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Abstract

An innovative strategy for the analysis and design of the anchorage zones of pre-tensioned, concrete girders is presented. In this
approach, the bond behaviour of the prestress strands is first characterised in a small-sized beam model. A new relation between
the slip and radial strain of the prestress strand is introduced and used together with the radial stress-strain relation resulting from a
thick-walled cylinder model to establish the bond-slip behaviour at the steel-concrete interface. This bond behaviour is implemented
in a numerical model and validated via a comparison of the computed transfer length with the results of two experimental campaigns.
Next, the bond-slip relation of the small-scale model is applied in full-scale models of pre-tensioned, concrete girders to derive the
stress distribution in the anchorage zones. The non-linear material behaviour of concrete is taken into account and a comparison
of the numerical results with full-scale experimental data is made. An acceptable agreement is achieved between the experimental
results and the numerical calculations regarding the bond behaviour and transfer lengths as well as the crack patterns and the stress
values in the reinforcement bars. This efficient modelling approach allows for a full analysis of the anchorage zone based solely on
the geometrical and material properties known at the design stage.
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1. Introduction

Although the use of prestressed concrete girders for struc-
tures involving large spans is widespread nowadays, field ob-
servations show that some of these elements still exhibit non
negligible cracking in the anchorage zone due to a combina-
tion of large prestress forces and inadequate anchorage zone
reinforcement design. The transfer of the prestress force from
the prestress tendon to the surrounding reinforcement and the
spreading of these forces over the height of the element cause
a non-linear stress distribution in the anchorage zone which is
not easily controlled. Furthermore, the commonly used Euler-
Bernouilli beam theory is not suited to describe the stress field
in this zone since the cross-section of the element under pre-
stress load does not remain plane and does not stay perpendic-
ular to the neutral axis. Therefore, characterising the stress dis-
tribution in the anchorage zones is often tackled by resorting to
specifically derived analytical or numerical approaches, often
involving simplifications.

Advanced numerical models, validated against empirical
data, have recently been applied in order to get a better un-
derstanding of the behaviour of these zones in view of a more
efficient and economic design of anchorage zone reinforcement.
Tuan et al. [1] studied analytical models of the anchorage zone
using conventional methods like the strut-and-tie method and
Gergely-Sozen method but also more advanced numerical finite
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element models. Okumus [2, 3, 4] also used the finite element
method to analyse the stress distribution of the end zones of
pre-tensioned elements but included non-linear concrete mate-
rial behaviour. A study of the tensile stresses in the anchorage
zones of four full-scale beams was conducted by O’Callaghan
[5] who investigated the tensile stresses in the anchorage zone
empirically. Resulting from these researches, the value of the
prestress force, the eccentricity at which it is applied and the
value of the transfer length are identified as being the main pa-
rameters governing the cracking behaviour in the end zones.
Furthermore, an insight is provided into the cause of anchorage
zone cracks and suggestions concerning the anchorage zone re-
inforcement lay-out are made.

As just stated, proper evaluation of the tensile stresses in the
anchorage zone and a consequent effective design of the cor-
responding reinforcement lay-out in this zone require a correct
assessment of the transfer length. This transfer length is the
length, measured from the extremity of the member, necessary
to lead to the the full transfer of the prestressing force from the
tendon to the surrounding concrete [6]. A short transfer length
will induce high tensile stresses within the anchorage zone and
may thus lead to cracks which may deteriorate the structural
integrity of the element. The transfer length is essentially gov-
erned by the bond behaviour at the steel concrete interface and
the value of the bond strength depends on a range of param-
eters. Extensive experimental research has been performed in
order to identify and investigate these influences. It is found that
concrete confinement is one of the most important aspects gov-
erning the bond behaviour, as evidenced by the experimental
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campaigns of Galvez et al. [7], Marti-Vargas et al. [8], Benitez
et al. [9] and Torre-Cassanova et al. [10]. This concept of con-
crete confinement incorporates geometrical parameters, such as
concrete cover and strand diameter, and material parameters,
such as the concrete strength.

The mechanical action of the strand also affects the bond be-
haviour. Gustavson [11] and Moon et al. [12] notice a sig-
nificant contribution of the indentations and helical shape of
the strand to the bond strength. The experimental campaign of
Marti-Vargas [13] also showed that other factors like the wa-
ter/cement ratio of the concrete mixture influences the value
of the transfer length. Moreover, this influence is higher for
concrete mixtures with a high cement content. However, most
formulae for the evaluation of the transfer length available in
current codes and standards are still based on empirical formu-
lations and only take into account a limited part of the numerous
influencing parameters [14, 15, 16, 17]. Furthermore, Royce et
al. [18] and Marti-Vargas et al. [8] showed that these different
normative formulae are providing a substantial range of values
for the transfer length and thus lack accuracy.

Modelling the transfer of the prestress force in pre-tensioned,
concrete elements has also been investigated extensively over
the past decade. Ayoub and Fillippou [19] used a bond-slip
relation similar to the one that can be found in the CEB Fib
Model code 2010 [17]. Some of the parameters applied in this
bond model were evaluated beforehand by Tabatabai and Dick-
son [20] through an experimental campaign.

Lundgren [21] advocated that the bond behaviour should not
be inserted into the model as a fixed input but that it should re-
sult rather from an analysis. Galvez et al. [7, 22] simulated the
bond behaviour by implementing a non-associative yield func-
tion representing the relation between the bond strength and
the compressive stress at the steel-concrete interface. The con-
finement of the surrounding concrete was taken into account in
the model using a cohesive crack model. The confinement ef-
fect can alternatively be taken into consideration using a thick-
walled cylinder model. This approach is based on the work
of Timoshenko [23] and describes the constitutive behaviour of
the concrete surrounding a prestressing strand based on the ge-
ometric and material parameters of the specimen. The resulting
stress-strain relation is then used as an input for determining the
bond-slip relation. This way of assessing the bond-behaviour
and the confinement of the surrounding concrete was applied
by Den Uijl [24], Fellinger [25], Oh et al. [26] and Benitez et
al. [27].

Very recently, Abdelatif et al. [28] presented a comparison of
three different models of the prestress transfer. The first model
was an analytical model using a thick-walled cylinder approach.
The two other models consisted of a 2D axi-symmetric finite
element model with linear elastic material behaviour and of a
full 3D finite element model with non-linear concrete consti-
tutive behaviour. From this research, an analytical formulation
of the stress distribution along the transfer length is proposed.
Furthermore, it is concluded from the non-linear finite element
model that the thick-walled cylinder concept is justified to de-
scribe the confinement of the prestress tendon.

Arab et al. [29, 30] compared several modelling techniques

concerning the prestress tendons. One model uses an extrusion
technique, a second model is built following the concept of em-
bedded reinforcement in which the prestress tendons are imple-
mented using one-dimensional elements which are embedded
in the concrete continuum elements. For both models, bond-slip
behaviour is achieved by implementing the frictional nature at
the concrete-strand interface. However, in the extruded model,
this is achieved through contact surface algorithms while the
embedded model uses nodal constraints and master-slave con-
nections It is concluded that a correct assessment of the overall
behaviour of the pre-tensioned elements can be achieved with
both techniques [29]. However, the local behaviour surround-
ing the strand was better approximated with the extrusion tech-
nique even though this latter approach was numerically more
expensive. To allow for the correct evaluation of the self-weight
of the elements, the prestress bed was also modelled together
with contact formulations. This time the frictional behaviour
was minimised in order to limit the influence on the modelled
girder in the axial direction. In the vertical direction, hard con-
tact behaviour is implemented which prevents the girder from
merging with the prestress bed but allows for the uplift from the
casting bed.

As a conclusion of the review of available references deal-
ing with the transfer of the prestress force and with the bond
behaviour in pre-tensioned elements, it can be stated that focus
is mostly set on the modelling of the bond-slip behaviour at a
local scale, evaluating the transfer length and its influences for
small beams with one strand.

In this general context, the present paper proposes an effi-
cient modelling strategy aiming at characterising the non-linear
stress distribution within the anchorage zone of pre-tensioned
girders on the base of the limited number of geometric and ma-
terial parameters that can be identified at the design stage. This
is achieved by the application of a decoupled two-stage analy-
sis. In the first stage, the bond-slip behaviour is evaluated by
modelling a small-sized prestressed beam with only one strand
using equivalent strand confinement and material properties to
those of the full-scale girder. The equivalent strand confinement
is achieved by evaluating an effective concrete cover using the
actual geometric values of the concrete cover and of the clear
spacing between the prestress strands of the full-scale model.
This effective cover is then used in the small-scale model to
compute the bond-slip behaviour at the steel strand interface.
As a result, the appropriate bond-slip behaviour and transfer
lengths of the strand can be determined through the use of a
simple and numerically affordable model. In the second stage,
the computed bond-slip behaviour is implemented into a full-
scale model with non-linear material behaviour which in turn
allows for the correct portrayal of the stress state in the anchor-
age zone. This includes the stress behaviour of the reinforcing
steel as well as the concrete material, including crack prediction
if relevant. The proposed approach is compared with experi-
mental results in order to validate the prediction of the trans-
fer length and of the bond-slip behaviour of the pre-tensioned
strands. The appropriate strain distribution in the anchorage
zone is also checked by referring to existing experimental data.
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Figure 1: Bond-slip relation of 7-wire strand versus plain wire

(a) Pitch effect (b) ‘Lack-of-fit’

Figure 2: Mechanical resistance phenomena

2. Modelling bond behaviour

2.1. Bond mechanism of 7-wire strands

The bond behaviour of 7-wire strands differs quite signifi-
cantly from that of plain wires, as can be concluded from ex-
perimentally identified bond-slip relations [31] (figure 1). The
bond strength at the steel-concrete interface is attributed to three
aspects; chemical adhesion, mechanical resistance, and fric-
tional forces between steel and concrete [32]. The chemical
adhesion at the steel-concrete interface is very small and can be
neglected [21]. Mechanical resistance of the strand itself is of
great importance when ribbed or indented bars are concerned
[9, 11, 24]. The mechanical resistance can be converted into an
equivalent frictional behaviour which depends on the charac-
teristics of the tendon and of the surrounding concrete [22, 24].
Two major phenomena can be denoted concerning the mechan-
ical resistance, the pitch effect (figure 2a) and the ‘lack-of-fit’
effect (figure 2b). When a prestress strand is de-tensioned, it
will rotate while slipping into the concrete due to the fact that
the outer wires of a 7-wire strand are twisted around the mid-
dle wire. The tendon tries to follow the helical grooves during
de-tensioning and is thus inclined to a change of pitch. How-
ever, this pitch change is restrained by the surrounding concrete
and creates a torsional moment which is balanced by compres-
sive stresses at the steel-concrete interface, improving the bond
characteristics of the strand. The frictional aspect of the bond
behaviour is conditioned by the radial compressive stresses at
the steel-concrete interface and depends on the level of confine-
ment created by the surrounding concrete [24].

A further increase of the bond strength could theoretically
result from the ‘lack-of-fit’ effect mentioned above. This phe-
nomenon refers actually to the lack of fit of the outer wires

around the middle wire of a 7-wire strand creating a gap be-
tween the outer wires. This gap can be filled with cementi-
tious material, causing additional restraint of the pitch change
and thus increasing the contact stresses around the perimeter
of the strand. Some authors like Stocker and Sozen [33] in-
vestigated the importance of these effects on the basis of ex-
perimental pull-out tests. No substantial change of pitch was
noticed during these tests and it was concluded that the influ-
ence of this effect was marginal due to the low torsional stiff-
ness of the strand. However, the test set-up used by Stocker and
Sozen was questioned by Russel and Burns [34] who state that
the boundary conditions of the original tests were unsatisfac-
tory and minimised the effect of the restrained twist. In the test
set-up of Russel and Burns, the existence of a restrained twist
effect was in fact qualitatively indicated. Den Uijl [35] also no-
ticed the effect of a pitch change using push-in and pull-out tests
and provided an analytical basis for the presence of a restrained
twist effect by comparing bond-slip equations of plain strands
and 7-wire strands. Equations expressing the equilibrium of the
tendons with their relative twist on one hand and their torsional
moment and contact pressure at the steel-concrete interface on
the other hand were used for this purpose. It is noted how-
ever, that Den Uijl and Russel and Burns only demonstrated the
existence of a pitch change effect on the bond behaviour with-
out properly identifying any clear physical explanation whether
this is due to the ‘lack-of-fit’ effect or some other aspect of the
mechanical resistance such as concrete interlocking or normal
stresses at the steel concrete interface resulting from restrained
twist.

A final important aspect of the bond behaviour of a 7-wire
strand is the wedging effect which relates to the Poisson’s effect
of the material. When the strands are tensioned, their cross sec-
tion reduces due to the Poisson’s effect. During de-tensioning,
the axial stresses in the strands decrease at the end faces of the
element and the axial stress in the strand varies from zero at
the face of the element to reach its nominal prestressing value
at some distance within the element. This gradual increase of
the axial stress also implies that the cross section of the strand
will form a wedge towards the end face of the prestressed ele-
ment (figure 3). This wedge action will provide additional inter-
locking of the strand and will increase the bond strength. The
wedge effect is only active along the transfer length (lt) since
the change in the axial strain of the strand only occurs along
this length. The influence of the pitch change and of the wedge
effect caused by the Poisson’s effect are usually combined and
referred to in the literature as the Hoyer effect [36].

2.2. Confinement model
In the presented approach, the evaluation of the confinement

caused by the concrete cover surrounding the strand is done ac-
cording to a thick-walled cylinder model. In this model, the
resistance created by the concrete cover against splitting is ob-
tained by establishing the equilibrium between the radial ex-
pansion at the steel-concrete interface and the associated hoop
stresses across the cylinder wall. In doing so, the constitutive
relationship between radial compressive stress σrr and radial
compressive strain εrr is determined for a simple configuration
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Figure 3: Element side view depicting the strand wedge effect resulting from
Poisson’s effect

Figure 4: Thick-walled cylinder model

comprising a single prestressing strand (with circular cross sec-
tion) surrounded by a concrete cylinder (figure 4). The inner
radius of this cylinder is determined by the strand radius while
the outer radius is defined as the summation of the strand radius
and the concrete cover.

Three stages can be defined in the constitutive behaviour (fig-
ure 5). The first stage represents the linear elastic behaviour of
the concrete cylinder. The radial compressive stress induces cir-
cumferential tensile stresses at the interface. This relationship
remains linear as long as the hoop stresses surrounding the pre-
stress strand are smaller than the concrete tensile stress. When
the hoop stress exceeds the tensile strength, the second stage
starts in which radial microcracks initiate at the steel-concrete
interface and propagate throughout a now partially cracked con-
crete cylinder.

The micro-cracking stage can be idealised using a fictitious
crack model with a bilinear concrete softening curve. Finally,
the cracking front propagates to the outer radius of the con-
crete cylinder and the constitutive behaviour of a fully cracked
concrete cylinder is defined which marks the end of stage 2.
In stage 3 the crackwidth increases, leading to the formation
of macro-cracks. This results in further softening of the con-
crete. By taking into account the non-linear softening behaviour
of concrete, the loss of confinement due to the formation of
splitting cracks surrounding the prestressing strand can then be
taken into account.

2.3. Bond-slip relation

As aforementioned, the bond behaviour of 7-wire strands is
mainly conditioned by the mechanical resistance of the 7-wire
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Figure 5: Radial compressive stress - radial compressive strain relation of the
thick-walled cylinder model

strand and by the friction at the steel-concrete interface. Tepfers
[37] described the bond strength as a function of the radial com-
pressive stress at the steel concrete interface using a dry friction
law.

τ = τ0 + µσrr (1)

With τ being the bond strength at a particular point along
the strand and τ0, µ and σrr defining respectively the initial
bond strength, the friction coefficient of the material and the
radial stress at the steel-concrete interface. The thick-walled
cylinder model describes the constitutive behaviour of the ra-
dial compressive stress in function of the radial compressive
strain, σrr(εrr). The evaluation of σrr in function of εrr is the re-
sult of the analysis of the thick-walled cylinder model. Keeping
in mind the different stages of the model through the incorpora-
tion of the non-linear concrete material behaviour, the explicit
functions denoting σrr(εrr) at each seperate stage are quite sub-
stantial and are therefore not given in this paper. Reference is
made to the work of Den Uijl [24] in which the entire method
of establishing this constitutive behaviour is provided.

Considering the fact that the chemical adhesion is negligible,
τ0 in equation 1 can be set to zero. The bond strength can now
be expressed as;

τ = µσrr(εrr) (2)

The bond-slip relation can be obtained by evaluating the re-
lation between the radial strain εrr and the slip δ. In order to get
this relationship, the total radial strain is expressed as the sum
of three components.

εrr,tot = εrr,ν + εrr,lof + εrr,pitch (3)

In this equation, εrr,ν, εrr,lof and εrr,pitch denote the contribu-
tions associated with respectively the wedge effect, the ‘lack-
of-fit’ effect and the pitch effect to the total radial strain at the
interface. The strain associated with the wedge effect can easily
be expressed in function of the slip. The shortening of the pre-
stress strand is represented by the slip (δ) and the length over
which this shortening takes place is the transfer length (lt). The
axial strain is therefore equal to the slip divided by the transfer
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length. Using Poisson’s ratio, the change in axial stress is con-
verted into a radial stress. The increase in radial compressive
strain can now be denoted as

εrr,ν(δ) = Cννs
δ

lt
(4)

where Cν is a calibration constant, νs is the steel Poisson’s
ratio and lt is the transfer length. The average axial strain of
the strand is assumed to be proportional to the ratio between
the total slip and the transfer length. This expression forces an
iterative procedure to be initiated to characterise the bond-slip
behaviour since this behaviour depends on the transfer length
which in turn depends on the bond properties. A way of dealing
with this aspect of the analysis will be proposed in section 3.

The contribution of the ‘lack-of-fit’ effect and pitch effect
is less obvious to directly relate with the slip without a deep
understanding of their physical background. As a reasonable
first approximation, it is opted to combine the influence of the
‘lack-of-fit’ and pitch effects in one single contribution namely
the radial strain associated with the mechanical resistance of the
wire (εrr,mech).

εrr,mech = εrr,lof + εrr,pitch (5)

From the experimental research of Den Uijl [35, 38], it is ob-
served that the normal stresses resulting from the pitch change
and ‘lack-of-fit’ is proportional to the variation of the slip dis-
placement per unit length. Therefore, equation 6 is proposed,
defining εmech in function of δ.

εrr,mech(δ) = Cmech
δ

lt
(6)

Where δ/lt denotes the mean slip per unit length over the
whole transfer length. A second calibration constant character-
ising the radial strain behaviour resulting from the mechanical
properties of the strand (Cmech) is thus introduced. Setting equa-
tions 4, 5 and 6 into equation 3 yields the following empirical
relation describing the dilation behaviour of the strand in func-
tion of the slip.

εrr,tot(δ) = (Cννs +Cmech)
δ

lt
(7)

Combining equation 7 with equation 2 gives an expression of
the full bond-slip behaviour at the steel-concrete interface. The
values of the friction coefficient µ and the calibration constants
Cν and Cmech will be further investigated in section 3.

It is important to notice here that this bond-slip model should
only be applied for strands in a push-in condition. The change
in axial strain is indeed considered as having a positive effect on
the bond behaviour due to the wedge action that prevents fur-
ther slip of the strand into the concrete. Therefore, this bond-
slip model will only yield an appropriate bond-slip behaviour
for concrete elements which are prestressed using pre-tensioned
strands. Moreover, the model is not suited to describe the bond-
slip behaviour for general bond tests on small cylindrical spec-
imens (e.g. pull-out bond tests, push-in tests or combined pull-
out/push-in bond tests, as described by Abrishami [39]). Con-
trary to the description of small-scale elements by Mitchell et

al. [40] and Oh et al. [26], Abrishami used concrete specimens
where the length was 150-300mm. Thus smaller than the trans-
fer length. For these specimens, a proper transfer length cannot
be determined simply due to the limited size of the specimen.
Therefore, the radial strain-slip relation (εrr(δ)) is no longer
valid. The exploitation of the results of these simple bond tests
also assume a uniform distribution of the bond stresses at the
strand-concrete interface. This is valid due to the limited size
of the test specimens. However, this is not the case for a full-
scale element. Bond stresses will then only appear when a slip
between the concrete and the tendon occurs and the value of
the bond strength is dependent on the confining effect of the
surrounding concrete. For the remaining of this paper, small-
scale specimen refer to specimen for which, even if of limited
length, the total length is always larger than the transfer length
so that the radial strain-slip relation (εrr(δ)) will be valid.

3. Bond model: calibration and validation

In order to calibrate the constants of the proposed bond-slip
model, two experimental campaigns performed by Mitchell et
al. [40] and Oh et al. [26] are selected. Both campaigns
were conducted independently but used a similar test set-up.
The transfer lengths of relatively short pre-tensioned beams
were analysed using strain gauges along the prestress strands.
Several parameters such as the prestressing force, the concrete
strength, the concrete cover, and the strand radius were varied.
Furthermore, in the experimental study of Oh et al. beams with
one or two prestressing strands were examined, allowing the
opportunity to investigate the bond-slip model for beams with
multiple strands.

3.1. Summary of the experimental campaign

The experimental campaigns investigated small pre-
tensioned beams with rectangular cross sections. The ranges of
the parameters analysed by Mitchell et al. and Oh et al. can be
found in table 1. The experiments of Oh et al. also included
beams with two strands. For these beams the strand spacing
was varied between values of 2d, 3d and 4d with d being the
strand diameter. Prestress release was achieved using different
methods. Mitchell et al. released the prestress force by slowly
reducing the pressure in the hydraulic rams. Oh et al. achieved
prestress release by cutting the prestress strands. Both authors
do not release the prestress force simultaneously at both ends.
The measured transfer length will thus be different at both
sides of an element. The side at which the strands are released
is called the live end by Mitchell et al. and the cut end by Oh
et al. The following nomenclature is applied for the different
experimental beams. The beams of Mitchell et al. are desig-
nated using three numbers where the first number denotes the
strand radius, the second and third number denote the concrete
compressive strength at testing and the embedment length,
respectively. The nomenclature of the experiments by Oh et
al. consists of a letter M or T depending on whether the beam
has one (mono) or two (twin) strands followed by a number
denoting the strand radius, 12 for 12.7mm and 15 for 15.2mm
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Table 1: Value ranges experimental studies bond model

Parameter Range Range
Mitchell et al. Oh et al.

Prestress force [MPa] 922-1442 1357-1418
Concrete strength [MPa] 31-89 47-61
Strand radius [mm] 9.5, 12.7, 15.2 12.7, 15.2
Concrete cover [mm] 50, 75, 100 30, 40, 50

strands and another letter N or H for normal or high strength
concrete. The final two codes denote the concrete cover and
the number of the test beam in the series. The methods used
for measuring the transfer length also differ for both authors.
While both used strain gauges to measure the strain distribution
along the strand, Mitchell et al. applies a Slope Intercept (SI)
method whereas Oh et al. used an Average Maximum Strain
(AMS) method. The SI method is a graphical method in which
the transfer length is determined as the distance from the end
face of the element to the intersection of two curves fitted
against the axial strain measured respectively in the transfer
region and beyond this region. A major drawback to this
graphical method is that it is to some extent subjective, so
different persons can deduce different values for the transfer
length with the same experimental data. Furthermore, it relies
strongly on the number of data points. The AMS method
does not have the drawback of being biased by the person
performing the analysis. First, the data values are smoothed
out by averaging subsequent data points in order to avoid the
influence of locally diverging readings. The transfer length is
then conventionally determined as the length required to obtain
an axial strand strain of 95% of the maximum average strain of
the data set. The accuracy depends thus on the number of data
points and on the precision of the measurements in the zone
where the 95% line intersects the strain curve.

3.2. Finite element analysis: stage I

A numerical analyses of the pre-tensioned beam models is
performed using the software package TNO DIANA. 8-noded
quadrilateral elements are applied to model the concrete and the
prestress tendon is modelled using one-dimensional embedded
truss elements [41]. Similar to the approach provided by Arab
[29], the bond-slip relation presented in section 2.3 is imple-
mented in the material behaviour of the truss by application of
a friction stress-slip diagram. Linear elastic material properties
are used to model the constitutive behaviour of steel and con-
crete. The influence of the radial expansion of the strand, pos-
sible splitting cracks and softening behaviour on the confining
action of the concrete cover and thus on the bond strength, is
already implicitly included in the constitutive law of the thick-
walled cylinder model and thus must not be included in the ma-
terial behaviour of the concrete beam.

Only the concrete compressive strength at the time of testing
is known from the experimental data. Therefore, estimations
are needed for some necessary material parameters. An evalua-
tion of the tensile strength and the Young’s modulus is made in
compliance with the formulas available in the CEB FIB Model

Code [17]. The following equations are applied to estimate the
value of the concrete tensile strength.

fctm = 0.3 · f 2/3
ck fcc ≤ 50MPa

fctm = 2.12ln(1 + 0.1( fck + ∆ f )) fcc > 50MPa
(8)

With fctm the mean concrete tensile strength, fck the charac-
teristic concrete compressive strength, ∆ f equals 8 MPa [17]
and fcm is the actual cubic compressive strength at testing. The
Young’s modulus was evaluated using

Eci = Ec0

(
fcm

10

)1/3

(9)

With Eci the Young’s modulus at testing and Ec0, a reference
Young’s modulus equal to 21.5 · 103 MPa.

The prestress force is modelled as an external force acting
on the end nodes of the prestress tendon at the level of the end
faces of the beam. This force will then progressively be trans-
ferred from the prestress tendon to the surrounding concrete via
the bond stresses at the steel-concrete interface. However, this
modelling methodology requires the superposition of the initial
stress and strain in the tendon (i.e. stress and strain correspond-
ing to the pre-tensioning phase of the tendon before pouring
of the concrete) to the values resulting from the finite element
analysis, in order to achieve the actual total axial stress- and
strain-field in the tendon. The non-linear analysis is performed
using a full Newton-Rhapson solution algorithm. An example
of a pre-tensioned beam model with the applied boundary con-
ditions can be seen in figure 6. The black line in the beam
depicts the prestress strand. The corner nodes are restricted in
the X- and Z-direction and the bottom nodes in the middle of
the beam are blocked in the Y-direction in order to prevent any
rigid body motion.

As mentioned in section 2.3, an iterative procedure was fol-
lowed to obtain the correct bond-slip relation. Figure 7 repre-
sents the flowchart of this procedure. In order to compute the
bond-slip behaviour, the transfer length has to be known (equa-
tion 4). However, this transfer length is dependent on the bond-
slip behaviour and therefore, it cannot be evaluated accurately
in the first iteration step. An initial guess is made to evaluate
the bond-slip relation. Next, this relation is implemented in the
interface behaviour of the finite element model and the analy-
sis is performed. From the analysis results, the strain field of
the beam is plotted and a new transfer length (lt,i+1) is com-
puted following the 95% AMS method. If this updated value
does not match the previous value of the transfer length (lt,i),
the new value of the transfer length is used to re-evaluate the
bond-slip behaviour and the analysis is performed again until
convergence of the transfer length is reached. The initial guess
is chosen equal to 60 times the diameter of the 7-wire strand in
accordance with AASHTO regulations [14].

In order to take into account the presence of multiple strands
in a single cross section, the concrete cover applied in the thick-
walled cylinder model is replaced by an effective concrete cover
(ceff). This effective concrete cover is an average of the spacing
between the strands and the concrete cover. In this regard, a
single value for the concrete cover which effectively represents
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Figure 6: M15-N-C4 beam model with details of the applied boundary conditions

Figure 7: Flowchart of the bond-slip model

Figure 8: Example of the evaluation of the effective concrete cover for a cross
section which is prestressed with multiple strands

all strand throughout the element is obtained. When a beam
with multiple strands is analysed, ceff is computed first. The
evaluation of the bond-slip behaviour is then performed using a
model with only one strand with a concrete cover equal to ceff .
The following formula is used to calculate an effective concrete
cover (ceff).

ceff =
2cs + (n − 1)s

2n
(10)

Where cs represents the concrete cover to the faces of the
beam, n is the amount of strands and s is the strand spacing. An
example is given in figure 8. The specimen is prestressed with
two strands. The clear concrete cover is 20mm and the strand
spacing is 50mm. Evaluating equation 10 in the horizontal and
vertical direction returns an effective horizontal cover ceff1 of
22.5mm and an effective vertical cover ceff2 of 20mm.

3.3. FEA results: model calibration
A total of 22 pre-tensioned beams were modelled according

to the analysis procedure described in the previous section. Ten

Table 2: Calibrated values for the constants of the bond-slip model

Calibration constant Value
µ 0.75
Cν 1
Cmech 0.20

beams are selected from the experimental study of Mitchell et
al. and twelve from Oh et al’s campaign. The ten beams from
Mitchell et al. are used to first calibrate µ, Cν and Cmech. The re-
maining twelve beams of Oh et al. are then used to validate the
model by comparing the experimental results with the results
of a direct numerical analysis making use of these calibrated
values of the constants.

For the calibration of the bond-slip model, it is assumed that
µ,Cν and Cmech are constant. The values of the calibration con-
stants are determined by performing the bond-slip analysis us-
ing different values for each coefficient while the other ones
remain unchanged. The resulting value of the transfer length
is then evaluated by comparing it to the experimental value of
the corresponding specimen and the appropriate values for µ,Cν
and Cmech are identified.

Figure 10 illustrates the impact on the transfer length for dif-
ferent values of the individual calibration constants. For each
graph, the value of a single calibration constant is varied while
the others calibration values are kept constant. It can be seen
that the impact of Cν and Cmech on the transfer length values is
limited in comparison with that of µ.

The values for the calibration constants can be found in ta-
ble 2. These values provide good agreement for all ten beams
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Figure 9: Comparison experimental results with bond-slip model
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Figure 10: Impact of calibration constants on computed transfer length values
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taken from the experimental campaign of Mitchell et al. assum-
ing a constant value for µ,Cν and Cmech across all the models.
A value of 0.75 for µ has been suggested for concrete by other
authors [29, 30]. Throughout the literature, friction coefficients
ranging between 0.4 to 0.7 [32, 37, 29] can be found. Some
authors even use values up to and higher than 1 but these mod-
els often have an adaptive variable µ applying for instance a
plasticity model for µ or a slip-dependent friction coefficient
[32, 21].

Keeping in mind equation 7, the cross-effect of Cν and Cmech
can clearly be identified. As long as the expression between the
brackets remains constant, the same dilation behaviour of the
strand can be achieved for different values of Cν and Cmech. In
order to identify the proper value of the calibration constants,
an additional experimental campaign by Bodapati et al. [42]
was selected. The prestress tendons in this experimental pro-
gram were smooth bars hence eliminating the effect of the radial
dilation behaviour due to mechanical action of strands. From
these experiments, it is concluded that the Poisson’s coefficient
of steel (0.3) best describes the wedge effect of the strand at the
interface which fixes the value of Cν at 1.

Finally, based on the assumptions made in section 2.3, stating
that the radial expansion caused by the mechanical resistance is
proportional to the variation of the slip per unit length and look-
ing to equation 6, it can be said that the confining action of the
mechanical resistance (the ‘lack-of-fit’ effect and pitch effect)
contributing to the frictional behaviour at the steel concrete in-
terface is comparable to that of a radial dilation equal to 20%
of the slip. Therefore, the selected value of the calibration con-
stant Cmech concerning the mechanical resistance is set equal to
0.2.

The calibrated relation between the radial strain of the seven-
wire strand and the slip is represented by

εrr,tot(δ) = (νs +Cmech)
δ

lt
(11)

with νs equal to 0.3 and Cmech equal to 0.2.

3.4. FEA results: model validation

The transfer length of the bond-slip models was evaluated ac-
cording to the AMS method. Figures 9a and 9b show a compari-
son of the experimental results with the results computed using
the bond-slip model and the values presented in table 2. The
nomenclature used to denote the various beams in the graphs is
explained in section 3.1.

A decent agreement is reached between the results of the
bond-slip model and the experimental results of Mitchell et
al. The difference can partially be explained by the fact that
a different method is used to determine the transfer length. The
slope intersect method applied for these experimental results is
susceptible to errors due to the subjective interpretation of the
data, as mentioned in section 2. The numerical results should
also be compared with the transfer length at release as the ma-
terial characteristics entered in the model actually correspond
to this stage. It appears however that, in some cases, the nu-
merical model comes closer to the value of the transfer length
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(b) M12-N-C3-2 beam

Figure 11: Comparison prestress build-up in prestress strands

at 21 days (for instance for beam 13/75-950). This could be
due to a less accurate measurement at release or to the fact that
the intended concrete tensile strength of the beam was not yet
reached at release.

The differences can also be explained from the assumptions
at the numerical side, the material characteristics in the model
are evaluated using formulas 8 and 9 in order to take into ac-
count the natural evolution of the Young’s modulus and the con-
crete tensile strength through time. These assumptions might be
conservative or not in compliance with actual the material char-
acteristics at the time of testing. Furthermore, the assumption
made in section 2.3 (i.e. the mechanical resistance of the strand
defined using a linear relationship between the radial displace-
ment and the slip, equation 6) may be overly simplistic. The
values of the transfer length obtained by the bond-slip model
show good agreement with the experimental results of Oh et al.
probably due to the fact that the AMS method was used both in
the experimental campaign and in the processing of the numeri-
cal data. It is expected that the bond-slip model provides a value
for the transfer length between the cut end and dead end values
of the experimental campaign. When the strand is cut, certain
dynamic effects will occur at the cut end which cause a higher
value of the transfer length. Also, after cutting of the prestress
tendon, the specimen will move towards the strand anchor point
at the dead end side thus also causing prestress release on that
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Table 3: Girder properties

Tx28 Tx46 Tx70
Height (mm) 711 1169 1778
# prestressing strands 36 48 50
Total prestress force (kN) 7526 8700 8700

side. However, some frictional forces can occur between the
beam and the casting bed. As a result, the full prestress load
might not be released at the dead end. Taking into account the
results from the analyses for all 22 beams, the average relative
difference between the computed and the experimental values
of the transfer length is about 8%. The numerical results were
evaluated in reference to experimental transfer length values at
release for Mitchell et al. and in reference to the average be-
tween the cut end and dead end values for the experimental re-
sults of Oh et al.

3.5. Transfer of prestress force

Besides the transfer length itself, a further insight can also
be given on the strain and slip distribution along the transfer
length. Figure 11 shows the numerical results of the axial strain
normalised to the AMS strain at the transfer length and the nor-
malised slip in the prestress strand. The increase of the axial
stress is compared with to the normalised experimental values
of the 9.5/31/1200 beam taken from the experimental campaign
of Mitchell et al. and the M12-N-C3-2 beam from Oh et al. Slip
values are not available for in the experimental results of either
Mitchell et al. or Oh et al.

Good agreement is reached with the experimental results.
The difference between the experiment and the numerical
model for the 95/31/1200 beam can be justified by the fact that
the strains are normalised to the transfer length evaluated by
the AMS method for the numerical value while the SI method
was used for the experimental value. A better approximation
might be reached by including more experimental data points
but these were unavailable. Furthermore, a global overestima-
tion of the strain build-up is visible while a good approximation
is reached for data points located beyond the transfer length.

The M12-N-C3-2 beam shows very good fitting of the nu-
merical and of the experimental values regarding the increasing
part of the curve. The stabilised value seems however to slightly
diverge from the numerical value.

4. Finite element analysis: stage II

In this second stage of the analysis, the previously calibrated
bond-slip model is used to predict the non-linear stress distribu-
tion and possible cracking of the anchorage zone of full-scale
prestressed girders. Girders with I-shaped cross sections are
analysed, namely Tx28-, Tx46- and Tx70-girder (figure 12).
Table 3 gives the dimensions, number of prestress strands and
total prestressing force for each of the Tx-girders. The numeri-
cal results will be validated by comparison with strain data col-
lected from the work of O’Callaghan [5].

The analysis will be conducted in two stages. The first stage
evaluates the correct bond-slip model and transfer length of
the strands using the analysis procedures discussed in section
3 (figure 7). This will provide a model for the transfer of the
prestress force, taking into account the actual geometric and
material properties. This bond-slip behaviour is then imple-
mented in a full-scale model in which the non-linear behaviour
of concrete is taken into consideration in order to allow for the
possible occurrence of crack formation, concrete softening and
redistribution of the stresses after cracking.

4.1. Finite element model
A representation of the Tx70-girder model can be found in

figure 13. 8-noded quadrilateral elements and one-dimensional
truss elements are used to respectively model the concrete and
steel elements. In contrast with other models available in the
literature, which either apply crude simplifications of the trans-
fer of the prestress force or resort to numerically demanding
analyses in which the bond-slip behaviour is coupled with the
concrete non-linear material behaviour. The analysis approach
presented here considers a bond-slip model which is fully de-
coupled from the non-linear material model in the concrete el-
ements of the anchorage zone. The non-linear concrete ma-
terial behaviour is taken into account to model the global ef-
fect of bursting and spalling stresses on the end-zone reinforce-
ment. Since the prestress strands are modelled with embedded
truss elements, no normal behaviour (radial expansion) of the
strands and possible splitting cracks are explicitly represented
in the model. However, the loss of confinement due to these
cracks is correctly included in the bond-slip law via the prop-
erly calibrated thick-walled cylinder approach of the first mod-
elling stage. It must be safeguarded however, that at the local
level of the concrete material surrounding the prestress strands,
the effect of concrete softening is not taken into account twice
(once via the concrete material behaviour and once through the
bond model). This is ensured through the use of the embedded
modelling technique applied to represent the strands. For em-
bedded modelling, the stiffness in surrounding elements is in-
creased to take into account the influence of the reinforcement.
The frictional behaviour resulting from the bond-slip analysis
is achieved through nodal constraints and master-slave connec-
tions between the nodes of the concrete elements and truss el-
ements. Combined with the compressive prestress load, this
will result in a compressive state of the continuum elements
surrounding the truss elements and interaction between effects
of the non-linear material behaviour and the bond-slip model is
avoided. The uncoupled method between the bond-slip model
in stage I and the full scale model in stage II significantly min-
imises the numerical demand while maintaining a realistic ap-
proximation of the transfer of the prestress force. Due to the
bond-slip analysis in stage I, it is not necessary for the concrete
non-linear material to be implemented to correctly model the
transfer of the prestress force in stage II. Here however, the
concrete softening has been taken into account but solely to
model the global cracking behaviour in the anchorage zone as-
sociated with bursting and spalling. The risk of taking the soft-
ening behaviour into account twice is eliminated by ensuring

10



(a) Tx28 (b) Tx46 (c) Tx70

Figure 12: Dimensions of experimental girders, prestress tendon layout and location of strain gauges (units: mm)

that the continuum elements surrounding the prestress strands
are in compression through the embedded modelling technique.

A rotating smeared crack model with a linear softening curve
is applied to analyse the tensile behaviour of the concrete el-
ements in the anchorage zone. The compression curve is in
accordance with the CEB FIB 2010 Model Code [17]. The
passive reinforcement of the anchorage zone is modelled using
embedded truss elements with perfect bond behaviour and lin-
ear elastic material behaviour. To minimise the computational
load, the model is limited to a quarter of the girder with dou-
ble symmetric boundary conditions. Non-linear concrete mate-
rial behaviour is only considered along a length of 1.5 times the
transfer length as evaluated by the bond-slip model (represented
by the dark gray area in figure 13a). The bond-slip behaviour
of the strands is implemented similarly as in the small beam
models. Equation 10 is used to calculate two values for the
effective concrete cover. One value is used for all strands lo-
cated at the bottom flange while a second one is applied for the
prestress reinforcement situated in the top flange of the girder,
since the values of the concrete cover and prestress force are
significantly different for these two groups of strands. It would
theoretically be possible to evaluate a specific bond behaviour
for each strand separately but, considering the small differences
in concrete cover between the strands respectively in the lower
and upper flange, it is assumed that a reasonable approxima-
tion of the global bond behaviour is achieved with an averaged
behaviour per zone.

The full beam models include two loading phases. The first
one consists in the application of the selfweight while in the
second phase, all the prestress loads are applied according to
the sequence in which the strands are de-tensioned or flame-
cut in the production plant. In order to properly account for
the self-weight and to model the upwards curvature occurring
during the prestressing of the girder, the casting bed is explic-

X
Y

Z

X

Y

Z

(a) Tx70-girder: mesh
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(b) Tx70-girder: reinforcement lay-out

Figure 13: Finite element model: Tx70-girder
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itly modelled by rigid elements and non-linear interface ele-
ments are implemented between the girder and the casting bed.
The shear stiffness of the interface elements is kept low to fit
the reduced friction between the bed and the freshly manufac-
tured girder. The normal compression stiffness at the interface
is high in comparison with the tension stiffness to simulate a
quasi-unilateral contact. The actual behaviour of the set-up in
the manufacturing plant can thus be represented in an accurate
way. The model allows for the girder to bend upwards while
the downwards bending is prevented by the interface reacting
in compression. A sensitivity study was performed to define
the values of the normal stiffness in both directions and to as-
sess its influence on the beam response. However, the impact of
the changes in normal stiffness on the strain behaviour within
the anchorage zone appears to be limited.

4.2. Full scale girder analysis results

The results of the finite element model are compared with
strain data obtained from the work of O’Callaghan [5]. Figure
14 shows a comparison of the axial strain in several tendons.
The locations of the strands are shown in figure 12. The ulti-
mate strain at full transfer as well as the value of the transfer
length (i.e. the total length from which a stabilised strain state
is reached) is correctly approximated. However, the axial strain
seems to increase at a higher rate in the numerical model than
is experimentally measured by O’Callaghan. As stated in sec-
tion 3.2, equation 10 is evaluated to average the bond properties
of a set of strands into a single set of bond parameters applied
to all strands of the group. In reality, each strand is charac-
terised by its own transfer length, which may explain the differ-
ences in strain behaviour when focussing on one given strand.
Moreover, the assumption of a linear slip-strain relation, is also
likely to have consequences on the simulation of the load trans-
fer mechanism at the local level of a strand.

Furthermore, strain values in the passive reinforcement of the
anchorage zone (figure 12) were collected from the experimen-
tal data and compared to the numerical values as presented in
figure 15.

The numerically predicted strain distribution compares in
general well with the experimental measurements. Some dis-
crepancy is however observed for the strain gauges located at
440mm in the Tx28-girder (strain associated with the bursting
effect). The strains near the end faces of the girders also appear
to be slightly underestimated at a height of 698mm and 811mm
for the Tx46- and Tx70-girder respectively (strain associated
with the spalling effect).

These discrepancies in the strain field can occur due to the
material model. The applied softening model is a total strain
crack model, meaning that the strains associated with fracture
of the concrete are smeared out over each affected finite ele-
ment. This influence is assumed to be limited thanks to the ap-
plication of a fine mesh in the anchorage zone. However, in the
bursting and spalling zones, highly sensitive to cracking, this re-
mains limited in the perspective of perfectly capturing a strain
concentration associated to the opening of a discrete crack. This
could be improved by for instance implementing a discontinu-

ous crack model using interface elements at the expected crack
locations, provided these could be somehow predicted.

The experimental values also provide discrete strain readings
at certain positions. It is very difficult to assess the exact value
in the anchorage due to the intricate stress behaviour. The small
difference in the experimentally and numerically determined
strain values in the prestress tendons visible in figure 14 can
also indicate a slightly different load transfer. This could lead
to a change in load transfer, crack location and post-crack stress
redistribution in the anchorage zone causing the discrepancies
visible in figure 15. Moreover, differences between the values
provided by the numerical modelling environment and the real
life practical specimens are always expected to some extent.

Based on the proposed FEM methodology, an optimisation of
the passive reinforcement considering efficient and economical
end-zone detailing under the prestress load can be performed.

5. Conclusion

In this paper, an innovative two-stage modelling strategy is
proposed, aiming at the prediction of the non-linear strain and
stress distribution in the anchorage zone of pre-tensioned, con-
crete girders. The approach consists of a decoupled analysis. In
the first stage, the transfer length and the bond-slip behaviour of
one prestress tendon is characterised by evaluating the confine-
ment effect associated with the concrete surrounding the strand
and by deriving a specific relation describing the radial strain εrr

in function of the slippage of the strand δ. In the second stage,
this bond-slip relation is applied in a full-scale finite element
analysis of the girder. In contrast with other available full-scale
models, no experimental input is required and no limiting as-
sumptions are made regarding the transfer mechanism of the
prestress force. The modelling approach is able to accurately
evaluate the progressive global transfer of the prestress force
and to assess the subsequent non-linear strain distribution in
the anchorage zone. Both the numerical evaluation of the bond-
slip behaviour and of the strain fields of the anchorage zone
models were validated with experimental results, showing an
acceptable level of accuracy against a reasonable numerical in-
vestment. The whole procedure can be carried out entirely on
the basis of geometric and material properties available at the
design stage. Therefore, it can be efficiently used to analyse the
strain field in the anchorage zone and further to verify and op-
timise the scheme and amount of passive reinforcement in the
anchorage zone.
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[32] Fédération international du Béton, Bullettin 10 bond of reinforcement,
Tech. rep., International federation for structural concrete, (2000).

[33] M. Stocker, M. Sozen, Investigation of prestressed reinforced concrete
hof highway bridges. part vi: Bond characteristics of prestressing strand.,
Tech. rep., University of Illinois (1969).

[34] B. Russell, N. Burns, Design guidelines for transfer, development and
debonding of large diameter seven wire strands in pretensioned concrete
girders, Tech. rep., State Department of Highways and Public Transporta-
tion (1993).

[35] J. A. Den Uijl, Tensile stresses in the transmission zones of hollow-core
slabs, Tech. Rep. 5-83-10, Delft University of technology, Stevin Labora-
tories (1983).

[36] V. Briere, K. Harries, J. Kasan, C. Hager, Dilation behavior of seven-wire
prestressing strand the hoyer effect, Construction and Building Materials
40 (2013) 650–658.

[37] K. Lundgren, Three-dimensional modelling of bond in reinforced con-
crete: theoretical model, experiments and applications, Chalmers tekniska
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(c) Tx70-girder

Figure 14: Comparison numerical axial tendon strains with experimental results
of Tx-girders
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Figure 15: Comparison numerical reinforcement strains with experimental re-
sults of Tx-girders
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