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Comment on “Generalized exclusion processes: Transport coefficients”
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(Dated: December 22, 2014)

In a recent paper Arita et al. [Phys. Rev. E 90, 052108 (2014)] consider the transport properties
of a class of generalized exclusion processes. Analytical expressions for the transport-diffusion
coefficient are derived by ignoring correlations. It is claimed that these expressions become exact in
the hydrodynamic limit. In this Comment, we point out that (i) the influence of correlations upon
the diffusion does not vanish in the hydrodynamic limit, and (ii) the expressions for the self- and
transport diffusion derived by Arita et al. are special cases of results derived in [Phys. Rev. Lett. 111,
110601 (2013)].

PACS numbers: 05.70.Ln, 02.50.–r, 05.40.–a

In a recent paper [1], Arita et al. derived analytical ex-
pressions for the transport-diffusion coefficient in a gen-
eralized exclusion process. Their derivation depends cru-
cially on the assumption that correlations in the dynam-
ics can be ignored up to first order in the concentration
gradient, at least in the hydrodynamic regime. Since this
is the regime in which the transport diffusion is defined, it
was claimed that these expressions are exact and valid in
all spatial dimensions. In this Comment we show numeri-
cally that correlations do, in fact, influence the transport
diffusion. As a result the quoted expressions are not ex-
act and the transport diffusion depends on the dimension.
Furthermore, the expressions for both the self- and trans-
port diffusion derived by Arita et al. are special cases of
results derived in Ref. [2].

The generalized exclusion process is defined as follows.
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FIG. 1: Transport diffusion D2 in one dimension as a function
of dρ, for Lx = 20 and ρ = 1.
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FIG. 2: Transport diffusion D2 in one dimension as a function
of Lx, for ρ = 1 and dρ = 0.1. Value at Lx = 1 is calculated
analytically.

Consider a d-dimensional cubic lattice in which every lat-
tice site can contain between zero and k particles. Each
particle attempts to hop to one of its neighbor sites with
unit rate. The hopping attempt is successful when the
target site is occupied by less than k particles. In the hy-
drodynamic regime, i.e., on large length and time scales
and for small enough gradients [3], the particle flux j
through the system in response to a concentration gradi-
ent dρ/dx is expected to obey Fick’s first law:

j = −Dk(ρ)
dρ

dx
. (1)

The transport-diffusion coefficient Dk(ρ) will depend on
the maximum occupancy k and the particle density ρ. In
the following, we will focus on the “simplest” extension
of the exclusion process, allowing up to 2 particles per
site, k = 2. When neglecting spatial correlations Arita
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FIG. 3: Transport diffusion D2 in two dimensions as a func-
tion of Ly , for dρ = 0.1, ρ = 1, and Lx = 20. Periodic
boundary conditions are imposed in the y direction.
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FIG. 4: Transport diffusion D2 in one, two, and three di-
mensions, for ρ = 1, dρ = 0.1, Lx = 20, and Ly = Lz = 3.
Periodic boundary conditions are imposed in the y and z di-
rections. The inset shows the same data plotted as a function
of 1/d, together with a 1/d fit (obtained with Mathematica).

et al. obtained the following result:

D2(ρ) =
1 + ρ+

√

1 + 2ρ− ρ2

2
√

1 + 2ρ− ρ2
. (2)

Our numerical evaluation of the transport diffusion is
based on a direct simulation of the dynamics by kinetic
Monte Carlo (kMC), cf. Refs. [2, 4] for a description of
the simulation methods. In two and three dimensions the
algorithm of Schulze [5] is used. The system is connected
on its left and right boundary to particle reservoirs at,
respectively, densities ρ+dρ/2 and ρ−dρ/2. Dk(ρ) is ob-
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FIG. 5: Transport diffusion D2(ρ) in one dimension for Lx =
50 and dρ = 0.18.

tained via Eq. (1) from the observed particle flux through
the system.

We first verify convergence of our simulation results to
the linear response (small gradient) and hydrodynamic
(large system size) regime. The distance between two
neighboring sites is set equal to one. We focus on the
case with density ρ = 1. For a one-dimensional lattice
consisting of Lx sites, we evaluate the diffusion coefficient
D2(1) as a function of dρ for Lx = 20, cf. Figure 1. One-
sigma error bars are shown in all figures. Convergence
to the linear response regime is found from dρ ≈ 0.1. In
the same way, we identify the hydrodynamic regime by
evaluating D2(1) for different system lengths Lx, cf. Fig-
ure 2. There is convergence from Lx ≈ 20. The value at
Lx = 1 is calculated analytically [2]. Note that it is equal
to the uncorrelated result Eq. (2). In the two-dimensional
system we impose periodic boundary conditions in the y
direction. As is illustrated in Figure 3 convergence to the
hydrodynamic limit already sets in around Ly ≈ 3. We
proceed in a similar way for a three dimensional system.

We now discuss our main results. In Figure 4 we plot
the thus estimated transport diffusion D2(1) in one, two,
and three dimensions. D2(1) is clearly different from the
result of Ref. [1], and depends on the dimension. One
can argue that in the limit of infinite dimension corre-
lations have no influence. In the inset of Figure 4 we
plot a 1/d fit to the numerical data. The extrapolation
to the d → ∞ limit is close to the uncorrelated result.
As a further illustration, we plot D2(ρ) in one dimension
in Figure 5 together with Eq. (2). Even though the ρ-
dependence is qualitatively reproduced, the numerically
obtained value of the diffusion coefficient is lower. From
extensive numerical simulations [2, 4] we suspect that
correlations always lower the diffusion. We refer to [4]
for a detailed discussion of the influence of correlations
upon the diffusion. The exact analytical result for D2(ρ)
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in one dimension for Lx = 2 is discussed in [6]. Cor-
relations are already present for Lx = 2 (in contrast to
Lx = 1). One finds analytically that the uncorrelated re-
sult is higher than the exact result for all concentrations.
The same qualitative behavior as in the Lx → ∞ limit,
Figure 5, is observed.
Finally, we note that the analytical expressions for the

self- and transport diffusion obtained in Ref. [1] are spe-
cial cases of results presented in Ref. [2]. The model from
[2] is a one-dimensional lattice gas, where each site can
contain a maximum of nmax interacting particles. A site
containing n particles has equilibrium free energy F (n).
This free energy includes contributions due to the inter-
action between different particles. If the system is in
equilibrium at chemical potential µ, the probability to
find n particles on a lattice site is

peqn (µ) = [Z(µ)]
−1

e−β[F (n)−µn], (3)

with β = (kBT )
−1, kB the Boltzmann constant, T the

temperature, and Z the grand canonical partition func-
tion:

Z(µ) =

nmax
∑

n=0

e−β[F (n)−µn]. (4)

Averages over the equilibrium distribution Eq. (3) are de-
noted by 〈·〉, e.g., 〈n〉(µ) =

∑nmax

n=0 npeqn (µ) is the average
number of particles on a lattice site. Particles jump from
a site containing n particles to a site containing m parti-
cles with rate knm. This rate should obey local detailed
balance w.r.t. peqn (µ). If one ignores all correlations, the
self-diffusion Ds(µ) and the transport diffusion Dt(µ) are
found to be [2]:

Ds(µ) =
〈k〉

〈n〉
, Dt(µ) =

〈k〉

〈n2〉 − 〈n〉2
. (5)

The results of [1] are recovered by setting nmax ≡ k and

knm =

{

n if m < nmax

0 if m ≥ nmax
(6)

and by specifying that the particles are noninteract-
ing. In this case, the free energy reduces to F (n) =
β−1 ln(n!)+cn with c a temperature dependent constant.
The equilibrium distribution becomes:

peqn (µ) =
e−β(c−µ)n

n!Z(µ)
, (7)

which is the result from [1] with λ = e−β(c−µ) (see also
[7–9]). The average jump rate is then:

〈k〉 =
∑

n

∑

m

knmpeqn peqm = 〈n〉[1− peqnmax

]. (8)

Hence Ds = 1−peqnmax

. This is the result from Ref. [1] for
the self-diffusion, parametrized as a function of µ instead
of λ = e−β(c−µ). A similar, but more involved, calcu-
lation can be performed to show the equivalence of the
expressions for the transport diffusion.

To conclude, there is no guarantee that neglecting cor-
relations leads to an exact result for the transport diffu-
sion for generalized exclusion processes; see also the dis-
cussion in Ref. [4]. Uncorrelated expressions for the self-
and transport diffusion are given in Ref. [2], of which the
results in [1] are a special case.
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