2, ST2(h))

h- (g*h*),

for all g*,h* € H* and h € H. Thus H* is a left H-module algebra. O

Lemma 4.1.6. End_g, (H*) ~ H* X H, where H* is a left H-module algebra with
the H-action given in Lemma 4.1.5.

Proof. Consider an algebra map:
¢:H* — End(H"), h*— [¢(h")](¢g") =h"g".

It is easy to see that ¢(h*) is right Hg-linear for all A* € H*. If the map ¢(h*) is also
right H-colinear, then the map < is well-defined from H* to End?, (H*). In fact,

s

the colinearity of ¢(h*) follows from

()@ Dp™g)(h) = <(h*)(g"10)(h) © g" ) = h*g" (o) (h) @ g™y
= (hg"0), Mg ) = (B* ha)(g% (0], h2)g" )
(h*,h1){g", ha)S(hs) = (h"g", h1)S(ha)
= p(h*g*)(h) = p"(s(h*)(97)) (),
for all g*,h* € H* and h € H.
Note that End (H*) = Endg+_(H*), where the left H*-module structure on H*
is naturally induced by the right H-comodule structure. Namely,
h*-g" =g o (h" g ) Vo', h" € H”.
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Now for all h € H, we have
(g0, PY(R", 9% ) = (g7, ) (h", S(h2)) = (g7, ha)(S(h"), ha) = (g"S(h), ).
So h* - g* = g*S(h*). Moreover, any o € End® (H*) is left H*-linear, i.e.,
alg*S(h")) = a(g")S(h"), V g",h" € H*.

Now we prove that ¢ has an inverse ¢’ defined by ¢'(a) = a(1g+). Indeed,

«'(a)(g*) = a(lg-)g" =a(lg-)S(S~ (g"))
= a(ly-S(57(g"))) = alg”)
Js(h*) = <(h")(1g-) ="

Finally, we show that ¢ is H-linear. By Lemma 4.1.4, End_y_ (H*) ~ End?,, (H*)X

s

H, where the left H-module structure on End;; (H*)is given by h-a = 0(hq)af(S(ha))

s

for all v € End"”y (H*) and h € H. Now we have

([0(h1)s(h")0(S(h2))I(g7), @) =

for all a,h € H and g* € H*. So s(h-h*) = h-g(h*). Thus the proof is completed. [

For a finite dimensional coquasi-triangular Hopf algebra H, any H-Azumaya al-
gebra is equivalent to a Galois-Azumaya algebra. In fact, any H-Azumaya algebra is
equivalent to a smash product Azumaya algebra. Now we extend this result to the

case of a weak Hopf algebra.
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Proposition 4.1.7. Let (H, o) be a finite dimensional coquasi-triangular weak Hopf
algebra. Then any element of the Brauer group Br(.#™) can be represented by a

smash product Azumaya algebra.

Proof. For any H-Azumaya algebra A, we have [A] = [AfEnd(H*)] in the Brauer
group Br(.#*). Note that the composition:

H — End_p (H*) < A{End(H*)

is right H-colinear. By Lemma 4.1.6, the H-Azumaya algebra AfEnd_ g (H*) is

isomorphic to a smash product algebra. O

4.2 Centralizer subalgebras

In this section, we show that the algebra Cy (Hy), the centralizer subalgebra discussed

in Section 2.1 is isomorphic to some centralizer subalgebra of End_ g (H*).

By Lemma 4.1.6, End";; (H*) is isomorphic to H* as an algebra. We have that
(h*) € End"y (H*) for any h* € H*. Let a € End_p,(H*) and I* € H*. Then

s(hha=ac(h’) < [c(h)a](I") = [ac(h™)](")
= Ra(l*) = a(h*l").

Hence, the centralizer subalgebra w(End_p (H*)) (see Section 1.6.4 ) can be charac-

terized as
{a € End_g (H*)|R*a(l*) = a(h*l*), ¥V h*,I* € H*}.

Clearly, we have an anti-algebra map
w: H — Endg«_(H"), h*+— [w(h")](g") = g*h",
where Endpy+(H*,—) is
{a € End(H")|h"a(l*) = a(h*1*), ¥V R*,I* € H*}.
Moreover, w has the inverse w’ given by w'(a) = a(1g+).
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Lemma 4.2.1. The map w(h*) is right Hs-linear if and only if
S(17)h*15 =h”

for all h* € H*, where A(1*) = 17 ® 15.

Proof. We need to show that for any g*,h* € H* and y € Hg,
wr))(g" Qy) = [w(h)](g") <y <= SADR"1; = h*.
First of all, we have

(wr))(g") <y, h)y =
(wh")(g* <y),h)y =

(g"h*,yh) = (g", h1)(h", yha);
(
=
(9"
(

(9" Qy)h™, h)

(9" <w), ha)(h*; he)
yha < STHy)) (R, ha)

9" yh1)(h*, ha),

forall h € H.

If [w(h*)](g* <y) = [w(h*)](¢g*) <y for any y € H;, by taking g* = 1*, we obtain
(h*, S(y)h) = (h*, yh).
Then S(17)h*15 = h* follows from

(h*,1112h) = (h*, S(11)12h) = (h*, h).

Conversely, if S(17)h*15 = h*, then for all h € H, we have
(h*,hy = (S(17)h"15, h) = (h*,1112h).
The equation [w(h*)](¢*) <y = [w(h*)](¢* < y) holds since

(w(h)(g") <y, h)
= (9", h)(h",yh2) = (9", h1)(R", 1112yho)
= (g*, h)(h*, 111257 (y)ha) = (¢, yh1)(h*, 1112hs)
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= (g%, yh1)(h", ha) = ([w(h")](g" Qy), ),
for all h € H. O]

Corollary 4.2.2. The centralizer subalgebra m(End_g (H*)) is isomorphic to RH*

as a right H-comodule algebra.

Proof. By Lemma 4.2.1, we have an algebra anti-isomorphism:
w:SANH*1; — n(End_g (H")).
Since there is an anti-algebra isomorphism S : gH* — S(17)H*13, we get an algebra
isomorphism:
rH* — n(End_gy (H")), h* — w[S(hY)].
By the proof of Lemma 4.1.6, the left H*-module structure on H* is given by
h*-g* =g o (h*,g"n)) or h*-g" =g*S(h*), Vg" € H".

For any a € End® (H*), a is left H*-linear, i.e., a(g*S(h*)) = a(g*)S(h*).

Now we prove that for any h* € H* and ¢* € pH*,
w[S(h* - g")] = h* - w[S(g")] = w[S(g)] oy (A", w[S (%)),

where the left H*-action on g H* is the left adjoint action. Indeed,

w[S(g) 0y (8), M) (P, w[S (™))
(WIS Brop)lar, b) (R [w[S (g™ (Brop)] 1y S (Bpay)
[B015(9™))101, B (A", 18015 (97)] 11 S (Bray)

(
=
= 1
= (Blo)S(g"), h1)(h", S(h2)S(Bpy))
= (8, 7)(S(g"), ha)(h*, S (ha)S* (h2))
= (B, h1)(h1g"S(h3), S(h2))

= (B, h1)(S(hig"S(h3)), ha)

= (BS(hig"S(h3), h)
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= (w[S(h1g™S(h)))(B); )

= (W[S(h" - g")I(B), h),
for all 5 € H* and h € H. Thus n(End_g,(H*)) ~ rH* as right H-comodule
algebras. O

If there is an H-comodule algebra morphism 6 from H to A, then by Lemma
1.6.14, A ~ Ay X H as right H-comodule algebras. By Example 1.6.16, C4(Ag) is a
right H-module algebra with the MUA action, where the MUA action is given by

a~h=0(S(h1))ab(h2), Yae A h e H.

Note that pH* is a left H*-comodule algebra with the comultiplication of H*. Thus
rH™* is a right H-module algebra with the following action:

W' h=h*y(h*1,h), h* € rH*, heH.

Proposition 4.2.3. The centralizer subalgebra n(End_g_ (H*)) is isomorphic to
rH™ as an algebra in the category of right-right Yetter-Drinfeld modules.

Proof. By Lemma 4.2.1 and 4.2.2, it is sufficient to show that the map w is right

H-linear. In fact, we have

9", g1)(h*, hS(g2))
9", 91)(h1, h)(S(h3), g2)
9" S(h3), g)(hi, h)
w[S(h3)](g%), g)(hi, h)
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= (W[S(h*-W)](g"), 9),

for all h* € RH*, h € H and g* € H*. Thus w is right H-linear. O

Lemma 4.2.4. Let M be a finite dimensional right H-comodule. Then there exists
an algebra map

A RH* — Cpna_y. ) (End—p, (M))o),
where X\ is defined by
[A(R))(m) = my)(h*, mpy),

for allh* € RH* and m € M.

Proof. Note that there is an algebra map
A gpH* — H* — End_g (M), [Xh")](m) = mg(h*, mp).
Now we verify that the map A(h*) is right H-linear for all h* € pH*. Note that
(h*h) = (1"1h"S(172), h) = (h*, h1112),
for all h* € gkH* and h € H. So we have

AR)](m<y) = h*m[o]a(mm, y) = m(o] (h*, m[1]>0(m[2],y)
= myo(h*, mpj)o(mp,y) = mp(h", mpuy)
= m(h", muyylila) = my (h*,m[l]S_l(y)hlg)
= mh*,my ST (Y)) = mpy (", mp)o (mp), y)
= [MBT)(m)] ay.

Hence, the map A(h*) is right H,-linear. Moreover, we have

AB)fIm) = AB)[f(m)] = f(m)(h", f(m)p)
= flm)(h*,mpy) = fIA(RT)(m)],

for all f € (End_pg,(M))o. So AM(h*) € Cpna_y_ ) (End_p, (M))o). O
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Although the proof of the following lemma looks a bit similar to Lemma 4.8 in

[88], we will write down its detail for the sake of completeness.

Lemma 4.2.5. Let M be a finite dimensional right H-comodule such that A =
End_pg (M) is a smash product Azumaya algebra. Then A in Lemma 4.2.4 is a
morphism in the category of right-right Yetter-Drinfeld modules.

Proof. By lemma 4.2.4, it is enough to prove that the map A is a morphism in the
category of Yetter-Drinfeld modules. Note that pH™* is a left-left Yetter-Drinfeld
module over H*. So pH™ is a right-right Yetter-Drinfeld module over H* with the

action and the coation given by:

h*-h=h"5(h",h),  pf(m)i=mp @my =) ¢ -mee,

i
where e; and e’ are dual bases of H and H* respectively.

We first show that the map A is right H-colinear. Indeed,

Z)\ h*)(m) ®e;

= Zm[o](g)eZ(ez h*,m[1]>
= Zm[0]®61<

= my) @ mpS(m

(A @ Dp(h*)(m)

R mpg)) (e’ mpyS(myg))
)<h*7 m[2]>
= AA")(mio)) o) @ AMR") (o)) S (mypy)) = pA(RT)(m).

Next we verify that figA(h* - fu]) = A(h*)f for all f € End_p, (M). Note that
A(R™ - h)(m) = A(h"2)(m)(h*1, h) = m(R*, hm[),
for any h € H and m € M. We have

fo AR - fu)(m) = fio)(myo))(R™ - fugs mpny) = fioy(mpop) (R*, friympg)
= [fmp)]o (", [f (mpop)] g S (mpa)myap)

Fmpop) o (h*, [f (mpo))]es (myay)

(myg)) <es(m []][0]< Lf(mpoy) <es(mpylpy))

Sy (7, [f (m)] ) = A(R7) f(m),

82



4.3. FROM BR(.#") TO GALRC (H*)

for all f € End_g (M) and m € M.

Finally, we verify that
A(R*) ~=h = Xh"-h) <= Xh")f = figA(R" - fry), Vf € A.

If AX(h*) <~ h = A(h* - h), then A\(h*)f = fiogA(h* - fj1)) follows from the equation
(1.18). The converse also holds since

Ah*) — h = hIXR)RE = BRI G N(R*-h12 ) = 1AM (R* -ha)e(hi1py)(m) = A(R*-h)(m),

where the last equality is obtained by the following equations:

LogA(R™ - ha)e(hilp))(m) L A(R™ - hlpy)(m)

= Ly(mp)(h* - hlpy, mpy)
= Liy(mp)(h*, hlpympy)
mig)(h*, hmpes(mg)))

myo(h*, hmpy) = A(h™ - h)(m).

Thus A is right H-linear. O

4.3 From Br(.#™) to Gal'(rH*)

In this section, we will construct a group homomorphism from the Brauer group to
the group of quantum commutative Galois objects.

Let (H, R) be a finite dimensional quasi-triangular weak Hopf algebra. We have
the braided Hopf algebra pH. If A is a right gH-comodule algebra with A, ~ Hy,
then MrH @, A is a Doi-Hopf module with the following structures:

h-(m®¢a)=hy -m®;hs-a,
(m®;a)-b=m®c;ab,
p"(m ®¢ a) = m ¢ ag) @ ay,

where a,b € A, h € H, m € M and M°rH = {m € M|p"(m) = m ®, 1}.
Lemma 4.3.1. Let (H, R) be a quasi-triangular weak Hopf algebra and (A, p) a right
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rH-comodule algebra with A, ~ Hy. If there exists a right grH-comodule algebra

morphism 1 from rH to A, then the map
o MRt @, A— M, m@ar— m-a
is a right Doi-Hopf module isomorphism with the inverse
B M — M @, A, n— ng) - ¥S(na)) @ ().

for all m € M°"H and n € M.

Proof. Tt is easy to see that the map o' is left H-linear and right A-linear. It is also

right r H-colinear since

plla'(m@a)] = p(ma) =me) (R a@)) @ (R"-ma))aq)
= m(R* aq)) ® (R' - Dag
= 11 -m(R? aq) ® (R 12)ag)
= 11 -m(12R* - a()) ®ei(RYag)
= 11-m(121] - aq) ® 1yaq)
= m-ap) ®aq) =o' (M ag)) @ aq),

for all a € A and m € MeorH,

Now we show that 3’ is a well-defined morphism. Since S and v are morphisms,

we have

p’“ouo(1®w§)opr
=peomleCel)(p" @p)(1eps)op"
=(pon(loCel)(p ®1®1)(1®p’"ow)(1®§)o
=pepnleCel)(1el®pod)(p®S)op
=en(1lelCe)(1eleye)(1210A)(pe
—pen(loyele)(1eCo1)(110A) (p®
=pen(leoyele)(1eCo)(1e1AS)(p® 1)op
= (
= (

(
pop @m)(1®C@1)(1®1®(S®S)oCoA)(p
)
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=(povem(lesSeles)(1eCel)(1e1eCoA)(pel)op
=pleopS)em(leleles)1elCel)(1e1®CoA)(pel)op
=p(leovS)el)le(len(lelesS)(Cel)(leaCoA)(pel)op
=leyvS)e)leClen(lesSel)(1eA))1eA)op
=@pleyS)e)100)1e1eaS e )AJ(1®A)op
=p1leyS)pel,

where 1 denotes the identity morphism and the twelfth equality is given by

1ouw(1el1eS)(Ce1) (1 Coh)
=(leowCe)(1eles)1eC) (1 A)
=leop(Ce)(1eC)(1eS®1)(1®A)
=ClopleS®l)(1eA).
So ' is well-defined.
Finally, we verify that 8 is the inverse of «’. Indeed,
gla'(m®a) = (m-a)g)-¥S((m-a)a)) @Y((m-a)z)
= m-a@PS(an)) @ P(ag)
= m®a¥S(an))P(ae) =mea,

for any m ® a € M°rH @, A. Similarly, o/’ (n) = n(0) * wg(n(l))w(n(g)) = n for all
ne M. O

Now we come back to the coquasi-triangular case.

Lemma 4.3.2. Let A be a smash product Azumaya algebra. Then om(A) is the left
center of (A, <). Similarly, w(A)o is the right center.

Proof. (1) If a is an element in ,7(A), we have

(1.20)

ab b[O]b[l] mabm Bl = b[o] (a ~— b[l]) = b[o] (a < b[l]),Vb € A.

Conversely, if a’ is an element in the left center, a’b = bjgj(a’ < byy)) for any b € A.
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Since 1[0] (a’ < 1[1]) = I[O]CLEO]U(&EH, 1[1]) = 1[0]CLEO]€(S(1[1])(1/[1]) = CL/7 we have

a/fh

(1.18)

o/ n2 = g2l oy(a’ < hl2] )
1[0] (a’ < (hl[l])) =da <h.

(2) If ¢ is an element in m(A),, we have

co(0<cp)) = by (bugs cpp) = corbiogo (S~ bay), S~ (ep))

= [C < S_l(b[l])]b[o] = S_l(b[l])[l]cs_l(b[l])[z]b[o]

629,

Conversely, if ¢’ is an element in the right center, bc’ = CEO](b < ch]) for any b € A.

Thus the proof is completed.

Let A and B be two right H-comodule algebras. We have the algebra AfB with
the braided product, see Section 1.4. For simplifying the notation, we write xfy,

CEO] (h[l] < Cl[l] )h[2]
oy hM g hlla (A, o))

clohMahs o (S(h), cfy)

cloyLio)be(halpy)a(S(ha), cfyy)
cloLiojo (S(h1py), cfyy)

cloy Lo (S (L) ¢py)a(S(h), clg)
Cfo]1[015(5(1[1])Ch])U(S(h)v sz])
cloo(S(h), cfy)) = ¢ «h.

instead of ), x;fy;, for an element in A§B.

Lemma 4.3.3. Let M be a faithfully projective object such that A = End_y_(M) is

a smash product Azumaya algebra. Then w(A)o is isomorphic to Hs.

Proof. Let Endae_p, (A, A) be a subspace consisting of all elements in End_g, (A, A)

which are left A°-linear, where A is a left A°-module with the following structure:

(ab) - ¢ = acpoy(b - cpy), Ve e A.
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By Proposition 3.4 in [25], the right center of A is isomorphic to Endaec_p_ (A, A).
Using Theorem 2.1 in [83] (or Subsection 2.4 in [25]), Endae_p_ (A, A) is isomorphic
to Hs. Thus Lemma 4.3.2 implies that 7(A), is isomorphic to Hj. O

Proposition 4.3.4. Let M be a faithfully projective object such that A = End_g (M)

is a smash product Azumaya algebra. Then pH* ~ 7(A).

Proof. Let € :=p+ .#. By [10], we only need to show that there is an equivalence
¢ — R, Vi Ve, (4)
with the inverse functor:

G — €, W weenll,

It is easy to see that the functor (—)°## is a right adjoint functor of — @4 7(A). So
it is sufficient o check that (V ®, m(A))*°r¥ ~V and WerH @ 7(A) ~ W, for any
object V' in € and any object W in %:(Z) By Lemma 4.3.3, 7(A), ~ Hy. So

(V @, m(A) R ~V @, Hy ~ V.

Following lemma 4.2.5, the map A is an algebra map from gH* to 7(A) in the
category of right-right Yetter-Drinfeld modules. By Theorem 3.3.7, the map A is an
rH*-comodule algebra morphism from pH* to w(A). It follows from Lemma 4.3.1
and 4.3.3 that WerH @ 7(A) ~ W for any object W in %T’f(g)

From Proposition 3.2 in [70], we know that m(A) is a faithfully flat rH*-Galois
object. By Lemma 4.2.5, there is a morphism between braided bi-Galois objects p H*
and 7(A). Thus 7(A) ~ gH* from [25, Prop. 4.6]. O

Lemma 4.3.5. Let A and B be two smash product Azumaya algebras. Then
m(A$B) = n(A)0Or(B).

Proof. Observe that AgtBy C (AfB)g implies that 7(AfB) C w(A)iw(B). In fact, we
have

(@a®b)(d @)= (a®)[(1@d)(d @) =(a®@1)[(d @) (1®b)] =ad @b,
(' @) (a®b) =dap @ (b - ap))b=dal @ (b - 1;))b=a'a @ bY,
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for any a ® b € AptBy and o/ ® V' € w(A4B). Note that AfB is a smash product

algebra. Let

6_1(1[0] ® hl[l]) _ h[ﬂA ® h[2]A7 6_1(1[0] ® hl[l]) — h[l]B ® h[2]13.

Then the canonical map

B (afh) @ (cfd) — (alb)(cioyidio)) @ cpydy

has an inverse given by

B (atb) @ h — (atb)(14R17) @ (14R[25).

Indeed, we have

BB’ ((afd) ® h)

(atb) (15R1M=) (1511217 (g)) @ B )
(aﬁb)(lﬁh[”B pl2ls [0]) ® hl2ls 0]
(aﬁbl[o]) ®hlpy) = (atd) & h.

Then the canonical map is surjective. It follows from the Galois theory of Hopf

algebroids in [4, [4T] that the canonical map is bijective.

Now we write: B_l(lﬁl)l[o] ® hlpy) = hMas @ pl2lazs By the map S,

(441) @ (APPIag1) = plase @ pBlase = (15n112) @ (15R117).

This implies that the MUV action on 7(AfB) can be given by

(a@b)—h = (A1)(a@b)(hP241) = (1£h117) (0 @ b) (130 P7).

On one hand, we have

(nl241)(a @ b) (hIP2£1)

(A 41) (a(rP)2) ) @ (b < (B4 )
hmf‘a(h[z]*‘)[o] ® (b< (h[Q]A)[l]))
hl[l]Aahl[z]A ® (b < hg)

a ~— h1®(b<]h2).
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On the other hand, we have

(a®@b)—h = (1h2)(a @ b)(12n22)
= (ap(h!® <ap))b)(15nP17)
_ a[o]ﬁ(h[”B g am)b)h[z]B
= ag(hM2)bhE o (RM2) ), ap))
= ath2M2bhsPE o ((S(h1), ap)
= athoMEbhsPE o ((hy, S™ (ap)))
= a 4hyth— ho.

So afb € w(A)On(B). Namely, n(AfB) C n(A)On(B).

Conversely, for all zfly € (A4B)g, we have

T fyjo] @ 2pyyp) = (2hy) 1) @ 1.

(4.1)

Applying [(1® 1@ m(1® S)) o (1 ® pf? @ 1)] to the two sides of the equation (4.1),

the left side is computed as follow:

(1®lem(l®S))o(1®p™ e )](z0tyo @ zpyn)
=(1@1em(l®9)) (oY @y @ Tnyse)
= z(g)fy[0) @ Y115 (Y[2)) S (211)) = (o) ilioy @ 1S (2py)-

Similarly, we have the right side:

(1eleom(l®S)) o (l®pf e 1)][(zty)ln @ 1y
(1®1lom1l®S)) ol p?el)[(zty) 11 ® 1]
(1®1om(1®S)) o1l pfel)[(zty-11) ® 1]
( i

Therefore, we obtain the following equation:

Tyl oy @ 2 S~ (1) = (2fiyp)) @ S~ (yp))-
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Using the quantum commutativity of w(A), we have

(afb)(zfy) = ax[o]ﬁ(b <Qap))y

a~ 1)< x[Q]lg)y

a 4 x[l]l ﬂl[o]s( 1[1])(b — Z[2))Y

a 4z l)ilge(laly))yo (b~ 2=yn))
Bl e(Lalpy))yli (b ~ 1)

a 4yl ljl[o]s(l 1[1])yb

#1170 ( H1)1)yb

a 4xS” L (1] )ﬁl'

w(a €S (yp))) b

= zago(S (), S~ (am)) iy

= zajiyjobo(yuys apn)

= zapi(y <am)b,

)
)
)
)

o] (
o] (
ol (

= o)(a <zl
ol (
(a<x[1]S L(1y)
o] (

)
)

for all affb € n(A)On(B), where Lemma 3.4.1 was applied to the third equality. So
7(A)On(B) C w(AtB). Thus n(A)On(B) = n(AtB). O

Lemma 4.3.6. If A and B are two smash product Azumaya algebras such that A is
Brauer equivalent to B, then w(A) ~ w(B).

Proof. Suppose that [A] = [B]. Then there are two faithfully projective objects M
and N such that
AﬁEnd_Hs (M) ~ Bij"l‘Ld_HS (N)

So (AfEnd_pg,(M))tEnd_g,(H*) ~ (BfEnd_g,(N)){End_g, (H*). By Proposition
3.2 in [83], we have

End_pg (M))End_g (N) ~ End_g, (M ®s N).

Since End_p, (N)){End_ g, (H*) is a smash product algebra, so is End_p, (M ®sH*).
It follows from the associativity that

A$End_p (M ®, H*) ~ B4End_p (N @, H*).
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Now applying Lemma 4.3.4, we obtain

12

w(A) m(A)OrH* ~ n(A)Or(End_g, (M ®s HY))
~ 7(AtEnd_y (M @y H*)) = (BiEnd_ g (N ©, H*))

m(B)On(End_g, (N ®s H*)) ~ n7(B)OgH" ~ 7(B).

R

Thus 7(A) ~ n(B). O
Lemma 4.3.7. Let A and B be two H-Azumaya algebras. Then

[(A2End _p,(H"))4(BEnd_pg, (H"))] = [(ALB)tEnd u,(H"))]-

Proof. Since A is an H-Azumaya algebra, [A] = [AfEnd_g, (H*)]. So we have

[(AtEnd_p, (H"))4(BfEnd _u,(H"))]
= [AtEnd_p,(H")|[BtEnd p,(H")]
[AllB] = [A8B] = [(A2B)§End . (H"))].

O

Lemma 4.3.8. Let A be an H-Azumaya algebra. Then w(AfEnd_p (H*)) is a

quantum commutative Galois object.

Proof. For any faithfully projective object M, we have [End_g_(M)] = [End_g_ (M)].
Following Proposition 4.3.3, Lemma 4.3.5 and 4.3.6, we obtain

w[End_pg, (M$End_g (H*)] =~ n[End_pg, (M)tEnd_g, (H*)] ~ rH".

Assume that A is an H-Azumaya algebra. Then AfFEnd_g_ (H*) is equivalent to A
as an H-Azumaya algebra. By Lemma 4.3.5 and 4.3.6,

T[AREnd_ g, (H*)|On[AtEnd_y, (H*)]
= 7[(AtEnd_p, (H"))t(AgEnd_u, (H"))]
[(AfA)tEnd_p, (H"))]
~ 7[End_y, (A)End_g, (H")] ~ pH*.
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Similarly, we have

¢
3

It follows from Proposition 3.4 in [70] that m(AfEnd_g, (H*)) is a braided bi-Galois
object. It is clear that w(AfEnd_pg, (H*)) is quantum commutative. O

Now we state our main result in this section.

Theorem 4.3.9. Let (H,o) be a finite dimensional coquasi-triangular weak Hopf

algebra. Then m induces a group homomorphism

II: Br(#") — Gal®(rH*),
[A] — 7m(A§End_p, (H")),

where A is an H-Azumaya algebra.

Proof. Suppose that A and B are equivalent as H-Azumaya algebras. It is obvious
that AfEnd_ g, (H*) and B§End_pg, (H*) are also equivalent. By Lemma 4.3.5,

m(AfEnd_g (H*)) ~ m(BfEnd_g (H")).
So the map II is well-defined. Now Proposition 4.3.3 implies that
m(End_pg (M){End_p (H")) ~ n(End_g, (M @5 H*)) ~ pH",

where M is any faithfully projective object. For any two H-Azumaya algebras C' and
D, by Lemma 4.3.4 and 4.3.6, we have

m((CeD)sEnd g, (H")))

R

m((CtEnd _p, (H*))§(DtEnd _p,(H")))
= m(CiEnd_p,(H"))Or(DtEnd _p, (H")).

Thus
M[C4D] = 7(CtEnd_ g, (H*))Or(DtEnd_ g, (H*)) = I[C]OI[D. O
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4.4 A subgroup of the kernel of II

In Theorem 4.3.9, if H is a Hopf algebra, then we know form [88] that the kernel
Kerll of II is equal to the Brauer group Br(k). This is not the case when H is a
(real) weak Hopf algebra. In fact, in the case of a weak Hopf algebra, an Azumaya
algebra with a trivial coaction is not necessarily an H-Azumaya algebra. Thus, Br(k)
is not necessarily contained in the kernel of II. In this section, we will work out a
subgroup of Kerll. Although we expect it to be the full kernel, we are not able to

prove it at this moment.

Let (H,o) be a finite dimensional coquasi-triangular weak Hopf algebra. It is
clear that the minimal weak Hopf algebra H,, is also coquasi-triangular. There exists
natural embedding:

v ™, M — M,

which induces a group homomorphism ¢ : Br(.#m) — Br(.#*™), [A] — [A]. So
we have the composition I o ¢:

Br(#"m) — Br(#*) — Gal®(rH*).
In this section, we will show that I'm: C Kerll.

Lemma 4.4.1. Let A be a left H,,-module algebra. If AR H,, is an Azumaya algebra
in the category . ™m. Then (AR H, ) 4(H*XH) is a smash product Azumaya algebra.

Proof. Assume that A X H,, is an Azumaya algebra in the category .#m. Then
AKX H,, is an H-Azumaya algebra. Note that H* X H is a smash product Azumaya
algebra. Thus, (AX H,,)#(H* X H) is a smash product Azumaya algebra O

Let A be a left H-module algebra. Clearly, A is also a left H,,-module algebra.
Define the following sets:

AR H; :={11-a® 1y|Va€e A, y € H},
(ARDEH R1) :={(1,-a® 1) <)@ (1, a®1,) <91} Vae A, ac HY},
(ARDE(H*XH) :={(1;-a®1y) <1 @ (1] -a®13h) <1y | Va e A, a € H*, h € H},

where the left action - and the right action << on A X H are induced by the left H-
module structure on A and the right H-comodule structure on A X H respectively.
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Namely, we have

(aX®h) <9y = (a®hi)o(hs,y) = (a® hy),
(a®h)<z=(a®hy)o(he,z) =a®S(x)h,

for all x € H; and y € H,.

In the sequel, we will write a X h for 1; - a ® 12k, sometimes for the simplicity.

Lemma 4.4.2. Let A be a left H,,-module algebra. Then

AXH,, = AX H,.

Proof. 1t is clear that AX H,, D AX H,. For any a € A and zy € H,, such that
x € H; and y € H,, we have

Li-a®lyry=1,5""(x) - a®@lay=1,- (S 2) - a) @ 1oy € AN H,.
So AXH,, C AKX H,. O
Lemma 4.4.3. Let A be a left H,,-module algebra. Then

(AR H,)t(H* X H)]°" = (AR 1§(H* K 1).

Proof. We first show that
(AXH)4W(H*XH)=(AX{(H*"X H).

By Lemma 4.4.2, AfH,,, = AK H,. Clearly, (AR H )J(H*KH) D (AK1){(H*XH).
For any a € A, y € Hs and a X h € H* X H, we have

(11-a®1ay) 1] @ (X h) <15

(11 - a®1211)o(15y, 17) @ (a W hi)o(he, 15)
— (11 - a @ 1ay1}) ® (@ & hy)e(S(14)hs)

(11-a®1217) ® (a B hy)e(S(15)yhs)

(11-a® 1) < 1] @ (a«XKyh) <15,

So (AR H,)$(H* R H) C (AR 1)$(H* K H).
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Now we claim that [(AX H,,){(H* X H)]*" = (AK1)i(H* X 1). Applying (AKX
H)M(H*XH)=(AX1)4(H*X H), we only need to show that

(AR DY(H* R H)|*" = (AR 1)4(H* K 1).

It is clear that [(AX H,,)i(H* X H)]*°? > (AR 1)#(H* X 1). So it is sufficient to

verify that

(11-a®l) <l ®(a®h) <1y e (ARDE(H* K H),

for any (11 -a® 1) < 1) ® (X h) <1} € [(AX Hy, ) i(H* X H)|*°H. By the definition
of [(AX H,,)i(H* X H)]*°H | we have

(11-a®1) <l ®

(11 a® 1) <1]®
[(11-a® 1)<l ®

Following the definition of §, we get

(11
(1
(11

Similarly, we have

(11
(1

1

So we obtain that

(11
(11

ra®lz) 91 @ (1Y
ra®ly) a1y @ (1Y

a®ly) <1y (1Y -

ca®1s) <1] @ (17
ca®1ly) <1 @ (1

ra® 1) <1 @ (17
ra® 1) <1y @ (1Y

(Oé|Z|h1)<1/2®h2
(a®h) <1y <1) @15
(R h) <151 @ 17.

ca® lg/hl) < 1/2 X S(hg)
ca®1y'S(15)hy) @ S(hs)
0) @ [1/5(15)h) © S(h)].

Ca®14'h) < 1] ® (1)
~a) @ [15°S(15)h17) @ S(13)].

) @ [14'S(15)hy @ S(hs)]
ca) ® [17'S(15)h1Y @ S(14)].

Applying id®id® i to both sides of the above equation, where p is the multiplication

of H, we get the following equation:

(11 a®12) <1 @ (17 - a) @ [15"S(15)h1 S (ha)]
—(lya®1y) Al ® (17 - a)® [17S(1y)h"SL)].
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We compute the left side of the equation:
(11 ca® 12) < 1/1 & (1/1” . Oé) & [1’2//5(112)h18(h2)]
=11-a®1y) <1 @ (1) a)®15S5(15)e(h)
— 1 a® 1) 91 @ (1S e h) - a) ©15S(1h)
=11 a®12) 91 @[(1)"S7 (ex(h)) - @) @ 15] < 15

That (11 -a® 12) <1] ® (afh) <15 € (AR 1)ir(H* X 1) follows from

(I1-a®12) 917 ® (ath) < 15
= (Li-a®1y) <1, @ 1) - a®14'S(15)h)
= 11-a®1y) <1, @[(1V S ei(h)) - a) @1 < 15,

Thus [(AR H,,){(H* R H)]*" = (AR 1)$(H* K 1).

O

Lemma 4.4.4. Let A be a left Hy,-module algebra such that AX H,, is an Azumaya

algebra in the category M4 Hm. Then there exists an H-comodule algebra homomor-

phism from 7(H* X H) to n[(AX H,, )t(H* X H)].

Proof. We first prove that (1K 1)#(8Xh) € 7[(AR H,,)ir(H* X H)] for any S@h €

m(H* X H). We have the following computation:

(TR 1)E(B @ h)][(a®1)i(a @ 1)]
= (a®)l(Beh) <[(a®1)p)(a®1)]
= (aX®1)E[((B®h) < 12)(a®1)]

= (aX1)[(B @ h)p(a@1)]o((B® h)ny,12)
= (a X 1)H[(B @ h)(a @ 1)]e(12h2)

= (aX1)3[(8 ® S(12)h)(a @ 1)]

= ( 2
= ( ( 2
= (aX 11)E[(1 ® S(12))(aB @ h)]
= (a X 11)f[afB @ S(12)h]
=(aX1)<aliffaB®h] <1,

bl
bl
il
al®1,)E[(1© S(12))(8 @ h)(a @ 1)]
al®1,)E[(1© S(12)) (e © 1)(8 @ h)]
bl )
)il 2)
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= (aXtlaf bl
= [(e® (e V][I R 1)2(E @ h)],

where the seventh equality follows from the definition of w(H* X H) and the sixth

equality stems from
(1@y)(Beh)=11-6)®layh=beyh, ,Vy € H,.
Now we have a well-defined map:
m(H*§H) — w[(AfHpm )ir(H*4H)], SR A — (1K 1)4(B K ).
It is easy to see that ¢/ is a homomorphism between right H-comodule algebras. [

Theorem 4.4.5. Let A be a left H,,-module algebra such that AR H,, is an Azumaya
algebra in the category .#Hm. Then

(AR Hy)4(H* R H)| ~ pH*.

Proof. By [25], we only need to show that +/ is a morphism from Galois object m(H*X
H) to Galois object 7[(A X H,,){(H* X H)], or equivalent to say, ¢’ is a morphism
between the two Yetter- Drinfeld modules under the MUV action. Using Lemma
4.4.4, it is sufficient to prove that the map ' in Lemma 4.4.4 is right H-linear under
the MUYV action .

We first work out the canonical map v and its inverse. In fact,

YeXDi(aRh)] @ [(0R1)1(5K g)]
= [(a®1)i(a X A)][(bR1)E(5 K g)]jo) @ [(bW1)F(8 K g)])
= [(a®Da B[R 1SN g1)] @ go.

Since (AX H,,){(H* X H) is a right weak H-Galois extension, the canonical map is
bijective. Moreover, the canonical map has the inverse:

(e XD X)L @ hlp)
[(a XD XDI[(1IX¥1)4(1X S(h))] @ [(1 K 1)E(1 X hy)]
(a®1)i(aX®)(1KS(h))] @ [(1K1)§(1K hy)].
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We verify it as follows. On one hand,

(e B DH(aRA)[(bR1)4(B R g)]]
= [(eRD)(aRA)][(bR1)8(5 K g1)][(1 K 1)5(1 K S(g2))] @ [(1 K 1)§(1 X g3)]
= [(a X 1)i(a ®A)][(6X1)E(B K g1)(1 K S(g2))] @ [(1 K 1)E(1 K gs)]
= [(a® 1) RA)|[(6K1)3(8NWei(g1))] @ [(1 K 1)E(1 K go)]
= [(a®1)f(aBA)OR LS (1)) - AR @ [(1 K 1)§(1 K gs)]
= [(@RD)i(a B )] & [(bR1)E(S™ (:(g1))) - BR[(1 K 1)§(1 K g2)]
= (@M DH(aRA)] @ [(bR1)H(S™ (ee(g1)) - BRI 1) (1K g2)]
= [(a® (e R A)] @ [(6X1)1(5 K g)].

(@R D) ® 1)1 ® hlp]
= [(aX® (R I)(1 K S(h))][(1 K 1)§(1 K ha)] @ hs
=[(aX1)g(aRI)(1WS(h1))(1 W h2)] ® hs
=[(aX1)f(aRI)(1NWes(h1))] @ he
=[(aR®1)f(a®111)] @ hly = ((a K 1)i(a K1)l @ hlp.

So we have obtained

v (1o @ ) = (LR DH(E S (k)] © (LR (1K o), Vh € H.

Next we show that the map ¢/ in Lemma 4.4.4 is right H-linear under the MUV
action «—. For any h € H and X g € H* X H, we have

(AR DE(BNRg)] ~—h
= (IR DR S(P))][(1 R 155K g)][(1 B 1)5(1 K hoy)]
= (AR 11 XS(2)) (6K g)(1 K hy)]
= [(1R S(h1)) (BB g)(1 KW hy)] = o[(BR g) < h].

Thus «/ is a Yetter-Drinfeld module morphism.

Finally, note that Lemma 4.3.3 implies that m(End_ g, (H*)) ~ n(H* X H) ~
rH*. Therefore, n[(AX H,){(H* XK H)| ~ g H*. O
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Corollary 4.4.6. Let (H,o) be a finite dimensional coquasi-triangular weak Hopf
algebra. Then the Brauer group Br(.#*"m) is a subgroup of the kernel Kerll of the
map II.

Proof. By Proposition 4.1.7, any element in the Brauer group Br(.#Hm) can be
represented by an Azumaya algebra A in the category .# ™ such that A is isomorphic
to a smash product algebra A’X H.,,. It follows from Theorem 4.4.5 that Im: C Kerll.
Therefore, the group Im. is a subgroup of KerlIl. O

Combining Theorem 4.3.9 and Corollary 4.4.6, we obtain the main result in this

chapter:

Theorem 4.4.7. Let H be a finite dimensional coquasi-triangular weak Hopf algebra
over a field k. Let rH* be the associated braided Hopf algebra. Then there exists a

sequence of group homomorphisms:
Br(#"m) < Br(.#™) — Gal®®(rH"),

where Hy, is the minimal weak Hopf algebra of H and Gali(gH*) is the group of

quantum commutative Galois objects over RH™.

Remark 4.4.8. Note that a weak Hopf algebra is a Hopf algebra if and only if its
minimal weak Hopf algebra H,, is trivial, i.e., H,, = kly. When H,, = klg, the
category .# ™ is just the category of finite dimensional vector spaces. Therefore, the
group Br(.#*m) also becomes the group Br(k) if H is a finite dimensional coquasi-

triangular Hopf algebra. In this case, the sequence is the exact sequence in [88].

In general, the minimal weak Hopf algebra of a weak Hopf algebra H is not
necessarily trivial, for example, see [57, Example. 8.3]. So an Azumaya algebra with

the trivial coaction is not necessarily an Azumaya algebra in the category .2 m.
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Chapter 5

Brauer groups of braided

fusion categories

In the previous chapter, we constructed a group homomorphism II from the Brauer
group of a finite dimensional coquasi-triangular weak Hopf algebra (H, o) to the group
of quantum commutative Galois objects over g H*. The map II will be studied further
in this chapter. To be precise, we will show that the map II is an isomorphism in case
H is a finite dimensional, cosemisimple, co-connected and coquasi-triangular weak
Hopf algebra over an algebraically closed field k of characteristic 0. That is, .#Z is a
braided fusion category. So the computation of the Brauer group of a braided fusion
category will be transferred to the computation of the group of quantum commutative
Galois objects, which are easier to deal with. This method will help us to characterize

effectively the Brauer groups of some modular categories.

In this chapter, if not stated otherwise, (H, o) will always mean a finite dimen-
sional coquasi-triangular weak Hopf algebra over an algebraically closed field k of

characteristic 0 such that it is cosemisimple and co-connected.

5.1 The surjectivity of II

In this section, we will use the result of [28] to show that the map II is surjective.
Since the dual H* is quasi-triangular, by Theorem 2.2.7, the full center of H; or pH*
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is a braided Hopf algebra.

Lemma 5.1.1. Let A be a quantum commutative algebra in the category of right-right
Yetter-Drinfeld modules over H. Then C4(Ap) = A.

Proof. For any a € Ag and b € A, we have ba = ag)(b - ajy)) = ab. O

Lemma 5.1.2. Let A be a right H-comodule algebra and B a smash product algebra.
Then A$B is isomorphic to a smash product algebra (AfB)o X H.

Proof. Note that there exists a right H-comodule algebra morphism
H — B — AfB.

The proof follows from Lemma 1.6.14. O

Lemma 5.1.3. Let A be a quantum commutative algebra in the category of right-
right Yetter-Drinfeld modules. If B is a smash product algebra, then AOm(B) is a
subalgebra of w(AfB) in the category of right-right Yetter-Drinfeld modules.

Proof. By the definition of the cotensor product, we have that AClr(B) is a comodule
subalgebra of Afw(B). Since Affm(B) is a comodule subalgebra of AfB, so is AU (B).
Since Lemma 5.1.2 implies that AfB is a smash product algebra, w(AfB) makes sense.

Now we show that AOm(B) C w(A#B) as a right H-comodule algebra. Denote by
e the right H-action on A. For any zty € (AfB)g and afb € AOn(B), we have

(afd)(atly) = afc[o]ﬁ(b <)y
o)(a@ ® 1) (b < 219))y
o)(a@ e xpyl)i(b <z la)y
0 (a < x[llll)ﬁl[ola(lglm)(b — Z[9))Y

= )@ € zly )ﬂlfo]5(121[1])y[0](b — Z[2)9[1))
o) (@ € zpyl1) il e(Lalfy))ylp (b~ 1pp)
o) (@ €@ Li)il{ge(lalyy)yb
0 ( #1170 ( Y1)y b
0} (

)1
2 2o < Sfl(y[l]))ﬁyw]b

a 4 .7;[1]5 ( ))
a 4 x[l]S (1[1])
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zag o (S~ (ypy), S~ ap))fyo b
= zajiyjbo(ynys ap)
waji(y < ap)b,

where the quantum commutativity of A and the definition of the cotensor product

were used in the second and the fourth equalities respectively.

Finally, we verify that the right H-module structure on AOx(B) is just the MUV
action from a smash product algebra. Let B = By X H and D = Af(By X H). By
Example 1.6.16, we get

2y®z)—h = (1®1S5Mh))[z®(y®2)](1®1& hs)
[1®1®Sh)]zr®(y®2)(1® h)]
zi) @ [(1 @ S(h1)) Szpl(y @ 2)(1 @ he)],

forall he H and 2 ®y ® z € Cp(Dy). In particular, if z @ y ® z € AOxw(B), then

z(0) ® [(1® S(h1)) Qzp)(y ® 2)(1 @ he)]

= 219 ® (1® S(h2))(y ® 2)(1 ® h3)]o(S(h1), 1))
= 2 ® [(y ® 2) — ho]o(S(h1), 1))

= (z4h)@[(y®2) — hol.

Therefore, AOn(B) is a subalgebra of 7(AfB) in the category of right-right Yetter-
Drinfeld modules. O

Corollary 5.1.4. Let A be a quantum commutative algebra in the category of right-
right Yetter-Drinfeld modules. Then A is a subalgebra of m(AtEnd_ g, (H*)).

s

Proof. The proof follows from Lemma 5.1.2 and 5.1.3, since n(End_ g (H*)) ~ pH*
and A ~ ADRrH* as algebras in the category of right-right Yetter-Drinfeld modules.
O

Now let A' and A? be two right H-comodule algebras. It is clear that the direct
sum A @ A2 is also a right H-comodule algebra.

Lemma 5.1.5. Let A =@,; A? be a right H-comodule algebra such that every A?
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is a right H-comodule subalgebra of A, where J is a finite index set. Then

Ay =P A) and Ca(Ag) = @D Cai(4)).

i€J i€J

Proof. Note that p"(A) C (,c; A") ® H. For a € A" such that p"(a) € A7 ® H,
where i # j, we have a € A7 and so a = 0. O

Lemma 5.1.6. Let A = @, ; A; be a right H-comodule algebra such that A; is

a right H-comodule subalgebra of A, where J is a finite index set. If B is a right

H-comodule algebra, then

A4B = @H(AitB).

icJ

Proof. Since every A’ is a right H-comodule algebra, so is A;#B. It is easy to see that
AfB =3, AitB. For any i,j € J such that i # j, A;A; = 0. We can get

(a®b)(a" @) = aajy @ (b<ay)b =0,

for all a @ b € A;$B and ¢’ @ V' € A;#B, where a{o] ® a'm € A; ® H. Thus A4B =
Dic, (AitB). O

Corollary 5.1.7. Let A = @, A; be a right H-comodule algebra such that A; is
a right H-comodule subalgebra of A, where J is a finite index set. If B is a right

H-comodule algebra, then

Cags((AfB)o) = €P Ca.sn((AifB)o).

i€
Proof. Follows from Lemma 5.1.5 and 5.1.6. O

Remark 5.1.8. It is easy to see that the above lemmas and corollaries hold for any

coquasitriangular weak Hopf algebra.

Now let (¢,®, I,C) be a braided monoidal category. Denote by Aut’" (%) the

group of isomorphism classes of braided autoequivalences of %.

Lemma 5.1.9. Let (¢,®, I,C) be a braided monoidal category. Then
Aut” (€) = Aut® (€7).
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Proof. If a is a braided autoequivalence of €', then we have the following commutative

diagram:
a(M) ® a(N) » a(M®N))
Ca(M),a(N) a(Cum,N)
a(N)® a(M) - a(NeM).

Since all the morphisms in the above diagram are isomorphisms, the following diagram

commutes:

a(N)® a(M) a(N e M))
C;(llw),a(N) a(Cyry)
a(M) ® a(N) ~ a(M®N).

So « is a braided autoequivalence of €"<V. The proof of the converse is similar. [

Lemma 5.1.10. Let S be a braided monoidal equivalence between € and 2. Then
Aut” (€) ~ Aut’ (2).

Proof. For any braided autoequivalence o € Aut®™ (%), define a braided autoequiva-

lence of 2 as follows:
Sa)=8aS™ ' 9 —C€ —C€— 2.

It is easy to see that the map S is a well-defined group homomorphism from Aut’" (%)
to Aut’" (%) and has the inverse S~(3) = S714S for all € Aut® (%). O
We have seen that Aut’ (%) is a group invariant of €.

Lemma 5.1.11. Let € be a braided monoidal category. Then the following hold:

1. An algebra in € is indecomposable if and only it is indecomposable in € ;

2. An algebra A in € is a direct sum @, ; A* in € if and only it is a direct sum

i TEv .
P,cs A in €T,

ic€J

3. An algebra (A, u) in € is braided-commutative in € if and only it is braided-

commutative in €.
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Proof. The statement (1) and (2) are evident since they are not involved with the
braiding and its inverse. The last one follows from the fact that yp = pCy 4 if and
only if /‘CZ,lA = i, where C' is the braiding of %. O

By [56], the category .#*H of finite dimensional right H-comodules is a braided
fusion category. Note that g-.# = .#H and H*@.@H* >~ % (g+A). We have

Autbr(%([_]*%)’ H*%) ~ Auth(H*@@H*,H*%) = Auth(H*@@H*7%H)'

By Lemma 2.1.1 and Corollary 2.3.4, the forgetful functor F' : AN 27—
M = MH has a right adjoint functor R : g« = H7 — u- Yo" Following

the proof of theorem 4.1 of [28] or Section 5 in [32], we have the following lemma:

Lemma 5.1.12. [32] Let o be a braided autoequivalence in Aut’ (5-% 2% | .atH).
Then Flo™'(R(H}))] = @ic,y

algebras for alli,j € J, where J is a finite index set.

Li such that LY, is equivalent to LI, as H-Azumaya

Proof. For any braided autoequivalence o € Aut’ (g% @H*,/// ) we know from
[32] that a~(R(H;)) is an indecomposable algebra in y-% 2™ . However, the alge-
bra L, := F(a ' R(H})) may be decomposable in .#ZH.

Li

¢, where every L is an exact invertible and

Now assume that L, = @,
indecomposable algebra in the category of finite dimensional right comodules. By
[28, Sec. 3.2], every L! is an H-Azumaya algebra. It follows from [32] Sec.5] that L°
and I’ are equivalent as H-Azumaya algebras. O

For any braided autoequivalence o € Aut” (g% 175 *,(/// ) we will always use

the same notation as in [32]:

Lo = Flo  (R(H)))] = @ L.
ieJ

Corollary 5.1.13. Let o be an element in Aut® (g-% 2™ | (™). Then

m(LotEnd_ g, (H*)) = PG’

ieJ

such that for alli,j € J, G' ~ G as braided Galois objects, where J is a finite index
set.
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Proof. By Lemma 5.1.12, any L? in the above is an H-Azumaya algebra. We know
from Lemma 4.3.8 that the centralizer subalgebra m(L:$End_ g (H*)) is a braided
Galois object over g H*, which we denote by G*. Using Corollary 5.1.7 we obtain

r(L4End_ g (")) = D w(LitEnd_y (H") = DG
icJ icJ
By Lemma 5.1.12, L? is equivalent to L’ as H-Azumaya algebras. It follows from

Lemma 4.3.6 that G* ~ G7 as braided Galois objects for any 7,5 € J. O

Let A be a quantum commutative Galois object over g H*. By Corollary 3.2.10 and
Lemma 5.1.9, the functor —0A € Aut” (M. 9", .#™). Following Lemma 5.1.10 ,
the composition functor E o (~0A) o E=* € Aut® (5% 2™ | ™). Let s denote
the composition functor E o (—OA) o E~1.

Lemma 5.1.14. Let A be a quantum commutative Galois object. Then the following

statements hold:

1. axs(R(H})) ~ E(A);
2. As left H*-module algebras, E(A) = A;

3. The algebra as(R(H})) is indecomposable in the category Y9 if and only
if A is indecomposable in the category g@@

Proof. Note that E~Y(R(H})) ~ I'(H}) ~ rH*. We have

[E o (~04) o ET'(R(H;)) [E o (-OA)E~(R(H]))]
B([E~'(R(H;)))DA]

E[rH*0OA] ~ E(A).

12

Since F is an equivalent functor, the algebra a4 (R(H;)) is indecomposable in the
category w2 if and only if A is indecomposable in the category g* P,
Thus, the statement (3) follows from Lemma 5.1.11. O

Lemma 5.1.15. Let A be a quantum commutative Galois object. Then there exists an
H-Azumaya algebra L' such that m(L'§End_ g, (H*)) ~ A as braided Galois objects.

Proof. Assume that A is a quantum commutative Galois object, whose inverse we
denote by A~!. Clearly, the functor —[JA™! is the inverse of —[JA in the group
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Aut? (B9 9" . #). Lemma 5.1.14 implies that oy 1 (R(H})) ~ E(A™"). In par-
ticular, E(A~1) = A1 as left H*-module algebras.

We know from Lemma 5.1.12 that A~' = @,
alent to LgA_l as H-Azumaya algebras for any i, j € J. It follows from Lemma 5.1.3
and Corollary 5.1.13 that

LgAil such that LgAil is equiv-

A~ AT'ORH* C m(A™'$End_ y,(H*)) ~ PG
iceJ

Since E(A~1) is indecomposable in the category of left-right Yetter-Drinfeld mod-
ules, A~! is indecomposable in the category of left-left Yetter-Drinfeld modules by
Lemma 5.1.14. So A~! is a subalgebra of some Galois object G*. By [25, Prop. 4.6],
A~! ~ G* From Corollary 5.1.13, we derive that A=! ~ G’ for all i € J.

Now choose an 7 € J, and let I’ be the opposite algebra LgA of Lf]A_l. We get

-1

7T(mlﬂ?nd_ﬂs(H*)) ~(AH T A

as braided Galois objects over g H*. O

Corollary 5.1.16. Let (H,o0) be a finite dimensional coquasi-triangular weak Hopf
algebra over an algebraically closed field k of characteristic 0 such that it is cosemisim-

ple and co-connected. Then the map Il in Theorem 4.3.9 is surjective.

Proof. Follows from Lemma 5.1.15. O

5.2 The trivial kernel

In this section we will show that the kernel of the map II is trivial.
Let aut’ (- 9™ | yp«.#) be the following set:
{a € Aut’ (- D" e tl)|(Eocvo E-Y(rH*) ~ gH* }.

Proposition 5.2.1. aut’ (5-% 2™ | - #) is a subgroup of Aut®™ (g% D7 | g ).
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Proof. It is clear that id € aut®" (- " - A). Forall o, B € aut® (g+ 9" M),

(BoaBo B (pH") =~ [(EoaoB o) (EofoE)(rH")
~ (EoaoE o) (rH*) ~ pH".

i

SO Oéﬁ € G’U’tbr(H*@.@H*7H*%>. Slmllarly, Oé_l (S autbr(H*@.@H*7H*%). Thus
aut® (g D™ g M) is a subgroup. 0

Lemma 5.2.2. 7(Li4End_p_ (H*)) ~ rH*.
Proof. By Lemma 5.1.14, we have o, g+ = F oido E~! = id. Similar to the proof of
Lemma 5.1.15, we obtain m(Li $End_py, (H*)) ~ pH*. O

Lemma 5.2.3. Let o be an element in Auth(H*@QH*,H*///) with inverse a~ L.
Then
m(LigEnd_ g, (H*)) ~ gH* <= n(L! _\tEnd_y_ (H*)) ~ pH".

Proof. By Theorem 4.3.8, if A and B are two H-Azumaya algebras, we have
m[(AtB)End_g, (H")] ~ n(AfEnd_g, (H*)Or(BfEnd_g (H™).

Moreover, for a,8 € Aut’ (g% 9% yett), by [28, 32] the algebra LigLy is

equivalent to L, g asan H -Azumaya algebra. So

m(LoptBnd_p, (H"))

1

ml(LytLs)tEnd—p, (H")]
~ m(LLEnd_p, (H*)Or(Li$End_g (H*)).

Now assume that o € Autbr(H*@@H*,H*//l) such that there exists some H-
Azumaya algebra L satisfying (L. 4End_pg (H*)) ~ gH*. Then

(L i#End_g,(H*)) =~ (L _4End_g, (H*))OgH*
~ w(Li i 4End_g, (H*))On (L tEnd_g, (H*))
~ 7Ly tLL ) End-_p, (H")]

(

a—l

~ w(L%  tEnd_p,(H*)) ~ gH*,
where Lemma 5.2.2 was applied to the last equality. O
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Lemma 5.2.4. Let o be an element in Aut" (- 9% | ye.tt). Then there exists
some H-Azumaya algebra LY, satisfying w(L: §End_g. (H*)) ~ gH* if and only if

o€ aut’ (- W DT e tt).

Proof. If m(L{$End_p, (H*)) ~ gH*, then we have

(Eoa™ o E™')(rH) C m(LatEnd_u, (H*)) = @ rH".
i€J

The indecomposability of L, in the category of Yetter-Dinfeld modules implies that
(Eo a o Eil)(RH*) C rH™.

It follows from Lemma 5.2.3 that 7(L _,§End_, (H*)) ~ gH*. Similarly, we have
(EoaoE Y (grH*) C gH*.

The foregoing inclusion means that a~!(xH*) is a subobject of RH*. So the embed-

dingi: (FoatoE~Y)(grH*) < gH* is a monomorphism. Since (Eoao E~!)is a

braided autoequivalence, (E o a o E~1)(i) is a monomorphism. Then we have

rH*=(EoaocE HN[(Eoa o E"Y)(rH*)| C (EoaoE ') (rH*) C RH*.

Thus, (Eoao E~Y)(rH*) = gH*. The proof of the converse is easy. O

Proposition 5.2.5. The subgroup auth(H*@_@H*,H*/fl) is trivial.

Proof. From E(R(H;)) ~I'(H}) ~ rH*, we derive that

o(R(HD) ~ I(H}) = (FoaoE-NI'(H})) ~ (Eo B-\(I'(H])
< (EoaoE YzrH*) ~ rH".

If there is another 3 € auth(H*Q/QH*,H*j/), then
o N(R(H})) = B~ (rH") = 71 (R(H])).

It follows from [28] 32] that « is uniquely determined by a~!(R(H;)) for any a €
autb’"(H*@@H*,H*///). So a = . Thus the subgroup auth(H*?Z/@H*,H*///) is
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trivial. O
Theorem 5.2.6. The map 11 is an isomorphism from the Braver group Br(.#*H) to
the group Gal?(gH™*).

Proof. Using Theorem 4.3.9 we have a group homomorphism

0: Br(.#™) — Gal'(rH*), [A]— n(AfEnd_ gy (H")).

Moreover, the surjectivity of II follows from Corollary 5.1.16. By Theorem 4.3 in [2§],

we get another group isomorphism:
O Br(a™) ~ Br(g- M) ~ Aut” (-2 9| y. ).

Let A’ be any H-Azumaya algebra satisfying m(A'tEnd_ g (H*)) ~ rH*. So the
braided autoequivalence 1(A’) lies in Aut® (y-% 9™ | y-.#) and the H-Azumaya

algebra pr( Ay 18 equivalent to A’. Hence, we have
W(LL(A/)ﬁEnd—,Hs (H*)) ~m(A'tEnd_ gy, (H")) ~ gH",

which means that (4") € aut’ (z-% D", g 4). But y(kerIl) = 1 by Proposition
5.2.5. Therefore, kerll is trivial. Thus II is an isomorphism. O

Now we state our result in the language of a braided fusion category.

Corollary 5.2.7. Let € be a braided fusion category. Then the Brauer group Br(€)
of € is isomorphic to the group of quantum commutative Galois objects over some

braided Hopf algebra.

In [62)], Pfeiffer gave a detailed construction of a finite dimensional cosemisimple
coquasi-triangular weak Hopf algebra H¢ for any ribbon category % over a alge-
braically closed field k and showed that % is equivalent to the category of finite

dimensional right Hy-comodules as a ribbon category. As a consequence, we obtain:

Corollary 5.2.8. Let € be a ribbon category € over an algebraically closed field k of
characteristic zero. Assume that He is the reconstructed weak Hopf algebra in [6Z)].
Then the Brauer group Br(€) is isomorphic to the group Gali(rH,).

As a modular category is also equivalent to the category of finite dimensional
comodules over some coquasi-triangular weak Hopf algebra, we have the following
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corollary:

Corollary 5.2.9. Let € be a modular category € over an algebraically closed field
k. Assume that Heg is the reconstructed weak Hopf algebra in [62]. Then the Brauer
group Br(€) is isomorphic to the group Gal?(rHZ).

5.3 The Brauer groups of a class of modular cate-

gories

By investigating the algebraic structure of the lattice models of face type, Hayashi
found a class of quantum groups, called Hopf face algebras, see [36]. A Hopf face
algebra is a finite dimensional cosemisimple coquasi-triangular weak Hopf algebra. In
[38], Hayashi used face algebras to construct modular tensor categories with positive
definite inner product. The fusion rules and S-matrices of those fusion categories are
the same as (or slightly different from) those obtained from U, (slx) at roots of unity.
In this section, we use Theorem 5.2.6 to characterize the Brauer groups of this class

of modular categories.

5.3.1 Face algebras and their comodules

For the detailed study of face algebras, the reader is referred to [36], 37, B8] [39]. Here
we avoid the complicated construction of a face algebra and reduce some parameters
by taking the case of e = —1. Now we write down Hayashi’s face algebra A ;.

Let N > 2 be an integer and V the cyclic group Z/NZ. Let t € C be a primitive
N root of unity. The V-face algebra Ap+ is defined to be the C-linear span of
symbols e’ (m) (i,,m € V) equipped with the structure given by

el (p)ef(q) = GitpiOjsp.i es(p+q),

A(ef(m) =Y ej(m) @ ef(m),

k
5(63(7”)) = 0ijs
S(el(p)) = el (—p).

Then the algebra Ay is a coquasi-triangular weak algebra with the coquasi-triangular
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structure:

o (e5(p), ef (@) = 0 ktq0;.k0itpitqditpit 7%,

where 4, j, k,1,p,q € V. Denote by ey the sum )
subalgebra is the C-linear span of {ex|\ € V}.

sev €5(0), for any A € V. The source

It is not hard to check that the dual A%, of Ay is spanned by {X;(s)li,7,s € V}

and a quasi-triangular weak Hopf algebra equipped with the following structures:

AXG(s)) = Y Xj(p) ® X15(a), e(X}(s) = 80,

ptq=s

X;(P)Xlk( )= Jk(quXl ), 1—ZXZ

S(X;(p) = X117 (),

i+p
Rl ® R2 ZXZ ®Xj+p(7’ —])t p(i— J)
4,7,P
Rl ® R} = Z XTI (—p) @ X7, (i — j)t =),
4,7,P

where {X’(p)} is the dual basis of {e(p)}. Moreover, the target subalgebra of A%,
is the C-linear span of {37 X/(p)|i € V}. We denote by 1 the sum - X/(p) for all
i € V. Then the target subalgebra of A}, is the direct sum Dy C1°.

Now we recall the comodule theory of face algebras. Let H be a V-face algebra

and U a right H-comodule. By [38], there exists a face space decomposition

U= P v,

A\ veV

where U(\,v) = {ujge(exupje,)|lu € U}. If U and V are two right H-comodules,
then

U, V= @ UNEK)VkI).
A, k,leV

Lemma 5.3.1. If f: U — V is a right H-comodule isomorphism, then

fONv)=V(\v), YAveV.

Proof. Since f is right H-colinear, the map f is Hs-linear. We need to show that
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plexf(uw)e,) = p(f(w)) for any u € U(A,v) and A, v € V. Indeed,

plexf(ule,) = f(u) @ exf(u)pes
= [flup) ® exupjey
(uo)

(

= f
= f(u)® f(u)p-

ufo}) @ up)

Thus, f(U(A,v)) =V (A v) for any \,v € V. O

Lemma 5.3.2. Let U, V and W be finite dimensional right H-comodules such that
UsV ~U®; W as right H-comodules. Then dim(V) = dim(W).

Proof. By Lemma 5.3.1, we have U\, k) @V (k,1) ~ U(\, k)@ W (k,1) for any A\, k,l €
V. Since their dimensions are finite, dim(V (k,1)) = dim(W (k,1)). Thus dim(V) =
dim(W). O

5.3.2 Hopf algebras and braided Hopf algebras

In the sequel, H will always denote the dual of Ay ;. Let rH be the braided Hopf
algebra constructed in Theorem 2.2.7. It is easy to see that the target subalgebra
H; = @z‘ev C1? is commutative. In this section, we will show that pH can be viewed

as the direct sum of some ordinary Hopf algebras. First, we need to work out g H.

Lemma 5.3.3. The braided Hopf algebra rH is the C-linear span of {X(p)|i,p € V}

equipped with the following structures:

A'(X5(s)) = w;s Xpp(w) @ X3 (q)
(KH) = 800 S XE),

X (p)Xk(a) = 5i,:5p7qui(p)v 1= X,
S(xk(s) = xb(s). ’p
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Proof. Note that A(1g) =AY, , X7(5) = 205 o D pigms Xi(P) @ Xf_tg( ). We have

LX(N)S() = > > Xip) X (r)S(XT(g)

i,8 p+q=s
+
= > N XIpXPe)XIi—q)
i,8 p+q=s
= Z Z 5i,m5n,i+p+q5p,r5*q,TXii+p+q(p)
1,8 p+q=s

= Z 6z,m5n,7,XZ('r) = 6m,TLX'r7Ln(T)7

for all m,n,r € V. So rH is the C-linear span of {X}(p)|i,p € V'}.

Using A(RY) © B2 = 55, Sy pmy Xj(0) © XJTU0) © X (6 07707, we
compute the deformed comultiplication as follows:

A'(XE(s))

= ) X{wSER)eR - X
w—+qg=s

= Y XFw)S(R*)® RIX{TY(q)S(R))
w+qg=s

= XY S XS0, 6 - ) © WX @S

w+q=s1,j,p ut+v=p

= 3 S XE@)XG - 1) @ X)X () X (—epe )

w+q=s1,j,p ut+v=p

= Z Z Z 0w w,j— iOk ’LJFP ( )®5u q(sq’*U(S] k+w§k+’UJ,J+u+sz+u+v( )t_p(i_j)

w+qg=s1,j,p ut+v=p

= Z Z(s w,j— zékz ijrw ( )®XZ()

w+q=s 1i,j

= DD SuikGikruw X (w) @ XF
w+q=s j

= Z X (w) ® X[ (q)-
w—Hqg=s

By Theorem 2.2.7, the antipode is given by S(z) = R?*R"?S?*(R'')S(R'xz). For
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convenience, we first compute R'?S?(R'!). Indeed,

R/QSQ(Rll) _ Z J+p : SQ(XZ( ))t—p(i—j)
i,4,p
= Z I (= )X (pt i)
i,4,p
= ZéJerz (i =gt~ pli=4),
i,4,p

Now we have

S(Xi(=s)) = R’R®S(R'Xj(s)S(R"))
= 30 Y b Xy i~ DXL = IS ()X () )

1,5, t,3",p’

= 303 ety X] i = DXL - NS )
4,5, t,3",p’

= D D i Xf (i = WX — §)S(X ()R]
i 7:/7j/,pl

= 3N G XE G R)XD (i — )X (s R =)
i 7:/7j/,pl

= DN Gk Oy Ok X F ()t BRI
i i/7j/7pl

- Z Z 5i—k7p/5p/7—s5k+s,j/Xf+s(—S)tf[s(ifk)ﬂ’,p/]
i ghp!

= 3TN ik msOhr g XL ()t PR
= N b o X ()t B )
= X]’j(fs)t*[s(*s)ﬂ*s)(*s)] = XF(=s).

Thus the proof is completed. O

Take i € V. Define H' to be the C-linear span of {X{(p)|p € V}. It is obvious
that H' is a subalgebra of pH with unity 1°. Moreover, rH is the direct sum of all
these H?, i.e

rH = EB H.
iev

We will show that every H' is also an ordinary Hopf algebra and so gH is actually
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the direct sum of all these Hopf algebras. In order to verify that every H' can be

equipped with a coalgebraic structure, we need to give the vector space rH ®; rH.

Lemma 5.3.4. R H @, gH = @, y(H' ® H").
Proof. Tt is equivalent to show that

1 - X200) @ 1y - XE(w) = 6,4, X2(b) @ X (w),
for all a,b,u,w € V. Indeed, we have

1 - X2(b) ® 1 -X“(w)

=3 N Xip) - X20) @ X[ T(g) - X (w)
1,8 p+q=s

=3 61.a0p.0X(0) ® 6 pube0 X[ E(w)
1,8 p+q=s

- Zél W X1(D) ® 6; W X1 (w)

= (Su,an( ) @ X, (w),
for all a,b,u,w € V. O
Lemma 5.3.5. Foralli € V, H* is a coalgebra over C1° with the following structures:

= Y X/(w)® X/(q),

w4g=s

$) =de0 > X(p)

Proof. Follows from Lemma 5.3.3 and 5.3.4. O
Proposition 5.3.6. For alli € V, H? is a Hopf algebra over C1* equipped with the
following structures:
X‘i( )X7< )= Op, qX‘i< ), 1 = 1i
- Y X e X

w—4qg=s
H(s)) =650 Xi(p)
p

S(Xi(s)) = Xi(~s).
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Proof. We know already that H® is both an algebra and a coalgebra, it remains to
be proved that A’ and ¢; are multiplicative, and that the axioms of the antipode S
hold. We first check that A’ is multiplicative. Indeed,

AN(X{())A"(X((®) = [ XipeX/@I Y, Xi@)eX/(d)

ptq=s p'+q'=t

= Y Y Xi@X0)eXi(@Xi(d)

p+q=sp'+q'=t

= Y Y Gl [Xip) ® Xi(q)]

ptq=sp'+q'=t

= b Y, Xi(p)® X!(q)
ptq=s

= A(XI(s)X(t),

for all 7, s,u,t € V.
Note that A’(1) = 1 ®; 1. It follows from Lemma 5.3.4 that A’(1?) = 1* ® 1°.

Next we verify that ; is an algebra map. For all s,¢t € V, we have

05.0000(Y_ Xi() (Y Xi(a))

= 55,05t,0(z Xii (p)) = 05,605,061 (le (s))
P

ee(X(s))ee(X] (1)

= (X[ (s)X](1)).

Finally, we prove that the antipode axioms hold. Indeed,

m(1® S)A"(X(s)) Y Xiw)s(Xie) = Y XipXi(-a)

pt+g=s pt+g=s
= pg D Xip) =050 Xi(p) = £(X[(5))-
p+q=s pev

for any s € V. Similarly, we also have

Y. SEXiw)Xi() = Y Xi(-w)Xi(@)= D dugXil

w+g=s w+qg=s w+g=s

D 650X (a) = e(X[(s)).
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Hence, H? is an ordinary Hopf algebra over C1°. O

Corollary 5.3.7. The braided Hopf algebra rH has a decomposition:

RH:®Hi7

i€V

where H® is a Hopf algebra over C1° with unity 1°. Moreover, there exists a Hopf
algebra isomorphism from H* to H? defined by

i X} (p) — X (),

foralli,j,peV.

Proof. Follows from Proposition 5.3.6. O

5.3.3 Galois objects and Brauer groups

In this section, we compute the braided Galois objects over g H and the Brauer group
of the weak Hopf algebra Ay ;. Before we study the braided Galois rp H-Galois objects,
let us look at the H-module structure on g H (see Lemma 2.1.5), which we need later

on.
Lemma 5.3.8. The left adjoint action of H on gH is given by the following formula:
X]Z(p) : Xl’cc(s) = j,k(sp,OXii(s)v

foralli,j,p,k,s €V.

Proof. We compute the left adjoint action as follows:

Xi(p)- XE(s) = Y Xi(w)Xji(s)S(XjTu(v)
utv=p
= ) Xiu)Xi(s) X ()
u+v=p
= Jk Z 5ust XZ:;( )
u+v=p
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= djk Z 5u,s587—v5j+p,lei(S)Xij:;f(_v)

u+v=p

= 6;k0p.0X;(s),

for all 4, j,p,k,s € V. O

Let A be a right braided grH-Galois object. Then A, ~ H,;. By Corollary 5.3.7,
rH =@,y H'. Then we have a vector space decomposition: A = D,y Al where
p"(AY) € A" ®@ H'. Since Hy = @,y Cl', Ao = @,y AL. In what follows, we will
prove that every A’ is a Galois object over H', where H' is the same as in Corollary
5.3.7. Note that H is spanned by {X; (p)|i,7,p € V}. We first find an idempotent
element of A by the left H-module structure on A.

Lemma 5.3.9. If A is a right braided rH-Galois object, then for any k € V, there

exists an idempotent element eF in AF such that the action of H on e* is given by
X;(p) - ¥ = 6,00, k€,

for alli,j,p € V. In particular, A, is the C-linear span of {*}rev.

Proof. Note that A, ~ H;. Let f be an isomorphism from H; to A, in the category
of finite dimensional left H-modules. For all u € V, we have 1% # 0 and so f(1") # 0.
Moreover, the H;-linearity implies that f(1“) = 1* - 14. Since f is an algebra map,
(1) = f(1*)f(1*). Given a € A", we have

fAa=1"1a)a=1-((1"-14)a) = (111*-14)(13-a) = 1" - a.

Note that h- 14 =¢e¢(h) - 14 for any h € H. So for all p # 0 and i,j € V,

Xi(p)-1a=0.
For any ¢, 5,k € V, we have
XH0)-(1%-14) = D (X;(0)X£(p) - 1486 X1(0) - 14
P

- 6jvk€t(Xli(O)) la = 5j,k]_i -1y,
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Now let e* := 1¥ . 14. Then
X]Z(p) . €k = 5p’05j’k6i.
Thus A, is also the C-linear span of {e'};cv. O

Now we study the algebraic structure of a braided rH-Galois object.

Lemma 5.3.10. If A is a right braided rH-Galois object, then for each l € V, Al is
a left ideal of A.

Proof. Tt is sufficient to show that A*A! C A!, ¥ k € V. For any u* € A*, we have
pr(uF) = u’(“O) ® u’(cl) € A* ® H*. By Lemma 5.3.8,

prbul) = ufe) (X7, (0 = ) - ufe) © (Xj(p) - ufyy)ufyt "0

4,3,P
= Zu XJ (i —7) ul(o)) ® (XJ?(()) .u’(cl))ul(l)
- Z“ = k) - u(g)) @ (Xi(0) - ufy))ufyy
= u(o)(Xk (I—k)- U(O)) ® (X£(0) - u’(cl))ul(l),

for all ut € Al. So Ak Al C Al O

Lemma 5.3.11. Let A be a right braided rH-Galois object. Then the following two
statements hold for all i,j,p,k € V and uF € A*:

1. X;(P) -uk € AP Moreover, if j + p # k, then in(p) k=0,

2. Xj(p) - u* =0 if and only if X}(p) - u* =0 for anyl € V.

Proof. Following the left H-linearity, we obtain

p(X;(p) - u*) Z Xi(w) - ufyy @ Xj1u(v) - ufy

w+v=p

= X;(p) o) ® X;17(0) - ),

for all i, j,p, k € V and u* € A*. Moreover, Lemma 5.3.9 implies that

p(Xi(p) - u¥) = Xi(p)-ufy © XJTP(0) - ufy) € A HP.

Jj+p
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Then X;(p) -u¥ € AP TIn particular, when j +p # k , we have p(X}(p) - u*) = 0.
Thus X7 (p) - uk = 0.

The second statement follows from

for any i, € V. O

Lemma 5.3.12. Let A be a quantum commutative Galois object. Then
Ak Al =,

for all k,1 € V such that k #£ 1.

Proof. First of all, we recall from [f0] how to construct a left grH-comodule from a
right g H-comodule. Let M be a right rpH-comodule in g.#. It is not hard to check
that the map

TpHM  RH®M — M @ rH, h@m +— r*R* -m @ r'hR?
is a haif-braiding, whose inverse is given by
T MO pH — RHQ M, m® h— rhR?*® STY(r?RY) - m.

Then the induced left g H-comodule is given by

plla) = 7'(a@) ®aq)
Tla(l)RQ & S_l(TQRl) - a(0);

where for all a € A and p"(a) = a) ® a).

Next note that Lemma 3.1.3 implies that a left rp H-comodule induces a left-left
Yetter-Drinfeld module with the coaction p”, where

p*(m) =m1)R*® R" - m) € H® M.
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Let us work out this left H-comodule. For all a € A,
p(a@) = rlaq)R*p* @p'STHr?RY) - ao
= rlag)R?p* @ STR'S(p")]ST'(r?) - a0
= rlaq)R* @ S e (R)]STH(r?) - ao)
= rlagl ® 571 (12)57 (%) - aq)
= r'liag) ® ST (r*12) - a()
= rla(l) ® S 1(r?) - a)-

Now we claim that for all a* € A* and b* € Al
X3(q) - (ab) = 6,1 (X3 (1 = K)afyy) - V] [X[ 75 (g + k= 1)) - afy), (5.1)

for any u,v,q € V. Using the quantum commutativity of A, we first have

A R ORI
= I Paty) IS (X, 6 ) - aly 70
N Z[(X;(p)al(fl)) WX = 1)) - afpy )t
N Z[(X’i(p)aﬁ)) VX (k=) - afy) PR

= Z[(X,i(l — Kyaky)) IR — 0)) - aly e R,

3

for all a* € AF and b' € A'. Then

Xy(a) - (a") = X(e)- (XA = K)afy) - VIXTH (k= 1)) - afy)]

= > Y IXHOXLA = K)afy) - WX E@ X (k= 0) - afy)]
ct+d=q 1
= SIS = R)XLQ = R)aly) - B @+ k= DXIR (= ))) - aly)

K2

= Z Sqih—th—i00 1 [(XE (L= K)afyy) - VX (g + k= 1)) - afy)]

= ual(X (= K)adyy) - VX (g + k= 1) - afy)),
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for any u,v,q € V.

Finally, we verify that A¥A! = 0 for all k,I € V such that k # [. If ¢ # 0, then
l+q+k—1+# k. It follows from (1) in Lemma 5.3.10 and the equation (5.1) that
X%(q) - (a*b") = 0. So

X3 (a) - (@*0') = 64,000 [(XE (L = K)afyy) - V]XHTF(k = 1)) - afy)).
Now we show that X“(g) - b' = 0 when ¢ # 0. Note that 14 =Y, eF. We get
Xt(q)- b = - (16Y) ZX“ (e*bh)
= qozéuz (XK (1= k)efyy) - VIXITR (R = D) - efg)] = 0.
Similar to the proof in Lemma 5.3.9, we have

plut') = uly) (X (1 — k) - ufg) ® (X3(0) - ufy gy =0,
for all a® € A* and u! € A'. So uFu! = 0 when [ # k. Thus A*A! = 0. O

Corollary 5.3.13. If A is a quantum commutative Galois object, then 14 = @,y ek
such that every e* is an identity element of A*, where e# = 1% . 1,.

Proof. For all u* € A, we have u* = 14u* = > e'u”. By Lemma 5.3.12, u* = eFuF.
Similarly, u* = u*14 = 3, uke! = ukek. O

Lemma 5.3.14. Let A be a quantum commutative Galois object. Then there exists

a basis of A given by a union:

LJ{uf),ulh...,ulNA}7

lev

where {ul),ul,...,uly_,} is a basis of A' such that ¢! = ul and
X;(P) : Uin = p,O(sj,luin,
for alli,j,p,l,m e V.

Proof. First of all, we show that X7 (0) - u* # 0 for any 0 # u*F € A¥ and i € V. For
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all u* € A* we have
ub = efub = Rk = (1R F(1))uf
= (1% 14)uf = (1117 - 14) (12 - )
= 1Fut = Y X
p
= XF(0)-ut.
Using the associativity of H-action we get
uf = X5 (0) - ut = (XF(0)X5(0) - ub = XF(0) - ((X5(0) - u®),

for any i € V. If u* # 0, then X} (0)-u* # 0 for any i € V.

Next we claim that if any two elements u* and v* in A* are linearly independent,
then X} (0) - u* and X} (0) - v* in A? are linearly independent. Indeed, if there exist
l, and [, in C such that 1, X (0) - u* 4 1, X} (0) - v* = 0, we have

0 = XF(0)(LuX34(0) - u* +1,X5(0) - 0*)
Lu(XF(0)X7(0)) - u* + 1, (X (0)X,(0)) - 0¥)
= 1L,XF0) u* +1,X5(0) - oF

= luu’c + lvvk.

So I, =0 and [, = 0. Thus X} (0) - u* and X} (0) - v* are linearly independent.

By the above, if {uf,u¥, ...} is a basis of A¥ such that u§ = e*, then {e?, X¥(0) -
uk, XF(0) -k, ...} C A% is linearly independent. Conversely, if {u},u},...} is a basis
of A’ such that u}) = e’, then {e*, Xi(0) - ul, X} (0) - ub,...} C AF are also linearly
independent. Since A’ and A* are finite dimensional, dim(A?) = dim(A¥). So

dim(A) =Y dim(A’) = N dim(A").

Note that dim(A) = dim(rH) = N%. Then dim(A*) = N for any i € V.

Now fix a k € V. We construct a basis of A from some basis of A¥. First choose a
basis of AF: {uf, u¥, ... uk, |} such that u§ = eF. Then {XF(0)-uf, XF(0)-u¥, XF(0)-
ub, ..., XF(0)-uk_,} as above is a basis of A? such that XF(0)-uf = e, for any i € V.
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Denote X} (0) - uf by u),. Now the induced basis of A” can be expressed by
{ud, ul, ..., ul_ 1}
Thus, we obtain a basis of A by taking the union:

U {ué,ull,...7ul]\]71}.

ev

Finally, we verify that X (p) -, =8, 00;uf,. Indeed,

X5(p) -t = Xj(p) - (X3(0) - up) = (Xj()X4(0)) - uy,)

U
= 0p,007,X5(0) - up, = 8,00 11y,
for any 4,7, p,l,m € V. O
Corollary 5.3.15. If A is a quantum commutative Galois object, then
dim(A") = N,V icV.

In particular, dim(H') = N,V i € V.

Proof. The proof follows from Lemma 5.3.4. O

We have seen that dim(A?) is equal to N for each i € V. In fact, A* ~ A¥ Vi k € V.

Corollary 5.3.16. If A is a quantum commutative Galois object, then A' ~ A* as
algebras, for all i,k € V.

Proof. Take i,k € V. It is easy to see that the map
phs AP — AT uF e X3 (0) - uF
is bijective. Since X} (0) is a group-like element of H, we have
X(0) - (o) = (X}(0) - ub) (XE(0) - oF) = uiv’,
for any u*,v¥ € A*. Hence, i is an algebra isomorphism. O
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Remark 5.3.17. (1) The isomorphism g}, in Corollary 5.3.16 is neither left H-linear
nor right g H-colinear. Indeed, if i # k,

X7(0) - (XF(0) - u) = (XL(0) X[ (0)) - uF = u'.

But we have
XE(0) - (X4(0) - u*) = (X5(0)X((0)) - u*) = 0.

Moreover,
PXLO) (W) = uiy) @ ufyy € A' @ H.
However,

(f ® 1)p(u*) = X7(0) - ufgy ® ufyy € A* @ H'.

(2) Let p(u¥) = 2ip ajpul @ X[ (p) for all u* € AF. By the left H-linearity,

p(X4(0) - uf) = X7(0) - ufyy @ Xi(0) - ufy
= Y a;pXi(0) - uf @ X{(0) - Xf(p) = ajul @ XI(p).

J»p Jp

p(uf)

That is to say, the pH-comodule structure on A’ is uniquely determined by the

comodule structure on A*. This motivates us to introduce the following definition.

Definition 5.3.18. Let f be a Hopf algebra isomorphism from H to H'. Let A and
A’ be a right H-comodule algebra and a right H’-comodule algebra respectively. If
there is an algebra map g from A to B such that

(9® f)pa =parog,

we say that (g, f) is an (H, H')-comodule algebra map from A to A’. In particular, g
is called an (H, H')-comodule algebra isomorphism if g is additionally bijective.

Example 5.3.19. If A is a quantum commutative Galois object, then every ut in
Corollary 5.3.16 is an (H*, H*)-comodule algebra isomorphism from A* to A?, where
/i is a Hopf algebra isomorphism from H* to H*, see Corollary 5.3.7.

Lemma 5.3.20. Let f be a Hopf algebra isomorphism from H to H'. Let A be an
H-Gaolis object and A" an H'-Galois object. If there is an (H, H')-comodule algebra

map g from A to A’, then g is an (H, H')-comodule algebra isomorphism.
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Proof. Similar to the Hopf case, see [14]. O

Following Corollary 5.3.16, we know that a quantum commutative Galois object
A is actually the direct sum of subalgebras. Next we will show that A is the direct
sum of Galois objects over H*.

Corollary 5.3.21. If A is a quantum commutative Galois object, then for anyi € V,
the canonical map restricted on A* ® A*:

v A A — Al Hi, a®b»—>ab(0) ®b(1)
is bijective. Namely, A is a Galois object over H.
Proof. First let us show that A ®; A = @@,(A’ @ A*). Similar to Lemma 5.3.4, we

only need to show that
L-uf®@ly-ul = 6k,luk ® u!

for all u* € AF and u! € A!. Note that 1% - uF = uF. We have

11~uk®12~ul

=33 Xip) v o X[ ()

1,8 pt+q=s

=3 > (X" - uf e (X (1)) -
=Y > Xk -vb e (Xi(g) vt = st @,
where Lemma 5.3.11 was applied to the last equality. Similarly, A®; pH = @,(4'®
HY).
Now the map | 4ig4: is well-defined. For all a ® b € A* ® A?, we have
ab) ® b1y € Ao H'.

Thus y(A’ ® AY) C A*® H*. Since A is a braided Galois object, the canonical map is
bijective. Therefore, the map 7| 4ig4: is bijective. O

Lemma 5.3.22. If A is a quantum commutative Galois object, then A' is an H'-
Galois object over H® for any i € V. Moreover, A* ~ AJ as (H', H)-comodule alge-
bras, for alli,j € V.
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Proof. The proof follows from Corollary 5.3.16, Example 5.3.19, Lemma 3.3.20 and
Corollary 5.3.21. O

Corollary 5.3.23. If A is a quantum commutative Galois object, then A is the direct
sum @,y A', where every A' is an H'-Galois object and A" ~ Al as (H',H)-

comodule algebras for any i,7 € V.

Proof. The proof follows from Lemma 5.3.7 and 5.3.22. O

Now we state one of main results in the section.

Theorem 5.3.24. Let A be a C-algebra with unity. Then A is a quantum commu-
tative Galois object if and only if A is the direct sum @,y At where every A' is an
H'-Galois object and A* ~ A7 as (H', H?)-comodule algebras for any i,j € V.

Proof. Tt remains to be shown that the converse of Corollary 5.3.23 is true. Now
assume that A is the direct sum @, A?, where every A’ is an H'-Galois object and
Al ~ AJ for any i,j € V. We need to construct a left H-module structure on A such
that A becomes a braided Galois object.

First of all, fix some ¢ € V. By assuption, there is a family of isomorphisms:

A Al AT

Ay ATHT Ly fit2

Ay ANy fiEN

We may choose \; such that A\,.. A2\ = 1 because of A*N = A, For example, take
An = AT

Given k,l € V, we define an isomorphism from A* to A' as compositions of some
of A1, ..., An, which we denote by f!, and the inverse by fF. For example, from A*™*
to A6 .

fiij:él — Nehs : ATHE s A5, git6,
from A6 to Ait4:

FES =M A Ap t A0 AT AT = AT AT AT
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It is clear that the following equations hold:
E=1 fu=fufts fo=Fo-JURR

Next we come to construct a left H-action on A. For a fixed i, we first choose
a basis {yé,ui,...,ug_l} of A% such that wu} is the identity element of A® . So
{ff (ud), f1(ud), ..., f{(ul,_,)} is also a basis of A7 for any j € V. It is obvious that
f7(ud) is also the identity element of A7. Moreover, since every f/ is an (H*, H?)-

comodule algebra isomorphism, we have
F )y © £ (b)) = (b ) @ b ). (5.2)
Now write ) for f/(u}). We obtain
I ) =[5 (uy) = fR(u) =y,
for any k € V. In particular, f;(ug,) = u). Define a C-linear map ¢ : H® A — A by:
P(X)'(p) ® ug) = 0p.00n i fi (ug),
for any m,n,p,k,q € V. It is easy to see that ¢ is well-defined. In fact,

@(X;n(p) ® Ug) = p,06n,k’u;n~

Now we claim that (A4, ¢) is a left H-module algebra. On one hand,

Lo - up S OXip)-ub = Xf(p)-ub
i,p P

= XK ~u’; = u’;.

On the other hand, we have
X4(w) - (X2(p) - ul) = 0p00n kX (w) - ult = 0p.06n,k0uw,000,mUs
= 6w,p6v,m5w,05n,kuz = 5w,p5'u,mX::(w) : ’LL];

(X5 (w) X7 (p)) - ug.-
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So (4, ¢) is a left H-module. Moreover, we also have
X;‘(w) 1o = X;L(w) : (Z “6) = Z‘Sv,i(sw,oug
= Gwottl =06woy_ > Xi(p) - uf
p i
= Suo(Q_Xum) - (D up)
p i
= Suo(D_ X))

= (X (w))-1a.

Since A’A9 =0 = AJ A, we have for w # 0,

D (X (s) - up) (X (8) - uf)

st+t=w

= " [eodor i (up)][Brodpni i ()]

s+t=w

= 5w,05v’k[flg(ug)] [fl?(ug)}
= 5w705v7kf}j(u’;u’;) = X} (w) - (u’;u’;).
Thus (4, ¢) is also a left H-module algebra.
We also need to show that the right coaction p is left H-linear. On one hand,

p(X'gL(p) : U’I;) = 5Pa05nykp(uq ) - vps Odﬂ kuq(g) ® utI(l)

(5.2) i
= 6p,06n,kfim(up(o))®l’ ( P(l))'

On the other hand, we have

k
Z X:'Ln( q(g) ® X’I’T+J’;S( ) : uq(l)
s+t=p

= 5 Xm((]) q( ) ®Xm(0) ’ u];(l)

= 6p,05n kfk ( q<0)) @ Ly, ( q(l))

= pO(Snkfk ( zk( ))®Lk(i€( p(o)))
= p,Oan,kfi ( p(o)) ( p(o )
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So p(X;*(p) - uk) = Derimp Xn'(8) -u’;(o) ® XHe () ~u’;(1). Thus p is left H-linear.

Finally, we verify that (A, ¢, p) is a right g H-comodule algebra. Note that A'AJ =
0 = AJA® for any i # j. We have p(d; jufu!) = p(uFul) and so

> oy (X710 = ) - ui)) @ (Xj(p) - ufayulyy
2,],P

= D ulo)(X] (= 9) - ule) ® (X(0) - ufy) Jugyy
,J
= D ufo)(XEG — k) - ufe) @ (X4(0) - ufy))uy)

= U?O)(Xilj(l —k)- Ul(o)) ® (X/lg(o) ’ U](c1))ul(1)

= 5k,l“’(€o)ul(o) ® U’&)“l(l) = p(0p uful),

for any u* € A* and u! € A'. It is not hard to see that A is a quantum commutative
Galois object. O

Corollary 5.3.25. If A’ is a Galois object over Hopf algebra H' for some i € V,
then there exists a quantum commutative rH-Galois object such that its i-th direct
summand is A’.

Proof. Consider the direct sum @,y A, where every algebra A’ is a copy of A'.

Since ¢ is an isomorphism from H’ to H’ for any j € V, we can equip A” with a

right H7-comodule structure defined by

1@d)p: A —AoH — AQH, d — o) ®Lg(a21)).

It is clear that A" is a right H/-Galois object. Moreover, we have an isomorphism
(id, Li) from A" to A, ie., A" ~ A1 By Theorem 5.3.23, @,.y A" is a quantum

commutative Galois object, and the i-th direct summand of @, A is A’ O

Lemma 5.3.26. Let A and B be two quantum commutative gr H-Galois objects. Then
A ~ B as braided Galois objects if and only if there exists some i € V such that
A ~ B as H*-Galois objects.

Proof. Assume that there exists an isomorphism A from A’ to B’ for some i € V.
For any j € V, we have an (H’, H')-comodule isomorphism f : A7 — A and an
(H*, H7)-comodule isomorphism g : B* — B7.
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Now we check that the composition go(ho f) is an isomorphism from Galois object
AJ to Galois object B7. It is enough to show that g o (ho f) is right-colinear.For any
a € A7, we have

plg((ho f)(a))] = g((he f)(a))o) @g((ho f)(a))q
) d((ho f)(a)m))
® LZ(f(a)(l))

)
) @ 4] (45 (ay))
) ® aqy,

where the third equality stems from the fact that h is a comodule map. So A ~ B.
The proof of the converse is clear. O

Following Theorem 5.3.24 and Lemma 5.3.26, we can see that a quantum commu-
tative Galois object over pH is uniquely determined by a Galois object over a Hopf
algebra H' for some i € V. Therefore, we can derive an isomorphism between the
group Gal?(rH) of quantum commutative Galois objets and the group Gal(H?®) of
isomorphism classes of Galois objets over H®.

Theorem 5.3.27. Let H be the dual of Ax . Then there exists a group isomorphism
Q: Gal®(rH) — Gal(H"), A+ A"

for any fixed i € V.

Proof. By Theorem 5.3.22, Q is well-defined. Following Theorem 5.3.21, we have

AD,uB = @(A'O:BY).
eV

Then
Q(AD, g B) = A'Oy: B" = Q(A)0y:Q(B).

Clearly, Q(rH)) = H'. Using Corollary 5.3.24, we define ' by

O : Gal(H') — Gal**(grH), A"+ PA",
eV

where @,y A’ ? is equipped with the same structures as in Corollary 5.3.24. It is easy
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to see that Q' = 1. It follows from Corollary 5.3.25 that Q'Q = 1. O

Remark 5.3.28. (1) Following Theorem 5.3.27, the computation of the Brauer group
of a modular category obtained from SU(N)-SOS models can be transferred to char-
acterizing the group of Galois objects over some corresponding Hopf algebra H? given
in Proposition 5.3.6. The Hopf algebra H' is finite dimensional and commutative. So

the Galois group is given by the second Sweedler’s cohomology group.

(2) From Corollary 5.3.23, a quantum commutative Galois object is the direct sum
of Galois objects over some Hopf algebras. Note that the direct sum of Hopf algebras
can be viewed as a weak Hopf algebra. So a quantum commutative Galois object can
be also regarded as a Galois object over a weak Hopf algebra. This motivates us to

consider the group of bi-Galois objects over a weak Hopf algebra in the next chapter.
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Chapter 6

The group of bi-Galois objects

over a weak Hopf algebra

The study of bi-Galois extensions was initiated by Van Oystaeyen and Zhang in [82].
They introduced bi-Galois extensions over a commutative Hopf algebra in order to
establish a Galois-type correspondence. The theory was generalized by Schauenburg
to any non-commutative Hopf algebra, see [66], and was further developed. In the
same paper, Schauenburg constructed the groupoid of all bi-Galois objects under
cotensor product since a bi-Galois object A induces an equivalence AO— between
the categories of comodules. If one fixes a Hopf algebra H, then the two-sided H-bi-
Galois objects form a subgroup Gal(H ), which was independently discovered by Van
Oystaeyen and Zhang in an unpublished paper [81]. Moreover, it was shown in [6§]
that a Hopf-(bi)Galois object is the same as a faithfully flat quantum torsor in [35].

The theory of bi-Galois objects has been generalized to the case of a bialgebroid
(or a coring), see [6]. For example, it was shown that there exists a bijective corre-
spondence between faithfully flat A-B torsors and bi-Galois objects over bialgebroids,
and that a bi-Galois object also induces an equivalence between the categories of co-
modules over bialgebroids, see [6]. So one can ask whether we can form the group
of bi-Galois objects in the case of a Hopf algebroid. In this chapter, we will explic-
itly work out this group in the case of a weak Hopf algebra, for the reason that we
explained in Remark 5.3.28 (2).
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ALGEBRA

6.1 Cotensor products

Let H be a weak Hopf algebra. Let A and B be a right H-comodule algebra and a
left H-comodule algebra. We first have the cotensor product Ay B. By Example
1.6.21, there exists a Hopf algebroid H consisting of a left bialgebroid H; and a right
bialgebroid H,:

Hy = (H,Hy,idg,, S '\u,,Aey), H,=(H, H, idyg,,S™!

H,, A Es).

So we can work with the cotensor products: Ay, B (over left bialgebroid H; ) and
AOpy, B (over right bialgebroid H,). In this section, we will mainly discuss the relation

between the three cotensor products so that we can use them freely in the next section.

Let M be an H;°-bimodule. Then M is an (H¢, H,)-bimodule with the following

bimodule structure:

<
3
|
®
wn

(y))ma my = u(l ® S(y))v (62)

forall me M,z € H; and y € H;.

Let M and N be two H;°-bimodules. Since S : H; — Hj is anti-isomorphic, the

product x g, in the sense of Takeuchi can be written as
M @u, N = /571(I)M®wN, YV x € Hy;
o
M X g, N:/ /S—l(w)MS—l(t) ® Ny, Vz,t € Hy.
Now define a subspace M ® N of M ® N as
{meneMeNmen=1 -m- -1, @1y -m-1a}.

Let us first work out the relation between M xpg, N and M ® N. Note that H; is
Frobenius-separable. By [, 20] we get a map

P: My N—A(1)- (M®N), mg, n— 11 -m® 1y n,
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with the inverse given by

P”:A(l)~(M®N)—>M®HtN, i m®1ly-n — mQm, n.

Moreover, M x g, N is an H;*-bimodule with the following structure:

(x@2') - (m @y, n) =am g, S~z )n,
(m®p, n)-(x@2") =mz @y, nS ('), (6.3)

for all z,2’ € Hy, m®pg, n € M xg, N. Similarly, M ® N is also an H;°-bimodule

with the following structure:

(x@z’) - [(11m'1}) ® (19n'1%)] = 211m'1] ® S~ (') 1201},
[(11m/1}) ® (190/15)] - (z @ 27) = 1ym/ 12 @ 190/15,5 71 (2), (6.4)

for all z,2’ € H; and m’ € M,n’ € N.

Lemma 6.1.1. Let M and N be two H.°-bimodules. Then M x g, N = M1, ®5, N1s.

Proof. Take m € M,n € N and x € H,. We have
m115_1(x) ®Ht TL].Q = S(].l) ®Ht nlgx.

Thus Mll ®Ht N12 ngHt N.

Conversely, we need to show that m'l} ®p, n'15 = m’ ®g, n for all m’ @p, n' €
M x g, N. Note that m’ @, n’ = 11m’ ®p, 1on’ and

1ym/S™(z) ®@p, 1on’ =m/S™ z) @y, n' =m' @y, n'z,
for all z, 2’ € Hy. Using the map P we get
1m/S™(z) ® 1on’ = 1ym’ @ 190/,
which implies 1;m’S™(z) ® (1an/)2’ = 1ym/ ® (1an/x)2’. In particular,

L/ STHS(1))] @ (1an/)15
= 11ml X (1271/5(1/1))1/2 = 11m' X 1271/.

llmll/l ® 1211/1/2
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Applying the map P” to both sides of the above, we obtain
11m'1'1 QH, 1277/1’2 = 11m/ QH, 1277/.

Since 11m/ @, 1an’ = m/®@p,n', we have m'1] @y, n'1, = m'®@pg,n'. Then m'@p,n' €
Mll ®Ht N12 Therefore, M X H, N = Mll ®Ht N12 O

Lemma 6.1.2. Let M and N be two H.°-bimodules. Then, with the structures (6.3)
and (6.4), M xg, N~ M &® N as H¢-bimodules.

Proof. Note that M xg, N = M1; ®pu, N1s. It is easy to verify that P : M1; ®g,
N1y — M ® N is isomorphic. Now it remains to be checked that P is H;®-bilinear.
Indeed, the left linearity of P follows from

Plle @) - (i} @, n1})]
= P(zml} ®@p, S~ (2" )nlh) = x1yml) @ S~ (2") 1901}
=(z @) (Iyml] @5, 1anlh) = (r @ 2’) - P(m1; @5, nls),

for all m € M,n € N and z,x’ € H;. Similarly, P is right H;°-linear. [

Example 6.1.3. Let M be an H-bicomodule. By [59] M is an H;°-bimodule with

the following induced structure:

(w®a’) -m = e(wmp)_,) Jmo),e(S™ (@)mp),

m-(z® ') s(m[o][fl]m)m[o][ole(m[l]sfl(w')),

for any z,x’ € H; and m € M, where p*(m) = mi_y ® m(g) and pf(m) = mg) @ mp.
So M is an (Hy, Hs)-bimodule with the structures (6.1) and (6.2). If M and N are
two H-bicomodules, then M xg, N ~ M ® N as H;°-bimodules.

Now let (U, i) be an H;°-algebra. U is a natural H;°-bimodue, which restricts to

an (H;, H,)-bimodule structure:

zu=i(z@Du, wr=ui(z®1); yu=1i(1®S(y))u, uy=ui(l® S(y)),
foralu e U,x € Hy and y € H,.
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Lemma 6.1.4. Let (U,i) and (V,j) be two Hi®-algebras. Then U © V is an H°-
algebra with unity 111y ® 1a1y:

AW (uev)AD)][ADL)(W @ v )AL)] = A1) (uliu’ @ viw")A(L),
g: A — AU V)AL), 207 — A(1)(i(z) ® j(a)A(1),

forallueU,veV and z,x’ € H;.

Proof. Straightforward. O

Let (U,i) and (V, j) be two H;%-algebras. Then U x g, V is an H;%-algebra with
unity 1 ®g, 1 and the following structure:

(u@p, v)(U @, V') =ud @, v, Yu®p, v,u @, v €U xg, V,
h:Hf —Uxg, V,x@yr—i(z) g, j(@’), Vo,2' € Hy.

Proposition 6.1.5. Let (U,4) and (V,j) be two Hi°-algebras. Then U xg, V and

UGV are isomorphic as Hi°-algebras.

Proof. Note that u®p, v = uS(1;) ®p, vls for all u @y, v € U x5, V. We have

i

Pl(u®mn, v)(u' @u, v)] =

|
i)

[(uS(11) ®@m, vio) (v @p, v')]
[(uS(11)u ®p, v1av"))

Il
[

(D) (uS(1)u’ @ vl A1)
A1) (v @ v)AMIAM)(W @ v)A(1)]
= Pllu@n, o)W @, o).

The rest of the proof is easy. O

Let A be a left H-comodule algebra. By [11], the left comodule structure on A
induces an algebra map

i1 H — A, Xr— 6(1[_1}.’2)1[0],

for any x € H;, which makes A into an H-algebra. Similarly, a right H-comodule
algebra B is an Hg-algebra with the structure map given by,

j:Hy — H, y—> 8(1[1]y)1[0], Vy € Hs.
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Lemma 6.1.6. Let A be an H-bicomodule algebra. Then (A, k) is an H;®-algebra,

where the map k is given by
k:Hy®@ H% — A, x ®z — E(wl[,l])l[o]1{0]6(5_1($/)1f1]).
Proof. Note that
e(—y2)lolige(lny) = e(tn2) o) ewer(lp)) = (o), ) o), (Y1)
= eles(Lpoy_y)2) Loy e(Wlng) = e(1-n2) g lme(ylyy),
for all x € H; and y € Hys. We have a well-defined algebra map
E H, ®H, — A, TRY+H— €(I1[_1])1[0]1{0]8(3;1{1]).

The map k follows from k' since Hy is isomorphic to H;?. O
Since an H-bicomodule algebra A is an H-algebra, A has a natural H;-bimodule

structure:

(x ®E) a4 = 5(m1[_1])1[0]1’[0]%(5_1(:6’) El])’

(z@a') -a= E(xl[_l])al[o]1’[0}5(571@') El])’
for any z,z’ € H; and a € A.

Following Proposition 6.1.5 and Lemma 6.1.6, we obtain the following consequence:

Corollary 6.1.7. Let A and B be two bicomodule algebras. Then Axpy, B and A®B

are isomorphic as H:°-algebras.

Observe that both A® B and A x g, B are H-bicomodule algebras with the same

H-bicomodule structure p* and p¥,
pL(a ® b) — a[—l] ® (a[O] ® b), pR(a X b) = (a X b[o]) & b[1]7

foralla@be AOBora®be Axgy, B.

Following Corollary 6.1.7, we get the following:

Proposition 6.1.8. Let A and B be two bicomodule algebras. Then A Xy, B and

A ® B are isomorphic as H-bicomodule algebras.
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Remark 6.1.9. Let A and B be two H-bicomodule algebras. One can define A x s B
( see [40]) similarly. Moreover, A xIs B and A ® B are isomorphic as H-bicomodule

algebras.

Let M and N be a right H-comodule and a left H-comodule respectively. The

cotensor product over H is as follow:
MOy N={m®&nec M N|pf(m)®n=mae ptn)}.

Lemma 6.1.10. Let A and B be a right H-comodule algebra and a left H-comodule
algebra respectively. Then

Proof. Note that ajg) ® aj;) ® b = a ® b_y) ® by for all a @ b € ALy B. Applying
id ® e; @ id to both sides, we get ajg) ® e¢(ap]) @ b = a ® &¢(bj_1)) ® bjo). So

1i-a®1y-b = 1[0]~a®1[1]~b:a[o]®5t(a[1})~b
= a® 5t(b[—1]) . b[O] =a® st(b[—l]) . b[O]
= a®e(et(b-11)bjo) ) )0y
= a®b
Similarly, a-1; ®b- 1o =a®b. Thusa®b e AG B. O

Now let us recall the relation between H-comodule algebras and H;(H,)-comodule
algebras. Let A be a left H-comodule algebra. By [4, [I1] A is a left H;-comodule
algebra as well as a left H,.-comodule algebra. Here, A is a left H;-comodule algebra
with the following H;-bimodule structure:

r-a=ape(ra_y) a-x=age(a_z), (6.5)
for all z € H; and a € A. The above actions induce the following actions:
y>a=a-S'(y), a<dy=S5"'@)-aq

for any y € Hs; and a € A. Then (A, >, <) is an Hr-comodule algebra over an H,-
coring H, (or a right bialgebroid H,.).

Similarly, if B is a right H-comodule algebra, then B is a right H,-comodule
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algebra with the following H,-bimodule structure:
y-b=bE(rbp)) by =boe(byyy), (6.6)
for all y € Hy and b € B, and right H;-comodule algebra with H;-bimodule structure:
zwb=0b-S" (), bax=S""(z)-0

In fact, the action >, <1, » and <« are induced by Example 6.1.3.

Now let A be an H-bicomodule algebra. We have

y-a=ape(yap)) = age(yedany)) = Lpas(yly) = (y - De,

for all y € Hy and a € A. Take € H;. Then x -1 € A®H follows from

1[0][015(x1[—1]) ® 1[0][1] = 1[0][015(551[0][71]) & 1[1]
= x- 1[0] ® ®1[1] = (:E . 1)1[0] ® ®1[1].

Now we can define an algebra map
piHy — AT g 21
Similarly, there is also an algebra map

viHy — A y—y 1.

Let (A, pf) and (B, p%) be a right H-comodule algebra and a left H-comodule
algebra respectively. We view (4, p®) and (B, p") as a right Hj-comodule algebra
and a left H;-comodule algebra respectively. So we have the cotensor product:

A0y, B={a®bec A®p, B|p"(a)®b=a p*()}.
Now define AELB as a subspace of A x g, B:
AO,B={a®be Axy, BlpFa)®b=a® p=(b)}.

Lemma 6.1.11. Let H be a weak Hopf algebra. If (A, pTt) is a right H-comodule
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algebra and (B, p*) is a left H-comodule algebra, then as vector spaces

AQy, B = Ay B and AQy, B ~ AQy B.

Proof. In order to prove A0y, B = AEZB, it is sufficient to show that Ay, B C
A x g, B since the definition of Xy, implies that AOy, B D AitHB.

Take a ® b € Ay, B. We have that ajg) ® aj;) ® b = a ® b_1] ® bg). Since ajg) ®
ag ®b € (Axpg, H) ® B and a ® bj_1) ® bjg) € A®; (H xg, B), we get that
ajp) @ apT @b = a ® b_1)T ® bjg) for all x € Hy. Observe that

(aT)[O] ® (af)m Rb= ap) ® ap)T b=a® b[_l]f ® b[O] =a® b[—l] & b[o]:z:.

It follows from the counit axioms that aT ® b =a ® bx. Thusa® b € A xy, B.
The proof of the second statement is similar to the proof of Lemma 6.1.2. O

Similarly, we can also think (A, pf*) and (B, p¥) as a right H,-comodule algebra
and a left H,-comodule algebra respectively, and define the cotensor product Ay, B.

Lemma 6.1.12. Let H be a weak hopf algebra. If A is a right H-comodule algebra

and B is a left H-comodule algebra, then as vector spaces Alpg B ~ Ay B.

Proof. Similar to the proof of Lemma 6.1.11. O

Now we can state the relation between these three cotensor products.

Proposition 6.1.13. Let H be a weak Hopf algebra. If A and B are two H-

bicomodule algebras, then as H-bicomodule algebras

ADHTB >~ AE]HB >~ ADHZB

Proof. We only show that AOy, B ~ Ay B as H-bicomodule algebras. Following
Proposition 6.1.8, A©® B ~ A xy, B as H-comodule algebras. Given o’ @V € AQy, B,
we have a{o] ® a{l] RV =d® bf_l] ® bfo] and

/ / / ro_ / / / o / / ’
afo) ® apy @ bjg) ® by = a” @by @ bigy, @ by, = @’ @by, ® bio @ by
So a @ bjg) @ by € AUy, B® H. Thus AUy, B is a right H-subcomodule. Moreover,
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we also have
ajojajo ® apyapy ® b = (ag) @ apy @ b)(aj) @ apy @) = aa’ @ b—ybj_1) & bpojblg)

for any a ® b,a’ ® b/ € A%, B. Hence, AUy, B is a subalgebra of A X, B.

Using Lemma 6.1.7 and 6.1.11 we get an isomorphism P : A® B ~ A Xy, B as
H,¢-algebras, and so ALy B ~ AQg, B as H;%-subalgebras. It remains to be checked
that P is right colinear. Indeed,

PIAM@@DAL)] = Lica-1® (s b 1) @ (13- b- o)y
li-a-11®1s- b[O] - 1o ®b[1] = P(a@b[o]) ®b[1]

So Aly B ~ Ay, B as right comodule algebras. Similarly, Ay B ~ AOg, B as
left comodule algebras. Therefore, Ay B ~ Ay, B as bicomodule algebras. O

From Proposition 6.1.13, we can choose freely these cotensor products for H-

bicomodule algebras if we need.

6.2 The group of bi-Galois objects

Here we discuss how to form the group of Galois objects over a weak Hopf algebra.

Definition 6.2.1. A weak Hopf algebra H is called faithfully flat if H is faithfully
flat as (Hy, Hg)-bimodule.

Definition 6.2.2. Let H be a faithfully flat weak Hopf algebra. A weak H-bicomodule

algebra A is called an H-bi-Galois object if the following conditions are satisfied:
o AJ/A%H is a right weak H-Galois extension with A“°H ~ H,,
o A/°H A s aleft weak H-Galois extension with “°H A ~ H,
o A is faithfully flat as an (H;, Hs)-bimodule under the actions (6.5) and (6.6) .

Remark 6.2.3. By [] the definition of a left H; (or a right H,)-Galois extension is
equivalent to the one of a left (right) weak H-Galois extension. So Definition 6.2.5 is
a special case of [6]. Moreover, one-sided H-Galois object was also defined in [6]. In

particular, H is a trivial bi-Galois object.

Lemma 6.2.4. Let A and B be two H-bi-Galois objects. Then the following hold:
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1. AQOy, B/H; is a right weak H-Galois extension;
2. A0y, B/H, is a left weak H-Galois extension;

3. Ay B is a faithfully flat bi-Galois object.

Proof. Since A and B are H-bi-Galois objects, it is not hard to see that
(AQy, B)H ~ Beot ~ .
By the proof of Theorem 5.6 in [6], we have an isomorphism
(AQg, B) ®p, (AQp, B) ~ AQg, (B ®pg,» B) ~ AQg, (B ®p, B).
The canonical map

v: (AOYB) ®@g, (ADYB) — (AODYB) @y, H
(a@b) @ (' @) — (ad" @ bbjg)) @ by,

is bijective since
(ADHTB) QH, (ADHTB) ~ ADHT(B®H1, B) o~ ADHT(B@)HS Hr) o~ (ADHTB) Qp, Hy.

So AOy, B/H; is a right H,.-Galois extension. By Remark 6.2.3, Algy, B/H; is a
right weak H-Galois extension. Similarly, the second statement is true. The last one
follows from Lemma 6.1.13 and the former two statements. O

Lemma 6.2.5. Let A be an H-bi-Galois object. So is A°P.

Proof. 1t is not hard to check that the opposite algebra A°P is a left H-comodule
algebra with the coaction: A? — H ® A%, a — S~ !(ap)) ® ajg). Moreover, the
coinvaiant subalgebra “°H A°P is just the opposite of A, So «“H A ~ HP ~ H,.

That A°P is a left H-Galois extension follows from

AO;DQ@HS AP ~ A®HtA ~ A1[0]®H1m ~ 1[,1]H®1[0]A0p. O

Now assume that A is a right H-comodule algebra. Then A ®p, A is a Hopf
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module with the following structure:
(a & b)c =a® bc, p(a & b) =ajp ® b[o} & amb[l].
Lemma 6.2.6. Let H be a weak Hopf algebra and A a right H-Galois object. Then

HomH(A,V ®pu, A) ~ Hom_p,((A®H, A)C"H, V).

Proof. By the structure theorem of Hopf modules from [I6], we have
B:Hom",(A®y. A,V @y, A) ~ Hom_y,(A®y, A)°H V).

So we only need to show that Hom(A,V @y, A) ~ Hom® ,(A @y, A,V @y, A).
Take o € Hom (A, V ®p, A). Tt follows from the H-colinerity that the map «a is
H-linear. We have a well-defined map

T:Hom" (A V ®y, A) — Hom™ ,(A®y, A,V @y, A), T(a)(a®b)=a(a)b.
Consider another map
T :Hom" ,(Aoy, A,V @y, A) — Hom™ (A, Vog, A), T'(B)(a) = Bla®m, 1).
Then the map T~ ! is the inverse of T since

IT'(B)(a®b) =T~ (B)(a)b = Bla®@m, 1)b = Bla @ b);
T 'T(a)(a) = T(a)(a @y, 1) = ala).
Thus the map T is bijective. O

It was proved that there exists a bijective correspondence between faithfully flat
A-B torsors and bi-Galois objects over x 4-Hopf algebras, see [0, Thm.5.2] or [40]
Thm.5.2.10]. Let A be a right H-Galois object. Then A is a faithfully flat H,-H;

torsor with the following structure:
d(a) = ap @ am ® aﬁ €cAQy Aoy, A, ¥V € A

The following construction of a x 4-Hopf algebra from a Galois object is a special case
of Theorem 5.2.10 in [40]:
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Let H be a faithfully flat weak Hopf algebra and A a right H-Galois object. Then
= (A®g, A is a x g,-Hopf algebra with the following Hopf structure:

(a®b)(a @b')=ad @',
Aa® b) ®afj] @ aff @b,
F(a®b) = ab € A" = [,

Moreover, A is also a left L-Galois object.
The following proposition is a generalization of Lemma 3.2 in [66]:

Proposition 6.2.7. Let H be a faithfully flat weak Hopf algebra and A a right H-
Galois objec. Set L := (A®@py, A)°H. Then the following statements hold:

1. There is a right H-colinear map 6 : A — L ®p, A given by §(a) = ajg ® am ®

aﬁ%, which has the following universal property:

Given a right Hy-module V' and an H-colinear map ¢ : A — V @m, A, there is
a unique right Hy-linear map f: L — V with ¢ = (f ®pu, 1)J.

2. The map 6 : A — L x g, A is an algebra map;

3. If V is an Hy-algebra and ¢ : A — V x g, A is an Hy-algebra map, so is the
induced map f: L — V;

4. If A is an H-bi-Galois object, then L is isomorphic to Hp.

Proof. Although the proof is a bit similar to the one of Lemma 3.2 in [66], we write it
down for the completeness. Since A is a right Galois object, (A @y, A)°°? @p, A ~
A ®p, A as Doi-Hopf modules. This isomorphism v is given by

v(d @V @)= (d @) ,Va' @b @ € (Ay, AT @y, A.
with the inverse v’ given by
v'(a ® b) = ay ®am ®a[1]b Vabe Aoy, A.
Using Lemma 6.2.6 we get an isomorphism
BoT:Hom™ (A, V ®y, A) ~ Hom_p,(A®y, A)°H V),
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where B and T are the same as in Lemma 6.2.6. Let § := T~ o B~!(id). In fact,
the map B~!(idy) is the isomorphism v’/. We have
1 2
d(a) = ap ® aH ® aH, Va € A.

Given a right H;-module V' and an H-colinear map ¢ : A — V ®p, A, there is a
unique right H;-linear map f : L — V such that f = BoT(¢). That ¢ = (f ®pu, 1)0
follows from f(a ®@p, b) @y, 1 = B71(f)(a ®g, b) = Té(a @5, b) = ¢(a)b. Thus the
first statement holds.

The second statement follows from the definition of an H-H; torsor, see Definition
5.2.1 in [40].

Now let us look at the third statement. Note that V xp, A CV ®p, A. For any
¢: A — V xpg, A, by the first statement, there is a unique right H;-linear map
f:L—V with ¢ = (f ®p, 1)5. We have

flad @b'b) @1 = ¢(aa")b'b = ¢p(a)p(a’'b= fla®b)f(a' @) @1,

for all a @ b,a’ @ V' € (A®py, A)°H. So f is an Hi-algebra map.

Now assume that A is an H-bi-Galois object. Then A is also a left Hp-Galois
object. Note that L is a xg,-Hopf algebra and A is a left L-Galois object. By the
thrid statement there is a unique algebra map f : L — H such that 4p = (f @ 1)%p,
where 4p and Lp denote the left H-coaction and L-coaction respectively. By the
universal property of L, the map f is an H;-coring map and so f is a morphism from
L to Hyp. Denote by v and 4/ the canonical maps of left L-Galois and left Hp-Galois
A respectively. Then v = (f ® 1)7'. Note that v and 4/ are bijective, and that A is
faithfully flat. Thus the map f is bijective. O

Using Proposition 6.2.7 and [67], we obtain

Corollary 6.2.8. Let H be a faithfully flat weak Hopf algebra. If A is an H - bi-Galois
object, then (A ®g, A)°H is isomorphic to H as a weak Hopf algebra.

Proposition 6.2.9. Let H be a faithfully flat weak Hopf algebra. If A is an H-bi-
Galois object, then Al A% ~ (A®g, A" and so A’ Oy A ~ H as bi-Galois

objects.

Proof. Let AQA={a®be A® Ala®b = ap) ® byje(apbyyy)}. Then A®A is a Hopf

148



6.2. THE GROUP OF BI-GALOIS OBJECTS

module with the following structure:
(a & b)c =a® bc, p(a & b) =ajp ® b[o} & amb[l].

Similar to the proof of Lemma 6.1.2, we can get that A®p_ A is isomorphic to AR A as
Hopf modules. By the structure theorem of Hopf modules, (AR A)*°H ~ (A@y_ A)«H
as right Hi;-modules.

Now we verify that (A®g, A)*°H ~ AKXy A°. Note that the H-comodule structure
on A induces the following H;-bimodule on A°P and Hg-bimodule on A:

O‘

cx=Tbe(S™ (1py)z), a-y = alge(yly)
B b1 [0]6(571(1[1])‘@), Yy-a= 1[0]a€(y1[1])’

for any a,b € A,z € H; and y € Hs. We have

a-l,®b-1p = ale(lilpyy) ® 1/[0]b5(571(1f1])12) = alpe(lilp) ® lfo]b’f(s(b)lfl])
= al[o}é(l[l]ll)é‘(lglh]) X 1{0]1) = 01[0]5(1[1]1f1]) ® IEO]b

Similarly, 11 -a ® 15 -b = 1[0]a6(1[1]1h]) ® bl . On one hand,

a1 @b L) y®b-lag = a 1305 (by)l2 @by
alpye(11lp)) @ S~ (bpy)lz @ by
Lo ® 87 (b)) ® bro)-

On the other hand, we have

[11 . a][o] ® [11 . a]m ® 1s b ajp] ® 11a[1] ® 1s b
= ajo) ® Liapy @ bljgje(S™ (1y)12)

ajg) ® 5_1(1[1])a[1] ® bl[o].

Take a® b € (A QH, A)COH. We have ajo ® b[o] & a[l]bm =aQ® bl[o] ® 1[1] and

alp @ S™Hop)lp @by = ag @ SH(bp)S ™ (ap)ap @ by
= a[0]®571(a[2]b[1])a ®b
= ap @ S™H (1py)ap) @ bl
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So the following equation holds:

alpo) @ S~ (b))l @ by = ajo) ® S~ (1zp)agy © bl

which means that a-11 ® [E 12][,1] X [B 12][0] = [11 . a][o] X [11 . a][l] ® 1y - b. Then
Ii-a®ly-b=a®b=a-1,®b-1y. Thus (ARA)*°? C ALy A°?. Now define a
k-linear map

0 : (ADA)°H — AQy AP, a®@br— a®Db.

We find the inverse of 8. Let a®b € Ay A°P. Then ajo)®ap ®Rb = a®S‘1(b[1})®b[0}.
We have

o @57 (bup)bpoy,

= a®bpo® S (b)bp

= a®by @S [S(bu))bp]

= a®byp ®S es(bu)]

a®blg ® ST S(1p))] = a® bl @ 1p).

af) ® bjg) ® apbpy = a @by

Soa®be (AnA)°H. Now we can define another k-linear map
0 : Al AP — (ARA)! a @b+ a®b.

It is easy to see that @’ is the inverse of #. Thus, A [y A% ~ (ARA)H as vector

spaces.

Finally, by Lemma 6.1.13, A A% ~ Ay A°P. So AQy, AP ~ (A g, A)°H.
Similar to [66], AQg, AP ~ (A ®@p, A)°H as left L-comodule algebras. Hence,
Ay A°P ~ H. Similarly, A°? [y A~ H. O

Now we can form the main result of this chapter.

Theorem 6.2.10. Let H be a faithfully flat weak Hopf algebra. Let Gal(H, Hy) be the
set of isomorphism classes of H- bi-Galois objects. Then Gal(H, H;) forms a group
under the cotensor product [y .

Proof. Follows from Proposition 6.2.13. O

By [B] we can easily define a bi-cleft object and form the group of isomorphism

classes of H-bi-cleft objects, a subgroup of the group G(H, H;).
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