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Preface 

Our aim is to study polynomial ordinary differential equations in two vari
ables. To describe the behaviour of such systems it is important to have a 
tool which can visualize their phase portrait including the behaviour near 
infinity. For that purpose we developed a computer program called "Poly
nomial Planar Phase Portraits", which we abbreviate as P4. It permits to 
draw the phase portrait of a compactification on the Poincare disc or on 
a Poincare-Lyapunov disc. The program is an extension of previous work 
due to J. C. Artes and J. Llibre (see [Art90a, Art90b]). They developed a 
numeric program which can visualize the phase portraits of quadratic differ
ential equations on the Poincare disc. The most essential information that 
we added deals with the study of the singularities and the change of the 
graphical interface. 

In chapter 1 we describe all the ingredients we needed for the study of 
polynomial differential equations and introduce the program P4. 

In chapter 2 we describe the program P4 and give, by means of examples, a 
short guideline of the program. 

In chapter 3 we apply the program and draw some known vector fields on 
the Poincare disc and Poincare-Lyapunov disc. 

The last two chapters are more theoretical. They .. deal with classification 
problems that go a little beyond the possibilities of P4, but where never
theless P4 can help in making accurate pictures or in making preliminary 
experiments. 

In chapter 4 we study the behaviour near infinity of the generalized Lienard 
equations y fx -(Ef=o akxk +y E;=O bkxk ) f

y
, with m, n E N1 and ambn -:j:. 0,



ii 

providing a complete classification using Poincare compactification as well 
as Poincare-Lyapunov compactification. We show that all the necessary in
formation is contained in am and bn, except for the so called center-focus 
problem occurring in case m 2: 2n + 1 with m, n odd, and where the be
haviour also depends on the value of other coefficients ai and bi . 
Such a knowledge of the behaviour near infinity can be used in the study 
of limit cycles of the second order equation x = f(x)x + g(x) (see [DR90, 
DL97]). It can also help in the search of algebraic invariant curves as well 
as in the detection of centers having infinity in the boundary of their period 
annulus. 

In chapter 5 we study in the class of bounded quadratic systems all the 
bifurcations unfolding a singularity of finite codimension. It will be shown 
that the only cases which can occur are the saddle-node and the Hopf-Takens 
bifurcations of codimension 1 and 2 and the Bogdanov-Takens bifurcation of 
codimension 2 and 3. And whenever one encounters a singularity candidate 
to generate such a bifurcation, then a full generic unfolding exists among 
bounded quadratic systems. 
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Chapter 1 

Tracing phase portraits of 
planar polynomial vector 
fields with detailed analysis 
of the singularities 

1.1 Introduction 

Our aim is to study ordinary differential equations in two real variables 

{
x = P(x,y) 

iJ = Q(x, y) 

with P and Q both polynomial. 

(1.1) 

We will also call this a (polynomial) vector field on IR?.2 , emphasizing that the 
object under study can be defined in a coordinate-free way. Another way to 
express the vector field is by writing it as 

a a 
X=P(x,y)ax + Q(x,y)ay· (1.2) 

Both expressions (1.1) and (1.2) represent the vector field in the standard 
coordinates on IR?.

2
, but during the analysis we will often use other coordi

nates, as well linear as non-linear ones, even not always globally defined. In 
fact our goal is surely not to look for an analytic expression of the global 
solution of (1.1). Not only would it be an impossible task for most equations 
but moreover even in the cases where a precise expression can be found it 

1 
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is not always clear what it really represents. Numerical analysis of (1.1) 
together with graphical representation, will be an essential ingredient in the 
analysis. We will however not limit our study to mere numerical integration. 
In fact in trying to do this one often encounters serious problems; calcula
tions can take an enormous amount of time or even lead to erroneous results. 
Based however on a priori knowledge of some essential features of (1.1) these 
problems can often be avoided. Qualitative techniques are very appropriate 
to get such an overall understanding of the equation (1.1). A clear picture 
is achieved by drawing a phase portrait in which the relevant qualitative 
features are represented. Of course, for practical reasons, the representation 
may not be too far from reality and has to respect some numerical accuracy. 
These are, in a nutshell, the main ingredients in our approach. In section 
1.5 we present a computer program based on them. The program is an ex
tension of previous work due to J.C. Artes and J. Llibre. We have called it 
"Polynomial Planar Phase Portraits", which we abbreviate as P4. 

We first start by studying the vector field near the singular points. Sec
tion 1.2 deals with the elementary singularities and section 1.3 with the 
non-elementary ones. In section 1.4 we introduce Poincare and Poincare
Lyapunov compactification in order to be able to study the vector fields 
near infinity. In section 1.5 we present the program P4. 

1.2 Study near the singular points; the elementary 
case 

Aiming at presenting some general methods to study singularities we sup
pose in this section that X is a C 00 vector field defined on a neighbourhood 
of OE JR.2, with X(O) = 0. Let us first recall a number of general notions 
and results. If necessary we will indicate a precise reference, but often we 
will mention no reference at all if it is possible to find the information in a 
general reference work on dynamical systems like e.g. [PdM82] or [Rob95]. 

The study of a singularity starts by looking at the linear part D X(O) = A. 
The linear part or 1-jet represents a linear differential equation ± = Ax. It 
is called hyperbolic if all eigenvalues have a non zero real part. 
The following theorem essentially says that all relevant information is con
tained in the eigenvalues of A if A is hyperbolic. 

Theorem 1.1 (Hartman-Grohman) . If X with X(O) = 0 is hyperbolic 
at O {which means that D X(O) is hyperbolic}, then X is c0-conjugate to its 
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linear part. Moreover if two linear hyperbolic singularities have the same 
number of eigenvalues with negative real part, then they are c0-conjugate. 

A C 0-conjugacy between two vector fields X and Y is a local homeomor
phism h: (V, 0) --+ (V', 0) between two neighbourhoods V and V' of O with 
the property 

ho Xt = Yt oh, 

where Xt and Yt denote the respective flows of X and Y. In case the 
homeomorphism h does not conjugate the flows but only sends X -orbits to 
Y-orbits, in a sense preserving way, we speak about a C 0-equivalence. 
In any case the singular point is isolated in a hyperbolic singularity. Three 
possibilities show up depending on the sign of the real parts a1 and a2 of 
the eigenvalues A1 and A2. If both a 1 and a2 are negative (resp. positive) 
then all orbits have O as w-limit (resp . a-limit). If a1a2 < 0, then we have 
a saddle. 
In the saddle case there is a curve of points, whose orbit has O as w-limit 
(resp. a -limit); it is called the stable manifold W 8 of O (resp. unstable 
manifold wu of 0). 

Of course for an accurate numerical description of the singularity these ma
nifolds W 8 and wu need to be positioned in a better way than by drawing 
merely the eigenspaces of the linear part A= D X(O). 
The theoretical basis for such a positioning is provided by the following 
theorem. 

Theorem 1.2 (stable manifold theorem). Let (X, 0) be a singularity of 
a vector field on IR2 of class er, respectively C00 or cw (i.e. analytic), with 
r 2'.: 1. Let D X(O) have eigenvalues AI < 0 and A2 ~ 0. Let E 8 be the 
eigenspace associated to A1. Then there exists a manifold W 8 containing 0, 
invariant under the flow of X, of class er, respectively C00 or cw, with ws 
tangent to E 8 at O and D(Xlw• )(0) having AI as eigenvalue. 

Applying this theorem to -X it provides a similar result for the unstable 
manifold wu. After applying a linear coordinate change, transforming the 
stable and unstable eigenspaces of D X(O) to respectively {y = O} and { x = 
O}, we can express ws and wu as graphs of functions y = f(x) and x = g(y). 
In working with polynomial vector fields we can in general not expect the 
functions f and g to be polynomial but they are at least analytic. Taylor 
approximations will be used to represent them in small neighbourhoods of 
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0. The precise way to do this will be presented in section 1.5 . A finite 
Taylor approximation will depend on some finite jet of X at 0. 

For the stable and the unstable hyperbolic points ( 0:10:2 > 0) the only extra 
information we might need is whether orbits spiral around O (focus case) or 
whether orbits have a direction of approach (node case). This information 
is given by the eigenvalues ..\1 and ..\2. 

The first case beyond hyperbolicity is given by ..\1 = 0 and ..\2 -=I- 0. Since one 
of the eigenvalues is non zero, we still speak about an elementary singularity. 
It is also called a partially hyperbolic singularity or semi-hyperbolic singular
ity. Because of the stable manifold theorem there can still be found a C 00 

( even analytic for analytic X) invariant manifold tangent to the eigenspace 
of ..\2; it is a "stable" one W 8 in case ..\2 < 0 and an "unstable" one wu in 
case ..\2 > 0. Moreover the eigenspace of ..\1 consists of zeroes for D X(O). 
We definitely need higher order jets to analyze the structure of the singu
larity. Following theorems provide the necessary information. In fact these 
theorems have interesting generalizations in !Rn, but we only state t hem in 
IR2, referring to [PdM82], [Rob95] and also [HPS77] for the n-dimensional 
version. 

Theorem 1.3 ( center manifold theorem). Let (X, 0) be a er -singularity 
of a vector field on IR2, r E N\{O}, with E_c the kernel of A = DX(O). 
Suppose dim Ec = 1. Then there exists a 1-dimensional_ er manifold Nc 
containing 0, invariant under the flow of X with N c tangent to Ec at O and 

j1(XINc)(O) = 0. 

Theorem 1.4 (reduction to the center manifold ([PS70],[PT77])). 
Let X and Nc be as in the previous theorem, let ,\ denote the non zero eigen
value of D X(O). Then the singularity (X, 0) is locally c0-conjugate to the 
singularity at O of 

{
ii = sign(..\) y 

± = f(x) 

where the second line expresses XINc, with f of class er. Moreover, a local 
c 0-conjugacy (resp. c0 -equivalence) between two such expressions at the 
level of the center manifolds can be extended to a genuine C0 -conjugacy 
(resp. c0-equivalence). 

It will hence clearly suffice to study the behaviour on a center manifold in 
order to know the singularity completely. 
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The fact that we have stated the center manifold theorem for a finite class 
of differentiability is on purpose. Indeed in general the theorem is no longer 
true if we change er by C 00 or cw. 
In case some finite jet jn(X!Nc)(O) is non zero then the C00 version can be 
proven to be true (see [DRR81]), although the cw-case however is still not 
true in general. 
Starting with polynomial vector fields we can represent the center manifold 
by making a Taylor approximation. For a precise description we again refer 
to section 1.5. We will see that some problems can show up because of the 
disproportion between the center behaviour and the transverse hyperbolic 
one. In any case all necessary information is given by the non zero eigenvalue 
.X and its associated invariant (un)stable manifold on one hand , and the 
center manifold on the other hand. 
For the latter we encounter two possibilities : either the center behaviour 
X!Nc has an isolated zero at O or not. In the first case one can prove that 
the center behaviour is given by 

for some m E N2, with N2 = N\{O, 1}, and g(O)-=/- 0. The topological struc
ture of the singularity is then completely determined by (m, sign>., signg(O)). 
In the second case it can be proved that the center manifold · completely 
consists of singular points, meaning that for a vector field X described by 

{
x = P(x,y) 

y=Q(x,y) 

the two polynomials P and Q have a common factor. We will show in section 
1.5 how to deal with this case, by dividing out the com1:11on factor. 

There remains however to study the non-elementary singularities, the ones 
for which D X(O) has both eigenvalues zero. In that case we use blow up. 

1.3 Blowing up non-elementary singularities 

Before describing the effective algorithm that we use in the program P4, 
and which is based on the use of quasi-homogeneous blow up, let us first 
explain the basic ideas only introducing homogeneous blow up, which essen
tially means using polar coordinates. We will for a great part follow the 
introduction presented in [Dum91]. 
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Let (X, 0) be a singularity of a C00 vector field on IR2
. Consider the map 

</> : 81 X IR --+ IR2 

(O,r) t-+ (rcosO,rsinO). 
(1.3) 

We can define a C00 vector field X on 8 1 x IR such that ¢*(X) = X, in the 
sense that D <Pv ( X ( v)) = X ( ¢( v)). It is called the pull back of X by ¢. It is 
nothing else but X written down in polar coordinates. If the k-jet Jk(X)(O) 
is zero, then Jk(X)(u) = 0 for all u E 8 1 x {0}. 

In practice, however , we almost never use polar coordinates, but we use the 
so called directional blow-up 

in the x-direction: (x,y) t-+ (x,jj x), leading to Jex, (1.4) 

in they-direction: (x, y) t-+ (x jj, y), leading to )(Y. (1.5) 

On { x =/ 0}, ( 1.4) up to an analytic coordinate change, is the same as polar 

blow-up, for O =/ 1r /2, 31r /2 : 

(B,r) t-+ (rcosO,tanO) t-+ (rcosO,tanOrcosB) = (rcosO,rsinB). 

In the case of (1.5), something analogous happens on {y =/ O}. In case 
Jk(X)(O) = 0 and Jk+i(X)(O) =/ 0 we may gain information by considering 
x with ·-

- 1 ~ 
X = 1cX. 

r 

Then X also is a C00-vector field on 8 1 x JR. This division does not change 
the orbits of X nor their sense of direction, but only the parametrization by 
t. 

For the related directional blow-up we use (1/xk)fcx in case (1.4) and 
(1/yk)fcY in case (1.5). On {x =/ O} (resp. {y =/ O}) the vector fields 
(1/rk)fc and (1/xk)_fcx (resp. (1/yk)fcY) are the same up to analytic coor
dinate change and multiplication with a positive analytic function. Let us 
now treat two examples. 

First we present an example where we use one blow-up to obtain quite easily 
the topological picture of the orbit structure of the singularity : 

a a 
X = (x2 

- 2xy) ox + (y2 
- xy) oy + O(llx, y)ll3). (1.6) 
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The formulas for (polar) blowing-up are 

with 

771 (0, r) = rk:2 \ X, x :y -y ! ) (ef>(r, 0)) 

= rk:2 (-r sin OX1 (r cos 0, r sin 0) + r cos OX2(r cos 0, r sin 0)), 

1]2(0, r) = rk:2 \ X, x :x + y :y) (ef>(r, 0)) 

= rk: 2 ( r cos OX 1 ( r cos O, r sin O) + r sin OX 2 ( r cos O, r sin O)), 

In our example k = l and the result is 

X(O, r) = (cos O sin 0(3 sin O - 2 cos 0) + O(r)) :o 
+ r( cos3 0 - 2 cos2 0 sin O - cos O sin2 0 + sin3 0 + O(r)) :r . 

Zeroes on { r = 0} are located at 

0 = 0, 1r; 0 = 1r /2, 31r /2; tan O = 2/3. 

7 

At these singularities, the radial eigenvalue is given by the coefficient of 
ra / or while the tangential eigenvalue can be found by differentiating the 
8/80-component with respect to 0. One so finds Figure 1.1. All the sin
gularities are hyperbolic. We say to have desingularized (X, 0). The exact 
value of the eigenvalues at the different singularities only depends on the 
2-jet of X. In [Dum78] or [CD93] it can be seen how to prove that the sin
gularity (X, 0) is in fact c0-conjugate to the singularity given by the 2-jet. 
The exact positioning of the invariant manifolds of the six hyperbolic singu
larities in the blow-up can be approximated by Taylor approximation using 
some finite jet. After blowing-down it leads to an accurate presentation of 
the six "separatrices" in the local phase portrait (see figure 1.2). 

Secondly we present an example where blowing-up once is not sufficient to 
desingularize the singularity, but where we need to repeat the construction 
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Figure 1.1: Blow-up of example 1. 

Figure 1.2: Local phase portrait of example 1. 

(successive blowing-up) 

(1.7) 

Blowing-up in the y-direction will give no singularities on {y = O}; indeed 
the singularities ( as well as their eigenvalues) only depend on the first non 
zero jet, hence on yo/ox. We perform a blow-up in the x-direction, but 
without using formulas like in the previous example. Writing 

X = x, y = x'f}, 

or 

x = x, y = y/x, 
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we get 

x=x 
= y + O(ll(x, y)ll 3

) 

= yx + O(lxl3
) , 

. . 
.,_ y X 
y = - -y

x x2 

1 y2 y 
= (x + y) + -O(ll(x, Y)ll3

) - 2 - 2 0(ll(x, Y)ll3
) 

X X X 

= x + y x - y2 + O(lxl2). 
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The only singularity on x = 0 occurs for y = 0, where the 1-jet of the vector 
field xx in this singularity is x8 / 8y. 

As the singularity is neither hyperbolic, nor semi-hyperbolic (with a possible 
reduction to the center manifold) we are going to perform an extra blow-up 
in order to study it. Blowing-up in the x-directfon gives no singularities. 
Blowing-up in they-direction (x = fl x, y = fl) gives 

y=y 

= (x + y x - y2 + O(lxl2
)) 

= x fl - fl2 + O(ll(x, fl)ll3
), 

= x - fj 
x= --x-y y2 

I x = x + ::O(lxl3
) - _2 (x + yx - y2 + O(lx]2

)) 
y y 

= flx - x2 + flx + O(ll(x, fl)ll 2
). 

The 2-jet is now (xy - y2)8/8y + (2xy - x2)8/8x. As we have seen this 
singularity can be studied by blowing-up once. This succession of blowing
up is schematized in Figure 1.3 The reconstruction of the local phase portrait 
is represented in figure 1.4. As a result we also obtain that the singularities 
are topologically determined by the 2-jet. A precise drawing of the two 
separatrices of the cusp can be obtained by using Taylor approximations 
of the invariant manifolds in the desingularization followed by a blowing
down, like shown in Figure 1.5. The procedure of successive blowing-up can 
be formalised as follows, providing an overall geometric view. Instead of 
using¢ and dividing by some power of r, we use the map 

- 2 1 2 2 z 
¢: {z E JR I llzll > 2} C JR --+ JR , z r-+ z - M' 
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-
Figure 1.3: Successive blowing-up. 

Figure 1.4: Blowing-up example 2. 

and divide by the same power of (llzll - 1). 

The vector fields we so obtain are analytically equivalent, but the second 
is now defined on an open domain in Jll2 and therefore it becomes easier to 
visualize how we can blow up again in some point zo E {z E Ill2 I llz ll = 1} : 
we just use the mapping Tz0 o<jJ where Tzo denotes the translation z t--+ z+zo. 

As we again end up on an open domain of Jll2 we can repeat the construction 
if necessary. For simplicity in notation we denote the first blow-up by ¢1, 
the second by ¢2 and so on. 

After a sequence of n-times blowing-up we find some C 00-vector field _xn 
defined on a domain Un c Jll2 . _xn is even analytic if we start with an 
analytic X. We write r n = (¢1 o ... o efJn)-1(0) C Un. Only one of the 
connected components of Jll2 \r n, call it An, has a non-compact closure. 
Furthermore 8An Cr n and 8An, which is homeomorphic to S1, consists of 
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Figure 1.5: Local phase portrait of example 2. 

a finite number of analytic regular closed arcs meeting transversally. The 
mapping ( ¢1 o ... o <Pn) !An is an analytic diffeomorphism sending An onto 
JR2 \{O}. There exists a strictly positive function Fn on An such that _xn = 
Fn · _xn and xnJAn is analytically diffeomorphic to XJR2 \{O} by means of 
the diffeomorphism (¢1 o .. . o <Pn)IAn· The function Fn extends in a cw way 
to &An where in general it is 0. 

To control whether the succession of blowing-up finally leads to a tractable 
result we use the notion of Lojasiewicz-inequality. We say that a vector 
field X on IR2 satisfies a Lojasiewicz-inequality at O if there is a k E N*, with 
N* = N\{O}, and a c > 0 such that JJX(x)JJ ~ cJJxJlk on some neighbourhood 
of 0. · 

For analytic vector fields at isolated singularities, a Lojasiewicz-inequality 
always holds. In (Dum77] it has been proven that if X satisfies a Lojasiewicz
inequality, there exists a finite sequence of blowing-up ¢1 o ... <Pn leading 
to a vector field _xn defined in the neighbourhood of &An such that the 
singularities of Jen on &An are elementary. 
These elementary singularities can be as follows: 

(i) Isolated singularities p which are hyperbolic or semi-hyperbolic with 
the property that j 00 (.XnJNc)(p) =f. 0 if Ne is a center manifold for _xn 
in p, or; 

(ii) Regular analytic closed curves (or possibly the whole &An in case 
n = 1) along which _xn is normally hyperbolic. 

The position and the properties of the singularities mentioned above only 
depend on a finite jet of X. Unless the singularity is a focus or a center it is 
always possible to find a finite number of C00-lines (stable, unstable or center 
manifolds, sometimes one has to choose an ordinary trajectory as boundary 
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of two elliptic sectors), each cutting 8An in one point, and dividing small 
neighbourhoods of 8An into a finite number of zones which, after blowing
down, provide a decomposition of small neighbourhoods of the singularity 
into hyperbolic ( or saddle) sectors, elliptic sectors and parabolic sectors of 
attracting (or stable) or repelling (or unstable) type (see [Dum77, Dum78]) 
In figure 1.6 we represent the typical (topological) picture of such sectors, 
not representing fully attracting or repelling singularities. 

saddle sector or 
hyperbolic sector 

elliptic 
sector 

attracting 
sector 

Figure 1.6: Sectors near a singular point. 

repelling 
sector 

The invariant C 00-lines in the boundary of these sectors blow down to so 
called characteristic orbits ( or characteristic lines), i.e. orbits ( or an orbit 
together with the singularity) tending to the singularity with a well defined 
slope, the time tending to +oo or to - oo. Not all t hese invariant curves 
are relevant, but only those which separate different topological behaviour. 
There is e.g. no need to draw a separation between two adjacent parabolic 
sectors, or between an elliptic sector and an adjacent parabolic one. It suf
fices to draw the boundary curves of the hyperbolic sectors and to draw 
some characteristic lines between two adjacent elliptic sectors. The remain
ing characteristic lines are often called separatrices; the ones bordering a 
hyperbolic sector are of finite type in the sense that they possess a C00 

parametrization , : [O, c:] f-t ~ 2 with ir'Y(O) f- 0 for some r E N. They can 
also be seen as graphs of a C 00 function in the variable x 1ln for some n E N1 

in suitable C 00 coordinates (x, y) (see [DRR81]). The separatrices between 
two elliptic sectors do not need to have this property (see [DRR81]) . 

Although the method of successively using homogeneous blow up is suffi
cient to study isolated singularities of an analytic vector field, it reveals to 
be much more efficient to include quasi-homogeneous blow up. In fact the 
algorithm that we have implemented relies on the systematic approach pre
sented in [Pel94], and which is based on the use of quasi-homogeneous blow 
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up (see also [Bru89] and [BM90]). Let us first present the technique before 
describing the algorithm. 

Let (X, 0) be a singularity of a C00 vector field on ffi.2. Consider the map 

qJ: 51 X ffi. -+ ffi.2 

( e, r) t-+ ( r(l' cos e, r.B sin 0) , (1.8) 

for some well chosen ( a, /3) E N* x N*. Exactly like in the " homogeneous 
case ", where (a, /3) = (1, 1), we can define a C 00 vector field X on S1 x ffi. 
with ¢*(X) = X. We will divide it by rk, for some k, in order to get a 
C00 vector field X = fr; X, which is as non-degenerate as possible along the 
invariant circle 8 1 x { 0}. 
In practice one again uses directional blow-ups: 

positive x-direction: 
negative x-direction: 
positive y-direction: 
negative y-direction: 

(x, y) H (x°', x.By), 
(x,jj) H (-xa,x.By), 
(x, jj) H (xjja, y.B), 
(x, y) H ( xya, -y.B), 

leading to X+, 
leading to X::, 
leading to xi' 
leading to X!. 

In case a is odd (resp. /3 is odd), the information found in the positive x
direction (resp. y-direction) also covers the one in the negative x-direction 
( resp. y-direction). 
To show on an example that this technique can be quite efficient, we again 
study the cusp-singularity 

{} {} 
y ox+ (x2 + xy) oy + O(ll(x, y)lls), 

this time using a quasi-homogeneous blowing up with (a,/3) = (2, 3). 

In the x-direction we consider the transformation ( x, y) = ( x2, x3jj). In this 

case we have x = 2xx ~ x = ? + O(x3 ) and y = 3x2yx + x3y ~ y = 
(1 - !jj2 )x + O(x2). We divide by x and find 

{
x = ¥, + O(x2

) 

y = 1 - !Y2 + O(x) 

We find two hyperbolic singularities of saddle type, situated at the points 
(x,y) = (O,±y12/3). 
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Similar calculations in the negative x-direction, as well as in the positive 
y-direction show that no other singularities show up. 
As such blowing-up once suffices to desingularize the singularity leading to 
the picture in figure l. 7. 

Figure 1.7: Quasi-homogeneous blow up of the cusp singularity. 

Again an accurate positioning of the invariant separatrices can be obtained 
by Taylor approximation of the stable and unstable manifolds. 
A question one might ask is how to find effectively the coefficient (a, /3) 
to use in a quasi-homogeneous blow up. This can be obtained by using 
the so called Newton diagram. It is also essential in the formulation of an 
effective desingularization algorithm based on the use of successive quasi
homogeneous blowing up. Let us first define the Newton diagram. 

Let X = P( x , y) fx + Q ( x, y) fu be a polynomial vector field with an isolated 
singularity at the origin. 
Let P(x, y) = Li+f~I aijXiyj and Q(x, y) = Li+j~l bijxiyj . The support of 
X is defined to be 

S = {(i - 1,j)laij-=/: O} U {(i,j - l)lbij -=/: O} c nt2, (1.9) 

and the Newton polyhedron of X is the convex hull r of the set 

P = LJ {(r, s) + JR~}- (1.10) 
(r,s)ES 

The Newton diagram of X is the union 'Y of the compact faces 'Yk of the 
Newton polyhedron r, which we enumerate from the left to the right. If 
there exists a face 'Yk which lies completely on the half-plane {r :S O}, t hen 
we start the enumeration with k = 0, otherwise we start with k = 1. Since 
the origin is an isolated singularity we have that at least one of the points 
( -1, s) or ( 0, s) is an element of S for some s, and also at least one of the 
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points (r, 0) or (r, - 1) is an element of S for some r. Hence there always 
exists a face ,1 in the Newton diagram. 
Suppose that "}'1 has equation ar + f3s = d, with gcd( a, /3) = 1. As a first 
step in the desingularization process we use a quasi-homogeneous blow up 
of degree (a,/3). Denote X = ~j~dXj, with Xj = Pj(x,y)Jx + Qj(x,y)J 
the quasi-homogeneous component of type ( a, (3) and ( quasi-homogeneous) 
degree j, i.e. Pj(rax, r!3y) = ri+et Pj(x, y) and Qj(rax, r!3y) = ri+flQj(x, y). 
We will divide by rd. In practice we first blow up the vector field in the 
positive x-direction, yielding, after multiplying the result with ax-d : 

(1.11) 

We determine the singularities on the line {x = O}. 
1) If o:Qd(l, y) - (3yPd(l, iJ) ¢ 0, the points (0, Yo) satisfying the equation 
aQ d( 1, y) - (3y Pd( 1, y) = 0 are isolated singularities \Qf X on the line { x = 0}, 
at which 

- x (Pd(l, Yo) 0 ) 
D(X+)(o,vo) = * a 8J'l (1, y0 ) - f3(Pd(l, Yo)+ Yo~(l, Yo)) ' 

providing immediately the eigenvalues on the diagonal. In case the singu
larity is hyperbolic, we are done. In case the singularity is semi-hyperbolic, 
we have to determine the behaviour on the center manifold. In case the 
singularity is non-elementary, we introduce fj = y - Yo, and blow up this 
vector field again in the positive x-direction as well as in the posit ive and 
negative fj-direction with a certain degree (a', (3'), which we determine from 
the Newton diagram associated to the vector field. 
2) If o:Qd(l, y) - f3yPd(l, y) = 0, we have a line of singularities. Since 

D(Xx) _ = (Pd(l, Yo) 0) 
+ (O,yo) * 0 , 

all the singularities are semi-hyperbolic, except those singularities (0, tJo) for 
which Pd(l, yo) = 0. The latter will require further blow up. 

Next we blow up the vector field in the negative x-direction and study this 
vector field in the same way as in the previous case. 
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Finally we have to blow up the vector field in the positive and the negative 
y-direction, and determine whether or not (0, 0) is a singular point, since 
the others have been studied in the previous charts. 
It is easy to see that (0, 0) is a singularity iff ')'1 lies completely in the half
plane {r 2'. O}. If this is the case then (0, 0) is elementary. Indeed, blowing 
up the vector field in the positive y-direction yields, after multiplying the 
result with {3y- d: 

xY . {X = L8~d yli-d(f3Pli(x, 1) - axQ.,(x, 1)) 
+ · .!. _" -li+l-dQ (- 1) 

Y - L,/i~dY Ii x, 
(1.12) 

Hence (0, 0) is a singular point if Pd(O, 1) = 0, i.e. if Pd(x , y) = xF(x, y), 
implying that ')'1 lies completely in the half-plane {r 2'. O}. Suppose now 
that (0, 0) is a singular point of xi, then we have 

D(XY) _ (/3~(0, 1) - aQd(O, 1) * ) 
+ (o,o) - 0 Qd(O, 1) . 

Let ( 0, s) be the intersection of the line ')'1 and the line r = 0, then Pd( x, y) = 

axy8 +G(x, y) and Qd(x, y) = bys+l+H(x, y), with a2 +b2 
-=fa 0, degx G(x , y) 2'. 

2 and degxH(x,y) 2'. 1. Hence /3~(0,l)- aQd(0,1) = a/3- ba. So, if 
a/3 - ba -=fa O then (0, 0) is non-elementary. if-a/3 - ba = 0, t hen Qd(O, 1) = 
b -=fa 0, and (0, 0) is elementary too. · 
In [Pel94] it has been proven that the algorithm, as presented here, leads to 
a desingularization. It is also more efficient than the usual one. 

In the program P4 we will not only perform a detailed study near the singular 
points in JR2 , but also near singular points at infinity . Let us now describe 
how polynomial vector fields on JR2 can be extended to infinity. 

1.4 Poincare and Poincare-Lyapunov compactifi
cation 

If we study a vector field, we also have to determine what happens near 
infinity. In case of polynomial vector fields this can be done in two ways, 
namely we can extend the vector field on the Poincare disc or on a Poincare
Lyapunov disc. In both cases one compactifies IR2 by adding a circle, and 
one extends the polynomial vector field to an analytic one on the disc. Let 
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us first describe how to extend to a Poincare disc. Essentially near infinity 
one uses 

( x, y) = ( cos () / s, sin () / s) , 

and one multiplies the resulting vector field by sd-l, where dis the degree 
of the vector field. There is however a more geometric way to describe 
the Poincare disc, as e.g. presented in [AL97] and [Per96). As it is this 
construction that we implement in our program, let us describe it in full 
detail. 

Let X be a polynomial vector field of degree d on the plane. We consider 
the unit sphere S2 = { (Y1, Y2, y3) E ~ 3 Iv? + y~ + Y§ = 1} and denote by 
T(y1 ,y2 ,y3 )S2 the tangent space to S2 at the point (y1, Y2, y3). Consider the 
two central projections p+ : Tco,o,i)S2 --t Si and p- : Tco,o,i)S2 --t S:. , 
where st= {(Y1,Y2,y3) E S21Ya > O} and S:. = {(y1,Y2,y3) E S3IY3 < O}. 
These maps define two copies of X, (p+)*X on the northern hemisphere 
and (p-)*X on the southern hemisphere. Let f : S2 --t ~ be defined by 
J(y1, Y2, y3) = yg-1, then the vector fields f · (p+)*X and f · (p-)*X can 
be extended to an analytic vector field p(X) on S2• The vector field p(X) 
is often called the Poincare compactification of X. It is defined on S2, but 
is equivariant under the point-reflection (y1,Y2,y3) i-+ (- y1, -y2, -y3). For 
the flow of p(X), the equator S1 = {(y1, Y2 , ya)IY3 = O} is invariant and the 
equator corresponds to the circle at infinity of ~ 2 • The projection of the 
closure of st on the plane y3 = 0 under (y1 , Y2,y3) i-+ (Y1,Y2) is called the 
Poincare disc. 

To make calculations concerning p(X) we consider the following six local 
charts Ui = {(Y1 , Y2, Ya) E S2IYi > 0} and Yi = {(y1, Y2, y3) E S2IYi < 0} 
where i = 1, 2, 3 and the diffeomorphisms Fi : Ui --t ~ 2 -· and Gi : l,'i --t ~ 2

, 

with Fi(Y1 ,Y2,y3) = Gi(Y1,Y2,y3) = (yjy;1,ykY; 1) for j < k andj,k i= i. It 
is easy to see that these maps are the inverse of the central projections from 
the planes tangent to S2 at the points (1, 0, 0), (-1, 0, 0), (0, 1, 0), (0, - 1, 0) , 
(0, 0,1), (0,0,-1) respectively. We denote by z = (z1,z2) the value of 
Fi (Y1,Y2,Y2) or Gi(Y1,Y2,y3) for any i = 1,2,3. Let X = P(x,y)fx + 
Q(x, y)fu, then some easy computations give for p(X) the following expres
sions on the local charts: 
On the U1 chart we have 

{
i1 = zgg(z )(-z1P( ;

2
, ~) + Q(;

2
, ~ )) 

i2 = -z~+1g(z)PC1
2
,;;) 

(1.13) 
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with g(z) = (1 + zr + z~)(l-d)/2. 
On the U2 chart we have 

{
i - zdg(z)(P(ll .1.) - z Q(ll .1.)) 

1 - 2 z2 ' z2 1 z2 ' z2 

i = -zd+1g(z)Q(ll .l.) 
2 2 z2' z2 

and on the U3 chart we have 

(1.14) 

(1.15) 

The expression for the vectorfield p(X) on 't1i is equal to the one on Ui 
multiplied by (-l)d-l. Since the factor g(z) is strictly positive, we can omit 
this factor by rescaling the vector field p(X). So, in each chart we get a 
polynomial vector field. 

A singular point of X is called infinite (resp. finite) if it is a singular point 
of p(X) in 51 (resp. 52 \ 51 ). It is easy to see that the infinite singular 
points of X are the points ( z1, 0) satisfying 

where Pd and Q d are the homogeneous part of degree d of P and Q. 

Sometimes, it is better to work with a Poincare-Lyapunov compactification, 
i.e. we use a quasi-homogeneous compactification at infinity essentially given 
near infinity by 

{
x = cosB/s0 

y = sinB/ sf3 
(1.16) 

for some well chosen powers ( a, /3) E N* x N*. Again the precise calculations 
are not really worked out with the expression (1.16). Sometimes one prefers 
not to use the usual functions ( cos a, sin B) but to work with the periodic 
functions Cs a and Sn a, solution of the Cauchy problem 
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{ 

fo Cs(}= - Sn2o-l (} 

fo Sn B = Cs2/3-l B 

Cs O = 1, Sn O = 0 

19 

(1.17) 

and satisfying the relation /3 Sn2°' B+a Cs2.13 B = a. Using such a transforma
tion for well chosen a and /3, make it possible in many cases that instead of 
getting a non-elementary singular point at infinity (in a Poincare compacti
fication) one finds only elementary singular points. For the calculations it is 
again better to work in different charts and this will be done in section 1.5. 

1.5 The program P4 

P4 is a tool which can be used in the study of a polynomial planar differential 
equation. Depending on the user's choice it draws the phase portraits on 
either the Poincare disc, or on a Poincare-Lyapunov disc, or near a singular 
point. P4 is partly written in C and partly written in REDUCE [HF95]. It 
is possible to work in numerical mode or in mixed mode, i.e. if possible, the 
calculations are done in algebraic mode. We shall now describe the structure 
and possibilities of P4. 
First it checks whether or not the vector field has a continuous set of finite 
singular points, that is, if whether or not the two polynomial components 
of the vector field have a common factor. If they have a common factor, 
we divide the vector field by this common factor and study the new vector 
field. Sometimes t he used computer algebra package (i.e. Reduce) cannot 
find this common factor. In such cases also P4 works incorrectly. If t he 
user knows the common factor ( e.g. by means of another computer algebra 
package such as Maple, Mathematica, Axiom, ... ) , he can avoid this problem 
by giving this factor, together with the reduced vector field (i.e. the vector 
field after division by the common factor), to P4. 
So, in what follows let X = P(x, y)fx + Q(x, y) fv with gcd(P, Q) = 1. Now 
we will determine the finite isolated singular points. This can be done in 
algebraic or numeric mode. In both cases P4 will ask REDUCE to solve the 
problem. If the degree of the vector field is high, determining these singu
larities can take a lot of time, in such cases it is better to work numerically. 
For each singular point (xo, yo), P4 determines the local phase portrait in 
the following way. First it computes the jacobian matrix at each singular 
point, i.e. 
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DX _ (t~(xo,Yo) %(xo,Yo)) 
(xo,yo) - {!g_(x y ) ~(x y ) , ax O, 0 ay O, 0 

and evaluates its eigenvalues .A1 and A2. We have to distinguish different 
cases, depending on whether both eigenvalues are real, both eigenvalues are 
purely imaginary or both eigenvalues are complex. 

1) A1 and A2 are real. If A1 and A2 have the same sign then (xo, yo) is a 
stable (unstable) node and we are done. If they have different sign, then 
(xo, Yo) is a saddle, and we compute a Taylor approximation of order n of 
the stable and unstable manifold as follows. 
Consider the transformations 

{
~ = X - XO 

Y = y-yo 

and 

with ( wu, w12) (resp. ( w21, w22)) an eigenvector associated to the eigenvalue 
A1 (resp. A2) . 
Using these transformations yields the vector field 

{
it= A1u+p(u,v) 

V = A2V + q( u, V) 
(1.18) 

with deg(p) 2: 2 and deg(q) 2: 2. Writing the invariant manifold as a graph 
(u, f(u)) and using the invariance of the flow, we have that 

n 

f(u) = L aiui + o(un) , (1.19) 
i=2 

with 

bi . 
2 ai= (i.A1 - A2)' i = , . . . ,n, 
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where bi is the coefficient of ui in the expression q( u, f ( u)) - f' ( u )p( u, f ( u) ). 
The manifold ( v, g( v)) is computed in the same way. 

If A1 = 0 and A2 =I= 0 then the singularity (xo, yo) is semi-hyperbolic. In this 
case there is a center manifold which is tangent to the line v2(x-xo)-v1(y
Yo) = 0, with (v1, v2) an eigenvector associated to the zero eigenvalue. To 
compute the center manifold, we simplify the vector field in the same way 
as in the saddle case. Hence the new vector field satisfies 

{
u = p(u, v) 

v=A2v+q(u,v) 
(1.20) 

with deg(p) 2: 2 and deg(q) 2: 2. Writing the center manifold as a graph 
(u, f(u)), and using the invariance of the flow, we have 

n 

f(u) = L aiui + o(un), 
i=2 

with ai the coefficient of ui in the expression -[q( u, f ( u) )- f' ( u)p( u, f ( u))]/ A2. 
This results in the behaviour 

Using this information we find that the origin is 

(i) a stable node if Cm < 0, m odd and A2 < 0, 

(ii) an unstable node if Cm > 0, m odd and A2 > 0. 

(iii) a saddle-node if m even, 

(iv) a saddle if Cm > 0, m odd and A2 < 0 or Cm< 0, m odd and .\2 > 0. 

If the singularity is a saddle-node or a saddle then we also compute a Taylor 
approximation for the unstable or stable manifold. 

In case the two eigenvalues are zero, the point (xo, Yo) is non-elementary. To 
study the vector field near the singularity, we desingularize the singularity 
by means of quasi-homogeneous blow _up. The desingularization algorithm 
consists in constructing a list S of elementary singularities, together with the 
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invariant manifolds, on the blow-up locus which we order counter-clockwise. 
Each element of S is of the form 

[[Ti, ... , Tml, x, y, Y, sep, type], 

where (x, y) is an elementary singularity on the blow-up locus, Y is the blow
up vector field. The variable m is the number of blow-up levels we needed 
and T1, ... , Tm are the transformations, i.e. Ti is of the form (x, y) i-+ 

(c1xd1yd2 + Xi-1, c2xd3 yd4 + Yi-d, with (xi-1, Yi-1) the non-elementary sin
gularity at blow-up level i -1. The variable sep is the Taylor approximation 
of the invariant manifold and type is the type of singularity we have ( see 
figure 1.8). 

2 3 4 

5 6 7 8 

9 10 11 12 

Figure 1.8: Different types of singularities on the blow-up locus. 

In the following construction we will use "Gosub" followed by a Roman 
number, meaning that one first has to elaborate the procedure indicated by 
the Roman number, before continuing the next line. The construction of 
the set S is as follows. 

I . Input: vector field X with a non-elementary singularity (xo, yo). 
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• If (xo, Yo) i- (0, 0) then consider the transformation x = x - xo, fl = 
y-yo. 

• Determine the Newton diagram and ,1 : o:r + {3s = d, with gcd( a, {3) = 
1. 

• Let Np= 0, l = 1 and T1 : (x, y) f-t (x°' + xo, xf3y + yo). 

• Blow up in the positive x-direction. This gives us a vector field Y. 

• Gosub II. 

• Let Nn = 0, l = 1 and T1 : (x, y) f-t (-x°' + xo, xf3y + Yo). 

• Blow up in the negative x-direction. This gives us a vector field Y. 

• Gosub III. 

• If ,1 lies completely in the half-plane {r 2:: O} then 

- Let T: (x, y) f-t (xy°' + xo, yf3 + Yo). 

- Blow up in the positive y-direction. This gives us a vector field 
Y with (0, 0) an elementary singularity. In the same way as in II 
we construct a list V = [[T], 0, 0, Y, sep, type]. 

- Let T: (x, y) f-t (xy°' + xo, -yf3 + Yo). 

- Blow up in the negative y-direction. This gives us a vector field 
Y with (0, 0) an elementary singularity. In the same way as in II 
we construct a list W = [[T], 0, 0, Y, sep, type]. 

- S= [W,Lf, ... ,L~p,V,Lf, ... ,LR,J 

else S = [Lf, ... , L~p' Lf, ... , LR,J 

• Print out all the separatrices and the type of sectors as follows 

- For i = 2 to length(S) do 

* If S[i- 1][6] E {1, 7, 10} and S[il[6] E {2, 6, 12} then we have 
a hyperbolic sector. 

* If S[i - 1][6] E {2, 6, 11} and S[il[6] E {1, 7, 9} then we have 
a hyperbolic sector. 

* If S[i - 1][6] E {3, 5, 9} and S[i][6] E { 4, 8, 11} then we have 
a elliptic sector . 
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* If S[i -1][6] E { 4, 8, 12} and S[il[6] E {3, 5, 10} then we have 
a elliptic sector . 

* If S[i - 1](6] E {2, 6, 11} and S[il[6] E { 4, 8, 11} then we have 
an attracting sector. 

* If S[i - 1][6] E { 4, 8, 12} and S[i][6] E {2, 6, 12} then we have 
an attracting sector. 

* If S[i - 1][6] E {1, 7, 10} and S[il[6] E {3, 5, 10} then we have 
a repelling sector. 

* If S[i - 1][6] E {3, 5, 9} and S[il[6] E {l, 7, 9} then we have a 
repelling sector. 

- Determine the type of sector between the last element of S and 
the first one. 

• End. 

II. Input: vector field Y, the blow-up level land the list [T1, ... , 11]. 

( 1) If x = 0 is not a line of singularities then determine the singularities 
of Yon the line x = O. 

• Sort the singularities such that [y1, . . . , Yn] are in increasing order. 

• For i = 1 to n do 

_:_ Let .X1 and .X2· be the eigenvalues of DY(O, Yi) -

- Translate the point (0, Yi) to the origin. This gives us the vector 
field Y. 

- If .X1 = .X2 = 0 then we need to blow up Y at the origin. Gosub 
IV. 

else 

* If .X1 > 0 and .X2 < 0 then sep is the Taylor approximation of 
the unstable manifold and type= l. 

* If .X1 < 0 and .X2 > 0 then sep is the Taylor approximation of 
the stable manifold and type=2. 

* If .X1 = 0 then sep is the Taylor approximation of the center 
manifold. Depending on the behaviour on the center man
ifold we have type=5 or 6 (resp. 7 or 8) if .X2 > 0 (resp . 
.X2 < 0). 

* If .X2 = 0 then sep is the Taylor approximation of t he unstable 
(resp: stable) manifold and type= l,3,9 or 10 (resp. 2,4,11 or 
12) if .X1 > 0 (resp . .X1 < 0). 
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* If A1 > 0 and A2 > 0 then type=3. If A1 =I- A2 then sep is 
a Taylor approximation of a orbit which is tangent with the 
line y = vx, with v a eigenvector associated to the eigenvalue 
A1. If A1 = A2 then sep is the line y = 0. 

* If A1 < 0 and A2 < 0 then type=4. If A1 =I- A2 then sep is 
a Taylor approximation of a orbit which is tangent with the 
line y = vx, with v a eigenvector associated to the eigenvalue 
A1. If A1 = A2 then sep is the line y = 0. 

* Np= Np+ l, Lt = [[Ti, ... , Tz], 0, Yi, Y, sep, type]. 
p 

• Return. 

(2) If x = 0 is a line of singularities then determine all the non-elementary 
singularities on the line x = 0. 

• Sort the singularities such that [Y1, .. . , Yn] are in increasing order. 

• For i = 1 to n do 

- Translate the point (0, Yi) to the origin. This gives us the vector 
field Y. 

- Determine the Newton diagram of Y and 1 1 : ar + {3s = d. 

- Let 11+1: (x,y) i---+ (x°',xf3y+yi) -

- Blow up in the positive x-direction. 

- Gosub II with l -+ l + l. 

• Return. 

III. Same as II, but we sort the singularities in decreasing order. Change 
the variables Np and L~P with Nn and Ufvn, and II and IV with III and V. 

IV. Input vector field Y, the point (0, Yi) and [Ti, ... , Tz]. 

• Determine the Newton Diagram and 11 : ar + {3s = d. 

• Blow up in the positive y-direction. This gives us the vector field YP. 

• Determine the behaviour of YP near the origin. 

• If the behaviour near the origin is like in figure l.9(a) t hen 

- type=4 and sep is the line y = x. 
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(•) 

(b) 

) 

Behaviour on the 
blow·up locus. 

j~ 

Behaviour on the 
blow.up locus. 

Figure 1.9: Second blow-up in the y-direction. 

- Np= Np+ 1. 

- L~ =[[Ti, ... , 7}, (x, y) i---+ (xy°', yf3 + Yi)], 0, 0, YP, sep, type]. 
p 

• If the behaviour near the origin is like in figure l.9(b) then 

- type=3 and sep is the line y = x. 

- NP = Np+ l. 

- L1fv. =[[Ti, . .. , 7}, (x, y) i---+ (xy°', yf3 + Yi)], 0, 0 , YP, sep, type]. 
p 

• Let Tz+1: (x,y) i---+ (x°' ,xf3y+yi)-

• Blow up in the positive x-direction. This gives us a vector field Y . 

• Gosub II with l -+ l + 1. 

• Blow up in the negative y-direction. This gives us the vector field yn. 

• Determine the behaviour of yn near the origin. 

• If t he behaviour near the origin is like in figure 1.9(a) then 

- type=4 and sep is the line y = x. 

- Np= Np+ 1. 

- L~ =[[Ti, . . . , 7}, (x, y) i---+ (xy°', - yf3 + Yi)], 0, 0, yn, sep, type] . 
p 
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• If the behaviour near the origin is like in figure l.9(b) then 

- type=3 and sep is the line y = x. 

Np= Np+ 1. 

27 

L1Jvv = [[Ti, ... , Tt, (x, y) i--+ (xy0
\ -y.B + Yi)], 0, 0, yn, sep, type]. 

• Return. 

V. Same as IV, but first we blow up in the negative y-direction and than 
in the positive y-direction. Change the variables Np and L1Jv with Nn and 

p 

L1J.,n and II with III. 

2) If the eigenvalues are purely imaginary, then the point (xo, Yo) is a weak 
focus. To determine its type, we compute the Lyapunov constants using the 
technique developed by Gasull and Torregrosa [Tor98]. In case of a quadratic 
vector field or a linear plus homogeneous cubic vector field, P4 is able to 

l 

determine whether or not the point is a center, an unstable or a stable weak 
focus of a certain order. In all other cases P4 evaluates by default the first 
four Lyapunov constants. If they are all zero we have an undetermined weak 
focus, in the other case we have a stable or an unstable weak focus. The 
algorithm is written in C and hence the computations are done numerically. 
So, the Lyapunov constants are calculated up to a certain precision. By 
default we say that a Lyapunov constant V is zero if IVI < 10-8. 

3) In case t he eigenvalues are complex but not purely imaginary, the point 
(xo, Yo) is a strong stable (resp. unstable) focus if Tr(D X(xo,Yo)) < 0 (resp. 
> 0). 

Now we determine the singularities at infinity. By default we study the 
vector field on the Poincare disc. First we transform the vector field using 
the transformation 

{

X = 1.. 
z2 

y= !EJ.. 
z2 

This yields the vector field ( after multiplying t he result with zg- 1 ) 
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with d the degree of the vector field . Suppose that Qd(l, z1)-z1Pd(l, z1) ¢. 0. 
The points (z1, 0) which sastisfy Qd(l, z1) - z1Pd(l, z1) = 0 are infinite 
singular points of X. These points are studied in the same way as the finite 
ones. In case that Qd(l, z1) - z1Pd(l, z1) = 0, the line at infinity is a line of 
singularities. To study the behaviour near infinity we divide the vector field 
by z2, and study this vector field near the line {z2 = 0}. 
Secondly we transform the vector field using the transformation 

This yields the vector field (after multiplying the result with zg-1
) 

{

i - zd(P(.il .l.) - z Q(z1 l)) 
1 - 2 z2 ' z2 1 z2 ' z2 

i = -zd+IQ(.il l) 
2 2 z2' z2 

We only have to determine whether or not the point (0, 0) is a singular point, 
since the others have been studied in the first chart. 

If there is a singularity at infinity which is non-elementary, it is sometimes 
better to study the vector field on a Poincare-Lyapunov disc of some degree 
( a:, /3), i.e. we use a transformation of the form 

{

X = cosO 
r"' 

Y 
_ sinO - -;r 

for the study near infinity, which yields the vector field ( after multiplying 
the result with re) 

{
r = -rc+I Li5<c r-8(cos0Pi5(cosB,sinO) + sinOQi5(cosO,sinO)) 

iJ = rcLi5::;cr-8(-/3sinOP0(cosO,sinO) + a:cosOQo(cosO,sinO)) 
(1.21) 

with P0(x, y) /x + Q0(x, y) /Y the quasi-homogeneous component of type 
(a:,/3) and quasi-homogeneous degree 8; c is chosen to be the maximal 8. 
With an appropriate choice of ( a:, /3) we will often only encounter elementary 
singularities at infinity. To simplify the calculations we prefer to work with 
charts. 
First we transform the vector field using the transformation 
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This yields the vector field ( after multiplying the result with o:z~) 

(1.22) 

If o:Qc(l, z1) - f3z1Pc(l, z1) "¥=: 0, then the points (z1, 0) which satisfy 
o:Qc(l, z1) - ,Bz1Pc(l, z1) = 0 are infinite singular points of X. These points 
are studied in the same way as the finite ones. In cases that o:Q c( 1, z1) -
,Bz1Pc(l, z1) = 0, the line at infinity is a line of singularites. To study the 
behaviour near infinity we divide the vector field by z2 and study this vector 
field near the line { z2 = 0}. 
Next we transform the vector field using the transformation 

This yields the vector field (after multiplying the result with o:z~) 

{
~1 : z!+~o:Sc z2°~~Q15(- l, z1) + ,Bz1P15(-l, z1)) 
z2 - z2 I::o::;c z2 P0(-l, z1) 

This vector field can be studied in the same way as the previous one. 
Finally we consider the two transformations 

and 

(1.23) 
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For these two vector fields we only have to determine whether or not the 
point (0, 0) is a singular point, since the others have been studied in the first 
two charts. 

At this stage we are ready to draw a large part of the phase portrait of the 
vector field. First we draw the invariant separatrices in the following way. 
In case the singularity is a saddle or a saddle-node, we use the Taylor ap
proximation of the invariant manifold until it meets the boundary of a circle 
of radius £, for a certain choice of£ 2".: 0. From this point on we integrate the 
separatrices with the multi-step Runge-Kutta method of orders 7 and 8. To 
prevent numeric overflow in the Taylor approximation, we normalize the vec
tor fields (1.18) and (1.20) before we compute the Taylor approximation as 
follows. Let a be the largest coefficient in absolute value of the vector field . 
We rescale the time such that this coefficient becomes equal to 1000 · sign( a). 
At the beginning of the numerical integration of the separatrices we have 
an error which comes from the Taylor approximation. By default we take 
£ = 0.01 and as order of approximation n = 6. So we have an error of 
order 10-14. To make sure that this error is not too large, we do a test 
to decide whether or not the Taylor approximation "fits" the real invariant 
manifold. Let f(t) be the Taylor approximation of the invariant manifold, 
which is tangent to the line v = 0. Suppose that tr+ f(t1)2 = £2 and con
sider the points (ih, f(ih)), i = 1, ... , 100, with h = ti/100. Consider the 

angles ai = arctan (!' ( ih)) and f3i = arctan ( ~ ~~'.~ !~ ) , i = 1, ... , 100. If 

lai - .6il < 10- 8, Vi= 1, ... , 100, we accept the Taylor approximation, oth
erwise we compute the Taylor approximation one order higher and do the 
test again. By default we take as maximum order n = 20. In this case the 
error is of order 10-42 . This test works very well for the stable and unstable 
manifolds, but for the center manifolds it sometimes fails, especially if the 
non zero eigenvalue is large in absolute value. 

If the singularity is non-elementary, we split the point into several singular
ities which are elementary. For each of these points we draw the invariant 
manifold ( which correspond to a separatrix of the non-elementary singular
ity) as follows. First we use the Taylor approximation in the blow up chart 
which corresponds to the elemantary singularity, up to distance E: from the 
singularity. Then we extend the separatrix in this chart by numeric inte
gration, up to distance 1 from the singularity. Next we extend by numeric 
integration in the real plane. The number of steps has to be decided in an 
interactive way by the user. 
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To prevent numerical overflow when integrating the vector field, we do not 
always integrate the vector field in the real plane and project it on the 
Poincare sphere, but we use different charts which cover the Poincare sphere 
as follows. Let (X, Y, Z) be a point on the Poincare sphere with Z > 0, and 
let ( (), cp) be the sphere coordinates of the point, i.e. X = cos() sin cp, Y = 
sin() sin cp, and Z = cos cp. 
If O ::; cp ::; i we transform the point to the real plane, i.e. we consider 
the point ( i, ~) and integrate the original vector field. If cp > i then we 
consider the following four cases. 

( i) If -i ::; () ::; i, we consider the point ( z1, z2) = ( r , ; ) and integrate 
, the vector field 

(1.24) 

(ii) If i < () < 3t , we consider the point (z1, z2) = ('~, f) and integrate 
the vector field 

(1.25) 

(iii) If 3;::; ()::; 5;, we consider the point (z1,z2) = (f, {) and integrate 
the vector field 

{
i1 = (- l)d- l zg(-z1P(;

2
, 7z) + Q(;

2
, 7z )) 

i2 = (- l)dzd+1 P(.l. ~) 
2 z2' z2 

(1.26) 

(iv) If 5; < () < 7~r, we consider the point ( z1, z2) = ( f, f) and integrate 
with the vector field 

{
i1 = (-l)d-lzg(P(;;, z~) - z1Q(;; , z~)) 
i = (-l)dzd+IQ(~ .l.) 

2 2 z2' z2 

(1.27) 

The pattern of singularities, as well finite as infinite ones, together with their 
separatrices will already give a very good idea of the global phase portrait 
(see [Mar54, Neu75]). We of course do not see the exact number and location 
of the closed orbits, but we have confined the regions in which limit cycles 
or annuli of closed orbits can occur. If one has the impression that closed 
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orbits and especially limit cycles will occur, one can ask P4 to find these 
limit cycles as follows. First one has to select two points x and y. The 
two points should be close to the region where one expects to find a limit 
cycle, and the line L joining both points should cut the expected limit cycle. 
P4 tries to determine the limit cycle as follows. First it divides the line in 
segments [pi, Pi+1J of length hand starts integrating from the one end of the 
line L to the other. Every orbit close to the limit cycle is supposed to cut 
the line L again. From this we detect the existence of the limit cycle when 
we find a change in the Poincare Return Map. P4 detects such change as 
follows. Suppose that we start integrating from a point Pi on L, and that 
the orbit cuts the line L again in a point Qi with Pi < Qi· P4 takes now 
the point Pj nearest to Qi with Pj > Qi and starts integrating in t he same 
direction. If this orbit cuts L in a point Qj with Qj < Pj then there is a limit 
cycle between the points Qi and Qj. By default we take h = 10- 4

• Of course 
in this way we only can say that in a region of length 10-4 there exists at 
least one limit cycle. Sometimes it is possible that P4 finds non-existent 
limit cycles. The reason is that in these cases the Poincare Return Map is 
very close to the identity. 

In case we study the vector field on a Poincare-Lyapunov disc of degree 
(a, /3), P4 draws the orbits of the vector field as follows (see figure 1.10). 

r 

Figure 1.10: Representation of the Poincare-Lyapunov disc of degree (a, /3). 

Let ( x , y) E ffi.2. If x 2 + y2 ~ 1 then ( x, y) will be plot in the interior of 
the unit circle around the origin, by integrating the original vector field ( of 
course making the detailed analysis of the finite singularities as presented 
in the case of Poincare compactification). If x2 + y2 > 1, P4 makes a trans-
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formation of the form x = cos()/ r°" and y = sin()/ rf3 in order to plot in the 
annulus limited by the finite circle of radius 1 and the infinity one, integrat
ing the vector field (1.21), to extend the information near the singularities. 
Unfortunately orbits crossing the circle of radius 1 give the impression to 
have a non-continuous derivative. This is due to the fact that we are using 
two different transformations which do not match in a differentiable way on 
the unit circle. 



- - - -



Chapter 2 

Polynomial Planar Phase 
Portraits 

2.1 Introduction 

P4 is a package with which one can study a concrete polynomial planar 
vector field of any degree. It determines all the singular points (finite and 
infinite ones) of the vector field. In case the system has a non-elementary 
singularity with a characteristic orbit, P4 gives a complete description of 
the neighbourhood of that singularity. The program is able to look for limit 
cycles in concrete regions determined by the user, up to a certain degree of 
precision. Depending on the user's choice it gives a complete vision of the 
global phase portrait on the Poincare disc or on a Poincare-Lyapunov disc. 
It is also possible to study the vector field near one singularity. This option 
is useful in case the singularity is non-elementary. 

One of the most powerful tools of P4 is that it is neither a simple numeric 
program nor an algebraic one, but both things together. Therefore, P4 is 
written in C, for the numerical calculations, and REDUCE [HF95] , for the 
symbolic calculations. The basis of the package is written in C. If there is 
need for some calculations in REDUCE, it switches to REDUCE. REDUCE 
will return the results in a certain format that C can read and the program 
continues working in C. 

The following algorithms are written in REDUCE: 

• The determination of the finite and infinite singularities. 

35 
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• The local phase portrait of each singularity. 

• The desingularization of a non-elementary singularity. 

• The Taylor approximation of the invariant manifolds. 

• Drawing of the lines of singularities . 

The algorithms which are written in C are: 

• The graphical interface. This interface is written in X view 3.2 [Hel93]. 

• The test whether or not the Taylor approximation is a sufficiency good 
approximation of the real manifold. 

• The calculations of the Lyapunov constants. 

• The integration of the orbits and invariant separat rices. We use the 
Runge-Kutta 7 /8 method for the integration [Feh68]. 

• The search for limit cycles . 

In order to run P4, you must have a UNIX system with a C compiler, the 
X view 3.2 libraries and the computer algebra package REDUCE 3.6. 

In section 2.2 we will describe the graphical interface and in section 2.3 we 
will give from examples a short guideline of the program. 

2.2 Attributes of interface windows 

2.2.1 The Command window 

P4 ' ..J 
'. Quit ) . Find) View , ) ~ Plot) ( Help l 

I Name: .__ ________ _ _ 

Figure 2.1: T he Command window. 

Window title: P4 
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Function: The Command window is the main control panel for the tool 
P4. 

Description: The Command window is opened at start-up. The main func
tion of this window is to allow the user to interact with the package 
through various panel items. 

Panel items: 

Quit button: Allows the user to stop the program. It will close all 
the related windows. 

Find button: Opens and brings to the foreground the Find Singular 
Points window. 

View 'menu button: Shows the description of the singular points of 
the system which the user is studying. 

Finite ... Gives information about the finite singular points . 

Infinite ... Gives information about the infinite singular points. 

Plot button: Opens and brings to the foreground the Plot window. 

Help button: Opens and brings to the foreground the Help window. 
The help files are written in HTML format, so by default we use 
NETSCAPE to view these files. 

Name: Allows the user to enter the name of the file which contains 
a valid input for the polynomial vector field he wants to study, 
or the name of the file where he wants to store the system he is 
going to examine. The user has to enter a name ( e.g. file1) before 
he presses the Find, the View or the Plot button. By default all 
the input files have the extension . inp. 

2.2.2 The Find Singular Points window 

Window title: Find Singular Points 

Function: This window allows the user to use REDUCE, in order to de
termine the finite and infinite singular points. 

Description: The Find Singular Points window is opened by selecting the 
Find button in the command window. With this window the user 
introduces the polynomial vector field , together with some parameters, 
and executes the main part of the computations. 
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..... Find Singular Points , c.J 

Reduce: IR~~Fi le Prep~r~~Fil~ I 
Sing. Points: I All Finite 

: Infinite One 

Save all: ·~ 

\Parameters) i~ Vector Field) 

· Loa.a) saye J 
,:·EYaluate) 

' close) 

Figure 2.2: The Find Singular Points window. 

Panel items: 

Reduce: Allows the user to choose between Run File or Prepare a 
File. The default option is Run File. 

Run File ... Selecting the Evaluate button will start REDUCE. 
The singular points and the Taylor approximations of the 
invariant manifolds are determined and this information is 
stored into several files, namely fileLfin.res, fileLinf.res, 
fileLvec. tab, fileLfin. tab and fileLinf. tab. 

Prepare a File ... Selecting the Evaluate button will generate 
a REDUCE file (filel.red). The user can run this file directly 
with REDUCE. He may be interested in this option if the 
amount of computations is very large and he prefers to run 
a REDUCE program in batch mode. 

Sing. Points: Allows the user to choose between the following op
tions. 

All ... Determines all the finite and infinite singular points. 

Finite ... Determines the finite singular points. 

Infinite ... Determines the infinite singular points. 

One... With this option the user can study the polynomial vec
tor field near a singular point (x, y). The user has to enter 
the coordinates x and y in the Parameters Find Singular 
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Points window. This option is useful if you want to study 
the behaviour near a non-elementary singularity. 

Save all: 

Yes ... Gives an exhaustive description of every step executed by 
the program. 

No ... Reduces the amount of information that the user will get, 
when he presses the View menu button in the command win
dow, to the most interesting features of the polynomial vector 
field, i.e. the coordinates of the singular points, type, level of 
weakness in case the singular point is a non-degenerate stable 
or unstable weak focus and the description of the sectors in 
case the singular point is non-elementary. 

Parameters button: Opens and brings to the foreground the Pa
rameters Find Singular Points window. 

Vector Field button: Opens and brings to the foreground the Vec
tor Field window. 

Load button: Load the file filel. inp. 

Save button: Saves the polynomial vector field and the parameters 
into the file filel. inp. 

Evaluate button: The program will call REDUCE for the determi
nation of the singularities and the Taylor approximations of the 
invariant manifolds, in case the user has selected the option Run 
File, or generates a REDUCE file, in case the user has selected 
the option Prepare a File. 

Close button: Allows the user to close this window. It will also close 
the related Parameters Find Singular Points and Vector Field 
window. 

2.2.3 The Parameters Find Singular Points window 

Window title: Parameters Find Singular Points 

Function: Allows the user to change the default parameters. 

Description: In this window the user can change the parameters which 
are used by REDUCE for determining the singularities and the Taylor 
approximation of the invariant manifolds. If the user has selected One 
singular point in the Find Singular Points window, then he will see 
the right window of figure 2.3, otherwise he will see the left one. 
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"-'i Parameters Find Singular Points 

Calculations \ ~lgebn,iic . N~meric j 

Test Sep j Yes No J 
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Figure 2.3: The parameters Find Singular Points window. 

Panels items: 

Calculations: With this option the user can toggle between Algebraic 
or Numeric mode. 

Algebraic ... Some computations are done in algebraic mode. 
These computations are the determining of the singular points, 
the calculation of the first terms of the Taylor approximation 
of the separatrices and the blow up procedure. 

Numeric... Everything is done in numeric mode. This option is 
recommended if the degree of the polynomial vector field is 
high and if it has many coefficients. 

Test sep: With this option the user can decide whether or not P4 has 
to test every Taylor approximation of the separatrices. In general 
it is recommended to set this option to Yes, but if the user has a 
concrete system from which he knows it has a separatrix which 
is hard to deal with, he may deactivate this option. 

Precision: Here the user needs to define a precision to avoid round
ing errors. It tells the program when to put a number equal to 
zero. Of course, this means that it is possible that a number is 
considered equal to zero, if it is not. In such cases the precision 
has to be modified. 

Epsilon: In order to start integrating the separatrices we take an ini
tial point at a certain distance Epsilon away from the singularity. 
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This value is the default one we will use for every separatrix. 

Level Approximation: Allows the user to set the order of the Tay
lor approximation for the separatrices. If the option Test Sep is 
activated, then P4 will test whether or not the Taylor approxi
mation is a sufficiency good approximation of the real manifold 
(or separatrix). In case it is not, P4 computes the Taylor ap
proximation one order higher and repeats the test again until the 
maximum degree is reached or if the Taylor approximation is a 
sufficiency good approximation of the real manifold. 

Numeric Level: If the option Calculations is set to Algebraic, then 
the computation of the coefficients of the Taylor approximation 
will be done in Algebraic mode until the value in Numerical Level 
is reached. From this stage the computation will be done in 
Numeric mode. 

Maximum Level: Gives the maximum order of the Taylor approxi
mation. If the test fails up to this level, then this will be explained 
in the report that P4 will produce. 

Max Level of Weakness: Gives the number of Lyapunov constants 
that P4 has to calculate, in case the singularity is a non-degenerate 
weak focus. If all these values are zero then the program con
cludes that we have a center-focus ( expect for quadratic systems 
or linear plus homogeneous cubic systems). Sometimes the user is 
interested in getting a large number of them, but he must realize 
that the time for computing them increases exponentially. The 
algorithm is written in C and hence the calculations are done in 
numeric mode. 

P and Q: Gives the degree of the Poincare-Lyapunov compactifica
tion. If (P, Q) = (1, 1), then we use the Poincare compactifica
tion. 

X and Y: Gives the coordinates of the singularity. The user will see 
this if he has selected One singular point in the Find Singular 
Points window. 

2.2.4 The Vector Field window 

Window title: Vector Field 

Function: Allows the user to introduce the equation of the polynomial 
vector field. 
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~1 Vector Field 

v' .. • 
gcf• 1 

• of parameters o l::JYJ 

Figure 2.4: The Vector Field window. 

Description: The Vector Field window is opened by selecting the Vector 
Field button in the Find Singular Points window. In this window the 
user has to put the polynomial differential equation. If the system has 
parameters, then he has to assign a value for these parameters. 

Panels items: 

x' and y': Defines the equation of the system in the variables x and y. 
The user can use the symbols+,-,*,/,-, (and) and any function 
that is valid in REDUCE, like sqrtO,sinO,cosO, ... 

gcf: Defines the Greatest Common Factor between the two polynomi
als which define the system. If the user gives the greatest common 
factor, he must also give the reduced system (i.e. after dividing 
out the GCF). to the program. It is also possible to ask the pro
gram to determine the GCF. In this case the value for GCF has 
to be set to zero. If the user says that there is no common factor 
(or the program can't find it ) when there is a non trivial one, 
then the program will work incorrectly. 

# of parameters: Gives the number of parameters of the system. 
After the user has entered this number, the window will unfold 
as in figure 2.5. 

x'• 

y'• 

get- 1 

• of parameters .~. cij..:J 

Figure 2.5: The Vector Field window with parameters. 
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Now he has to introduce the names of the parameters and their 
values. These names are not case sensitive. 

2.2.5 The Plot window 

Polncare Disc , ~ 

• CIOS!) • R1fr~.lv 1.ag. n~ : orbiti) .. ,nt. .Pai.r.metars ) -..... ~~~) 

PlotSeparatrlcas) ·· Plot All S1pantrket'l limit Cycles'='") ~ 

(- 15.60£;,q(lQ,3.381SJ5) 

Figure 2.6: The Poincare Disc window. 

Window title: Poincare Disc 

Function: In this window the user will be able to draw the phase portrait 
of the Polynomial vector field. 

Description: This window is opened by selecting the Plot button in the 
Command window. If (P, Q) = (1, 1) then the user will see the window 
as in figure 2.6. In this window there is a circle representing infinity 
and some symbols representing the finite and infinite singular points 
of the system. If one presses the Legend button, the explanation of 
these symbols will appear. If (P, Q) =I= (1, 1) then the user will see a 
window with title Poincare-Lyapunov Disc of Degree (P, Q) (see figure 
2. 7). In this window there are two circles. In the inner circle all t he 
finite singular points with modulus lower than one are plotted . If the 
modulus of a certain singular point is greater than one, then this point 
is plotted in the annulus limited by the circle of radius one and the 
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circle at infinity. If the option Sing. Points is set to One, then the user 
will see a planar representation of the neighbourhood of such a point 
(see figure 2.8) 

Po!nc.i"re-La unov Olsc of di! ree (1 2) - .J 
_ci0$!..; • Rl rftish l , ·Leg·an-d) 'Ol"tl1l·s) • 1ni.'P8'8int·u1r.s_''l -~:~.f : 
PlotSepan11trl~s j PlotAIISaparatrlc.1) ~) ~ 

Figure 2.7: The Poincare-Lyapunov Disc window. 

If the user moves the mouse in the drawing canvas, the current coor
dinates of the mouse position are displayed in the window's panel. In 
case he studies the system on a Poincare or Poincare-Lyapunov disc, 
this region is blank when the mouse does not point to a region within 
the disc. 

Mouse events in the main drawing canvas have the following effects: 

• Clicking the LEFT button in the drawing canvas will select that 
point and opens the Orbits window. If the user selects a wrong 
point, t hen he has to press the delete last orbit button in the 
Orbits window, before he selects a new one. 

• Clicking the LEFT button while holding down the SHIFT key will 
select the nearest singular point having separatrices and opens the 
Plot Separatrices window. 

• Clicking the LEFT button while holding down the CONTROL 
key creates a rectangle used to rescale the window. It also selects 
a corner of the rectangle. To select the opposite corner t he user 
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Figure 2.8: The Local Study window. 
\ 
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has to move the mouse to that point before he presses the LEFT 
button of the mouse. Now the Zoom window will appear. In case 
the user is studying the phase portrait near a singular point, he 
will get a refresh of the Local Study window with the new x_min, 
y_min, x_max and y_max coordinates. At any time it is possible 
to cancel the zoom by clicking on the RJGHT button. 

Panel items: 

Close button: Closes this window and all the related windows. 

Refresh button: Clears the window and redraws the drawing canvas. 
This is useful if all t he separatrices are drawn, because the redraw 
will bring up the singularities which may have be shadowed by 
the lines. 

Legend button: Opens and brings up to the foreground the Legend 
window. 

Orbits button: Opens and brings up to the foreground the Orbits 
window. 

Int Parameters button: Opens and brings up to the foreground the 
Parameters of Integration window 
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GCF button: Opens and brings up to the foreground the GCF win
dow. This button will be active if the system has a non-trivial 
greatest common factor. 

Plot Separatrices button: Opens and brings up to the foreground 
the Plot Separatrices window. 

Plot All Separatrices button: Will plot every separatrix. It is pos
sible that some separatrices are not completely plotted or even 
not plotted at all. In this case the user has to modify the # 
Points option in the Parameters of Integration window before he 
presses the button Plot All Separatrices again. An other possi
bility to deal with these "slow" separatrices is to go to the Plot 
Separatrices. We highly recommend this possibility. 

Limit Cycles menu button: 

Find Limit Cycles. .. Opens and brings to the foreground the 
Find Limit Cycles window. 

Delete Last LC ... Erases the last limit cycle which is drawn. 

Delete All LC ... Erases all the limit cycles which are drawn. 

Print button: Opens and brings to the foreground the Print window. 

xJnin, x_max, y Jnin and y Jnax: Only if the user has selected 
one singular point in the Find singular Points window. x_min 
displays the current low value of the x-abscissa, x_max displays 
the current high value of the x-abscissa, y_min-displays t he cur
rent low value of the y-abscissa and y_max displays the current 
high value of the y-abscissa. The user may adjust these values. 
The drawing canvas is refreshed after the user selects the Refresh 
option. 

2.2.6 The Orbits window 

Orbits 

Figure 2.9: The Orbits window. 

Window title: Orbits 
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Function: Allows the user to draw any orbit of the system. 

Description: The Orbits window is opened by selecting the Orbits button 
in the Plot window or by selecting a point in the drawing canvas. In 
this window the user can integrate and delete orbits. 

Panel items: 

Forwards button: Integrates the selected point in the positive di
rection. This button will be active when the user has selected 
a point in the drawing canvas. After the integration the button 
will be inactive. 

Continue button: Continue the integration in the current direction. 
This button will be active if the user has pressed the Forwards or 
Backwards button. 

Backwards button: Integrates the selected point in the negative di
rection. This button will be active when the user has selected 
a point in the drawing canvas. After the integration the button 
will be inactive. 

Delete Last Orbit button: Erases the last orbit which is drawn. 

Delete All Orbits button: Erases all the orbits which are drawn. 

2.2. 7 The Parameter of Integration window 

Window title: Integration Parameters 

Function: Allows the user to modify the parameters which affect the in
tegration of separatrices and orbits through t he Runge-Kutta 7 /8 
method and the parameters which are used in the graphical repre
sentation. 

Description: The Integrating Parameters window is opened by selecting 
the Int. Parameters button in the Plot window. In this window the user 
can change the parameters of integration. These parameters should 
be modified if the user is not satisfied with the obtained results. The 
default values are shown in figure 2.10. 

Panel items: 

Vector field This option is activated if the system has a non trivial 
greatest common factor or if infinity is a line of singularities. It 
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lnte ration Parameters 

Vector Field I. Od~inal • Reduced I 

Type , Dots I o~.hes .. • 

Projection -1+ .. 

Step Size 9,01 

Current Step Size 0,.01 

Max Step Size O.J .. 

Min Step Size 1.e.::-06 

Tolerance .1 e.-06 .. 

II Points 20,0 

Figure 2.10: The Parameter of Integration window. 

is only useful if the system which is studied has a line of singu
larities. 

Original ... Use the original system for integrating of the sepa
ratrices and orbits. 

Reduced ... Use the system which is obtained by dividing out 
the greatest common factor for integrating the separatrices 
and orbits. 

Type: Set the line style in which the separatrices and orbits are 
drawn. 

Dots ... Draws the separatrices and orbits as a sequence of dots. 

Dashes... Connects the integration points of the separatrices 
and orbits with a line. 

Projection: This option is activied if the system is studied on a 
Poincare disc. It represents the z coordinate of the projection 
point (0, 0, z) from which we project the points from the Poincare 
sphere to the Poincare disc. This value has to be negative. If t he 
user wants a parallel projection then he has to set this value to 
zero. The drawing canvas is refreshed after the user selects the 
Refresh button. 

Step Size: Defines t he step size. This value is used if we start inte
grating a separatrix or orbit. 
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Current Step Size: Defines the current step size. This value is used 
if we continue integrating the separatrix or orbit. 

Max Step Size: Defines the maximum step size. 

Min Step Size: Defines the minimum step size. 

Tolerance: Defines the required accuracy for the Runge-Kutta 7 /8 
method. 

# Points: This parameter indicates to the Runge-Kutta 7 /8 method 
how many steps it has to do each time we want to integrate a 
separatrix or orbit. 

2.2.8 The Greatest Common Factor window 

~I Greatest Common Factor ! 

Type Dots j Das_hes ' 

Points 49+ ;i !"I 
Precision 12 ..'.'.:J~ 
Memory 1600()QOO l]!J 

<_ Evafuafe ) 

Figure 2.11: The Greatest Common Factor window. 

Window title: Greatest Common Factor 

Function: This window deals with the drawing of the greatest common 
factor between the two polynomials which define the system. 

Description: The Greatest Common Factor window is opened by selecting 
the GCF button in the Plot window. In this window we call REDUCE 
to plot the greatest common factor. Denote that this plot is a two
dimensional implicit plot. 

Panel items: 

Type: Set the line style in which the lines of singularities are drawn. 
If the user already asked REDUCE to plot the lines and wants 
to change the line style, he has to press the Refresh button in the 
Plot window after he has changed this style. 

Dots... Draws the lines as a sequence of dots. 
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Dashes... Connects the dots of each line. 

Points: Denotes the number of unconditionally data points. Note 
that a high value may increase the computer time significantly. 
If the user wants more information about this item, then he can 
check the "Reduce: Gnuplot interface Version 4" guide [Mel95]. 

Precision: Defi11:es the maximum error which we will allow, expressed 
as the negative exponent of a power of ten. 

Memory: Sets the max size of working space which we will allow to 
REDUCE. If the user increases the Points or Precision item, then 
he also has to increase this item. If this value is too small, then 
an error message will appear (see figure 2.12). 

~ Grea_tE?st Common Factor -1 

Type~ 

Points "' 

Preclslo 

Memory REDUCE ran out o f memory 
Increase the memory Item 
or decrease the points Item 

'.~ 

Figure 2.12: Out of memory in GCF. 

Evaluate button: Asks REDUCE to plot the lines of singularities. 
This may take some time, especially if the Points or Precision 
item is high. 

2.2.9 The P lot Separatrices window 

Window title: Plot Separatrices 

Function: Allows the user to select the separatrices one by one. 

Description: The Plot Separatrices window is opened by selecting the Plot 
Separatrices button in t he Plot window or by selecting a singular point 
which has separatrices in the drawing canvas. If the user select s a point 
in the drawing canvas while holding down the SHIFT key, then P4 will 
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Figure 2.13: The Plot Separatrices window. 
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select the closest singular point which has separatrices. The user will 
see in the Plot Separatrices window the type and the coordinates of this 
singularity. These coordinates are real in case the singularity is finite . 
If the user has selected a singularity at infinity, he gets the coordinates 
on the Poincare sphere (i.e. (X, Y, 0), where X 2 + Y 2 = 1), or on the 
Poincare-Lyapunov sphere of degree (p, q) (i.e. (0, 0)). If there are 
already some separatrices of this singular point drawn, the color of 
one of them is changed into gold. This is the first separatrix which 
will be studied. 

Panel items: 

Epsilon: This is the distance we move away from a singular point in 
order to start the integration of the separatrices. This value is 
equal to the one which is set in the Parameters of Integration 
window. For some separatrices this value may be too small or 
too large. In this case the user has to modify this value. Do not 
forget to press the RETURN button after changing this value. 

Start Integrating Sep button: Starts the integration of the selected 
separatrix. 

Cont Integrating Sep button: Continues the integration of the se
lected separatrix. 

Integrate Next Sep button: Selects another separatrix of the same 
singular point and starts with the integration. 

Select Next Sep button: Selects another separatrix of the same sin
gular point. 
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2 .2.10 The Find Limit Cycles window 
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Figure 2.14: The Find Limit Cycles window. 

Window title: Find Limit Cycles 

Function: Allows the user to search for non semi-stable limit cycles up to 
a certain degree of precision. 

Description: The Find Limit Cycles window is opened by selecting Find 
Limit Cycles from the Limit Cycles menu button. In this window the 
user has to give two points forming a segment of which he suspects it 
is cutted by at least one limit cycle. 

Panel items: 

xO, yO: Defines the first point of the line segment. The user can select 
this point by clicking on the left button of the mouse. 

xl, yl : Defines the last point of the line segment. At any time it is 
possible to change this segment by clicking the right button of 
the mouse. 

Grid: Determines the precision up to which the limit cycles will be 
determined. That is, if two consecutive limit cycles cut the se
lected segment in two points at distance greater t han the Grid 
value, then P4 will detect them. Otherwise, it is possible that 
not both limit cycles are detected. 

# Points: This parameter equals the number of steps the Runge
Kutta 7 /8 method has to do each time we want to integrate a 
orbit with initial condition a point of the segment. If t he orbit 
does not cross the line defined by the segment at this time, the 
program will presume that the orbit does not cut the segment 
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again. The user may note that this value is greater than the 
# Points value in the Parameters of Integration window. We 
suggest to keep it around the default value or even greater, since 
there may very slow limit cycles which would remain undetected 
with low values. The user may get an approximate idea of which 
number he should enter by studying the integration of an orbit 
close to the limit cycle. 

# Orbits: This parameter equals the number of orbits which are in
tegrated before the user is asked whether or not he wants to stop 
the search of limit cycles (see figure 2.15). 

~, Find Limit Cycles 
xO= 1.53230:i. yO= 0.526.219 

xl = 1.953108 yl= 0.286909 

Grid J 
I Poi i 

continue with searching for limit cycles ? 
I Ori 

- - ( Yes)) ~ 

Figure 2.15: Continue with the search for limit cycles. 

Start button: Begins the search for limit cycles. This can take a 
while, especially if the user has selected a segment close to infinity. 

Cancel button: Cancels the search for limit cycles. 

2.2.11 The Print window 

Window title: Print 

Function: Allows the user to output the phase portrait of the system to a 
file or a printing device which understands POSTSCRIPT. 

Description: The Print window is opened by selecting the Print button in 
the Plot window. 

Panel items: 
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Color I Yes~ 
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Figure 2.16: The Print window. 

Destination: Determines if the output is written to a file or piped to 
a printer. The default is to send the data to the printer. 

Printer... Translates the picture into EPS format and sends it 
to the printer. 

EPS-File ... Translates the picture into EPS format and saves it 
into a file. 

FIG-File ... Translates the picture into FIG format and saves 
it into a file. This option is useful if the user wants to add 
arrows to the picture. To modify the picture XFIG3.1 (patch
level 4) is needed. 

Color: Allows the user to choose between a color image or a black 
and white image. 

Yes ... Color image. 

No ... Black and white image. 

Filename: Specifies the filename of the file to which data is saved. 
If the Destination setting is Printer, then this item is inactive. 
The default name is file1.eps for EPS format and file1.fig for FIG 
format. 

Print button: Sends the data to the selected file or printer. The 
window will be closed. 

Cancel button: Cancels everything and closes the window. 

2.3 How to use the program 

In this section we will explain how to use the tool P4. We will examine two 
different systems. 
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1. Suppose we want to study the system 

on the Poincare disc. 

{
~ = y-x2 +xy 

y = -x +xy 
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(2.1) 

The first thing to do after starting P4 is to introduce system (2.1) to the 
program. First we provide a name for the system, let us say example1. Now 
we press the Find button which opens the Find Singular Points window. In 
this window we select the Vector field button which opens the Vector field 
window. 

In this window we introduce the equation of the vector field. In the x' 
field we type y-x-2+x*y and in the y' field -x+x*y. Since there is no line 
of singularities, we can leave the gcf field equal to 1. Now we open the 
Parameter Find Singular Points window (press the Parameters button in 
the Find Singular Points window) and set the Reduce item to Numeric. 
This means that the calculation will be done in numeric mode. Now we are 
ready to study the system. Simply go to the Find Singular Points window 
and press the Evaluate button. The program calls now REDUCE which 
determines the singular points. We have to wait until we see in the window 
from where we started the program a message as in figure 2.17. 

·tt•End·cf·filereal 

titting 

- ······- ······- ······-··- ·-

Figure 2.17: The end of the calculations in REDUCE. 

Go to the main window and press the View menu button with the left 
button of the mouse. This will open a window which contains informa
tion about the finite singular points. In this window we see that the sys
tem has three finite singular points, namely (-0.6180339887498948, 1) and 
(1.618033988749895, 1), which are saddles, and (0, 0), which is a unstable 
weak focus. To see the information about the infinite singularities, we have 
to press the View menu button with the right button of the mouse. 
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Now we are ready to plot the phase portrait. Go to the main window and 
press the Plot button. This will open the Poincare Disc window. In this 
window we see two green boxes, which represent the two finite saddles, and 
one dark red diamond, which represents the unstable weak focus. On the 
circle we see a blue box which represents an stable node at infinity, and 
red box, which represents a unstable node at infinity. There are also two 
purple triangles, which represent two saddle-nodes at infinity. Pressing the 
Legend button will open the Legend window. In this window we get all the 
information about the symbols which we have in the drawing canvas. Now, 
if we press the Plot All Separatrices button, there will appear some lines in 
red and blue. These lines are the unstable and stable separatrices of the two 
saddle nodes (see figure 2.18) 

H Polncare Disc f • [,j 
j:~ ) ·~.~!-~ _s_!tj :_le9&nd) ' oiblts) ~~~~--~~~!~~) -'=~:-~; 
., Plot S,p,ratrk" J · Pl•t All SopMatrlm J llmh C"'" • ' ~ ) 

Figure 2.18: Stable and unstable separatrices of system (y - x 2 + xy2 ) f + 
( - X + XY) :y , X 

Near the point (0, -1, 0) (that is the saddle-node at infinity) we see a small 
dark red line . . This line represents the center unstable separatrix of that 
point . We can draw this separatrix by selecting this point. Go with the 
mouse near that point and press the left button while holding down the 
shift key. This opens the Plot Separatrices window. 

By pressing the Start Integrating Sep button the center separatrix will be 
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integrated. We see that this separatrix is very slow, so we have to press 
several times the Cont Integrating Sep button. Do the same for the saddle 
points. We have now a good picture of the phase portrait of the system (see 
figure 2.19) 

-~~ ~ --c-Polncare 01~-'-- - -- -~,-.~ , 

··CiOSi) ;'AiifrfS:'h) - ·Li.ijii"iid) ·o;·~'i~) .i'rifPUifflll tlirSJ _t:·::.~.) 
,. P1otS8paratrkllsJ .. PlctAIISeparatrl~ ... LlmltCyd.s, \ ' l Print) 

Figure 2.19: Phase portrait of the system (y - x2 + xy2)fx + (-x + xy)-fu. 

2. Now consider the system 

{
x = A- 16ox+ loY+ !x2 

Y = - 1~5 + x - io Y + 11 xy 
(2.2) 

Enter this system to P4 and ask the program to determine all the singu
larities. If we now press the Plot button then we see near the origin two 
singularities which are very close to each other. In fact there are three points , 
namely the points (3/125, -2527 /18750), (1/50, -2/15) and (0, -2/15). So 
we have to make a zoom to see these three singularities. After we made a 
zoom and pressed the Plot All Separatrices button, we get in the zoom win
dow a plot as in figure 2.20. As we see there are strange lines in the picture. 
This is because the epsilon value which correspond with the separatrices of 
the saddle point is too great. So we have to change this value. Select this 
saddle point by pressing the left button of the mouse while holding down 
the shift key. Now the Plot separatrices window appears. In this window we 
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Zoom window 1-L,1 

Figure 2.20: Epsilon value too great . 

change the value of epsilon to 0.001 and press the return key. Now we select 
the Refresh button in the Zoom window and press several times the Start 
Integrating Sep button. We do the same for the other separatrices. After 
drawing all the seperatrices we get t he picture in figure 2.21. To obtain a 
global vision of the phase portrait more orbits have to be drawn (see figure 
2.22). 
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Zoom Window 

(0,017174,-0. 127320) 

I 

Figure 2.21: Good epsilon value. 

Polncare Oise 
.~ R, tres h') ( Legt nd ) ''Orbits) lntPm.Metm J !-::f) 

. Plot ~e panitrlois ) Plot All Separatrlas) .. Limit Cydu ., ) .. Print) 

Figure 2.22: Phase portrait of the system as -160 X+ /oY+ ~x2
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X - 50 Y + zXY ay · 





Chapter 3 

Computer-drawn global 
phase portraits 

3.1 Introduction 

In this chapter we will draw the global phase portraits of some vector fields 
with the use of the package P4. In section 3.2 we study a subclass of cubic 
vector fields 

{
± = y(l + Bx2 + Dy2 ) 

iJ = x(-1 + Ax2 + Cy2
) 

(3.1) 

on the Poincare disc. These vector fields were classified by Rousseau and 
Schlomiuk [RS95]. 

In section 3.3 we study some Lienard systems of type (n, 2) with n = 0, 1 
on the Poincare-Lyapunov disc of degree (1, 3), i.e. we-consider a subclass 
of the system 

{
± = y 

Y = - 1:::=0 akXk - y I:k=O bkxk 
(3.2) 

In the next chapter we shall study the behaviour near infinity of these sys-
terns. 

3.2 Global phase portraits on the Poincare disc 

In this section we study the vector fields 
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X : {x = y(l + Bx
2

) 

iJ = x(- 1 + Ax2 + Cy2
) 

(3.3) 

with A E { -1, 1} and ( B , C) E JR2
, on the Poincare disc. 

First we study the nature of the finite and infinite singularities, which give 
us a complete vision of the global phase portrait of the system. 
Since system (3.3) is invariant under the transformations (x, y, t) t-t (- x, -y, t) 
and (x , y, t) t-t (-x, y, -t) we only have to study the system for (x, y) E 

[0,00[2. 

3.2.1 The case A= I 

If C = 0 then the orbits are described by the equation 

dx 
dy 

Integration yields 

-
y(l + Bx2

) 

x(l - x2) • 

x4 
- 2x 2 

- 2y2 = c . 

if B = 0, or 

(1 + B) log 11 + Bx21 - Bx2 + B2y2 = c . 

So let C -=f 0. First we determine all the finite singularities in t he plane 
{x ~ 0, y ~ O}: These are (0, 0) which is a center and (1, 0) wit h 

(
0 1 + B) 

DX(1,o) = 2 0 . 

Since Det (D X(i,o)) = - 2(1 + B) and Tr(D X (i ,o)) = 0, we have that (1, 0) 
is 

(i) a saddle point if B > -1, 

(ii) a center if B < - 1, 

(iii) non-elementary if B = -1. 
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To explain the behaviour of X in a neighbourhood of (1, 0), in case B = - 1, 
we perform a desingularization at the point (1, 0). First we simplify by 
substituting x = x - 1. This yields the vector field 

Y: {x = -xy(2 + x ) 
ii = (1 + x)(x2 + 2x + Cy2

) 
(3.4) 

Let us start with a quasi-homogeneous blow up in the positive x-direction 
of degree (2, 1), i.e. we use the transformation 

{
x = r~ 
y = ry 

(3.5) 

Using this transformation and multiplying the result with a factor 2/r, the 
vector field Y is transformed into 

For C < -: 1, we find on the blow-up locus {r = O} two singularities 
(O,±J-2/(C + 1)), which are saddles: 

D yx = V G+l - (+4 ~c-+21 o ) 
( +)(O,±v-2/(C+l)) 0 ±4(C + 1)R, ' 

and for C 2'. - 1 there are no singularities. 

(3.6) 

Next we blow up Y in the negative x-direction using the transformation 

{:::;' 
Multiplying the result with a factor 2/r, this yields the vector field 

- {r = ry(r2 
- 2) yx: . 

- i} = - 4 + 2(C + l)y2 + r 2(6 - (2C + l)y2) - 2r4 

(3.7) 

(3.8) 

For C > -1, we find on the blow up locus two singularities (O,±J2/(C + 1)), 
which are saddles: 

D(Yx) = (+2{;!;; 0 ) 
+ (o,±v2/(C+1)) 0 ±4J2(C + 1) ' 
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and for C :S -1 there are no singularities. 
There is no need to blow up Y in the y-direction, since the line x = 0 is a 
invariant line for the system. 
Using the above information, one can now describe the behaviour of Y near 
the origin. This is done in figure 3.1. 

C < -1. C = - 1. -1 < C < o. C > O. 

Figure 3.1: Blow up of X at the point (1, 0) for B = -1. 

If C > 0 and B < - l, then X has another singularity, namely 
(1/~, J(B + l)/(CB)), which is a saddle : 

(

-2J-(B+l) 
0 xc1;FB,Jcn+1)/ccn)) = * c 

If C < 0 and -1 < B < 0, then X has another singularity, namely 
(1/~, J(B + l)/(CB)), which is an attracting node : 

(

- 2J - (B+1) 

D X(I/v-B,J(B+l)/(CB)) = * C 

IfB < 0 then the lines x = ±1/~ are invariant lines for system (3.3) . 

Let us now determine the infinite singularities of system (3.3). 
First we consider the transformation 

{
x= i 
y = ~ 

(3.9) 
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which yields the vector field ( after multiplying the result with s2) 

X: {s = -us(B+s
2

) 

u = 1 - (1 + u2)s2 + ( C - B)u2 
(3.10) 

If C ~ B then system (3.10) has no singularities on the line s = 0. If 
C < B then system (3.10) has two singularities on the line s = 0, namely 
(0,±1/y'B - C), with 

DX + ,/B-C 
(

- B O ) 
(0,±1/v' B - C) = * +,2y' B _ C · 

Hence 

(i) if B > 0 then the point (0, 1/v'B - C) (resp. (0, -1/y'B - C)) is an 
attracting (resp. repelling) node, 

(ii) if B < 0 then the points are saddles, 

(iii) if B = 0 then the points are semi-hyperbolic. 

To explain the behaviour in the s-direction, in case B = 0, we perform a 
center manifold reduction at the points (0,±1/v-C). At (0,±1/v-C), we 
simplify by substituting u = u + 1 / v-C. This yields the vector field 

{
s = -s3 (u± J-c) 
u = 1 - s2 + (C - s2)(u±-1-)2 Fe 

So on the center manifold we have as behaviour 

s = + ~s3 + O(s4
). 

v-C 

(3.11) 

Hence the point (0, 1/v-C) (resp. (0, -1/v-C)) is an attracting (resp. 
repelling) node. 

Next we consider system the transformation 

{

X = ~ 
y=i (3 .12) 
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which yields the vector field (after multiplying the result with s2
) 

X: {s = -us(C- s
2 
+u

2
) 

u = (1 + u2)s2 + (B - C)u2 - u4 
(3.13) 

We have that (0, O} is a singular point which is non-elementary. To explain 
the behaviour of X in a neighbourhood of the origin, we perform a desin
gularization near the origin. To desingularize the system we consider the 
transformation 

{

s = rs 
u=r 

(3.14) 

This yields the vector field ( after multiplying the result with a factor 1 / r) 

fu: {~ = (1 + r 2)rs2 + (B - C)r - r3 
s=-s(B+s2) 

(3.15) 

Hence if B ~ 0 then we have on the blow-up locus {r = O} one singularity, 
(0, 0) with 

= (B-C O ) D(Xu)(o,o) = 0 -B . 

Hence (0, 0) is 

(i) an attracting node if C > B, 

(ii) a saddle if C < B, 

(iii) semi-hyperbolic if B = C =/:- 0. On t he center manifold we have as 
behaviour r = -r3 + O(r4 ). Hence the point is an attracting node. 

If B < 0 then there are three singularities, namely (0, 0) which is a saddle 
if B::; C and a repelling node if B > C, and (O,±.J='B), with 

Hence the points (0, ±.J='B) are saddles if C < 0 and attracting nodes if 
C > 0. 
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C > B 2: O. C < B,B 2: 0. B = C > 0. 

B ~ C < 0. B < 0 < C . C < B < 0. 

Figure 3.2: Behaviour of X near the origin, in case A= 1. 

Using the above information one can now describe the behaviour of X near 
the origin. This is done in figure 3.2. 
Using the previous information we are ready to draw the phase portraits 
of system (3.3) for A = 1 on the Poincare disc. This is done in figure 3.3. 
These pictures are drawn with the package P4. In table 3.1 we give the 
numerical values of B and C 

3.2.2 The case A = - 1 

If C = 0 then the orbits are described by the equation 

Integration yields 

if B = 0, or 

dx 
dy = 

y(l + Bx2 ) 

x(l + x2 ) · 

x4 + 2x2 + 2y2 = c 

(1 + B) log 11 + Bx2
1 + Bx2 + B 2y 2 = c. 

So let C =I= 0. First we determine all the finite singularities in the plane { x 2'. 
0, y 2'. 0}. These are (0, 0) which is a center, and (1/ v'=s, ..j(B - 1)/(CB)), 
in case B < 0 and C > 0, which is a saddle : 
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I figure 3.3 I B C 

A -1 0 
B -1 1 
C 2 1 
D -0.5 - 0.25 
E - 0.5 - 1 
F - 1 -2 
G -1 -1 
H -1 -0.5 
I -2 - 3 

J -2 -1 
K -2 1 

Table 3.1: Numerical values of Band C for system y(l + Bx2)fx + x(-l + 
x2 + Cy2)%y· 

B C I figure 3.3 I 
B '2_ 0 C '2. B · B 

C < B C 
-1 < B < 0 C '2. O B 

B ~ C < O D 
C < B E 

B = - l C > O B 
C = O A 

-1 < C < 0 H 
C =-1 G 
C < - 1 F 

B <-l C> O K 
B ~ C < O J 

C < B I 

Table 3.2: Phase portrait of y(l + Bx2 )fx + x (-l + x 2 + Cy2)fu. 



3.2. GLOBAL PHASE PORTRAITS ON THE POINCARE DISC 69 

B C 

D E F 

G H 

J K 

Figure 3.3: Phase portrait of y(l + Bx2) fx + x( - 1 + x2 + Cy2) fy. 
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If B < 0 then the lines x = ±1/ -1=-iJ are invariant lines for the system (3.3) . 

Let us now determine the infinite singularities of system (3.3). 
First we consider the transformation 

{ 

. 1 

::; 
which yields the vector field (after multiplying the result with s2) 

X: {s = -us(B + s2
) 

u = -1 - (1 + u2)s2 + (C - B)u2 

(3.16) 

(3.17) 

If C ::::; B then system (3.17) has no singularities on the line s = 0. If 
C > B then system (3.17) has two sing.ularities on the line s = 0, namely 
(0,±1/JC - B), with 

ox -(+,;t-B O 
) 

(0,±I/,/C- B) - O ±2JC _ B · 

Hence 

(i) if B > 0 then the points are saddles, 

(ii) if B < 0 then the point (0, 1/JC - B) (resp. (0, -1/JC - B)) is a 
repelling (resp. attracting) node, 

(iii) if B = 0 then the points are semi-hyperbolic. 

To explain the behaviour in the s-direction, in case B = 0, we perform a cen
ter manifold reduction at the point (0,±1/v'C) . We simplify by substituting 
u = u+ 1/v'C, which results in a behaviour on the center manifold 



3.2. GLOBAL PHASE PORTRAITS ON THE POINCARE DISC 

Hence the points (0,±1/v'C) are saddles. 

Next we consider system the transformation 

which yields the vector field (after multiplying the result with s2) 

= {s = -us(C - s2 
- u 2

) 
X: 

u = (1 + u2)s2 + (B - C)u2 + u4 

71 

(3.18) 

(3.19) 

We have that (0, O} is a singular point which is non-elementary. To explain 
the behaviour of X in a neighbourhood of the origin, we perform a desin
gularization near the origin. To desingularize the system we consider the 
transformation 

{
s = rs 
u=r 

This yields the vector field ( after multiplying the result with a factor 1 / r) 

xu: {~ = (1 + r 2)rs2 + (B - C)r + r 3 

s = -s(B + s2
) 

(3.20) 

Hence if B ~ 0 then we have on the blow-up locus one singularity, namely 
(0, 0) with 

Hence we have that (0, 0) is 

(i) an attracting node if B < C, 

(ii) a saddle if B > C, 

(iii) semi-hyperbolic if B = C -=I- 0. On the center manifold we have as 
behaviour r = r 3 + O(r4 ). Hence the point is a saddle. 
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0 $ B < C. C < B, B?: 0. B = C > 0. 

B < C < 0. B < 0 < C. C $ B < O. 

Figure 3.4: Behaviour of X near the origin, in case A = -1. 

If B < 0 then there are three singularities, namely (0, 0) which is a saddle 
if B < C and a repelling node if B ~ C, and (O,±.J=B'), with 

= (-C O) D(Xu)(o,±v"=l3) = 0 2B . 

Hence the points (0, ±.J=B') are saddles if C < 0 and attracting nodes if 
C > 0. . 

Using the above information one can now describe the behaviour of X near 
the origin. This is done in figure 3.4. 
Using the previous information we are ready to draw the phase portraits of 
system (3.3) for A = -1 on the Poincare disc. This is done in figure 3.3. 
These pictures are drawn with the package P4. In table 3.3 we give the 
numerical values of Band C 

3.3 Global phase portraits on a Poincare-Lyapunov 
disc 

In this section we shall study the Lienard systems 

{
± = y - f(x) 

ii= g(x) 
(3.21) 
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I figure 3.5 I B I C I 
A 0 0 
B 1 2 
C -1 2 
D -1 -1 
E - 2 - 1 

Table 3.3: Niimerical values of Band C for system y(l + Bx2)fx + x(-1-
x2 + Cy2)%y· 

B C ) figure 3.5 I 
B '2 0 B'2 C A 

C>B B 
B < 0 C> O C 

C~B D 
0'2C>B E 

Table 3.4: Phase portrait of y(l + Bx2 ) fx + x(-1 - x2 + Cy2 ) fy · 

0 
A B C 

@ 0 
D E 

Figure 3.5: Phase portrait of y(l + B x2) fx + x(-1 - x2 + Cy2) l · 
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with f(x) cubic and g(x) of order l. After an affine coordinate change and 
multiplication with a positive number it is sufficient to study 

{
± = y- x3 - bx 

ii= g(x) 
(3.22) 

with g(x) E {O, 1,a - x,a + x} on the Poincare-Lyapunov disc of degree 
(1, 3). Using the Lienard transformation 

{

X= X 

iJ = y - ( x3 + bx) 
(3.23) 

which is a diffeomorphism from the (x , y)-plane to the (x,fj)-plane, brings 
system (3.22) to 

1) Consider the system 

{
x =y 
y = g(x) - y(3x2 - b) 

{
x = y- x3 - bx 

X 1: 
. ii = 0 

(3 .24) 

(3.25) 

This system has y bx + x3 as a line of singularities. Hence we know 
its behaviour. See figure 3.7, where we have drawn the phase portrait for 
b = - 1, 0, l. In figure 3.6 the phase portraits which are created with P4 are 
drawn and in figure 3. 7 we modified these phase portraits with t he package 
Xfig. . 

2) Consider the system 

{
x = y- x3 - bx 

X2: 
ii= 1 

(3.26) 

This system has no finite singularities. To determine t he behaviour near 
infinity we transform (3.26) using the transformation 

(3.27) 
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b < 0. b= o. b > o. 
Figure 3.6: Phase portrait of (y - x3 - bx) fx on the Poincare-Lyapunov disc 
of degree (1, 3) drawn with P4. 

b < o. b = 0. b > 0. 

Figure 3. 7: Phase portrait of (y- x3 - bx) fx on the Poincare-Lyapunov disc 
of degree (1,3). 

This yields the vector field (after multiplication with s 2) 

x {s = s(l-u+bs2
) 

2 
: u = 3u - 3u2 + 3bus2 + s 5 

(3.28) 

On the line {s = O} we find two singularities, namely '(O, 0) which is a 
repelling node: 

- (1 0) D(X2)(0,o) = O 3 , 

and (0, 1) which is semi-hyperbolic: 
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To explain the behaviour in the s-direction we perform a center manifold 
reduction at (0, 1). First we simplify by substituting u = u -1. Writing the 
center manifold as a graph ( s, w( s)) and using the invariance under the flow 
we find 

w(s) = bs2 + ~s5 + O(s6
), 

which results in the behaviour 

s = _!s6 + O(s7 ). 
3 

Hence we have that (0, 1) is a saddle-node. 
Seen the odd powers in (3.27) there is no need to perform an extra study of 
(3.26) in the negative x-direction. 
If we transform (3.26) in the positive y-direction, we find that (0, 0) is not 
a singularity of the transformed vector field. 
Using the above information one can describe the behaviour of (3.26). This 
is done in figure 3.8, where we have drawn the phase portrait for b = -2, 0, 2. 

b < 0. b = o. b > 0. 

Figure 3.8: Phase portrait of (y-x3 - bx) Jx + gy on the Poincare-Lyapunov 
disc of degree (1, 3) . · 

3) Consider the system 

{
± = y- x3 - bx 

X3: 
y=a-x 

This system has one singularity, namely (a, a(a2 + b)), with 

(-3a2 
- b 1) 

D(X3)(a,a(a2+b)) = -l O · 

(3.29) 
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Since Det(D(X3)(a,a(a2+b))) = 1, Trace(D(X3)(a,a(a2+b))) = -(3a2 + b) and 
Trace2 (D(X3)(a,a(a2+b)))-4Det(D(X3)(a,a(a2+b))) = (b+3a2 +2)(b+3a2 -2), 
we have that (a,a(a2 + b)) is an attracting (resp. a repelling) node if b ~ 
-3a2 + 2 (resp. b :S -3a2 - 2), an attracting (resp. a repelling) focus if 
-3a2 < b < -3a2 + 2 (resp. -3a2 

- 2 < b < -3a2 ), and a weak focus if 
b = -3a2• 

To determine if system (3.29) has limit cycles, we consider the following 
lemma which is proven in [LdMP76]. 

Lemma 3.1. Consider the system 

(3.30) 

We have the following possibilities: 

{i) If a1a3 > 0, then Y has no closed orbits. 

{ii) If a1a3 < 0, then Y has a unique closed orbit. 

{iii) If a1 = 0 and a3 =f. 0, then Y has no closed orbits. The origin is a 
weak attracting focus for a3 > 0 and a weak repelling focus for a3 < 0. 

We simplify system (3.29) by substituting x = x - a and iJ = y - a(a2 + b) . 
This yields the vector field 

{
~ = fi - x3 

- 3ax2 
- (3a2 + b)x 

y = - x 
(3.31) 

Using lemma 3.1 we have that system (3.29) has a unique limit cycle if 
b < - 3a2 and no limit cycles if b ~ -3a2 . We also have that the point 
( a, a( a2 + b)) is a weak attracting focus in case b = -3a2. 

To determine the behaviour near infinity we transform system (3.29) using 
the transformation (3.27). This yields the vector field (after multiplication 
with s2) 

y;- {s = s(l-u+bs2
) 

3: 
u = 3u - 3u2 + 3bus2 

- s4 + as5 
(3.32) 
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It is easy to see that (0, 0) is a repelling node and (0, 1) is semi-hyperbolic 
with center behaviour 

. 1 
s = 3s5 + O(s6

). 

Hence the point (0, 1) is a saddle. 
Using the above information one can describe the phase portraits of system 
(3.29). This is done in figure 3.9 where we have drawn the phase portraits 
for (a , b) = (1,-4),(1,-3),(1,-2). 

b < -3a2
. b = - 3a2. b > -3a2• 

Figure 3.9: Phase portrait of (y - x3 - bx) fx + (a - x)t on t he Poincare
Lyapunov disc of degree (1, 3). 

4) Consider the system 

X4: {
± = y- x3 -bx 

y=a+x 
(3.33) 

This system has one singularity, namely ( -a, -a( a2 + b)) which is a saddle : 

_ (-3a2(a2 + b) - b l) 
D(X4)(-a, - a(a2+b)) - 1 0 . 

To determine the behaviour near infinity we transform system (3 .33) using 
the transformation (3.27). This yields the the vector field (after multiplica
tion with s2) 

y
4 

: {s = s(l - u + bs
2

) 

u = 3u - 3u2 + 3ubs2 + s4 + as5 
(3.34) 
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It is easy to see that (0, 0) is a repelling node and (0, 1) is semi-hyperbolic 
with center behaviour 

Hence the point (0, 1) is an attracting node. 
Using the above information one can describe the phase portraits of system 
(3.33). This is done in figure 3.10 where we have drawn the phase portraits 
for (a, b) = (-1, l). 

Figure 3.10: Phase portrait of (y - x3 - bx )-fx + (a+ x) JY on the Poincare
Lyapunov disc of degree (1, 3). 





Chapter 4 

Polynomial Lienard 
equations near infinity 

4.1 Introduction 

In this chapter we will study the behaviour near infinity of the (generalized) 
Lienard equations 

(4.1) 

where m, n E N1 and ambn f= 0. This knowledge is important in the study 
of the phase portraits and the bifurcations of the system ( 4.1). Knowing the 
behaviour near infinity can serve for different purposes. It can help in the 
search of algebraic invariant curves as well as in the detection of the centers 
having infinity in the boundary of their period annulus. Isochronous centers 
belong to the last class, requiring some extra conditions on the singularities 
at infinity. It easily follows from our results that isochronous centers do not 
occur unless m and n are odd, n + 2 :S m :S 2n + 1 and some condition 
holds on (am, bn), It can also be used in the study of periodic solutions of 
the second order equation x + f(x)x + g(x) = E(t), where f is a polynomial 
of degree n and g is a polynomial of degree m. See [Gom56] where Gomory 
has obtained criteria for the existence of periodic solutions for m :S n using 
information near infinity. Also in [LdMP76] a study near infinity has been 
made in the case m = 1. 
We obtain complete information of the phase portraits near infinity (for 
individual systems) and find that everything is determined by am and bn, 

81 
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except for the "center-focus" problem in case m ~ 2n + 1, m, n odd, and 
some extra conditions to be specified in the text. Moreover it will be clear 
from the methods we use that the obtained information ( except for the 
center-focus problem) near infinity is uniform (i.e. outside a fixed compact 
set or at least a continuously changing one) as long as we keep am and bn 
in compact intervals in JR\ {O}. 
Using a coordinate transformation of the form 

(x,y,t) = (ax,{3y,,yl), (4.2) 

we can always transform (4.1) into 

- {x = y 
X : ..:. _ ( -rn + °"m-1 - -k) -(-n + °"n- l -b -k) y - - €X ~k=O akx - y X ~k=O kX 

(4.3) 

with€= 1 or - 1, if m -=I- 2n + 1, and€ E JR\ {O}, if m = 2n + 1. Moreover, 
in the case m -=I- 2n + 1, we can always take € = 1, if m is even, and 
€ = sign(am), if mis odd. 
For the study of ( 4.3) near infinity we can consider two methods, namely 

(i) study on the Poincare disc, and 

(ii) study on a Poincare-Lyapunov disc. 

This will be done in the first two sections. In section 4.4 we will consider 
the center-focus problems at infinity and in section 4.5 we indicate how to 
take care about obtaining uniform information near infinity. 

4. 2 Study on the Poincare disc 

In this section we will study the behaviour of ( 4.3) on the Poincare disc. To 
study this, we have to make a distinction between the following four cases: 

(i) n ~ m, 

(ii) m = n + 1, 

(iii) m > n + 1 and m -=I- 2n + 1, 

(iv) m = 2n + 1. 



4.2. STUDY ON THE POINCARE DISC 83 

4.2.1 The case n 2: m 

First we take a chart in the x-direction, i.e. we consider the transformation 

{
x = 1/s 

y = u/s 

Multiplying the result with a factor sn, this yields the vector field 

X': 

m-1 

u = -(Esn-m+I + L aksn-k+I) - U2Sn 

k=O 
n-1 

- u(l + L bksn-k) 

k=O 

(4.4) 

(4.5) 

On the line { s = 0}, representing infinity on the Poincare disc, we find one 
singularity (0, 0), which is semi-hyperbolic: 

DX(o,o) = (~ ~1) , if n > m, 

and 

-, (0 0) . 
DX(o,o) = -E - l , 1f n = m. 

To explain the behaviour in the s-direction we perform a center manifold 
reduction at the origin. Writing the center manifold as a graph (s, w(s)) 
and using the invariance under the flow we find 

which results in the behaviour 

8 = €S2n-m+2 + O(s2n-m+3). 

Hence we have that (0, 0) is a 

(i) saddle-node if m is even, 
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(ii) saddle if c = 1 and m odd, 

(iii) attracting node if c = -1 and m odd. 

Next, at infinity, we take a chart in the y-direction, i.e. we use a transfor
mation of the form 

{
x = u/s 

y = 1/s 

Multiplying the result with a factor sn, this yields the vector field 

X": 

m-1 

s = s(csn- m+lum + L akuksn-k+l + Un 

n-1 

+ L bksn-kuk) 

k=O 

k=O 

m-1 

u = Sn+ cSn-m+lum+l + L akSn-k+luk+l + un+l 

k=O 
n-1 

+ L bksn- kuk+l 

k=O 

(4.6) 

(4.7) 

We see that the origin is a non-elementary singular point, i.e. the eigenvalues 
of DX(~,O) are both zero. 

To explain the behaviour of X" in a neighbourhood of the origin we perform 
a desingularization at the origin. 

Let us start with a quasi homogeneous blow up in the positive u-direction 
of degree (n + 1, n): 

(4.8) 

Using this transformation and multiplying the result with a factor n/r<n2
) , 

the vector field X" is transformed into 
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m-1 
r = rsn + cr2n-m+2~-m+1 + rn+28 I: °'krn- k~-k 

k=O 
n-l 

f( : + r(l + L bkrn-k;sn-k) 

k=O 
(4.9) 

s = -(1 + n)sn+l _ €r2n-m+lsn-m+2 

m-1 n-1 
n+l-2 ~ - n-k=-k -(1 + ~ b- n-k-n-k) - r s L-.J akr s - s L-.J kr s 

k=O k=O 

For n even, we find on the blow-up locus {r = O} one singularity (0, 0), 
which is a saddle: 

- (1 0) DX(o,o) = 0 -1 ' 

and for n odd, we find two singularities, namely (0, 0) which is a saddle: 

- (1 0) DX(o,o) = 0 -1 , 

and ( 0, - vfl/(n + 1)) , which is a repelling node : 

DX - (1~n °) 
( 0,- y'l/(n+l)) - * n · 

Next we blow up X" in the negative u-direction using the transformation 

(4.10) 

Multiplying the result with a factor n/r<n
2
), this yields the vector field 
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X': 

r = -rsn + (-l)mc:r2n-m+2~-m+l 
m-1 

+ n+l - """ ( l)k- n-k-n-k r s ~ - akr s 
k=O 

n-1 

+ r((-lt + L(-llbkrn- k~-k) 
k=O s = (l + n)sn+l + (-1r+I.sr2n- m+l;sn-m+2 _ rn+l;s2 

m-1 I: (-1lakrn-k:sn-k - s((-1r 
k=O 

n-1 

+ L(-llbkrn- k~- k) 
k=O 

(4.11) 

For n even, we find on the blow-up locus three singularities, namely (0, 0), 
which is a saddle: 

-, (1 0) 
DX(O,O) = * -1 , 

( 0, yfl/(n + 1)) and ( 0, - ~1/(n + 1)), which are repelling nodes : 

DX' - (1~n °) ( 0,± ry/1/(n+l)) - * n · 

For n odd, we find two singularities, namely (0, 0), which is a saddle: 

-, (-1 0) 
DX(o,o) = * 1 ' 

and (o,- ~1/(n + 1)) , which is an attracting node: 

DX' - l+n 
(

-n 

(o,-ry/1/(n+i)) - * 

Hence for n even, X" has only parabolic sectors, for n odd, X" has two 
parabolic sectors, one hyperbolic and one elliptic sector (see figure 4.1). 
Using the above information on X' and X" one can now describe the be
haviour of ( 4.3) near infinity. T his is done in figure 4.2. 
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n even. n odd. 

Figure 4.1: Blow up of X" at the origin. 

m even, n even, t: = 1. rn even, n. even, ~ = - 1. m odd, n even, e = 1 . m odd, n even, t: = -1. 

m e ve n , n odd, e = 1. m even , n odd, t: = -1. ,n odd, n odd, ~ = 1. m odd, n odd , c = -1 

Figure 4.2: Behaviour near infinity on the Poincare disc form < n + l. 

4.2.2 The case m = n + 1 

First we transform (4.3) using the transformation (4.4), i.e. we take a chart 
at infinity in the x-direction. Multiplying the result with a factor sn, this 
yields the vector field 

x': 

n 

U = -(€ + I::akSn-k+l) - U2Sn 

k=O 
n- l 

- u(l + L bksn- k) 
k=O 

(4.12) 

On the line {s = O}, we find one singularity (0, -c), which is semi-hyperbolic: 
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-, (0 0 ) 
DX(o,-e:) = * -1 . 

To explain the behaviour in the s-direction we perform a center manifold 
reduction at (0, -£). At (0, -£), we simplify by substituting u = u + E. This 
yields the vector field 

s = -(u - c)sn+l 
n 

U = -(E + L aksn-k+l) - (u - c)2sn 
k=O 

n - 1 

- (u - c)(l + L bksn-k) 

k=O 

So on the center manifold we have as behaviour 

s = Esn+l + O(sn+2) . 

Hence we have that (0, -£) is a 

(i) saddle-node if n is odd, 

(ii) saddle if c = 1 and n even, 

(iii) attracting node if c = 1 and n even. 

(4.13) 

Next we transform (4.3) using the transformation (4.6), i:e. we take a chart 
at infinity in the y-direction. Multiplying the result with a factor sn , this 
yields the vector field 

n n-l 

s = s(Eun+l + L akuksn- k+l + un + L bksn-kuk) 

k=O k=O 
n 

X" : u = S n + €Un+2 + L aksn- k+luk+l + un+l (4.14) 
k=O 

n - 1 

+ L bksn-kuk+l 

k=O 

We see that the origin is a non-elementary singular point. To explain the 
behaviour of X" in a neighbourhood of the origin we perform a desingular
ization at the origin. This can be done in the same way as in the case n 2: m 
and results in the same behaviour. 
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Using the above information on X' and X" one can now describe the be
haviour of ( 4.3) near infinity. This is done in figure 4.3. 

n even, e = 1. n even, e = -1. n odd, c = 1. n odd, e= -1. 

Figure 4.3: Behaviour near infinity on the Poincare disc for m = n + 1. 

4.2.3 The case m > n + 1, m #- 2n + 1 

First we transform (4.3) using the transformation (4.4), i.e. we take a chart 
in the x-direction. Multiplying the result with a factor sm-1 , this yields the 
vector field 

I
s= -usm 

m-1 n - 1 

X- , , ~ - m-k ( m-n-1 + ~-b m-k- 1) : u = - E: - L.-1 aks - u s L.-1 ks 

k=O k=O 
_ U28m-l 

(4.15) 

On the line { s = O} we see that X' has no singularities. 
Next we transform (4.3) using the transformation (4.6), i.e. we take a chart 
in the y-direction. Multiplying the result with a factor sm-l, t his yields the 
vector field 

m - 1 

s = s(cum + I: akuksm-k + unsm-n-1 

k=O 
n-1 

+ Lbkuksm-k-1) 

k=O X" : (4.16) m-1 

U = sm- 1 + E:Um+l + L akuk+l sm-k + un+l sm-n- 1 

k=O 
n-1 

+ L bkuk+l sm-k-1 

k=O 
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We see that the origin is a non-elementary singular point. To explain the 
behaviour of X" in a neighbourhood of the origin we perform a desingu
larization at the origin. For m < 2n + 1 we have to consider two quasi 
homogeneous blow ups , and for m > 2n + 1 only one. This procedure is 
described in figure 4.4 form < 2n + 1 and in figure 4.5 form > 2n + l. 

m even, n even, c = 1. m even , n even, e = -1. ,n odd, n even , c = 1. m o dd, n even , e = - 1. 

m even 1 n odd 1 e = t. m e ven , n odd, c = -1. m odd, n odd, e: = 1. m. odd, n o dd, £= - 1. 

Figure 4.4: Blow up of X" at the origin for n + 1 < m < 2n + l. 

0 
m eve n , e = 1. m even, c = -1 . m odd, e = 1. m odd, c = -1. 

Figure 4.5: Blow up of X" at the origin form> 2n + l. 

Using the above information on X' and X" one can describe the behaviour 
of ( 4.3) near infinity. This is done in figure 4.6 for m < 2n + 1 and in figure 
4. 7 for m > 2n + l. 

4.2.4 The case m = 2n + 1 

First we transform ( 4.3) using the transformation ( 4.4), i.e. we take a chart 
in t he x-direction. Multiplying the result with a factor s2n, this yields the 
vector field 
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m even, n even, c = 1. m even, n even, e = -1. m odd 1 n even, I!:= 1. m odd, n even, e = -1. 

m even, n odd, c = l. m even, n odd,£= - 1. m odd, n odd, e = 1. m odd, n odd, t: = -1. 

Figure 4.6: Behaviour near infinity on the Poincare disc for n + 1 < m < 
2n + 1. 

m even, e = 1. m even, e = -1 . m odd, c = 1. m odd, e = -1. 

Figure 4.7: Behaviour near infinity on .the Poincare disc form > 2n + 1. 

(4.17) 

On the line { s = O} we see that X' has no singularities. 

Next we transform ( 4.3) using the transformation ( 4.6), i.e. we take a chart 
in the y-direction. Multiplying the result with a factor s 2n , this yields the 
vector field 
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2n 

8 = s(c:u2n+I + L°'kuk8 2n+I-k + un8 n 

k=O 
n-1 

+ L bkuk S2n-k) 

X": k=O ( 4.18) 2n 
U = S2n + c:u2n+2 + L akuk+l S2n+l-k 

k=O 
n-1 

+ un+l Sn+ L b1cuk+l S2n-k 

k=O 

We see that the origin is a non-elementary singular point. To explain the 
behaviour of X" in a neighbourhood of the origin we perform a desingular
ization at the origin. This procedure is described in figure 4.8. 
Using the above information on X' and X" one can describe the behaviour 
of ( 4.3) near infinity. This is done in figure 4.9. 

< < o. n even, 0 < £ < 4 (n
1
+l ) - n odd, 0 < < < 4(n'tl). 

neven,e = ~· n odd, £= 4(n\ l ). e>~-

Figure 4.8: Blow up of X" at the origin for m = 2n + l. 

4.3 Study on a Poincare-Lyapunov disc 

In this section we will study the behaviour of ( 4.3) on a Poincare--Lyapunov 
disc, i.e. we use a quasi-homogeneous compactification at infinity. 
We have to make a distinction between the following three cases: 
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£ < 0 . 

n even, c = 4(n)+l), n odd, c = 4(nl+l). t>~-

Figure 4.9: Behaviour near infinity on the Poincare disc form= 2n + 1. 

(i) m < 2n + 1, 

(ii) m = 2n + 1, 

(iii) m > 2n + 1. 

4.3.1 The case m < 2n + 1 

In this case we study the behaviour of X on the Poincare-Lyapunov disc of 
degree (1 , n + l). 
First we transform ( 4.3) in the positive x-direction using the transformation 

{
x = 1/s 
y=u/sn+l 

Multiplying the result with a factor sn, this yields the vector field 

I
s= -us 

m-1 n-1 

X' : u = -t:s2n- m+l - L aks2n- k+I - u(l + L bksn-k) 
k=O k=O 

- (l +n)u2 
, 

(4.19) 

(4.20) 
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On the line { s = O} we find two singularities, namely (0, -1/ (1 + n) ), which 
is a repelling node : 

-, l+n 
( 

1 

DX(o,- 1/(l+n)) = * 

and (0, 0), which is semi-hyperbolic: 

DX(O,o) = (~ ~1) , if m =f 2n 

and 

DXco,o) = ( ~c ~ 1), if m = 2n. 

To explain the behaviour in the s-direction we perform a center manifold 
reduction at the origin. Writing the center manifold as a graph (s, w(s)) 
and using the invariance under the flow we find 

w(s) = -€S2n-m+I + O(s2n-m+2), 

which results in the behaviour 

8 = €S2n-m+2 + O(s2n-m+3). 

Hence we have that (0, 0) is a 

(i) saddle-node if m is even, 

(ii) saddle if c = 1 and m odd, 

(iii) attracting node if c = - 1 and m odd. 

Now we transform ( 4.3) in the negative x-direction using the transformation 

{
x = -1/s 

fj = u/sn+l 

Multiplying the result with a factor sn, this yields the vector field 

s = us 
m -1 

.X" : 
u = (- l)m+lcS2n- m+l - I)-llakS2n- k+I 

k=O 
n-1 

- u((-lt + L(-llbksn-k) + (1 +n)u2 

k=O 

(4.21) 

( 4.22) 
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On the line {s = O} we find two singularities, namely (0, (-lr/(1 + n)), 
which is a repelling node if n is even and an attracting node if n is odd: 

-11 ~ 0 
(

(-l)n ) 

DX(O,(-I)n/(l+n)) = l!n (-lr ' 

and (0, 0), which is semi-hyperbolic: 

D.X(~,O) = (~ (-l~n+l) , if m # 2n 

and 

DX- II ( 0 0 ) "f 
(0,0) = (-l)m+l€ (-1r+1 ,1 m = 2n. 

To explain the behaviour in the s-direction we perform a center manifold 
reduction at the origin. Writing the center manifold as a graph (s , w(s)) 
and using the invariance under the flow we find · 

w(s) = (-1r+m+1€S2n-m+l + O(s2n- m-f:2), 

which results in the behaviour 

s = (- 1r+m+1€S2n-m+2 + O(s2n- m+3). 

Hence we have: 

1. for n even that (0, 0) is a 

(i) saddle-node if m is even, 

(ii) saddle if € = 1 and m odd, 

(iii) attracting node if€ = - 1 and m odd; 

2. for n odd that (0, 0) is a 

(i) saddle-node if m is even, 

(ii) saddle if € = 1 and m odd, 

(iii) repelling node if € = - 1 and m odd. 

If we take at infinity a chart in the positive (resp. negative) u-direction, 
then we find that the origin is not a singular point of the transformed vector 
field. 
Hence using the above information on X' and .X" one can describe the 
behaviour of .X near infinity. This is done in figure 4.10. 
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m even, n even, e = 1 . m even, n even, e = - 1 . m odd, n even, E = 1. m odd, n even. e = - 1 . 

m even, n odd, c. = J. m even, n odd, e = -1 . m odd, n o dd , c = 1. m odd, n odd, E = -1. 

Figure 4.10: Behaviour near infinity on the Poincare-Lyapunov disc of degree 
( 1, n + l) for m < 2n + l. 

4.3.2 The case m = 2n + 1 

In this case we study the behaviour of ( 4.3) on the Poincare-Lyapunov disc 
of degree (1, n + l). 
First we transform ( 4.3) in the positive x-direction using the transformation 

{
x = 1/s 

ii = u/sn+l 

Multiplying the result with a factor sn, this yields the vector field 

Hence on the line { s = 0} we find the following cases. 

l. For€ < l/(4(n + 1)) we have two singularities, namely 

(4.23) 

(4.24) 

( 0, ( -1 + J l - 4c( n + 1)) / ( 2 ( n + 1))) , which is a saddle, if £ > 0, 

and an attracting node, if € < 0: 



4.3. STUDY ON A POINCARE·LYAPUNOV DISC 97 

(

1- 1-4c(n+l) 
DX' = 2 n+i 

(
0 -l+vl- 4e(n+l)) 

' 2(n+l) * -,/1- ~e(n + !)) ' 
and ( 0, (-1 - Jl - 4c:(n + 1)) /(2(n + 1))) , which is a repelling node: 

· ( l+yl-4c(n+l) 
DX' ,c---:---,----,-.,..,. = 2(n+1) 

(
D -l-yl-4s(n+l)) 

' 2(n+l) * 

2. For c: = 1/(4(n+l)) we have one singularity, namely (0, -1/(2(n+ l))), 
which is semi-hyperbolic: 

D.X(o,-1/(2(n+1))) = ( 2(~1) ~) · 

Substituting s = 0, system (4.24) becomes 

{:: ~( 4(n~l) + u +(I+ n)u2
) 

Hence we see that (0, - l/(2(n + 1))) is a saddle-node. 

3. For c: > l/(4(n + 1)) there are no singularities. 

Now we transform ( 4.3) in the negative ix-direction using the transformation 

{
x = -1/s 
y = u/sn+l 

Multiplying the result with a factor sn, this yields the vector field 

_xii: 

s = us 
2n 

U = E: - I:(- l laks2n- k+l - u((-lt 
k=O 

n-1 

+ L(-lfbksn- k) + (1 + n)u2 

k=O 

Hence on the line { s = O} we find the following cases. 

(4.25) 

(4.26) 
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1. For e < 1 / ( 4( n + 1)) we have two singularities, namely 

( 0, ( ( - 1 r + J1 - 4e( n + 1)) / (2( n + 1))), which is a repelling node, 

if n is even, also a repelling node, if n is odd and e < 0, and a saddle 
if n is odd and e > 0: 

(

(-l)n+ 1-4e:(n+l) 
DX" = 2 n+i 

(
O (-l)n+tl-4e(n+l)) 

' 2 n+l) * 

and ( 0, ( (- 1r - J1 - 4e(n + 1)) /(2(n + 1))) , which is an attract

ing node, if n is odd, also an attracting node , if n is even and e < 0, 
and a saddle, if n is even and e > 0: 

( 

(-l)n- y'l - 4e:(n+l) 
DX" = 2(n+1) 

( 
(-1)n-y"1-4,(n+l) ) 

O, 2(n+1) * - ,/1 - ~c(n + !)) ' 
2. For e = 1/ ( 4( n + 1)) we have one singularity, namely (0, ( -1 r / (2( n + 

1))), which is semi-hyperbolic: 

Substituting s = 0, system ( 4.26) becomes 

{
s = o 
U = 4(n\1) + (-lru + (1 + n)u2 

Hence we see that (0, (-l)n /(2(n + 1))) is a saddle-node. 

3. For e> 1/(4(n + 1)) there are no singularities. 

Using the above information on X' and X" one can describe the behaviour 
of X near infinity. This is done in figure 4.11. 
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£ < 0. n even, O < £ < ~- n odd, 0 < e < ~-

n even, £ = 4 (n1+l). n odd, e = 4(nl+i). e > 4(n\1) · 

Figure 4.11: Behaviour near infinity on the Poincare-Lyapunov disc of degree 
(1,n+ 1) form= 2n+ 1. 

4.3.3 The case m > 2n + 1 

The case m even 

In this case we study the behaviour of (4.3) on the Poincare-Lyapunov disc 
of degree (2, m + 1). 
First we transform ( 4.3) in the positive x-direction using the transformation 

{
x = 1/s2 

fj = u/sm+I 
( 4.27) 

Multiplying the result with a factor sm- I, this yields the vector field 

. 1 
s = - 2us 

m-1 n-1 
X': u = -c: - L akS2(m- k) - usm- 2n- I - u L bksm-2k-1 . (4.28) 

k= O k=O 
1 2 - 2u (1 + m) 

Hence for c: = -1 we find on the line { s = 0} two singularities namely, 
(0, J2/(1 + m)), which is an attracting node: 
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DX' - (- J2c~+m) O ) 
(O,J2/(l+m)) - * -J2(1 + m) ' 

and (0, -J2/(1 + m)), which is a repelling node: 

DX' - J2(1+m) 
( 

1 0 ) 
(O,-_J2/(1+m)) - * J2(1 + m) · 

Now we transform X in the negative x-direction using the transformation 

{
x = -1/s2 

fl= u/ sm+l 

Multiplying the result with a factor sm-l, this yields the vector field 

. 1 
s = -us 

2 
m-1 

x": u = -E: - I: a.k(-1ts2cm-k) + (-1r+lusm-2n-l 
k=O 

n-1 

- u L bk(-ll sm-2k-l + iu2(1 + m) 
k=O 

(4.29) 

( 4.30) 

Hence for c = 1 we find two singularities namely, (0, J2/(1 + m)), which is 
a repelling node: 

DX" = ( J2c~+m) o ) 
(o,J2/(1+m)) * J2(1 + m) ' 

and (0, -J2/(1 + m)), which is an attracting node: 

DX" = J2(1+m) 
( 

- 1 0 ) 

(o,- J2/(1+m)) * -J2(1 + m) 

Using the above information of X' and X" one can describe the behaviour 
of X near infinity. This is done in figure 4.12. 
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E = 1. £ = -1. 

Figure 4.12: Behaviour near infinity on the Poincare-Lyapunov disc of degree 
(2, m + 1) for m > 2n + 1, m even . 

The case m odd 

In this case we study the behaviour of (4.3) on the Poincare-Lyapunov disc 
of degree (1, !(m + 1)). 
First we transform (4.3) in the positive x-direction using the transformation 

{
x = 1/s 
y = u/ si(m+l) 

(4.31) 

Multiplying the result with a factor si(m- l), this yields the vector field 

s = -us 
m - 1 

u = -€ - L aksm-k - us!(m-2n- I) 

k=O x': (4.32) 
n-1 

- u L bksi(m- 2k- l) - t(m + l)u2 
k=O 

Hence for c = -1 we find on the line { s = 0} two singularities namely, 
(0, J2/(1 + m)), which is an attracting node: 

DX' -(-a O ) 
(O,J2/(l+m)) - * -J2(1 + m) ' 

and (0, -J2/(1 + m)), which is a repelling node: 

DX' -(a O ) 
(o, - J2/(l+m)) - * J2(1 + m) . 
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Now we transform ( 4.3) in the negative x-direction using t he transformation 

{
x = -1/s 
fj = ujs!(l+m) 

(4.33) 

Multiplying the result with a factor s!(m-l), this yields the vector field 

X": 

s = us 
m-1 

u = € - L(-1laksm-k + (-1r+lust(m-2n-l) 

k=O 
n -1 

- u L(-llbks!(m-2k- I) + ~(m + l)u2 
k=O 

(4.34) 

Hence for c = -1, we find on the line { s = 0} two singularities namely, 
(0, J2/(l + m)), which is a repelling node: 

DX" = (~ O ) 
(O,J2/(l+m)) * J2(1 + m) ' 

and (0, -J2/(1 + m)), ~hich is an attracting node: 

DX" - (-~ O ) 
(O,-J2/(l+m)) - * -J2(1 + m) . 

Using the above information of X' and X" one can describe the behaviour 
of X near infinity. This is done in figure 4.13. 

4.4 Center-focus problems at infinity 

From the previous sections we find that it is possible to have limit periodic 
sets with infinity (partly) included in the cases : 

(i) m < 2n + 1, m odd, n odd and c = 1; 

(ii) m = 2n + 1, n odd and c > O; 

(iii) m = 2n + 1, c > 1/(4(n + 1)) ; 



4.4. CENTER-FOCUS PROBLEMS AT INFINITY 103 

~ = -1. 

Figure 4.13: Behaviour near infinity on the Poincare-Lyapunov disc of degree 
( 1, H m + 1)) for m > 2n + 1, m odd . 

(iv) m > 2n + 1, m odd and c = 1. 

In all these cases it seems easier to perform the study of the limit cycles 
by working on a Poincare-Lyapunov disc. We in fact have to do this in 
case (iii) and (iv) if we want to complete our study. In fact the information 
obtained so far is not sufficient to describe the behaviour near infinity. We 
can generalize the calculation as used in [DR90] in case (m, n) = (3, 1). 
First consider case (iv), i.e. consider the system 

{
x = ii 
..:. _ (-21- 1 + ""21- 2 - -k) _ -(-n + ""n-1 -b -k) y - - X wk= O akX y X wk==O kX 

(4.35) 

with l > n + 1. 
For the study of ( 4.35) near infinity we use analytic functions Cs() and Sn() 

defined by the following Cauchy problem: 

{ 
J8 Cs() = - Sn() 

Jo Sn() = Cs21- 1 () 

CsO = 1, SnO = 0 

These functions are described in [BM90, Lya66] . We observe that 

l Sn2 () + Cs21 () = 1, 

while Sn() and Cs() are T-periodic with 

T = _ (l _ t) - 1/2t(1-21);21dt. 211 
vi 0 

( 4.36) 

( 4.37) 

(4.38) 
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It is easy to see that the following relations hold: 

Cs(-B) = CsB, Sn(-B) = -SnB, 

Cs(T /2 - B) = - Cs B, Sn(T /2 - B) = Sn B, 

Cs(T/2+0) = -CsB, Sn(T/2+0) = -SnO. 

System ( 4.35) is studied by means of the following coordinate change: 

{
x = CsO/s 
ii= Sn Bjsl 

Then from (4.37) and (4.39) we have 

_!_ _ z-2 + -21 
s2! - y X ' 

and the transformation formulae are 

{
~ = _821~1(yy + x~l- Ifi:) 
B = - lsx Sn B + s1y Cs e 

System ( 4.35) becomes ( after multiplication by s1- 1) 

2!-2 

S = Sn O L °'k Csk es 21 - k + Sn2 0 csn Bsl- n 
k=O 

n-1 

+ Sn2 0 L bk Csk Bsl-k 
k=O 

2l-2 

() = -(l + Cs O L °'k Csk es21 -k-l + csn+l O Sn Bsl-n-l + 
k=O 

n-1 

Cs O Sn O L bk Csk Bsl-k-l) 
k=O 

(4.39) 

( 4.40) 

(4.41) 

(4.42) 

The O component is identically -1 on s = 0. We may thus consider the 
regular system 
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with 

if l = n + 2, or

ds 

dB 

l-n+l
L ,k(B)sk 

+ o(i-n+l),
k=2

,2 = Sn2 0 Csn B + ii2n+2 Sn B Cs2n+2 B, 
'Y3 = Sn B(a2n+1 Cs2n+1 B + bn-1 Sn B Csn-l B)

- ,2(i'i2n+2 Cs2n+3 B + Csn+l B Sn 0),

- s ll c 21-2 ll 12 = a21-2 nu s u, 
k-2
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(4.43) 

tk = ii21-k Sn (;l Cs
21

-k (;l - L 'Yk-jii2t-j-l Cs21-;j e, k = 3, ... 'l - n - 1,
j=l 

l-n-2
tl-n = Sn2 0 csn O + iil+n Sn O Csl+n O - L tl-n-jii2t-j-l Cs2Z

-j e,

j=l 

,1-n+1 = Sn B(a1+n-1 Csz+n-l O + bn-1 Sn O Csn-i 0)
l-n-2

- L 1l-n+1-jii2t-j-l Cs21
-j (;l 

j=l

- ,2(iit+n Csl+n+1 B + Csn+i B Sn B),

if l > n + 2.
We seek for a solution 

l-n+l
s =so+ L f3k(O)s� + o(s�-n+1),

k=2 
with J3k(O) = 0, Vk E {2, ... , l - n + l}. 
This gives the following equations for J3k (B), Vk E {2, ... , l - n + 1}

/3�(0) = -,2(8), 
/3�(0) = -,3(8) - 2,2(8)/32(8), 

(4.44) 
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if l = n + 2, or 

{3~(0) = -,2(8), 
k-1 

;3~(0) = -,k(e) - L 1j(O)µk-j,k(e), k = 3, ... , l - n + 1, 
j=2 

with 

µo,k(O) = 1, 

1 j 
µj,k(O) = ~ L (km - j + m)f3m+i(O)µj-m,k(O), j = 1, ... , l - n + 1 - k, 

· J m=l 

if l > n + 2. 
It is easy to see that the following holds 

Vk E N. 

foT SnOCsk Ode= 0, 

foT Sn2 e Cs2k ede > 0, 

foT Sn2 e Cs2k+l Ode = 0, 

foT Sn3 0 Csk Ode = 0, 

Hence, for n even, we have that 

s = so - (foT Sn2 0 csn Ode) s~-n + o(s~-n ), (4.45) 

and for n odd 

s =So + (f(r) - bn- 1 foT Sn2 0 csn-l Ode) s~-n+l + o(s~-n+l), (4.46) 

with 



4.4. CENTER-FOCUS PROBLEMS AT INFINITY 

if l = n + 2, or 

f (T) = 2a2t-2 foT Sn fJ Cs21
-

2 f) (loo Sn2 7/J Csn 7/Jd'ljJ) dfJ 

if l > n + 2. 

+ 3l - n - 2 a _ {T Sn2 f) Cs2l+n- 1 f)df) 
2l - 1 2

( 
2 

} 0 ' 
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So, we see that the equator is repelling if n is even. T.his implies that if 
a system has limit cycles, then these cycles cannot escape to infinity if we 
perturb the system. 
In case n odd we have a completely different situation. From ( 4.46) we see 
that the behaviour of system ( 4.35) near infinity already depends on a.21-2 

and bn- l· In fact we encounter a so called "center-focus" problem, where, 
depending on the value of the coefficients ai and bj, we can have repelling, 
attracting or center behaviour near infinity. These problems are in general 
not easy to treat. An individual system can often be handled by calcula
ting successive terms in the asymptotic development (4.44), but a general 
analysis is quite complicated. Even describing the condition for a center 
is not easy at all. Let us recall that this center-focus problem occurs for 
m > 2n + 1, t: = 1, m and n both odd. 

Let us consider case (iii) , i.e. consider the system 

{
x = y 
.:. _ ( -2n+l + "2n - -k ) -(-n + "n-1-b -k) y - - t:X Lik= O akx - y X Lik=O kX 

(4.47) 

with t: > 1/(4(n + 1)). 
For the study of ( 4.47) near infinity we use analytic functions Cs f) and Sn f) 
defined by the following Cauchy problem: 
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{ 

£u Cs() = - Sn() 

Jo Sn() = Cs2n+l () 

CsO = 1,SnO = 0 

These functions are T-perodic with 

T = (1 - t)-1/2c(1+2n)/2(n+l)dt. 2 11 
v'n + 1 o 

System ( 4.47) is studied by means of the following coordinate change 

{
x = CsB/s 
fj = SnB/sn+l 

(4.48) 

(4.49) 

(4.50) 

Using this transformation the system becomes (after multiplication by sn) 

2n-
S = s SnB((c - 1) Cs2n+l ()+Sn() csn B) +Sn() L ak Csk as2n+2-k 

k=O 
n-1 

+ Sn2 () L bk Csk asn+l-k 
k=O 

() = -((n + 1) Sn2 () + c Cs2n+2 () + SnB csn+l () 
2n n-1 

+ Cs O L ak Csk es2n+1- k + Sn() Cs O L bk Csk esn- k) 
k=O k=O 

(4.51) 

The iJ component is strictly negative on s = 0. We may thus consider the 
regular system 

ds 
= dB 

with 

11(B)s + 1 2(B)s2 ( 2) 
(n+l)Sn2B+t:Cs2n+2o+SnOCsn+1e +o 

8 
' 

11 = Sn B((c - 1) Cs2n+l B + SnB Csn B), 

12 = Sn O(a2n Cs2n () + bn- 1 Csn-l B) 

1 1 ( li2n Cs2n+ 1 e + bn-1 Sn B Csn B) 
(n + 1) Sn2 () + c Cs2n+2 ()+Sn() csn+l () . 

(4.52) 
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We seek for a solution 

s = /31(0)so + /32(0)s5 + o(s5), 

with /31 (0) = 1 and /32(0) = 0. 
This gives the following equations for /31 and /32 

{

/3~ ( 0) = -,1 (0)/31 ( 0)/( ( n + 1) Sn2 0 + c Cs2n+2 0 + Sn O Csn+l 8) 
/3~(0) = -(11(0)/32(0) + ,2(0)/3f(O))/((n + 1) Sn2 0 

+ C Cs2n+2 0 + Sn e csn+l 0) 

/31 (0) = 1, ,82(0) = 0 

The solutions of (4.54) are given by 

with 

0 - ro ,1 ( 1P )d'lj; 
a()- - Jo (n+l)Sn21f; + cCs2n+21f;+Sn'lj;Csn+11j; · 

Now, consider the following two systems 

{
x= y 

1J = -c'X2n+l 

and 
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( 4.53_) 

(4.54) 

(4.55) 

(4.56) 

(4.57) 

System ( 4.56) is invariant under the transformation (x, y, t) i---+ (-x, y , -t). 
Hence system ( 4.56) is a time-reversible system and represents a center. In 
case (4.47) reduces to (4.57), we have that (4.52) is the linear equation 
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ds 11(8) 
--- s 
dB - (n + 1) Sn2 0 + E Cs2n+2 8 + Sn O csn+l O . 

( 4.58) 

Hence the related a(T) will be zero iff system (4.57) represents a center. 
This is definitely the case when n is odd, since then ( 4.57) is time-reversible 
under the change (x, y, t) t-+ (-x, y, -t). Hence, for n even we have that 

(4.59) 

so the equator of system ( 4.57) is repelling, implying that a(T) < 0. Hence 
the equator of system ( 4.47) is also repelling. 
For n odd we have that 

( 
{T e°'(0),2(0)d8 ) 2 2 

s=so- Jo (n+l)Sn20+cCs2n+2e+SnOCsn+1e so+o(so)· 

( 4.60) 

We again encounter a "center-focus" problem, this time in case m = 2n + 
1, e > 1/(4(n + 1)) and n odd. 

4. 5 Uniform information by means of family blow 
up 

For the study of all possible phase portraits and bifurcations of Lienard 
equations or for a complete study of subfamilies for certain m and n , it 
is necessary to have all the knowledge near infinity in a uniform way (i.e. 
outside a fixed compact set, which does not change when changing the sys
tem or which at least changes continuously in the Hausdorff sense) . From 
the methods we used in the previous sections, it is clear that we get this 
information as long as we restrict to systems with ambn =/= 0, except for 
the "center-focus" problem. However, in general it can be useful to look 
near ambn = 0, and for reasons of continuity it is not allowed to treat these 
systems as if they were of lower degree ( m', n'). 
Let us consider the following example (for more information on those systems 
we refer to [DL97]): (m, n) = (2, 2), i.e. 
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( 4.61) 

In the case a2b2 -::f Owe prefer to work on a Poincare-Lyapunov disc of degree 
(1, 3) and in the case b1a2 =I- 0 and b2=0 we work on a Poincare-Lyapunov 
disc of degree (1, 2). However, for the bifurcation, b2 ,...., 0 (with b1a2 -::f- 0), 
it is better to work on the Poincare-Lyapunov disc of degree (1, 3). Using 
a transformation of the form ( 4.2) and using a translation we can always 
transform system (4.61) into 

(4.62) 

Now we will study this system near infinity on the Poincare-Lyapunov disc 
of degree (1, 3), for b2 ,...., 0. 
First we study (4.62) in the positive x-direction using the transformation 

{

X = 1/s 

y = u/ s3 

Multiplying the result with a factor s2 , this yields the vector field 

{
;,,=-us 

X' : 
u = -aos5 - s3 - u(bos2 + s + b2) - 3u2 

(4.63) 

(4.64) 

Hence, for b2 =I- 0 we find on the line { s = 0} two singularities ( see figure 
4.14), namely (0, -b2/3) which is a node : 

DXco,-b2 /3) = ( ! iJ , 
and (0, 0) which is semi-hyperbolic: 

DX('o,o) = (oO O ) . -b2 
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Writing the center manifold as a graph (s, w(s)) we find 

which results in the behaviour 

Figure 4.14: Behaviour near infinity on the Poincare-Lyapunov disc of degree 
(1, 3). 

For f>i = 0 we find one singularity (0, 0), which is non-elementary. To explain 
the behaviour in a neighbourhood of the origin we perform a desingulariza
tion at the origin. This procedure is described in figure 4.15. 

Figure 4.15: Blow up of X' for b2 = 0. 

Seen the odd powers in ( 4.63) there is no need to perform an extra study of 
( 4.62) in the negative x-direction. 
Using the above information one can describe the behaviour of ( 4.62) near 
infinity. This is done in the middle picture of figure 4.14. 
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However to make the link between the knowledge for b2 = 0 and b2 f. 0 it is 
better to use "family blow up" (see [Dum93]): i.e. transform X' using the 
transformation 

with s2 + u2 + b~ = 1. 

{

s = rs 
u = ru 
b2 = rb2 

(4.65) 

Instead of using the transformation (4.65) we prefer to work with charts 
covering the blow-up locus {r=O}. 

4.5.1 Family rescaling 

We choose b2 = ±1 in ( 4.65) and let (s, u) vary in some large disk D of R2 • 

Multiplying the result with a factor 1/r, this yields the vector field 

x' : { s = -us _ . 
u = -aor3s5 - rs3 - u(b0rs2 + s + b2) - 3u2 ( 4.66) 

On the blow-up locus {r = O} we see that the line ii = 0 is a line of 
singularities. We also have another singularity, namely the point (0, -b2/ 3), 
which is a node: 

4.5.2 Phase directional rescaling 

We use ( 4.65) with u2 + s2 = 1 and b2 rv 0. To simplify the calculations, we 
prefer to work with charts: e.g. in the s-direction we use a transformation 
of the form 

{

s = r 

u = ru 
b2 = rb2 

Multiplying the result with a factor 1/r, this yields the vector field 

( 4.67) 
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{
. -r = -ru 

.X~': ~ = -=(aor3 + r + b0ru + u + b2u + 2u2
) 

b2 = b2u 

(4.68) 

On the blow-up locus {r = O}, we have a line of singularities, namely the 
line ii= 0, and another singularity (0, -1/2, 0), which is hyperbolic : 

D.Xf 1 = (-1 i ~ ~ ~l) . 
{0,-2,0) 0 0 _i 

2 

Next we take a chart in the u-direction, i.e. we use a transformation of the 
form 

u=r 
{

s = rs 

b2 = rb2 

Multiplying the result with a factor 1/r, this yields the vector field 

{

i' = -(a0r4 s5 + r2s3 + bor2s2 +rs+ rb2 + 3r) 

xr: s = s(2 + aor3s5 + r s3 + bors2 + s + b2) 
b2 = b2(aor3s5 + rs3 + bors2 + s + b2 + 3) 

On the blow-up locus {r = O}, we see that the origin is hyperbolic: 

(-3 0 0) 
DX~ = o 2 o . 

{0,0,0) 

0 0 3 

(4.69) 

(4.70) 

Glueing the charts together, we are now ready to draw the phase portrait 
on the singular locus including the extension on {b2 = O}. This is done in 
figure 4.16. 
We need however to look at the behaviour outside the singular locus but 
close to it. This requires a 3-dimensional study near the singularit ies. We 
start with the phase directional rescaling where we only need to look at 
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Figure 4.16: Family blow up for s 2: 0, extended by phase directional rescal
ing. 

what happens near the singularities on {b2 = 0, r = O} for s 2: 0. They are 
all hyperbolic except for the point (r, b2 , u) = (0, 0, 0), that we study in the 
s = 1 chart . To know the behaviour near that point we consider a center 
manifold reduction along the line {r = 0, u = O} (see [Fen79]). Writing the 
center manifold as a graph (r, b2, u(r, b2)) we find 

- - r 2 u(r, b2) = ---- + O(r ), 
1 + b2 

which results in the center behaviour 

{
r = r2 /(1 + b2) + O(r3

) 

b2 = -rb2/(l + b?) + O(r2) 

T his vector field is r-times a hyperbolic saddle having {r = O} as an invariant 
line. Hence we know its behaviour. 
Next we study family rescaling using the b2 = ±1 charts. Cleary the singu
larity (r, s, u) = (0, 0, -b2/3) is hyperbolic and hence extends in a uniform 
way as an attracting (resp. repelling) node for r > 0, r small, for b2 = -1 
(resp. b2 = 1). To explain the behaviour near the point (0, 0, 0), we per
form a center manifold reduction along {s = 0, u = O}. Writing the center 
manifold as a graph (r, s, u(r, s)) we find 

u(r,s) = -b2rs3 + s4J(r,s), 
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with f(r, s) of class Ck, with k as big as wanted. The line {r = 0, ii. = O} 
consists of singularities and hence belongs to any center manifold, implying 
that f(r, s) = rg(r, s). This results in the following center behaviour 

s = rs4(b2 - sg(r, s)), 

which we understand completely. 
All the singularities (0, s, 0) of the vector field are elementary, except for 
b2 = -1 where the point (0, 1, 0) is non-elementary. Hence at (0, s, 0) with 
s # 0 (ands# 1 in case b2 = -1) we consider a center manifold reduction 
along {r = 0, ii.= O}. Writing the center manifold as a graph (r, s, u(r, s)) 
we find 

which results in the center behaviour 

- 4 
.!. - b2s r 0( 2) S - ----+ T. 

s+ b2 

Figure 4.17: Family blow up of the point (0, 1, 0) and behaviour near that 
point for v > 0 small. 

For b2 = -1, we have to consider at the point (0, 1, 0) another family blow 
up. First we simplify ( 4.66) by substituting s = w + 1 and then we consider 
the transformation 
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(4.71) 

The resulting relevant data of the phase portrait are represented in the left 
picture of figure 4.17, where we represent the restriction of the 3-dimensional 
phase portrait to the halfsphere { v = 0, w2 + u2 + r2 = 1, r 2:: O} and the 
punctured plane {r = 0, (w, u) -1- (0 , 0)}. 
Looking at thew= 1 chart, we have that the point P2 = (0, 0, 0) is partially
hyperbolic. Hence, we consider a center manifold reduction along {f = 
O,u = 0}. Writing the center manifold as a graph (v,r ,ii.(v,r)), we find 

u(v, r) = -(1 + 3v + 3v2 + v3)r + O(r2
), 

resulting in the center behaviour 

{
v = v(v + l)f(l + 3v + 3v2 + v3 + O(f)) 

f = -3(v + l)f2 (1 + 3v + 3v2 + v3 + O(f)) 

This vector field is f-times a hyperbolic saddle having {f = O} as an invariant 
line. 
Consider thew = -1 chart. The point Pl= (0, 0, 0) is partially-hyperbolic. 
Hence again consider a center manifold reduction along {f = 0, ii. = O}, 
resulting in the center behaviour 

{
v = v(l - v)f(l - 3v + 3v2 - v3 + O(r)) 

f = -3(1 - v)f2(1 - 3v + 3v2 - v3 + O(f)) 

which again is f-times a hyperbolic saddle having {f = O} as an invariant 
line. 
Combining all the above information one obtains a behaviour near the sec
ond blow up as represented in the right picture of figure 4.17 and in totally 
for b2 -1- 0 and close to the singular locus we get the phase portraits repre
sented in figure 4.18. Figure 4.18 also clearly describes how the knowledge 
we get for b2 ,...., 0 is given in a fixed neighbourhood. 
Similar calculations for s :::; 0 will permit to describe in a uniform way the 
behaviour of (4.62) near infinity for x < 0. 
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Figure 4.18: Behaviour for b2 # 0, close to the singular locus. 



Chapter 5 

Local bifurcations in 
bounded quadratic systems 

5.1 Introduction 

In [DF91], Dumortier and Fiddelaers have studied the singularities of qua
dratic systems. The singularities of finite codimension are completely classi
fied, while those of infinite codimension are only checked to be non isolated, 
or isolated but Hamiltonian, or integrable, or having an axis of symmetry 
after a linear coordinate change, or approachable by centers. They also 
gave quadratic models for all the known versal k-parameter unfoldings with 
k = l, 2, 3, except for the nilpotent focus which cannot occur in a quadratic 
system. Using these results, we will study in the class of bounded quadratic 
systems all the bifurcations unfolding a singularity of finite codimension. It 
will be shown that the only cases which can occur are the saddle-node and 
the Hopf-Takens bifurcations of codimension 1 and 2 and the Bogdanov
Takens bifurcation of codimension 2 and 3. And whenever one encounters 
a singularity candidate to generate such a bifurcation, then a full generic 
unfolding exists among bounded quadratic systems. 

We say that a quadratic system is bounded if all the trajectories remain 
bounded for t 2'.: O; we abbreviate bounded quadratic system as BQS. 

Using the results of Markus [Mar60] on homogeneous quadratic systems, 
Dickson and Perko [DP70] have shown that a quadratic system is bounded 
if and only if it is affinely equivalent to one of the following expressions 

119 
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(i) 

{
±=aux 

ii= a21x + a22Y+ xy 
(5.1) 

with an < 0 and a22 ~ 0. 

(ii) 

{

. 2 
~ = aux+ a12Y + Y 

Y = a22Y 
(5 .2) 

with an ~ 0, a22 ~ 0 and an + a22 < 0. 

(iii) 

{

. 2 
x =aux+ a12Y + Y 
. 2 
y = a21x + a22Y - xy + cy 

(5.3) 

with !cl < 2 and satisfying one of the following conditions 

(a) an < 0, 

(b) an = 0 and a21 = 0, 

(c) an = 0, a21 #- 0, a12 + a21 = 0 and ca21 + a22 ~ 0. 

Systems (5.1) and (5.2) have one singularity or a line of singularities, while 
system (5.3) can have 1,2 or 3 singularities or a line of singularities. In this 
chapter we only need to deal with BQS having 1,2 or 3 singularities, since 
in BQS with a line of singularities, the finite singularities are hyperbolic or 
of infinite codimension. 

In [Per94] it is shown that any BQS with one singularity is affinely equivalent 

l. to a system (5.1) with an < 0 and a22 < 0 (the origin is an attracting 
node) , 

2. or to a system (5.2) with an < 2a22 < 0 or with 2a22 ~ an < 0 (the 
origin is an attracting node), 

3. or to a system (5.3) with !cl < 2 and either 
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(i) au = a12 + a21 = 0, a21 -=I- 0 and a22 < min{O, -ca21} (the origin 
is a strong stable focus or an attracting node) or a22 = 0 < -ca21 
( the origin is a weak stable focus) , 

(ii) an< 0, (a12-a21 +can)2 < 4(ana22-a21a12) and an +a22 :S 0 
( the origin is a stable focus or an attracting node), 

(iii) an< 0 and (a12-a21 +can) = (ana22-a21a12) = ,0 (the origin 
is semi-hyperbolic), 

(iv) an = a12 + a21 = 0 and O < a22 < -ca21 (the origin is a strong 
unstable focus), or 

(v) au < 0, an+ a22 > 0 and (a12 - a21 + car1) < 4(a11a22 - a12a21) 
( the origin is a strong unstable focus), 

According to lemma 1 in [Per94], any BQS with two singularities is affinely 
equivalent to a vector field in the one-parameter family of rotated vector 
fields 

{
x = -x + {3y + y2 

X: 
y = ax - af3y - xy + c( -x + {3y + y2) 

(5.4) 

mod x = {3y+y2 with parameters lcl < 2 and a -=I- /3. This system is invariant 
under the transformation (x, y, t, a, /3, c) t-t (x, -y, t, -a, - /3, -c), and the 
singular points are the origin which is semi-hyperbolic or non-elementary 
and (xo, Yo) = (a(a - /3 ), a - /3)) which is a node or a focus. 

According to lemma 2 in [Per94], any BQS with three singularities is affinely 
equivalent to a vector field in the one-parameter family of rotated vector 
fields 

{
± = - x + j3y + y2 

X: 
y = ax - (a/3 + 12)y - xy + c(-x + j3y + y2) 

(5.5) 

mod x = {3y + y2 with parameters lei < 2 and a - /3 > 21 > 0. This system 
is invariant under the transformation ( x, y, t, a, /3, 1, c) t-t 

(x, -y, t, -a, -/3, -1, -c), and the singular points are at the origin, p + = 
(x+, y+ ), and p- = (x-, y-) with x± = (/3 + y±)y± and 2y± = a - f3±((a -
{3)2 - 412) )112. The origin and p + are nodes or foci, and p- is a saddle. 
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5.2 Saddle-Node bifurcations 

In this section we will study in the class of bounded quadratic systems all 
bifurcations unfolding a semi-hyperbolic singularity. The only possibilities 
which can occur are the saddle-node bifurcation of codimension 1 and 2. 
And whenever one encounters a singularity candidate to generate such a 
bifurcation, then a full generic unfolding exists among BQS. 
The only bounded quadratic systems which have a semi-hyperbolic singu
larity are those with one and two singularities. For the BQS with two 
singularities, having one semi-hyperbolic singularity, we have the following 
lemma. 

Lemma 5.1. For a i= /3 and f3(c - a) i= l, system (5.4) has a saddle-node 
singularity of codimension 1 at the origin. 

Proof. We have that 

DX - ( -l /3 ) 
(O,o)- a-c f3(c-a) · 

The eigenvalues are O and /3(c - a) - 1 # 0. Hence the origin is semi
hyperbolic. To determine its codimension, we consider a center manifold 
reduction at the origin. First we simplify by 

This yields the vector field 

{

X = U + /3v 

y=(c-a)u+v 
(5.6) 

. _ (/3( _ ) _ l) -2c + 2/3c
2 

- /3 + 2a - 2af3c + af3
2 

- f32
c 

u - c a u + f3(c _a)_ 1 uv 

(a - c)(af3c - a+ /3 - f3c2 + c) 2 1 + /32 
- /Jc 2 

X: 
+ U + V 

f3(c - a) - 1 /J(a - c) + 1 
. 2ac - f3c - l - 2a2 + a/3 (a - c)(a2 - ac + 1) 2 v = uv+ u 

f3(a - c)+l f3(a-c)+l 
a - /3 2 + V 

f3(a - c) + 1 
(5.7) 

Writing the center manifold as a graph ( w( v), v) and using the invariance of 
the flow we find 
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132 - f3c + l 2 3 
w(v) = (f3(c _a)_ l) 2 v + O(v ), 

which results in the behaviour 

· /3 - a 2 ( 3) 
v = f3(c _a)_ l v + 0 v . 

Hence the origin is a saddle-node of codimension one. 

Consider now the one-parameter family 

{
x = -x + f3y + y2 

XA: 
ii= A+ ax - af3y - xy + c(-x + f3y + y2) 

then we have 

123 

D 

(5.8) 

Theorem 5.1. For A= 0, a i- f3 and f3(c - a) i- )., system (5.8) undergoes 
a saddle-node bifurcation of codimension one at the origin. 

Proof. We prove this theorem using the center manifold reduction. First 
we simplify system (5.8) using the transformation (5.6). Writing the center 
manifold as a graph (w(v, A), v, A) and using the invariance of the flow we 
find 

/3 l - f3c + /32 
2 

w(v,A) = -(l +f3(a-c))2 A+ (l + /3(a-c))2 v + a11(a,/3,c)Av 

+ ao2(a, /3, c)A2 + O(l(A, v)l3). 

For the behaviour on the center manifold we find 

v = cp0 (A, a, ,6, c) + cp1 (A, a , /3, c)v + ( 1 +~~~a) + O(A)) v
2 

(5_9) 

+ O(v3
), 

with 

{
cpo(A, a, /3, c) = 1+/3(c-o) A + O(A2

) 

cpi(A, a, /3, c) = bn(a, /3, c) + O(A) 

Since W(O, a, ,6, c) i- 0 and the coefficient in front of v2 is different from 
zero, (5.9) represents a generic codimension one saddle-node bifurcation. 
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To recover the usual form v2 + '!Po(A) we rely on the Malgrange preparation 
theorem and have to add an extra translation to get rid of the coefficient 
in front of v. This does not change 'PO in an essential way (i.e. '!Po(A) = 
'Po(A) + O(A2

)) . D 

Since system (5.8) represents a BQS if lei < 2 and a -=/= /3, we have in the 
class of bounded quadratic systems a saddle-node bifurcation of codimension 
one, unfolding an arbitrary singularity as encountered in lemma 5.1. 
Consider now the BQS with one singularity which is semi-hyperbolic. 

Lemma 5.2. For an < 0, ana22 - a12a21 = a12 - a21 + can = 0 and 
a12a21 + ai1 -=/= 0, system (5.3) has a node of codimension 2 at the origin. 

Proof. We have that 

The eigenvalues are O and (a12a21 + ai1)/an -=/= 0. Hence the origin is semi
hyperbolic. To determine its codimension we consider a center manifold 
reduction at the origin. First we simplify by 

This yields the vector field 

{
x =-!!llu+v an 

Y = u + !!ll.v an 

(5.10) 

(5.11) 

Writing the center manifold as a graph (u, w(u)) and using the invariance 
of the flow we find 

which results in the behaviour 

it= an u3 + 0(u4). 
a12a21 + ai1 

Hence the origin is a node of codimension 2. 

(5.12) 

D 
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Consider the two-parameter family 

{

. 2 
Y, . x = aux+ a12Y + Y 

(A,B) . y· =A+ a21X + (B + !!12.!!ll)y - xy + a21-a12y2 
au au 

(5.13) 

then we have 

Theorem 5 .2. For an i= 0, a12a21 + at1 i= 0, A = 0 and B = 0, system 
(5.13} undergoes a saddle-node bifurcation of codimension 2 at the origin . 

Proof. We prove this theorem using the center manifold reduction. First we 
simplify system (5.13) using the transformation (5.10). Writing t he center 
manifold as a graph (u, w(u, A, B), A , B) and using the invariance of the 
flow we find for the center behaviour 

u = cpo(A, B) + <p1(A, B)u + O(l(A, B)l2)u2 

+ ( an 2 + O(l(A, B)I)) u3 + O(u4
), 

a12a21 + a11 

(5.14) 

with 

(5.15) 

Since 1
8/l:~1 (0, 0) I i= 0 and the coefficient in front of u3 is different from 

zero, (5.13) represents a generic codimension 2 sad~le-node bifurcation. _ D 

Since system (5.13) represents a BQS for au < 0 and magnitude of I a2~~~12 I < 
2, we have in the class of BQS a saddle-node bifurcation of codimension 2. 

Remark. It is easy to see that system (5.13) with au < 0 is aflinely 
equivalent to system 

{ 
x = -x + (3y + y2 

iJ = A + ,Bx - ((32 + B)y - xy + c( - x + (3y + y2
) 

(5.16) 
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5.3 Bogdanov-Takens bifurcations 

In this section we will study in the class of bounded quadratic systems all 
bifurcations unfolding a non-elementary singularity. The only cases which 
can occur are the Bogdanov-Takens bifurcations of codimension 2 and 3. 
And whenever one encounters a singularity candidate to generate such a 
bifurcation, then a full generic unfolding exists among BQS. 
The only BQS that have a non-elementary singularity are the BQS with two 
singularities. 
Before starting with the Bogdanov-Takens bifurcation, let us recall a lemma 
which is proven in [DF91]. 

Lemma 5.3. The quadratic system 

has at the origin 

{
x = y + ax2 + bxy + dy2 

iJ = x2 + exy + fy2 

1. a cusp singularity of codimension 2 if e + 2a f:. 0, 

2. a cusp singularity of codimension 3 if e + 2a = 0, b + 2f f:. 0 and 
d f:. a(! - b - 2a2). 

Using this result, we can now prove the following for bounded quadratic 
systems. 

Lemma 5.4. For a f:. f3 and f3(c - a)=1, system (5.4) has at the origin 

1. a cusp singularity of codimension 2 if /3 f:. 2c, 

2. a cusp singularity of codimension 3 if f3 = 2c. 

Proo1. If /3 = - 1- then J· C - 0< 

( 
-1 _l ) 

DXco,o) = a - c c1°' . 

Since Det(DX(o,D)) = 0 and Trace(DXco,o)) = 0, the origin is a nilpotent 
singularity. To determine its codimension we simplify system (5.4) using 
the transformation 

{

X - l U - l V 
- a c- a2-l a c-a2 - 1 
_ c-a U 

Y - a c- a 2-l 

(5.17) 
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This yields the vector field 

{

it = V + c2-c,c- l u2 + 1 UV 
ac-c,2 -1 ac-c,2-1 

v = u2 + 1 uv Ctc-c,2-1 

(5.18) 

Since e + 2a = (1 - 2c2 + 2ac)/(a2 - ac + 1), we have a cusp singularity 
of codimension 2 if 1 - 2c2 + 2ac -=f 0, or equivalent if (3 -=f 2c. Suppose 
that (3 = 2c, then e + 2a = 0 and b + 2f = -4c2 /(2c2 + 1) -=f O and 
d - a(f - b - 2a2) = 8c2/(2c2 + 1)3 -=f 0. Hence we have a cusp singularity 
of codimension 3. D 

Using this lemma we have 

Theorem 5.3. The two-parameter family 

{ 
· + c2-ac- l 2 + 1 x- X X X · - Y ~c-c,2-1 ac-c,2-1 Y 

(A,B) . y· = A + By + x2 + 1 xy 
c,c-c,2- 1 

(5.19) 

with 1 - 2c2 + 2ac -=f 0, undergoes for A= 0 and B = 0 a Bogdanov-Takens 
bifurcation of codimension 2 at the origin. 

Proof. In [Fid92] it is shown that the two-parameter family 

C . { x = y + ax2 + bxy + cy
2 

(>.ih) · y = A1 + A2Y + x2 + exy + fy2 

with e + 2a -=f 0, is a Bogdanov-Takens bifurcation of codimension 2. D 

Theorem 5 .4. The three-parameter family 

X . x = y + 2c2+1 X - 2c2+1 xy 
{ 

· 2c2 2 4c2 

(A,B,C). y = A + By+ x2 + (C - 2;2c:1)xy 
(5 .20) 

with c -=f 0, undergoes for A = B = C = 0 a Bogdanov-Takens bifurcation of 
codimension 3 at the origin. 

Proof. In [Fid92] it is shown that the three-parameter family 

C . { x = y + ax2 + bxy + cy
2 

(>.i,>.z,>.3
) • y = A1 + A2Y + x2 + (A3 - 2a)xy + fy2 

with b + 2f -=f O and c -=f a(f - b - 2a2) is a Bogdanov-Takens bifurcation of 
codimension 3. D 
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Consider the following lemma 

Lemma 5.5. For lei < 2 and B ""0, system (5.19} is bounded. 

Proof. First we take a chart in the y-direction, i.e. we consider the trans
formation 

{

X = ¥ 
y=i (5.21) 

This yields the vector field ( after multplication with s) 

- {s= - As3 -Bs2 -u2s- 1 us X · oc-02 - 1 
(A,B) . u = s + l u + c2- oc- 2 u2 - Aus2 - Bus - u3 

ac-a,2 - 1 oc-02-1 

(5.22) 

The singularities on the line { s = O} must satisfy the equation 

2 c2 - ac - 2 1 
0 u~ - u- )-

ac - a 2 - 1 ac - a 2 - 1 - · 

Since lel < 2 we have only one singularity, namely (0, 0) which is semi
hyperbolic: 

(
0 0 ) 

(DX(A,B))(O,O) = 1 ac- ;2-1 . 

Writing the center manifold as a graph (s, w(s)) we find 

w(s) = (1 + a 2 
- ac)s + O(s2

), 

which results in the behaviour 

s = (1 - B)s2 + O(s3
). 

Since B ""0 we have that the origin is a saddle-node. 
If we take at infinity a chart in the x-direction, then we find that the origin 
is not a singularity of the transformed vector field. 
Hence system (5.19) is a BQS for lei < 2 and B "" 0. D 

Hence in the class of bounded quadratic systems, there exists a Bogdanov
Takens bifurcation of codimension 2, unfolding an arbritrary cusp singularity 
of codimension 2. 
For system (5.20) we have the following lemma. 
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Lemma 5 .6. For lei < 2, e f= 0, B "'0 and C"' 0, system (5.20} is bounded. 

Proof. First we take at infinity a chart in the y-direction, i.e. we consider 
the transformation 

{
x= ~ 
y=i (5.23) 

This yields the vector field ( after multiplication with s) 

- {s=-u2s-(C-~)us-Bs2 -As3 

X A B C : 2 
2
c +1 2 ( ' ' ) u = s - 4c u - (C - 6c )u2 - Bus - u3 - Aus2 

2c2+1 2c2+1 

(5.24) 

The singularities on the line { s = O} must satisfy the equation 

6e2 4e2 

u( u2 + ( C - 2e2 + 1 )u + 2e2 + 1) = 0. 
\ 

Since C"' 0 and lei < 2 we have only one singularity namely (0, 0) which is 
semi-hyperbolic: 

- (0 0 ) (DX(A,B,C))(o,o) = l _ 4c2 • 

2c2+ 1 

To explain the behaviour in the s-direction we perform a center manifold 
reduction at the origin. Writing the center manifold as a graph (s, w(s)) 
and using the invariance of the flow we find 

2c2 + 1 
w(s) = 

4
e2 s + O(s2

) , 

which results in the behaviour 

s = -((2c:e;" l)(C- 2c;e: 1) + B)s2 + O(s3). (5.25) 

Since B"' 0 and C ,..._, 0, we have that the origin is a saddle-node. 
If we take at infinity a chart in the x-direction, then we find that the origin 
is not a singularity of the transformed vector field. 
Hence system (5.20) is a BQS for lcl < 2, c f= O, B ,..._, 0 and C"' 0. D 

Hence in the class of bounded quadratic systems, there exists a Bogdanov
Takens bifurcation of codimension 3, unfolding an arbritrary cusp singularity 
of codimension 3 
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5.4 Hopf-Takens bifurcations 

In this section we will study in the class of bounded quadratic systems 
all bifurcations unfolding a Hopf point ( or weak focus). The only cases 
which can occur are the Hopf-Takens bifurcations of codimension 1 and 2. 
And whenever one encounters a singularity candidate to generate such a 
bifurcation, then a full generic unfolding exists among BQS. 
In [CGL87], it is shown that any bounded quadratic systems which has a 
Hopf point (i.e. a weak focus) is affinely equivalent to the system 

{
± = -y+lx2 +mxy 

y=x(l+x+by) 

satisfying one of the following conditions 

(i) (b - l)2 + 4m < 0 and mb < 0. 

(ii) 0 < l < 2 and b = m + 1 = 0. 

(5.26) 

To determine the codimension of the Hopf point we consider the following 
lemma (see [Li60]). 

Lemma 5. 7. Consider the system 

{ 

:i; = y + ax2 + bxy 

'!J = -x + lx2 + mxy + ny2 

and let 

W1 =a(b-21)-m(l+n), 

W2 = a(2a + m)(3a - m)(a2 (b - 2l - n) + (l + n)2(n - b)), 

W3 = a2l(2a + m)(2l + n)(a2 (b - 2l - n) + (l + n)2(n - b), 

then the origin is 

{i} a Hopf point of codimension 1 if W1 # 0, 

{ii} a Hopf point of codimension 2 if W1 = 0 and W2 # 0, 

{iii} a Hopf point of codimension 3 if W1 = W2 = 0 and W3 # 0, 

(iv) a center if W1 = W2 = W3 = 0. 

(5.27) 
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Using this lemma we have (see also [CGL87]) 

Lemma 5.8. For system (5.26} we have that the origin is 

(i} a Hopf point of codimension 1, if the system has one or two singular

ities, 

(ii} a Hopf point of codimension 1 or 2, if the system has three singulari
ties. 

Proof. First we consider (5.26(ii)), i.e. we consider the system 

{ 
x = -y + lx2 - xy 

y = x(l + x) 
(5.28) 

This system has only the origin as singularity. Since W1 = -3l -I 0, the 
origin is a Hopf point of codimension 1. 
Next consider system (5.26(i)). We have that W1 = lm - 2l - band W2 = 
l(2l + b)(b - 3l)(l2 (2 - m) + m). From (b - l)2 

- 4m < 0 and mb < 0 we 
have m < 0, b > 0 and m - lb < 0. If l 2'. 0 then W1 < 0. If l > 0 and 
W1 = lm - 2l - b = 0 then W2 = l3m(m - 5)(m - lb) > .0. In this case we 
have that system (5.26) is a BQS with three singularities. D 

Before starting the unfolding of the singularity, let us recall two l~mmas de
scribing when a system undergoes a Hopf-Takens bifurcation of codimension 
1 and 2 ( see [K uz95]). 
Consider a two-dimensional system 

x = f( x ,a), x E ~.2,a E JR, (5.29) 

with f smooth, which has a singularity at x = 0 for all sufficiently small !al, 
with eigenvalues 

.X1,2(a) =µ(a)± iw(a), 

where µ(O) = 0, w(O) = wo > 0. 
Let z = x + iy, then system (5.29) can be written as 

i = .X1(a) + I.: k~l!gkz(a)zki . 
k+l~2 

For this system we define 

l ( ) = Rec( a) _ ( ) Im c( a) 
1 a w(a) µ a w2(a) ' 

(5.30) 
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with 

and 

1 
l2(0) = - Re 932 

wo 

+ ~5 rm(g20931 - 911(4931 + 3922) - ~go2(g40 + 913) - 930912) 

1 ( ( 1 1 + w
5 

Re 920(911 (3912 - 930) + 902(912 - 3930) + 
3

902903) 

5 1 ) + 911(902(3930 + 3912) + 3902903 - 4911930) 

+ 3Im(g20gn) lmg21) 

+ ~
6 

(rm(g11902(9~0 - 3920g11 - 4gt1)) 

+ Im(g20911)(3 Re(g20911) - 2190212)), 

where a ll the 9kl are evaluated at a = 0. 
li(O) is called the first Lyapunov coefficient, and l2(0) is the second Lyapunov 
coefficient. In the calculation of l2(0), we have put l1(0) = 0. 
We have now 

Lemma 5.9 (Hopf-Takens bifurcation of codimension 1). Suppose that 
for system (5.29} the following two nondegeneracy conditions are satisfied: 

1. µ'(O) -/= 0 , 

2. l1 (0) -/= 0. 

Then, there are invertible coordinate and parameter changes and a time 
reparametrization transforming (5.29) into 

Yl !:la - Y2 / + (±(yf + y~) + f3)(yl / + Y2 !:la ) + O( l(Y1, Y2)l 4
). 

uy2 uy1 uy1 uy2 

Lemma 5.10 {Hopf-Takens bifurcation of codimension 2). Suppose that 
for system (5.29) l1 (0) = 0, and the following two nondegeneracy conditions 
are satisfied: 
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1. l2(0)/0, 

2. the map a H- (µ(a), li(a)f is regular at a= 0. 

Then, by introduction of a complex variable, applying smooth invertible co
ordinate transformations that depend smoothly on the parameters, and per
forming smooth parameter and time changes, the system can be reduced to 
the following complex form: 

where s = sign l2(0) = ±1. 

Using lemma 5.9 we have 

Theorem 5 .5. The one-parameter family 

{ 
x = Ax - y + lx2 + mxy 

XA: 
y = x + x2 + bxy 

(5.31) 

with lm - 2l - b =f 0, undergoes for A = 0 a Hopf-Takens bifurcation of 
codimension 1 at the origin. 

Proof. Since >.1(A) = (A+ iv'4 - A2)/2 and W1 = lm - 2l - b =f 0, the 
nondegeneracy conditions of lemma 5.9 are satisfied. D 

For system (5.31) we have 

Lemma 5.11. System (5.31) is bounded for 

1. (b - l) 2 + 4m < O, mb < 0 and A"' 0, or 

2. 0 < l < 2, b = m + 1 = 0 and A"' 0. 

Proof. First we take a chart at infinity in they-direction using the transfor
mation 

{
x=; 

v=i (5.32) 

This yields the vector field ( after multiplication with s) 

- {s=-us(b + u+s) 
XA: u = -s +Aus+ mu+ (l - b)u2 - u3 - u2s 

(5.33) 
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Since (l - b)2 + 4m < 0 we only have that the origin is a singularity on the 
line {s = O}, which is semi-hyperbolic, 

- ( 0 (DXA)(o,o) = - l !) · 
Suppose that mb < 0, then writing the center manifold as a graph (s, w(s )) 
we find 

1 
w(s) = -s+O(s2

), 
m 

which results in the behaviour 

b s = --s2 + O(s3
). 

m 

Suppose that b = m + l = 0, then writing the center manifold as a graph 
(s,w(s)) we find 

w(s) = -s + (l - A)s2 + O(s3
), 

which results in the behaviour 

s = (l - A)s4 + O(s5
). 

If we take a chart in the x-direction, then we find that the origin is not a 
singularity of the transformed vector field. 
Hence, the system is bounded for A "' 0. D 

Hence in the class of bounded quadratic systems, there exists a Hopf-Takens 
bifurcation of codimension 1, unfolding a Hopf point of codimension one of 
system (5.26). 

Remark. Consider the family 

YA: {x=Ax-y+lx
2

+mxy 
iJ = x + Ay + x 2 + bxy 

(5.34) 

with lm - 2l - b # 0 and A"' 0. Then this family undergoes for A= 0 a 
Hopf-Takens bifurcation of codimension 1 at the origin. For this system we 
have 

Lemma 5.12. System (5.34) is 
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1. bounded, if (b - l) 2 + 4m < 0, mb < 0 and A"' 0, 

2. unbounded, if O < l < 2, b = m + 1 = 0, A"' 0 and A> 0. 

Proof. First we take a chart at infinity in they-direction using the transfor
mation 

{
x=; 
y = i-

(5.35) 

This yields the vector field ( after multiplication with s) 

y {s =-(us+ As+ bu+ u2 )s 
A: u = -s +mu+ (l - b)u2 - u3 - u2s 

(5.36) 

Since (l - b)2 + 4m < 0 we only have that the origin is a singularity on the 
line {s = O}, which is semi-hyperbolic, 

- (0 0) , (D YA)(o,o) = 1 m . 

Writing the center manifold as a graph ( s, w( s)) we find 

1 
w(s) = -s+O(s2

), 
m 

which results in the behaviour 

s =-(A+.!!._ )s2 + O(s3). 
m 

If we take a chart in the x-direction, then we find that the origin is not a 
singularity of the transformed vector field. 
Hence, if b =/. 0 then the system is bounded for A "' 0, if b = 0 then the 
system is bounded for A< 0 and unbounded for A > 0. D 

Using lemma 5.10 we have 

Theorem 5.6. The two-parameter family 

X . {i; = Ax - y + lx2 + mxy 
(A,B) · y = x + Ay + x 2 + (b + B)xy 

(5.37) 

with b = lm - 2l and l3m(m - 5)(m - lb) =/. 0, undergoes for A = 0 and 
B = 0 a Hopf-Takens bifurcation of codimension 2 at the origin. 
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Proof. Introducing complex coordinates, we can rewrite system (5.37) as 

1 
i = (~ + i)z + 2(g20(B, l, m)z2 + gu(B, l, m)zz + g02 (B, l, m)z2

), (5.38) 

with 

1 . 
g20(B, l, m) = 2(B + lm - l + i(l - m)), 

gu(B, l, m) = l + i, 
1 . 

902(B, l, m) = 2(3l - lm - B + i(l + m)). 

We have that µ(A , B) = A, Z1(A, B) = 2s+1Im+m
2

+~~
12

+3ml
2
+m

2
l
2 
A - iB + 

O(l(A, B)l 2
) and l2(0) f= 0, since W2 = l3m(m - 5)(m - lb) f= 0. Since 

I g(~'.l~) (0, O)I f= 0, the nondegeneracy conditions of lemma 5.10 are satis
fied. Hence, system (5.37) undergoes for A = 0 and B = 0 a Hopf-Takens 
bifurcation of codimension 2 at the origin. D 

For system (5.37) we have the following lemma. 

Lemma 5.13. For (b - l)2 + 4m < 0, mb < 0, A rv O and B rv 0, system 
(5.37} is bounded. 

Proof. First we take a chart in they-direction, yielding the vector field (after 
multiplication with s) 

- {s = - (us+ As + (b + B)u + u2 )s 
X(A,B): u = - s + mu+ (l - b - B)u2 - u3 - u2s 

The singularities on the line { s = O} must satisfy the equation 

u(u2 + (b - l + B)u - m) = 0. 

(5.39) 

Since ( b - l) 4 + 4m < 0 and B rv O we have only one singularity, namely 
(0, 0) which is semi-hyperbolic: 

- ( 0 0) (D X(A,B))(O,O) = - l m · 

writing the center manifold as a graph ( s, w( s)) we find 

1 
w(s) = -s + O(s2

), 
m 
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which results in the behaviour 

s =-(A+ b + B )s2 + O(s3). 
m 

Since A"" 0 and B"" 0, the origin is a saddle-node. 
If we take a chart in the x-direction, then we find that the origin is not a 
singularity of the transformed vector field. 
Hence system (5.37) is bounded for (b - l)2 + 4m < 0, mb < 0, A "" 0 and 
B-0. D 

Hence in the class of bounded quadratic systems, there exsits a Hopf-Takens 
bifurcation of codimension 2, unfolding an arbitrary Hopf point of codimen
sion 2. 





Samenvatting 

Bepalen van faseportretten van vlakke polynomiale 
vectorvelden met een gedetaileerde studie van haar 
singulariteiten 

In <lit hoofdstuk wordt er een uitgebreid overzicht gegeven van methodes en 
technieken om vlakke polynomiale vectorvelden te bestuderen. Eerst bestu
deren we het vectorveld in de omgeving van haar singulariteiten. Hierbij 
wordt er aandacht besteed aan de methode voor het desingulariseren van 
niet-elementaire singulariteiten. Verder beschrijven we de Poincare- en de 
Poincare-Lyapunov-compactificatie. Met deze twee methodes is het moge
lijk om het gedrag op oneindig te bestuderen. Tenslotte beschrijven we 
het softwarepakket "Polynomial Planar Phase Portraits" (P4). Dit pakket 
is een uitbreiding van het pakket "SDQ-SOFT" [Art90a], ontwikkeld door 
J. C. Artes. 

Polynomiale vlakke faseportretten 

Het softwarepakket P4 kan o.a. gebruikt warden in de studie van vlakke 
polynomiale vectorvelden van een willekeurig graad. Het bepaalt alle eindige 
en oneindige singulariteiten van het vectorveld. In het geval <lat een systeem 
een niet-elementaire singulariteit heeft met een karateristieke baan, geeft 
P4 een complete beschrijving van deze singulariteit. Met <lit pakket is het 
mogelijk om de vectorvelden te bestuderen op de Poincare-schijf of op de 
Poincare-Lyapunov-schijf. Het is geschreven in C en Reduce en werkt op 
een Unix computer onder X-windows. 
In dit hoofdstuk wordt de grafische interface van P4 besproken en wordt 
aan de hand van enkele voorbeelden uitgelegd hoe het pakket gebruikt moet 
warden. 

139 
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Computertekeningen van globale faseportretten 

In dit hoofstuk warden met behulp van het pakket P4 de faseportretten van 
de vectorvelden 

{
x = y(l + Bx2

) 

iJ = x( -1 + Ax2 + Cy2
) 

op de Poincare-schijf beschreven, en de vectorvelden 

{
x = y- x3 - bx 

iJ =g(x) 

met g(x) E {O, l,a-x,a+x}, op de Poincare-Lyapunov-schijf van de graad 
(1, 3). 

Polynomiale Lienard vergelijkingen on oneindig 

In dit hoofdstuk wordt het gedrag op oneindig van de Lienard systemen 

met m, n E N1 en ambn =/= 0 bestudeerd. We bestuderen deze systemen op de 
Poincare-schijf en de Poincare-Lyapunov-schijf. Er wordt aangetoond <lat 
het gedrag op oneindig volledig bepaald wordt door am en bn, uitgezonderd 
in geval van het center-focus probleem dat optreedt voor m ~ 2n + 1 en 
m, n even. Er wordt ook aandacht besteed aan het bekomen van uniforme 
informatie op oneindig aan de hand van globale opblazing. 

Lokale bifurcaties in begrensde kwadratische syste
men 

In [DF91] classificeerden Dumortier en Fiddelaers classificeerden de singu
lariteiten van kwadratische systemen van eindige codimensie. Tevens ga
ven ze kwadratische modellen van alle gekende k-parameter ontvouwingen 
met k = l, 2, 3. Gebruikmakend van deze resultaten, warden ·in de klasse 
van begrensde kwadratische systemen alle ontvouwingen van singularitei
ten van eindige codimensie bestudeerd. Er wordt aangetoond dat enkel de 
zadel-knoop en de Hopf-Takens bifurcaties van codimensie 1 en 2 en de 
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Bogdanov-Takens bifurcaties van codimensie 2 en 3 optreden, en <lat er tel
kens een volledige generische ontvouwing van deze singulariteiten bestaat in 
de klasse van kwadratische systemen. 
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