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Nederlandstalige

Samenvatting

De rode draad doorheen dit proefschrift is de notie van Calabi-Yau algebra,
gedefinieerd door een zekere dualiteitseigenschap.

In het inleidende hoofdstuk, geven we een overzicht van hun rol in de algebra en
de meetkunde. In het bijzonder beschrijven de constructie van de Ginzburg DG
algebra van een quiver met potentiaal alsook de hogere preprojectieve algebra
van een eindige dimensionale algebra die telkens een voorbeeld van Calabi-Yau
algebra leveren. Daarnaast leggen we uit hoe de theorie van Calabi-Yau alge-

bras toepassingen heeft in de constructie van cluster categorieén..

Het eerste hoofdstuk beschrijft werk van de auteur met Van den Bergh waarin
twee resultaten opgesteld worden die toepassingen hebben in de verscheidene
constructies vermeld in de inleiding. We geven een stel criteria voor Jacobi
algebras waaruit we kunnen concluderen dat de onderliggende quiver met po-
tentiaal geen lussen of 2-cycles heeft en er geen verwerft na toepassing van
een mutatie. Vermits het muteren van een quiver met potentiaal overeenkomt
met een afgeleide equivalentie van de bijbehorende Jacobi algebras, bekomen
zo een rijke collectie afgeleid equivalente algebras. We tonen aan dat deze
condities voldaan zijn voor de opgerolde algebras van een helix op een Del
Pezzo oppervlak en voor getwiste groep algebras van cyclische groepsacties

in dimensie 3. Het tweede resultaat handelt over de singulariteitencategorie

vi



SAMENVATTING

van geisoleerde Gorenstein singulariteiten. In het geval dat deze een niet-
commutatieve crepante resolutie toelaten, kunnen we een relatieve versie van
de singulariteitencategorie definiéren. Een toepassing van de theorie van min-
imale modellen levert een beschrijving van de singulariteitencategorie als clus-
tercategorie. In het dimensie 3 geval alsook in het geval van cyclische quotient

singulariteiten verkrijgen we hier dan expliciete formules

In het tweede hoofdstuk stellen we een deformatietheorie op voor Calabi-Yau
algebras. We geven een homologe interpretatie van de definitie van Calabi-
Yau algebra door behulp van een vectorruimte A, Hochschild-cocykel i en een
cykel in negatief cyclische homologie 7. Deze reinterpretatie laat ons toe op een
canonieke manier een deformatietheorie te definiéren. Er is een gekend mecha-
nisme dat een deformatietheorie associeert aan een nilpotente DG Lie algebra.
We tonen aan dat er ook in het geval van deformaties van Calabi-Yau algebras
zo’n nilpotente DG Lie algebra ©°®(A, u, ) bestaat die de deformaties beschri-
jft. We tonen tevens aan dat de cohomologie van deze dg Lie algebra negatief
cyclische homologie is en dat de gegradeerde haak samenvalt met een gekende
haak die een niet-commutatieve versie van de string topologie haak van Chas
en Sullivan vormt. Met wat meer werk, volgt hieruit dat de raakruimte van
dit deformatieprobleem negatief cyclische homologie groep HC;_2(A) is en dat
er een canoniek gedefinieerde obstructie theorie is, die verdwijnt in het geval
dat d < 3. Ten laatste beschrijven we het meetkundig geval waarin de algebra
gegeven wordt door globale secties van een Calabi-Yau variteit X. In dit geval
passen we een resultaat van Willwacher aan om een concretere beschrijving te
geven van D (A, u,n) door middel van een L-quasi-isomorfisme met een DG
Lie algebra van de vorm T*P°Y (X)[[u]].

In het vervolg van deze thesis wordt de aandacht verschoven naar de relatie
tussen Del Pezzo oppervlakken en Calabi-Yau algebras. Het is gekend dat
deze klasse van oppervlakken een volle exceptionele rij heeft en dat de braid
groep transitief op deze collecties werkt door mutatie. Hoofdstuk drie is een

eerste stap naar een réinterpretatie van dit resultaat in de context van niet-
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commutatieve meetkunde. Door de numerieke Grothendieck groep van het
oppervlak te beschouwen bekomen we de notie van exceptionele basis, waarop
de braid groep werkt. Dit laat ons toe om meer algemeen vrije Abelse groepen
met een unimodulaire bilineaire vorm te beschouwen (zogenaamde ’lattices’).
We stellen voor deze lattices een aantal axioma’s op die voldaan zijn in het
meetkundig geval. Deze axioma’s laten ons toe om klassiek meetkundige con-
cepten zoals de codimensie filtratie, numerieke Picard groep, intersectie vorm,
rang, graad, canonische klasse,. .. te definiéren in deze nieuwe meer algemene
context. Deze nieuwe noties laten ons tevens toe een veralgemening van Del
Pezzo te beschrijven in deze context. We tonen aan dat er exact 4 lattices
bestaan die aan deze condities voldoen op isomorfie na. Een eerste triviaal
type, dan de numerieke Grothendieck groep horende bij het projectief vlak
en het eerste Hirzebruch oppervlak en ten laatste een type dat niet bij een
Del Pezzo oppervlak kan horen. De rest van deze thesis beschrijft een niet-

commutatief meetkundig model voor dit type.

In hoofdstuk vier beschrijven we een nieuwe klasse algebras die nodig zijn om
een lokale beschrijving van dit niet-commutatieve model te geven. Deze alge-
bras worden geconstrueerd aan de hand van een relatief Frobenius paarS/R
(een veralgemening van de notie van Frobenius algebra over een willekeurige
commutatieve grondring R). In het geval R"/R, komt deze algebra overeen
met de klassieke preprojectieve algebra over de ster quiver op n vertices. Voor
deze reden noemen we deze algebras veralgemeend preprojectief, en noteren
deze met IIz(S). We tonen aan dat indien S een vrij R-moduul van rang 4 is,
dat ITR(S) noethers en eindig over zijn centrum is. We tonen tevens aan dat

deze eindige global dimensie heeft indien R en S regulier zijn.

Het laatste hoofdstuk van deze thesis is gewijd aan een constructie van het
niet-commutatief oppervlak ingeleid aan het einde van hoofdstuk 3. Een
heuristische redenering op basis van de expliciete vorm van de Gram matrix
in type 3 duidt aan dat dit oppervlak twee canoniek gedefinieerde morfismes

moet hebben naar de projectieve lijn P! zodat de exceptionele rij in kwestie
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gevormd wordt door pullback van de standaard exceptionele rij (Opw, Op1 (1))
door deze twee morfismes. Dit lijdt ons tot de theorie van niet-commutatieve
P! bundels over een commutatief schema te bekijken. Deze worden meer pre-
cies geconstrueerd als een symmetrische schoof Z-algebra S(E) vertrekkende
van een lokaal vrij bimoduul £ dat in ons geval de rangen (4, 1) heeft voor nu-
merieke redenen. Indien X affien is, kunnen we deze in verband brengen met
de veralgemeende preprojectieve algebra ingevoerd in het vorige hoofdstuk en
dus bewijzen dat de categorie van modulen lokaal noethers is. Dit laat ons toe
het niet-commutatieve schema Z = Proj(S(£) te construeren. In het laatste
stuk passen we gekende resultaten aan in onze context om aan te tonen dat de
collectie inderdaad exceptioneel is met de gewenste Gram matrix. We tonen

tevens ook aan dat Z eindige globale dimensie heeft.
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Overview

This thesis is an investigation of the notion of Calabi-Yau algebras and its role
in various branches of algebra and geometry. The defining property of these

algebras is a certain self-duality:

Definition 1. Let k be a field. A d-Calabi-Yau algebra is an algebra A

together with an isomorphism
n: RHomye (A, A°) = 1794
in 2(A°), the derived category of the enveloping algebra A¢ = A ®j A°P.

This definition has natural variants for general commutative groundrings
and for DG algebras. We shall first give an account of its use in representation
theory and (noncommutative) geometry. It has been known since the work of
Ginzburg [Gin] that there is an intimate relation between these algebras and
quivers with potential. Given a quiver with potential (Q,w), one can construct
a DG algebra I'(Q, w), which now bears Ginzburg’s name whose cohomology
in degree 0 is the ubiquitous Jacobi algebra Jac(Q,w) (or vacualgebra as it
known to physicists). Combining results of Keller [Kelll] and Ginzburg, it is
known that I'(Q, w) is always a 3-Calabi-Yau DG algebra and that Jac(Q,w) is
3-Calabi-Yau iff it is quasi-isomorphic to I'(Q,w). Conversely, in [VdB10], Van
den Bergh showed that if A is 3-Calabi-Yau and complete or graded, then A
is always a Jacobi algebra of a certain quiver with potential. A second class of

examples was described by Keller also in [Kelll]. The classical preprojective
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algebra of an acyclic quiver has a natural generalization to any finite dimen-
sional algebra of global dimension < d — 1 written as II;(A). This notion
was introduced in [IO09] in the context of higher representation theory. In
[Kelll], a DG version of these higher preprojective algebras, I1;(A), whose
Oth cohomology is II;(A) was introduced. This construction always yields a
d-Calabi-Yau DG algebra. Moreover in the case where d = 3, Keller showed
how to relate both constructions by exhibiting a quiver with potential (Q,w)
such that I'(Q,w) = II3(A).

Throughout our exposition, we will focus our attention on two examples. Our
first example uses the above constructions to give a proof that the rolled-up
algebra of a geometric helix on a Del Pezzo surface (as defined in [BS10]) is a
higher preprojective DG algebra of dimension 3 in the above sense of Keller
and hence also a 3-Calabi-Yau Jacobi algebra (more on that below). In the
second example, we let a cyclic group act linearly on a vector space of dimen-
sion 3. it is well known that if the representation is unimodular, the twisted
group ring is Calabi-Yau. Moreover it is easy to write down a quiver with
potential for this algebra.

We will end our introductory chapter by explaining how (DG) Calabi-Yau al-
gebras play a key role in the construction of cluster categories, the categorical

analogue of cluster algebras.

The first chapter is an account of two results by the author and Van den Bergh
concerning the properties associated to the DG algebra I'(Q, w) described above
(see [dTdVdB10] and [dTdVVdB13]). A major aspect of Ginzburg DG alge-
bras (and hence of the Jacobi Algebra) is the fact that there is a combinatorial
procedure, called mutation, on (Q,w) which lifts to a derived equivalence of
I'(Q,w) by [KY11]. This procedure has the disadvantage of only behaving well
if the quiver has no loops or 2-cycles (see [[W14], for example for a discussion
when this is not satisfied). Moreover, this property is not in general preserved
under mutation. Our first result is an easily verified set of conditions for a
3-Calabi-Yau Jacobi algebra which allows one to conclude that the underlying

quiver has no loops or 2-cycles and indeed does not acquire any under sub-
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OVERVIEW

sequent mutations, allowing one to repeat the process indefinitely. We show
that our conditions are satisfied in the 2 motivating examples described in the
above paragraph. Moreover we also mention an example from the theory of
deformed preprojective algebras from [CBH98] that shows that the conditions
cannot be weakened.

Our second result pertains to the relation between Calabi-Yau algebras and
cluster categories hinted at above. It is a well known fact that the singularity
category of a Gorenstein isolated singularity R is Calabi-Yau since the work of
Auslander in [Aus78]. In the event that R admits a noncommutative crepant
resolution in the sense of [VdB02a], we consider a relative version of the sin-
gularity category and use it to obtain an explicit DG algebra whose cluster
category is precisely the singularity category of R. From this one obtains
in particular that the singularity category of a 3-dimensional cyclic quotient
singularity satisfying some numerical conditions is the cluster category of a
quiver with potential, which yields an alternative interpretation of the results
obtained in [AIR]

The second chapter develops the deformation theory of Calabi-Yau algebras.
We reinterpret the definition of Calabi-Yau algebra given above as a vector
space A with a Hochschild 2-cochain g which represents the associative mul-
tiplication and a negative cyclic chain 7 which encodes the additional Calabi-
Yau duality. This reinterpretation has the advantage that one can naturally
associate a deformation functor. It is this functor we wish to describe more
explicitly. Following the work of Kontsevich, there is a general mechanism
called Maurer-Cartan formalism which associates a deformation functor of a
specific type to a nilpotent DG Lie algebra. Hence, whenever one is given a
specific deformation problem, it is a natural question as to whether it is given
by one of Maurer-Cartan type. If this is true then we say that the deformation
problem is ’controlled’ by the corresponding DG-Lie algebra. Furthermore in
that case the cohomology of the DG-Lie algebra yields an obstruction theory
in the classical sense of deformation theory. The archetypical example is the

deformation theory of associative algebras which is controlled by the shifted

xii
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Hochschild complex €°*(A). It is precisely this example we will extend to the

case of Calabi-Yau algebras.

The homological interplay between €*(A) and the (normalized) negative cyclic
complex CC, (A) has very rich structure which was studied by many au-
thors (see [TTO05] for our primary source of reference) and is referred to as
noncommutative calculus. We use this interplay to construct a DG Lie alge-
bra D°®(A, p, 1) which as a complex is €*(A) ® CC, (A)[—d + 1] and whose
bracket is defined in such a way that the Maurer-Cartan elements correspond
to Calabi-Yau algebras. We will show that the deformation functor associated
to D*(A, u,n) controls the deformation theory of Calabi-Yau algebras.
Furthermore, in [Men09], Menichi defined a bracket on the negative cyclic ho-
mology of algebras HC(A) of degree d — 1, guided by the construction of Chas
and Sullivan’s bracket on the string homology of manifolds ([CS99]). Using
noncommutative calculus once again, we will construct a quasi-isomorphism
VDA, p,m) — R79HCOC, (A) such that the bracket on HC(A) induced by
the bracket on H(® (A, i, n)) through ¥ coincides with Menichi’s construction.
This allows us first and foremost to describe the tangent space as HC,_,(A)
and second, with a little more work, we also show that the obstruction theory
of ®*(A, u,n) provided by the Maurer-Cartan formalism lies in the kernel of
the canonical morphism HC,_,(A) — HCE”,(A). This implies in particular
that the deformation theory of a Calabi-Yau algebra of dimension < 3 is un-
obstructed. Finally, in the case where A = O(X) is the ring of global sections
on a smooth affine Calabi-Yau variety X, we adapt results by Willwacher (see
[Wil08]) to obtain a quasi-isomorphism (TP°Y*(A)[[u]], —u div) — D*(A,, u, 1)
which reduces to Kontsevich’s famous formality morphism 7P°%-*(4) —
¢*(A) when we let u +— 0 and forget the additional 7.

In the rest of this thesis, we focus our attention on the relation between Del
Pezzo surfaces and Calabi-Yau algebras. It has been know since the founda-
tional work of the 'Rudakov’ seminar (see [GK04]) for example) that (full)

exceptional sequences in triangulated categories have very rich structure. In
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particular they too are equipped with a mutation operation yielding an action
of the braid group. In [KO95], this operation was studied in the case where the
category in question is the bounded derived category of a Del Pezzo surface
X. It is proven there that any such surface always has a full exceptional se-
quence and that the braid group action is transitive on the set of exceptional
sequences. By applying the Serre functor indefinitely on a full exceptional
sequence, one obtains the closely related notion of a helix H upon which this
time the cylindrical braid group acts by mutation. As mentioned in the first
paragraph, the associated rolled-up algebra B(H) is a 3-Calabi-Yau Jacobi al-
gebra if H is geometric. The interrelation between the mutations of H and
mutation of the underlying quiver with potential of the algebra B(H) is eluci-
dated in [BS10], where it is shown in particular that mutating a quiver with
potential corresponds to performing a series of braid mutations on H. The
rest of this thesis can be viewed as an effort to understand these results in
the philosophy of noncommutative geometry, i.e. we take the viewpoint that
P°(X) satisfies some additional categorical properties making the results of
[KO95] and [BS10] valid. The first step in this program is to interpret the

results 'numerically’

The starting point of chapter three is the fact that by considering the numer-
ical Grothendieck group K (X)uum of the Del Pezzo surface X, we obtain the
corresponding statement that K (X )n,m has an exceptional basis and that the
braid group acts transitively on the set of these bases. Now, the Serre func-
tor S on 2°(X) defines a unipotent linear map s for which rk(s — 1) < 2 on
K(X)pum (this statement being new to the best of our knowledge). We con-
sider these properties as the foundation for an axiomatic definition of a finitely
generated free abelian group K with a nondegenerate bilinear form (henceforth
known as a lattice) which is ’of smooth projective surface (SPS*) type’. One
can define a canonical 2-step filtration for these lattices which coincides with
the codimension filtration when K = K (X )num and which in turn allows us to
define the notions of rank, degree, numerical Picard group, intersection form,

canonical class, etc ... all of which indeed extend the well-known geometric

Xiv
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notions to this new more general setting. In particular, we obtain a definitions
for a lattice 'of Del Pezzo surface (DPS*) type’ as one with an canonical class
of negative self-intersection in our new language (the reason for the opposite
sign will become apparent later on). The main objective of this chapter is a
classification of these these lattices of DPS* type in rank 4. In the subsequent
section, we review the theory of braid mutations of exceptional sequences and
cylindrical mutations of helices. By sending an exceptional sequence in 2°(X)
to its exceptional basis given by the classes in K (X )pum, we develop a similar
theory of braid mutations on exceptional bases and cylindrical mutations on
helices in the context of lattices. Finally, by assigning to an exceptional basis
its Gram matrix we in turn develop a theory of braid mutations on so-called
exceptional matrices and show how this action extends in two way to cylin-
drical braids. We show how in each of these settings, the orbits under the
braid- or cylindrical action coincide. This will have the technical advantage of

simplifying the computations with the braid group action.

The final part discusses a classification of lattices of DPS* type with an ex-
ceptional basis up to isomorphism. We start by considering the case of rank
3, following the ideas laid out in ([BP94]). The unipotency of the serre auto-
morphism s on K(X) mentioned in the above paragraph in fact translates into
the famed Markov equation. Using Markov’s classification of the solutions to
this equation, it is easy to see that K is isomorphic to the Grothendieck group
of P2. In rank 4, the same unipotency condition takes the form of a system of

diophantine equations.

a? 4+ b2+ 2+ d?+ e+ f?2 —bad — edf — ace — bef + abdf =0

af +bd=ce
The techniques of Markov’s cannot simply be generalized to this case, as this
system is notably more complicated. To tackle these equations, we do however
show that one can reduce using the mutation actions described in the preceding

paragraph to one of two simpler settings: either one of the vectors in the

exceptional basis has rank 0 or two successive vectors in the basis satisfy

XV
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(e, €i+1) = 0. In the former case, this amounts to saying that three successive
vectors of the basis generate again a lattice of SPS type, yielding an extra
constraint in the form of an additional Markov equation. The latter situation
translates the system of equations into a slightly generalized version of the
Markov equation, whose solutions are easily described by adapting Markov’s
techniques. This allows us to write the Gram matrix of a lattice of DPS* type
with an exceptional basis of rank 4 in one of 4 standard forms. We show that
such a lattice is either of a certain trivial type, isomorphic to the Grothendieck
group of P x P! or F; or one final so-called exotic type for which the Gram

matrix takes the following form:

(1)

o O O =
S O = N
O B O
=N R Ot

The rest of this thesis is dedicated to the construction of a geometric model

for this type.

In the fourth chapter, we first give an account of the work done in [dTdVP14],
joint with D. Presotto. We introduce a new class of rings which will be re-
quired to describe the local structure of the noncommutative geometry used
in the promised geometric model. To a map of rings R — S which satisfy
a relative version of the Frobenius property, we associate a graded algebra
I1g(S). This construction coincides with the preprojective algebra of the star
quiver when we choose the morphism to be R — R". For this reason, we call
this family of algebras generalized preprojective (not to be confused with the
"higher’ preprojective algebras described in the first paragraph). We study the
properties of this class of rings in the case where S is a free R-module of rank
4 (as this is the only setting of future applications). We prove that in each
degree n, the R-module Iz (.5),, is projective and give an explicit formula for
its rank. We also show that this algebra is always noetherian and finite over

its center. Finally we give an upper bound for the global dimension of IIz(S),
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proving in particular that it has finite global dimension if R and S are regular

rings.

The fifth chapter describes a construction of a noncommutative surface (in
the sense of [AZ94] ) with an exceptional sequence whose numerical Grothendieck
group is of DPS* type and whose Gram matrix is given by (1) (again in joint
work with D. Presotto, see [dTdVP15]). The explicit form of the Gram matrix
for this lattice exhibited above suggests that this model should be equipped
with two maps to P! such that the exceptional sequence in question is formed
by pulling back the standard one on P! along those two maps in question. The
theory of noncommutative P!-bundles over P! yields a construction of a non-
commutative surface which readily comes with such maps. These surfaces were
first constructed by Van den Bergh in [VdB12] as sheaf Z-algebras. Given a
locally free bimodule &, he considers the so-called noncommutative symmetric
sheaf Z-algebra S(€) and the associated noncommutative scheme Proj(S(£)).
In his foundational paper, he argues that this construction yields a natural
noncommutative generalization of a P!-bundle over P! provided the bimodule
has ranks (2,2). In order for our exceptional sequence to fit the required data,

we have to adapt this theory to the case where the bimodule has rank (4, 1).

The work of [Mor07] provides a general framework in which one can compute
Euler characteristics of modules over Proj(S(€)) provided one knows a number
of geometric properties beforehand. We adapt the technique of 'point mod-
ules’ used in [VdB12] to show that the bimodule S(E),, ,, is locally free in each
degree and subsequently compute its left and right rank. Next, we give a local
description of S(€) and show how it can be covered in the appropriate sense
so that locally the category of graded modules is a direct summand of the
category of graded modules over a generalized preprojective algebra I1g(S)
as studied in the previous chapter. The properties we proved for this algebra
allow us to prove that Gr(S(€)) is noetherian, this in turn allows us to use
Mori’s technique to finally show that the Grothendieck group of Proj(S(€)) is

of exotic type in this case as promised.
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Chapter 0

All Things Calabi-Yau

The notion of Calabi-Yau traces its origin to the work of Yau on the Calabi
conjecture for complex compact Kéahler manifolds X with a trivial canonical
bundle. Since [BK89], it is known that this is condition can be reformulated
in terms of the Serre functor on the bounded derived category of X being
naturally isomorphic to a shift. This purely categorical statement leads to the

notion of a Calabi-Yau triangulated category over a field k:

Definition 0.0.1. Let C be a Hom-finite triangulated category over k with a
Serre functor S. We say that C is d-Calabi-Yau if there is a natural isomor-
phism

S~y

in C where X denotes the shift functor

One of Kontsevich’s fundamental insights was to propose a definition for
a Calabi-Yau algebra which in particular implies that the derived category of
finite A-modules 9;3(14) is Calabi-Yau in the above sense. This notion will be
of fundamental importance throughout this thesis. We give the definition over
a general commutative groundring R as this generality will be required in the

sequel.



SECTION 0.0.1

For an R-algebra A, we put A° = A®pg A°P and use without further comment
the standard equivalences between the categories of left A°-modules, right
A¢-modules and A-bimodules which are R-central.

An A°-module is called perfect if it has a finite resolution by finitely gener-
ated projective A°-modules. If A is R-flat and A is a perfect A°-module then

we say that A is homologically smooth over R.!

Definition 0.0.2. [Gin] A Calabi-Yau R-algebra of dimension d is a pair
(A,n) where

1. A is an R-algebra, homologically smooth over R;
2. n: RHomye (A, A°) — $~%A is an isomorphism in Z(A°).

Remark 0.0.3. Note that the amount of freedom for the choice of n is quite
limited. If (A,n) and (A,n') are Calabi- Yau algebras, then there exists a central
element z € Z(A) such that ' = zn (see [Dav12]).

There is another variant of 0.0.2 of the Calabi-Yau condition that we will

use throughout, namely that of a Calabi-Yau (DG)-algebra 2
Definition 0.0.4. A Calabi-Yau DG algebra over R is a pair (I',n) where

e I' is a DG algebra which is flat over R and perfect as an I' ® g I'°P DG-

module
e 7 : RHomp: (I, T¢) — £~ is an isomorphism in 2(I' @ I'°P).

Remark 0.0.5. It is clear that this definition coincides with 0.0.2 if we con-

sider A to be a DG algebra concentrated in degree 0

1The implicit flatness hypothesis ensures that this is the correct ’derived’ definition
2We note the slight difference in terminology from [Kell1] as Keller considers both con-

ditions separately
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CHAPTER 0. ALL THINGS CALABI-YAU

0.1 the Ginzburg- and Higher Preprojective DG

algebras

The work of Keller and Ginzburg ([Kell1],[Gin]) provides two important con-
structions which yield DG algebras that always satisfy the Calabi-Yau condi-
tion 0.0.4.

To give an account of the first construction, we briefly recall the notion of a
quiver with potential: let Q denote a finite quiver. Let (k Q)" def L kQ;
denote the path algebra of Q over the field k, completed with respect to the
ideal k Q>1. A potential on Q is an element in [[,5,k Q; ¢y, the vector space
spanned by all cycles of length > 2. The data of ( é, w) is a quiver with poten-
tial or QP for short. We say that a potential is reduced if w € [[,~5k Q; cye
and trivial if w € k Q2. Two potentials are cyclically equivalent if tl;eir differ-
ence lies in [k Q",k Q"]. Two quivers with potentials (Q,w) and (Q',w’) are
right equivalent if there is an isomorphism kQ — ]k/é’ such that ¢|g, = Id
and ¢(w) is cyclically equivalent to w'. One can always decompose a quiver
with potential in a trivial and reduced part according to the following splitting

theorem:

Theorem 0.1.1 ([DWZ08],4.6). Any quiver with potential (Q,w) is right
equivalent to a direct sum (Q' ') @ (Q 4, w"ed) where (Q, W) is
trivial and (Q"°Y,w"%) is reduced. This decomposition is unique up to right

equivalence.

We construct a DG algebra from a quiver with potential (Q, w) as follows:

let Q be the graded quiver on the vertex set Qg defined as follows:
e cach arrow in Q; defines an arrow of degree 0 in Q

e for each arrow « in @, we add an arrow in the opposite direction a* of

degree -1 in Q

e add a loop t; in Q of degree -2 to each vertex i € Q
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SECTION 0.0.1

We define a differential on kQA by requiring that
e dao=0 for a € Oy
e da* = J,w where J,w is the cyclic derivative

koM —s kO :w — Z VU
wW=uxv

o dt; =e;) ;[ afle;

Definition 0.1.2. Let (Q,w) be a quiver with potential. The DG algebra
constructed above is called the Ginzburg DG algebra, denoted T'(Q, w).
The algebra
H(D(Q,w) & (k Q)" /{daw]a € Q1}
is called the Jacobi algebra of (Q,w), denoted Jac(Q, w). If Jac(Q,w) is finite

dimensional, we say that (Q,w) is Jacobi-finite

Theorem 0.1.3. [Kell1] For any quiver with potential (Q,w) the DG algebra
T'(Q,w) is 3-Calabi-Yau (in the sense of 0.0.4)

It is not true in general that the Jacobi algebra is 3-Calabi-Yau. However

Ginzburg proved the following criterion:

Theorem 0.1.4 ([Gin],5.3.1). The Jacobi algebra of a quiver with potential
(Q,w) is 3-Calabi- Yau if and only if the cohomology of the DG algebra T'(Q, w)

is concentrated in degree 0, in which case Jac(Q,w) = T'(Q,w)

Conversely, it is known that not every Calabi-Yau algebra can be written
as a Jacobi algebra, (see for example [Dav12] for an elegant example). There

are two important settings in which this does hold however:

Theorem 0.1.5 ([Boc08],[VdB10]). Let A be a 3-Calabi-Yau algebra. As-
sume that A is either graded or complete. Then there exists a quiver Q with

(homogeneous) potential w such that

A = Jac(Q,w)
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CHAPTER 0. ALL THINGS CALABI-YAU

One of the major features of quivers with potentials is that one can define
an extremely rich operation called mutation on them. This rule is closely
related to the rule of mutations for quivers without loops or 2-cycles, defined
by Fomin and Zelevinsky in [FZ02]:

Definition 0.1.6. Let Q be a quiver without loops or 2-cycles and i € Q.
Then the mutation of Q at i is the quiver u;(Q) defined as follows:

e For each path of length 2, h — i N j add an extra arrow h [a—ﬂl j

e replace each arrow « incident to ¢ with an arrow «* in the opposite

direction
e remove arrows occurring in a maximal set of pairwise disjoint 2-cycles

The mutation of a QP (Q,w) is now described by the following variation

of the above rule

Definition 0.1.7. Let (Q,w) be a quiver with potential and i € Qy. Assume
that Q has no loops or 2-cycles. Then the mutation of (Q,w) at i is given by

1:(Q,w) as the result of the following series of steps:
o . B . [Oz_ﬁl .
1. For each path of length 2, h — i — j add an extra arrow h j

2. replace each arrow « incident to ¢ with an arrow o* in the opposite

direction

3. define w' = [w] + A where [w] is obtained by substituting [a3] for each
pathhéiijinwand

A= > pra’[of]

a,feQ,
4. take the reduced part as in the splitting theorem. 0.1.1
To see how quiver mutation compares to QP mutation, we have the follow-

ing easy observation:
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Lemma 0.1.8. Let (Q,w) be a quiver with potential, i € Qqy and write u;(Q, w) =
(Q',w'). Then p;(Q) is obtained from Q' after removing a mazimal set of 2-

cycles
In general, a mutation of a quiver with potential can produce a 2-cycle (as

opposed to the quiver case). In particular, mutations cannot be composed in

general. We therefore make the following definition:

Definition 0.1.9. Let Q be a quiver without loops or 2-cycles and w a po-
tential on Q. We say that (Q,w) is nondegenerate if for any composition of

mutations,
(b © - 0 i, )(Q, W)
the underlying quiver has no loops or 2-cycles
One of the major results in the next chapter is a criterion that implies that

certain Jacobi algebras have an underlying quiver which is nondegenerate (we

refer the curious reader to 1.2.14).

The relation between mutations of quiver with potentials and their Ginzburg

DG algebras was elucidated in the following theorem:

Theorem 0.1.10. [KY11] Let (Q,w) be a quiver with potential such that Q
has no loops or 2-cycles and let " be the associated Ginzburg DG algebra. Let
1 € Qp and write I’ for the Ginzburg DG algebra of p;(Q,w).

e There is aT' QT DG bimodule T inducing mutually inverse equivalences

L
(5@ T: 271" — 21(I') and RHomp(—,T) : 27(I") — 27 (T)
(1)

o IfT' = Jac(Q,w) has cohomology concentrated in degree 0, then so does

IV = Jac(ui(Q,w)) and T is a 2-term tilting complez.

There is a second construction, closely related to the construction Ginzburg
DG algebra which yields a DG algebra which is d-Calabi-Yau for general d.
The idea behind its construction takes the preprojective algebra of an acyclic

quiver as its starting point.
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Definition 0.1.11. Let Q be an acyclic quiver and R a commutative ring.
Let Q be the doubled quiver obtained by adding an arrow a* in the opposite
direction for every o € Q. The preprojective algebra I1z(Q) is defined as

r(Q) ' RQ/ ( > [ma*])

acQ
In the case where the groundring is a field R = k, a classical result by

Ringel gives a simple homological description of this algebra. We denote by
D(—) the usual duality Homy(—, k).

Theorem 0.1.12 ([Rin98]). The preprojective algebra of an acyclic quiver is
isomorphic to the algebra Ty, o© where © is the k Q-bimodule Extg. o (D(kQ),kQ)

Remark 0.1.13. Note that © indeed is a bimodule, the left action being in-
duced from the right action on D(k Q) and the right action coming from the
right action of the second variable k Q .

It is this characterization that is used to generalize the notion of prepro-

jective algebra for algebras of higher global dimension:

Definition 0.1.14. [IO09] Let A be a finite dimensional k-algebra of finite
global dimension < d — 1. The d-preprojective algebra is given by the formula:

A = T4 Exty (D(A,), A)

Higher preprojective algebras were reinterpreted in the DG context by
Keller in [Kell1].3

Definition 0.1.15. ([Kelll, §4] Let A be a finite dimensional k-algebra of
global dimension < (d — 1). Let © be a cofibrant replacement of the inverse
dualizing DG-bimodule RHom®% (D(A), A) in 2(A¢). We define the derived
preprojective DG algebra as

I1,(A) & TA0([d - 1])

3Keller in fact defines this notion in a much more general context of a homologically
smooth DG category, cofibrant over a commutative groundring, but to retain clarity, we

choose to remain in this setting
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Theorem 0.1.16. Let A be finite dimensional with gl. dim < (d—1) . Then the
DG algebra T14(A) is d-Calabi- Yau. Moreover we have HO(I14(A)) = IT4(A).

Proof. See [Kelll, theorem 4.8] O

We now have described two constructions of a 3-Calabi-Yau DG algebra
using theorems 0.1.3 and 0.1.16. One starting from a quiver with potential
and one starting from a finite dimensional algebra of global dimension < 2.

The relation between both constructions is elucidated once again in [Kelll]:

Theorem 0.1.17 ([Kelll], thm. 6.10). Let A =k Q /I be a finite dimensional
algebra of global dimension < 2. Then there exists an extension Q' of the quiver

Q and a graded potential w' in degree 1 such that

I3(A) 2T(Q,w).

0.2 Two Examples

0.2.1 Exceptional Sequences, Helices and Their Algebras

We shall first describe these constructions in the setting of the bounded derived
category of coherent sheaves on Del Pezzo surfaces. We briefly recall the

required notions:

Definition 0.2.1. Let 7 be a Hom-finite triangulated category. An object FE
is exceptional if Hom%-(E, E) = k as graded modules.
A sequence of exceptional objects E def (E;); is called exceptional if it satisfies

the additional condition Hom%-(E;, E;) = 0 for i > j.

An exceptional sequence is full if it generates the whole category (i.e. the
smallest triangulated category containing IE is C)* and strong if Hom® (E;, E;) =
0 for a > 0. The first example of a full, strong exceptional sequence was fa-

mously constructed on 2°(P") by Beilinson

4note that this category is necessarily thick
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Example 0.2.2 ([Bei90]). Let X = P". The sequence (Ox,...Ox(n)) is a

full, strong exceptional sequence on 2°(X)

Using this example, combined with the fact that full exceptional sequences
can be lifted under blowups by adding precisely one object, Kuleshov-Orlov

proved their famous theorem:

Theorem 0.2.3 ([KO95)). Let X be a Del Pezzo surface. Then 2°(X) has a

full, strong exceptional sequence .

A notion closely related to that of exceptional sequences is that of helix,
which is constructed from a full exceptional collection by applying the Serre

functor and its inverse indefinitely to it in both direction®

Definition 0.2.4. Let 7 be a Hom-finite triangulated category with Serre

functor S. A helix of length n and period d is a Z-indexed collection of objects

H (E;)icz in T such that

e any thread (E;i1,... Fi1y) is a full exceptional sequence for each i € Z
e SE;, = FE;_,[d]

A helix is geometric if Hom®(E;, E;) =0 for a # 0 and ¢ < j
we say that H is of type (n,d)

Remark 0.2.5. After a choice of d any exceptional sequence E of length n
defines a heliz H(E) of type (n,d) though the rule

Ei kn = SEi(k—1yn[—d]

Conversely, to any heliz, one can associate the initial thread &(H) def (E1,...Ey)

which is an exceptional sequence by the definition, yielding inverse bijections

¢ and § between helices and exceptional sequences

5Note that any category with a full exceptional sequence is saturated and hence has a
Serre functor by [BVdB03])
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Now, let E = (E1,... E,) be an exceptional sequence. Following [BS10],
we put E = ), E; and define the endomorphism algebra of E to be

A(E) = Endr (E, E) (2)
If the helix H is geometric, we define the rolled up algebra of H to be
B(H) = &; Homy(E, S~ 'E[d)) (3)

with obvious multiplication. As mentioned above, rolled up algebras form an

important example in this work of a 3-Calabi-Yau algebra 6.

Lemma 0.2.6. (see [dTdVVdB13, app. A]) Let X be a Del Pezzo surface
with a full exceptional sequence E and associated period 2 heliz H = H(E).
Assume that H is geometric. Let A = A(E) and B = B(H) as above

1. then B(H) is the derived tensor algebra of the A-bimodule By
2. Bl = RHOIHAe (A, Ae)[Q}
3. gl.dim(A(E)) <2

Proof. Let E = @, E;.
To show the first point, since the Serre functor is given by S(—) = (—) ®wx|[2]
by Serre duality, for £ < 0 we have

Hom(E,wx"” ® E) = Ext*(E, 0™ @ E)* =0
Moreover, for k > 0 by exceptionality, we have
Hom(E,wy" ® E) = RHom(E, wy" ® E)
hence the claim reduces to showing that for k,I > 0 the canonical map

L
RHom(E, wy* ® E) ®A(E) RHom(E,wy' ® E) — RHom(E,wy* ' @ E)

6Part of this result can be equally be obtained from [BS10, thm.3.6], although their
definition of Calabi-Yau is our 0.0.1
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is an isomorphism, which in turn is equivalent to the map
L L
RHom(E,wy* ® E) R AE) RHom(wy ® E,E) — RHom(wy ® E,wy" ® E)

being an isomorphism.

By the fullness of the exceptional sequence E is a classical generator for
9"(Ox) and we can replace w;(k®E and le ®E by E in the above composition.
The statement becomes obvious in this this case. Since it is clear that By = A,

by the definition of the rolled-up algebra (3), we obtain the first statement.
The second statement requires us to compute the complex
RHomg,q(g)- (End(E), End(E) ® End(E))

Let X denote the external tensor product 73(—) ®xxx 73(—) where 71, 7g :
X x X —> X are the canonical projections of X x X. Then we have an
isomorphism

End(E)® 2 End(EX E")

(see [Cra, 3]). E being a classical generator, implies that E* must be so too,
and hence EX E* is in turn a classical generator for 2°(X x X) by [BVdBO03,
3.4.1]. Moreover, since exceptional objects are quasi-isomorphic to shifted
locally free sheaves by [KO95], E K E* is perfect and hence compact, yielding

a derived equivalence
RHomg: x)(ERE", —) : 2°(X x X) — 2"(End(E R E*))
it is easy to check that under this equivalence
o the structure sheaf of the diagonal Oa corresponds to the module End(E)
e that the object E X E* corresponds to End(E) ® End(E)
implying that there is an isomorphism

RHompgyq(g)- (End(E), End(E) ® End(E)) 2 RHomy x x (Oa, E X E*)
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where A is the diagonal. Using the well known formula
RHomoxxx(OAaOXXX) = wgl[_Q] (4)
we obtain

L
RHOmXX)((OA,EXE*) = RF(X X X,RHO?TLXX)((OA,OXX)() RxxX E&E*)

(i) —1 L *
= RI(X x X,wx' ©xxx ERE")[-2]

= RHomy (E,wy' ® E)[-2]

proving the second claim.

Finally, to compute the global dimension of A, first note that A is clearly finite
dimensional of finite global dimension. This means that both statements above
combine to show that B(H) is a 3-preprojective algebra in the sense of 0.1.14
and as such it is a 3-Calabi-Yau algebra. More precisely, B(H) is graded, and if
we denote the shift by (—1), Keller’s proof shows that that the Serre functor is
given by (—1)[3]. This implies that the global dimension of B is exactly 3. Now,
let S, T be simple A = By-modules which we view as B-modules concentrated
in degree zero. The part of degree zero of a graded projective resolution of
S is a projective resolution, implying that gl.dim(A) < 3. Moreover, the
Calabi-Yau property on B implies that

Ext,(p) (S, T) = Homgy(p) (T, S(—1))* = 0
and hence gl. dim(4) < 2 O
Corollary 0.2.7. o There is an isomorphism B(H) = TI3(A(E)) (see 0.1.15
e B(H) is 3-Calabi-Yau

e B(H) is isomorphic to the Jacobi algebra Jac(Q,w) for some quiver with

homogeneous potential of degree 1

Proof. The first statement is a combination of 1) and 2) above. The second

statement then follows from 0.1.16 (and was in fact used in its proof). To prove

Page 12



CHAPTER 0. ALL THINGS CALABI-YAU

the final statement, since A has global dimension < 2, we can apply 0.1.17, to
conclude that B = I'(Q,w) for some quiver with a homogeneous potential of

degree 1 and since B is concentrated in degree 0, we obtain B 2 Jac(Q,w) O

0.2.2 Representations of Cyclic Groups

For the purposes of this section, we assume that k is algebraically closed of
characteristic 0.
Let G be a finite group and V a finite dimensional representation of G. Recall

that the McKay quiver is constructed with

e vertices corresponding to isomorphism classes of irreducible representa-

tions p; of G

e n;; arrows from nodes ¢ to j if the multiplicity of the representation p;

in the representation V' ® p; is ng;

Example 0.2.8. We shall often consider the case where G C SL(V) is a
cyclic group of order n generated by an element g. The representation theory
of cyclic groups implies that we can assume that V = @?:1 kz; and that g acts

through the rule
g*(x1,...2q) = (£ xq,...,%2y) (5)

Where £ is an n-th root of unity. The McKay quiver Q of G has
o vertices Qg corresponding to the elements in Z/nZ
AL i, 4w,

o arrows ] — 5 [+ w; foreachZEZ/Z and 1 <i<d

We have the following beautiful connection between the skew group ring and

the McKay quiver:

Theorem 0.2.9. Let A = SV#G and let Q be the McKay quiver of the
representation G C SL(V'), then

o A is d-Calabi-Yau
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o If d =3, there exists a potential such that A = Jac(Q,w)

Proof. Both statements are well known, for the first, see for example [IR08],
for the second see [Gin, thm 4.4.6] O

Returning to the example where G is a cyclic group, we can make this

theorem a little more explicit

Lemma 0.2.10. Let G C SL(V) be a cyclic group of order n and let dimg (V) =
3.. Letw be the potential satisfying the conclusion of theorem 0.2.9. Then with
the notations of (5) we have

w= E €oQg(1),i1 Xo(2),ia X (3),iz
ocES3

where Qg (1),4, Ag(2),io Vo (3),i5 15 @ J-cycle and the sign is such that €, =1 <
(0(1),0(2)),0(3)) = (1,2,3) up to cyclic permutation

Proof. This first appeared in [CDTO07] (see remark 2.9). It can also be found
in [Gin], [BWS10, theorem 3.2], or [AIR, prop 5.5] O

0.3 Cluster Algebras and Categories

An important setting in which (DG)-Calabi-Yau algebras play a central role
is that of cluster categories. These arose as a construction of a certain type of
category in representation theory, which mimic the beautiful combinatorics of
cluster algebra. Cluster algebras in turn were defined by Fomin and Zelevinsky
in [FZ02], though the simple combinatorial process of seed mutation, which is

again an extension of the mutation rule for quivers (0.1.6)

Definition 0.3.1. A seed is a pair (Q,u) where Q is a quiver without loops
or 2-cycles on the vertex set {1,...n} and u = (u;); a free generating set of
the field Q(z1,...2n)

Definition 0.3.2. Let (Q,u) be a seed and i € Qy. The mutation of (Q,u)

at 4 is the seed p;(Q, u) Lf (Q',u') where
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e Q' = p;(Q) as in 0.1.6

o uj = for [ # i and

UQZ% Il =+ II = (6)
v \ath—si Qaii—j

the relation (6) defining u} is referred to as the exchange relation. We can

collect the data of the various mutations of a seed to form the cluster algebra:

Definition 0.3.3. Let (Q, {1,...x,}) be a seed. We define clusters as being
the sets of variables appearing in a mutation of the seed. The cluster variables
are all the variables appearing in a cluster and finally, the cluster algebra is
the subalgebra of Q(z1, ... x,) generated by all cluster variables. It is denoted
Aqg

Morally, a cluster algebra associated to a quiver has an explicit set of vari-
ables, collected in distinguished generating sets called clusters equipped with a
mutation rule between these sets which is characterized by an exchange relation
as in (6).

In [BMR™06], this mantra was adapted in order to associate to an acyclic
quiver Q a category Cg instead, which has a similar combinatorial structure.
The role of cluster variable in this context is played by rigid indecompos-
able objects. To exhibit its construction, recall that for a finite dimensional
k-algebra of finite global dimension A, the left derived Nakayama functor
S(-) def D(A) QL@A — is a Serre functor on the category 2°(A).

Definition 0.3.4. Let Q be an acyclic quiver. the factor category
Co=2"kQ)/(S7'[2])
is the cluster category of Q

The properties of this category are summarized in the following theorem
which highlights the analogy between the combinatorics of the cluster algebra
Ao and the cluster category Co
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Theorem 0.3.5. Let Q be an acyclic quiver on n vertices. Then,

o the category Cq is Krull-Schmidt and 2-Calabi-Yau (see 0.0.2). More-
over, the canonical functor 2°(k Q) — Co is a triangle functor.

e any rigid indecomposable object Ty is part of a set T def (Th,...,Tn) of

pairwise nonisomorphic irreducible objects satisfying
Exte, (13, 75) =0
called a cluster tilting set

o For any cluster tilting set T and 1 < ¢ < n there is a unique irreducible
object T} such that replacing T; by T yields another cluster tilting set,
called the mutation of T at T;

o the pair (T;, T) is characterized by dimy Ext' (T}, T;) = 1. In this case

there are nonsplit exchange triangles
T, — FE — T — Tl and T} — E' — T, — T;[1]
unique up to isomorphism

Proof. This was proven in [BMR06] and we also refer to the excellent overview
paper [Kel08] for additional background. O

Remark 0.3.6. Note that in particular as part of the definition of Krull-
Schmidt, Co is Hom-finite. This will become a major technical issue in the

sequel.

In [IY08], Iyama and Yoshino realized that it is not necessary to involve
a quiver Q should one want to describe categories having similar properties
as 0.3.5. In fact, one can prove an analogous result for any Hom-finite 2-
Calabi-Yau category. To this end we let C denote a Hom-finite 2-Calabi-Yau

idempotent split triangulated category.

Definition 0.3.7. An object T is cluster tilting if
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e T is a direct sum of nonisomorphic indecomposable objects.

e {L € C|Ext"(T, L) =0} = add(T), the category of direct sums of factors
of T

The algebra End¢(T) is called the associated cluster tilted algebra.

Theorem 0.3.8 ([IYO08]). Let T be a cluster tilting object of C. Let Ty be an

irreducible component of T'. Then

e there exists a unique irreducible T} such that the object 1 (T) obtained

by replacing Th by Ty in the direct sum is cluster tilting.

e There are non split triangles, unique up to isomorphism
7L BT — T

where f satisfies a universal property (i.e f is the minimal left add((T;)ixk)-

approximation.
The above theorem justifies the definition of cluster category:

Definition 0.3.9. A (generalized) cluster category is an (idempotent split)
Hom-finite 2-Calabi-Yau category C together with a choice of cluster tilting
object T.

The algebra End¢(T) is the cluster tilted algebra of T.

The main technique for producing such categories is the following result
due to Keller ([Kelll]

Theorem 0.3.10. Let A be a DG algebra and assume that
e A is 3-Calabi-Yau
o HP(A)=0 forp>1

e dimy H°(A) #
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Let 2:(A) denote the subcategory of P(A) of DG modules with finite dimen-
sional total homology over k. Then Piq(A) C Perf(A) and the category

Ca % Perf(A)/ 28, (A)

is a cluster category where the image of A in C4 is a cluster tilting object with
associated cluster-tilted algebra H°(A).

As an application, we obtain two ways to construct cluster categories:

Theorem 0.3.11. Let (Q,w) be a Jacobi-finite quiver with potential (0.1.2).
Then C(g ) aef Cr(o.w s a generalized cluster category I' with cluster tilting
object T'(Q,w) and associated cluster tilted algebra Jac(Q,w).

The relation between mutations of quivers with potentials and cluster tilted
algebras is well-understood for quiver without loops or 2-cycles A second con-

struction of cluster categories is given by the following: theorem:

Theorem 0.3.12. [Ami09] Let A be a finite dimensional algebra of gldim < 2
and assume that the 3-preprojective algebra 13(A) (see 0.1.15) is finite dimen-

stonal. Then the category
def
Ca = Cry(a)

is a cluster category in which the image of T3(A) is a cluster tilting object
with cluster tilted algebra T3(A).

Proof. This is a combination of 0.3.10 and 0.1.16 O

We end this introduction by stating that there is a higher version of the
theory of cluster categories with cluster tilting object. We shall not go into
details, but it is worth mentioning that Guo proved the following generalization

of theorem 0.3.10 to general dimensions:
Theorem 0.3.13. [Guo10] Assume that A is a DG algebra such that

o A is d-Calabi-Yau
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e HP(A)=0 forp>1
° dlmk HO(A) # 0
Then the category Ca = Perf(A)/@; (A) is Hom-finite and d — 1 Calabi- Yau.

For this reason, the category is referred to as a d — 1-cluster category. By

Keller’s result 0.1.16, an example of this construction is provided by

where A is a finite dimensional algebra of finite global dimension < d — 1 such

that I14(A) is finite dimensional.
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Chapter 1

on Nondegenerate QP’s

and Cluster Categories

1.1 Introduction

This chapter describes 2 results proven by the author and Van den Bergh in
[dTdVdB10] and [dTdVVdB13], which yields interesting examples of the con-
structions described in the introductory chapter above. In the first part we
exhibit an easy to check criterion which allow us to conclude as to when a Ja-
cobi algebra has an underlying quiver with potential which is nondegenerate as
defined in 0.1.9. We give a relatively simple technique to determine when a QP
(Q,w) has no loops or 2-cycles assuming the existence of an additional grading
on Jac(Q, w) and some technical conditions on that grading (see 1.2.11). Next,
we tweak these conditions a little to obtain a set of conditions which remain
invariant under derived equivalence, and hence under mutation by 1.2.7 (see
1.2.14) .

We show that our set of conditions are valid in two examples:

e Our proof of theorem 0.2.7 shows that the rolled-up algebra of a geo-
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metric helix on a Del Pezzo surface is a Calabi-Yau Jacobi algebra. We

show that for these algebras the conditions of our criterion are satisfied

e If G C SL(V) acts on a vector space of dimension 3, then we stated
in 0.2.9 that the skew group ring is Jacobi. We shall prove that under

certain extra numerical constraints, it satisfies the criterion.

We conclude our study of this criterion by mentioning that one can use the
theory of deformed preprojective algebras as developed by Crawley-Boevey
and Holland in [CBH98] to construct a non-example which show the necessity

of the conditions.

Our next result uses the cluster categories defined in 0.3.9 to obtain some
explicit descriptions of the singularity category. Let R be a local Gorenstein
ring of Krull dimension d and let Z¢(R) = Z(mod(R)). Recall that the sin-
gularity category is defined as the quotient sing(R) = @JZZ (R)/ Perf(R), which
is trivial in the case of a regular ring. If R has an isolated singularity, it is
known since the work of Auslander ([Aus78]) that sing(R) is Hom-finite and
(d — 1)-Calabi-Yau under these conditions. It is thus a natural question to
determine if sing(R) can in fact be described as the higher cluster category
associated to a DG algebra as described in 0.3.10. The solution is provided
by introducing the relative singularity category. Assume that R has a non-
commutative crepant resolution R — A (see §1.3.2). Then we consider the
category sing(R, A) = 2°(A)/ Perf(R). The passage of 2°(R) to sing(R, A)
has an elegant description in the language of minimal DG models, which in
turn yields a description of sing(R).

To be more precise, we consider a minimal DG model T}V — A (see §1.3.1)
which by the finite global dimension of A must satisfy Z;(A) = Perf(T;V).
There is a way to modify T}V to obtain a DG algebra I' which in turn satisfies
Perf(T") 2 sing(R, A). We finally prove that modding out the category gener-
ated by the simple T'-modules yields an equivalence Perf(T')/2°(T') = sing(R).
Hence in the case where the DG algebra I' satisfies the conditions of 0.3.10, we

obtain a description of the category sing(R) as a generalized cluster algebra.
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We shall discus the cases of where A is 3-Calabi-Yau and the case of cyclic

quotient singularities as applications of this construction

1.2 Nondegeneracy of Quivers with Potential

1.2.1 a Nondegeneracy Criterion

As mentioned in the introduction above, the key technical tool is the assump-
tion of a grading on the Jacobi algebra. We therefore begin our discussion by
explaining how to adapt the theory of QP’s as laid out in §0.1 in the presence

of a grading. To this end we fix an abelian group A.

Definition 1.2.1. A A-graded quiver with potential (Q, w) consists of a grad-
ing on Q such that w is a potential, homogeneous for the grading. The graded
path algebra k Q9" is defined as the path algebra k Q completed at sequences
of paths of constant degree.

The graded Ginzburg DG algebra I'"(Q, w) is given as in 0.1.2 where k Q is
replaced by k Q9. And finally, the graded Jacobi algebra of (Q,w) is defined
as

Jac?"(Q,w) = HY(TY"(Q,w)) =k Q"9 /{O,w|a € Q1 }

Definition 1.2.2. Two A-graded QP’s (Q,w) and (Q'w) are right graded
equivalent if there is an isomorphism of graded algebras k Q9" — k Q9"

such that ¢|g, = Id and ¢(w) is cyclically equivalent to w'.
The graded analogue of the splitting theorem (0.1.1) holds

Theorem 1.2.3. Any A-graded quiver with potential (Q,w) is graded right
equivalent to a direct sum of graded QP’s (Q'" w'"*) @ (Q"° w"e?) where
(Q'"™ wti) is trivial and (Qred wred) s reduced. This decomposition is unique

up to right graded equivalence.

Proof. This is an immediate corollary of the fact that the right equivalence
constructed in [FZ02] is in fact graded, see also [AO14, theorem 6.6] O
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Remark 1.2.4. The proof of the above theorem immediately implies that the
reduced and trivial components of a QP coincide with the usual ones in the

non-graded splitting theorem

The mutation rule of quivers with potential 0.1.7 has a natural graded

version:

Definition 1.2.5. Let i € Qy. Let (Q,w) be a A-graded QP where w is
homogeneous of degree r. The graded mutation of (Q,w) is the QP (Q',w) =
1;(Q,w) is defined in 0.1.7, graded through the following rule:

e arrows both in @ and Q' have the same degree

o [[af]] = |af + 4]

o || =

—|a if o starts in @

o || =

—la| + 7 if @ end in @

Remark 1.2.6. Note that (Q,w) is graded and that w' remains homogeneous

of degree r.

With this definition we have the following analogue of theorem 1.2.7, which
follows by keeping track of the grading in the proof of [KY11].

Theorem 1.2.7. [KY11] Let (Q,w) be a A-graded quiver with potential such
that Q has no loops or 2-cycles and let T' = T9"(Q,w) be the associated graded
Ginzburg DG algebra. Let i € Qg and write IV =T9"(u;(Q,w))

e There is aT' QT DG bimodule T inducing mutually inverse equivalences

(=) & T2 7 (") — 2+(T) and RHomp(—,T) : (") —s o+ (T)
(1.1)

o IfT" = Jac9" (Q,w) has cohomology concentrated in degree 0, then so does

IV = Jac9" (14;(Q,w)) and T is a 2-term tilting complex.
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Theorem 1.2.8. Let (Q,w) be a A-graded quiver with potential and let i € Q.

Then there is a derived equivalence
T: 271 (Qw) — ZH (T (ui(Q,w)) (1.2)

In order to prove our main lemma 1.2.11, we need the following preparatory

result, the proof of which is a straightforward computation

Lemma 1.2.9. [deleting a vertez] Let (Q,w) be a QP. Let 0 € Qqy and
ep € kQ" be the corresponding idempotent. Let (Q#,w#) be the quiver with
potential obtained by deleting the vertex 0 € Q.

There is a canonical isomorphism of DG algebras
F(Q,w)/(F(Q,w)eOF(Q,W)> = T(Q%,w™)

If moreover (Q,w) is A-graded, then so is (Q¥,w") and there is an isomor-

phism of DG algebras
r(@) (17 (Q)enl™ (Q.w) ) = T (@, )

Proof. The morphism defined by removing all instances of paths going through

the vertex is the required isomorphism O

Remark 1.2.10. Taking cohomology in degree zero for both isomorphism im-
mediately yields analogous statements for the (graded) Jacobi algebra s of the
(graded) quiver with potential.

Lemma 1.2.11. Let (Q,w) be a Z-graded QP where Q is connected with at
least 3 wertices and w is a reduced homogeneous potential of degree r. Let

AY Jac?"(Q,w) and assume the following conditions hold:
1. A is noetherian of finite global dimension.
2. dimg A; # oo for all i and dimg A =0 for i < 0

3. For each nonzero idempotent e € A, dimg(A/AeA) # co.

Page 24



CHAPTER 1. ON NONDEGENERATE QP’S AND CLUSTER
CATEGORIES

4. AJ[A, A] contains no homogeneous elements lying in the interval [1, 5]
Then Q has no loops or 2-cycles

Proof. Assume that Q contains a loop 0 -~ 0. Let e = >iz0€i € kQ be the
sum of all idempotents corresponding to vertices different from 0. Then e is
a nonzero idempotent since | Qg | > 3 by hypothesis. By 1.2.9 and 1.2.10, we
have A & A/AeA = Jac?" (Q°,w"), where Q° is the quiver whose sole vertex
is 0 and whose arrows are the loops around 0 and w° is the potential consisting
of the cycles in w solely passing through 0.

If w¥ = 0 then Jac?" (Q%,w) = k Q9" is an infinite dimensional algebra, which
we exclude by (3). We can thus assume that w° is sum of terms of degree r
which are products of loops

by lp

where n > 3 as wY

is a reduced potential by hypothesis. Assume that the
number n is minimal. It must then follow that there is a loop of I; of degree
|l;] < %. Moreover, it is clear that I; # 0 in A/[A, A]. Hence, in particular
l; 0 in A/[A, A]. Condition (4) now states that |;| < 0, but then I; is nilpo-
tent by the second part of condition (2). Since A is noetherian and of finite
global dimension by condition (1), we can apply Lenzing’s theorem [Len69] to

conclude that I; € [A, 4], to obtain a contradiction.

If Q has a 2-cycle 0 — 1 — 0, then the argument is very similar: Let
e denote the idempotent defined by e = Z#OJ e;. Then e is a nonzero idem-
potent once again by | Qg | > 3. Using 1.2.10, A = A/AeA = Jac(Q%!,w"!)
is the graded Jacobi algebra of the quiver with vertices 0 and 1, whose arrows

0,1

coincide with the arrows in Q between 0 and 1 and w”" is the potential whose

terms are the paths consisting of 2-cycles in w between 0 and 1. We exclude
w1 = 0 using condition (3) to conclude that w"! must be a sum of 2-cycles of
the form

04151 cee Oénﬂn
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0,1

Where n > 2 since w”" is reduced. Again, there must be some 2-cycle «;3;

of degree < 7 in this product. This 2-cycle is again a nonzero element in
A/[A, A] by the minimality of n > 2. It follows that a;3; # 0 in A/[A, A]
and «;f; must have degree < 0 by condition (4) and in turn be nilpotent by
condition (2). Applying [Len69] using condition (1) once more finally yields a

contradiction. O

The above conditions can be tweaked a little to obtain a set of conditions
which remain invariant under (graded) mutation of quivers with potentials,
and hence provide us with a criterion for nondegeneracy. To this end, we

make the following definition

Definition 1.2.12. Let R be a commutative noetherian N-graded ring and A
an N-graded algebra, finite as a module over R. The pair A/R is projectively
Azumaya if for all p € Proj(R), Ap is Azumaya over R,

Lemma 1.2.13. Let A be projectively Azumaya over a noetherian center R.

Then for any nonzero idempotent e, the module AJ/AeA is a finite Ry-module

Theorem 1.2.14. Let (Q,w) be an N-graded QP where Q has at least 3 ver-
tices and w is reduced and let A Jac9"(Q,w). Assume the following condi-
tions hold:

1. dimy A; # oo for all i
2. Ais a 8-CY and projectively Azumaya over a noetherian center

3. the graded module A/[A, A] contains no homogeneous elements in the

interval [1, 5]
Then (Q,w) is nondegenerate

Proof. We proceed to verify the conditions of 1.2.11 for A. The algebra is
noetherian by condition (2) and has global dimension 3 again by condition
(2). Condition (2) of 1.2.11 coincides with condition (1) above. Next, by the

above lemma 1.2.13, for each nonzero idempotent A/AeA is a finite Ro-module,
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and as dimy Ry < dimyg Ag # 0 the third condition is satisfied. Finally, the
last conditions coincide in both statements. It follows that Q doesn’t contain
any loops or 2-cycles. We must thus show that A’ gef Jac?" (u;(Q,w)) again
satisfies the conditions of 1.2.11. By 1.2.8, we immediately conclude that there

is a derived equivalence between A and A’ given by a 2-term tilting complex
T.

1. we clearly have dimy A} # oo for i > 0 and the fact that A, =0 for i < 0

follows from the fact T is a bounded complex hence so is End(T).

2. A’ is 3-Calabi-Yau by a combination of 0.1.3 and 1.2.8, It is well known
that the center is invariant under derived equivalence, implying that S Lef
Z(A") =2 Z(A). Tt follows that Z(A’) is noetherian in particular. Finally,
to prove that A’ is projectively Azumaya over Z(A’), let p € Proj(S).
Since the property of being Azumaya over the center is Morita invariant,
it suffices to show that there is a Morita equivalence A, ~ A;,. This
follows from [KY11, thm 6.2] with the fact that the tilting modules in

question become projective after localizing at p.

3. Tt is well know that the zeroth Hochschild cohomology HHY(A) = A/[A, A]
is a derived invariant. Moreover, by keeping track of the additional grad-
ing in [Kel03], it follows in this case that it preserves the grading on

Hochschild cohomology.
AJ[A,A) = HH(A') = HH"(A) = A/[A, A]

which trivially yields the result O

Remark 1.2.15. We note that the last condition, although rather technical
in nature cannot be omitted from the statement. In [CBH98], Crawley-Boevey
and Holland consider a deformed version of the preprojective algebra TI* over
an acyclic quiver Q where A € kQy. An explicit computation shows that
I = Jac(Q,w) where Q is the formally doubled quiver as in definition 0.1.11,
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with an extra loop t; at each vertex and
_ “ 1
= (o) (Zoel) - X o
1€Qp acQ 1€Qo

Using methods from [CBH98] and [VBO0S8] one proves that if Q is extended
Dynkin, under certain numerical conditions for X\, this algebra satisfies all but
the last condition in 1.2.14. Moreover, the quiver Q by construction has a loop
t;at each verter i and a 2-cycle for each arrow o € Q@ We refer the reader to
our paper [dTdVVdB13] for proofs of these statements

1.2.2 Some Applications

In this section, we apply the theorem 1.2.14 to the two examples discussed in
80.2. We shall first consider the case of cyclic group actions on a vector space.
To this end, we assume that k is an algebraically closed field of characteristic

zero. We recall the following geometric fact:

Theorem 1.2.16. Let G C SL(V) be a finite group acting on a vector space

of dimension d over the field k. The following are equivalent:
e the ring of invariants SVE has an isolated singularity
o the ring SV#G is projectively Azumaya over its center SV
e the action of G on V is free outside of the origin

If d is an odd prime, then G is a cyclic group

Proof. The three equivalences follow from [IR08, 8.4]. The fact that G must

be cyclic in this case is the main result of [KN] O

We consider the case d = 3 and as in §0.2.2, we write V = kx; ®kzo S kzs.
We let G = Z/nZ act on V by weights (wq,ws,ws) after a choice of n-th
primitive root of unity . The condition that G C SL3(V) is equivalent to

Zwi =0 modn
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Recall from 0.2.9 that SV#G is a 3-Calabi-Yau Jacobi algebra Jac(Q, w) where
the quiver Q is the McKay quiver and the potential w is a signed sum of 3-cycles
(and hence canonical graded of degree 3)

We can now prove:

Lemma 1.2.17. Let G C GL(V) be a finite group of order n and V' a repre-

sentation of dimension 3. The following are equivalent:
1. G C SL(V) and SV#G satisfies the conditions of 1.2.1/

2. G is cyclic of order n and the weights of the action of G on V' satisfy

ged(w;,n) =1 and sz =0modn,Vl1<i<n

Proof. By 1.2.16, the requirement that SV#G be projectively Azumaya is
equivalent to the action being free outside the origin. This immediately implies
that G is cyclic by 1.2.16 once again. It is easy to see that in this case the

condition of being free outside the origin translates to
ged(wg,n) =1

The condition Zl w; = 0modn , V1 <14 < n follows from the above discussion,
proving (1) = (2)

Conversely, assume that G is cyclic of order n with weights satisfying the
above conditions. The fact that Q is connected and that w is reduced and
homogeneous follows from the construction in 0.2.10. Moreover, Q must have
at least 3 vertices, as otherwise, we have 2 = | Qp| = n and the condition
> w; = 0 implies that one of the weights must be zero, contradicting that the
action is free outside the origin. We now use 1.2.16.

The first condition is trivially satisfied. The second condition is once again an
immediate application of 1.2.16, together with the above discussion.

The second condition is 1.2.16.

The last condition is equivalent to (A/[A, A]); = 0 as the potential has degree

3. The only nonzero elements in this group are classes of loops, hence if
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(A/[A, A])1 # 0, then Q must have a loop. This in turn implies that one
of the weights is 0 by the definition of the McKay quiver, contradicting our

assumption on weights once again O
Summarizing both theorems yields 0.2.10 and 1.2.17 yields:

Theorem 1.2.18. Assume Z/nZ acts on'V with dimy (V') = 3 through weights
satisfying > w; = 0 and ged(w;,n) = 1 Let Q be the McKay quiver of G. Then

there exists a reduced homogenous potential w such that
o SV#G = Jac(Q,w)
e the QP (Q,w) is nondegenerate
Proof. The statement in now a combination of 0.2.10, 1.2.17 and 1.2.14 O

We also give a counterexample, showing that the numerical conditions on
the action are in fact necessary. Let Z/6Z act on kzi @ kxo @ krs with weights
(u,v,w) = e (2,5,5) (note that ged(2,6) # 1, and hence the second condition
of 1.2.18 isn’t satisfied). The McKay quiver of this group has the following

\\

Ay e27) Xy

/

where we have omitted the head and tail of the arrows from the notation

pretty picture:

%X\

introduced in 0.2.8 for purposes of clarity.
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This quiver is naturally Z3 graded, we will grade by monomials x1,zs, 3
so that |a;| = x;. Following the computation in 0.2.10, the potential w is
homogeneous of degree x1x2x3. We leave the reader to check that a mutation
at 0 yields the 2-cycle [z1,71]x1 of degree 3 between the vertices 2 and 4.
This 2-cycle remains after taking the reduced component following 1.2.3, since
by degree constraints, one can only remove 2-cycles for which the sums of the

degrees of the arrows is the degree of the homogeneous potential xixox3

As a second application, we turn to Del Pezzo surfaces for which we can

immediately prove

Theorem 1.2.19. Let X be a Del Pezzo surface, E a full exceptional sequence
in 2°(X) and H = H(E) be the associated heliz of period 2 (see 0.2.5). Assume
that H is geometric. Then the rolled up algebra B(H) is isomorphic to the

Jacobi algebra of a nondegenerate QP

Proof. The number of vertices of Q corresponds to the number of objects in
E, since it is well know that a full exceptional sequence of a Del Pezzo surface
must have at least 3 objects (as a corollary of 0.2.3), we obtain that | Qg | > 3.
Since it is well known that the Grothendieck group of a Del Pezzo surface has
rank at least 3, it immediately follows that Q has 3 vertices. Moreover it is
easy to see that Q is connected (by the description of B(H) in [BS10, thm 3.2],
for example). By 0.2.7, B(H) is isomorphic to a 3-Calabi-Yau Jacobi algebra
Jac(Q, w) where Q is N-graded and w is homogeneous of degree 1. We proceed
to verify the conditions of 1.2.14.

e We have B(H); = 0 if i < 0 and dimy B(H) # oo since 2°(X) is a

Hom-finite category.

e Next, B(H) is 3-Calabi-Yau by 0.2.7 and projectively Azumaya as it
is the pushforward of an Azumaya algebra on the total space of the

canonical bundle wx (see [BS10] again)

e the last condition is vacuous as the degree of wisr =1
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O

Remark 1.2.20. We note that the work of Bridgeland-Stern ([BS10]) on
the relation between mutations of quivers with potentials and mutations of

exceptional sequences implies the above nondegeneracy result as well.

1.3 Singularity Categories as Cluster Categories

In this section, we discuss a construction which allows us to describe singularity
categories as cluster categories in certain cases following §1.1

1.3.1 Minimal Models

Throughout k denotes an algebraically closed field of characteristic 0 and k —
l a separable k-algebra.

Definition 1.3.1. Let A be a k-algebra. A finite minimal model for A is a
quasi-isomorphism (T;V,d) — A where (T;V,d) is a DG l-algebra such that

e V is a finitely generated graded [-bimodule

e T}V is the free graded-completed [-algebra over this bimodule
e T}V is concentrated in degree < 0

e d(V) lies in the two-sided ideal generated by V @; V

Example 1.3.2. We have already seen an example of a finite minimal model
in the context of QP’s: let (Q,w) be a QP and letl =k Qq and be the l-bimodule
V =k Q1. Then it is easy to see that the Ginzburg DG algebra T'(Q,w) defined
in 0.1.2 is indeed of the required form. Moreover as the differential is 0 in

degree 0 we have a morphism of complezes,

m:T(Q,w) —= Jac(Q,w)
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0.1.8 shows that 7 is a quasi-isomorphism if and only if A = Jac(Q,w) is 3-
Calabi-Yau. Hence that T'(Q,w) is a finite minimal model for A if and only if
A is 3-Calabi- Yau.

Theorem 1.3.3. Assume A is complete, letl = A/rad(A) and assume dimy(1) #

oo. Then A has a minimal model, unique up to isomorphism
Proof. This is a special case of the discussion in [VdB10, appendix A] O

We include this theorem solely to be complete. For our purposes, it will be
natural to assume that A is a Koszul [-algebra. In this case, it is well known
that the minimal model can be constructed directly (see [LV99, chapter 3] for
a detailed account of this theory). We will give however provide a direct proof
of this fact for the benefit of the reader. To this end let A = T;V/R where R
is a finitely generated [-bimodule in V' ®; V. Define a series of I[-bimodules by

Jn — m V@P ®l R ®l V®q
p+2+q=n
By definition, we have J; = V and Jo, = R. Moreover, there is a canonical
map
Oim—i * I —> Ji @1 Jp—;

given by concatenating. We shall use Sweedler style notation ;,—;(a) =
di(a) ® §;(a)” for a € J,, throughout.

Now, A is graded by the so-called Adams grading which gives elements in V'
degree 1. The maps d; ,—; become graded morphisms with this grading. We

define V & ®,.>1 Jn[n — 1] and construct a DG algebra through the rule

o« A=T\V
o da = (_1)i—1 Z(Si(a)/ ®5i(a)//

We leave it to the reader to check that this is indeed a DG algebra, which is

a straightforward computation
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Lemma 1.3.4. Assume A is Koszul. Then the DG algebra A is a minimal
model of A where the quasi-isomorphism A —s A is induced from the canonical

projection map V. —s J; =V

Proof. The Koszul hypothesis on A implies that the following complex of

graded left A-modules is exact
o — ARy — AT — A—1—0 (1.3)
where the differential is given by
d: A J, — A® Jp_1:a®@b— ady pn—1(b) ®61,,-1(b)"

Put
M= (V) & Pver cnv
n>1
We consider M as a left sub DG-A-module of A. As a left graded A-module
we have

M=Ag (L& L& k2 - )

Let C be the cone of the inclusion map i : M —s A. As graded A-modules
we have

C=Ae (le 1] Li2]®---)

As cokeri = [ the obvious map C' —» [ is a quasi-isomorphism.
Put C = A®; C. Then one checks that C is precisely the complex (1.3)
without the right most [.

= AR s — A® T — A—0

Thus C' — [ is a quasi-isomorphism as well and hence so is the canonical
map C —s C.

We now equip C' with an ascending filtration of sub-DG-A-modules as
follows: FyC = A, F;C = A® (k® Jy[1]), ... etc and equip C with the similar
filtration. The canonical map C —» C' is a map of filtered DG-A-modules.
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Assume we have shown that A — A is a quasi-isomorphism in Adams
degree < n. Then (C/FyC)py1 — (C/FyC)py1 is a quasi-isomorphism.
Given that C’n+1 — Chp4+1 is a quasi-isomorphism we deduce that Foém-l =

Ant1 — Apt1 = (FoC)pny1 is also a quasi-isomorphism and the result follows

by induction O

It is worth making this construction more explicit in a few cases

Example 1.3.5. let V be a vector space over k and let A = SV = Ty V/(R)
where R = {v@w —w®v}. Then J, 2 \"V and V =@, \" Vin —1] and
A =TV. The differential is given by

dlvy A ..o Awy) = Z(—l)i_l(vl A AY) Q (Vi1 A e Avy)
Introducing a basis on V = @, kx;, we obtain that A is a DG algebra over k

explicitly described as

e as an algebra A = k{(zg) where S is an subset of strictly ascending num-
bers {1,...n}

e the grading on A is given by |zg| = |S|
o the differential is given by

drg = Z (—1)‘A|71€A,B$A/\1'B
S=AIIB

where the sign €a p is defined as xs = €A, pra N TR.
This example can be adapted to skew group algebras as follows:

Example 1.3.6. Assume that G is a finite group acting on a vector space
W. Let A= SW#G. Then A = T)V/R where l = kG, V is the l-bimodule
generated by W and R is the l-bimodule of symmetric relations. Repeating the

same procedure leads one to a minimal model for A.

o A= k(zs)#G where S is an subset of strictly ascending numbers {1,...n},
graded by |zg| = |95]
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o the differential is the kG-linear morphism which acts on the variables xg

as

drg = E (71)“4'716,4_’3%,4 ANxp
S=AIIB
where the sign ea p is defined as xs = €a,pxra NTR.

1.3.2 the Relative Singularity Category

Following the introduction 1.1, R will denote a local complete Gorenstein k-
algebra of Krull dimension d such that R/m =k, with an isolated singularity.
It is well known that R is regular if and only if the subcategory Perf(R) of
complexes quasi-isomorphic to bounded complexes of finitely generated pro-
jective R-modules coincides with 2°(R) (see [Orl46]). This leads one to study

the singularities of R through the following important invariant:
sing(R) = 2%(R)/ Perf(R)

called the singularity category of R.

The study of this category has proven to be very fruitful. We will mention one
celebrated theorem by Buchweitz in this context, which he describes as the
‘raison d’étre’ of maximal Cohen Macaulay modules. Recall that the category
of maximal Cohen Macauley modules can be defined as

MCM(R) %' {M € mod(R) | Ext’(M, R) = 0Vi > 0}

by the Gorenstein assumption on R. We denote by MCM(R) its associated

stable category

Theorem 1.3.7. (Buchweitz, [Buc]) The inclusion MCM(R) —— mod(R)

induces an equivalence of categories:

MCM(R) = sing(R)

In this section, we discuss a relative version of sing(R) which we introduced
in [dTdVdB10] and has since been studied by various authors (see [BK12] for

the origin of the term ’relative singularity category’).
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The strongest notion of resolution of singularities in algebraic geometry is
that of a crepant resolution. This is a morphism 7 : X — Spec(R) such that
7*(wr) = wx. The characteristic aspects of this notion were generalized to
the setting of noncommutative rings by Van den Bergh leading to the concept
of a noncommutative crepant resolution (NCCR). Under the stated conditions
on R, this is an R-algebra of the form A = Endg(M) where M is given as a
direct sum M = @ M; over a complete set of nonisomorphic indecomposable
MCM modules {My, ..., My} * such that A is of finite global dimension (we
refer to the foundational paper [VdB02a] and to the overview paper [Leull] for
details). To fix notation, let e; : M — M; be the projection map, and let P; =
Ae; the corresponding projective module, S; = P;/rad P; the corresponding
simple module and finally { def @D, ke; the split semisimple k-algebra. Following

~

our assumption, we have Py = Hompg(M, R) and the properties of NCCR’s
L
imply that the functor ¢ := (—) ®g Py defines an embedding of Perf(R) = (Py)

into 2°(A). This allows us to define the singularity category of R, relative to
the NCCR A as

def

sing(R, 4) = 7%(A)/u(Peri(R)) = Z4(A)/(Py)

Our result is an explicit relation between the derived category of A, the
relative singularity of R and the (absolute) singularity category of R using
minimal models. The explicit nature allows us to develop powerful methods

for certain examples.

Theorem 1.3.8. let T}V — A be a finite minimal model. PutT' = T;}V/T\Veo T,V .

1We shall always tacitly assume that R = My
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1. the modules S; are perfect I'-modules and there is a commutative diagram

L
(-)®zvT
Perf(T)V') Y

Perf(I') ————— Perf(I") /% (T)

1R
R
R

@J[i (A) sing(R, A) sing(R)

mod(Pp) mod(S;«0)

2. The DG algebra T' has finite dimensional cohomology in each degree.
Moreover, we have

HO(T) = A/AepA

We shall prove the commutativity of the above diagram using the following

lemma

Lemma 1.3.9. The functor
E: Z5(A) — Z25(R) : N = egN (1.4)
induces an equivalence
DHA)/{(S:)izo) = Z(R)

Proof. Let U € @?(R). Since Py is a locally free on Spec R — {m} we know
that Py®pr U has finite dimensional cohomology in each degree. Let N be such
that for n > N we have H~"(U) = 0. We claim that for n > N this implies

L L
that H™"(Py ®g U) is an extension of (S;)ixo, i.e. eoH "(Py ®r U) = 0.
Indeed

L L L
EOH_n(P()@RU) = H_"(eero®RU) = H_n(R(X)RU) = H_n(U) =0 (15)

L
Define ®(U) = 7>_n(Po ®r U). Then ®(U) is a well defined object of the
category @]’Z (A)/((S:)iz0). We will prove the claim by showing that assignment
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®(—) yields a quasi-inverse to (1.4). If U € Df‘- (R) then the computation (1.5)
shows that Z®(U) = U. Conversely assume V € D%(A). Then ®Z(V) =

L
T>_n~N(Po ®@r eoV). Let C be the cone of the morphism

L L

Py®gr eV = Aeo Qpre)V —V
We immediately infer that egC' = 0, in other words C'is zero in D?(A)/((Si)#@.
Furthermore by our choice of N we have egH (V) = H "(eqV) = 0 for
n > N and hence H~" (V) is an extension of (.5;);x for such n. Thus working
modulo ((S;)i0) we have

L

TZ,N(PO QR 60V) = TszV =V

which finishes the proof. O

The bulk of the work in the second claim lies in the following lemma

Lemma 1.3.10. The category sing(R, A) = .@?(A)/(P(J) is Hom-finite and in
addition
Homsing(R,A) (A7 A) = A/AeoA (16)

Proof. Since A has finite global dimension, by a standard homological argu-
ment, the claim of Hom-finiteness reduces to showing that it is sufficient to

prove for any M € .@fb (A):
dim Homging(g,4)(A, M) # oo (1.7)

We make one further reduction as follows: if N € mod(A) then there there is

a map
¢: Py — N

such that coker ¢ € ((S;)ix0). Using ¢ we can resolve any object M € 2°(A)
by a complex P € (Fy) such that cone(P — M) modulo ((S;)0) is an object
M in mod(A)[n] for n > 0. This further reduces the claim (1.7) to one of
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two cases where either M € mod(A) or M = S;[p] for i #0 and p € Z.

To deal with the latter, let M = S;[p] and let N be an extension of (.5;);x0
in mod(A). Then HomiD?(A)(PO, N) =0 from which we easily deduce

i N ifi=0
Homsing(R,A) (A’ N) = . (18)
0 otherwise

and the claim follows in this case
Now assume M € mod(A). We first show that in this case

HomY;,, (g a)(A, M) =0 (1.9)

for i > 0. Let p be a map A — MT[i] in sing(R, A) = @;(A)/(P(ﬁ. Then by
Verdier localization, p is represented in @JZZ(A) by a diagram of the following

kind
/ C\
A Mi]

such that P = coneq € (FPy). We then obtain a morphism of distinguished

triangles
P c—1-4
|
\
Q M][i] Z

where Z = (QQ — M]i]) is a complex
0—Q— - —Qiys —Qiy1 — Qi — M—0

for some ¢ such that Q; = Py”.

We deduce HomD;(A)(A, Z) = 0 and hence p’ factors through Q. Thus p
(which is the image of p’ in D?(A)/<P0>) is the zero map. This finishes the
proof of (1.9) for ¢ > 0.
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To understand Homging(r, 4)(A, M) let M = coker ¢. Applying (1.9) to-
gether with (1.8) to the exact sequence

0 —im¢p — M — M —0

we obtain

Homsing(R,A) (Aa M) =M

Thus this is finite dimensional as well. Applying this identity with M = A
we immediately obtain (1.6). We leave it to the reader ti check that this

isomorphism respects the multiplications and is hence a ring-isomorphism

Proof of theorem 1.5.8. The simple modules are indeed perfect by [KY11, 2.19].
We proceed to show the properties of the diagram 1. We begin by showing

that the downward functors are equivalences
o Perf(T;V) — Z§(A) as Perf(T}V) = Perf(A) since T}V — Ais a quasi-
isomorphism and Perf(A) = @}(A) since A has finite global dimension

e For the second claim, we must show that Perf(I') = @?(A)/(P()). We
have Perf(T;V) = Perf(A) = @?(A) and we now invoke [Kelll, lemma
7.2] and its proof.

e to see that the downward right functor is in fact an equivalence, we first
note that @fbd(l") coincides with the triangulated category generated by
the simple modules (as in [KY11, thm. 2.19a]) and hence

Perf(I)/Za(T) = sing(R, A)/((S:)iz0) = Z7(A)/(Po, (Si)izo)

We now compute:

DAY (Po, (S5)x0) =(D?<A>/<<sz->#o>)/<Po>

=7{(R)/(Ro)
ZQ? (R)/ Perf(R)
=sing(R)
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where we used lemma 1.3.9

For the second claim, note that
H™(T) = Homperf(r)(F, T[n])

hence since Perf(T') = Perf(T;V) = @;3 (A) once again, the second statement

is an immediate consequence of 1.3.10 O
We can apply this theorem in the case of 3-Calabi-Yau algebras, using 1.3.2

Theorem 1.3.11. Assume that R has Krull dimension 3 and let R — A be
an NCCR for R, which is complete. Then

o A Jac(Q,w)
e there is an equivalence of categories
sing(R) = Cgo )
where (Q°,w") is obtained by removing a vertex from (Q,w)

Proof. 1t is well known that an NCCR is always Calabi-Yau. Since A is com-
plete, it follows from 0.1.5 that A is the Jacobi algebra of a QP (Q,w). Apply-
ing example 1.3.2 yields that the Ginzburg DG algebra I'(Q, w) is a minimal
model. The construction laid out in 1.3.8, together with 1.2.9 now yields the
result. O

Example 1.3.12. Let R = K[[t, z,y, ]|/ (xy — zt) be the ordinary double point
singularity. Then R has a noncommutative crepant resolution Endr(R @ I)

with I = (x,z). The corresponding quiver is

— P
0 1
~— 5
~_ . —
with super potential

w = psqr — prqgs
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We see that Q° consists of the single vertex 1 and w® = 0. Hence

with degt = —2. The associated cluster category is simply the category of

Zs-graded vector spaces SupVec(k) and we recover the well-known fact

sing(R) = SupVec(k)

1.3.3 an Application to Cyclic Quotient Singularities

Assume that G < Z/nZ C GL(V)actsonV = @j kz; with weights (§“1,...,€£%4).
(following the notation in §0.2.2 as always). We assume the additional condi-

tions

ged(w;,n) =1 and Zwi = 0mod n

so that G C SL(V) by 1.2.17, R = SV is a Gorenstein isolated singularity by
1.2.16 (R is in fact Gorenstein for any finite group by Watanabe’s theorem).

Moreover, the following is well known:
Lemma 1.3.13. The canonical morphism SVE — SV#G is an NCCR

Proof. This is a consequence of ’Auslander’s McKay correspondence ’[Aus78|
(see also [Leull, thm J.2] for a discussion) or [IT10] for a detailed proof O

Hence to apply our construction, we need to explicitly compute a minimal
model for SV#G, This was done in example 1.3.6. Recall that for a finite
group G and an irreducible character x : G — C, there is an associated

primitive idempotent

€ = Té' > x(g7Yg

geG
Specifying to the case of a cyclic group of order n, Each irreducible character
is given as
Xi: Z/nZ — C* 1@ £
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so that in this case we obtain

n—1
R 1 al—
e; = -~ &a
a=0

We have kG = @ ke;. By the construction of SV#G we have the relation

ar; = £*ia which translates into
€jTi = Ti€j+w,
This, together with example 1.3.6 shows the following:

Lemma 1.3.14. The algebra A def SV#G has a minimal model A over | = kG
given by the free l-algebra A = l{xg)s where S C [n] is a choice of numbers in

ascending order subject to the relations
€1 Ts =TS " €l4+d(S)
where d(S) = > w;
€S
We will reformulate this example in terms of quivers. We described in
§0.2.2 how to compute the McKay quiver Q of G as indexed by edges Z/nZ
and arrows xy ; j+w,. [AIR, prop 5.5] now shows that SV#G is the path algebra

of the McKay quiver modulo relations:

Llil+w; * Lldws,kl+wi+w, = Lk l4+ws * Lltwy,il+wetw;

(see §0.2.10, for a superpotential inducing these relations in the case d = 3)
This allows us to give a second description of the finite minimal model of
SV#G as follows: let Q denote the graded quiver with same vertices as Q
and arrows z; g j14(s) of homological degree —|S|+1 going from j to j+d(S).
Then A = kQ, d) with differential given by

dzj 5 jra(s) = > (D) es BT A jraca) * Tjrd(a),Brd(s)
S=A1] B,A%£0,B£0
(1.10)
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Let Q° be the quiver obtained from Q by dropping all arrows adjacent to 0.
Thus the arrows in Q° are of the form T 5. 54d(s) With j # 0, j +d(S) # 0.
We can now specialize theorem 1.3.8 to the current situation we obtain the

following result:

Proposition 1.3.15. Let A =klxy,...,x,] and assume that the cyclic group
G = Z/mZ acts linearly on A with weights (£%,...,£%) satisfying the addi-
tional properties Y. a; =0 mod 0 and ged(a;, m) = 1. Then

sing(A%) = Perf(kQ", d) /((Si)iz1,...m—1)

where the differential is given by (1.10) (taking into account that arrows ad-
jacent to the vertex 0 should be suppressed on the righthand side). The DG
algebra (]kQO, d) has finite dimensional cohomology and

HO(EQ°,d) = A/ Aey A

Proof. The morphism AS — A#G is an NCCR by 1.3.13. We described
the minimal model (kQ,d) — A#G above. The result now follows from
theorem 1.3.8, by noting that the associated DG algebra I' is precisely given

by removing the vertex 0
O

We conclude our example by mentioning that this example yields an in-
terpretation of sing(R) as a higher cluster category as described in 0.3.13.
This in particular gives an alternate explanation of Auslander’s result that
the singularity category of AS is d — 1-Calabi-Yau. To this end, we consider
the following construction of a quiver algebra: Let P be the quiver with the
same vertices as QO but only with ascending arrows subject once again to the

relations

Tlil+w; * Tltw; kl+wi+we = Tk I+wy, ~ Lidwy,i,l+wg+w;

Let C be the resulting path algebra. As in [10, 15] we define the inverse

dualizing complex of C as
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Proposition 1.3.16. There is a quasi-isomorphism of DG algebras
(kQ",d) = IL,C

In particular sing(flG) is a generalized d — 1-cluster category as in (7) of the-
orem 0.3.13.

Proof. We refer the reader to our paper [dTdVdB10, prop 6.6.1] for a detailed
proof. O
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Chapter 2

the Deformation Theory of
Calabi-Yau Algebras

2.1 Introduction and Statement of Results

In this chapter we describe the deformation theory of Calabi-Yau algebras.
We will tweak the definition given in 0.0.2 a little in order to better suit our
purposes. More precisely, Calabi-Yau algebra will consist of an ordinary as-
sociative algebra A together with a cocycle 7y in negative cyclic homology
HC; (A) which encodes the duality RHomae (A4, A°) = A°[d] (see 2.3.7 be-
low). This interpretation allows us to adapt the classical deformation theory
of associative algebras to the setting of Calabi-Yau algebras. In fact, we con-
sider the category Testy of so-called test algebras over the field k, that is,
commutative, local finite-dimensional k-algebras (R, m), whose maximal ideal
is nilpotent and satisfies R/m = k. A deformation functor® is a pseudo-functor
Testy — Gd where Gd is the 2-category of groupoids. In the classical defor-

mation theory of associative algebras one assigns to a test algebra (R, m) the

1We shall also use refer to this as a deformation theory

47



SECTION 2.2.1

groupoid of associative R-algebras which reduce to A after tensoring with k

to obtain a deformation functor
Def 4 : Test, — Gd.

We extend this by associating to the Calabi-Yau algebra (A, ng) the groupoid of
algebra deformations of A equipped with a negative cyclic chain lifting 7y in the
appropriate sense (see §2.4). It will immediately follow from the definition that
these algebra deformations are themselves d-Calabi-Yau algebras (2.4.2) and

we can thus obtain the deformation functor of a Calabi-Yau algebra (A, no):
Def 4, : Test, — Gd

An important way to generate deformation functors is through the Maurer-
Cartan equation associated to a nilpotent DG Lie algebra g® (see §2.5). One
considers the set MC(g®) of Maurer-Cartan elements z € g! satisfying the
equation

1
dx—f—i[a:,x] =0

and shows that the group exp(g®) def {exp(z) |z € g°}, with product given by
the Baker-Campbell-Hausdorff formula, acts on MC(g®), endowing it with the

structure of a groupoid. This allows one to define a pseudo-functor
MC(g®) : Testy — Gd : (R, m) — MC(g* ® m).

The interesting invariants associated to a deformation theory have a simple
description for this type of deformation functor: the tangent space to the
deformation theory -defined as the groupoid associated to the algebra of dual
numbers- is given by H!(g®). Moreover, although obstruction theories for
deformation functors need not be unique, in this case there is a canonical choice
of obstruction space O(g®) which can be computed as an explicit subspace of
H*(g®).

Returning to the classical case of deformations of associative algebras, it

is well know that shifted Hochschild cochain complex €*(A) can be endowed
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with a bracket giving it the structure of a DG Lie algebra. Moreover, the
associated deformation functor MC(€*(A)) controls the deformation theory

of A in the sense that there is a natural transformation
A MC(C*(A)) — Def 4

from the Maurer-cartan functor of €*(A) to the deformation functor of the
associative algebra A such that for any test algebra (R,m), the morphism
of groupoids m(R,m) is essentially surjective on objects and surjective on
morphisms. We can again adapt this result to our setting of Calabi-Yau
deformations as follows: The higher operations on €*(A) interact with the
(normalized) negative cyclic complex CC, (A) to produce the structure of a
noncommutative calculus (see [TTO05]). In particular there is an operation
L, the Lie derivative which gives CC, (A) the structure of a DG Lie mod-
ule over €*(A). This allows us to construct the semi-direct product DG Lie
algebra €*(A) x CC, (A)[d — 1]. Moreover, the properties of 19 show that
we can deform the differential by adding [r, —] to produce a DG Lie algebra
D*(A, p,mo). 23. Our first result in this chapter is that this DG Lie algebra
controls the deformation theory of the Calabi-Yau algebra ©°(A,ng) in the

sense explained above.
Theorem A. (see 2.6.3 ) There is a morphism of pseudo-functors
TAmng - MC(@'(A,H())) — Def(A,no)

such for any (R, m) in Testy, the morphism of groupoids w(R,m) is essentially

surjective on objects and surjective on morphisms.

2In fact this is slightly imprecise as ©®(A4,no) is only determined up to a non-unique
isomorphism. The actual definition of ©®®(A,np) depends on the lift of 79 to an explicit

cycle in a suitable complex but we will ignore this subtlety in the introduction.
3This in similar in spirit to [Ter06] which treats the deformation of finite dimensional

Acc-algebras with a non-degenerate inner product. We do note however that this analogy
is merely conceptual as we do not necessarily require A to be finite dimensional or to carry

an inner product
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As a formal consequence we obtain a bijection between equivalence classes

of deformations
MC(D*(A, o) @ m)/~ «— Def 4, (R)/~.

It is also easy to see that the morphism 74 ,, of the deformation theory of
Calabi-Yau deformations agrees with the morphism 74 of the usual theory of

associative algebra deformations of A in an obvious sense (see §2.6.2).

In the next section, we give an explicit description of the cohomology of
D*(A,no) and its induced graded Lie bracket. The negative cyclic homology
of A is endowed with a ’string topology’ bracket of degree d — 1 constructed
from the cup product on Hochschild homology by using Poincaré duality 2.

This bracket coincides with the one on ©*(A4, 1) in the following sense:

Theorem B. (see 2.7.1) There is a quasi-isomorphism of complezes
U D%(A,n0) L5 netd-1 0 (A)

such that the bracket of degree d — 1 on HC®(A) induced from H(D*(A,no))

coincides with the string topology bracket.

The fact that the deformations of Calabi-Yau algebras are controlled by the
Maurer-Cartan functor D°(A, 7o) together with the above description of its
homology allows us to describe the tangent space and, with a little more work,
also give a constraint on the obstruction space O(D(A,ny)) we mentioned

above.
Theorem C. e the tangent space of Def (4 ) is precisely HC;_,(A)

e there is a natural obstruction theory for Def(4 ) which lies in in the
kernel of the map HC;_4(A) — HCY*,(A)

4The name comes from an alternative description of this bracket wich was given by

Menichi in [Men09] based on intuition coming from Chas-Sullivan’s string topology ([CS99]
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The first statement is a formal consequence of theorem B. The second state-
ment is theorem 2.8.1 below. It follows in particular that if HC, ;(A) —
HCY®,(A) is injective then the deformation theory of A as Calabi-Yau algebra
is unobstructed. This happens for example if d < 3 (see Corollary 2.8.8 and

lemma 2.8.9 below).

In the final part of this chapter, we focus on the 'commutative case’. I.e. we
let A = O(X) be the algebra of global section on a smooth affine Calabi-Yau
variety X of dimension d. In this setting case the element 7y can be inter-
preted as a volume form through the Hochschild-Kostant-Rosenberg theorem.
Let TP°Y:*(A) be the Lie algebra of poly-vector fields on A (see §2.9 below).

Kontsevich’s famous result from [Kon03] yields an L..-quasi-isomorphism
TPob e (4) 5 g*(A)

This was later extended to an L.,-quasi-isomorphism between L..-modules
over TPOY:*(A)

(CC, (A),b+uB) — (Q*(A)[[u]], ud)

by Willwacher in [Wil08] °. In our final result we will use this morphism to
obtain an analogous statement for the DG Lie algebra ©°(A4,ng): the vol-
ume form 7y defines a divergence operator div on TP°:*(A), and using this

differential, we prove:

Theorem D. Let u have degree 2. There is an commutative diagram

(T2 (A)[[u]], —udiv) —==D*(A, 1) (2.1)
uHO\L l(b
TPos(A) — -~ €*(A)

where the horizontal maps are isomorphisms in the homotopy category of DG

Lie algebras.

5He proves this for cyclic chains, but the result follows by extending u-linearly
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2.2 Preliminaries on the Hochschild- and Cyclic

Complex

In this section we recall the basic operations on the Hochschild and cyclic
complexes (introducing notation and conventions for the rest of the chapter

along the way).

Convention 2.2.1. We mixz homological and cohomological indices, using the

classical convention X; = X °.

Let R be a commutative ring and let B be an R-algebra®. The complexes
Ce(B) and C*(B) will denote the usual relative Hochschild (co)chain of B over
R:

C*(B) = @ Homp(LB*", B)
Co(B) =P B (£B)*"

(here and below, all unadorned tensor products are over R) We also use the
following notation for the shifted Hochschild cochain complex

¢*(B) = £C*(B) = P Homp(XB®", £B)
Convention 2.2.2. If x € €"(B) then we write |x| =n — 1. Thus |z| refers
to the cohomological degree of x

Finally it will be convenient to pass to the normalized versions of these

complexes:

C*(B) = @ Homp(Z(B/R)®", B)
Ce(B) = B@ S(B/R)*"

with a similar definition for €*(B). The following is well known:

6We reserve the notation of a k-algebra A to denote a specific Calabi-Yau algebra we

wish to deform
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Lemma 2.2.3. the canonical morphisms C*(B) — C*(B) and Ce(B) —

Ce(B) are quasi-isomorphisms (and hence so are its shifted versions)
Proof. see for example [Wei94, Thm 8.3.8, lemma 8.3.7]. O

Recall that if M is a complex of B®-modules then its Hochschild homology

and cohomology are respectively defined as
. L
HH;(B,M)=H*(M ®p- B)
HH'(B, M) = H (RHomp. (B, M))

As usual we write HH;(B) = HH;(B, B) and similarly HH(B) = HH'(B, B).
One has
HH,(B) = H™'(Cs(B))

and if B is a projective R-module then
HH'(B) = H'(C*(B))

Convention 2.2.4. We shall assume that B is a projective R-module so that

the above equality is always satisfied.

2.2.1 the Hochschild Cochain Complex

The standard algebraic structures on the Hochschild cochain complex can all
be deduced from its structure as a brace algebra (for an excellent account see

[GV95] as we shall merely summarize its results). Recall that braces are maps
C*B)®...0C*(B) —C*(B):zRTL QT — x{T1,...,Tm}
defined explicitly by

x{z1, .., xm (b1, ... by) =

Z (—l)ex(bh e bil,xl(bil+1, e bi1+|z1\+1)a ey bim,xm(bierh e 7bim+|rm\+1)7 e

0<iy ... <im<n
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where the sign is given by € = >"7" |zx|ir, The corresponding Lie bracket on
¢*(B) is

[2,y) = o{y} — (=1 Wly{a}
Let u € €Y(B) = Hom(XB ® ¥B,XB) denote the “inverse” multiplication
1(b1,b2) = —by1ba. Then [u, u] = 0 and hence

dx = [, x] (2.2)

defines a differential of degree one on €*(B). The cupproduct on €*(B) is
defined by

zUy = (=) pfz,y}
This is an associative product of degree one on €*(B), or equivalently an
associative product of degree zero in the unshifted C*(B). The main properties

of these operations can be summarized as follows

Theorem 2.2.5. The operations on the Hochschild cochain complex satisfy

the following properties:

e (C*(B),d,V) is a DG algebra.

e (€*(B),d,[, ]) is a DG-Lie algebra.

e for cohomology classes, T,5,Z € HH*(B), we have the graded Leibniz

rule:
77Uz = [7,7) Uz +g(-1)= WDz 7).
e for x and y € HH®*(B) the cup product is graded commutative:
Uy = (-1)lvguz.

Proof. see [GV95] O

As a result HH®(A) has the structure of a so-called Gerstenhaber algebra.

Remark 2.2.6. Up to suitable -and for us irrelevant- signs the cup product

U coincides with the Yoneda product given by the isomorphism HH®(B) =
Ext%. (B, B)
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2.2.2 the Hochschild Chain Complex

The combination of the Hochschild cochain- and chain complexes yields a much
more complex structure. We refer to ([TT05, CR11]) for more details. The

first basic operation is the contraction.
i:€%(B)®Ce(B) — Co(B)
defined through the formula
in(bo @ ... ®bn) L oz(by,...0g) Dbar1 ® ... Dby
for x € €*(B) and by ® ... ® by, € Co(B). Note that |i,| = |z| + 1. We have
gy = (_1)(Ir|+1)(\y\+1)iyw (2.3)
Convention 2.2.7. The contraction is often written as a cap product:
iz(—)=axN—.

Remark 2.2.8. The cap product N on HHe(B) coincides with the action of
HH*(B) on HH.(B) = H~*(B®k. B) through its action on the second factor
(see e.g. [CRVdAB10, Prop 11.1, 12.1])

The second basic operation is the Lie derivative
L:C%(B)®Ce(B) — Co(B)

given explicitly as

n—|z|—1

Lo(bo®...®@by) = Y (-D)"bg @ ... @b @ x(bit, ... bigo)1) @ ... @ by
=0

+ 0 ()b, b Doy bl i) ® - ® b
i=n—|z|
The Lie derivative defines an action of €*(B) on Co(B) for which |L,| = ||
and

[Loy Ly] = Ly (2.4)

2]
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The Hochschild differential on Ce(B) is defined as
b=L, (2.5)

Convention 2.2.9. If we simply wish to consider b as a differential without

referring to its properties, we shall write d as always.

Some basic properties of these two actions are summarized in the following

theorem:
Theorem 2.2.10. the space of Hochschild chains (Co(B),b) is equipped with

e an action i of the graded algebra (C*(B),U) on the graded vector space
(Ce(B),b).

e a DG Lie action L of the DG Lie algebra (€*(B),d,[,]) on the complex
(Ce(B), b).

satisfying the following compatibilities:
1. for x,y € €*(B), [Ly,iy] = i[zy
2. for x,y € €*(B), Laup = Lyi, + (—1)1*li, L,
3. for x € €*(B) |b,i,] = L,
4. forz € €(B): [b,iy] +ig: =0

Proof. See for example [TT05], although some parts of the statement are quite

trivial. As an example, from (2.2) and (2.4) one obtains
[b, Ly] = Lgx (2.6)

showing that (Ce(B),b) is not only a graded - but a DG Lie module over
¢*(B). O

This theorem implies in particular that both the action of ¢ and L are well
defined on homology and that (HH®*(B),HH,.(B)) is an example of what is
referred to as a calculus in [TT05, 3.2
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The last basic operation we need is the Connes differential.
B:Ce(B) — Co(B)

with formula

n

Blbo@...0bp) =Y (-1)"10b®... @b, ®by® ... b1
=0

+3 D) @10bi® ... @by @by @ ... ®bis
0

It is well-known that |B| = —1, bB + Bb = 0, B2 = 0. One summarizes these

properties as follows:
Theorem 2.2.11. (C4(B),b,B) is a mized complex
Proof. see for example [Lod98, section 2.1] O

We will also need an important equality that holds for normalized cyclic
chains: if # € €*(B) is a normalized chain then i,, L, remain well-defined

operations on Ce(B). We have the following

Lemma 2.2.12. Assume x € €*(B). Then on Ce(B) we have
[B,L.] =0 (2.7)

Remark 2.2.13. The formula 2.7 does not hold for unnormalized cyclic chains.

2.2.3 the Negative Cyclic Complex

Let u be a variable of degree 2 and put

Equipped with the cyclic differential b+uB, this is the negative cyclic complex.
Performing the same construction with the normalized Hochschild chain com-

plex C4(B), we obtain the normalized negative cyclic complex CC, (B). We
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can extend the operations on Co(B) discussed in 2.2.1 to CC, (B) by making
them wu-linear. This applies in particular to i, and L,. Combining (2.6) and
(2.7) we obtain

[b 4+ uB, L] = L, (2.8)

which immediately shows the following:

Lemma 2.2.14. With the action of the Lie derivative L, the complex CC, (B)
becomes a DG Lie module over the DG Lie algebra €(A).

The relation between the contraction i, with and the cyclic differential
is more subtle however. In [TT05] (see also [Get92]) Tamarkin and Tsygan
define for z € €*(B) a graded endomorphism S, of Co(B) (depending linearly
on z) of degree |S;| = || — 1 and such that the following identity holds

[b+ uB, (i + uS).] + (¢ + uS)gw = uly (2.9)

on CC, (B). This identity will be important for us in the sequel. Note that it
implies (2.8). Finally, we mention the following special case of [TT05, Prop.

3.3.4] which will be crucial later on.

Lemma 2.2.15. Let x,y € €*(B) be such that dv = dy = 0. Then [L,, (i +
uS),] is homotopic to (—1)1%1(i(, ) + uS( )

Convention 2.2.16. (A comment on base change) IF k is a field, A a k-
algebra and k — R is a morphism of commutative rings then for B = AQg R
it is clear that Cr.e(B) = Ce(A)QkR. Since the negative cyclic complex involves
a product this is not true for CC}}’.(B). It is true if R is finite dimensional
over k however. Similarly in that case we have C}(B) = C*(A) ® R. In the

sequel we will not mention these base change isomorphisms explicitly.

Convention 2.2.17. (a word on signs) The operations iy, Ly, S;,b,B of de-
gree |z| + 1, |z|, |z| — 1, 1, —1 were defined as acting on Ce(B). We define
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corresponding operations on shifts X"Ce(B) using the usual Koszul convention:

ip(s"b) = (=1)" =+ g4 (b)
Lo(s"8) = (~1)71#15" L, (b)
Sz(s"b) = (—1)"1==Ds75, (b)
b(s"b) = (—1)"s"b(b)
B(s"b) = (—1)"s"b(B)
where s is the degree change operator |sb| = |b| — 1. The relations between

iz, Lz, Sy, b, B stated in §2.2.2 and §2.2.2 carry over to all shifts X"Ce(B)
without any sign changes, since all terms in the identities (necessarily) have

the same degree

2.3 Reinterpreting the Calabi-Yau Condition

We now show how one can encode the extra Calabi-Yau duality from 0.0.2
using negative cyclic classes, allowing us to give an alternate description of

Calabi-Yau algebras:

Lemma 2.3.1. Assume B is homologically smooth (see 0.0.2). Let M be a

perfect B¢-module. Then there is a canonical isomorphism
HH; (B, M) = Homp. (%' RHomp- (M, B°), B) (2.10)
in 2T (R).
Proof. There is an obvious morphism
B ®pe M — Hompge (Hompge (M, B®), B) (2.11)
in Mod(R), giving rise to a morphism

L
B &pe M —s Hompe (RHomp. (M, B°), B) (2.12)
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in 27 (R). We must show that this is a quasi-isomorphism. Since M is perfect
we may replace it with a complex of finitely generated projective B°-modules,
which in turn reduces the claim to the case M = B®. It is clear that the first

morphism (2.11) is an isomorphism in this case. O
The above lemma justifies the following definition:

Definition 2.3.2. Let B be a homologically smooth algebra R and n €
HH,(B). We say that n is nondegenerate if its image under (2.10) is an iso-

morphism.

This allows us to make a first step towards restating the definition (0.0.2) of
a d-Calabi-Yau algebra over R. We temporarily redefine a Calabi-Yau algebra

as a couple (B,n) where
e B is a homologically smooth R-algebra
e 1) is a non-degenerate element of HHy(B)

In order to fully take advantage of the rich structure relating the negative
cyclic complex and the Hochschild complex described in 2.2.3, we will mas-
sage this temporary definition further below.

The following theorem -known as Poincaré duality- was first stated in [VdB02b].
We give a sketch of a proof and elucidate the exact nature of the duality mor-
phism as it wasn’t stated explicitly in[VdB02b]

Proposition 2.3.3. (“Poincaré duality”) Let n € HHy(B) be such that (B,n)

s d-Calabi- Yau in the above sense. Then for each i, the map
HH(B) — HHy_;(B) : p+— pN1n (2.13)
18 an tsomorphism

Proof. The isomorphism (2.12) in 21 (R)

4 4
RHom g (RHomp. (B, B¢), B) = B ®%. B (2.14)
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is in fact compatible with the RHom ge (B, B)-actions on the marked copies of
B.

By our definition of Calabi-Yau, the class n € H~¢(B ®%. B) must corre-
spond to an isomorphism n+ : RHomp. (B, B¢) — Y ~%B under (2.14). This

yields an isomorphism

4 I
RHomp. (X7?B, B) — RHomp.(RHomp. (B, B¢),B) : 0+ fon™ (2.15)

which is again compatible with the marked RHom g (B, B)-actions. Compos-

ing (2.14) and (2.15) yields an isomorphism

4 4
¢ : RHomp. (X 9B,B) — B®%. B

which sends Idg to 7. Taking into account the remark 2.2.8, the compatibility
with the RHompe. (B, B)-actions implies that & transforms U into N on the

level of cohomology. More precisely
E(uU0) = £uNE(0)
The lemma now follows by taking o = Idp. O

This immediately implies the following observation:

Corollary 2.3.4. Let n € HH4(B) be such that (B, n) is d-Calabi-Yau. Then

HH(B)=0  fori¢|0,d
HH;(B)=0  fori¢[0,d O

We remind the reader that CC, (B) = (Co(B)[[u]], b+ uB) is the negative
cyclic complex with corresponding homology by HC, (B) as in §2.2.3.

Proposition 2.3.5. Let n € HHy(B) be such that (B,n) is d-Calabi- Yau.
Then HC; (B) =0 for i > d and furthermore the map

m: CCy(B) — Ca(B) : > _ biu' - b

induces an isomorphism HC; (B) = HHy4(B).
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Proof. We prove this through a spectral sequence argument. We view CC, (B)
as a double complex with b pointing vertically upwards and uB pointing hor-
izontally to the right. By Corollary 2.3.4 we have HH;(B) = 0 for ¢ > d.
Hence if we filter CC, (B) by column degree then the E! term of the resulting

spectral sequence looks like

0 HH,_»(B) —2> wHH,4_1(B) —“2> u2 HHy(B)
0 HHy 1 (B) —2> w HHy(B) 0
0 HH,4(B) 0 0
0 0 0 0
This implies the result O

This allows us extend the notion of nondegeneracy to the negative cyclic

complex:

Definition 2.3.6. Let B be a homologically smooth R-algebra. We say that

an element 7 € HC (B) is nondegenerate if 7(n) is non-degenerate as in 2.3.2.

This brings us to our ultimate definition of Calabi-Yau algebra which we

will use for the rest of this chapter :

Definition 2.3.7. (Restatement of definition 0.0.2.) A Calabi-Yau algebra
of dimension d over R is a couple (B,7n) where B is a homologically smooth

R-algebra and 7 is a non-degenerate element of HC, (B).
The preceding discussion shows:

Theorem 2.3.8. Let B be a homologically smooth R-algebra. Then the fol-

lowing are equivalent:
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e B is d-Calabi- Yau
o there exists ann € HC; (B) such that (B,n) is Calabi-Yau

Remark 2.3.9. In the more general setting of DG algebras this is no longer
the case (the main hurdle being the existence of cohomology in negative degrees,
which breaks the spectral sequence argument we made). It is generally believed
that definition 2.3.7 is the “correct” definition for a d-Calabi-Yau algebra in
the DG case. We refer to the works [KS09] and Keller [Kelll] for this point

of view

2.4 Deformations of Calabi-Yau Algebras

In this section we fix a d-Calabi-Yau algebra (A,ng) over a field k as in def-
inition 2.3.7 and we explain how one can associate a deformation theory to

(A4, 1no), illustrating some of its basic properties along the way.

Let Testy be the category of commutative, finite dimensional, local k-algebras
(R,m) such that R/m = k, henceforth known as test algebras. For (R,m) €
Testy we define a groupoid Def 4 ., (R) as follows

e The objects in Def 4, (R) are triples (B, s,n) such that B is a flat R-
algebra, s : B — A is an R-algebra morphism inducing an isomorphism
B ®rk — A and 7 is an element of HC, (B) such that s(n) = np.

e A morphism (By, $1,m1) — (Ba, $2,72) is a commutative diagram

B \732

such that 7o = ¢(m1).

This indeed defines a groupoid as the following lemma shows:
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Lemma 2.4.1. A morphism (B, s1,m) — (B2, s2,12) in the category Def 4 ,,,

s mecessarily invertible

Proof. One easily deduces that B; and By are isomorphic to A @ R as R-
modules, we can thus assume B; = By = A ®g R. Any R-linear map ¢ :
A ®x R — A Qg R is determined by the k-linear map ¢4 : A — A® R.

Using the exact sequences
0—mt —m — mi/mt —0

and the fact that m is nilpotent, we obtain a direct sum decomposition
n
R=Pm'/m"*!
0

It follows that ¢|4 is given as a sum of maps ¢; : A — A ®x m’/m‘*! with
¢o = Ids ®1. As this map is invertible, one can use the classical inverse

formula to obtain an inverse for > ¢;, and hence for ¢. O

describes the Calabi-Yau defor-

mations of (A,1y) we need the following elementary lemma:

To be able to rightfully claim that Def 4 ,,

Lemma 2.4.2. Assume that (B, s,n) € Def 4, (R). Then (B,n) is d-Calabi-
Yau.

Proof. We have to show that B is a perfect B¢-module and that 7 induces
an isomorphism n* : RHompe (B, B¢) — X ~%B. Since R is finite dimensional
every flat R-module is R-projective. This applies in particular to B and B¢.
Let

0—+P,— - =>FP—>A-0

be a finite resolution of A by finitely generated projective A°-modules. It is

easy to see that this resolution can be lifted step by step to a resolution

0—=-Qy——>Qy—B—0
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where the @Q); are finitely generated projective B¢-modules satisfying Q; @ gk =
P;. In particular B is perfect.

Since ™ is now a map between perfect modules, H = conen™ is itself
perfect. Moreover, as s(1) = g, using 2.12, it it easy to see that ™ <§L§> k=
and hence (conen™) (}Lélk = cone(n™ ék) =~ coneny = 0. It now suffices to note

L
that if H is perfect and H ® k = 0 then H = 0. O

Varying the choice of test algebra (R, m) results in a pseudo-functor
Def 4, : Testy — Gd : (R, m) — Defa ,(R)

It will be more convenient to work with a variant of the groupoid Def 4 ,, (R)
which is easier to describe cohomologically. We remind the reader of the base
change convention exhibited in §2.2.16 which we will use throughout. As in
§2.2.1 let —ug € €1(A) be the multiplication map on A and let 7y be a lift
of g to CC, (A). We define an associated groupoid Defa’#o’ﬁo(R) as follows:
The objects are couples (i, n) where

o 1 € €Y (A)®y R is such that —pu defines a unital associative multiplication
on AQ®y R;

e pmodm = po;
o 1€ CCy (A) @y R;
o (Ly+uB)(n) =0;
e nmodm = 7.

Concerning the 4th condition, recall that by (2.5), L, is the Hochschild dif-
ferential of the algebra (A ®x R, ). Hence L, +uB = b, + uB is the cyclic
differential for the algebra (A ®; R, ).

A morphism (p1,m) — (g2,72) in Defa,uo,ﬁo(R) is a couple (f,&) where

1. f is a unital map of R-algebras f: (A®y R, —u1) — (A ®x R, —p12);
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2. fek=1d;
3. & is an element of CCy 4 (A) ®% m;

4. (Lpy +uB)(&) = d(m) — 2.
The composition of morphisms
(11,m) RN (12,m2) = (p2,72)

is defined by

(£, 0 (f,€) = (do f',0(5) +¢) (2.16)

The following observation is necessary yet trivial:
Lemma 2.4.3. the above construction defines a groupoid structure on Defajﬁo

Proof. The reader will check that composition is associative. Let (f,£) be a
morphism inDefbA’ oo+ Lhen the first two conditions of morphisms imply that
f is bijective. It follows that (f~!, f~1(¢)) is the inverse morphism. O

We again obtain a pseudo-functor

DefbAw0 : Testy — Gd : (R,m) — Defifqmo (R)

This pseudo-functor is not exactly equivalent to the one defined for Calabi-

Yau deformations, but satisfies the following weakened property of ’control-

ling’, which is very useful in the context of deformation functors

Definition 2.4.4. Let F,G : Testy — Gd be two deformation functors.
We say that F' controls G if there is a natural transformation F© — G of
pseudo-functors such that for any (R, m) € Testy, the morphism of groupoids
F(R,m) — G(R,m) is essentially surjective on objects and surjective on

morphisms.

Below we will use the notation 77 for the cohomology class of a cocycle.
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Proposition 2.4.5. Defi‘ﬁo controls Def 4 ,,,. More precisely, the assignment
Ob(Def’y 4, (R)) — Ob(Defano(R))  : (1,1) = (A @y R, —p), “modm”,7)

Mor(Defa,ﬁo(R)) — Mor(Def 4, (R)) : (f,&)— f
is a morphism of groupoids, essentially surjective on objects and surjective on

morphisms.

Proof. We first prove essential surjectivity. Let (B, s, ) € Def4 ,,(R). Then
since R is a finite dimensional local k-algebra and B is R-flat we have an
isomorphism ¢ : B &2 A ®, R as R-modules and it is easy to see that this

isomorphism may be chosen to make the following diagram commutative

¢ AR R
X\ Am
A

We now transfer the multiplication on B to A ®, R where it becomes an

B

element of —p € €1(A) ®; R which modulo m is equal to —ug. We do the
same with ¢ € HC; (B) and we choose an element n € CC,; (A) ®x R such
that (L, +uB)(n) =0, 7 = ¢(¢). Thus in Def 4 ,,,(R) we have

(Bv S, sz) = ((A kK Ra _/J’)a - mOdma 77)

This proves essential surjectivity. Now we prove surjectivity on morphisms.
Let (p1,m), (B2, n2) € Ob(Def:ﬁO (R)) and let f be a unital algebra morphism

(A®k R, —p1) — (A®k R, —p2)

inducing the identity modulo m and satisfying f(71) = 7.
It follows that f(n1) — 12 is a boundary in the negative cyclic complex of
(A®y R, —p2). In other words there exists £ € CC,, ;(A) ®; R such that

$(m) —m2 = (L, +uB)(£)

We have to show that we may in fact choose £ € CCyy4(A) ®; m. Since f is
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the identity modulo m we have

@(m) —nemodm =17, —prymodm
=170 — Tlo
=0
It follows that ¢(n;) — ne € CC, (A) @ m and hence dé modm = 0. Since

HCy,,(A) = 0 by Proposition 2.3.5 we see that there exists y € CCy,5(A)®@r R
such that (L,, +uB)(y) = £ modm. In other words

¢ =&~ (L, +uB)(7) € CCy (A) ®xm
Then the couple (f,¢’) is a pre-image for f. O

For the sake of completeness we state the following:

Proposition 2.4.6. Let 9, € CC, (A) be a different lift of no. Then Defih% (R)
and DefbAj]O (R) are isomorphic.

We could easily prove this here directly, however we will postpone the proof
until §2.6 where we reinterpret DefbAﬁO (R) in terms of the Maurer-Cartan

equation.

2.5 the Maurer-Cartan Formalism

In this section we briefly recall the construction of the deformation functor

associated to a DG-Lie algebra.

Let g* be a DG-Lie algebra over k. The set

MC(g*) & {y cg'

1
dy+§[y,y] 0}

is the set of solutions to the Maurer-Cartan equation in g®. If g® is a nilpotent

DG Lie algebra, this set has a natural structure of a groupoid which we now
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describe. Let ﬁ(g) be the enveloping algebra of g, completed at the augmenta-
tion ideal. Then the group exp(g) is by definition the set of group like elements

in U (g). It is well-known and easy to see that there is a bijection
exp:g — exp(g) : x — e”

between the primitive and the group like elements in U(g). U(g°) acts on the
graded Lie algebra g® using the adjoint action and hence so does the gauge
group G(g*) f exp(g®). This action does not commute with the differential
and in particular it does not preserve MC(g®). However the following modified

gauge action does:

eadx
exp(a) vy & e7(y) - " (ar)
o) -3 L (aduy(an) i
— (n+1)!

where x € g°, y € g' and (adz)(u) = [x,u]. An elegant derivation of this
action is given by Manetti in [Man04, §V.4]. One first formally adjoins an
element ¢ of degree one to g* and considers the DG Lie algebra g®* @ kd where

0 satisfies the rules:
dx = [0,z], dd =0 and [§,] =0
We use this to rewrite (2.17):

Lemma 2.5.1.
exp(z) xy = e ¥(y+6) -6 (2.18)
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Proof. We have

ad x _ - 1 n
e (5+y)—6+y+zmad (x)(0 +v)

- §+y+z (ad™(2)(8) + ad™(z)(y))
:5+§:% ad” (2)(8) + €17 (y))

=5+ i:: (ad"(2)(=dz)) + 7 (y))
5 ee(y) - 2 ﬁ(adx)”(dw)

O

This shows that the action preserves the set MC(g®) since for y € g it is
easy to check that

y € MC(g®) < [y+d,y+d]=0.

and the latter equation is preserved under the action e*

. Hence, in the sequel
we view MC(g®) as a groupoid through the G(g*)-action given by (2.17). Now
assume that (R, m) € Testy is a test algebra over k. Given an arbitrary DG-
Lie algebra g*® over k, the vector space g* ®; m becomes a nilpotent DG-Lie
algebra by extending the differential and the bracket in the obvious way. We

thus obtain a pseudo-functor
MC(g®) : Testy — Gd : (R, m) — MC(g® ®x m)

This is the “deformation functor” associated to g®. For this type of functor we
can give an explicit description of some important notions from deformation
theory. Recall that the tangent space of a deformation functor is the groupoid

associated to the k-algebra of dual numbers k[e]/(¢?). We can compute that

THMC () & MC g*(K[X]/(X?)) = H'(g*) (2.19)
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Any deformation functor also comes with a family of obstruction theories which
roughly determine when a deformation can be lifted along small extensions of
rings in Testy, in a functorial way (see [Man09] for a detailed account of the
general situation). Although there are a priori many different such theories
for a given deformation functor, the particular setting of a Maurer-Cartan
functor allows us to define a canonical one, denoted O(g®). Let (S,n) — (R, m)
be a surjective morphism in Testy with one-dimensional kernel ks C n. Let
x € g ®m be a solution to the Maurer-Cartan equation. Lift x to an arbitrary
element & of g' @ n and let p(&) € g2 be such that p(&)s = d& + $[&,2]. Then
(@) € HA(g*)

does not depend on the chosen lift & of z. It is easy to see that o(z) = 0 if

clearly dp(Z) = 0 and furthermore the cohomology class o(x)

and only if  can be lifted to an element of MC(g® ® n). The class of o(x) is
called the obstruction class of x and the obstruction space O(g®) is the linear
span in g2 of all such o(z) as we vary the morphisms (S,n) — (R, m) with
one-dimensional kernel and all x € MC(g® ® m) as above (we refer once again

to [Man09, §4] for a more detailed discussion in this case).

Finally, we shall need to perform the following twist operation in the sequel:
for y € MC(g*®), by definition gj is the DG-Lie algebra which is g* as graded
Lie algebra but which has the deformed differential

dy =d+ [y, -] (2.20)

It follows from the Maurer-Cartan equation that g°, is indeed a DG Lie alge-
bra. We have the following

Lemma 2.5.2. for z € g°, the morphism

adx

e’ . g; — ggxp(m)*y (221)
is an isomorphism of DG-Lie algebras

Proof. This is an immediate application of (2.18) O
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2.6 the DG-Lie Algebra ©°*(A,n)

2.6.1 Controlling Calabi-Yau Deformations

Following 2.3.7, we will consider a d-Calabi-Yau algebra (A,7jy) where 1y €
CCy (A) satisfies (L, + uB)(no) = 0, with —uy € €'(A) being the multipli-
cation on A. In this section we associate a DG-Lie algebra D°*(A,ng) to A
and prove that its deformation functor (see §2.5) is isomorphic to the functor
Def"A’n0 introduced in §2.4. As a corollary to 2.6.3, we obtain that this DG Lie
algebra D (A, no) controls the deformation theory of the Calabi-Yau algebra
(A,m0)

If g* is a DG-Lie algebra and M*® a DG Lie module over g°®, then the
direct sum complex g* @ M*® becomes a DG-Lie algebra when endowed with

the following bracket:

[(g.m), (¢, m")] < (g, '), gm’ — (=)ol g (2.22)

The resulting DG-Lie algebra is called the semi-direct product of g* and M*
and is denoted by g® x M*®
By (2.2.10) we have a DG-Lie action L of €°(A) on the negative cyclic
chains. Using 2.2.17, this yields an action on the shifted negative cyclic chains
also:
€*(A) x 27471CC, (A) — ©47ICC, (A) : (x,1) — L7

Consequently, we can form the corresponding semi-direct product D*(A)* =
€*(A) x ©7471CC, (A).

The element x = (0,579 1ny) € D*(A,n0)* satisfies dz = 0 and [z,z] = 0.
Hence it satisfies the Maurer-Cartan equation. Put ®*(A,1n0) = D*(A4)%, with

notation as in §2.5.

Theorem 2.6.1. Let (R, m) € Testyx. There is an isomorphism of groupoids

®(R) : MC(D*(A,10) @k m) — Def’y , (R)
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which on objects is given by

d—1

(1,877 ) = (o + p,m0 +1) (2.23)

Corollary 2.6.2. There is a natural transformation of pseudo-functors

O : MC(D*(A,n0)) — DefbAmo

which, when evaluated on (R, m) € Testy, is an isomorphism of groupoids.
As an immediate corollary of 2.6.1 and 2.6.3, we obtain:

Corollary 2.6.3. The deformation theory MC(D*(A,no)) controls the Calabi-
Yau deformations of (A, ng) as in 2.4.4

We shall prove theorem 2.6.1 by a subsequent series of lemmas. Throughout
we fix (R, m) € Testy. The following lemma says that ®(R) behaves correctly

on objects.

Lemma 2.6.4. Let i € €}(A) @ m and n € CC, (A) @ m. The following

are equivalent:
1. (s~ % ') € MC(D*(A,10) @k m);
2. (no + p,mo +n) € Defy , (R).

Proof. We will work out what it means for (u,s~ 97 'n) € D'(A,n9) @k m
to satisfy the Maurer-Cartan equation. To simplify the notations we write
= s~ —d—1

o, ' =8 1. We compute

1) o))+ () = 5 (s 1 2L )) + (ol (g + wB) o)) + [0, 70), )]
= 5 ([ 2L 00)) + (o, (L, + 0B)(1)) + [0, L)
b+ o, 1, Do) + (L + uB) () + Ly ()

= (
= ([0 + 1> o + s (Lo + uB) (0 +11p))
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where in the last line we have used [po, o] = 0, (L, + uB)(n5) = 0. Thus
i (o + 0 + 1) € Dty (R) then (1,59 ) € MC(D*(A, o) @x m). To
prove the converse the only thing we still need to check is that —(ug + u)
defines a unital multiplication on A ®; R. This follows immediately from the

fact that —pg is unital and p is normalized. O

The next two lemmas will help us describe the gauge group action of the
group G(9*(4,n)) = exp(D°(A, n)).

Lemma 2.6.5. Let g be a nilpotent Lie algebra over k and let M a Lie module

over g. Then there is an isomorphism of groups
exp(g) X M — exp(g x M) : (exp(n), m) — exp(n,0) exp(0,m)

Proof. This can bee seen as a consequence of the fact that there is an isomor-
phism of groups U(g x M) = U(g) x Sym(M) More explicitly, consider the

map
D :exp(gx M) — exp(g x M) : exp(g,m) — exp(0,m) exp(g,0)

Since [(0,m), (0, m)] = 0, according to the Baker-Campbell-Hausdorff formula

we have
eg

g’eg—l

exp( m) = exp(g, 0) exp(0, m)

Moreover, we have the following exchange relation:

exp(g,0) exp(0,m) = exp(0, e?m) exp(g, 0) (2.24)
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Indeed:
exp(0, m)exp(g,0) =(exp(—g, 0)exp(0, —m))_1

—ge™9
I ()
v)

ge
(e7%v))

= exp(—g,

= eXp(g, _679 1

_ g

= exp(g, 1= o3
ge? . -

= exp(g, ] (e79(v))

= exp(g, O) exp(O, eigv)'

Hence the above map is given by the composition:

ge?
ed —1

® = exp(Id, (=) oexp(Id,e™9(—))

Now, the first map is clearly bijective and the second one is so by a final

application of the Baker-Campbell-Hausdorff formula.

Lemma 2.6.6. Let g'ﬁ be a nilpotent DG-Lie algebra over k and M*® a nilpo-
tent DG Lie module over g'ﬁ. Consider the DG algebra g® which is g'ti X M*®
as graded Lie algebras and which is equipped with a deformed differential
(dg,dnr) + do where do : g* — M is of the form g — (=1)19lgmyg for suitable
mo € M. Then for g € g°, m € M° and (g1,m1) € g* we have

exp(g, 0) * (g1, m1) = (exp(g) * g1, e’ (m1 — mo) + mo)
exp(0,m) * (g1, m1) = (g1,m1 — (g1 + dar)m)
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Proof. We compute

exp(g,0) * (g1,m1) = * 190 (g1, my) =Y

n

= (™99, e9m,) — Z

n

ﬁ ad"(g,0)(dg(g,0))

1 n
CEm] ad"(g,0)(dyg,dog)

(2" (9)(dag), 4"+ mo)

— (eadggl,egml) _ Zm

n

= (e? % g1,e9(my1 — mg) + mo)
Similarly:

1
exp(0,m) * (g1, m1) = O™ (g1, my) — Z

(n+1)!
= (g91,m1) — (0,91m) — (0,dprm)

ad" (0,m)(dg(0,m))

= (g1,m1 — (g1 + dar)m)

We will also use the following variant of (2.18):
Lemma 2.6.7. Let g* be a nilpotent DG-Lie algebra with inner differential
d = [po, —|. Then for z € g°, y € g* one has

adac(

exp(z) *y = " (y + po) — Ho-

Proof. Direct evaluation of the righthand side yields the formula (2.17) for
exp(x) * y. O

Proof of theorem 2.6.1. We start by verifying that (2.23) indeed defines a map
of groupoids. To this end we have to define ®(R) on maps. Note that by lemma
2.6.5 each element of exp(D°(A, g, n0) ®x m) can be uniquely written as

exp(0, 577 1E) exp(f, 0)

for f € €°(A) ® m = Hom(A/k, A) @ m C Hom(A,A) ®; m and ¢ €
CCyyqi(A) ®cm. We put ¢ = e/. Then ¢ € Hom(A4, A) ®; R is such that
gbmodm =1Id4.
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Assume that
(exp(0,5~971¢) x exp(£,0)) * (u1, s~ 'm1) = (p2, s~ ') (2.25)
We define ®(R) on maps as follows
®(R)(exp(0,s~71¢) exp(f,0)) = (¢!, (-1)") (2:26)
For this to be well defined we should have a morphism
(6, (—=1)%€) « (10 + pr1,m0 +m) — (o + pi2,m0 +712)
in Defi,no(R). In other words:

(a) ¢ : (A®k R, —(po + 1)) — (A @k R,—(uo + p2)) is an R-algebra

morphism;

(b) d(o +m) =10 +n2 + (=) (Lpgtpr + uB)(£).
Put 1! = s~% 1y, for i = 0,1,2, ¢ = s~471¢. We invoke lemma 2.6.6 with
mo = —n5. Then (2.25) yields

(n2,m5) = <eXp(f) * € (0 +171) = 1 = Lexp(pyeps (€)= (Lo + uB)(é’))
(2.27)
We may compute exp(f)*p; inside unnormalized cochains C*(A) and then we

may invoke lemma 2.6.7. We find
exp(f) * 1 = € (po + ) — po
Furthermore a direct computation shows that

eadf(MO + ) = el o (o + p1) o (e_f’e_f)
=¢o(po+m)o(d " o)

Hence (2.27) translates into

po+ p2 = do (uo+p1)o (¢, o)
o+ = ¢(1o + 1) — (Lo s + uB)(€)

Page 77



SECTION 2.2.6

The first of these equations yields (a). The second yields (b) taking into
account that L, 4,, + uB has degree one, which induces a sign change.

It remains to show that our assignment respects compositions. By lemma
2.6.5 we have for f,g,h € €%(A) ®x m such that exp(h) = exp(g)exp(f),
v, € CC_,;_1(A) @, m:

®(R) (exp(0, 5~ ) exp(g,0) o exp(0, 5~ 1€) exp(f,0))
=®(R)(exp(0,s ') exp(0, 577" e7€) exp(g, 0) exp(f, 0))
®(R)( exp(0, 574w + e9€)) exp(h, 0))
e, (=1)(v + %))
T (=1 (v +e%))

(
(

ede

and

®(R)(exp(0,5 4" w) exp(g,0)) o ®(R)(exp(0, s~ 47 1¢) exp(f,0))
= (e, (=1)")(e’, (1))
— (eed, (—1)%(v + 7))
by (2.16). We conclude that ®(R) is indeed a map of groupoids. By lemma
2.6.4 it is bijective on objects, and running the above computation backwards,

starting from (2.26), we see that it also bijective on maps. Thus ®(R) is an

isomorphism of groupoids. O
The following result implies proposition 2.4.6.

Proposition 2.6.8. Assume that ng,n, € CC, (A) induce the same element
in HC (A). Then ©°*(A,n) = D*(A, ;).

Proof. From (2.21) one sees that it is sufficient to show that (0, s~*~1ng), (0,5~ 1n})
are in the same G(D*(A)%) orbit. Pick ¢ € CCy,(A) such that n) = ny +
(—=1)4(L,, + uB)&. We compute using (2.17)

exp(07 S_d—lf) * (07 S_d_an) — (07 s_d_1770) _ (07 (L,uo + UB)(s—d—lé-))
=(0,57"1np) O
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2.6.2 Relation with Hochschild Cohomology

Let (A, 1) be a d-Calabi-Yau k-algebra and let —ug be the multiplication of A.
Let (R, m) € Testy. We may define pseudo-functors Def 4, Def’, : Test — Gd
in the same way as Def 4 ,,, and Defih7707 simply by ignoring the datum of 7.

The induced morphism
Def’; (R) —s Def 4(R)

is essentially surjective on objects and surjective on morphisms. Furthermore

there is an isomorphism of groupoids
®(R) : MC(€*(A) @ m) — Defy (R) : p = po + p
The obvious morphism of DG-Lie algebras
¢ D% (A,m0) — C*(A) : (1,m) = po
makes the following diagram commutative:

MC(D* (4, 10)) —— MC(T*(A))

Def 4 ,, ———— = Def
An forget n A

2.7 Homology of ©°(A,n)

We remain in the setting where (A, 7)) is a d-Calabi-Yau algebra with mul-
tiplication —pg. In this section we prove that the homology of the DG Lie
algebra D°®(A, 1) is isomorphic to HC_, , ;_;(A). Furthermore we show that
the induced Lie bracket on HCZ,,; | (A) is given Menichi’s string topology
bracket [Men09]. In our statements and computations we will use the following

conventions:

e Taking homology classes is indicated by overlining.
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e Depending on the context = will mean either “up to homotopy” (when
discussing maps) or “up to addition of a coboundary” (when discussing

elements).
Theorem 2.7.1. The map
VD (A, m0) — ETHICC, (A) (s~ M) = (1) (i) (57 ) Fus ™y
18 a quasi-isomorphism of complexes.

Proof. To simplify the notation we put

I, =1i,+uS 2.28
u B w

We first check that ¥ does indeed commute with differentials. Write 7 =

5791y and n’ = s~9" 1. Then

U(p,n') = s> (=)= Lmf + un) (2.29)
and hence

(doW)(u,n') = (b+uB)s*((—1)* = I + un')

= (=)= (b + uB) I, + u(b + uB)n’)

= s2((=1)M=1[b 4 uB, 1,](n}) + u(b + uB)n’) (since (b + uB)n, = 0)
= 2 (=)™ (uLy, = Lap)mg + u(b + uB)n) (by (2.9))

= 5” (=)' Lgun + u((b + uB)y’ — (=1)# L))

= U(dp, (b +uB)y’ — (=1)" L,np) (by (2.29))

= (Yod) (1)

To see that ¥ is indeed a quasi-isomorphism, consider the following commu-

tative diagram

0—> N—41CC, (A) —= D*(A, 7)) —— C*(A) ——>0

| .| o

0 —— uX~ICC, (4) —— %791CC, (A) ——= T 91C,(A) ——=0
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The map on the left is multiplication by w which is an isomorphism. The

map ¥ is given on cohomology by

= x1,mo modu = £i,m(no)

where 7 is as in Proposition 2.3.5. Hence V¥ is an isomorphism by Propo-
sition 2.3.3. From the five lemma we conclude that the middle arrow is an

isomorphism on cohomology as well. O

We now describe the Lie bracket on HC, (A) induced by the quasi-isomorphism ¥.

As already used in the above proof the map
— N (i) : HH'(A) — HHy—;(A)

is invertible by Poincaré duality 2.3.3. Let us denote its inverse by j. Using
J, one can transport the cup product on Hochschild cohomology HH®(A) to a
product on Hochschild homology HH, (A)

-+ HH;(A) x HH;(A) — HH;4,;_q(A)
with explicit formula
a-b=(j(a)Ujb)) N (i)
or in a form more suitable for us below
Gy T(70) * Gy T(70) = %y Uy T (70) (2.30)
Theorem 2.7.2. The Lie bracket induced on
H*(27"1CC, (4)) = HCasa-1(A)
by the quasi-isomorphism WV is given by
[, =]+ HC (A)xHC (A) — HCL g1 (A)  (91,m2) = (=) 9B (m () - m(2))
where B is given by

B:HH,(A) — HC_,(A): v — Br
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We first need the following technical lemma.

Lemma 2.7.3. Let i € €*(A) and n € CC, (A) be cocycles. Then L,n and
Bi,m(n) are both cocycles in CC, (A) and Bi,m(n) = L,n in HC, (A).

Proof. L,n is a cocycle by 2.8. Bi,m(n) is a cocycle since m(n) is a cocycle in
Ce(A) and

(b -+ uB)(Bi,m(n)) = bBi,m(n) = —Bbi,m(n) = 0

where the last equality follows from 2.2.10(4).

For the second claim, we first multiply by w:

w(Lyn — Biym(n)) = [b+uB, Iu]n —uBiym(n)  (by (2.9))
= (b+uB)I,n—uBi,m(n)  (since (b+ uB)n =0)
= (b+uB)(Iun —ium(n)) (since bi,m(n) = 0)

Now, m(I,n—i,(m(n)) = i, m(n)—i,m(n) = 0, which means that I,n—i,m(n)
is divisible by u. Thus it follows that

Lym = Biym(n) = (b+ uB)(u™" (I,n — iuw(n)))
hence the claim. =

Proof of theorem 2.7.2. Let (u1,s~% 'n) and (ug2,s~ % 112) be two cocycles

in ©*(A,1n9). We must prove for 7, def s—d-1p,

sV ([(pa,my)s (2, m5)]) = [s9710 (e, 7)), 89710 (g, )] (2.31)

We will first compute the left-hand side of (2.31). Writing out the differential
in ©°*(A,n;) explicitly, the fact that (u1,77), (p2,n5) are cocycles implies

d,ul = dug =0

(2.32)
(b+uB)n; — (—1)!™IL, nh = (b+uB)nh — (=1)"IL,,nH =0
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—d—1

where |, = s 14. We compute

def g4—

z = sTN([(pa,m), (pamp)])
= 410 ([pur, pra), Ly 7y — (—1)“‘1“’75@”277’1) (2.33)
= ST (=) (L — (=)L, )

where we have used (2.29) and the fact that |n}| = |2l
We now consider the boundary element (b + uB)I,,n5. By (2.9), we have

(b + UB)I/H??; - (71)|M1‘+111L1 (b + UB)Ué + Id#lné = ULIL17II2
Taking into account (2.32) this becomes

(b + uB) I, 15 = (=)= 1, (b + uB)nfy + uLy, )
= (_1)\#1|—1+\#2|[M1Lu2n6 + uLmné

and similarly
(b+uB)I,,n) = (_1)Wz‘_l—i_‘“llImLmn() +uLy,n

We now subtract both boundaries with appropriate sign from (2.33) to

obtain the following homologous cocycle

= (_1)““‘H“Ql_lsd—‘_l(l[m,m]n(/) - ImLuzntl) + (_1)|H1||HZ|IM2LM177(/))

(2.34)
= <_1)|M1‘+‘M2|_18d+1(1[#1,#2] - ImLuz + (_1)‘,“““2‘]/12‘[’#1 )776
By lemma 2.2.15 and (2.32):

1

H2

Il

[L/h’ } - (_1>W1‘I[H1»#2] 0

Thus

1%

(=D Ly Ly = (=)l g L,
= ()T Ty = ()00 )
= (*l)lm‘LmIM - (*1)|H1HM2|I;A2L;L1

I[#17H2]
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Substituting this in (2.34) we obtain
r= (_1)““|+|u2‘_15d+1((‘DWI‘LMIM% — Ly Ly o)
Next we observe, using (2.9)

[b+ uB, [MIIM_(_1)(\/“|+1)(|uz|+1)]M2Um]
= [b + U’Bu Iltl]'[ll«z + (_1)‘/“‘4_1]#1 [b + UBa I,uz} - (_1)(|M1‘+1)(|M2‘+1)[b + UBv II»L2U,U«1]
= U(L#1IM2 + (_1)|M1‘+IIM1L#2 - (_1)(““|+1)(|M2|+1)Lu2Uu1)

(2.35)
and also using (2.3):
L1, — (_1)(|u1|+1)(|M2|+1)]H2UHl mod u = i, 4, — (_1)(%|+1)(\#z|+1)iﬂ2uﬂl

=0

In other words I,,, I,,, —(—1)(I#FDUkl+D 1 s divisible by u and we obtain

from (2.35)
L#ll,ufz + (*1)W1|+11u1L#2 = (*1)(““|+1)(|M2|+1)L#2Uu1

Substituting this back in (2.35) we find

T2 (— 1)|u1\ |pa]+1) d+1Lu Ol

= (—1)lmllrl D gdt1BG o m(h) (by lemma 2.7.3)
2 (—1) 2 s By () (by §2.2.1)

>~ (— 1)|uz\+1( )(\u1|+|u2\+1)(d+1)5 iU (70)

and hence by (2.30)
z = (—1)leit (1) e DEDB G, (7o) - iy, (770))
To compute the righthand side of (2.31) we note

w7 W (1)) = (s () g+ ) (by (2.29))
— (,1)\m\*l(,1)(|Mz‘\+1)(d+1)lm7r(no)
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so that

(91 (g, mp), % T (g, )] = (=) 9B (s 10 (g, ) - 5910 (g, )
— (fl)\m|+d+|m|+\uzl<f1)(|u1\+\M2I)(d+1)|3(im7r(770) i, (00))

= (el (1)Ul DERDB (G, (7)) - 4,7 (70))

finishing the proof. O

2.8 Obstructions

Recall from §2.5 that there is a natural obstruction theory O(g®) for deforma-
tion functors MC(g®) of Maurer-Cartan type. The obstruction space is given
as the linear span in H?(g®) of all cohomology classes o(z) = di + 1[%, 2] of
lifts # € g' ®n of # € MC(g® ®m) for all morphisms (S,n) — (R, m) with one-
dimensional kernel. Clearly o(x) and hence O(g®) is functorial under DG-Lie

algebra morphisms.

The periodic cyclic complex CCL*"(A) of a k-algebra A is obtained by inverting
the element u in CC, (A). Its homology will be denoted by HCE* (A). The

following is the main result of this section.

Theorem 2.8.1. Let (A,7) be a d-Calabi-Yau algebra. Then the composition
. o e Thm 2.7.1 ver
O(®*(A,n) — H*(D*(A,n)) = HC _3(4) — HCGZ5(A)

1S zero.

The main ingredient in the proof is a result by Tsygan and Daletskii (see
[DT99]) which extends the Lie derivative action of €*(A) on CC, (A) to an L,
action of a complex (€*(A)[u,¢€]) on CC, (A). For the benefit of the reader,
we collect all the required notions on the language of L..-algebras, -modules

and -morphisms in the section below:
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2.8.1 a Reminder on L, -Algebras

Let g* be a graded k-vector space. An L. -structure on g°® is most elegantly
defined as a square zero, degree one coderivation () on the symmetric coalgebra
S¢(Xg®). Such an L.-structure is determined by its Taylor coefficients 0"@Q
which are maps

§"(3g*) — Bg*

Convention 2.8.2. Here and in related situations below we always assume

that zeroth order Taylor coefficient are zero.

A DG-Lie algebra can be made into an L.-algebra by putting
0'Q(sg) = —sdg, 9*Q(sg, sh) = (—1)‘g‘s[g,h], and 9"Q =0 for n > 3

A morphism of L..-algebras ¢ : (g*, @) — (h*,Q) is a coalgebra morphism
P S¢(Xg®) — S¢(Xh*) commuting with Q. It is in turn also determined by
its Taylor coefficients

9" S™(Xg®) — Xh°*

If V* is a graded k-vector space then an L.,-g®-module structure on V*° is a
square zero, degree one differential R : S¢(Xg®*)®@V*® — S¢(Xg°®)®@V*® satisfying

(Q ® Idscg ®IdV +Idscg ®R) ] (A ® Idv) = (A ® Idv) o R

as morphisms S¢(Xg®) @ V* — S5°(Xg°) ® S¢(X¢*) ® V* An L-g*-module

structure R on V'* is entirely determined by the maps
RSN (Sg*) @V — V*

If g* is a DG-Lie algebra and V* is a DG-module over it then V* can be made

into an L,,-module over g by putting
O'R(v) = dv, 3*R(sg,v) = g-v and 0"R = 0 for n > 3

Assume that (V*,R), (W*,R) are Lo-h®*-modules. An L., morphism p :
V® — W* is a comodule map p : S°(Xg)@V*® — S°(Xg) @ W*. commuting
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with R. It is determined by its Taylor coefficients
O S"(Eg* )@V — W

The DG Lie algebra ©°(A,n) is constructed by subsequently applying a se-
quence of operations: shifting a DG-Lie module (2.2.17), forming the semi-
direct product between a DG-Lie algebra and module (2.22), twisting a DG
Lie algebra using a Maurer-Cartan element (2.20). Moreover, to extend Kont-
sevich’s Lo,-morphism of DG Lie algebras to an Ls.-morphism of DG-Lie
modules we shall also need to pull such modules back. We shall give a short

account of these operations in the L..-setting

o if V*is an L,-g*-module then so are ¥™V*® for all m using the obvious

sign convention

0" R(sg1, ..., 800, 8™V) = (fl)m("ﬂgl|+"'+‘9"|)8”+1R(591, ey 8Gn, V)

e The L., -structures on g* and XV *®can be combined to make the direct
sum g* @ V* into an Ly,-algebra. We will denote the resulting L..-
algebra by g® x V'*® and call it the semi-direct product of g®. This is an
obvious generalization of the semi-direct product of a DG-Lie algebra
with a DG-module which was used in §2.6.

e Given an L.,-morphism ¢ : g* — h® and an Loo-module V'* over b,
the pullback V2 of V* is defined as follows:

" Ry (891, -+, 8Gn,v) =
Z :l:atJrlR(aml?/}(Sgh PRI Sgiml )7 8m27m1w(sgim1+l’ ey Sgim2 )5

t,1<m1<---<m¢—1<n
s O TTTN(8Gi a5 800)5 V)

where for all j: 4,41 <+ < i, , and the sign is the Koszul sign of the
corresponding shuffle of the (sg;);. By construction we have a canonical
L-morphism

Yy g XV — b x V*
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which restricted to S™(Xg) coincides with ™.

If g°® is equipped with some type of topology, we can consider the set of
Maurer-Cartan element w € g' satisfying the L..-Maurer-Cartan equa-
tion

1 .
;amvxw-gw):o

Remark 2.8.3. One has to assume that one is in a situation where all

occurring series are convergent and standard series manipulations are

allowed. In our application below the series are in fact finite.

We can twist the Loo-structure on g® by defining g° , as the same graded

vector space with

(0'Qu)(n) =) %(3i+j Qw---wy)  (for i > 0)by[Yek06] (2.36)

7>0 ;

We can transport the element w along ¥ by defining a morphism ,, and

the resulting w’ € h' as

0'6)0) = 3 @O )@ wy)  Goriz0)  (230)
Jj=>0 j
o=y %(8jw)(w~-~w) (2.38)

Then [Yek06, 3.19-3.20] shows that w’ again a solution of the Maurer-

Cartan equation on h® and that 1, is an Lo-map g3, — b,.

2.8.2 the Proof of the Obstruction Theorem

The proof is an application of the following beautiful result by Tsygan and
Daletskii [Tsy99, Thm 1] (see also [DT99]).

Theorem 2.8.4. The DG Lie action of €*(A) on CC, (A) can be extended
to a u-linear Loo-action of the DG-Lie algebra (€*(A)[u,€],d + ud/Je), with
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le| =1, €2 = 0 and such that

O'R(7) = dvy
0*R(s0,7) = Loy
?R(s(e0),y) = 1oy

for o € € (A), v € CC, (A) using the notations of §2.2 and the definition of
I, as in in 2.28

Remark 2.8.5. The claim about 0?R(s(ec),v) isn't explicitly mentioned in
the statement of[Tsy99, Thm 1]. It does however easily follow from the proof.

In the rest of this section (A,7n) is a d-Calabi-Yau algebra.

Lemma 2.8.6. There is a commutative diagram of complexes

(€*(4) x T CCL(A)) 0.) (€ (A)[u, €] x X771 CCL(A))(0,)

(2.39)

where

o U was introduced in theorem 2.7.1;

e the horizontal map is a twist (see §2.8.1) of the map obtained from the ob-
vious inclusion of DG-Lie algebras (€*(A),d) — (€*(A)[u, €],d + 9/0¢).

o U’ restricted to €*(A)[u, €] is u-linear and satisfies

V(o) = (—1)17F Lo

Per) 0 (2.40)

for o € €*(A).
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o U restricted to X971 CC, (A) is multiplication by u.

Proof. The commutativity of the diagram is clear. We only have to show that
U’ commutes with the differential. For ¥’ restricted to =91 CC, (A) this is
obvious. As far as the restriction of ¥’ to €*(A)[u, €| is concerned: the only
non-trivial case (given that ¥ already commutes with the differential) is the

evaluation on an element of eg.

Using (2.36) we find for o € €*(A)
d(o.)(e0) = (d(e0), (1)1 I1y)
Given (2.40) we have to show
' (d(,y)(€0) =0
We compute

'(dleo), (=) L)

\Il’(d(o,n/)(ea)) )\

U (—edo + uo, (—1)1711,7")
(

0

Lemma 2.8.7. Consider ¥~ CCE"(A) as an abelian DG-Lie algebra. Then

there exists an Lo,-morphism
A:D*(An) — 7L CCE(A)
such that the following diagram is commutative

H(D*(A,1) — 2 ge(n-4+1 005 (4)

\ \L canonical
H*(A)

HA (571 CCL(4))
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Proof. To simplify the notations put g® = €*(A), V- = %741 CC, (A),
yper = 31-4-1 CC, (A). Thus we get Lo,-morphisms (see §2.8.1)

(g. KV—)(O,n’) — (g'[u, 6} [XV_)(O,U’) — (g. [U, U_l, 6] D(Vper)(o’n/) é (OIXVPEY)(OJ,/)
= yrer 2 y2yver (941)

Here c goes in the wrong direction but it is easy to see that (g®[u,u~"', €], d +
ud/0e) is acyclic. Hence ¢ is an quasi-isomorphism. This means that there is
an L.,-quasi-isomorphism ¢’ which goes in the opposite direction and which
inverts ¢ on the level of cohomology. Taking the composition of everything we

obtain an L.,-morphism
(g. X V_)(O,r,/) — n2yper

which is the desired A.
It remains to show that A and ¥ are compatible on the level of cohomology.
This follows from the following commutative diagram whose upper row is a

compressed version of (2.41) and whose lower row we obtain from (2.39).

>»
[

I12

(g. X V_)(O,U/) - (g.[ua u- ,6] X Vpcr)(O,n’) < yper ﬁ) EQVPCY O

c
\IJ\L l\P'
Xu

22‘/7 Z2vper 1/ per Z2vper

Xu

canonical

Proof of theorem 2.8.1. The theorem follows from lemma 2.8.7 together with
the functoriality of obstruction spaces under L.,-morphisms and the fact that

the obstruction space of an abelian Lie algebra is trivial. O

Corollary 2.8.8. If the map HC, ;(A) — HCY7,(A) is injective then the

deformation theory of A is unobstructed.

This corollary applies for example in the case d < 3 by the following well-

known lemma.
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Lemma 2.8.9. HC, (4) — HCP"(A) is an isomorphism for n < 0.

Proof. There is an exact sequence
HC,,_1(A) — HC_ (A) — HCP*"(4) — HC,,_2(A)

(e.g. [Lod98, Prop. 5.1.5]) where HC4(A) denotes ordinary cyclic homology.
The complex computing ordinary cyclic homology is concentrated in homolog-
ical degrees > 0. Hence HC,,(A) = 0 for n < 0. This finishes the proof. O

2.9 the Case of Calabi-Yau Varieties

In this section we will use formality results from [Dol06, Kon03, Sho03, Tsy99,
Wil08] so we will assume that the ground field k contains R. Let A = O(X)
where X is a smooth affine d-dimensional Calabi-Yau variety over k. Let
TPoY:*(A) = T(X, A\* TX) denote the poly-vector fields on X. The Schouten-
Nijenhuis bracket defines a Lie algebra structure on TP°Y-*(A). We will im-
plicitly assume that TP°Y:*(A) is shifted so that the bracket has degree 0,
in which case TP°Y:*(A) becomes a graded Lie algebra. In 1997 Kontsevich

proved the following famous theorem

Theorem 2.9.1 ([Kon03], see also [CFT02, Yek05] ). (Kontsevich Formality)

There is an Loo-isomorphism’
8 (TPOY2(A),0) — (€°(4),d)

We let ©2°(A) be the differential forms on X (not shifted) and fix a volume
form n € Q4(A). The Hochschild-Kostant-Rosenberg theorem furnishes an
isomorphism

HKR. : Q4(A) — HHy(A)

It follows that 7 defines an element in HH;4(A) and hence by Proposition 2.3.5,

we obtain a cycle in CC} (A) which we will still write as 1 by abuse of notation.

"The reader will find a brief overview of the language of Loo algebras in the next section
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By [Gin, ex. 3.2.1], the fact that n is a volume form implies that (A,7n) is a
Calabi-Yau algebra in the sense of 2.3.7. Let

div : TPOIY”(A) N Tp°1y>‘*1(A)

be the divergence operator corresponding to 7 characterized via the following
identity

dar(yNn) =divy N
where N denotes the classical contraction and dyr is the de Rham differen-
tial. It immediately follows that div? = 0. Moreover div acts as a deriva-
tion with respect to the Schouten-Nijenhuis bracket, defining a dg Lie algebra
(TPe¥+*(A), —div). Finally, the Tian-Todorov lemma states that

[y1l+1

(D" 1, 72] = div(ayz) = div(y)ye = (1)1 diviye

implying that (7P°Y:* —div,A) is a BV algebra (see [Sch06, theorem 2.3] for

a complete proof).
Theorem 2.9.2. There exists an Lo -quasi-isomorphism
(TP (A)|[u]], —udiv) = D*(A,n)

yielding a commutative square in the homotopy category of DG-Lie algebras

which extends Kontsevich’s formality Lo -quasi-isomorphism?2.9.1 in the fol-

lowing way:
(TPoY-*(A)[[u]], —udiv) ——=D*(A,n) (2.42)
u»—)O\L i(b
Tpoly,o(A) m ce (A)

2.9.1 Applying Formality to ©(A,n)

Recall that the operation L endows the normalized negative cyclic complex
CC, (A) with the structure of a DG Lie-module over €*(A4). Using Kontse-
vich’s Loo-morphism $ (2.9.1 ) we can pull this structure back (see §2.8.1) and
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consider CC, (A) as a DG Lie module -module over TP°Y:*(A).

In turn it is well known that the complex of differential forms Q°(X) in turns
becomes an Loo,-module over TP°Y:* through the classical Lie derivative. The
main result of [Wil08] (see also [Sho03, Tsy99]) after adding the formal variable

u in degree 2 reads:

Theorem 2.9.3. There is a quasi-isomorphism of Lo, -modules over TPY*(A)
(CC, (A), b+ uB) — (Q*(A)[[u]], ud)
This yields a roof of Ly,-quasi-morphisms of graded DG-Lie algebras
TPOlY:®(4) x 2 —d=1TC, (A)

TPOLY,®(4) x = =d=1Q® (A)[[u] e* () x =—d-1Tes (4)

(2.43)
We in turn obtain a new roof by twisting with (0,7) where ' = s~% "5
(following §2.8.1 ).
(TPOIYs* (4) x 2= d71TC (4)) (1) (2.44)
T(A, ) D*(A, )

where we denote
T2 (A, ) = (TPY*(A) x ™71 (A)[[u]]) 0,n)

The complexes here are 2-step filtered. The arrows are quasi-isomorphisms
since if we take the associated graded complexes for the 2-step filtrations we
find the same arrows as in (2.43). To simplify T°*(A,n), we make use the of

the divergence operator as mentioned in the introduction:

div : T*POY (A) — T*~1Polv(4)
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which satisfies the following identity

d(ynn) =divynny

We conclude immediately
div’ =0

theorem 2.9.2 reduces to showing

Proposition 2.9.4. There is an Ly-isomorphism of DG-Lie algebras
5 (TPY*(A)[[u]], —udiv) — T*(A,n)

The proof of this statement implicitly combines two L.,-quasi-isomorphism

which are rather technical technical in nature:
e there exists an L,-isomorphism
(TP *(A)[[u]], —udiv) — (TPY*(A) x a, —udiv) (2.45)

where a is the abelian graded Lie algebra on the vector space uTP°%-*(A)[[u]]

with action of TP°Y:*(A) on a given by

yxa=[y,a + (-1 divyUa

e there is an isomorphism of DG Lie algebras

82 (TPOY*(A) x a, —udiv) —F*(A,n) (2.46)
(v,a) = (v, (=D any)

BV-Algebras and the Proof of the L.-isomorphism (2.45)

Recall that a DG-BV-algebra is a quadruple (g®,d, A,U) where (g°,d) is a
complex, U is a commutative, associative product of degree® 1 on g® compati-
ble with d and A is a differential of degree —1.

8 As always our grading conventions are such that Lie brackets have degree zero.
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(g%,d,[—,—]) is a DG-Lie algebra when endowed with the bracket [—, —] de-
fined by:

[9:h] = (=11 (A(gUR) = AgUh — (=1)*g U An)
In this case U and [—, —] are related by the Leibniz rule:
9,71 U o] = [g, ha] U hy + (=1)1910M DRy U [g, by

Tt is shown in [KKPO08, Ter08] that if g* is a DG-BV-algebra then (g®((u)),d+
uA) is homotopy abelian. The same proof goes over without change to the
case where for ug®[[u]],d + uA) but not for (g*[[u]], d + uA).

Our aim in this section is to make (g®*[[u]], d + uA) as “commutative as possi-
ble” (see proposition 2.9.8 below) by making at least its sub-DG-Lie algebra
(ug®[[u]], d+uA) abelian. This is not completely straightforward since in order
to do this we have to twist the action of g® on ug®[[u]].

The fact that (g*((w)), d+uA) and (ug®[[u]], d+uA) are homotopy abelian
is in fact a special case of a general result in [STO08]. For the benefit of the
reader we will give a complete proof of this result below. Afterwards we will
reuse the proof to treat the DG-BV-algebra (g°[[u]], d + uA). It is convenient
to use the following (ad hoc) definition.

Definition 2.9.5. A BV _ algebra is a DG-Lie algebra g*® equipped with a
commutative, associative product U of degree —1, compatible with d, such
that

lg,h] = (=D (d(gUh) —dg Uh — (=1)19F (g U dh) (2.47)

and
[g,h1 U hg] = [g, h1] U hg + (=1)1910m DR G (g, hy] (2.48)

Lemma 2.9.6. [ST08] Let g* be a BV _-algebra and let a® be the same as g°
but with the Lie bracket set to zero. Then there is a Lo,-morphism i : g* —
a® such 0% is the identity. In other words g® is homotopy abelian.
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Example 2.9.7. Let (g°,d,A,U) be a DG-BV-algebra. Then (ug®[[u]],d +
ul\, [—, —],u=t(— U =)) is a BV_-algebra and hence by the previous lemma
(ug®[[u]], d+ul) is homotopy abelian. The same reasoning applies to (g°((u)), d+
ul).

Proof of lemma 2.9.6. Put V* = ¥g®. The coderivation ) on S°V* corre-
sponding to the DG-Lie structure is given by (see §2.8.1

NQ:V* —V*:sg— —sdyg
9%Q : 82V — V* : (sg,sh) — (—1)19ls[g, h]
and all other 0"(Q are zero.
For simplicity of notation we put
591892+ 5gn = s(g1 U -+ Ugn)
From (2.47)(2.48) we obtain:

8162(111 Vg - - 'Un) _ ZEialQ(w)vl R T
' (2.49)
+Z 6i7ja2Q(Ui,’l}j)’U1 e ’lA)l s Oj e Up
1<j
where the signs are determined by

vl'UQ"'UTL:eivi'vll"ﬁi“'vn

:Gi,jvi'vj'Ul"'vi"'vj"'vn

Consider 9'Q as a coderivation of S¢V*® and let 1 : S°V*® — S°V*® be the

coalgebra automorphism determined by
O"Y(v1,...,0p) =01 V2 Uy

Then (2.49) becomes
'Qoy=voQ
which finishes the proof. O
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Proposition 2.9.8. Let (g°,d, A,U) be a DG-BV-algebra. Let a® be the graded

vector space ug®[[u]]. The following operation
hxa=[h,a] + (-1)"TA(h)Ua (2.50)

for h € g°, a € a® makes a® into a graded g°®-representation. Furthermore
d 4+ uA defines a derivation on the Lie algebra g® x a® and finally there is an
Lo -isomorphism

o :g*[[u]] — (g° x a®,d + uA)
such that 0'¢ is the identity.

Proof. In the proof below we identify the underlying vector spaces of g*[[u]] and
g° X a in the obvious way. The fact that (2.50) defines indeed a representation
as well as compatibility with differentials is an easy direct verification: Now
put V¢ = Xa®, W* = 3g*. Let Q be the coderivation on S¢(W* @ V*)
corresponding to g®[[u]]. We observe that 9'Q|W* = 9'Q; + 9*Q2 where
0'Q, = —d and 0'Q2 = —uA. Let Q' be the coderivation on S¢(W* @& V*)
corresponding to (g® x a®,d + uA). We have §'Q" = 9'Q. Furthermore
0?Q (w1, ws) = 0*Q(wy, wo) for wy,wy € W*

92Q’ (v1,v2) =0 for vi,v9 € V*
and for h € g*, a € a®

9%Q’ (sh,sa) = (—=1)"s(h % a)
= (=1)"Ms[h,a] — s(AR U a)
= 0?Q(sh,sa) + 0'Qaz(sh) - sa

where as above z -y = u~!(z Uy). In other words
2*°Q' (w,v) = ?*Q(w,v) + *'Qa(w) - v forwe W veV®  (2.51)

We now construct the desired Lo,-morphism. By definition 0"t = Id for
n=1 Forn>11>1 wy,...,w; € W* vq,...,v; € V* we put

3"¢(w1,...,wi,v1,...,vj) =0
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and
0" Y(v1,...,v5) =v1-va--- Uy
We now verify
PpoQ=Q oy
We must evaluate both sides on SW*® @ S7V*®. If i = 0 then the desired
equality follows from the proof of lemma 2.9.6. If i > 2 then both sides are
zero so this case is trivial as well. If ¢ = 2 then both sides are zero unless j = 0
in which case we reduce to 92Q|S*W* = 92Q'|S2W*.
We concentrate on the case i = 1. We find

(Q o) (wr,v1,...,v5) = O*Q (wi,v1 - va -+ vy)

and
(on)(wl,vl,...,vj) = ang(wl) U1 "'Uj —|—Zi62Q(w1,1}l) . 1}1'“1:7"'?]]'
l

= 81Q2(w1) vy v+ 82Q(w1,v1 “vg -+ - v;)

We conclude by (2.51). O
The above lemma allows us to yield a proof of 2.45.
Lemma 2.9.9. there exists an Lo,-isomorphism
(TP (A)[[u]], —udiv) — (TP°Y*(A) x a, —udiv)

where a is the abelian graded Lie algebra on the vector space uTP°Y:*(A)[[u]].
The action of TP°Y-*(A) on a is given by

yxa=[y,a] + (-1)"divyUa
Proof. By [Sch06], we have the following equality

[y1l+1

(=) [y, 42] = div(yiye) — div(m)ye — (—1) y1 divys

implying that (TP°Y:*(A), —div,U) is a BV-algebra. The result is now an
immediate application of 2.9.8 O
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The second required isomorphism can be computed directly:
Lemma 2.9.10. The morphism from 2.46
8 (TP *(A) x a, —udiv) — T*(A,n)
is an isomorphism of DG-Lie algebras.
Proof. First we show that
8o — 2T (A)[[u]] s a— (—D)u e n )

is compatible with the action of TP°Y:*(A). We compute for v € TP°Y-*(A)

and a € a.

o' (yxa) = &' ([y,a] + (=1)" divy U a)
DIl [y, 0] + (=) divy ua) Ny
1 |7|+|“|u*1((—1)|7|div(fyUa)

5

=(-1)

=(-1)

— (-1 div(y) Ua +yUdiv(a) + (-1)" div(y) Ua) N7/
(1)

= (-1

L

1 I'y|+|a|u—1((_1)|'y| div(yUa) +yUdiva) N n
1)PHlely =1 (—1)Pld(y N (an ) + v Ndann’))
+(6"(a))

Now we check compatibility with the differential of 4’ on an element a € a.

§'(—udiva) = —(=1)l*F divany’
— (-)ld(any)
d(¢'(a))

Finally we check compatibility with the differential of &’ on v € TP°Y-*(A).

§'(—udivy) = —(=D)* divy Ny
= (=pPld(y )
= (_1)MLa77/

[(0,7), (v,0)] O
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We finally have all the required tools to prove theorem 2.9.2:

Proof of theorem 2.9.2. Tt suffices to combine diagram (2.44) with proposition
2.9.4, taking into account that an L..-quasi-isomorphism yields an isomor-

phism in the homotopy category of DG-Lie algebras. O
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Chapter 3

Numerical Classification of

Exceptional Sequences in
Rank 4

3.1 Introduction and Statement of Results

We discussed in §0.2 how one can construct a 3-Calabi-Yau algebra starting
from an exceptional sequence on a Del Pezzo surface X. From the point of
view of noncommutative geometry, it is natural to try and impose conditions
on a triangulated category which reflect the geometry of a Del Pezzo surface in
order to produce new Calabi-Yau algebras using exceptional sequences in the
same way. This chapter can be seen as a first step towards this goal in which
we investigate the Grothendieck groups of such categories in the presence of
exceptional sequences.

The set of exceptional sequences in a given triangulated category has very rich
structure. It was proven in [GKO04] that the braid group B, acts on these

sequences through an operation called mutation. In [KO95], Kuleshov and
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Orlov investigated the mutation action in the case where 7 = 2°(X). They
showed in particular that this category indeed has a full, strong exceptional
sequence and that the mutation action is transitive on 2°(X).

The Grothendieck group K of T is equipped with an Euler form defined
through the formula (X,Y) %ef > (1) dimg Hom(X, Y[i]). The classes in
a full exceptional sequence E in 7 define an ordered basis E of K for which
the Gram matrix M is upper triangular with ones on the diagonal. We call
such an ordered basis again exceptional and a matrix of this form exceptional
as well. There is an obvious way to define a braid group action on exceptional
bases of free abelian groups with a unimodular form (which we call a "lattice’)
as in §3.4.3 and on exceptional matrices (see §3.4.4) in general in such a way
that the maps

T—K(T)—SL,(Z):E—~E—M

are B,-equivariant.

We will also consider the closely related notion of helix mutation. In this case
the cylindrical braid group C'B,, acts on the set of helices. This action extends
the action of B,, on exceptional sequences described above in the appropriate
sense (see 3.4.9). We can similarly define helices in the general context of lat-
tices, define a cylindrical braid group action on them and show that the action
on helices is compatible with the action on exceptional bases in a similar way
(see 3.4.14). In the setting of exceptional matrices, one can define two obvious
cylindrical braid group actions however. We shall show that the orbits under
both actions actually coincide (3.4.23). This will prove to be a useful technical

tool when making explicit computations.

In this chapter we propose that the results of Kuleshov-Orlov on the beauti-
ful properties of exceptional sequences in 2°(X) described above should be
a consequence of some extra structure present in this triangulated category.
This extra structure comes from the Serre functor S which translates into a
unique automorphism s on the Grothendieck group K(X) for which the for-
mula (v, sw) = (w,v) holds. If we let s act on the numerical Grothendieck
group K(X)pum = K(X)/rad (—, =), the fact that X is smooth and projective
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implies two fundamental properties, the second of which is new to the best of

our knowledge:

Theorem E (see 3.3.7 ). Let X be a smooth projective surface over C. Then

the Serre automorphism s on K(X)pum satisfies the following conditions:
e (s—1)3=0
o rk(s—1)<2

We consider more generally the setting of a lattice K (as mentioned, to us
this means a finitely generated free abelian group with a unimodular bilinear
form) and impose axioms on K based on the above theorem !. We refer to this
as a lattice of smooth projective surface* ("SPS*’) type. There is a canonical
2-step filtration F'K on K which generalizes the codimension filtration. We
call F2K and F'K/F? respectively the rank group and the numerical Picard
group. The form (—, —) restricts to a symmetric non-degenerate form (—, —)
on the numerical Picard group (after tensoring with Q), which we call the
negative intersection form. Using this filtration, it is possible to define many
other notions such as rank, degree, canonical class, in this more general context
of an SPS* lattice. All these notions coincide with the usual geometric ones
in the case where K = K(X)pum is the numerical Grothendieck group of X
(see 3.3.26,3.3.11). Moreover in §3.3.1, we exhibit a formula reminiscent of
the Riemann-Roch theorem. In view of our wish to reinterpret the Kuleshov-
Orlov theory valid for Del Pezzo surfaces in the more general setting of lattices,
our focus will lie on lattices of SPS type for which the self-intersection of the

canonical class is negative, which we aptly call of Del Pezzo surface "DPS*’)
type 2.

Using these geometric notions in our new more general context allows us to

IMore precisely, we impose the additional conditions that {,) is nondegenerate and that

(s — 1) # 0, which are natural in the presence of an exceptional basis
2The reader may note the sign difference from the usual definition coming from the fact

that our notion of intersection form differs from the classical one by a sign
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classify lattices of SPS type with an exceptional basis in rank 3. More precisely,
for such a lattice K, following [BP94], we note that the unipotency of the
Serre automorphism gives a restraint on the nontrivial coefficients of the Gram

matrix in the form of the Markov equation
a2+ 0%+ = abe

Markov’s theorem [Mar79] concerning this equation now proves that one can
mutate the exceptional basis so that the resulting coefficients are given by the
standard solution (3,6, 3). This yields the result that K is isomorphic to the
Grothendieck group of P2.

We use this result and the technique of its proof to exhibit a classification of
lattices of DPS* type with a rank 4 exceptional basis (e1, e2, €3, €4). The unipo-
tency of the Serre automorphism in this case yields a system of 2 Diophantine

equations
a? + b2+ +d?2+e?+ f2 —bad — edf — ace — bef + abdf =0
af +bd=ce

whose solutions contrarily to the rank 3 case cannot be described in a straight-
forward manner analogous to Markov’s approach. The key to analyzing this

situation is to consider two simpler cases.

e if the element e; has an element of rank 0, it is not to difficult to show that
(ea, €3,€4) is in turn a sublattice of rank 3 which is again of SPS type. By

the previous result, we can perform a mutation so that (d, e, f) = (3,6, 3)

e If the exceptional basis satisfies (e, e3) = 0, then the Markov equation in
rank 4, together with this extra condition is equivalent to the following

generalization of the Markov equation

ka® + kb + ¢ = kabe

Our main reduction result using the tools provided by the different (cylindrical)

braid action developed above is that one can always mutate so that either of
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these additional constraints are satisfied. This allows us to prove the following

classification result:

Theorem F. Let K be a lattice of DPS* type with an exceptional basis of
length 4. Then K is isomorphic to one of four lattices for which the Gram

matriz has a basis of one of 4 respective nonisomorphic forms

1 0 0 O 1 2 2 4 1 2 3 5 1 21 5
01 3 6 01 0 2 01 1 3 01 0 4
) ) and
001 3 0 01 2 0 01 2 0 0 1 2
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

The first type is a trivial extension the Grothendieck group of P? to a rank
4 lattice. The next two matrices correspond to the Grothendieck groups of the
surfaces P! x P! and FF; respectively. The last type however doesn’t correspond
to the Grothendieck group of a Del Pezzo surface (see 3.5.18), and we shall
dedicate the last chapter of this thesis to the construction of a noncommutative

geometric model for this lattice

3.2 Geometric Conditions on Grothendieck Groups

Let X be a smooth projective variety of dimension d and let § %' (—)®xwx|d]

denote the Serre functor on 2°(X). Then s induces an automorphism s on
the Grothendieck group K(X). The following is well known:

Theorem 3.2.1. s satisfies ((—s)? — 1)4+1 =0 on K(X).
Proof. see [Dol08, 3.3.8] O

It is a trivial observation that s remains a well-defined automorphism on
the numerical Grothendieck group K(X)pum = K(X)/rad((—,—) If X is a
surface, the rank of (s — 1) on K (X )num can be bounded by 2 by using Chern
classes. Although the proof of this result is quite elementary, this result seems

to be new to the best of our knowledge.
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Lemma 3.2.2. tk(s — 1) <2 on K(X)pum

Proof. As mentioned above, we shall use the Chern character (we refer for

example to [Kar77] for the basic properties we use below):
ch: K(X) — H""(X,Q)

Define the homological Grothendieck group by the quotient

K(X)hom ' K (X)/ ker(ch).

We first show that the identity induces a well defined morphism 7 : K (X )hom —> K(X)num.
to this end, let £ be a vector bundle on X. Since ¢;(£Y) = (—1)¢;(£), the split-

ting principle implies that ch(EY) = 7(ch(£)) where 7 € Aut(H®*"(X,Q)) is

defined through the rule

T(vg) € (—1)(vas)

This, together with the Hirzebruch-Riemann-Roch theorem, yields:

(E,F) =x(E¥Y @ F)
= (ch(&Y @ F)Todd(X))top
= ((7(ch(&))ch(F)Todd(X))top

where Todd(X) denotes the Todd genus of X. This in particular implies that
ker(ch) C rad(,), proving the well-definedness of the morphism 7. The sur-
jectivity of m which shows that we may prove that rk(s — 1) < 2 on K(X)nom
instead. Moreover, since ch is an injective morphism on K (X))nom, the claim
finally to reduces to rk(ch(s — 1)) <2 on H*"(X, Q). We compute:

ch(s — 1)€ = ch(€ @ wx[2]) — ch(€)
= ch(&)ch(wx) — ch(€)

c1(w)
2

= ch(&)(c1(wx) +

)
:=ch(s —1)ch(€)
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This action is given by multiplication by an element of degree > 2 and
ch(s — 1)(H™*"(X,Q)) = ch(s — 1)(H’(X,Q)) & ch(s — 1)(H*(X,Q) & H*(X, Q))
C ch(s — 1)(H°(X,Q) & H'(X,Q))

Now H’(X,Q) = I'(X,Q) = Q and H*(X,Q) = Q since X is an orientable

complex surface. Hence rkch(s — 1) < 2 and the claim is proven. O

Throughout, we shall make use of the following ’folklore’ theorem which
relates the intersection form on the Picard group to the Euler form on the

Grothendieck group
Lemma 3.2.3. Let X be a smooth complex projective surface

1. For smooth curves C and C' intersecting transversely and line bundles

U and V on C and C' respectively, we have

C-C'=—U,V)

2. For line bundles L and L' on X, we have
L-L'=—(L-0x,L —0Ox)

where the first product is the standard intersection pairing on the Picard

group of a smooth surface.

Proof. We proceed to prove the first claim:
U, V) = dime (Homy (U, V)) — dimg (Extk (U, V)) + dime (Ext (U, V))
We analyze each term separately. We have
Homx (U,V) =T (X, Homx (U, V)).

Now, at a point P € X, we have Homx(U,V)p = Homo, ,(Up,Vp) since
both sheaves are coherent. If P ¢ C' N C’ this module is clearly 0. In the

other situation, we can argue locally: let A o x,p be a regular local ring
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with maximal ideal m. Then Up = A/(f) and Vp = A/(g) for some distinct
prime ideals (f) and (g) such that (f,g) = m. It is now an easy fact left to
the reader that there are no nonzero A-linear morphisms A/(f) — A/(g). It
follows that in this case we also obtain Homo, ,(Up,Vp) = 0, implying that
Homx (U,V) =0 and in particular Homx (U, V) =0

Next, by Serre duality Ext3 (i4,V) = Homx (V,U @ wx) = 0 by an application

of the previous argument as U ® wx is again a line bundle.
Finally, to compute Extﬁ( (U, V), we use the local to global spectral sequence
HP (X, Ext% (U, V)) = Exti (U, V) (3.1)

We have already shown that H? (X, Ext?(U,V)) for ¢ = 0. Moreover, the Ext-
sheaves have no higher cohomology: indeed, we can write Ext% (U, V) = i, F
where i : C N C’ — X is the canonical embedding and F is some quasi-

coherent sheaf on C'N C’. The Leray spectral sequence
H?(X,R%,F) = HPTI(CNC',F)

collapses since 4 is an affine morphism to yield

HP (X, Ext (U, V)) = HP(X,i, F) = HP(C N C", F)

This latter group is clearly zero for p > 0 as C' N C’ is a finite set of points.
Thus, HP (X, Ext?(U, V)) is nonzero only for ¢ = (1,2) and p = 0. This implies

that the local-to-global spectral sequence (3.1) degenerates to the equation
HO(X, Exth (U, V)) = Extk (U, V)
again we obtain

[(X,Exth (U, V)) = Bpecne (Extk (U, V))p
= ®peconc Bxto, , (Up, V)

Which is supported on solely on point of intersection. For each point, as above

dimo, . (Extx (Up, Vp)) = dime Ext}y (4/(f), A/(9)) = 1
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Hence we obtain that dime(Ext (U, Vx)) = C - C’ and — (U, V) = C - C" as
required.

To show the second claim, we let £ and £’ be line bundles on X this time. By

a standard Bertini type argument (see e.g. the proof of [Har97, lemma V.1.3])
we may assume that

L=0x(D-E)
L =0x(D - E)

where D, E, D', E' are smooth curves intersecting each other pairwise transver-
sally. In K(X), we have

L—0Ox=0x(D-E)-Ox
= Ox(D) ®x (Ox(—E) — Ox(—D))
= 0x(D) ®x ((Ox — Ox(—D)) — (Ox — Ox(—E)))
=0p(D) - Op(D)

and similarly
L' —Ox =0p/(D)— Op:(D").
Hence
(L —Ox, L'~ Ox) =(0p(D),0p/(D')) = (Op(D),0p(D"))
—(Ogp(D),0p/ (D)) + (Op(D), Op/(D")). (3.2)

On the other hand, by the definition of the intersection pairing on Pic(X), we
have

L-L' =0x(D-E)-Ox(D'—E)=D-D'-D-E' —E-D'+E-E' (3.3)

The result now follows by comparing 3.2 and 3.3 and applying the first

claim.

O
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3.3 Lattices of SPS* Type

In this section, we use the conditions inferred in the previous section as inspi-
ration for a set of axioms on a finitely generated free abelian group K with a
nondegenerate bilinear form (—, —) (henceforth known as a ’lattice’). These
axioms allow us to define a codimension filtration, which in turn gives rise to
rank and degree functions as well as a numerical Picard group endowed with
a negative intersection form. We conclude the section by showing that all
notions coincide with the known ones in the case where K is the numerical
Grothendieck group of a smooth projective surface satisfying a certain extra

condition 2.

Convention 3.3.1. We shall assume additionally that the form {(—,—) is
unimodular. This is always trivially satisfied for the numerical Grothendieck
groups of surfaces with an exceptional sequence, which is precisely what we aim

to generalize.

The map s used in the previous section can be abstractly described as

follows:

Definition 3.3.2. A right Serre automorphism is a map s € Aut(K) such that
(v, sw) = {(w,v),Yv,w € K. A left Serre automorphism is a map t € Aut(K)
such that (tv, w) = (w,v)

We summarize the basic properties of Serre automorphisms in the following

lemma:
Lemma 3.3.3. We have the following facts:
e K has a unique right Serre automorphism s

e s is an orthogonal linear map

3We ask the reader to be careful with this statement, as some notions only coincide after

tensoring with Q or up to a sign (see 3.3.18)
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o s is the right Serre automorphism if and only if s~ is the left Serre

automorphism

Proof. Let M be the Gram matrix of the form with respect to some chosen

basis with associated coordinate map co : K — Z" such that

(v, w) =" co(v).M.co(w)

Then S & M1 M* is a matrix with integral coefficients by 3.3.1 which defines

an automorphism s on K which clearly satisfies the required property. This s
is unique by the nondegeneracy of the form
It is orthogonal as (sv, sw) = (w, sv) = (v,w). Finally (s~'v,w) = (v, sw) =
{(w,v), which shows that s~ is a left Serre automorphism, the other implication
follows by symmetry

O

The previous section motivates the following definition:

Definition 3.3.4. Let K be a finitely generated free abelian group with uni-
modular form (—, —) and Serre automorphism s. We say that K is of smooth

projective surface (SPS) type if
e s is unipotent.
e tk(s—1) <2

Throughout, the following condition will be crucial to our various construc-

tions
() (s—1)?#0

We will say that K is of SPS* type if it is of SPS type and satisfies the

above condition (x)

Remark 3.3.5. The casiest ezample of a situation where (*) is not satisfied
is a Calabi-Yau surface X. Indeed, In this case the Serre functor is given by
shifting by 2, and hence (s —1) =0 on K(X)
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Remark 3.3.6. Note that if K is of SPS* type, we have rk(s — 1) = 2, as
otherwise 1 = tk(s — 1) = rk(s — 1)2, contradicting the fact that (s — 1) is

nilpotent
The results of the previous section can be summarized as:

Theorem 3.3.7. Let X be a smooth projective surface over C, then K(X)num
s of SPS type.

Proof. Tt is well known that K(X)yum is torsion free and hence free. More-
over, the chern character shows that K (X )nom = K(X)/ker(ch) injects into
H®*"(X,C) and hence is finitely generated and finally the proof of 3.2.2 shows
that K (X )pum is also finitely generated.

Lemma 3.2.1 shows that (s — 1) is unipotent on K (X )pum showing the first

condition. The second condition is 3.2.2. O

Convention 3.3.8. We shall sometimes use dimension arguments. To this
end, we let V = K ®z Q. We denote the induced bilinear form and the asso-

ciated Serre automorphism s ® 1 again by (—, —) and s respectively.

As we shall be concerned mostly with lattices of rank at most 4, the fol-
lowing lemma, which tells us that the second condition in 3.3.4 is void in those

cases, will be very handy.

Lemma 3.3.9. Assume K has rank < 4. If s is unipotent satisfying (*) then
K is of SPS* type.

Proof. We need to show that rk(s—1) < 2. We argue with V instead following
3.3.8.

Since we have

{v,w} € (w,v) — (v,0) = (v, (s — L)w)

it follows immediately that the radical of the antisymmetrisation {—, —} of
the form (—, —) is the space ker(s — 1).

Hence V/ ker(s—1) 2 im(s—1) is endowed with a nondegenerate antisymmetric

Page 113



SECTION 3.3.3

form and must be even dimensional in particular. As (s — 1) is nilpotent, it
cannot be surjective and hence rk(s — 1) # 4. Furthermore, since (s —1)% # 0,
we have rk(s — 1) # 0. It follows that rk(s — 1) = 2 as required. O

Lemma 3.3.10. Assume K is of SPS* type. There exists a filtration on K

FBK)Y0c PPk c F'K c FY(K) Y K

such that
e (s—)FIKCFHPKifi#land (s—1)FIK®Q=F’K®Q
o FO(K)/F'K 2 F?’K 27

Proof. Let F'K “ ker(s — 1) and F2K “ im(s — 1)2.

As (s — 1) is nilpotent, rk(s — 1)® > rk(s — 1)/ whenever i < j. Hence the
hypothesis rk(s — 1) = 2 immediately implies (s — 1)® = 0 and that rk F2K =
k(s —1)2 = 1, proving simultaneously that this indeed defines a filtration and
that the second condition is satisfied.

We go on to show that (s — 1) decreases the filtration.

The three inclusions (s—1)(K) C F1K, (s—1)F?K C 0 and F?K C (s—1)F'K
are all trivial consequences of (s — 1)3 = 0, hence the only thing to prove is
that the last inclusion is in fact an equality after tensoring with Q. To this
end, following convention 3.3.8, write K ® Q = V and let n = dimg(V). We

must show that
dimg((s — 1)FY(V)) = dimg(F*(V)) =1

The properties deduced above imply that have a well defined Q-linear surjec-

tive morphism

(s—l)|F1(V):Fl(V)/ker(s—l) —— (s—1)FY(V)
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This immediately implies

dimg(F'(V)/(s — 1)) = dimg ker(s — 1)* — dimg (ker(s — 1))
=n — dimg k(s — 1)? — (n — rk(s — 1))
=n—-1-(n—-2)=1
> dimg (s — 1)F (V)
thus, since (s—1)F1 (V) # 0 -as this would imply in particular that (s—1)% = 0-

we obtain the required equality.
O

This filtration has the following, more intrinsic characterization, after ten-

soring over the rationals

Lemma 3.3.11. Let V' be a Q-vector space of dimension n with bilinear form

(—, =) and Serre automorphism s. Let F''V be a filtration
0% FBYV c F?V c F'IV C FOV =V
such that
o (s— )FV C FitY
o dimg F2V =1 = n — dimg F''V
then F coincides with the filtration on V' defined above

Proof. Let I denote the filtration constructed above. As the dimensions of
F'® Q and F’"* coincide, it suffices to show the appropriate inclusions. Since
(s —1)2F"Y (V) = 0, we have F'*(V) C F}(V) and we immediately have (s —
1)2(V) = F%2(V) C F’*(V) in a similar vein. O

Corollary 3.3.12. Let X be a smooth projective surface such that K(X)num
satisfies (*). The codimension filtration coincides with the filtration on the

vector space K(X)pum ®z Q defined above
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Proof. 1t is well known that the codimension filtration of a smooth projective

surface satisfies the requirements of 3.3.11. O

The above result justifies the following definition:

Definition 3.3.13. Let K be of SPS* type. The filtration on K constructed

in 3.3.10 is called the codimension filtration

Convention 3.3.14. From now on, we shall assume additionally for the rest
of this section that K is a lattice of SPS* type for the rest of this section, so

that the existence of the codimension filtration is guaranteed

Definition 3.3.15. We define the numerical Picard group of K as

def

Num(K) = F'K/F?*K

Lemma 3.3.16. Let K be a lattice of SPS* type. Restriction induces a non-
degenerate symmetric form on Numg(K) = Num(K) ® Q.

Proof. Since Q is divisible over Z, it is Z-flat and if we write V = K ® Q
following 3.3.8, we may prove the claim for the group Num(V) instead.

We first show that F2(V) lies in the (right) radical of the restriction of (—, —)
on FL(V). Let v € F1(V) and (s — 1)?(w) € F?(V). Then

(v,(s = 1)?w) = (s7%(s — 1)%v,w) = 0

since (s — 1)%v = 0. The proof is similar for the left radical, showing that the
form is indeed well defined on Num(V).

Conversely, let v € F*(V) such that (v,—) = 0 on F'(V), then in particular
we have (v, (s — 1)w) = 0 for all w € K. Since

((s7'=1)v,w) = (v, (s — Nw)

we have (s7'—1)v = 0 and hence (s—1)(v) = 0. It follows that v € ker(s—1) =
(s —1)ker(s —1)? = (s — 1) F1(V) as both have the same dimension by 3.3.10.
Since (s — 1)F'V = F2V by the first condition of 3.3.10, the form is indeed

nondegenerate and symmetric on Num(V). O
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Definition 3.3.17. The restriction of (—, —) to F1K is called the negative
intersection form and denoted by (—,—). By the above lemma, it induces a
well defined nondegenerate symmetric form on Numg(K') which we also denote
by (_v _)

The name negative intersection form is justified by the following:

Lemma 3.3.18. Let X be a smooth projective surface over C. There is an
isomorphism
@ : Numg(X) — Num (K(X)pum ® Q)

such that ®(V.W) = —o(V).®(W)

Proof. Let F! K (X) denote the classical codimension filtration on the Grothendieck
group of X.

The morphism

®:CHY(X) = F!

CO!

JK(X)/FEK(X): O~ O¢

CO

which sends the class of a curve C' in the 1st Chow group to the class of its
structure sheaf is well known to be an isomorphism. We consider the induced
map after tensoring with Q. Since algebraic equivalence is finer than numerical

equivalence, we obtain an isomorphism
Numg(X) = (Fooq K(X)/Faa K (X))/®(rad(~ - —))) ® Q

By 3.3.12, we can drop the subscript cod and moreover, by 3.2.3, the radical
of the Euler form (—, —) on K(X) coincides with ®(rad(— - —)), yielding an
isomorphism

@ : Numg(X) — Num (K(X)pum ® Q)
The fact that ®(V.W) = —®(V).®(WW) is again an application of 3.2.3 O

Convention 3.3.19. We recall that our running assumption is that K denotes
a lattice of SPS* type following 3.5.14. Using the fact that K/F'K ~ 7 by
3.8.10, we -once and for all- fix an element e € K such that € generates
K/F'K.
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Definition 3.3.20. The element w (s — 1)e is the canonical class of K.

The degree of K is §(K) 2ef (w,w)
Lemma 3.3.21. 6(K) is an integer which is independent of the choice of e.

Proof. §(K) is an integer by construction.
Any other element generating K/F!'K must be of the form e’ ef +(e+7) for

; def

some n € F1K = ker(s — 1)2, if we let ' = (s — 1)€’, then
(@'0') = (w,w) + (w, (s = 1)7) + (s = Dy,w) + (s = Dy, (s = 1))
only the first term in this sum is nonzero since
(s—1)ye (s—1)FYK) c F}K) C rad(—, —)
by 3.3.16, proving the claim. O

- def .
We can use e to express the bilinear form on V = K ®7 Q in a new way:

Lemma 3.3.22. Letv € V\ F1V. There exists unique r, € Q and n, € F1K
such that v = r,(e +n,). Moreover, r, € Z ifv e K

Proof. Let v € K. Since € generates K/F'K, we have v = ne + « for unique
n € Zand v € F'K. Hence v =n(e + 1), and we let n = r,, v = 7,.

The result follows for Kg by extension to the rationals. O

Lemma 3.3.23. The maps d,r : K — Z defined by

0 ifveF'K
1. r(v) = /

r, otherwise.

v,W), ifve F'K
2. d(v) = (0,) d

ro(ny,w) otherwise.

are linear and independent of the choice of e up to a sign
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Proof. Let v,w € K.
r(—) indeed takes values in Z by (3.3.22). To see that d(—) also does, note
that

d(v) = (v,w) — 7y (€, W) (3.4)
which is indeed an integer.

The morphism r is linear as it coincides with the morphism
K —K/F'K =7

the last map being provided by the choice of generator e after convention
3.3.19.
The morphism d is linear as the equation 3.4 is an expression which is linear

in v.

To show that d and r only depend on the sign of e, let ¢/ be another element
such that & generates K/F'K. Then ¢’ = 4 (e ++) with v € F*K. It follows
that 7¢ = +r¢ and n¢ = +(n¢ — ~). This shows that  is independent up to
a sign and d is so since (y,—) =0 on F1K O

Definition 3.3.24. The above maps r and d are called rank and degree re-
spectively.
Convention 3.3.25. Throughout this chapter, we shall freely make use of the

notations n,, r(v) and d(v).

The definitions of rank and degree agree with the usual ones in the case

of Grothendieck groups of smooth projective surfaces satisfying the condition
(*):
Lemma 3.3.26. Let X be a complex smooth projective surface and K =

K(X)num- Then Ox is a generator for K/F'K. Moreover, if we let e = Ox,

then for a coherent sheaf F and a curve C
1. r(F) =rtk(F)

2. Noy ) = 0c(C)
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3. 6(K)=—(w-w)

Proof. Tt is well known that Oy is a generator for K/F'K. We thus write
e = Ox The functions rk and r are both zero on F!' K and satisfy 1 = 1k(Ox) =
r(Ox). It follows that they must coincide.

Next, we have the exact sequence
00— O0x — O0x(C) — Oc(C) —0

This implies that Oc(C) = Ox (C)—0Ox Since O¢(C) € F1K and r(Ox(C)) =
1, we obtain nocy = Oc(C)
Finally, in K(X), we have

(s—1le=(s—1)0x =wx — Ox
The result now follows immediately from the formula
—(wx — Ox,wx — Ox) = wx - wx
which was proven in 3.2.3, (2) O

Convention 3.3.27. If K = K(X)num is the numerical Grothendieck group
of a smooth projective surface X satisfying (*), we shall tacitly assume that

e = Ox so that w indeed coincides with the class of the canonical bundle.

3.3.1 a Riemann-Roch-Type Formula

We conclude this section by using the decomposition 3.3.22 to exhibit a Riemann-
Roch-type formula for the bilinear form in terms of the negative intersection
form 3.3.17 and the rank and degree function 3.3.24.

Theorem 3.3.28. Assume v and w have nonzero ranks.

If v and w satisfy (v,v) = (w,w) =1, then

o) — r(v)r(w) 1 1 B o
(v, w) B (T(U)2 + (w)? + (M = Nws M — Mo ))
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Moreover, if (w,v) =0 then

(v,w) = r(V)r(w) (1w — 10, w) = r(v)d(w) = r(w)d(v)

Proof. This is a simple computation. First we have T‘(}))z = (ny+e,n, +e)
and sy = (1w + €70 + €).
hence
(v, w) =(r(v)(nv +€), r(w)(nw + €))
:r(v)r(w) <77v F Nw — N + €, Mw + 6>

=r(v)r(w) <T(i))2 + (Mo = Ny N + 6>>

and similarly

(o) = 0w =iz + o+ vt =) )

taking the average of both identities, we obtain

(v, w) _’"(”);(w) (T(i)Q + T(;)Q + (Mo = Ty T + €) + (0 + €, 70 — m>)
:r(”);(w) (r(i)Q + T(:U)Q + (Mo — Ty o + € — 81y — se>>
Hence
(v, w) = T(U);(w) (T(i)g + T(;)Q + (1 = Thws N — 870 — w))
r()r(w) [ 1 1

= - (T(U)Q+r(w)2+(77v—77w,77w—m—w)>

where the last line follows from 3.3.16.

Now assume moreover that (w,v) = 0. Then by the previous formula

+(77w—77m77v—77w—w)=0
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Hence
(Do o = o~ ) =~ 4
Mo = Nws Ny — Nw — W) = r(v)2 r(w)2
Thus
rv)rlw
<an> ( )2( )((ntz_nwvnv_nw_w)+(nv_77wa77w_7]1)_w)>
ro)rlw
:% (771) — Nw, _QW)

=r()r(w)(nw — v, w)
= r(v)d(w) — r(w)d(v)

3.4 Mutating Exceptional Sequences, - Bases

and - Matrices

This section contains very little new material, but as references seem scarce

we include this exposition for the purposes of clarity.

3.4.1 Braids, Cylindrical and Signed

We recall the following definitions of (signed) (cylindrical) braids: for n > 1,
the braid group B,, is the free group on {(o;), ,,_,} subject to the relations

e 0,0; = 0j0; whenever |i —j| > 1
® 0;0;410; = 0i;4+10;0i+1 for 1 S ) é n—1

The cylindrical braid group is the free group CB,, on symbols {(0icz,,p}

subject to the relations
® 0;0; = 0jo; whenever ¢ — j and j —1 # 1

® 0,0110; = 044100441 Vi € Zn,
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o poip t =041 Vi€ Ly

Remark 3.4.1. The relations imply that C By, is isomorphic to B, x {(p), the
braid group by the infinite cyclic group

There is a signed version of both groups: the signed braid group ¥XB,, is
generated by ((€); ,,,(0i); ,_;) and subject to the usual braid relations as

described above and the additional relations
° 63 =1 and €¢; = €j¢;
o 05 =o0j¢ if [i—j|#1
e coicip1=o;for1 <i<n-1

Similarly the group of signed cylindrical braids is the group XC B,, with gener-
ators (€xez, , Oicz, , p) subject to the usual cylindrical braid relations described

above and

° ef =1 and €€; = €5¢;

(] 61‘0]‘ :O'jﬁi lflf‘],]fl#l

® €,0,€;41 = 0y otherwise.
Remark 3.4.2. There is a more geometric interpretation of these groups: the
braid group is group of paths between two sets of n collinear points in R3 up to
homotopy and the cylindrical braid group is the same group where the n points
are placed on a circle. To obtain the signed version, we place a sign at the
start of each strand of a braid and compose by multiplying signs along each

strand. In this interpretation, the generators € are realized by the trivial braid

with a (—)-sign above the k-th strand and a (+) sign elsewhere.

These 4 different types of braids come with an automorphism given by

'flipping the braid over’ as follows:
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Lemma 3.4.3. There are involutions

r: B, — B, :0; 0n_;
r:CB,, — OBy, : (0i,p) = (On_irp™t)
r:XB, — XBy, : (€k,0;) — (€n—k+1,0n—i)

T ECBTL — ECBn : (ek; T, P) = (En—k-i-la On—is p_l)

Proof. Clearly all maps have order 2 and hence the only nontrivial part of
the claim is the welldefinedness. It is readily verified that the relations are

compatible in all cases.
O

There are two canonical projections from cylindrical braids to usual braids
which are related through conjugation by r. Visually, one can interpret them

as 'opening up the circle’ and placing them on the line

Lemma 3.4.4. The maps g, np : CB,, — B, given as

7TF(O'Z‘):O'Z‘ if0<i<n

mp(on)=01... Un_lcr;iQ . 01_1

mp(p) =01....0n1

and
(o) =0, if0<i<n

-1

wp(on) =01 .. .U;_IQUn_l .. 01

mp(p) =01 only

are surjective group morphisms satisfying

7TB:T'O7TFO7‘71

Lis trivially verified. We only need to

Proof. The relation 7p = romgor™
show that 7 is a group morphism, which reduces to showing that the image

of the relations in C'B,, are trivial. Only the following three are nontrivial:
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o T (0n-1)TF(0n)TE(0n-1) = Tp(on-1)7p(0n)TF(0n-1)
o mp(o)mr(on)mp(01) = Tp(on)mr(o)Tr(on)
o mr(p)r(0i)(np(p™") = p(0:)
We leave this as an exercise for the reader. O
There is the obvious signed extension of the theorem:

Lemma 3.4.5. The maps np,np : XCB, — XB,, defined as

Tr(ek, 04, p) = (er, mr(03), 7F(p))
and
Tr(ek, 04, p) = (er, 75 (03), T (p))
are surjective group morphisms satisfying

Tg=rompor :

Proof. This is once again a straightforward computation. O

Definition 3.4.6. We call 7y the front and 75 the back projection of (¥£)CB,,
onto (X)B,

Remark 3.4.7. These projections have an intuitive interpretation as follows:
if we consider a cylindrical braid between two sets of points lying on a circle,
we can make a cut in the circles at the back and unbend them to the front
to obtain two sets of n collinear points resulting in a standard braid. This is
precisely the back projection. The front projection is the result of a similar

process where the cut is made at the front

3.4.2 Mutating Exceptional Sequences and Helices

We start by recalling the theory of mutations of exceptional sequences as
developed in [GKO04]. Throughout, 7 will denote an Ext-finite triangulated
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category over k with Serre functor S. Recall that exceptional sequences and
helices were introduced and discussed in 0.2.1 and 0.2.4 in the introductory

chapter

Definition 3.4.8. For an exceptional pair (E, F') of objects in 7, we define

LgF as the cone of the morphism*
Hom’(E,F) ® E — F — LgF (3.5)

and we denote o(E,F) = (LgF, E).

For an exceptional sequence E def (E1,...E,) we define

e fori € 1,...n— 1, the mutation at i by

def
oi(E) = (B, ...,0(Ei, Eip1), .-, En)

e for 1 < k < n the shift at k, by

ex(E1s... Ep,...Ey) 2 (Ey,... Eil],...Ey)

Recall from 0.2.5 that after a choice of order d, an exceptional sequence E
gives rise to a helix of order d, H = $(E) and that conversely, each helix H is
defined by its initial thread E = ¢(H).

We define for i € Z,,

e the translation by
p(H) = (Ei-1)iez

e for i € Z,, the left mutation at i by
oi(H)) = p~" 19 (01 (€(p' ™" (H)))
e for k € Z,, the shift at k by

ex(H) = 9H(er(E(H)))

4Since the pair is exceptional, the cone is unique up to a unique isomorphism in this case,
see [GKO04]
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We denote the set of full exceptional sequences of length n by F,,(T) and
the set of helices of type (n,d) by Hy (7). If n =1k K(X), we drop the index
altogether. To state the main results of mutating exceptional sequences and
helices in triangulated categories, we invoke the notation Sym(X) for the set

of bijections on a set X. By 0.2.5, there is a bijection
Q: Sym(H(n,a)(T)) — Sym(En(T)) : f = €0 fof

Theorem 3.4.9. o The following assignments define group actions on the

set of exceptional sequences and helices respectively

EBn — Sym(En(T)) : (03, &) = (04(—), er(—))
¥CB, — Sym(H(n,d)(T» 2 (00, pser) = (03(=), p(—), €6 (=)

e the above rules induces a commutative diagram of groups

YCB, — =~ Y B,

| |

Proof. see [GK04, 2.4.2 and 2.8.6] O

As mentioned in the introduction, mutations and exceptional sequences are
particularly well-behaved when 7 = 2°(X) is the bounded derived category

of coherent sheaves on a Del Pezzo surface.

theorem (Kuleshov-Orlov). Let X be a Del Pezzo surface and n = rk K(X)
Then

e 2°(X) has a full strong exceptional sequence
e any exceptional sequence of length n is full.
e the braid group acts transitively on the set of exceptional sequences in

(7"(X))
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3.4.3 Mutating Exceptional Bases

By considering the Grothendieck groups of triangulated categories, we obtain
exceptional bases and induced mutation actions. In the present setting, we
consider a free abelian group K with a unimodular bilinear form (—, —) and

)

corresponding Serre automorphism s.

Definition 3.4.10. A vector e € K is exceptional if (e, e) = 1.

A sequence (e, ...e,) of vectors in K is exceptional if (e;,e;) = 0 for j < i.

Definition 3.4.11. A heliz in K is a sequence (e;);cz such that any thread

(é4y-..€i4n) is an exceptional basis and ey, = sey.

Remark 3.4.12. [t is easy to see that there is a one-to-one correspondence
between helices and exceptional bases by analogy with 0.2.5. To an exceptional
basis, we assign a heliz H(E) through the rule e;—, = se;. Taking the first
n vectors €(H) of a heliz H in turn results in an exceptional basis. We call
E the initial thread of H and write E = E(H). We say that the helix H is
generated by E and write H = $H(E)

The definition 3.4.8 can be adapted to the setting of lattices

Definition 3.4.13. If (v, w) is an exceptional couple, the left mutation of

(v, w) is defined as

o(v,w) def (w — {v,w) v,v).

. . def
For an exceptional basis E = (e, ...,e,), we define

e and for 1 <i < n — 1, the left mutation at i as

def
Ul(E) = (ela'"7O(eiaei+1)a"'7en)

e for 1 < k < n, the sign change

def
ex(€e1y. . y€hy...€p) = (e1,..vy—€hy---Cp)
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For a helix H = (e;);ez generated by E and i € Z we define:

e the translation as
p(H) = (ei-1)iez

e the left mutation at 7 as

oi(H(E)) = p~ "9 (01 (E(p' " (H)))

e the sign change as
ex(H)(E) = H(er(E))

We denote the set of exceptional bases on K by E(K) and the set of helices
by H(K). Once again, we have a bijection

Q:Sym(H(K)) — Sym(E(K)): f — €o fof.
We obtain a version of 3.4.9 for exceptional bases and helices on lattices:

Theorem 3.4.14. e The following assignments define group actions on

the sets of exceptional bases and helices

YBn — S(E(K)) : (04, €5) = (0i(=), €(—))
YCBn — S(H(K))(0i, p€5) = ((0:(=), p(=), €;(=))

o We have the following commutative diagram of morphisms of groups

»CB, ik YB,

| |

Sym(H (K)) —5> Sym(E(K))

E(T)— E(K(T)):E—E o
e the maps _are B, resp. ©.CBy,-equivariant
H(T)— H(K(T)):H—H
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Proof. We only discuss the commutativity of the diagram and leave the rest
of the statement as an easy exercise for the reader. The claim is clearly trivial
for the sign changes ¢, and for the elements o1,...,0,_1. To show the claim
for p, we have to prove that for an exceptional basis F with associated helix
H = 9(E),

mr(p)(E) = (po Q7 H)(E) = €(p(H(E)))

Now, for any helix H, generated by a thread (ey,...,e,), we have
E(p.H) = (sen,...€n—1)

and wp(p)(er,...en) = (01...0n-1)(€1,...€4) = (v,€1...€4_1), for some v.
We must show that v = se,,.

Now since both lie in {ej,...e,_1)*, they lie in the same 1-dimensional space.
Moreover as both are exceptional, we conclude v = +se,,. Thus with respect
to the exceptional basis F, both maps &(p($)) and 7 (p) have same the matrix
perhaps up to a sign in the first column. To show that the signs coincides, it
is sufficient to show that they the determinant of both matrices coincides. Let
M,, be the matrix of the mutation o; with respect to the basis (eq,...,e,) we
see that M,, is the identity matrix everywhere except on the 2 X 2 subspace

corresponding to (e;, e;+1). On that subspace the matrix is given by

— <€i,€1‘+1> 1
1 0

which has determinant (—1). Hence det(M,,)) = —1 and det(mx(p) = (=1)"L.
Now, we consider the matrix associated to p. Since p(e;) = e;—1 for i > 1,
after expanding the determinant using the first column, we see that the only

nonzero minor is the last one and det(M,) = (—1)"*'a,, where se,, = > a;e,.

an = <en, Zaiei> = (e, sen) =1
hence det(p) = (—1)"*! = (=1)""! = det(nr), which finishes the proof of

the claim in the case of the element p. The final nontrivial case is that of the

But we have
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element o,. This is a straightforward computation: we have
-1 -1
onHer,...en) =H(sen,e2,...€n_1,5 'e1 — (en, s e1)€y)
and

ﬂ-F(p)'O—ﬂ—l’ﬂ_F(p)il(ela cey en)

mr(on)(er, ... en)

e (p).on_1(e,...en,5 te1)

=nr(p)(eg,...s teg — <en, 8_161> €nsCn)

= (sen,€2,...n_1,5 ‘e; — <en, s_lel> en)
O

Corollary 3.4.15. The assignments &€ and $) defined in 3.4.12 induce bijec-

tions on the orbit spaces
¢ H:H(K)/SCB, +— E(K)/YB,

Proof. Let H/H' € H(K) and ¢ € CB,. If H = 0.H', then ¢(H) =
&(o(H)) = mr(c)€(H') by the above theorem, which shows that & is well
defined. Tt is clearly surjective and moreover if €(H) = 7.€(H’), then by
the surjectivity of m, 7 = 7p(y) and €(H) = 7p(y)(€(H) = €&(7(H)) and
H = 7'H' by the injectivity of &. It is clear that ) is the inverse bijections.
O

3.4.4 Mutating Exceptional Matrices

There is a third and final setting in which we shall make use of braid group ac-
tions (and its variations described in §3.4), this time on a subgroup of SL,,(Z).
The braid group action on exceptional bases described in the previous section
induces an action on the corresponding Gram matrices which we will describe
explicitly in this section. The analogue of theorem 3.4.9 will be a little more
subtle however as this action extends to a cylindrical braid group action in

two canonical ways (using the morphisms described in 3.4.4), both of which
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will be relevant in the sequel. We will prove however that the orbit space of

the braid group action and two cylindrical group actions all coincide (3.5.16)

Definition 3.4.16. A matrix M in SL,,(Z) is exceptional if it is upper trian-
gular with M;; = 1. We denote the set of exceptional matrices by E(SL,,(Z))

It will be convenient to use the notation My, ;) to denote M; ; if i < j

Definition 3.4.17. Let M be an exceptional matrix. For 1 < n—1, we define

the mutation at ¢ as the exceptional matrix o;(M) by

My ifi,i+1¢{k1}
oi(M) k1 = s . .
Mkiv1y — Mg iyMiivay =1
- My if {k,1} ={i,i+1}
for 1 < k < n, similarly, e;(M) is defined by
- My, ifk#i,
e (M){i,j} = frad .
— My ;5 otherwise
Lemma 3.4.18. The assignment
YBn — Sym(E(SLn(Z))); (04, €x) = (0i(=), ex(—))
defines a group action in such a way that the canonical map
E(K) — E(SLy(Z))

which sends an exceptional basis to its Gram matrix is 3B, -equivariant

Proof. Let E be an exceptional basis with Gram matrix M. We leave it
to the reader to check that the operation o;(M) indeed coincides with the
Gram matrix of the mutated basis o;(F). The sign actions coincide for trivial

reasons O

As mentioned above, there are two ways to extend this action to a cylin-
drical braid group action. The first is a consequence of the following trivial

observation:

Page 132



CHAPTER 3. NUMERICAL CLASSIFICATION OF EXCEPTIONAL
SEQUENCES IN RANK 4

Lemma 3.4.19. Let G denote the image of the cylindrical group action on

helices in K
¥CB,, — Sym(H(K))

defined in 3.4.18. Then assigning to a helix the Gram matriz of its initial
thread as in 3.4.12 yields a morphism of groups G — S (E(SLy(Z))

Proof. Tt suffices to note that the formulas in 3.4.13 are invariant under or-

thogonal isomorphism O

The combination of 3.4.18 and 3.4.19 allows us to define an group action

on the set of exceptional matrices
x1: 2CB,, — G — Sym(E(SL,(Z)) (3.6)
Moreover, as an immediate corollary of 3.4.14, we obtain the following

Theorem 3.4.20. The group action %1 fits inside the following commutative

diagram:
2CB, = $B,
X\ /
Sym(E(SLn(Z))
Proof. This is a trivial consequence of the construction of %; O

We construct a second action through the following operations:

Definition 3.4.21. For M € E(SL,,(Z)), we define the shift p as follows:

p(M)pijy=Mg_1j-1y i#1
p(M)z,j = _Mj,n Z =1

Theorem 3.4.22. The assignment

*g 1 OBy — Sym(E(SLn(2))) : (03, p, €x) = (0i(=), p(=), (=)
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defines a group action. Moreover, there is a commutative diagrams

YCB, Tz ¥ B,

Te T

Sym(E(SLy(Z))

Proof. We leave it to the reader to show that the map is in fact a group
action. The above diagram trivially commutes for the elements o; and €. For
p, assume that M is the Gram matrix of an exceptional basis (eg,...,e,). We

compute

me(p)(er,...epn)

=(oy .ot ) (e, - en)

:(en>€1 - <€176n> €ny .., €f — <ei7en> €ny..y,€p—1— <€n,1,€n> en)
def

=(ehyseh)

and this sequence clearly satisfies the rule
<e;,e;> = (e;—1,€j-1) 1#1
(e1,,e;) = —(ej,en)  otherwise

It follows that the Gram matrix of the resulting exceptional basis indeed co-
incides with p(M).
Finally for the element o,,, the claim follows from the fact that o,, indeed acts

as the mutation ’on the couple (n, 1)’ which coincides with 75 (p) " to1ms(p).
O

Corollary 3.4.23. The following three orbit spaces coincide:

SL,(Z)/SBy, = SLn(Z)/(SC By, #1) = SLn(Z)/(SCBy, x3).
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3.5 Classifying Exceptional Bases in Rank < 4

3.5.1 the Rank 3 Case

We now direct our attention to classifying lattices of rank 3 of SPS* type de-
fined in 3.3.4 up to isomorphism. Note that by the rank 3 hypothesis, lemma
3.3.9 shows that this is equivalent to s being unipotent, the second condition of
definition 3.3.4 being automatically fulfilled. Most of the results in this section
are well known and follow from the 19th-century work of Markov in ([Mar79]).
This section serves more as a preparation for the more involved rank 4 case.

The archetypical example of a lattice of SPS* type of rank 3 is the Grothendieck

group of X = P2, which has a full exceptional sequence of the form

((’)X, Ox(1), (’)X(2)>

The associated exceptional basis for K (X) has Gram matrix

(3.7)

=

Il
[l
o = W
— W o

Lemma 3.5.1. Let K be a lattice with a bilinear form (—,—) with Gram

b

matrix

S O =
oS = 2

b
c
1
in a certain basis. Then K has a Serre automorphism which is unipotent if
and only if the Markov equation

a® + % + ¢ = abe. (3.8)

1s satisfied.
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Proof. the proof of 3.3.3 shows that

1 —a ac—b
S=M1'*M=|a —-a?2+1 a’c—ab—c
b —ab+c abc—b>—c2+1

From this, it follows that the characteristic polynomial of s — 1 is
Poi(X) =X+ (a® +b* + 2 —abe)X? + (> + b + 2 —abe) X

Hence (s — 1) is nilpotent if and only if all lower terms of Ps_1(X) vanish

which is clearly equivalent to the Markov equation.
O

Theorem 3.5.2 (Markov). Let M’ be an exceptional matriz with coefficients
satisfying the Markov equation (3.8), then M lies in the same orbit as I1 defined
above (5.38) under ¥.B,, with the action 3.4.17.

Proof. This was proven in [Mar79] and is discussed in §3.5.5. Indeed, a combi-
nation of lemmas3.5.21 and 3.5.20 in the case where k = 1 shows that any such
M lies in the same orbit under (CB,,, *2) as the exceptional matrix M’ with
coefficients a = +3,b = £6, ¢ = +3, with an even number of minus signs. The

resulting 4 matrices lie in the same orbit under as II under the sign action. [

Theorem 3.5.3. Let K be of SPS™ type of rank 3 with an exceptional basis.

Then there is an orthogonal isomorphism K = K (P?).
Proof. Let K and K’ be two such lattices. Then 3.5.2 shows that there is an
orthogonal isomorphism between them. O

3.5.2 Additional Geometric Conditions

In order to prove a similar classification result as theorem3.5.3 in the rank 4
case, we need to impose two additional conditions. The first relates to the

signature of the negative intersection form:
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Definition 3.5.4. Let K be a lattice of SPS* type. Then we say that K
satisfies the ”Hodge index condition’ (HI for short) if the negative intersection
form on Numg(K') described in 3.3.17 is indefinite.

Theorem 3.5.5. Let X be a smooth projective surface. Then K(X)num sat-
isfies condition HI.

Proof. The intersection pairing on Num(X) has signature (+1,—1...,—1) by
[Har97, rem 1.9.1]. Theorem 3.2.3 now shows that Num (K (X )yum) has signa-
ture (—1,4+1,...,+1). O

The second condition we shall require is a translation of the Del Pezzo

condition to our new more general setting:
Definition 3.5.6. We say that K satisfies condition DP if
((s=1v,(s=1)v) <0

for some v.
Lemma 3.5.7. The following are equivalent:

1. K satisfies the DP condition

2. {(s = 1)v, (s — 1)v) < 0 whenever r, # 0

3. §(K) < 0.
Proof. Let r(w) # 0 and write w = 7, (1, + €) with 7, # 0. Then

(s = Dw, (s = Dw) = ri,((s = 1) (o + ), (s = 1) (10 + €))
=r2((s—1)e, (s — 1)e)
where the last equality comes from the fact that
(s—1)ny € (s —1)F'K € F2K C rad(—, —)

It follows that the sign of ((s — 1)w, (s — 1)w) is independent of the choice of

w if 7, # 0. The claim follows. O
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Definition 3.5.8. We say that K is of DPS* type if
e K is of SPS* type and
e K satisfies the conditions HI and DP.

Corollary 3.5.9. Let X be a Del Pezzo surface. Then K(X)num is of DPS*
type.

Proof. This is a combination of 3.3.7, 3.5.5, 3.3.26(3) and 3.5.7(3) together
with the fact that the degree of a del Pezzo surface is positive. O

3.5.3 a Reduction Argument

The rest of this chapter is devoted proving a similar classification result as
3.5.3 when K has an exceptional basis of rank 4, provided we assume the
additional DPS* condition from definition3.5.8. To this end, we fix a lattice
of SPS* type K, and we will specialize to the DPS* case later on. Our first
step is to reduce to two simpler types of lattices. To this end, we prove two
lemmas. The first provides a reduction step in the case where the exceptional
basis contains a vector of rank 0, the second shows that we can reduce to the

case where one number (e;, e;11) must be 0 if all basis vectors have nonzero

rank.
Lemma 3.5.10 (dimension-reduction). Let (eq,...,e,) be an exceptional basis
on K. If r(e1) = 0 then the Serre automorphism on (ea,...,e,) is unipotent.

Proof. Ifr(e1) = 0, then (s—1)2(e;) = 0. It is easy to see that (ea,...,e,) = L(e1).
Let

7K — (e9,...,en) 0> v—(v,e1) e

denote the orthogonal projection.
Then 7o s is the Serre automorphism on (eq, ..., e,), since for v,w € e, we
have

(v, sw — (sw, e1)er) = (w, sv) = (v,w).
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We must thus show that (7 o s) is unipotent. Indeed, we have

(mos—1)%(v) = (s—1)*(v)—(sv,e1) (s—1)(e1) —((s* — s)v — (sv, 1) se1, 1) €1

and the last term in this expression is 0 as

((s* = s)v,e1) = (v, (s> =5 Ner) = (v, (s = 1)e1) = (sv,e1),

where we used (s — 1)%(e;) = 0 as r(e;) = 0 (see 3.3.24) and (sej,e;) =

<82€1,S€1> = ((2s — 1)ey,e1) = 1, hence
((s® = s)v — (sv,e1) ser,e1) er = (sv,e1) ey — (sv,e1) (ser, e1) ey =0
Using this, we obtain

(mos—1)*(v) = (s = 1)*(v) — (sv,e1) (s — 1)*(en)
= (s(s = 1)%v = (sv,e1) (s = Der, e1) 1
=—(s(s - 1?0 — (sv,e1) (s —1))er,e1)er
= —((s = 1)* — (sv,e1) (s* = s)er,e1) e1
—((sv,e1) — (sv,e1))er

=0.

O

If all the vectors in an exceptional basis have nonzero rank, we shall need
to simplify the situation in a different way. To this end for a collection of

vectors (v1,...,v) in K, we define the rank of the sequence by

n

M(vi,. . vn) BN ()], (3.9)

1

Lemma 3.5.11. Let (v,w) be an exceptional couple with strictly positive ranks.

Assume the following two conditions are satisfied:

® (N — Ny Nw — M) >0
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o hd:ef<v,w> >0

Then M(7(v,w)) < M(v,w) where T is one of the two braids o or c~! € Bs.
Proof. We compute

0 < (M = 13 M = 100) = (N +€) = (o + €); (N + €) = (0o +€))

= —— —(+enete)+ .
= B N y Tho (w)?
def 1 h 1 (3'10)

_ W(r(v) = hr(v)r(w) + r(w)?)

where by the Riemann-Roch type theorem 3.3.28,

h e (v,w) = r)r(w)(Ny — Nw,w) > 0.

Consider the quadratic form
Q:Q* —Q: (z,y) — 2? — hay + >

Let [—, —] denote the associated symmetric bilinear form. That is,

[——]:Q@*xQ*:Q: ((2,9), (a,b)) — ax +yb — g(ay—i—xb)

Then the above expression becomes

0 < Q(r(v),r(w)) = [(r(v), r(w)), (r(v), r(w))]
= r(0)[(1,0), (r(v), 7(w))) + r(w)[(0, 1), (r(v), r(w))]

It follows that one of the two terms on the left hand side is positive. We
assume the latter and leave the other case to the reader®.
Then

0 < [(0.1). (re, )] = r(w) — or(v)

1

def .
5In the other case, the element T = o~ is necessary to conclude the theorem
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which immediately implies 2r(w) — hr(v) < 0 or r(w) —hr(v) < r(w). Since we
trivially also have hr(v) — r(w) < r(w), we conclude |hr(v) — r(w)| < |r(w)].
And thus

M(o(v,w)) = [hr(w) —r(v)| +[r(v)] < [r(w)] +[r(v)] = M((v,w)).
O

The following lemma is crucial to showing that the conditions of one of
the two reduction lemmas 3.5.10 or 3.5.11 are always satisfied in the rank 4
case. To simplify notation, we fix an exceptional basis (eg, s, e3,e4). We let

def _
65:.91

e1 and write r(e;) = r;, ne, = 1, ete.
Lemma 3.5.12. Ifr; > 0,V0 < i <4 and [[; (e, ei41) # 0, then there exists
an index 0 < i < 4 such that the conditions enumerated in lemma 3.5.11 are

satisfied for the exceptional couple (e;,e;11).

Proof. We write T; = n;41 — n;. Note that since T; € F(K) the bilinear
form is symmetric on these T;’s by lemma3.3.16. We start by inferring some

conditions:

1. by the decomposition 3.3.22, we have

(T3, Tit2) = (T2, Ti) = (Mit3 — Nig2: Nit1 — 1)
=((Ni+s +€) — (Miv2 +€),(Mit1 +¢€) — (ni +e))
(€i+3,€it1) _ (€iv2,€it1) + (€ivs, €i) o (€i+2,€i)
Tit3Tit1 TitaTitl Ti437% Tit2Ts
=0.

2. A similar argument shows

1
(T3, Tiy1) = ——=— <0.
Tit1
3. We deduce that if (T;,T;) < 0, by the computation in (3.10) we have
(e;,ei41) > 0 and hence also (T;,w) > 0 by the Riemann-Roch-type
theorem 3.3.28.

Page 141



SECTION 3.3.5

4. by the DP condition 3.5.6, we have

(T + T2+ T5+Ty,w) = (—w,w) = =6(K) > 0.

We prove the result by showing that any sequence of elements (T3, Ty, T5,T4)
satisfying the above three inferred conditions must have an element 7T; simul-

taneously satisfying (73,7;) > 0 and (T;,w) > 0.

For this purpose, we first simplify the bilinear form using coordinate changes:
consider the real plane Num(K) ®z R, obtained by base change from the nu-
merical Picard group 3.3.15. The form (—, —) is indefinite by condition HI of
3.5.8. It follows that if we pick an element L orthogonal to w and normalize
both w and L we obtain a basis, which we again denote as (w, L) in which the

associated quadratic form is given by

Q(x,y) =y* —2a°

We make one more coordinate transformation: one easily computes that with

L%, LZ;W) the quadratic form is simply Q((z,y)) = z.y.

Note that with this choice of w, the inequalities in (3) and (4) remain valid.

respect to the basis (

It finally follows that the negative intersection form on Num ®zR is given by

((@9): a,0)) = (b +ya) (3.11)

with respect to this basis. Note that for this form we have (z,y)* = R(—z,y).
We denote the coordinates of T; with respect to this basis by (z;, ;).

Since the coordinates of w are given by (1, —1), we see that ((z,y),w) >0 <
y > x. Also ((z,y), (z,y)) > 0 precisely when x and y have the same sign.
The third condition tells us that if z.y < 0 then y > z. Hence the regions
where both the required conditions are simultaneously satisfied are 0 < z < y,
x < y < 0 and the fourth quadrant Q4. Finally, since (T;,w) = % =0is
excluded by hypothesis, we can exclude the line x = y. Visually, we exclude

the red zone in the following picture
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Next, Since (T} + 1o + T5 + Ty,w) > 0, by (4) there must be an index for
which (T;,w) > 0. Applying the shift 7g(p), (see 3.4.3) we assume that i =1
so that (T7,w) > 0. The above conditions then imply that the coordinates of
Ty satisfy x1y; > 0 and by the picture above, T lies somewhere in the 2nd
quadrant and since (T1,T5) = 0, T5 lies on the reflection of the line RT; about
the y-axis.

There are two options now: T3 lies either in the first quadrant or in the third.
We assume it lies in the first, in which case (T3, T3) > Oand let the reader treat
the other case. By the above figure, we must have y3 < x3, hence —z; > 1y
and T3 lies strictly under the line R(1, —1) as in the following figure where T3

lies in the green zone and T3 is its reflection
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We finally look at T5. Since (72,71) < 0 and (71,71) < 0 by (T1,w) > 0, Ty
lies on the same side of as Ty of the line defined by the condition (—,T1) = 0.
This condition defines the line ;- = RT3 as Ty. Similarly, since (73,T3) > 0
and (T3,T) < 0, Ty lies on the opposite side of T3 of the line RT;. Hence, T
must lie somewhere in the intersection of these two half planes. Taking into

account the red area, we have colored this intersection orange

But since (T, Ty) = 0, T4 must lie in the reflection of the orange zone about
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the y-axis (the other option, reflection along the z-axis is colored red already)
since (T5,73) > 0. This area lies in the half plane of vectors v such that
(v,T3) > 0, contradicting the fact that (75,T4) < 0. O

Corollary 3.5.13. Let K be of DPS* type with an exceptional basis (e1, ... eq).
Then E is equivalent under XB,, to a basis (€},...,¢e}) satisfying either of the

following properties

o (ch.ch) =0.

Proof. If a vector e; € E has rank 0, then using 3.4.15, we can shift with the
element 7 (p) until we obtain an exceptional basis E’ where €| = ¢;, so that

the first condition is satisfied.

If all vectors in E have nonzero rank, after applying the sign action, we may
assume that all ranks are positive. If (e;,e;41) = 0 for some i, repeated
application of 3.4.15 again yields the required collection. If not, we can apply
3.5.11 and the above lemma 3.5.12 to obtain a mutation such that the resulting

exceptional bases E’ satisfies
0< M(e)...ef) < Meq,...,eq)

(see 3.9). This process must stop, resulting in an exceptional basis satisfying

the second condition. O

3.5.4 Classifying Exceptional Bases in Rank 4

The reduction lemma 3.5.13 was the chief technical step required to obtain
a classification for lattices of DPS* type with an exceptional sequence up to
mutation. We begin by describing the analogue of the Markov equation 3.8 in

the rank 4 case:
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Lemma 3.5.14. Assume K is a free abelian group with a bilinear form (—, =)

which has Gram matrix

1 a b c
0 1 d
¢ (3.12)
0 0 1
0 0 0 1

in a certain basis. Then K has a Serre automorphism s wich is unipotent if

and only if the system of equations

a? + b2+ +d?+ e+ f2 —bad — edf — ace — bef + abdf =0
af +bd = ce

(3.13)

is satisfied.

Proof. The proof is similar to 3.5.1. The Serre automorphism is given by
s ¥ M-1EM as in 3.3.3. The unipotency is equivalent to the characteristic
polynomial of s — 1 having no terms of lower degree. Explicitly writing out
this polynomial, reveals that this condition is equivalent to the two above

equations ]

We shall refer to the above system of diophantine equations as the Markov
equation in rank 4. Before describing our classification result, we list four

archetypical examples of lattices wich satisfy these equations:

e there is a obvious trivial type (type 0), given by extending the rank 3
case by zeroes: let K be the lattice Z* and consider the bilinear form

whose Gram matrix with respect to the standard basis is

S = w O
= Ww O O

0
1
0
0

o O O =
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e Let X = P! x P!. Then 2°(X) has a full exceptional sequence given by
(Ox,0x(1,0),0x(0,1),0x(1,1)). This yields an exceptional basis for
K(X) with Gram matrix

1 2 2 4
01 0 2
0 01 2
0 0 01

we refer to this lattice as type 1.

e Let X = FFy, the blow up of P? at the origin. In this case 2°(X) has a
full exceptional sequence of the form (Ox,Ox(1,0),0x(1,1),0x(2,2))
by [Orl92]. The Gram matrix of the bilinear form on K (X) with respect
to this basis is given by

1 2 3 5
01 1 3
0 01 2
0 0 01

we refer to this lattice as type 2.

e The last example is a little more subtle. We consider the lattice K = Z*
and endow it with a bilinear form whose Gram matrix with respect to

the standard basis is given by

1 21 5
01 0 4
0 01 2
0 0 01

we refer to this lattice as type 3.

Lemma 3.5.15. The above four lattices are mutually nonisomorphic and of
DPS* type
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Proof. We leave the reader to verify that all four lattices satisfy the conditions
of 3.3.4 and the additional condition (*) (recall that the Serre automorphism
has matrix M1 - M*) To show that these lattices satisfy the additional DP
condition, we compute their degrees. For type 0, the vector es = (0, 1,0,0) is
a generator for K/F!(K) satisfying the required condition of 3.3.19. We then
consider the associated w = (s — 1)e and compute § = blww = —9. For the
other three cases we make the choice of e; = (1,0,0,0). and compute that the
degrees are -8,-8 and —20 for types 1,2 and 3 respectively. This computation
also immediately shows that all four types satisfy HI (although this also fol-
lows from 3.5.9 for types 0,1 and 2).

We immediately also infer that all types are nonisomorphic except possibly 1
and 2 since § is an invariant of K by 3.3.21.

To show that types 1 and 2 are nonisomorphic, we note that the Serre auto-
morphism on type 1 is the identity modulo 2, which is not the case in type
2. O

Lemma 3.5.16. Let K be of DPS* type with an exceptional basis E. Then
there exists a series of mutations of E such that the Gram matriz of the re-

sulting basis is of one of four forms listed above.

Proof. First assume that E contains an element of rank 0. Using the orbits of
the cylindrical braid actions 3.4.15, we may shift the basis so that this element
is e1. It follows that K = span(es, e3,e4) is a lattice of DPS* type. Using the
action of X B3 on this subspace, we can mutate until the Gram matrix has the
standard form

1 3 3
01 3
0 01

We obtain that the Gram matrix for the bilinear form on K with respect to
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(e1, €2, e3,€4) must be of the form

1 a b ¢
01 3 3
0 01 3
0 0 01

Plugging these coefficients in the Markov equation (3.8), we obtain that a = n,
b =2n and ¢ = n for some n € Z. Now, we use that K satisfies the additional
DP condition of definition 3.5.6. Picking e = (0,1,0,0) as a generator for
K/F'K, we obtain that § = ((s — 1)e, (s — 1)e) = n? — 9. Hence n = 0,1, 2.

e If n =0, we obtain the matrix

1 0 0 0
01 3 3
0 01 3
00 01
of trivial type.
e If n =1, then we have
1 2 3 5 11 2 1
() 01 1 3 01 3 3
€T 03010 =
PIEPIZAT N g 0 1 2 0013
0 0 01 0 0 01
which is the Gram matrix of K (), our second type
e If n =2, the sequence of mutations
1 2 1 5 1 2 4 2
0 1 0 4 01 3 3
2y 2
€47 o5 € =
4mB(p”)osTa(p)es 00 1 9 00 1 3
0 0 01 0 0 01

showing that this case is equivalent to the third type.
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We thus assume that no vector in F has zero rank. Then 3.5.13 tells us that
(e;,e;41) for a certain ¢, which we may assume to be 2 using 3.4.15. Plugging

this extra condition into the second equation of (3.13), we obtain

1 rx sz =z
0 1 0 ry
0 0 1 sy
0O 0 0 1

for (r,s,x,y,2) € Z.

The first equation of 3.13 now translates into the generalized Markov equation
ka? + ky? + 2% = kxyz (3.14)

where k = 72 + s2. We show in the appendix 3.5.21 that this equation has

solutions exactly when £ = 1,2 or 5.

e if k =1, then (z,y, z) are solutions to the classical Markov equation in
degree 3. Moreover, since we may assume that » = 0 (for example), we

end up with the matrix

1 0 3 3
01 00
001 3
00 01

Applying e4mp(p) results in the Gram matrix of trivial type.

e if k =2, then r = s = 1. By a combination of 3.5.21 and 3.5.20 we can

mutate so that

= O N
=N N

2
1
0
0

o O O

which is equal to the Gram matrix of the first type, K (P! x P!).
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e Finally if £k = 5, there are four cases. We treat one and leave the reader
to check that the other three are all equivalent using the appropriate
shifts and signs (7p(p) and €x). We assume that r = 1 and s = 2. The
classification of solutions 3.5.21 and 3.5.20, shows that we can mutate
to obtain a solution of one of 2 types. We assume (z,y,z) = (2,1,5),
the other type being completely similar. Then the resulting matrix is
precisely

5

4

2

1

21
1 0
0 1
0 0

o O o =

which is the matrix corresponding to the third type O

Restating the above lemma a little, we obtain the main result of this chap-

ter:

Theorem 3.5.17. Let K be of DPS* type. Then K is isomorphic to one of
the 4 standard types listed above.

Proof. This is a reformulation of 3.5.16. O

Remark 3.5.18. One can wonder as to what the geometry behind the type 3
model can look like. Since the degree of the surface is -20 following the proof
of 8.5.16, it is clear that this type does not correspond to a Del Pezzo surface.

Instead, we will construct a model using noncommutative geometry.

3.5.5 Solutions to the Generalized Markov Equation

In this section, we adapt the results of [KN98] to our setting: for k¥ € N and

x,y,z € Z, we consider the generalized Markov equation
M : kx? + ky? + 2% = kayz

There is an obvious type of transformation on the set of Markov solutions:
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Lemma 3.5.19. The following 3 bijections
1oy 22 — 73 (2,9,2) — (2,2,22 — ¥)
2. po 23— 72 (x,y,2) — (kxy — 2,9y, 2)
3. p3 22— 72 (v,y,2) — (y,yz — x,2)
are preserve the subset of solutions to M

The above proposition thus yields a group action of the group G generated
by {u1, 2, p3,) on the set of solutions of M. An important aspect of this

action is how it relates to mutation of exceptional matrices (§3.4.4):

Lemma 3.5.20. Let r,s be fizred. Let k =12+ s® and consider the map

1 rz sz =z
0 1 0
o:Z% — B(SL4(Z)) : (x,y,2) — "
0 0 1 sy
0 0 0 1

Then we have using the notation of the action x2 of XCB,, on E(SL4(Z) (see
3.4.4)

oY oa

aopz=0y0q, aopy = (pdor09)oa and oz = (poy
Proof. This is a dreary check left to the reader O

Theorem 3.5.21. The Markov equation has solutions exactly when k = 1,2
or 5. In which case every solution is equivalent under the action of G in 3.5.19

to
1. (£3,4£6,+3) for k=1
2. (£1,42,4£5) and (£2,£1,45) for k=5
3. (£2,42,+4) fork =2

where either no or exactly 2 signs are negative

Proof. See [KN98, prop 3.5] O
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Chapter 4

Generalized Preprojective

Algebras

4.1 Introduction and Statement of the Results

In this chapter, we describe joint work with Dennis Presotto ([dTdVP14]) in
which we investigated a new class of algebras which are a relative version of
the classical preprojective algebra on the star quiver. Our main motivation for
studying these algebras lies in the fact that they provide a local description of
the noncommutative geometry required to construct a model for a ’lattice of
DPS* type 3’ from §3.5.4. More precisely, we shall consider a noncommuta-
tive notion of a P'-bundle in chapter 5 and we will prove there that over an
affine scheme, the category of sheaves over this noncommutative space form a

summand of category of modules over the type of ring consider here !.

We start by considering a relative version of the notion of a Frobenius pair of
commutative noetherian rings R — S (see definition 4.2.2). To such a pair,
we associate an N-graded R-algebra I1z(S) which is the quotient of the R S-

Lwe refer the impatient reader to 5.3.18 for the precise version of this statement
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tensor algebra over a certain R®S-bimodule modulo some elementary relations
(0.1.11). The fact that this definition coincides with the preprojective algebra
of a star quiver in the split case R — R"™ follows easily (see lemma 4.2.10).
We shall investigate the ringtheoretic properties of these algebras when S is

of rank 4 over R. More precisely, we prove 3 results of interest:

Theorem G. [see 4.5.9] for each degree d, the R-module T1g(S)q is projective

and we have
5(d+1) if d is even

tk(IT(S)q) = { 4(d+1) if d is odd

Subsequently, we show how one can construct a morphism

OR,S : R[(Z(HR(S))4]$n — HR(S) (41)
and prove

Theorem H (see 4.5.2 and 4.5.1). og g is surjective, in particular IIg(S) is

Noetherian and finite over its center.

In the final section, we bound the global dimension of generalized prepro-

jective algebras as follows

Theorem 1. [see 4.6.1] If R and S have finite global dimension, then so does
TIg(S). We have the following explicit upper bound:

gl. dim(TTg(S5)) < max (gl. dim(R), gl. dim(S’)) +2

Theorems G and I are proven using a similar technique by increasing the order
of generality of R. In the first step, we assume R = k to be an algebraically
closed field. We introduce a notion of deformation (4.2.5) for Frobenius al-
gebras over R and show that over an algebraically closed field all Frobenius
pairs fit inside a simple directed diagram of such deformations (see figure 4.3).
Since the dimension of the vector space IIg(S)4 increases and the morphism

or,s from (4.1) preserves its surjectivity after applying a deformation, both
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theorems in this setting reduce to some explicit computations for the Frobe-
nius algebra k[s?,¢2], to which the extra section §4.7 is dedicated. The result
in the case where R = k is any field then follows from dimension reasons resp.
faithfully flatness. Extending the result to the general setting where R can
be any ring turns out to require a convoluted series of implications. Simpli-
fying a little, we could say that we prove that given any morphism of rings
f:R— R

e the construction of IIz(S) commutes with base change under f

e Forming the center Z(IIz(S))4 in degree 4 and the morphism og g also

commutes with base change under f

The first claim is a formal consequence of the construction, whereas the second
is not trivial at all and specific to IIg(S). Tt follows from the fact that the
center of IT(S) in degree 4 is a split submodule of IIx(S),, projective of rank
2 (see 4.4.2, 4.4.3 and 4.4.4): Diagrammatically, we summarize our method of

proof as follows:

Gro71, 1.4.4]
alg. closed field fiel local domain
A2
2 specific cases domain

R

ring «—————— local ring «+———————1local ring with k = k

4.3.7
(4.2)
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4.2 Frobenius Pairs and Generalized Prepro-

jective Algebras

4.2.1 Frobenius Pairs

Convention 4.2.1. Throughout S/R will denote a pair of commutative rings
equipped with a ring morphism R — S. Moreover we will always assume R

is Noetherian, although some of the results also hold in higher generality.
Definition 4.2.2. We say that S/R is relative Frobenius of rank n if:

e S is a free R-module of rank n.

e Homp(S, R) is isomorphic to S as S-module.

Remark 4.2.3. e [t is clear that if R is a field, then a relative Frobenius
pair coincides with a finite dimensional Frobenius algebra in the classical

SENnse.

o Letey,...,e, be any basis for S as an R-module. Then it is easy to see
that the second condition is equivalent to the existence of an element A
in Hompg(S, R) such that the R-matriz (A(e;e;))

basis is invertible.

i with respect to this

o We may equally well assume that S/R is projective of rank n. However
all results we prove may be reduced to the free case by suitably localizing
the ring R.

If R is an algebraically closed field, it is an easy exercise to describe all

such algebras:

Lemma 4.2.4. Let k be an algebraically closed field and F a commutative

Frobenius algebra of dimension 4 over k. Then F is isomorphic to one of the
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following algebras:
kokokdk

k[t]/(t?) ok Dk
k[s]/(s?) @ k[t]/(t?)
k[t]/(t?) @ k
k[t]/ ()
ks, t]/(s%,t?)

Proof. Recall the following classical facts
1. a direct sum of Frobenius algebras is Frobenius.

2. a finite dimensional commutative local k-algebra is Frobenius if and only

if it has a unique minimal ideal.

It follows immediately that k[t]/(¢") is Frobenius (of dimension n) over k as it

has a unique minimal ideal (t*~!) and that k[zy,...,z,]/(2%,...,22) is also
Frobenius (of dimension 2") with unique minimal ideal (27 - ... z,). By the

first observation, the algebras in the above list certainly are Frobenius.
Now let F' be Frobenius of dimension 4. Since F' is Artinian, the structure
theorem for Artinian rings (see for example [AM69, theorem 8.7]) states that

F must (uniquely) decompose as a direct sum of local, Artinian k-algebras:
FXFi®...0F,

We can now use the classification of local k-algebras of small rank in [Poo08,
Table 1].

If n =4, then clearly F =k kadk d k.

If n = 3, then F = A; ©kdk where dimy (A7) = 2, hence A; = k[t]/(t?) which
is Frobenius.

If n = 2, then either F splits as a sum of 2-dimensional local k-algebras, in
which case we again obtain F = k[s]/(s?) @ k[t]/(t?) or F = A; & k where
dimy(A;) = 3. This again yields 2 possibilities: either A; = k[t]/(+3), which is

Frobenius, or Ay 2 k[s,t]/(s,t)?. The latter is however not Frobenius, because
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it is not self-injective (the morphism A1t — A; : ¢t — s cannot be lifted to
A1 — Al)
Finally, assume n = 1. In this case F' is a local k-algebra of dimension 4 and

by [Poo08] takes one of the five following forms:

k[t]/ ()
Kk[s,t]/(s2,t?)
k[s, t]/(s?%, st, t3)
Kk[s,t,u]/(s,t,u)?

k[s,t]/(s% + t2,st) (if ch(k) = 2)

The first two algebras are Frobenius whereas the other three are not as they
are not self-injective by a similar argument as above.
O

The 6 Frobenius algebras listed in the above lemma are related to each

other by an appropriate notion of deformation:

Definition 4.2.5. Let F' and G be Frobenius algebras over k.
A Frobenius deformation of F to G is a k[[u]]-algebra D such that D/k[[u]] is

relatively Frobenius and

1. D/uD = F as a k-algebra

2. D) = G @k k((u)) as a k((u))-algebra
we write F el G

Remark 4.2.6. Instead of requiring that D /Kk[[u]] be relative Frobenius we may
equivalently require that D be free over k[[u]] with rank equal to the dimension
of F. The condition that Homy,) (D,k[[u]]) should be isomorphic to D as a

D-module is immediate by the corresponding condition on F/k.
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Lemma 4.2.7. There is a diagram of Frobenius deformations

k[t]/(#*) ® k[s]/(s*)

P ~

ol - TN %y
def -7 T def
Kfs, 1/ (5%, ) - 20 e} /() ok k -7, ks
\\\\\%f d(»:ﬁ L
CANN 75
K[t]/(£%) & k
[t]/ (%) (4.3)
Proof. We first let F' def k[s,t]/(s?,t?) and G def k[t]/(t*) and describe F el G

Let B ® k[[u]], K © k() and define

D ¥ R[s,1)/(us — 2, $%, %)

We claim that D defines a deformation from F' to G. It is clear that D/uD = F

as a k-algebra and the map
D — K[t]/(t*) cu s u, s 0 2 Ju, t > t
factors through an isomorphism
Dy — K[t]/(t") = Gex K

Hence by the above remark it suffices to check that D is a free R-module of
rank 4. This is obviously the case with e; = 1,e5 = s,e3 = t,e4 = st providing
an R-basis for D.

The other cases are similar. We first use the Chinese remainder theorem
to find an alternate presentation for F' of the forms k[t]/(f(t)). Then for each

de

deformation F ——J; G, we try to find an alternate presentation for G ®y K
(again using the Chinese remainder theorem) of the form K[t]/(g(t¢)) in such a
way that g(t)|u=0 = f(t). We then exhibit an R-algebra D f R[t]/(g(t)). We

finally leave the reader to check that in each of our choices, (1,t,t2 %) defines

an R-basis
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number 2 3 4 5 6* (char(k) # 2)

gt) |t —u)? | Bt—u) | t-D*{t—u) | 2t-1D(t—-u) | 2 —-u?)(t>-1)

4.2.2 Generalized Preprojective Algebras

We shall invoke the following notation: for a relative Frobenius pair S/R, let
M rSg. This R — S-bimodule can be considered as an R @ S bimodule
by letting the R-component act on the left and the S-component on the right,
the other actions being trivial. Similarly, we let N def sSgr and consider it
an R @ S-bimodule by only letting the S-component act on the left and the
R-component act on the right, the other actions again begin trivial. We now
define

T(R,S) ¥ Tres(M & N)

Note that by construction, we have M ®@prgps M = N @prgps N = 0, hence
T(R,S)2 = (MrasN) ® (N @ras M) = (rS ®s Sr) @ (5 @r Sr)

The algebra we are interested in, will be a quotient of T'(R, S) as follows: by the
second condition of definition 4.2.2, there exists a generator A of Hompg (S, R) as
an S-module. The R-bilinear form (a, b) def A(ab) is then clearly nondegenerate

and we can find dual R-bases (e;);, (f;); satisfying

Aeifj) = 0i
2% In the case where k has characteristic 2, one has to choose D = R[t]/(t(t — u)) & R®?
for the 6th deformation. Then (1,0,0), (¢,0,0), (0,1,0),(0,0,1) provides an R-basis for D.
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Definition 4.2.8. For a relative Frobenius pair, the generalized preprojective
algebra TIR(S) is given by
T(R,S)/(rels)

where the relations (rels) are in degree 2 given by
1®1e rS®s Sk

Z€i®fi€SS®RSS

Remark 4.2.9. Up to isomorphism, the above construction is independent of
choice of generator and dual basis.

The name generalized preprojective algebra is motivated by the following:

Lemma 4.2.10. Let S be the ring RO™.
Then IIR(S) is isomorphic to the preprojective algebra over R associated to

the quiver with one central vertex and n outgoing arrows as defined in 0.1.11.

Proof. Let ey, ..., e, be the set of complete orthogonal idempotents in S and
write x1,...,2, (resp. yi,...,Yn) € lIg(S); for the corresponding elements
in the bimodules N (respectively M) discussed at the beginning of §4.2.2. We
can describe the tensor algebra T(R,S) as the free algebra

def
F = R<617"'7e7l7x17"'7zn7y17"'7y7l>

subject to the relations
1. e;ej = d;5€;.
2. ejxj = 6;;m; and yiej = 0;;Y;
3. rie; =ey; =0
4. vix; = yy; =0
The first relation defining ITg(S) is given by 1 ® 1 € M ®g N. The first unit,

1 is given by 1 = > x; whereas the second unit satisfies 1 = >_ y;, we obtain
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To compute the second relation, we note that

A:S%R:irieiHZri
i=1 i

is a generator of Hompg(S, R) as an S-module and hence (e;); is a basis, self-
dual for the associated form (—, —). The relation inside §S® S5 now becomes

It now remains to show that F' subject to the above 6 relations is isomorphic

to the preprojective algebra of the quiver Q:

] [ ] [
ai
an (¢33
] [ ] [
An—1 as
[ ] [

We let Q denote the formally doubled quiver of Q and consider the map
F — RQ defined by

e sending e; to the outer node n;
e sending y; to the arrow a; and z; to the formal inverse a;

The first 4 relations now precisely describe the multiplication in the path
algebra of () and the relations 5 an 6 precisely map to the two relations defining

a preprojective algebra > a;af =0=> ala; O
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4.3 Computing rk(I1z(5)q)

The construction of Iz (S) is compatible with base change in the following

way:

Lemma 4.3.1 (Base Change for IIg(S)). Let S/R be relative Frobenius of
finite rank and R — R’ a morphism of rings. Then

1. (R'®gr S)/R’ is relative Frobenius of rank n

2. there is a canonical isomorphism

R @r1lg(S) = (R ®g S)

Proof. Assume that S/R is relative Frobenius with generator A and basis
{e1,...,en}. Then it is a straightforward verification that (R’ @z S)/R’ is
relative Frobenius with generator 1 ® A and basis {1 ®eq, ..., 1®e,}. With
this data we can thus construct the algebra Iz (R’ ®g S). Moreover we have

a series of isomorphisms
R ®r (rSs ® sSr) = r(R' ®r S)rors ® rops(R Qr S)rr

as an (R', R’ ®@g S)-bimodule. This implies that we obtain a canonical isomor-
phism
R ®pT(R,S)=T(R,R ®grS)

which by our choice of basis preserves the relations, in turn inducing an iso-
morphism
R ®RHR(S)§HRI(R/ ®RS) O

To prove that the R-modules IIz(S)4 are projective and to compute their
ranks following the technique of diagram (4.2), we first treat the case where
R is an algebraically closed field. We have the following lemma relating the

dimension of these vector spaces under deformation:
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Lemma 4.3.2. Let F' and G be Frobenius algebras over k and let F fliﬁ G be

a Frobenius deformation. Then for all d, we have
dlmk(Hk(F)d) 2 dlmk(Hk(G)d)

Proof. Let R = k[[u]] and K = k((u)).
Let m = dimg(IIx(F)q4). Assume that D is the R-algebra deforming F' to G
provided by the definition 4.2.5. Then since

I (F) =1lk(k ®r D) =k @g (D)

by lemma 4.3.1, Nakayama’s lemma implies that a k-basis of cardinality m for

Ik (F)4 lifts to a set of generators for IIz(D)4. Moreover, as
K @y Ik (G) = g (K @k G) = k(K ®@r D) = K®g (IIg(D)),
this set of generators contains a K-basis for K ® Iy (G). It follows that
dimg (K @k (Ix(G)q) = dimg (IIx (G)q) < m O

Convention 4.3.3. From now on we will only focus on the rank 4 case for
the rest of the paper. Le. when using the notation S/R, we will always assume
this is a relative Frobenius pair of rank 4. Similarly all upcoming Frobenius

algebras F' or G will have dimension 4 over k.

We will now prove that in the case of Frobenius algebras of rank 4 the
above inequality is actually an equality. We first compute the ranks in two

explicit cases:

Lemma 4.3.4. We have

- ks, t] > > 5(d+1) ifd is even
4 k(nk<(52,t2) d S{ 4d+1) ifdis odd

Proof. This is the content of 4.7.1 O
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Lemma 4.3.5. Let k be an algebraically closed field, then

dimy (Hk(k@4)d) _ 5(d+1) if d is even
4(d+1) if d is odd

Proof. By lemma 4.2.10, I (.S) is the preprojective algebra over k associated
to the extended Dynkin quiver of Q = 174.

Let Q be the formally doubled quiver. Let 0 denote the central vertex and
1, 2, 3, 4 the outer vertices. Then for each d € N we consider the matrix
W, € N°%3 where (W4)i; gives the number of paths of length d in Q starting
at vertex ¢ and ending at vertex j, modulo relations. Finally write W(t) =
Yoo Wat? € N°*5[[t]]. Then by [EE07, Proposition 3.2.1] we have

1

wt) = 1—t-C+t2

Where C is the adjacency matrix of Q, i.e.

01 1 1 1
10000
W@ = |1—-t-[ 1.0 0 0 0 |+
10000
1 0000
(1+2)?  t(1+3) t(1+13) t(1+1t?)
t1+12) 1—t24 ¢ t2 t2
= Toerar ) t(1+1t2) t2 1—t2 4+t t2
t(1+1?) t2 t2 11—+t
t(1+t2) t2 t2 t2
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This gives the desired result as the Hilbert series of IIx(.S) now becomes

0o 4
b s)(t) = > Waiy | t4
d=0 \i,5=0
4 oo
= Z (Wd)mt

J 0
(1+1%)2 +8t(1+12) +4(1 — 2 + 1) + 1242
(1 —2)2(1 +12)

5 4 8t + 5t2
(1—1¢2)2

oo
= (54 8t+5t?) ZH—l )t
=0

(514 5(1 + 1))t2 + 8(1 + 1)¢2+!

I
M8

~
Il
=]

(5(2 + 1)) + 4((20 + 1) + 1)2+1

I
M8

~
Il
o

O

These two computations immediately apply the required result over a field:

Corollary 4.3.6. Let k be a field and F a Frobenius algebra (of rank 4 by
4.2.1) overk then:

5(d+1) if d is even

dimy (I (F)a) = { 4(d+1) if d is odd

Proof. By lemma 4.3.1 we can reduce to the case where k is algebraically
closed. The statement then follows as a combination of lemmas 4.2.4, 4.2.7,
4.3.2,4.3.4 and 4.3.5 O

To extend the result from fields to general rings we will need the following
two lemmas. Combined, they essentially show that locally a relative Frobenius
pair is constructed through base change of a relative Frobenius pair where the

ground ring is a polynomial ring over the integers.
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Lemma 4.3.7. Let R be a local ring with residue field k. Then there is a
faithfully flat morphism R — R where R is a local ring whose residue field is

the algebraic closure k of k.

Proof. This is an immediate application of [GD71, 10.3.1] O

Lemma 4.3.8. Let R be a local ring with an algebraically closed residue field
k. Let S/R be relative Frobenius of rank 4 (following convention 4.2.1). Then
there exists a domain R, together with a morphism R —s R and a ring S with
S/R relative Frobenius of rank 4 such that S ®pR=S.

Moreover R can be chosen to be of the form

R= (Z[xl,...,a:m]>f

the localization of a polynomial ring over Z at some non-zero element f.

Proof. We prove the theorem in a specific case and sketch the other cases,
leaving some details to the reader for the sake of brevity. By lemmas 4.3.1
and 4.2.7, S ®r k is one of 6 Frobenius algebras. The case we consider is
S®rk =Kk[s,t]/(s%,t?). Let 3, € S be lifts of s and ¢. Since {1,s,t,st)} is
a basis for Sy, By Nakayama’s lemma {1,3,#,5(} forms a set of R-generators

for S. In particular we can write:

§2 = a1+b1§+01t~+ dlgg
{2 = Qa2 +b2§+62£+ d2§t~
where the coefficients aq,...,ds all lie in the maximal ideal m of R (because

s2=1>=01in S ®g k). We subsequently obtain a canonical morphism
Tl R[g, E]/(al + b1§ + Clt~+ dlgf— 52,042 + b2§ + 02E+ dggf— 52) — S

such that 7 ® gk is the identity morphism on k. This immediately implies that
7 is surjective. Moreover since S is free over R, we have 0 = ker(m @g k) =
ker(m) ® g k and ker(7) = 0 by Nakayama’s lemma. 7 is thus an isomorphism.
There is a canonical morphism

A d:efZ[alablaclad17a27b27c27d2] — R
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Let f defy dydy and denote R = Ay. As the image of f in R is invertible

(because d1, ds lie in the maximal ideal of m of R), the above morphism factors
through a morphism R — R. Finally set S = R[§, t]/(a1 +b15 + cit +dy 5t —
32, a9 + bad + cot + dodt — £2). By construction we have

S’ Qg R = R[g, f]/(al +b15+ le—f— d1§£— §2, as + b2§ + CQ£+ d2§t~— (*:‘2) é S.
It hence suffice to prove S / R is relative Frobenius of rank 4. For this note that
(e} def {1,5,1,51)} is an R-basis for S and if we let A\ € Homp(S, R) denote

the projection onto the component R3t, the matrix of A(e;d - e;) is of the form

0 0 0 1
d_ef 0 dl 1 *
0 1 d2 *

1 *x x %

Hence © has determinant 1 — dyds, which by construction is invertible in R,
proving that S is indeed Frobenius of rank 4 over R by remark 4.2.3.

In the 5 other cases from lemma 4.2.4 we have S ®@r k = k[t]/(t* + at® +
bt? + ct + d) for some coefficients a, b, ¢,d € k and we can choose R, S to be of
the form R %' Zla, B,7,0] and S 2ef R[t]/(t* + at® + Bt* + vt + §). For each
choice of a, 3,7, we have that S / R is relative Frobenius of rank 4, because
the corresponding matrix © will have determinant exactly 1. We leave the

details to the reader. O

We can now prove the main theorem of this section:
Theorem 4.3.9. IIg(S)y is projective. Moreover, we have

~J 5(d+1) if d is even
k(IR (S)a) = { 4(d+1) if d is odd

Proof. First let R be a local domain with residue field k and field of fractions
K. By Corollary 4.3.6 and lemma 4.3.1 we have for each degree d:

dimg (K @g g (5)q) = dimg (g (K ®r S)q)
= dimy (Hx(k ®p S)q) = dimg(k @ M(S9)q)
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Theorem [Gro71, 1.4.4] implies that IIg(S) is free of the stated ranks.

Next, let R be any domain. Then for each p € Spec(R), R, ®r Hr(S) =
g, (R, ® S) is a generalized preprojective algebra over the local domain R,
and hence in each degree a free module of the stated rank (recall that R is
always assumed noetherian by 4.2.3). As these ranks do not depend on the
choice of p, Serre’s theorem (see for example [Ser55]) now implies that I1z(S),

is projective of the stated rank.

For the next step, we let R be a local ring with algebraically closed residue
field. Then by lemma 4.3.8 there is a domain R, a morphism R — R and an
R-algebra S such that S/R is relative Frobenius of rank 4 and S = § ®p R.
By the above II R(g)d is a projective R-module of the given ranks and hence

IIr(S)s =Hz(S)a ® R is a projective R-module of the above rank.

To extend the result to general local rings, we invoke lemma 4.3.7 to find a
faithfully flat morphism R — R. By the above Iz(R® S)q = R ® I1r(S)aq
is a free R-module of the desired rank. By the faithfully flatness of R — R,
TIR(S)q is itself a free R-module of the desired rank.

Finally we extend the statement from local rings to general commutative rings

by again applying Serre’s theorem. O

We conclude this section by mentioning the following lemma which is a
slight improvement of theorem 4.3.9. It will be needed for technical reasons in
§4.6. Since the proof closely follows that of 4.3.9, we will limit ourselves with

a mere sketch of the proof

Lemma 4.3.10. (1p-IIx(S))q and (1g-IIx(S))q are projective R-modules of
ranks respectively

d+1 if d is even

2(d+1) ifd is odd

and
4(d+1) ifd is even

2d+1) ifd is odd
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Proof. We have
HRr(S) =1g - Ug(S) ® 15 - LR(S)

which immediately shows that both modules are indeed projective. This de-
composition is compatible with base change and Frobenius deformations in the
obvious ways. An argument similar to the proof of theorem 4.3.9 shows that it
suffices compute ranks in the two specific cases S = k®* and S = ks, t]/(s2,?).
For the first case we notice that the Hilbert function Ay, .1, (s)(t) can be de-
duced from the proof of lemma 4.3.5 by adding the entries in the first column
of W (t), resulting in
P (t) (I+¢3)2+4-t(1+12)
(1=#2)2(1+#)
14 6t + 2
(1—12)?

= (1+6t+1t?) Z (1+1)t%
=0

D@D Y 221+ 1) + et
1=0 =0

Similarly we find

420+ D)t 4+ 2((20 + 1) + 1)
=0

NE

higm,(s)(t) =

N
Il
=3

For the second explicit case S = Kk[s,t]/(s%,t?) the result is an immediate
corollary of the “Type I-11”-classification of the generators for IIx(S) described
in §4.7. 0

4.4 Base Change for Z,(R,S) and rk(Z4(R,S))

Convention 4.4.1. To ease notation, we shall denote the center of IIg(S) in
degree d by
de
Za(R,S) & Z(TR(S)a)

Page 170



CHAPTER 4. GENERALIZED PREPROJECTIVE ALGEBRAS

Throughout this section we prove the following results for the center in

degree 4:
Theorem 4.4.2. Z4(R,S) is a split R-submodule of TIr(S),.

Theorem 4.4.3. Let S/R be relative Frobenius of rank 4 and R — R’ a

morphism of rings. Then the canonical base change map
Zy(R,S)®p R — Z4y(R',S®@r R')
s an isomorphism.

Theorem 4.4.4. Z4(R,S) is a projective R-module of rank 2.

The proofs of these theorems are heavily intertwined, we shall prove them
according to the following diagram of implications:
theorem 4.4.4 when R is a field
U

theorems 4.4.4 and 4.4.2 when R is a local domain

I
theorem 4.4.2 for general R

4
theorem 4.4.3 for general R

I
theorem 4.4.4 for general R

In several of these steps we use the fact that in each degree d, the center
Z4(R,S) can be obtained as kernel of a morphism between (projective) R-

modules. For this, note that by the above section §4.3, there exists R-bases
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ad...,a? for IIr(S)o and a} = eq,...,a} for IIx(S);. Moreover, since Ig(S)

is generated in degrees 0 and 1, for each d there is a map
ors : HUr(S)a — HR(S);‘95 @ HR(S)?fl A ( ([x,a?])i , ([x,a}])j) (4.4)
whose kernel is precisely Z4(R,S). Le. there is a left-exact sequence

0 —> Zu(R, ) —> Ta(S)y 225 TR(S)8° & MR(S)T2, (4.5)

This discussion allows us to immediately prove that the center is compatible

with change of ground ring for flat morphisms:

Lemma 4.4.5 (flat base change). Let R — R’ be a flat morphism of rings.

Then the canonical map
R ®p Z4(R,S) — Zd(R/ ®gr S)
s an isomorphism

Proof. The construction of ¢ g is compatible with base change and the tensor

product with flat modules preserves kernels. Hence

R ®r Z4(R,S) = R' @r (ker(¢r,s)) = (R’ @r ker(¢r,s))
=ker(¢p res) = Zi(R,R' ®9S)

O

Following our philosophy established in the introduction (see 4.2) we shall
first compute the dimension of Z4(k,S) in two specific cases. The first is
S =k*. To simplify the computation, we first give an alternate description of
I (S) using the McKay correspondence.

Recall that the binary dihedral group is given by

BDs,, = < a,b|a*=1,a* = b ab=ba® >
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Lemma 4.4.6. Let k be an algebraically closed field with ch(k) # 2 and F =
k®4, then I (F) is Morita equivalent to the skew group ring k[z,y|#BDs
where the binary dihedral group of order 8 acts on k[x,y] through its natural

action on the complex x — y-plane:

a-x=1ix, a-y=—iy, b-r=y, b-y==x

Proof. Let Q def 174 be the star quiver on 4 vertices (or equally, the Dynkin

quiver of type D4) and denote by Q the associated formally doubled quiver.
Then Q is the McKay-quiver of BDg and by [CBH98] (which was already
announced in [RVdAB8&9]) the preprojective algebra on Q is Morita equivalent
to k[x, y]#BDsg, the result now follows from lemma 4.2.10. O

Lemma 4.4.7. Let R =k be an algebraically closed field with ch(k) # 2 then
dimk(Z4(]1<§, k®4)) =2.

Proof. By lemma 4.4.6 and the fact that the center of a ring is invariant under
Morita equivalence, we only need to show that the degree 4 polynomials in
klx,y] invariant under the action of BDg span a 2-dimensional vector space.

One easily checks that these invariants are given by kz2y? @ k(z* +¢*). O

In order to include the case of characteristic 2, we need to compute the

center explicitly through brute force.

Lemma 4.4.8. Let k be an algebraically closed field of characteristic 2, then
dimk(Z4(k, k@4)) =2.

Proof. Let a, b, c,d denote the 4 idempotent elements. We exhibit two linearly
independent central elements of degree 4 in IIx(F). IIx(F') is generated by

elements of two types:

Type I) Elements of the form fxef xef...xef xe(f*) where each * is either

a,b,cord

Type II) Elements of the form xef xef ...xef xe(f*) where each x is either a, b, ¢

ord
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The relations on Iy (F') imply the following relations for these generators:

e aefa=befb=cefc=defd=0

o fae+ fbe + fce + fde =0
We first find elements in degree 2 which are normalizing with respect to some
automorphism ¢ satisfying 02 = Id. One such element is the following:

Uqh/cd def aefb+befa+tcefd+defct+ faet+ fbe = aefb+befa+cefd+defc+ fece+ fde

The equality follows from the above relations combined with the fact that
ch(k) = 2 (we use the subscript to denote that this element only depends on
the partition of {a, b, ¢,d} in the subsets {a, b} and {¢, d}. By symmetry there
are 2 other such elements, namely wq./5q and tqq/pc.)

This element is normalizing with respect to the automorphism
Oabjed i G+ b, b a, c—d, d—c
since for example:
(ce)Uap/ca = cefde = uap/ca(de) = Uqpjed - Tavjealce)

and similarly for a, b and d. By symmetry we obtain the same for the elements
Uge/bd aNd Ugqype- Since the automorphisms have order 2, it follows that the

squares of these three elements are in fact central.

Tab/ed d:efuzb/cd = aefbefa+ befaefb+ cefdefc+ defcefd+ faefbe + fbefae
Tac/bd d:efuic/bd = aefcefa+ befdefb+ cefaefc+ defbefd+ faefce + fcefae
Tadsbe 2 U2, e = aefdefa+befcefb+ cefbefc+ defaefd+ faefde+ fdefae

We claim that these 3 elements are pairwise linearly independent. Indeed,
suppose for example that z4,/.q and x,./q were linearly dependent. Then
faefbe + fbefae and faefce + fcefae should be linearly dependent. By the
nature of the relations and the fact that we are working in characteristic 2

there are only 3 possibilities:
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o faefbe+ fbefae =0
o faefce+ fecefae =0
o faefbe+ fbefae+ faefce + fcefae =0

The first two options are obviously impossible and third option gives faefde+
fdefae = 0, leading to a contradiction. Hence x,p/cq and x,c/pq must be
linearly independent. On the other hand one checks that these elements satisfy
the relation zap/cq + Tac/bd + Tad/pe = 0. This shows that there are 3 central

elements satisfying one linear relation, hence dimy (Z4(k, k%)) = 2. O

For the second specific case we have:
Lemma 4.4.9. Let k be a field, then dimy(Z4(k,Kk[s,t]/(s%,1?))) = 2.

Proof. The proof is similar to the above argument and based on an explicit

description of generators. We refer the reader to §4.7.2 O

In order to compute the dimension of (Z4(k, F)) for any Frobenius algebra
F', we use the following lemma, which relates these dimensions under Frobenius

deformation:

Lemma 4.4.10. Let F' and G be two Frobenius algebras over a field k such
that F cA G. Then for each d € N,

dimy(Zy(k, F)) > dimg(Za(k, G))

Proof. Let D be the algebra deforming F' to G as in definition 4.2.5 and denote
R =Kk[[u]], K = k((u)). Using the morphism (4.4), we write Z4(R, D) = ker(¢)
and let ® be the matrix corresponding to ¢.

Let ®k denote the same matrix with coefficients viewed in the fraction field K
and ®y denote the matrix with coefficients viewed in the residue field k. Then

by construction,

ker(®x) = ker(K®r ¢) = Z4(K,K®g D)
ker(®y) = ker(k ®p ¢) = Za(k,k ® D)
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Now,
dimy (Z4(k, G)) = dimg (K ® (Z4(k, G))
= dimK(Zd(K, K ®y G))
= dimg ker(®Pk)
Since clearly dimy(ker(®y) > dimy(ker(®Pxk)), the claim follows. O

Lemma 4.4.11. For any field k and Frobenius algebra F' of dimension 4, we
have dimy(Zy(k, F)) =2

Proof. If k is algebraically closed, this follows from lemmas 4.2.4, 4.2.7, 4.4.10,
4.4.7, 4.4.8 and 4.4.9.

For the general case we use lemma 4.4.5. O

Lemma 4.4.12. theorems 4.4.4 and 4.4.2 hold in the case where (R, m) is a

local domain.

Proof. Let ¢ s be the morphism in (4.4), then ¢r g is a morphism between
free R-modules of finite rank and hence can be represented by a matrix ® with
respect to some chosen basis for V & Iz(S)s and W def Mr(S)F° ©TR(S)FE.
Let @i be the matrix obtained by replacing each entry of ® by its corresponding
class in the residue field k % R/m, then ®y is a matrix-representation for
k ®r ¢r,s using the induced k-basis for k @ g V and k@ W. Let a = rk(®y).
Then there is an invertible a X a submatrix ¥y in ®;. The corresponding
submatrix ¥ of ® has a determinant which does not lie in m and is thus itself

invertible. By a suitable base change on V and W we can now rewrite @ in
Idgxa 0
(P = 0 \I//

where all entries of ¥’ lie in m (any entry not in m would give rise to an

the form:

invertible submatrix of rank a4+ 1 by elementary row and column operations).
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It follows that we can decompose V and W into a direct sum of free submodules
V =Vi@®Vz and W = Wy & Wy such that ¢r g = ¢1 ¢ where ¢y : Vi — W
and ¢o : Vo — Wy satisfies k @ ¢4 = 0. This implies that Z4(k,k @ S) =
(k ®r ¢r.s) =k ®pr V2 and hence V5 is free of rank 2 by lemma 4.4.11.

Now, by construction ker(¢r s) C V2 and hence K@ ker(¢r s) C K @ V,. But

then, since K is flat over R, lemma 4.3.1 gives:

dimg (K ®@r ker(¢r,s)) = dimg (K ® Z4(R, 5))
=dim(Z4(K,K®@r S) =2 =dim(K® V)

It follows that ker(¢r,s) = Vo from which ¢» = 0 and hence Z4(R,S) —
ITR(S)4 splits. It also follows that Z4(R,S) is projective of finite rank since
IR (S)4 is so by 4.3.9 and this rank must equal 2 by lemma 4.4.11. O

We can now finish the proofs of the main results of this section. This is

done in a way similar to the proof of theorem 4.3.9:

Proof of theorem 4.4.2. By lemma 4.4.12 we already know that the result holds
if R is a local domain and by the local nature of splitting (see for example

[LamO07, ex. 4.13, p.105]) hence also if R is any domain.

Now let R be a local ring with algebraically closed residue field. Then by
lemma 4.3.8 S/R is a base change of S/R by a morphism R —s R for some
domain R and the result follows in this case as the base change of a split

embedding is a split embedding.

If R is any local ring, we can consider the faithfully flat morphism R — R
provided by lemma 4.3.7. As the residue field of R is algebraically closed the
monomorphism ¢ g0 = Or,s ® R from (4.4) is split. This implies that ¢ s
must be split itself by the lemma 4.4.13 below.

Finally, again using the local nature of splitting, we obtain the result for any
ring R. O
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Lemma 4.4.13. Let R be a local ring and let R — R be as in lemma 4.3.7.
Let ¢ : A < B be an embedding of finitely generated R-modules such that B
is projective. Moreover assume ¢ @ R: A® R < B ® R is split. Then ¢ is a

split injection

Proof. Let k be the residue field of R and k its algebraic closure, then there

is a commutative diagram

~Nle———— =

He—— =

As ¢®@ R is split, p®@k is injective. The above commutative diagram combined
with the faithfully flatness of k — k implies ¢ ® k is also injective. Let

C = coker(¢), then we have a long exact sequence

... — Tor®(B,k) — Torf(C,k) — Aok 25 Bok — Cok — 0

Since B is a projective R-module, it is flat, implying Tor{%(B,]k) = 0. From
this it follows that Tor?(C,k) = 0 and because R is a local noetherian ring,
this implies C' is a projective R-module and the exact sequence 0 — A N
B — C' — 0 is indeed split. O

Proof of theorem 4.4.3. This is an immediate consequence of theorem 4.4.2
and the fact that the construction of ¢r s in (4.5) is compatible with base
change. L

Proof of theorem 4.4.4. First let R be a local domain with residue field k and
field of fractions k. Then by lemma 4.4.11,

dimK(K XRnr (Z4(ff7 S)) = dimK(Z4(K,K XRnr S)) =2
= dlmk<Z4<ﬂ{,k ®R S)) = dlmk(k ®R Z4(R7 S))

Hence by [Gro71, ch. 1, cor. 4.4], Z4(R,S) is free of rank 2.
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If R is a domain, then for any p € Spec(R), R, is a local domain such that
Ry, ®r Z4(R,S) = Z4s(Rp, Ry ®g S) is a free module of rank 2. Serre’s theorem
then proves that Z4(R, S) is projective of rank 2.

Now let R be a local ring with algebraically closed residue field and let S / R be
as in lemma 4.3.8. Then we know that Z4(R, S) is projective over R of rank
2. Hence Z4(R,S) = Z4(R, S) ® R is free of rank 2 over R.

To extend the statement to general local rings we just use lemma 4.3.7.

Finally Serre’s theorem extends the statement to non-local rings as well. O

4.5 1Ip(S) is Noetherian and Finite Over Its

Center

We recall the reader that we follow convention 4.2.1 and that S/R relative
Frobenius of rank 4 over a noetherian commutative ring R. In this section we

give a proof of the following fact:
Theorem 4.5.1. TI(S) is noetherian.

To this end, we define a map
OR,S : R[Z4(R, S)]@N — HR(S)

as follows: by the first condition of the definition of a relative Frobenius pair,
4.2.2 we may choose an R-basis (z,y, z,w) for S. Let e be the element corre-
sponding to 1g € N and f be the element corresponding to 1g € M (recall
the definition for N and M from §4.2.2). There is a map

m:R<x,y, z,w,e f>— Tres(M ®N)

Where z,vy, z, w have degree 0 and e, f have degree 1 in R < z,y, z,w, e, f >.
The R-module T'(R,S)q is generated by (1g,z,y,2,w) and these 5 elements

are the images under 7 of the corresponding elements in R < z,y, z,w, e, f >,
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hence 7 is surjective in degree 0.

Moreover, T(R, S)1 = rSs®sSr is generated by (xe, ye, ze,we, fx, fy, fz, fw)
as an R — R-bimodule and hence 7 is also surjective in degree 1.

Finally since T'(R, S) is a tensor algebra, it is generated in degree 0 and 1 and 7
is surjective. Composing with the canonical quotient map T'(R, S) —— IIx(95)

yields a surjection
X R < xay7z7w7€af > = HR(S>

Now, the R-module IIg(S)<¢ is generated the image of the words of length at

most 6 in {e, f}. We can reduce this set by making the following remarks:

1. since {1g,,y,z,w} forms an R-basis for IIz(S)g, we can assume that

any subword of degree zero is precisely a letter in this set
2. by the definition of the multiplication of IIx(S), we have e? = f2 =0

Hence if we let H be the finite set set of words in {z,y, z,w, e, f} of length at
most 6 in {e, f} such any two instances of z,y, z, w are separated by at least
one e or f, we obtain x(R- H) = IIr(S5)<e. If we list this set as

H={a,...,a,}

we can define og g as
n
ors: RIZi(R,S)®" = TRr(S) : (1)1 — Zzix(ai)
i=1

We shall prove the following theorem

Theorem 4.5.2. o g is a surjective map. In particular IIR(S) is finite over

its center.

From this theorem 4.5.1 will readily follow as Z4(R, S) is finitely generated
over R by 4.4.4. In turn we prove theorem 4.5.2 first for fields following the
diagram 4.2. The general result will the follow quickly.
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First we give some base change arguments: Let R — R’ be any morphism

of rings, then by theorem 4.4.3 we have a diagram

OR/\R'®RS

R'[Zi(R', R ®g S)|&" I, (R' ®p S) (4.6)

] |

R' @r R[Z4(R, S)|®" R @p IR(S)

R'®r(or,s)

Lemma 4.5.3. For any morphism ¢ : R — R', the diagram in (4.6) is

commutative.

Proof. We recall that if S/R be relative Frobenius with generator A and basis
{e1,...,en}. Then (R’ ® S)/R’ is relative Frobenius with generator 1 ® A
and basis {1p' ®e1,...,1p ®e,} (see lemma 4.3.1). Following the successive

steps in the construction of o/ p/g,s We see that

Hp/(R ®rS) =1l @Ig(5)
XR/ =1lr ®Xr
Hp =1r ® Hp
Let z; be an element in R[Z4(R,S)] considered as the ith component of

R[Z4(R, S)]®", then

no(lp ®r (ors)) (' ®z) = 1 @ zixr(a))

(r
= 7'(1® zixr(a;))
= "(1®2)(1® xr(a:))
= r1®z)(xr(1©a))
= o res(r(1®z))
= or,peso((r®z) O
As in the proof of theorems 4.3.9 and 4.5.1, to prove the claim in the case

of fields, we relate the surjectivity of ¢ under Frobenius deformation:
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Lemma 4.5.4. Let F' and G be Frobenius algebras over k such that F fli]: G.

If ok, F is surjective, then so is oy ¢

Proof. Let D be the algebra deforming F to G provided by the definition 4.2.5
and write R < k[[u]] and K %' k((u)).

Then lemma 4.4.12 and lemma 4.3.1 imply that the vertical maps in (4.6) are
isomorphisms, hence k®r or, p = ok, 7. Thus Nakayama’s lemma implies that
oR,p is surjective whenever o g is. A second application of (4.6) together with
lemma 4.3.1 and theorem 4.4.3 shows that K ®x ox,¢ = K ®g or,p, showing
that K®y oy, is surjective in this case and hence also oy ¢ since K is faithfully

flat over k. O

Lemma 4.5.5. Let F d:efk[s,t]/(SQ,t2). Then the map ok F is surjective

Proof. This is proven in A.3. O
Corollary 4.5.6. Let F' be Frobenius over a field k. Then oy g is surjective

Proof. If k is algebraically closed, then any Frobenius algebra F' over k can
be obtained from k[s,t]/(s* ¢*) by a finite number of Frobenius deformations
following the diagram 4.3. Hence this case follows immediately from lemma
4.5.5 and lemma 4.5.4.

For a general field we use that k is faithfully flat over k. O

Proof of theorem 4.5.2. 1f R is a local ring, then k ® g 0,5 = ok kg s and the
result follows by the above and an application of Nakayama’s lemma.
If R is any ring, for any p € Spec(R), we have Ry, ®r Ors = OR, R,®rS,
which is a surjective morphism. As this holds for all p € Spec(R), og.s is
itself surjective.

O

4.6 The Global Dimension of IIz(95)

In this section we prove the following:
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Theorem 4.6.1. The global dimension of IIgr(S) is bounded by the number
max (gl. dim(R), gl. dim(S’)) +2

We first bound the projective dimension of R and S as IIg(S)-modules.

Lemma 4.6.2. There is a projective resolution of R® S of the following form:

0 — Hr(9)(—2) 2% (sSr ® rSs) @TR(S)(—1) ZH TIR(S) 2% R®S — 0
(4.7)

Proof. «ag is the canonical projection with kernel IIz(S)>1. This module is
generated by IIz(S)1 = sSr ® rSs, hence im(a) = ker(ag). Since the re-
lations of IIg(S) are generated in degree 2, we also have im(ag) = ker(aq).
Only the injectivity of ap remains to be checked.

The sequence splits into the following two subsequences:
00— 1gr- HR(S)(—2) — 1g - HR(S)(—I) — 1p - HR(S) — R—0 (48)

0 — 1g-Tg(S)(—2) — (1g -MR(S)(~1))%* — 15 -Tx(S) — S — 0
(4.9)
By lemma 4.3.1 exactness can be checked after localization at each prime ideal
of R, hence we may assume all terms in (4.8) and (4.9) are free R-modules of
finite rank in each degree by lemma 4.3.10. The claim reduces to the following

relation on the Hilbert series: for each d € N we must have

ha—2(1r - IR(5)(=2)) = ha—1(1s - HR(S)(=1)) + ha(1r - IIr(S)) = da0 =
haa(ls - TTR(S)(=2)) — 4ha1(1r - TR(S)(=1)) + ha(1r - TR(S)) — 464

(where hg(—) denotes the rank of the degree d-part as an R-module)
Using lemma 4.3.10 we see that this is indeed the case. O

Lemma 4.6.3. Each simple I1r(S)-module is either a simple R-module or a

simple S-module.

Page 183



SECTION 4.4.7

Proof. Each simple R or S-module is clearly simple when considered as a
IIg(S)-module. Conversely if M is a simple IIg(S)-module, then M = 1z M
or M = 1gM since M = 1gM@&1gM. Moreover we claim that IIz(S)>1 M =0
or equivalently IIx(S); M = 0. For this assume for example that M = 1z M.
If z € ¢Sk then

aM = (1gz)M = 1g(xzM) =0
and if x € gpSg then

M = (zlg)M = z(1sM) =0

Hence only the R-component in degree 0 acts non-trivially on M, it follows in
particular that M is also a simple R-module. The case M = 1gM is completely

similar. O

Proof of theorem 4.6.1. Tt suffices to check that if M is a simple I1z(S)-module
then:

pdy, sy (M) < max (gl. dim(R), gl. dim(S)) +2
By lemma 4.6.3, M is a simple R-module or a simple S-module. We assume the
former, the other case being completely similar. Let P, —> M be a resolution
of M by projective R-modules of length pd (M) < gl. dim(R). Then for each

i, by lemma 4.6.2 we have

Pdir,(s)(Fi) < i, s)(R) < pdpp,s)(R®S) <2

A standard long exact sequence-argument now gives the desired result. O

ks, ]

4.7 Explicit Computations for S = ———
(,7)

We describe I (S) through generators and relations:

o IIx(S)g =k®S. Let a denote (1k,0) and b = (0, 1g) then since a+b =1,
a,1,s,t, st is a k-basis for IIg(S)g. It is clear that this set satisfies the
relations

a’=a,as =sa=at =ta=0
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o II(S); = kSs @ sSk- Let f be (15,0) and e = (0,1g), then we can
write Ik (S); = fS @ Se. Hence f, fs, ft, fst, e, se, te, ste is a k-basis for
Ik (S)1. By construction, each generator # 1 of IIx(S)o acts nontrivially
on exactly one side of each component. Hence we have the relations

ea =e,af = fae= fa=0,es=et=sf=tf =0
Note that this implies e = f2 = 0 since for example

e? = (ea)e = e(ae) = 0

e It is clear that the relation 1 ® 1 € Sg ® g5k takes the form fe = 0.
To compute the second relation, note that projection onto kst provides
the duality isomorphism Hompg(S, R) = S (see lemma 4.2.7). It imme-
diately follows that (e, se,te, ste) is dual to (fst, ft, fs, f) in the sense

of definition 0.1.15. The relation now takes the form

efst+ seft+tefs+ stef =0 (4.10)

To summarize IT(S) is a quotient of the free algebra k < a, s,t, e, f > by the
relations

2=t2=st—ts=0

a’?=a,as=sa=at=ta =0

ea =e,af = f,ae = fa=0,es=et=sf=tf =0

fe=efst+seft+tefs+ stef =0
Note that IIx(S) is a graded algebra via deg(a) = deg(s) = deg(t) = 0 and
deg(e) = deg(f) = 1.

4.7.1 an Explicit Set of Generators for II;(S)

In this subsection we give sets of generators in each degree, hence giving an

upper bound for dimy (ITx(.5)4). More explicitly we prove that
dim, (Hk ( k£5,t2] > ) < 5(d+1) ifdiseven
(s%,1%) ) 4 4(d+1) ifdis odd
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which proves 4.3.4 For this we make the following remarks:
e In each degree there are generators of two types:

Type I) Elements of the form fxef xef...xef xe(f(*)) where each x is
either s,t or st
Type II) Elements of the form (x)ef xef ... *ef * e(f(*)) where each * is

either s,t or st

e Let R denote the relation (4.10), then fRe,tR,sR, stR take the form

fsefte = —ftefse (4.11)
steft = —tefst (4.12)
stefs = —sefst (4.13)
stefst = 0 (4.14)

e As a consequence of the above equalities, we know that for any non-zero

element there is at most one appearance of st. For example:
fstefsefst = fstef(sefst) = —fstef(stefs) = —f(stefst)efs =0

We say any of the above elements is of bidegree (m,n) if there are m appear-
ances of s and n appearances of t. It is easy to see that the above relations do
not violate this bidegree and that it turns Ix(S) into a Z x Z-graded ring. Us-
ing the above remarks we create (minimal) sets of generators by a case-by-case

study:

e Case 1: d even and Type I

All words in this case take the form (fx*e)...(fxe). We can use relations
(4.11), (4.12), (4.13) to write the element in the form +( fse)*(fste)*(fte)!
where € = 0,1. For € = 0 we have g + 1 choices for ¢ and j and fore =1

we have % choices, giving a total of d + 1 generators.
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e Case 2: d even and Type II

These are elements of the form (x)(efx)...(ef*)ef(x) and since there is
at most one occurrence of st the bidegree satisfies % —1<m+n< %+2.
If m+n = %—1 the element can be written in the form %(efs)™ (eft)"ef,
giving % choices. Similarly if m +n = g + 2 the element can be written
in the form +(sef)™ !st(eft)" . Giving % + 1 choices.

Assume m +n = 4. If (n,m) = (£,0) (or (n,m) = (0,%)) we have 2
generators: (sef)? and (efs)? (or (tef)2 and (eft)?).

In all other cases we need 3 generators: (sef)™(tef)", (efs)™(eft)™ and
(efs)™ tefstef(tef)"~'. This gives a total of 3¢ +1 generators for this
sub-case.

Finally assume m—+n = $+1. If (m,n) = (£+1,0) (or (m,n) = (0, $+1))
g5 (or (tef)2t ).

In all other cases we need 3 generators: (sef)™(tef)" t, (efs)™ tefst(eft)" !
and (sef)™ Lstef(tef)"~*. This gives a total of 3¢ + 1 generators for

this sub-case.

we have 1 generator: (sef)

d (3d 3d d
For case 2 this results in §—|— <2 + 1) + (2 + 2> + (2 + 1) =4(d+1)
generators.
Finally adding up the number of generators from Case 1 and Case 2

yields 5(d + 1) generators.

e Case 3: d odd and Type I
All elements in this case take the form (f xe)(fxe)...(fxe)f(x). By a

completely similar argument as above, we conclude that generators can

be chosen of the following forms:

(fse)™(fte)™ f, (fse)™(fte) "L ft, (fse) T fs, (fse)"}(fte)™ ! fst and
fste(fse)"~t(fte)™ 1 f. This gives a total of

d+1 d+1 d+1 d—1
1 —2d+1
Sttt (d+1)

generators

e Case 4: d odd and Type II
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Elements in this case are of the form (x)e(f*e)(fx*e)...(f*e). Note that
any such word can be obtained by taking a word from Case 3, reading it
from right to left and interchanging e and f. Applying this “procedure”
to the generators of Case 3 yields a set of generators for the current case
by symmetry. Hence in the current case we have 2(d 4+ 1) generators,

adding up to 4(d + 1) generators in case d is odd.

4.7.2 the Dimension of Z,(k, 5)

Consider the elements
def def
u = sef +efs+ fseand v = tef + eft + fte (4.15)

It is easy to see that u is normalizing with respect to the automorphism o
on I, (S) which sends ¢ to —t and is the identity on the other generators. As
02 = Id we have as an immediate consequence that u? is central. A completely
similar discussion yields that v? is central. Using the relations defining I, (S)

we can write u? and v? as
sefsef +efsefs+ fsefse and teftef + efteft + ftefte

In what follows we explain why there are no other central elements. This is
done by constructing a basis for ITy(S), which reduces the search for central
elements to some standard linear algebraic computations. By the arguments

in 4.7.1, the following 25 elements generate Ty (S)4:

TypeI) — 1 element of bidegree (1,1): fsefte
— 1 element of bidegree (2,0): fsefse
— 1 element of bidegree (0,2): ftefte
— 1 element of bidegree (2,1): fsefste
— 1 element of bidegree (1,2): fstefte

Type II)  — 1 element of bidegree (1,0): efsef
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s eftef
): sefsef,efsefs
): teftef,efteft
sefsefs
tefteft
(1,1): seftef,efseft,efstef
3 elements of bidegree (2,1): sefseft,efsefst,sefstef
(1,2): sefteft,efsteft,steftef

1 element of bidegree (

— 2 elements of bidegree

)
)

0,1)
(2,0
2 elements of bidegree (0, 2
— 1 element of bidegree (3,0)

0,3)
1
1
2

1 element of bidegree (

— 3 elements of bidegree

— 3 elements of bidegree

— 1 element of bidegree (2,2): sefsteft
— 1 element of bidegree (3,1): sefsefst
— 1 element of bidegree (1,3): stefteft

Corollary 4.3.6 implies that they form a k-basis for I (.5),.

Since the center of a graded ring is a homogeneous subring, we can write
Zq(k, S) as
Zd(k7 S) = @ Zd(ka S)m,n
(

m,n)
Where Z4(k, S)m, n consists of the central elements in Iy (S) of degree d and
bidegree (m,n). It follows that generators for Z4(k, S) can be chosen as linear
combinations of elements of fixed bidegree. This reduces the computations
to 12 linear combinations of at most 4 elements. A brute force computation
shows that sefsef + efsefs + fsefse and teftef + efteft + ftefte are the

only linear combinations that are central.

4.7.3 the Surjectivity of oy ¢

Let u and v be the normalizing elements defined above in 4.15. Let V' C TI(S)2
be the k-vector space spanned by w and v. Let ps be the multiplication

morphism given by the composition

M3 - V® Hk(S)l — H]k(S)Q ® H]k(S)l — Hk(S)g
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Then we use a brute force computation to show that p3 must be surjective. I.e.
we show that any element of II;(S)3 can be written as a linear combination of
elements of the form u-x or vz with z € II(S);. It suffices to check this for

the generators of Ik (.5)s:

Type I) : elements of the form f *ef(x).
These can all be put into the form fsef(x) or ftef(x) where x is either
s,t or st. Now use fsef(*) = u- f(*) and similarly ftef(x) =v- f(x).

Type II) : elements of the form (x)ef x e

e efse=u-eand efte=v-e

e sefse=wu-se and tefte =v - te

e sefste =u- ste and tefste = v - ste
o sefte = —tefse —eftse =v - (—se)
e tefse = —sefte — efste = u - (—te)

Which shows that pg is indeed surjective.

Now for each degree d we have a commutative diagram

V @ Hk(S)as1 Mk (S)a+3

V @Ik (S IIx(S)y ———— I (S II (S
® Ik (5)1 ® k(S)q ATy x(S)3 @ Ik (S)a

where the top horizontal arrow must be a surjection as the other three are
surjective. Hence by induction (and the fact that V ® — is right exact) we

have for each n € N a surjection

HUonte yen X Hk(S)E — V®n71 (24 Hk(S)2+€ —_— ... — Hk(S)2n+€

2

Next let W be the vector space spanned by u? and v2, then for each n and

w = 1, 2 there is a surjection

W®n ® V®w V®2n+w
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and we have a commutative diagram

Wen @ VO @ Iy (S).

W®n ® H]k (S)2w+e

l/p4n+2w+e

VO2te @ 1 (S) @ My (8)g ———— i (S)antowie

Han+2w+e
where pgni20+e must be surjective because the other three morphisms are.
Then using the commutative triangle

Pan+42w+e
W®n ® Hlk 2w+e 4n+2w+e

\%

k[Za(k, S)]r ® Ik (S)2wte

we must have that prmioote @ K[Za(k, 9)]n @ Ik(S)awtre — Mk(S)ant2wte
must be surjective. As 2w + € takes the values 3,4,5,6 we have an induced
surjection:

7 :k[Zy(k, S)]) @ k(S)<g ——= IIk(S)

(where we included TI(S)4 for d = 0,1,2 on the left hand side to guarantee
surjectivity in these three lowest degrees).
Now oy s factors as p o ¢ where ¢ is the morphism:
N
k[Za(k, )N — K[Za(k, )] @ T (S) <6 : (2:)11 = Y 2 ® x(ai)
i=1
By the choice of the a; in H, < is surjective and hence also oy s proving the

lemma.
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Chapter 5

the Exotic Rank 4 Surface

5.1 Introduction and Statement of Results

One of the main results of chapter 3 (3.5.17) states that any lattice with an
exceptional basis of rank 4 of DPS* type must either be trivial, isomorphic to
the Grothendieck group of a Del Pezzo surface or to a lattice of so called ’type

3’ given as Z*, equipped with a bilinear from whose Gram matrix is given by

1 2 1 5
01 0 4
0 01 2
0 0 01

This chapter is devoted to a construction made by the author in collaboration
with D. Presotto that can be viewed as a noncommutative surface Z together
with a full exceptional sequence E of four Z-modules whose classes in the
Grothendieck group K (Z) form a basis in which the Euler form has the above
Gram matrix. The top-left and bottom-right 2 x 2 submatrices, show that
the couples (F1, F3) and (FE3, F4) are isomorphic to the standard sequence
(Ox,0x(1)) on K(P'). We heuristically conclude that Z should be equipped
with 2 'maps’ (in the noncommutative sense) Ig,I1; : Z — P! such that E
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is obtained by pulling back (Ox,Ox (1)) along both:

o (HT(OPQ,HT(OW(U),HS(OPI),HS(OPI(U)> (5.1)

The construction of this exotic rank 4 surface is an adaptation of Van den
Bergh’s theory of noncommutative P!-bundles over a smooth finite type k-
scheme X as developed in [VdB12]. In that paper, Van den Bergh proposes a
new construction which results in a sheafified notion of a Z-algebra as follows:
let € be a coherent X-bimodule (see 5.2.2) which is locally free on both sides.
Then there is an appropriate notion of left- and right dual *& resp. £* (5.2.9).
Applying the construction indefinitely yields higher duals *™& resp. &*™,

which by naturality come with a counit morphism
Yt Op — EM @x EXMTL
Van den Bergh defines the symmetric sheaf Z-algebra S(€) as
® S(E)m,m = Ox
o S(E)mm41 =E™

e S(€) is freely generated by S(£) subject to the relations given by the

images of the morphism ~,,

This is recalled in 5.2.4. There is an associated category of graded modules
Gr(S(£)) which is Grothendieck (5.2.8). The intuition behind the definition
of S(€) comes from the fact that in the case where £ is a central bimodule
of rank (2,2), the definition coincides with the notion of a P!-bundle over X
in the sense that there is an equivalence between their categories of graded
modules. For the convenience of the reader, we provide an explicit proof of
this in 5.2.20.

Pushing our heuristic intuition further, if we assume that the exceptional se-

quence E is strong (as in definition 0.2.1), we have

Homz (I3 (Op: (1)), g (Op1 (1)) = (1 Op1 (1)), T (Op1 (1)) = 4
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which seems to suggest that the bimodule £ should have rank 4 on the left and
a similar argument shows that rE should have rank 1 on the right. This leads
one to adapt Van den Bergh’s work under the assumption that the bimodule £
is locally free of rank (4, 1) instead. To construct the noncommutative scheme
Proj(S(€)) and establish its properties, we shall first prove two facts in the
setting: The first is a description of S(£) in the case where the base scheme
X is affine. More precisely, we relate S(E) to the generalized preprojective

algebras introduced in the previous chapter as follows:

Theorem J. (see 5.3.10 and 5.5.15 together with 5.3.18) Let € be a bimodule
of rank (4,1) over X. Then there is a finite affine open cover U; C X such
that the category Gr(S(E)|y,) identifies with a direct summand of Gr(Ilg, (S;))
where R; — S; is relatively Frobenius of rank 4

Second, we adapt the technique of point modules which was developed in
[VdB12] for the rank (2,2) case to the rank (4,1) case. This proves to be a
substantial modification, requiring an adaptation of the very definition of point
module. We use this theory to prove that S(E),.., is a locally free bimodule
in each degree. This, together with the previous result allows us to adapt the
ideas of [Mor07] and [NymO04a] to obtain a proof of the fact that Gr(S(€) is a

locally noetherian category. We summarize:

Theorem K. (see 5.3.1 and 5.4.5) Let € be a bimodule of rank (4,1) over X.
Then

o Gr(S(&)) is a noetherian category

e Fach bimodule S(E)n.m is locally free and the ranks can be explicitly
computed by (5.4.5).

This allows us to consider the noncommutative scheme Z = Proj(S(€) in
the language of [AZ94]. Z comes with a sequence of maps II,, : Z — X (again
in the sense of [AZ94]) given by taking the n-th degree of the graded module.
We describe these and show that Iy and II; contain all the information on

these maps in a certain sense. With these definitions, we finally prove
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Theorem L. (See 5.4.22) Let £ be a PL-bimodule of rank (4,1). Let S(€)) be
the associated symmetric sheaf Z-algebra and put Z = Proj(S(E). Then

(Hi«oﬂn)m(ow<1>>,Hs<op1>,ns<opl<1>>)

s a full strong exceptional sequence on Z for which the Gram matrix of the

Euler form is given by

o O O =
S O = N
O = O =
L S A

5.2 Symmetric Sheaf Z-Algebras

5.2.1 Definitions and Construction

We begin by giving a summary of the material needed to construct symmetric
sheaf Z-algebras following the article [VdB12].

Convention 5.2.1. In this chapter k denotes an algebraically closed field. W,
X and Y will denote smooth varieties (that is smooth, integral*, separated and

of finite type over k).

Definition 5.2.2. A coherent X —Y bimodule £ is a coherent Ox «y-module
such that the support of £ is finite over X and Y. We denote the corresponding
category by bimod(X —Y’). More generally an X — Y-bimodule is a quasi-
coherent Ox xy-module which is a filtered direct limit of objects in bimod(X —
Y'). The category of X —Y-bimodules is denoted BiMod(X —Y"). A bimodule £
is called locally free if mx,(£) and 7y, (€) are locally free, where mx denotes the
standard projection X xY — X and 7y is defined similarly. If rk(rx,(£)) =

m and rk(7y ,(€)) = n, we write tk& = (m, n).

10ne could leave out this condition, which leads to the more general setting of disjoint

unions of varieties, we choose not to do this for purposes of clarity
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For W, X and Y the tensor product of Ow « x xy-modules induces a tensor

product
BiMod(W — X) ® BiMod(X —Y) — BiMod(W = Y) : (§,F) —» E®x F

through the formula

EQF def FWXY*(TI';;VX)(((C:) AW xXxY ﬂ;{xY(}-))

For each £ € BiMod(W — X) this defines a functor :

— ®x & : Qeoh(W) — Qeoh(X) : M = M @x € L rx, (5 (M) @wxx €)

(5.2)
which is right exact in general and exact if £ is locally free on the left. We
mention that [VdB12, lemma 3.1.1.] shows that this functor determines the

bimodule £ uniquely.

Definition 5.2.3. Let W be a variety with morphismsu : W — X, v: W — Y.
If U € Qeoh(W), then we denote (u,v).U € BiMod(X —Y) as ,U,. One easily
checks:

— ® Uy, = v (U (=) @ U) (5.3)

A bimodule isomorphic to one of the form .U, = 14(u.ld)1q is called central.

This chapter will use the language of sheaf Z-algebras, a ’sheafified version’

of a classical Z-algebra.

Definition 5.2.4. Let (X;);cz be a sequence of smooth varieties.
A sheaf Z-algebra A is a collection of X; — X;-bimodules A;; equipped with

multiplication maps p; j, and identity maps u;:
tigk s Aij @ Aj — Air and u; 1 Ox, — Ais

such that the usual associativity

.4, Q1
Aij ® Ay ® Ay -2 Ai ke ® Ag

1®Mj,k,li \L,Ufi,k,l

Ai i @A A

Hi, 5,1 ’
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and unit diagram

u;®1 1®u;

Ox, @A ; Aii ® Aij Aij ® Ox, Aij ®Aj;
Aij A j

commute

In a similar vain, we introduce the notion of graded module over a sheaf

Z-algebra:

Definition 5.2.5. Let A be a sheaf Z-algebra.
A graded A-module is a sequence of X;-modules M; together with maps

Wi gt M; ® Aij — ./\/lj
such that the associativity,

Hi g ®1

M; @A ; @ Ajk M; @ Aj i

1®ﬂj,k,Ll l#i,k,t

Mj ®.Aj,k My

Hi,g,1

and unit diagram

1®u1

A N

commute. A morphism of graded .A-modules f : M — N is a collection of

®-Azz

X;-module morphisms f; : M; — N; such that the diagram

M ®.Ai7j Ji N@Aid‘
Mj fi A[]

commutes. The associated category is denoted Gr(.A)
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Definition 5.2.6. An A-module is right bounded if M; = 0 for ¢ > 0. An
A-module is called torsion if it is a filtered colimit of right bounded modules.
Let Tors(A) be the subcategory of Gr(.A) consisting of torsion modules. Then
if Gr(A) is a locally noetherian category 2, Tors(A) is a localizing subcategory
and the corresponding quotient category is denoted by Proj(.A).

This construction yields a projection functor p : Gr(A) — Proj(A) with right
adjoint w (see [Smi99]).

Remark 5.2.7. It an easy observation that Gr(A) is abelian and that all

universal constructions are defined ’degreewise’

The fundamental example of a graded right .A-module is given by the col-
lection e, A satisfying

(en.A) =A,; (5.4)

Theorem 5.2.8. Let A be a sheaf Z-algebra. Then Gr(A) is Grothendieck.

Proof. Let (M;, fij) be a direct system of graded .A-modules. In each degree
d
ij
Qcoh(X,,) is Grothendieck, we can form the direct limit in each degree to
obtain a sequence of X,,-modules L, def h_I)n(./\/lZ’7 %). If we fix a couple

(n,m), the universality of the direct limit naturally defines a map

d, we obtain a direct system of quasi-coherent Xg-modules (M, f&). Since

Apm @ Ly =Apm ® lign(Xi"7 ) — h_r)n(Xim, i) =Lm

showing that L is in fact a graded A-module. The fact that £ is a direct limit
and that the formation of £ is exact is an easy consequence of the construction.
Next, for each, ¢ let Qf be a collection of generators for Qcoh(X;). Then the
collection

(G @eAlneZ,NeN™} (5.5)

forms a set of generators for Gr(.A). O

2 As mentioned in the introduction, this property is nontrivial and in fact one of the main

results of this chapter
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The first crucial ingredient in our construction is a certain duality between
locally free bimodules. The this end, we recall that we assume that5.2.1 that

X and Y are smooth varieties over k

Lemma 5.2.9. (see [VdB12, §4]) Let £ € bimod(X —Y") be a locally free coher-
ent bimodule. Then there is a unique object -the right dual- £* € bimod(Y — X))
such that the functor

— ®y €% : Qeoh(Y) — Qceoh(X)

defined in 5.2 is right adjoint to the functor — ®x &, i.e for M € Qcoh(X)
and N' € Qcoh(Y'), there is a natural isomorphism:

Homy (M ® E,N) 2 Homx (M,N ® £¥).

Remark 5.2.10. Van den Bergh also gives an explicit formula (see the dis-
cussion following prop. 4.1.6 in [VdAB12]): if € = U, then E* is given by
o Homw (U, ' Oy )y,

The opposite notion leads to the left dual: an object *€ such that
Homx (N ® *&, M) = Homy (N, M ® E)

By Yoneda’s lemma we have £ =* (£*) = (*£)*. Repeated application of duals

leads to the following notation as well:

*n
Er=9

—~
In the sequel it will be convenient to invoke the following notation:

Convention 5.2.11. For the smooth varieties X and Y, we shall often im-

plicitly consider the sequence (X;)icz defined as

X, =X ifn is even and Y if n is odd
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From the adjointness properties of the duals defined above, there are unit

and counit morphisms:

in: Ox, — &M @& (5.6)
Jn: EMREMT 5 Oy,

Our next ingredient is that of a nondegenerate bimodule.

Definition 5.2.12. We say that Q € bimod(X — W) is invertible if there
exists a bimodule Q! € bimod(W — X) such that

Qaw Q' 20y and Q' @x Q= Oy

If there are bimodules £ € bimod(X — Y) and F € bimod(Y — W) such
that Q@ C £ ®y F, the we say the inclusion is nondegenerate if the following
composition

EoxQ —=E"x®(E®y F) — F

is an isomorphism.

Definition 5.2.13. Let (X;);cz be a sequence of smooth varieties over k and
let &; be locally free X; — X;1-bimodules. Then the tensor sheaf Z-algebra
T({&;}) is the sheaf Z-algebra generated by the {&;}. More precisely:

0 n<m
THEDmm = 1a(Ox,.) 14 n=m
5’m®---®5n—1 n>m

If X and Y are smooth varieties and £ a locally free X — Y-bimodule, the
standard tensor algebra is the sheaf Z-algebra T(£) constructed by applying

the convention 5.2.11 and considering
gn — 5*n

in the above definition
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We can now state the definition of the main object of study in this chapter:

the symmetric sheaf Z-algebra.

Definition 5.2.14. Let (X;);cz be a sequence of smooth varieties over k and
let &; be locally free X; — X;1-bimodules. Suppose that for each i we are given
a nondegenerate X; — X, o-bimodule Q; C & ® &£;11. Then the symmetric
sheaf Z-algebra S({&;},{Q;}) is the quotient of T({&;}) by the relations (Q;);.
Le. S{&:},{Qi})m.n is defined as

T({gi})m,n n<m-+1
THEEN) mn/[(Qn @ .. ) + (Em @ Qumir @ .. )+ ... 4+ (.. @ Qnoz)] n>m+2

If X and Y are smooth varieties and £ an X — Y-bimodule, the standard
symmetric sheaf Z-algebra S(&) is constructed form the standard tensor sheaf
Z-algebra T(E) by considering the following sequence of nondegenerate invert-
ible bimodules:

Q, =i, (0x,) C EM @Mt (5.7)

A fundamental operation in the context of sheaf Z-algebras is that of twist-

ing by a sequence of invertible bimodules:

Theorem 5.2.15. Let (X;); and (Y;); be sequences of smooth varieties over
k and A a sheaf Z-algebra on (X;);.
Given a collection of invertible X; — Y;-bimodules (T;);, one can construct a

sheaf Z-algebra B by

Bij dZEf’E_l ® AL] ® 73

called the twist of A by (T;);.

There is an equivalence of categories given by the functor
T:Gr(A) =2 Gr(B): M; — M; @ T;

Moreover, every symmetric sheaf Z-algebra can be obtained from a standard

symmetric one by performing such a twist operation.

Proof. This is proven [VdB12, §5.1] O
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5.2.2 The Rank (2,2) Case

In this section, we give a proof of the result that Proj(S(£)) is commutative in
the case where £ has rank (2,2). As mentioned in the introduction however,
our primary concern is the rank (4,1) case. This section’s sole purpose is to
acquire a little geometric intuition for the object S(E£). As such it may be
skipped by the reader without any trouble.

We first begin by introducing notation for the Z-graded-to-Z-algebra construc-

tion in our setting

Convention 5.2.16. Let G be a graded algebra in the monoidal category
bimod(X) Then we denote by G the sheaf Z-algebra over X whose (i,j)-

component is the X -bimodule G;_;

Remark 5.2.17. It is clear that in the above situation, taking the direct sum

yields an equivalence:

Gr(G) = Gr(G) : (M); = P M;
i€l
If £ is an X-bimodule, then it is easily seen that the graded sheaf of algebras
Sym(&) satisfies these conditions. The following lemma (which was already
announced but not proven in [VdB12]) shows that symmetric sheaf Z-algebras
over central bimodules rank (2,2) indeed essentially coincide with sheaves of

commutative graded algebras:

Lemma 5.2.18. Let V be a locally free X-module of rank 2. There is an

equivalence of the form

Gr(S(taVia)) - Gr( Symx,x(aVa) ) — Gr(Symx(V))

where T is given by twisting through ((/\2 V) L%J)iez as in theorem 5.2.15.
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Proof. We first describe the second equivalence: by the remark 5.2.17, we may
remove the hat and simply consider the sheaf of graded algebras Sym x , x Id(14V14)-
The second equivalence now follows tautologically from the definitions, since

in each degree d, d’,

5.2.1

Mg @ Symy, x (1aV1d)ar = Ma @14 (Symx (V))1q "= Mg @x Symy (V)ar

implying that both multiplications coincide. We now explain the first equiva-
lence:
Let £ = 1qV1q- Using the explicit expression for the dual given in 5.2.10, we
obtain

& = aHom(V,1d' Ox)a = 1a(V")1a

In particular the equalities £*2" = £ = 19(V)14 and £ = £* = (V" )1q
hold for all n. Since the pairing V ® V — A2V is perfect, there is an isomor-
phism

V*® (A2Y) =Y (5.8)

Let (73); = (A? V)L%J. It follows from the definition of T(E), that as sheaf

Z-algebras, we have

—

T(E) = Tx(V)

By theorem 5.2.15 applying the twist by the sequence (7;) yields an equivalence

Cr(T(€)) = Gr(Tx (V) : (My), = (M, @ (A2W)L3]).
specifically in each component:

T(E)man =10 (AW @ T (V) @ (420) 712 )Id (5.9)
We now claim that the twisting in (5.9) induces a twisting

SE)man =10 ((A2V)E] & Symy (V)o@ (A2V)718))

and hence an equivalence of categories:

Cr(S(€)) =+ Gr(Symx (V) : (My), = @ M, ® (A*V) 4] (5.10)
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So we are left with proving the claim. For this we must understand what
happens under (5.9) to the relations that define S(£) as a quotient of T(E).
As the relations are generated in degree 2, it suffices to consider S(&)m, m+2 ®
1a(A?V)1q. This is the quotient of

T(E)mm+2 @ 1a(A*V)ia Z1a (Tx(V)2)1qg =10 V@ V)py
by the relation
i(1a(0x)1a) @ 1a(A*V)ia C1a (VO V* @ A*V) 2 1a (VR V).

We have to check that this relation is exactly the one that defines Symy (V)
as a quotient of Tx (V). The latter relation is defined locally, so it suffices
to check on a trivializing open subset U for V. If V|, = Ox|,u® Ox| v
then i(Id((’)X)Id) is locally given by u ® u* + v ® v*. One checks that the
isomorphism (5.8) maps ©* ® (uAv) to v and v* ® (u A v) to —u, the induced
relation in V ® V is locally given by u ® v — v ® u, the defining relation of
Symx (V). O

We have the following result:

Proposition 5.2.19. Let £ be any X — Y-bimodule of rank (2,2). Then
Gr(S(€)) is noetherian

This proposition ensures that we can perform the Proj construction on
S(€) if the rank of £ is (2,2) by 5.2.6. The resulting noncommutative scheme

is equivalent to a projective bundle over X as follows:

Corollary 5.2.20. With the assumptions of the previous theorem we have an

duced equivalence:
® : Proj(S(1a(V)1a)) — Proj(Symy (V)) — Qcoh(Px (V))

Proof. The equivalence given in (5.10) obviously maps torsion modules onto

torsion modules, hence it factors to yield an equivalence Proj(S(1q(V)1a) =
Proj(Symy (V)).
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The second equivalence is a well known result from classical algebraic geometry

and is given by the following pair of functors

(-)
T

Proj(Symy (V)) Qcoh(Px (V)
~_

def .
pol. = pl@im.((—)())]
Where 7 is the canonical projection 7 : Px (V) — X. O

5.2.3 Truncation Functors and Periodicity

Let A be a sheaf Z-algebra over a sequence of varieties (X;);ez. Then we can
define a sequence of truncation functors as follows: for each m € Z, we can

consider the functor

Gr(A) S L Qcoh(X,,)

We shall need the following easy result on these functors:

Lemma 5.2.21. Let e, A be the right A-module defined in 5.4. There is an
adjoint pair
—®emA 4 ()m

Proof. The proof of this is standard and left to the reader O

Our next result shows that there is a certain 2-periodic behavior among

these functors. To this end, for n € Z, we denote by A(n) the sheaf Z-algebra
A(n)i,j = An+i,n+j (5.11)
Proposition 5.2.22. Let (X;);cz be a sequence of smooth varieties and A be a

symmetric sheaf Z-algebra. There is an autoequivalence o on Gr(A) inducing
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a commutative diagram for each m:

(=)m

Gr(A) Qcoh(X,,)
| s
Gr(A) Qcoh(Xin)

(7)Tn+2

Proof. By theorem 5.2.15 A is Morita equivalent to a symmetric sheaf Z-
algebra S(€) in standard form with & € bimod(X — Y) (using the notation
5.2.11 ). Moreover by [VdB12, 4.1.7], we have

E22ul®Euy
Hence the twist by (wx;,):ez yields an equivalence
T : Gr(S(€)) = Gr(w ' @ S(E) ® w) —> CGr(S(E*2))
where we used the short-hand notation
(W eSE) ow),,, =wk, ®S(E)nn ©wx, -

Next, the construction of a standard symmetric sheaf Z-algebra implies that
there is an equivalence ¥ : Gr(S(€)(2)) — Gr(S(€*?)) (where we used the
notation (5.11). We now simply define

def

a % (—2) 0 U0 T : Gr(S(E)) — Gr(S(E%2)) — Gr(S(E)(2)) — Cr(S(E))
O

In the commutative case of a symmetric sheaf Z-algebra constructed with a
central bimodule of rank (2,2) (as discussed in 5.2.2) the 0'" truncation functor

coincides with the pushforward functor in the following sense:

Theorem 5.2.23. Let V be a vector bundle on X of rank 2 and consider the
associated symmetric sheaf Z-algebra S(1a(V)1a)-
Let

O : Proj(S(1a(WV)1a)) — Qcoh(Px (V)
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be the equivalence provided by Corollary 5.2.20. Then the following diagram

commutes

Qcoh(Px (V))

Proof. Let Z Lipy (V) and A &f S(1a(V)14). The formula we need to prove

explicitly is o
m (@8 T) = (w(-),

where T; = ((/\2 V) L%J)iez is given as in the statement of 5.2.18.

Now by lemma 5.2.21 and the definition of w, the functor (w(—))o is right
adjoint to p((—) ® egA). Another formal computation using corollary 5.2.20
shows that (@i(/——ST@ 7}) is right adjoint to the functor 7= [(p o T (7*(—))]-
This functor in turn being equal to p [(m. (7*(=)(i)) ® 7;71)1,], which by the
projection formula, simplifies to p (((—) ® m.Oz(i) ® 7;71)2) The unicity of

adjoint functors thus reduces the claim to proving the isomorphism
(1) ©mOz(i)®T), = (—) ® e A (5.12)

Since rk(€) > 2, [Har97, Proposition 11.7.11.a] implies that there is an isomor-
phism 7, (O(i)) = Symy (V);. Now, by the choice of T;, we have Symy (V); =
Api ® T;. The 2-periodicity (5.12) thus becomes

(5)om0z(H@T, ), = (1) AT T, ), = (-)®Ay), = (—)®eg A
proving the claim. O
We also have a different 1-periodic behaviour for the truncation functors

in this case:
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Proposition 5.2.24. Let V be a locally free sheaf of rank 2 on X and S(1aV14)
the associated symmetric sheaf Z-algebra. Then there is an equivalence 5 and

for each n, a line bundle L,, on X making the diagram

Gr(S(1aVua)) Gk Qcoh(X)

/| |

Gr(S(1aV1a)) S Qcoh(X)

—)n+1

commute.

Proof. By lemma 5.2.18 there is a sequence of X — X-bimodules 7; such that

the following is an equivalence of categories

Gr(S(1aVua)) — Gr(Symx(V)) : (M;); » PM; @ T;

Let (—1) denote the inverse shift functor on Gr(Symy (1)), i.e. (M(-1)); =

M;_1 and define 3 as the autoequivalence making the diagram

Gr(S(1Via)) ——— Symy (V)

| [

Gr(S(1aVia)) Symy (V)

-
commute. Since we clearly have (—),41 0 (=1) = (—),, we get the required
result by choosing the line bundle £, def T ® n_+11 with 7, as in the proof of

lemma 5.2.18. O

Remark 5.2.25. the previous result of 1-periodicity clearly implies 2-periodicity
after repeated application in the sense that
(_)n+2 o 52 = (£n+1 ® En) ® (_)n

hence one can wonder whether this periodicity coincides with proposition 5.2.22.
This is not the case in general. Indeed, from the explicit form of T in propo-
sition 5.2.22 and 3 in Proposition 5.2.24, we obtain

n+1

L, — (/Q\V)[%J 2 (/Q\V)*LTJ
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and L1 Ly, = (/\2(]/)) , which obviously does not coincide with wx,s in

general.

5.3 Noetherianity of Gr(S(€))

As explained in the introduction, it is the case of a bimodule £ of rank (4, 1)
that we are particularly interested in. This section is dedicated to proving one

of the important geometric properties of S(&) in this setting:

Theorem 5.3.1. Let X and Y be smooth varieties overk and £ € bimod(X —
Y) be locally free of rank (4,1). Then the category Gr(S(E)) is locally noethe-

rian.

As an immediate consequence, the category Tors(S(€)) is localizing and we
can form the noncommutative scheme Z ' Proj(S(€). Lemma [Smi99, 14.19)

now also shows:

Theorem 5.3.2. Under the conditions of 5.3.1, Z is a noetherian noncom-

mutative scheme

The next lemma shows that under these assumptions, the bimodule £ can
written in a convenient form using a line bundle on Y and a finite map f of

degree 4.

Lemma 5.3.3. Assume that X,Y are smooth varieties of finite type over k
and & is a locally free X — Y -bimodule of rank (n,1). Then there is a line
bundle L on'Y and a finite surjective morphism f:Y — X of degree n such
that € = ;L1q (see 5.2.8 ).3

Proof. Let W C X x Y be the scheme theoretic support of £ and denote the
projections W — X, W — Y by g, h respectively:

Snote that f is automatically flat here
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Supp(€) = W
y XxY $

By definition g, h are finite morphisms. Furthermore £ =  F}, for F €
coh(W) such that Supp F = W. By Lemma 5.3.4 below we conclude that h is
an isomorphism and that F is a line bundle on Z. Put £ = h,F, f = gh™'.
Then £ = yL1q. Since L is a line bundle, f.£ and f.Oy are locally isomorphic
(e.g. by Lemma 5.3.8 below). So f.Oy is locally free of rank n as well and
therefore f is flat of degree n. O

Lemma 5.3.4. Assume thath: W — Y is a finite morphism between smooth
varieties, F is a coherent sheaf on W whose scheme theoretic support is W
and hyF is locally free of rank one. Then h is an isomorphism and F is a line
bundle on Z.

Proof. Since h is finite it is affine, we may assume that ¥ = Spec R, W =
Spec S and F = F for F an S-module which is invertible as R-module. The
composition of

R s U pnd (R 2 R

is the identity and the middle map is injective since W is the scheme-theoretic

support of F. It follows that all maps are isomorphisms. The claim follows. [

Convention 5.3.5. Inspired by 5.3.3, we will often consider the setting where
X, Y are smooth varieties over k with a finite surjective morphism f : Y — X
of degree 4 and and & is an X =Y bimodule given as & = ;L1q for a line bundle
LonY.
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5.3.1 Restricting to an Open Subset

The first step in the proof of theorem 5.3.1 is showing that there is an appro-
priate notion of restricting a sheaf Z-algebra to an open subset and that the
statement of theorem 5.3.1 can be reduced to an open cover in this sense.

To this end, we let A denote a sheaf Z-algebra over a sequence of smooth va-
rieties X; and U = (U™),nez be a sequence of affine open subsets U™ C X,,.
For a bimodule F € bimod(X,,, — X,,+1), and a graded A-module M we will
use the notation (=)l to denote the restriction to the corresponding open

subset. lLe.

Flu = Flymyymn

(A & (Al = Al girn
(M), = (M)l

To ensure that the restrictions of A to an open subset remains a sheaf Z-

algebra, we need the following technical condition:
Lemma 5.3.6. Let A be a sheaf Z-algebra and U as above such that m,n:
Supp( (Am,n)lymyx,) CU™ x U™ and Supp((Amn)lx, xpn) CU™ xU"
then
i) Al has an induced algebra structure.
ii) Restriction of modules to U defines a functor |y : Gr(A) — Gr(Al,)

Proof. 1) We must show that for all I,m,n € Z there are multiplication mor-
phisms Aj n|,;® Amnly — Al induced by the morphisms Aj pm @ Ay n — Ain.
It is evident that the latter induces a morphism of U! — U-bimodules as
follows:
(Aim ® Am,n)‘U — Al,nlU
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Now the claim follows from the following chain of isomorphisms:

(Am @ Am)ly = (x50 (T3 x0 (Alim) @Xx X x X0 T30 (Aman))) 1 pm

= Tyl Un« ((W}Z,Xm (Atm) @x,x X x X Tx,, X, (Amon)) ’lemeU")
= Tutun« (ﬂ-;(lem (Alvm)|lemeUn ® 7, x, (Amn ’lexme")
= Ty yn. (W[*}L,XMV(AI,WL'UIXXM) QUixX,, xUn W?(M,Un(/lm,ﬂxmxm))

= TyLunx (ﬂ'z]l)Um(-Al,mlleUm) Quixumxun 7T[*]m,U"("477’71;’71|U"1><U"))

= Al,m|U ® Am,n|U

where w1y, and mn gm are the projections iy x,, - Ulx X x U™ = U x X,
and my g Ul x U™ x U™ — U x U™, with similar definitions for TX,, Un
and mym gn.

The first equality is the definition of tensor product of bimodules
bimod(X; — X,,) x bimod(X,, — X,,) — bimod(X; — X,,)

The second equality follows from the commutation of pushforward and
restriction of sheaves. The third equality follows from the commutation
of tensor product of sheaves and restriction. The fourth equality follows
from the commutation of pullback and restriction of sheaves. The fifth
equality follows the assumption of the lemma. The last equality is the

definition of multiplication

bimod(U' — U™) x bimod(U™ — U™) — bimod(U' — U™)

ii) This essentially reduces to showing (M; ® Ai»j)|Uj = (Mly); @ (Aly),; ;
which is completely similar to i).
O

Our main motivation to study restriction of sheaf Z-algebra lies in the

following result whose proof is straightforward:
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Lemma 5.3.7. Let U; be a finite set of sequences such that for each m € Z,
U;(U™); = X, Assume that A is a sheaf Z-algebra such that the conditions
in lemma 5.3.6 are satisfied for all Uy, then

Vi M|, € Gr(Aly,) is noetherian = M € Gr(A) is noetherian

Proof. Suppose we are given an ascending chain of sub-objects of M"™ C M
in Gr(A) such that the restriction of this chain to any of the sequence U
stabilizes. As there are only finitely many U, there is an N € N such that for
all n > N and for all I: (M™)],, = (M”+1)|ul. The graded modules M™ and

M"™ ! must coincide. O

Following the convention 5.3.5, we now consider the case where A = S(€)
for £ =¢ L14. Then, for an affine open subset U C X we define the associated
sequence U by U™ C X,, as follows:

U if 7 is even

f7HU) ifiis odd

U=
Note that U? is indeed an affine open subset because f is a finite morphism.
The results of lemma 5.3.6 in this context can be stated as follows:
Corollary 5.3.8. For any U C X,
i) S(E)|y has an algebra structure induced by S(E)
ii) There is a functor |y : Gr(S(€)) = Gr(S(€)|)
iii) There is an isomorphism of symmetric sheaf Z-algebras: S(E)|,; = S(&|)

Proof. i+ii) As £ is given as y(L)1q following convention 5.3.5, the conditions
in lemma 5.3.6 are trivially satisfied for A = S(€). For iii) We first show that

for all m € N there is a natural isomorphism

be = (€)= (Ely)™ (5.13)
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Using remark 5.2.10 we see by induction that for each m > 0 there is a line
bundle £,, such that

E*Qm — f(ﬁm)ld
S*Qm-‘,—l — Id(ﬁm)f

where Ly = L. The explicit form of the dual in 5.2.10 shows that it suffices to

exhibit isomorphisms

7 (Homy (Lo, FOX))1aly = 110 (’Homf’l(U)((Emﬂf*l(U) ; (f|U)!OU))

Idy

However as restriction to open affine subsets commutes with f., Homy and
f*, this isomorphism is immediate.

This implies that (5.13) is valid for m < 0 as well: indeed, it suffices to show
this for m = —1. In this case. there is at least a morphism vg :* (Ely) —
(*€) |u- To show that e is an isomorphism, we may apply (—)*, since this is

a fully faithful functor. This yields a commutative diagram
("(El)” ——€lv
HE i
(&)*Iv) 1
egi
(ENo =€
proving the claim.

Finally, the naturality of ¢ immediately implies that the restricted unit mor-

phisms 4,, |y coincides with
1
1 (Oum)pg — (Elp)™ @ (Ely)™"
Implying in particular that ¢ induces an isomorphism

im(ld (OUm)Id) = Z'm(Id (OX’")Id)|Um
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and we can extend f¢ to an isomorphism

0:8(E)ly =S(&ly) 0

5.3.2 Covering by Relative Frobenius Pairs

The above lemma 5.3.7 shows that verifying that an .A-module is noetherian
can be done locally. In this subsection we construct an open cover X = J, U
for which the categories Gr(S(€)|y;,) can explicitly described (see 5.3.10). The
first step in this description is a finite cover U; for which the maps on rings
of sections are relatively Frobenius as in 4.2.2. In the next section, we shall
subsequently use this to relate the sections of the symmetric sheaf Z-algebra
on such affine cover to the generalized preprojective algebras as defined in
the previous chapter (4.2.8). Throughout, we shall make use of the following

lemma, well-known to experts:

Lemma 5.3.9. Let f:Y — X be a finite morphism of smooth varieties.
Let L be a line bundle on'Y and p € X. Then there is an open subset U C X
containing p, such that £|f,1(U) =2 0511y

Proof. Since affine open subsets form a base and f is affine (as it is finite), we
can reduce to the case where X = Spec(R), Y = Spec(S) are affine varieties
over k and S is finitely generated over R and £ = L for some invertible S-
module L. Let p be the prime ideal in Spec(R) corresponding to f(p) € X, then
Sp S r Ry is a semi-local ring, hence every finitely generated projective
Sp-module of constant rank is free and in particular the Picard group of S, is

trivial. Consequently, there exists an [ € L such that
Sp — Ly

is an isomorphism.
Now consider the morphism S —!s I with kernel K and cokernel C. Then

there is an exact sequence

0—K-—S-5L—C—0 (5.14)
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K is a finitely generated R-submodule of S by the noetherianity of R. L is
finitely generated over R, being an invertible S-module. It follows that C' is

finitely generated over R as a quotient of L. Now let «q,...,a, be a set of
generators for k, then as K ®@ R, = 0 there exist elements z1,...,%, € R\p
such that cyxy = ... = a,x, = 0. Set deEfxl-...-xn € R\p, then -2 =0

for all & € K. Similarly there is a 2’ € R\p such that §-2’ =0 for all 5 € C.
Now define z = z - 2/, then K ® R, = C' ® R, = 0 implying that -/ defines an
isomorphism

S®R, — L®R,

U = Spec(R,) then is the desired open subset. O

We can now prove the main lemma of this subsection, which yields a cover

on which many desirable geometric properties are satisfied:

Lemma 5.3.10. Write £ = y(L)1a as in lemma 5.3.3. There is a finite cover
X =U, Ui by affine open subsets Uy = Spec(R;) such that:

i) Ll s a trivial Op-1(y,)-module

it) wy|p-1q,y 18 a trivial Op-1(y,)-module

ii) wx|y, is a trivial Oy,-module

iv) f~Y(U;) = Spec(S;) where S;/R; is relative Frobenius of rank 4.
Proof. We first note the following two facts:

e Let Spec(R) be an affine open subset on which i), ii), iii) or iv) holds.
Then the same statement holds for any standard open Spec(Ry) C
Spec(R). This is obvious for i), ii) and iii). For iv) it follows from
the first statement of 4.3.1.

e Let Spec(R) and Spec(R') be affine open subsets of X, then their inter-
section is covered by open subsets which are simultaneously distinguished

in each space, in other words subsets of the form Spec(Ry) = Spec(R})
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By these two facts it suffices to find affine open covers for i), ii), iii) and iv)
separately. For i) and ii) such a cover exists by lemma 5.3.9 and the fact
that wy is a line bundle on the smooth variety Y. The existence of a cover
satisfying iii) is immediate from the fact that wy is a line bundle. We have
reduced the claim to exhibiting a cover satisfying iv).

Now by lemma 5.3.9: f'wy is completely determined by f. (f'wx) and we

have an isomorphism of f,Oy-modules
I« (f!(.dx) dZEfHomx(f*Oy,wx) > fiwy (5.15)

As moreover f is also surjective and flat, there is a cover X = J,U; with
U, = Spec(R;) and f~1(U;) = Spec(S;) where S is a free R;-module of rank 4
for each I. By the previous arguments we can assume that ii) and iii) are also
satisfied on this cover. In this case, replacing f by its restriction f~*(U;) —
Uy, (5.15) reads

e (F'Ou) € Homu, (FO—1 w0, Ovn) = f.Of 11y

and taking sections yields the required isomorphism of S;-modules:

Hompg, (Si, R;) &2 5 O

5.3.3 from Periodic Z-Algebras to Graded Algebras

The previous section showed how we can reduce the statement of 5.3.1 to
the case where X and Y are affine, and satisfy some convenient geometric
properties (see 5.3.10). In this section, we provide a second technical tool
which allows us to reduce to the case where the Z-algebra comes from a graded
algebra. The (/—\)—construction (see 5.2.16) assigns a Z-algebra to a graded
algebra. In this section, we shall conversely show that a periodic Z-algebras A
gives rise to a graded algebra A such that Gr(A) is a direct summand of the
category Gr(A). We start by describing the following slight generalization of

Z-algebras in order to be able to easily apply the result in our required setting;:
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Definition 5.3.11. Let k be a commutative groundring and let (R;);cz be a
sequence of commutative k-algebras. A bimodule Z-algebra over (R;);cz is a

collection of R; — R;-bimodules A; ; together with multiplication maps
Aij @r; Aju — Aig

and R;-linear unit maps R; — A;; satisfying the usual Z-algebra axioms. If
R; = RVi, then A is a bimodule Z-algebra over R

Definition 5.3.12. Let A be a Z-algebra over (R;);cz and d > 0 an integer.
Assume that for each i, we have R; g = R;. We say A is d-periodic if there
is an isomorphism of Z-algebras ¢ : A —— A(d). lLe. there is a collection of
R; — R;-bimodule isomorphisms {¢;; : A; j — Aj+a jt+a}i,; compatible with
the multiplication and unit maps.

d—1

@ R;. We construct a graded R-algebra

i=0
A as follows: let A, be a d x d-matrix with entries

Let A be d-periodic and let R def

(5.16)

(Z”)i,j =

(Where we use the convention that the numbering of rows and columns of the

Aiiyn ifj—i=n (mod d)
0 else

matrix starts at 0 instead of 1.)

By way of example,

0 Aps O 0

0 0 A 0

A= : : : : :
0 0 0 ... Agsa.

Agiga 0 0 ... 0

Each A, is naturally a left (resp. right) R-module by letting a d-tuple (ro, ...74_1)
act as a diagonal matrix D with entries D;; def r; on the left (resp. right).

Moreover, there is a canonical multiplication map

Zn QR Zm — Zn+m
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given by the ordinary matrix multiplication and applying the periodicity iso-
morphisms ¢;; whenever necessary. The (R;);ez-linearity of the Z-algebra

multiplication implies that the above maps are indeed R-bilinear.

Lemma 5.3.13. Suppose A is d-periodic, then the above maps define a graded
(unital) R-algebra structure on the R-module A o DiczA;

Proof. The reader checks that the compatibility of the periodicity isomor-
phisms with the Z-algebra multiplication maps implies that the multiplication

is associative. The algebra has a unit given by

€0 0 0
0 €1 0 _
1= S AO
0 0 €d—1
where e; is the unit in A;;. O

There is a convenient description of the category of graded right A-modules
as follows: let M € Gr(A). Then by definition we have a decomposition
M = Gaiez M;. Moreover, each R-module M; in turn has a direct sum decom-
position given by M; = EB?;& e;jM;. We define MZJ def e;j M;.

This decomposition allows us to give a description of the A-module structure
of M. For a matrix @ € A,,, e;.a only has one nonzero entry at position
(4,j +m). It follows from the right R-structure on A,, that e;a = @.ejim
(where we consider j +m mod d following 5.16). Thus the right action of A,,
on M} becomes a map of the form M} @ Ajjym — M7 or equivalently

for l =5+ m,
M] ® Ajp — My,

we now have:

Lemma 5.3.14. Suppose A is d-periodic and let C be the category defined as

follows:
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1. an object is a collection of R-modules (M?)icz.0<j<a—1, such that M7 is

an Rj-module together with multiplication maps
M%,l : MZJ & Aj,l — Mil+l—j
for each i,j,1 (where I and i + 1 — j should be interpreted modulo d)

satisfying the obvious compatibility condition for multiplication and unit.

2. a morphism is a collection f;; of R;- linear maps MZJ — Nij such that
fixi—ju0 N%,l = Mf\,/j,z o(fi;®Aj1)
Then there is a canonical isomorphism of categories C = Gr(A)

Proof. The above discussion shows that the assignment M — (M;e;)1ez,0<i<n—1
is well defined and essentially surjective. A morphism of graded modules
f: M — N will satisfy f(M;e;) C N;e; and we can define f; ; as the re-
striction to these submodules. The A-linearity guarantees that (f; ;) ; indeed
defines a morphism in C and since ®M;e; = M it is clear that this assignment
is faithful. Since any collection of maps f; ; satisfying the above compatibility
with the multiplication will sum up to an A-linear map, the assignment is also
full. O

Lemma 5.3.15. There exists a decomposition
C=Ch®...4Cq1

where Cy, is the full subcategory of C whose objects are collections of R-modules

(Mg)iez,ogjgd—l where Mlj =0 unless j —i =n (mod d).

Proof. This follows immediately from the construction of C and the fact that

j—i=1—(l+1i—j). Hence, if (M?);; is a non-zero object in C,, then so is
(M) for all L. O

Proposition 5.3.16. There is an exact embedding of categories

(—) : Gr(A) — Gr(A)

moreover the essential image is a direct summand of Gr(A).

Page 220



CHAPTER 5. THE EXOTIC RANK 4 SURFACE

Proof. Let M be an A-module with multiplication maps 1t; , : M; ® g Ay, —
M; ., and let C be as above. We define an object M in C by

e M,; ifj=imodd
0 else

where the multiplication is given by

. pig—; if j=imodd
Higa =
0 else

This assignment clearly defines an exact embedding Gr(A) =5 Cy — C, fin-
ishing the proof by lemmas 5.3.14 and 5.3.15. O

5.3.4 a Local Description of S(&)

In this final step in the preparation of the proof of theorem 5.3.1, we complete
the local description of S(£). By 5.3.10, we have reduced the claim to the case
where X and Y are affine. By our hypothesis on X and & (see 5.2.1,5.3.5), we
assume that X = Spec(R) and Y = Spec(S) are affine varieties over k such
that S/R is relative Frobenius of rank 4 and wx = Ox, wy = L = Oy. After
applying the global section functor, we obtain a bimodule Z-algebra in the
sense of 5.3.11 which is 2-periodic. The graded algebra associated to this Z-
algebra by the construction in §5.3.3 is precisely the generalized preprojective
algebra defined in 4.2.8 and studied in chapter 2.

We start by introducing some auxiliary notations. Recall the convention
5.2.11 and let A be a sheaf Z-algebra over X;. There is a Z-algebra over k,
I'(A) defined in each component by

T(A);; T x X5, A)

since each component I'(A4), ; is an R— S or S — R bimodule depending on the
parity of the indices, I'(4) is in fact a Z-algebra over commutative groundring

R® S as in the discussion in the beginning of §4.2.2. The equivalence between
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quasi-coherent sheaves over an affine scheme and modules over the ring of

global sections can easily be adapted to our setting to yield an equivalence:
I': Gr(A) = Gr(T(A)) : {Mp}nez = {T(Xn, M) bnez

The following is an immediate consequence of the assumptions of this sec-

tion:

Lemma 5.3.17. The Z-algebra T'(S(£)) is 2-periodic in the sense that
L(S())ij = T(S(E))iv2,+2

Proof. By 5.2.22, there are isomorphisms S(€)); 42 j12 & w; ' ®S(E)) ®w;. By
the assumptions in the beginning of this section, both canonical bundles are
trivial, implying that S(€); ; = S(€)i2,j4+2. The result follows after applying
T(-). O

Using lemma 5.3.13, the 2-periodic Z-algebra I'(S(E)) gives rise to a graded

algebra I'(S(E)). We now have:

Lemma 5.3.18. Let X = Spec(R) andY = Spec(S) be smooth affine varieties
such that S/R is relative Frobenius of rank 4. Let f 1Y — X be the induced

morphism and € = §(Oy)ia. Then I'(S(€)) = Hr(S).
Proof. Consider the quotient map
T(E) — S(€)
Taking global sections in each component I'(X; x X, (—); ;) yields a surjection
[(T(£)) —= T(S(€)).

as X; x X is affine.

Since the functor (—) preserves surjectivity (see Proposition 5.3.16), we obtain

a map

7 T(T(E)) — I(S(€)).
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We first show that there is a canonical isomorphism of R & S-modules
I(T)) 2T(R,S) (5.17)

For this (as ' (S(E)) is clearly generated in degrees 0 and 1) it suffices to show
the following three facts

* WO =T(R,S)o=R®S as rings
o W1 ~T(R,S)1 = rSs ® sSr as R @ S-modules

e the multiplication map yields isomorphisms

[(T(€)), ® T(T(€)), — T(T(€)), s

For the first statement, we compute:

T, = (mr(e))o,o 0 )

0 L(T(€))11
_ F(XXX,Id (OX)Id) 0
0 LY XY (OY)Id)
moreover, we have

F(X XX,Id (OX)Id) = Hom(OXX)QA* (Ox))
= HOm(A* (OXxX)po)
= HOHl(OX,Ox)
~ R

And similarly T' (Y x Y, 14 (Oy);q) = S. combining these calculations yields

R 0
0 s

F(T(E))Og< ) = no s
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In a completely similar fashion, we check the second condition:

0 T(T(£))o
[(T(E))1.2 0

B 0 I'(X xY,£)
-\ Dy xx,¢&

( 0 F(X X Y,f(Oy)Id) >
F(Y X X,Id(Oy)f) 0

0 S
= ( RS>§RSS@SSR

I(T(€)),

sSr 0

To check the final condition, we have the isomorphisms
T()iiv1 @ T(E)it1,itn+1 — T(E)ijitn+1

We now apply the functor I'(X; x X, 1,41, —) and note that since all varieties

are affine, the tensor product and I'(—) commute, resulting in an isomorphism

L(T(&))iiv1 @T(T(E))it1,itnt1 — T(T(E))i itnt1

application of the functor (—) yields

L(T(€)), ® D(T(€)),, — T(T(E)) 41

we have thus constructed the required isomorphism (5.17). Finally, we prove
that the relations defining IIz.S coincide with the kernel of 7, i.e. there is a

commutative diagram:

F(T)) — F(Sl(é'))
T(R,S) = r(S)

The isomorphisms in the previous step yield isomorphisms:

Co : HomXxX(Id (OX)Id ,E® 5*) = HomR(R7 RrRSs ®sg SR)
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¢ : Homy xy (14 (Oy )1, € ® E) — Homg (S, Sk ®r Ss)
Recall that S(&) is defined as a quotient of T(E) by the relations given by the

unit morphisms ig € Homx x x (14 (Ox)1q,ERE™) and i1 € Homy xy (1a (Oy )14, E*®

E)described in (5.6). Similarly IIx(.S) is defined as a quotient of Tr(.S) by ele-
ments 19 € Hompg (R, rSs ®s Sr), n1 € Homg(S, sSg ®r Ss). Hence we must
prove (o(i9) = no and (1(i1) = 1. To this end, note that there is a commuta-

tive diagram of isomorphisms

Homx xy (€,€) —— Homx x x (14 (Ox)14,€ @ EY)

| K2

Hom pgs(rSs,n S5) ——— Homp(R, zSs ®s Sg)

where g is given by the adjunction (— ® Sg) 4 (— ®s Sr) = (—)r. Hence
Co(io) = wo(Idsy) : 1r — 15 ® 1gand this morphism indeed coincides with
no. Similarly the existence of the dual bases (e;);, (f;); implies there is an
adjunction

—®gSr=(—)r 1(—)®g Ss given by

¢1 : Homp(M©@sSg, N) — Homs(M, N®gSs) : ¢ — <1// mo Y g(me;) @ f

Where we used the lemma 5.3.19 below to show that the morphisms in the
image of ¢; indeed have an S-module structure. A commutative diagram as
above shows that (i(i1) = p1(Idgs,) 1 1s = >, €; ® fi which coincides with

-
O

Lemma 5.3.19. ). e; ® f; is central in the S-bimodule S ®r S. ILe. for all

a € S we have
Yoaei®fi=) e® fia
Proof. 1t is sufficient to prove that for all j, k we have

Z Aaei fi)A(fier) = Z Aeifi)A(fiaey)
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which is clear since both sides are equal to A(aeg f;). O

5.3.5 Proof of Theorem 5.3.1

We will now combine everything. As X and Y are noetherian we know that
Qcoh(X) and Qcoh(Y') are locally noetherian categories and hence there exist
collections of noetherian generating objects for these categories, say N'X et
{NXVies and MY & {N) }jes. For each n € Z we define N in Qcoh(X,)

as:

A= NX  if nis even
NY ifnis odd

We shall prove that the collection
IN®e,S(€E)|neZ, N eN"} (5.18)

forms a set of noetherian generators for Gr(S(£)). Note that the collection is

easily seen to generate as for each M € Gr(A) there is a surjective morphism
PM,®en A —= M
neZ

and for each n € Z there is a surjective morphism

@(Ng)ma — M,

(03

where N € N™. Hence we only need to show that the elements of (5.18) are
noetherian objects in Gr(S(€)). By lemma 5.3.7 and Corollary 5.3.8 this can
be checked locally for any open cover X = (J, U;. By theorem 5.3.10 we may
hence assume that X = Spec(R) and Y = Spec(S) are smooth affine varieties
such that

1) E%(’)y%wy
i) wy = Ox

iii) S/R is relative Frobenius of rank 4.
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With these assumptions there are functors

Gr(S(€))
r(-)
Gr(I' (S(£)))

~

IR

Proposition 5.3.16

Gr (T
lemma 5.3.18

Gr(Ilr(S5))

IR

(5.19)

Let F : Gr(S(€)) — Gr(Ilg(S)) be the composition. Then the above diagram
shows that F' is an exact embedding of categories. Hence N ® e,S(€) is a
noetherian object in Gr(S(£)) if F(N ® e,S(€)) is a noetherian object in
Gr(IIg(S)). On the other hand, as A is noetherian in Qcoh(X,,) there is an

m € N and a surjection O?@T ——s= N giving rise to an surjection
F(Ox, ®e,S(£))®" —= F(N ®e,S(€))
Hence it suffices to show that F'(Ox, ® e,S(€)) is a Noetherian object in
IR (S). This is however obvious as
R-TIg(S)(—n) if n is even
S-MUr(S)(—n) if nis odd

F(Ox, ®e,S(€)) =

As both R -TIg(S) and S - IIg(S) are direct summands of Iz (.S), which is a

noetherian ring by theorem 4.5.1, we have proven the theorem. O

5.4 the Homological Properties of S(&)

5.4.1 A Formula for Ext-Groups

Throughout this section £ will be a locally free X — Y-bimodule of rank (4, 1)

and we let A L S(€) denote the associated symmetric sheaf Z-algebra in
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standard form (see 5.3.5). This section is dedicated to adapting the results in
[VdB12], [Nym04a], [Nym04b] and [Mor07] to obtain a formula for the Ext-
groups of pulled back sheaves on Proj(A). To keep the geometric intuition
we denote the truncation functors (w(—))., : Proj(A) — Qcoh(X,,) by I,
(compare with 5.2.23). The left adjoints, which are given explicitly by p((—)®
emA) following 5.4 and 5.2.6, are in turn denoted by II%,. We shall use the
notations X,, and @, as in 5.2.11 and (5.7).

If £ € bimod(X — X) is locally free of rank (2,2) and A = S(€), [Mor07]
computes the Euler characteristics (IL,F,II*G) for two locally free sheaves
F and G on X. In this section, we perform an analogous calculation in our
setting where the bimodule £ € bimod(X —Y') is of rank (4,1). Motivated by
Proposition 5.2.22 our focus lies on (IT*, F,II* G) with |n —m/| < 1 This section

is dedicated to proving the following slightly more general statement:
Theorem 5.4.1. Let £ € bimod(X,Y) be locally free of rank (4,1). Let F
and G be locally free sheaves on X,, respectively X, for m,n € Z such that
m >n—1. Then
EXt{Droj(.A) (H:;L‘F’ H:Lg) = EthX,,,L (]:7 g 02 S(g)n7m>

for all v > 0.

This formula implies the following facts:
Corollary 5.4.2. With the above assumptions, one has

o (I, FII,G) = (F,G @S(E)n.m)

o Let{F1,...,Fa} and {G1,...,Gg} be exceptional sequences of locally free
sheaves on X, and X, 1 respectively.
Then 11} 1 Gy,.. . 115 Gy 1L Fu, .. 105 Fy s an exceptional sequence on

Proj(A).
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The proof of theorem 5.4.1 is based on the existence of an exact sequence
(see 5.20 below). To this end, we consider ©,, defined by

(O,)0 = 0 m#mn

Ox n=m

m

Remark 5.4.3. Note that ©,, is a right A-module using A; ; = Ox,

Theorem 5.4.4. For each m, there is an exact sequence of locally free ob-
jects in bimod(Ox,, —A) (see [VAB12, Section 3.2.] for the definition of this
category)

0 — 9n®emtaAd —E"®ent1A— e A — 0, —0 (5.20)

Proof. By the nature of the relations this sequence is known to be right exact.
The proof of the left exactness uses so-called 'point modules’ and is deferred
to 5.4.2. O

As an immediate corollary of this theorem and its proof we find:

Corollary 5.4.5. for each i,j € Z, the bimodule A; ; is locally free both on
the left and on the right. The ranks are given by

(j—i+1l,j—i+1) i = jmod2
. j—i+1 _ , )
rk(A); ; o/ T’Q(j —i+1)| iodd, jeven
it 1
2(j— i+ 1),¢ ieven, jodd

2
Proof. We have tk(€) = (4,1) and rk(£*) = (1,4), tk(Q,n) = (1,1). Since

the rank is additive on short exact sequence, one can now verify the claim by

induction in the three cases on n using the sequences in 5.20 O
This theorem in turn implies the following convenient fact
Lemma 5.4.6. For each m € Z, the functor II%, : Qcoh(X,,) — Proj(A) is

an exact functor
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Proof. For each n > m, A, , is locally free by Corollary 5.4.5, hence the
functor — ® A, », : Qeoh(X,,) — Qcoh(X,) is exact. O

As an example application of 5.4.6, we mention the following adjoint for-

mula:

Lemma 5.4.7. There is a natural isomorphism for all F € Qcoh(X,,) and
M € Dt (Proj(A)):

RHompyoj(4) (1T, F, M) = RHomy,, (F, R, , M) (5.21)

Proof. Since II7, is an exact left adjoint to Il,, ., the latter must preserve

injective objects and the result follows. O

For the purposes of proving theorem 5.4.1 we are especially interested in
the case where M = II'G for a locally free sheaf G on X,, in the isomor-
phism (5.21). It follows that we need to understand complexes of the form
RII,,.(IT5G). The strategy for computing the homology of this complex is as
follows: by lemma 5.4.9 below, it suffices to give a description the derived func-
tors of the torsion functor 7 : Gr(S(£)) — Tors(S(E). These in turn follow

from the derived functors of an internal Hom-functor Hom (lemma 5.4.11).

Lemma 5.4.8. We have the following facts for the derived functors of the
torsion functor T : Gr(A) — Tors(A):

i) for i > 1, there is an isomorphism of functors
R 7= (R'w)op
it) For each M € Gr(A) there is an exact sequence:

0— 7(M) — M — w(p(M)) — R* (M) — 0

Proof. By theorem 5.3.1, Gr(.A) is a locally noetherian category. By [NymO04b,
lemma 2.12], any essential extension of a torsion module remains a torsion
module. In particular, the category Tors(.A) is closed under injective envelopes,
the result now follows from [Smi99, theorem 2.14.15]. O
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Lemma 5.4.9. For i > 1, there is an isomorphism
R'ILy,, (IEV) 2 R 7 (V @ enA)m
Proof. As the functors p and (—),, are exact there is a functorial isomorphism
(R T,) (0)(=) 2 R w(p(=))m. (5.22)

Combining this isomorphism with the one in lemma 5.4.8 we obtain for each

1 >1:

R’ Hm*(H:LV) & R’ . (p(V@e,A)) = R’ wip(V®enA))m = R T(V@enA)m.
O

The following is based on [NymO04a, Section 3.2]:
Let BiMod (A — A) denote the category whose objects are of the form

{B.n € BiMod(X,,, — X)) }inn
such that the left and right multiplications
Al,m & Bm,n — Bl,n and Bm,n & An,l — Bm,l

are compatible in the obvious sense. We denote by B the subcategory for which

all B, , are coherent and locally free. There are Hom-functors

Hom : B? x Gr(A) — Gr(A) and
Hom : BiMod(Ox, — A) x Gr(A) — Qcoh(X,,)
satisfying the following properties:

Proposition 5.4.10. i) Hom (B, M), = Hom(e,nB, M) for all B € B and
M e Gr(A)

ii) Hom : B? x Gr(A) — Gr(A) is a bifunctor, left exact in both its argu-

ments
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i) Hom : BiMod(Ox, —A) x Gr(A) — Qcoh(X,,) is a bifunctor, left exact

in both its arguments

w) Hom(Q ® ey A, M) =2 M, @ Q for all M € Gr(A) and locally free
X, -bimodules Q

Proof. i) This follows immediately by checking the precise definitions in
[Nym04a, Section 3.2]

ii) see [NymO4a, Proposition 3.11, theorem 3.16(1)]
ili) see [Nym04a, theorem 3.16(3)]
iv) see [Nym04a, theorem 3.16(4)] O

By ii. and iii. in the above proposition one cans define the right derived
functors Ext' and Ext’ for all i > 0. Moreover we use the notation A to

denote the object in B given by

Appn Hfn—m>1

0 else

(A1) = {

and A, &' A/Asq1. Then we have the following relation between the derived

functors of 7 and the Ezt’:

Lemma 5.4.11. Rir(—) = llinoloﬂer(m (A/As1,—)

Proof. By [Nym04b, Proposition 3.19], we have an isomorphism of functors
7= im Home,a (A/ A1, —)

Applying this to the injective resolution and subsequently taking homology
yields the required result O

Lemma 5.4.12. Let B € B be concentrated in degree | > 0 (i.e. By =0
whenever m 41 # n) and V a locally free sheaf. Then forn —1—1 <m and
for alli > 0:

Eat'(B,V ® enA)m =0
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Proof. By [NymO04a, cor. 4.6], there is an isomorphism
mi (87 1% X en-A)m = Mi (AOa V & 6n~’4)rn+l 24 B;kmm.;.l

which easily reduces the proof to the case B = Ay and in particular [ = 0.

By Proposition 5.4.10(4) we see that the exact sequence from theorem 5.4.4
forms a resolution of e, 49 = ©,, through Hom(—,V ® e, A)-acyclic sheaves.
In particular we can calculate Exzt’ (Ao, V @ enA)m = Eatt(en Ao,V @ enA) by
taking homology of the complex

0 — Hom(emA,V @ end) 2 Hom(E™ @ ems1 A,V @ enA)
N Hom(Qp @ ey AV Qe A) — 0
using Proposition 5.4.10(iv), this complex becomes
00— VO Apm 2B VR Ay i1 @E™ I YR A, L ®QF, — 0 (5.23)
Hence we have
o &t %(en Ao,V ® e, A) = ker(dy)
o Ext e Ao,V ®enA) = ker(dy)/im(do)
o Ext %(e;nAg,V ® enA) = coker(dy)
o Exti(en Ao,V ®e,A) =0 forall i >3

To show the exactness of (5.23), we first note that the explicit nature of the
isomorphisms in [NymO4a] yield that (5.23) is obtained from the sequence

0— Amm — An7m+1 ® g*m—i—l — An7m+2 & Q:n — 0 (524)

by tensoring with V. Since V is locally free, it preserves exactness and it suffices
to verify that (5.24) is exact. Next, we tensor with the invertible bimodule
Q. to obtain

0— .An,m ® Qm & An,m+1 ® g*erl (39 Qm i> .An,m_t,_g — 0 (525)
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We can replace the middle term in 5.25 to obtain:
00— Apm @ Qm 25 A1 @ E™ D A —5 0 (5.26)

A similar but tedious computation as in [Nym04a, §7.5] shows that this se-
quence coincides with is the exact sequence 5.4.4 in degree n for left modules.
We conclude the result by the same argument as for 5.4.4

O

Lemma 5.4.13. @i(A/Azl,V QenA)m =0form>n—1andi>0
Proof. Consider the short exact sequence
0— Asi/Asi11 — A/ Asi41 — A/ A5 — 0

Applying Hom(—,V ® e, A) gives rise to a long exact sequence for each m >

n—1

oo Eat (Asi [ Asi41, V@ e A)yy — Eat'(A)As111,V @ enA)m

— @Z (-A/-Azla V® en-A)’rn — mi_‘—l(AZl/AZH—lv Ve en-A)m — ...

As m > n — 1 it follows from lemma 5.4.12 that for each 7 > 0 we have an

exact sequence
0 — Ext' (A/As141,V ® enA)my — Eat' (A A5,V ® enA)p — 0
Hence
Eat' (A A1,V @ enA)m = Eat'(A) A0,V @ enA)p = Ext'(0,V @ enA)m = 0
O
We can now finish the proof of theorem 5.4.1

Proof. of theorem 5.4.1
Take m,n € Z with m > n—1. Let F be locally free on X,, and G locally free
on X, then by Corollary 5.4.7:
Extp,oia) (I, F, I:G) = h* (RHomp,oj4) (I}, F, IT;,G))
h* (RHomy,, (F,RIL,,,I1:G))

1
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Now for 7 > 1 we have

R'IL, 56 = R™'7(G®enA)m

llim MHI(A/Azz, GRenA)m
— 00

=0

I7¢

by lemmas 5.4.9, 5.4.11 and 5.4.13 respectively.

In particular the complex R II,, I G is quasi-isomorphic to the complex that
is equal to II,,,II* G concentrated in position zero. Finally we can conclude
by noticing that II,, IT;G = (wp(G ® e,.A)),, and by lemma 5.4.8 there is an

exact sequence
0="(GDenA)m — GO Apm — w(P(GRenA))m — RIT(GDenA)m =0

where the first term equals zero because G ® e, A is torsion free and the last
term is zero because R' 7(G ® e, A),, = llim Ext I(A/AZu GenA)y =0.
—00

Hence we can conclude that for m > n — 1 we have

Extp,oi 4 5, F 105G) = A (RHomy,, (F,RIL,,I1;G))
h' (RHomy,, (F,G® Anm))
= Exty (F,6®Anm) O

m

IR

5.4.2 Point Modules in the Rank (4,1) Case

We remain in the setting where A = S(€) denotes a symmetric sheaf Z-algebra
in standard form with £ € bimod(X —Y") locally free of rank (4,1), given in the
form of & = ;(L)1q for a finite flat morphism f:Y — X as in lemma 5.3.3.
Furthermore, X,Y are smooth varieties over the algebraically closed field k
and denote by « : X — Spec(k) and 8 : Y — Spec(k) be the structure

morphisms. Extending our convention, 5.2.11 we will write

(X,a) ifniseven

(X, an) = { . .
(Y,8) ifnisodd
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We say P, € coh(X,,) is locally free over k of rank [ if the support of P, is

finite over k and dimy oy, P, = I.

A module P € Gr(A) is said to be generated in degree m if P, = 0 for
all n < m and P, ® Ay, , —> P, is surjective for all n > m. As A is gener-
ated in degree one as an algebra, we have surjectivity of P, ® Apy ny, — Pr,

for all no > n; > m by the following commuting diagram

Pr ® ‘Am;nl ® AnlynZ - Pnl ® Anhnz

P, ® Ao

Py,

Remark 5.4.14. An obvious example of a module generated in degree m is
emA. The above diagram implies that the maps App @ en A — e A are

surjective for all m > n.

An m-shifted point-module over A is defined in [VdB12] as an object P €
Gr(A) such that P is generated in degree m and for which P, is locally free of
rank one over k for all n > m. As the next lemma shows, this concept however

is not very useful in our setting:

Lemma 5.4.15. Leti € Z and P € Gr(A) generated in degree 2i such that Pa;
and Ps;11 are locally free of rank one over k. Then P, =0 for all n > 2i 4 2.

Proof. Recall that the following composition
Py — Py @ & @& — Py @ EXFF — Poiyo

must be zero as it represents the action of Qg;. By [VdB12, lemma 4.3.2.] this

composition equals
P #3 P £¥2i+1 P2kl p
i — Pait1 ® — L7242

where @3, is obtained by adjointness from @g; : Py; @E*?" — Py; 11 and £*%H1

has rank (1,4). Since Py; and Pa; 41 ®E*? ! are locally all free of rank one over
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k we obtain that ¢}, is either an isomorphism or the zero morphism. Similarly
(pa2i+1 1is either injective or zero. Hence the only way the composition can be
zero is if ¢35, = 0 or 9,41 = 0. The first doesn’t occur as @g; # 0 (because
P is generated in degree 2i and Ps;41 # 0). Hence we have ¢g;41 = 0.
However 9,1 is surjective (because P is generated in degree 2i), implying
that Pa; 9 = 0. Using surjectivity of Pojyo ® Agiron — Py, for allm > 242
the result follows. O

We thus propose the following variation of the above definition, better

suited to our needs:

Definition 5.4.16. A shifted point module is an object P € Gr(A) which is
generated in degree 2¢ for some integer ¢ and such that for all n > 2i, P, is
locally free over k of rank one if n is even and rank two if n is odd. We will
often use the short hand notation dimg(P,) = dimg (o, «(Py,)) whenever the
latter is finite. So we could say P is a shifted point module if is generated in

degree 2¢ and:
0 ifn<2¢

dimg(P,) = ¢ 1 if n > 2iis even
2 if n > 2iis odd

The following lemma shows that this new definition of point modules is

better behaved than the naive one:

Lemma 5.4.17. Let P € Gr(A) be a graded module and i € Z such that:
e P is generated in degree 2i
o dimy(Py;) =1
o dimy(Poit1) =2

Then for all m > 2i + 2 fized, we have

1 ifn is even

(5.27)
2 ifnis odd

Page 237



SECTION 5.5.4

Moreover if equality holds in (5.27), then P, is characterized up to unique
isomorphism by the data @o; : Po; @ E¥2F — Po; 1.

If on the other hand (5.27) is a strict inequality for some n, then P, = 0 for
alll > n.

Proof. We prove all facts by induction on n. So suppose (5.27) and the sub-
sequent claims hold for n = 2i,...,m. We distinguish several cases depending

on whether the inequalities are in fact equalities or not.

Case 1: Equality holds in (5.27) for n =2i,...,m.

The following composition is zero:

*
Pm—1

Pooi 25 Ppo@&™ES Py

©m 18 surjective, using the fact that the ranks are (4,1) or (1,4) depending
on the parity of m, on easily verifies that (5.27) holds for n = m+ 1 if ¢¥ _,
is injective. Moreover the same reasoning show that if the equality holds for
dimg (Pp41), then Ppyq1 & coker(y, ;) and is hence defined up to unique

isomorphism.

Case la: m is odd

dimg (Pp,—1) = 1 hence it suffices to prove ¢%,_; # 0 and this holds because
Ym-17# 0

Case 1b: m is even
If ¢¥,_, is not injective, then there is with W C P,,_1, of dimg (W) = 1 such

that the composition
W s Py 723 P @ €
or equivalently the composition
weemtasp, 0™ 5P,
is zero. This implies that there is a W € Gr(A) given by W,,,_; = W and
W, =0 for [ # m — 1 such that there is an embedding x : W < Ps,,_2. Let
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C = coker(x)>m—2. Then C' is generated in degree m — 2 (which is even!) and
degy(Cr—2) = degr(Cp—1) = deg,(Cr,) = 1 contradicting lemma 5.4.15.

Case 2: There is an integer n € {2i + 2,...,m} such that there is
a strict inequality for dimy(P,) in (5.27)

Let ng be the smallest such n. We have to show P, = 0 for all [ > ny.
Assume that P,, = 0, then P, = 0 by surjectivity of P,,, ® Ay, — F.

The only nontrivial case is when ng is odd and dimg(P,,) = 1. In this case

dimy(P,,—1) = 1 as well and the result follows from lemma 5.4.15. O

Remark 5.4.18. The proof of the above lemma also shows that any data
©2; @ Po; @ EY — Py with dimy(Py;) = 1 and dimy (P 1) = 2 can be

extended to a shifted point module which is unique up to a unique isomorphism.

From now on we use the following short hand notation:

Luy & 0, @e,A (5.28)

where p is any point on X,,.

Proof. of theorem 5.4.4

Exactness of the sequence (5.20) can be checked for each degree n separately:
0 — 9m®@Amton —E" O Ant1n — Ampn — 0 (5.29)

As all terms in this sequence are elements of bimod(X,, — X,,), applying the
pushforward of the projection X, x X,, — X, Ty, . yields a sequence of

coherent sheaves on X,,:

0 — Ty (Qm @ Ao n) — T (E @ Amt1.n) — Tme(Amn) — 0
(5.30)
and (5.30) is exact if and only if (5.29) is since the support of these bimodules
is finite. The structure of the relations on A implies that (5.20) and hence

also (5.29) and (5.30) are right exact. Now for any point p € X, the following
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complex will be right exact as well:

0— Op ® Wm,*(gm & Am+2,n) — Op & Wm,*(g*m & Am+1,n) —
0, @ (Amn) — 0 (5.31)

As all terms (5.31) are locally free over k, its left exactness can be checked
numerically. Hence in order to prove the lemma we show that the terms in
(5.31) have the ’correct’ constant dimension (see (5.36) for each point p. From
this it follows that (5.29) is exact and its terms are locally free on the left. The
locally freeness on the right then follows from [VdB12, Proposition 3.1.6.]. . )

So we are left with finding the length of the objects in (5.31). Any object
in bimod(X,,, — X,,) is of the form ,, for finite maps v and v. As taking the
direct image through a finite morphism does not change the length of sheaves,

we have for such a bimodule:

dimy (O @ T v (ulhy)) =  dimg(Op @ uld)

= dimg(u.(u"(Op) @U))

= dimg (v (0p) @ U)

= dimg(v.(u™(Op) ®U))
(Op ® uly))

= dirn]k
Hence the length of the terms in (5.31) can be calculated from
0= 0, QQm@Anion =>0pREM R Apiin = Op@Ann, =0 (5.32)

In the case where m = 2i — 1, the fact that dimy (0, ® £**~1) = 1, implies
that there must be a point ¢ € Xo; such that O, ® £*?*~1 = O,. Similarly,
in the case where m = 2i, we have dimy (O, ® £*?*) = 4, and there must be
points ¢@ € Xa;11, a = 1,...,4 such that O, ® £*?' is an extension of the Oz
Put

Mit1p = Op Rx,, £ ® X4, €2i41A.
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Then Ma;y1, is an extension of the Ly, 4 7. The sequence (5.32) now gives

rise to the following right exact sequences
Lojy1p —> Lojg —> Loi—1p — 0 (5.33)
Loiyop —> Moiy1,p —> Loy — 0 (5.34)
Finally there also is a right exact sequence:
Loiv1,p — Loj—1p — P, — 0 (5.35)

where the morphism Lg; 41, — Laij—1,, comes from the fact that dimy (O, ®
Agi—12i41) = 3 > 0 so that there is a p’ € Xg;11 with a nonzero morphism

Op — Op @ Agi—1,2i+1. Pp is defined as the cokernel of this morphism.

We now prove the following by induction on j (simultaneously for all p and all

1):

dimg ((Fp)2it2;) = 1
dimy ((Pp)2i42j+1) = 2
dimi((L2ip)2ite;) = 27+1 (5.36)
dimy((Las p)2i42j+1) = 4j+4
dimg((Loi—1,p)2i425) = J+1
dimy ((L2i-1,p)2i+2j+1) = 2j+3

It is easy to see that these claims hold for j = 0. So by induction we suppose
they hold for j =0,...,[, for all p and for all ¢ € Z. We prove that the claims
also hold for j =1+ 1.
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By (5.34) we see:
dimg((Loip)2itor+2) > dimg((Maoit1p)2it2i+2) — dimg ((Loit1.p)2i+20+2)

4
= > dimy((Ly,  o)2ivere2) — dimi((Lzita,p)2itai+e)
a=1

= 4-(1+1)—(2+1)
= 2l+3

where the last equality follows from the induction hypothesis. This can be

written schematically as:

0

)

Loip 0 1 4 3 ... 20+1 4+4 20+3 41+8

+ (5.37)
Maiyrp, 0 0 4 4 ... 4l  8l+4 41+4 8l+12

T
Loioy 0 0 0 1 ... 20—1 4 2041 4l+4

Where the numbers on the right of a module signifies dimy((—),) for
r=2i—1,...,2i + 2]l + 3 and an underlined number implies a lower bound

for dimy. Similarly we write N to denote an upperbound for a certain dimy.

Now consider the module P, >2;192;. It is generated in degree 2i+2! because P,
is a quotient of Lo;—1 ;. Moreover dimy ((Pp)2i+2:1) = 1 and dimy ((Pp)2i+2i+1) =
2, so lemma 5.4.17 implies dimy ((Pp)2i121+2) < 1 and dimy((Pp)2i21+3) < 2.
Together with the right exact sequence (5.35) this gives us the following upper
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bounds:
0
T
P 1 1 2 ... 1 2 1 2
+ (5.38)
Loi1p, 1 1 3 ... I+1 2043 1+2 2045
T
Lojy1,y 0 0 1 ... l 2041 1+1 21+3

Combining the bounds found in (5.37) and (5.38) and using (5.33) we have

found

0

/l\
Loisip 11 4 ... I+1 2043 1+2 2+5

5 (5.39)
Loiq 0 1 4 ... 20+1 4l+4 20+3 41+8

/l\
Lyiviy 0 0 1 ... 1—1 2041 I+1 2043

Right exactness of (5.33) implies that the bounds in (5.39) are in fact equalities,

because for example we find the upper bound

dimy((Lai,q)2i+2i42) < dimg((Loi—1,p)2it2i+2) + dimg((Loit1,5)2i420+2)
< [4+2+1+1
= 2l+3

which equals the already known lower bound for dimy((Le; q)2i+21+2. Hence
we have found exact values for dimy ((Lg;41,4). A priori the above right exact
sequence only gives those exact value for the points ¢ € Xy; for which there is a
p € Xo;—1 such that O, ® gxi-l = O,. But as E*21=1 i of the form 1d(Liz1)f
as in (5.14) we have ¢ = f(p) and surjectivity of f implies that ¢ runs through
all points of X5; as p runs through all points of X5; ;. With the same rea-

soning we now obtain from (5.31) the exact values for dimy(Lo;—1)2i+214+2 and
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dimy (Loi—1)2i+21+3--

Hence we have proven (5.36) for all ¢,j € Z and for all points p. As these
values do not depend on p and X is a smooth variety, it follows from [Har97,
ex. II, §5, n0.8] that the terms in (5.30) are locally free on the left (and hence
also on the right). Filling in these values for (5.31), the theorem follows. [J
5.4.3 the Main Full Exceptional Sequence

We have done the preparatory work needed to compute the dimensions of the
Ext-groups of the exceptional sequence 5.1. We will prove that the sequence

5.1 is full through the following series of lemmas:

Lemma 5.4.19. Let T be a k-linear triangulated category. Assume that
Eq, ..., Ey is a collection of objects in T such that

(a) 32, dimHom%—(Ei,T) < oo for all i and for all T € Ob(T).

(b) (E;); satisfies the conditions for an exceptional sequence (see definition

0.2.1), except that we do not require Hom-finiteness of T .

(¢) we have

(B)*" Yy e T|Hom'(E,,Y) = 0Ym} =0
Then
1. Fy,...,E, generate T as a triangulated category and
2. T is Ext-finite.

Proof. Let T € T. We have to prove that T is in the triangulated subcategory
of T generated by E1,...,E,. We put T,, = T and define T;_; inductively by

Lg, T, fori=n,n—-1,...,1, 1ie.

T 1= Cone(Hom'T(Ei, rfl) Rk By — Tz)
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(see 3.5) Then T; is in the triangulated subcategory of T generated by T;_q
and F;. Furthermore

Hom%(E;,T;) =0 for j >

It follows that Ty = 0. Hence we are done.

For (2) we have to prove that if T3, 7> € 7 then ), dim Hom%—(Tl,Tg) <
oo. Since T} is in the triangulated category generated by (F;); we may assume
T, = E; for some 7. But then the claim is part of the hypotheses. O

Lemma 5.4.20. Let X,Y be smooth varieties over k and let £ be a locally
free X — Y -bimodule of rank (4,1). Put A= S(E). Then for all m € Z one

has

1. the cohomological dimension of I, . satisfies®
cd Iy, <1
2. If F is a noetherian object then R, .F is a coherent sheaf for all i.
Proof. 1. By (5.22), we have
R' I, (p(—)) = R w(p(=))m
which reduces the claim to cdw = 1. From lemma 5.4.8 we in turn obtain
Riw(p(-) = R 7

and the claim now reduces to cd7 = 2. This is proved as in [Nym04a,
cor 4.10] using the exact sequence (5.20) instead of the exact sequence
(4.1) in loc. cit.

41t is easy to see that in (1) the cohomological dimension is exactly one, but we do not

need it and leave it out for clarity
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2. Since Gr(A) is locally noetherian we may construct a left resolution of

F by objects which are finite direct sums of objects of the form
p(g ®Oxn enA) = H;;(g)
for G € coh(X,). Using that II,, . has finite cohomological dimension

we reduce to the case F = IT%(G).

Tensoring (5.20) (with m replaced by n) on the left with G € coh(X,,)

we obtain exact sequences in Z = Proj A
0 — 1L, 15(9) — 1111 (G ®x, E7) — I(G) — 0 (5.40)

Hence repeatedly using such exact sequences we may reduce to the case
F =1I%(G) for n < m. When n < m it is shown in the proof of theorem
5.4.1 that

Gg®x, Apm 1fi=0

0 otherwise

RIL, G =

This is indeed coherent. O

Lemma 5.4.21. Assume X = P! and let f : Y — X be a morphism of
degree 4. Put £ = {(Ox ) and A =S(E). Then the right orthogonal to the

subcategory generated by
E = (II}(Op1), 11} (Op1 (1)), 15 (Op1), L5 (Op1 (1))
in 2 (Proj.A) is zero.

Proof. Assume that A € Proj A is right orthogonal to F. Using the exact

sequences
0— O]}»l(a) — O]pl(a-l- 1)@2 — OPI(CL+ 2) —0

and the right exactness of IT, (Lemma 5.4.7) we find that A is right orthogonal
to IT%,(Op1(a)) for m = 0,1 and all a.
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From (5.40) we obtain exact sequences in Proj A
0 — Il 12(Op1 (@) — 1141 (Opi (@) ®x,, @E™) — 11, (Op1 (a)) — 0

Since Op:i(a) ®x,, €™, being locally free, is isomorphic to a sum of Op(b) we
conclude by induction that A is right orthogonal to II?,(Op1(a)) for all m,a.

Now (II%, (Op1 (a)) ) m,q is a collection of generators for Proj A as a Grothendieck
category. From this it is easy to see that the right orthogonal to (ILY, (Op1 (@)))m.a
in Z(Proj.A) is zero. This finishes the proof. O

We are now ready to prove the main theorem of this chapter:

Theorem 5.4.22. Let £ be a P'-bimodule of rank (4,1). Let S(€)) be the
associated symmetric sheaf Z-algebra and put Z = Proj(S(€)). Let 2 denote
the triangulated subcategory of objects in P(Z) with bounded noetherian coho-
mology. Then & is Ext-finite and

<H’{(Op1),ﬂ1‘(0w(1)),HS(Ow),HS(Ow(l))

is a full strong exceptional sequence in & for which the Gram matriz of the

FEuler form is given by

o O O =
S O = N
O = O =
L S A

Proof. The computation of the Gram matrix, the strongness and exceptional-

ity is an immediate application of 5.4.1:
Extl (IT;, F,11;,G) = Extp: (F,G @ S(E)n,n) = Extp: (F,G)

proving the claim for the subsequences

(IT5 (Op1 ), IT; (Op1 (1)) and (I (Op1 ), I (Opa (1))
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There are no backward Hom’s by the formula 5.4.1 once again.
There are four remaining cases. Since they are all very similar, we pick one

out and leave the other three to the reader:

EXtZZ (HT(OP&), HS(Opl(l)) = EXt]éul (O]pl, Opl(l) X S(g)()’l)
= Extp (Op1, Op1 (1) @ (Ot )1a)
=H (P!, Op1 (1) ® Op1 (1) @ $(Op1)1a)

which is indeed only nonzero for i # 0, in which case it is 5-dimensional over
k.

To show that the sequence is full, We have to verify conditions (a)(b)(c) of
lemma 5.4.19. Condition (a) follows from Lemma 5.4.20, which implies that
RIl,, .G lives in D% (Qcoh(X,,)), combined with the fact that by Lemma
5.4.8 we have Extp,o; (I}, (Op1 (a)),G) = Extl, (Opi(a), Ry, .G).

Condition (b) is proven above. Finally, condition (c) follows from Lemma

54.21 & O
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