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COMPARING THE COMMUTATIVE AND NON-COMMUTATIVE
RESOLUTIONS FOR DETERMINANTAL VARIETIES OF SKEW
SYMMETRIC AND SYMMETRIC MATRICES

SPELA SPENKO AND MICHEL VAN DEN BERGH

ABSTRACT. Let Y be the variety of (skew) symmetric n X n-matrices of rank
< r. In paper we construct a full faithful embedding between the derived
category of a non-commutative resolution of Y, constructed earlier by the
authors, and the derived category of the classical Springer resolution of Y.

1. INTRODUCTION

Throughout k is an algebraically closed field of characteristic zero. If A is a
right noetherian ring then we write D(A) for D? (A), the bounded derived category
of right A-modules with finitely generated cohomology. Similarly for a noetherian
scheme/stack X we write D(X) := D?_ (X).

coh

If Y is the determinantal variety of n X n-matrices of rank < r then in [2] (and
independently in [5]) a “non-commutative crepant resolution” [14, 18] A for k[Y] was
constructed. Such an NCCR is a k[Y]-algebra which has in particular the property
that D(A) is a “strongly crepant categorical resolution” of Perf(Y) (the derived
category of perfect complexes on Y) in the sense of [12, Def. 3.5]. This NCCR was
constructed starting from a tilting bundle on the standard Springer type resolution
of singularities Z — Y where Z is a vector bundle over a Grassmannian. Indeed
the main properties of A were derived from the existence of a derived equivalence
between D(A) and D(Z).

In this paper we discuss suitably adapted versions of these results for determi-
nantal varieties of symmetric matrices and skew symmetric matrices. It turns out
that both settings are very similar but notationally cumbersome to treat together.
So we present our main results and arguments in the skew symmetric case. The
modifications needed for the symmetric case will be discussed briefly in Section 6.

Let n > r > 0 with 2|r and now let Y be the variety of skew symmetric n x n-
matrices of rank < r. If n is odd then in [19] we constructed an NCCR A for
kY] (the existence of the resulting strongly crepant categorical resolution of Y was
conjectured in [10, Conj. 4.9]). The construction of A also works when n is even but
then A is not an NCCR, albeit very close to one. In particular one may show that
D(A) is a “weakly crepant categorical resolution” of Perf(Y), again in the sense of
[12] (see [1] for an entirely different construction of such resolutions).
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In contrast to [2, 5] the construction of the NCCR A is based on invariant theory
and does not use geometry. Nonetheless it is well known that also in this case Y
has a canonical (commutative) Springer type resolution of singularities Z — Y and
our main concern below will be the relationship between the resolutions A and Z.
In particular we will construct a k[Y]-linear embedding

(1.1) D(A) = D(Z).

For n odd such an inclusion is expected by the fact that NCCRs are conjectured to
yield minimal categorical resolutions. Note that the embedding (1.1) turns out to
be somewhat non-trivial. The image of A is a coherent sheaf of Oz-modules, but
it is not a vector bundle.

As already mentioned, the construction of A uses invariant theory. We explain
this next. Let H, V be vector spaces of dimension n, r with V being in addition
equipped with a symplectic bilinear form (—,—). The corresponding symplectic
group is denoted by Sp(V).

If x is a partition with I(x) < r/2 then we let SXV be the irreducible repre-
sentation of Sp(V') with highest weight x. If x = (x1,...,Xxr) € Z" is a dominant
GL(V)-weight then we let SXV be the irreducible GL(V')-representation with high-
est weight x.

Put X = Hom(H,V) and let T be the coordinate ring of X:

T = Symk(H Rk Vv).
Put
(1.2) M(x) := (SNV @, T)5P(V) |

Thus M(x) is a “module of covariants” in the sense of [17]. Let By, ,, be the set of
partitions contained in a box with m rows and n columns. Put

(1.3) M= pH My

XEBr 2, |n/2)—r/2
and A = Endr(M). In [19] the following result (which improves on [22]) was proved:
Theorem 1.1. One has gldim A < oco. Moreover if n is odd then A is a Cohen-

Macaulay R = TS*Y) -module. In other words, in the terminology of [14, 18], when
n is odd A is a non-commutative crepant resolution (NCCR) of R.

By the first fundamental theorem for the symplectic group R is a quotient of
Sym,(A2H) so that dually Spec R < A?HY C Homy(H, H"). The second funda-
mental theorem for the symplectic group yields

Spec R = {¢ | v € Homy(H, H"),v + " = 0,k < r}.

so that Spec R =Y with Y as introduced above. Below we identify R with k[Y].

We now discuss the Springer resolution p : Z — Y as well as the inclusion
D(A) — D(Z) announced in (1.1). Let F = Gr(r, H) be the Grassmannian of
r-dimensional quotients H — @Q of H and put

Z={($.Q) | Q € F,¢ € Homy(Q,Q"), ¢ + ¢* = 0} .

The Springer resolution p : Z — Y < Homy(H,HY) of Y sends (¢,Q) to the
composition

[H Q% QY < HY] € Homy(H, H).
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Using again the fundamental theorems for the symplectic group we have

(1.4) Symy,(Q @x VY)*PV) = Symy, (A*Q)

(since dim @ = dim V, there are no relations on the righthand side). For a parti-
tion x with I(x) < r/2 we put

(1.5) Mg(x) = (det Q)" @y, (SNV @ Sym, (Q @3, V)P

where we consider Mg (x) as a GL(Q)-equivariant Sym, (A%Q)-module via (1.4).
Choose a specific (H — @) € F. One has F = GL(H)/Pg where Py is the
parabolic subgroup of GL(H) that stabilizes the kernel of H — Q. We regard
GL(Q)-equivariant objects tacitly as Pg-equivariant objects through the canonical
morphism Py — GL(Q). Taking the fiber in @ defines an equivalence between
coh(GL(H), Z) and mod(Pg, Zq) where Z¢ := Sym;(A?Q), whose inverse will be

denoted by 7. Put o
Mz(x) = Mg(x) € coh(GL(H), Z).
Theorem 1.2. (see §5.2) Let i, A\ € By /2 5.
(1) We have for i > 0.
Extz(Mz(A), Mz(u)) = 0.
(2) There are isomorphisms as R-modules
(1.6) RT(Z, Mz(N\) 2 M(N).
(3) Applying p. induces an isomorphism
(1.7)
Homz(Mz(\), Mz (1)) = Homy (p. Mz (\), p- Mz (1)
=~ Homp(T'(Z, Mz(N\),T(Z,Mz(n))) (Y is affine)
= Homp(M(A), M(p)) (by (1.6))
From this theorem it follows in particular that
Mz = @ Mz(x)
XEBr/2,n/2)—r/2
satisfies
A ifi=0
0 ifi>0

and we obtain the following more precise version of (1.1):

ExtiZ(Mz,Mz) = {

Corollary 1.3. There is a full exact embedding
L
—®a Mz :D(A) — D(Z).

Remark 1.4. Put
M = EB M(x)
XEBr/2,n—r
and ' = Endg(M’). Tt follows from [19, Thm 1.5.1] (applied with A = X for a
sufficiently small € > 0) that gldim T’ < co. See the computation in §6 in loc. cit..

We have A = el'e for a suitable idempotent e. The fact that gldim A < oo implies
that T’ cannot be an NCCR by [20, Ex. 4.34] (see also [19, Remark 3.6]). In the



4 SPELA SPENKO AND MICHEL VAN DEN BERGH

terminology of [19] T is a (non-crepant) non-commutative resolution of R. As in
Corollary 1.3 we still have an embedding D(T') C D(Z).

2. ACKNOWLEDGEMENT

This paper owes a great deal to Sasha Kuznetsov who made the initial conjecture
that there should be an embedding D(A) < D(Z) and at the same time also indi-
cated a possible proof. Furthermore, after carefully reading a preliminary version
of this manuscript, Kuznetsov suggested that the embedding we had constructed at
that time might be coming from a “splitting functor” [11, §3] D(Z) — D(X/ Sp(V)).
This observation turned out to be correct and has allowed us to simplify our proofs
and moreover to clarify our statements. See §5.

After this paper was posted on the arXiv Steven Sam informed us that one of
our auxiliary results concerning the Mqg(x) introduced above can be generalized
using more sophisticated machinery (see Remark 3.5 below). We are grateful for
these very insightful comments.

3. A GL(Q)-EQUIVARIANT FREE RESOLUTION OF Mg(\)

In this section we discuss some of the properties of the Sym, (A%2Q)-modules
Mg () introduced in the introduction. We basically restate some results from [16]
in our current language. To do this it will be convenient to consider

No(x) = (SYV @ Symy,(Q @ VY)Y

so that Mg(x) = (det Q)®"™ @k No(x). Since det Q is one-dimensional, Mg (\)
and Ng(A) have identical properties.
The following fact will not be used although it seems interesting to know

Lemma 3.1. Ng(}) is a reflezive Symy (A?Q)-module.

Proof. This follows for example from the fact that Spec Sym,, (Q®:V") — Spec Sym, (A%Q)
contracts no divisor. O

Recall that a border strip is a connected skew Young diagram not containing
any 2 x 2 square. The size of a border strip is the number of boxes it contains. We
follow [16] and associate to some partitions A a partition 7,.(\) and a number 4, (\).
The definition of (7-(\), i-(A)) is inductive. If I(A) < r/2 then 7..(A) = A, i (A) = 0.
Suppose now that [(A) > r/2. If there exists a non empty border strip Ry of size
21(X) — r — 2 starting at the first box in the bottom row of A such that A\ Ry is a
partition then 7,.(A) := 7.(A\ Ry), and i, () := ¢(Ry) + i (A \ Ry), where ¢(R)) is
the number of columns of Ry. Otherwise 7,.(A) is undefined and i, (\) = cc.

From [16, Corollary 3.16] we extract the following result (the role of Sym(A%Q)
is played by the ring A in loc. cit. and our Sym,(Q & V') is denoted by B).

Proposition 3.2. Assume x is a partition with l(x) < /2. Then Ng(x) has
a GL(Q)-equivariant free resolution as a Sym(A?Q)-module which in homological
degree t > 0 is the direct sum of S*Q®y, Sym,,(A2Q) for X satisfying (1-()\),i.()\)) =
(X 1)-

Example 3.3. Write [u1, fi2, . ..] for SQ ®; Sym, (A?Q). Assume r = 4. Then
the above resolution of Ng(a,b) has the form

0— [a,b,1,1] — [a,b]
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if b > 1. If b = 0 then the resolution has only one term given by [a].

Example 3.4. Assume r = 6. Now the resolution of Ng(a,b,c) is
0—la,b,c2,2,2] = [a,b,c,2,1,1] = [a,b,¢,1,1] = [a,b, ]
if ¢> 2. If ¢ =1 then we have
0—la,b,1,1,1] — [a,b,1]

Ifc=0,b0>1 we get
0—la,b,1,1,1,1] = [a,b]

Finally for ¢ = b = 0 the resolution has again only a single term given by [a].

Remark 3.5. For X,/ > r/2 —1 we give an explict description the resolution of
Ng(x) (including the differentials) in Appendix A.

Steven Sam informed us of an alternative (and more general) approach as follows.
There is an action of s0(Q + Q*) on Sym(Q ®; V*), which commutes with the
Sp(V)-action. Therefore so(Q + Q*) acts on Ng(x). The resolution of Ng(x) in
Proposition 3.2 can be upgraded to an so(Q + @Q*)-equivariant resolution, which
is a BGG-resolution by parabolic Verma modules of the irreducible highest weight
representation Ng(x). This follows by [6, Lemma 5.14, Theorem 5.15, Corollary
6.8] since Ng(x) is unitary [4, Proposition 4.1].

In this way, using [6, Section 5.3] and [13, Proposition 3.7], one may in fact give
an explicit description of the resolution of Ng(x) also for general x. However an
analogue of the uniqueness claim of Proposition A.1 is apparently not yet available
in the literature.

Looking at the Examples 3.3, 3.4 suggests the following easy consequence of
Proposition 3.2 which is crucial for what follows:

Corollary 3.6. The summands of the resolution of Ng(x) given in Proposition
3.2 are all of the form S°Q @y Sym(A2Q) with §; = ;1.

Proof. Note first of all that 1(§) < r (otherwise S°Q = 0). A border strip R of size
< 2[(A\) — r — 2 starting at the first box in the bottom row of a partition A with
r > [(A) > r/2 has at most 2[(A) — r — 2 rows. So if we remove R then the first
I(A) — (2N —r—2) = =l(A) +r+2 > 2 rows of A are unaffected.

If S°Q ®x Sym(A%Q), § # X, appears in the resolution of Ng(x) then y is by
Proposition 3.2 obtained from § by a sequence of border strip removals as in the
previous paragraph. Thus §; = x1 (and also ds = x2). O

4. THE SPRINGER RESOLUTION

Let 0 : V = VV, o0+0Y = 0 be the isomorphism corresponding to the symplectic
form on V. Consider the following diagram.

(4.1) E-".x

|

ZT>YC—> N2HY

|

F



6 SPELA SPENKO AND MICHEL VAN DEN BERGH

where X = Hom(H, V) is as above and
(4.2) Y = {¢ € Hom(H,HY) | ¥ +¢" =0,tky <r} C A2 HY,

F = Gr(r, H) := {r-dimensional quotients of H},
(4.3) Z={($,Q) | Q € F,¢ € Hom(Q,Q"), ¢+ ¢" =0},

(4.4) E={(,Q)| Q€ F,ec Hom(Q,V)}.
If0: H—V € X then ¢(f) € Y is the composition

00 =H SV S v L g,
If (¢,Q) € Z then p(¢,Q) € Y is the composition

p(6.Q) =[H - QL Q" — HY].
The map 7 : Z — F is the projection (¢, Q) — Q. If (¢,Q) € E then p(e, Q) is the
composition
[H—Q 5 V]
and (e, Q) is (¢, Q) where ¢ is the composition

Q5V SV L.

In the diagram (4.2), X, Z, E are smooth, p is a resolution of singularities and 7
and g are vector bundles. The coordinate ring of X is T' = Sym,,(H ®; V). For
the other schemes in (4.1) we have

Y = Spec T5P(V)
Z = SpecFZ
E = SpecFE

with Z, £ being the sheaves of Op-algebras given by

4.5
(4.5) £ = Symp(Q @y V)

where Q is the tautological quotient bundle on F'. From (4.5) obtain in particular

Lemma 4.1. If U C F is an affine open then 7= 1(U) and (7q)~1(U) are affine
and moreover k[n~1(U)] = k[(mj)—l(U)]SP(V),

Now let Yy be the open subscheme of Y of those ¢ € Y (see (4.2)) which have rank
exactly r and put Xo = ¢ 1(Yp), Zo = p~ 1 (Yo), Eo = p 1 (Xo) = ¢ 1(Zp). Then it
is easy to see that Xo C X = Hom(H, V) is the open subscheme of those § : H — V
which are surjective and that Zy C Z is the open subscheme of those (¢,Q) € Z
(see (4.3)) where ¢ is an isomorphism. Finally Ej is the open subscheme of E of
those (€, Q) where € is an isomorphism. The restricted morphisms Gy : Fg — Zo,
qo : Xo — Yo are Sp(V)-torsors and the restricted morphisms py : Ey — Xo,
o : Zo — Yy are isomorphisms.
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5. A SPLITTING FUNCTOR

5.1. Preliminaries. The idea of using splitting functors was suggested to us by
Sasha Kuznetsov. Recall that a (full) triangulated subcategory of a triangulated
category is right admissible if the inclusion functor has a right adjoint. Following
[11, Def. 3.1] we say that a functor ® : B — A is right splitting if ker ® is right ad-
missible in B, ® restricted to (ker ) is fully faithful and finally im ® = ®(ker &)
is right admissible in A. Left splitting functors are defined in a similar way. We see
that splitting functors are categorical versions of partial isometries between Hilbert
space.

According to [11, Lem. 3.2, Cor. 3.4] a right splitting functor ® has a right
adjoint ®' which is a left splitting functor. According to [11, Thm 3.3(3r)] if ® is
right splitting then ® and ®' induce inverse equivalences between im® C A and
im ®' C B. Below we will use the following criterion to verify that a certain functor
is splitting.

Lemma 5.1.1. Assume that ® : B — A is an ezact functor between triangulated
categories. Assume that ® has a right adjoint ® such that the composition of the
counit map ®®' — idy with ® yields a natural isomorphism ®®'® — . Then
is a right splitting functor.

Proof. This is equivalent to the criterion [11, Thm 3.3(4r)]. In the latter case we
start from the unit map id4 — ®®' and we require that the resulting ® — ®®'®
is an isomorphism. As the composition ® — ®®'® — & is the identity, it follows
that if one of these maps is an isomorphism then so is the other. O

5.2. The functor. The diagram (4.1) may be transformed into a diagram of quo-
tient stacks
B/Sp(V) == X/Sp(V)

Z Yc N HY

which is compatible with the natural maps £ — E/Sp(V), X — X/Sp(V). This
means in particular that Lg, Lq;, Rps ., Lp;, }5’5’* may be computed like their
non-stacky counterparts. We will use this without further comment.

We define the functor ® as the composition

R

@ : D(Z) <% D(E/Sp(V)) “* D(X/ Sp(V)
The functor ® has a right adjoint ®' given by the composition

8 DX/ Sp(V)) 5 D(E) Sp(V)) 5 D(2)

where 7, = wg/x ®p Lpi(—) and s« is given by taking Sp(V)-invariants. From
Lemma 4.1 and the fact that Sp(V) is reductive it follows that s« is an exact
functor.

Theorem 5.2.1. (1) @ is a right splitting functor.
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im® is the smallest triangulated subcategory of D(X/Sp(V)) containing
SNy ®k Ox for X € Br/2,nfr-

im ®' is the smallest triangulated subcategory of D(Z) containing Mz(\)
Jfor N € Byjapn_p-

For A € B, ,,_, we have

O(7*((det Q)®" " @p S Q)) = SV @ Ox .
For \ € B,.3,,—» we have
B(Mz(N) = SNV @, Ox .
For \ € B,.3 5, we have

D' (SNV @ Ox) = Mz (N).

The proof is based on a series of lemmas. Most arguments are quite standard.
See [2, 21].

Lemma 5.2.2. (1) We have

(5.1)

(2)
(5.2)
Proof.

wp/x = (1q)"(det Q)"
as GL(H) x Sp(V)-equivariant coherent sheaves.
Moreover

Rf)s,*wE/X = Ox.

(1) For clarity we will work GL(H) x GL(V)-equivariantly. Using the
identification £ = Spec€ with £ = Symp(Q ®; V") (see (4.5)) we find
that wg corresponds to the sheaf of graded £-modules given by

we =wrp Qpdet(Q® VY)®F €.

From the fact that Qp = Homp(Q,R) where R = ker(H ®; O — Q) one
computes

wr = (det H)®" @ (det Q)%™ .
We also have
det(Q @ V) = (det Q)®" @y, (det V)@
so that ultimately we get
we = (det H)®" @y, (det V)® ™" @4, (det Q)¥" " ®@p &
and hence
wg = (det H)®" @}, (det V)® ™" @ (7§)*(det Q)%™ ".
One also has wx = (det H)®" @y, (det V)®~" @, Ox which yields
wg/x = (det V)" @ (7g)*(det Q)%™ ",

It now suffices to note that det V' is a trivial Sp(V')-representation.

It is easy to show this directly from (5.1) but one may also argue that X,
being smooth, has rational singularities and hence Rp, «(wg) = wx. Ten-
soring with w)_(l yields the desired result. ([
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On FE there is a tautological map
€:(mq)"(Q) = V @i Op

whose fiber in a point (¢,Q) € E is simply € : Q — V. From this description it is
clear that €|Ey is an isomorphism.

Lemma 5.2.3. Assume A € B,.,,_.. The map S*e becomes an isomorphism after
applying the functor Rp.(wp/x @p —).

Proof. By (5.2) we have
(5.3) Rp.(wp/x @5 (S*V ®), Op)) = S*V @k Rp.(wp/x) = S*V @ Ox.

When viewed as Symy,(H @, VV)-module R'p,(wg/x ®p S*((7ds)*(Q))) is given
by

(5.4) HY(F,5*Q®p (det Q)®" " @ &)

(using (5.1)). It follows from [3, Prop. 1.4] that (5.4) is zero for ¢ > 0. So
R'pi(wr/x ®5 SM(7Gs)*(Q))) = 0 for i > 0. We now consider i = 0. We claim
that p.(wg,x ®5 S*((7Gs)*(Q)) is maximal Cohen-Macaulay. To this end we have
to show that RHomx (ps(wg/x @5 S*((7ds)*(Q)), Ox) has no higher cohomology
or equivalently Ext’(S*((7§)*(Q)), Og) = 0 for i > 0. In other words we should
have

HY(F,(5*Q)Y ®@r &) =0

for 4 > 0. This follows again from [3, Prop. 1.4].

Combining this with (5.3) we see that Rp.(wp/x ®x S€) is a map between
maximal Cohen-Macaulay Ox-modules. Since this map is an isomorphism on Xg
and codim(X — Xg) > 2 we conclude that Rp,(wg,x ®x S™¢) is indeed an isomor-
phism. ([

Put Nz()\) := Ng()\) where the notation ? was introduced in the introduction
and Ng(A) was introduced in §3. From Lemma 4.1 we deduce

(5.5) Nz(\) 2 R (SNV @1 Op)
so that by adjunction we get a map
(5.6) LGENz(\) = SYV @, Op.

Lemma 5.2.4. Assume A\ € B3 . The map (5.6) becomes an isomorphism
after applying the functor Rp, «(wp/x ®p —).

Proof. Note that (5.6) is an isomorphism on E, since FEg — Z is an Sp(V)-torsor
and so Lg¢} and Rgs . define inverse equivalences between D(Ey/ Sp(V')) and D(Zy).
By Corollary 3.6 we have a GL(H )-equivariant resolution

o= P (1Q) = Po(m*Q) = Nz (A) = 0

where the P; are polynomial functors which are finite sums of Schur functors SX
with x € By _,. It follows that the cone of (5.6) is described by a GL(H) x Sp(V)-
equivariant complex of the form

(5.7) o= PU((7G)* Q) = Po((m§)*Q) — SNV @, O — 0
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and moreover this complex is exact when restricted to Ey. Using Lemma 5.2.3
and (5.2) applying Rp.(wg/x ®x —) to (5.7) yields a GL(H) x Sp(V')-equivariant
complex on X

(5.8) s P(V) @, Ox = Py(V) @, Ox = SV @, Ox =0

This complex is exact on X (since Xy = Ep) but we must prove it is exact on X.
The morphisms in (5.8) are determined by GL(H) x Sp(V)-equivariant maps

PZ‘+1(V) — PZ(V) Rk Symk(H Rk Vv)
Po(V) = SN(V) @, Symy,(H @5, VV)

which by GL(H)-equivariance must necessarily be obtained from Sp(V')-equivariant
maps

P (V) = Bi(V)
Py(V) = SN(V)
We conclude that (5.8) is of the form
(5.9) (- = Py(V) = PL(V) = Py(V) = SMVV = 0) @, Ox

in a way which is compatible with GL(H) x Sp(V)-actions. Restricting to X, we
see that

e Py(V) = Py(V) = Py(V) = SNV =0

must be exact. But then (5.9) is also exact and hence so is (5.8). O

Lemma 5.2.5. Let A € B,/5 ,_,. The counit map
P SNV @, Ox) = SNV @, Ox
is an isomorphism.

Proof. We have
SNV @ Ox) = SVV @) wi)x.
Hence we have to show that the counit map
LG Ris «(SNV @ wg x) = SYV @ wi/x

becomes an isomorphism after applying Rps ..
Using (5.1) we see that it is sufficient to prove that

LR« (SMV @ Op) = SNV @, Op

becomes an isomorphism after applying Rps «(wg/x ®x —). This is precisely Lemma
5.2.4. |

Proof of Theorem 5.2.1. (6) We have by (5.1) and (5.5)
SNV ®, Ox) = Ris«(wp/x ®F (SNV @, OF))
=7 (det Q)% " @7 Nz(N)
= Mz(A).
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(5) Using (5.1)(5.2) and Lemma 5.2.4 we have
P(Mz(N) = Rps «(we/x @8 LENZ(N))
= S<)\>V ®/€ Rﬁ&*wE/X
= SNV @), Ox.
(4) Using (5.1)(5.2) and Lemma 5.2.3 we have
O(m*((det Q¥ " @ S*Q)) = Rps 1 (wp/x @5 L(7ds)* (S*Q))
= S*V ®y Rps i (wp)x)
= SV @ Ox.

(1) We use Lemma 5.1.1. So we have to prove that the counit map ®®'(A4) — A
is an isomorphism for every object of the form A = ®(B) with B € D(Z). It
is clearly sufficient to check this for B running through a set of generators of
D(Z). The sheaves (det Q)®" " @ S Q for A € B,.,,_, generate D(F) [9].
Hence since Z — F is affine it follows that the sheaves 7*((det Q)®" " @
SAQ) generate D(Z). By (4) we have ®(7*((det Q)®" " ®@p S*Q)) =
SMV @1, Ox and SMV is a sum of SV with p; < Aq, for example by care-
ful inspection of the formula [8, §2.4.2]. It now suffices to invoke Lemma
5.2.5 (or, with a bit of handwaving, (5)(6)).

(2) This has been proved as part of (1).

(3) By [11, Thm 3.3(3r)] it follows that im ®' = ®'(im ®). It now suffices to
invoke (2)(6). O

Proof of Theorem 1.2. (1) Since by Theorem 5.2.1(6) Mz(\), Mz(u) € im '
we have by Theorem 5.2.1(5)

Extl(Mz(X), Mz(n)) = EXté{/ sp(v) (P(Mz(N)), P(Mz (1))
= Extly/ spv) (SNVV @) Ox, WV @), Ox)
which is zero for ¢ > 0 (since Sp(V') is reductive). Note that we also find
(510) Homyz(Mz(X), Mz (1)) = Homx (SNV @4 Ox, MV @ Ox)PY)
= Homp(M(X), M(p))

by [19, Lemma 4.1.3].
(2) We have by (5.1)(5.2)

Rp.Mz(\) = Rp.Ris « (wp/x @k SNV)
= Ry« Rps i (wpyx @k SMV)
= Rgs . (SNV @ Rps .+ (wi)x))
= Rq..(SMV @, Ox)
= (SMV @, Ox)%PV)

Taking global sections yields what we want.

(3) By (5.10) and (1.6) both sides of (1.7) are reflexive R-modules. Since p, in-
duces an isomorphism on Yy between both sides of (1.7) (viewed as sheaves
on Y) and codim(Y — Yp) > 2 (1.7) must be an isomorphism. O
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6. SYMMETRIC MATRICES

In this section we present modification needed to treat determinantal varieties
of symmetric matrices.

We keep the same notation as in the introduction, but now we equip V with
a symmetric bilinear form so that » = dim V' does not need to be even, Y is the
variety of n X n symmetric matrices of rank < r, G = O(V'), while X = Hom(H, V),
T = Sym, (H®V") remain the same, put R = T°(V). By the fundamental theorems
for the orthogonal group we have Y = Spec R.

If x is a partition with x{ +x% < r, where x! denotes the transpose partition, we
write SXIV for the corresponding irreducible representation of O(V) (see [7, §19.5]),
and call such a partition admissible. By x“ we denote the conjugate partition of
x; e, (X9)i =7r—xt (x7)L = x4 for k > 1. Note that either {(x) < r/2 or
I(x?) < r/2. We have SMV = det V @, SNV [15, §6.6, Lemma 2].

In [19] a non-commutative resolution of R has been constructed, which is crepant
in case n and r have opposite parity. Let B,‘j’l denote the set admissible partitions
in By,;. We put

(6.1) M= pH M,

XEB (n-m) /2141
where M(x) = (SXV @, T)°V) and write A = Endg(M).

Theorem 6.1. One has gldim A < co. A is a non-commutative crepant resolution
of R if n and r have opposite parity.!

In the symmetric case we also have an analogous Springer resolution where we
adapt the definitions in the obvious way. The fundamental theorems for the orthog-
onal group yield Sym,(Q ® V)°(V) = Sym, (Sym?(Q)). We only slightly change
the definition of Mg (x), now

Mg(x) = det(V)" @ (det Q)" ™" @ (SMV @, Symy (Q @4 VY)Y,
where 7, = 0 (resp. 7., = 1) if r and n have the same (resp. opposite) parity.

As in the skew symmetric case Mz(x) = Mg(x) € coh(GL(H), Z).

To give an analogue of Proposition 3.2 we need to adapt the definitions of 7,.(\),
ir(A) following [16, §4.4]. The differences (denoted by D1, D2, D3 in loc. cit.) are
that we remove border strips Ry of size 2(\) —r instead of 21(\) —r — 2 and in the
definition of i,(\) we use ¢(Ry) — 1 instead of ¢(Ry). Finally if the total number
of border strips removed is odd, then we replace the end result p with p°.

With these modifications and replacing B,/ ,—, by By, _, Proposition 3.2 re-
mains true also in the symmetric case by [16, Corollary 4.23] in the case r is odd,
and by [16, (4.2), Theorem 4.4] in the case r is even. Also Corollary 3.6 remains
valid. In its proof we only need to additionally note that one can also remove a
border strip of size I(\) (which affects the first row) but this can only happen in
the case A = (17) and in this case, since the number of borders strips removed is
odd, 7-(A) = (0)” = A. In particular, 7,-(A); = A; still holds.

We now present modifications needed in statements of other results.

a
rn—r:

e In Theorem 1.2 we replace B3 ,,—, by B

n case n, r have the same parity then there is a twisted non-commutative crepant resolution.
‘We do not consider such resolutions in this paper.
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e In Theorem 5.2.1 we replace SV by SNV, and B, /o, by BZ,,_,.. Item
(4) needs to be modified as

O(7*((det Q)%™ " @p S1Q)) = SV @ (det V)" @), Ox .
e In Lemma 5.2.2 we have
wg/x = (det V)" @ (rq)* (det Q)®r—n
as GL(H) x O(V)-equivariant coherent sheaves.

One can easily check that the proofs obtained in the skew symmetric case also
apply almost verbatim in the symmetric case.

APPENDIX A. MORE ON THE RESOLUTION OF Ng(x) IN THE SYMPLECTIC CASE

We refer to Remark 3.5 for an alternative approach, suggested to us by Steven
Sam, towards the results in this Appendix. We believe that our elementary argu-
ments are still of independent interest.

Recall that a partition has Frobenius coordinates (a1,...,aqy;b1,...,by), a1 >
cee >y > 1, b > -0 > b, > 1if for all ¢ the box (¢,7) has arm length a; — 1
and leg length b; — 1. Let Q_1(m) be the set of partitions x with |x| = m whose
Frobenius coordinates are of the form (aq,...,ay;a1+1, ..., a,+1).

For partitions 6, x such that [(5), I(x) < /2 put (6|x) := (61, -, 0r/2, X1, Xr/2)
with the latter being viewed as a weight for GL(Q). For o € Q_1(2k), 8 €
Q_1(2(k—1)), l(a),l(B) <r/2weput B Cy aif f C aand o/B does not consist
of two boxes next to each other.

For x a partition with I(x) <r/2 and x,/2 > 7/2 — 1 put

Sk = {(xlp) [ € Q1(2k), () <7/2}.
Note that if 4 € Q_1(2k) and I(u) < r/2 then py < r/2 — 1. Hence all elements
of Sy, are dominant. For 7 = (x|a) € Sy, 7 = (x|B) € Sy,k—1 put 7 Co 7 if
B Co a. If 7 Co 7 then by the Pieri rule S7Q is a summand with multiplicity one
of A2Q @ S™Q. We call any non-zero GL(Q)-equivariant map

Grr 1 STQ = N2Q @1 STQ

a Pieri map. Needless to say that a Pieri map is only determined up to a non-zero
scalar. By analogy of [2, §7] we call a collection of Pieri-maps ¢ , such that 7 Co 7
a Pieri system. We say that two Pieri systems ¢ ,, ¢, . are equivalent if there
exist non-zero scalars (¢y ), such that

cr
(bffrﬂ' = Ci¢ﬂ',7'
T

for all 7, 7. We will now make Proposition 3.2 more explicit for partitions with
Xr/2 > T/Q -1

Proposition A.1. Assume x is a partition with [(x) < 7/2 and X2 > r/2 — 1.
Then Ng(x) has a GL(Q)-equivariant resolution Py as a Sym(A?Q)-module such
that
Po= @ 97Q &k Sym,(1°Q)
TESy &
and such that the differential P, — Py_1 is the sum of maps for T Co m:

(A1) STQ@Sym(A2Q) 227%h §T0 @ A2Q 2y Sym(A2Q) — STQ®y Sym(A2Q)
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where the (¢ - )r -~ are Pieri maps and the last map is obtained from the multipli-
cation A\?Q ®@p Sym(A%2Q) — Sym(A2Q). Moreover every choice of Pieri maps such
that the compositions P, — Pr_1 — Pr_o are zero yields isomorphic resolutions,
and the isomorphism is given by scalar multiplication.

Proof. We will first discuss uniqueness up to scalar multiplication of maps in the
resolutions. The condition that (A.1) forms a complex may be expressed as follows.
For m € Sy k, 0 € Sy k-2 put

(A.Q) {(Tz)l S [} = {T € SX’kfl | o CoT Co 7'('}.
Then (A.1) forms a complex if and only if the compositions
(A.3)

57Q Ll NN @ 57 Q L0 20 6 n2Q @ $7Q — S2(A2Q) © 57Q

are zero. We must show that any two Pieri-systems satisfying (A.3) are equivalent.

Let @ € Q_1(2k), B € Q_1(2(k — 1)). We may express the relation § Co «
in terms of Frobenius coordinates. If &« = (ay,...,a4501 +1,...,a, +1) and 8 =
(b1,...,by;b1 +1,...,b, + 1) then 8 Ca « if and only if u = v and (a1,...,a,) =
(bi,...,be+1,...,b,) for some t, or else u =v+1 and (a,...,a,) = (b1,...,by,1).
From this it follows in particular that (A.2) contains at most two elements.

Like in the proof of [2, Prop. 7.1(iv)] we can now build a contractible cubical
complex P with vertices U S, 1 and edges the pairs 7 Co 7 such that if ¢ ,, (/);r,r
are two Pieri-systems satisfying (A.1) then ¢} /¢ - is a 1-cocycle for P. Since P
is contractible this 1-cocycle is a coboundary which turns out to express exactly
that ¢/, and ¢, , are equivalent.

We now discuss the existence of P,. To this end we introduce some notation.
Let G be the Grassmannian of /2 dimensional quotients of @ and let P, S be
respectively the universal quotient and subbundle on G. The resolution of Ng(x)
constructed in [16, Lemma 3.11, Lemma 3.12, Prop. 3.13] (denoted by M, in loc.
cit.) using the “geometric method” is now obtained by applying I'(G, — ®¢ SXP)
to the Koszul complex

A*(A2S) @) Sym(A2Q)

obtained from the inclusion A28 C Og ®; A%Q. So the resulting complex is

(A.4) [(G,A*(A2S) ®c SXP) @) Sym(A?Q).

Using the decomposition

(A.5) NS = P stS
neEQ-1(2k)

we obtain from Lemma A.2 below that the differential in (A.4) is given by the
composition
(A6) T(G,SP ¢ S°8) L5 1(@Q, SYP 9 A28 ®¢ S°S) <

(G, SXP @¢ (A2Q @) S°S)) = T(G, SXP ¢ S°S) @1 A2Q

where ¢ 3.5 is a Pieri map. Now for each pair (x, a) € Sy choose an isomorphism
I(G,SXP®gSeS) = SXIMQ. Then (A.6) becomes a GL(Q)-equivariant morphism

NE Sl g - sXIPQ @, A2Q.
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Sublemma. If 3 Co a then ¢y g s not zero and hence it is a Pieri map.

Proof. In (A.6) ¢q,p,s is a monomorphism. So it induces a monomorphism on
global sections. The compositions of two monomorphisms is again monomorphism.
This can only be zero if its source is zero, which is not the case since (x|a) € Sy &
is dominant. ]

It follows that (A.4) becomes a complex of the shape asserted in the statement
of the proposition, finishing the proof. O

A version for vector bundles of the following lemma was used.

Lemma A.2. Let R be a vector space of dimension n. Let a« € Q_1(2k), B €
Q-1(2(k — 1)) with  C2 a and l(a)) < n. Then following composition is non-zero

bap: S°R < AF(A2R) & A2R @ N*"L(A2R) — A2R®, S°R
where the first and last map are obtained from the GL(R)-equivariant decomposition

NE(AZR) = Doco ,on SR, AN=1(A2R) = Dsco . 0-1) SPR and the middle
map 1is the canonical one.

Proof. Choose a basis {ey,...,e,} for R and let U be the unipotent subgroup of
GL(R) given by upper triangular matrices with 1’s on the diagonal, written in the
basis {e1,...,en}. In other words u € U if and only if u-e; =e; +>_._, Aje; for
i=1,...,7r.

The U-invariant vectors in A¥(A2R) corresponding to the decomposition

(A7) NNR) = P SR
aeQ_1(2k)

j<i

were explicitly written down in [21, Prop. 2.3.9]. To explain this let o € Q_1(2k)
and write it in Frobenius coordinates as (ai,...,ay;a1 +1,...,a, +1). Then the
highest weight vector of the S R-component in (A.7) is given by ua 1= A\, ;<4 4, Vij
for v;; = e; Ae; (we do not care about the sign of u, so the ordering of the product
is unimportant). If we represent o by a Young diagram then the index set of the
exterior product corresponds to the boxes strictly below the diagonal which makes
it easy to visualize why wu, is U-invariant and why it has weight a for the maximal
torus corresponding of the diagonal matrices in GL(R).

We have ¢(u,) = Zij +0ij ® Uq,i; Where Uq ;5 is obtained from u, by removing
the factor vi;. Thus ¢q g(ua) = 3,5 £0ij @ prg(iia,i;) where pry : AF=T(A2Q) —
SPR is the projection. Since the v;; are linearly independent in A%R it follows that
ba,5(Ua) can only be zero if prg(ia,i;) is zero for all i, j. Now if 3 Co o then there
exist 4,7 such that d,;; = fug. Since by definition prg(ug) = ug # 0 we obtain
Prs(ta,ij) # 0 and thus also ¢4 (ua) # 0. O
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