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QUASI-FROBENIUS-LUSZTIG KERNELS FOR SIMPLE LIE ALGEBRAS

GONGXIANG LIU, FRED VAN OYSTAEYEN, AND YINHUO ZHANG

ABSTRACT. In [19], the quasi-Frobenius-Lusztig kernel associated with sl> was constructed.
In this paper we construct the quasi-Frobenius-Lusztig kernels associated with any simple

Lie algebra g.

1. INTRODUCTION

Considering a product on representations of an algebra, an idea useful in physics, leads to
the consideration of a coproduct on the algebra and hence to the study of a bialgebra, or
more in particular, a Hopf algebra structure. The theory of algebraic groups is dual to the
theory of commutative and cocommutative Hopf algebras. More general Hopf algebras then
fit in a theory of quantum groups as defined by Drinfeld [6, 7], Jimbo [17], Lusztig [20, 21]
and others. By allowing non-canonical isomorphisms for triple products of representations,
leading to so-called associators, one obtains a generalization of a Hopf algebra to a quasi-Hopf
algebra, termed quasi-algebra for short. This raises the natural question whether it is possible
to find essentially new quasi-quantum groups corresponding to such quasi-algebras? Now, for
a simple finite dimensional Lie algebra g over C, a result of Drinfeld [8, Prop 3.16] states that
a quasitriangular quantized quasi-Hopf enveloping algebra Ug[[h]] is twist equivalent to the
usual quantum group Uxg. This means that the quasi-quantum group associated to a simple
finite dimensional Lie algebra is essentially not new. But what happens in the restricted case?
In other words, does there exist a quasi-algebra analogue for Lusztig’s definition of a small

quantum group, that is, do we have quasi-Frobenius-Lusztig kernels?

A remarkable recent development in Hopf algebra theory is the Andruskiewitsch-Schneider’s
classification of finite dimensional pointed Hopf algebras, cf. [1]; here the Frobenius-Lusztig
kernels play a dominant role. So it is reasonable to expect that the theory of quasi-FL kernels
(short for Frobenius-Lusztig kernels) will provide insight in the structure of finite dimensional
quasi-Hopf algebras. Another direction relates to Conformal Field Theory (CFT). It has
been established by Majid, cf. [23], that there is a quasitriangular quasi-algebra associated
to a Topological Field Theory (TFT, for short). The relevance of quasi-Hopf algebras in
TFT has been studied by Dijkgraaf, Pasquier, and Roche [5]; in loc.cit. a new class of
semisimple quasitriangular quasi-Hopf algebras, denoted by D“(G), has been constructed.

Further development in CFT, in particular Logorithmic Conformal Field Theory, are pressing
1
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for the systematic construction and deeper study of finite dimensional quasitriangular quasi-
algebras, in particular to look at nonsemisimple ones. We refer to [9] and references therein

for more detail. It is fair to say that in the present situation there is a lack of such examples.

However, the answer to the question about the existence of quasi-FL kernels is positive! The
simplest quasi-FL kernel has been constructed in [19]. It was denoted by Qug(sly) and it
was associated to slp. The aim of the present paper is to define Qu,(g), the quasi-FL kernel
associated to an arbitrary simple finite dimensional Lie algebra g, extending the ideas found
in [19]. Inspired by the classical FL kernel theory, one may believe that the quasi-FL kernel
associated to a finite dimensional Lie algebra g should be the Drinfeld double of the half
small quasi-quantum group as defined in [12]. Our primary mission is to compute them and
to make a comparison with the Hopf algebra case. It turns out that the computation of
quasi-FL kernels is really much more difficult than in the Hopf case.

Half small quasi-quantum groups appeared in the work of Etingof and Gelaki [12] and the
notation used for them was A,(g) where ¢ is an n?-th primitive root of unity. In case n
is odd and prime to the determinant of the Cartan matrix, they established that D(A,(g))
is twist equivalent to u,(g) [11] (in case g is not of type G2). We go on to show that
the conditions cannot be removed. More precisely, we establish that D(A4(g)) is not twist
equivalent to any Hopf algebra in many cases. This leads to new examples of nonsemisimple
quasitriangular quasi-Hopf algebras and their corresponding braided tensor categories, which

have independent interest by themselves.

In Section 2, we include some preliminaries including the definition of A,4(g), some facts about
quiver Majid algebras and a useful criterion for a 3-cocycle to be a 3-coboundary. The Majid
algebra M,(g) := (A4(g))* is studied in detail in Section 3, and we pay particular attention to
the Serre relation in Proposition 3.4. Section 4 is devoted to the computation of the Drinfeld
double D(A4(g)). The computations are explicit and some of them are rather tedious. This

makes for the technical heart of the paper.

In Section 5 we then go on to provide a presentation for D(A,(g)) in terms of generators
and relations. We discover some similarities between D(A,(g)) and uy(g). In particular in
Theorem 5.3, we obtain that D(A,(g)) = Qu,(g). The final Section 6 is devoted to detecting
when Quy(g) is twist equivalent to a Hopf algebra and the cases where this does not happen
are identified.

Throughout, we work over an algebraically closed field k of characteristic 0 and [$] stands

for the floor function, that is, for any natural numbers a,b, [$] denotes the biggest integer

which is not bigger than §. For general background knowledge, the reader is referred to [§]

for quasi-Hopf algebras, to [3, 18] for general theory about tensor categories, and to [16] for

pointed Majid algebras.
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2. PRELIMINARIES

In this section we will recall the Etingof-Gelaki’s constructions of half quasi-quantum groups
[12], quiver Majid algebras [14, 16], and the Drinfeld double of a quasi-Hopf algebra [13, 22, 24].
Then we formulate a criterion for a 3-cocycle of a finite abelian group to be a 3-coboundary.

2.1. Half small quasi-quantum group A4,(g). A quasi-bialgebra (H,M, u, A, ¢,¢) is a k-
algebra (H,M, ) with algebra morphisms A : H — H ® H (the comultiplication) and
€ : H — k (the counit), and an invertible element ¢ € H ® H ® H (the reassociator), such
that:
(id @ A)A(a)p = ¢(A ®id)A(a), a € H,
(ld®id A) () ARid®id)(¢) = (1R ¢)(id® A ®id)(¢)(¢ @ 1),
(e®id)A =id = (id®e)A,
(ldee®id)(¢) =1® 1.

Denote > X' ®@ Y ® Z' by ¢ and Zyi oY 97 by ¢~ 1. A quasi-bialgebra H is called
a quasi-Hopf algebra if there are a linear algebra antimorphism S : H — H (called the
antipode) and two elements «, € H satisfying for all a € H:

> Slagy)aa) = ag(a), D aw)BS(a@) = Be(a),
Y XBS(YNaz =1=Y S(X)aYiBS(Z’).
Here and below we use the Sweedler sigma notation A(a) = a1y ® a(z) (or a’ ® a”) for the
comultiplication and a(1)®a () ®- - -®a (41 for the n-iterated coproduct A" (a) of a. We call an
invertible element J € H® H a (Drinfeld) twist of H if it satisfies (¢®id)(J) = (id®e)(J) = 1.
For a twist J = Y f; ® g; with inverse J=! =Y f; @ ;, let:
(2.1) ay = S(f)agi, Br:=Y_ [iBS(g)-

Given a twist J of H, if 8 is invertible, then one can construct a new quasi-Hopf algebra
structure Hy = (H,Ay,e,¢4,57,85a5,1) on the algebra H, where:

Aj(a) = JA(a)J ™!, a€H,

¢s =1 J)(ideA)(J)p(A@id)(J ) (J 1)~
and,

Sy(a) = BsS(a)By", ac€H.

Next we will define the quasi-Hopf algebra A,(g). Given an m x m Cartan matrix (a;;) of
finite type, it is known that there is a vector (di,...,d,,) with integer entries d; € {1,2,3}
such that the matrix (d;a;;) is symmetric. Let n > 2 be a natural number and ¢ be an n?-th

primitive root of unity.
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Let N, M, d > 0 be integers. Following Gauss, we define:

dh

[ ]l ﬂ qdh_q_
NI, = e e
! h=1 ¢! =g

M+ N
N

[M + N4
[M],[NT,

Let H be a finite dimensional Hopf algebra generated by grouplike elements g; and skew-
primitive elements e;, i = 1,...,m, such that:

2

9 =1, 9ig; = 9;9i giejg; =d"ej, el =0,

1—a;
(=1 l K 1 efejel =0, if i # 3,
r+s=1—a;; § d;
and

A(ez) :61®Kz+1®61

where [; = ord(q%%¢), the order of ¢%%, and K; := I1; g;-im”. From now on, we use
(2.2) Cij = diai]‘
to denote the entries of the symmetrized Cartan matrix.

Consider the subalgebra A C H generated by ¢, e; for i = 1,...,m. It is clear that A is not
a Hopf subalgebra. However, we will see that it is a quasi-Hopf subalgebra of H; for some

twist J of H.

Let {14]a = (a1,...,am) € (Z,2)™} be the set of primitive idempotents of k(Z,z2)™. Define
. 2 P

1 =L Zyzal(q”Q’k)Jg{7 and denote by €; € (Z,2)™ the vector with 1 in the i-th place and

0 otherwise. Note that

(2.3) lo=1012 17 1,0i=q"1a, lo€; =e€;la—c,.

a1 taz a
Let

q:=q", hi:=g.
So the subgroup generated by h; is isomorphic to (Z,)™. Similarly, let {1,]a = (a1,...,am) €
(Zn)™} be the set of primitive idempotents of k(Z,)™, 1% := %Z?;Ol (" %)) and €; €
(Zy,)™ the vector with 1 in the i-th place and 0 otherwise. For later use, we let 1y stand for
the element [~ 1. Then we have the following identities:

n—1
(2.4) = Z Lo Lahi=aq%1,,  1ee; = €14,
s=0

For any natural number z,y, define ¢(z,y) := q’w(y*y'), where y’ denotes the remainder after

dividing y by n. Let

(25) J = Z H c(ai, bj)cij 1a ® lb.

a,b€(Z,,2)™ i:j=1

Define d(J) := (1® J)(id ® A)(J)(A ®id)(J 1) (J@1)7L, the differential of J. The following
result is a combination of Lemma 4.2 and Theorem 4.3 in [12].
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bt
Lemma 2.1. (1) d(J) =3, 4 cez,ym (L1121 g =1, @1, ® 1.

(2) The subalgebra A generated by h; = g and e;,i=1,--- ,m, is a quasi-Hopf subalgebra of
Hj with coproduct Ay and reassociator ¢ = d(J).

Definition 2.2. The quasi-Hopf algebra in Lemma 2.1 is called the half small quasi-quantum
group of g, denoted by Aq(g).

For simplicity, we introduce two more notations:

m m

2:0) SIP O | NS | (O OO
j=1

a€(Zp)™ j=1

In [11, 12], there are no explicit formulas for the coproduct, the elements «, 5 and the antipode

for A4(g). In fact, they have the following expressions.

Lemma 2.3. For the quasi-Hopf algebra Ay(g), we have, fori=1,...,m,

Aje;) =e; @b, 1+1®Zn 111€Z+H ® 1he;, Ay(h;) = hi ® hy,
+at]

= Zae (Zin)™ Hs t=1 chtas[ 1., =1
S(e;) = —(a Z" i 1167 + H;alhe;)bia™t, S(hi) =h

Proof. We have:

AJ(SZ‘) = JA(6i>J71

Z H clas, b)) 1, @ 1p(e; @ K; + 1 R ¢;)
a,be(Z,2)™ s,t=1

X Z ﬁ c(es,di) 1. ® 14

e, d€(T,, 5)™ s,t=1

- Z H +ez vat Cat H C Csabt) Cot Z c” ch+e €; ®1b

c,be(Z,2)™ s,t=1 s,t=1
m
+ Z H a57 d+€z ct H C asadt t1a®1d+eiei
a,d€(Z,2)™ s;t=1 s,t=1
m
= Z H Cs, bt Cat T Cat H c(c; + 1 bt ‘ (Ci7 bt)_C“qu cigbs 1c+eiei & 1b
c,be(Z,2)™ s#it t=1

+ Z H c(as, dy)cst =t H clas,d; + 1) c(as,d;) % 1a @ laye, €
s=1

a,de(Z,2)™ s, t#1
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_ Z g (eibites J)qZ il e; @1y
c,be(Z, 2)™

+ Z H clas,d; + D) c(as,d;) "1, @ Loy, €
a,d€(Z,2)™ s=1

— Z ﬁ qcnb; 1a+eiei ® 1b + Z ﬁ quias((bi"Fl)/_br/i_l)la ® 1b+5iei

a,be(Z,,2)™ t=1 a,be(Z,2)™ s=1
= el® Z Hqutbtlb+ Z Hq('szas((b +1) —b’_l)l ®1b +1€z
be(Zy)™ t=1 a,be(Zy, )™ s=1
= @b+ > L@ Y Lyt Y Hq*wfl ® 1ie;
a€(Zin)™ bi#n—1 a€(Zy)™ s=1
n—1
= @b +1® Y e+ H ' ®1je;.
j=1

By definition:

Qg = Z S(?z)gz - Z H —0s, at Tty = Z H qicﬂas(atia;)laa

a€(Z,2)™ s,t= 1 a€(Z,2)™ s,t=1
B = Zfis(gi) = Z H clas, —a)“" 1y = Z H g ostas(coem(nima))y
a€(Z,2)™ s,t=1 a€(Z,2)™ s;t=1
and so:
a = ajf;

_ Z ﬁ qcstas(a§+(n2fat)')1a

aE(an)m s,t=1

_ Z ﬁ qcstas(atﬂnfat)')la

a€(Zip)™ s,t=1

= Z ﬁ qcst‘ls[W]la

a€(Bp)™ 5,t=1

By the comultiplication formula for e; and the definition of the antipode, we obtain:

n—1
S(e)ab; 4 a Z 1;—(:’1' + Hijalje; = ag(e;) = 0.
j=1
It follows that S(e;) = —(a 3 7 111’61 + H;alie;)b;a~t. The formulas for elements h; are
obvious. O

Remark 2.4. In [12] Etingof and Gelaki used the Cartan matrix (a;;) to define the half
small quasi-quantum group A,(g). In order to keep the consistency with Lusztig’s definition

[21], we use the symmetrized Cartan matrix (c;;) instead of (a;;) throughout this paper. To
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show the difference, we use A; (g) to denote Etingof-Gelaki’s half small quasi-quantum group.
The two are equal in the simply laced case. But, in general, A,(g) ¥ Aj(g) and they are
not even twist equivalent (see Section 6 for the definition of twist equivalence). The reason is
that they have different reassociators. For example, take the Cartan matrix of type G5 and
assume that they are twist equivalent. Denote by ¢4 (resp. ¢ar) the reassociator of Ay(g)
(resp. Af(g)). If the representation categories of A,(g) and Aj(g) are monoidal equivalent,
then their tensor subcategories generated by simple objects are also monoidal equivalent.
This implies that ((kG)*, ¢4) is twist equivalent to ((kG)*, ¢ a/), where G = (Z,)™ is the set
of group-like elements of both A,(g) and A} (g). However, ((kG)*, ¢4) and ((kG)*,¢ar) are
twist equivalent if and only if ¢4 and ¢/, are cohomologous cocycles up to automorphisms of
G. But clearly this is not always the case (e.g., Taking n = 3 and so G = Z3 x Zs, one can
find that ¢4 is just corresponding to a 3-cocycle over Zz). So A,(g) and A7 (g) are not twist

equivalent.

2.2. Quiver Majid algebras. A dual quasi-bialgebra, or Majid bialgebra for short, is a
coalgebra (H, A, ¢) equipped with a compatible quasi-algebra structure. Namely, there exist

two coalgebra homomorphisms:
M:H®H —>H, a®b—ab, p:k— H, A— Alg

and a convolution-invertible map ® : H®3 — k called a reassociator, such that for all
a,b,c,d € H the following equalities hold:

a(1)(baycn)) ®(ace), by, c2)) = P(aq), by, cy)(a@)be))e@),
lga=a=alg,
®(a(1), bays cayd)) (a@)be), ¢, dz)
= ®(bay, ¢y, d1y)) Pagry, ba)cea), deay) @ (ags), b1y, ¢(3))
O(a,1m,b) = e(a)e(b).

H is called a Majid algebra if, in addition, there exist a coalgebra antimorphism S : H — H
and two functionals «, 8 : H — k such that for all a € H,

S(a(l))a(a(g))a@) = a(a)lH, a(l)ﬁ(a(g))S(a(;g)) = B(a)1H7
®(aqry, S(ags)), as))Blag))alaw)) =
D 1(S(am)), as), Slae)))alam)Blau)) = e(a).

A Majid algebra H is said to be pointed, if the underlying coalgebra is pointed. Given a
pointed Majid algebra (H,A,e,M, u, ®, S, a, ), we let {H,},>0 be its coradical filtration,
and gr H = Hy® H,/Ho® Ho/H, @ - - the associated graded coalgebra. Then gr H possesses
an (induced) graded Majid algebra structure. The corresponding graded reassociator gr ®
satisfies gr ®(a,b,¢) = 0 for all @, b, ¢ € gr H unless they all lie in Hy. Similar condition holds
for gra and gr 5. In particular, Hy is a Majid subalgebra and it coincides with the group
algebra kG of the group G = G(H), the set of group-like elements of H.



8 GONGXIANG LIU, FRED VAN OYSTAEYEN, AND YINHUO ZHANG

Now assume that H is a Majid algebra with reassociator ®. A linear space M is called an
H-Majid bimodule, if M is an H-bicomodule with structure maps (¢, ,d,), and there are two

H-bicomodule morphisms:
pr HOM — M, h@m—h-m, pp - MOH — M, mQ@h+— m-h

such that for all g,h € H,m € M, the following equalities hold:

(2.7) lg-m=m=m-1g,

(2:8) 91y * (hqy - m0) (g2, hezyymi) = g1y, haym™ ) (9 hz)) - m”,
(2.9) mo - (9yh))®(m1, g2y hz) = @(m ™, g1y, b)) (m” - g2)) - ha)s
(2.10) 9(1) - (Mo - h(1))@(g(2), M1, hiz)) = P9y, m ™", b)) (9c) - m°) - hezy,

where we use the Sweedler notation:
§,(m)=m tem® §,(m)=moxm

for the comodule structure maps. Since we only consider Majid bimodules over (kG, ®), it
is convenient to rewrite formulas (2.8)-(2.10). Assume M is a Majid bimodule over (kG, ®)
and so M =D, e IM" | where:

IM"={meM |5, (m)=gem, 6,(m)=meh} .

Formulas (2.8)-(2.10) can be simplified as:

(2.11) o (fom) = G T ) m,
(2.12) (m-e) ] = Gro-em (ef).
(2.13) (e m)-f = mewmﬂ

for all e, f,g,h € G and m € IM".

Now let us recall some basic definitions about quivers. A quiver is a quadruple @ = (Qo, @1, s, 1),
where Qg is the set of vertices, (01 is the set of arrows, and s,t: Q1 — Qo are two maps
assigning respectively the source and the target for each arrow. A path of length [ > 1 in
the quiver @ is a finitely ordered sequence of [ arrows a; - - - a; such that s(a;+1) = t(a;) for
1 < i <1 —1. By convention, a vertex is said to be a trivial path of length 0. For a quiver
@, the associated path coalgebra k@ is the k-space spanned by the set of paths, with counit
and comultiplication maps defined by e(g) = 1, A(g) = g ® g for each g € Qo, and for each
nontrivial path p = a,, --- a1, £(p) =0,

n—1

A(an~~~a1):p®s(a1)+Zan~~~ai+1®ai~~a1 +t(an) ®@p .
i=1

The lengths of paths give a natural gradation to the path coalgebra. Let Q,, denote the set of
paths of length n in Q. Then k@ = ®,>0kQ, and A(kQ,) C ®p—i+,;kQ; ® kQ;. It is clear
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that k@ is pointed with the set of group-likes G(kQ) = Qo, and has the following coradical
filtration

kQo CkQo k@1 CkQo @ k@1 k@2 C ---.

Hence k@ is coradically graded.

In this paper, we consider a special kind of quiver, that is, a Hopf quiver [4] defined via a
group and its ramification datum. Let G be a group and denote by C its set of conjugacy
classes. A ramification datum R of G is a formal sum ) ., RcC of conjugacy classes with
coefficients Ro in N = {0,1,2,--- }. The corresponding Hopf quiver Q = Q(G, R) is defined
as follows: the set of vertices gy is G, and for each x € G and ¢ € C, there are R¢c arrows

going from z to cx. For example, let G = Z,, = (g) and R = g, the corresponding Hopf quiver

/7]l

gn—l . . =g

is:

It is called a basic cycle of length n.

It is shown in [15] that the path coalgebra k@ admits a graded Majid algebra structure if
and only if the quiver @ is a Hopf quiver. Moreover, for a given Hopf quiver @ = Q(G, R),
if we fix a Majid algebra structure on kQo = (kG, ®) with quasi-antipode (S, e, 8), then the
set of graded Mayjid algebra structures on k@ with kQy = (kG,®, S, «, ) is in one-to-one
correspondence with the set of (kG, ®)-Majid bimodule structures on k@Q;. We need to recall
this correspondence here. One direction is clear. That is, given a graded Majid algebra
structure on the path coalgebra k@, then k@, is a kQp-Majid bimodule with module and
comodule structures respectively defined by the multiplication and the comultiplication of
kQ.

Conversely, assume that k@, is a kQp-Majid bimodule. We need to define a multiplication
for any two paths in k@, which can be obtained as follows. Let p € k@ be a path. An
n-thin split of p is a sequence (p1, -+, pn) of vertices and arrows such that the concatenation
Pn - -+ p1 is exactly p. These n-thin splits are in one-to-one correspondence with the n-sequences
of (n—1) 0’s and [ I’s. Denote by Dj* the set of such sequences. Clearly |Dj*| = (7). For
d=(di, ---, dy) € D}, the corresponding n-thin split is written as dp = ((dp)1, ---, (dp)n),
in which (dp); is a vertex if d; = 0 and an arrow if d; = 1. Let « = a,, - - - a1 and 8 = by, - - - by be
paths of length m and n respectively. Given d € D™+ we let d € D™ be the complement
sequence of d obtained by replacing each 0 by 1 and each 1 by 0. Define an element

(- B)a = [(da)mn - (fjﬁ)m+n] -+ [(da)y - (JB)I]

in kQn1n, where [(da); - (dB);] is understood as the action of the kQo-Majid bimodule on
k@1 and the terms in different brackets are put together by cotensor product, or equivalently

by concatenation. In terms of this notation, the formula of the product of o and 3 is given
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as follows:

(2.14) a-B=3 (a-Ba.

depmtn

Now let H = Hy® H16- - - be a coradically graded pointed Majid algebra. The Gabriel quiver
Q(H) is defined as follows. Its vertices are group-like elements of H, and the number of arrows
between two group-like elements, say g and h, is equal to the number of linear independent
non-trivial (h, g)-skew primitive elements. Recall that x is an (h, g)-skew primitive element if
A(z) =g®x+2x®h and is trivial if © = ¢(g — h) for some ¢ € k. The Gabriel quiver Q(H)

possesses the following properties:

e Q(H) is a Hopf quiver;

e The Hp-Majid bimodule structure on Hy induces a kQ(H )p-Majid bimodule structure
on kQ(H), and kQ(H) is hence a Majid algebra;

e (Theorem of Gabriel’s Type) H is a large Majid subalgebra of kQ(H). By “a large

subalgebra” we mean that it contains the set of vertices and arrows of the Hopf quiver.

One may refer to [15] for more detail. The formula (2.14) can help us to determine the
multiplication of any two elements of H. We shall use this observation to study the structure

of A,(g)* in the next section.

2.3. Drinfeld double of a quasi-Hopf algebra. The construction of the Drinfeld double
of a quasi-Hopf algebra is not a trivial generalization from Hopf to the quasi-Hopf case. The
double of a Hopf algebra H is defined on H ® H*, with H and H* being subalgebras. If H
is a quasi-Hopf algebra, then H* is not an associative algebra. Thus, one is at a loss to look
for an associative algebra structure on H ® H*, and might expect that the double should be
some kind of hybrid object. Majid solved this problem in [22]. He showed that there exists
a quantum double D(H) as a quasi-Hopf algebra defined on H @ H*. Hausser and Nill [13]
gave a computable realization of D(H) on H ® H*. An explicit construction of D(H) was

obtained by Schauenburg [24]. Here we recall Schauenburg’s construction.

Let (H, M, yi, A, e, ¢, S, a, B) be a finite dimensional quasi-Hopf algebra. Let ¢ = oM @62 ®
PO = Xi@YigZand ¢~ = ¢V 00D @ ¢~ =" X' @Y ' ®Z'. Define

(2.15) =Y (SUY@S(T)(a@a)(Vie W,

(2.16) =Y (5®8)(APX") -y AY'BS(Z)),
(2.17) X = (¢p®1)(A®id®id)(¢ "),

(2.18) wi=101217f")NdeA®S®S)(x)(¢21®1),

where (1 ® ¢71)(id ® id ® A)(¢) = DT @ U' ® VI @ W' and 7 is the usual twist, i.e.,
T(a®b) =b®a.
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As a linear space, D(H) = H ® H* and we write h <1 ¢ := h® ¢ € D(H). There are two
canonical actions, denoted by —, «, of H on H*. By definition, for any a,b € H and ¢y € H*
— HOH S H, (a—$)(b) = ¥(ba),

—: H*"®@H — H*, (¢~ a)(b)=1y(ab).

Define a map T : H* — D(H) by
(2.19) T(y) = ¢fy) 23 S(6@)a(6® = ¥ — o1)).
With the above preparations, we are now able to describe D(H).

Theorem 2.5. [24, Thm. 6.3, 9.3] Let H be a finite dimensional quasi-Hopf algebra. The
quasi-Hopf structure on D(H) = H ® H*, such that H is a quasi-Hopf subalgebra via the
embedding h — h < ¢, is determined by the following:

(i) As an associative algebra, D(H) is generated by H and T(H™*), and its multiplication
s given by:

(9> )(hpay)
= ghayw® g (W = ¢ = W) (WS (hz) = ¢ = by w®); (%)
as a quasi-coalgebra, the comultiplication of D(H) is given by:
Ap(T(¥) = 6PT(vq) = d)e e
© GVITIT(6D = gy = ¢2)p@, (xx)

for g,h € H and p,v € H*, where (5 is another copy of ¢.

(ii) The reassociator ¢p, the counit ep, the elements ap,Bp and the antipode Sp are

given by:
(2:20) ¢p = pae,ep(T(v)) = (6 S(6®)as®),
(2.21) ap=axe fp=pFXe,
(222) So(T(¥)) = FIT(E2) = 571 () — FD)D),
fory e H*.

Remark 2.6. (1) It is easy to see that 1< ¢ is the unit element of D(H) by the formula (¥).
Moreover, as a special case of the product, we have:

(2.23) (1 > (p)(h > 6) = h(l)(g) > S(h(g)) — p — h(l)(1)7

for he H and ¢ € H*.

(2) In the process of our computations, we find that there are some errors or misprints in
[24] and [13]. Especially, there are misprints in the expression of the element f given both in

[24] and [13], in the expression of the element x given in [24] and in the expression of the

comultiplication formula given in [24]. The correct versions are (2.16), (2.17) and (%*).
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2.4. 3-cocycles. Let G be a group and (B,, 0,) its bar resolution. By applying Homzq(—, k*)
we get a complex (B}, 0%), where k* = k \ {0} is a trivial G-module. Later on, we will
encounter the following problem: Given a 3-cocycle of the complex (BZ,d7), we have to
determine whether it is a 3-coboundary or not. In this subsection, we solve this problem in
case G is a finite abelian group.

Now let G be a finitely generated abelian group. Thus G = Z,,, X - - - X Zyy,, . For every Z,,,
we fix a generator g; throughout of this paper for 1 < ¢ < k. It is known that the following
periodic sequence is a projective resolution for the trivial Z,,,-module Z [25, Sec. 6.2]:

(2.24) i = Doy, 5 T, 22 Doy, 5 By, 5 T — 0,

where T; = g; — 1 and N; = E;-n:io_l 95

We construct the tensor product of the above periodic resolutions for G. Let K, be the
following complex of projective (in fact, free) ZG-modules. For each sequence a1, ..., a) of
nonnegative integers, let ¥(aq,...,ax) be a free generator in degree a; + - - - + ay. Define:
K, = @ (ZG)Y(ay,...,ax),
a1+ tap=m

and

0, a; =0,

di(¥(ay,...,ar)) =<¢ (=1)2<i“N;W(ay,...,a; — 1,...,a;), 0% a; even,

(-2« T (ay,...,a; —1,...,a;), a; odd,

for 1 < i < k. The differential d is defined to be dy + - - - + d.

Lemma 2.7. (K,,d) is a free resolution of the trivial ZG-module Z.

Proof. Observer that (K,,d) is exactly the tensor product of the complexes (2.24). Thus the

lemma follows from the Kiinneth formula for complexes (see (3.6.3) in [25]). O

For convenience, we fix the following notations. For any 1 < r < k, define ¥,. := ¥(0,...,1,...,0)
where 1 lies in the r-th position. Forany 1 <r < s <k, define ¥, s := ¥(0,...,1,...,1,...,0)
where 1 lies in both the r-th and the s-th position if r < s and ¥, , = ¥(0,...,2,...,0)
where 2 lies in the r-th position. Similarly, one can define ¥, s+ ¥, s, ¥, s and ¥, .,
for 1 <r <k l1<r<s<kandl<7r < s < r < k. One could even define
Uigsits Yisigs Yigosss Yijas Yiigg Yiiigs Yigjg,and Uy, for1 <i <k, 1 <1<y <k,
1<i<j<s<kand1l<i<j<s<t<krespectively. Now it it clear that any cochain
f € Homye (K3, k*) is uniquely determined by its values on W, 54, Uy s s, ¥pp s and U, .,
for ]l <r<kl<r<s<kandl <r < s <t < k. For such numbers, we let

fr,s,t = f(qu,s,t)a f?“,s,s = f(\IjT,&S)a f?",?“,s = f(\IIV‘,T,S) and fr,r,r = f(\IlT,T,'I‘)'

Lemma 2.8. The 3-cochain [ € Homyg (K3, k*) is a cocycle if and only if for all 1 <r <k,
1<r<s<kandl<r<s<t<k,

(225) fmT — 17 My fMs 17 fmr — f’rtl;,t — f:?,t =1.

7T r,8,8Jr,r,s rs,t T Jr
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Proof. The proof follows direct computations. By definition, f is a 3-cocycle if and only if
1=d*(f)(¥ijst) = f(d(¥s,s)) forall 1 <i < j<s<t<k Foranyae k¥ it is clear
that T; - a = 1 since k* is considered as a trivial G-module. This means that we only need
to consider the condition 1 = d*(f)(¥; ) in the cases: i = j =s=1¢,i=j < s <t
i<j=s<ti<j<s=tandi=j < s =trespectively. In case 1 = j = s = t, we
have 1 = d*(f)(V;44) = f(N:W;;5) = Ni - fiii = [ Similarly, if ¢ = j < s < ¢, we have

IRRE
f:'it =1. Ifi < j=s <t, then we have fz_]n;” = 1. In case ¢ < j < s = t, we then have
f:’;s = 1. Finally, if i = j < s =t, we have f/ f/"s, = 1. Now it is easy to see that these
relations are the same as in Equation (2.25). O

Lemma 2.9. The 3-cochain f € Homya(Ks,k*) is a coboundary if and only if for all 1 <
i < j <k, there are g; j € k* such that
(2.26) fiig =9, fiji=9i; " and fii=1 frer=1,

for1<I<k,andl <r<s<t<k.

Proof. By definition, f is a coboundary if and ounly if f = d*(g) for some 2-cochain ¢ €
Homgq (K2, k*). Forany 1 < ¢ < j <k, let g; ; :== g(¥; ;). Since T; - a = 1 for any a € k*,
we have d*(9)(¥rs¢) = d*(g)(P1yy) =1for 1 <r <s<t<kandl <<k Now forall
1<i<j<k, fiij=2d(9)(Viij)=9gNi¥Vi;+T;¥;;) =g and fi;; = d*(9)(Vi ;) =
9(T; 055 — N;V, 5) = g; ;7. a

Lemma 2.9 provides us an easy way to determine when a 3-cocycle of the complex (KJ,d*)
is a 3-coboundary. For the bar resolution, it is sufficient to give a chain map from (K, d,) to
(Be, 0s). We define the following three morphisms of ZG-modules:

F12 Kl —)Bl, \I/TH[QT],
Fy Ky — BQ,

\Ijr,s — [grvgs] - [gsagr]y

m,.—1

U, Z [gi7gr]§
=0
F3 : Kg — Bg,
\I/hs,t — [gragsagt} - [gsvgmgt] - [grvgtvgs]a
[9¢: 97, 95] + (95, 9 9r] = 9, 95> 9r];

my—1

Uprs = > ((9059r:95] = 95 95, 97 + [95: 91 0]
=0
mg—1

Upas = Y (90,95 95 — 194 9r095] + 94 950 90)),
=0
me—1

Uy > [0 9o,
=0
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for0<r<k 0<r<s<kand0<r<s<t<k.

Lemma 2.10. The following diagram is commutative:

d d d

e Ky Ky A K b Ky —— 0

LR

By, -O.p, %.p O, p Ly

Proof. The proof is routine and so we omit it. O

Corollary 2.11. Let ¢ € B; be a 3-cocycle. Then ¢ is a 3-coboundary if and only if F5(¢)

is a 3-coboundary.

Proof. Follows from the fact that Fy induces an isomorphism between 3-cohomology groups.
|

3. THE MAJID ALGEBRA M(g)

In this section, we characterize the structure of the Majid algebra M,(g) := A4(g)*, the dual
of Aq(g). It is clear that M,(g) is a coradically graded pointed Majid algebra such that the
reassociator @ is concentrated on M,(g)o, that is, ®(x,y,z) = 0 unless the homogeneous

elements x,y, z all lie in M,(g)o.

Recall that we used e;,h; (1 < i < m) to denote the generators of A,(g). It is not hard to
see that the elements in {1,¢]"|a € (Z,)™,0 < n; < l;,1 < i < m} are linear independent
(in fact, A4(g) is a subalgebra of u,(b), where b is the Borel subalgebra of g) and can be

extended to a basis {x;}; consisting of homogeneous elements. The dual basis is denoted by
{75
We first fix some notations. Let y; be the character of the group generated by elements
hi,...,h,,, defined as follows:

Xi(hy) =g’
Therefore, x; = (1¢,)*. For a = (a1,...,am) € (Z,)™, define x, := []\"; x{*. For 1 <i <m,
and let

I = (1,6

Lemma 3.1. In M,(g), we have:
(3.1) AM)=y; @V +TV @1, (ulV)x; ' =q%q T
Proof. Note that (1,)* = xj, 1¢,e; = €j10 = 1¢,e;10 and (lej)zej = 1,e;, so we have the

first identity. By the expression of the comultiplication of e; given in Lemma 2.3, we obtain
XiFj = (15i+5jej>* and (1Ei+€jej)*x;1 = chi(n_l)(lﬁjej)* = chiq_cjirj' 0
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Next, we want to obtain the Gabriel quiver of My(g). We denote this quiver by Q(M). It
is not hard to determine the set of vertices of Q(M). Observe that the coradical of M,(g)
equals (kG, @) where G = (x;|1 <i < m) = (Z,)™ and we have:

by te
qfcstas[ ttoy

s

(I)(Xa7 Xb> XC) =
s,t=1

for a,b,c € (Zy)™. Therefore, Q(M)o = G. For 1 <i < m and a = (a1,...,am) € (Z,)™,
define:

F;a = Xa T
where ‘- is the multiplication of M,(g). By Lemma 3.1, I'%, is a non-trivial (Xa, Xa+te, )- skew
primitive element. Clearly #{I"} [1 <i < m,a € (Z,)™} = mn™, which equals dim J/.J?
where J is the Jacobson radical of A4(g). The dual relation between the coradical of M,(g)
and the radical of A,(g) guarantees that the set {T' |1 <i < m,a € (Z,)™} forms a basis
of My(g)1, leading to the following description of Q(M);: there is an arrow from x, to xp if

and only if b = a + ¢; for some 1 < ¢ < m. In this case, the only arrow is Fia. Therefore,
locally the quiver Q(M) looks like:

Xa—e ® \ /'Xa+e1
Xa—em® ®Xatem

As stated in Subsection 2.2, there is a kQ(M)o-Majid bimodule structure on kQ(M); (from
the M,(g)o-Majid bimodule structure on M,(g)1), which can be described in the following
way. We will use the equations (2.11)-(2.13) freely.

Lemma 3.2. The kQ(M)o-Majid bimodule structure on kQ(M)1 is given by:

(3.2) 5, kQ(M); = kQ(M)o ® kQ(M)1, T+ Xate, @I,
(33) 6}{ : ]kQ(M)l - H{Q(M)l oY ]kQ(M)Oa Fz(a = Fz(a ® Xa,
. ML bj+1 .
(3.4) L kQ(M)o @ kQ(M)y = kQ(M)1, xo @19, = [Ja~co*7+I1y
i=1
(3.5) pr: kQ(M); @ kQ(M)o — kQ(M)1, T, © xa — Hqcﬂaifim,
=1

for1<j<m, a,be (Z,)™, where a +b is understood as the addition in (Z,)™.

Proof. The bicomodule structure is clear since it is obtained from the comultiplication of

M,(g) and Lemma 3.1. Due to our choice, the proof of the left module structure is not
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complicated:

Xa * an, = Xa(Xp- Fj)
D(Xa» Xbs X5)

= —SHEE Ll (vax) - TV
q’(xa,xw)( )

Hm [

— —Cij Qi |~ J

q " FXa+b
=1

where the second equality comes from the definition of Majid bimodule (see Equation (2.11)).
In the last equality, we made use of our choice, that is, xqi4 -1V = Fiwb. We divide the proof
of the right module structure into four claims.

- _ e
Claim 1: (x;-IY,)-x; ' = q 55" lq@ig=eiTy .
Proof of Claim 1. We have

; - D(Xi, Xbs X;j) N

LTI )yt = DABABAG) ) -T7) -yt
(- T%,) X B0, 1) ((xoxi) - 17) - x;
(I)(XiaXINXj) (I)(X67X271) (X 'Fj)).XA—l
q)(Xivxl?v]-) q)(XlMX’Lan) ’ !
— (I)(XiaXINXj) CI)(XbaX’iaXi_l) Xb((XF])X—l)

D(Xb, Xi> X5) P (X6, XX X5 ) ' ’

bit1

= quiJ[T]chiqicjiXb . ].—“7

[ :
e i i
= q WTrlgUigT 9T,

D(xirxnixi)  POxexixg )

b.+1
= q %771 and Lemma 3.1
B(xooxixg) BOaxixs g )

where the fourth equality follows from

Claim 2: I‘ib xi = ¢TI

Xbte; '
Proof of Claim 2. Since A is an algebra morphism7 Fga, “Xi is' a (Xbte; Xoteite; )-skew primitive
element. So there is a scalar ¢ € k such that I} - x; = cI'},,  since the space of non-trivial

(Xb4e;» Xbtei+e,; )-skew primitive elements in M,(g) is 1-dimensional. We show that ¢ = ¢.

In fact, we have

i 1 (I)(Xb+e- Xi»anl) ; —1
Fg(b = Fg(b N = D(xp ])’(‘ Xnil) (Fib “ Xi) X
s X1y Xg
-,

— —ji gy Cig 2] LTI ).yt
= o e I (x-TY,) - X

_ —¢jiTJ
- Cq ﬂFXb’

where the third equality follows from (3.4) and the last equality follows from Claim 1. There-

fore, ¢ = ¢%.

Claim 3: I‘Z(b = chill"-;bﬂsi for 0 <l <n.
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Proof of Claim 3. Clearly, one can assume that [ > 1. Inductively, we assume that I‘g(b 'Xé_l =

qcﬂ(l_l)l—‘g‘(bJr(l—l)ei for any be (Zn)m Then

Iy, - Caxih)

B (I)(Xb%»eijiaXi‘il)(Fj )

= — 1 )
(I)(Xb,Xiin 1) x '

-1

_ ¢ .
= q FXH% X;

j l
Fg(b " Xi

chile

Xb+le;
where in the last equality we used the induction hypothesis.

Claim 4: T, - xo = [[;~, ¢ T ,, for a = (a1,...,am).

Proof of Claim 4. For 1 <s#t<mand 0 < c¢,,¢; <n—1, we have

i q)(XbJr ﬂ?Xcst?) ]
F;b ’ (ng th) = (I)(XbEJXESS th) (Fg(b ’ ng) ) X?

= (), X&) x5

That is, the right module structure is associative in case s # t. In general, one can repeat the
above proof to show that:

ai a2

T (XX oxmr) = (. (T2, - XT) - x82) ) - X

Together with Claim 3, this gives the proof of Claim 4. |

The above lemma and the formula (2.14) provide us a helpful tool to determine the relations
of the generators of M,(g). Since the multiplication of M,(g) is not associative in general, we
need to put parentheses in products. We define:

1 !
x! =( (X - X) X) - X), x! =X (X (X X)),

for any X € M,y(g).
Proposition 3.3. For 1 <i <m, let l; = ord(¢°"). Then we have
(3.6) (M) = (T = 0

and (T') L £ 0 # (I%) 1 for 1 < 1;.

Proof. The proof of this result is parallel with the proof of [16, Lem. 3.6] and so we omit the
computation. We just explain why the proof of [16, Lem. 3.6] can apply to our case and what
results the computation will deliver. Let Q° be the subquiver of Q(M) defined as follows:
the set of vertices is Q) = (x;) = Z,, and the set of arrows is Q% = {x¥ - T|0 < k <n —1}.
Clearly, Q' is a basic cycle of length n, which is the case considered in [16, Lem. 3.6]. By
the formula (2.14), we find that, to compute (Fi)T and (I"')T7 we only need to consider the
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Majid subalgebra kQ®. Therefore, [16, Lem. 3.6] applies. Moreover, if we let pil be the path
starting from x! with length [ in @Q?, then [16, Lem. 3.6] implies that
(3.7) (T = geph,, (T)F = q iV Belgt e pl |
where llgeii = Zé;}) ¢’¢# by definition, and I’ is the remainder after dividing [ by n. As a

consequence, we obtain the desired equations. (]

In the following conclusion, there is a delicate point at notation: We will use Fg@ T to denote
the multiplication in kQ(M) while T/ ' stands for the connection of arrows (that is, I'J T*

is the path 1 — x; = xix; in Q(M)).

Proposition 3.4. Assume n > 4. Then for 1 < i # j < m, we have the following Serre
relation:

> (—1)3[1‘5““‘] (T 1Y) ()" =o.
d

r+s=1—a;; i

Proof. Since n > 4, Formula (3.7) implies:
T)" =@)", (0<r<1—ag).

So there is no harm in writing (I¥)" for both ()" and (I'')”. Moreover, by the definition
of a Majid algebra, we have

®(1,1,1)

(M9 -T7)-(I')* = 00

(D)7 - (P9 (T9)°) = (T)7 (17 - (17)°).

Therefore, the above Serre relation can be written in a more familiar form:

> [ b ] Ty 17 (1) = 0.
d

r+s=1—a;; B

We will provide a detailed proof of the Serre relation only for Lie algebra g of type ADE,
where we find out how the product formula (2.14) can be used. For the other types of Lie
algebras, we just state the computating results. By (2.14), we have:

D = D)L Y] + - D) 1
= VI, AR
and

.1

[V -] [1- T + [y - T - 1]
g% T3 I+ T 1Y,

Here I‘{(il"i is the path 1 — x; — xix; and F;j IV is the path 1 — x; — x;X;. Therefore, if

a;; =0 (which implies ¢ij = 0) then we have I'*.T9 =TY.T% Now consider the case a;; = —1.
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We compute:

r. F;j I

i 9.1

IRV

and:

rJ ri.r

Here Fi(in F;j IV is the path 1 — x; — XiXj — X2X;- The other paths are similar. Thus,

. (T 1)

. (r7.1%

T oL T I ] s T I - 1)

+x - Ty, Jba - Y] - 1]
geitenTy | T TT 4 g% T T 4T
qcu (1 + qC“)F;in F;j Fj + Fi(in F{“Fi;

XiXji~ Xj XiXj

s T

D - T, - 1[0 - 1]+ [0 -l b - T 1]

+[F1>'(j [ x][1- T
Fgcin F;jl"j +q° F;inrgcj I+ geumerT?
(14 %) T TV 4 geitesTt 19 1

XiXji— Xj XiXj— Xi

[T xixj)[1- T3 [T + [ - T4, )0 - x

+xi - T3] - T 1]

IR

XiXji~ Xi

)

i[-T]

CiitCij T J i ciiTd T T J i T
q JFXinFXiF +4q FX§FXiF +FXfFXiF

(1 +ini)F‘;?F§(iFi _'_qquchP;inFg’(iFi’

iy - T, - 10 1]+ [T, - xallx - T -1

HIY, Xl X[ - 1]

P Tl + @ T I g e, T T

Cji i \TVJ % T i j 7
¢ (14 ¢ )19, 1% T+ T, T T

D (¢ T T 4+ T, T)
0" (¢ (1 + gL T T9 4 T4 T4 T

XiXji~ Xj XiXj

I

+((1+qcii)F\;2F§(iFi+qcii+cijri 18 ri)

XiXj™ Xi

g (14 ¢ T T 4 g% (14 g T T

+(1+ q“”)F;?F;iFi,

D' (¢ T§,I" + T}, )

¢ (L gL} I 4 g FeoTy | T T)

XiXj™ Xi
A (g T 4T 1T
G (14 g0 T T 4 (g Tt 4 1)
Cji ci\TJ ¢ T

) J 1
FXin FXiF

19
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and:

(M7-1%-1" = (¢ T"+T% 17). T

_ chi(chi(l_’_qcm)r\i?F;iFi_,'_F;ixjrg'(iri)

Cii 7 7 ] Cii+Cji J 7
+((1 + q )FXinFXjF] + q FXinI‘g(iF )

= (14¢%)0 T TV 4 ¢% (14 ¢%)0% T T

XiXi— Xj XiXj™ Xi
2¢ci; Cii J 7 i
+q*i (1 +q )FX?FXiF .

If a;; = =1, then d; = 1,¢;; = —1 and so:

T (I T9) = (1+ ¢ A0, T T + (g + ¢ 0, T4+ (¢ + 1)r;?r;iri,

T (17T = (g +q ) Ti TV + 205 T4 T + (g + ¢TI T,

and:
(7 T) T = (¢ DT Ty, T+ (0 4T T T+ (1 )T, T
Therefore, we have the following Serre relation in case a;; = —1:

(T T9) = (g+ ¢ HT - (1Y - T + (17 - T%) - T = 0.

So, the proof for ADE types is done.

For the other types, we need to consider the case a;; = —2 or a;; = —3. Here we will omit the
detail from the computation since they are similar, and we only state the results. Let I'* 7%
be the following path in Q(M):

s+1 s+r

Loxi = =X, 2 XiXs = X XG> = XE X



QUASI-FROBENIUS-LUSZTIG KERNELS FOR SIMPLE LIE ALGEBRAS

Then we have:

Ty T

.19 . (T%)?

I/ (r)?

6% (L4 g™ (1 + g% + )0
20 (14 q4) (1 + g% + g?o )07
¢ (14 ¢“4) (1 4 ¢t 4 2TV

F g (14 4 g
(L4 ™) (L4 g% 4 )T
49 (1 + ¢%) (1 + ¢° _'_ch“—i-Qcij)Fizji
(14 g% ) (1 + g t2en +q26ii+26ij)riji2
9 (1 + ¢ ) (1 + ¢% + q2c”)1-\ji3;

g% (14 q%) (1 + g% + qzc”')l‘ﬁj
+(1+¢%)(1 +qcii+2ci]~ +q20ii+2q]~)ri2ji
4% (14 g% ) (1 + ¢ +q2cii+2cij)1—‘iji2
+ (14 ) (L + ¢ 4 >0
(14 %) (1 + g% + g )1""d

%9 (14 ¢ (1 4 ¢ + ¢ )T 7
6295 (1 + ¢%9) (1 + g% + q20”)riji2
(L g (L g P
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One can use the above results to build the Serre relation for the Lie algebras of BCF types.

We obtain:

(Fi)4 TV = q4C7ij (1 + qcii)(l + ant + q2cii)(1 + qcii + qQCm‘, 4 q3cii)ri4j
+q30ij (1 + ini)(l + ¢ + qQC“)(l + % + q26n‘ 4 q35ii)1_‘i3ji
+q2cij (1 + qcii)(l 4 qCu 4 q2cii)(1 + qcii + q2Cu 4 q3cii)ri2ji2
+qcij (1 + qc”)(l + qcn + qQCz‘i)(l + an‘ + q201:i + q3Cii)Fiji3
(L4 ) (14 g% + @) (1 + ¢ + g7 + ¢* )TV

(1’\1)3 . 1'\_] 5 1—\7, _ q3cij(1 + qC“)<1 4 qcii 4 q20”)(1 + qC“ + q2c” + q3c“)1—\i4j

+q2C7‘,j (1 + qcn’,)(l + qcm‘, + q2cii)(1 + qcii + q261‘7‘, + q3cii+201’j)r‘i3ﬁ
+qcij(1 + qc”)(l + qcii + qQC“)(l 4 qcii 4 q26ii+26ij + qscii+2cij)ri2ji2
+(1 +qcii)(1 +qcii +q2cii)(1 +qcii+2cij _|_q20u'+20ij + q301‘i+20¢j)]_"iji3
+ch‘ (1 + qc”)(l + qu‘, + qQCii)(l + qcn‘ + q2cii + q3C7171)Fji4;
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(D)2 T (D)2 = g9 (14 g% )(1+ g + q®)(1+ ¢ + ¢ + ¢* )T
+qci_,»(1 +qcn~)(1 4 g +q20ii)(1 + g% +q2c“+2ci_,» +q3cii+20i]~)rz‘3ji
Jr(l +qcii)2(1 +qcii+2cij +quciiJrzci]- +q3c“+2c” +q4cii+4cij)1—\i2ji2
g€ (14 g9 ) (1 + ¢ + 290 ) (1 4+ ¢ 4 q2eui+2eu  gen+2es)pidi®
2 (14 ¢ ) (14 ¢ + @2 ) (1 + ¢ + g% + ¢>4)19";

DT (TP = g2 (14 go) (14 g + @) (14 ¢ + ¢ + ¢* )17
(1 + g% ) (1 + g% +q2c”)(1 +qc”+2cij +q2cn+2cij +q3011+20¢j)ri3ji
4% (14 g (1 4 ¢%F + 2% ) (1 + g0 + g2 t2e +q30ii+2cij>11i2ji2
%99 (14 q%) (1 + g% + ¢2%0) (1 + g% + g2 +q3cii+26i]‘)r’iji3
47 (L4 g% ) (14 ¢ + %) (14 g%+ ¢* + ¢*)DI7

T (T = (L4 (L4 g% + %) (14 g% +¢* +¢* )T
g% (14 g7 ) (14 + @) (1 + ¢ + ¢ + ¢* )T 7!
1299 (14 o) (1 + ¢% 4 ¢2%) (1 + g% + g2 + qscii)rﬁji"’
4% (L4 ) (L4 ¢ 4 ) (L4 g% + ¢ 4 ¢* )T
Fq* (L g ) (L4 g™+ ) (L4 g7+ ¢+ g7

Similarly, the Serre relation for type G2 can be obtained from the above equalities. O

4. THE DRINFELD DOUBLE OF A4(g)

In this section, we will determine the structure of D(A,(g)). We shall first describe the
algebraic structure. To this end, we need to compute the elements v, f, x and w according
to the formulas (2.15)-(2.18). The following easy observation [19, Lem. 3.2] will be used
frequently throughout the paper.

Lemma 4.1. For any two natural numbers i, j, we have following identity:

i+7 i+ J
4.1 = —[=].
(11) S = g
Lemma 4.2. For the quasi-Hopf algebra A,(g), we have:

V= Z ﬁ i (= ite)l e FUSN

b,c€(Zn)™ i,j=1

'nl+J

]+b [ ]+Ci[n_;

CH

n—e; n—l4e;

o Y e U e
e, f€(ZLy)™ 1,j=1

n—1+f;
)

L1+ fil

x1,® 1y,

b +rJ ¢ +d

H@itb)=57 D1 9 1, ® 1. ® 14,

ab,e,de(Zy)™ i,j=1
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and:

<5 d+e

J]+(a1+b +eitdite) [Tt ] —eites [

oo 3w L

a,b,c,d,e€(ZLn)™ t,j=1
X1, ®1, ® 1. ® S(14) ® S(1e).

Proof. By definition, we have
T'oU' @V @ W
= (1® ¢_1)(id ®id ® A)(gzb)

SN

a,b,c€(Zp)™ 1,j=1

> e

die, 1, f2€(Zn)™ 4,5=1

1®1 ®1,®1. X%

d[] (f +17 )']
1d®1e®1f1®1f2

=5

bjtc; +(b +ej)’
— 3 II“WJ% = di[ 1,01, 01,1,
a,bye,d€ (Tin )™ irj=1
and so:
v o= (SUHeST)) (aca)(V oW
m ( b+cJ]d[+(b+c D
= Z H qcia (@l DS(14)a1, ® S(14)al
a,b,c,d€(Zy)™ i,j=1
m
- e N L e )
a,b,c,d€(Zyp)™ t,5=1
xS(14)1y ® S(1q)1c
= > H e B N e G S Py
b,c€(Zy )™ i,j=1
X1y ® 1,
- > H B e e e B e B R
b,cE(Zy)™ i,j=1
le®1
_ erj (= [ ey (1 [Pt ) o [Py Py
q
b,c€(Zy)™ 1,5=1
><]_b®1
i b (L e (2T

Z H g (= ite) =5t B e

b,c€(Zy)™ i,j=1
X]-b & 1Ca

where the fifth equality follows from Lemma 4.1.

23
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Therefore:

£ = Y (Ses)APX)) -y AT AS(Z))

= Z H qqci (@i +ad) [ 2ites

al,a?,b,c€(Zy)™ i,j=1

(S(1a1) ® S(142))7A(1,5(1e))

m

_ Z H chj((n_ei)/_i_(n_fi)/)[(Ej+fj)/+(7;*(cj+fj)/)/]716 ® 1f
e, fE€(Zy)™ i,j=1
= > H IR e e ISR
e,f€(Zyn)™ i,5=1
= > H o (et P (- [P AR
e,fe(Zn)™ t,j=1
+ £ . n—e; n—1+e; o on—14f;
ch( (eit F) L) fi— it es [F L |+ £ J])le @1
- ¥ H o (et et F(F=4 ARG ReF R S Y L S 1)

e, f€(Zy)™ i,j=1
x1, ® 1y,

where the fourth equality follows also from Lemma 4.1.

The computation for y is easy. Indeed:

X = @e)(A®id® id)(dfl)

— > Hch[ N, 01,9101

a,b,c€ (%)™ i,j=1

Z H s (dj +d3)[

dl,d?,e,f€(Zyp)™ t,j=1

m
= [ e el EE D, 01,01, 8 1a.
a,b,c,de(Zy)™ 1,5=1

J+J

]1d1®1d2®1 ®1f
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Now we are able to compute the element w.

w = (1®1®1®7( NideA®S®S) () (@1 1)
- ¥ H O O e L TR R e O Y A e
e, f€(Ln)™ i,5=1
1911011,
( +b2> (B3 +b3) +e; J d;
Z H qc”( ai 4 (aitbl+b2) [ < ])1 @1y @ 1y ® (1) ® S(1q)
a,bl,b2,c,de(Zy)™ i,j=1
1 b142
> JTaw e elelel
a,bt b2€(Zn)™ irj=1
= ) H qe (il PR | s b6 [ [ 20
a,bl,b2,c,de(Zy)™ i,j=1
qcij((di+ci)([ni((nidj):i»(nicj)l)/] [(n d; ) +(n ci) 1)+ds [n 1+(:7dj)/]+0i[n71+(n c )/])
1,01 ® 12 ® S(1.) ® S(1a).
Note that we used Lemma 4.1 in the computation in order to obtain:
q*Ci]‘ai[ 1105 C”( al[&]) _ q,cual[w].
The following equalities can be verified directly:
n—((n—d;)'+(n—c;))"y _ n=(dj+ec;)
[ ] = [ ]
n n ’
n—d; ! n—c; ! _ 2n—d;—c; n—d; n—c;
[mdalboa)) - 2aedica)  (nodi) (o)
n—(d;+c;)’ dj+e; n—d; n—c;
= 14 [rtltel) o dte ) (nod)  (aoe),
n—(n—d;)’ n—d;
(=) = R,
[n—l—',-(n—dj)/] — [n—l—i-dj]
[n—l+(n—cj)’] _ [n—l—i-cj].
Applying these equations to the expression of w, we obtain:
m bl pZtc; INENE +dJ n—d;
w = Z H qcij(_a'i[ﬁ]""(ai‘f‘bi'i‘b' [L52L]-di—ci oy )]
a,bl,b2,c,de(Zy)™ i,j=1
g€ (it ed) (LA P P ) e [ e [0 )
1, @1 ® 1p2 ®S( ) ®S5(1q)
- > H i (-l D (bbb ) [
a,b b?,c,de(Zy,)™ i,j=1
oo [ =1-14+ "5 i N N e 1 IO R N e O i R i § N i )

1,01 @12 ® S(lc) ® S(ld).
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Now we can apply the following identity to simplify the formula of w:

-1 _
P P25 fer0<z<n.
n n

It follows that

m 1420, citd; n—c;
w = 3 11 o (o [P b bt S5 iy (255

a,bt b2 c,d€(Zy)™ 1,j=1
1,011 @12 ® S(lc) ® S(].d)

djtej n—d;

= Z H qcij(_ai[M]""(aﬁ'bﬁ-cﬁ-dﬁ-ei)[ —L]—ei+ei[—2])
a,b,c,d,e€(Zy)™ t,j=1
1o1,® 1@ S(1) ® S(L.).

O

The algebraic structure of D(A4(g)) can be described by the following three propositions,

which can be understood roughly as “the generating relations for A,(g)”, “the generating

relations for M,(g)” and “the generating relations between A,(g) and M,(g)” respectively.
Proposition 4.3. In D(A,(g)), we have the following relations
(4.2) (hie)" =1pae, (hi>e)(hjpae) = (h;e)(h; >xe),
(43) (hz > 6)(€j > 6)(}?,1 > 8)71 = qéi'j (ej > 6), (6,’ > €)li =0,
1—a,;; o .
(4.4) > (-1 l g ] (ei>ae) (ejpae)(esbae)® =0, if i # 7.
r+s=1-—a;; § d;
for1<4,5 <m.
Proof. Follows the fact that A,(g) is a quasi-Hopf subalgebra of D(A,(g)). O

As a subspace, we always have a natural embedding M, (g) — D(A4(g)) through ¢ — 11 ¢
for p € My(g).

Lemma 4.4. For h € A (g) and ¢ € My(g), we have
(hae)(lxp) =hxep.

Proof. This is a special case of Remark 6.2 in [24]. The reader also can prove it by using
Formula (%) in Theorem 2.5. O

Following Lemma 4.4, we have no worry to write hy for h <1 ¢ and just denote by h the
element h > e for short. Recall that we have already defined the elements b; and H; in (2.6).

These elements will be used in the following propositions.
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Proposition 4.5. Assume n > 4. Then we have the following relations in D(Aq(g)):

(4.5) (Toaxi)(Leax;) = (I xg) (Lo ys), (I =0,

(4.6) > l b ] (b:I)" (0,7 (bil")* = 0,
d

r+s=1—a;;

i

for1<i=#j<m andl; = ord(q").

Proof. For the first part of (4.5), we have:

(Ioax)(1oax;) = w®pa(@® = x5 —w®)(W® = y; —w®)

> I o

a=e; b=ei,c€ (Tn)™ d=(n—1)er.e=(n—1)e; )t
H qCJtO b 1))1 N(X? X])

s=jiti

1o<a (xi - x5)-

Similarly, one can show that (1 < x;)(1pax;) =11 (x;-x:) and so (1a x;)(1 ;) = (1
x;)(1 < x;). Applying the proof of Formula (3.8) in [19, Prop. 3.4], we get (1 > I')l = 0.
By (4.8) of the next Proposition 4.6, we have:

"1, =14 b, T" (and so, T"1, =1,_.T%).

Therefore, (h;T%)" = 0.

Finally, we show the Serre relation.

(b, T (b, T7) = Z Hq ey, (1paT%)(1sal7)

n)™ =1
a€(Zp)™ l#i

— Z Hq—('ﬂal —cﬂ(1+a,) 1

a€(Zn)™ 1F#i

Z q—cji[T]lc b (I - T

a=c;,b=c;,cE(Zn)™ ,d=e=0¢;
_ Z [Tt 0+e01, sa (19 - T)
A€ (@) i
= ¢ (1Y - T7).
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Similarly, we have (b;1)(b;,['") = g=%ib;h;(T'* - TY), and

GrRer) = b Y [[acmgestrory, Y [[amge@y,

a€(Zn)™ L bE(Zoy)™ Ii
(1 TH)?(1 > TY)

= b Z Hq_cilalq_cii(l"t‘ai)/la Z Hq_cjlblq_cji(2+bi),1b

a€(Zn)™ i be(Zn)™ 11
Z q_cn[ltrq]_cj,;[y]lc > TV - (Fi . Fi)
CG(Zn)m’

= ¢ iy 19 (T8 T,
In a similar way, we obtain the following identities:

(b, L) (b, T9) (;T) = g i~ ipZp, I . TV . T,

(biT7)(b;T")? = g~ 2¢bZp, " - T - TV,
In general, we have the following identity:

_(rFs)(rts—1)
2

(bl]_—w)r<bj]_—\j)(bz]_—‘z)s _ q*(T+5)Cji Ciib;""—Sbj (Fi)s . ]_"j . (Fi)r
for any two natural numbers 7, s satisfying » +s = 1 — a;;. Therefore, by Proposition 3.4, we
have:

> [ L ] (I ;1) (I)*
r+s=1—a;; d;

(rs)es, — Tk rEs =) s | 1—ay iNs i i
=q (r+s)eji 2 ”bi+ bj Z (*1) [ / ‘| (F) FJ(F)
r+s=1—a;; § d;

=0.

Proposition 4.6. In D(A,(g)), we have the following relations:

: (1o xi)hy = hi(1>axi),  (baxa)" = H; 2,
) hi(b; TVt = q%uh,; T,
) (bixs)e; Gixs) ™" = aiq~ e,

0) (bixa) (0;T9) (bixs) ™ = @91 q> (b;1Y),
(0;T7)es — g~ e;(b;T7) = 6;5(1 < e — Hy 'hixa)-
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Proof. By Formula (2.23), we have (1> x;)h; = hj > (hj_l —xi—hj)=h;jpax; = h;(1
Xi)- To show the second equation in (4.7), we use the formula (x) in Theorem 2.5. We obtain:

(1> ) (1 > x3)

a=b=c; ,c€(Zn)™ d=e=(n—1)e; k,j#i ki j=i

n—1)"+(n—1)"
o (e[ m () gy 2

m
Ol | R
ce(Zm)m k=1
= H;x?.
Here x? is the product x; - x; in M,(g). Inductively, we have (1 0 x;)* = HF 'xF for
1 <k < n. In particular, (1> ;)" = H; 'x? = H; '. By the first part of (4.7), we obtain:

(bixi)™ =bvPxr = H; 'H ' = H 2

For (4.8), it is enough to show that h;[Vh; ' = q =% (1 1 T7) because the elements h; and b;

are commutative. Indeed, using Formula (2.23) we obtain:

hiT9h; = hy(hy Yxj(hy DTY) = =% (1 0 TY),

For (4.9), we have the following;:

(ixi)e; (Pixi) ™"
=bi(e;)1)@w® 2 (@ = & = M) (WS ((e;)2) = xi — () 1yyw®)bixi) !
n—1
=bi(Y ey pa g x4+ ey pa g i D) (bixs)
k=1

_ [qui(n—l) Z H q M e 04 X +

a€(Zp)™,a;7#0 =1
m
q > e tae; saxal bixi)
a€(Zyn)™,a;=01=1
Now we need the following identities:

qui(’nfl) Z ﬁqfcz'lallaej

a€(Ln)™,a;#01=1

m
_ ch-,i(n—l) Z Hq_c“alejlafej

a€(Zpn)™,a;#01=1

m
— chi(nfl)qfcijej Z Hqic“allav

a€(Zn)™,a;#n—11=1
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and:

q*cji Z ﬁ qic“allaej

a€(Zp)™,a;=01=1

= q—ij, Z ﬁq—cualejla_ej

a€(Zyn)™,a;=01=1

Cij(”*l)ej Z ﬁ q*Cz‘Lalla'

a€(Zp)™,a;=n—11=1

=q “q

By applying the above identities to the expression of (b;x;)e;(bix;) ™', we obtain:

(bixi)es(bixi) ™"
=q g% Ve;(b; > x:) (bixi) "

Cji g~ 2¢51

=q%ig ;.
To show (4.10), we only need to verify that (b;x;)(1>aT7)(bix;) ™t = q %% (1 > I'V) since

the elements x; and b; are commutative. Note that (b;x;) ™' = Hi_lbi_lx?_l. Thus, we have:
(axi) (1 pa T7) (bix) ™
= bi[w™® pa (WO =T — M)W —~ ;= @) (bsxi)
= (b~ pa (D7 xa) ) H; 1oy g

=q 9 [(Lea DV - ) Hy o Y,

(2

and:
(1oaT7 - xi) (H; byt pax ™)

m
ST e [[a O HI b (S(L) — x0T 1)
a,b,c,d,e€(Zn)™ I—1

(S(H"14) = T9 -y, — H;'1,)

_ Z H go0 H qcik(—(n—l)[bk%])

c€(Zip)™,a=d=(n—1)¢; ,b=¢;+¢;j,e=¢; s£iFk s=i#k
H qcsi(bs+cs)qcii(1+ci_1) HqCuClinj(l-‘er)'q—ij,Hi—l1c > Xi_l . (Fj Xi)
s#i=k l#j
14c; , m .
— Z qcij[T] Hqcilclqc'ij(l"l‘cj) H qasicstllc > X;l (Vi)
c€(Zin)™ I#7 s=1

= q“b; et (V- xi)
= qcij+cjibi—l > I‘j’
where wq p ¢4, denotes the coefficient of 1,01, ®1,®.5(14) ®S5(1e) in w. For the third equal-

ity we used [[/", q%i®H; '1, = 1. and Lemma 4.1. Therefore, (b;x;)(1 b T7)(b;x;) ™! =
q i (1o 7).
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We arrive now at the proof of the last equality, (4.11). Using the comultiplication formula for
e; given in Lemma 2.3, we have:
n—1
(A@id)Ale) = e@b @b +1@ Y 1he; @b + H; ' @ 1fe; @b; "
k=1
n—1
H®1® Y lie+H '@ H ' ® 1.
k=1

Substituting the above comultiplication of e; in the following equation:

(1o T7)(e; pe) = (e3)(1y2) 4 S((€i)(2)) = T7 = (&5) 1)1y,

we obtain:
n—1

(1) (e;xae) = Z 1ie; a1V 4+ q %ilhe; >aTY, for i # j.
k=1
Now multiplying both sides of the above identity with the element b;, we obtain:

m m
O = e S [[eo ™l ol +q e Y [[a9@ 1. 1
a€(Z2)m,a;#01=1 a€(Z)m,a;=01=1
m m
D SE | (x Ci P R S | (LR
ac(Z)m,a;#n—11=1 ac(Z)m,a;=n—11=1

= qfcf"'el-(bjfj).

If i = j, then we have:

n—1
(1T (espae) =b; ' + Z lie; T+ g “ilje; b T8 — H .
k=1

Similarly, by multiplying both sides with the element b;, we obtain:

(biri)ei =1lxe+ q_C”@i(biFi) - H'il(bin)-

2

O

The next step is to determine the coalgebraic structure of D(A,(g)). We divide it in the
following two propositions.

Proposition 4.7. In D(A,(g)), we have:

n—1
j=1
(4.13) e(h;) =1, e(e;) =0,

for1 <i<m.

Proof. Due to the fact that A,(g) is a quasi-Hopf subalgebra of D(4,(g)). O
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Proposition 4.8. In D(A,(g)), we have:

(4.14) Abixi) = bixs @ bixa,
(4.15) AGTY) = b, T @b; + H  (bixi) ® (b;T7) Z 1+ (bixi) ® (0:T7)1,
(4.16) elbixi) = 1, e(:I") =

for1<i<m.

Proof. Recall that, for any ¢ € M,(g), we defined T(¢)) = ¢(2) > S(¢P)ap®) — o — ¢8§
(see Equation (2.19) before Theorem 2.5). Thus:

T(xi) = 6l = S(6)as® = y; — o)

m
b c
= Z H qfcst(aiﬂz tt ‘]la2 b1 S(1p)ale — x; — 1o
a',a?,b,c€(Zyp)™ s,;t=1

= Z H q_CQt(a +a2)[bt+q] Catea = t]l a2 X S(]_b)l — i — 1,
al,a?,b,c€(Zy)™ s,t=1

= > ﬁ GO TG L 2 X

al=c=¢;,b=(n—1)€;,a?2€(%y)™ s=1
m
= E H q—csias ]-a > X
a€(Zy)™ s=1
-1
= H; x:

Applying formula (%) in Theorem 2.5, we have:

A(T(x:))
- é(Q)T(Xi . (5(1))¢(—1)¢(1) ® q3(3)¢(—3)T(¢(3) N ¢(—2))¢(2)
- ¥ S TN
al,a?,a3,b1,b2,b3,ct,c2,c3€(Zy)™ s,t=1
1,T(xi — 101)1pn 1 @ 1313 T(1s — X — Ly2)1e2
Z TT oottt et ezt
al,a?,a3,b2,c3€(Zy )™ s,t=1
T(x; — 1,1)1,2 ® T(lcz = X0 — 1p2)1gs
—e “1*% coial 1ad —c..a? af+1
Z Hq it] ]Hq“ [n]]‘_[q:1 siag[~45—]
a?,a3€(Zy,)™ t=1 s=1
T(xi)1la2 @ T(x:)1as
T e eited
S JJa T IT ()1 @ T(x) 1as-

a?,a3€ (%)™ t=1
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Therefore, we obtain:
AG:T(xi) = AG)A(T(x:))

> ﬁ g1, @1,)

b€ (Zy)m t=1

Z Hq—c@z o t]T (xi)1p @ T(xi)1c)

b CG(Z m t=1

m
> Lot 1m0 @ 1)

b,c€(Zp)™ t=1
biT(xi) © biT(xa)-

This means that b;T(x;) is a group-like element. Since T(x;) = H; *x; and H; ' is a group-
like element, b;y; is group-like too. Thus the proof of (4.14) is done.

Using the same method, one can show that:

T[T =1
and:
i o ai+af .
A(T(TY) = Z Hq*m[ 11, T(0Y) @ 1,5
a2,a3€(Zy)™ t=1
2 HQ‘C”[W”HQC”“ FT () © 10 T(T),
a2,a3€(Zy)m™ t=1
Thus:
AGT) = AGIATE)
DN | (RGE IR
a2,a3€(Zy)™ t=1
+H Y JJaeve Y [Ja 110
a2€(Zp)™ t=1 a3;ad£n—11t=1
m L m g .
+ > o= 1exe Y [[a 1.1
a?€(Zpn)™ t=1 a3'a3:n71t=1
= I @b+ H  (bixi) ® (0,T7) le (ixi) ® (0T,
Now (4.16) is clear. O

Finally, we determine the reassociator ¢, the elements «, 3 and the antipode S for D(A4,(g)).
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Proposition 4.9. In D(A,(g)), the reassociator is given by:
m biten
(4.17) o= > (Jla= = H.eLol.
a,b,c€(Zn)™ 4,5=1
The elements «, B can be chosen as:

(4.18) = Y H geras L, B =1.

A€ (Zn)™ s,t=1

The antipode S is determined by:

(4.19) S(hi) =h;',  Shixi) = (ixa) ™",
n—1
(4.20) S(ei) = —(a Y _ 1he; + Hialje;)ha ™",
j=1
(4.21) S(b; ) = —(H; (bixs) teu(b;I) Z 10+ (bixi) ta(, D)1 et

for1<i<m.

Proof. By Theorem 2.5 (2) and Lemma 2.3, the reassociator ¢ is given by (4.17), and «, 8 can
be chosen as in (4.18). Since the elements h; and b;x; are group-like, (4.19) is obvious. Both
(4.20) and (4.21) follow directly from the definition of the antipode and the comultiplication
formulas for e; and b;T"%. O

5. PRESENTATION OF QUASI-FROBENIUS-LUSZTIG KERNELS

In this section, we present D(A,(g)) in terms of generators and relations. Let g be a simple
Lie algebra of finite type, A = (@;j)mxm its Cartan matrix and C' = (d;a;;) = (¢;5) the
symmetrized Cartan matrix. Let n be a natural number > 4, and ¢ an n?-th primitive root

of unity, g = ¢" and [; = ord(q“).

Definition 5.1. The quasi-Frobenius-Lusztig kernel Qug(g) is a quasi-Hopf algebra defined
as follows. As an associative algebra, it is generated by E;, F;, Ki,f{i (1 <i<m) satisfying:

(5.1) KiK; = K;K;, KK;=KjK;, KK;=EKK,
(5.2) Kr'=1, K= ﬁKl_ZC“,

(5.3) K,E; =’ E;K;, K;F;=q ° F;K;,
(5.4) KiEj = qq 0 B K;, KiF; = q %i¢* F;K;,
(5.5) FiE; — ¢ % E;Fy = §;;(1 HK GK),

(5.6) El = Fli =0,
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BEE =0 %)
d;
FIFFs =0 i#j.
d;

o 1T as
Zr-‘rs:l—a”(il) [ s

(5.7) L
Zr-&-s:l—aq,j(_l)s [ s N

for 1 <i,5 <m.

Let {14]la = (a1,...,am) € (Z,)™} be the set of primitive idempotents of the group algebra of
(Kill < i <m) = (Z,)™, 1, = 230020 (@ F VK], b= Yoeqaym [jmy a9 e, Hy =
[T, K.

The reassociator ¢, the comultiplication A, the counit €, the elements o, 8 and the antipode

S are given by

m bi4c;
(5.8) o= > (J]a T henel,
a,b,c€(Zp)™ 1,j=1
(5.9) AEK) =K ®K, AK)=K®K,
n—1
—1 i —1 i
(5.10) A(E;) = E; ®b; +1®leEi +H '@ 1)E;,
j=1
n—1 .
(5.11) A(Fy) = Fi®bi—|—H[1Ki®Fi21§ + K; ® Fi1),
j=1
(5.12) e(K;)=e(K;) =1, &(E;)=¢e(F)=0,

(5.13) a= > ﬁqutas[Wm, B=1

a€(Zy)™ s,t=1

(5.14) S(K;) =K, S(K;) =K,
n—1
(5.15) S(E;) = —(a Y 1iE;+ Hial{E;)hia ™",
j=1
n—1 ) )
(5.16) S(Fy) = —(H;K;'aF; Y 1)+ K, aF1{)h; o™t
j=1

for1<i<m.

Lemma 5.2. Qu,(g) is finite dimensional and dim(Qu,(g)) = (dim(A4,(g)))?.

Proof. We give a rough proof of this statement. At first, by the relations (5.3)-(5.5), Qug(g)
has an triangle decomposition:

Qug(g) = utu’u”
where ut (resp. u~) is the subalgebra generated by E; (resp. Fj) for 1 < i < m, and u® is
the subalgebra generated by K;, ki for 1 <4 < m. It is not hard to see that dim(uo) = p2m
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and dim(u™)n™ = dim(u~)n™ = dim(4,(g)). Therefore,
dim(Quy(g)) = (dim(Aq(9)))?.
O

The following theorem shows that Qu,(g) is a quasi-Hopf algebra though one can also verify
that (5.1)-(5.16) define a quasi-Hopf algebra.

Theorem 5.3. As quasi-Hopf algebras, D(A,(g)) = Quq(g).

Proof. Define a map
T: Quy(g) — D(A,(9)),  Kiw hi, Kivrsbixi,
E;, — €, F; — I?Z].—‘Z

By Propositions 4.3, 4.5 and 4.6, T is an algebra morphism. By Propositions 4.7 and 4.8,
T preserves the comultiplication. Thanks to Theorem 2.5 (1), T is surjective, and hence

bijective as the dimensions of the two algebras are equal (see Lemma 5.2). O

6. TWIST EQUIVALENCE

In this section, we determine when the quasi-Hopf algebra Qu,(g) is not twisted equivalent
to a Hopf algebra.

Definition 6.1. (1) We call a quasi-Hopf algebra H twist equivalent to another quasi-Hopf
algebra K if there is a twist J of H such that K = Hj as quasi-bialgebras.

(2) A quasi-Hopf algebra H is said to be genuine if H is not twist equivalent to any ordinary
Hopf algebra.

We give various sufficient conditions for Qu,(g) to be genuine.
Theorem 6.2. Assume g is of type A,, for m > 2.

(1) If (m + 1)|n, then Quy(g) is a genuine quasi-Hopf algebra.

(2) If m is odd and 4|n, then Quq(g) is a genuine quasi-Hopf algebra.

Proof. (1) Let d = g and (1 = q?. Let G := (K;|1 <1i < m) be the subgroup generated

by K;’s in Qu,(g). Consider the following 1-dimensional representation of G:
p: G—k, Kir(hir

We show that p can be extended to a 1-dimensional representation of Qu,(g), still denoted
by p. Indeed, we may define:

p: Quyg) — k, KirsCq, Ki1, Ej0, Fye0,
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for 1 < i < m. We need to show that p is a well-defined algebra morphism. By our choice,
we have p(H;) = p(H?Zl(Kj)cﬂ) = 1. Therefore, the relations (5.2) and (5.5) are preserved
by p. The other relations can be checked easily. Thus p is well-defined.

Now let X be this 1-dimensional Qug(g)-module and (X) be the tensor subcategory generated
by X. Define:
!

X = (XoX)®X) ).

Then the objects of (X) are direct sums of elements in {X®!|0 <[ < m 4+ 1}. Now assume
that Qug(g) is twist equivalent to a Hopf algebra. By the general principle of Tannaka-Krein
duality (see, e.g., [3]), there is a fiber functor from the category Rep-Qug(g) to the category of
k-spaces. Thus its restriction to (X) is still a fiber functor. This implies that the restriction
of ¢ to (X) should come from a 3-coboundary of (Z,,+1)™. In fact, by the definition of p,
1,X # 0 if and only if kd|ay for 1 < k < m, and hence

m
_ thy +tey
¢|(X} = E H Cmf:isaé[ m+1 ]1a®1b®1c-
a,b,c€(Lm41)™ 8,t=1

Here 1,, x = a,b, ¢, denotes a primitive element in k((Z,,+1)™). This corresponds to a 3-

cocycle @ over ((Zp,+1)™)", the character group of (Z,+1)™. By definition, ®(xa, Xb, Xc) =
m —cersas|HLELEL]
[ =1 Gnia

where x.,r = a, b, ¢, is the dual element of 1,.

Now we show that ® is not a coboundary and thus we get a contradiction. By Corollary 2.11,
it is enough to compute F;(®). We use the same notations as in Subsection 1.4. We have the

following:

f1,1,1 = Fék(q))(‘l’l,l,l)

m
= H(I)(XelaXleNXel)
=0

= GHAL
By Corollary 2.11 and Lemma 2.9, ® is not a coboundary.

(2) Consider the following 1-dimensional representation of G:

(61) pi Gk, § R b Hriseven

K; —q+%, ifiisodd.
It is not hard to see that p(H;) = £1, and that p can be also extended to a Qug,(g)-module
by setting:
(6.2) p(E;) = p(F) =0, p(K;) = p(H;)
for 1 <4 < m. Thus using the same argument developed in the proof of (1), we get the
desired result. O
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Theorem 6.3. The following hold.
(1) Assume g is of type By,. If either 2/m and 4|n or 21 m and 8|n, then Quy(g) is genuine;
(2) Assume g is of type Cy,, or Dy, or Ez. If 4|n, then Quq(g) is genuine;

(3) Assume g is of type Eg. If 3|n, then Quy(g) is genuine.

Proof. The proof is almost the same as the proof of Theorem 6.2. Therefore, we only provide

the construction of the 1-dimensional modules.

The principle for the construction of such a 1-dimensional module is: For a 1-dimensional
Qug(g)-module, the actions of E; and F; must be trivial since they are nilpotent. Thus
Relation (5.5) implies that the action of H;lfi'i is trivial as well. Applying Relation (5.2),
the action of H; ? is also trivial and hence the action of H; must be 1. So a necessary
condition for a 1-dimensional kG-module to be extended to a Qu,(g)-module is: the action
of H; is £1. Conversely, given a 1-dimensional kG-module (V, p) satisfying p(H;) = £1, it

can be extended to a Qug(g)-module if we set p(E;) = p(F;) = 0 and p(K;) = p(H;).

Type B,,: If m is even and 4|n, the 1-dim representation p in (6.1) extends to a Qug(g)-
module as in the proof of Theorem 6.2.

If m is odd and 8|n, define:

K; — 1, if 7 is even
p: G—k, K;w— qi, ifiisodd andi# m,
K, — qF.

Then p extends to a Qug(g)-module by adding (6.2).
Type C,,: If 4|n, define:

i Gk {Kib—>1,7L for i < m,
K, —q+.

Then p extends to a Qug(g)-module by adding (6.2).
Type D,,: If 4|n, define:

Ki—1 if 4 -1
pr Gk, { T nrsmes
K,—q1, ifi=m-—1m.
Then p extends to a Qug(g)-module by adding (6.2).

Type Eg: If 3|n, define:

K, —1, ifi=24,
p: G—k, K, —q3, ifi=1,5,
K;—q%, ifi=3,6.

Then p extends to a Qu,(g)-module by adding (6.2).
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Type Er: If 4|n, define:

K;—1, ifi=1,3,4,6,

p: G—k, nop
K,—q+, ifi=25T.

Then p extends to a Qu,(g)-module by adding (6.2).
]

Remark 6.4. (1) Except type G2, Etingof and Gelaki proved that D(A,(g)) is always twist
equivalent to a Hopf algebra provided n is odd and (n,|(ai;)]) = 1 (for type G2, they need
one more condition, that is, 3 { n), where |(a;;)| is the determinant of the Cartan matrix. It is
well-known that the determinant of the Cartan matrix of type A,, (resp. Eg) is m + 1 (resp.
3). Therefore, our results imply that the condition “ n is odd and (n, |(a;;)]) = 1”7 can not be
removed in general. One could even ask whether such a condition is a necessary condition.
But it is not. For example, let n = 2. One can use Corollary 2.11 and Lemma 2.9 to show
that ¢ is already a coboundary in A,(g) and thus A,(g) is twist equivalent to a Hopf algebra.
Therefore, D(A,(g)) is twist equivalent to a Hopf algebra too.

(2) Our methods cannot be applied to Lie algebras of type Es, Fy and Go. We do not know

whether there is an n such that Qug(g) is genuine when g is one of these types.

Problem 6.5. (1) For type Es, is Qu,(g) twist equivalent to a Hopf algebra? For type Fy,
is Qug(g) genuine when 4|n? For type G, is Quq(g) genuine when 6/n?

(2) Give a complete list of genuine quasi-Frobenius-Lusztig kernels.

(3) How can one determine whether a given finite dimensional quasi-Hopf algebra H over k

is twist equivalent to some Hopf algebra or not?
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