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Samenvatting

In deze thesis onderzoeken we de dynamica van verscheidene systemen die zich in
een actief viscoelastisch bad bevinden. Wat deze baden zo interessant maakt, is hun
complexiteit en het feit dat ze niet in evenwicht zijn. De complexiteit van deze baden
vindt zijn oorsprong in hun viscoelastische eigenschap die, anders dan viskeuze baden,
persistente beweging verhindert. Deze eigenschap komt tot stand door geheugenef-
fecten die zowel de wrijving als de thermische agitatie, inwerkende op het systeem,
beinvloeden. Deze effecten leveren vaak anomale dynamica op; dit impliceert een
deviatie van normale diffusie. Een bad dat enkel viscoelastisch is, voldoet aan de
fluctuatie-dissipatie relatie. In zulk een bad zal een systeem altijd thermaliseren. De
baden die wij onderzoeken zijn ook actief; hierdoor zijn ze uit evenwicht. Deze actieve
eigenschap wordt gemodelleerd door stochastische krachten met een tijdsathankelijke
correlatie. Er wordt verondersteld dat deze krachten in een bepaalde, doch willekeu-
rige, richting duwen gedurende een karakteristieke tijdsschaal. Na deze tijd veranderen
ze hun richting willekeurig. Om de evolutie van het systeem te beschrijven, stellen we
een veralgemeende Langevin-vergelijking voor die de gereduceerde dynamica bepaalt.
De motivatie voor dit onderzoek is het vermogen van actieve viscoelastische baden
om de interne vloeistof van een biologische cel te modelleren. Deze vloeistof noemt
men het cytosol en is zeer complex en ongetwijfeld niet in evenwicht.

Het eerste systeem dat we bestuderen is een één-dimensionaal deeltje in een po-
tentiaal. We beschouwen drie verschillende potentialen. De eerste is een constante
potentiaal dat een vrij deeltje impliceert. We verschaffen de exacte oplossing van de
veralgemeende Langevin-vergelijking en concluderen dat het vrij deeltje zowel super-
als subdiffusie vertoont. We passen deze resultaten toe op experimenten van getagde
deeltjes in een levende cel. We vinden dat ze, tenminste kwalitatief, de geobserveerde
dynamica kunnen beschrijven. De tweede potentiaal is een kwadratische; dit resul-
teert in een harmonische oscillator. Opnieuw berekenen we de exacte tijdsevolutie van
de dynamica maar we passen ook ons numeriek schema toe op dit systeem; hierdoor
kunnen we de betrouwbaarheid van het algoritme testen. We vinden dat de initi-
éle dynamica van de harmonische oscillator identiek is aan die van het vrij deeltje.
Voor lange tijden echter, bereikt het systeem een tijdsonafhankelijke toestand die een
interessante afhankelijkheid van de viscoelasticiteit vertoont. De resultaten van de
harmonische oscillator gebruiken we om te voorspellen hoe moleculaire motoren zich
zullen gedragen in een complexe, niet-evenwicht omgeving. We vinden onder andere
dat hun mobiliteit verhoogt. De derde potentiaal is een dubbele put, of met andere
woorden, twee locale minima gescheiden door een energiebarriére. De veralgemeende
Langevin-vergelijking van dit systeem kan niet analytisch opgelost worden; daarom
doen we volledig beroep op ons algoritme om de dynamica te bestuderen. Op basis
van empirische argumenten stellen we een mogelijke uitdrukking voor die de ontsnap-
pingsgraad in een geéquilibreerd viscoelastisch bad beschrijft. Wanneer het bad ook
actief is, observeren we een interessante afhankelijkheid tussen de stationaire toestand
en de viscoelasticiteit. We bespreken ook het mogelijk bestaan van een effectieve po-
tentiaal. De ontsnappingsgraad in een niet-evenwicht bad blijkt zeer tegen-intuitief
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te zijn. We gebruiken de dubbele put als een model voor de plooidynamica van
DNA-haarspelden.

Het tweede systeem dat we bestuderen is de Rouse-keten; dit is een simpel model
voor een polymeer. De Rouse keten bestaat uit massa’s die lineair verbonden zijn
door harmonische veren. Na het bespreken van het gedrag van de keten in een viscoe-
lastisch bad in evenwicht — de massa’s vertonen drie subdiffusieve regimes — stellen
we deze bloot aan twee verschillende niet-evenwichtsprocesen. Het eerste proces is
een constante kracht die inwerkt op een uiteinde van de keten. Vermits deze kracht
conservatief is, zal de keten na enige tijd thermaliseren. Maar kort na de activatie van
de kracht, ondervindt de keten een niet-evenwichts transiénte fase. Het is deze fase die
hoofdzakelijk onze interesse geniet. We observeren hoe de rotationele symmetrie van
de keten gebroken wordt ten gunste van een langwerpige vorm. We leiden de evolutie
van zowel de gemiddelde lengte als de specifieke trompetvorm af. We bestuderen ook
hoe het krachtsfront door de keten propageert. Bij het tweede proces brengt het bad
actieve fluctuaties toe aan de Rouse-keten. Vermits deze krachten niet conservatief
zijn, zal het systeem zich voor altijd in een niet-evenwichtstoestand bevinden. We
vinden dat het diffusieprofiel van de massa’s verscheidene nieuwe regimes vertoont in
vergelijking met de dynamica in een geéquilibreerd viscoelastisch bad. Deze nieuwe
regimes kunnen zowel super- als subdiffusief zijn. Door de actieve krachten zal de
keten eveneens zwellen; dit zwellen is sterk afthankelijk van de viscoelasticiteit van het
bad. We vergelijken kwalitatief onze resultaten van de Rouse-keten met recente expe-
rimenten. Om te besluiten stellen we enkele potentialen voor die het realisme van de
Rouse-keten moeten verhogen. Deze potentialen zorgen voor zelf-vermijding, eindig
uitrekbare veren en buigstijtheid. Om de eigenschappen van deze complexe ketens te
onderzoeken, moeten we terugvallen op simulaties vermits een analytische benadering
niet voor handen is. We vinden dat de lengte-kracht relatie voor een zelf-vermijdende,
eindig rekbare keten niet meer lineair is en twee verschillende regimes vertoont. Een
semi-flexibele keten in een actief viscoelastisch bad heeft andere exponenten voor zijn
anomale diffusie (deze kunnen deels voorspeld worden met een benaderende theorie).
Naast zwellen kan een semi-flexibele keten ook krimpen in deze baden.

Om te besluiten construeren we de veralgemeende Langevin-vergelijking voor de
middelste massa in een Rouse-keten. De gereduceerde dynamica die deze vergelijking
inhoudt, vindt zijn oorsprong in de projectie van de vrijheidsgraden van het omrin-
gende viskeuze warmtebad en de rest van de keten op de middelste massa. Eerst
overlopen we de afleiding van deze veralgemeende Langevin-vergelijking wanneer het
warmtebad in evenwicht is. Daarna introduceren we twee aandrijvende procesen die
het systeem uit evenwicht zullen trekken. Het eerste proces is een constante kracht
op de eerste massa. We vinden een uitdrukking voor de effectieve kracht op de mid-
delste massa die resulteert uit deze perturbatie. Het tweede proces is een warmtebad
dat aangedreven wordt door stochastische actieve krachten. De toevoeging van deze
actieve krachten produceert een frenetieke bijdrage bij de tweede fluctuatie-dissipatie
relatie. Voor exponentieel gecorreleerde actieve krachten leiden we een uitdrukking in
gesloten vorm af voor de frenetieke bijdrage. Deze uitdrukking is geanalyseerd voor
specifieke gevallen.



Abstract

In this thesis we investigate the dynamics of various systems that reside in an ac-
tive viscoelastic bath. What makes these baths particularly interesting is that they
are both complex and not in equilibrium. The complexity of the baths is found in
their viscoelastic nature that, other than in viscous baths, hinder persistent motion.
This characteristic is achieved by memory effects that influence both the friction and
the thermal agitation that the bath inflicts on the system. These effects often yield
anomalous dynamics, which implies a deviation from normal diffusion. A solely vis-
coelastic bath obeys the fluctuation-dissipation relation. The system will, in such a
bath, always thermalise. The baths we consider, however, are also active, making
them a nonequilibrium environment. This active forcing is modelled by stochastic
forces with a time dependent correlation. They are assumed to push in a particular,
yet random, direction for some characteristic time-scale. After this time, they change
their direction randomly. To describe the evolution of the system, we propose a gener-
alised Langevin equation that governs its reduced dynamics. The motivation to study
active viscoelastic baths is their ability to model the interior fluid of a biological cell.
This fluid is called the cytosol and it is very complex and certainly not in equilibrium.

The first system we study is the one-dimensional particle in a potential. We
consider three potentials. The first is a constant potential resulting in a free particle.
We provide the exact solution to its generalised Langevin equation and conclude
that the free particle displays both super- and subdiffusion. We apply these results
on experiments of tracer particles inside living cells and find that they can, al least
qualitatively, explain the observed dynamics. The second potential is a quadratic one,
constituting to a harmonic oscillator. Again, we compute the exact time-evolution of
its dynamics, but we also apply our numerical scheme on this system to check the
algorithm’s validity. We find that the initial dynamics of the harmonic oscillator is
identical to those of the free particle. For long times however, the system reaches
a steady state with an interesting dependence on the viscoelasticity. The results of
the harmonic oscillator are used to predict how the behaviour of molecular motors
is altered in a complex, nonequilibrium environment. We find that their mobility is
increased. The third potential is a double well, i.e. two local minima separated by an
energy barrier. The generalised Langevin equation of this system can not be solved
analytically, we therefore relied on our algorithm to study its dynamics. On the basis
of empirical arguments, we propose a possible expression for the escape rate in an
equilibrated viscoelastic bath. When the bath is active, we observe an interesting
dependency of the steady state probability distribution on the viscoelasticity. We
also discuss the possible existence of an effective potential. The escape rate in this
nonequilibrium bath proved to be non-intuitive. We use the double well as a model
for the folding dynamics of DN A-hairpins.

The second system we study is the Rouse chain, it is a simple model for a polymer.
It consists of beads, linearly connected by harmonic springs. After discussing how a
Rouse chain behaves in an equilibrated viscoelastic bath — the beads display three
subdiffusive regimes — we expose it to two different nonequilibrium processes. In
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the first, we apply a constant force on one end of the chain. Because this force
is conservative, the chain will thermalise after some time. But shortly after the
activation of the force, the chain will experience a nonequilibrium transient phase. It
is mainly this transient phase we investigate. We observe how the rotational symmetry
of the chain is broken in favour of an elongated shape. We derive the evolution of both
the average length and the particular trumpet shape. We also investigate how the
force-front propagates the chain. In the second, the bath delivers active fluctuations
to the Rouse chain. Since this is nonconservative forcing, the chain will remain out-of-
equilibrium indefinitely. We find that the diffusion profile of the beads acquires several
new regimes compared to the purely viscoelastic case, these new regimes are both
super- and subdiffusive. Due to these active forces the chain will swell, this swelling
is heavily dependent on the viscoelasticity of the bath. We qualitatively compare
our results of the Rouse chain to recent experiments. To conclude, we propose some
potentials to increase the realism of the Rouse chain. These include self-avoidance,
finite extendible springs and bending rigidity. To investigate the properties of these
more complex chains we use the algorithm since an analytic treatment is not at hand.
We find that the length-force relation for a self-avoiding, finite extendible chain is
no longer linear and displays two distinct regimes. A semi-flexible chain in an active
viscoelastic bath has different exponents for its anomalous diffusion (which can also be
partly predicted using an approximated theory). Apart from swelling, a semi-flexible
chain can also shrink in these baths.

To conclude, we construct the generalised Langevin equation for the middle bead
of a Rouse chain. The reduced dynamics this equation entails originates from the
projection of the degrees-of-freedom of the surrounding viscous heat bath and the rest
of the chain on the middle bead. We first review the derivation of this generalised
Langevin equation when the heat bath is in equilibrium. Thereafter, we introduce two
driving agents that will pull the system away from equilibrium. Firstly, a constant
force on the first bead. We find the expression for the effective force on the middle
bead resulting from this perturbation. Secondly, we consider the heat bath to be
driven by stochastic active forces. The inclusion of these active forces produces a
frenetic contribution to the second fluctuation-dissipation relation. When the active
forces are exponentially correlated, a closed form for the expression of the frenetic
contribution is derived. This expression is analysed for some specific cases.
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1 ‘ Introduction

It’s the job that’s never started as takes longest to finish.

John R. R. Tolkien

In this introductory chapter we give an elementary and concise background of the top-
ics that are investigated in this document. First, we discuss the field of nonequilibrium
statistical mechanics, this is the framework on which our work is build. Second, some
important biological concepts are explained, they are the main subjects to which our
results are applied. Then we briefly comment on the motivation for our work and
why it is relevant in the context of biological physics. Lastly, the general outline of
this thesis is given.

1.1 Nonequilibrium statistical mechanics

The language of this document is that of nonequilibrium statistical mechanics. We
give here a very basic overview of this subject. A clarifying way to describe this
concept, is to explain its name word by word. Starting with the last.

Mechanics

Mechanics in its classical sense (we do not consider quantum or relativistic effects)
is one of the oldest topics in physics. In general, it is concerned with the motion
of objects with mass subjected to external forces. Some preliminary work on falling
bodies was done by Galileo Galilei in the beginning of the 17*" century but the first
clear theory was devised by Isaac Newton in his famous Principia published in 1687
[1]. In this work he formulated his three laws of motion. Perhaps the most important
law is the second, it states that the mass times acceleration of an object is equal to
the total force that acts upon this object. This is, in fact, a second order differential
equation of the object’s position. Since it dictates the evolution of this position, it is
also known as an equation of motion. To solve it one needs to know, apart from the
mass and total force, the initial position and momentum (or velocity) of the object.
The solution is the deterministic trajectory of the object.

An easy example of this is that of a ball which is thrown in the air. If one knows
all the previously mentioned parameters, with gravity and air-friction as the external
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forces, then the path the ball will take and its final position on the ground can be
calculated. Next, we consider a somewhat more difficult example of two objects that
interact with each other, namely the Sun and the Earth. At a specific moment, they
both have a well-defined position and momentum. They also pull on each other with
the force of gravity. Using Newton’s second law one can create a set of two coupled
equations of motion that perfectly predict where the Earth will be relative to the
Sun at any moment in the future!. Now, if we add a third interacting object to this
problem, say for example Earth’s Moon, then it can be proven that the resulting
set of three coupled equations of motion can not be solved exactly. However, the
set of equations does hold all the information necessary to fully describe the system
and computer simulations can extract this information. One can solve this set of
differential equations numerically to very high precision. So every dynamic property
of this system can be known.

A hypothetical extension to all objects in the universe was made by Pierre-Simon
Laplace in 1814 [2]. He stated that “An intellect which at a certain moment would
know all forces that set nature in motion, and all positions of all items of which nature
is composed, if this intellect were also vast enough to submit these data to analysis, it
would embrace in a single formula the movements of the greatest bodies of the universe
and those of the tiniest atom; for such an intellect nothing would be uncertain and the
future just like the past would be present before its eyes.” Such an intellect is called
Laplace’s demon, and it might appear that with the rate at which our computing
power grows, mankind can eventually become such a demon. There are, however,

several flaws in his hypothesis. One of which arises from statistical mechanics?.

Statistical mechanics

In our discussion of classical mechanics we mentioned that a system with three inter-
acting objects is not exactly solvable. Now imagine a volume filled with a gas. This
gas consists of molecules whose number is of the order of 10?3, They interact with
each other through non-trivial quantum mechanical effects. If a system with three
planets is not exactly solvable then finding the trajectory of every molecule in a gas
is certainly futile. What is more, obtaining the initial position and momentum of
1023 objects is an impossible task in itself. Even the most advanced computer in the
future will most likely not be able to perform a simulation of such a scale. Knowing
the motion of every molecule is therefore beyond our grasp but luckily this informa-
tion is also not very interesting. When studying a gas, or any macroscopic system
that consist of a huge number of constituents, one is mainly interested in its global
characteristics, for example its temperature or pressure. The precise behaviour of the
individual molecules is of less importance.

The first complete theory on this subject was fully developed in the 19*" century
by people such as James P. Joule, Rudolf Clausius and Nicolas L. S. Carnot to name a
few. It is called thermodynamics. It concerns itself with the concepts of heat and tem-
perature, and how they relate to energy and work. It does so without the assumption
that matter is made up of numerous components (at that time the existence of atoms

I This problem was in fact first worked out by Isaac Newton himself, thereby providing an exact
derivation of the laws of planetary motion that Johannes Kepler found empirically. It was published
in the same Principia as his three laws of motion.

2 Another is the stochastic nature of quantum mechanics, unknown to Laplace at the time.
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was still controversial). The laws of thermodynamics were formulated on an empirical
basis and although these laws stood the test of time, they give no explanation on how
the internal structure of an object gives rise to its thermal properties.

At the end of the 19*" century a new theory emerged that did account for the
microscopic motion of the gas molecules obeying the laws of classical mechanics. This
kinetic theory was mainly developed by James C. Maxwell, Ludwig Boltzmann and
Josiah W. Gibbs. They argued that the macroscopic observables of a system should
not depend on the precise motion of every microscopic particle but rather on their
average collective dynamics that obscure the microscopic features. The kinetic theory
is based on the ensemble concept, which assumes that specific macroscopic properties
can be achieved by different microscopic configurations (or micro-states). To illustrate
this, imagine two glasses of water at the same temperature. The trajectories of the
molecules in one glass are obviously different than those in the other glass but they
still yield the same macroscopic observable, i.e. the same temperature. To put it
the other way around, a system typically has countless micro-states, each of which
has its own resulting macroscopic properties (or macro-state), yet many of these
macro-states are very similar. The ensemble concept provides a link between the
microscopic and macroscopic realms by taking averages over such an ensemble to
find the thermodynamic quantities. It can also explain the fluctuations around this
average value, which is something that thermodynamics does not provide. This theory
is therefore called statistical mechanics.

The simplest way to understand the ensemble concept is through the study of
isolated systems. In thermodynamics, a system is isolated when it is contained by
immovable walls through which neither mass nor energy can pass. An ensemble
of an isolated system whose macroscopic properties do not evolve in time is called
an equilibrium ensemble'. To grasp the concept of equilibrium one assumes that
every possible micro-state is equally likely for an isolated system. The most probable
resulting macro-state will then be that which has the most corresponding micro-
states. For many physical systems the amount of micro-states is enormous but most
of them correspond to the same macro-state (or one that is very similar). This
state is called the equilibrium state. A system that starts in a micro-state that does
not correspond to the equilibrium state will quickly evolve to it, because being in
a corresponding micro-state is much more likely. The amount of micro-states that
yield the same macro-state is characterised by a concept called entropy. A macro-
state with many corresponding micro-states has high entropy while a macro-state
with few corresponding micro-states has low entropy. This results in the second law
of thermodynamics which states that the total entropy of an (isolated) system will
always increase over time. The tendency to increase entropy creates an “arrow of
time”: the past holds less entropy than the future. There is a sense of irreversibility
in this statement, a macroscopic system that has increased its entropy will not be
able to go back to its previous, low entropy, state. For example, the likeliness of your
ice cream to reform in its cone after it melted on a hot day is essentially non-existing.

According to R. Ulanowicz [3], this notion of irreversibility is one of the arguments
against Laplace’s demon (although perhaps the weakest), since the demon relies on
the reversibility of classical mechanics. From an irreversible thermodynamic viewpoint
one cannot recreate past positions and momenta from a current state.

LFor a non-isolated system to be in equilibrium, there should be no net flows of matter or energy.
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Nonequilibrium statistical mechanics

From the previous discussion one can conclude that a system always goes to a state of
maximum entropy, the equilibrium state. The behaviour of systems in equilibrium is
well understood in the framework of 19*" century statistical mechanics. Through the
concept of Boltzmann statistics, where every micro-state is given a statistical weight
according to its total energy, the calculation of averages is tractable.

But what about a system that is not yet in a maximum entropy state, but is
still increasing its entropy? Such a system is not in equilibrium and the formalism
of Boltzmann statistics can not be applied. Without such a guiding principle, the
treatment of these nonequilibrium systems is very difficult. To this day, no unified
theory, like the one for equilibrium processes, on nonequilibrium processes is at hand.
While some researchers try to achieve such a theory, others investigate very specific
nonequilibrium systems to explain certain phenomena. All this research is situated
in the field of nonequilibrium statistical mechanics.

What makes nonequilibrium systems very attractive is that, since they increase
their entropy, they have some sense of the passing of time. Whereas an equilibrium
system shows no time-dependence in its macroscopic properties, a nonequilibrium
system will see an evolution in its properties'. In the natural world around us almost
everything is constantly changing, nothing seems to be in equilibrium. This makes
the study of nonequilibrium systems, non-trivial as it might be, truly a subject on
everyday physics.

1.2 Particles and polymers

In this section we discuss some concepts from biology that are used throughout this
work. They will always have something to do with the biological cell, whether they
be the cell itself or some molecular process inside the cell. A cell (from Latin cella,
meaning “small room”) is often called the building block of life, capable of indepen-
dently reproducing itself. We give here a short impression of the cell’s make-up, more
detailed information on this subject can be found in any standard textbook on cell
biology (for example [4]).

The cell’s interior is protected from the outside world by a plasma membrane.
This membrane also provides a way to exchange substances between the outside and
inside of the cell. The cell’s interior is a very complex environment. It is filled with a
gel-like medium, called the cytosol. Giving the cell structure and rigidity is the stiff
cytoskeleton, which also provides internal transportation. Suspended in the cytosol,
we find a whole arsenal of ions, macromolecules and organelles? fulfilling diverse tasks.
The features and functions of the macromolecules is explained later. Some of the
responsibilities of the organelles are the creation of chemical energy (mitochondrion),
the storage of macromolecules (Golgi apparatus) and locomotion (flagellum). But
the most important organelle is the cell’s nucleus. It encloses the genetic material of

IThis statement is actually not strictly true, a nonequilibrium system can also be in a steady-
state. None of its properties will change but the system does possess some time-asymmetry. For
example, a stream of water will flow in the opposite direction when time is reversed.

2An organelle is a functional subunit of the cell. It forms a compartment with its own membrane
where it performs specific tasks. Together with the cytosol, it forms the cytoplasm.
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the cell that comes in the form of deozyribonucleic acid or DNA. This DNA molecule
provides the blueprint of the cell, regulating almost every function and characteristic
of the cell. We will soon discuss DNA in more detail.

In this document we will often use the terms particle and polymer. Sometimes
we deem them to be abstract, physically idealised entities. Other times we interpret
them as real biological concepts. Here we will explain how we relate these two terms
to biology.

Particles

In classical physics, the term “(point) particle” is used to denote a body without
spacial extension, i.e. it has zero dimensions. These point particles have a well-defined
position and can have a mass and/or a charge. It goes without saying that this is an
extreme idealisation, but it is often used as an approximate description for a realistic
body. When the volume of a body is irrelevant for its investigated properties, this
approximation is permitted. This is often the case when the body can be studied
from a long distance, making it essentially point-like. Examples are the Earth in the
context of the large solar system or a molecule diffusing through a gas.

Often, a biological phenomenon can be described by assuming it behaves like a
point particle. For example, to investigate the diffusive properties inside a cell, ex-
perimentalists often use tracer particles. These particles can be artificial (for example
silica beads) whose position can be tracked by optical measurements. Non-artificial
tracer particles also exist, they are macromolecules that are fluorescently tagged. Im-
portant here is that these macromolecules have a compact global structure. It is
also possible that a macromolecule has an elongated structure, such molecules will
be discussed below. One can also consider the cell itself as a particle, and especially
the single-celled organism called bacteria. When investigating how a bacteria moves
through its environment, one can disregard its complex inner structure and only focus
on the approximated position of the bacteria viewed as a particle.

When investigating a particle, its position is defined by three coordinates. But the
evolution of coordinates can also depict something other than the position of a particle.
When a chemical reaction takes place, some properties of a substance will change.
This change can sometimes be represented by a one-dimensional coordinate, called
a reaction coordinate. Examples of such reactions are the conformational change
of a macromolecule, the production of certain substances and the (un)binding of
molecules. A reaction coordinate is not always a function of time, often one measures
it as a function of the free energy of the system.

Polymers

In the above discussions we often mentioned the term macromolecule. As its name
suggests, it is a very large molecule, consisting of thousands of atoms or more. The
most prominent macromolecules in a cell are polymers. The word polymer consists of
two Greek words, poly- meaning “many” and -mer meaning “parts”. A polymer thus
consists of many subunits called monomers. These monomers are covalently bound
together through a process called polymerisation. The total number of monomers in
a single polymer is called the degree of polymerisation, and can be very large, over
108. The linking of monomers can be linear (i.e. one after the other) resulting in a
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Figure 1.1: A schematic representation of the DNA polymer that zooms in on specific
features of the DNA. From left to right we have: the whole chromosome (the packed
version of DNA), the DNA double helix and the bonds between the two DNA strands
where different nucleotides are indicated with a specific pattern.

polymer that resembles a long chain. Some polymers are non-linear, having several
branch points giving them a complex geometry (we do not consider them here).

There are many man-made synthetic polymers (such as plastics), but we will
not focus on them. Nature has its own set of biopolymers which are more relevant
for our work. We give here the four types of biopolymers with, between brackets,
the monomers that make them up. Lipids (glycerol and fatty acids), proteins (amino
acids), carbohydrates (monosaccharides), nucleic acids (nucleotides). When a polymer
is submerged in a liquid at a specific temperature, it does not keep an elongated
structure. It collapses to a coiled-up formation, like a ball of yarn. This collapsed
state is not random but depends heavily on the specific sequence of the monomers and
the weak interaction between them, attracting and repulsing each other. This results
in a very definite structure for all identical polymers. For a biopolymer this unique
structure is essential to perform its tasks inside the cell. The ability to collapse to
its natural structure depends on temperature, too high or too low temperatures are
harmful for cells since its polymers will lose their structure and become idle. Clearly,
understanding how a polymer behaves in a cell is a very fascinating topic. Even more
so because, due to its elongated nature, a polymer has special dynamics that a simple
particle does not show. Some pioneers in the field of polymer physics are Paul Flory
[5], Pierre-Gilles de Gennes [6], Samuel Edwards [7] and Alexander Grosberg [8].

In this document, our main interest lies in the dynamics of proteins and nucleic
acids. There exists a vast array of different kinds of protein, they perform essential
and diverse actions in the cell. These include: transportation, catalysis, managing
the inheritable information, etc. Because the amount of different kinds of protein
is enormous, we will explain the specifics of a studied protein when we encounter it
in the main text. The two most important nucleic acids are DNA (deoxyribonucleic
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Figure 1.2: A schematic representation of how a DNA molecule is unzipped. The
grey structure is a helicase protein that slides over the DNA molecule (indicated by
the arrow) and breaks the weak bonds between the two DNA-polymer-strands. When
the strands separate, their monomer sequence is exposed, as the detailed inset shows.

acid) and RNA (ribonucleic acid). Our work focusses on the dynamics of DNA, we
will therefore give here a brief overview of its features.

If one had to elect a “molecule-of-life” it would, without a doubt, be DNA. This
molecule holds the genetic material of an organism, called genes. These genes dictate
all characteristics of the organism, ranging from its appearance to its behaviour, and
they are inherited by the offspring of the organism®. The discovery of DNA ended the
search for the substance which guided our inheritable traits. A DNA molecule was
first isolated by Friedrich Miescher in 1869. More than hundred years later, in 1953,
the double helical structure of DNA was identified by James Watson and Francis Crick
[10] using the X-ray diffractions of the molecule, provided by Rosalind Franklin. The
DNA molecule actually consists of two weakly bound polymer-strands that can have a
length of the order of meters. These strands are connected and winded-up along their
length, giving the DNA-chain a helical structure (see Fig. 1.1). The weak (hydro-
gen) bonds between the DNA-polymer-strands are made by the individual monomers
of each strand. A monomer of such a strand is called a nucleotide, it consists of a
nitrogenous base, a five-carbon sugar, and a phosphate group. The latter two con-
nect to other nucleotide monomers, creating the DNA-polymer-strand backbone. The
nitrogenous base forms weak hydrogen bonds with a nitrogenous base of the other
DNA-polymer-strand and holds the genetic information. Four types of nitrogenous
bases exist: cytosine (C), guanine (G), adenine (A) and thymine (T). The weak links
between strands only occur between cytosine and guanine or between adenine and
thymine (see Fig. 1.1). This makes the two DNA-polymer-strands complementary
(e.g. a sequence of —AATGGCTGATCGTA— in one strand will correspond to a

I'Through random mutations during the inheritance of these genes, and the subsequent natural
selection of the resulting offspring, the evolution of species [9] can occur.
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sequence —TTACCGACTAGCAT— in the other strand). All DNA molecules reside
mostly in the cell’s nucleus. The long DNA molecules can fit in this small organelle
because they are neatly packed into a structure called a chromosome (see Fig. 1.1).
This chromosome also provides the needed organisation enabling the cell to quickly
access the needed instructions. To access this information, the cell uses specialised ma-
chinery that temporarily breaks the weak bonds between the DNA-polymer-strands,
exposing the monomer sequence. The cell can then read out this sequence and use
this information to create a specific protein that will fulfil its specialised task for the
cell. The process of separating the DNA-polymer-strands is called the “unzipping” of
the DNA, because of its resemblance to the zipper on a jacket (see Fig. 1.2). The
reverse process, where the DNA-polymer-strands are rejoined, is called “zipping”.

From this discussion, it is clear that DNA dictates the workings of a cell and, by
extension, life. Understanding the behaviour of DNA in its natural cellular environ-
ment is therefore crucial knowledge.

1.3 Motivation for our work

In this document we investigate how a particle or a polymer diffuses through an active
viscoelastic bath. The detailed characteristics of such a bath are explained in the next
chapter. Simply put, “active” means that some process is pulling the system out of
equilibrium. And “viscoelastic” implies that the bath is a complex medium, unlike
a viscous bath (like liquid water). In the case of the particle, we subject it to three
different potentials and study how it behaves in each one. This model appears to be
applicable to several cellular processes. For the polymer, we investigate properties
that are often measured in experiments. The motivation for this work is twofold.

First, the mathematical models we construct and solve, although they are quite
specific, contribute to the contemporary development of nonequilibrium statistical
mechanics. We mentioned before that a general theory on this matter is still lack-
ing. While our work will not provide such a theory, it does give an insight into the
particular nonequilibrium physics of complex active systems. It builds on previous
works by C. Marchetti [11], P. Hinggi [12], A. Grosberg [13], T. Sakaue [14], N. Gov
[15] and A. Spakowitz [16]. Our work can be a guideline for solving similar problems
or provide a background for finding a general theory for out-of-equilibrium diffusive
processes. The interior of a biological cell is an excellent example of a nonequilibrium
and complex environment. We use this natural system to interpret our results. This
gives a means to subject them to the test of experiment. Some existing experiments
that inspired our research include those of R. Di Leonardo [17], N. Fakhri [18], A.
Javer [19], D. Goldstein [20] and F. MacKintosh [21].

Almost everything in our thermodynamic world is irreversible, and the most per-
manent to us is perhaps death. Therefore, the Darwinistic purpose of all living things
is to stay alive long enough in order to produce offspring that carries on its genes. To
stay alive, an organism must be capable to react to a large range of external and inter-
nal impulses. It must be able to locate food, move toward it and process it to generate
energy. It should sense danger and move away from it. It needs to adapt itself in
order to react to natural phenomena such as weather, diseases, etc. And it must find
a suitable mate. All these things require the organism to process information and
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change itself accordingly. Because systems that are in equilibrium can not change by
themselves (for example rocks), a living organism must be out-of-equilibrium in order
to make the necessary changes. Once it has reached a state of equilibrium, it will
be dead. Therefore we can state that life must resist equilibrium. This statement is
the second, somewhat poetic, motivation for our work. By combining the physics of
nonequilibrium systems with the biology of a cell, we hope to better understand some
of the processes a cell uses to stay alive. A meaningful example is the difference in
activity between healthy and cancerous cells [20], which we will study in more detail.

1.4 Outline of this thesis

The structure of this thesis is as follows.

In Chapter 2, we explain the concept of the generalised Langevin equation. It
is the physical framework on which we build our models. We start with a histor-
ical note on the creation of this equation. Thereafter, the original and generalised
Langevin equation are discussed. Then, we point out a specific example of a gener-
alised Langevin equation, namely that which describes a viscoelastic bath. Lastly, we
introduce a relevant extension to the equation that will describe a system which is out-
of-equilibrium. Throughout this chapter we illustrate how the generalised Langevin
equation can be used as a model for the interior of a biological cell.

In Chapter 3, we reveal the important features of the algorithm we devised to
simulate several systems that could not be solved analytically. These features are the
generation of non-white noise and the integration of fractional differential equations.

In Chapter 4, we investigate the dynamics of a particle that is subjected to a
potential and submerged in an active viscoelastic bath. The potentials considered
are a constant potential, a harmonic oscillator and a double well. We use the results
to explain some biological phenomena, including the motion of tracer particles, the
stepping of a kinesin molecular motor and the folding of DN A-hairpins.

In Chapter 5, we review the construction of the original Rouse model, which is used
to describe polymer dynamics. Then we study how this chain behaves in a viscoelastic
bath, which mimics the natural cellular environment of a polymer. Thereafter we
discuss the nonequilibrium dynamics that emerge when a Rouse chain in a viscoelastic
bath is subjected to a constant force or active forces. These nonequilibrium processes
should describe the natural cellular environment even better than the viscoelasticity
alone. Lastly, we introduce more realistic features to the Rouse chain and numerically
analyse how the previously found dynamics are influenced by these features.

In Chapter 6, we develop the generalised Langevin equation of the middle bead
in a Rouse chain in a viscous bath. Once we found this equation, we examine how it
changes when the heat-bath is provided with a driving agent that possibly spoils the
fluctuation-dissipation relation and can pull the system away from equilibrium.

In Chapter 7, we give the concluding remarks and discuss some interesting topics
that qualify for future research.

In the Appendices, we show some mathematical functions and calculations that
were too lengthy to include in the main text.

We highlight here a convention we used when plotting our results. Analytically
acquired results are always shown in black, while simulated data is presented in colour.






2 | Generalised Langevin Equation

One is always forced to let something to chance.

Napoléon Bonaparte

This chapter gives a concise overview of the origin and concept of the Langevin equa-
tion. We first discuss the extraordinary history of a kinetic process called Brown-
ian motion where the Langevin equation finds its origin. Then we explain how the
Langevin equation was constructed from a phenomenological perspective and its con-
nection to the fluctuation-dissipation relation. Thereafter we reveal a more rigorous
way to derive the (generalised) Langevin formalism. We consider a specific example of
a generalised Langevin equation which describes a viscoelastic bath. Then, we discuss
a nonequilibrium phenomenon called active processes and explain how they can be
included in the Langevin formalism. To conclude, we give a summary of the char-
acteristics of the generalised Langevin equation that describes an active viscoelastic
bath. For a more complete account of the topics in this chapter we recommend the
following works: [7, 22] on the Langevin equation, [23-25] on its history and [26, 27]
on its generalisation.

2.1 A brief history of Brownian motion

During the 19" century the existence of the atom — and subsequently the kinetic
theory of heat — was heavily disputed and generally not recognized as a reality. At best
it was seen as a hypothetical entity which could indeed explain some observations but
not to be preferred over the, at that time, conventional caloric theory of heat (where
heat is thought of as a self-repellent fluid called caloric that flows from hotter to colder
bodies). It is therefore striking that at the beginning of that century experiments were
being performed that are now seen as one of the best illustrations of the existence
of molecular motion. These experiments observed the rapid and irregular motion of
minute particles (e.g. pollen) suspended in a fluid. This motion of so called “organic
molecules™ was first attributed to a vital /biological cause by Buffon and Needham.

I This terminology should not be confused with the modern meaning of organic molecules. Before
modern biology, it was believed that plants and animals developed out of a supply of interchangeable
parts, “the organic molecules”, that formed a particular organism by following an “interior mold”.

13
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It was one of England’s leading botanists Robert Brown who, in 1827, first recog-
nised that this irregular motion was a feature of all kinds of small particles, organic
and inorganic alike [28]. To prove his conjecture, he went as far as observing small
fragments of the Sphinx which are clearly not alive but displayed the motion all the
same. He therefore moved this topic from biology to physics. Brown himself proposed
that the motion of the particles, which he called active molecules, finds its origin in
the particles themselves and not the surrounding fluid*. Although it was later shown
that the opposite was true, his detailed work and innovative insights on the subject
certainly earned him the honour of lending his name to the phenomenon. Brown’s
scientific nature is nicely illustrated by a recollection from the 1830’s of Charles R.
Darwin: “He seemed to me to be chiefly remarkable for the minuteness of his obser-
vations and their perfect accuracy” [29].

In the three decades that followed Brown’s observations, attempts to conduct
further experiments or formulate a theory were largely abandoned. Even the great
founders of statistical mechanics, i.e. Rudolf Clausius, Ludwig Boltzmann and James
Maxwell, appeared to not recognize the relevance of Brownian motion in the devel-
opment of the kinetic theory of gases. Some early theories on the cause of Brownian
motion did exist, such as unequal temperatures in the strongly illuminated water,
evaporation, air currents, motions caused by the hands of the observer, heat flow,
capillarity and so forth. But many of them were found to be unsatisfactory, some of
them were even disproved by Brown himself.

In the second half of the 19*" century, Brownian motion began to attract more
researchers and its connection with heat slowly became accepted. In 1863, Christian
Wiener argued that the motion was not caused by an external influence, but had
to be attributed to internal motions in the fluid [30]. This was a big step in the
right direction but he based his argument on the existence of material and aether
atoms, causing his theory ultimately to fail. Giovanni Cantoni came perhaps closest
to having discovered the true cause of Brownian motion. He also suggested that the
motion was due to the thermal motions in the fluid and that it was important evidence
for the mechanical theory of heat [31]. However, at the end of the century there was
still no clear and quantitative theory to which experiments could be compared. Even
worse, many if not all experimentalists were measuring the wrong quantity. At the
time, the speed of the particle was considered to characterise its erratic motion, but
none of the results agreed with the theoretical predictions of the (Waterston-Maxwell)
equipartition theorem?. It was up to a particularly talented theoretician to identify
the relevant quantity.

There is perhaps no other physicist who had such a tremendous impact on so many
different fields than Albert Einstein. During his Wunderjahr of 1905 he published four
groundbreaking papers that cleared the way for the age of modern physics. One of
these works was on the theory of Brownian motion [32] (the other three being on
the photoelectric effect [33], special relativity [34] and the mass-energy equivalence
[35]). It took his brilliant mind to combine two, then seemingly unrelated, topics.
The first being Stokes’ hydrodynamic formula for the force F' on a sphere moving

L As an interesting side note: a large part of this document concerns itself with active particles
that do generate their own motion. Although these are not the particles that Brown studied, the
similar terminology and description is striking.

2The equipartition theorem predicts: (v2) = 3kgT/m, with (v2) the particle’s average velocity
squared, m its mass, T the fluid’s temperature and kp the Boltzmann constant (see Section 2.2).
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through a viscous fluid, i.e. F' = v, with v its velocity and ~ the friction coefficient.
The second topic was van 't Hoff’s law which is the thermodynamic prediction for
the osmotic pressure of dissolved molecules. This law is now known as the ideal gas
law, i.e. pV = NkgT, with p the osmotic pressure, V' the volume, N the number of
particles in the volume, kp the Boltzmann constant and T the temperature. Einstein
argued that no distinction should be made between the “invisible” fluid particles and
the visible suspended particle regarding this osmotic pressure. By applying these
theories on the motion of the suspended particle he was able to express the diffusion
constant in terms of the temperature and the friction coefficient. What he found was
D= kB—T. (2.1)
Y
Today we call this the Einstein or Einstein-Smoluchowski relation. He then went on
to derive the diffusion equation which he applied to a single particle, assuming the
particles do not influence each other. From this he found the probability distribution
of finding the particle at location = at time ¢. He concluded that, on average, the
particle is found at its initial location x¢ but its mean-squared displacement from it
is non-zero and scales linearly with time

((Az)?) = 2Dt, (2.2)

where Ax = x© — zg. His theory thus predicted that the kinetic theory was capable
to describe Brownian motion. Max Born declared that Einstein’s work did “more
than any other work to convince physicists of the reality of atoms and molecules, of
the kinetic theory of heat, and of the fundamental part of probability in the natural
laws” [36]. What is even more remarkable in all this, is that Einstein admittedly had
never even observed Brownian motion himself. Along with his theory, he provided
an answer to the essential question of what should be measured in an experiment
on Brownian motion. The answer: the particle’s mean-squared displacement, not its
velocity!! To give credit where credit is due, five years prior to Einstein’s paper, Louis
Bachelier, doctoral student of Henri Poincaré, already modelled Brownian motion. In
his PhD thesis “The Theory of Speculation” from 1900 [38], he used Brownian motion
to investigate the movement of the stock exchange. His work remained unnoticed for
several decades before Andrey Kolmogorov recognized its pioneering significance.
Although Einstein’s paper was revolutionising, being quite abstract and based on
the not yet widely known statistical mechanics, the appreciation for it was at first
relatively low. In later papers Einstein clarified his reasoning for a wider audience,
but the year after his first paper on the subject Marian von Smoluchowski published
his approach to the problem [39]. His derivation was based on combinatorics and
the mean-free-path approximation of kinetic theory, it was therefore considered more
direct, simpler and more convincing. He nevertheless came to the same conclusions
as Einstein. Smoluchowski’s main point was to correct the conventional believe that
collisions from all sides average out and can therefore not be able to generate Brow-
nian motion. He argued that these collisions in fact advocate for the observable and

IThe reason why the measured velocity deviated so strongly from the equipartition theorem was
because the true velocity between collisions is obscured by the perpetual change in the particle’s
direction due to the all-direction bombardment of the fluid on a longer time-scale. Measurements
on a short enough time-scale were not possible in those days. Recently however, these experiments
were successfully performed, showing agreement with the equipartition theorem [37].
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irregular motion of the particle. Although not in his 1906 paper, the Smoluchowski
equation is a widely used generalisation of the diffusion equation for describing a
particle performing Brownian motion. It reads

ov 0 ( ov 10U )

5=\ Lot Y

oxr v Ox (2:3)

where U(z,t) is the probability distribution that a particular particle is found at point
x at time t. The function U(x) is an external potential on the particle which, for the
original Brownian motion, is equal to zero.

Arguably the most comprehensible formulation of Einstein’s theory was proposed
by Paul Langevin in 1908, calling it himself “nfinitely more simple” [40]. He derived
the equation of motion for the Brownian particle which provided a more dynamical
point-of-view for the Brownian motion. He achieved this by applying Newton’s second
law, where the mass m times the acceleration of the particle should be equal to the
total force acted upon it. First he considered this force to be Stokes’ friction force
also used by Einstein, which is a systematic interaction between the particle and the
fluid. In one dimension it is proportional but opposite to the velocity of the particle
with the friction coefficient as the proportionality constant, i.e. —yv. Then he argued
that due to the irregular impacts of the surrounding molecules this systematic friction
force is only a mean and that the true value should fluctuate around this value. He
therefore formulated the equation of motion in the direction x as follows

d’z dx

The complementary force X, he argued, is indifferently positive and negative. Its
magnitude should be so that it represents the constant agitation of the particle which
would die out due to the friction force alone. The above expression is now known
as the Langevin equation. Langevin himself used it to calculate the mean-squared
displacement of the particle, confirming the result Einstein found three years earlier.
The term X is now known as a stochastic variable because of its constant fluctuation.
Having written down the first stochastic differential equation, makes Langevin also
the founder of that mathematical topic.

As mentioned before, the first quantitative experiments on Brownian motion at-
tempted to measure the velocity of the particle and compare it to the equipartition
theorem. But because the path of the particle is not smooth, differentiating with
respect to time will not yield the correct velocity. After the theoretical treatment of
Einstein and Smoluchowski and later Langevin, it was clear that the mean-squared
displacement of the particle was the relevant quantity that should be measured. Initial
experiments by Svedberg [41] and Henri [42] showed that indeed the mean-squared
displacement scaled linearly with time, but the diffusion constants they found did not
agree with the theoretical prediction. The pivotal experiments on the subject were
done by Jean Perrin in 1908. Earlier, he had expressed interest in Brownian motion
by giving a lecture on how this phenomenon revealed the limits of the second law of
thermodynamics on small scales. But it was after a presentation of Langevin in 1908,
that Perrin got determined to verify the theory of Brownian motion experimentally.
Perrin later recalled: “ever since I became, through M. Langevin, acquainted with the
theory, it has been my aim to apply to it the test of experiment”. He proposed that the
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main point of failure of the previous experiments was the validity of Stokes’ law. Per-
rin therefore first thoroughly tested that Stokes’ law did apply to the small particles
of gamboge he used [43]. At last, he and his students found that their experiments
completely agreed, within the error margin, with Einstein’s theory [44]. To fit the
acquired data, they took Ny = 64 - 10?2 for Avogadro’s number which came quite
close to the today’s accepted value of Ny ~ 60 - 10?2. Perrin’s efforts in popularising
his results dealt the defining blow to the caloric theory of heat from which it never re-
covered. His experiments marked the advent of the universal acceptance of atomism.
For his achievements, he was awarded the Nobel Prize for Physics in 1926.

We end this account on the history of Brownian motion with a perspicuous sum-
mary formulated by Ralph Fowler (1929) on the main insights the early research on
Brownian motion provided: “By the study of suitable particles suspended in a fluid
(1) we can see the manifestations of the molecular motions going on before our eyes,
(2) we can check the assumptions of statistical mechanics in a rather detailed way by
proving that the characteristics of the Brownian movement agree with the demands of
the theory, and (3) we obtain a direct, though not very accurate method of measuring
molecular magnitudes.” [45]

2.2 Langevin equation

The Langevin equation was first formulated by Paul Langevin (see Fig. 2.1) in 1908 as
a simplified version of Einstein’s theory on Brownian motion (see Section 2.1). Here we
will discuss the construction and consequences of this equation. Our argumentation
is closely related to the original paper by Langevin [40], but we do adopt a more
modern notation (and sometimes interpretation) of the subject.

The Langevin equation provides the equation of motion of a minute particle of
mass m suspended in a fluid. It does so by evaluating the Newton’s second law of
motion where the mass times acceleration is equal to total force acted upon the object

2 =

m = Fruult), (2)
where Z(t) indicates the evolution (through time t) of the location of the particle
in three dimensions. This equation conveys the need to identify all the forces that
contribute to ftot. First, we discuss the forces originating from the interaction of
the particle with its surrounding fluid (which also consists of smaller particles, i.e.
molecules). These internal forces can be subdivided into two classes: the systematic
force f_;ys (t) and the fluctuating force &x(t).

The systematic force comes from the head-on collisions the particle experiences
when moving through the fluid molecules. The most elementary formula for this force
is Stokes’ law, which assumes the friction force to be proportional to the particle’s
velocity ¥ = d#/dt but points in the opposite direction

Fays(t) = —8(1), (2.6)

where ~ is the friction coefficient. For a spherical particle in a viscous fluid we have
v = 6mnR, with n the viscosity of the fluid and R the radius of the particle. If this
friction force was the only contribution to the total force, it would gradually “absorb”
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Figure 2.1: Paul Langevin (1872-1946). Photograph by Henri Manuel.
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the particle’s initial velocity and the particle would eventually grind to a halt. This
is not what is observed from a Brownian particle. What is more, the equipartition
theorem would be violated because in equilibrium we should find (72) = 3kgT/m,
where kp is the Boltzmann constant and 7" the temperature of the fluid. (In this work,
() always stands for an ensemble average of the quantity between the brackets.)
Keeping the system “alive” is the fluctuating force'. It represents the perpetual
and (approximately) uncorrelated impacts of the fluid molecules on the particle. They
come from all directions and have different magnitudes. The fluctuating force is
therefore modelled by a random function. Because it is not influenced by the state
of the particle, nor the collisions that happened in the past we call it Markovian. In
other words, this force has no “memory”2. Due to these characteristics we will draw
the fluctuating force from a Gaussian distribution with zero mean and variance 2S.
The value S determines the characteristic strength of the impacts. We therefore have

(Er(t) =0, (2.7)

— —

(r(t) - &r(t)) = 286(t —t'). (2.8)

The second line is the autocorrelation of the fluctuating force which reflects the fact
that the collisions are not related at different times. The function §(¢) represents the
Dirac delta function. Because both the systematic force and the fluctuating force find
their origin in the fluid, we will later reveal that these forces are indeed coupled.

The other contribution to the total force is a possible external influence f;zt(t).
This could be, for example, gravity that pulls on the particle or an optical trap which
restricts the particle’s movement. If this external force is conservative it can be derived
from a potential U(Z) acting on the particle as a function of its position

foat(t) = —=VU, (2.9)

with V the gradient operator. To obtain ordinary Brownian motion, this potential
should be equal to zero.
All the contributions to the total force are now known: Fio = fegt + foys + &7 If
we put this into the equation of motion, Eq. (2.5), we arrive at
d*z ¥

m—s = —VU

- —y S+ En(t) (2.10)

this is the famous Langevin equation. It is a stochastic differential equation for the
position of the particle. Without knowing the expression of U(Z) we can not solve
this equation. For the remainder of this section, we assume the external potential
to be constant, i.e. U = constant. If the equation is then solved for the velocity
v = dZ/dt, we find

t
F(t) = 0(0)e ™ + e / dr Ep(r) e T0/m, (2.11)
m Jo

I This force goes by many names, it is also called random force, stochastic force or, simply, noise.

2This is only an approximation because the fluid molecules and the particle do, in fact, all
influence each other, especially on very short time-scales. Later we will introduce memory effects to
the fluctuating force, making it non-Markovian (see Section 2.3).
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A particle in equilibrium should obey the equipartition theorem, we will shortly
discuss this theorem in full. In short, it predicts the value of the average squared
velocity of the particle (in equilibrium). It is therefore instructive that we take the
square and ensemble average of the above expression. We use Eq. (2.8) and the fact
that 7(0) and &7 (t) are mutually uncorrelated. After some straightforward calcula-
tions one finds

1—}»2 — ,172 e—2'yt/m i _6—2'yt/m ) )
(72(1)) = (72(0)) el ] (212)

We now briefly deviate from our discussion of the Langevin equation to give a short
overview of theory behind the equipartition theorem.

Equipartition theorem

As its name already suggests, the equipartition theorem states that, in thermal equi-
librium, the energy is equally distributed among its various forms. It relates the tem-
perature of a system with the average value of its energy. The system can be a large
collection (e.g. a gas) or a particular part (e.g. a single particle). The theorem can
make a quantitative prediction when the system has a generalised degree-of-freedom
which occurs in the Hamiltonian only as a square term. Then this energy term makes
a kpT /2 contribution to the mean energy of the system. The Hamiltonian can here
be understood as the function that defines the total energy (potential plus kinetic) of
the system.

This claim can easily be proven. Take A to be a degree-of-freedom of the system (it
can be a position or momentum coordinate). When a system is in thermal equilibrium
it obeys Boltzmann statistics. The probability distribution P(\) for finding the system
between A and A+dA is given by its Boltzmann factor divided by the partition function

e—BH()

P = Jdxe=BHR)

(2.13)

where 8 = 1/kpT is the inverse temperature and the integration range is (always)
from —oo to co. The Hamiltonian H should be a quadratic function of A

H=AN+H, (2.14)

where A and H' do not depend on A, but can depend on other coordinates. Using this
Hamiltonian in Eq. (2.13) produces a Gaussian distribution for P()), peaked around
A = 0. The average value for the quadratic energy term is thus

2 ’
N 5 [ ANANZeTBANHHD)
(AX2) = / DAYPO) = LT

(2.15)

This expression can be rewritten as a derivative to the inverse temperature

__ 9. —paxz _ 0 [T
(AN?) = aﬁl/d)\e = 851 5 (2.16)
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From this relation we can obtain the result which we call the equipartition theorem

kT

(Ax?) = 22

(2.17)
Of course we assumed here that all the other coordinates (all but A) were kept con-
stant, because A can depend on them. But since the result is independent of A, we
can assume that it is the average of A\? over the total probability distribution.

We can obtain an especially interesting relation when we apply the equipartition
theorem to the kinetic energy of a particle. The kinetic contribution to the Hamilto-
nian of a particle is mv?/2 with v? = v2 + 1)5 + v2. Plugging this into Eq. (2.17), we
easily find

3kpT
(W?) = B2 (2.18)

m

This implies that, in thermal equilibrium, a heavier particle has a lower average speed
than a lighter particle. We can also state that the average total kinetic energy of an
ideal gas of N particles is 3NkgT/2.

Fluctuation-dissipation relation

Now we return to our discussion of the Langevin equation and its special relation with
the (second) fluctuation-dissipation relation [46, 47]. Most generally, the fluctuation-
dissipation relation states that for a system that obeys detailed balance!, the linear
response of it to an external perturbation is equivalent to a small and spontaneous
fluctuation away from thermal equilibrium. Or to put it in other words, when there is
a process that dissipates energy from the system into heat, there is a (related) reverse
process that, with thermal fluctuations, delivers energy to the system.

Now we derive the relationship between the Langevin equation and the fluctuation-
dissipation relation. For this, we take the long time limit, ¢ — oo, of the mean-
squared velocity of the Brownian particle, i.e. Eq. (2.12). We find that this quantity
approaches a constant

S
lim (72(t)) = —. (2.19)

t—o0 ym
Because of the long time limit, the system will surely have reached thermal equilib-
rium. We can therefore apply the equipartition theorem, Eq. (2.18), to the average
squared velocity. From this we find a formula for the strength of the fluctuating force

S = 3ykpT. (2.20)

This is the fluctuation-dissipation relation for Brownian motion. We already men-
tioned that the systematic force and the fluctuating force are related, and now we
have proven it. That is because v is a characteristic of the friction force which now
also appears in the collision force. The fact that they are related is perhaps not sur-
prising because they both originate from the same process, namely the interaction of

ISimply put, detailed balance means that for a system in equilibrium, all elementary processes
are equilibrated by their reverse process.
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the particle with the surrounding fluid molecules. Also notice that the strength of
the collisions are related to the temperature of the fluid. The higher the temperature
the harder the impacts, which is quite obvious since the temperature is a measure for
the average velocity of the particle. Therefore we will often refer to ET as the ther-
mal force, hence the subscript T. To be complete we give here again the statistical
characteristics of the thermal force in their final form

(Er(t) = (2.21)
t

—

(Er(t) - &r )>—67kBT6(t—t> (2.22)

Remember that ET is Gaussian distributed, so the first and second moment, given
above, fully describe this thermal force. In terms of the general concept of the
fluctuation-dissipation relation, one can state that the friction the particle experi-
ences dissipates energy into heat, while the thermal fluctuation maintain the perpetual
Brownian motion of the particle, effectively converting heat into kinetic motion.

Langevin’s derivation of Einstein’s result

Here we will show how Langevin used his formula to derive the Einstein relation for

the mean-squared displacement of a Brownian particle, Eq. (2.2). For this we will

use the one dimensional version of the Langevin equation, Eq. (2.10). For Brownian

motion we also should take U = 0. This equation, multiplied by x, may be written as
v dz?

m d*x?
T —m?(t) = —iﬁerfT() (2.23)
with v = dz/dt. Now we take the ensemble average of this expression. The average
of z&7 is evidently zero, because the location of the particle is uncorrelated with the
thermal force. Or to put it differently, if the particle moved a certain positive distance,
there is not reason why the thermal force should also be in that direction. Taking
z = (dx?/dt), we can write

mdz vy
—kpT = -2 2.24
2dt P 2% (2.24)

here we also used the (one-dimensional) equipartition theorem on the average squared
velocity, i.e. Eq. (2.18). The general solution to this differential equation is

2hpT
o+

2(t) = ce /M, (2.25)

with ¢ the constant of integration. This solution enters a constant regime for times
where Brownian motion is observable. This constant is equal to the first term of the
right-hand side. One therefore has in thermal equilibrium

<da: > 2kBT (2.26)

dt

Hence, for a time interval ¢ we find

(2?) - (aB) = 224, (2.27)
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with zg the particle’s initial position. He then argued that the displacement Az,
given by x = z¢ + Az, is indifferently positive and negative, therefore (xoAz) = 0.
Langevin was then able to retrieve the relation that Einstein derived:

 2kpT

{(Ax)?) t=2Dt. (2.28)

Overdamped limit

The last thing we will discuss here is the overdamped limit of the Langevin equation.
The overdamped Langevin equation is an approximation of the original equation
where one assumes that the mass of the particle is very small and/or the friction
is very large, i.e. m/vy < 1. The inertia term drops out of the Langevin equation,
Eq. (2.10), and it becomes

7% = —VU +¢r(t), (2.29)
By taking this limit, the velocity of the particle is thermally relaxed at all time. Yet
the equipartition theorem, Eq. (2.18), appears to become nonsensical. However, while
the mass goes to zero, the average squared velocity becomes infinite. This implies that
the mean kinetic energy can still be finite and equal to 3kpT/2. This approximation
is mostly suitable for the motion in a fluid with a low Reynolds number. This number
is the ratio of the inertial forces to viscous forces. At the scale of a Brownian particle
a fluid is often characterised by a low Reynolds number [48], which results in a smooth
laminar fluid flows (high Reynolds number fluids produce turbulent flows).

2.3 Generalisation

Until now we have focussed on Langevin’s original formulation which is based on
phenomenological arguments. The friction and fluctuating force in his equation of
motion, Eq. (2.10), originate from an understanding of how the fluid molecules behave
collectively. Yet the true dynamics of the particle depend on its explicit interaction
with every fluid molecule. The number of molecules in a typical fluid suspension is
of the order of 10?3, writing down every interaction is an impossible task and the
subsequent set of equations would not even be analytically solvable anyway. There is
however a path we can take that leads from a full description of a complex many-body
system to the final equation of motion of a single component without the need to keep
track of all other components. This assumes that one can project the dynamics of fast
evolving variables onto the subspace of one (or several) slowly evolving variable(s).
This process involves integrating out the degrees-of-freedom of these fast variables
in favour of those of the slow variables, effectively creating the reduced dynamics of
the slow variable. In the case of a Brownian particle, the slow variable is obviously
the position and velocity of the particle and the fast variables are the positions and
velocity of all the fluid molecules. When one acquires the equation of motion via this
route, it is known as a generalised Langevin equation. We will see that, equating the
Newtonian inertial term, it will typically produce three effective forces: the derivative
of a mean force’s potential, a random force and a friction force, the latter two forces
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are almost always memory dependent. This all sounds promising but, as is often the
case in physics, this projection is only exactly solvable for some very specific and
simple systems. However, the general idea behind the generalised Langevin equation
provides us with a new view on the original Langevin equation and its applicability
to different systems, other than a particle suspended in a viscous fluid.

To illustrate how a generalised Langevin equation can be constructed, we will
briefly discuss a simple example where the projection of the degrees-of-freedom can
be performed completely, the system is called Brownian motion in a harmonic oscil-
lator bath or Caldeira-Leggett model [49]. This model was initially introduced by R.
Feynman and F. Vernon as a model for quantum dissipation [50]. In Chapter 6 we will
discuss in more depth another example where a generalised Langevin equation can
be obtained. The system we will consider here assumes that the particle of interest,
referred to as the system, is connected to all the bath particles via harmonic springs.
Every bath particle is also connected by a harmonic spring to all other bath particles.
We will characterise the system, with mass m, by its coordinate x and its conjugate
momentum p. The bath, of masses m;, is described by the set of coordinates x; and
their conjugate momenta p;. The full Hamiltonian H is given by the sum of the sys-
tem’s Hamiltonian H, plus the bath Hamiltonian H; plus the system-bath coupling
Hamiltonian H., i.e. H = H, + Hy, + H..

Deriving these Hamiltonians is quite elaborate, two important techniques are ap-
plied. First, the fact that the potential of the harmonic springs is purely quadratic
significantly simplifies the problem. One can construct a matrix that defines the in-
teraction between all particles. Second, changing the bath coordinate system using a
linear combination of the original coordinates will diagonalise the interaction matrix.
The coupling between the new coordinates has no cross-terms, apart from the cross-
coupling with the system and new bath coordinates. The self-interaction of these
coordinates is characterised by the eigenvalues of the matrix. This new coordinate
system is used in further calculations (because of the linear relation between the two
coordinate systems, going back to the original coordinates is straightforward. We
therefore keep the notation z; for the new bath coordinates). One can find the full
derivation in [27] or read Chapter 6 for a very analogous version of the derivation.
The final result for the system’s Hamiltonian is

p2
H, = 5~ +U(x), (2.30)

where U(x) is an arbitrary external potential on the system alone, it is present even
without the bath. The bath Hamiltonian is

2 2
D; m;w;
Hy, = E [2% + = xf] , (2.31)

where the sum is always over all the bath particles. The Hamiltonian that charac-
terises the coupling between the system and the bath is

H,.= mz €5 (2.32)

Notice that this Hamiltonian implies a bilinear interaction between the system and
the bath. The frequency of the i*" oscillator is given by w; and ¢; characterises the
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strength of the coupling with this oscillator. The equations of motion for the full
Hamiltonian H can be found using Hamilton’s equations

dx OH p

- = T = (2.33)
% _ _%I _ _‘;Lx] _ Zezxz (2.34)
dcii _ +ZZ _ 7% (2.35)
cg: _ 725 — —mawles — . (2.36)
These equations can be coupled into a set of second-order differential equations
m‘j;Tj =S, (2.37)
mi% = —mwlz; — € V. (2.38)

Assuming that the evolution of the system x(t) is known, one can easily solve the
second set of differential equations using Laplace transforms (see Appendix A.6).
Also applying integration by parts, to obtain a more pleasing form, one arrives at

Sin(w; i
2i(t) = 2:(0) cos(wit) + pi(0) bl;(;i ) _ mjwig (z(t) — 2(0) cos(w;t))
4 / L 20 cos(wi(t — 7)) (2.39)
T wi(t—1T1)). .
mw? Jo m '
Substituting this equation into Eq. (2.37), we find an expression of the following form
d*z dW t da(T)
—=———[ drK(t— t). 2.4
i =~ — | arK -0 e (2.40)

Here we have carefully grouped some original terms into three new variables, namely
an effective potential W (z), a memory kernel K (¢) and a random force £(¢). Notice
that this equation of motion does not appear to depend on the bath degrees-of-freedom
{z;, p;} nor its parameters {m;,w;,¢;}. This is of course because we absorbed their
dependencies into the three new variables. It might look like we cheated quite a bit
by doing this but for many specific systems the expression of these variables can be
simplified yielding properties that do not depend on the bath variables. We can also
show that some of these new variables are related. We call Eq. (2.40) the generalised
Langevin equation, it represents the reduced dynamics of the system.
The effective potential is given by the following expression

W(z)=Ul(x) — Z 6712 z?. (2.41)

Qmiwi

The first term is just the external potential on the system and the second term is
the potential of the mean force that the bath exerts on the system. In this case of
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the harmonic oscillator bath the extra term in the potential is quite simple and its
origin is clear. However, when the generalised Langevin equation is used in a more
phenomenological context, the potential of the mean force can be more tricky to find.
Because this issue will not pose itself in our work, we will not go into further detail
on this subject.

The memory kernel has the following form

2
K(t) = Z mzu . cos(wit). (2.42)
In the generalised Langevin equation, Eq. (2.40), this memory kernel is convoluted
with the entire history of the velocity dxz/dt. Because the bath can not instantaneously
interact with the system, its responds to the dynamics of the system needs a finite
time to “reach” the system. To put it more simple, there is a delay in the responds of
the bath to the system. The memory integral is often viewed as a friction force, this
implies that the friction at present is dependent on how the system behaved in the
past. These history dependent dynamics are therefore called non-Markovian.
The random force is a linear combination of initial values

sin(w;t) €; cos(w;t)

£(t) = Z € <xz(0) cos(wit) + p;i(0) o T z(0) e ) : (2.43)
Calling this function random is perhaps strange at first sight. Indeed, it only contains
the initial values of the positions and momenta, and these are in principle known.
From this one could conclude that £(¢) is a deterministic function. But the sheer
number of bath particles makes it impossible to catalogue all initial values. Further-
more, because most of these large baths are chaotic! in nature, we should know the
initial values with infinite precision (which is impossible). However, the large (deter-
ministic) bath is so complex that its resulting influence appears to be random. And
from statistical physics we know that many-body systems can be described by their
average behaviour. Therefore we will treat £(¢) using Boltzmann statistics, and be-
cause of the central limit theorem the statistics of the random function should not be
too complicated. We should expect from a random bath that it is not correlated with
the initial conditions of the system, i.e. (£(¢)z(0)) = (£(¢)p(0)) = 0. These relations
are fulfilled but their derivation is not given here (see [27] for the derivation). In
Appendix B we calculate the autocorrelation of the random function, we find

(€()€(0)) = kpTK(t). (2.44)

This is the more general form of the (second) fluctuation-dissipation relation. Like
we stated previously, it reflects the close relationship between the systematic friction
and the random fluctuations. It also suggests that the random forces at different
times can be related, just as the previous actions of the system influence the present
behaviour of the bath, so does the history of the bath influence itself. This adds to
non-Markovian nature of the generalised Langevin equation. When constructing a

LChaotic systems are extremely sensitive to their initial conditions. Although they are deter-
ministic, starting values that are infinitesimally close together can yield fiercely diverging dynamics.
This makes long-time predictions of chaotic systems impossible to obtain. For more info see [51].
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generalised Langevin equation, great care should be taken when deciding which terms
will contribute to the memory kernel and which to the random force. The distinction
between systematic behaviour and random behaviour can be arbitrary, but in the end
the fluctuation-dissipation relation should hold.

Finally we will show how the generalised Langevin equation can be reduced to the
original Langevin equation. In the case of Brownian motion in a viscous fluid one can
assume that the interaction between the heavy particle and the fluid molecules hap-
pens instantaneously. The bath can respond immediately and therefore no memory
effects are introduced. This instantaneous interaction is represented by a Dirac delta
memory kernel: K (t) = 2vd(t). We therefore find that

t dx(r) t de(t)  dw
/0 drK(t—T) 7 —27/0 dré(t — ) i+ = (2.45)

Substituting this result into the generalised Langevin equation, Eq. (2.40), we arrive
at the original Langevin equation, Eq. (2.10). Notice that with this memory kernel
we retrieve the original fluctuation-dissipation relation, Eq. (2.22) (we actually find
1/3 of the original result, but that is because we considered only one coordinate here).

2.4 Viscoelastic bath

We mentioned in the previous section that the generalised Langevin equation can also
be applied on a phenomenological basis rather than being an exact equation. In this
section we will use it in this first sense to describe a complex fluid called a viscoelastic
fluid (or bath). As its name suggests, this kind of fluid displays both elastic and
viscous characteristics. A pure viscous fluid would be liquid water, while an example
of an elastic material is rubber. A viscoelastic fluid is thus somewhere in between
these two extremes. One of its main features is that a Brownian particle, submerged
in such a bath, will experience anti-persistent motion. What is meant by this is that
a displacement of the particle in a particular direction will bring about an increased
chance to move in the opposite direction at a later time. This effect is due to the
elastic stresses in the fluid that “pull” on the particle when it tries to move through
it. Because of these time correlations in the particle’s trajectory, its dynamics is
not an instantaneous process but it is influenced by past events. To put it simpler,
the deformation of the viscoelastic fluid that the particle brought about in the past
will yield a response to the particle in the present. From this description it is clear
that a viscoelastic bath requires a non-Markovian treatment where memory effects
are present. This is exactly what the generalised Langevin equation can provide us.
Although we will discuss it at length in the next chapter, we will briefly mention that a
Brownian particle in a viscoelastic bath will perform subdiffusive motion. Subdiffusion
is characterised by a mean-squared displacement that is not linear in time (as is the
case for normal diffusion) but goes as a power-law of time, where the exponent is
positive but smaller than one.

Perhaps the most important application of a viscoelastic bath is its ability to
describe the intracellular fluid, called cytosol, of a biological cell [4]. The cytosol,
which is held together by the plasma membrane, consists mostly of water with dis-
solved solutes (such as ions) and macromolecules. It can be seen as the liquid matrix
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around the various organelles that reside inside the cell. Also present throughout
the interior of a cell is the cytoskeleton which forms a great mesh that is mainly
responsible for the shape of the cell and the transport-processes within. It is clear
that the cytosol is densely packed with different substances, we therefore consider
it a crowded environment. The predominant “crowders” are the abundant (large)
macromolecules, they restrict the diffusive motion of other substances such as tracer
particles. This restriction arises from the macromolecules’ internal degrees-of-freedom
and the fact that they have a similar size as the tracer particle. To understand this
one can imagine that the motion of the particle will squeeze the macromolecules, who
in turn will provide an elastic (i.e. entropic) restoring stress. This results in the non-
trivial subdiffusive motion that is observed [18, 52-54] when studying the movement
of tracer particles in the cytosol. Many models have been devised to explain this
anomalous behaviour, such as the continuous time random walk (with traps), hard
disks simulations, obstructed diffusion, etc. However, it was recently shown that the
language of the generalised Langevin equation best describes the observed motion
[55]. In this study they used artificial crowded fluids to show that crowding renders
fluids viscoelastic and that the observed subdiffusion has all the characteristics of one
that originates from a generalised Langevin equation. In fact, the authors of [55] ar-
gued that fractional Brownian motion is the model that best describes the motion in a
crowded fluid. Fractional Brownian motion, however, is a process that does not satisfy
the fluctuation-dissipation relation. We therefore argue that the generalised Langevin
equation provides a better description on the grounds that it is more physical. We can
make this claim because, as we will soon show, the appropriate generalised Langevin
equation satisfies the same conditions that were pursued in [55]. More information
on fractional Brownian motion can be found in [56].

In order to describe a viscoelastic bath with the generalised Langevin equation,
which is given by Eq. (2.40), we should specify the effective potential W (z) and the
memory kernel K (t). First, we assume that no effective potential finds its origin in
the bath itself. We will, however, allow an external potential U(z) to act on the
particle. The generalised Langevin equation, Eq. (2.40), thus becomes

Pz AU [ da(r)
mey _—%—/0 dr K (t = 7)== + Er(1). (2.46)

Notice that we added the subscript T to the noise term because here it resembles the
kinetic (or thermal) impacts on the particle. Now we are left with the characterisation
of the memory kernel, it will define both the non-Markovian friction force and the non-
white thermal forces. The convolution between the memory kernel and the velocity
profile in Eq. (2.46) starts at ¢ = 0, we say that at this moment the memory is “born”.
Before its birth (¢ < 0), we assume the system to be in equilibrium with the bath.
To find an expression for the memory kernel of a viscoelastic bath we adopt a model
devised by J. Clerk Maxwell in 1867 [57]. To describe the viscosity of a fluid, Maxwell
used a transient viscoelastic theory where the elasticity relaxes to zero. To understand
how his viscoelastic friction acts on a Brownian particle we consider the Maxwellian
viscoelastic element from rheology. This element is connected to the particle and
consists of a spring and dashpot! in series (see Fig. 2.2). The spring has elastic spring

LA dashpot is a mechanical damper which resists motion via viscous friction. The force it
generates is proportional but opposite to the velocity.



2.4. VISCOELASTIC BATH 29
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Figure 2.2: A Maxwellian viscoelastic element. It is on the left connected to a rigid
wall and consists of a dashpot (viscous friction coefficient ;) and an elastic spring
(elastic spring constant ki) in series. The Brownian particle is attached on the right.
Also indicated are the applied force f(t¢) and the displacement of the particle x.

constant k1 and 7T} is the Maxwell time of the elastic force relaxation. The coefficient
of viscous friction is defined as ;3 = k171. Now suppose we apply a force f(t) on the
particle as indicated in Fig. 2.2. Due to this force, the particle is displaced from its
initial position, indicated by x. This displacement subsequently induces an elongation
of the spring x, and the dashpot x4, and we thus have © = z4+x,. A harmonic spring
has the following relation between the applied force and its elongation: f = kjx,. For
a dashpot the next relation holds: f = 124, where & = da/dt. If we now take the
time derivative of the particle’s displacement we get & = @4 + @5 or

. f

& ” + T (2.47)
This is a first-order linear ordinary differential equation of f(¢). Solving it with
f(0) = 0 as boundary condition, results in the following expression

Ft) =k /Ot dr exp (—kl(t - 7’)) d”;(;). (2.48)

71

From Newton’s third law, we conclude that the force the Maxwellian element exerts on
the particle has the same magnitude as Eq. (2.48) but points in the opposite direction.
Therefore the friction the element generates on the Brownian particle is equal to
- fot dr K (t — 7)2(7), where the memory kernel is given by K (t) = ki exp(—t/T1).
The Maxwell model can be generalised to one where several Maxwellian viscoelas-
tic elements are acting on the particle in parallel. This can reflect a complex viscoelas-
tic bath — which the cytosol surely is — where distinct components contribute to the
global viscoelasticity. The individual elements all have their own characteristic spring
constant k; and relaxation time T;. It can be shown [58] that the resulting memory
kernel K (t) is equal to the sum over all the contributing memory kernels K;(t)

K(t)=> kie /T (2.49)
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A sum over exponentials can be used to approximate a decaying power-law. This was
used by Gemant [59] and later by Cole and Cole [60], to propose that the response of
many viscoelastic baths is well described by the following strict power-law memory
kernel

K(t) = ﬁ e, (2.50)

We introduced the generalised friction coefficient! 7, = 7T'(3 — «), where I'(+) is the
gamma function (see Appendix A.2). The exponent « characterises the viscoelasticity
of the bath. From this decreasing memory function it is clear that past events have
less influence than more recent ones. Yet because the kernel does not drop down
exponentially fast, the influence of the system’s history will be long lasting. The
value of « is always between zero and one, i.e. 0 < a < 1. When « is equal to
one, we return to a viscous fluid. The memory kernel will become a Dirac delta
function for this case and we retrieve the original Langevin equation, Eq. (2.10). On
the other hand, when « is equal to zero, the bath becomes a purely elastic medium.
The kernel is then a constant for ¢ > 0 and the friction force will be 2v[z(0) — x(¢)].
This effectively adds a harmonic term to the equation of motion and will cause the
particle to become trapped in a process called dynamic caging®. For all a-values in
between zero and one the bath is viscoelastic.

In this document we are mostly concerned with very small and light particles. For
such particles the inertial term (on the left-hand side of Eq. (2.46)) can be neglected,
this will result in the overdamped generalised Langevin equation. Due to the specific
form of the memory kernel of a viscoelastic bath we can write Eq. (2.46) in a more
mathematically pleasing form using the fractional derivative formalism (see Appendix
A.7). With this formalism the integral term in Eq. (2.46) can be replaced by a Caputo
fractional derivative of order o which is denoted by .D“. The equation of motion for
an overdamped particle, at position z, in a viscoelastic bath becomes

o DYx(t) = —— t), 2.51
o Da(t) =~ + €r(t) (2:51)
where U(z) is some external potential. To be complete we also give the autocorrelation
of the thermal force in full. Using the fluctuation-dissipation relation, Eq. (2.44),
results in

(Er)er(t) = fes =1, (2.52)

Because of the time dependence of its autocorrelation, the random force is classified
as coloured noise. To be more specific it is related to fractional Gaussian noise [61]
(see Section 3.1.1). It still has zero mean however,

{&r(t)) = 0. (2.53)

LAlthough we used the same symbol v, it does not have the same time-dimension as in Eq. (2.6).

2An example of such caging is a bath with large, heavy particles and one smaller tracer particle.
The tracer particle will become trapped in the slowly moving spaces between the heavy particles and
will only rarely escape, only to become trapped in another location.
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2.5 Active processes

Until now, the (generalised) Langevin equations we considered all described a system
that is — or eventually will be — in equilibrium with the surrounding bath. Because
they obey the fluctuation-dissipation relation, the origin of the fluctuating force and
the systematic force is the same. This implies that the system dissipates any energy
back to the bath which it gained from the bath’s fluctuations. This, however, need
not be the case for all physical systems. Consider, for example, a second source of
fluctuating forces that is introduced to the system. Also assume that this force does
not have a complementary systematic force. The fluctuating force will deliver energy
to the system and without a complementary dissipative sink to extract this extra
energy the total energy of the system will increase. According to the second law of
thermodynamics, this increase in energy yields an increase in entropy and where there
is entropy production there cannot be equilibrium. In other words, adding an extra
fluctuating term, that does not comply with the fluctuation-dissipation relation, to a
system’s (generalised) Langevin equation pulls it out-of-equilibrium.

This example of adding an extra fluctuating force is relevant for the generalised
Langevin description of a cell’s cytosol that was introduced in the previous subsection.
Apart from being viscoelastic, the cytosol is also an active medium. By this we mean
that inside a cell there are many biological processes that consume energy to generate
persistent motion that would not occur in a thermalised state. This is one of many
mechanisms a cell can utilise to keep itself away from equilibrium, which is (as we
discussed in Section 1.3) essential for it to stay alive. For a particle (or a larger
structure) suspended in the cell’s cytosol this activity is external. We also consider
here a different system where the activity is internal. Such a system is, for example,
a motile bacteria, capable of generating its own directed propulsion. We will now
discuss the origin of the activity of these two cases (external and internal) and how
it effects the generalised Langevin equation.

2.5.1 Motor-activated network

Throughout the cytosol inside a cell is a complex mesh of stiff, interlinking filaments
and tubules that are called the cytoskeleton. It is the main provider of the cell’s struc-
ture and its inner mechanics. Actin filaments are one of the dominant components of
the cytoskeleton, being flexible and strong polymers. When a molecular motor, called
myosin-II, attaches to an actin filament it can generate a force and effectively “walk”
from one end of the filament to the other (the direction of this walk is predetermined
by the composition of the actin filament). It is capable to perform this motion by
consuming the energy source called adenosine triphosphate, more commonly known
by its abbreviation ATP. When such a molecular motor is attached to two actin fil-
aments it can exert transient contractile stresses. By this we mean that the motor
pulls the two filaments past itself in opposite directions (see Fig. 2.3). Because the
cytoskeleton is a large and intertwined structure, these stresses can influence parts
of the cell that are far away from the actual molecular motor itself. Naturally, when
many of these motors perform these forces at different sites on the cytoskeleton, they
induce (non-thermal) forces throughout the cytosol. These fluctuations are one of
many active processes that occur in a cell.
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Figure 2.3: Schematic representation of the actin filaments (black lines) and the
myosin-II molecular motor (grey structure). Also indicated, with arrows, are the
opposite forces the molecular motor exerts on the filaments.

To describe these active fluctuations mathematically we assume they can be rep-
resented by a stochastic function! £4(¢). We also assume this function is Gaussian
distributed, so only its mean and autocorrelation need to be determined. Because
the cytoskeleton is rather uniform throughout the cell and the molecular motors can
bind on it anywhere, the fluctuations have no preferred direction. Therefore the
mean of £4(t) is equal to zero. Experiments [18, 62, 63] on these fluctuations have
shown that its power spectrum S(w) is like that of white-noise for low frequencies:
S(w) ~ constant. And for high frequencies it follows a power-law: S(w) ~ w™2.
These properties are contained in a Lorentzian power spectrum, which means it is
proportional to S(w) ~ 1/(1+ Aw?), with A constant. The Wiener-Khinchin theorem
[22] states that the power spectrum of a stationary random process is equal to the
Fourier transform of the autocorrelation function of this process. The inverse Fourier
transform of a Lorentzian can be written as an exponential of the absolute value of
its argument?. Inspired by these experiments, we use exponentially correlated noise
as a model for the active forces in the cytosol,

(€a(®)) =0, (2.55)
(€a(t)€a(t')) = Cexp (=[t = t'|/7a). (2.56)

The autocorrelation is coloured and can be understood as a process where a force of
average strength v/C is directed in a particular orientation for an average persistence
time 74. Adding the active forces £4(t) to the generalised Langevin eqaution of a
viscoelastic bath, Eq. (2.51), is a model for the dynamics of a particle in the cytosol
inside a cell with some potential U acting upon it.

IFor simplicity we restrict ourselves here to the one dimensional case, generalising to three
dimensions is straightforward and will be done in a later section.
2This can be easily proved when one uses the fact that cie~!t1/¢2 is an even function:

2cica

oo oo
dt cq eIt/ ezg=2mitw — 9 / dte /2 cos(2mtw) = — 2
/—00 ' ! 0 ( ) 14+ (2mcow)?

(2.54)
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We should note here that experiments [64-66] have shown that the displacement
of a particle in an artificial actin-myosin network has a Gaussian distribution with
exponential tails superimposed. However, in a very recent work [67], it was found that
at low myosin concentrations the distribution is purely Gaussian. In our work we will
always assume that £4(t) is a Gaussian random variable. Though we acknowledge
that this is an approximation.

2.5.2 Self-propelled particle

In the previous subsection we discussed how active forces can originate from an ex-
ternal source. Here we look at a system where they manifest themselves internally.
We will, however, find that the generalised Langevin equation of this system is iden-
tical to the external one. The system considered here is called a self-propelled particle
[11]. Such a particle is submerged in a solvent and is capable to generate its own
propulsion velocity v. The direction of its movement is randomised, this randomisa-
tion can be done in two ways. First we consider the roll-and-tumble particles. They
move (“roll”) in a straight line until they choose (“tumble”) a new direction, this new
direction is completely uncorrelated with its previous direction (see Fig. 2.4a). The
average length the particle covers before tumbling is determined by its tumbling rate
1. The second type of self-propelled particle are the active Brownian particles. They
also generate a constant velocity v, but their direction is changed continuously using
rotational Brownian motion (see Fig. 2.4b). We can describe the position 7 of an ac-
tive Brownian particle in a viscous fluid with the following coupled Langevin equation
(this equation only holds for two dimensions, in three dimensions it becomes much
more complicated)

o = vel)+ 2 Eu(0), (2.57)
dé
P en) (2.59)

The first equation is an overdamped Langevin equation of the position where the
thermal noise ET is the same as in Section 2.2. The first term on the right-hand side
represents the propulsion with velocity v, where vector € determines the direction
in which the particle moves. We have that, in two dimensions, & = (cos(6), sin(f)).
This couples the first equation to the second where the angle 6 is changed through
a diffusion equation. The random (non-thermal) torque £r is a Gaussian variable
with zero mean and autocorrelation ((r(t)ér(t')) = 2Dgdé(t — t'), where Dpg is the
rotational diffusion coefficient. It can be shown [68] that Egs. (2.57) and (2.58) can
be combined into one Langevin equation
dr -

T = Er(t) + Ea(t). (2.59)

Here we introduced the active noise 5 4, each component of this vector has the same
properties as the active forces of the previous subsection, i.e. Egs. (2.55) and (2.56).
We have that the persistence time is equal to 74 = 1/Dgr = 1/pu, it represents the
characteristic time-scale in which the particle moves in a straight line. Also the
strength of the active noise is determined by C = (yv)?/2.
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Figure 2.4: Schematic representation of the two types of self-propelled particles that
move with propulsion speed v. (a) The roll-and-tumble particle, characterised by its
tumbling rate p. (b) The active Brownian particle, characterised by its rotational
diffusion constant Dpg.

When we add this active noise term to the generalised Langevin equation in a
viscoelastic bath, Eq. (2.51), it becomes a good model for a motile bacteria in a
complex fluid, experiencing potential U. A motile bacteria has the ability to “swim”
through a fluid with for example its flagella. It can change its direction depending on
external stimuli. An example of such a motile bacteria is the famous Escherichia coli.
For an experimental and theoretical treatment of motile bacteria in a viscous (a = 1)
bath, we refer to [17].

2.6 Active viscoelastic bath

In this short section, we combine all the concepts discussed above into one. The
equation we conceive here is a model for the dynamics of a coordinate x(t) in an active
viscoelastic bath, subjected to an external potential. One can use it, for example, to
describe dynamic processes in the cytosol of a cell or the motion of motile bacteria
through a complex fluid. The equation of motion reads

o D*a(t) = =5+ 2(0) + Ea(1) (2:60)

This is a stochastic fractional differential equation of order «. The viscoelasticity
of the bath is characterised by «. The generalised friction coefficient is given by
N = 7I'(3 — «) and U(z) symbolises the external potential. The first stochastic
term represents the thermal random forces. They are Gaussian distributed and are
characterised by

(&r(t)) =0, (2.61)

(Er()er(t)) = o kgT

(- a) [t — |~ (2.62)

The thermal energy is measured by kT, where kp is the Boltzmann constant and 7'
the temperature of the bath. The second stochastic term depicts the active random
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forces. They too are Gaussian variables, with

(€a(t)) =0, (2.63)
(Ea(t)éa(t)) = C exp (|t —t|/7a) - (2.64)

The strength of the active random forces is determined by C and the time over which
their direction persists is given by the persistence time 74.

This model can easily be extended to three dimensions. The coordinate and
stochastic forces become vectors. The derivative of the external potential is replaced
by the gradient of the potential.

N (D*E(t) = =VU (2) + &r(t) + Ea(t) (2.65)

We assume that the stochastic forces do not correlate between dimensions. Therefore,
the thermal random forces become

(Er(t) =0, (2.66)

oz 3naksT

(Er(t) - &r(t)) i a) t—t|7 (2.67)

While the active random forces are characterised by

(€a(t)) =0, (2.68)

— —

(€a(t) - Ea(t")) =3C exp (|t —t|/Ta) - (2.69)
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Computers are useless, they can only give you answers.

Pablo Picasso

The three-dimensional overdamped Langevin equation is given by Eq. (2.29). The
stochastic thermal noise is Gaussian white noise defined by Egs. (2.21) and (2.22).
The methods used for solving this standard Langevin equation numerically are well
known and, in general, straightforward [69]. By integrating the equation discretely
one can find an iterative expression from which z(¢t+At) is calculated using z(t), where
At > 01is a small time difference. This time step is chosen small for large accuracy but
not so small as to severely slow the algorithm down. Due to the stochastic nature of
an equation that includes Gaussian white noise, uncorrelated random numbers need
to be generated. Modern computers can provide these fast and accurately.

The one-dimensional overdamped generalised Langevin equation with active noise
is defined by Eq. (2.60). The time-dependent correlation of both of its noise terms is
given in Section 2.6. Finding a numerical solution of this stochastic fractional differ-
ential equation is not such a trivial problem, the standard techniques used to simulate
the ordinary Langevin equation are inadequate. The difficulty here is twofold. First
there are two stochastic terms whose correlation is a function of time, meaning that
generated noise depends on previously generated noise. Second, due to the non-local
nature of a fractional differential equation the numerical integration of it should be
done with care. The solution to both difficulties will be addressed here.

3.1 Coloured noise

The active and the thermal noise, represented collectively by & without subscript,
in our model are Gaussian distributed with zero mean and a correlation that is a
function of the absolute difference in time. So in general we have

(EWE)) = f(it =) (3.1)

The algorithm should generate a string of random numbers that comply with this
correlation and that are At separated in time. We denote the i** random number as
&[i] = &(iAt). The different correlations require different techniques to be generated.

37
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3.1.1 Power-law correlated noise

It can be shown that the concept of fractional Gaussian noise [70, 71] is equivalent
to the power-law correlated thermal noise of our model, i.e. Eq. (2.62). Fractional
Gaussian noise can be derived from a process called fractional Brownian motion.
Reintroduced by Mandelbrot and van Ness [71], fractional Brownian motion By (t)
is a generalisation of Brownian motion where the increments are not independent of
each other. This stochastic process is defined by the following criteria

By (t) has stationary increments

B (0) = 0 and (By(t)) =0 for t > 0

(B4(t)) =t for t > 0

By (t) has a Gaussian distribution with
1
(Bu(t)Bu(t) = 5 (tQH py2H | t’|2H) (3.2)

The Hurst exponent H € [0, 1] determines the raggedness of the motion, larger val-
ues for H make smoother motions. When H < 1/2, the increments are negatively
correlated while for H > 1/2 they are positively correlated. For H = 1/2 we recover
classical Brownian motion, the so-called Wiener process. We can define fractional
Gaussian noise Xy (t) as the ratio of the increment difference and the time step over
which this increment occurred

By (t+ At) — By (t)

Xy(t) = A . (3.3)

Using the second property, one immediately finds that the mean of this noise is zero,
ie. (Xg(t)) = 0. Since the motion is Gaussian distributed, the noise is also a
Gaussian variable. Thus if we also calculate its second moment, it is fully described

:§<<BH(t)BH(t/)> _ <BH(t)BH(t/ +At)>

— (Bu(t)By(t+ A)) + (B (t + At)By (¢ + At))). (3.4)

(Xu () Xu(t)

The fourth property, Eq. (3.2), is used to find

(X (D)X (t) (|t S AP )t — AP o)t — t’\?H). (3.5)

~ 2A2

Now we let the time step At approach zero, At — 0. The first and second term in
Eq. (3.5) can be expanded using Taylor series

t—t £ AP = | — )2 H H[QHi H2H—1A7t2 O(AL3 3.6
| 2 = |t~ T T HRE ) +0(Ar) ) (36)

Putting this in Eq. (3.5), we find

(XgW)Xg{t)) ~ H2H — 1))t —t'|*172, (3.7)
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If we now multiply this by 2ykgT and take H = (2 — «)/2, then it becomes equal
to Eq. (2.62), the thermal noise of our model. In other words, our thermal noise is
equivalent to fractional Gaussian noise.

To generate this fractional Gaussian noise we use the algorithm conceived by
Hosking in 1984 [72]. The Hosking algorithm produces a collection of numbers from
a stationary process with a normal marginal distribution and correlation function
pli] = p(iAt). For our purpose this correlation function is p[i] = (X (0)X g (iAt)).
Using Eq. (3.5) brings us to

1
plil = 5 (Ji+ 11272 + i = 127 — 2fif*~). (3.8)

The scheme below produces fractional Gaussian noise X [i] with At unity. It requires

the production of Gaussian white noise N (u,0?) with mean p and variance o2.

1. Set v =1.
2. Generate a starting value X[0] = N(0,v).

3. For every " time step do

Vi = Ok
¢ =vpli] — v Zip[i =l
o=tioh
Pk = Vi — Giti—k
m = iX[i — Jjlé;
X[i] = ]z\j(lm V).

In every step, the indices & is always taken from 1 to i — 1. For the scheme presented
here we chose clarity above efficiency. For example, if several realisations of the same
process are being performed, one could consider to calculate all needed values of ¢
beforehand. To rescale this process to one where At # 1, all X[i] need to be multiplied
by At=%/2. Then to make the transition from fractional Gaussian noise to our thermal
noise, Eq. (2.62), we should multiply it by +/2vkgT, thus we have

¢rli] = V2vkpT At XTi]. (3.9)

3.1.2 Exponentially correlated noise

The Hosking algorithm can surely be used to generate the active noise, which would
have the following correlation function in the algorithm

pli] = e"1A/ T4, (3.10)
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The generated numbers should only be multiplied by v/C, since the time-step At
already appears explicitly in the correlation. But exponentially correlated noise can
also be generated by a linear damping equation driven by Gaussian white noise. This
method is much more time and memory efficient than the Hosking method. An
integral algorithm for exponentially correlated noise was proposed by Fox et al. [73].
Its scheme is as follows, where again N (u,0?) stands for Gaussian white noise with
mean g and variance o>

1. Set E = e~ &t/a,
2. Generate a starting value £4[0] = N(0,C).

3. For every ‘" time step do
Eali] = E€ali — 1]+ N(0, (1 — E*)O). (3.11)

3.2 Fractional differential equation

Here we seek the numerical integration of a differential equation of fractional order,
in our work it always has the form of the following initial value problem

D(t) = g(t,z(t)), z(0)=xo, (3.12)

with 0 < a < 1. The function g could be any nonlinear function, in our specific case,
using Eq. (2.60), we have

ot x(t)) = L (—dU L)+ §A<t>) , (3.13)

o dzx

for ¢ > 0. In order to solve Eq. (3.12) one can use the fact that this initial value
problem is equivalent to the following Volterra integral [74]

x(t) wﬁﬁ / dy (t — v)* gy, 2(v)). (3.14)

The algorithm developed to solve this integral is a generalisation of the classical
Adams-Bashforth-Moulton integrator for first-order problems [75, 76]. The generali-
sation was done by Diethelm et al. [77] and optimised by Daftardar-Gejji et al. [78].
It will produce x,11 = z(tn+1) (with ¢; = iAt) a time step At further than x,.
Note that the integral in Eq. (3.14) goes from 0 to ¢ which is a consequence of the
non-locality of fractional differential equations. Therefore the iterative process of the
algorithm will use all calculated solutions x; instead of only the previous solution z,,
as is done in the integration of the ordinary Langevin equation. The algorithm uses
the following predictor-corrector protocol where P , and P2, are the predictors
and x,1 the corrector

At &
Pl | = e E in 9(ti, i), 3.15
n+1 m0+1—1(a+2) izoa‘, g( 33) ( )
At®
P2 = ——"  g(ths1, P! 1
n+1 F(a+2) g( +1 n+1)7 (3 6)
At®

Tni1 = Py + P+ P (3.17)

T/ . | o\ tn 9
F(Oé+2) g( +1
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The weight a;,, (which ultimately originates from the memory kernel, Eq. (2.62))
given to the previous solutions has the following form

ntt — (n—a)(n+ 1) if i=0
Qin = (318)
(n—i4+2)*t 4 (n—i)**tt —2(n —i4+ 1)t if 1<i<n.

The algorithm is now fully described. Note that for large n it will be increasingly
intensive to calculate the next value of z; due to the summation in Eq. (3.15). One
also has to store all calculated values of g(¢;,z;) in the memory which could overflow
for large n. We only presented the algorithm for one particle in one dimension, the
extension to many (interacting) particles in three dimensions is relatively straightfor-
ward and not given here. Note that care should be taken in the case of the Rouse
chain (see Section 5.1) where the dU/dx term in g is dependent on other integrated
variables. Correctly updating it during the predictor-corrector protocol is essential.






4 ‘ Particle in a Potential

Nothing is particularly hard if you divide it into small jobs.

Henry Ford

In this chapter we will employ the analytical model and numerical scheme, discussed
in the previous chapters, to investigate a particle that resides in an active viscoelastic
bath. The particle will be subjected to three different potentials, namely a constant
potential, a harmonic oscillator and a double well. We only consider one-dimensional
dynamics, meaning that the particle can only move along one direction. As we dis-
cussed in Chapter 2, the model of an active viscoelastic bath can be used to describe
the internal environment of a biological cell, called the cytosol. We will therefore
use our results to illustrate several cellular processes. The study of one particle also
provides a stepping stone to the next chapter where we investigate the dynamics of
a Rouse chain, which consists of many interacting particles. The results presented in
this chapter were first published in [79].

4.1 Free particle

A free particle, with position x(t), is not bound by the influence of an external force.
Or, in other words, it is located in a region where the potential energy does not vary.
The external potential U(z) on a free particle can therefore be assumed constant

U(z) = constant. (4.1)

If the free particle is surrounded by an active viscoelastic bath, we can describe its
dynamics by the one-dimensional generalised Langevin equation from Section 2.6.
After filling in the external potential, the equation of motion becomes

Mo e D (t) = Er(t) + Ea(t) H (1) (4.2)

We added the Heaviside function' H(t) to the active forces. This will turn the active
forces on at ¢t = 0. For times smaller than zero, the system is assumed to be thermally

L Also known as the step function, the Heaviside function is a discontinuous function, defined as

_fo i t<o0
H(t)_{1 it >0 (4.3)
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relaxed. After t = 0, the particle will enter a nonequilibrium regime. To evaluate
the particle’s dynamics we need to solve Eq. (4.2), which is a stochastic fractional
differential equation. We will find that the position z(t) is a Gaussian variable and
therefore characterised completely by its first and second moments.

4.1.1 Anomalous diffusion

In order to solve the equation of motion, Eq. (4.2), we start by taking its Laplace
transform (see Appendix A.6). The result is

o 527 [sils] = 2(0)] = Erls] + als), (4.4)

where f [s] represents the Laplace transform of a function f(t). After some elementary
algebra one finds

—« ~

ils] = s7'2(0) + > (€rls] + als]). (4.5)
N

To transform this expression back to the time-domain, again the formulas from Ap-

pendix A.6 are used. It can be easily shown that the following relation characterises

the evolution of the free particle’s displacement

Am(t):ﬁ/odt’ (gT(t—t’)JrfA(t—t’)) o1, (4.6)

where the displacement is given by Axz(t) = x(t) — (0). From this expression it
is clear that the displacement is a linear combination of Gaussian variables, making
it itself Gaussian distributed. We therefore search for its first and second moment.
Taking the ensemble average of Eq. (4.6) immediately demonstrates that the mean of
the displacement is zero, i.e. (Az(t)) = 0. To obtain this results one only uses the
fact that the average of both noise terms is zero.

Next, we calculate the mean-squared displacement! of the particle, expressed as
A2%(t) = ((Az(t))?). This quantity is a measure for the spacial exploration of the
particle. To obtain this we take the square of Eq. (4.6) after which we perform the
ensemble average.

1 n ]fBT t/oc ltlla 1
2 o
A(t):F( er_a /dt/dt” e
C / 1n o —|t'—t"|/Ta pa—1 g1a—1
+ W o dt o dt € t t . (47)

Here we used the autocorrelation of the thermal noise and the active noise, Eq. (2.62)
and Eq. (2.64) respectively. Both terms in this expression can be simplified. For the
first term notice that the double integral can be rewritten as follows

/! " t/a 1t”a ! ’ /yla—1 2 a
dt dt =2 [ dt'"'*7 Blo,1 —a) = =T(a)T'(1 —a)t*, (4.8)

(=t 0 o

LA more complete measure of the dynamics would be the variance in the displacement, which is
defined as o2(t) = ((Az(t))2) — (Az(t))2. But since the mean displacement is zero, the variance is
identical to the mean-squared displacement.
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where B(-,-) is the beta-function (see Appendix A.3). The double integral in the
second term of Eq. (4.7) can be written as

t t 1" ’ t/TA
2/ dt’/ dt" e~ (' =t)/ma pa=lyha—l 27—33/ dy Yy T(a;y,t/Ta), (4.9)
0 % 0

where T'(-;-,-) is the difference between two incomplete gamma functions (see Ap-
pendix A.2). If we put the previous two calculations together we find that the mean-
squared displacement of the free particle obeys the following expression

2 2Do 2730C
8%0) = e+ 2 Atma), (410)
with
¢
A (t) = / dye’ y* ' T(a;y,t). (4.11)
0

We have introduced here the anomalous diffusion coefficient D, = kgT /74, it con-
forms with the generalised Einstein relation. The mean-squared displacement consists
of two terms. The first indicates the anomalous diffusion in a (non-active) viscoelastic
bath. It is called anomalous because this diffusion is not a linear function of time (like
normal diffusion in a viscous bath), instead it goes as a power-law. Since we have
that 0 < a < 1, the diffusion will be slower in a viscoelastic bath. This slow diffusion
is called subdiffusion. When « = 1, the first term becomes normal diffusion, defined
by Eq. (2.2). The second term in the mean-squared displacement is called the active
addition, and it only exists when active forces are present, i.e. C' # 0. The behaviour
it gives to the particle is not clear from the expression itself. But by approximating
this term for different time regimes, it will reveal its characteristics.

To approximate the active addition at early times, ¢ < 74, we use its original
form from Eq. (4.7). For such small ¢, the exponential in the integrand will be almost
equal to one, so exp(—|t' —t"|/74) ~ 1. Applying this approximation decouples the
integrals and solving them becomes trivial. The active addition for early times is

c 2a

2(a + 1)n3 i

For long times, ¢t >> 74, we have that t/74 is very large. This is the upper limit of
the difference of gamma functions in Eq. (4.11), because this limit now becomes large
we can do the following approximation I'(c;y,t/74) = I'(c;y). The latter being an
incomplete gamma function (see Appendix A.2). So for ¢/74 > 1, we do the following
manipulation

t/TA
Ao(t)T4 > 1) = / dye? y* 1T (o) (4.13)
0

' t/Ta
=/ dye? y* ' (s y) +/ dye’ y* ' T(e;y). (4.14)
0 y’

In the second line we divided the integral up at an arbitrary, but large, point 3’ > 1.
The first term is a constant for a particular value of 3’ and thus not a function of
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time. For the second term we use approximation (A.23) of the incomplete gamma
function which is correct for large y. A large y is ensured because both y' and t/74
are chosen large. After this approximation is applied, the integral is straightforward
to solve. Because t is still much larger than y’, we find

Aut/ra > 1)~ — <t>2a_1. (4.15)

20— 1 \ 74

Plugging this result back into Eq. (4.10) leads to the following active addition for
times larger than 74

QTAC 20—1
(2a—1)I*(a)ng

(4.16)

We now have all time-relations that the free particle can exhibit. A free particle
in a non-active viscoelastic bath (C' = 0) will always perform subdiffusion with a t*
relation to time, i.e. the first term of Eq. (4.10). When active forces are present and
they are more prevailing than the thermal fluctuation, i.e. C' > kgT, we can clearly
distinguish all previously derived time-relations.

For very early times, the particle shows the non-active subdiffusive behaviour
with exponent «. This is because A, (f — 0) goes faster to zero than the first term in
Eq. (4.10). For early times, the exponent of the active addition becomes double that of
the non-active term. The particle will therefore diffuse as Eq. (4.12). When o > 1/2,
this will lead to superdiffusion, since the time exponent is larger than that of normal
diffusion (i.e. one). When times reach values higher than the persistence time 74, the
2« regime will make room for the 2ac — 1 behaviour, Eq. (4.16). This exponent of
time will always yield subdiffusion (or normal diffusion when o = 1). When o < 1/2,
however, the exponent becomes negative, making this regime practically non-existing.
For o > 1/2, this regime persists for many time decades. But since its exponent is
smaller than that of the non-active contribution (first term of Eq. (4.10)), it will
eventually disappear in favour this faster non-active subdiffusion. Therefore, for very
long times the particle will again subdiffuse with exponent «, as if the viscoelastic
bath were not active. The viscoelastic bath effectively damps the active forces on
these long time-scales. Only for a viscous bath, a = 1, is this statement not true.
Indeed, we then have 2a — 1 = «. So for times larger than 74, the free particle in an
active viscous bath performs normal diffusion, but with a diffusion constant that is
enhanced by a factor (14 74C/vkpT). The free particle in a viscous bath therefore
feels the presence of the active forces for all times to come.

From the above discussion, it is important to realise that the viscoelasticity of
the bath clearly plays a defining role in the particle’s response to the active forces.
It influences both the prefactor as well as the exponent of this response’s relation
to time. To summarize, we present all the possible time-regimes in the following
sequence for the mean-squared displacement of a free particle through time

2D, T C QTAC
AQ 1) = [e] + 4 t2a TA t2o¢—1
®) M(a+1) 2(a+1)n2 (2a — 1)T2(a)n2
T 2D,
— te. (4.17)

Ia+1)
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Figure 4.1: Log-log plot of the squared distance travelled by a free particle as a
function of ¢/74 in a viscoelastic medium (o = 0.8, kg7 = v = 1) in the presence
of active forces (C' = 10%, 74 = 1) (full line) compared to that without active forces
(dashed-dotted line). Power-law behaviour is indicated with dashed lines. The insets
share the same parameters apart from «. Left inset: o = 1. Right inset: o = 0.4.

The value above the arrows indicates the approximate time at which the transition
happens. By equating the regimes, we found the early and late cross-over times, they
are 7, ~ (nakpT/C)"* and 7y ~ (14C/nakpT)"” =), Figure 4.1 shows the mean-
squared displacement of a free particle for large C' and @ = 0.4, 0.8 and 1. All regimes
we discussed are clearly present. Also notice that the 2ae — 1 behaviour for o = 0.4
does not appear. The active curve rejoins relatively quickly with the non-active curve
after t = 74. For a viscous bath, the enhanced (normal) diffusion is evidently visible.

4.1.2 Motion of tracer particles

The results obtained from our model of a free particle in an active viscoelastic bath can
be used to understand the dynamics of a tracer particle inside a cell (see Section 1.2).
In several experiments it is observed that the motion of such a particle is superdiffusive
at early times, but switches to being subdiffusive after a time of the order of seconds.
In [80] it was, for example, found that the mean-squared displacement of a polystyrene
microsphere, 3 ym in diameter, inside a living cell performs superdiffusive motion,
A2(t) ~ t3/2, for times up to 10 seconds. On larger time scales, the particle had a
subdiffusive motion, A% (t) ~ t1/2.

In a study of breast-cancer cells [20, 81], the role of molecular motors and filaments
of the cytoskeleton in active transport was investigated. These authors tracked the
motion of tracer particles in cells with different metastatic! potential after chemical
treatments that affect different cell components like myosin, actin and microtubules.
While the precise value of the mean-squared displacement’s exponent depended on

I Metastasis means the spread of cancer or other disease from one tissue in the body to another.
The affected tissue is considered not in contact with the affecting tissue.
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Figure 4.2: Log-log plot of the mean-squared displacement of a free particle as a
function of ¢/74 in a viscoelastic medium (o = 3/4, kgT = v = 1). The subdiffusion
in a non-active bath is depicted by the dashed-dotted line. The full lines show the
dynamics in an active bath (74 = 1) for different values of C. We have C' = 2¢ with
i=2,4,6,8, 10, 12 and 14. Higher lying curves have a larger value of C. The insets
show the C-dependence of the exponents (determined by curve-fitting). Left inset:
Shows the first exponent as a function of C' in a lin-log plot, the asymptotic value 2«
is indicated. Right inset: Shows the second exponent as a function of C' in a lin-log
plot, the asymptotic value 2a. — 1 is indicated.

the treatment applied, in all cases it was found that the exponent decreased from a
value in the range 1.2 —1.4 to a significant lower value of 0.8 — 1.0 after approximately
3 seconds. So, this experiment also revealed a crossover between superdiffusive and
subdiffusive motion.

In a recent work, Reverey et al. [82] studied the motion of endogenous! particles in
the protist Acanthamoeba castellanii. The cytoplasm of this organism has been called
supercrowded, making it surely suitable to be modelled by a viscoelastic bath. In
contrast to the earlier studies, the cells of A. castellanii have a non-zero motility. After
subtraction of this motion, the dynamics of vesicles and granules (i.e. particles) was
still found to superdiffuse with an exponent approximately equal to 1.8. For the times
investigated (up to 10 seconds) no clear crossover to another exponent was observed.
After treating the cells with latrunculin A or nocodazole (these substances decrease
the activity of a cell by affecting the availability of actin filaments and microtubules
respectively), the exponent decreased to a value around 1.5 — 1.6 in an early time
regime. Moreover, a cross-over to a decreased exponent after a few seconds can be
observed in these cases, though the authors do not quote a value.

If we compare these experiments with our theory, we find that they are consistent.
In the (theoretical) intermediate time regime, we found a crossover from superdif-
fusion to subdiffusion, as was observed in the experiments [20, 81, 82]. The drop in
exponent in [80] from 3/2 to 1/2 suggests that the viscoelasticity of the cell’s cytosol is

'Tn this context, meaning naturally originating from within the cell.
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characterised by o = 3/4. Because these regimes are so clearly observable we conclude
that the active forces are strong compared with the thermal ones, i.e. C' > kpT.

We need to make an important note here. When the active and thermal forces are
of comparable strength, C' ~ kgT, the time-relations are not as evident as presented
in Fig. 4.1. There is, however, still a clear cross-over between two effective exponents.
The first effective exponent grows with growing C from « to 2«, while the second
decreases from « to 2a — 1 with increasing C'. This behaviour is presented in Fig. 4.2
for a = 3/4. A specific example is the exponent 1.39 followed by 0.53, when C' = 128.
This implies that, for weak active forces, the diffusive exponents are not only related to
the viscoelastic properties of the medium (i.e. @) but are also an (unknown) function
of C. This could be the scenario behind the experiments on breast-cancer cells and
A. castellanii. When applying rheological methods to determine the a-value of a cell,
one needs to take into account this C-dependence of the exponents. Or one should
be sure that the active forces are sufficiently strong. These C-dependent exponents
can, however, explain the drop in the superdiffusive exponent measured by [82]. Here
they inhibited the actin or microtubules, leaving the cell less active. This process can
be linked to a decrease in C, which our model suggests will consequently decrease the
(superdiffusive) exponent.

Another conclusion we can draw from comparing the experiments with our theory
is that, for a living cell, the value of the persistence time 74 is of the order of sec-
onds. Indeed, the cross-over between a superdiffusive regime to a subdiffusive regime
appears, in our results, at 74. If observed in the experiment, the cross-over happened
at times ranging from 3 to 10 seconds. Although this value is bound to change when
investigating different types of cells, it does give a sense of the time scales at which
the active forces are persistent.

4.2 Harmonic oscillator

The obvious potential to study next would be a linear one, i.e. U(z) ~ x. This will
generate a constant force on the particle and invoke a sedimentation process. However,
due to its modest cellular relevance, we will not consider this potential here. Therefore
the following potential is naturally a quadratic one, in physics commonly known as a
harmonic oscillator
ko

U(zx) = 5 (4.18)
This potential will inflict a restoring force on the particle toward the origin. This
restoring force is proportional to the particle’s displacement from the origin and its
strength is measured by k. If the harmonic oscillator is surrounded by an active
viscoelastic bath, the equation of motion for it will be (see Section 2.6)

Mo cDV2(t) = =k (t) + Er(t) + Ea(t) H (D). (4.19)

Again, we used the Heaviside function to turn the active forces on at ¢ = 0, dis-
turbing the thermalised state of the system. We will solve Eq. (4.19) to discover the
behaviour of the harmonic oscillator. This equation is also studied numerically, with
the algorithm discussed in Chapter 3. Because the exact solution is available, we can
use it to test whether the performance of our numerical scheme is satisfactory.
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4.2.1 Anomalous diffusion and steady state

Again, we take the Laplace transform of the equation of motion, Eq. (4.19), to find
the evolution of z. Using the techniques from Appendix A.2; we find

a5 s31s] = 2(0)| = ~kals] + Enls] + Eals. (4.20)

Somewhat rearranging the terms gives the following expression for the position in
Laplace space

. k s . k -

#[s] = s '2(0) {1 + . So‘] + (fT[s] + fA[S]) [1 + - so‘} . (4.21)
The inverse Laplace transform of this equation can be done in terms of the Mittag-
Leffler function E, () (see Appendix A.1). One finds that the position of the har-
monic oscillator satisfies the following expression

2(t) = ©(0)Ea ( — (t/7)°)

1 t

+— | at (§T(t )+ Ea(t — t’)) o1, . ( - (t’/T)a). (4.22)
N Jo

It is clear that if we take k = 0, we retrieve the dynamics of the free particle, i.e.
Eq. (4.6). We introduced the characteristic time 7 of the oscillator, it is defined as

P () (4.23)

Because the defining equation of z(t), Eq. (4.20), is linear and both noise terms
are Gaussian, also z(t) is a Gaussian random variable. The average position of the
harmonic oscillator is found by taking the ensemble average of Eq. (4.22). Because
the potential is symmetric around z = 0 and the system is thermalised at ¢ = 0, we
have that (x(0)) = 0. Both the noise terms are centered, it is therefore easy to find
that (z(¢)) = 0 for all time ¢. From this it is straightforward to show that (Ax(¢)) = 0.
We can now fully define z(t) if we also find its second cumulant.
The mean-squared displacement of the harmonic oscillator is given by

A2(t) = ((Ax(t)?) = (@*(1)) + (2*(0)) — 2(x(t)x(0)). (4.24)

The system is thermalised at t = 0, therefore the second term on the right-hand
side can be determined using the equipartition theorem (see Section 2.2). From this
theorem we know that the average of the quadratic potential, (kx?/2), is equal to
kpT/2 in equilibrium. We thus find that (#?(0)) = kpT/k. To evaluate the two
remaining terms of Eq. (4.24), we first note that both the thermal and the active
random forces are not correlated with the initial position of the harmonic oscillator,
ie. (€p(t)xz(0)) = (£a(t)z(0)) = 0. Using this property and the equipartition result,
it is straightforward to find the last term in Eq. (4.24). The correlation between the
oscillators initial position with its position at a later time ¢ is

(@(0)2(0)) = 2L B (~ (t/)%). (4.25)
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Figure 4.3: Lin-log plot of the correlation between the initial position and the position
at time ¢, (z(t)z(0)), as a function of ¢/7 of a harmonic oscillator (k = 1) in an active
(C = 14/7 = 1) viscoelastic (o« = 0.5, kgT = v = 1) bath. The blue dots are the
simulated correlation (averaged over 10° histories) and the black line is the analytic
expression, Eq. (4.25).

Notice that this correlation is not influenced by the active forces. It will therefore be
the same in equilibrium and out of equilibrium. At ¢ = 0 it is equal to the equipartition
result, as it should be. Over time this correlation will decrease to zero. Figure 4.3
shows this correlation for a viscoelastic bath with o = 0.5. For this particular value
of a, the expression of the correlation can be written in closed form using the list
provided in Appendix A.1. It becomes (z(t)z(0)) = (kpT/k)erfc(y/t/T)e!/™. Also
shown in this figure are the results of a numeric analysis of the system (using the
algorithm discussed in Chapter 3). The performance of the simulation is clearly
excellent on all the investigated time-scales. The final calculation, that of (x2(t)), to
acquire the mean-squared displacement is more involved. We square Eq. (4.22) and
take its ensemble average. The cross-terms drop out due to reasons discussed above.
Using the equipartition result and the noise correlations, Eqs. (2.62) and (2.64), give

(@(1)) = ’“’;TE"‘ (— (t/7)°)

1 — a / dt’ / dt”’ t,a/ ' t;:jyalEa,a ( - (t//T)a>Ea,a( - (t”/T)a>

+ — / dt// dt// e_\t/—t//|/TA t/u—l t//a—l Ea,a ( _ (t//T)a)Ea,a( _ (t”/T)a).
Mo Jo 0
(4.26)

This lengthy expression can be greatly simplified using property (A.10) of the Mittag-
Leffler functions derived in Appendix A.1. The mean-squared position of the harmonic
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oscillator then reads

(z%(t)) = % + k% An(t;1,74), (4.27)

with A (t;-,+) = Aa(t,t;-,-) and
t/m t’ /7'1 JpeY e T1
Ao (t,t's 11, 70) / d:c/ < Eo.a(=2%) Pa.al=y )>eT2zy|. (4.28)

rl-o yl—a

The mean-squared position consists of two terms. The first term is the equipartition
result one finds if the oscillator were in equilibrium. The second term is the active
addition which clearly disappears when no active forces are present, i.e. C' = 0. We
are now able to construct the mean-squared displacement of the harmonic oscillator.
Adding the three derived terms of Eq. (4.24) gives
A%(1) = 2k;jT 1= Baa (= (/1)) ] + % Aalt:7,7). (4.29)

The first conclusion we can draw from this expression is that the diffusion in an active
bath will be more rapid than in an equilibrated bath. This is because A, (¢;7,74) is
a positive function for all positive time, making the fluctuations larger when C # 0.
We will come back to this later. The specific dynamics that AZ(¢) will exhibit is not
clearly revealed by Eq. (4.29). We therefore approximate this expression for different
time regimes to understand the dynamics it contains.

First notice that we can rewrite the first term of Eq. (4.29) using property (A.7)
of the Mittag-Leffler functions. The first term becomes

«
Qk]fT% Baanr (= (/7)) (4.30)
For very early times, ¢t < 7, we can approximate the above Mittag-Leffler function by
1/T(a+1). The first term of Eq. (4.29) is thus approximately equal to
2D,

I'a+1)
This is the subdiffusion a free particle performs in a non-active viscoelastic bath.
The second term of Eq. (4.29) can also be approximated for early times, ¢t < 74 and
t < 7. The exponential function in A, can then be approximated by one and the
Mittag-Leffler functions by 1/I'(a). By doing this, the integrals in A, decouple and
become trivial to solve. For these early times the second term in Eq. (4.29) becomes
equal to Eq. (4.12), which is the t>* anomalous diffusion of a free particle in an active
viscoelastic bath. For times longer than 74, the free t2*~! behaviour is retrieved when
A, is approximated by setting the Mittag-Leffler functions equal to 1/T'(«) and using
Eq. (4.15). Both terms in Eq. (4.29) saturate when times become large, i.e. t > 7.
The system then reaches a nonequilibrium steady state, we will discuss this regime
in more detail later. The sequence of time-relations that a harmonic oscillator in an
active viscoelatsic bath displays is given below (for 74 < 7)

2Do¢ o Ty c 200 TA 2TAC 2a0—1
M(a+1) I2(a+1)n2 (2a—1)T2(a)n?

£ (4.31)

A(t) =

-5 nss, (4.32)
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Figure 4.4: Log-log plot of the mean-squared displacement of a harmonic oscillator
(k = 1071) as a function of t/7 in a viscoelastic medium (o = 3/4, kgT = v = 1)
in the presence of active forces with C' = 10° and 74 /7 = 10°, 1 and 10~ (full lines,
top to bottom) compared to that without active forces (dashed-dotted line). The
power-law behaviour is indicated with dashed lines.

where nss stands for nonequilibrium steady state. Figure 4.4 presents the mean-
squared displacement of the harmonic oscillator, Eq. (4.29), for & = 3/4 and different
values of 74 /7. The harmonic oscillator in a non-active viscoelastic bath is also shown.
The « and 2« regimes are clearly always present, but the 2ac — 1 regime needs a low
persistence time to reveal itself. In this figure the nonequilibrium steady state is also
visible for times larger than 7. A comparison between the analytic results and the
simulated data is given in Fig. 4.5 for a large variety of parameters. Again we can
state that the algorithm performs extremely well, not showing any serious deviations
from the exact result on all investigated time-scales.

We thus find that, between ¢ = 0 and the steady state, the oscillator goes through
a transient regime that is equal to that of a free particle. This can be understood
by the fact that during these early times the particle does not feel it is bounded by
a potential, it diffuses in an area where the potential is approximately constant. In
other words, the particle is not yet aware it is an oscillator. The transient state is
always dependent on «, also in equilibrium. But, interestingly, the steady state —
which, in equilibrium, does not depend on the viscoelasticity— becomes a-dependent
when the system is out-of-equilibrium. We will now investigate this further.

Steady state

Because the particle resides in a bounding potential, it cannot (on average) explore
the whole space like the free particle could. Both in and out of equilibrium, the system
will reach a steady state, in which it will cease to evolve in time. From here on we
use the subscript ss to denote that the system is in a (nonequilibrium) steady state,
this state is certainly reached when ¢ — co. We will focus on the steady state of the
mean-squared position of the oscillator, i.e. (22)ss = lim;_, oo (22(t)), because of its
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Figure 4.5: Log-log plot of the mean-squared displacement of a harmonic oscillator
(k = 3) as a function of ¢/7 in a viscoelastic medium (o = 0.8, kgT = v = 1) in
the presence of active forces with C' = 10% and 74/7 = 1, 1072 (full lines, top to
bottom) compared to that without active forces (dashed-dotted line). The coloured
dots are the simulated data (averaged over 10% histories) with green (C' = 0), blue
(ta/7 =1072) and orange (74/7 = 1). Left inset: Equivalent to the main graph but
with o = 0.4. Right inset: Equivalent to the main graph but with & = 0.1, C = 10°
and 74/7 =107°.

obvious relation to the equipartition theorem. Indeed, when the system is thermalised
we have (22(t)) = kgT/k for all time. The steady state for an oscillator that is driven
out of equilibrium by active forces is given by the following expression

()2 = BT 1 O A (r/r) (4.33)
Here we introduced the function A% (71 /72) = limy— o0 An(t; 71, 72), which is a func-
tion of only the ratio 71 /72, as can easily be seen from Eq. (4.28). In Fig. 4.6 we plot
A% (z) for different values of o. From it, it is immediately clear that the active addi-
tion to the steady state is always positive. This implies that, with the extra energy
acquired from the active forces, the particle can diffuse further from the origin and
therefore higher up the potential landscape. We will now discuss the properties of the
two limit cases: when 7/74 is low and when it is high.

When 7/74 <« 1, the exponential function in Eq. (4.28) will be approximately
unity. Notice that this only holds when the integration variables are small. But since
the tail of the integrand decreases rapidly to zero, it does not contribute much to the
total integral, so the approximation still holds. The two integrals decouple and after
using [ dz2° ' Ey o(—2®) = 1 we conclude that A (7/74) — 1 when 74 is much
larger than 7. Figure 4.6 confirms this statement. We therefore find

_ksT C

(1%)ss = —— + 73 (4.34)
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Figure 4.6: Lin-log plot of A%°(z) as a function of its argument x. With o = 1 (solid
line), & = 3/4 (dashed line) and o = 0.4 (dashed-dotted line). Inset: Log-lin plot of
h(a) as a function of . The horizontal line indicates h(1) = 1. Inset’s inset: Lin-lin
plot the original inset, with the o-axis starting at 1/2.

We find that, just as in equilibrium, the steady state does not depend on the vis-
coelasticity (i.e. ) of the bath. In this bath, with large 74, the direction of the active
forces stays, on average, the same over a long period of time. However, when k is very
large, the steep potential will prevent this long persistent motion. We therefore see
that the steady state then reduces to the original equipartition result. Building on
this equipartition theorem we can associate an effective temperature T to this state,
namely kT, = kT + C/k. In Fig. 4.7 we show that our algorithm produces the
correct steady state for 7/74 small.

When 7/74 > 1, the exponential function in Eq. (4.28) can be written as a Dirac
delta function®. It is then quite easy to work out that A°(7/74) — (74/7)h(a) with
ha) =2 [° dox**2E2 ,(—x®). The steady state becomes

2 kBT C TA

(@) = 2B 4 CTA (o) (4.36)
When the relaxation time of the oscillator is much larger than the persistence time of
the active forces, the steady state depends on the viscoelasticity (i.e. «) of the bath.
The function that quantifies this dependence is h(«). This is a decreasing function,
reaching 1 when o = 1. For 0.5 < o < 1, the value of h(a) is relatively low, with
h(0.5) ~ 141.2. When we decrease o from 0.5 to zero, the value of h(a) explodes,
going to infinity when o = 0. This implies that, when o < 0.5, the approximation
of large 7/74 only holds when this value is extremely large, i.e. 7/74 >> 1. The

effective temperature of this steady state is kpT\ = kT + (74C/7k)h(«). For a bath

I1'We used here the following definition of the Dirac delta function

3(w) = lim — exp(~el/e). (4.35)
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Figure 4.7: Lin-lin plot of the steady state value for the mean-squared position as a
function of k of a harmonic oscillator in an active (C' = 1 (dark dots) and 10 (light
dots), 7/7a = 1075) viscoelastic (a = 0.8, kgT = v = 1) bath. The coloured dots are
the simulated data (averaged over 10% histories) and the dashed lines are the analytic
expression (4.34). Inset: Equivalent to the main graph but with o = 0.4.
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Figure 4.8: Log-lin plot of the steady state value for the mean-squared position as a
function of k of a harmonic oscillator in an active (C' = 10® (dark dots) and 10* (light
dots), 7/74 = 103) viscoelastic (o« = 0.8, kgT = v = 1) bath. The coloured dots are
the simulated data (averaged over 102 histories) and the dashed lines are the analytic
expression (4.36). Inset: Equivalent to the main graph but with a = 0.6.
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with the same large 7/74 ratio, the effective temperature will be high in a low « bath
and low in one with a high a-value. Adding active forces with small 74 to a harmonic
oscillator and letting it reach a steady state will enable one to determine «, which
would not be possible in equilibrium or in low 7/74 steady state. Figure 4.8 proves
that, when « is above 0.5, our algorithm performs satisfactory. For smaller «, the
simulation results deviate somewhat from the analytic results. This is because low «
systems take longer to reach steady state. These results are therefore not acquired
from a fully steady state, since our algorithm has trouble simulating such long times
(see Chapter 3).

Probability distribution

We already mentioned that the position of the oscillator z(t) is a Gaussian variable.
The probability to find the particle at time ¢ in the small interval between x and
2 + dx is therefore given by P(x,t)dz with

1 z?
P(z,t) = m exp <_2<$2(t)>) , (4.37)

and (z%(t)) given by Eq. (4.27). The system is, as always, assumed to be in equilibrium
at t = 0. So initially the variance of this normal distribution is kgT'/k. Notice that,
independently of o, A,(t;7,74) is always strictly positive and therefore the density
P(z,t) always broadens after the active forces have been turned on. This broadening
through time is illustrated in Fig. 4.9 for a bath with o = 3/4. For times larger than
7, the broadening stops and reaches a steady value. This steady variance is, of course,
larger than in equilibrium and given by Eq. (4.33). The oscillator’s fluctuations from
the origin in an active bath are therefore larger than those in a non-active bath.
Figure 4.10 shows the simulated distribution at different times. In these simulations,
the system was not thermalised at ¢ = 0, the particle always started in the origin.
We therefore have (z(0)) = (22(0)) = 0. The initial distribution is then a Dirac delta
peak: P(z,0) = §(x). The evolution of the distribution is still given by Eq. (4.37),
but the mean-squared position is now expressed by

@O0 = B [1- B2, (- /)] + G Aaltimma), @438)

rather than Eq. (4.27), where the system is in equilibrium at ¢ = 0. The figure
demonstrates that, again, the simulation produced the correct distribution results.

4.2.2 Velocity correlation

Because it resides in a viscoelastic bath, the velocity v(t) of the oscillator at previous
times has a direct influence on its present friction. Therefore the velocity correlation
(v(t1)v(t2)) is a good measure to illustrate how the memory of the system relates past
events with the present. Yet, great care has to be taken when considering the velocity
because we applied the overdamped limit to the generalised Langevin equation (see
Chapter 2). Difficulties arising from this limit will be addressed shortly.

The correlation of the velocity at time t; and ¢5 is calculated using the Laplace
transform. We have 9[s] = sZ[s] — x(0), using Eq. (4.21) one finds the velocity’s
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Figure 4.9: Log-lin plot of the probability distribution P(z,t) for a harmonic oscillator
(k = 3) in a viscoelastic bath (o« = 3/4, kgT = 1, 7 = 1075) after active forces
(C' =103, 74 = 1) are turned on at ¢ = 0. At ¢ = 0 the distribution is that of thermal
equilibrium. The figure shows the broadening of the distribution as a function of time
(the time corresponding to each curve is indicated).
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Figure 4.10: Log-lin plot of the probability distribution P(z,t) for a harmonic oscilla-
tor (k = 3) in a viscoelastic bath (o = 0.8, kT = v = 1) after active forces (C = 10%,
Ta/T = 1) are turned on at t = 0. The initial position of the oscillator is in the origin,
i.e. (0) = 0. The coloured dots are the simulated distribution (averaged over 10°
histories). The black lines are the analytic expression (4.37) using Eq. (4.38). The
distribution is measured at different times: Left inset: t/7 = 107% (orange). Main
graph: t/7 = 1073 (red), 1072 (green) and 10~! (blue). Right inset: t/7 = 10 (pink)
and 10% (grey).
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Figure 4.11: Log-log plot of minus the correlation between the initial velocity v(0) and
the velocity at time ¢ as a function of (small) ¢/7 for a harmonic oscillator (k = 3) in an
active (C =1, 74/7 = 1072) viscoelastic (o = 0.4 (blue), 0.8 (green), kgT = v = 1)
bath. The coloured dots are the simulated correlation (averaged over 10® histories)
and the black lines are the analytic expression (4.40). Inset: Shows the cross-over of
power-law behaviour in the correlation, Eq. (4.40), at time 7.

Laplace transform

Bls] = fk;;ax(()) {1 n n’isa] o slaa (érls] + €als]) [1 n nﬁa s“} o (4.39)

From this equation it is easy to see that the mean velocity of the oscillator is always
zero, i.e. (v(t)) = 0. This was expected since the stochastic forces have no preferred
direction and the potential is symmetrical. We will now focus on the correlation
between the initial velocity and the velocity at a later time t. In Appendix C we
derive this relation, it reads

i) = 2L 2p (). (4.40)

Na

This correlation is always negative and increasing. Implying that, on average, the
motion of the oscillator in a particular direction brings about a subsequent restoring
motion in the opposite direction. This behaviour is due to the elastic response of
a viscoelastic bath which is captured in the memory kernel, Eq. (2.50). Since this
kernel goes to zero for long times, so does the resulting correlation. Also notice
that (v(t)v(0)) is not influenced by the active forces, just as the correlation between
the initial position and that on time ¢, Eq. (4.25). Figure 4.11 shows —(v(t)v(0))
for « = 0.4 and 0.8 at times smaller than 7. For these short time-scales, the Mittag-
Leffler function in Eq. (4.40) is approximately equal to 1/T'(a—1) (see Appendix A.1),
causing the correlation to go as t*~2. Although this quantity inherently exhibits large
fluctuations, the mean behaviour of the simulations clearly follows the analytic result.
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For times larger than 7 we use the asymptotic expansion, Eq. (A.4), of the Mittag-
Leffler functions. In case of the Mittag-Leffler function in Eq. (4.40), the first term
(r =1) of this expansion is zero, because 1/T'(—1) = 0. Using the second term yields
a correlation that goes as t~(**2) for long times. The initial decay thus crosses over
to a faster decay after the characteristic time 7. This cross-over is clearly visible in
the inset of Fig. 4.11, where the analytic solution of the velocity correlation is plotted
for short and long time-scales. From Eq. (C.8) it is clear that (v2(t)) — —oo. This
non-physical result comes from the fact that the instantaneous velocity is ill-defined
in our model. The overdamped limit (m — 0) assumes that the velocity is in thermal
equilibrium for any time-scale. This would imply that (v2(0)) = kgT/m (see Section
2.2). This relation is spoiled by the overdamped limit because the inertia of the
particle should not be neglected at very short time-scales. Therefore our model (and
by extension our algorithm) is not suited to describe the instantaneous velocity, only
the correlation of it between different times.

4.2.3 Stepping of molecular motors

Here we use the theory of a harmonic oscillator in an active viscoelastic bath to
describe the dynamics of a kinesin macromolecule. Before going into its dynamics, we
first give a short overview of the function and structure of this macromolecule. Kinesin
is a protein found in eukaryotic cells, it belongs to the group of motor proteins. It
can transport other proteins or organelles by attaching to it and subsequently moving
along a microtubule filament. This movement is powered by ATP hydrolysis. A
kinesin protein consists of two motor-heads that each have a neck-linker (see Fig. 4.12).
These linkers are connected to a long coiled stalk that ends with the cargo-binding
tail. When the kinesin is not bound to a microtubule filament, both motor-heads have
an ADP (adenosine diphosphate) bound to their active site. The kinesin performs
Brownian motion until it comes in contact with a microtubule filament. When one
motor-head binds to the filament it releases its ADP, while the other motor-head
trails behind it (Fig. 4.12: 1). After the bound motor-head has released its ADP, it
binds ATP to its active site. This causes the neck-linker to quickly swing forward,
positioning the loose motor-head in front of the bound motor-head (Fig. 4.12: 1 — 2).
The loose motor-head now needs to diffuse to the filament where it can weakly bind
to it and release ADP (Fig. 4.12: 2). The bond between this motor-head and the
filament becomes stronger when the (now) trailing bound motor-head hydrolyses its
ATP. After the hydrolyses, the trailing motor-head lets go of the filament (Fig. 4.12:
3). This release causes the leading bound motor-head to bind ATP to its active site
(Fig. 4.12: 4). From here on the whole process repeats. The kinesin can thus move
step-by-step along the microtubule filament, each step one motor-head is placed before
the other, effectively causing the kinesin to “walk”.

The phase where the forwardly swung motor-head needs to diffuse to reach the fila-
ment is the main interest of our discussion here. This phase (among others) determines
the speed at which the kinesin can move along the filament. Detailed mechanochem-
ical models have been introduced that successfully describe the velocity of the motor
as a function of applied force, ATP-concentration, etc. It is less clear how to explain
the large processivity of kinesin [83]. A crucial role in these models is played by the
mechanical properties of the neck-linker. The diffusion of the motor-head depends on
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Figure 4.12: Schematic representation of the four stages one kinesin protein goes
through when walking along a microtubule filament. The long horizontal cylinder
represents the microtubule filament. The grey and black ovals are the motor-heads
with a black neck-linker attached. The long twisted structure starting from the neck-
linkers is the coiled stalk. In this picture there is no cargo bound to the tail.

the elastic properties of this neck-linker, which in the simplest approximation is often
modelled as a Hookean spring (i.e. a linear relation between extension and force). A
better approximation is to describe the linker as a worm-like chain (see Section 5.5)
and use the latter’s well known force-extension relation to determine the potential in
which the motor-head diffuses [84]. Important properties are then the time it takes for
the motor-head to diffuse in this potential over a distance of 4.1nm, i.e. the distance
to the next binding site on the filament, and the probability p that the motor-head is
within a small distance around that binding site. For example, in a model based on a
Hookean spring, this probability was found to be rather small (p = 0.058) [84]. This
model, however, did not incorporate active nor viscoelastic effects. Because these
effects better characterise diffusive processes inside a cell, we investigate here if they
can influence p, and preferably increase its value. We also study how the time to
reach the binding site is changed in an active viscoelastic environment.

Because the diffusing motor-head is connected to a linker, which is modelled by
a Hookean spring, inside the cytosol, it can be modelled as a harmonic oscillator in
an active viscoelastic bath. The behaviour of this system was discussed above. We
will follow [84] and choose k = 1 pN/nm. The thermal energy is calculated as follows,
using kg = 0.0138 pN nm/K and 7" = 300K, one finds kg7 ~ 4.14pNnm. From
Eq. (4.23) it then follows that the characteristic time of the oscillating motor-head
is 7 &~ 50 us, which is much shorter than the persistence time of the active forces,
which is of the order of seconds (see Section 2.5). Here, as a rough estimate we took
~v = 6mna where for the cytosol we assumed the viscosity n to be thousand times
that of water: 7, = 8.90 - 1071 pN's/nm?, and for the characteristic length-scale of
a protein we took a = 3 nm. Hence we are in the regime where 7/74 < 1, so that
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Figure 4.13: Lin-log plot of the probability p that the motor-head is in a region of 1
nm around the binding site at 4.1 nm as a function of the strength v/C of the active
forces. This figure is for the regime 7/74 < 1 where p only depends on C' and not on
« or 74. The dotted line indicates the value of \/C where p reaches its maximum.

()55 = (kT/k) + (C/k?). In the model of [84], it is assumed that the motor-head
can attach to the microtubule when it is within one nano-meter from the binding
site at 4.1 nm. The stationary state of the probability density is given by Pss(z) =
limg o0 P(x,t), in expression (4.37) one should replace (z%(t)) with Eq. (4.34) to
achieve this stationary distribution. The probability p that the motor-head is in the
one nano-meter range of the binding site is then given by p = f; '11 dx Pgg(x).

1 5.1 31
e [erf <2<w2>> —ert (M)] , (4.41)

where erf(-) is the error-function! and all distances are expressed in nm. In Fig. 4.13
we have plotted this probability as a function of the strength v/C of the active forces
(in pN). We see that upon increasing C, p increases from its initial value of p = 0.058
in absence of active forces, reaches a maximum of p = 0.118 around vC =~ 3.5 pN
and then decreases again. The value where p reaches its maximum is indeed of the
expected order for active forces in a cell. Hence, we conclude that active forces can
double the probability that the free motor-head is near its binding site. Because we
operated in the 7/74 < 1 regime, the viscoelasticity of the cytosol will not influence
the result. That is because the steady state is independent of «, see Eq. (4.34).
Next, we investigate the possible influence of the dynamics of the mean-squared
displacement on the motion of kinesin. For this we show in Fig. 4.14 the mean-squared
displacement for a particle in a viscous environment (o = 1) without active forces and

L1 The error-function is defined as
xT

1 2
= — dye ¥ . (4.42)
VE

erf(x)
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Figure 4.14: Log-log plot of the mean-squared distance travelled by a particle in a
harmonic potential (k = 1pN/nm, kT = 4.14pNnm) in a viscous and non-active
environment (dashed-dotted line) and in an active viscoelastic environment (full line)
(a=3/4,V/C=35pN, 74 =3s)and 7 =5-10"7 s.

in a viscoelastic environment (o = 3/4) in presence of active forces (the strength of
which corresponds to the optimal value derived above, i.e. vC' = 3.5 pN). We notice
that in the latter situation, the mean-squared displacement is always larger. Given
the uncertainty in the various parameters, we can conclude that the time to reach the
binding site is of the same order in both situations. This suggests that active forces
can help in overcoming the expected slowing down of a molecular motor in a complex
environment and thus may provide the answer to why a motor in a cell moves with
almost the same velocity as in an in vitro essay [85, 86].

It requires further research to investigate whether the effects found here (smaller
time to reach the finding site, higher probability to be near the binding site) persists
for more realistic models of the neck-linker and to quantify its impact on physical
properties of the motor such as its velocity and processivity. Comparison with exper-
iments on kinesin in a cellular environment can then be made [85, 86].

4.3 Double well

The last potential we investigate is a bistable one, meaning that it has two local
equilibrium states separated by some energy barrier. A bistable potential surface
can be modelled in various ways, from a cusp-shaped harmonic potential [12] to two
wells of unequal depth [87]. Here we will use the symmetric double well given by the
following expression

Ulz) = AU {(z —1)2—1]2. (4.43)

A schematic representation of this double well is given in Fig. 4.15. The potential has
two minima, one at x = 0 and one at z = 2b, and a maximum at x = b of height AU.
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Figure 4.15: Schematic representation of the bistable potential surface. The height
AU of the energy barrier, located at = b, is indicated. The minima are at x = 0 and
x = 2b. When measuring the survival probability, the particle starts “in equilibrium”
in the left well and is free to move on this potential landscape until it reaches the
bottom of the right well. When it does, it is eliminated from the system.

The choice for this potential is motivated by the fact that the approximate dynamics
in the bottom of one well is that of a harmonic oscillator, which we investigated
thoroughly in the previous section. If the double well is surrounded by an active
viscoelastic bath, the dynamics of a particle moving on this potential landscape is
governed by (see Section 2.6)

Mo D(£) = 1;14 AU 2(b— 2)(2b — @) + €0 (t) + Ea(t) H(D). (4.44)
This is a non-linear fractional differential equation, we will therefore not be able to
solve it analytically. From here on we have to rely completely on our algorithm (see
Chapter 3), which has proven its applicability in the previous section.

In order to make some predictions, we can apply the results of the previous sec-
tion to describe the approximate dynamics in one of the wells. Indeed, expanding
Eq. (4.43) around one of its minima to second order yields the harmonic approxima-
tion of both wells. This approximation has the form of potential Eq. (4.18), we can
thus associate a k-value to the wells. Performing the expansion is easy and will give
k = 8AU/b%. A particle that is located in one of the wells, and that has not yet had
time to notice the presence of the energy barrier, will behave like the oscillator from
the previous section with the before mentioned k. The characteristic time of a well is
then given by Eq. (4.23), it reads

1/«
_((1ab?
Tw = <8AU> . (4.45)

For times greater than 7,, the existence of a second well becomes apparent to the
particle. In later discussions we often state that the particle is initially “in equilibrium”
in the left well. By this we mean that the probability distribution at ¢t = 0 of the
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particle is that of a thermalised harmonic oscillator around z = 0, i.e. a Gaussian
distribution with (z) = 0 and (2?) = kgTh?/8AU. Of course, the particle is not truly
in equilibrium since its probability distribution does not correspond to the Boltzmann
distribution of a double well.

A process that is often studied in a double well is the migration of a particle from
one well to the other. Such a process is characterised by the escape rate R of the
particle and it relates the height of the barrier and distance between the minima to
the characteristic time to go from one well to the other. The first prediction of the
escape rate was done by Hendrik Kramers in 1940 [88]. His calculations were based
on a Brownian particle in a viscous bath. We will try to extend his work to an active
viscoelastic bath. But before we do so, we briefly discuss how one can find his result,
known as the Kramers’ rate.

4.3.1 Kramers’ escape rate

For his derivation, Kramers assumed that the energy barrier AU was high compared
to the thermal energy kpT. This implies that the particle spends a long time inside
one well and only occasionally manages to completely climb the barrier as a result
of thermal fluctuations. Once it has reached the top of the barrier, it has a chance
of 1/2 to fall in the neighbouring well. In the other case it just drops back into the
initial well and has to start all over again. Here we attempt to predict the mean first
passage time' 7 from an initial position z in the left well to the top of the barrier at
b. The rate of arrival to the barrier is then the reciprocal to this mean first passage
time. Multiplying this rate by one-half gives the Kramers’ rate of a particle diffusing
from one well to the other. The mean first passage time is given by the following
formula (a derivation of this formula, based on the Smoluchowski equation (i.e. high
friction) Eq. (2.3), can be found in [26])

1P v
T(xo) — 5 / dy eU(y)/kBT/ dz e—U(Z)/kBT’ (446)
To —00

where D = kgT/v is the diffusion constant. The integral over z is dominated by
the harmonic approximation of the well’s bottom U(z) ~ U, + w?2,2%/2, when kgT
is small. Here we have U,, = U(0) and w,, = y/8AU/b? is the harmonic frequency
around the minimum. When we fill this in into Eq. (4.46), and take y — oo (which
has little influence on the integral), we find after solving the trivial Gaussian integral

b
dy eV W/ ks (4.47)

0

T(ao) = 2L it

Dw,,

The remaining integral is dominated by the harmonic approximation of the energy
barrier, one finds U(y) ~ Uy — w3,(y — b)?/2. Here we, naturally, have Uy = U(b)
and wyr = \/4AU/b? is the (imaginary) harmonic frequency of the maximum. If we
assume the initial position xy to be close the the minimum, which is very probable

for small kT, we can take xg — —oo because the integral is dominated by the small

IThe mean first passage time characterises the average time it takes a stochastic process, starting
in some volume, to reach a specific threshold for the first time.
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xo contribution anyway. Putting the approximation of U(y) into Eq. (4.47) gives

kg1 AU
T = 4.4
(330) DwmwM exp (kBT) ’ ( 8)

where AU = Uys —U,,. This expression is independent of the initial position zy. This
can be understood by the fact that, due to the low thermal energy, any initial position
will first relax to the local equilibrium distribution near the minimum. Therefore any
initial position will first evolve to a common starting configuration, yielding the exact
value of x( irrelevant. As we mentioned before, the Kramers’ rate is defined as
Ry = T~1/2. Applying this to Eq. (4.48) and using the definition of the diffusion
constant gives the Kramers’ escape rate, which is correct for systems with high friction
and a large barrier-to-temperature ratio

AU

_ WmWpr _K/u
Ry = 5y exp ( kBT) . (4.49)

4.3.2 Anomalous escape rate

There is an extensive history [12, 87, 89-93] of research on the escape of a particle
performing anomalous diffusion, but a general consensus has not yet been reached.
We will not attempt to give a full analysis of this problem here, deriving the escape
rate of an anomalous process is surely a challenging task and certainly a complete
research-topic on its own. Therefore, we limit ourself to a more empiric treatment.
In the first subsection we investigate how the escape rate changes when the particle
is surrounded by a viscoelastic bath instead of a viscous one. In the next subsection
we will also include the active forces.

Viscoelastic bath

One of the first generalisations of the escape rate problem was done by R. Grote and
J. Hynes in 1980 [90], their theory was later refined by E. Pollak [91]. They used
the generalised Langevin equation (with an undefined memory kernel) to formulate
a non-Markovian rate theory. They concluded that the bath effectively modifies the
imaginary frequency wy; of the energy barrier. This effective barrier frequency ¢,
depends on the memory kernel of the bath and if this kernel is positive for all time
(as in our model) then ¢. < wps. This will slow the particle down in the vicinity of
the barrier. The generalised escape rate reads

Wm Pe AU
Rg = —-—— . 4.50
¢ 27’er exp( kBT) ( )
In the overdamped limit, where m — 0, one can derive' from equation (27) in [91]
that ¢.K[p.] = wi;, where K[-] is the Laplace transform of our memory kernel,
'In the notation of [91], the equation reads
N S 4
MAT +ATAAT) = —— (4.51)
dq#

The mass is M (m in our notation), the effective barrier frequency is )\# (¢e in our notation), the
Laplace transform of memory kernel is 7(-) (K[-] in our notation) and the right-hand side depicts
the imaginary barrier frequency (w3, in our notation).
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Figure 4.16: Log-lin plot of the survival probability as a function of time for a particle
in a double well (b = 1), surrounded by a viscoelastic bath (a« = 0.6, kgT =~ = 1).
The coloured lines are the simulated data (averaged over 10* histories) for different
AU values, they range from AU = 2 (brown) to AU = 10 (green) increased by unit
increments. The particle was initially “in equilibrium” in the left well.

Eq. (2.50). Solving this equation is easy, it gives ¢, = (w3,/1a)"/*, from which we
define the characteristic time 7. = 1/¢. of the effective barrier or

1/«
[ nab®
Te = <4AU> . (4.52)

When we also use w,, = V2w, the generalised escape rate in a viscoelastic bath
thus becomes

Rg

_ V21 Xp< AU)_ (4.53)

T2t _kBT

It is clear that when the bath is viscous, a = 1, this generalised escape rate reduces
to the Markovian Kramers’ rate Rx.

The question now is, can we apply this non-Markovian rate theory to our system?
And if so, under what circumstances? To answer these questions, we first evaluate
three typical conditions that need to be met. First, just as in Kramers’ approximation,
the friction needs to be large. Because the friction is governed by the memory kernel,
which diverges in the origin, we can safely assume that the friction is indeed sufficiently
high. Second, in order to use the non-Markovian rate theory, the survival probability
p(t) in a well should, at least asymptotically, be exponential, i.e. p(t) ~ exp(—Rt),
where R is the escape rate we would like to characterise. The survival probability
measures the chance of still finding the particle inside the initial well after a time t.
Naturally, we have p(0) = 1 and p(t — oco) = 0. Simulations have shown that this
condition is clearly met for the investigated time-scales (provided that the height of
the barrier is large). Figure 4.16 shows an example of this behaviour for & = 0.6. One
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Figure 4.17: Log-lin plot of the escape rate as function of the barrier-to-temperature
ratio for a particle in a double well (b = 1), surrounded by a viscoelastic bath (kgT =
~v = 1). The solid lines show the weighted generalised escape rate R = aRg. The
coloured dots are the simulated data (averaged over 10* histories) for a = 0.4 (yellow),
0.6 (blue), 0.8 (green) and 1 (red). The particle was initially “in equilibrium” in the
left well.

sees that for low AU/kgT, the survival probability is not completely exponential,
this was of course expected. When AU/kpT is large, however, the lines in the log-lin
plot of Fig. 4.16 become straight, implying an exponential behaviour for p(¢). Similar
results were found for other values of . However, to be sure that the exponential
behaviour persists for many time-scales, one should simulate p(t) for longer times than
in Fig. 4.16. This can be a topic for future research. Third, and most importantly, the
time-scales should be separated. We mentioned earlier that, for Kramers’ argument
to hold, the time the particle spends inside the well should be much longer than the
time it takes to leave the well. This implies a clear separation of time-scales, the
relaxation time of the well 7, should be smaller than the characteristic escape time
Tese- Such a separation is also needed in the generalised model for the non-Markovian
rate theory to hold. The relaxation time of the well is given by Eq. (4.45) and it is
anomalously slow. Therefore, the characteristic escape time should be quite large.
We have that 7.;c = 1/(2R). If we take for the escape rate R = R¢, then we find
that Tese/Tw ~ exp(AU/kgT). From this we conclude that when the energy barrier is
sufficiently high the time-scales should separate and the non-Markovian rate theory
can be applied. The three conditions are, for our kernel and large AU/kpT, satisfied.

We start with a particle “in equilibrium” in the left well. Then by simulating the
survival probability p(t) (see Fig. 4.16), and curve-fitting the result with exp(—Rt),
we obtain the value of the escape rate R for a particular energy barrier AU. These
escape rates are plotted in Fig. 4.17 as a function of the energy barrier for a = 1,
0.8, 0.6 and 0.4. We found that the escape rate follows the generalised escape rate
R¢ within a multiplicative factor. For larger values of a, this factor appears to agree
well with « itself. We cannot argue why « appears to be a good value, we found it
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Figure 4.18: Log-lin plot of the probability distribution of a particle in a double
well surrounded by a viscoelastic bath. The solid line in both figures represents
the Boltzmann distribution, Eq. (4.55). The partition function Z was determined
numerically by normalising exp(—U(x)/kgT). (a) The distribution through time,
with P(x,0) = §(x — b). Coloured dots are the simulated data for & = 0.8, b = 1,
AU =3, kgT = v = 1 and averaged over 10° histories. Measurements were at t/7, =
102 (orange), 10~! (blue), 1 (pink), 10 (purple), 10? (green). (b) The equilibrium
distribution measured at t/7. = 10%. The coloured dots are the simulated data with
the same parameters as Fig. 4.18a, but with o = 0.4 (red), 0.6 (green) and 0.8 (blue).

in an empirical manner and more analytic research should be done to determine the
true multiplicative factor. Thus for large energy barriers we find that the “weighted”
generalised escape rate follows

V2 « AU
R=qaR~= Y22 ——— ). 4.54
ala 27 Te *P kgT ( )
For a = 1, this correctly reduces to the Kramers’ rate. Figure 4.17 shows that

this proposed expression for R agrees quite well when o > 0.5. For a < 0.5, this
assumption completely breaks down, although we found that R still lies within a
multiplicative factor from Rg.

To conclude this section, we investigate the probability distribution P(x,t) to
find the particle at location x at time ¢. For long times this distribution should
evolve into the equilibrium distribution Peq(x) = lims—, o P(x,t), which is given by

the Boltzmann distribution
1 U(z)
P.y(z) = — €xXp < kBT> ) (4.55)

where Z is the partition function, which for the double well potential can not be
calculated analytically. It can, however, be easily determined numerically. Notice that
this equilibrium distribution is independent of «, as was the case for the harmonic
oscillator. In Fig. 4.18a the evolution of the probability through time is shown for
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« = 0.8. The initial nonequilibrium position of the particle is here always on top of
the energy barrier, i.e. P(z,0) = §(x—0b). It is clear that when ¢ > 7., the distribution
reaches equilibrium. The simulated equilibrium distribution for different values of «
can be seen in Fig. 4.18b, they all comply with the Boltzmann distribution. The
independency of « is clearly visible. These figures give confidence that our algorithm
performs well, not only for a harmonic oscillator but also for the double well.

Active viscoelastic bath

Naturally, when we turn on the active forces in the bath, the system will not thermalise
to the Boltzmann distribution P.,(z). We can, however, expect that the probability
distribution of finding the particle at position x will evolve to some steady state
distribution, Pss(x) = limy_,o P(z,t). This distribution does not depend on time, as
was the case for the long time behaviour of a harmonic oscillator in an active bath.
Also for the harmonic oscillator, we found that the steady state behaviour of the
particle depended heavily on the value of the persistence time. When 74 was small
the steady state depended on «, while for large 74 it did not (see Eqs. (4.36) and
(4.34) respectively). We will therefore investigate the steady state distribution in a
double well for these 74 regimes. We use the characteristic time 7, of the effective
barrier as a measure for the value of the persistence time 74. The distributions are
always measured at ¢t = 102 7., ensuring that the system has reached its steady state.

For small persistence times, 7./74 > 1, Fig. 4.19 shows the steady state distribu-
tion for AU = 3 and 8, the viscoelasticity ranges from « = 0.4, 0.6 to 0.8. For both
small and large AU, the most notable difference in the distribution occurs around the
energy barrier itself. The active forces increase the chance to find the particle on top
of the barrier. However, when « is small this probability is larger compared to when
« is large. So again, small persistence times yield different steady states for distinct
values of a. A probable explanation for the increased probability is the fact that the
particle receives extra short “kicks” from the active forces through which it can climb
the barrier more easily. The chance of being at the bottom of one of the wells is only
slightly affected by these extra kicks. The increased anti-persistent diffusion in low «
baths is a possible cause why the particle can reside longer on top of the barrier for
these small o values.

A more curious behaviour is found when the persistence time is large, 7./74 < 1.
From Fig. 4.20 it is immediately clear that, just as for the harmonic oscillator, the
steady state probability distribution does not depend on the value of «, i.e. all
viscoelastic baths reach the same state for long times when 74 is large. For both a
small and high energy barrier, Figs. 4.20a and 4.20b respectively, the particle is more
likely to be found on the outer edges of the potential then in the bottom of the well as
is the case for the equilibrium distribution. The reason for this behaviour is because
the persistent active forces push the particle in one direction for a long time, helping
the particle to climb the steep margins of the potential. The probability to be on
top of the barrier is, for small AU, lower than in equilibrium. That is because the
persistent active forces will push the particle up and across the low barrier with ease,
causing few particles to actually reside on the top. When the barrier is, however,
sufficiently high the active forces can just barely manage to get the particle on top of
it before changing direction. This makes for a increased probability to be on top of
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Figure 4.19: Log-lin plot of the steady state probability distribution of a particle in
a double well (b = 1) surrounded by an active (C' = 103, 74 /7. = 1073) viscoelastic
bath (o = 0.4 (red), 0.6 (green), 0.8 (blue), kgT = ~ = 1). The solid line in both
figures represents the Boltzmann distribution, Eq. (4.55). The partition function Z
was determined numerically. The coloured dots represent the simulated data. The
probability distribution was measured at /7. = 10? and averaged over 10° histories.
(a) Small energy barrier AU = 3. (b) Large energy barrier AU = 8.
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Figure 4.20: Log-lin plot of the steady state probability distribution of a particle in a
double well (b = 1) surrounded by an active (C = 103, 74 /7. = 103) viscoelastic bath
(v = 0.4 (red), 0.6 (green), 0.8 (blue), kgT = v = 1). The solid line in both figures
represents the Boltzmann distribution. The coloured dots represent the simulated
data. The distribution was measured at ¢/7. = 102 and averaged over 10° histories.
(a) Small energy barrier AU = 3. (b) Large energy barrier AU = 8. Insets: Show the
effective energy landscape U, (z) = —kpT In(Pss(x)). The dashed line is the original
potential U(x) and the coloured dots are generated from the simulation data of the
main graphs. The full lines are a fit of U.(z) = AU.(((x/b.) — 1)* — 1)? through the
data points, we have (a) AU, = 3.93, b = 1.57 and (b) AU, = 5.74, b, = 1.27.
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Figure 4.21: Log-lin plot of the survival probability as a function of time for a particle
in a double well (b = 1), surrounded by an active (C = 103, 74 /7. = 10%) viscoelastic
bath (« = 0.8, kgT = v = 1). The coloured lines are the simulated data (averaged
over 6 - 10% histories) for different AU values, they range from AU = 1, 3, 5, 8 and
10 (from brown to green). The particle was initially “in equilibrium” in the left well.
Inset: Log-lin plot of the survival probability as a function of time for a particle in a
double well (AU = 8) with the same parameters as the main graph, except o = 0.4
(red), 0.6 (green) and 0.8 (blue).

the barrier compared to an equilibrated bath. The appropriate height for the energy
barrier to induce this effect depends on the persistence and strength of the active
forces.

The a-independency of the probability distribution when 74 is large, strongly sug-
gests that in that limit the distribution can be described in terms of an equilibrium-like
distribution, albeit with a different potential U, (z) (when 74 is small this argumen-
tation is more difficult and we will not go into it here). This effective potential can
be determined from the steady state distribution using the following definition

Ue(z) = —kpTIn (Pss(x)), (4.56)

where we dismissed the additive constant —kpT In(Z). The insets of Fig. 4.20 show
the original potential energy U(xz) and the effective potential obtained from the main
graph’s data. For both the low and high energy barrier, we see that the minima are
shifted further apart. The height of the effective barrier is increased in the low AU
case, while it is decreased for high AU. To quantify these changes, we try to fit the
effective potential with the expression of the original potential, i.e. Eq (4.43). The
two fitting parameters are, naturally, AU, and b.. As Fig. 4.20 shows, these fits work
quite well and both fitting parameters are given in the caption of the figure. For the
low energy barrier, we find AU./AU = 1.31 and b./b = 1.57. For the high energy
barrier, we have AU, /AU = 0.72 and b./b = 1.27. It would be interesting to develop
an analytic approach that allows one to determine U, from U as was recently done
for other problems in the field of active matter [94].
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The fact that we can associate an effective potential to this nonequilibrium process
can have an interesting implication. One might be able to determine an equilibrium-
like escape rate using Kramers’ theory, applying it to the effective potential U.. This
promising implication is, however, quickly shattered since the simulated survival prob-
abilities differ for different values of «, see the inset of Fig. 4.21. If a Kramers
equilibrium-like escape rate would exist, all baths should display the same escape
rate. This a-dependency suggests that the non-Markovian rate theory discussed above
might prove a better candidate when applied with the effective potential. As we will
soon see however, the behaviour of the escape rate in these active baths is too dissim-
ilar from that in an equilibrated bath that there is little hope that our non-Markovian
rate theory will offer solace. We can thus conclude that the effective potential is a
neat characterising feature of bath with large 74, but it has no immediate practical
use for describing the escape rate of this anomalous process.

If we investigate the survival probability for a particular a-value further, we dis-
cover a fascinating behaviour. Figure 4.21 shows this probability for « = 0.8 and
different values of the energy barrier height AU. Firstly, we see that the survival
probability is no longer exponential. For short times it decreases rapidly, after which
it shows a tail that does decay exponential. Secondly, whereas in equilibrium a high
energy barrier would have a higher survival probability over the whole time range
compared to a lower energy barrier (which is an intuitive result), for the nonequilib-
rium survival probability we find that this is no longer the case. In Fig. 4.21, we see
that for short times this behaviour is still present, but for longer times the probability
to be in the initial well is lower for a higher energy barrier. There is, in other words, a
clear cross-over in the time profile of the survival probability. This curious behaviour
can be traced back to the fact that, for large 74, the particle is mostly found on the
steep edges of the potential. When AU is high, the margins of the potential increase
much faster than when AU is low. The persistent active forces can push the particle
up this slope and, when AU is high, the potential energy gained by the particle will
thus be larger than when AU is low. It can then use this large potential energy to
rapidly cross the energy barrier some time later. This process is thus a possible can-
didate to explain why, for long times, the particle is less likely to be in the initial well
for high AU compared to when AU is low. This is, however, an effect that takes some
time to reveal itself because it requires the particle to first ascend the leftmost slope
(assuming the particle started in the left well). On shorter time-scales the dominant
effect is the immediate crossing of the barrier to the right, which happens much faster
when AU is low. This explains the short to long time cross-over.

4.3.3 Folding of DN A-hairpins

The overall structure of a macromolecule is not a fixed property, it can fluctuate be-
tween different configurations depending on external stimuli. Moreover, the function
of a macromolecule often depends on its capability to alternate between two, or more,
structural configurations. Understanding how macromolecules fold into these specific
three-dimensional structures is one of the big open problems of biological physics.
Such folding reactions are often described in terms of a reaction coordinate z (see
Section 1.2) which moves stochastically in a free energy landscape U(x). The reac-
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Figure 4.22: Schematic representation of three structural configurations of a DNA-
hairpin. The left configuration is a fully unzipped hairpin, while the right one rep-
resents a hairpin in a fully zipped state. The intermediate configuration shows a
partially zipped state. The full arrow indicates folding, while the dashed arrow rep-
resents unfolding.

tion coordinate is a slow variable like the end-to-end distance! of a polymer while
U(z) is obtained by integrating out the fast variables like the position of individual
monomers. Since this averaging cannot easily be performed exactly it is often as-
sumed that U(z) has the shape of a double well whose minima correspond with two
stable structural configurations. If one configuration is more stable than the other,
its minimum will lie lower. When both configurations are equally stable, the wells
will have equal depth. The two structural configurations are often referred to as the
folded and unfolded state. The first state reflects the complex three-dimensional mor-
phology that most polymers posses. The unfolded state occurs when external effects
(e.g. high temperature) cause the polymer to lose its complex structure and reduce
it to a freely fluctuating chain.

One of the simplest and best understood folding processes is that of the zipping of
a DNA-hairpin (or RNA-hairpin). A DNA-hairpin consists of a single DNA-polymer-
strand which has two regions (preferably at both ends of the strand) with complemen-
tary nucleotide sequences. It can therefore make weak intramolecular bonds when it
folds back on itself. Some part of the DNA-polymer-strand, which has no complemen-
tary region, remains an unpaired loop. The relatively straight bounded region and
loose loop region form a stem-loop profile that resembles the well known hair-clip,
hence the origin of its name. Figure 4.22 shows a schematic representation of the
(un)folding of a DNA-hairpin. Due to the sequential forming/breaking of bonds in a
DNA-hairpin, the folding/unfolding is referred to as zipping/unzipping.

In recent years, much advance has been made in measuring various properties of

I'The end-to-end distance is the norm of the vector that connects the two endpoints of a linear
polymer (see Chapter 5 for more information).
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Figure 4.23: Log-lin plot of the steady state probability distribution of a particle in
a double well (AU = 33pNnm, b = 7.5nm) surrounded by an active (C = 10pN?,
Ta = 38) viscoelastic bath (o = 3/4, kT = 4.14pNnm, v = 4.14 - 1075 pNs/nm).
The solid line represents the Boltzmann distribution. The orange dots represent the
simulated data. The distribution was measured at t/7. = 10 and averaged over 10°
histories. Inset: Shows the effective energy landscape U.(x) = —kpT In(Pss(z)). The
dashed line is the original potential U(z) and the orange dots are generated from the
simulation data of the main graphs. The full line is a fit of U.(z) = AU.(((x/be) —
1)2 — 1)? through the data points, we have AU, = 7.69 pN nm, b, = 7.7 nm.

the zipping/unzipping of simple DNA and RNA structures, also at the single molecule
level [95, 96]. In these latter experiments, the hairpins are held under tension by
chemically connecting them to two beads that are in an optical trap. If the appropriate
forces are applied, the free energy of the zipped and unzipped state are almost equal
and the molecule continuously flips between the two states. From the measured
dynamics, the free energy landscape for hairpins can then be determined. To good
approximation, the folding or unfolding rate corresponds to the Kramers’ rate of the
reaction coordinate x to diffuse from one well to the other. Measured lifetimes of
stable configurations are in the range from milliseconds to minutes, i.e. can be either
shorter or longer in comparison with active forces. The characteristic transition times,
i.e. the duration of actual structural change, are (until recently [97]) more difficult to
observe experimentally but are believed to be of the order of microseconds.

As a simple model to investigate how crowding and nonequilibrium processes af-
fect the zippped/unzipped transition for a hairpin under tension, we use the double
well potential Eq. (4.43) in an active viscoelastic bath, as discussed in the previous
section. It gives a reasonable description of the measured free energy landscapes of
the hairpins 207'S06/74 and 207'S10/T4 [97]. Using the results from this paper,
we can estimate that for these hairpins we have: AU = 33pNnm, b = 7.5nm and
v = 4.14 - 10~°pNs/nm. From these parameters, with a = 3/4, follows that the
characteristic time of a well is 7, = 8.8 us. Again we find that the biophysically inter-
esting regime is 7, < T4, since the persistence time is of the order of seconds, we take
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74 = 3s. The thermal energy at room temperature is, as always, kg7 = 4.14 pN nm.
Because we are in the large 74 regime, we consider only one value of « since, as the
previous sections showed, all viscoelastic baths yield the same steady state.

Figure 4.23 shows the steady state probability distribution of the system with
the above described parameters in equilibrium (i.e. the Boltzmann distribution) and
out-of-equilibrium with C' = 10 pN2. As was discussed previously, the system prefers
to be at the edges of the potential (although this effect is less prominent here) and
we see an increased probability to be on top of the energy barrier. The inset of
this figure shows the effective potential derived from the data of the main graph. A
decent fit with the original potential expression is again possible. Notice that the
active fluctuations have greatly lowered the effective barrier between the two minima
(AU, /AU = 0.23) and at the same time have slightly increased the distance between
them (b./b = 1.03). We can expect that the active forces will therefore considerably
lower the time the hairpin spends in a zipped or unzipped state (effectively reducing
the zipping/unzipping time of a hairpin) since the characteristic escape time from one
of the wells of the effective potential will be substantially lower.

In order to quantify this result, we have numerically determined the survival prob-
ability in the potential well, both for the viscous passive case (which should yield
Kramers’ result) and for the active viscoelastic case. Figure 4.24 shows these survival
probabilities. In a viscous passive bath (o = 1, C' = 0), we find that the simulation
accurately retrieves Kramers’ prediction. Notice that over the span of a thousand
microseconds there will hardly be any transition from one state to the other. The
characteristic time of being in one state is, according to Kramers Eq. (4.49), approx-
imately 224.7ms. This complies with the time-scale that was mentioned earlier. In
an active viscoelastic environment (o = 3/4, C' = 10pN?) the probability to change
states over the same timespan is increased drastically. After a thousand microseconds,
the chance to be in the other state is approximately 42%. Unfortunately, the time
profile of the nonequilibrium case can not be fitted with an exponential function, so
acquiring a characteristic lifetime of one state is not evident. However, from Fig. 4.24
we can identify that after ten microseconds the probability starts its steep decay. So
we can suggest that the characteristic time, in a nonequilibrium bath, of lingering in
one state is approximately 10 us, which is 10* times smaller than that in equilibrium.
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Figure 4.24: Lin-log plot of the survival probability as a function of microseconds
for a particle in a double well (AU = 33pNnm, b = 7.5nm), surrounded by an
active (C' = 10pN?, 74 = 3s) viscoelastic bath (o = 3/4, kpT = 4.14pNnm, v =
4.14-107° pN's/nm). The orange line shows the simulated data, averaged over 6 - 103
histories. Also shown is the survival probability in a viscous passive bath (o = 1,
C = 0). The black line represents the analytic Kramers’ prediction p(t) = exp(—Rxt),
using Eq. (4.49). The blue line shows the simulated data, averaged over 6-10° histories.
The particle was initially “in equilibrium” in the left well.






5 | Polymer Dynamics

The world is a dynamic mess of jiggling things.

Richard P. Feynman

In this chapter we will extend the model of one particle to describe a polymer in
a nonequilibrium cellular environment. First, we discuss the Rouse model, which is
perhaps the most widely used model to describe the dynamics of a polymer. This
section is heavily based on chapters two and four from the book of M. Doi and S. F.
Edwards [7]. Second, we explain how the Rouse model behaves in a viscoelastic bath.
Thirdly, we investigate the transient behaviour of the viscoelastic Rouse model when
it is subject to a constant force. Then, we replace the constant force with active forces
and describe the resulting dynamics of the Rouse model as well as its nonequilibrium
steady state. And lastly we introduce some modifications to the Rouse model in
order to better mimic the characteristics of a real polymer. We discuss how these
modifications alter the results of the previous sections. Most of the results in this
chapter can also be found in two of our papers [98, 99].

5.1 The Rouse model

Polymers are very complex molecules that live in an even more complex environ-
ment, describing them mathematically is certainly an ambitious task. To tackle most
problems, physicists try to model them as simple as possible without loosing the key
features. For a polymer, this characteristic feature is its linear elongated structure
(see Section 1.2), whose configuration (or shape) should fluctuate due to the interac-
tion with its thermal surroundings. This results in an immense amount of different
configurations therefore requiring a statistical treatment. The simplest models that
satisfy these requirements are the ideal chains. An ideal chain only interacts with the
surrounding solvent and not with itself (apart from the local interactions that keep the
chain together). The lack of this self-interaction will enable the chain to cross itself,
therefore the term phantom chain is also used. Although this may not appear to be
very physical, in some cases it is not far from reality. Enzymes such as topoisomerases
are capable to cut and reseal the phosphate backbone of DNA, thereby allowing this
polymer to temporarily cross itself. In the study of chromosomal loci it was indeed

79
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found that the Rouse model could describe their motion [100]. A chromosomal locus
is the specific location of a DNA-monomer sequence that defines one gene. Yet this
observation does not take away the fact that the Rouse model is still a very plain
model, not suited to describe all the intricacies of a real polymer. But it suffices to
begin to understand the dynamics of a polymer, both in and out of equilibrium.

5.1.1 From random walk to Rouse model

The most straightforward way to create an equilibrium configuration of an ideal chain
is with a three-dimensional random walk of (Ny — 1) steps of constant length bg. This
will create a polymer with a contour length equal to (Ng — 1)by and with Ny joints
(which includes the two end points). This kind of ideal chain is called a freely-jointed
chain because the direction of each step is completely uncorrelated with the previous
step. Figure 5.1a shows a configuration of such a chain in two-dimensions. It is
tempting to view the joints of this chain as the individual monomers of the polymer,
but only rarely is the structure of a polymer uncorrelated on such a small scale. Yet
on larger length scales the structure of a polymer loses its correlation, this length scale
is called the Kuhn length. Therefore a step by of the freely-jointed chain represents a
Kuhn length segment of the polymer, often including a large number monomers. An
ideal chain that is fully uncorrelated is called flexible. Ideal chains that maintain a
certain correlation along their bonds are called semi-flexible, in Section 5.5 we will
discuss how they can be modelled.

The freely-jointed chain can be defined by two different sets of vectors: The posi-
tion vectors of the joints @, € {(,jm Q1,. .. ,QNO,l} or the bond vectors ¢,,, defined
by

Go=0Qn—0n_1 with n=1,2,...,Ny— 1. (5.1)

Another vector that characterizes the chain, in a more global way, is the end-to-
end vector P = Yonln = QNo—l — QO. It connects both ends of the chain and is
therefore a good measure for the physical extend of the polymer. We will show that
the equilibrium distribution of the end-to-end vector is Gaussian.

Before we can calculate this distribution we first need to address the possibility
to have a particular configuration {g,} = (¢1,%, -..,qn,—1) of the chain. Because
all bond vectors are independent of each other, the conformational distribution is the
product of the individual bond distributions

Np—1

V({g,}) = H (G, (5.2)

where ¥(q,,) = 6(|@.| — bo)/(47b3) is the normalised distribution of a random vector
of length by. The function J(-) represents the Dirac delta function.

To find the distribution ®(P) of the end-to-end vector we need to integrate over
all possible configurations of the chain while enforcing the sum over all bond vec-
tors be equal to P. The integration should also be weighted by the conformational
distribution, leading to

@(ﬁ):/d@/d@.../d@o_l 5( 2 > (@) (5.3)
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Figure 5.1: All three pictures are a two dimensional depiction of the chain they
represent. (a) The freely-jointed chain, the end-to-end vector P is shown as a dashed
arrow. (b) The Gaussian chain, the original freely-jointed chain is shown in grey
dashed lines while the end-to-end vectors p of the sub-chains are the solid black lines.
In this case p = 7. (c) The Rouse Chain, the black dots are the beads with mass m
that are connected by harmonic springs.
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When no integration interval is specified, it is assumed to range from minus infinity
to plus infinity. In order to further work out this expression we use the following
identity of the Dirac delta function

5(7) = ﬁ / 45 €10, (5.4)

Using this equation and Eq. (5.2), it is easy to show that the end-to-end distribution
can be written as

o(P) = ﬁ / ds =P [ / dtj'em'ql/)(cj')} o . (5.5)

The integration over ¢ to the power of (Ny — 1) comes from the fact that all the
integrals over the bond vectors are identical after they decouple. This integration
over ¢ is evaluated as follows

sin(wbp)

L S T , B
47rb%/0 drr /0 dd)/o df sin(0) exp(—iwr cos())o(r — by) = b (5.6)

where w = |dJ|. If wby < 1, this result is approximated by exp(—w?b2/6). This
approximation also holds for large wby, since both expressions will be close to zero in
that case. Then for large Ny the end-to-end distribution becomes

. 1 “+oo . o= . N, bQ
O(P) = (271_)3/ di exp (zw P— & %0> . (5.7)

— 00

After separating the three coordinate components, this Gaussian integral can be read-
ily worked out using the standard techniques. The final result is

5 3 \*? 372

Clearly, the distribution of the end-to-end vector is Gaussian. From this we find that
the mean value of the end-to-end vector is zero, i.e. (P) = 0 , and (P2) = Nyb2.
These results are also easy to work out starting from the definition of the end-to-end
vector and the fact that all bond vectors are uncorrelated, i.e. (g, - ¢m) = 0 when
n # m. For large Ny and using (g,,) = 0, one finds

No—l

(P) = Z (Gn) =0, (5.9)
n=1
No—1 No—1

(P =" Gu-Gm) = Y_ (@2) ~ Nobj, (5.10)
n,m=1 n=1

The freely-jointed chain is well suited for the study of the equilibrium configu-
rations of a polymer in solution. It does not, however, lend itself well to describe
the dynamics of such polymers. It would be more beneficial to have an equation of
motion that describes an ideal chain. By coarse-graining the freely-jointed chain it is
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possible to arrive at such an equation, or rather set of equations. First notice that
the ideal chain is self-similar, meaning that a smaller part of the chain resembles the
full chain. To see this we d1v1de the bond vectors into u groups, called sub-chains.
Each sub-chain has (N — 1) = (Ny — 1)/u bond vectors and N joints (see Fig. 5.1b).
The end-to-end vector of a sub-chain is denoted by p. If N is large, the distribution
of p'is given by Eq. (5.8), where Ny is interchanged by N. The sub-chains are thus
similar to the global chain.

Using this characteristic we can transform the freely-jointed chain into a Gaussian
chain. The bond vectors 7, of this Gaussian chain are the end-to-end vectors of the
freely-jointed sub-chains. Their length is not fixed but has a Gaussian distribution,
this distribution is given by the following form

. 3 3/2 3—‘2
() = (%b2> exp (22’;) : (5.11)

The mean of these Gaussian bond vectors is zero and (72) = b?, where b is of the order
of the Kuhn length (since b*> ~ Nb2). By combining many of the original bond vectors
into one, we lose some properties of the local structure. But the global characteristics,
Eq. (5.8), of the Gaussian chain are still identical to the freely-jointed chain. The fact
that the bond vectors of the Gaussian chain do not have a constant length enables
us to create a mechanical model of this chain. At every joint and at both ends of
the Gaussian chain we place a mass m called a bead. Although one bead does not
represent a single monomer, but a rigid group of monomers of Kuhn Length, we will
sometimes refer to it as a monomer of the chain. The location of the n'* bead is
given by the vector R, (see Fig. 5.1c), with n ranging from 0 to (N — 1). In total
there are N beads, with V = u+ 1. These beads are connected by the Gaussian bond
which we will interpret as a harmonic spring with spring constant &, obviously there
are (N — 1) springs. The potential energy stored in one such springs is

koo - 2

Un =5 [Rn - Rn,l] . (5.12)
When the spring is thermalised in a heat bath at temperature 7', its length is dis-
tributed according to the Boltzmann distribution, which is proportional to the Boltz-
mann factor exp(—U, /kgT). Normalizing this distribution and equating it to Eq. (5.11)
gives a physical value to the spring constant, namely

3kpT

k= 72

(5.13)

The total potential energy contained in a Gaussian chain is

U({Rn}) = Z Uy (5.14)

If we now assume the Gaussian chain to be in contact with a heat bath (which is
at temperature T), we can use the Langevin formalism (see Section 2.2) to find the
evolution of R,,. We assume the mass m of the beads to be very small and the heat
bath to be a viscous fluid, with friction coefficient ~. Inserting the total potential
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Figure 5.2: A cartoon of the Rouse model. The black spheres connected with springs
are the Rouse chain. The small grey dots represent the particles of the surrounding
viscous fluid.

energy, Eq. (5.14), into the overdamped Langevin equation, Eq. (2.29), yields the

following equation of motion for the n*" bead (with n =0,1,..., N —1)
d - . . . -
o Bn(t) = —h (an(t) R a(t) - Rn+1(t)> + Ern(t). (5.15)

Where ETJL represents the random thermal force on the n'" bead. These random
thermal forces are Gaussian distributed and on average zero. From the fluctuation-
dissipation relation, Eq. (2.22), we find their correlation. We also enforce that these
forces are uncorrelated between different beads, we therefore have

(€rn(t) - Er.m(t)) = 67kpTE(t —t')5nm. (5.16)

We also introduced two ghost beads, R_; and Ry. They will ensure that Eq. (5.15)
also holds for the beads at both ends of the chain, since they only have one neigh-
bouring bead. They are defined as

R.,=Ry and Ry=Ry_1. (5.17)

The set of N Langevin equations that Eq. (5.15) entails describes the overdamped
dynamics of a thermalised Gaussian chain in a viscous fluid. This Langevin description
of a polymer is called the Rouse model, devised by Prince E. Rouse in 1953 [101]. A
schematic representation of his model is given in Fig. 5.2, where the grey dots depict
the particles of the surrounding fluid.

5.1.2 Normal coordinates

Equation (5.15) is not straightforward to solve since it is a coupled differential equa-
tion. It is coupled in the sense that in order to solve it for the location of one bead,
the location of the two neighbouring beads must also be known. It is however possible
to decouple the equations by changing the coordinate system. These new coordinates
)?p, with p = 0,1,..., N — 1, are called the normal coordinates and their motion
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is independent of each other. The original coordinates R, we will refer to as the
natural coordinates. The normal coordinates are a linear combination of all natural
coordinates

1 N—-1
=¥ Z%Cﬁ R, (t). (5.18)

The transformation coefficients are given by the following expression

CP = cos (7;\’; <n + ;)) . (5.19)

In Chapter 6 we will give a more extensive explanation on how these coefficients are
determined. Clearly, the normal coordinate with p = 0 is equivalent to the location
of the centre of mass R,

N—
Z = Rem(2). (5.20)

For p > 0 the normal coordinates describe the internal vibrational modes of the chain,
keeping the centre of mass fixed. Because of this we will also refer to X, as the p'"
(Rouse) mode. It is also necessary to know the reverse transformation

Ro(t) = Xo(t) +2 ) CL X, (t). (5.21)

To understand that this is indeed the correct transformation, one can multiply both
sides of Eq. (5.21) by C4/N and do a summation over n. If the following orthogonal
property of the transformation coefficients is used, then one arrives back at Eq. (5.18),

Z cecd 1 +6p,0)0p.q- (5.22)

From Eq. (5.21) it is clear that the motion of one bead can be seen as the combination
of two dynamical concepts: (1) The motion of the centre of mass. (2) All internal
modes of vibration. The relevance of this property will become apparent later.

We can also write the evolution of the end-to-end vector in terms of normal coor-
dinates, this vector can be written as

N-1

P(t) = Ry_1(t) =2 [CR_, —Ch] X, (1), (5.23)

p=1

we have that C},_, — C§ = ((—1)? — 1)C!. This result is equal to zero if p is even and
equal to —2C} if p is odd. We therefore find

N—-1
P(t)=—4 Y ChX,(t) (5.24)
p=1, odd
N—-1
-4 Y X, (5.25)

p=1, odd



86 CHAPTER 5. POLYMER DYNAMICS

The approximation in the second line holds when N > 1. For small p we have that
Cl is close to one. For large p this transformation factor goes to zero, so it seems that
the approximation does not hold. But we will soon find that the normal modes with
high p vibrate on very short time scales and therefore contribute very little to overall
dynamics of the end-to-end vector. Thus fully including them in approximation (5.25)
does little harm. Naturally, the end-to-end vector does not depend on the motion of
the centre of mass but only on the internal vibrations, as Eq. (5.24) shows.

We will now proceed to work out the decoupled differential equation of the normal
coordinates. If we take the time-derivative of the normal coordinates and multiply it
by v, Eq. (5.18) becomes

d e 7
E . 2
’ydt ” Nn C” dt B (5.26)

Using Eq. (5.15) this can be rewritten as

7%*,, = ZCP(QR — Rp_1(t) — Rypa(t )+—Zc Ern(t). (5.27)

nO

Now we replace the natural coordinates in Eq. (5.27) with their linear combination,
Eq. (5.21). The result, after some elementary calculations, is

L - N_lsinz ( ) Z CP eI + — Z CPErn(t).  (5.28)
dt N &

We can use property (5.22) of the transformation coefficients to arrive at the Langevin
equation for the normal coordinates

d = kp
— X (t) =
Y dt p(t) = TN
Two abbreviations were adopted. Firstly, we have the constant k,, which can be

interpreted as the harmonic constant of the p*® normal coordinate. It has the following
expression

S X (1) + Erp(t). (5.29)

2k w2p?

N )
where the approximation holds for large N. Second, a new stochastic variable: the
normal noise {7,. It is a linear combination of the natural noises

k, = 8N sin2 (%) ~ (5.30)

Erp(t) = Z Ch&rm(t) (5.31)

Because a linear combination of Gaussian variables is itself Gaussian distributed, the
normal noise is a Gaussian variable. It is therefore fully characterized by its first and
second moments. The first moment is clearly zero and the second is expressed by

(Erplt) Eralt)) = “2EL 5t 1)1 4 5,0)5p. (532
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where we used the orthogonal property of the transformation coefficients. Solving
Eq. (5.29) gives

. . 1 [/t o
X(t) = X, (0) et 4 L / dr &yt — 1) e/, (5.33)
Y Jo

Here we introduced the characteristic time 7, of the pt" mode, with Tp = 27N/k,.
The largest of these time scales, i.e. 71, is called the Rouse time 75, for large N it is
equal to

N?
kw2’

TR = (534)
Generally, the characteristic time of the p!” mode represents the independent relax-
ation time of a segment of N/p beads. So, Tr gives the time-scale on which the entire
chain relaxes. Next, the two halves of the chain (each containing N/2 beads) be-
have independently on a 7, time-scale. We can continue this reasoning, ending with
Tn = 7y/4k, which is the relaxation time of an individual bead. As promised we found
here that modes with larger p have a shorter characteristic time, their features are
thus quickly lost in time. Because the Rouse time depends quadratically on the poly-
mer’s length, this characteristic time can become very large when applied to values of
real polymers. In many cases the Rouse time exceeds the lifetime of the cell, implying
that a (long) polymer is never truly relaxed inside a cell.

5.1.3 Dynamic properties

We are now finally in a position to discuss the dynamical properties of the Rouse chain.
Since Eq. (5.15) is a linear differential equation and the thermal noise is Gaussian, the
position of a bead is Gaussian distributed. Determining its first and second moments
will therefore fully describe its dynamics. Because the normal coordinates lie at the
basis of the dynamics of the natural coordinates, it is instructive to first calculate
how they evolve and fluctuate through time. The notation (-) represents, as always,
ensemble averages. Since the first moment of the normal noise is zero, the mean value
of the p'" normal coordinate is

(Xp(t)) = (X,(0)) e~/ = 0. (5.35)

The second equality comes from the fact that we assume the polymer to be in equi-
librium at ¢t = 0, we therefore have the liberty to take (X},(O)) = 0. Because there is
no external forcing, the polymer will remain thermalised for all time. In equilibrium
we can use the equipartition theorem (see Section 2.2) to find the expected value of
a squared degree-of-freedom when it appears as a square in the total energy of the
system. In our case this degree-of-freedom is f(},. First we need to rewrite the total
potential energy, Eq. (5.14), as a function of the normal coordinates. It is quite easy
to show that the following relation holds

N-1 Ky o

71)
:12

(5.36)

3
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From this, the equipartition theorem gives us the following autocorrelation <XE (t)) =
3kgT/k,. But we can write an even more general expression, since the different
normal modes are independent, they are also uncorrelated. Therefore we have

Fylt) Zylt) = T2, (5.37)

It is also interesting to calculate the correlation between two normal coordinates at
different times. We will focus first on the case where they have the same mode p
(with p # 0), generalising to different modes is easy. Using Eq. (5.33) we can write

(X, (t) - X)) = (X2(0)) e~/
1 t t’ . . )
e / dT/ a7’ (Erp(t —7) - Erp(t' — )" TH 7 (5.38)
0 0

where we used the fact that the initi_gl value of the normal coordinates is uncorrelated
with the normal noise, i.e. (X,(0)-&rp(¢)) = 0. After inserting Eqgs. (5.32) and (5.37)
this expression becomes

. . 3ksT 1oy m
(£,(0)- £,(t)) = 2L v,
P
3kpT [t (" :
+ 2B dT/ dr' 6t —7 —t' +1")e” T+, (5.39)
YN Jo 0

The double integral can be solved by temporarily assuming that ¢’ < ¢, then the
integral over 7 should be worked out first. The result is (7,/2) (e~ =)/ —e=(t+)/7),
If we, however, took ¢ < t' then the position of ¢ and ¢’ in this result should be
interchanged. The general result, without assuming any relation between the two
times is (7,/2)(e~1*=¢'1/7> —e=(t4+1)/70)  Using this solution and the fact that different
normal coordinates are uncorrelated, gives the final result (for p # 0)

(X, (1) K1) = 3’ZT

exp (=t = t'|/m) 0p.q- (5.40)

For t = t' we correctly retrieve Eq. (5.37). With the previously derived expressions
we can calculate the dynamical properties of the Rouse chain. In the discussions to
come, we use the following expression for the displacement at time ¢ of a vector R since
t = 0: AR(t) = R(t) — R(0). If the vector represents the location of a particle, AR(t)
can be seen as the total distance covered by the particle during the time interval [0, ¢].

Centre of mass

We first look at the dynamics of the centre of mass. Remember that its location is
equal to that of the zeroth mode Xy. From Eq. (5.33) we find that the position of
the centre of mass obeys the following equation

— —

1t -
Rcm(t):Rcm(O)—k;/o dr&rp(t — 7). (5.41)
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Because the mean of the thermal noise is zero, it is clear that the mean displacement
will also be zero, i.e. <Aﬁcm(t)> = 0. The mean-squared displacement' of the centre
of mass is expressed as A2 (t) = (AR, (t))2). Squaring and averaging the second
term Eq. (5.41) will give the mean-squared displacement of the centre of mass. Using
Eq. (5.32), we obtain

6kgT
A? =
em (1) N

t, (5.42)

from this relation we can conclude that the centre of mass performs normal diffusion
with diffusion constant D" = kT /yN.

Single bead

Now we investigate the evolution of the n'” bead and in particular the middle bead
with n = N/2. Because the dynamics of the middle bead is a good representation
for all the other beads, we will always focus more on this particular bead. Finding
the precise dynamics of the n'" bead is a trivial extension of the results of the middle
bead. Again we find that the mean position is zero, this is achieved by averaging
Eq. (5.21) and using Eq. (5.35). Therefore we have (AR, (t)) = 0. The mean-squared
displacement, being A2(t) = ((AR,(t))?), can be found employing Eq. (5.21). It
reads

AZ(t) = (AXZ(t)) + 4 Z_: CE(AX2 (1)), (5.43)

we used that different modes are uncorrelated to remove the cross-terms. The first
term is identical to Eq. (5.42), i.e. the mean-squared displacement of the centre of
mass. The second term can be evaluated when the square is first worked out. This
will give three terms

(X3 (1) + (X2(0)) — 2(X,(£) X,(0)). (5.44)

The first two are identical and given by Eq. (5.37). The last term can be found using
Eq. (5.40). The final result for the mean-squared displacement of the n*” bead is then

N—-1
6kpT 12kgT 2 _
2 _ _ t/Tp
Nt ==t ;cg 7 [1 e } (5.45)
This expression is not very transparent, but we can determine the different regimes
it holds. As mentioned before, we will focus on the middle bead (n = N/2 = m), but
the other beads behave very similarly. For the middle bead we have

2 1

cn = =3 [P = eos? (FH) + (-7 —Dsin? ()] (5:40)

LA more complete measure of the dynamics would be the variance in the displacement, which
is defined as 02, (t) = ((ARem (t))?) — (ARem (t))2. But since the mean displacement is zero, the
variance is identical to the mean-squared displacement.
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since p is integer. When p is small this expression is equal to one when p is even and
zero when p is odd. For larger p this behaviour does not hold. But because 7, goes
to zero for high values of p, the behaviour of Eq. (5.46) for large p is irrelevant. We
therefore have

N-1

6kpT  12k5T o
A2 (1) = Al > o5 [1—6 t/ } (5.47)

p=2,even

For very short times, t < 7, we approximate the exponential to first order. The
summation is then just done over ¢ and thus becomes equal to Nt/2. We find that,
for large IV, the bead performs normal diffusion with a diffusion coefficient that obeys
the Einstein relation D = kgT'/~. This is the diffusion of a free bead. For early times
the middle bead does not notice it is bounded by springs and therefore diffuses freely.

For short times, t < 7g, the summation in Eq. (5.47) will dominate. For large
N, we can approximate this summation by an integral since its argument is a smooth
continuous function. We take 1/N — dz and p/N — 2. We should also add a
factor one half to account for the fact that we only sum over the even modes. The
approximation of the second term in Eq. (5.47) becomes

6]<EBT > Y _ 2,2 6]€BT
dr —— [1 — e thm /’Y} = == 1/2, 5.48
~ /0 g c vk (5.48)

During this regime the middle beads feels the influence of the springs and is restricted
by them. Therefore its diffusion is anomalous with exponent 1/2.

For long times, ¢ > 7g, the first term in Eq. (5.47) will be dominant. Clearly, the
middle bead then follows the diffusion of the centre of mass, which performs normal
diffusion with diffusion coefficient D" = kgT/yN. It thus diffuses slower than for
very short times. During these long time scales, the individual movements of the
middle bead are overshadowed by the collective diffusion of all beads. This treatment
of the diffusion of a bead reflects the statement we made earlier when we said that its
dynamics is a combination of that of the centre of mass and the internal vibrations
of the chain. To summarize we have the following sequence for the (approximate)
mean-squared displacement through time

6kpT (/2 R

A2 (t)= 6Dt 6D ¢, (5.49)

vk

the value above the arrows indicates the time at which the transition happens.

End-to-end vector

Finally, we take a look at the autocorrelation of the end-to-end vector. Using Eq. (5.25)
and Eq. (5.40), it is easy to find that

N-1
. . 24k‘ T /
(P(t)- P(t")) = 16 Z X))y =" > me Vo (550
p,q=1,0dd p=1,0dd
When t =t and N large we obtain
3kgT

(P2(t)) = N, (5.51)
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to calculate this result we used Z;O:O@p +1)72 = 72/8. This quantity does not
depend on time because the Rouse chain is equilibrated. Moreover, this result can
therefore be understood using the equipartition theorem. We are dealing with (N —1)
thermalised harmonic springs, their average length squared is 3kgpT/k. This we do
N(= N — 1) times to acquire the average total length squared.

Now that we fully understand the original Rouse model, it is time we start expand-
ing on it. First we will include memory effects to the surrounding medium. Thereafter
we investigate two processes that will cause the polymer to leave equilibrium. Finally
we propose some new internal potentials to increase the realism of the Rouse model.

5.2 The Rouse chain in a viscoelastic bath

The natural habitat of a biopolymer is the cytosol of a biological cell. The cytosol,
or cytoplastic matrix, is a complex mixture of densely packed substances dissolved in
water. These substances include large amounts of macromolecules and concentration
gradients of smaller molecules. Also present in the cytosol are the huge cell organelles
and the grand structure of the cytoskeleton. This crowded environment will hinder
the dynamics of a large biomolecule, such as a polymer. Its diffusion will therefore
be restricted (see Section 2.4). For an equilibrated free particle (see Section 4.1),
this subdiffusion is characterised by exponent « of the mean-squared displacement:
A2(t) ~ t*. The value of a can be determined with rheological measurements. Es-
timates for the cytosol range from « = 0.2 for eukaryotic cells [18] to a =~ 0.7 for
FEscherichia coli [54].

As discussed is Section 2.4, the complex environment of the cytosol can be seen as
a viscoelastic bath, which is described by the formalism of the generalised Langevin
equation. Investigating how a Rouse chain behaves in a viscoelastic bath is therefore
a meaningful study, which was first performed by A. Spakowitz et al. [16]. Based on
the three-dimensional generalised Langevin equation from Section 2.6, we can rewrite
the Langevin equations, Eq. (5.15), of the Rouse model to become generalised

Ne DR (t) = —k (2z§n(t) —Royi(t) - En+1(t)> + ), (5.52)

with 7, = 9['(3 — ). As a reminder, .D?* stands for the Caputo fractional derivative,
more information on this derivative can be found in Appendix A.7. The random
thermal forces on the n!" bead also need to change to suit the fluctuation-dissipation
relation. Because we assume them to be uncorrelated between beads, they become

(Ern(t) - Erm(t)) = 3kpTK (1t —t'|).m, (5.53)

with memory kernel K (t) defined by Eq. (2.50)!. Remember that the fractional
derivative stands for a convolution between the memory kernel and the velocity profile.
This description breaks down on short time-scales of the order of molecular collisions.

'In calculations we will often use the following (equivalent) form of the memory kernel

K(t) = (2—a)(1 —a)yt—®. (5.54)
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Figure 5.3: A cartoon of the Rouse model in a viscoelastic bath. The black spheres
connected with springs are the Rouse chain. The large grey spheres represent the
crowdedness of a viscoelastic bath (they are, for example, the macromolecules that
are present in the cytosol).

An upper limit to these memory effects is put by the cellular lifetime, which is often
much smaller than the largest relaxation time of viscoelastic baths.

The thermal noise is still a Gaussian variable and since Eq. (5.52) is linear, the
position of the beads is also Gaussian distributed and therefore fully described by
its first and second moments. Clearly, when o = 1 we recover the original Rouse
model. The two equations above fully describe a Rouse chain in a viscoelastic bath.
A schematic representation of this model is shown in Fig. 5.3, where the surrounding
fluid particles are larger than in Fig. 5.2 to represent the crowdedness of the bath.

Because Eq. (5.52) are still linear (fractional) differential equations, we can again
use the normal coordinates to decouple them. It is easy to show that Eq. (5.29)
becomes

. - .
N D Xp(t) = _ﬁXp(t) + &rp(t)- (5.55)

The normal noise is still given by Eq. (5.31), i.e. a linear combination of the natural
noises defined by Eq. (5.53). Its mean is zero and its correlation, using the orthogonal
property of the transformation coefficients, reads

3kpT

<5T,p(t) 'ET,q(t/» = IN

K|t = ¢[)(1+ 85,030 (5.56)
To solve Eq. (5.55), notice that it closely resembles the equation of motion of a

harmonic oscillator from the previous chapter, i.e. Eq. (4.19). Solving it is very
analogous and yields a similar result for the evolution of the p** normal mode

X,(t) = X,(0) Eap ( - (t/Tp’Q)a)
+ nia /Ot dr&rp(t = 7) TO‘_lEa,a( - (T/Tp,a)a). (5.57)

The Mittag-LefHler function E, g(-) appears in this expression, we refer to Appendix
A1 for more information on this function. We introduced the characteristic time 7,
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of the p'" mode in a viscoelastic bath, with 7, , = (I'(3 — a)7,)/?, clearly we have

Tp = Tp,1. From this we define the generalised Rouse time to be 7r o = 71,4, it has

the following form
aN2 1/
TRa = <77k:7r2 ) ) (5.58)

for large N. The dependence on N as N2/ implies that for the small a-values
reported for cells, this time scale can become quite large. The smallest characteristic
time (which is that of a single bead) is again denoted by Ty ~ (7/k)/*. Just as we
have done in the previous section, we can use the evolution of the normal coordinates
to find the dynamics of the natural coordinates.

Centre of mass

If p=0in Eq. (5.57) we get the equation of motion for the centre of mass. Because
of property (A.3), this simply becomes

—

B () = B (0) + ﬁ /O dr Epolt — ) 7oL, (5.59)

From this it is clear that the mean displacement of the centre of mass is zero,
(AR (t)) = 0. The mean-squared displacement is given by A2, (t) = (AR (t))2)
and its expression can be found by squaring and averaging the second term of Eq. (5.59).
Applying Eq. (5.56) and using some convenient notation for later, we find

kT (2 — a)(1 — ) ro—lpra-l
Az () = dr’ 5.60
2 (1) ) [ [ T G
with G, = I'(a)['(3 — a). We already solved the double integral in Eq. (4.8). Using
this result, the final result for the mean-squared displacement is then

6 Dcm
A2 (1) = ——2— 1t 5.61
We have associated a generalised diffusion constant to this process, namely D™ =
kT /noN. When o = 1 we recover the viscous result of Eq. (5.42) where the centre
of mass diffuses normally. When a < 1 the centre of mass performs subdiffusion.

Single bead

For the same reasons as the previous section, the mean displacement of the n** bead
is zero. Its mean-squared displacement is given by Eq. (5.43). In order to work out
this expression we need to find the generalised version of Eq. (5.40). From Eq. (5.57)
we obtain

<Xp(t) : Xp(t/)> = <X§(O)> Ean ( - (t/Tp,a)a)Ea,l ( - (t//Tp,a)a)
x Ea’a( - (T/TP,Q)Q)EQ,Q( - (T//Tp,a)a). (5.62)
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The fact that the bath is viscoelastic will change the dynamics of the Rouse chain, it
will not however change its equilibrium properties. This is ensured by the fluctuation-
dissipation relation Eq. (5.53). Therefore the equipartition result for the normal
coordinates, i.e. Eq. (5.37), still holds. We can use this for the first term of this
expression. Also applying Eq. (5.56) brings us to the following result (for p # 0)

%, (1) = 5 Fua( (t/fp,m)Ea,l (- (t’/vp,m)

+37kBT/ / dr' (2 — ) l—a)
=

X Eaa( = (7/75.0)" ) B = (7'/1p0)*).  (563)

(Xp(t)

The double integral in this expression can be evaluated using property (A.10) of
the Mittag-Leffler functions. Because two different modes are uncorrelated, the final

relation is
. . 3kgT t—t'1\*
X, %0y = el g, (— (") )6 (5.64)

kyp Tp,a

When ¢t = ¢/, the equipartition result is recovered, as it should. Also notice that when
a = 1, this becomes the viscous result Eq. (5.40). Now the first term of Eq. (5.43) is
simply the mean-squared displacement of the centre of mass, being Eq. (5.61). The
second term is found by filling in Eq. (5.44). The mean-squared displacement of the
n*" bead is then

B3O = faa T+ IQkBTZcz 7 1= Bar (- W) 665)

If we want the expression for the middle bead (n = N/2 = m), the transformation
coefficients C2 can be omitted but the summation should then only go over the even
modes (as was explained in the previous section). Just as in the viscous case, to which
it reduces when a = 1, we can identify three time regimes from this expression. For
very short times, ¢ < 7y «, the bead subdiffuses as a free particle since it has not yet
had the time to feel the influence of the springs. Approximating the second term in
Eq. (5.65) to first order (see Appendix A.1), one finds A2 (t) = (6kpT/yaG4)t®. For
short times, ¢ < Tg o, the summation can be approximated by an integral. Using a
very analogue reasoning as for Eq. (5.48), leads us to

6kgT [ km? e 6kpTI,
T

Na /Mo k2

with I, = [;° dv2~%(1—Eq1(—2?)) which only depends on .. We have that Iy = 7/2
and I1 = +/m, for all other a-values (for 0 < o < 1) I, lies between these limits. One
finds that the mean-squared displacement goes as: AZ (t) ~ t*/2, s0 it becomes even
more subdiffusive due to the restricting springs. For long times, ¢ > 7g o, the first
term in Eq. (5.65) dominates. So again the bead follows the collective motion of
the entire chain. We thus find that in a viscoelastic bath (o < 1), the bead always
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Figure 5.4: Log-log plot of the mean-squared displacement of the middle bead A2 (t)
(solid line) and of the centre of mass A2 (t) (dashed-dotted line). For a = 0.7,
kT =~v =1, k=3 and N = 256. The approximate mean-squared displacements of
Eq. (5.67) are plotted in dashed lines.

displays a subdiffusion. These three time regimes, together with the diffusion of the
centre of mass, are shown in Fig. 5.4. The sequence of the approximate regimes of
A? | with n = N/2, is summarized as

D - TI, o Dem
A% () = 0Da o o, Ghpllo yopp o 0 Da

T(a+1) Vnakm? Ila+1)

Notice that this sequence reduces to that of Eq. (5.49) when o = 1.

. (5.67)

End-to-end vector

The autocorrelation of the end-to-end vector is found using the same technique as in
Eq. (5.50). In a viscoelastic bath this autocorrelation becomes

B ey =20 N g, (1)) e

N T,
v p=1,0dd b,

We already mentioned that the equilibrium properties should still hold in a viscoelastic
bath. We see that this is i_r}deed the case since for t = ¢’ we recover the equipartition
result of Eq. (5.51), i.e. (P2(t)) =3kgTN/k.

5.3 Dragging through a viscoelastic bath

The inside of a cell is certainly not a passive place but is under constant agitation.
Many processes are involved in keeping the cell from reaching equilibrium, as was
discussed in Section 1.3. Small molecules such as gases and glucose can diffuse to
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where they are needed. Large molecules, however, can not easily diffuse to their
destination through the crowded cytosol. Therefore, the workings of a cell depend
heavily on the active displacement of polymers. For example, during cell division,
the chromosomes are pulled to opposite sides of the cell by the mitotic spindle. This
restructuring inside a cell is also often done by molecular motors such as the actin-
myosin complex. These motors are able to drag a polymer through the cytosol in
a well defined direction. These cellular processes all involve applying a (constant)
force on a particular place of the polymer. The strength of these forces is of the
order of pico-Newtons. Because the cytosol is a viscoelastic medium, it is interesting
to study how the Rouse chain behaves in a viscoelastic bath when such a constant
force is applied on its first bead. This situation is not only relevant for polymers in
a cellular environment but also in an in wvitro situation. Nowadays, it is possible to
manipulate a single macromolecule using optical tweezers as was, for example, done
with the bacterial nucleoid [102]. Notice that this set-up is completely equivalent to
that where the first monomer is held fixed and the polymer is subjected to a uniform
flow [103-106]. This section is based on our research which was published in [98].
We assume that the polymer is thermalised at ¢ = 0 when we turn on the constant
force. Because this force is conservative, i.e. it can be derived from a potential, the
system will, for long times, again reach an equilibrated state. Although we will study
some quantities in this new equilibrated state, the main focus of this section will be
on the transient, nonequilibrium behaviour the Rouse chain exhibits between its two
equilibrium states. This transient behaviour will depend on the viscoelasticity of the
bath while the equilibrium states will not. The generalised Langevin equation of the
Rouse model, Eq. (5.52), that includes a constant force on the first bead is written as

Mo D Ra(t) = =k (2R (8) = Bt (8) = Bga (1)) +Ern®) + fa®). (5.69)

The thermal forces are still defined by Eq. (5.53). The last term in this equation
represents the constant force of strength f. It is given by the following formula

Fult) = [On0H(t)es, (5.70)

where H(t) is the Heaviside function (see Eq. (4.3)) that ensures the force is turned on
at t = 0. Although not necessary, we will assume f > 0. Without loss of generality,
we arbitrarily choose the direction of the force to be along the z-axis, hence the
inclusion of unit vector é,. A schematic representation of this model is given by
Fig. 5.5. When f = 0 we should, naturally, retrieve the results of the previous
section. Because, in essence, ﬁ(t) is a constant, it will only affect the mean value
of the natural coordinates. It will not change the fluctuations around this value,
therefore the variance in the displacement is given by the results of the previous
section where they represented the mean-squared displacement since there the mean
value was zero.

We again invoke the normal coordinates to solve Eq. (5.69), they are still defined
by Eq. (5.18). The generalised Langevin equation of the normal coordinates can be
found quite easily by using Eq. (5.55) and it reads

. k- . S
Na cD*Xp(t) = 72—”Xp(t) + &1 (t) + fo(t), (5.71)
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Figure 5.5: A cartoon of the Rouse model in a viscoelastic bath with a constant force
applied to its first bead. The black spheres connected with springs are the Rouse
chain. The large grey spheres represent the crowdedness of a viscoelastic bath (they
are, for example, the macromolecules that are present in the cytosol). The black
arrow is the constant force (originating from, for example, molecular motors).

with
Folt) = %C(I))H(t)éw (5.72)

Using the same techniques as in the previous section we find the evolution of the pt"
Rouse mode. A more rapid derivation can be achieved, however, by interchanging
€, with &7, + f, in BEq. (5.57). If then the integral property Eq. (A.9) is used the
final result becomes

Xp(t) = X (0) Ba (= (t/70.0)°)

+1/thET (t—1)m*'E, (—(T/T )a)
e Jo P , P

Cof

+%N

1B ot ( - (t/Tp,a)a)éw. (5.73)

Using this expression we can calculate the dynamic properties of the dragged polymer.

5.3.1 Mean position

—

Without loss of generality, we take (R.,(0)) = 0. Because the thermalised Rouse
chain is fully symmetric around its centre of mass, we also have (R, (0)) = 0. And
since the normal coordinates are a linear combination of the natural coordinates we
have (X,(0)) = 0. Taking the average of Eq. (5.73) gives the following expression for
the mean of the p** mode

_Gf

(%y(t)) = 0%

Since the directed force breaks the rotational symmetry of the Rouse chain the before
mentioned averages will become non-zero when ¢ > 0.

B g1 ( - (t/Tp,a)a)éx. (5.74)
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Centre of mass

The zeroth mode corresponds to the position of the centre of mass, as Eq. (5.20)
showed. Taking p = 0 in Eq. (5.74) gives

53 _ féac a
(Rem(t)) = mt : (5.75)

From this we can conclude that the centre of mass moves sub-ballistically. Such
motion has indeed been observed in experiments with molecular motors that move
under their own generated force [80].

Single bead

The linear combination of normal coordinates that defines the position of the nt”
bead is given by Eq. (5.21). Taking the average of this expression and using Eq. (5.74)
results in

~ N—1
(Ro(t)) = w(fTGt 1+2F<a+1);czcngl(—(t/Tm)a)]. (5.76)

For long times, t >> Tr o, the n'" bead will display the same sub-ballistic motion as
the centre of mass, since the second term between the brackets goes to zero for this
time limit. The polymer then performs a steady collective motion. To understand the
short time behaviour, t < Tg o, of the beads, we refer to Fig. 5.6. The displacement
of the first beads is instantaneous since the beads have no inertia (because we work
in the overdamped limit). Their mean position is initially much further than that of
the centre of mass and grows as t®/2 (for the calculation of this regime we refer to
the very analogue calculations in the section about the velocity of a bead). That is
because the last beads are lagging behind while the first spring are extending. This
energy absorption of the force delays its immediate transmission to the end of the
chain. Only when all beads have increased their mean position will they all move
according to the centre of mass.

5.3.2 Shape of the polymer

The springs that are closer in the chain to the first bead will absorb more of the force’s
energy than the springs at the end of the chain. The average extension of the springs
will thus increase the closer one gets to the first bead. And since the end of the chain
will lag behind due to the friction force, the polymer will have an elongated shape.
The rotational symmetry of the polymer is broken by the force. Because the influence
of the force decreases along the chain, the thermal fluctuations will have more effect
on the beads further down the chain. Therefore the thermal swelling of the polymer
will be different depending on the location of the chain. It will be larger when one
moves to the end of the chain. These features of the polymer will be discussed in this
section and are crudely sketched in Fig. 5.5.

From the position of the n" bead, Eq. (5.76), we can gain information on the
elongation of the polymer through time. This elongation, in the direction of the
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Figure 5.6: Log-log plot of the mean position (where (R(t)) = |(R(t))|) of the nt"
bead (R,(t)) (solid lines) and of the centre of mass (R.n(t)) (dashed-dotted line)
with n = 0,2¢,1023 and i = 0,1,...,9. For a =04, kT =~v=1,k =3, f =2 and
N = 1024. The higher the n value, the lower the curve lies. The long time regime is
indicated and the dashed line indicates the early t*/? regime.

force, has an average length L(t). It is defined through the end-to-end vector

L(t) = [(P(1))| = (Bn-1(1)) = (Ro(1))]- (5.77)

Using Eq. (5.76) and C},_; — C{ = ((—1)? — 1)C{, we find the following expression
for the average length. This result can also be attained when Eq. (5.74) is plugged in
Eq. (5.24).

N—-1
L(t) = ngv 3 & Baan (= t/m.0)7): (5.78)

p=1,0dd

Asymptotically in time the length grows to a steady value L* = L(t — oc). Using
the asymptotic behaviour of the Mittag-Leffler functions (see Appendix A.1), we find

L AN NS a N
=5 > = o (5.79)
p=1,0dd

where the second equation holds for large N. This result is of course independent
of the viscoelasticity of the bath (or «) since it is an equilibrium property, it was
already calculated for a viscous medium [14]. The transient regime that leads up to
the steady length is, however, dependent on the viscoelasticity of the medium where
it occurs. For very small times, t < 7w, the Mittag-Leffler function in Eq. (5.78)
2
can be approximated by 1/T'(« + 1). If we then apply Zﬁ;fcdd Cl = N/4, we find
that the length grows as L(t) = ft®/yaG,. To discover how the transient regime
2
behaves for larger times we first drop the Cf factor from Eq. (5.78). We can do this
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because for small p it is close to one and the terms with large p are suppressed by
their small characteristic time 7,. For times smaller then the Rouse time 7g and
N — 0o, we can approximate the summation by an integral, because its argument is
a smooth continuous function. We should take 1/N — dx and p/N — z. Because
the summation is only over odd p, we multiply the integral by one half. This leads to

2 > kn2te 211,
L)~ e / iz E o ( U x2> _ 2o yape (5.80)
o 0 o 7T nak

where I, = [ dx Eq a41(—2?) = [J dea™?(1 — Ea1(—2?)) as it was introduced in
the previous section. The numeric value of I,, lies between 7/2 and /7 for 0 < < 1.
From this it is clear that the length grows as a power-law of «/2. In Fig. 5.7 we
plot L(¢)/L* as a function of time for various a-values. We clearly see the predicted
behaviour: after an initial t* regime, the length grows as t*/2 and then reaches its
limiting value after 7r o. The sequence of regimes for the length through time is

f e TN,a 2fIOé ta/2 TR,a fN

L(t) = I
2 yaGo T/ Mok 2k

(5.81)

Because Tro ~ N 2/ for small values of « it can take a very long time before the
steady length L* is reached.

It is experimentally possible to pull a polymer through a medium using optical
tweezers [102]. The shape of that polymer can be studied if it is made fluorescent
[107, 108]. In this way, it can in principle be possible to determine the length of the
polymer as a function of time. From such measurements it would be possible to get
an independent estimate of the intrinsic exponent « of the medium. This can be seen
as a new active microrheological approach which complements existing techniques
where « is determined from (passive) measurements of the subdiffusion of a particle
immersed in the environment or from (active) measurements of the response to a
periodic perturbation [109].

Next, we investigate the density profile, how it evolves in time and what its equi-
librium configuration is. We know, from [110], that a fixed polymer in a constant
flow displays a trumpet shape (characterized by an ever increasing density profile,
very small at the start and diverging at the end). Since the dragging of a polymer
through a fluid is equivalent to a fixed polymer in a constant flow, we also expect to
find the trumpet shape for our dragged polymer. Because the Rouse chain is infin-
ity extendible, the trumpet shape is the only possible density profile available. For
a finite extendible polymer (which we will discuss later) the stem-flower shape can
also be assumed for strong forces [104]. We define X as the average distance (in the
direction of the force) between the n'* and the first bead

X(n,1) = [(R (1)) = (Ro(1))], (5.82)
we clearly have that X (N — 1,t) = L(t). Using Eq. (5.76) one finds
N—1

X(n,t) = nifv tap; ) B ( — (t/70)%)- (5.83)
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Figure 5.7: Log-log plot of the ratio of the length to the equilibrium length as a
function of time for a = 0.2, 0.4, 0.6, 0.8 and 1.0 (as indicated in the figure). All
curves are for kpT =y =1, k=3, f =2 and N = 1024. The Rouse time for various
a-values are indicated by a vertical dotted line (for o = 0.2 and o = 0.4 these times
lay outside the figure). The dashed lines indicate the local power-law.

If this function is inverted to n(X,t), we get an expression that gives the bead index
n as a function of the average distance from the first bead. If we then take the X-
derivative of this expression we obtain a measure for the density of beads as a function
of distance from the first bead, we thus have p(X,t) = dn(X,t)/dX. For arbitrary
times this calculation has to be done numerically. But in the steady state (¢t — o)
we can get analytic results. Taking the asymptotic behaviour of the Mittag-Leffler
function (see Appendix A.1) and plugging that into Eq. (5.83) we get

N—
X(n,t — 00) = —]{7 Z —CPYCP 7. (5.84)

This summation can be worked out (the calculation is given at the end of this section)
and gives the following result

X(n,t%oo)zi[n—;\]—;i} i[n—;i[}, (5.85)

where the approximation holds for large N. Inverting this expression gives the fol-
lowing two relations for n

n(X,t—)oo):N(li 1—;;_X> (5.86)

Only the solution with the minus-symbol is realistic because if X = 0 we should get
n =0, not n = 2N (since the first monomer has no distance from itself). Also notice



102 CHAPTER 5. POLYMER DYNAMICS

0.5 L I A

pX.0

i
I I : I

0 02 04 06 08 1

X/L*

pX0)”

0.1

Ao b b b o o

I T ) T ] T ] Tl T Tl T S OSSR
0 0.2 0.4 0.6 0.8 1
X/L*

Figure 5.8: Time evolution of the density profile for a medium with o = 0.4. We
plot p(X,t)~2 for different times (increasing from left to right). For a = 0.4, kT =
vy=1 k=23, f =2 and N = 1024. The thick solid line gives the steady state
shape, Eq. (5.87). The different curves give the density at times ¢ = 2" 7z, with
i=—6,—5,...,13,14. Inset: Density of beads versus distance from the first monomer
for a medium with o = 0.4. The full line gives the steady state shape, the dashed-
dotted line gives the density at the Rouse time 7g . The density is also shown
reflected on the X-axis to display the trumpet shape.

that in this formula the steady length L* = fN/2k appears. Taking the X-derivative
gives the density profile at long times

k
f/1—-X/L*

This function, which diverges at L*, is the famous trumpet shape of a polymer in
a steady flow. Notice that this result is again independent of the properties of the
viscoelastic medium and therefore also holds for the Rouse model in a viscous medium.
We thus find that the polymer adopts the trumpet shape when it is being dragged
through a viscoelastic medium. As was stated before, the transient density profile
can only be found numerically. Figure 5.8 shows the density at different moments in
time. Because of the form of Eq. (5.87) it is convenient to plot p(X,t)~2 as a function
of X which in the steady state is a linear function that becomes zero at X = L*. For
finite times, p(X,t) diverges at L(t) though the precise function relation is unknown.
Yet, as the inset of Fig. 5.8 shows, during these earlier times the density has a short
trumpet shape, that elongates through time to meet up with Eq. (5.87).

As promised, we will give here the derivation of Eq. (5.85). We need to work out
the following expression

p(X,t — 00) = (5.87)

(5.88)

2fN < [er” crep
k2 2 2 |’

p=1
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where we took N large. Writing the cosine as exponentials, cos(z) = (e~ + ¢'*) /2,
yields

FN = [exp? (_%) exp? (%) 9 exp? (_i‘/r(?[-‘rl))
Qk 2 + 2
™= D
im(n+1) . .
oo () ewr(-5)_ewr(8)] oo
p? p? p? S

Here we use the formalism of the polylogarithm (see Appendix A.5). The relation
Z;o:l p~2 = 72/6 is also used. The expression becomes

N : i 7T2 im(n
2];? l[,g (exp (—%)) + Lo (exp (%)) + 3 Lo (exp (—%))

— £ (exp (T5) ) = £s (exp (—15)) = L2 (exp (F2)) ] . (5.90)

If we then apply property (A.35), we obtain

TR [WZ I (—exp () +10? (—exp (~T0ED)) o ? (- exp (—57)) 1
(5.91)
Notice that In*(—e~%) = — (7 — )2 for z > 0. Using this relation yields
N

4k

1\° (n+1)\> n\2
1 1-—=) —(1———=) — (1 — —) . .92
+ ( N) < N N (5.92)
Working out the squares and doing some elementary calculus will give Eq. (5.85).

5.3.3 Mean velocity

Taking the time derivative of the mean position will yield the mean velocity. The
mean velocity will provide information on how the Rouse chain gradually responds to
the constant force. From this response we can, in the next section, derive the front
propagation through the chain.

Centre of mass

Deriving Eq. (5.75) with respect to time gives the mean velocity of the centre of mass.
It reads

> féx 1
Ve (1)) = ———t“7". 5.93
(Von(8)) =~ (593)
For o < 1, this quantity decreases as a power-law. This implies that the polymer
practically comes to a rest for large t. Only in the viscous case, o = 1, will the polymer
keep moving. Its velocity will then be constant, and given by (Vo) = (f/vN)é,. As
was already derived in [14].
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Figure 5.9: Log-log plot of the mean velocity (where (V(£)) = [(V(t))]) of the nt"
bead, with n = 0,2¢,1023 and i = 0,1,...,9. For a = 04, kT =~ =1, k = 3,
f=2and N = 1024. The higher the n value, the lower the curve lies. The dashed
lines indicate the power-law behaviour. Inset: Log-log plot of the difference between
the velocity of the first bead and the centre of mass versus time, with Jy = |Jy|. The
dashed lines indicate the early and late time behaviour.

Single bead

The time derivative of Eq. (5.76) gives the mean velocity of each individual bead.
Using the derivative of a Mittag-Leffler function (see Appendix A.1) gives the mean
velocity of the n*" bead

~ N—-1
V(1)) = W{VZQ t*~1 |1 42T (a) ; CHCE Eaa( ~ (t/Tp,a)a)] . (5.94)

In Fig. 5.9 we plot the mean velocity of a few beads as a function of time. The first
beads start to move immediately (since the beads have no inertia) and as time goes
on other beads join the movement. When the influence of the force reaches a bead, it
rapidly increases its velocity up to some maximum, which lies somewhat lower than
the current velocity of the moving beads. Thereafter the velocity starts decreasing
with the collective velocity as t*/2~!. After the Rouse time, all beads move with the
velocity of the centre of mass (up to a power-law correction), which goes as t*~1.
We will now discuss how these power-laws are established. We focus on the first
bead, n = 0, but the calculation and subsequent behaviour of the other beads is
very similar. Investigating Eq. (5.94) reveals that the first term is just the mean
velocity of the centre of mass. The second term, i.e. the summation, we will denote
by Jo(t) = (Vo (£)) — (Vo (t)). This term quantifies the difference in velocity between
a given bead and the centre of mass. For the first bead, and large N, it is given by

. 2fé$ o N-1 .
o) = L ; Ew(— (t/Tpa) ) (5.95)
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We approximated C§2 by one, which is correct for small p and large N. It is not,
however, correct for larger p. But since 7, , is very small in that case, the Mittag-
Leffler function will be nearly zero and thus the approximation holds. In the viscous
case, a = 1, this quantity goes to zero exponentially fast after the Rouse time. In the
viscoelastic case, « < 1, this transient term dies out much slower. Asymptotically in
time, only the Rouse mode with p = 1 survives, using Eq. (A.6) we find that for long
times J_EJ decays as

- 2no N3fé

Jo(t = 00) = — =< ¢! 5.96
0( OO) 7_[_4]{:21—\(76%) ) ( )
this quantity will be positive because I'(—a) < 0 for 0 < o < 1. When a = 1,
it is equal to zero, as it should be for an exponential decay. For small times, we
approximate the summation in Eq. (5.95) by an integral. We should take 1/N — dx
and p/N — z. It becomes

2 to—t /00 dz E, a( - Lr%a x2> = 2/ Yats /2=, (5.97)
Na 0 ’ Na TV Nak

with Yo = [;¥ do Eqo(—2%). We have that Y; = /7/2 and Y, decreases to zero
when « decreases. If we plug this result into Eq. (5.95), we find the t*/2=1 time
dependence. The predicted short and long time regimes of Jo are shown in the inset
of Fig. 5.9, where Eq. (5.95) is plotted. We can summarize the sequence of regimes
as follows

T 2 Ya A;v TR, 2 aN3 Aa:
Jo(t) = fYae pa/2-1 TR, _ Z . fe y—a-1
TNk k20 (—a)

Combining these regimes of Jo with the velocity of the centre of mass gives the
behaviour discussed in Fig. 5.9.

. (5.98)

5.3.4 Front propagation

The curves in Fig. 5.9 suggests that as we pull on the first bead, a front moves through
the chain that gradually sets into motion all other beads. This front is realised by
each subsequent spring that adsorbs some energy of the force, thus creating tension
in the chain. In order to further characterise the motion of this front, we determined
numerically the time T}, at which the n” bead reaches its maximum velocity. One can
say that at this time, the response to the force is maximal. In Fig. 5.10 we plot these
times as a function of n in a log-log scale for a = 0.4. Clearly, the front propagates
as a power-law T;, ~ n*. From a fit of the data, we find z ~ 4.92. This estimate is
consistent with the prediction z = 2/« as can be expected from the scaling of the
mean length L(t), since that is closely related to the front propagation in the chain.
The inset of Fig. 5.10 shows that this expectation is indeed in agreement with the
numerical results for the whole range of a-values. Sakaue et al. already derived, using
a scaling approach [14], the front propagation through a pulled polymer in a viscous
bath. They found the following scaling law for the time of response of the n'” bead
n ~ (t/7g)'/?. This result complies with ours, i.e. n ~ Tna/g, since for a viscous bath
we have o = 1.
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Figure 5.10: Log-log plot of time T}, at which the n!* beads has a maximal velocity
versus n. For a = 0.4, kgT =v=1, k=3, f =2, and N = 1024. The straight line
shows a best linear fit through the numerical data points. Inset: Lin-lin plot of the
estimates of the exponent z versus a. The full line is z = 2/a.

5.4 Dynamics in an active viscoelastic bath

In the previous section we investigated the response of a polymer subjected to a con-
stant force. Although there are some specific cellular processes that can be modelled
as such, the natural (i.e. most occurring) “habitat” of a polymer does not include
such a constant force. This, however, does not imply that there is no driving on the
polymer in the cellular environment. In the cytosol, the polymer is constantly agi-
tated by fluctuating forces that are not only thermal in nature. These non-thermal
random forces are, among other processes, responsible for keeping the internal struc-
ture of a cell away from equilibrium (which is essential for the survival of a cell, as
was discussed in Section 1.3). It does so by facilitating the transport of, for example,
polymers that would be much slower when left to thermal diffusion alone. In Sec-
tion 2.5, we already discussed the origin of these active processes, as they are called.
In short, they come about through the interplay between the myosin-II molecular
motors and the actin filaments of the cytoskelton. The active process they create
introduces these non-thermal random forces that persist in a particular (yet random)
direction for some characteristic (average) time. Together with viscoelasticity, the
active processes capture the most important features of the cytosol. In this section,
we investigate how a Rouse chain behaves in an active viscoelastic bath since this
mimics the natural environment of a polymer. We will find that a rich diffusive pro-
file emerges from it, which does not exist in an unnatural non-active viscous bath.
The results in this section were published in one of our papers [99].

As always, we assume the system to be in equilibrium at ¢ = 0, after which we
turn on the active forces (experimentally this can be done by providing the cell with
ATP at ¢t = 0, of which it was previously deprived). These forces will add an extra
stochastic term to the generalised Langevin equation of the Rouse model, Eq. (5.52).
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Figure 5.11: A cartoon of the Rouse model in an active and viscoelastic bath. The
black spheres connected with springs are the Rouse chain. The large grey spheres
represent the crowdedness of a viscoelastic bath (they are, for example, the macro-
molecules that are present in the cytosol). The small grey spheres depict (no physical
representation) the active bath, their persistent motion is indicated by an arrow.

The equation of motion of the n*” bead in an active and viscoelastic bath thus becomes
Mo D Ra(t) = =k (2Rn(t) = Buoa(8) = Bia (1)) + Ern(t) + Ean(DH(E),  (5.99)

where H(t) is the Heaviside function (see Eq. (4.3)). We still consider the thermal
noise 5T7n to be Gaussian distributed with zero mean and a coloured correlation equal
to Eq. (5.53). The characteristics of the active noise EA,n were provided by Levine
and MacKintosh [111]. They are discussed at length in Section 2.5. The active noise
is also a Gaussian random variable with average zero and an exponential correlation
that is uncorrelated between different beads

—

(Enn(t) - Eam(t)) = 3C exp(—|t — '|/T4)5n.m. (5.100)

The strength of the active forces is thus measured by v/C and their direction persists
over a characteristic persistence time 74. This time-scale was found to be of the order
of seconds and therefore much smaller than the cellular lifetime, thus 74 < 7R 4.
Both noise terms, thermal and active, in Eq. (5.99) are coloured. But only the thermal
noise has a corresponding friction term, to which it is connected by the fluctuation-
dissipation relation. The active noise does not have such a friction term and therefore
lacks a fluctuation-dissipation relation. Because of this, these active forces will pull
the system away from equilibrium. Figure 5.11 shows a schematic representation of
our model for the Rouse chain in an active viscoelastic bath. It does not, however,
reflect the real biological situation but rather gives an interpretation of Eq. (5.99).
We see a Rouse chain surrounded by two different baths. One is depicted by the large
grey spheres, it is the heat bath which is viscoelastic in nature. The second bath is
represented by the small dark grey spheres, they show their persistent motion with
an arrow. This is the active bath which has no dissipative property.

The addition of a stochastic term that is on average zero will not change the
mean of the variable, therefore we still have (R, (t)) = 0, as was the case in Section
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5.2. Furthermore, if we would add the constant force, Eq. (5.72), of the previous
section to our current model, the results of that section would not change. What will
change is the mean-squared displacement we calculated in Section 5.2. The active
stochastic term in Eq. (5.99) has no influence on the linearity of the generalised
Langevin equation of the n'” head. Therefore this equation can again be solved by
applying the normal coordinates, Eq. (5.18). The generalised Langevin equation of
the normal coordinates becomes

; ko o . B}
o DK (0) = — 22 %, (0) + €, (1) + €00 (5.101)

with
Eant) = Z Ch Eanl (5.102)

the normal active noise. Since it is a linear combination of the natural active noises,
it is Gaussian distributed with zero mean and a correlation of

. . C
(€ap(t) - Ea,t) = ;)TV exp(—[t = '|/7a)(1 + 0p,0)0p.q, (5.103)

where we used the orthogonal property of the transformation coefficients. The normal
thermal noise §Tp is given by Eq. (5.56). If we interchange pr with pr + §A,p in
Eq. (5.57), we find the time evolution of the p!"* mode, it reads

Xp(t) = Kp(0) Bat (= (t/7.0)°)

+ nia /Ot drEqp(t —7) Ta—lgw< - (T/Tp,a)a). (5.104)

From this expression it is clear that the mean value of the normal coordinates through
time is zero. From Eq. (5.21) we find that the same is true for the natural coordinates,
which we already argued would be the case. Using Eq. (5.104) we can obtain properties
of the diffusion of the polymer and the fluctuation of its physical extension.

5.4.1 Anomalous diffusion

In Chapter 4, we found that a particle in an active viscoelastic bath can display
all kinds of anomalous diffusion through time. Due to the active forces, it can even
perform superdiffusion. Because of its higher complexity, a Rouse chain will, naturally,
show more diversity in its diffusive profile than a single particle could. Therefore, we
investigate the emerging anomalous diffusion of the centre of mass and of a single
bead in a Rouse chain submerged in an active viscoelastic bath.

Centre of mass

Taking p = 0 in Eq. (5.104) will give us the equation of motion for the centre of mass

ﬂ 1 ¢ - - a—1
Fon(t) = Fon0) + /0 dr (Erplt =) +Eaplt—7)) 77 (5.109)
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Squaring and averaging the second term will give us the mean-squared displacement
of the centre of mass, A2 (t) = ((ARqn(t))?). Using Eq. (5.56) and Eq. (5.103)
results in

3kpT (1—«a o=l pla=l
Azm(t) = (’YNGQ / dT/ dTI /|cx

3C 1 e
m/o dT/O dr' exp(—|t — 7'|/Ta) T Y (5.106)

+

where we used the fact that the different noises are uncorrelated, implying that
(€r.p(t) - Eaq(t)) = 0. The first term in this equation we already worked out, it
is equal to the right-hand side of Eq. (5.61). The second term is added by the active
forces and can not be fully solved into a closed form. It can be simplified in the
same way as Eq. (4.9), using the difference of two incomplete gamma-functions (see
Appendix A.2). The mean-squared displacement of the centre of mass then becomes

6 Dem 672°C
2 _ « a A
A('m( ) F(Oz + 1) + Fz(a)"]géN Aa(t/TA)v

(5.107)

with A, (t) defined by Eq. (4.11). When C = 0 we clearly find the subdiffusion of the
centre of mass in a non-active viscoelastic bath from Section 5.2. The second term in
Eq. (5.107) is the active addition.

For very early times, ¢t < Tn o, the non-active term in Eq. (5.107) will dominate,
because A, (t — 0) goes faster to zero. After this initial non-active-like subdiffusion
the active forces will take effect, the resulting diffusion can be split up into two
regimes. One before the persistence time and one after, to characterise these we
need to approximate the active addition. These approximations were already done in
Section 4.1, we can therefore readily apply them here.

For times smaller than the persistence time, t < 74, the active addition becomes

__ 3¢ (5.108)
I?(a+1)n2N
When a > 1/2 we thus find that the centre of mass performs a superdiffusion for
times shorter than the persistence time 74. Yet when « is smaller than one half, the
motion remains subdiffusive. For @ = 1, we observe that the centre of mass displays
a ballistic motion AZ () ~ 2.

For times longer than the persistence time, ¢ > 74, the active addition behaves as

674C 21
(20 — DI?()n2 N

(5.109)

This t2¢~! evolution is slower than the non-active diffusion that goes as t, so asymp-
totically in time the centre of mass will display the non-active subdiffusion i.e. the
first term in Eq. (5.107). When a < 1/2, the exponent of time is negative and there-
fore this regime dies out very fast, leading quickly to the non-active behaviour. This
can be seen in Fig. 5.12 where we plot the mean-squared displacement for o = 0.4
and different values of 74/7r . When o > 1/2 and C74 is large compared to vkgT,
the behaviour of Eq. (5.109) will dominate over several orders of magnitude in time.
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Figure 5.12: Log-log plot of the squared distance travelled by the centre of mass as
a function of t/7g o for a Rouse chain (N = 256, k = 3) in a viscoelastic medium
(o« = 0.4, kgT =~ = 1) in the presence of active forces with C' =102 and 74/7p,o =
1072,1072,10=* (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Power-law behaviour is indicated with dashed lines.

The centre of mass will still show a subdiffusion as in the non-active case but with
exponent (2a—1), not . If this time regime corresponds to the experimental one, not
taking into account active forces could lead to a wrong estimate of «, and hence to a
wrong characterisation of the rheological properties of the medium. Figure 5.13 shows
this behaviour for @ = 0.7 and several values for 74/7r . Results like that of Fig.
5.13 are under the assumption that our model is realistic for all £. When comparing
with experimental data, one has to take into account that, as already discussed in
Section 5.2, the model will break down on small and large time scales. Because the
persistence time 74 is much smaller than the lifetime of a cell (as discussed in Section
4.1), we expect that only the superdiffusive and (2ae — 1) subdiffusive behaviour can
be observed. In the viscous case, a = 1, the centre of mass diffuses normally but with
a diffusion constant that is enhanced by a factor (1 + C74/vkpT). It will therefore
never rejoin with the non-active diffusion. This can be seen in Fig. 5.14. The general
sequence of diffusion regimes for the centre of mass is

2 (o D& . n 3C_ o _ma 674C po1
em D(a+1) M2 (a+1)n2N (2a — D2 ()n2N
-~ 6Dcm
— o 5.110
INa+1) ( )

Notice that the behaviour of the centre of mass is 3/N times that of the free particle
from Section 4.1. This factor comes from the fact that we are here dealing with three
dimensions and that there are, in fact, IV particles inside the centre of mass.
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Figure 5.13: Log-log plot of the squared distance travelled by the centre of mass as
a function of t/7g o for a Rouse chain (N = 256, k = 3) in a viscoelastic medium
(o« = 0.7, kgT = v = 1) in the presence of active forces with C' =102 and 74/7g,o =
1072,1073,10=* (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Power-law behaviour is indicated with dashed lines.
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Figure 5.14: Log-log plot of the squared distance travelled by the centre of mass
as a function of ¢/7r, for a Rouse chain (N = 256, k = 3) in a viscous medium
(o« =1, kgT = v = 1) in the presence of active forces with C' = 102 and 74/7g o =
1072,1073,10=% (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Power-law behaviour is indicated with dashed lines.
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Single bead

Now we will turn to the motion of an individual monomer. From an experimental
point of view, this quantity is the most interesting one, since it can be determined
using fluorescence techniques. In order to find the mean-squared displacement of the
n'" bead, we need to calculate Eq. (5.43) using the normal coordinates we derived in
Eq. (5.104). The first term in Eq. (5.43) is precisely the mean-squared displacement of
the centre of mass we just calculated. The summation in Eq. (5.43) will be a bit more
difficult to calculate. First notice that the argument of the summation, (A)_(Z(t)), can
be written as the three terms in Eq. (5.44). To find an expression for these, we should
use Eq. (5.104). Taking into account that the initial value of the normal coordinates,
the thermal noise and the active noise do not correlate with each other leads to the
following expression

(Kpt) - Xp(t) = (X20) Ba (= (t/7.0)*) B (= (¢ /7.0)%)
* 32 /0 . /0 A’ (Erplt = 7) -yt — 7)) 7ot 7o
% Baa( = (1/75.0)" ) Baa (= (7' /700)")

1/t / - .
b [ar [ ar @l =) Euplt = oo
Na Jo 0

x Ea,a( - (T/Tp,a)a)Ew( - (T’/Tp,a)a). (5.111)

The first two terms were already calculated in Section 5.2 where the Rouse chain
is equilibrated in the viscoelastic bath. Together they become Eq. (5.64). For the
third term we fill in the correlation of the normal active noise Eq. (5.103). If we then
use the A, (t,t';71,72) from Section 4.2 (see Eq. (4.28)) and the fact that different
modes are uncorrelated, the correlation between the normal coordinates in an active
viscoelastic bath becomes

- - 3kgT t—t\"  6CN
o0 Xyt = |22 B (= () ) 4 S5 Aaltstim )| B

kp Tpo -
(5.112)
Using this to complete Eq. (5.44) gives
6kpT o 6CN .
. 1= Baa (= ¢/m.0)°)] + 7 Aot T a), (5.113)

where A, (t;+,-) = Aa(t,t;-,-). Then using this result together with Eq. (5.107),
plugging it into Eq. (5.43) gives the mean-squared displacement of the n” bead in an
active viscoelastic bath.

N—1

6 D™ 12kgT )
2 — [e] « B p _ B N
An(t) - F(O{ + 1) t + ny Z; C’I’L Tp |:1 Ea71( (t/Tp,a) )i|
6o 6C N-1 )
W Aalt/Ta) + 55 Y Ch T Aalti TpasTa). (5.114)
« =1
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The first line of this expression represents the dynamics of a thermalised Rouse chain
in a viscoelastic bath, which we already found in Section 5.2 (see Eq. (5.65)). The
second line is the active addition that pulls the polymer out of equilibrium. The
first and the third terms originate from the motion of the centre of mass, while the
second and fourth terms tracks the internal vibrations of the chain. We now turn our
attention to the middle bead. As we said before, the results we find for this bead
are representable for the other beads. To convert Eq. (5.114) to the expression that
describes the middle bead we need to drop the transformation coefficients and let the
summations go only over the even modes

N-1
6D077L 12k T
2 — [e] (e B _ B N
Am(t) - F(Oé + 1) t~ 4 'yN p:;en Tp [1 anl( (t/Tp,a) ):|
673*C 6C = 2
oy el T 5y Y 7 Aa(tiTpa,Ta). (5.115)

p=2,even

The behaviour of most of these terms was already discussed in previous sections, only
the last term we did not yet explore. For times shorter than the persistence time,
t < T4, we have that the exponential in A, (¢; 7p o, 74) is approximately equal to one.
When we remove it from the expression the integrals in A, (¢; 7p.,7a) decouple and
are identical. Therefore this term reduces to

N-1 2

6C Ype N

N T VO dzx® ' By o~ )1 : (5.116)
p=2,even

Using property (A.9) to work out the integral gives the following approximation for

times smaller than the persistence time

6C b0 N .
7]27Nt Z Ea,a+1(_(t/7p,a) ) (5117)

p=2,even

For very early times, t = 7n,, we can approximate the Mittag-Leffler function as
1/T(a 4+ 1). The sum then contributes a factor N/2, leading to the following power
law

3C 20

—_—— 5.118
2(a+1)n2 ( )

For somewhat longer times (but still smaller than 74) and N very large, we can
approximate the summation in Eq. (5.117) by an integral since its argument is a
smooth continuous function. We take 1/N — dx and p/N — 2. We should also add
a factor one half to account for the fact that we only sum over the even modes. The
integration becomes

00 k 2toz I/
g1520‘/ deiMl(— T x2> = 3070“#0’0‘/2, (5.119)
0

n2 o VEkmn3

with I = fooo dz Ez’aﬂ(—xQ) that only depends on «. For long times longer than
the persistence time the term will go to a constant, which we will derive in the next
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Figure 5.15: Log-log plot of the squared distance travelled by the middle bead as
a function of t/7g , for a Rouse chain (N = 256, k = 3) in a viscoelastic medium
(a =0.7, kgT = v = 1) in the presence of active forces with C = 10* and 74 /7o =
1072,1072,10=* (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Power-law behaviour is indicated with dashed lines. Inset:
The mean-squared displacement of the middel bead in a smaller time window, in the
absence (dashed-dotted line) and presence (full line) of active forces. All parameters
are the same as in the main graph, apart from C =1 and 74/7r o = 1072,

section. Now that we know all the power law behaviours of the terms in Eq. (5.115),
we can evaluate the full range of regimes the motion of the middle bead displays.
Figure 5.15 shows the mean-squared displacement of the middle bead in an ac-
tive viscoelastic bath with @ = 0.7 and various values for the persistence time 74.
First notice that we also plotted the non-active mean-squared displacement given by
Eq. (5.65) (or the first two terms of Eq. (5.115)) as the dashed-dotted line. Tt is
exactly the same curve as in Fig. 5.4 and has three regimes of subdiffusion, given
by Eq. (5.67). When the active forces are added we see in Fig. 5.15 that a whole
range of power law regimes emerge from it. After an initial regime where the active
forces did not yet take effect, we find that two 2« regimes compete with each other.
Namely Eq. (5.108) from the motion of the centre of mass and Eq. (5.118) from the
internal vibrations. The latter will dominate because its prefactor is N times larger
than the former. The bead will thus perform a superdiffusion when o > 1/2. After
this regime, when ¢ =~ Ty, we find that the 3a/2 power law of Eq. (5.119) takes
over, if « isn’t larger than 2/3 the system will fall back to subdiffusion, otherwise it
will maintain a superdiffusive motion. This regime ends around t = 74, thereafter the
mean-squared displacement tends to become constant. Very recently superdiffusive
motion of chromosomal loci has indeed been observed [19]. It is not clear whether
these rapid chromosomal movements (as [19] calls it) are due to active processes or to
stress relaxation. Our results, however, quantify better the response to active forces
and could therefore help in discriminating the real origin of the observed motion.

When time grows larger than the Rouse time 75 ,, the middle bead will first follow
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the (2« — 1) subdiffusion of the centre of mass. This regime will persist over many
orders of magnitude in time as Fig. 5.15 shows. But eventually the centre of mass’s
«a subdiffusion takes over. However, most of the (2« — 1) regime and the crossover to
the o exponent may not be observable for chromosomal loci since the time window
at which they appear lies well beyond the lifetime of a cell. The full sequence of the
mean-squared displacement of the middle bead in an active viscoelastic bath reads

D, T TNa I/ T
A7 (1) = 0 o 2 3¢ g2o T 301, t3¢/2 A, constant
N(a+1) I'2(a+1)n2 kT
TR, 6TAC 20—1 Tt 6 D™
- a1t 5.120
(2a — D2 ()n2N INa+1) ( )

For certain values of C' and 74, there is a time regime (see inset of Fig. 5.15) where,
on a log-log scale, the lines of A2 (t) in the presence and absence of active forces run
parallel. This scenario resembles, at least qualitatively, the experimental one, where
after ATP synthesis with sodium azide and 2-deoxyglucose, the exponent of the loci’s
subdiffusion hardly changed but the diffusion coefficient decreased [112].

5.4.2 Swelling of the polymer

Here we will discuss how the overall shape of the polymer reacts to the active compo-
nent in a viscoelastic bath. Because the active forces do not have a preferred direction,
we do not expect that the rotational symmetry of the polymer will change. What
we can expect is that the physical extend of the polymer will be influenced by the
active forces. A measure for this is the end-to-end vector P. We already calculated
in Section 5.1 that the average squared length of this vector in equilibrium is equal
to b>N. Here we will denote this average squared length of the end-to-end vector as
P2(N,t) = (P2(t)), where we explicitly include the N dependency which will be im-
portant later. For very long polymers we know that the end-to-end vector is defined
by Eq. (5.25) and from Eq. (5.50) we find that

N-1
PANE) =16 Y (X,(t)- Xq(1)). (5.121)
p,q=1,0dd

Then inserting the correlation of the normal coordinates in an active viscoelastic bath,
Eq. (5.112), leads to

N—-1
3kpT  6CN
2 .
PN ) =16 [ Pt 2 Aa(t;Tpar7a) ] - (5.122)

p=1,0dd

The first term is exactly the one of the equilibrium case, Eq. (5.51), it is evaluated in
the same way, yielding b>N. The second term is the active addition, we find

N—-1
PN, t) =N +96CN > k2 Aa(t;7pa,7a). (5.123)
p=1,0dd
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Figure 5.16: Log-log plot of the active addition to the average squared end-to-end
vector as a function of t/7g o for a Rouse chain (N = 256, k = 3) in a viscoelastic
medium (o = 0.7, kgT = v = 1) in the presence of active forces with C' = 10* and
TA/TRa = 10~*. Power-law behaviour is indicated with dashed lines. Inset: This
shows the same data as the main graph plus b2N, so it is the true average squared
end-to-end vector that is shown.

Investigating the definition of A, (¢;7pa,74) will quickly reveal that it is strictly
positive and increases with time. This implies that the active addition raises the value
of the average squared end-to-end vector through time. The interpretation of this is
that the length of the springs fluctuates more since they acquire extra energy from the
active forces, which will make the polymer swell from its equilibrium configuration.
As we will soon see, this swelling is characterised by the nature of the viscoelastic
bath, i.e. the value of a. This is quite interesting since the viscoelasticity does not
have influence on the equilibrium shape of the polymer while it does on the swelling
due to active forces, therefore this swelling becomes a measure for the value of a.

In Fig. 5.16 we plotted the active addition to the average length of the end-to-end
vector (i.e. the second term in Eq. (5.123)) as a function of time for o = 0.7. It is clear
that this quantity shows two power law regimes, first with exponent 2a and second
with 3a/2. These can be understood by the approximations made in the previous
section. Since the second term in Eq. (5.123) and the fourth term in Eq. (5.115) are
very similar, we can reuse the approximations that were done on this fourth term.
In Fig. 5.16 we see that for times longer than the Rouse time, the active addition
becomes constant. Or in other words, the swelling reaches a nonequilibrium steady
state (nss) value: P2, (N) = P?(N,t — 00). The sequence of the active addition to

nss
the average length of the end-to-end vector through time is

120 t2a TN,a ].2 CI; t3a/2 TR,
2 (a+1)n3 kT

The inset of Fig. 5.16 shows how the original equilibrium average squared length at
t = 0 increases and saturates to the nonequilibrium steady state. This nonequilibrium

P3(N,t) — b’N =

nss. (5.124)
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steady state has an interesting N dependence. Notice that A, (t — 00;7p o, T4) only
depends on the ratio 7, /74, for a constant value of «. The active addition in full
for long times is

N-1

96CN [ o
Z o / dx / dy e7le=vl/ega—tyalp  (—2%)Eqa(—y®), (5.125)
p=l,0dd P 0 0

where we took € = 74/7, . This epsilon goes to zero when N — oo (this only holds
for small p, but large p’s are suppressed by k, 2). In this limit we can use a well
known representation of the Dirac Delta function,

5(z) = lim ~ exp(—|z|/e), (5.126)
e—0 2¢

to rewrite the active addition into the following form

1207y N3-2/a =
T h(a) Y P (5.127)
N (kﬂ-2>2_1/a p=1,0dd

where h(a) is twice the double integral in Eq. (5.125) with the exponential replaced
by 6(x — y). This function was already introduced and discussed in Section 4.2. The
summation in Eq. (5.127) diverges when o < 2/3 and converges when o > 2/3. In
the latter case it can be written more neatly

o0 o0

Z po—t = Z(Qp +1)erd = 92fardeq - 21y (5.128)
p=1,o0dd p=0

where ((-,-) is the Hurwitz zeta function (see Appendix A.4). It has a finite value
for a > 2/3, independent of N. Therefore the active addition, Eq. (5.127), will go as
N3=2/® for a > 2/3. When a < 2/3, the summation in Eq. (5.127) does not go to a
definite value for increasing N but scales with it as N2/*~3. A numeric verification of
this behaviour is shown in Fig. 5.17. The N3=2/® term in Eq. (5.127) will compensate
for this N dependence of the sum, leaving the active addition independent of N for
a < 2/3. For large N, the swelling due to the active forces will therefore be neglectable
compared to the equilibrium shape (i.e. ¥>N). For a < 2/3, we thus state that no
considerable swelling occurs.

The nonequilibrium steady state value of the average squared length of the end-
to-end vector for large N thus shows two regimes

Prss(N) =0°N if  a<2/3,  (5.129)

12 CTA h(Oé) 4(4 - %7 %) N372/o¢

Prss(N) = VN +
ni/a(4k7rz)2—1/a

if o>2/3.  (5.130)

In a viscous medium, o = 1, we have that h(1) = 1 and ((2,1/2) = 72/2. We thus
find that when the swelling saturates, it is proportional to N

CTA
2 (N)=(1 b2N. 131
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Figure 5.17: Log-log plot of the sum Zg:]%oddp
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values of a. The symbols present a numeric evaluation of the summation and the full
lines are lines that go as N2/~3.
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Figure 5.18: Log-log plot of the active addition in the nonequilibrium steady state as a
function of N for o = 1 (circles), 0.8 (squares) and 0.4 (triangles). Other parameters
are kT =~v =1,k =3, C =74 = 1. The symbols are the result of a numerical
evaluation of Eq. (5.123) for ¢ — oco. The full line is a plot of Eq. (5.131) minus N
and the dashed line of Eq. (5.130) minus b2N.
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This result is exactly what could be expected from an extension [17] of the equipar-
tition theorem to harmonic oscillators in an active viscous medium (see Section 4.2).

Figure 5.18 shows the numeric solution of the second term in Eq. (5.123) as a
function of N for « = 1, 0.8 and 0.4. Also shown are expressions (5.130) and (5.131)
that show excellent agreement for large N. From this figure it is clear that when
a < 2/3, the active addition does not increase with increasing N. So larger polymers
will not swell more than shorter ones, and even not much more than a thermalised
polymer in a non-active bath. When « > 2/3, we see that indeed the polymer swells
more for larger values of a while the swelling is also dependent on the length of the
polymer. This threshold at @ = 2/3 is an interesting one in the context of storing
large polymers and influencing their effectiveness. The small nucleus of a cell has to
contain large chromosomes, so it is advised that its viscoelasticity is lower than 2/3.
This could be experimentally tested. On the other hand, the function of a polymer
can depend greatly on its expansion. The cell could therefore adjust the value of a to
increase or decrease the swelling of its polymers when « is larger than 2/3. All this
is of course only possible when active forces are present, in a non-active environment
all polymers of equal length swell the same amount.

5.5 Toward a more realistic model

The previous sections all used the pure Rouse model which portraits the polymer as an
ideal chain, where the only interactions are with neighbouring beads. The simplicity
of this model allowed us to perform an analytic treatment. But the Rouse model is
quite far from realistic. If we would like to investigate how a real polymer behaves
under the circumstances of the previous sections, we should introduce more realistic
— though more complicated — features. We will not, however, change the overall idea
of the Rouse model. There are models that describe the very intricate structure of a
polymer down to individual atomic interactions [113-115], this is too specific for our
study. The general make-up of the Rouse model, being connected beads in a heat-
bath, will not be altered. The new features will come in the form of potentials added
to the existing equation of motion, Eq. (5.52). These potentials can be subdivided
into short or long range interactions, where short range means between neighbouring
or almost-neighbouring beads and long range between beads that are well separated
along the chain. Note there that the long range interactions still work physically over
short distances, but they are called long range because they come into play when
distant parts of the chain physically meet. This induces long range correlations inside
the chain, hence the name. These monomer-monomer interactions should swell the
(thermalised) polymer at high temperatures and cause the polymer to collapse at low
temperatures (below the theta temperature) [116]. Another extension to the Rouse
model that we should mention here, although we will not use it, is the Zimm model
[117]. This model includes hydrodynamic interactions and including these would be
a natural extension to our work. More information on this can be found in [7].
When we introduce new potentials to the Rouse chain, we depart from the ideal
chain description and can call it a real chain (although this is still an overstatement).
The downside of this realism is that we can no longer find analytical exact solutions to
interesting (dynamical) quantities. We will have to fall back to approximate scaling
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arguments and/or simulations. Yet comparing these with the exact results of the
ideal chain can give important insights into the behaviour and inner workings of the
real chain. The results in this section remain, at the time of writing, unpublished.

5.5.1 Potentials

In order to modify the original generalised Rouse model we write Eq. (5.52) with the
total interaction potential U%°? between the different beads unspecified

Mo DR (1) = =VU ({Rn}) + 1,0 (1), (5.132)

later we can include several potentials in U*** to made our chain more realistic. If
we want to regain the original Rouse model we choose Eqs. (5.12)-(5.14) for U'".
Now we will discuss the four potentials we will use, three of them are short range
interactions and one is long range.

Harmonic springs

The Rouse model uses harmonic (Hookean) springs with a resting length equal to
zero. But this need not be the case, we can also assume a non-zero resting length.
Neighbouring beads are then, on average, separated. The potential to achieve this is
harm k. 2

Un = 5 (|T7L| - a) , (5133)
with 7, = én - ﬁn,l. The strength of the springs is characterised by k& and their
resting length by a. If k is chosen very large and a # 0, the bonds can be seen as
rigid rods. We take

Uharm {R } Z Uharm (5134)

When a = 0 and Ut = U"™™ we arrive back at the Rouse model. The harmonic
spring is obviously a short range interaction.

FENE springs

The harmonic springs in the Rouse model can be infinitely extended, this is a rather
unphysical property. The covalent bonds that hold a real polymer together give it
a finite extension, therefore we will introduce new springs that reflect this property.
The finite extensible nonlinear elastic (FENE) springs, introduced by K. Kremer et
al. [118], are defined by the following potential, where again 7, = R,, — R,,_

N
T'n
(RO)
when |7,| < Ry and UJ*"® = 0, when |7,,| > Ry. Here we have that k is the strength

of the springs and Ry their maximum extension. When we do a Taylor expansion
on Eq. (5.135) for |7,|/Ry < 1, we find that Ufe"¢ = U™ with ¢ = 0. So for

k 2
LA , (5.135)

Uy{ene _
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Figure 5.19: Plot of the harmonic spring potential U"%"™ (dashed line) and the FENE
spring potential U7¢"¢ (full line) as a function of spring extension |7,| = |R, — R,_1].
Given by Eq. (5.133) and Eq. (5.135) respectively. The maximum extension of the
FENE spring is indicated by a dotted line. We used are a =0, k =3 and Ry = 1.

small spring excitations, they should behave like the ordinary harmonic springs of the
Rouse model. Yet when FENE springs absorb a lot of energy, they can reach their
maximum extension whereas harmonic springs can just extend infinitely. Figure 5.19
shows this behaviour. We take

N-1
Ulere({Rn}) = > U (5.136)
n=1
This interaction has clearly a short range.

Lennard-Jones potential

The original Rouse model describes a phantom chain because all beads can pass
through each other without any energy penalty. To remedy this we can introduce
an interaction between all beads, not just neighbouring beads. A standard potential
that fulfils this task is the Lennard-Jones potential which approximates the interaction
between a pair of neutral atoms or molecules. It combines the Pauli repulsion, which
is a quantum mechanical effect between identical particles, and the attractive van der
Waals forces, which are the residual attractive (or repulsive) forces between molecules
that do not originate from a covalent bond or electrostatic interaction between ions.
As the distance 7 between two molecules increases, the repulsive forces will decay
as 1/|7|'? while the attractive forces will decay as 1/|7|°. The full Lennard-Jones
expression between the n** and m** bead is

L P 12 p 6
Uyt = de - — - , (5.137)
|7 |7m]
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Figure 5.20: Plot of the Lennard-Jones potential U7 (dashed line) and the purely
repulsive Lennard-Jones potential (full line) as a function of the distance between
beads |[Fpm| = |Rn — Rm|. Given by Eq. (5.137).

with 7, = ﬁn — ﬁm the vector from bead n to bead m. We have that ¢ is the
strength of the potential and o characterises its range. While the attractive term
has a clear physical origin, the repulsive term has not. It is used due to its good
approximation of the Pauli repulsion and because of its computational pleasing form
(since it is the square of the sixth power of the attractive term). The Lennard-Jones
potential gives each bead a certain volume that is inaccessible to the other beads, this
volume is proportional to ¢ and inversely proportional to temperature. Often, the
Lennard-Jones is reduced to its purely repulsive form. Then it satisfies Eq. (5.137)
when |7, | < rmin and it is equal to zero when |7, | > 7pin, Where 7, = 21/50 is
the location of the minimum of the potential, UL (7,,:,) = —e. The purely repulsive
Lennard-Jones potential is used to reduce the computation time because the potential
will only influence beads that are close by. Also when temperatures are high, the
attractive term will be overshadowed by the kinetic motion, leaving it irrelevant. The
Lennard-Jones potential and its purely repulsive alternative are shown in Fig. (5.20).
We take

UM ({R,)) = NZ NZ ULJ (5.138)

Notice that the second summation avoids counting each pair twice and also excludes
a possible self-interaction. Because any bead can interact with any other bead, no
matter how far apart they are in the chain, this interaction is obviously long range.

Bending rigidity

As was mentioned before, the Rouse model is an example of a completely flexible chain,
meaning that the orientation of the springs is totally uncorrelated. Yet real polymers
have a stiffness to them, on small length scales they maintain their orientation. Some
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Figure 5.21: Schematic representation of the bond angle 6,, = cos™ (7, - #,41).

polymers, such as microtubules, even resist bending on very long length scales, making
them quite straight and rigid. If we define the following unit vector #,, = 7, /||, then
the potential that gives rise to bending rigidity is

UY" = —k(fp - Frg1) = —r cos(6n), (5.139)

where £ is the strength of the potential and 6,, the angle between bond 7,, and bond
Tnt1. Figure 5.21 clarifies how 6, is defined. If x is large, the chain will be very stiff
and therefore almost straight. Subsequently the angles between bonds will be small,
therefore the potential is often approximated by Ub"? ~ k 62 /2 when & is large. We
take

N-2
Utrd({R,}) = > Ubed, (5.140)

n=1

Due to the bending rigidity potential a bead is influenced by its two nearest neighbours
on both sides, it is therefore a short range interaction.

5.5.2 Dragging a real chain

Here we will consider the problem of Section 5.3 — where we applied a constant force on
the first bead — but with a more realistic chain. We will replace the harmonic springs
with FENE springs and add self-avoidance through the Lennard-Jones potential. The
motion of the beads will be governed by

N DRy (t) = =VU ({Rn}) + Er.n(t) + fult), (5.141)
with
Utet = glene  yt7. (5.142)

Two important properties of this real chain need to be addressed. First, due to
the FENE springs, the chain has a maximum length. This is obviously equal to
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Ly = (N — 1)Ry. Second, because it is a self-avoiding chain, the volume a bead
occupies is not accessible to the rest of the chain causing excluded volume effects to
arise that swell the polymer. The end-to-end vector P, Eq. (5.23), is the quantity we
use to determine the physical extend of the polymer. For a phantom chain we found,
Eq. (5.51), that in equilibrium (irrespective of the value of o) we have P2 = (P?) =
b>N. But since a self-avoiding chain should swell, this relation can not hold for such
a chain. More generally we state

P2~ bEN, (5.143)

with v the Flory exponent that characterises the fractality of the equilibrium polymer
coil. For a phantom chain (or random walk) in any dimension we have v = 1/2. For a
self-avoiding chain in a good solvent we have v ~ 3/(d + 2), where d is the dimension.
So since we work in three dimensions, our chain has v ~ 3/5 (numerical analysis
suggests a more accurate value: v = 0.588...).

The quantity we will investigate is the average thermalised length (the average
length is defined by Eq. (5.77)) due to the constant force f. In other words, we study
L* = L(t — o). Because the viscoelasticity of the solvent, or in other words the value
of «, does not influence equilibrated quantities we will take « = 1 in (5.141). This will
make the numeric calculations much easier. We solved Eq. (5.141) using a standard
technique for numerically integrating an ordinary Langevin equation (see [69] for more
details). To determine if the simulation performed properly we simulated the length
as a function of time for the original Rouse chain, so Ut = U"*"™ with a = 0. The
result should conform with the exact solution Eq. (5.78) with o = 1. Of course, this
output will be different if o # 1 but we did not execute such a simulation. It is clear
from Fig. 5.22 that the simulation performs very well, since the simulated data lies
perfectly on top of the analytic result for almost every time-scale. Also shown in this
figure is the same transient average length but for the real chain. It lies above that
of the ideal chain but its dynamics is also proportional to /2, as was predicted in
[13] and [14] using scaling arguments. The real chain reaches its equilibrium state
around the same time as the ideal chain, i.e. ¢t & 7. For this particular value of the
dragging force, f = 2, the equilibrium state of the length is higher than that of the
Rouse chain, which is a characteristic we will discuss below.

Before we go into the discussion of the average thermalised length of the real chain,
we should argue that there are different force regimes. When the force is very weak
it will not disturb the equilibrium conformation of the polymer. The upper limit for
this weak force can be found by relating the largest length scale of the polymer with
the thermal energy kgT. The largest length scale is surely the length of the average
end-to-end vector, we have P ~ NY. Therefore the upper limit for the weak forces
is fuw ~ kT /N”. Very strong forces, on the other hand, will stretch the polymer
almost to its full extend. To find the threshold for these strong forces we relate the
thermal energy with the smallest length scale of the system. For this length we take
the average distance b between two beads in an ideal chain. We therefore find that
the regime of the strong forces starts at fs; ~ kgT/b. We have thus three force scales:
weak forces f < f,,, intermediate forces f,, < f < fs and strong forces f > f,.

Now we turn to the discussion of the equilibrium length L* as a function of the
dragging force f. In the case of the ideal chain, the relation is simple and linear.
From Eq. (5.79) we have L* = (N/2k)f. Figure 5.23 shows the simulated results
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Figure 5.22: Log-log plot of the ratio of the length to the equilibrium length as a
function of time. The solid black line is the analytic result from Eq. (5.78) and the
coloured dots are the simulations results with blue being the ideal chain and red the
real chain. The dashed line indicates the power-law behaviour. The simulations were
performed starting with an equilibrated chain. The parameters are f = 2, N = 256,
kT =~y=1,k=3,e=0=Ry=1, At = 10~%. The results are averaged over 102
histories.
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Figure 5.23: Log-log plot of the equilibrium length-force relation. The solid black
line is the analytic result for ideal chains L*/N = f/2k and the coloured dots are
the simulations results with blue being the ideal chain and red the real chain. The
dashed lines indicate the local power-law behaviour. The dotted line divides the force
spectrum into intermediate and strong forces. The length was measured after enough
time had passed to reach equilibrium. The parameters are N = 128, kT = v = 1,
k=3, e=0=1, Ry =2, At = 10~*. The results are averaged over 3.5-10* histories.
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for a chain with N = 128. From this it is clear that, for the ideal chain, simulation
and analytic results perfectly agree over several force regimes. Concerning these force
regimes: for a real chain (with kg7 =b =1, N = 128 and v = 3/5) the upper limit
of the weak forces lies approximately at f,, =~ 0.05 while the threshold for the strong
forces is fs &~ 1. So the data of a real chain in Fig. 5.23 starts in the intermediate force
regime (lower forces are of little interest since they will not deform the equilibrium
conformation of the polymer). For intermediate forces, Sakaue derived an approximate
expression for the length-force relation [14]. It reads

bf (1-v)/v
L* ~bN | —= . 144
o (27) (5.144)

For self-avoiding chains in three dimensions we had v = 3/5. Therefore we should find
that, in the intermediate force regime, the equilibrium length should go as L* ~ f2/3.
This is indeed what the simulations yield for f < fs = 1, see Fig. 5.23. For strong
forces the average equilibrium length should eventually reach the maximum length
Ljy; when all the FENE springs adopt their ultimate extension. From our simulation
data we find that the climb to this maximum length goes as L* ~ f/3. We do
not have a satisfying explanation for this exponent. We do, however, know that this
regime is characterised by a “stem-flower” shape rather than a trumpet shape of the
polymer, see [104]. A stem-flower configuration is rod-like (stem) close to the pulled
monomer. At the end of the rod-like structure is an elongated fluctuating coil (flower).

Notice that over the full force range, the equilibrium length of the ideal and real
chain differ (except at one particular crossing point). For intermediate forces we find
that the real chain is more swollen than the ideal chain (as is the case in the non-
dragging case). While for large forces, the length of the real chain is limited by its
finite extensibility, yielding a shorter equilibrium length than the ideal chain. This
shows that adding more realistic features to the model will drastically change the
properties of the chain and hopefully better mimic a real polymer.

5.5.3 Semi-flexible polymer in an active viscoelastic bath

In Section 5.4 we investigated how a Rouse chain in a viscoelastic bath reacts to
the presence of active forces. Two important results were achieved, namely that the
monomers performed both sub- and superdiffusion, and that the polymer swells due
to these active forces. But real polymers are not nearly as flexible as a Rouse chain,
over short length scales they resist bending and appear to be stiff. This characteristic
could very well influence the results of Section 5.4. The orientation of individual
springs in the Rouse chain is completely uncorrelated with the other springs. This
we would like to change and make the orientation dependent on the local collective
orientation. To do so we introduce the following potentials

Utot _ Uharm + Ubend’ (5]_45)

with & > 1 and a # 0. In doing so, the bonds (of length a) between the beads
become practically incompressible/inextensible and the only important feature will
be the bending rigidity. Notice that we did not include the self-avoidance potential.
The chain can therefore not be regarded as a real chain, it is still an ideal one. Chains
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Figure 5.24: Illustration of how thermal fluctuations determine the global orientation
of a chain on different length scales [ compared to the persistence length [,. We have:
[ > 1, — flexible, | ~ I, — semi-flexible and | < [, — rigid.

with these characteristic can however be classified as worm-like chains (or Kratky-
Porod chains) [119]. A special case of semi-flexible chains is when x = 0, then there is
no energy cost in bending the chain. Such a chain is called a freely-jointed chain (see
Section 5.1) because we have stiff, rod-like, springs whose orientation is uncorrelated.

An important quantity to describe the flexibility of a polymer is the persistence
length [,. It is the length scale on which the polymer forgets its original orientation
due to thermal fluctuations. When we consider segments of the polymer (of length 1)
that are much larger than the persistence length, [ > [,,, they can be considered as
flexible, in the sense of the Rouse chain. On the other hand, when the length of the
segment is shorter than the persistence length, [ < [,,, the segment will maintain one
direction. This we call a rigid rod. The intermediate case where [ ~ [, is called semi-
flexible, their orientation is overall consistent but undergoes some minor deviations
due to thermal agitations. In Fig. (5.24) these three length scales are clarified. A
good everyday example to illustrate the persistence length is spaghetti. Uncooked,
spaghetti has a very long persistence length, [, ~ 10'®m, i.e. it is very hard to
bend. As a fun fact: one would need a dry spaghetti with a length comparable to the
diameter of our Milky Way galaxy to consider it a flexible object at room temperature
(by which we mean that thermal fluctuations are able to bend it). A cooked spaghetti,
on the other hand, has a very short persistence length of a few centimetres, which we
clearly recognize by its curled-up shape when immersed in water. A more biologically
relevant example is DNA with /, ~ 35 nm [120]. Microtubules are one of the stiffest
polymers, with a persistence length of [, ~ 0.24 mm [121]. Before we go into the
simulation results of a semi-flexible chain in an active viscoelastic bath, we first discuss
briefly the equilibrium properties of a semi-flexible worm-like chain.
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Equilibrium properties of a semi-flexible chain

Just as for the (flexible) Rouse model, we can calculate some interesting properties of
a thermalised semi-flexible chain. Here we will assume that the bonds have a constant
length a (or |7%,| = a) and the energy stored in a bended joint is given by U’*"?. First,
we would like to find an expression for the persistence length since it is a defining
quantity for a worm-like chain. The persistence length is defined as the characteristic
length scale over which the correlation in the orientation of the bonds decays along
the chain. We will soon show that this decay is exponential, we thus have

(Pr* Prpm) = e 2Iml/t, (5.146)

We should now work out the average correlation on the left-hand side of this relation.
Luckily, this calculation was already performed in 1963 in a completely different field.
In his paper on "Magnetism in one-dimensional systems - the Heisenberg model for
infinite spin” [122], Michael E. Fisher calculated, among other things, the average
correlation in a linear chain of spins that can orient themselves in three dimensions.
The interaction between the spins (which, for us, represent the unit bond vectors 7,)
was the nearest-neighbour isotropic Heisenberg coupling, which happens to have the
exact same form as our bending rigidity potential U**"?. Using our notation, he found

[m|
~ ~ R k‘BT
<’l"n . Tn+m> = |:C0th <M> — /§;:| , (5147)
equating this with Eq. (5.146) one finds
_ K kT ak
l,=—aln™" |coth - ~ 5.148
P am [CO (k}BT> K :| kIBT7 ( )

where the approximation is correct when k > kgT. When « is much larger than kT,
then there is not enough thermal energy to significantly bend the chain. The angle
0,, between two bonds will therefore be quite small, remember cos(6,,) = 7, - 1.
We can therefore do the following expansions (for small 6,, due to large &)

(cos(6.) = 1~ 3(62) + O((62)), (5.149)

e/l =1 % +0((a/1,)?). (5.150)

We therefore find (approximately) that (§2) = 2kpT/k. From symmetry consider-
ations we also have that (9 ) = 0. Next, we calculate the average of the squared

end-to-end distance P2 = (P?), we have

N-1
= (2.7
n=1

remember that for this discussion we took |7,| = a, therefore 7,, = af,. For long
chains (¢ <€ N) we can replace the summation with an integral, we should take

N—-1

N—-1N-—
a® > Z —aln—ml|/ly (5.151)

=1 n=1 m=1

3
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a — dz and an — x. Then the integration boundaries are from zero to a(N — 1), this
last value is the contour length of the chain Lys ~ aN. We get

Ly Ly
P? :/ dx/ dy e~ lz=vl/ls, (5.152)
0 0

Working out this integral is rather elementary [123], the final result is

L
P? =21, Ly — 212 [1 — exp (—ZM)] : (5.153)
p

When the total length of the chain greatly exceeds the persistence length Ly > 1,
we should find that the end-to-end distance behaves like that of a flexible chain.
Indeed if we approximate Eq. (5.153) accordingly we get P? ~ 2, Ly;. This complies
with a flexible chain for which we have, using Eq. (5.51) and the fact! that Ly, = bN,
P? = b Ly;. We therefore find that the Kuhn length is two times the persistence length
b = 21, which fits with its definition as the length scale over which the orientation of
the chain loses its correlation. When the total length of the chain is much shorter than
the persistence length Ljy; < [,,, we find that the leading term of the approximation
is P? ~ L2,. This is exactly what was to be expected from a rigid rod.

When simulating a worm-like chain, it is often important that the initial configu-
ration of the chain is one that is drawn from an equilibrium distribution. It is possible
to construct such a thermalised chain using its main (equilibrium) characteristics. In
Appendix D we show the construction protocol and check that the obtained chain in-
deed possesses the equilibrium properties discussed above. To simulate the evolution
of the polymer in an active viscoelastic bath we use the algorithm revealed in Chapter
3. This algorithm can deal with fractional differential equations and non-white noise.

Testing the algorithm

Before we go into the simulation results of the semi-flexible chain in an active vis-
coelastic bath, we must verify that the algorithm performs well by comparing simu-
lations of an ordinary Rouse chain with the analytic results of Section 5.4. Figures
5.25 and 5.26 show the simulation results for the diffusion of the centre of mass and
the middle bead respectively. The initial configuration of the chain was drawn from
an equilibrium distribution. The analytic curves in these figures are the exact same
as in Figs. 5.13 and 5.15. It is immediately clear that the results are in complete
agreement with the theory, both for active and non-active baths. A downside to the
algorithm is that it can not simulate a large amount of time-steps in a reasonable
amount of time due to the ever increasing history that needs to be convoluted with
all previous results to calculate the next time-step. This, combined with the need for
a small time-step, restricts the maximum time which we can reach (in a reasonable
computation time). That is the reason why the figures only compare the analytic
results with the simulated data for early times, later times are out of our reach. Both
figures have an inset that shows which part of the original (analytic) plot is shown in
the main figure.

I'The Rouse chain, of course, does not have a maximum length. We interpret Lj; here as the
average contour length, i.e. approximately N springs with an average length b.
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Figure 5.25: Log-log plot of the squared distance travelled by the centre of mass as
a function of t/7g o for a Rouse chain (N = 256, k = 3) in a viscoelastic medium
(o = 0.7, kgT = v = 1) in the presence of active forces with C' = 102 and 74/7p.o =
1072,1073,10=% (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Also shown, in coloured dots, are the simulated data (total
number of time steps: 10%, At = 107°, 102 and averaged over 102 histories) with
green being the non-active bath and orange the active bath (74 /7. = 107%). Inset:
a copy of Fig. 5.13 with an indication of the region that the main graph displays.
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Figure 5.26: Log-log plot of the squared distance travelled by the middle bead as
a function of t/7g , for a Rouse chain (N = 256, k = 3) in a viscoelastic medium
(a =0.7, kgT = v = 1) in the presence of active forces with C = 10* and 74 /7o =
1072,1072,10=* (full lines, top to bottom) compared to that without active forces
(dashed-dotted line). Also shown, in coloured dots, are the simulated data (total
number of time steps: 10, At = 1078, 107°, 102 and averaged over 10? histories)
with green being the non-active bath and orange the active bath (74/7g = 107%).
Inset: a copy of Fig. 5.15 with an indication of the region that the main graph displays.
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Simulation results

These simulations were performed starting with an equilibrated chain (as described
in Appendix D). The values for k¥ and x were chosen as large as the accuracy of the
simulation allowed. A large value for the spring constant k& will make sure that the
bonds do not deviate much from their resting length a. The length of the chains
in the simulations is much shorter than we previously used, the reason for this is
twofold: first because long chains take much more computation time to simulate
and second because the length of the chain should not greatly exceed the persistence
length otherwise the chain can again be considered flexible. Before we show the actual
results, we will reveal a possible theory that can explain our findings.

An approximate theory can be produced if we assume the springs to be completely
rigid, i.e. |7,] = a. The only potential energy that can be stored in the chain is
in the bending of the chain. The total potential energy is thus Ut = ybend =
—K ZN_Q Tn - Tnt1. Because adding a constant to the potential will not change the

n=1
resulting force we can also write the total potential energy as

N-2 o V=2 )
tot __ ~ ~ o — - _
U =k HZ::I (1 —Fp-Fpa1) = 202 nz::l <2Rn —Ry_1— Rn+1> , (5.154)

where we used 7,, = (ﬁn — ﬁn_l) /a. To find the dynamics of a bead in a semi-flexible
chain in an active viscoelastic bath we substitute this energy into Eq. (5.132) and add
active noise. After some elementary calculations one finds

— — —

Ne DR (1) = — a% <6E,L(t) AR, () — AR 1 () + Rua(t) + Rn+2(t))
+Ern(t) + Eanlt). (5.155)

It is important to note here that this equation does not fully portrait the dynamics
of a bead in a semi-flexible chain with rigid springs. That is because it contains no
information of the fact that the beads should, at all times, be at a distance a from
each other. It is common to enforce this constraint through the use of a Lagrange
multiplier' which gives rise to an extra term in the energy. We will not go into this
more difficult model and use Eq. (5.155) as an approximation to the exact dynamics.
From the above (linear) expression it is easy to find the equation of motion of the
normal coordinates. Following very analogous steps as in Section 5.1.2, we arrive at

/

- k, - - -
Na cD*Xp(t) = _ﬁXp(t) +&r,p(t) + Eap(h). (5.156)

The two normal noise terms are defined as before, but k;, is defined differently

4

%N 2t
_ 326N (Q) ~ ST D (5.157)

k/ ~ T o o .
p 2N a?N3

a2

It is now proportional to p* and will yield different characteristic times. These are
again defined as 7/ , = (29aN/k/,)*/. The vibrations of different parts of the chain

IThe method of Lagrange multipliers is an optimisation technique that can be used to determine
the extrema of a multivariate function subject to a specific constraint. For more information on this
technique see [124].
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Figure 5.27: Log-log plot of the squared distance travelled by the centre of mass as
a function of t/77 , for a semi-flexible chain (N = 64, k = 100, x = 100, a = 2)
in a viscoelastic medium (o = 0.7, kgT = v = 1) with active forces (C' = 102,
TA/Tho = 107%) and without active forces. Also shown, in coloured dots, is the
simulated data with green being the non-active bath and orange the active bath
(total number of time steps: 10*, At = 10~7, 10~* and averaged over 10 histories).

are thus different from those of a Rouse chain due to the stiffness of the worm-like
chain. The generalised “Rouse” time for a semi-flexible chain is

a2 N4 1/
Tha = (77@) . (5.158)

Kkt

Because Eq. (5.156) has exactly the same form as the one in the case of the flexible
Rouse chain, Eq. (5.101), it allows us to recycle all results form Section 5.4 provided
we use the characteristic times 7, , of the semi-flexible chain, instead of 7, 4.

The first quantity we will discuss is the mean-squared displacement of the centre of
mass, it is given by Eq. (5.107). This expression is clearly not dependent on 7, o and
therefore the centre of mass of a semi-flexible chain should diffuse exactly like that of
a Rouse chain. This is not surprising since the collective motion of a chain should not
be influenced by simple internal interactions. Figure 5.27 shows the simulation results
together with Eq. (5.107). It is clear that for both the active and the non-active baths
the centre of mass of the semi-flexible chain follows the predicted behaviour.

Next we investigate the mean-squared displacement of the middle bead. We will
first do this for a non-active bath, where the diffusion is governed by Eq. (5.65). The
first term is not dependent on 7, , and will therefore behave exactly the same for a
semi-flexible chain as for a Rouse chain. The second term however does depend on the
characteristic times and will thus yield different dynamics when we use T];’a instead
of 7, . The approximation for very short times, ¢t < Tllv,a, can be done in the same
manner as for Eq. (5.65) and will yield the same result A2 (t) = (6kpT/vaGa)t*. So
for these very early times the bead does not yet feel the influence of its fellow beads
and will diffuse as a free particle, as was the case for the Rouse chain. For somewhat
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Figure 5.28: Log-log plot of the squared distance travelled by the middle bead as a
function of t/77 , for a semi-flexible chain (N = 64, k¥ = 100, x = 100, a = 2) in a
viscoelastic medium (o = 0.6, 0.7, 0.8 and 1, kgT = v = 1) without active forces
(full lines). Also shown, in coloured dots, is the simulated data (total number of time
steps: 10, At = 1077, 1073 and averaged over 10% histories). The time regimes are
indicated.

longer times, t < Tllg’a, we can approximate the summation by an integral. With very
similar reasoning as for Eq. (5.66), we find

6knT e} 2 4ta 6knT 1/2[//
oL [T e 2 1 B (- o) < BRI e (as)
v Jo krix Nal 770/ KA

with I} = [;° dox~*(1 — Eq4,1(—*)) which only depends on a. This approximation
makes it clear that the mean-squared displacement goes as: A2, (t) ~ 3%/, which
is always subdiffusive and faster than in the case of the Rouse chain with the same
a. Since the first term of Eq. (5.65) remains unchanged for a semi-flexible chain, the
long time behaviour also doesn’t change. We therefore find the following sequence of
approximate regimes of A2 for a semi-flexible chain

6D, P T]/V,a 6kBTa1/QIA’ t3a/4 7'1/:{,.1 6 ng

A2 (t) =
m(?) T(a+1) n/ Al /Ag TNa+1)

. (5.160)

Remember that this analytic model for the semi-flexible chain is by no means com-
plete, deviations from it are expected. In Fig. 5.28 the early time mean-squared
displacement of the middle bead is plotted for « = 0.6, 0.7, 0.8 and 1. The analytic
curves are given by Eq. (5.65) with 7, , substituted by 7/ ,. The t* and t3*/* be-
haviour is indicated. Also shown in this figure are the simulation results, for early
times they agree well with the analytic solutions. After an initial agreement with the
t3%/4 regime, the simulation appears to slightly deviate from it. As mentioned earlier,
our simulations can not reach long times. It was therefore not possible to investigate
whether the semi-flexible chain would follow the predicted behaviour for all times.
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Figure 5.29: Log-log plot of the squared distance travelled by the middle bead as
a function of t/77 , for a semi-flexible chain (N = 64, k = 100, x = 100, a = 2)
in a viscoelastic medium (o = 0.8, kgT = v = 1) with active forces (C' = 103,
TA/Tho = 107°) and without active forces. Also shown, in coloured dots, is the
simulated data with green being the non-active bath and orange the active bath (total
number of time steps: 10%, At = 10~7, 10~2 and averaged over 5 - 102 histories). The
time regimes are indicated.

Now we will look at the mean-squared displacement of the middle bead when
active forces are present. Again, if we substitute TAQ into Eq. (5.115), we find the
predicted behaviour. The first and third terms are not affected by this change. We
already discussed above how the second term is altered. It yields a ¢t* behaviour for
very early times and a t>*/* behaviour for times thereafter. The approximation of the
fourth term will yield the same 2@ behaviour for very early times (see Eq. (5.118)).
But performing the integration for longer times, i.e. Eq. (5.119), with TI’W will yield
a time dependence of t7*/4. The reason why we discuss this behaviour so briefly is
because, as Fig. 5.29 shows, the simulated results deviate quite strongly from the
analytic model. The model shows its shortcomings when active forces are present.
For early times we do find the t* behaviour, but for longer times the predicted ¢7*/4
regime is abandoned in favour of a t3*/2 regime. Whether this 3c./2 exponent stems
from the diffusion of the middle bead in a Rouse chain, Eq. (5.119) , is not clear.
Again, the long-time diffusion was out of our simulation reach.

The most important conclusion from these results is that it is crucial to know the
flexibility of a polymer when performing experiments with it. That is because, as we
have seen, semi-flexible polymers can exhibit different anomalous diffusion than flex-
ible polymers, in active and non-active bath alike. In other words, when determining
the viscoelasticity (i.e. the value of ) of the cytosol by rheological measurements, one
should use the correct exponent of time that corresponds to the polymer’s flexibility.

We will briefly discuss how the end-to-end distance of a semi-flexible chain (in a vis-
coelastic bath) is influenced by active forces. We saw that, for a flexible Rouse chain,
the average squared end-to-end distance P? always increased in an active viscoelastic
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bath, effectively swelling the polymer. We will soon see that, for a semi-flexible chain,
not only swelling but also shrinking can occur. Figure 5.30 shows some simulation
results for different lengths of the chain and for different characteristics of the active
forces. All simulations were done in a viscoelastic bath with a = 0.8. From these
figures it is clear that the end-to-end distance has a rich variety of responses to the
active forces. Our research on this subject was, at the time of writing, still in its
infancy. We can therefore not give it a full and quantitative treatment here, but
some general observations can be made. First, notice that for all lengths a non-active
simulation was performed. This should of course stay (on average) constant at all
time and comply with Eq. (5.153). This behaviour is clearly met and gives a good
comparison for the results of the active bath (since all polymers started from an equi-
librium configuration). A second observation is that the initial response to the active
forces is always a shrinking of the polymer. This shrinking can be explained by the
fact that the active forces provide enough energy to bend the polymer more strongly
than the thermal forces could. Due to these larger kinks, the chain will be more
compact. After this initial response we observe a large variety of different behaviours,
no clear qualitative trend reveals itself from these preliminary simulations. Many
polymers keep shrinking, others start swelling and some appear to find a steady state
(which can be both above or below the value of a non-active bath). The nature of
these responses can vary strongly between the values of N, C' and 74. More research
should be done to better understand the behaviour of the end-to-end distance of a
semi-flexible chain in an active viscoelastic bath. Mainly simulations that go further
in time are essential, in order to reach the steady state for all investigated polymers.
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Figure 5.30: Lin-log plots of the simulated data of the squared end-to-end distance
as a function of t/TII_La for a semi-flexible chain (N = 16, 32, 64, k = 100, x = 100,
a = 2) in a viscoelastic medium (a = 0.8, kgT = v = 1) with active forces (where
it is not indicated we have C' = 10° and 74 /7% , = 107%) and without active forces.
Also shown is the analytic equilibrium value in a non-active bath (dashed line). (The
total number of time steps: 10*, At = 10~% and averaged over 10% histories). Inset:
Shows the same red data points as the main graph but over a longer P? range.



6 | Generalised Langevin Equation:

Middle Bead

Never mistake motion for action.

Ernest Hemingway

The procedure to obtain a generalised Langevin equation involves the projection of
many fast moving degrees-of-freedom of an ensemble (or bath) onto just a few slow
moving, which we call the system. By doing so one acquires the reduced dynamics of
the system. Generally speaking the projection introduces three terms in the equation
of motion of the system: an effective potential, a non-Markovian friction force and
a non-white effective noise. The latter two are governed by a memory kernel, which
connects them through the fluctuation-dissipation relation (see Section 2.3 for a more
rigorous explanation on the projection of fast degrees-of-freedom). Here we will try to
find the generalised Langevin equation of the middle bead in a chain of beads that are
interconnected by harmonic springs (i.e. the middle bead of a Rouse chain). The chain
is also surrounded by a heat-bath. Later we will also introduce some driving agent and
see how the generalised Langevin equation deals with nonequilibrium circumstances.
As a warning, this chapter is a technical one. Mainly focussed on the procedure of how
a generalised Langevin equation is constructed. The first three sections, and part of
the fourth, are partly based on works by W. Briels [125], D. Panja [126] and T. Sakaue
[127]. We provide a detailed revision of their calculations. Section 6.4, however, deals
with nonequilibrium situations and is original work by the author, published in [128].

6.1 System plus bead-bath

While for many models the projection process can be quite difficult, in the case of
the Rouse model it only involves eliminating variables from a set of linear differential
equations. In this section we will perform this elimination process.

To construct a generalised Langevin equation of the middle bead, also referred to
as the system, we need to integrate out all degrees-of-freedom of the other beads that
are not of interest. These beads we will refer to as the bead-bath. Suppose the chain
has length N = 2M + 1, then the middle bead is on both sides connected to a chain of

137
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length M. The coordinates of the middle bead are 7= RM+1 while the coordinates
that need to be projected on 7 are R = {Rl, ﬁg, R RM,EN[+2, e RQM,EN}. No-
tice that the bead-labelling here differs from that of the previous chapter, where the
first bead was labelled as zero. This is just a matter of notation and beneficial to the
calculations that lie ahead. As is usual with a Rouse chain we introduce two ghost
beads to take care of the boundary conditions: Ro = El and §N+1 = ﬁN. To de-
scribe this system we need to write down the total potential energy that arises from
the harmonic springs (which have spring constant k) between neighbouring beads.
Between bead i and bead ¢ + 1, this potential is given by k(R’iJ’_l — ﬁi)z/Q. To find
the total potential energy we sum over all (N — 1) springs, we find

UG, R) zg (7- EM)2 4k (Rarea - F)2

2
e (M= . No1 o
+ 3 Z (Ri+1 - Rz’) + ‘ Z (Ri+1 - Ri) (6.1)
i=1 1=M++2

This expression can be rewritten to identify three components in the total potential
energy. Ome term only involves the system coordinate 7 which we will call V (7),
another term describes the coupling between the system and the bead-bath Ups(7, R)
and yet another term gives the interaction between the bead-bath particles Uy, (R).
So we can write the total potential energy as follows

with
V(7) = ki?, (6.3)
Ups (T, R) = —ki” (ﬁM + §M+2) ) (6.4)
_ _ M-1 N-1 5
Un(R) = 5 | Bip + Bl + ) ( i+1— ) + Y ( i+1 — ) (6.5)
i=1 1=M+2

6.1.1 Eigenvectors of the bath-bath coupling

From the (bead) bath-bath coupling Eq. (6.5) we can define two coupling-matrices,
one for the left chain and one for the right. HY and H B respectively. These are
M x M matrices and they are defined as follows

1 -1 0 o --- 0 O 0 0 0
-1 2 -1 0 -+ 0 O 0 0 0
o -1 2 -1 --- 0 O 0 0 0
L = : , (6.6)
0 0 0 0 o -1 2 -1 0
0 0 0 0 o 0 -1 2 -1
(0 0 0 0 00 0 -1 2|
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2 —1 0 0 0O O 0 0 0
—1 2 —1 0 0O O 0 0 0
o -1 2 -1 0 0 0 0 0
A= 0 S R S (6.7)
0 0 0 0 0 -1 2 —1 0
0 0 0 0 0O O —1 2 —1
0 0 0 0 0 0 0 -1 1|

We also define the vector-of-vectors
RL = (El,éz,...,éM) and RR (RM+2,RM+3,...,EN> s (6.8)

that hold the bead-bath coordinates of the left and right chains. With these vectors
and matrices we can rewrite the bath-bath coupling as

Upp(R) = g [RLﬁLRLT n RRE{RRRT} : (6.9)

where the superscript T stand for the transpose of the vector. We will now proceed by
calculating the eigenvalues and eigenvectors of the H-matrices (ﬁ Land H £, Finding
these will greatly simplify the expression of Uy, (R). Notice that the H-matrices are
hermitian (H = HT) and therefore also normal (HH' = HTH). This implies that H
is diagonalisable by a unitary matrix U, meaning that there exists a diagonal matrix
D which is given by D = U"'HU. Because H is a normal matrix, its eigenvectors
are an orthonormal set that span the entire space, i.e. they form a complete basis.
The columns of U are in fact the M eigenvectors of H, while {its M eigenvalues A; can
be found on the diagonal of D. We can thus write U = [U1 Us . UM] and D;; = \;

for i = 1,2,..., M. Furthermore, we define the normal coordmates as the vector-
of-vectors X RU which is a linear transformation of the natural coordinates R,

toward the basis of the eigenvectors of H. In full we have X~ = (XF, XF ... XE)
and XB = (XE XE .  XE) Using UU! = I and U~ = U7, we can write
Eq. (6.9) as

Unn(R) = 5 [RLULDLUL RET + RRURDR{E RRT] (6.10)
= g [ XEDEXET 4 XRDRX R (6.11)
M
_ k L *L? R y*R?
=2 ; {Ai XL 4 ARX! ] (6.12)

Now we will proceed to find the eigenvectors and eigenvalues of HL and HE. Because
the calculation for both the left and right eigenvectors is completely analogue, we will
only focus on calculating the left chain. The solutions of the right are given in the
end. We also agree on some indices notation, an eigenvector is labelled by p, while a
component of an eigenvector is labelled by ¢. Thus sz,q is the g-th component of the
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p-th left eigenvector with eigenvalue )\5 . Solving the matrix equation ULDL = gLU
gives the following set of equations

L _ y7L _ \Ly7L
Up,l Up72_>‘p Up,l

~UL, . +2U0F, —UL . =MUL, for ¢=23,... . M—1 (6.13)

P p,q
L L _ L L
—Upinra +2Up 0 = Ay Uyl

We can reduce these three different types of equations into one. First remember that
at the start of this section we introduced two ghost beads, in particular Ry = Ry.
Because Up%q defines a linear transformation of En, we have that UpL,0 = UPLJ. Also,
since we can approach this problem from the rest frame of the middle bead, we are
free to take EMH = 0. Again due to its linear nature we have UPL’M+1 = 0. Using
these constraints we can write a single formula for all the components of the p** left
eigenvector

L L Ly 7L
Upgm1 YUy i1 = 2= 2) Uy, (6.14)
As a solution for this equation we propose the following form
U;q = Acos(aq + b). (6.15)

The ghost bead imposes the equation cos(b) = cos(a + b). This has the solution
a = 0, which is not desirable. Another solution is b = —a/2, which we will use. From
Ulnryr = 0 we get cos(a(M +1) —a/2) = 0. This is satisfied if a(M + 1) — a/2 =
(p—1/2)mor a=(2p— 1)n/N with p=1,2,..., M. The eigenvectors are therefore

2p—1 1
UpLﬂ = Acos ( pN <q - 2> 7r) . (6.16)

To find the eigenvalues we plug this equation into Eq. (6.14). Using cos(z) + cos(y) =
2cos((x —y)/2) cos((x + y)/2) and performing some elementary calculations leads to

2 — 1
AL :4sin2< ZN 7r>. (6.17)

Completely analogous we find the eigenvalues and eigenvectors of HE, They are

2p—1 1
Uﬁq = Acos <pN (q—M— 2) 7r> (6.18)
and
2p —1
R 2
A, = 4sin ( o 7r>. (6.19)

The final thing that we need to do is find a value for the constant A. For this we
enforce the fact that U and U® should be unitary, to ensure that we have

ULOE" + UROR = 9f. (6.20)
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The p-th diagonal element of the matrix on the left-hand side is in fact a summation
over the components of the p-th eigenvector and should be equal to two

M M
2p —1 1 2p —1 1
2 2 _ = 2 2 _ i =
qul A” cos < (q 2) 7r> + qul A” cos ( (q M 2) 7r>

(6.21)

Changing the indices of the second sum gives

M N
2p—1 1 2p—1 1 _

}: 2 }: 2 2

o €0 ( N (q 2) ﬂ-) o8 ( N <q N 2) 77) =24

q=M+2
(6.22)

Now we can put both summations together (remember UPL, i1 =0)

N

2p —1 1
> cos® - =242 2
2 Cos ( I (q 2) 77) (6.23)

Using cos?(z) = (1 + cos(2x))/2 gives

XN: [1 + cos (2]7]\7 ! (q - ;) 271')] =4A72 (6.24)

q=1

Doing the summation with the use of Lagrange’s trigonometric identities gives

1 sin(4pm) 9
= =4A7°. 6.25
2sin((2p — 1)7/N) (6.25)
It is clear that the second term is zero when p = 1,2,..., M. Therefore the value of
A is simply
2
A= —. 6.26
VN (6.26)

6.1.2 Normal coordinates

Now that we have the full expression of the eigenvectors, we can write the normal
coordinates as a linear combination of the natural coordinates. Using XL = RLUT

M M
X;L = ZUPL,QR'Q = AZCOS <2pN1 (q - ;) 77) R,, (6.27)
qg=1 q=1
forp=1,2,...,M. Using XB = RRUER
M M
X = > Upt Ryt = A cos (2p]\7 ! (q - M- ;) 7T> Ryinra

q=1 q=1

=-A i\’: cos<2p1 (q 1>W)é (6.28)
=— S ” _
) N 2




142 CHAPTER 6. GENERALISED LANGEVIN EQUATION: MIDDLE BEAD

for p =1,2,..., M. The inverse linear transformation is also easy to find, we have
RL — xL{L”
M l 2j — 1 1
RBi=Y ULXE=AY cos <‘7N <z - 2) 77) Xk, (6.29)
j=1 j=1

fori =1,2,..., M. We also have RR:XRURT,SO fori=M+2,M+3,...,N we
get

M M 2j—1 1
= R . ‘ _ . .
Ri = ZUHJ;_M_lXj = AZCOS (N (Z — N — 2) 7T> XJ
Jj=1 j=1
M .
25 —1 1 -
= —AY cos ( ]N (z - 2) 71') xR, (6.30)

6.1.3 Overview

To simplify the coming calculations, it is convenient to introduce the following nota-

tion
2p—1 1
CP = cos ( N (q - 2> 7r> . (6.31)

Notice that this is very similar, but not equal, to the CE of Chapter 5. Although not
completely analogous to Eq. (5.19) it is now clear how these transformation coefficients

can be calculated. The normal coordinates are (for p = 1,2,..., M)
5 M
. .,
S CP? R, 6.32
p \/N 8 n ( )
n=1
N
(R 2 Z CPR (6.33)
» PR,. .
VN ST

l\)

The natural coordinates are (for n =1, ,Mandn' =M +2,M+3,...,N)

M
. 2 S
R,=—> crXEk (6.34)
9 M
Ry =-—=3% Ch X[ (6.35)
vN = mor
And finally the total potential energy, Eq. (6.2), has the following terms
V(7) = ki, (6.36)
27
= _ _1\eep [ YL v R
Ups (7, R) 7sz::1( 1)PS ( L +Xp), (6.37)
ko 2 2
Un(R) =5 DA [ X5+ X1 (6.38)
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where

. 2p —1
Ap = /\5 = )\f = 4sin? ( SN 7r> . (6.39)

We used C}; = —(=1)?S? and C},;_, = (—=1)?SP where SP = sin((2p — 1)7/N).

6.2 Equation of motion

In this section we will construct the reduced dynamics of the middle bead, doing this
will require the equation of motion of the normal coordinates. Before we go further
however we should admit that in the previous section we cheated quite a bit, we
said we would project all degrees-of-freedom of the bath onto the system of interest.
But we only projected the coordinates of the beads (the bead-bath) onto the middle
bead, we completely discarded the degrees-of-freedom of the surrounding medium.
This surrounding medium consists of particles (which we will call the heat-bath) that
interact with the system, their coordinates should also be integrated out. Yet for
these we fall back to the original Langevin formalism, where their projection has
already been accounted for by a Markovian friction force and a white random noise
term (see Section 2.2). The motion of the middle bead should thus obey the following
(overdamped) Langevin equation

70 & (t) — YU R), (6.40)

where ~ is the friction coefficient of the medium, &7 (t) the thermal noise and U(7, R)
the total potential energy of 7. The thermal noise is characterised by the fluctuation-
dissipation relation, thus its mean is zero and its correlation is given by Eq. (2.22), i.e
(Er(W)Er(t)) = 6vkpT8(t —t'), with kg Boltzmann’s constant and T the temperature
of the medium. Using Eq. (6.36)-(6.38) the equation of motion becomes

’YdZ(tt) = 5T( t) — 2k7( Z 1)PSP (XL( )+Xif(t)) . (6.41)

p:1

6.2.1 Motion of the normal coordinates

Before we can go any further we should know how the normal coordinates evolve in
time. To find their equation of motion, we note that the heat-bath couples to the
bead-bath the same way it coupled to the middle bead, i.e. through the original
Langevin formalism. A bead from the bead-bath also feels the harmonic force of its
neighbouring bead(s). In the overdamped limit we have (see Section 5.1)

dR,,(t)
dt

= Ern(t) = k (2Ra() = Bosr (1) — Buca(9) (6.42)

with (€., (1), m(t')) = 6vkpTd(t — /)8, m, because the thermal forces between two
different beads are uncorrelated. To calculate the motion of the normal coordinates
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we write down the following

dXL(t) M
p 2y
= — 6.43
bty DI (049
Filling in Eq. (6.42) gives
dxit) ok & - . . R
p\") _ L
y—r— = nzl cr (R () + R (t) — 2Rn(t)> + fE), (6.44)
where
M
Z ? & (6.45)
Using Eq. (6.32) the equation of motion becomes
dXL(t) .
.10 Z Ct (B (0 + Bacr(0) + fF(0). (6.46)
The summation of the second term on the right-hand side can be written as
M+1 M—1
> CP L Ra(t)+ Y ChL Rult). (6.47)
n=2 n=0
Extracting some terms from the sums results in
M—1
Z )+ O F(t) + CHRi(t) + Y ChLy Ra(t), (6.48)
n=1

here we used the fact that RO = ﬁl. Now we add the third term to the first summation
and add a term that is zero (C},,, = 0)

M M-
> Ch o Ralt) Z Do Ba(t) +Chp Bar(t). (6.49)
n=1 n=1
Adding the last term to the second summation gives us
M
Ch )+ ) [Ch .y +CP L] Ra(t). (6.50)
Using cos(x) + cos(y) = 2cos((x — y)/2) cos((z + y)/2)

C? 7 (t) + 20 /QZC”R (6.51)

n=1
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Here we recognise Eq. (6.32)

Chy 7(t) + VNCE, X (). (6.52)
Putting this back into Eq. (6.46) gives
d)?ﬁ(t) v L 2k P P
T :—QkX()—irTOM ()+2k03/2 Lty + FE). (6.53)
Finally we notice that 2(C§/2 1) = —X\, and use S? to find
aX; (1) = — kXN XE(t) — (_1)13&5? 7(t) + 1) (6.54)
T at perp VN P '

A very analogous calculation gives the motion of the right normal coordinates

dX[(t) . 0 2k o -
L ORI CEY 755 () + £, (1), (6.55)
with
0! CP &r.n (6.56)
\/>n§+2 "

Solving these differential equations gives us the motion of the normal coordinates

. . 1/t 2k ¢
L _ L —t/Tp - L T—t)/Tp _ (_ = T—t)/Tp
XE(t) = XE(0)e /v + /de (r)elT=t/ ( 1)17751’/ dr (7)™ 0/

Y Jo b 'y\/i
(6.57)
XR(t) — R( ) —t/7p + = / de (r=t)/mp _ (_1)p 2k gP /t dT7;'(7_)6(7——t)/7—p7
’ ! ’Y\/N 0

(6.58)

with 7, = v/(kXp).

6.2.2 Motion of the middle bead

Putting the evolution of the normal coordinates into Eq. (6.41) gives

’de(tt) _ gT( t) — 2k Z 1)PSP l( L (0) —|—X¥f(0)) et/

+ }Y /Ot dr (f (1) + f (r )) T/ _ (_1)1)711/]{:7517 /t " F(T)e(r—t)/fp].

(6.59)
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The last integral can be rewritten using integration by parts
t t -
d
/ dr 7(1)e"/ ™ = 1 7 (t) — 7, 7(0)e /™ — 1, / dr em=/7 %. (6.60)
0 0
When we put this back into the equation of motion, we can group some terms and

identify them in the context of the generalised Langevin equation. We get

drf() dr(T)

=&r(t) — WV(F)—/O dr K(t—7) = + B(1). (6.61)

The effective potential

W(F) = (1 - Z 7, SP ) (6.62)

The memory kernel

8k? L .
K="= 7,87 ¢/, 6.63
0=TF L (6.:63)
The effective noise term
)P SP —t/7p | YL VR P 4k P
Z SPe~/m | XE(0) + X[H0) + (—1) ﬁrps 7(0)

+i/ ar (740 + PG ))eT/TP]. (6.64)

To have a complete generalised Langevin description, we need to take a closer look
at these three terms.

Effective potential

The effective potential can be simplified greatly

M 2 ~Dr
W) = (1 - Z Slizi(éi - BW; JQV])V)> #(t)2 (6.65)
4L /-1 ) L
=k|[1——=) cos m ) | #(t) (6.66)
(1 ¥ e ()
- (1 - ;]D 7(t)2 = 0. (6.67)

So W(7") appears to be a harmonic oscillator, yet it proves to be equal to zero when
the summation is evaluated. The effective potential therefore vanishes.
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Memory kernel

Now we look at the memory kernel. First notice that we can simplify the expression
if 7, and SP are written in full

8k = p? -t/
- NZCO et/ (6.68)

We can not make this expression simpler but we can approximate it for N — oco. In

full we have
8k 2p—1)71' akt ., ((2p—D)r

If we let N become very big, we take sin(z/N) = x/N and cos(z/N) =~ 1. This is of
course only correct when p is small, but when p approaches M the cosine comes close
to zero, making the tail of the summation non-essential anyway.

8k km?t
K({t)=—) exp ( (2p 1)2> (6.70)
N &~ +N?
8k 2N 4kt
=5 8l pE_:lexp( NQ( -p)). (6.71)

If we take 1/N — dx and p/N — z, we can convert the summation into an integration
over z. The term —z/N this will create, we neglect. The integration goes as follows

2 > 4k
K(t) =8ke " t/'yN/ dx exp (— k;;r tx2> . (6.72)
0

This is a Gaussian integral which will produce the following kernel for large N

4
K(t) = % exp < k?\f;) 12, (6.73)

Effective noise

Finally we take a look at the effective noise 5(t) It essentially consists of the initial
configuration of the chain and the thermal random forces of the heat-bath. Because
this is a linear combination of constants and Gaussian variables, it itself is a Gaussian
variable. Therefore we need to find its mean and correlation to fully describe it. We
clearly have (]‘Z,L ) = <f];R(t)> = 0, we thus find

M
(B(t)) = ——= > _(~1)rSPe /™ {O@L(O» +(X,H0)) + (=1)P —=7, SP((0))
(6.74)

The mean of the initial values on the right-hand side are not trivial to determine.
However, we can assume that, for long times, the system and the bead-bath will go
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to equilibrium, irrespective of their specific initial values. We therefore determine the
mean and correlation after a long time, when equilibrium has certainly been reached.
We have (B(t))eq = (®(t — 00)). Because the mean of the initial values is surely
independent of time, the only time dependent factor is e=*/™ which will go to zero

for large times. Therefore

(B(t))eq = 0. (6.75)

-

Now we calculate (D()D(#/ ))eq, which should obey the fluctuation-dissipation relation.
It is clear from Eq. (6.64) that writing down the product of ®(¢) and ®(#') will become
a very lengthy expression. Therefore we first notice that all cross-terms with the
normal noise will be zero (because neither the initial position nor the random forces
are mutually correlated), we will not write them down.

(BB = == D (~1)PFHa5PSte e /T [(X1(0) X (0)) + (X} (0)X,1(0))

(6.76)

We again examine this formula for very large times, when thermalisation is achieved.
For t — 0o and ¢’ — oo, the two exponential functions will go to zero. Many terms in
the summation are not functions of ¢ or ¢/, they all go to zero due to the exponentials.
The only term that could possibly withstand these exponentials is the last term. We
can therefore write

=N _ Ak S _1)\PHagPGae—t/To o=t /T t T ‘ T’ FL () fE (7
FOF()eg = F S (C1ypragrs [ar [ a (<fp<>fq( )

2N
v p,q=1

(O + By () + <ff(7)f;R(T’)>>67/”’67//7‘% (6.77)

To go any further we need to know what the correlation of the normal forces is. A
short calculation will give the following result

(fe) f2(t)) = 6vkpTo(t —t')5p, 4005 (6.78)
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Therefore
L _ 48k Tk2
(BEOB())og = ShBTH ZS” (4’ /Tp/ dT/ dr' 5(r — 7')eT/ e I
(6.79)
_ 48k Tk min(t,t)
=B ZS” —(t+t)/7 / dr e*™/™ (6.80)

24’€BT"€ Z v’ (e—<t+t'—2min<t,t/>>/m_e—<t+t'>/rp) (6.81)

M

2
= MT;LNM Z Tp Sp2 (e_lt_t,l/Tp - e_(t+t/)/7—p) ' (682)
p=1

In the last step we used |t — ¢/| = t + ¢ — 2min(¢,¢'). Because we let time become
very large, the second term will approach zero. The absolute difference between the
large times ¢ and ¢’ can definitely be a finite value, therefore the first term is the only
one that will not vanish when we thermalise. If we also evaluate 7, Sp we get

(BE)B(t))eq = 24kBTkZO” —ft=tl/m (6.83)

- BkBTK(|t —#)), (6.84)

which is exactly what we need for the fluctuation-dissipation relation to hold. Now
we are ready to fully present the generalised Langevin equation of the middle bead.

6.3 Generalised Langevin equation

Consider a chain of N = 2M + 1 beads that are interconnected by harmonic springs
(with spring constant k) and submerged in a heat-bath at temperature 7" and with
friction coefficient . Suppose we project all degrees-of-freedom of this ensemble onto
the middle bead of the chain to obtain its reduced dynamics. The projection of the
heat-bath was done using the original Langevin description, while the projection of
the chain was performed using the generalised Langevin description. The reduced
dynamics of the bead 7(t) obeys the following generalised Langevin equation

O gt - W) - [ ar k- 0

+ (t). (6.85)

The terms on the right-hand side are interpreted in the following way:
The random thermal forces originating from the heat-bath

(Er(t)) = (6.86)
(Er(t)er(t')) _%Ta(t_t) (6.87)
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The effective potential

W (i) = 0. (6.88)
The memory kernel

_ Nﬁ; <2p — 1 ;T) et/ (6.89)
\/> ( b t) 12, (6.90)

The characteristic time
[y Sing((2p7— 1)7/2N) (6.91)

2

% (6.92)

The effective noise in equilibrium

(B(t))eq =0, (6.93)
(B)D(H))eq = BkpTK (|t —t']). (6.94)

The approximations are considered for N — co.

6.4 Extension to driven baths

In this chapter we take a look at two cases where the heat-bath possesses some driving
force that will take our system away from equilibrium. These driving forces are, in
fact, the ones from Section 5.3 and Section 5.4. First we look at a constant force
applied on the first bead. For long times the system will regain thermalisation, but
during the transient regime where the chain responds to the new force the system
will not be in equilibrium. In the second case the heat-bath exerts, apart from the
thermal forces, random active forces on the chain.

6.4.1 Constant force

If we add a constant force of strength f to the first bead in the z direction, we need
to change Eq. (6.42) into

Wull) _ gy )=k (28,0 - oia()~ Bua®) + 50, (69)

with f,(t) = fonoH(t)e, and H(t) the Heaviside function (see Eq. (4.3)). After some
simple calculations one finds that this will add a term in the motion of the left normal
coordinates X (t). To Eq. (6.57) we need to add (2f/yV/N )Ch7, [1 — e /7] H(t)é,,
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which on its turn adds a term to the generalised Langevin equation of the middle bead.
It becomes

) _g

— Er(t) — W(F) — /0 dr K(t—7) ) L)+ A, (6.96)

The last term in this expression can be seen as an effective force on the middle bead,
originating from the constant force on the first bead. It has the following expression

F( _Y Z )P cos (2;0]\7 ! 72T> cot (2pj\; ! g) [e‘t/TP — 1} H(t)é,. (6.97)

It is clear that when ¢ < 7); the extra force on the middle bead is essentially zero.
The force has not yet had time to propagate through the chain to the middle bead,
leaving this bead unaware of its presence. When it does reach the bead, the bead will
undergo a transient phase where the extra force on it will build up to a constant value
at t — oo. Then the system is back in equilibrium, which is expected for a conservative
driving force. This constant value should be equal to the original constant force since
it has fully propagated the chain. We indeed find this in our model for large N

= o 2f » 2p—1m 2p—1m)\
]—'(t—>oo)——ﬁp§:1(—1) cos( N 2)00‘5( N 2) (6.98)
_2f L o
=-S5 (Me = fé. (6.99)

Figure 6.1 shows the time-evolution of the effective force’s magnitude compared to
that of the constant force. It is a numerical evaluation of Eq. (6.97). As expected, the
effective force is, for early times, zero and for long times it is equal to f. It reaches
about half of its final value at the longest characteristic time 77. In fact, in Section
5.3 it was shown that the effect of the force diffuses through the chain, so that the
time to reach the middle bead is of the order (N/2)2, which on its term is of the order
of the longest characteristic time 77.

6.4.2 Active forces

Now assume that the heat-bath contains a property that will, after integrating out
its fast moving variables, inflict an extra random force on the bead-bath. We change
the equation of motion of the beads, Eq. (6.42), into

dR,(t)
dt

—

=&ra(t) - (2R (t) = Ropa(t) — Rnfl(t)) +Ean(t). (6.100)

We first consider a general case where the new random force is Gaussian distributed
with zero mean and a correlation that is a function of the absolute difference in time
and uncorrelated between beads

(Ean(t) =0, (6.101)
(Ean®)amt)) = F(It = t])dnm. (6.102)
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Figure 6.1: Lin-log plot of the relative magnitude of the effective force to the constant
force as a function of time. We have F(t) = |F(t)|. The vertical dotted line indicates
the longest characteristic time 71. The horizontal dotted line is drawn at F' = f/2.
The length of the chain is N = 1025, the remaining parameters are v = 1 and k = 3.

We assume that the active random forces do not couple to the middle bead in
Eq. (6.40), extending the model to one where they do couple is trivial and does not
yield conceptually different results. If we write the normal random forces as follows
we can keep much of the previous calculations unchanged

Z Cn (Erant) +Eanlt)). (6.103)
N
FR(t) = T :%: cr (ﬁTn( )+ Ean(t )). (6.104)
Notice that we now have
(Fa) F2 (1)) = 67kBTO(t — 154000+ F(It — t'])6 g0 (6.105)

This will seriously affect the original equilibrium correlation of the effective noise (its
mean remains zero though). We again take ¢ and ¢’ large, but we clearly do not regain
the equilibrium result. Therefore we call this the nonequilibrium effective noise
(BOBW)neq = 3kuT (K (It = ]) + Ky (1,1)), (6.106)
with
8 Snor [0 [ (t=) /7y = (=)
K tt/ — Sp d d /F _ —(t—7)/7p —(t' =7 ‘r,,.
+(t, 1) 372kBTNpX::1 /0 T/O ' F(|T —7'|)e e

(6.107)



6.4. EXTENSION TO DRIVEN BATHS 153

This result is precisely what C. Maes predicts in [129]. The nonequilibrium effective
random noise now consists of an entropic term that obeys the fluctuation-dissipation
relation and a term that doesn’t, this term is called the frenetic contribution. The
expression for the frenetic K (¢,t") can be solved for some specific forms of the cor-
relation of the new random force F(|t — ¢'|). Here we will present the case where the
driving force is characterised by an exponential autocorrelation

F(lt —t']) = 3C exp (=]t — /| /74), (6.108)

i.e. the form we used for the active forces in the previous chapter. After a lengthy
calculation, which is given in Appendix E, one finds

ok2 XL 2grt , ,
K. (t=t]) = P e It=tma _(r Jra)e It/ | (6.109
=t = N T (e [ (7o/74) (6.109)

Just as the equilibrium kernel, K is a sum over exponentials and only a function of
the absolute difference in time, i.e. |t —t'|. We can approximate this expression when
we allow some assumptions to be made.

Large persistence time

First consider 74 > 71, then we find a very simple form

CN
Ko (t—t]) =

—|t—¢ 11
T exp (=t —t'|/7a), (6.110)

we used zgil(Spr)Q = v2N?/8k? for large N. This expression can be understood in
the following way: in the previous section, on the constant force, we found that a force
on a bead needs a duration of order 7y to fully reach the middle bead (see Fig. 6.1).
Because the persistence in one direction of these active forces is indeed much longer
than 71, they act like a constant force for a considerable amount of time. Therefore,
all beads fully transpose the active force on them to the middle bead, yielding N
times Eq. (6.108). The nonequilibrium effective noise subsequently becomes

(B)B(t))neq = 3ksT K (|t —t']) + N F(|t —t']). (6.111)

One can interpret this result as two distinct effective noises. The first are the equilib-
rium thermal random forces, governed by memory kernel K (¢). The second are the
original active forces that act on every bead, but enhanced by a factor N. This result
is general for any function F' that decays with a typical time scale 74 > 7.

Small persistence time

When we take 74 < 737 in Eq. (6.109), we can do the following

/ 8CK® < 02 2 [ _jt—t'|/ra —Je—t'|/
Killt=t) = = D87 e — a0 o)
p=1
273CK oy
_ 2K pviyrap TAC gy, (6.113)

2kpT ~kpT
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where we used the definition of the memory kernel and the fact that Z;Vil SP ~ N /4
for large N. The first term can be neglected since 74 is very small. The nonequilibrium
effective noise becomes

(B)B(t))neq = 3kpT. K(|t —t']), (6.114)

with kpT. = kT + 74C/~y. We thus find an effective noise that has an equilibrium
expression but with a higher effective temperature than in the case where no active
forces are present. The system will therefore appear to thermalise under this new
temperature. The reason for this behaviour is because the active forces, with very
small 74, mimic the thermal noise ET,n on the beads. The correlation of the active
forces, Eq. (6.102) together with Eq. (6.108), indeed becomes approximately! equal
t0 674C(t — ')y, m- The two Gaussian white noises, thermal and active, can thus be
combined into one En = g},n +E A,n- Naturally, this new random force is also Gaussian
distributed with zero mean. Its autocorrelation is

(En(t) - Em(t))) = 67 [k?BT + TAWC} 8(t —t")bpm. (6.116)

When using this noise in Eq. (6.42) instead of &7, it is clear that we can redo the
equilibrium calculations, but with the effective temperature kgT,. This will also yield
the nonequilibrium effective noise, Eq. (6.114), derived above.

Figure 6.2 shows the numerical evaluation of K(¢) and K, (t), Eq. (6.89) and
Eq. (6.109) respectively. For very early times, the equilibrium memory kernel is
constant. Thereafter, for times up to 7y, this kernel shows a power-law decay after
which it decays exponentially, as approximation (6.90) predicts. The behaviour of the
frenetic contribution correctly shows a dependency on the value of 74. In Fig. 6.3a
we demonstrate that for small 74 the frenetic contribution is indeed equal to the
equilibrium memory kernel multiplied by 74C/~vkgT. For large 74, Fig. 6.3b shows
that the equilibrium memory kernel is not exponential for early times while the frenetic
contribution is for all times, corresponding nicely with Eq. (6.110). The maximum
value of the frenetic contribution never exceeds CN/kpT, which Fig. 6.2 clearly shows.

To find the time-evolution of the middle bead, one should solve Eq. (6.85) using
the nonequilibrium version of the fluctuation-dissipation relation (6.106). Since the
equation is linear, this can be done using Laplace transform methods. Alternatively,
one could solve the set of equations of motion (6.100). This alternative derivation was
already performed in Section 5.4. In that section, the more general case of a Rouse
chain moving in a viscoelastic environment and in the presence of active forces was
studied. Little attention was paid to the viscous limit.

Using result (5.115) or by direct solution of Eq. (6.85) it is possible to obtain the
mean-squared displacement A2 (t) = ((7(t) — #(0))?) of the middle bead for the case

I'We used here the following definition of the Dirac delta function

o(z) = eli_%ieXp(flx\/e). (6.115)
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Figure 6.2: Log-log plot of the two kernels as a function of time for N = 1025.
The solid black line represents K (t), while the other thin lines are K (t). With
Ta/T = 1077, 1072, 1073, 1071, 10! and 103. The higher the value of 74 /7, the
higher the line lies. The other parameters are kgT = v = C =1 and k£ = 3. The
straight dotted line is drawn at CN/kgT.
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Figure 6.3: (a) Log-log plot that shows the same three lowest K. (¢) curves from
Fig. 6.2, with 74/m = 1077, 107° and 1073. Also shown in dashed lines are the
weighted equilibrium memory kernels, i.e. (14C/vkpT)K(t). (b) Log-lin plot of the
two upper K (t) curves from Fig. 6.2, with 74/7 = 10!, and 103. Also shown are
K(t) (solid black line) and Eq. (6.110) (dotted lines).
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of exponentially correlated active noise. The result is (taking o = 1 in Eq. (5.115))

A2 ()= O (kBT+ TAC) t
v

YN
N-1

12kgT 5 5 673 C

+7]€ Z Tp <1exp(t/7p)) +2AN<eXp(t/TA)1>
v p=2,even v
N-1 ~9

12C TATE A ( 1, a1 )

+ - — — (1 —exp(— (4 +7, )t

+ % (exp (—2t/7) — 1)] (6.117)

with 7, = 7(,11)/2. In absence of active forces (C' = 0) only two terms survive. It
is well known that for that case there are three time regimes (see Section 5.2). For
t < T, the bead doesn’t feel the effect of the neighbouring beads yet, and it diffuses,
i.e. A2 (t) ~t. For t > 7 the bead follows the diffusion of the chain as a whole, i.e.
we have again A2 (t) ~ t but with a diffusion constant that is a factor N smaller.
Finally, in the intermediate time regime 7); < t < 71 the bead feels that it is inside a
chain leading to the subdiffusion A2, (t) ~ t'/2. This behaviour is shown in Fig. 6.4.

In the presence of active forces the motion is more complicated. Remember that
a free particle in presence of thermal and exponentially correlated active forces (see
Section 4.1), initially diffuses untill ¢ &~ 74. Thereafter it superdiffuses with exponent
2, after which it again diffuses. If the particle is part of a chain we expect that, as
was the case in the absence of active forces, its motion will be modified in the time
regime Ty < t < 7. In fact, in Section 5.4 we have shown that the bead will then
superdiffuse but with an exponent 3/2.

We can now envisage two scenarios. When persistence times are large, i.e. 74 >
71, then the bead will, for early times, behave like a free particle. So it will first diffuse
and then superdiffuse with exponent 2. Then the following intermediate time-scale
is dominated by the influence of the chain, the bead will superdiffusie with exponent
3/2. For long times the bead again acts like a free particle, first superdiffusing with
exponent 2 after which it will continue to diffuse for all time. This behaviour is shown
in Fig. 6.4 for 74 = 10m,. When persistence times are small, i.e. 74 < 71, the bead
will show the behaviour described above only up to 74 after which it moves like a
bead in a chain with only thermal noise. It therefore yields the same profile as the
dynamics in a non-active bath but with a larger pre-factor. This is in agreement with
what we learned from the frenetic contribution where, for 74 < 71, the behaviour of
the bead could be described in terms of an effective temperature. This behaviour is
shown in Fig. 6.4 for 74 = 107 77.
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Figure 6.4: Log-log plot of the the mean-squared displacement of the middle bead in
a Rouse chain (N = 1025, k = 3) as a function of time. The dashed line represents
the dynamics in a passive viscous bath with kT = v = 1. The full lines include
active forces with C' = 10 and 74/7 = 10 for the top line and 74/7; = 10~7 for
the bottom line. Also indicated are the different regimes of diffusive, subdiffusive and
superdiffusive behaviour.
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Your perceived failure can
become a catalyst for profound reinvention.

Conan O’ Brien

In a recent article [130], Jennifer Ross argued that cell biology experiences a similar
problem as the field of cosmology. In cosmology, dark matter is an undefined type of
matter that makes up about 27 % of the mass and energy of the observable universe.
This dark matter can, with current experiments, not be observed directly but its
properties can be studied through its gravitational effects on detectable entities. Ross
states that cell biology has an equivalent “dark matter” paradigm. In a cell, there are
many important species of macromolecules that we can not observe with fluorescent
or dynamic reporters. However, they interact weakly with many cellular processes,
resulting in important biochemical effects. Through experiments on strongly inter-
acting cellular species, we can indirectly determine the characteristics of this “dark
matter”. An example that nicely fits with our research is that of the speed of kinesin
motors inside a living cell. Experiments [85, 86, 131] have shown that their speed
is lower in wvitro than in the complex interior of a cell. However, naively one might
expect the opposite to be true. Such discrepancies, Ross argues, can be explained by
the influence of this “dark matter”. She urges researchers to study these weak and
transient interactions to shine some light on this “dark matter”, which will generate a
more profound understanding of the complexities of the cell. We hope that our work
on biological processes in active viscoelastic baths can contribute to this endeavour.

In Chapter 2, we constructed a generalised Langevin equation that could be used
as a model for the dynamics in an active viscoelastic bath. The following chapters
showed that, when applied to a whole range of specific systems, this equation can often
be solved exactly. It is therefore a tractable tool to describe many cellular processes.
Further work can be done to extend our model to include more complex features of
a cell, yielding an even more realistic model for the dynamics in the cytosol. A first
possible extension is the application of non-Gaussian active noise.

In Chapter 3, we combined existing numerical schemes to construct an algorithm
that can cope with the non-trivial generalised Langevin equation of Chapter 2. The
simulation results presented in this document proved that our numerical scheme pro-
duces accurate data. It can therefore be readily used to simulate systems that were
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not considered in our work. We do believe that the algorithm can be optimized quite
extensively, both in the context of memory usage as that of a kernel cut-off.

In Chapter 4, we investigated how a particle behaves in a particular potential
when it is surrounded by an active viscoelastic bath. We found that a free particle
acquires two new anomalous diffusion regimes on top of the t* regime from a non-
active bath, where 0 < « < 1 characterises the viscoelasticity of the bath. The new
exponents are 2« and 2a— 1, superdiffusion is therefore possible for a free particle. We
also found that, in a viscous bath, the diffusion coefficient becomes enhanced. These
results can, qualitatively at least, explain the cross-over in time exponents found in
the anomalous diffusion of tracer particles in living cells [80]. They can also explain
the decrease of the exponent when the activity of the cell is decreased [20, 82]. The
persistence time of the active forces in a cell could be estimated to be of the order of
seconds. A harmonic oscillator showed the same time behaviour as a free particle for
early times. For long times, it reached a nonequilibrium steady state. This steady
state does not depend on o when the persistence time is large, but does when this
time is small. An effective temperature could be calculated for these steady states.
When applying this theory to the dynamics of kinesin molecular motors, we found
that the motor showed overall faster dynamics in an active bath. This resulted in a
higher probability for performing the next step. These results suggest an increased
speed of the kinesin motor in a living active cell (which could explain Ross’ example
given above). More experiments could be done to understand the dependence on the
activity of the motor’s speed. For a particle in a double well surrounded by a non-
active viscoelastic bath, we empirically found a generalised escape rate for @ > 0.5.
More simulations are required to test the applicability of this escape rate, especially
simulations that find the survival probability for long times. Although this is a long-
standing problem, a generalised escape rate should also be derived analytically. For
active viscoelastic baths, we found that the steady state probability distribution of the
particle was dependent on o when the persistence time is small. When, however, it is
large, all viscoelastic baths will yield the same distribution. For these large persistence
time baths, we discovered that they can provide an effective potential which has the
same expression as the original potential. This effective potential can not, however, be
used to describe the non-intuitive behaviour of the survival probability. This quantity
was on the contrary different for different values of a, and showed an interesting cross-
over when the height of the energy barrier is varied. The model of the double well was
used to investigate the folding dynamics of DNA-hairpins in an active and complex
environment. It was found that the effective potential drastically lowered the effective
energy barrier and that the folding times are considerably reduced in these baths.

In Chapter 5, we first discussed the Rouse model and showed how this simple
polymer model behaves in a viscoelastic bath. Then, applying a constant force on
the first bead, we found that the transient length is a dependent, yielding a new
experimental technique to measure the viscoelasticity of the cytosol. We found that
the polymer displays an increasing trumpet shape in the transient regime, while also
providing an analytic expression for this shape in equilibrium. From the mean velocity
of the middle bead, we discovered how the force-front propagates through the polymer,
it goes as n?/® where n is the monomer number. Including self-avoidance and finite
extendible springs in this model, we found, through simulations, two new length-force
relations. One of which was already predicted by Sakaue [14], the other still needs a
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theoretical explanation. Simulations where o # 1 should also be performed for this
system. Finally, we introduced active forces to the Rouse model in a viscoelastic bath.
The centre of mass behaved like a free particle with a smaller diffusion coefficient. For
the middle bead, we found that its diffusion displays many time-regimes, some of them
can result in superdiffusion. We showed that the polymer swells in an active bath
with o > 2/3, when « < 2/3 it does not. This prediction should be experimentally
verified. To understand how a real polymer reacts to the activity of a viscoelastic
bath, we simulated semi-flexible chains in such an environment. Before doing so we
argued that an approximate theory can be constructed from the original (Rouse)
theory. We found that the diffusion of the centre of mass of a semi-flexible chain
does not deviate from that of a flexible chain. The dynamics of the middle bead
in a non-active viscoelastic bath appeared to be well described by the approximate
theory (at least for the time scales that we tested), yielding new time exponents.
When the bath was active, however, the approximate theory failed since it did not
predict the simulated data correctly for long times. More work can be done to refine
this approximate theory. We also performed some preliminary simulations on the
end-to-end distance of a semi-flexible chain in an active viscoelastic bath. A diverse
response, that included both shrinking and swelling of the polymer, emerged. We gave
some predictions on the possible mechanics behind this behaviour but more analytic
research should be done. Simulations that reach the steady state of the end-to-end
distance are also essential to understand these mechanics.

In Chapter 6, we reviewed how one finds the generalised Langevin equation of
the middle bead in a Rouse chain. We extended this calculation to one where the
surrounding bath has a driving agent. This yielded a nonequilibrium version of the
generalised Langevin equation. We derived the time-response of the middle bead
that resulted from a constant force on the first bead. We also found the frenetic
contribution for a heat-bath with an extra random force. When this random force
had the form of active forces, this frenetic contribution could be simplified greatly for
two limiting cases. We provided an interpretation for both cases. Many other driving
agents can be introduced to this system. The resulting generalised Langevin equation
is an interesting topic for theoretical research.

In the light of our attempt to explain some biological phenomena through physical
concepts, we like to conclude with a quote by Richard P. Feynman: “There’s so much
distance between the fundamental rules and the final phenomenon, that it’s almost
unbelievable that the final variety of phenomena can come from such a steady operation
of such simple rules.” It nicely summarises the connection between the “invisible”
microscopic world and the “visible” macroscopic world it creates.






A ‘ Functions and Transformations

Mathematics is the gate and key to the sciences.

Roger Bacon

A.1 Mittag-Lefller function

The Mittag-Leffler function E, g(z) is, most generally, defined as the following series

E,p(z) = kzzom, (A1)

with «, 8,z € C, R(a) > 0 and R(B) > 0. Where I'(+) represents the gamma function
(see Appendix A.2). When « and § are real and positive, the Mittag-Leffler function
converges for all values of x. The ordinary case, where 8 = 1, was first introduced
by Gosta Mittag-leffler in 1903 [132] in connection with his method of summation of
some divergent series. The general case first appeared in the work of Adders Wiman
in 1905 [133]. The Mittag-Leffler function arises naturally in the solution of fractional
order integral equations or fractional order differential equations, which we will discuss
in Appendix A.7. The ordinary and generalised Mittag-Leffler functions interpolate
between a purely exponential law and power-law like behaviour. For a full treatment
of the Mittag-Lefller functions we refer to [134].

This function can be seen as a generalisation of the exponential function, to which
it reduces when o = 8 = 1. But the exponential function is not the only function
of closed form that can be produced by the Mittag-Leffler functions. Some other
examples are

Ep1(z)=(1—- x)7h lz] <1 Eijq(x) = e erfe(—x)
Eiqi(x)=¢€" Ey1(—2?) = cos(x)

Es1(x) = cosh(y/) Eyo(z) = sinh(y/z)z 1/ (A.2)
Eya(z) = (e* — 1)zt Ey3(z)=(e" -z — 1)z~
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It is clear from Eq. (A.1) that for z = 0 we have

1

Eap(0) = TG (A.3)

The asymptotic expansion of the Mittag-Leffler function when 0 < a < 1, |2| — o0
and arg(x) = 7 is given by

*

Bos(z) = _Zr(;ijm) +0 [leH} (A.4)

r=1

with N* € N; N* # 1 (more general constraints on « and z are possible but not
relevant here). Therefore the leading term of the expansion for large  and o # § is

Eoglx) —————. A5
@)~ ~FE e (4.5)
When a = 3, the leading term is
-2
x
Eoo(z) & “Tea) (A.6)

When o = # = 1, this becomes, evidently, zero since the Mittag-Lefller function will
decay exponentially fast. Some interesting recurrence relations of the Mittag-Leffler
functions are

Eo () = 2Ea0+8(T) + ﬁ, (A7)
%Ea,ﬁ(@ — Bap1le) _(ii — DBaplo), (A.8)

The following integral can easily be proved using the definition of the Mittag-Leffler
function and property Eq. (A.20) of the gamma function

t
/ dz 2 ' By o(az®) = t*Ey ar1(az®). (A.9)
0

Figure A.1 shows the Mittag-Leffler functions E, 1(—z%), Eqg,o(—2%) and Eq g+1(—2%)
that often reoccur in our work. Notice here the early and late time behaviour that
was discussed above. Finally we state the following property of the Mittag-Leffler
functions

t t’
a
- dy/ dy/ ‘y_y/|—ayoz—1y/a—1Ea’a(_aya)Ea,a(_ay/oz)
Il —a) /0 0
= FEqa1(—alt —t'|*) — Eq1(—at®)Eq1(—at’™). (A.10)
To derive this relation, we start with the following Mittag-Leffler function

Eq1(=alt —t']%), (A.11)
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with a a constant and ¢ and ¢’ variable. The Laplace transform (see Appendix A.6)
of this function to both its arguments is

/ dt/ dt' e 5te 5" Eq 1 (—alt — t']|). (A.12)
0 0

Because we are dealing with the absolute value of the difference of the two variables,
we divide the integral up in the following two parts

/ dt/ dt' e *te ™" By i (—a(t' — 1))
/ dt’ /t dte e " By 1 (—a(t —t')%). (A.13)

Introducing the substitutions u = ¢ — ¢ and w = ¢t — ¢’ decouples the integrals

/ dte*(SJrS/)t/ due "By 1(—au®)

0 0

+/ dt/67(8+8l)t// dw e *Y Eq 1 (—aw®). (A.14)
0 0

The first integral in both terms is easily evaluated, the second is just the Laplace
transform of a Mittag-Leffler function which is given by Eq. (A.42)

P {5 T+ (15’*“)71 +s M (1+ asfa)fl] . (A.15)

After some elementary algebra this expression can be rewritten as

s lg Tt (1+ as*‘)‘)f1 (1+as'™)"
a—1 +S/a—l

+as s (1+as “)_1 (1+ as’_a)_l SsT (A.16)

The first term is not coupled and thus the inverse Laplace transform is readily eval-
uated, it gives

Ea,l(_ata)Ea,l(_at/a)~ (Al?)

To invert the second term, we observe that it is a product of two known double Laplace
transforms. We recognise two Mittag-Leffler function transforms and transformation
(A.43). Using Eq. (A.45), we find a convolution after the inversion to time-space.
Combining this with Eq. (A.11) and Eq. (A.17), and rearranging some terms we
finally come to Eq. (A.10).

A.2 Gamma function

The gamma function I'(z) is defined for all complex numbers except the non-positive
integers. For complex numbers with a positive real part, it is defined via a convergent
improper integral

I(z) = /000 dtt* et (A.18)
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Figure A.1: Numeric evaluation of some Mittag-Leffler functions E, g(—z®). With
a =04 and 8 = 1 (dashed-dotted line), « (dashed line) and « + 1 (full line). The
long time behaviour of Eqs. (A.5) and (A.6) is indicated.

The gamma function can be seen as an extension to real and complex numbers of the
factorial function with its argument shifted down by one

T(n) = (n— 1), (A.19)

with n is a positive integer. Figure A.2 shows the gamma function as a function
of its argument, it is clear that non-positve integers are not defined by the gamma
function. Building on the same property as the factorial function one can prove using
integration by parts

Nx+1)= / dttTe ' = —t"e? ‘0 +/ dtxt*™ e ! =2T(2). (A.20)
0 0

If the lower integration bound in Eq. (A.18) is not taken zero we have an upper
incomplete gamma function. It is defined as

I‘(:E;y):/ dtt®le (A.21)
y

When we want both integration bounds in Eq. (A.18) to be different we take the
difference between two incomplete gamma, functions

Y2
C(x;591,92) = T(@;501) — T(z;92) = / dit*le " (A.22)
Y1
A particularly interesting asymptotic behaviour of the incomplete gamma function is
when y becomes large
F .
lim &Y g (A.23)

Y—00 yw—le—y
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Figure A.2: Numeric evaluation of the gamma function I'(x).

A.3 Beta function

The beta function B(z,y), also called the Euler integral of the first kind, is a special
function defined by

B(z,y) = /01 det® (1 —t)v1, (A.24)

with Re(x), Re(y) > 0. The beta function is symmetric, i.e. B(x,y) = B(y,z). One
of its important features is its relation to the gamma function

L'(2)C(y)

B = =" A.25
@) = T (A.25)

To see this consider, using Eq. (A.18)
T'(y) :/ du/ dve Uy vt (A.26)

0 0

oo 1
:/ dz/ dte *(2t)* 1 (2(1 — 1))V (2, 1) (A.27)
/ dze #z" TV~ 1/ dtt*~ (1 — )y~ (A.28)
=I'(z + y)B(z,y). (A.29)

In the second line we changed the variables to u = f(z,t) = zt and v = g(z,t) =
z(1—1t). Here |J(z,t)| = z is the absolute value of the Jacobian determinant of f(z,t)
and g(z,1).
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Figure A.3: Numeric evaluation of the Hurwitz zeta function ((s, 3).

A.4 Hurwitz zeta function

A zeta function ((s) is a function analogous to the original example, i.e. the Riemann
zeta function

i ni (A.30)

which converges when the real part of s is greater than one. The Hurwitz zeta function
¢(s,q), named after Adolf Hurwitz, is one of many zeta function. It is formally defined
for complex arguments s with Re(s) > 1 and ¢ with Re(g) > 0 by

> 1
((s,q) = nz::o CERLE (A.31)

This series is absolutely convergent for the given values of s and ¢q. Clearly the Hurwitz
zeta function reduces to the Riemann zeta function when ¢ = 1. We also have that

C(s,3) = (27 = 1)¢(s). (A.32)

In Fig. A.3 we plot the Hurwitz zeta function for ¢ = 1/2 and s variable, since this
case is most relevant in our work.

A.5 Polylogarithm

The polylogarithm, also known as Jonquiére’s function, is a special function L¢(x) of
order s and argument z. The polylogarithm function is defined by an infinite sum

.k
T
k=1
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with s € C and for all complex arguments z with |z| < 1. It can be extended to
|z] > 1 by the process of analytic continuation. When s = 1, the polylogarithm
reduces to the ordinary natural logarithm £4(z) = —In(1 —z). When s = 2 we call it
the dilogarithm or Spence’s function. Naturally for s = 3 it is called the trilogarithm.
The origin of the name of this function comes from the fact that it is a repeated
integral of itself

L(t)

Loii(z) = /0 dt = (A.34)

Therefore the dilogarithm is an integral of the logarithm, the trilogarithm of the
dilogarithm, and so on. A special identity of the Spence’s function is

L)+ L) == - élnz(—x). (A.35)

A.6 Laplace transform

The Laplace transform £ is an integral transform named after its discoverer Pierre-
Simon Laplace. It transforms a function of a positive real variable ¢ (often time) to a
function of a complex variable s (frequency). Its use in solving physical problems is
widespread. The (unilateral) Laplace transform of a function f(¢) is defined as

els.s) - | ) (A.36)

0

where f(t) is defined for ¢ > 0. To shorten the notation, the Laplace transform

of function f(t) is written as f[s]. Some specific Laplace transformations that are

relevant in our research are given here (where H (¢) is the Heaviside function, Eq. (4.3))
Laplace transform of a constant ¢

cH(t) £, st (A.37)
Laplace transform of the ¢** power
tH() 5 T(g+1)s %! (A.38)
Laplace transform of a linear combination (¢ and b constant)
af(t) +bg(t) — afls]+bgls] (A.39)
Laplace transform of the n'" derivative
5 n
FO) s fls) = Y8R E(0) (A.40)

k=1

Laplace transform of the Caputo fractional derivative of order a (with m = [a])

DOf(E) s seme[fM (1), 5] (A.41)
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Laplace transform of the Mittag-Leffler function
tP71E, s(at®) SN 51 —as™ )t (A.42)

Double Laplace transform of the absolute difference in times to the —¢*"* power

=77 = T(1—q)(s7 ' + 89 (s+5) ! (A.43)

One can also introduce the inverse Laplace transform £71, it satisfies the following
property

EfLs] 1) = f(2). (A.44)

An important inverse Laplace transformation is that of the product of two functions
in Laplace space that become a convolution in time space

e [Flslals). o] = / dt’ f(t —)g(t'). (A.45)

0

A.7 Fractional derivative

The concept of fractional derivative [135, 136] is a rather old one, but it has only
recently attracted the attention of the mainstream science. Already in 1695, Leibniz
introduced the derivative of order 1/2, and in 1832 the foundations of the formalism
were laid out by Liouville. Fractional derivatives have a great appeal due to their non-
local nature which is ideal for describing complex phenomena with a long memory. To
understand the concept of fractional derivatives, first consider the ordinary differenti-
ation operator D = d/dx. Performing this operation n times gives the n*" derivative,
this corresponds to taking the (integer) n'" power of the operator: D™. A fractional
derivative assumes a real positive power a of the differentiation operator. If two frac-
tional derivatives, of order a and b, are applied. And if a 4+ b is a positive integer,
then we should retrieve an ordinary derivative. For example, D/2D/2 = d/dx.

To construct the fractional derivative, we first produce a fractional integral. Let
f(z) be a function that is defined for z > 0. The definite integral operator Z from 0
to z is

Tf(z) = /0 dt £(1). (A.46)

It is relatively easy to show that if one performs this operation multiple (integer)
times, one arrives at the Cauchy formula for repeated integration

1 x
I"f(z) = —— [ dt(x—t)""f(D). A4
@) = gy |, =010 (A.47)
This formula suggests a natural candidate for the fractional integration. We generalise
n to a real value a and use the gamma function I'(-) to replace the discrete factorial
function. This yields the (left) Riemann-Liouville type fractional integral of order a

1

7@ = 1 /0 dt (z — )" f(t). (A.48)
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This is a well-behaved operator. Using this definition one can construct a fractional
derivative D® of order a. For physical processes the most commonly used fractional
derivative is the one in the Caputo sense, introduced in 1967 [137]. The reason for this
is that when solving fractional differential equations involving Caputo’s definition, it
is not necessary to define fractional order initial conditions, which are ill defined in a
physical world. The Caputo fractional derivative is defined as

D f(x) =T f (x), (A.49)

where the superscript (m) stands for the ordinary m!”* derivative with m the value of
a rounded up to the nearest integer, thus m = [a]. When 0 < a <1, we have m =1
and the fractional derivative gets the following form

D f(z) = ﬁ /Ox dt (z — ) ' (0). (A.50)

From this definition it is clear that a fractional derivative of a function f at a point
x is not a local property (only when a is integer is it local), meaning it is not only
dependent on the values of f very close to . One could state that it requires peripheral
vision to produce the result.



B | Derivation of (£(¢)¢(0))

Nothing is more intolerable
than to have admit to yourself your own errors.

Ludwig van Beethoven

This derivation was provided to us by Karel Proesmans. First consider the random
force at t =0, it is given by

60 =~ S (w1000 +0(0) %5 ) GRY
Multiplying this by £(¢) and taking the ensemble average gives
(€060 = - X ((60:(0) + (€005 ). (B.2)

%

In the main text we argued that the second term in this expression should be equal
to zero. So the autocorrelation of the random force becomes

(€(1)€(0)) = - Z €i(§(t)z:(0)), (B.3)

and when we substitute the expression for £(¢), this becomes (where we dropped the
explicit ¢ = 0 dependence of the variables)

(€0E00) = S s ({0 + o)z ot + ) T2 ) B0

W Wi

Because the position and momentum coordinates are uncorrelated, the last term is
equal to zero

(E(DE0)) = Z Zeiej <<xjxi> + <xjx>€i2> cos(w;t). (B.5)

miw;

Now we first evaluate (z;x;) when ¢ # j. To find this expected value we use the
total Hamiltonian: H = Hg + Hy, + H., given by Egs. (2.30), (2.31) and (2.32). If we
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take Z to be the partition function for the harmonic-bath Hamiltonian we get (with
B=1/kgT)

(Tiz;) = /dxdedxkdpk zixy e PPy g=BH: (B.6)

Notice that if we isolate the following part from the total integral we can rewrite it
using standard techniques for solving integrals

0,2
—B(mlwi x?—i—zeiac, TE; mle 22 tze;x Z)
/dxi Tie s o daie : (B.7)

Substituting this result back into the original expression immediately gives us the
following relation

(@iz) = —— (z;2). (B.8)

miw;

From this result it is clear that Eq. (B.5) is equal to zero when i # j, therefore we
have

(€600 = 30 () + ()L ) costnt) (8.9)

Very analogous to the calculation of Eq. (B.8) we can derive
€

(i) = — 5 (2?). (B.10)

m;w;

Next we find (z;x;) when i = j, thus (z?). we have that
(x3) = %/dwdedmkdpk g2 e PHs =Pty o =BHe: (B.11)
k
Again we isolate the relevant integral
/dmi 22 e_5<m2w? “”””) - M/dmie”(qwﬁ”%). (B.12)

We thus obtain

2
2 € 2 kBT
2\ — ) B.13
(x2) 2 (%) + 7 (B.13)

When we now plug Egs. (B.10) and (B.13) into Eq. (B.9), we arrive at the following
relation

EDE0) = 3 L cosunt). (B.14)

miw;

Using the expression for the memory kernel K, Eq. (2.42), brings us to the final result
(€(1)£(0)) = kpTK(2). (B.15)



C | Velocity Correlation

The years really do speed by.

David Bowie

In Section 4.2 we derived the Laplace transform of the velocity of a harmonic oscillator
in an active viscoelastic bath. It reads

o[s] = _k;;ax(O) [1 + % s‘o‘] - + 5717; (gT[S] + éA[s]) [1 + 77113—0‘] - . (C1)

Taking the ensemble average of this quantity times o]w] is

Gllilul) = & @@ 0psu [1 o } ) [1 o “’a} i

N N

+ oy (Erlslérlu])s o w! e {H:] [1+:w}

o Eallialulst w2 [14 o] : 1] e

Here we already dismissed the cross-terms because they all are equal to zero. The
last term in this expression, we will write as ®(s,w), because we can not simplify it
with this Laplace technique. Using the equipartition theorem (see Section 2.2), we
find that (x2(0)) = kpT/k. The Laplace transform of (£7(¢)ér(t')) is done as follows

Erlslériu]) = / dt / dt’ 5t (ep(D)Er (1)) (C3)
_ nal’f_Bz/ dt/ ar & t_; (C.4)

The double integral is a Laplace transform defined by Eq. (A.43). Applying this yields

(Erlslérlw]) = na kpT(s* " +w 1) (s +w) . (C.5)
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Plugging this into expression (C.2) we get

(0[s]ofw]) = FEET oo {1 Ll s—a] - {1 L E w‘“} B

2 Na Na
T -1 -1
+ kB (81704 + ’U)lia)(s 4 w)fl |:1 T ﬁ Sa:| |:1 + ﬁ wa:l
Na Na Na
+ O(s,w). (C.6)

After some algebra, one can find that the following holds for the right-hand side

Rl [[L4 (ks™/ma)] 7% | [1+ (kwa/%”lwla] Fa(s,w). (1)
Na s+w s+ w

If one calculates the double Laplace transform of [t —¢/|*"2E, o—1(—(k/na)|t —'|%),
the solution will be what is between the large brackets in the above expression. The
inverse Laplace transform of the first term can thus be performed. To transform the
second term, ®(s,w), back to the time domain, we rely on the inverse transform of
0[s]. With very similar techniques as were used in Chapter 4, one can find v(t). With
this (v(t)v(t')) can be calculated. This will give the inverse transform of ®(s,w),
together with the inverse transform of the first term, which we could simplify greatly
using Laplace space. The correlation of the velocity at times ¢ and ¢’ is thus given by
the following expression

kgT

(63

n C td /t,d Ea,a—l(* n%za)Ea,a—l(* n%ya> _t—a—t 4yl
— T Y .
na Jo 0

OV(E) = "t~ 2 Boos (= e = ¢17)

TA
x2—a y2—o¢ €

(C.8)



D ‘ Thermalised Worm-like Chain

Yes, I think it can be easily done,
just take everything down to Highway 61.

Bob Dylan

Here we will discuss how one can construct a thermalised semi-flexible worm-like
chain. We will also show that the obtained chain is indeed equilibrated. Remember
that for a worm-like chain we take £ > 1, k> 1 and a # 0 (see Section 5.5).

First, place the first bead in the origin

RO,&: = RO,y = RO,Z =0. (D].)

Then we place the second bead at a distance a’ from the first, this distance is equal
to a plus the appropriate fluctuation 3kgT/k. We have o’ = |a + N (0,3kgT/k) |,
where N (p,0?) is a normal distribution with mean p and variance o2. We choose to
put the first bond along the z-axis, this is of course arbitrary

Rl,w = a', (D2)
Riy=Ry.=0. (D.3)

Placing the third bead will force us to make sure that the angle § between the bonds is
correct. We know that 6 = N(0,2kpT/k). Because of the rotational symmetry of the
problem we also need to generate a second angle «, which is uniformly distributed
between zero and 7. So we have o € [0,7[. Figure D.1 clarifies how 6 and « are
defined. The third bead is thus placed at

Ry, = a’ cos(0) + Ry 4, (D.4)
R, = a’sin(f) cos(a), (D.5)
Ry . = a’sin(0) sin(). (D.6)

Placing the following beads ﬁn, with n > 2, is a bit more tricky because the orien-
tation of the previous bond always changes and does not lie neatly along the z-axis.
We will therefore first find the location of the next bead as if the previous bead én,_l
was located in the origin and the previous bond was along the (negative) z-axis. This
implies that the second previous bead R,_5 lies on the negative z-axis. Thereafter
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) . /
e v

Figure D.1: Illustration of the angles # and «.

we will translate the bead to its correct position. So, pretending the previous bond
lies along the z-axis with the previous bead in the origin, for the n** bead R,, we do

X =a’ cos(h), (D.7)
Y = a’sin(f) cos(a), (D.8)
Z = a’sin(0) sin(). (D.9)

Now to get this point to where the bead should be, we first need to rotate the new
bond so that the imaginary previous bond on the z-axis has the same direction as the
actual previous bond. We use Rodrigues’ rotation formula! to achieve this. The actual
previous bond is given by 7= (Rn—1,2 — Rn—2,2, Rn—1,y — Rn—24y, Rn—1,- — Rn—2,z).
First, we define the angle 8 between the x-axis and the previous bond, with @ =
(éx x 7)/|é, - 7] the axis of rotation (our new bond should be rotated about ()

B = arccos (?) , (D.10)

also take s = sin(f), c = 1 — cos(B8) and n = (r2 4+ r2)~1/2. The transformation is
X' =(1—-¢)X —snr,Y — snr, Z, (D.11)
V' =snry X + (1—cn®)) Y —cn’ryr. Z, (D.12)
Z'=snr, X —cn’ryr.Y + (1 —cn®r?) Z. (D.13)

Now we only need to translate the point to the end of the chain

Rnaz =X+ Ry 14, (D.14)
Roy=Y'+ Ry 1y, (D.15)
Ry.=2"+Ry_1.. (D.16)

ISuppose 7 is a vector to be rotated over an angle ¢ according to the right-hand rule. The axis
of rotation is defined by unit vector @, then U0t = cos(¢)¥ + sin(¢p) (@ x ¥) + (1 — cos(¢))u(@ - U).
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Doing this until n = N —1 creates a thermalised worm-like chain. To prove this state-
ment we measure two equilibrium properties of the chain. First the bond-bond corre-
lation, according to Eq. (5.146) we should find that (7, - 1 1m) = exp(=kpT|m|/kK).
In Fig. D.2 we plot this correlation starting from the middle of the chain, so n = N/2.
We indeed find that, on average, it agrees with the formula for different values of
the temperature. The second quantity we check is the average end-to-end distance
squared, which is given by formula Eq. (5.153). The simulated results again produce
the correct output over a large range of chain lengths, see Fig. D.3. An interesting
quantity we can also simulate is the distribution of the end-to-end distance |P|. For
a freely-jointed chain (x = 0) this distribution can be derived (see Eq. (5.8) or [123]).
The probability distribution ® in the spherical coordinate system is
®(|P|) 4n|P ?d|P| = 4n (3)3/2exp <_3|P |2> |P|?d|P| (D.17)
2mwa?N 2a2N ’ ’

this is the probability of finding the end-to-end vector in the spherical shell with radius
between |P| and |P |+ d|P|, where the centre of the shell is one of the chains ends.
When we have a worm-like chain with high k. it is obvious that the distribution will
be heavily peaked close to the maximum extension Ly, = a(N —1). Figure D.4 shows
that for x = 0 we indeed find the distribution Eq. (D.17). For x > 1 we also find
that the distribution behaves as we expected. The figure also shows the distributions
for chain with intermediate values of k.
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Figure D.2: Lin-lin plot of the bond correlation from the middle of the chain as a
function of length down the chain am. The solid lines are the analytic expression,
Eq. (5.146), and the coloured dots are the simulated results. The parameters are
N =256, kgT = 107! (yellow), 10° (red), 10* (blue), k = x = 100 and a = 2. The
results are averaged over 10° histories.
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Figure D.3: Log-log plot of the average end-to-end distance squared as a function
of number of beads N. The solid line is the analytic formula, Eq. (5.153), and the
coloured dots are the simulated results. The parameters are N = 256, kgT = 1,
k = =100 and a = 2. The results are averaged over 10° histories.
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Figure D.4: Log-lin plot of the distribution of the end-to-end distance. The solid line
is the analytic formula, Eq. (D.17), the dashed line represents the maximum extension
Ljs and the coloured dots are the simulated results. The parameters are N = 256,
k = 0 (yellow), 10° (red), 10* (blue), 10? (green), 103 (orange), kT = 1, k = 100
and a = 2. The results are averaged over 10° histories.



E ‘ Derivation of K

Success 18 a science;
if you have the conditions, you get the result.

Oscar Wilde
First we will evaluate the integrals in Eq. (6.107). We have
t t’ , ,
30/ dr / dr' eI V/Talr+7) /0 (E.1)
0 0

Without loss of generality we assume ¢ > t’. To deal with the absolute value function
we divide the integrals using the diagram in Fig. E.1. We thus find

t T’ t T
30/ dT’/ dm*(T'*T)/TAe(T”')/TP+30/ dT/ dr' e (T /Ta () /T
0 0 0 0
t t’
+3C | dr / dr’ e~ T/ Ta (T /e (E.2)
v 0

Notice that the first two integrals are actually identical. After some reordering we

T A
lr=—7 =7 -7
]
W |lr—7|=7-1
tl
' t T

Figure E.1: Tllustration of the double integral over a function of |7 — 7/|, with ¢ > ¢'.
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find

)

t’ T t t’
60/ dre“=" / dr' e+ + 30/ dre“-" / dr' e+ (E.3)
0 0 # 0

where we introduced

1 1
w4 = — + —. (E4)
Tp  TA
Solving gives
6C¢ [eww,)y _ 1} __6¢ [ew,t/ _ 1]
wy(wy +w_) Wiw_
3C w_ttwyt w_t (wgtw_ )t w_t'
7[6* H— Wt — el T —i—e*}. (E.5)
Wiw—
Remember that we took ¢ > t’, so more generally we can say
SCTP |:62 min(t,t') /7, 1:| _ 6C |:ew_ min(t,t’) 1:|
Wy Wy
3¢ [ew, max(t,t')+wy min(¢,t’) _ v max(t,t') 2 min(t,t")/7p +ev- min(t,t’)}
Wyw_ ’
(E.6)

where we used (wy +w_) = 2/7,. Working toward Eq. (6.107) we need to multiply
by e~ t+)/T0 op e~ (@i+w-)(t+)/2 " depending on what suits best

30 [e—(t+t’—2min<t,t'>>/rp _ e—<t+t’>/ﬂ
W
_ 6C [ew, min(t,t")— (wy+w_)(t+t)/2 _ e—(t+t’)/rp:|
Wi
n 3C {ew, max(t,t) 4w min(tt )= (wp 4w ) (t+)/2
Wiw—

oW max(t,t')—(wytw_)(t+t")/2 _ e—(t+t/—2min(t,t'))/7'p

NI min(t,t’)f(w++w,)(t+t')/2}

(E.7)
and
3CTp |ief(t+t/72min(t,t/))/7'p _ ef(t+t/)/rp]
W
6C [efw,(tth'fZ min(t,t)) /2w () /2 _ ef(t+t’)/'rp]
Wy w_—
+ 3C |:e—w_(t+t’—2 max(t,t'))/2 ,—ws (t4+t' ~2 min(t,')) /2
Wy

o e—w_(t+t’—2max(t,t/))/Qe—w+(t+t’)/2 _ e—(t+t’—2min(t,t’))/7-,,

4 oWt =2 min(t,t'))/Qe—w+(t+t')/2:| . (E.8)
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Now we use |t — /| =t +t' — 2min(t,t') and —|t — t'| = ¢ + ¢’ — 2max(¢,t').

3T [emle=tms — g=e42/m]
Wi

__6¢ [emstt=r1/2gmontt+)/2 _ o=(4/]
WyWw—

n 3C {ew,|t—t/|/2e—w+|t—t'|/2_ew,|t—t'\/2e—w+(t+t')/2

WyW—
eIt e—w_\t—t'|/2e—w+<t+t’>/2]. (E.9)
As always we let ¢ — oo and ¢’ — oo to reach the steady state. Many terms drop out
since w4 > 0. Also using (w— —wy) = —2/74 gives
3¢ {Tpent'm L (e tmrtma e”//Tp)] . (E.10)
W4 _

Inserting 1/wy = 7,/(1 £ (7,/74)) brings us to

3CTp [

_-pr =t . P ( —lt=t'l/7a _ Itt'I/Tp)}
Tpe + e e . E.11
1 (7p/7A) P ( )

L — (7p/74)

Putting 7,/(1 — (7,/74)) outside the brackets

3C T2 , e T
TP/ADTA)Q |:(]. — (Tp/TA))e_It_t [/ +e [t—t"|/7a _ e [t—t"|/ p} (E12)
and finally
3CT2 , /
ﬁ [eflm s — (r fa)e \/Tp] . (E.13)
p

Completing Eq. (6.107) gives

Ki(t,t) 0K (5 Ty S”
+\b =
2N = 1—(1p/74)?

[eremtlma — (g pra)e =t (B.14)
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141(11):114910, 2014.

— Hans Vandebroek and Carlo Vanderzande. Dynamics of a polymer in an active
and viscoelastic bath. Physical Review E, 92(6):060601, 2015.

— Hans Vandebroek and Carlo Vanderzande. On the generalized Langevin equa-
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— Hans Vandebroek and Carlo Vanderzande. The effect of active fluctuations on
the dynamics of particles, motors and hairpins. Submitted to Soft Matter in
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Poster presentations

— Dynamics of a polymer pulled through a viscous medium. Venice meeting on
fluctuations in small complex systems II, Venice, 10-13 October 2014.

— Dynamics of a polymer in an active and viscoelastic bath. Topical research
meeting on physical principles of biological and active systems, Edinburgh, 6-7
January 2016.

— Dynamics of a polymer in an active and viscoelastic bath. StatPhys26, Lyon,
18-22 July 2016.

Talks

— Polymer dynamics in viscoelastic active baths. Annual Scientific Meeting of the
Belgian Physical Society, Liége, 13 May 2015.

— Active processes. Theory at Sea, Oostende, 25-26 May 2016.
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