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BIISTELLING

Trainingsalgoritmes, die voor het perceptron geformuleerd werden, kun-
nen veralgemeend en met succes toegepast worden op een “niet-lineair multi-
neuron” perceptron. De bekomen veralgemeningscurven liggen dicht bij een
ondergrens, toepasbaar op het “random search” algoritme. Deze ondergrens
kan bepaald worden op basis van de a priori waarschijnlijkheidsverdeling die

het perceptron karakteriseert vooraleer training heeft plaats gevonden.
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Chapter 1

Introduction

The random walk is one of the paradigms of statistical physics, but it
is also a very practical concept that has found applications in a wide variety
of fields. Since the gambler’s ruin problem can be formulated as a random
walk problem (how many time steps does it take before the gambler exhausts
his capital), one can argue that the concept of a random walk goes back as
far as the seventeenth century, when the vivid interest in gambling led to
the formulation of probability theory [1]. However, we have to wait until
the beginning of the twentieth century for the first explicit formulation of a
random walk problem. In 1905, Pearson [2] inquired on the solution of the

following problem :

A man starts from a point O and walks [ yards in a straight line,
he then turns through any angle whatever and walks another [
yards in a second straight line. He repeats this process n times.
I require the probability that after these n stretches he is at a
distance between r and r + dr from his origin O.

Although this was the first time a random walk problem was formulated, other
stochastic models had already been treated, be it in a more disguised form. In
fact, Pearson’s problem had been solved a few years earlier by Lord Rayleigh
[3], albeit in a very different context, while Bachelier (4], a student of Poincaré,



presented in 1900 a random walk model for the behaviour of prices of items
traded in the stock exchange. The real breakthrough of random walk models
was provided by the pioneering work of Einstein on Brownian motion [5]. Over
the next decade, this theory was developped and extended by several other au-
thors, among which Kluyver [6], Markov [7], Smoluchowsky [8], Wiener [9] and
Ornstein and Uhlenbeck [10]. In 1921, Pélya [11] introduced another class of
important random walk models, namely the lattice random walks : he studied
the probability of return to the origin of a random walker on periodic lattices.
Since the first random walk models for polymer chains by Kuhn and Griin
[12,13] and the work of Montroll and his co-workers on lattice random walks
in the fifties [14], random walk theory has become very popular and has found
a vast range of applications in different fields such as solid state physics, chem-
ical kinetics, biology and astronomy. Excellent reviews on random walk theory
that cover both the state of the art and its applications can be found e.g. in
the book by Barber and Ninham [15] and in the review articles by Weiss and
Rubin [16] and Haus and Kehr [17], while an inspiring account of the early
history of random walks is given by Montroll and Shlesinger in “The wonderful
world of random walks” [1].

Random walk theory continues to be, even today, a field of very active
and exciting research. Our purpose here will be to add a few new technical
results, in particular for the case of one-dimensional random walks, and to add
some further applications to the long list of existing ones.

In chapter 2, we will review the techniques that can be used to calculate the
Green’s function of a random walk. We present a few “tricks”, and derive
some new explicit results for the Green’s function of a one-dimensional ran-
dom walk.

We then proceed with two applications of random walks in the field of polymer
physics. In the model we consider in chapter 3, a polymer chain is described as
a random walk with persistence. We give a complete analytic treatment of the
model, and derive expressions for quantities of interest such as the moments
of the end-to-end distance of the polymer. These results were published in
[18]. In chapter 4, we investigate the orientational relaxation in the so-called
reptation model for polymers. This model was introduced by de Gennes and
Edwards to describe the dynamics of entangled polymers. We derive compact,



analytic results for the variables that are observed in experiments, notably the
stationary anisotropy. These results have been published in [19].
Random walks have successfully been used to describe one of the basic trans-
port processes in nature : Fickian diffusion. Another basic transport process
Is pure convection. An interesting situation arises when one combines these
two processes, for example when Brownian particles are suspended in a fluid
in non-uniform flow. This problem is known in the literature under the name
of Taylor diffusion [20]. In chapter 5, we consider another variant of the Tay-
lor dispersion problem, namely the dispersion of particles in spatially periodic
flows. Our main contribution is to show that the quantity of interest for these
processes, the effective dispersion coefficient, can be expressed in terms of the
Green’s function of the random walk inside the unit cell.
Finally, we discuss a new, interesting phenomenon of stochastic resonance for
particles suspended in an oscillating flow in chapter 6. We find that the in-
terplay between the frequencies that characterize a stochastic process, e.g. a
random walk, and the frequency of the oscillating flow, can lead to a resonance
phenomenon, reminiscent of that encountered in classical mechanics. The dif-
ference is that here, the resonance is characterized by a strong increase of an
effective diffusion coefficient rather than that of an amplitude of oscillation.
These results have been published in [21].

Some people have dedicated their entire lifetime to the study of random
walks. Indeed, there seems to be no end to the surprises that one encounters
on the random walk track. We hope that our results, however modest, will

have contributed a few new surprises.






Chapter 2

The Green’s function

One of the central quantities in random walk problems is the probability
distribution P(m,mg;t) for the random walker to be in site m, given that he
started from mg at t = 0. For a Markovian random walk, this distribution is

the solution of the Master equation

atp(m:mﬂ;t) = Z [Lme"P(mJImO;t) — Whnim P(m, moif)] (2.1)

m

with W/, the transition probability to go from site m to site m’, Wpm =0
and with initial condition

P, mot = 0) =8me- (2.2)

To simplify the notations, we introduce the transition matrix T :

8:P(m,mo;t) =Y Tonm: P(m’, mo;t) (2.3)

m'

where the nondiagonal elements T+ are identical to W,,,,/, and the diagonal

elements T}, ., contain the contributions to the jump rate of particles that leave



state m

A standard method to solve the Master equation is to take the Laplace trans-
form of both sides. The Laplace transform Gﬁmn(s) of P(m,mg;t)

G,,C;mu (s) = /000 P(m, mg; t)e”"dt (2.5)

is then the solution of

= bmmo + 5Gms () = Y Tonm' Gy (5). (26)

ml

Rearranging the terms, Ggmo(s} can be expressed as

Gme® = (57=5), (27)

GﬁmU(s) is the so-called Green’s function of the random walk. In principle,
once the Green’s function for a particular random walk is known, the proba-
bility distribution describing the position of the particle can be obtained from
it by inverting the Laplace transform. Unfortunately, this proves to be very
difficult, if not impossible in many cases. However, even if Laplace inversion
turns out to be difficult, the Green’s function itself remains a key result, be-
cause it is directly related to other quantities of practical interest, such as
the moments of the displacement, the span of the random walk and the first
passage time distribution.

In section 2.1 we review various calculation techniques and results for
the Green’s function. We start with the representation of the Green’s function
in terms of the eigenvectors of the transition matrix T, and the properties of
these eigenvalues and eigenvectors. We then proceed with the calculation of
closed form expressions for translationally invariant one-dimensional random
walks, and with an example of the derivation of the small s expansion in a

case where no closed form expression is available. In the last part of section



2.1, we give the Green’s function for a continuous time random walk with
nonexponential waiting times. All the results presented here, are given for
further use in the following chapters. Finally, in section 2.2, we illustrate the
relation between the Green’s function on one hand, and the first passage time
distribution, the span of the random walk and the probability of return to the

origin on the other hand.

2.1 Calculation of the Green’s function

2.1.1 Eigenfunction expansion

Consider the Markovian random walk on a discrete set of states intro-
duced above. We saw that the Green’s function Gﬁmo[s) is given by Eq. (2.7).
A standard method to calculate Ggmo(s) is to invert (s1 — T) by using the

expansion in eigenvectors of the matrix T :

& 1 1
Gmmo(S) = (31 2 T)mmc — zxmas——;—x‘:y&mo, (28)
o

provided a complete set of eigenvalues A, and right eigenvectors X, exists.
The disadvantage of this procedure is that the Green's function is expressed
in terms of a series, rather than in a compact form. However, sometimes
the series can be resummed, as we will see in the example given below, or a
compact result can be derived using a more ingenious method described in the
next subsection. For the remainder of this subsection, we will concentrate on
the properties of the transition matrix T and its eigenvalues and eigenvectors.
The conservation of probability implies that

Y Bt =0. (2.9)
m
Therefore, the vector Yo = (1,:--,1) is a left eigenvector with eigenvalue
Ao = 0. The corresponding normalized right eigenvector is, by definition, the



stationary distribution P** :

Xmo = P2, (2.10)

We will assume that the system under consideration is not decomposable.
Therefore, the matrix T is irreducible and the stationary solution P** is unique.
We will also make the rather strong assumption that the detailed balance
condition holds (this will anyway be the case for most situations considered
in this work), i.e. that the transitions between each pair of stationary states

m and m' are balanced or that there exists no net flux in the system
Tmmf.P::l = m"mPf;t- (211)

Under these conditions, one easily verifies that the matrix V with elements

1
me’ — P‘“ Tmm‘ -P.::l (212)

is symmetric. Consequently, it has a complete set of eigenvalues A, and eigen-
vectors X, and, moreover, the left and right eigenvectors are the same. We
conclude that

Y Ko Vme Xorg = Mibiaa (2.13)

m,m'

or
\/ﬁ Toamey/ P, X mif = Aabag- (2.14)
m,m’

Thus the right and left eigenvectors X, and Y, of the matrix T are given by

Xma = \/ P4 Xma (2.15)

(2.16)




They have the following properties, as can easily be checked :

Xma = YamP:.: (2'1?)
Z XmaYam' = bmms (218)
o

Z Xamymﬁ = 6&,@' (219)

Because the matrix V is symmetric, we know that the eigenvalues A,
are real. A further specification of the region to which the eigenvalues are
restricted is provided by the GerSgorin theorem [22]. This theorem states that
the eigenvalues of a general n x n complex matrix C are located in the union of
N disks, each with origin Crnm and radius pm = 3, 4m [Cme|. This implies
for our case, due to the special form of the transition matrix T (cf. Eq. (2.9)),
that the eigenvalues A, are negative and bounded as follows :

=2 max |Tmm| < Aa £ 0. (2.20)
m
As an example, we will use this method to solve the unbiased random

walk on a line of NV sites with periodic boundary conditions. The eigenvalues

and eigenvectors are the solution of the following set of equations :
—2kX 1o + kXon + kX Na = Ao X1a
kXi—l.a - 2kXia + kXH-l.a = Ao Xia (221)

kX1a + kXN-l.cx —2kXNo = AaXNa-

The N eigenvalues A, can be found by Fourier expansion

Ao = =2k (1 — cos 2%1-) ae[0,N-1]. (2.22)



Since in this case, the matrix T is symmetric, its left and right eigenvectors

are the same :

1

=D Xmo = — 2.23
44 0 \/F ( )
a#0 Lo = \/% cos 2’;‘”’. (2.24)

The Green’s function for this random walk is thus given by

1 9 N-1 cos 2mar cos 2mgar ;
IR S i o (2.25)
Ns N s+ 2k(1 — cos 23%)

——
Gmmg .
a=1

Introducing the variable £§ = £ (s) as

s

cosh§€:1+2k

(2.26)

in the denominator of Eq. (2.25), we can rewrite the Green’s function as :

1 1 N-1 [ cos [‘Z!m—mo !cur] - [2!m+;m!ux]
~ Ns ' 2N cosh Eg — cos %’6—

a=1

(2.27)

For this particular situation, the expression Eq. (2.27) can be resummed using
the following summation formula [23,24] :

[¥] cos 2ram

N
:L:] cosh¢£§ — cosg}’{,‘l (2.28)
> cosh(¢§ (%—m+N[}’$])) 1 (-1)™ (1+(_1)N)

sinh fg sinh (N—,“EQC:) 4 sinh? (%E) 8 cosh? (%C-)

10



where [a/b] is the largest integer in (a/b). After some algebra, we finally obtain
the following closed form result for the Green’s function Gﬁmu(s)

cosh (Eg(m> — Mg — %))

2k sinh £§ sinh (%ﬁ)

GGy (5) = (2.29)

with
ms = max(m, mg) (2.30)

m¢ = min(m, mg).

In the next section, we will review the cases for which a compact form of the

Green’s function can be obtained.

2.1.2 Closed form expressions

The expression of the Green’s function in terms of the eigenvector ex-
pansion is no doubt useful, but it would be preferable to obtain a closed form
expression without first having to calculate the eigenvalues and eigenvectors
of the transition matrix. We will present here two methods to obtain such re-
sults for one-dimensional nearest neighbour random walks which posses trans-
lational symmetry. The first method, which could be called “guided guess-
work”, was given by Mazo [25]. The idea is to work back from the known
compact result for the Green’s function of the diffusion process, which is the
continuum version of the random walk problem under consideration (in ap-
pendix 7.A a brief comment is given on the relation between discrete random
walks and diffusive motion). We will illustrate the calculation for a unbiased
random walk on an infinite one-dimensional lattice. The Green’s function for

the diffusive process obeys the following equation

(s — D8?)GC (z,z0;5) = 6(z — z0), (2.31)

11



with G%(z, z¢;5) the Laplace transform of the probability P(z, zo;t) for the
particle to arrive at z at time t, given that it started from zg at t = 0. The
solution can easily be calculated (or found in the literature, see e.g. [26]) :

E—\/%-l-‘ﬂ—xol

GC(I.',.‘Z{);S): 2@

(2.32)

The problem that arises now is that there is no unique way of going back from

GC((z, z0;s) to the discrete version GS

mmo(8). Indeed, in the continuum limit

where the lattice spacing a goes to zero, not only expressions such as am (with
m the label of the site on the infinite lattice) give z, but also a(m+constant)
reduce to z in this limit (for any fixed value of the constant). Hence the Green’s
function for the random walk problem will have the same basic dependence
on |m — mg|, but the proportionality constants in Eq. (2.32) may differ. We

will therefore try the following expression for Gﬁmo(s) :

GG o (5) = A(s)e™& Im=rmol, (2.33)

The factors A(s) and £§ are determined from the equation for GS...(5)

— k& GL_1mo(8) + (1 +2k) GR g () = & G y1mo () = 6rmmo-  (2:34)

First consider m > mq (the case m < mg follows by symmetry) :

— ke 4 (s42k) —ke & = 0. (2.35)

This condition implies that we have to choose £§ according to

cosh¢§ =1+ -;—k. (2.36)

If, on the other hand, m = mo, Eq. (2.34) reduces to

— 2% A(s)e™ + (s +2k)A(s) = 1. (2.37)

12



Therefore

1
A(s) = P (2.38)

This fully specifies the Green’s function :

e~E§ Im—mo|

Grnmol®) = S om e

(2.39)

We now turn to a second, more ingenious, systematic method to obtain
closed form expressions for the Green's function. Consider the slightly more
complicated case of a biased nearest neighbour random walk on an infinite
one-dimensional lattice with transition rates k* = k(1 F g). The Green’s
function for this situation is the solution of

_k(1+9)Gm—lmo(s)+(S+2k) mmo(s) k(l g)Gm+1 mo( ):fsmmg- (240)

Defining the complex variable £€ as

cosh ¢€ = 11+-§§ (2.41)
with Re€C > 0, Eq. (2.40) can be rewritten as
~(149) G me(8) + (£ 4+ W 1-926GS,. (9)
- (-9 Cmle) =2mm  (242)

k
or
Grcr:1+1 Mo S) = eE \/_Gmmo ('S)

= e VT (GSmo (5) = € VFGG _y m (5)) — % (2.43)

13



where we introduced f as

e
L=

(2.44)

-

I
—
]
L =]

We will first consider the case m > mg. By iteration of Eq. (2.43) one finds
(taking into account that G, (s) — 0 for m — oo, and that the factor
e=(m=mo)¢ does not diverge)

e=(m-mo)¢€ R

k(1-g)

GG 1,mg (8) — € VFGE my (5) = - (2.45)

. . C
After a second iteration, Gy .,

(s) can be expressed as

-m (_‘_' m=m
GCmo(8) = em=moR" s=GC  (s)

m,

o Z et (2.46)
FI=9) 2

Carrying out the sum in the last term on the r.h.s., Eq. (2.46) reduces to

S m—mp=1 h _ c
c = lm—mole® p2m0 _f 7 sinh|m - mo|¢
Gmmg (5) =€ f ‘4 thomu(s) k(l . g) Sinhfc 1

(2.47)

c

where we included the result for m < mg. Since Gy,

(s) — 0 for m — +oo0
we can derive from Eq. (2.47) the expression for GS, ... (s), so that we finally

obtain the following compact result for the Green’s function :

—mg—1
BT emIm-mol¢©

2k(1 — g) sinh £¢

GE, g (8) = £ (2.48)

Until now, we have limited ourselves to unrestricted random walks. One-
dimensional random walks in the presence of reflecting or absorbing boundaries
can be delt with either by using the methods given above, or by the method
of images, also called reflection principle [27,28,29]. This technique uses the
fact that the probability distribution for the random walk in the presence of

14



boundaries can be expressed in terms of the probability ditribution for the
random walk on the infinite lattice. For example, for an unbiased random
walk with one reflecting boundary in the origin, we have the following relation
between Py(m, mg;t) (reflecting barrier in 0) and P(m, mo;t) (infinite lattice)

FPo(m, mg;t) = P(m, mg;t) + P(m,—mg + 1;1). (2.49)
The same relation is valid for the Laplace transform, and thus one finds by
combining Eqgs. (2.48) (with the bias g equal to zero) and (2.49) :

e_m,ag(eaé‘ — 1) cosh(m¢ — %)fg

7y
s cosh ég—

GC.my (5) = (2.50)

with

ms = max(m, mg)

m¢ = min(m, mg)
In the table on pages 17-20 we have listed the results for the Green’s functions
for discrete time step random walks, random walks with a continuous time
variable as well as for diffusive processes with various sets of boundary con-

ditions (some of them can be found in the literature, cf. [24,25,30,31]). The

following notations are used

e for a biased random walk

=2 251
e (251)
1
B=3hnf (2.52)
— with discrete time variable
1+ =2

cosh P = (2.53)

Vv

15



— with continuous time variable :

1+ &
coshe€ = — 2k (2.54)
Vi-g?
L. N 4sD + v? (2.55)
A 2D :

e for an unbiased random walk (g = 0)

1-2
hel = 2
coshéy =1+ oa (2.56)
s
coshé§ =1+ 5K (2.57)

We finally would like to mention that the cases for which a closed form
expression for the Green’s function can be obtained are not limited to the
nearest neighbour transitions we considered in this section. In refs. {32,33] e.g.,
results for the Green’s function for a one-dimensional symmetric random walk
with exponentially distributed step lengths and various boundary conditions

have been calculated using the eigenfunction expansion.

16



L1

Infinite lattice

biased unbiased
GD f(m—mn—l),i’!e*fo(m)—m() e—ff(m)—m(}
mmo(2) = 2za(l — g)sinh &P 2zasinh £f
f{m—mn—]]f?e—fc(m>—-m<} —£5(ms —mg)
Gﬁmﬂ{s) = > : C f;"'—"’_C'_
2k(1 — g)sinh ¢ 2k sinh &
A elz—70)31 6__}_"_“ T2 e—ﬁ(x)w:()
Gz, m0i8) = 2D " 2/sD
Reflecting boundaries in 0 and N + 1
biased unbiased
(m-mo—1)/2 . cosh(¢7 (N + § — my )] cosh[9 (me — 3)]
D - f _ Dy _ ' _ D 0 s Ll ol e
Grmo(2) = | (7= sinh gD smh(We) (S0 = >+ 1E”] = VT sinbl(N = m )¢ zasinh €0 sinh(VED)
x [T sinh(m<€P) - sinh[(m< — 1)EP])
— f(m—mu—l)ﬁ - C . C COSh[{E(N i '!2' — M )] COSh[EE(m< T %)]
Grmo(s) = ssinh £C sinh(NEC) [smh[(N —ms +1)¢7] - \/?Smh[(N =~ ) ]] ksinh £§ sinh(NEE)
x [T sinh(m¢€€) — sinh[(m¢ — 1)E€)
cosh[\/?(L z5 )] cosh(fz )
(r——rn}sb 2 o - - = - =T
G(z,z0;8) = A [U 2D cosh (L i I<) + cosh (——-—L . o 1<) g =

2sD A A

E
2D sinh —
sinh 3

v o, L—$>—I<
A—s-smh( 3 )]

VD sinh(L \/-;;)




81

Half infinite line with reflecting boundary in 0

biased unbiased
—my P (€7 _ _ ) =myEP (o™ 1) cosh[¢P (me — 1))
D - (m-mo—-1)/25 (e vT) D _ 13D € (e o \Me — 3
GBmol2) = | f T3 wnen V7 sinh(m€”) sinb{(me — 1)¢)] TR
T ik / ) , ‘ e=™>€5 (665 — 1) cosh[(m¢ — 1)£€]
Grmo(8) = | fmomer it S [V sinh(me ) = sinhl(me — ) e
x -2>VE
G(z,z0;8) = | e*-%0)3b e"?‘(-l— - %)(;ﬁsinh xT< + —; cosh Ef-) 2 7D cosh(z¢ \/%)
Absorbing boundaries in 0 and N + 1
biased unbiased
GB.(z) = fim=mo=1)/2sinh(m€P)sinh[(N + 1 — ms )EP) sinh(m¢€P) sinh[(N + 1 — my )e2)
AR za(1 — g)sinh €2 sinh[(N + 1)P] zasinh &P sinh[(N + 1)€0)]
GS. (s)= | LT sinh(m ) sinh{(N +1— m» )€ sinh(mc€F) sinh[(N + 1 — m )E€)
el k(1 — g)sinh £€ sinh[(N + 1)£€] ksinh £§ sinh[(N + 1)€5)
A e(==%0)7b sinh %‘3 sinh (L —’\z;, ) sinh(z¢ \/%)sinh[{[, - n:”@]
G(z,zp;5) = I
Damhy v’sﬁsinh(L\/%)




61

Half infinite line with absorbing boundary in 0

biased unbiased
G0 (= | LTI 2em o€ sinh(m£P) e=™>¢" sinh(m D)
T za(l — g)sinh ¢P zasinh &P
e (5= | LD 2emm>E sinh(mC) e~™>& sinh(m£S)
R k(1 — g)sinh € ksinh &5
A eF=20)55 = ginh Z< e >Vh sinh(z< \/g]
G(z,z9;5) = A
D vsD
Reflecting boundary in 0 and absorbing boundary in N + 1
biased unbiased
G (z)= fim-mo= V2 sinh[(N + 1 — m;, )¢P][/T sinh(mcP) — sinh[(me — 1)EP]] | sinh[(N + 1 — m5 )éP] cosh[(m — $)ED]
s za(1l — g)sinh €P[\/fsinh[(N + 1)£P] — sinh(NED)) zasinh £ cosh[(N + 1)¢P]
GC. (s) = Jim—mo=DI2sinh((N + 1 — ms )¢€][VT sinh[m €] — sinh[(m¢ — 1)E€]] | sinh[(N + 1 — m; )&§] cosh[(m — 3)ES
i k(1 — g)sinh € [\/F sinh[(N + 1)£€] — sinh(NEC)] ksinh £§ cosh[(N + 3)£€]
; . [s
Gz, 20:5) A el#=%0)3p Y (L _ :c;) [-é'% sinh f-f— + cosh 'ET(] sinh[(L — z5) 1_3] cosh(z¢ \/%)
I,Zo;S8) =

D A

=L L
(%5 sinh 5+ cosh I]

\/Ecosh(;ﬂ\/%)
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Periodic boundaries

biased unbiased
B U L [Si"h[fD(N =Bty e ) = SRR ) RHEE i~ ] mh[&.?(m" — 7)
e 2za(1 — g)sinh P [cosh(NEP) — cosh(N )] 2zasinh £ sinh(4£P)
+ cosh(NB) sinh[£P (ms — me )]]
Gimals) = | piv=me-tya [ SN s o)l iah(H ) sinhl*(rm - mo)] | sonblmy — me — )
2k(1 — g) sinh £€[cosh(NEC) — cosh(N B))] 2k sinh €S sinh(5-¢2)
+ cosh(N @) sinh[£€ (msy — m J]]
cosh[y [=(z5 — 2 — &)
Gz, z0;8) = A e{z_mﬁ’ ; [sinh( S L : :
2D [cosh(-é-bli) — cosh I] 2v/s D'sinh( ‘/-g %)

; To—2z\ . Lv . Ty — L Lv
+smh( 5y )smh (QD) +smh( 3 )cosh (2D)]




2.1.3 Small s expansion

Even though one may not be able to calculate the complete Green’s
function, it is in some cases possible to obtain an analytic expression for its
small s expansion, without knowing the explicit form of the eigenvectors. We
will illustrate this method for a one-dimensional, nearest neighbour random
walk with general transition probabilities k?: on a strip of NV sites with reflect-
ing boundary conditions. The Green’s function is expanded around s = 0 by
first separating out the singular contribution corresponding to the eigenvalue

Zero :
Pst 1
Gﬁmo(s) = : 7+ z Xmas = Yamo
a#0 B
_ B 1S e
= s . ; ngi s Gmmo 1 {2'58)
with the terms G™" defined as
i 1
Gmmo = Z ‘YmDWYGMQ' (2’59)
a#0 2

We will limit ourselves here to the calculation of the first two terms, P*! and
G*!,| which we will use later in chapter 5.

For this particular situation, the stationary distribution P*! obeys the
detailed balance condition. We have (¥ m € [I, N —1]) :

kY PY= k;HP,;‘H. (2.60)

From this set of N — 1 equations, combined with the normalization condition

N
SN = @ (2.61)
m=1
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we find the following solution for P2 :

1 - =
Pl= = koo B _kgeqee kg (2.62)

The normalization factor A is given by
N l=bp on kg +kf k3o ky+-+ k0 k. (2.63)
We will now proceed with the derivation of G*!. The right eigenvectors
Xa, a # 0, are the solution of the following set of equations :
—kf X1a + k3 X2a = AaXia (2.64)

k:;g-lxmo-l.a = (k;a + k::g)xmaa -+ k;n+1xmo+l.a — '\uxmoa(Q-ﬁs)

k?\}_le\'-l.a — knXNa AaXNa-(2.66)

Using the relationship between left and right eigenvectors (Eq. (2.17)) and

rearranging the terms, this can be written as

k3 P3'Yaz — kf P{'Ya1 = Ao P Yy (2.67)

- st + st
jl"'mg-l-l Pmo+l Yﬂ'ma'i'l e kmo Pmu Yamo

mo* mo

=k Pn Yamo - k:‘m—'lpr::o—lyﬁ,mo—l + ’\QP;:OY“’RD (268)

kn PR Yan — kPR 1YaN-1 = =Xa P¥Yan. (2.69)

By iteration, this set of equations can be replaced by

mp—1 t
Yoi P
chmu = Ya,mo—l = ’\a Z ﬁs (270)
k=1

mp=1* mg-1

where we also used the detailed balance condition (Eq. (2.60)). Multiplying
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with X;ma/As and summing over a yield the recursion relation for G*! :

"~ (mk = Pa) P!

mmo = G:r} ymo—1 + Z k+ pst (271)
=1 mog—1" mg—1
or
mo—1 r ty pst
- - 5 k= P’ )P
Grtny = Gih + 3 3, Lt T B (2.72)
r=1 k=1 r S

The last step in our calculation will be the determination of G7l;. Since

N N
XmaYa1 X,
D GmiPt =30 —Reem2 =, (2.73)
=1 I=1 B
we find for G},
-1 r
(bmk — P7) P =
Gy = _Z ZHZ k¥ pot : (2.74)
r=1k=1 Al |

So that the result for G finally reduces to the following compact form

N -1 r st st

=1 3t(6mk_Pk )(éml_P‘ )

Gmmg Z Z E Pm k+ Puo
=2 r=1k=1 LB

N=-1r r
— Z Z Z Ps: bmk — Pk )(61710! - P! t} (2.75)

+ pst
r=1 [=1 k=1 kp

The last equality is obtained by reversing the summation order of r and I. The
expressions for the higher order terms G*" in the expansion of the Green’s
function can be obtained by an analogous, but increasingly tedious, computa-

tion.
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2.1.4 Continuous time random walks

In the previous sections we have considered random walks where the
time intervals between two jumps are uncorrelated, i.e. the walker jumps
to another state at completely random points in time (cf. Eq. (2.3)). A
natural generalization is to consider walks where the time interval between
successive jumps is drawn from a distribution (), also called the waiting
time distribution [34]-[36]. This type of processes are usually referred to as
continuous time random walks. For these problems, it is important to correctly
specify the initial condition, because the moment that we start monitoring the
motion of the particle does not necessarily coincide with a point in time where
a transition took place. Therefore, the time interval prior to the first transition
of the particle is not given by the waiting time distribution (t), but rather by
a first waiting time distribution (t). If we assume stationarity in the sense
that the starting time is picked at random, the following relation between
Yo(t) and ¥(t) can be derived (see e.g. [27] or [37)) :

/ . Y(t')dt / . P(t')dt’
Yo(t) = 7 = = : (2.76)
] (') dt! < T
or after Laplace transformation
% ; WY
do(s) = =) (2.77)

§<TD>

The only situation in which yg(t) and () are identical is when the waiting
time is exponentially distributed :

P(t) = ke ", (2.78)
This is also the only case in which the walk is Markovian and can be described
by a Master equation [38]. To study the non-Markovian effects, we consider

the simplest case of a symmetric two-state random walk (symmetric in the

sense that the waiting time density y(t) is identical for the two states). If the
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walker is to arrive at state two at time ¢, starting from state one at t = 0, it
has to switch an odd number of times between the two states. P(2|1;t) can

thus be expressed as

t—

P(2|1;t) = P(112;t) = z_jl ]0 Yo(n)dn ]0 Wra)dn

)
X ]Ut_n_ﬁ P(m3)drs - - - (1 7= f;_ﬂ_nm_m 1-5’(Tu+1)ﬂh'n+1) , (2.79)

where the last factor states that step n 4 1 is taken after time t. Similarly, a

walker can only return to its initial state after an even number of steps :

t=11

o0 t
P = PR = Y [bom)dn [ w(n)dn
n=1

o TNV (-7 V(rnt)drnn ) . (280)

By Laplace transformation and carrying out the sums over n, we find for the
Green’s function G€(s)

GC s - GC s) = l PTPRPCES i, 1 'Iro(i) 28]
1(s) 22(5) s s ) ( )
G%(s) = GS, (s) = ——H-—A(;(,,.s) 2.82
12( ) 21( ) s(l (s)) ( )

We will use these results in chapter 6 to derive the effective diffusion coefficient
for a two-state model for particles suspended in a flow with an oscillating
velocity field.

The procedure described above (but involving considerably more effort)
can also be used to calculate the Green’s function for a one-dimensional nearest

neighbour random walk on an infinite lattice. For the symmetric case, the
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Green'’s function is given by [39] :

G (8) = % (1 = :%)(3((3))) bmmo + %% tanh %e"m'"‘ﬂlf (2.83)
8 8

with
1

L (2.84)
cos w(s)

In the case of an exponential waiting time distribution, this reduces to the
result for the infinite lattice we obtained earlier (cf. Eq. (2.39)).

The more complicated problem of a random walk on a semi-infinite or
finite chain with reflecting or absorbing boundaries can be related to the ran-
dom walk on the infinite lattice using the method of images already mentioned
in section 2.1.2. Consider for instance a walker on a semi-infinite lattice with
an absorbing boundary in site m. In order for the walker to survive at time t, it
can never have reached the the barrier in m prior to t. Therefore Bz(m’, mo;t)
(with an absorbing barrier) is equal to P(m’, mo;t), provided we substract all
the paths that have crossed the barrier m. This is equivalent (for a symmet-
ric random walk) to the substraction of all the walks that have reached the

“reflection” 2m — m' of m/ on the infinite lattice. We thus have

Bs(m',0;t) = P(m', mg;t) — P(2m — m', mg; ). (2.85)

Substituting the result Eq.(2.83) for the infinite lattice into the Laplace trans-
form of Eq. (2.85) thus yields the desired result for the Green’s function of a
random walk in the presence of an absorbing boundary. Similar calculations
can be performed to obtain the Green’s function for symmetric as well as
biased continuous time random walks with different kinds of boundaries [29].
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2.2 First passage times and related quantities

One of the important quantitities that can be derived from the Green’s
function is the probability @Q(m, mg;t) that the walker arrives at site m for
the first time (starting from myg) at time t, also called the first passage time
distribution. For a Markovian random walk, it can be related to the probability
distribution P(m, mg;t) as follows. Consider a random walk on an infinite
d-dimensional lattice. In order for the random walk to reach site m, it has to
pass through there for the first time at an earlier time ¢’ and then return to

m in the remaining time interval t — ¢’ :

P(m,mg;t) = /Ot Q(m,mg;t')P(m, m;t — t')dt’ (2.86)

or after Laplace transformation :

Gglmo (S )

T} (2.87)

é(ml mgp; 3) =

For a one-dimensional nearest neighbour random walk, the following stronger
result due to Siegert [40] holds true :
Gam(8)

é(m, mp;s) = —At—r for mp<m<m (2.88)
Gglmg(s)

Hence, using the closed form expressions for the Green’s function of one-
dimensional nearest neighbour random walks given in section 2.1.2, we can
derive the result for the generating function of the first passage time distri-
bution. For instance, for a biased random walk with a reflecting boundary in
the origin we have [30]

VT sinh(mg + 1)6€ — sinh moé©

O(m. ma:s) = flm=—mo)/2
Q(m,mg;s) = f VT sinh(m + 1)6C — sinh méC

(2.89)
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The moments of the first passage time < t" > are determined by the

small s behaviour of é(m, mg; §) :

- il (—1)'%;—(3(:71,”:0;5;) biis » (2.90)

From Eq. (2.89) we thus find for the mean first passage time <t >

o 22 %;—j—i [(m - mg) — (fm—'r___-‘—fiini)] for 0 < mp < m. (2.91)

The Siegert eguation (2.88) is not valid for non-Markov processes such
as the continuous time random walk with waiting times between consecutive
Jumps we considered earlier. For these cases, another approach has to be used
to derive the first passage time distribution. This can be done as follows. For
a walker on a one-dimensional infinite chain, the problem of the first passage
to a point m, starting from mg (mo < m) is equivalent to the problem of a
random walk with an absorbing barrier in m [41]. If the particle is in state
m', somewhere in the interval | — co, m[, at time t, then at the slightly later
time t 4+ dt two things can happen : the particle can survive, and therefore
never have reached the absorbing barrier, or it can make a first passage to the
barrier. We thus have

m=—1 m=1
Y. Ba(m',moit)= Y Ba(m' mo;t+dt) + Q(m,mo;t)dt, (2.92)

m/=-o0 m'=—oco

with Fm(m', mg;t) the probability distribution in the presence of an absorbing
boundary in m. We can rewrite Eq. (2.92) as
m=1

Qm,moit) =~ Y Br(m', mo;t). (2.93)

m'==00

The distribution Bgz(m’, mg;t) can be obtained from P(m’, mo;t) for an infi-

nite lattice using the method of images, described earlier

Ps(m',mo;t) = P(m', mo;t) — P(2m — m’, mo;t). (2.94)
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In Laplace transform language, the generating function for the first passage
time distribution can thus be expressed in terms of the Green’s function for

the random walk on an infinite lattice :

m-l

QAm,mois) =145 Y, [Chn_mimg(5) = G my(5)] - (2.95)

m'=—

Substituting the result of Eq. (2.83), we find for the first passage time dis-
tribution for a symmetric continuous time random walk on an infinite line

[39]

é(m, mo;s) = i'ia—(s)e_’m_m" & (2.96)
%)
with
1
hé = =—. 2.97)
cos o) (

Another important quantity in the study of random walk problems is
the probability of return to the origin. Consider a discrete time step random
walk on a d-dimensional infinite lattice. The equivalent of Eq. (2.86) for this
system reads (we choose the origin as the starting point of the random walks) :

P(m,0;n) = ZQ (m, 0; j)P(m, m;n — j) for n > 0. (2.98)
F=1

Introducing Ej(m, 0; z), the generating function for the first passage time dis-

tribution :

Q(m, 0; ) i (m, 0; n) (2.99)

Eq. (2.98) can be rewritten as

Q(m,0;z) = (— [G(m, 0;2) — 6o - (2.100)
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Since é(m, 0;z = 1) is the probability that the random walker ever reaches the
point m, i.e. in any number of steps, we can derive from this the probability
that the walker returns to the origin :

1

~0,0;z=1 =] -
A b= G(0,0;z2=1)

(2.101)

For nearest neighbour random walks on infinite one- and two-dimensional cubic
lattices, 5(0,0; z) diverges as z goes to one [42] and thus the particle is certain
to return to the origin [11], while in three (or more) dimensions there exists a
finite escape probability. The average number of steps required to return to

the origin
.- . 8Q(0,0;2)
<T>= 3:1 nQ(0,0;n) = g . ; (2.102)

is not only infinite in three (or more) dimensions as expected, but also in
one and two dimensions [27]. On a finite d-dimensional lattice with periodic
boundaries however, the number of steps required to return to the origin is

equal to the number of lattice points [42] :

<r>=N% (2.103)

We close this section with a last example of a quantity that can be
expressed in terms of the Green’s function, namely the average number of
distinct lattice points visited after n steps, also called the span of the random
walk, which we will denote by S,. To calculate S,,, we note that

Su =Y Fafm), (2.104)

where F,,(m) is the probability that, after n steps, the walker has visited site

m at least once :

Fa(m) = 3 Q(m, 0;.). (2.105)
i=1
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Combining these last two equations, the generating function 3’(:) of the num-
ber of distinct sites visited can thus be expressed in terms of the Green’s

function as [42]

1 1
(1-2)? E';(u,o;z)'

S(z) = (2.106)

2.3 Conclusion

In this chapter we have reviewed results for the Green’s function of a
random walk. In some cases, such as one-dimensional translationally invariant
nearest neighbour random walks, closed form expressions can be derived, while
in other, more complicated situations (cf. section 2.1.3), one can only compute
the small s expansion. We also discussed how some quantities can be directly
related to the Green’s function, with as most important example the first
passage time distribution. In the following chapters, we will present other

physical problems in which such a direct relation can be established.
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Chapter 3

Random walk with

persistence

In the context of random walk models for polymer chains, one is inter-
ested in properties such as the moments < R* > of the end-to-end distance
R (for £ > 2) and the probability density P(R,n) [43,44]. In this chapter,
such analytic results will be derived for a random walk with persistence.

In the free flight model a polymer is represented as a chain of n segments
ry (k= 1,...,n), each with a constant length | ry |= b, but with a random

orientation. The end-to-end distance

R(n) = i Ik, (3.1)
k=1

being the sum of uncorrelated random variables ry, is a Markov process. We
now consider a model with persistence in which the k th segment ry (k =
2,...,n) has the same direction as the segment rx_; with probability p, and
has a random orientation otherwise (probability 1 — p). In this case, ry itself
is a Markov process and therefore R(n) alone is no longer Markovian. This
complication can be dealt with by considering the pair of variables (R(n),r,)

which again defines a Markov process.

33



In the free flight model, subsequent segments are uncorrelated, and the
correlation length is therefore equal to b. In the model with persistence, the

correlation length is defined as

a:-b—zncb (3.2)
1=

The free flight model corresponds to the particular case p = 0. For a polymer
length much larger than a, we expect the end-to-end distance to be close to
Gaussian. We will study this approach to the Gaussian regime on the basis of
exact results for < R?(n) >, < R*(n) > and < R8(n) >.

In section 3.1, we present the analytic result for the fourier transform of
the Green’s function G(R, z) for a random walk with persistence

Flk 2) = /dR e*RG(R, 2), (3.3)

with

GR,z2) = 5 z"P(R,n), (3.4)

n=0

the Laplace transform of the probability distribution for the end-to-end dis-
tance. From this result, we will derive in section 3.2 the expressions for the
moments of the end-to-end distance < R%*(n) >, < R*(n) > and < R%(n) >
and study their convergence to the Gaussian limit. In section 3.3, we discuss
the continuum limit of the random walk with persistence.

3.1 Random walk with persistence

Both for the sake of generality and for conceptual simplicity, we will
consider, instead of a continuum of possible orientation (8, ¢) of the segments
rk, a finite number of orientations Q;, j = 1,..., N, in a general space. For
example, 2; may correspond to a number of allowed polar angles in a two-

dimensional space, or it may refer to the orientation of a vector in a many-
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dimensional space. A continuum of orientations, such as appropriate for the
polymer problem in three dimensions, will be obtained by taking a suitable
limit.

At each step, an orientation is chosen. With a probability p, it is equal
to the previous orientation, while it is any of the N’ — 1 remaining orientations
with probability (1 — p)/(N — 1). Associated to each orientation we have a
segment vector b;. The quantity of interest is the probability density for the
end-to-end distance R as a function of the number of segments n. As discussed
in the introduction, R(n) is not a Markov process, but a Markov process is
obtained by including in the description the orientation j of the last segment.
The probability density P(R, j, n) to arrive at an end-to-end vector R after n
segments, with j being the orientation of the last segment, obeys the following
Master Equation :

P(R,j,n) = pP(R = b;, j n—1)+z—pP(R b;,i',n—1). (3.5)
i'#i

We will suppose that for the first segment all orientations are equally likely

P(R,j,0) = N~'§(R). (3.6)

The exact solution of Eq. (3.5) can easily be obtained by Fourier-“Laplace”
inversion. For the transform of the end-to-end probability density P(R,n) :

F(k,z) = Z /dR ¢k Rp(R, n) (3.7)
n=0
with
P(R,n) = Z P(R, j, n), (3.8)

Jm
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we find from Eq. (3.5) :

1 1-p
(7 - 7=7) 2k 2
F(k,z) = - l-p 2.0k (3.9)
Z(k 2)
with
al k.b;1-1
2o (k,2) = 31 - (p = —5)z B, (3.10)
=1

Even though the inverse transformation leading to P(R,n) cannot be per-
formed, this result allows one to investigate various limits and particular cases.

Let us now apply Eq. (3.9) to the problem of a polymer chain in three
dimensions. In order to obtain a continuum of possible orientations  for the
segments, we have to take the limit where N goes to infinity. This leads to
the following correspondences :

N — N-—-o
b; «— b(R2) = (bsinfcos ¢, bsinfsin ¢, cosh)

1 N 1 2r T
— —_— dfsin 6. A1
NZ 4”0/d¢h/ sin 8 (3.11)

=1

Applying this limit procedure, we obtain from Eqgs. (3.9) and (3.10) :

1+pz

2 tan(5))

“’"t n()]

pkb + QpArctan[

F(k,z) = (3.12)

(p+ Dkb+2(p - I)Arctan[

Note that F(k, z) is a function of k =| k |, as was to be expected on the basis
of spatial isotropy. Since the dependence of F(k,z) on the variables k and
z is still rather complicated, the inversion of the Fourier-Laplace transform
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does not seem to be obvious. However, we can derive from Eq. (3.12) the
expression for the moments of the end-to-end distance, as we will see in the

next section.

3.2 Moments of the end-to-end distance

By expanding F(k, z) about k = 0, we find

F(k,z) = i Age(2)k* (3.13)
=0

and, by comparison with Eq. (3.7)

o o

Ag(z) = RN Y 2* < R¥(n)s . (3.14)
"n=0

Hence such an expansion allows one to obtain explicit results for the moments
of the end-to-end distance.

This procedure quickly becomes tedious as £ increases, but can be handled by
a symbolic manipulator. We obtain (see appendix 7.B)

2 . 2] AFE e L=
< R*(n)> = b [nl—p 2pb 0= (3.15)
< R'n)> = b* [EHQM+ER2 P +4npn+1m (3.16)
3 (1-p?% 3 (1-p) (1-p)?
8 (1-p") , 2 (1+p), ]
+3p(1_p)4(10 +p+1) 3ﬂ(1_p)3(p +10p +1)
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<R(n)> = 1° 88 4(1P_p)2 +35 38t?§2+ 128n3 n+1((11j':;)3
_gﬂz(f’” (359 ~ 58p + 35) - u 28”’) (p* + 5p + 1)
3 n+1 ((1+F;)5(29p2+62p+ 29) (3.17)
+%nt(-il-jﬂ(4p + 63p% + 46p® + 63p + 4)
J; 8- )e(p +0+ 2 +p+1)|.

The result Eq. (3.15) is in agreement with the general result for the second
moment of the end-to-end distance of a random walk with “first order correla-
tion” (see [45]). Approximate results for < R*(n) > and < R®(n) > have been
obtained by computer simulation in reference [46]. All the results in tabel II
of this paper agree within the simulation error with the analytic results Egs.
(3.16) and (3.17).

In the limit p — 0, the results Eqs. (3.15) - (3.17) reduce to those for
the free flight model [43,44] :

< Rz(ﬂ) >FF = nb2 (318)

¢ B inen = [gn(n_1)+n]b4 (3.19)

< RS(n) >pp [%n(n —1)(n—2)+7n(n—1)+nlbE.  (3.20)

On the other hand, for large n, or more precisely for n much larger than n.
(cf. Eq. (3.2)), R converges to a Gaussian random variable with the following

'There seems to be something systematically wrong with the results of table I in [46).
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relations between the moments :

< R4(ﬂ) >G

< Rs(n) >G

2 R’(n) >%

5 (3.21)
% < R*(n) >% (3.22)

In order to investigate the convergence to the Gaussian limit, we have plotted
the ratio’s < R* > /(5/3 < R? >?) and < R® > /(35/9 < R? >3) as a function

n % .
of — = — for several values of p in Figs 3.1 and 3.2 (L = nb).
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Figure 3.1: Convergence of the fourth moment of the end-to-end distance to

the Gaussian limit, as a function of L/a.
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Figure 3.2: Convergence of the sixth moment of the end-to-end distance to
the Gaussian limit, as a function of L/a.

Another quantity of interest in polymer statistics, which arises when
evaluating hydrodynamic interactions between the polymer heads, is the av-
erage < R~(n) >. In the Gaussian limit, one has :

1 / 6

To calculate corrections to this limit, one can expand the probability P(R,n)

\ 3R?

in a series of Hermite pol ials as foll L
polynom ows (u < >)

3 82 1 H

1 H, 1
- -5—|(<p4>~10<y2>+15]¥+ﬁ(<p6> -2l < p* >
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+ 105 < p?> —105)H’—f‘1 . (3.24)

To evaluate the coefficients of H3, Hs and Hz, the expressions Eqgs. (3.15) -
(3.17) can be used. A typical probability profile is plotted in Fig. 3.3.
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Figure 3.3: Radial probability distribution, obtained by the expansion in Her-

mite polynomials, as a function of R/nb.

The corresponding expansion for < R™!(n) > reads [43]

R S 6 [68<R'> 9 <R°> (3.25)
R(n)” Vr<R*>|80< R?>? 112< R?>3|" '
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Figure 3.4: Convergence of the average inverse end-to-end distance to the

Gaussian limit, as a function of L/a.

This result is plotted in Fig. 3.4 for different values of p. The agreement with
the numerical results of reference [46] is, as could be expected, not so good,
because the series expansion of the probability density P(R,n) in Hermite

polynomials does not converge rapidly enough.

3.3 The continuum limit

A polymer model in polymer statistics, for which analytic results can
be obtained, is the so-called worm-like chain. It can be looked upon as the
continuum limit of the free rotation model in which the bond angle g is
converging to 180° while, at the same time, the length b of each segment is
going to zero and the number of segments to infinity, with both nb = L and
b/(1 + cosfp) kept constant. An analogous limit can be formulated for the
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persistent random walk model :

n — 0o nb =1L

p—1 with b constant. (3.26)
—_—=a

b—0 l-p

The evolution equation for the probability density P(R., i, L) becomes

8 A PR P

d ;
with

uj = EI'E% TJ (3.28)

This equation can be solved by Fourier-Laplace transformation. Introducing

F(k,s) = [ dLe™*t [ dR ¥R P(R, L) (3.29)
Jore ]
with
N
P(R,L)= ) P(R,j L), (3.30)
1=1

one finds for the Laplace transform of the Green’s function

aArctan
F(k,s) = e (3.31)

ak — Arctan

as
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This result can also be obtained from Eq. (3.12). The moments of the end-
to-end distance read

<R¥L)> = 2a? [§-1+e-":] (3.32)
7
<R(L)> = 4a"[-§—(-i—) -4§+2
- @ 7 e L
+ “‘(—) +2— —-2|e"a (3.33)
3 \a a
<RYL)> = 8d° 3—5(5)3 E(E)z 202 .. 2
(£) - 9 \a/ 9 a ¥ a 3
11 FLNY 82 /I\* 1 fEX?
+[3 [2) *7) ~52) w3
_40L 30 —é]
3a73]°

The ratio’s < R* > /(5/3 < R? >?), < R® > /(35/9 < R? >®) and
< = > / < = >g for the present continuum model have also been included

in Figs 3.1, 3.2 and 3.4, as well as the corresponding results for the worm-like
chain.
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3.4 Conclusion

In this chapter, we have shown that random walk with persistence can, to
a certain extend, be treated analytically by calculating the Fourier transform
of the Green’s function. Although the inverse Fourier-Laplace transform of
the end-to-end distribution can not be performed, it is still possible to obtain
the moments by expansion around k = 0. Apart from its intrinsic interest, the
model can thus be used to test the validity of approximation schemes or to
check numerical calculations. From Figs. 3.1, 3.2 and 3.4, it follows that the
approach to the Gaussian form is rather insensitive to the value of p, provided
that the length L = nb of the polymer is expressed in terms of the correlation
length a. Finally, we note that the present model differs strikingly from the

worm-like chain.
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Chapter 4

Orientational relaxation in

the reptation model

In order to describe the dynamical behaviour of entangled polymers,
de Gennes [47] and Edwards [48] introduced the so-called reptation model. In
this model, the confinement of a given polymer by its surrounding neighbours
is taken into account by supposing that the polymer can only glide along
its own axis. Several quantities of experimental interest were calculated for
this model, as e.g. exemplified by the Doi-Edwards papers [49]. In most
of these calculations, a limit is taken in which the polymer is represented
as a continuous chain. This is a good approximation since most polymers
consist of a very large number of segments. On the other hand, the range of
validity of the reptation model can also be studied in computer experiments
(see e.g. [50,51]). In this case, the number of segments is usually small, and a
comparison with theoretical results for the discrete chain rather than for the
continuous chain would be preferable.

A given configuration of the polymer chain is characterized by the set
of orientations a = {a;|j = 1,..., M} of its M segments (see Fig. 4.1).
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Figure 4.1: A configuration of a polymer chain is characterized by the set of

orientations a;.

The configuration, and hence the orientational ordering, changes due to the
reptation process. The chain moves one segment step either forward or back-
ward in such a way that each segment takes the orientation of the one it
replaces (i.e. the orientation of segment i becomes that of segment i + 1, if
the chain moves in that direction), while the orientation of the top segment is
chosen from the equilibrium distribution.

The question at hand is how fast a given segment of the polymer chain
loses the memory of its initial orientation, i.e. how fast it relaxes to the equi-
librium form. It is of interest to obtain the dependence of this relaxation on
the position of the segment inside the chain, and on the chain length. We will
derive the analytic result for the (Laplace transformed) probability density
that a segment i has a given orientation at time ¢, for a general initial con-
figuration of all the segments (Eq. (4.18)). This result includes other results
from the literature as particular cases.

Orientational relaxation can be experimentally studied by e.g. fluores-
cence polarization spectroscopy [52]- [54]. In these experiments, one (or more)
segment of the polymer is a fluorescent probe which can be excited by an in-
coming light beam with the right polarization. The excited state has a finite
lifetime and the probe will eventually de-excite with the emission of a polarized
photon. If the emission and absorption dipoles coincide, the randomnisation
of the polarization of the emitted photon relative to the incident one, essen-
tially reflects the orientational relaxation that has taken place meanwhile. As
a result of the destructive interference between photons emitted by different
probes, the intensity of the emitted light will decrease. In experiments con-
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ducted under continuous illumination, one measures the so-called stationary
anisotropy defined by
=1

Ty = —————. 4.1

T p+2L (2:4)
Here I and I, are the emitted intensities with a polarization respectively
parallel and perpendicular to that of the incoming beam. The latter will be
chosen along the z axis, which in this case is also the symmetry axis of the
sample. r, can be expressed in terms of stochastic properties of the azimuthal
angle 8 of the probe as follows [55] (we choose absorption and emission dipoles

along the axis of the probe) :

%e""” & Py(cosbp)Py(cos 8;) > dt

og

< Py(cos ) >
1+2< Py(cosbp) > 1+2 < Py(cosbp) >

(4.2)

with 7 the average lifetime (time before de-excitation) of the probe. The sin-
gle brackets refer to an average over the azimuthal angle 8y with the steady
state probability profile, while the double brackets indicate that the addi-
tional dynamical average has to be performed with the conditional probability
P(6,t | 8g,t = 0) to go from the value fp at time t = 0 to the value 8, at time
t. The evaluation of this last quantity is the hardest part. Fortunately how-
ever, the stationary anisotropy is expressed in terms of the Laplace transform
of P(0¢,t | 6p,t =0), for which we have been able to obtain the analytic result
(cf. Eq. (4.41)).

Finally, there has been recent experimental and theoretical interest for
orientational relaxation in anisotropic systems (see e.g. [56,57]). In this case,
a nonisotropic equilibrium distribution prevails, being induced for instance by
stretching, compression or the application of an electric field. We include this
possibility by carrying out all the calculations for the case of a general orien-
tational equilibrium distribution P¢? which need not be isotropic. This allows
to identify explicitly the dependence of, for instance, the stationary anisotropy
rs on the equilibrium averages of the second and fourth Legendre polynomials.

The organization of this chapter is as follows. In section 4.1 we introduce
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the equations describing orientational relaxation in the reptation model and
show how they can be solved thanks to the knowledge of the Green’s function
for a random walk on a finite lattice. In section 4.2, these results are applied
to the calculation of the stationary anisotropy as a function of the number M
of segments of the polymer, the position j € {1,2,... M} of the probe in the
polymer chain for a general form of the equilibrium orientational distribution
function P9,

4.1 Orientational relaxation in the reptation model

A given configuration of the polymer chain is characterized by the set of
orientations a = {a; | j = 1,..., M} (see Fig. 4.1). Each of these orientations
can either be taken from a set of discrete values (for example in lattice models
for which only a finite number of orientations are allowed) or from a continuum
of values.

As explained in the introduction, the chain moves one segment step
either forward or backward, each with a probability kdt during a small time
interval dt, in such a way that each segment takes the orientation of the one it
replaces. The orientation of the end segments is chosen from the equilibrium
distribution P?. The probability that the configuration remains unchanged
during the time interval dt is equal to (1 — 2kdt). The time evolution of the
probability distribution P(a,t) is governed by the following Master equation

(ax=A{a1,...,apn}):

8:P(a,t) = kPeq(ch)EP({a"al, s ia j0pp=1 )i )

+ kPc) Y P({os,...,am, 0’} t) — 2kP(a,t). (4.3)

To study orientational relaxation, it will be sufficient to calculate the reduced
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probability Pj(a;,t)

Pj(aj,t)zz.uz E Z P(a,t). (4.4)

Gy3—1 8341 amM

In the following, we will drop the subscript j in the orientation variable «;.
By summation of Eq. (4.3) over the orientations of all the segments but one,
we find

0t Pj(a,t) = kPj_1(a,t) — 2kPj(a,t) + kPj41(a,t) (4.5)

forl<j< M,and:
OiPi(a,t) = =2kP(a,t)+ kP(a,t)+ kP (a) (4.6)
OiPym(a,t) = kPy-i(a,t) — 2kPy(a,t) + kP (a) (4.7)
for the end segments.
We now consider the Laplace transform

Pi(a,s) = f:’ et P;(a, t)dt. (4.8)

Furthermore, we introduce the following vector notation :

,51 (a, )
§(a,s) = (4.9)

o~

Pay(a,s)
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( Lpeaay )

s
0
S(a)=|
0
|t
(2% & o .. 0 )
k- -2 k 0 :
T=1 o 0
E —2% k
\0 0 k —Qk)

Eqs. (4.5)-(4.7) can now be rewritten as

~

sP(a,s) — P(a,t = 0) = T P(a, s) + S(a).

We conclude that :

l;(a,s) — [S(a)+ P(a,t =0)].

1
s1-T

(4.10)

(4.11)

(4.12)

(4.13)

The matrix T is identical to the transition matrix for a symmetric nearest

neighbour random walk with constant transition rates k and with absorbing

boundary conditions (at j = 0 and j = M 4 1). Hence the calculation of the

(Laplace transformed) probability density that the segment i has orientation

a is reduced to the calculation of the Green’s function (s1 — T)~! (see section

2.1.2). We thus obtain :

P = Peq(a)cosh [g(M+1_2§)]

s cosh [%(m + 1)] |
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sinh [§ min(i, j)] sinh [§ (M + 1 — max(i, 7))]
ksinh € sinh [E(M + 1)]

M
+Y_ Pi(a,t =0)

j=1

with
s

cosh{ =1+ TR

(4.15)

This result describes how the orientation of the segment i evolves in time, given
an initial configuration Pj(a,t = 0) for every segment j = 1,..., M. Note that
the equilibrium distribution appears in a simple way as the coefficient of the
second term in the r.h.s. of Eq. (4.14). Furthermore, we see that correlations
do not enter at this level. A convenient check of the calculation so far is
provided by the verification of the short and long time limits.

For s — oo (the short time limit) we find

Pia,s) ~ éP;-(a‘t = 0), (4.16)

§ = o0

and for s — 0 (the long time limit)

Pi(a,s) ~ lP"‘*’(a). (4.17)

s —0

These are obviously the correct results.

For orientational relaxation in three dimensions, « is a solid angle char-
acterized by the angles (8, ¢). For simplicity, we will assume from now on that
P is a function of 8 only, i.e. P*? = P*(§). Eq. (4.14) thus reduces to
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cosh [E(M +1~ 2:')]

£
2

Pi(6s) = PU(0) (4.18)

s cosh [ (M + 1)]

sinh [¢ min(i, j)] sinh [§ (M + 1 — max(i, j))]

M
+3_Pi(6,t=0) ksinh€sinh [E(M + 1)]

j=1

This exact result will be used in the next section to calculate the stationary
anisotropy and related measures of orientational relaxation.

Before proceeding, we note the following interesting property. For equi-
librium orientation of all the segments at time t = 0, P;(8,t = 0) = P*I(9),
it is clear that the probability distribution of the i th segment at time ¢ will
also be of the equilibrium form, i.e. };,-(9,3) = P®(0)/s. This implies the

following summation property

i sinh [€ min(i, j)] sinh [¢ (M + 1 — max(i, j))]
ksinh £ sinh [(M + 1)]

i=1

cosh [-g-[M + 1)] — cosh [-g—(M +1- 21‘)]

s cosh [g(MJr 1)] = (4.19)

as can also be verified by performing explicitly the sum in the Lh.s.
The dependence of Eq. (4.18) on the Laplace variable s is rather com-
plicated, but the inverse Laplace transformation can be performed provided

we consider the continuum limit where (a is the length of the chain segments)

M — o
a — 0 (4.20)
k=i (s o]
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with

L=Ma (4.21)

the length of the chain and

D = a’k (4.22)

the diffusion coefficient both kept constant. In this limit Eq. (4.18) becomes

P.(8,5) = jSlg{;ﬁ[ﬂ\?j T] sinh [\/— L — max(z y))]

x Py(6,t = 0)dy + o [\/;(_ = ] P*(9). (4.23)

seosh /53]

Using the identities [58]

cosh[b(r —w)] 1 & 2b f: cos(qw)

v e e 2 + b2 (4.24)
and
cosh[b(— -w)] 4 gsin(qw) 2
—R _Z——-—2+b2, (4.25)
cosh[b ] g odd 1

the two terms on the left hand side of Eq. (4.23) can be expanded into infinite
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sums. This leads to :

P.(8,s) = Zsin{”g 2 L/sm( T2%\p,(8,t = 0)dy
9=1

& +9)
+ PoI(6) Z sin(=2) (4.26)
L
q odd 3(_.._ il & s)
with
L?
Te = —;EB. (42?)

In this way, the dependence of the probability distribution (4.26) on the
Laplace variable s has become very simple and Laplace inversion is easy to
perform :

L tq2
2
Esm( Z] )Py (8,t=0)dy e Tc
0

+Pf@(9)2%sin(lzi) l1-e 7 |. (4.28)

This expression can be further simplified if we take the initial condition Py(8,t =0)
identical for all the segments, i.e. independent of y,

P,(8,t=0) = P(8,t = 0). (4.29)
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Combining Eqs. (4.28) and (4.29) and integrating over y, we get

tq?
P(8,t) = P(8,t=0) 3 isin(%’i)e e
qoddﬂ-
tq2
4 | mwzxq =
+ P16 —sin(—=)|1—-e T |. 4.30
O T e (430)
sin §

For the isotropic case (P(f) = ), this result is in agreement with the
one obtained by Doi & Edwards [49? and Curtiss & Bird [59].

4.2 Time dependent order parameters and station-

ary anisotropy

A classical measure of orientational order is provided by the average
of the second Legendre polynomial < Py(cosf) >= %(3 <eost B> 1) Tt
can vary from zero, in the case of random orientations, to one, for complete
alignment. The result (4.18) allows us to calculate the time dependence of

this quantity for every segment i, in terms of its Laplace transform :
< Baleosts, 5) >=/dapz(cose)ﬁ}(a,s)
0

: i‘: sinh [€ min(i, j)] sinh [€ (M + 1 — max(i, j))]

ksinh & sinh [€(M + 1)]

< Py(cosb;,t =0) >
=1

cosh [g(M +1-2i)

+ < Py(cosf) > . (4.31)

s cosh [g(M + 1)]
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Let us now consider Eq. (4.31) for some special initial conditions. If we start
from the steady state distribution

Pi(6,t = 0) = P*9(8), (4.32)

we get, as should be expected, that < P; > is independent of time (cf. Eq.
(4.19)) :

< Py(cos b;,t) >=< Py(cosf) >°7. (4.33)

For an initial state with all the segments aligned along a preferential direction
6 = 0, one finds (using again Eq. (4.19))

cosh [g(M +1- 2:')]

~

< P2(cosb;,s) >= - +
5

; [< Py(cosB) > —1], (4.34)
s cosh [§(M § 1)]

while for random initial orientations of all segments, one has

cosh [g(M +1- 2:')]

& ﬁg(cos 6i,5) >=< P;(cosf) > (4.35)

s cosh [%(M + 1)]

The dependence on the Laplace variable s is still complicated, but again we
can invert the transformation if we take the appropriate continuum limit. Fol-
lowing the same procedure as before (cf. Egs. (4.20) - (4.25)), or alternatively,
using Eq. (4.28) to calculate the average < Py(cosf,t) >, we get
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tq2

oo rzq __r

< Py(cosf.,t) > = Esin—e
2( OSVz ) o ( L ) e

L
%fsin("—z—y) < Py(cosB,,t = 0) > dy (4.36)
0
4 ta’
., TIq =
+ < Py(cosf) > —sin(—)|1—e Tc
2(cos 6) qzm;d = (<)

In the isotropic case (< P;(cosf) >°? vanishes) and with the same initial
conditions for all segments, the average orientation (Eq. (4.36)) reduces to

tqz

< Py(cosbz,t) >=< Py(cosf,t =0)> 3 2 an(@Ye T, (a37)
q odd q L

a result also calculated by Tassin et al [60] and Lawrey et al [61].

Let us now turn our attention to the stationary anisotropy given by Eq.
(4.2). In this case (for probes with an exponentially distributed lifetime) the
Laplace transform is precisely what we need. To calculate ri for segment i,

we have to evaluate the following expression :

Ci(s) = f & Py(cos ) Py(cos 8) > e=*tdt
0

= / do f d0oP (8, s | B0, = 0)P*9(8p) Py(cos fo) Pa(cosf). (4.38)
1] 0

Here, 5,-(9,3 | 6o,t = 0) is the Laplace transform of the probability distribu-
tion that segment i has orientation 8 at time t, starting from the orientation
fo at t = 0. All the other segments j have orientations sampled independently
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from the equilibrium distribution at ¢ = 0. Filling in these initial conditions
in Eq. (4.18), we obtain for )6,‘(9,3 |,60,t = 0)

cosh [%(M +1- 2:')]

P(8,s | 6o,t = 0) = PI(8) z
s cosh [-2-(M+ 1)]

5 % sinh [§ min(i, j)] sinh [§ (M + 1 — max(i, j))]

k sinh £ sinh [£(M + 1)] Vi3e)

J=1

x [P9(8) — 6;;[PI(6) — 6(6 — 60)]) .

Note that, here again, the Laplace inversion can be performed in the continuum
limit we discussed in the previous section.

The expression Eq. (4.39) can be further simplified by using Eq. (4.19), and
the following result is obtained for the orientation autocorrelation function

C*(s) for segment i :

Ci(s) = %[.: Py(cos ) >°]2 (4.40)

__sinh [¢i]sinh [E(M + 1 — i)]
k sinh & sinh [€(M + 1)]

(< Pa(cos0) >4~ < [Py(cos )] >] .

Combining the result Eq. (4.40) with Eq. (4.2), we finally obtain the following

compact result for the stationary anisotropy :

r =< Py(cos @) > (4.41)

+sinh [i]sinh [§(M + 1 —1)] [ < [Py(cos0)]2 > —[< Py(cos ) >°9)?
tksinh{ sinh [{(M + 1)] 14+ 2 < Py(cosB) >e9

60



with

cosh§ =1+ %, (4.42)
T

and 7 the average lifetime of the fluorescent probes.
In particular, for an isotropic system, Eq. (4.41) reduces to

¢ _ 2sinh [¢i] sinh [¢(M + 1 - i)]

*"  Brksinh&sinh [§(M +1)] (443)

As was expected, the stationary anisotropy depends on the position i of the
probe inside the chain. Indeed, orientational relaxation will take place faster
for a probe close to one of the endpoints of the chain. Consequently, the
stationary anisotropy is smaller. The limiting values of r} for r < k™! and
73> k™! however are independent of i :

T < Py(cosB) > 42 < [Py(cos 8)]? >4

4.44
r€k-! 1+ 2 < Py(cosf) >c9 ( )

and

:l,i,r,;ﬂ: ri =< Py(cosf) > . (4.45)
oy

Indeed, for very short lifetimes, the probe is not exploring neighbouring seg-
ments, while, for very long lifetimes, relaxation to equilibrium has taken place.
To get an idea of the i dependence at intermediate values of 7, we have cal-
culated r'i for a simple one parameter anisotropic model in which one specific
direction (chosen along the z axis) is preferred. This corresponds to a “poten-
tial landscape” which is flat, except for a delta function well centered at the
privileged direction. The equilibrium distribution for this specific example is
given by
sin @

2

P(0) = (1 = p)—— +p 8(9), (4.46)
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in which p is a measure of the strength of the delta function well. It stands for
the fraction of segments that have the preferential direction # = 0. It is also a
measure of orientational order in the equilibrium state since < P,(cosf) >*9=

p. For p =0, one recovers the isotropic case.

rg 1.0 .
M=5 —— limitvalue

0.9 ol =

o 1208
0.3-\"R
oy, e
0.6 1

Figure 4.2: The stationary anisotropy r} for different positions i along the
chain, as a function of the dimensionless lifetime 7k, compared to the limit

value ry for large M and 1.
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s 1.0

— limitvalue

Figure 4.3: The stationary anisotropy r: for the middle part of the chain, for
different values of M, compared to the limit value r, for large M and i.

In Fig. 4.2 and Fig. 4.3 we plotted ri for various positions i of the probe,
and various values of M, in function of the lifetime kr, measured in units k~*.
[t turns out that the dependence on i, as well as on M is extremely weak.
In fact, for M > 10, ri is very well approximated by the limiting expression
obtained for M — oo :

r = < Py(cos @) > (4.47)
JM — 00

sinh [€i] e™¢* [ < [Py(cosB)]? > —[< Py(cos §) >°9]?
* Tk 1+2< Py(cosf) > '

Moreover, the dependence on i is rather weak. For i > 5, r_‘; is almost inde-

pendent of ¢, and we can write
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rs = lim r': = < Py(cosf) > (4.48)
1 — o0
M=

+ 1 < [Pg(cos 9)]2 >¢q —[< Pg(cos B) >¢‘i‘]3
V1+4rk 142 < Py(cosf) > '

In this limiting form, the dependence of ry on the dynamic parameter k7 is
extremely simple. For an isotropic system Eq. (4.48) reduces to

2
e 4.49
" 5V1 + 4kt ( )

and a log-log plot or ry versus 1+ 4kt should yield a straight line with slope

-1.
This has to be contrasted with the result for the case of one segment (just the

probe) obtained from Eq. (4.41) by putting M =1 :

rs = < Pp(cosf) > (4.50)

2 [<[Pa(cosB)? >* —[< Py(cosh) >
1+ 27k 142 < Py(cosf) > '

In the isotropic case, this has a form identical to the result obtained by Perrin

(62] for rotational Brownian motion :

.
8_51+TL:
R

(4.51)

in which 2k (the jump frequency) plays the role of the rotational relaxation

time 7g.
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4.3 Conclusion

We have shown that, through the use of the Green’s function, orienta-
tional relaxation in the reptation model can be discussed analytically, without
going to a continuum limit for the chain. A somewhat surprising result is
that the stationary anisotropy r, as measured in fluorescence depolarization
experiments, is found to be almost independent of chain size and positioning
of the probe. The exact dependence of r} on these parameters is rather com-
plicated, cf. Eq. (4.41), but a numerical evaluation for a specific anisotropic
case (cf. Fig. 4.2 and Fig. 4.3) shows that this dependence is rather weak,
and that r} is very well approximated by the simple (limiting) form given in
Eq. (4.48). This is true for all values of rk, i.e. independently of whether
the fluorescent probes have a long, short, or intermediate lifetime (in units of
the inverse k=! of the jump frequency) and the resulting dependence on the
parameter Tk itself is extremely simple. Furthermore, we have investigated
the effect of anisotropy, characterized by an equilibrium orientation distribu-
tion function P, which need not be isotropic. As can be seen from the exact
results (4.18) and (4.41), this anisotropy does not affect in an essential way
the dependence on the position, chain length or the dynamic variable 7k : the
dependence on P®? shows up in a different proportionality factor and in an
additional term, both of which are such that the correct short and long time
limits (k7 — 0, k7 — c0) are reproduced.

Finally, we are aware of the limitations of a reptation type of description
for polymer dynamics. Nevertheless, it would be interesting to compare the
analytic results derived here for a discrete chain with computer experiments
for more realistic discrete chain models.
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Chapter 5

Dispersion of particles in

spatially periodic flows

The transport or dispersion of neutrally buoyant particles in fluids is gov-
erned by two mechanisms : molecular diffusion and flow convection. Diffusion
plays an important role in a wide variety of physical and chemical processes,
such as chemical reactions, mixing of fluids, spreading of pollutants, chro-
matography and electrophoresis. It is therefore of fundamental and practical
importance to understand the interaction between these two mechanisms, i.e.
how does the flow pattern affect the dispersion of passive particles, and what
is the resulting concentration profile of the particles.

Although the enhancement of dispersion by turbulence is well known, the
fact that even laminar flow can increase the dispersion is far less well known.
In 1953 Taylor [63] showed that the longitudinal dispersion in a Poiseuille flow
in a cylindrical tube of radius R is described by an effective diffusion coeffi-
cient D* ( D* is a measure for the width of the concentration profile of the
particles) which is given by

<o >2 R
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where D,, is the molecular diffusion coefficient and < v > is the average flow
velocity. The molecular diffusion coefficient being typically of the order of
105 — 10~8cm?/s in liquids, we see that the contribution of the flow to the
effective dispersion of particles is by far the dominant effect.

The study of convection induced dispersion in a general velocity field is
very complicated. However, analytic results can be obtained for an important
subclass of flows, namely the ones with a periodic velocity field. Examples
are flow profiles arising as a consequence of hydrodynamic instabilities, such
as the Rayleigh-Benard system and the circular Couette system, or flow pro-
files in periodic media [64,65]. In these cases, the mean velocity < v > of
the flow is zero, and the dispersion of the particles occurs through the com-
bination of convection along the streamlines and molecular diffusion between
the streamlines. In particular, for the Rayleigh-Benard instability, Sagues and
Horsthemke [66] found (using a perturbative method) an effective transport
coefficient D* equal to :

<vi>d?

D =0m+ma oot b

(52)

The convection-induced contribution is again dominant, and has a form similar

to that encountered in the original Taylor problem cf. Eq. ( 5.1).

i N
N+ N
> i ey
P / oN
B B
—t -—
/ Wri
y
3

Figure 5.1: Periodically repeated unit cell consisting of N x M internal states.
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Different ways to approach the description of such systems have been
used (see e.g. [64]-[69]) among which perturbative methods and Monte Carlo
simulation. The procedure we propose to follow is based on a study of the
problem using the random walk formalism. The motion of the particles in
the periodic fluid velocity field can be described as a random walk across a
system consisting of a periodically repeated unit cell (see Fig. 5.1). The
unit cell contains a number of internal states between which the particles
can jump according to prescribed jump rates. The internal states can be
interpreted in two different ways. They can represent possible spatial locations
at which the particles reside, and jumping from one state to another thus
constitutes a physical displacement of the particle. This is the way in which
processes mentioned earlier can be modelled, e.g. Taylor dispersion or the
dispersion of particles in Rayleigh-Benard instabilities. Another possibility is
that they represent different states of the system, e.g. configuration states of
a molecule. The random walk over the internal states then reflects changes in
the state of the system. This description can be used to model processes such
as chromatography, electrophoresis, NMR, molecular rotational dynamics, etc.

In section 5.1 we will first derive an expression for the average velocity
v and the effective diffusion coefficient D* in terms of the detailed structure of
the unit cell, more precisely, in terms of the Green’s function characterizing the
walk inside each unit cell. Using the results obtained for the Green’s function
in section 2.1, we will apply the formalism to calculate the diffusion coefficient

for several specific cases of interest in section 5.2.

5.1 General description

The periodically repeated unit cell consists of M x N internal states
(see Fig. 5.1). The position of a particle is labelled by a number i = n +
I N(nell,N]and e [0, M — 1]) specifying the location inside each cell, and
by the number 7 of the unit cell. The global horizontal position z = n+ NI of
the particle is determined by both the number of the internal state and that
of the unit cell in which the particle is located. As the particles move through

the system, they jump from one state to another. The jump rate to go from a
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state i to another state i’ (not necessarily nearest neighbours) inside the same
unit cell is given by the matrix element W;s, while the transitions to states in
the previous or next unit cell are denoted by the elements of resp. the matrices
BN(ext) 5nd BP(revious) The probability to find a particle in state i in unit

cell I at time ¢ is the solution of the following Master equation :

8 P(i,1,t) = > (Wi P(i',1,t) = Wi P(i,1,1))
i'#i
+ > (BN P(,1+1,t)- B), P(i,1,1)) (5.3)
i#i

+> (Bf P(', I -1,t)- Bf; P(i,1,t))
i

with the sum over i’ extending over the whole range of the internal states
except 7 : Wi = 0. We expect that the displacement of the particles will,
in the long time regime, obey a Gaussian law [70] and thus only the first
< z(t) > and the second moments < z2(t) > are needed to characterize the

process. Since z = n + [N, we have that

<z(t)> = <n(t)>+N<I(t)> (5.4)
M-1 N M-1 N
= > Y vt +N Y S phan() (5.5)
=0 n=1 1=0 n=1
<z} (t)> = <n?(t)> +2N <n(t) I(t) > +N? < I*(t) >  (5.6)
M-1 N M-1 N
= Y Y a2 ldunv@®+2N ) D nphan(®)
=0 n=1 =0 n=1
M-1 N
+N2 Y0 Y phan(d) (5.7)
1=0 n=1

were ,u_?—(t), p} (t) and p? (t) are the reduced moments of the distribution P(j, I,t)

W) = S PG (5.8)
1
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uit) = Y IP(j, 1) (5.9)
I

Il

sy = Y PPGLA. (5.10)
I

The equations governing the reduced moments can be derived from Eq. (5.3)
by multiplying with the appropriate power of I and then carrying out the sum
over I. As explained in detail in appendix 7.C, these equations are solved by
Laplace transformation. Using the long time limit expressions for the moments
< z(t) > (Eq. (7.C.20)) and < z?%(t) > (Eq. (7.C.21)), we find for the average

velocity v

. ) >
v=lim =—===N '%:;(Bﬁn - BY) P2 (5.11)

Only the stationary distribution P2} of states m from which the particles can
leave or enter a unit cell and the jump rates between these boundary states
determine the average velocity v.

In a similar way the expression for the effective diffusion coefficient D*

i1s obtained
2 _ 2
D" = Iim<.r,(t)> < z(t) >
t—o0 2t
1 , "
= N? (5 > S (B, + B, P (5.12)
| m

_S S SS(BY. - B G2, (BY. - BE) P:*) |

I m

with Gl the second term in the expansion of the Green’s function G(s)
(for the random walk inside the unit cell with periodic boundary conditions)
around s = 0 (cf. Eqgs. (2.58) and (7.C.22)). The factors (B}, + Bf,) and
(B, — BE,) in D* indicate the influence on the diffusion coefficient of the
particles passing from one unit cell to another, while Gl , which depends

explicitly on the specific structure of the unit cell, reflects the motion of the
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particles inside the unit cell. We conclude that the average velocity v and the
effective diffusion coefficient D* can be expressed in terms of P** and G*!, thus
only the small s behaviour of the Green’s function of the random walk on the
unit cell with periodic boundary conditions is needed. In the next section we
will apply the results we obtained for the Green’s function (or its expansion)
in section 2.1 to calculate the diffusion coefficient D* for some specific cases
of interest.

5.2 Applications

To check and illustrate the method introduced in the previous section,
we will first calculate the diffusion coefficient for a very simple case : a one-
dimensional symmetric random walk with periodic boundary conditions.
The unit cell consists of a strip of N internal states (see Fig. 5.2).

k
B —_—t
k k

k
7 —_—
k k

L3
e N ] N o

“I's

3 k 13
| - 2 - |

Figure 5.2: Unit cell consisting of a strip of N internal states.

There are only transitions possible between nearest neighbour states, with
equal jump rates k to go from state i to state i + 1 or from i + 1 to i. The

transition matrix W has thus the very simple tridiagonal form

[ -2k & 0 = 0
k. -2k k o - 0
0 k. -2k k 0 0
W= y (5.13)
0 0 k. =2k k 0
0 o 0 k. =2k k
\ 0 0 e 0 k=2 )
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The only transitions that occur through the boundaries are the ones from state
1 to state N and vice versa. The matrices BN and BP have but one element
different from zero

BY bir 6N k (5.14)

BE in 651 k. (5.15)

The Green’s function for this periodic random walk was given in section 2.1.2 :

Gmn = (s1-(W +BP 4+ BV))-1

coshé(|m —n| - &

5.16
2k sinh¢ sinh 5% W2
with
5
hé = —. 1
cosh{ =1+ 7 (5.17)

To calculate the diffusion coefficient, we need the first two terms in the expan-

sion around s = ( of the Green's function

Pat
Gmn(s) = e G, + 0(s) (5.18)
s —0
11 N?—-6|m-n|N+6(m-n)2-1 i
= n¥ 12Nk ).

Filling in the appropriate values of m and mg we find

Pt =pgy = ‘;T (5.19)
" 3 N*=1
" " N2 —_6N +5

GiN=Ga = ———— (5.21)

12kN
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Combining Eq. (5.11) with Egs. (5.19), (5.20) and (5.21), we find that the
average velocity v equals zero, as was to be expected, because the random
walk is symmetric. For the diffusion coefficient D* (Eq. (5.12)) we also find
the correct result, namely k.

5.2.1 Taylor dispersion phenomena

We now turn to the description of the dispersion of particles in a flow

consisting of N layers, on which a transverse random walk is superimposed

(see Fig. 5.3).

"l
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| k-2
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|
]

|

ul
v
=z
v

Figure 5.3: Unit cell used to describe Taylor dispersion phenomena.

The unit cell contains N internal states. Inside the unit cell, the particle can
jump from state i to its nearest neighbours i — 1 and i + 1 with transition
probabilities k£ and k;-*' resp. Because the particles can not leave the system
through the upper or the lower boundaries, the jump rates ki and k7 are
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equal to zero. The transition matrix W is given by

[ -k

kf

W= b
\ 0

ky

0

—(k§ +k3) k3

K

0

k

+

N—

0

0

kn-1

2 "(k;t'—l +k5’—1)
k+
N-1

0
&
ey

. (5.22)

From each internal state 7, the particles can move to the previous or the next
unit cell with jump rates I7 or f?' resp. The matrices BN and BF are thus
diagonal

BY = &;if

(5.23)

BE = &7 (5.24)
When the particles leave unit cell I through the boundaries, they jump to the
same internal state i they left. Consequently, the transitions rates !:'i do not

enter in the calculation of the Green’s function

1
G =
s1 - W

: (5.25)

We calculated the stationary distribution P** and G;} for this particular ran-
dom walk in chapter 2, Egs. (2.62) and (2.75) :

prt - 1

[ Fk?‘ k=‘+—1 k£_+1"' k;, (5-26)

with A/

NV=kg v By+kf k3o Byd oot koo Bhy, (5.27)
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and

N-1r r s t
ot (6ix = P{*) (61 — P*)
Z} 2 kZl B ki‘P;t . (5.28)

From Eq. (5.11) we obtain for the average velocity v

N

v=3 0 -)P (5.29)

=1
and the effective diffusion coefficient D* (Eq. (5.12)) equals
N N N-1r r

& —Z(:++: PE+Y Y YN -1n)ee

i=1 i=1j=1 r=1 [=1 n=1

PG~ PY)
k+ Pst

-— 6“’1
e (lF —1; )P;f( (5.30)

As already mentioned in the introduction, we see that the particles are more
effectively dispersed due to the presence of the flow in the horizontal direction.
In the case of two layers with I} = I; =1, and IT =1f =1y, Eqs. (5.29) and
(5.30) reduce to the well known results (kf = k; and kz = kp)

_ (k1 — k2)(h — 1)

5.31
ki + k2 ( )
and
h+l (h = 13)?
= kikp———=_ .32
D ~5 + 4k k; TN (5.32)

From the general expressions Eqs. (5.29) and (5.30) for the discrete sys-
tem, we can derive several other results by taking the appropriate continuum
limits (see appendix 7.A). To obtain a continuum of states in the horizontal

z-direction, we take the following limits (introducing the parameter a, being
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the width of the unit cell) :

a—0 r=1a
; (F i)
[ — o0 with 02=_21_, = D; fixed. (5.33)
+
=00 a(f}"-}-l,-_):v;

We recover in this case the results previously obtained by Van den Broeck and
Mazo [71]

N
v o= ) upt (5.34)
i=1
N N {Z(W - U)p?t)z
D* = ; st =1 ) .
EDP' +§1 ey (5.35)

An example of a process that can be described in this continuum limit, is the
dispersion of particles in a chromatographic column. Here, the layers (two
in this case) do not represent physical locations of the particles, but possible
internal states (see also chapter 6 and [101]). The particles can either be in
the adsorbed state (v; = 0) or in the mobile phase (v = v). They switch
between these two states with jump rates ki = k; and kJ = k2. The effective
diffusion coefficient D* is given by (if the diffusion in the horizontal direction
is neglected)

2 klkz

D" = v —————.
ey + ko)

(5.36)

The dispersion of particles suspended in a fluid flowing through a tube or
between plates has been extensively investigated : see e.g. [63], [72]-[75]. We
can describe this phenomenon with our formalism (for systems in which there
occurs no interaction between the suspended particles and the boundaries such
as adsorption, i.e. we only consider reflecting boundaries in the layers 1 and
N) in the limit that the number of layers N of the fluid goes to infinity. The

random walk across the system then becomes a diffusive process. Using the
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limit procedure described in appendix 7.A we get from Egs. (5.34) and (5.35)
(the variable y describes the vertical position of the particles) :

L
v o= [TowPiway (5.37)

s fo ") - v)P*H (Y )dy')?
D) P*(y)

D dy, (5.38)

/ * D) P*(y)dy + /

with L the total thickness of the system, v(y) the velocity profile of the flow
and D(y) the diffusion coefficient in the transverse direction, which in general
can depend on the vertical location of the particles in the fluid. Here again,
we see that the transport of the particles is enhanced due to the interplay
between convection and molecular diffusion.

As an example, we will consider the analog of Taylor diffusion (the disperion
of particles in a laminar flow through a tube of radius R) for a system with
planar symmetry. The Poisseuille velocity field v(y) for a laminar flow between

plane parallel plates at a distance L from each other is given by :

v(y) = Gv%(l - %) Y ye [0, 1] (5.39)

with v the average solvent velocity, which is also equal to the average velocity

of the dispersed particles. We have in this case :
D(y) = D (5.40)

Pii(y) = (5.41)

2
L
and thus we find for D* (Eq. (5.38)) :

v2L?

D" =D+ 55p

(5.42)

a result simular to the one obtained by Taylor (cf. Eq. (5.1)).
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5.2.2 Dispersion of particles in a system of rotating fluid rolls

k(1+g) K

k(1 -g}I

2

K
k(l-g)I ‘

k{i-g)

| 1(.[ I+g)

I lm-g:
ki1=-g} K

3 B
k(1+q)

Figure 5.4: Unit cell with four internal states for a periodic system consisting

of clockwise rotating rolls.

As a next example, we turn to the transport of particles moving through

a system of rotating rolls. The unit cell we use to model this situation has four
internal states (see Fig. 5.4) with transition rates k(1 — g) between nearest
neighbours in the counter clockwise direction and k(1 + g) in the clockwise

direction.

The particles can move through the boundaries to the next or

previous cells with jump rates k. The matrices T (with periodic boundary

conditions), BN and BF are given by :

BN

([ -8k k(2-g) kK1+g) 0

k(2+g) -3k 0 k(1-g) (549
kl-g) 0 _3k k(2+g)

\ 0 K(l+g) k@2-g) -3k

(n k00

0000 -
000 k

L0 0 00

79



o o O

o o o o

O o o

(5.45)

oo O o o

The Green’s function for this random walk can be obtained by simple matrix

inversion. Expanding it around s = 0, we obtain for P?* and G}

Gii=G

=] __ =]
Giz e~ G43 —

wl __ =]
Gla - G‘i? i

=1 __ =]
Gla =Gy

=1
Vo e

B bl (O
'632_G41‘—
=1 __ w1 __
G24—'G31_

Gil = 63t =

(5.46)
l=grl = _M,,
BTN 144k2(g? + 2)2
g +49% 4+ 549 - 23
144k2(g? 4 2)?
_ g*+4¢* - 549+ 31 (5.47)

144k% (g2 + 9)2

: gt +224° - 41
144k2(g2 § 2)?

9% +4¢% + 549 + 31

144k2 (g2 + 2)?2

g +44% - 549 — 23

144k2(g2 4 2)2

The average velocity v equals zero and D* (Eq. (5.12)) can be expressed as

D* =k (1 + i—) , (5.48)

92 +2
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Figure 5.5: Unit cell with nine internal states for a periodic system consisting

of clockwise rotating rolls.

In an analogous way we obtain the result for D* when the unit cell contains

nine internal states (see Fig. 5.5)

. 2¢%(g9% + 11)
— R S e O 4
2 k(l+g4+l3gz+13 ()

We see that the dependence on g becomes more complicated as the number
of internal states increases. Note that if the bias g tends to zero we recover
the result for normal diffusion. Note also that D* is even in g and thus not

sensitive to the direction of the flow.
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Figure 5.6: Unit cell for a periodic system consisting of counter rotating rolls.

In the Rayleigh-Benard system counter rotating fluid rolls arise. To

model this situation, we considered a very simple system in which the unit

cell contains eight internal states (see Fig. 5.6). We find for the matrices T,

BN and BF .
[ -3k

0
k

0
0

\ o

k(1-g)

k(1+9)

0
k
-3k

k(1 + g)

0
0

k(1-g)

0

k

0
k(1-g)

-3k

0

0

0
k(1+g)

N
By =
N
Bgs =
P
By =

P _
Bsg =

k(1-g)

-3k

k(1+g)

k,

0 0
k(1+3g) 0
0 k(1+g)
0 0
k(1 -g) 0
-3k k
k -3k
0 k(1 —g)

k(1 - g)

k(1 +g)

0
e
]

k
0

—3 )

(5.50)

(5.51)

(5.52)

with the other elements of BN and BP equal to zero. The Green’s function is

found by direct inversion of the matrix (s1 — T). After expanding it around

s =0, we get for

GIJ-I (we only list here the elements of G*! that we
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need the calculation of D*)

1

1
pst — — .
8 (5.53)

11g% +91g% + 116
k(96g* + 48092 + 384)

=] __ =1 __ =1 __ =] __
GII_ 44-G55-G88_"

59 + 37¢% — 4
k(9697 + 48047 + 384)

Gii=Gi =G =CGp=

9% — 24¢% 4+ 5% — 609 + 4
k(96g* + 48092 + 384)

=]l |
Gis =G =—

79* + 359% + 369 + 28
k(96g* + 48092 + 384)

Gl =Gl = (5.54)

g% +24¢% + 59° + 60g + 4
k(96g* + 48092 + 384)

Gil = Gih = -

7g* + 3592 — 369 + 28

wl =1 __
Ca1 = G54 = k(96g% 4 48092 + 384)°

The average velocity v of the dispersed particles is again zero and D* equals

92
*=k . :
D (1 + 2 +4) (5.55)

A comparison of this result with Eq. (5.48) shows that the particles are more
effectively dispersed in the case where the fluid rolls have the same direction
than in the case of alternating rolls.
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5.3 Conclusion

In this chapter we have shown that the calculation of the effective diffu-
sion coefficient for the dispersion of particles in spatially periodic systems can
be reduced to the calculation of the Green’s function for the random walk in
the periodically repeated unit cell. In the case of small unit cells, as in the last
example, the Green’s function can be calculated explicitly (possibly with the
use of symbolic manipulators like Macsyma). In other cases, such as a random
walk in a one-dimensional unit cell with general transition rates, the small s
expansion of the Green’s function is known analytically (cf. section 2.1.3). In
all these models, the enhancement of the effective diffusion coefficient due to
the interplay between convection and molecular diffusion can be calculated.

In principle, similar calculations can be performed for two-dimensional
systems where we have periodical boundary conditions in both the horizon-
tal and vertical direction. The expressions for the diffusion coefficients D7
and Dy, are thus the same, because the influence of the additional periodic

boundaries will only prevail in the Green’s function.
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Chapter 6

Stochastic resonance for

dispersion in oscillatory flows

In 1955, Giddings and Eyring [76] proposed the following simple model
for chromatography. A particle in a chromatographic column can be in two
different states. Either it is in the mobile phase, and it moves along the
chromatographic column with a velocity equal to the fluid velocity v, or it is
immobile, while it is adsorbed in the stationary phase. The rates of change
from mobile to stationary phase, and vice versa, will be denoted by k; and k;
respectively. The average fraction of time spent by a particle in the mobile
phase, is equal to k2 /(ky + k2). Therefore, the particles move, on the average,
with a speed equal to u ko/(k1 + k2), leading at time ¢, to a concentration
peak at a location

ko

6.1
ki + k2 (8:4)

<z(t)>=vt

downstream of the injection point. The idea behind flow chromatography is
that different types of particles will be characterized by different values of the
exchange rates, which will lead to separated peaks in the chromatographic
column. However, due to the stochastic nature of the adsorption-desorption

process, these peaks will not be infinitely sharp. The form and width of these
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peaks will determine the separating power of the set up. For their simple
model, Giddings and Eyring were able to calculate explicitly the shape of the
peaks. In particular, they showed that the probability density P(z,t), describ-
ing the distribution of identical particles along the z axis, approaches a Gaus-
sian form in the limit ¢ — oo, with an average value given by Eq. (6.1) and with
a mean-square deviation increasing proportional to time (6z = z— < z >)

< b6z(t) >=2 K, t+ O(t). (6.2)

The proportionality constant K, describes the dispersion of the particles in
the direction of the flow, and is therefore called the longitudinal dispersion
coefficient. In the present problem, it is given by

s e (6.3)
(k1 + k2)

Note that the average position < z(t) > of the chromatographic peak only de-
pends on the ratio of the rate constants, cf. Eq. (6.1), while its width depends
on the actual time scales involved, cf. Eq. (6.3). In particular, for the simple
case of equal transition rates k; = k; = k, we find that K, ~ k™1, i.e. the dis-
persion rate decreases as the exchange rate between the layers increases. This
can be understood as a result of the law of large numbers : as the frequency
of exchanges between the layers increases, the fluctuations in the total time
spent in each layer are suppressed.

The above-described dispersion process is a simple example of what is
called Taylor dispersion [20]. In many problems of this type (e.g., dispersion of
particles suspended in blood vessels or estuary flows), the velocity field under
consideration is oscillating in time. In these cases, the corresponding longitu-
dinal dispersion coefficient becomes a function of the oscillation frequency w.
This function has been calculated in the literature for several cases of interest
(77] - [101]. In particular, Mysels [101] studied the dispersion for the above-
described two-layer model, with the additional feature that the flow velocity
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of the mobile phase is equal to v cos(wt). The correct result for K reads :

< 6z%(t) > v? ky ks

K= lim =L
T t—oo 2% g (k] + kz)(w2 + (kl + kg)z).

(6.4)

Note that K reduces, in the limit w — 0, to half the value of the disper-
sion coefficient K, for the non oscillatory flow. Note also that K decreases
monotonously as w increases. These properties are well known and under-
stood, and are also found in other Taylor dispersion problems (see e.g. [98]).

A feature which seems to have escaped attention, is that the coupling
between the oscillatory flow field and the stochastic jump process leads to a
phenomenon of stochastic resonance [102]. To illustrate this, we consider the

simple case of equal transition rates k; = ky = k, for which Eq. (6.4) becomes :

2 k

K=uv W

(6.5)

For k >> w, the coefficient K behaves as in the non oscillatory case, namely
K ~ k™!, For k << w however, we have that K ~ k, to be contrasted with
the divergence of K, for k — 0. Moreover, K reaches a maximum for k = w/2.
This maximum is the result of a resonance effect between the stochastic hop-
ping process between the two states and the oscillatory velocity field. For
k = w/2, the hopping of the particles between the two states with rate equal
to k is, “as much as possible”, in phase with the oscillation of the flow with
frequency w.

The jump process between the stationary and mobile phase is the so-
called random telegraph signal. The spectrum S(w) of this stationary stochas-
tic process is a Lorentzian, and is, in fact, equal to K times 4/7. This is not
a coincidence. It turns out that the longitudinal dispersion coefficient is equal
to the spectrum of the amplitude fluctuations of the velocity field. The mea-
surement of K in function of w thus corresponds to an indirect measurement
of the power spectrum of this stochastic process.

The outline of this chapter is as follows. In section 6.1, we derive the
relation between K and the spectrum of the underlying stochastic process. In
section 6.2, we present the generalization of the Giddings-Eyring model for a
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time-periodic flow where the transitions between the two states are described
by a non-Markovian process. In section 6.3, we discuss some cases that have
been studied previously in the literature. Finally, in section 6.4, we consider
the problem of field flow fractionation with an oscillatory velocity field. In all

these examples, the phenomenon of stochastic resonance is put to evidence.

6.1 The frequency dependent dispersion coefficient
K

We are monitoring the motion of particles along the z axis. The rate of
change, or velocity, along this axis, is supposed to be of the following form

Otz = A(t) coswt, (6.6)

where A stands for the amplitude of the time-periodic motion. This amplitude
undergoes an independent stochastic process, which we will assume to be sta-
tionary. In the Giddings-Eyring model for chromatography, A(t) is a random
telegraph signal, switching between the two possible values A = u and 4 = 0.

As a result of the stochastic properties of A4, the particles do not fol-
low identical trajectories, and will be dispersed in the course of time around
an average position < z(t) >. By integration of Eq. (6.6), one finds for
this dispersion (using the notation §f = f— < f >, and assuming that
<6z} (t=0)>=0):

t t
< 6z%(t) >= / d'r] dr’ < 6A(r)6A(7") > coswT coswr’. (6.7)
0 0

By introducing the time auto-correlation function of the amplitude

C(r—1') =< 6A(T)6A(T') >, (6.8)
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one can rewrite Eq. (6.7) as follows
t
<62(t) > = tf du Clu) coswu
0

sinw(2t — u) — sinwu

+f; du C(u) [ g - ucoswu} .(6.9)

In the long-time limit, the following expression for the longitudinal diffusion
coefficient K is obtained :

2
K = lim < 8z%(t) >
t—oco 21t

1 ™
== / dr C(r)coswr = —S(w). (6.10)
2 Jo 4
We conclude that K is (apart form a factor m/4) identical to the spectrum
of the amplitude fluctuations. Note that positivity of K is guaranteed by the
Wiener-Khintchin theorem [103].

In the general case of Taylor dispersion, the flow velocity along the z
axis depends on the transverse location y of the particles, but not on the
position along the flow axis z. This location y changes in a stochastic manner
in the course of time, due to the intrinsic random motion, e.g. diffusion,
of the particles. Hence A is a stochastic process through its dependence on
y: A(t) = A(y(t)). The time-dependent dispersion and the longitudinal
dispersion coefficient K can then be obtained from the Green’s function of the
stochastic process y(t). To show this, we start by writing explicitly in Eq.

(6.7) the average that now refers to an average over the y-coordinate

<s()> = 2 " |4 [y [ aysamsaw)

P(y'|ly; " — 7)p*(y) coswr coswr’. (6.11)

Here P(y'|y; ) stands for the conditional probability to go from ¥ to 3’ during
a time interval equal to 7, and p*(y') = lim;—. P(y'|y; T) is the correspond-
ing steady state density. For simplicity, we assume that the particles are
initially distributed according to the steady state density p*!(y), an assump-
tion that does not influence the long-time behaviour of the particles. The
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integral over the y variable is over the total state-space of this variable and
has to be replaced by a summation in the case of a discrete valued variable.

By introducing Laplace transforms

Fisy = /0  f(t)e*tdt, (6.12)

one obtains the following result :

2w? 4 52

m ReP(y'!y; s+ iw)

< 6i%(s)> = 2 /dy/dy’éA(y)ﬁA(y') [

+ T P s + )] ). (6.13)
Re(z) and Im(z) stand for the real and imaginary part of z, respectively.
In the limit s — 0, corresponding to the long-time behaviour, the following
expression is obtained for the longitudinal dispersion coefficient K (this is
another way of writing Eq. (6.10), for A(t) = A(y(t)))
K = lim S < 65%(s) >= 3 [y [ay sawsawW) RePWlysi @) 1" ().
(6.14)
The Laplace transform P(y'|y; s) of P(y/'|y;t) is the so-called Green’s function
of the stochastic process y(t). Its explicit form is known in several cases of
interest as we saw in chapter 2. Egs. (6.13) and (6.14) are the basis for the
results derived in the next sections.

Finally, we mention that the calculation of the long-time dispersion co-
efficient K can also be related to the time-dependent dispersion for the same
problem in a non oscillatory flow. The Laplace transform of Eq. (6.7) in the
absence of the time periodic term in the velocity field reads

<65 8) = f:’e““ < 683 o, dt:s—i /ow = C(t) dt. (6.15)

By comparison with Eq. (6.10), one easily verifies that

2
K= _“"—4- Re < 6%(iw) >N.0. (6.16)
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where the subscript N.O. is an abbreviation for non-oscillatory. The calcu-
lation of the frequency - dependent dispersion rate is thus of the same level
of difficulty as that of calculating the dispersion at all times for the non-

oscillatory problem.

6.2 Non-Markovian two-layer system

As a first illustration of the above results, we consider the non-Markovian
generalization of the Giddings-Eyring model of chromatography. In this case,
the time 7 between the changes in state, from velocity A; coswt to velocity
A3 coswt or vice versa, is a random variable with probability density (7). For
simplicity, we consider the symmetric case for which this waiting time density
is the same in both phases. In order to apply the results of the preceding
section, we need to consider a stationary jump process, for which the waiting

time density for the first jump, ¥,(t) is of the following form [27,37] :

/oo P(r)dr
Yo(t) = “— (6.17)

j:o T ;b(r)dr.

We assume here that the average waiting time < 7 >, appearing in the denom-
inator of Eq. (6.17), is finite (if this is not the case, there exists no stationary
jump process with 1(t) as waiting time density).

Let P(i|j;t) denote the probability to go from state j at time zero to state 1
at time t (7, j = 1 or 2). Its Laplace transform, the Green’s function P(i]j;s)
is given by (cf. section 2.1.4, Egs. (2.81) and (2.82))

1 = 1,50(3)

Plit=Flitg) = g-=m i

P(1)2;s) = P(2|]1;s) = __wl8) (6.18)

s (1+9(s))
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while the dispersion reads (cf. Egs. (6.13), (6.17) and (6.18))

A2 2 2
< 63%(s) >= (4 = 4] [ g d

2 52 (82 + 4w?)

1 2 (1 - P(s 4 iw))
XRe[s+iw (s+iw)? <> (1+1;(s+£w))] g

= Im
s (% + 4w?)

2 1 2 (1 — (s + iw)) ” |

s+iw  (s+iw)2 <1 > (1+9(s + iw))

The diffusion coefficient K is found from Eqs. (6.14), (6.17) and (6.18)

K = (Ay —4/‘12)2 . 1u; [?:1512)2 o (6.20)
where
<T> = fﬂm T Y(7) dr
" O j:o coswr P(r) dr (6.21)
b f;o sinwr (1) dr.
In the limit w — oo, Eq. (6.20) reduces to the simple result
K (A _4'42)2 = 1) =5 (6.22)

w — 00

so that only < 7 > enters in the determination of the dispersion rate. On the
other hand, for w — 0, one finds

Ko _ (A-A4)(<r?>-<71>?

I 2 s (62)

w—0
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which depends both on the first and the second moment of the waiting time
density (7).

For the particular case of an exponential waiting time

p(r) =k e, (6.24)

we recover the result given in Eq. (6.5). This waiting time density corresponds
to transitions that occur at completely random time points, with an average

waiting time equal to

< Tp= }i— (6.25)

At the other extreme, we consider the case of transitions occurring in a

perfectly regular manner

P(r) =6(r — k7). (6.26)

In this case, instead of calculating the diffusion coefficient K, we need the
result for the complete time dependence of the mean square displacement
given by Eq. (6.20) (the fluctuations in jump times arise from the fact that,
under stationary conditions, the first jump takes place at a random time 7 €

[0, =1])

(A1 — 4p)°
2 52 (52 4+ w?)(s? + 4w?)(e?* + 2 e¥ cos £+1)

< 63%(s) >=
x [s (s + w?) (% +1) = 2k (s* — w?)(e*k —1)  (6.27)
+2s ek (szcos3 Fotr® (:c«s-"‘i -6 kw sing)] .

k k k

In the limit s — 0, corresponding to the long-time behaviour, one has to make

the distinction between the following resonant and non resonant regimes.
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Forw/k=(2n+1)r, (n=0,1,2,3,...), Eq. (6.28) reduces to

<8F(s)> ~  (A-A) = (6.28)

s —0

In the other cases (w/k # (2n + 1)7), one has

1

s

wecosE+S5w—6ksing

<b6&(s)> ~ (A1 = A)? ( 8 w3 (cosg +1) ) (6.29)

s—0

In the first case, the transverse jumps are in resonance with the oscillatory
velocity field, leading to a ballistic separation (< 6z%(t) >~ t?). The diffusion
coefficient K is thus divergent. When the two processes are not in resonance,
the dispersion tends to a constant in the long-time limit, and the diffusion
constant K is equal to zero.

The so-called Erlang waiting time density includes both previous situa-

tions as particular cases :

{nkr)"‘l

Yu(1) = nk TR g=ney (6.30)
or
~ nk)*
ale) = (6.31)

For n = 1, one recovers the exponential waiting time density (cf. Eq. (6.24)).
The fluctuations around the average jump time < 7 >= k™! become smaller
as one considers larger n. In the limit n — oo, the distribution given in Eq.
(6.26) is recovered. For general n, K can be obtained from Eq. (6.20), with
<T> = "1-

a = Re [1 4 ifz]_ (6.32)
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i Im[l-}-if—k]-.

In Fig. 6.1, we have plotted K/(A4; — A3)? as a function of k for w = 1 and
different values of n. All these plots exhibit the phenomenon of stochastic
resonance, discussed in the introduction. As n — oo, the structure of the res-
onances approaches that of the equally spaced jump process, cf. Eq. (6.26).
In particular, the number of resonances increases as n becomes larger, while
at the same time, the resonance peaks become sharper. We conclude that
the resonance structure can be quite complicated if the jump process devi-
ates markedly from a Markov process. On the other hand, the existence of
sharp resonance peaks may be useful to separate particles. Only particles

corresponding to a k value close to a resonant value will be dispersed.

(A-a0?

0.05

= 2
(A-A) 0.3

0.2
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0.1 0.2 % 0-31 0.4
00637
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Figure 6.1: (71—_%;, as a function of k with w = 1 for the two layer
non-Markovian model with the Erlang-distribution as waiting time density,
for different values of n = 1,2,10,500. The arrows indicate the position of the

resonant peaks for the case of equally spaced hoppings.
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6.3 Comparison with some results from the liter-

ature

Consider the dispersion of particles, suspended in a time-periodic flow
between two plane parallel plates (cf. Fig. 6.2).

‘Y

y(t) Aly(t)] coswt

0 X

Figure 6.2: Time periodic flow between plane parallel plates.

The equation of motion of the particles along the z axis reads

Oz = Afy(t)] coswt, (6.33)

where y(t) stands for the transverse location of the particle. We will suppose
that the particles undergo, in this direction, a diffusive motion with a diffusion
coefficient D between reflecting boundaries located at y = 0 and y = L. We
neglect the diffusion in the z direction. The Green’s function for this situation
can be found in the table in chapter 2 (pages 17-20) :

cosh [\/E[L - max(y,y’)]] cosh [\/gmin(y,y’)]
VsD sinh (L\/3)

P(y'y;s) =

(6.34)
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and the dispersion coefficient K reads :

K= %foldu/: dw (A(vL)-7) (A(wL) - 4) (6.35)

i cosh [(: +1)VQ - max(v,w}]]_ cosh [(l + 1) VQ min(v, w)]
(i+1) V2 sinh [(:’+1)\/§] '

The ratio

w L?

=
2D

(6.36)
measures the relative importance of the characteristic time for diffusion across
the system over the characteristic oscillation time.

For an oscillating Poiseuille flow between plane parallel plates at a dis-
tance L from each other, the velocity field reads (for y € [0, L])

A(y)coswt =6 A % (l - %) coswt (6.37)

and one finds

kAL 3 (3 siohV/A-sinV (6.38)
- D 2Q? VQcoshvVQ — cosvVQ ) ‘
For a linear shear flow with velocity field (for y € [0, L])
A(y)coswt =24 %coswt, (6.39)
one has
K—Zsz 1 I_Lsinh\/ﬁ+sin\/§ (6.40)
- D 202 VQcoshvVQ + cos V) .

These results agree with those given previously in the literature [89,98], see
also [99].
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The following velocity profile simulates the presence of an immobile

layer :

<
A(y) coswt = { ¢ for0<y<! (6.41)

Acoswt  forl<y<L

The flow has a uniform oscillating velocity A coswt in the top-layer of width
L — I, while the bottom-layer of thickness [ is at rest. After a lengthy but
straightforward calculation, one obtains from Eq. (6.36)

2L2

£ 5 9(Q) (6.42)

K=

with

9(Q) = {cos (Qq\/ﬁ) sinh (2(q -1) \/ﬁ) + cosh (Qq\/f_l) sin (2 (g—=1) \/ﬁ)
— sin (2(;\/5) cosh (2 (g—=1) \/ﬁ) — sinh (29\/6) cos (2 (¢g—1) \/ﬁ)

+sinh 2V +5in 20 / [16 ©%/2 (cosh 2V - cos 2v0)| (6.43)

and ¢ = f This result is equivalent to (but more convenient than) the series
expansion obtained by Yasuda [100].
In the limit Q — oo, the following asymptotic result is obtained :

A" L 1

Note that, in this limit, K is independent of I, and decreases asymptotically
as w2 This somewhat surprising result can be understood from the fact
that the large frequency behaviour of K is determined by the crossings of the
y = | border by the particles close to this border. These crossings occur in a

self-similar manner with a fractal dimension equal to 1/2 [104].
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Figure 6.3: %{; with w = 1 as a function of %‘?— for a Poisseuille flow between
plane parallel plates (- - -), for a linear shear flow (-.~) and for the velocity
field given by Eq. (6.41) (- - -).

To discuss the above results in the context of stochastic resonance, we
note that 2 D/L? is equal to the inverse of the typical time for diffusion
between the boundaries. In Fig. 6.3, we have plotted K/E"2 as a function of
2D/L? for the three cases discussed above (with w = 1). In all these cases,

one observes that K goes through a maximum at a specific resonant value of

2 D/L2.

6.4 Field flow fractionation with an oscillatory ve-
locity field

Field flow fractionation is a chromatographic method first proposed by
Giddings [105] and independently by Berg and Purcell [106]. Particles are
suspended in a non uniform flow and are subject to a transverse (e.g. electric
or gravitational) external field. Under the influence of this field, particles of
a different type will move to different regions of the velocity field, leading to
separated peaks in the dispersion. Again, it is of interest to calculate the width
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of these peaks, since they reflect properties of the random motion of the sus-
pended particles, and determine the separating power of the chromatographic
technique. Here, we present results for the case of field flow fractionation in a
time-periodic Poiseuille flow.

The velocity field for an oscillatory Poiseuille flow between plane parallel
plates (located at the positions y = 0 and y = L) is given by (cf. Eq. (6.37)) :

A(y)coswt =6 4 % (1 - %) coswt, (6.45)

with A the average solvent velocity. An external field is applied perpendicular
to the plates (i.e. along the y direction). The particles undergo Brownian
motion with diffusion coefficient D, on which is superimposed a sedimenta-
tion process with sedimentation velocity v, proportional to the strength of
the external field. The competition between these two processes leads to the
establishment of a barometric equilibrium distribution

st a e ~2Y
= ———— 4
P (y) B (6.46)
where
vy L
= 4
o 5 (6.47)

measures the relative importance of the sedimentation versus diffusion. The
Green’s function for the combined diffusion-sedimentation process, with re-

flecting boundaries at the walls located at 0 and L was given in section 2.1.2 :

L e~ (v—w)3°g
~ 2DQ,sinh Q,

P {(1 + ;:—Ll?z) cosh [Qo (l - yf) - yf)] (6.48)

p(ylyo;s)
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with

Q=3 \[a?+ 5 (6.49)
and

y> = max(y,yo)

Y< = min(y,yo). (6.50)

The average velocity of the dispersed particles < A > is now different from

the average solvent velocity A
L 5 6 A a 2
<A>= j A(y) p'(y) dy = coth 5 = = ). (6.51)
0

Inserting the results Egs. (6.48) and (6.51) in Eq. (6.14) leads to the following
expression for the frequency dependent dispersion rate K :

B o L L [T [ dw et
= QDRQ[Qsintho ”/; we ’

X (A(vL)- < A>) (A(wl)-< A >)

% ((14—%) cosh (Q (1 = v — w)) 4 cosh (Q (1 — v + w))

+ %% sinh(Q (1 -v - m)))] (6.52)
with

Q= %\/&2 T 8. (6.53)

The calculation of the integrals in Eq. (6.52) is quite straightforward, but the
final result is extremely lengthy. The complete expression for the dispersion

rate, as well as some limiting results are given in appendix 7.D.
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Figure 6.4: %{7 with w = v, = 1 as a function of %—?- for field flow fractionation
in an oscillating velocity field.

In Fig. 6.4, we have plotted the result obtained for K from Eq. (6.52) for
w = l and vy = 1 as a function of 2 D/L?. One again observes the phenomenon

of stochastic resonance.

6.5 Conclusion

We have studied the dispersion of particles in time-periodic inhomoge-
neous flows. We saw that the diffusion coefficient can be expressed in terms
of the Green’s function for the transverse stochastic motion of the particles.
One of the central results is that the dispersion rate K possesses one or more
maxima, when plotted as a function of the characteristic time for the intrin-
sic stochastic motion of the particles. These maxima can be explained by a
phenomenon of stochastic resonance between this stochastic motion and the
periodic flow. On the other hand, we proved that the longitudinal dispersion
coefficient K is directly proportional to the power spectrum of this stochastic

process, which can thus in principle be obtained from the measurement of the
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dispersion in time periodic flows. Finally, we expect that the measurement
of the dispersion will be easier for time oscillatory flows, since much shorter

tubes can be used in the experiments.
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Chapter 7

Appendices

7.A Relation between discrete time and continu-

ous time random walks and diffusion

In this appendix, we illustrate by a formal calculation how the results
obtained for the case of a discrete time random walk can be used for the con-
tinuous time random walk and the diffusion process by taking the appropriate
limits. We would like to stress that the derivation given here, merely consti-
tutes a “recepy” to make these transitions and for a more rigorous treatment
of this problem, we refer the reader to the literature (see e.g. [38,103]).

Consider a discrete time random walk where the particles can jump to
their nearest neighbours m — 1 and m 4 1 with transition probabilities a* and
a~ resp. We assume that the time interval At between each jump is fixed. The
probability to find the walker in site m after n steps, starting its trajectory in

my, is governed by the following Master equation :
P(m,mg;n) = atP(m—1,mo;n— 1)
+(1 —at —a”)P(m,mo;n) + o~ P(m +1,mo;n — 1)

P(m,mo;n) = ZMmmaP(m’,mg;n - 1) Vn>1 (7.A.1)
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where we introduced the transition matrix M with elements

MmmJ — a+6m",m—l + (l —-—a - Cl‘+)6m1‘m + o 6mﬁ’m+1. (7-A-2)

The solution of Eq. (7.A.1) is equal to

P(m,mo;n) = ) (M™) ' P(m’,m0;0) = (M™)smme- (7.A.3)

Multiplying both sides with 2™ and summing over n we get

F’(m' mo; z) = z; (1 _le)mm‘ P(m',mg;0) = G,Emﬂ(z), (7.A.4)

with GP(z) the Green’s function or generating function of the discrete time
random walk. To relate this result to the continuous time random walk we let

the time interval At between successive jumps tend to zero

At =0 t = nAt
n — 0o with 2 G fixed. (7.A.5)
ot = 0 ol Z{

In this limit, Eq. (7.A.1) is transformed into
0yP(m,mg;t) = k"'P(m —1,mg;t) — (k% + k™)P(m, mg;t)
+k™ P(m + 1, mg; 1)

8iP(m,mo;t) = > Ty P(m',mg;t). (7.A.6)

m'

Here, T is the transition matrix for the continuous time random walk, which
is related to the matrix M in the following way :

M-1
T= li .
ahilu At

(7.A.7)
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The Master equation (7.A.6) is usually solved by taking the Laplace transform.
Rearranging the terms we get

GG, (8) = mz (31 > T)m' P(m’, mo; 0) (7.A.8)

with

GGy (8) = -/w e * P(m, mo;t)dt. (7.A.9)
0

This limiting procedure can be carried out not only on the equations describing
the random walks, but also on results derived from them, in particular on the
Green'’s function itself. Substituting m for z and taking the limit At — 0,
the following relation between G€(s) and GP(z) can be derived [38] :

1
Crovos 1 D(,_
G (s) = AIiTo At G (. T sz_\t) : (7.A.10)

Multiplying P(m,mg;n) with z* and summing over n thus constitutes the
discrete equivalent of taking the Laplace transform of P(m,mg;t). If one is
interested in the long time behaviour of the probability distribution P(t), such
as e.g. in the calculation of the diffusion coefficient, it is not always necessary
to know the complete s dependence of the Laplace transform E’(s) Using
Tauberian theorems, one can establish that the long time behaviour of some
functions P(t) is given by the leading terms of F’(s) as s goed to zero

lim P(t) — lim B(s), (7.A.11)

and its analog for discrete time steps

ﬂll.rgo P(n) — llﬂrr{ P(z). (7.A.12)

Finally we decribe the limiting procedure transforming the random walk
into a diffusive process. We will represent the position of the particles by a
continuous variable z = am with a the length of site which will tend to zero.

The transition rates k* will diverge, but combinations of the rates scaled with
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factors of a can be related to the drift velocity and the diffusion constant.
Using the Taylor expansion of P(z % a, zo;t) around z, one can see that Eq.
(7.A.6) goes over into the Focker-Planck equation

0P (z,z0;t) = —v0; P(z,20;t) + DO2P(z, z0;1), (7.A.13)

provided we define P(z,zg;t), D and v in the limit a — 0 as

1
P(z,zp;t) = lim — P(ma, mga;t)

0a
+ o
D= lin"éaz-(-%—# (7.A.14)

W= lir%a(k* -k7).

The Green’s function is again the solution of the Laplace transform of Eq.
(7.A.13)

(s — DA% + v8;)G (z,20;5) = P(z,20;0) = 6(z — zo). (7.A.15)
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7.B Moments of the end-to-end distance for a per-

sistant random walk

In this appendix we show how the moments of the end-to-end distance
for the persistent random walk can be obtained from the Fourier transform
F(k, z) of the Green’s function.

A Taylor expansion is a standard procedure on a symbolic manipulator
(we used MACSYMA) and thus the coefficients Az¢(z) in Eq. (3.13) can easily

be obtained. These coefficients all have the following form :

1 1

£
AR P now=ir oty (3B

Aqy(z) =

where C; are functions of p alone.
The inversion of Eq. (3.14), and thus of the expansion of Eq. (7.B.1), in order
to get < R¥(n) >, is made by using the relations

F(z) = ) z"f(n)
n=0
F(z) = Y :"f(n) (7.B.2)
n=0
F(z) f(n)
1 p" (k+n—1)!
(1-1-pz)k n' (k—-1)!
mF(Z) g%f(f) 3
sF(z2) f(n—=1) with f(0) =0
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As an example, we make the inversion for < R(n) >.
< R*(z) > is given by

< R"(z} > = Z i R“(n) >
n=0

1 1 ¥
(1-2z)3(1=p2z)33

[-—3p325 — (7p° + 23p%)z*
+(13p% = 13p)23 + (23p + 7)2% + 32] .

Using Eq. (7.B.2) we get

: =3 )

(1 ~2P(F—pg)¥ &=

(7.B.3)

(7.B.4)

with
_ gk
)= % [(1 fp,a(p"‘f“-p“ ~(n=1p°(1-p)—(n+ 1)(n+2)97”)-)] ,
(7.B.5)
And thus
< R'(n)> = % [—3p3f(n —5) — (7p° + 23p*) f(n — 4) (7.B.6)

+(13p = 13p)f(n = 3) + (23p+ 7)f(n — 2) + 3f(n = 1)),

which finally results in Eq. (3.16).
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7.C Long time behaviour of the moments of the

displacement for particles in a periodic system

In this appendix the reduced moments y; 0(t), H; 1(t) and 1T 2(t), introduced
in chapter 5, are calculated. They are subsequently used to derive the expres-
sion for the long time behaviour of the moments < z(t) > and < z%(t) > of
the displacement of particles in the periodic system under consideration.

Summing Eq. (5.3) over I we find for ) %)

) = 3 (Wiy u(8) — Wi 12(t))

1'#3
+ Z ( i H( Bﬁj P_?(t)) (7.C.1)
1'#7
+ 3 (B w3t - BE, $3(0))
1'#]
or
NxM
B 3t Z T u(t). (7.C.2)
We introduced the matrix T
T = W + BN 4+ BF, (7.C.3)

being the transition matrix for the random walk inside the same unit cell
but with periodic boundaries. The diagonal matrix elements Tj; contain the

contributions to the jump rate from the particles that leave state j

J'#i
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The equations for u}(t) and p?(t) are derived in the same way :

I

ST ub®)+ Y (BN - BL) () (7.C5)
' '
dmi(t) = Y Ty wht)+2Y (BN - BE) uh(t)
7 i
b B (B.ﬁ' + Bﬁ-r) B (t). (7.C.6)

The three equations (7.C.2), (7.C.5) and (7.C.6) can be solved successively :
the solution for p®(t) is inserted in the equation for p! (t), which on its turn
is needed to obtain p?(t). To find the solutions of these equations, we will
first take the Laplace transform and then solve for the Laplace transformed
reduced moments i°(s), A'(s) and a(s)

B = fo = t)e=tdt (7.C.7)

After the transformation Eq. (7.C.2) becomes

NxM
s B(s) = p3(0) = 3 Ty f(s). (7.C.8)
=1

By rearranging the terms can be written as

NxM
ij(s)= Y Gils) uf, (7.C.9)

=1

with G(s) the Green’s function of the random walk in the unit cell with

periodic boundary conditions :

Gi(s) = (s1-T);

Pst NxM-=1 1
a=1 =X
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The vector elements X;, and Y,; are the i th elements of the right, resp. left
eigenvectors of the matrix G(s) matching the eigenvalue A\,. The state a =0
is the stationary state with eigenvalue 0, Yy; = 1 and X;o = P?* (cf. section
2.1.1). Substituting Eq. (7.C.10) in Eq. (7.C.9) gives for 7(s)

at NxMNxM-1

+ 3 Y Xia ‘—_—“ Yai 47(0). (7.C.11)

=1 a=1

R =

For simplicity, we will assume that the particles are initially located in unit

cell I =0 and are distributed according to the stationary distribution :

p#3(0) =
< I(0) >=0 (7.C.12)
< 1%0) »= 0.
We thus have for ;T_?(s) :
3 P:: NxM NxM-1 1
Bj(s)=—2+ Xﬂ, Ya; P, (7.C.13)
=1 a=1

In an analogous way the expressions for E}(s) and fif(s) are obtained :
i) = D oGa()m(0) + 32323 Gi(s)(Bin — Bl)Gmn(s) Py
I I m n
(7.C.14)

Fi(s) = S Gu()uf(0)+23 33 Gu(s)( By, — BE)Grmn(s)uh(0)
] | m n
+23° 333" 3" Gals)(BY, - Bf,)Gmn(s)(BY.
I m n r g

XGro()PS + D) Y Gi(s)(Bly, + Bl)Gma(s)P3".
| m n

(7.C.15)
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To simplify the notations, we have dropped the limits to which the summation
indices extend.

The solutions Egs. (7.C.13), (7.C.14) and (7.C.15) will now be trans-
formed back to real time to compute the moments < z(t) > and < z%(t) >.
The diffusion coefficient D* reflects only the long time behaviour of the parti-
cles. It is therefore not necessary to calculate the complete time dependence
of the moments, only the leading terms in the limit ¢ — oo will suffice. The
terms containing a_—!X: for a # 0 (cf. Eq. (7.C.10)) give rise to a factor of the
order of e*e! after inverse Laplace transformation. These contributions will
vanish as t goes to infinity because all the eigenvalues of the matrix G(s) are
negative (except for the maximum eigenvalue Ao = 0). In the long time limit,
the expressions for y; 2%t), H; (t) and ,uf(t) thus reduce to :

wE) v F+0E) (7.C.16)

W), ~_ PR Y (BY. - BE) P
1 m

W + Yot (Bl — Bf,) P2 (7.C.17)

a0 | m

-3 ZZXM = Yot (Bir, = BlL) u (0) + 0(¢7")

a0 | m
2
wey o~ P [; 2_(Bin = Bin) P,::]

+t P (Bl + Bl) Pt
[ m

~2 IZZ(B” B, P,.”]

x |2 ZZXJG — Yu (Bl - Bf) P,':fjl (7.C.18)

a0 | m
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1

-2t Pty ZZZZ(B; - Bf ) Xma 3 Yon

a0 | m

x(BY -~ BE) Pt + O(t9).

With the above derived results, we can now calculate the the moments <
z(t) > (Eq. (5.5)) and < z%(t) > (Eq. (5.7)). Carrying out the sum over j,
the second and the third term in < ,u} (t) > (Eq. (7.C.17)) and the third in
< ,uj(t) > (Eq. (7.C.18)) vanish due to the orthogonality of the left and right

eigenvectors

NxM NxM
Z 1 XJ'Q = Z Yo; X;a = 0s0- (TClg)

1=1 =1

We thus get for the leading terms in the long time limit of the first and the

second moment :

M-1 N
<z(t)> , ~_  NtY 3Bl -BL) PN+ Z Y nPN
I m =0 n=1
+0(t™1) (7.C.20)
2
2 2,2 N P
<z(t)> |, ~ N ;;(B,m ~Bl,) B
M-1 N
+oNt Y ZnPnfi_wZZ(B - BY ) P
=0 n=1
+N2% >N (B}, + Bf,) P (7.C.21)
[ m

_QtZZEZ(BIm Bl'm G;lln

x(Bp, — Br,) P+ O(°)
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where we introduced G}, as

1
G;'%rl = Z Xma j\_ Yon. (7C22)
a#0 =
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7.D

Frequency dependent dispersion coefficient for
field flow fractionation in an oscillating veloc-

ity field

After a straight forward calculation of the integrals in Eq. (6.52) we

obtain for the frequency dependent diffusion coefficient K :

K

H-a [cosh % sinh? % [162(10a2Q* + 8Q* — Q% - 42'Q? + o®)P
+8a%QQ(a’Q? - 4Q% — )P (7.D.1)
—a?R(84a%Q* - 240Q* — o®Q? — 76a'Q? + o®)

~RQ(120Q" + 162" — a®0? — 40*Q? + o)

+2asinh® %Q [~(1280% + 8020 — 0®) P + (807 — a*)QP
+8RQ(20? + *)Q - 1622 RQ(7Q? — o)

+4asinh %n’* [4a?QQP — 4Q(80% + 3a%)P

+R(4Q? + 0*)Q - o?R(2807 - o)

+4a? cosh %Q" [SQP - RQ -2’ R]] cosh Psinh P

—acos R [sinh2 % [4Q(822Q* — 32Q* — 30°Q? + 16a'Q? — 40®)P
+4020Q(a’Q? + 8Q% + 22Y) P

—a?R(36a2Q + 2400Q* — o502 + 76202 — o)

+RQ(4a%Q* + 16Q* + 2%0? — 4a'Q? 4+ %) ]

—4a cosh % sinh %Qz [4e2QQP - 4Q(802 + 3a*)P
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+R(49° 4+ a*)Q — o?R(2807 — a*) ]
—3202Q°P + 4o RO4Q + 4a4RQ4] sinh P
+8sinh? %QSQ [2 sinh % [a?0? + 807 - o]
— ook % [s2? + a"]] cosh? P

+asin R |sinh? g [0?(36020* + 2400 — a%Q? + 76002 — o®) P
+Q(4a’Q! + 160 + a%Q? — 4002 + o®)P
+4RQ(8a?Q* - 320 — 32%0? + 16202 — 40®)
42 ROQ(a?Q? + 8% + 2a)]
a . @ _q 2 4 2 2 4
~4a cosh 5 sinh ZQ (402 + a*)QP + a?(280% — o*)P
~40’ROQ — 4RQ(8Q? + 3a4)]
+4a’Q'QP — 404QtP — 3202395] cosh P

+acos Rsin R [— cosh % sinh? g—

[~a?(84a%Q" - 2400* — a®Q2 — 760102 + o®) P
+Q(12a2Q% +16Q* — a®0? — 40%Q? + o8)P
—-16RQ(10°Q* + 8Q* — a®Q? — 40402 + of)
+8a’ RQQ(aQ? — 407 — o)]

+4sinh %Qz (402 + a*)QP + a?(280% — o*)P

4o’ RQQ — 4RQ(82? + 3a*)|
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+2asinh® %Q [802(202 + a%)QP + 162?Q(70% - o*) P
~R(128Q* + 80a*Q? - o®) — a?R(82" - a*)(Q]

—4a® cosh %Q“ [@P-a?P - SRQ]]

—8 sinh? % cos’ R Q°Q

X [2 sinh % [02(22 B cx“] - cosh% [892 + 0:4]]}

/{16a?sinh® %Q"Q [cosh(2P) — cos(2R)]}

with
Q = V642 4 ot
v/ 2
F = f—j%" (7.D0.2)
R = Y@-o
2V2
For small w this reduces to :
L2 ;.{2 3 2 . 3(1 3&'
= D {aﬁ sinh® & [3 (a” +28) Slﬂh—g- — 30a cosh =

+ (o + 21a® — 2592) sinhg- —6a (a? — 5) cosh %]

Qz

da Sar
e S 2 . da 5a
40210 sinh5% [20 (126a® 4 475) sinh 5 30240« cosh 5

+2 (29a° — 600a* — 9180a? — 237600) sinh 3?0 +5 (—a’ +36a°

— 1152a° + 18144a) cosh %(-I-
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+2 (153a® — 3960a* + 2124002 + 475200) sinh%
+5 (" —612a° + 1152e° — 12096a) cosh %] +0(nY) } . (7.D.3)
The first term in the series has been obtained previously by Giddings et al.

[107]. The leading behaviour for large w is given by :

L2 A% 9

K =
D Q2 16a? sinhz‘—s,‘,2 (

a? + 8) sinh -32£ — 4o cosh %.-E-

— (3a® + 24) sinhg + 4a cosh %] +0(Q-5/?). (7.D.4)
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