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Introduction

In this thesis, we consider planar dynamical systems. According to the dictionary,
a dynamical (from Greek dunamikos: powerful) system describes the physical and
moral forces that produce motion and changes in any field or system. In the math-
ematical setting we will study how a specific state, for example the position of a
particle subjected to the gravitational forces of planets, evolves over the course of
time. Often this time-dependence is expressed as a differential equation, a vector
field (continuous system, see Section or a map (discrete system). One of the first
occurrences of dynamical systems is in Newtonian mechanics. Newton’s second law
states that inertia forces are proportional to mass times accelerations, which are time
derivatives of displacements due to motion in a system. This motion can then be
modelled by vector fields where the direction and speed of a moving particle is por-
trayed by a vector. The classical approach at that time to study the motions due to
external forces was to compute the solutions explicitly. Unfortunately, these systems
tended to have a complex behaviour and are not easily solvable and it is difficult to

predict the long-term behaviour.

Henri Poincaré (1854-1912) is often regarded as the founder of the theory of dynamical
systems. Some of his main contributions are the qualitative techniques developed for
planar vector fields, i.e. ordinary differential equations depending on two variables,
in his series of memoirs “Sur les courbes définies par une équation différentielle”
(see [43]). In particular, Poincaré showed that the long-term behaviour of a typical
bounded orbit in the plane are limit cycles, singularities or graphics, a result that
has no equivalent in higher dimensions. With an eye set on the three-body problem
in celestial mechanics he tackled questions of stability and behaviour of orbits near
periodic orbits in [45], [46], [47] and [48]. He also introduced the notion of bifurca-
tions and the study of families of dynamical systems depending on a parameter in the
notion of his study of planetary figures of equilibrium and rotating fluid masses ([44]).
A bifurcation occurs when a small change made to the parameter values of a system
causes a qualitative or topological change in its behaviour. Since many dynamical

systems describing real-life applications depend on parameters obtained from exper-
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imental data with some error margins, this is a very important subject to validate
the empirical results. In the footsteps of Poincaré, a lot of brilliant mathematicians
contributed to the domain of dynamical systems like Lyapunov, Birkhoff, van der
Pol, Andronov, Smale, etc., but providing a full history of the theory of dynamical

systems is beyond the scope of this thesis.

In 1900, at the International Congress of Mathematicians in Paris, David Hilbert
proposed a list of 23 challenging problems for the 20th century (see [26]) of which
the 16th problem is one of the most elusive. Whereas the first part of this problem
focuses on properties of algebraic curves, we will focus on the second part in terms
of dynamical systems. The question is as follows. Is the number of isolated periodic
solutions (limit cycles) of a planar polynomial vector field finite? We give a more
detailed description in Section[T.4] Due to the complexity of this problem, weakened
version of the Hilbert 16th problem, like the infinitesimal problem or Smale’s 13th
problem concerning Lienard’s equation, have been studied but the problem remains

unsolved.

One important contribution to the study of Hilbert’s 16th problem was made by
Robert Roussarie (see [51]). Instead of finding a global bound for the number of
limit cycles, he proposed to show that any limit periodic set appearing in an analytic
family of vector fields can only perturb to a finite number of limit cycles. This shows
the close relation of bifurcation theory to the study of Hilbert’s 16th problem. Limit
periodic sets include singular points, periodic orbits and polycycles or graphics which
are a connected finite union of singular points and obrits between them. The study
of bifurcations of singularities is already quite complex, as is illustrated by Bogdanov
and Takens in the study of singular points with non-zero nilpotent linear part (see
[4], [3] and [55]).

In this thesis, the main objective is to study the cyclicity of graphics consisting of a
curve with exactly one singularity. When the singularity is a hyperbolic saddle, one
can bound the cyclicity of this homoclinic saddle connection by transforming the vec-
tor field near the saddle to the Poincaré-Dulac normal form (see [52]). We elaborate
on these techniques in Section The typical tool to obtain cyclicity results is the
Poincaré map. However, when passing near a singularity, the flow slows down drasti-
cally and different phenomena occur. Hence when the singularity is non-elementary,

we need advanced techniques to study the transition near the singularity.

A first method consists of transforming the vector field by means of a coordinate
change to a simpler form, called a normal form. Poincaré already discovered that the
obstacle to transform a vector field to its linear part are so-called resonances. By for-

mal transformations exploiting the linear part, Dulac showed that a vector field can
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be reduced to only these resonant terms [16], leading to the so-called Poincaré-Dulac
normal form. However, when the singularities are nilpotent or even more degenerate,
we need to use more information of the vector field than the linear part. Such results
using a similar procedure for instance exploit the (quasi-)homogeneous principle part
(see [35], [36] or [54]). These results are applicable in a neighbourhood of the singu-
larity and do not give a direct result in the computation of the transition near the

singularity.

Another approach is desingularizing the singularity using the blow-up technique in-
troduced by Takens in [56]. The singularity is then replaced by a circle depicting
the directions in which one can approach the singularity, called the blow-up locus.
It is shown by Dumortier in [I7] that every non-elementary singularity satisfying a
Lojasiewicz condition can be decomposed to a connection between (semi-)hyperbolic
singularities by means of a sequence of blow-ups. One can expect that semi-local
normal forms are needed, since they need to be applicable in the vicinity of (a part
of) the blow-up locus. Such semi-local normal forms are for instance obtained in [33]
near normally hyperbolic invariant manifolds. However in the setting under consid-
eration here, we lose normal hyperbolicity at some point indicating the need for new

techniques for semi-local normal forms.

The aim of this thesis is to provide techniques to study the dynamics of smooth planar
vector fields in the vicinity of a non-elementary singularity and to bound the cyclic-
ity of a graphic containing this singularity. In many situations a quasi-homogeneous
blow-up of the non-elementary singularity leads to two hyperbolic saddles having re-
ciprocal saddle quantities on the blow-up locus. In order to determine the transition
near the singularity, one needs to compute the transition near a saddle connection
having the aforementioned symmetry. The original objective was to give cyclicity
results for cuspidal loops as considered in [21I]. However, as shown in the Bogdanov-
Takens bifurcation, a perturbation can lead to different kinds of singularities. As
a starting point, we only consider a part of the bifurcation diagram where the cusp
singularity is preserved as is done in [41I]. In this way of thinking, it is quite natural to
fix some properties of the vector fields under consideration. We will not give cyclicity
results for the full bifurcation, but we believe that this work can be a starting point

to simplify computations as we will shortly discuss at the end of the thesis.
The vector fields appearing in the blow-up phase space are of the form

i = (1= (4 +0(1-2%)) + 0(y).

g = (pl’ + O(l — xz)) y+ 0(312)7

where y denotes the radial direction of the blow-up and = takes on the role of the

angular variable. The values p and ¢ are directly related to the spectrum of the
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hyperbolic saddles situated at (£1,0). Keeping the application to the blow-up of
non-elementary singularities in mind, these eigenvalues will be considered to be fixed,
since we only consider bifurcations preserving the nature of the singularity. We also
assume that the separatrix connection is fixed, since in applications, we will often

encounter the connection on the blow-up locus or at the boundary of a Poincaré disk.

According to the discussion in [24], having a connection between saddles with recip-
rocal saddle quantities is the most degenerate case in the study of 2-saddle cycles.
Besides possible local resonances there is a supplementary resonance between the two
saddles. Cyclicity results for these kinds of hyperbolic 2-polycycles with resonant sad-
dles have already been proven in [23] however when studying specific cases one loses
information near the fixed connection. The regular transition inbetween the saddles
can be of importance, even more than the non-smooth transition close to the saddles
themselves. For instance in [4I], it can be seen that the regular transition will add
a non-smooth contribution to the transition map which is dominant in the transition
map. More non-degenerate cases consider connections between non-resonant saddles,
i.e. where p/q ¢ Q, or situations where the anti-symmetry is dropped and therefore
has no additional resonance between the saddles. Cyclicity results for these cases can

be found in [38]. The thesis is constructed as follows.

Since we are interested in the transition map when passing near the saddle connec-
tion, we need to simplify the vector field in a neighbourhood of this connection in a
smooth way. A topological conjugation of planar saddle connections has already been
constructed in [57], however this will not be sufficient to obtain cyclicity results. In
Chapter [2] we construct a smooth semi-local normal form to which the original vector
field is smoothly equivalent. This equivalence is valid close to the connection. This
result can be seen as a generalization of the smooth conjugacy of saddle connections
in scalar vector fields obtained in [2]. We distinguish several cases depending on the
local resonance of the saddles. This is done in a similar way as the Poincaré-Dulac
normalization. First, a formal conjugacy is constructed near the separatrix. This
inductive procedure provides either resonant terms, which also appear in the local
normal forms, or connecting terms. The latter is necessary for gluing both local nor-
mal forms together in a smooth way. Then, a smooth change of coordinates is realized
by applying a generalized version of Borel’s Theorem (see Section|1.2)). Using the ho-
motopic method as explained in [18] and [32], one can locally remove the flat terms.
We generalize these results to be applicable in a neighbourhood of the connection,

which is not straightforward since the connection is not normally hyperbolic.

In [7], the authors show how to linearize the vector field in a neighbourhood of a res-

onant saddle using logarithmic expressions. This provides a straightforward method
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to compute the transition map near the saddle. Similarly in Chapter |3] we normally
linearise the obtained normal forms. By this we mean that we eliminate the terms
that are not linear in terms of y, which is the direction normal to the separatrix con-
nection. Doing so, we lose smoothness of the transformation. However we can express
this transformation as a smooth function of some finitely smooth tags of logarithmic
form and terms with fractional powers. Since the normally linearized systems admits
a straightforward first integral, we can define a constant of motion of the vector field
in normal form. This invariant, in turn, leads to a method in computing the transi-

tion map through the saddle connection.

As can be seen in applications (Section , the ratio of eigenvalues can be param-
eter dependent whereas the symmetry is preserved. We generalize the techniques of
Chapter 2] and Chapter [3] to also include these bifurcations in Chapter [d] Similar as
in the case of a family of hyperbolic saddles (Section and Section [1.3.3)), we can
only obtain finitely smooth normal forms and need to introduce compensators. The
results presented here are not yet complete but demonstrate the difficulty of allowing

perturbations in the eigenvalues of the saddles.

Eventually we apply these results to some examples, i.e. the cusp and the fake saddle.
Cyeclicity results for the cuspidal loop when the nature of the singularity is preserved
have been obtained in [4I]. In contrast to the complex analytic methods used in this
paper, we get similar results using real techniques which should be generalizable to
higher dimensions. The latter singularity has been studied in [I3]. First the vector
fields need to be adapted to be suitable for the blow-up procedure and the following
normalization. We make use of the typical blow-up charts for a (quasi-) homoge-
neous blow-up as well construct a parabolic blow-up in order to fit both singularities
in one chart. Here, the parametrization of the blow-up circle (except for one point)
is induced by the parametrization of a parabola via stereographic projection. By
applying the previous results, we obtain the transition maps near the singularities
under investigation and acquire partial cyclicity results for graphics containing only

one singularity, having the form under consideration. This will be done in Chapter
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Chapter 1

Preliminaries: Basic notions of

Dynamical Systems and Analysis

In this chapter we introduce the terminology which will be used throughout this thesis.
Some basic results from analysis will be presented and generalized to the situation in
which we are interested. Finally we describe the well-known Poincaré-Dulac normal

form theory and discuss the progress of research concerning Hilbert’s 16th problem.

1.1 Dynamical Systems

In this section we introduce the basic notions of dynamical systems and key properties
for their qualitative analysis. Since the main focus of this thesis is on planar vector
fields, we restrict the definitions to the Euclidean plane R?. However this terminology
can easily be generalized to a higher-dimensional setting. For a complete view on this
subject, we refer to [I§], [27] or [42].

1.1.1 Vector fields, flows and equivalences

We start by defining smooth vector fields in the plane. Essentially we assign to each
point in a domain of definition U C R? a vector v € R? which can be interpreted
as the velocity (speed and direction) of the movement of a particle subjected to this

vector field.

Definition 1.1.1. Let X : U — R? be a C*, respectively analytic map on an open
set U C R?, where k € N* U {oo}. A Ck, respectively analytic vector field X on U
is defined by a map

X:U—-UxR: (z,9) — ((z,y), X(z,y)).
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Typically, we will refer to the map X as the vector field. Vector fields on an arbitrary
smooth manifold M can be defined in a similar way, with the extra condition that
the vector X (p) in a point p € M should lie in the tangent space T, M. Most of the
vector fields encountered in this thesis will be at least C°° unless stated otherwise

and will be called smooth.

Let F: IxU — R?: (t,2,9) — (f(t,z,y),9(t,z,y)) be a smooth function where
I C R and U C R? are open. Consider the system of differential equations given by

:'.E = t? m’ )
ft@y) (1.1.1)
y = g(t7 a“? y)?
where & denotes the derivative ‘fi—f with respect to time. We have the following

theorem.

Theorem 1.1.2. (Picard-Lindeléf Theorem) Consider the system (1.1.1) together
with the initial values to € I and (zo,yo) € U. If F is Lipschitz continuous in the
(z,y)-variable, i.e. 3L >0 :

HF(t,UCh?h) - F(t»$2,y2)” <L H(xhyl) - (m27y2)||7 (wl,y1)7 ($27y2) € U7 te 17

then (1.1.1) locally has a unique solution (x(t),y(t)) of the same smoothness as F in
the (z,y)-variables with (z(to),y(to)) = (zo,yo)-

Remark that the Lipschitz condition is satisfied when the first derivative of F' with
respect to (z,y) is bounded on U. For instance, when F' is C! and I is a bounded
interval, the function F' is locally Lipschitz in the x-variable. If F' is smooth, the
solutions also depend smoothly on the initial values (o, zo,%0). An example of a
vector field and some solutions is given in Figure[[:I] In this visualization we consider
the smooth vector field

(1.1.2)

Each solution can be extended to a maximal solution, i.e. where its domain

Mto,20,y0) 15 maximal.

Definition 1.1.3. Consider the smooth set of differential equations given by .
If F' is a vector field and thus independent of t, we will call this system autonomous.
Let

@ Mg apye) X I xU — R” : (¢, to, 20, 50) — ©(t, to, o, o),
denote the unique solution of with ¢(to,to, To,y0) = (To,y0) and Mty z0,v0)
the mazimal domain of existence for the initial values (to,o,yo). The smooth map

@ will be called the flow of the system.
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Figure 1.1: Solutions of (L.1.2) through (0,2) (red) and (0, 2) (blue)

It is an easy exercise to check the so-called translation property of the flow, i.e.
2 (ta 90(37 th Zo, yO)) = SD(t + S, t07 zo, y0)7 fOI‘ ta S, t +s€ M(tg,zg,yo)'

This allows us to consider ([I.1.1)) in a dynamic way. We shall assume that all systems

are autonomous from now on.

Definition 1.1.4. A smooth (continuous) dynamical system on R? is a smooth

function ¢ : R x R? — R? where p(t, p) = @i(p) satisfies
(1) @o : R* = R? is the identity function, i.e. po(p) = p;

(2) 10 ws = @iys for each t,s € R.

Typically we assume to = 0, hence we omit the to-dependence from the notation of
the flow. Discrete dynamical systems are defined in a similar fashion where we restrict

t to N or Z. The orbit vy(po) of a point po = (xo,¥yo) is defined as

'Y(po) = {90(75»960»1/0) | te M(ﬂco,yo)}’

Since this definition is independent of the parametrization, different vector fields can
have the same set of orbits. The trajectory or integral curve of py should then be

understood as the solution (¢, ¢(t, o, yo0)) for all t € M parametrized by t.

%0,Y0)

Theorem 1.1.5. Let o be the flow associated to (I.1.1) and let po = (xo0,y0) € R

Then one of the following statements holds
(1) ©(-,po) : M — R? is a bijection onto its image.

(2) ¢(-,po) is constant and defined on R, i.e. v(po) is a point.
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(3) ©(-,po) is periodic and defined on R with minimal period T > 0.

Points having a constant orbit, as in case (2) of the previous theorem, can have a rich

dynamic around them and are interesting to study. We call them singularities.

Definition 1.1.6. Consider a smooth autonomous dynamical system (L.1.1). If the
orbit of some p € R? is a point, then we call this point an equilibrium or a singular

point of the system. Other points are called regular.

The collection of all orbits, oriented in positive direction, is called the phase portrait
of the vector field. When we apply a diffeomorphism on R?, we get a different phase
portrait but the dynamics are essentially the same. For this purpose, we introduce

the notions of equivalence and conjugacy of vector fields.

Definition 1.1.7. Let Fy : U1 — R? and Fs : Us — R? be two vector fields defined on
open subsets of the plane and k € NU{co}. We say that F\ and F> are Ck-equivalent
if there exists a C*-diffeomorphism H : Uy — Us sending orbits of Fy to orbits of Fs

preserving the orientation.

As mentioned before, equivalent vector fields have essentially the same phase portrait
however the time needed to pass from one point to another subjected to Fi can be
different than for the corresponding points following the flow of F». Even more the
transition time may depend in a non-continuous manner on the position. If we don’t

allow time-rescaling, we can impose a stronger condition:

Definition 1.1.8. Let v1 : Q1 — R? and w2 Qo — R2 be the respective flows of
vector fields F1 : Uy — R? and Fs : Uy — R? and k € NU {oo}. The vector fields Fy
and F5 are said to be Ck-conjugate if there exists a Ck—dzﬁeomorphism H:U — Us
such that

H(p1(t,p)) = w2(t, H(p)), for every (t,p) € .

Observe that an equivalence maps singular points to singular points and periodic
orbits to periodic orbits. A conjugacy also preserves the minimal period of a periodic
orbit. One can check that a necessary and sufficient condition for H to be a conjugacy
is given by

DH,Fi(p) = F»(H(p)), for every p € Us.

A typical example of C°-conjugate vector fields is given in Figure

1.1.2 Singularities and invariant sets

When considering a singularity p, i.e. ¢(¢,p) = p for all ¢, one typically looks at the
linearized system of ([1.1.1)) associated to p, i.e.

X = JX, (1.1.3)
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(a) Spiral Sink (b) Diagonal Sink

Figure 1.2: Example of topological conjugation

where J = DF(p) denotes the Jacobian of F evaluated at p. One can distinguish
different types of behaviour depending on the spectrum of J.

Definition 1.1.9. Consider a smooth autonomous dynamical system (1.1.1)) with a
singularity p. Let A1, A2 € C denote the eigenvalues of the linearized system (1.1.3)) at
p. If both A1 and A2 have a non-zero real part, we call p a hyperbolic singularity.

We distinguish different cases
1. Re(A\1) <0, Re(A2) < 0: pis called a sink (see Figure[1.2);
2. Re(A1) > 0, Re(A2) > 0: p is called a source;

3. Re (A1) Re(A2) < 0: pis called a saddle (see Figure[1.3), the value —\1 /X2 is
called the saddle quantity.

If there is exactly one zero eigenvalue, p is said to be semi-hyperbolic. If both
eigenvalues are zero but J # 0, we will call p a nilpotent singularity. In general,
singularities that are not hyperbolic nor semi-hyperbolic will be referred to as non-

elementary singular points.

Eigenvalues A with non-zero real part and their corresponding eigenvectors are called
stable if Re (\) < 0 and unstable if Re (A\) > 0. Observe that the linearized system
(1.1.3) is attracting in the directions of the stable eigenvectors and repelling in the

directions of the unstable eigenvectors.

Suppose that the flow for p € R? is defined for all ¢t € R. We define
w(p) ={Y € R’ | 3(tn)nen C R: lim t, = oo, lim ¢(tn,p) =Y},
n—oo n— oo

and
alp) = {Y € R?* | I(tn)nen C R: lim t, = —o0, le o(tn,p) =Y}

n— oo
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Figure 1.3: Hyperbolic saddle

Definition 1.1.10. The sets w(p) and «(p) are called the w-limit set, respectively

a-limit set of p.

Observe that for equilibria and periodic solutions we have

a(p) = w(p) =(p)-
Denote by 7" (p) = {p(t,p) | t > 0} the orbit of p in positive direction. If vy (p) is
contained in a compact subset of R%, one can show that w(p) is a non-empty compact
connected subset of R2. Moreover it has the property that it is an invariant set.

Similar properties can be obtained for v~ (p) = {¢(¢,p) | ¢ < 0} and «a(p).
Definition 1.1.11. A subset K C R? is called invariant for (1.1.3) if the orbit v(p)

is contained in K for every p € K. We call K positively invariant, respectively
negatively invariant, if v (p) C K, respectively v~ (p) C K, for every p € K.
The following result only holds for R?.

Theorem 1.1.12. (Poincaré-Bendizson Theorem) Let p € R? and v (p) be
its positive orbit associated to . Assume that vV (p) is contained in a compact
subset K of the plane and that the vector field has only a finite number of singularities
in K, then one of the following holds

(1) If w(p) contains only regular points, then w(p) is a periodic orbit.
(2) If w(p) does not contain regular points, then w(p) is a singular point.

(3) If w(p) contains both regular and singular points, then it consists of a finite num-
ber of singularities Pi, ..., P, and a finite number of orbits y1,...,vn such that
a(v) = B, w(vi) = Piy1 fori = 1,...,n—1 and a(ys) = Pn, w(yn) = P1.

Possible, some of the singular points P; can coincide.
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This third type of limit set is also known as a graphic. Some examples are given in

Figure [[4

(a) Cuspidal loop (b) 2-saddle cycle

Figure 1.4: Example of graphics

We can also construct other invariant sets using the attracting part of a hyperbolic
point. Without loss of generality we can assume that the hyperbolic point coincides

with the origin.

Theorem 1.1.13. (Stable manifold Theorem) Let U C R? be an open neighbour-
hood of the origin and F : U — R? a smooth vector field with flow ¢. Suppose that the
origin is a hyperbolic saddle. Then there exists a smooth one-dimensional manifold
My, respectively M., , tangent to the stable, respectively unstable, eigenvector at 0 such
that M, respectively M, is positively invariant, respectively negatively invariant, and

for all p € M, respectively q € M, we have
lim ¢(t,p) =0, respectively lim ¢(t,q) = 0.
t— o0 t——o0

Definition 1.1.14. The manifolds Ms and M, of Theorem are respectively
called the local stable and unstable manifold of the saddle. The global (un)stable
manifold is obtained by propagating the local manifolds using the flow in both time-

directions.

The existence of these manifolds depends completely on the presence of a stable or
an unstable eigenvector. It is still applicable to the (un)stable direction when the
singularity is only semi-hyperbolic and therefore implying the existence of a stable or

unstable one-dimensional manifold at the semi-hyperbolic singularity.
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1.1.3 Periodic orbits and bifurcations

Let v = {p(t,po) | t € R} be a periodic orbit of a smooth vector field X : U — R?
with period T' > 0. We are interested in the behaviour of the orbits close to . For

this, we introduce the following terminology.

Definition 1.1.15. Let I C R be an interval. A C*-map f : I — U is called a
transverse local section of X if for every x € I the vectors f'(z) and X (f(z)) are

linearly independent. We call ¥ = f(I) a transverse section of X.

Let 3 be a transverse section of X at po (see Figure . Since v is compact and the
flow depends continuously on the initial value, there exists a neighbourhood V' C X
of po such that

Vp1 €V, 371 > 0, ¢(T1,p1) € X.

We define a function P : V. — 3 : p1 — P(pi1) such that there is a 71 > 0 where
P(p1) = ¢(T1,p1) and @(t,p1) ¢ X for t € (0,71). This has the property that
P(Po) = Po-

Definition 1.1.16. The map P : V — X giving the first return map of the flow on
3 is called a Poincaré map (see Figure .

Figure 1.5: A limit cycle and a Poincaré map at a transverse section

A Poincaré map is also referred to as a first return map or the holonomy onto the
section X. The map P reflects the asymptotic behaviour of the orbits of X close to
~. Other periodic orbits close to 7 are represented by fixed points of the Poincaré
map. If we parametrize the section 3 by x € I, then these fixed points correspond to
zeroes of the function

A:Ig—1:z+— P(z)—u=,
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where Iy corresponds to V. We will call this map the displacement map. If po

corresponds to an isolated zero of A, we have the following:

Definition 1.1.17. A periodic orbit v is called a limit cycle if there exists a neigh-
bourhood W of v such that there are no singularities or periodic orbits other than T'
in W.

The asymptotic properties near a limit cycle v can be categorized in three cases

depending on the behaviour on a neighbourhood W of ~:

(1) ~ is stable if w(p1) = v for every p1 € W (see Figure ;
(2) ~ is unstable if a(p1) = v for every p1 € W;

(3) ~ is semi-stable if w(p1) =y for some p1 € W and a(p2) = y for some py € W .

In fact, it is an easy exercise to verify that (1-3) hold thanks to the Poincaré-Bendixson
Theorem (Theorem|1.1.12). In case (3), the orbit splits the tubular neighbourhood W
into 2 connected components: one converging towards the limit cycle and the other
where points are repelled from the limit cycle. Stable and unstable periodic orbits
are also referred to as hyperbolic limit cycles.

Typically one studies the first derivative of the Poincaré map to classify the limit
cycle, for instance when P’(po) < 1, respectively P’(po) > 1, then + is stable, respec-
tively unstable. In more degenerate cases, for instance when P(Xo) = 1, we look at
the sign of the displacement map. Remark that the derivative of the Poincaré map is
always positive due to the Jordan curve Theorem (remember we are working in the
plane which is orientable) and uniqueness of solution. Orbits in the bounded region

with boundary 7 stay in the bounded region.

Consider families of vector fields (X») of the form

:i“ = f(x) y? >\)’
¥ =g(x,y,A),

(1.1.4)

where X typically lies in a compact space A C R* for some k > 1. If the functions f
and g depend smoothly on the parameters, then so does the flow. We are interested
in changes of the phase portrait depending on the parameters. For this we need the
notion of structurally stable vector fields. Consider the unit sphere S* C R*® which is
the Alexandroff one-point compactification of the Euclidean plane R? and denote by

x(S?) the space of smooth vector fields on S2.

Definition 1.1.18. A vector field X € x(S?) is C®-structurally stable for 1 < s if
and only if there exists a neighbourhood U of X in x(S?) for the C*-topology, such
that any Y € U is topologically equivalent to X.
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We define a generic class of vector fields as follows:
Definition 1.1.19. A vector field X € x(S?) is Morse-Smale if and only if

1. All singular points and periodic orbits are hyperbolic.

2. There are no heteroclinic nor homoclinic saddle connections, i.e. orbits with
either two different saddles as a- and w-limit set, respectively the same saddle

as a- and w-limit set.
These vector fields are stable when we perturb in a C*-way, i.e.

Theorem 1.1.20. (Andronov-Pontryagin, Peizoto) A vector field X € x(S?) is
C? structurally stable if and only if it is Morse-Smale. Moreover the set of Morse-

Smale vector fields is open and dense in x(S?).

As a result, we know that the subset of A where X is structurally stable is an open,
dense set U(Xx). On each connected component, the phase portrait is topologically

constant. However on its complement X(X ), the phase portrait will change.

Definition 1.1.21. We call (X)) the bifurcation set of the family (Xx). If the
parameter crosses the bifurcation set, we say that the vector field undergoes a bifur-

cation.

Typical phenomena that can occur are for example the collision of two singularities
which disappear (e.g. saddle-node bifurcation) or changes in the stability of a singu-
larity (e.g. Hopf bifurcation). We are interested in the number of limit cycles that
can originate from these bifurcations. This is done by looking at special invariant

sets as we will explain below.

Definition 1.1.22. A limit periodic set for (X») is a compact non-empty invariant
subset ' of X, such that there exists a sequence (An)neny — Ax in A where Xy, has

a limit cycle 7y, for every n satisfying:
Ya, = I, for n— oo,

where this convergence is defined in the Hausdorff topology.

A similar result as Theorem [1.1.12] holds for limit periodic sets I', i.e. T' is either a
singularity, a periodic orbit or a graphic. The maximal number of limit cycles that

can bifurcate from a limit periodic set is called its cyclicity.

Definition 1.1.23. Let I be a limit periodic set of a smooth family X at some
value Ax € A. We say that T has cyclicity < n if there exist neighbourhoods U C R?,
respectively V. C A of T, respectively A such that for every A\ € V', the vector field
X has at most n limit cycles in U. The minimal n for which this is true is called

the cyclicity of T if it exists. Otherwise it is said to be infinite.
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One wants to bound the cyclicity of every limit periodic set that can occur in a family
of smooth vector fields. In this way, we can show the finiteness of the number of limit
cycles in this family, which is the objective of Hilbert’s 16th problem (see Section|1.4).

Theorem 1.1.24. (see [51]) Let (X)) be a C* family of vector fields defined on a
compact surface K of genus 0 with a compact set of parameters A. Then there exists
a uniform bound for the number of limit cycles of each vector field Xy if and only if

each limit periodic set T' of (Xx) has a finite cyclicity in (Xx).

The method of bounding the cyclicity of a particular graphic is typically done by a
two-step procedure.

First one chooses a local transverse section f : I = (—¢,e) — R? for some ¢ > 0
near a regular point p of the graphic such that f(0) = p. Since the vector field
depends smoothly on the parameters, this remains a transverse section for small
perturbations in the vector field. Then one computes a parameter-dependent Poincaré
map P:V C ¥ = f(I) - X. Depending on where a first return map exists, the
interval V' will be of the form f ((—4,d)) or f(][0,0)) for some § > 0. Computing
P explicitly is not a straightforward task, since the vector field slows down near
singularities. For instance, the transition near a saddle point, called a Dulac map
D (see Figure , has a transition time that will diverge to infinity when the initial
value approaches the stable manifold. In order to compute D, one simplifies the
vector field locally by putting it in local normal form. This can be done by smooth

equivalences since a time-reparametrization doesn’t influence the Poincaré-map.

Figure 1.6: Poincaré map of homoclinic saddle connection as composition of the Dulac

map D and a regular map R

Once the Poincaré map P is obtained, one studies the displacement map A = P —1Id.
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By using for instance a division-derivation algorithm, one can put a bound on the
cyclicity as an application to Rolle’s Theorem.

We present some of the analytic tools that we will need in the rest of the thesis in
Section [[.2] Then we will illustrate this method of computing the Poincaré map for
a hyperbolic saddle in Section [[-3]

1.2 Basic analytic tools and generalizations

In this section we briefly recollect some basic results in analysis. We state a general-
ization of Borel’s Theorem to a closed interval as has already been done by Whitney.
In order to make the text self-contained, we present a different version of the proof
without imposing compatibility conditions. We end by listing the definitions and
some properties of the I' function and the hypergeometric function which will appear

in applications (see Chapter [5]).

1.2.1 Bounding cyclicity using Rolle’s Theorem

As discussed in Section [1.1.3] we wish to bound the number of limit cycles that can
bifurcate from a limit periodic set I'. This is done by looking at the displacement
map

A:(—g,e) x A =5 R:(x,A) = Az, ),

on a transversal section ¥ for some compact set A and some € > 0 (see Figure
where A = Ro D — Id). If the limit set occurs at \., we assume that A(0,\,) =0
corresponds to the point on the graphic I'. Hence the goal is to limit the number of

zeroes of A for a neighbourhood of A, in A. A useful tool is Rolle’s Theorem.

Theorem 1.2.1. (Rolle’s Theorem) If f : U C R — R is continuous on [a,b] C U
and differentiable on (a,b) and f(a) = f(b), then there exists at least one ¢ in the
open interval (a,b) such that f'(c) = 0.

We can reverse the statement. If f' has at most n zeroes and f is smooth on its
domain, then f can’t have more than n + 1 zeroes. By inductively applying Theo-

rem [1.2.1] we have the following corollary.

Corollary 1.2.2. Let f : U C R — R be smooth on U. If there is a ¢ € U such
that f™(c) # 0 for some n > 1, then there exists an open neighbourhood V. C U

containing ¢ such that f has at most n 4+ 1 zeroes in V.

1.2.2 Smooth realizations of formal transformations

When constructing normal forms, this is typically done in a formal way. By an

induction procedure, one applies an infinite amount of near-identity transformations
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on the original system, which generically diverges. In order to deal with this problem,
one can use the Borel Theorem to get smooth results. This result was first stated in

[9]. An elegant proof can be found in [39].

Theorem 1.2.3. (Borel Theorem) Let n > 1 and suppose we are given ca € R for

every n-tuple & = (o, ...,an) € N*. Then there exists a smooth function f : R™ — R
such that

1 e

aD f(O) = Ca,

for every a.. Hence the Taylor series of f is given by
Jeo [(0) = Z cax®.
aENn
The formulation of this theorem uses the multi-index notation, i.e.
aa1+...+an

al=(a1+...+an)l, D* = Iy T
We will use jrf(0) for k = 1,...,00 throughout this thesis and we shall therefore
shortly explain the notation. Consider two smooth functions f and g defined in
a neighbourhood of the origin. The germs of f and g at the origin are called k-
jet equivalent for some k > 0 if they have the same value at 0 and all of their
partial derivatives in 0 agree up to order k. The induced set of equivalence classes in
C> (R™,R) is called the k-jet space J§ (R™,R). The k-jet jif(0) of a function f at 0
then refers to the equivalence class of f in J§ (R™,R). As representative, one typically
fixes a coordinate system and chooses the k-th Taylor polynomial of the function f
at 0 which will therefore also be referred to as j f(0).
There exist several generalizations of the Borel Theorem, most known is Whitney’s
extension Theorem (see [58]). Consider a closed subset A C R". Let f(z) be defined
in A and let m > 1 be an arbitrary but fixed integer. For every multi-index o =
(a1,...,an), denote

O = Q1+ -+ Qn.

The function f(z) = fo(z) is of class C™ in A in terms of some functions f,(x)

(e € R™, 04 < m) if the functions f,(z) are defined in A and

faly) = > faJrTB!(m)(y—x)ﬁ-i-Ra(%w), (1.2.1)

oatog<m

for each fa(x), where Ra(y,x) has the following property. Given any point zo of A
and any € > 0, there is a 6 > 0 such that if z and y are any two points of A with
lz — xol| < ¢ and |ly — o < J, then

[Ra(y, )| < [lz —y™ " e

Observe that this property is trivially satisfied at every isolated point of A.
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Theorem 1.2.4. (Whitney extension Theorem, [58]) Let A be a closed subset of
R" and let f(z) = fo(x) be of class C™ in A in terms of the fo(x) (0o < m) in the
sense of (L.2.1). Then there is a function F(x) of class C™ in R"™ in the ordinary

sense, such that
1. F(z) = f(x) in A,
2. DuF(z) = falz) in A (50 <m),
3. F(z) is analytic in R™\ A.

Proof: A proof can be found in [58] or [39]. O

Since we are interested in a very specific situation, we do not want to impose the
compatibility conditions . We provide a proof for the generalization of Borel’s
Theorem based upon a proof of [34], where a similar result is constructed for Banach
spaces admitting smooth bump functions. It is similar to the proof of Borel in one
dimension, but instead of constants we choose a sequence in the space C*([—1, 1]) for

some k=1,...,00.

Theorem 1.2.5. Let f(z) € C*([=1,1]) for n > 0 be a sequence of functions with
0 < k < oco. Then there exists a function f(z,y) such that 8;05]“(9[:, y) is continuous
on [-1,1] x R for every 0 < i < k and j > 0 satisfying

0y f(z,0) = nlfn(x),

for every n > 0 and thus

Joof(x,0) = Z fn(x)yn~

n>0
Proof: Let p: R — R be a C°° bump function around zero, for instance satisfying

1 Jul <

1
47
pu
1
3

0 ful

v

For A > 0, we can easily shrink the support of this function by dilating the variable x

1 |ul < 4L,
p(Au) = vl = Y

Let F denote the functions on [—1,1] X R which are at least continuous and have a

compact support. We define a norm ||-|| on F by

I£1l = sup{|f (@, y)| | (x,y) € [-1,1] x R}.
We define a sequence of positive numbers 1 < Ao < A1 < ..., as follows:

Ao = max{2||foll,1}, (1.2.2)
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and
S
n—m—1

| l+m <n,l <k} (1.2.3)

gn

oxtoy™

Observe that lim, oo An = 0o. Denote

)\n =2 maX{)\n—ly

‘ al+m

gn(z,y) = fu(x)p(y)y™.

We show that the required function f is given by

flay) =) Aingn(x, Any) =Y ful@)pMny)y". (1.2.4)

n>0 m n>0

Since the sequence (An)nen is strictly increasing and approaching infinity, we can
easily see that f consists of a finite summation of functions having the required
smoothness for every y > 0. Therefore it is sufficient to show the smoothness in the
neighbourhood of y = 0, where f is given by f(z,0) = fo(x).

First we show that differentiation of this function in a neighbourhood of y = 0 cor-
responds to term by term differentiation of the series . Therefore we have to
show that for every 0 < ¢ < k and j € N, the series

I 5;5;“’”, 1:25)
n>0

converges uniformly for )\n satisfying and (| . A straightforward compu-

tation shows that due to and ( we have

al+mgn

Oxtoy™

1
)\nfmfl

for every n > m + . (1.2.6)

— 2n7m7l’
Due to the general Leibniz rule, we have

it =35 (2) (o) (Z) (o).

p=0

s (Z‘) (25 @) (o)) (",

p=0

where (n)o =1 and (n), =n(n—1)---(n—p+1) for 1 < p < n. Since n is fixed,

this is also a finite sum and if we confine ourselves to the open set |y| < 1, we get

min{m,n+1}
m
<5 (7)o
p=0 p

These are all bounded since these are continuous functions with a compact support.
Observe that

' fr
ox!

8l+mgn
‘ ’ ozloy™

oM™ Pp
oym—p

. N 8i+jg
1,7 — n n A
[ (@, y) 2 3y owidy (@, Any).
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Thus
Z 19 (gn(%)\ny))H < ; n 1 ‘3“971
= AR orioyI “\ = WS AR=I || Ozt Oyl
A1 T it 1 giti
n=0 7T n>itj "
i1 it
(20) 1 o'tig, 1
< — gy P
AR—I || 0zt oyd —  2n—j—i
n=0 n>i+j
- iJrzjfl 1 g, N Z 1
N A3 || Ozidyd 2n’
n=0 n>0

which is a convergent series since the first summation is finite and the second a
geometric series. Therefore we showed the uniform convergence of ([1.2.5]).
Hence we have constructed a function f(z,y) of the required smoothness, such that

for i <k, j € Nand |y| <1 we have

i+ o
;miagj (z,y) = 1" (2,y),
and thus o
5o (.0 = £ (@,0) = nlf (2)6") () = i (2).

O

When we apply Theorem or to obtain smooth realizations of the con-

structed formal transformation, typically flat functions arise.

Definition 1.2.6. A function f : R" x R* — R : (z,y) — f(z,y) will be called
(infinitely) flat in x at a € R™ if the Taylor-series of f at xo seen as a function of

x with parameters y vanishes, i.e.

]oof(xo,y) = 0
A typical example of a flat function in R at 0 (see Figure|l1.7) is given by

e_?/lf if z > 0,
Xo:R—=>R:z— (1.2.7)
0 if x <0.

1.2.3 The Gamma function and the Hypergeometric function

In this section we list some properties of the Gamma function I'(-) and the hypergeo-
metric function Hypergeom ([-, ], [], ). These will naturally occur when dealing with

the normal forms and their applications. These definitions and more can be found in
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0.3

0.2+

0.14

Figure 1.7: Graph of flat function yo(z) in [-1,1]

[25].

The Gamma function I' can be seen as an extension of the factorial function to
all complex numbers except for the negative integers. In this thesis the Gamma func-
tion will only occur for positive real numbers, where it is defined via a convergent

improper integral.

Definition 1.2.7. The Gamma function I'(z) is defined for z > 0 by

I'(2) :/ e "t dt.
0

Some easy results can be shown.

Lemma 1.2.8. The function I'(z) has the following properties
1. T(z+1) = 2T'(2) for z > 0;
2. I'(n) = (n—1)! forn € N*.

For a > 0, define

which corresponds to
(a)o=1, (a)n=0ala+1)---(a+n—-1) forn=12,....
The hypergeometric function is seen as a solution of the differential equation
d*u

z(lfz)ﬁJr(cf(a+b+1)z)j—:fabu:0.
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We will denote this solution as
Hypergeom ([a, ], [c], 2) = 2 Fi(a, bic; 2).

One can then check that the following is a solution of the differential equation

Hypergeom ([a,b],[c] ,2) = » %J’

n=0

(1.2.8)

where we impose that —c ¢ N.
This series is absolute convergent for |z| < 1. If moreover Re(a 4+ b — ¢) < 0, there is

even absolute convergence for |z| = 1.

We can rewrite this function in an integral representation. If Re ¢ > 0 and Re

b > 0, then we have Euler’s formula

T'(c)

Hypergeom ([a,b], [c],z) = TOT (=0 /o A =0T A — t2) " %dE. (1.2.9)

1.3 Dulac map and cyclicity of a homoclinic saddle connec-

tions

In this section we illustrate the well-known techniques in local normal form theory
which we want to consider in a semi-local setting in the next chapters. First we
describe the Poincaré-Dulac normalization in the special case of a resonant saddle
as can be found in [I8] in Section This method of work will be generalized in
Chapter [ in a semi-local context. In Section [[:3.2] we construct a similar normal
form when we consider perturbations of a resonant saddle. Then we use the Poincaré-
Dulac normal form to construct an asymptotic expansion of the Dulac map near a
resonant saddle, considered as an unperturbed vector field as well as part of a smooth
family of vector fields in Section [[:3:3] This and further details can also be found
in [49] or [50]. Even in the unperturbed system, computing the displacement map
will prove to be a lot more complicated when dealing with a non-local displacement
near a saddle connection as will be shown in Chapter The unfoldings of saddle

connections will then be considered in Chapter EI

1.3.1 Poincaré-Dulac Normal Form

We display the typical Poincaré-Dulac normalization near a singularity. This method
exploits the linear part of the vector field, which is interesting when we consider a
hyperbolic or semi-hyperbolic singularity, as can be found in [I8] and [32]. For non-

elementary singularities, one typically resorts to other normalization methods.
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First we prepare the linear part of the vector field. Suppose we have an autonomous
system ([1.1.1) with a saddle-singularity in the origin. A saddle is resonant if the

associated saddle quantity is given by
_p : * _
A==, with p,qg € N", ged(p,q) = 1.
q

Without loss of generality we can assume, up to a time-reparametrization, that the
eigenvalues are exactly given by —p and ¢. The definition of resonance can be gener-

alized to arbitrary singularities.

Definition 1.3.1. Letn > 2. Consider a system X = F(X) in R™ with a singularity
P € R" having {A1,...,\n} as the set of eigenvalues of the matriz DF(P). The

singularity is called

a) resonant if there exist relations among the numbers \; of the form Aj = 37| ki jAi,
where ki j €N, 4,5 € {1,...,n} and > kij > 2.

b) non-resonant if there exist no such relations.

¢) strongly one-resonant if all the non-trivial resonance relations \j = Y1, ki j\i
are generated by a single one Y - kiXi = 0, i.e. kij = m (ki —di;) for some

m € No, where §;; denotes the Kronecker delta function.

It is easily seen that a resonant saddle is strongly one-resonant. If we display all the
points (kf, k3) in the grid N? for which we have an integral relation, then these will all
lie on a line through the origin where the slope depends only on the saddle quantity
(see Figure . As we will show below, these resonant points denote the exponents

of monomials that occur in the normal form.

Figure 1.8: Resonant terms when (A1, A2) = (1,—1) (red) and (A1, A2) = (1,—-2)
(green)
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If we transform the eigenvectors to the standard basis of R? by means of a conjugation,

then the linearized system X = AX is given by

The total system can thus be written as

& =qz+ f(z,y), (13.1)

9= —py+g(z,y),

where f and g are both O(||(x,y)|\2) Now we can apply an induction procedure
given by the adjoint action of the linear part A of the vector field. This is a map

adm A : H™(R?) - H™(R?) : X — [A, X],

where [A, X] = Ao X — X o A is seen as a differential operator and H™ (R?) denotes

the set of polynomial vector fields on R™ of homogeneous degree m.

Theorem 1.3.2. (Poincaré-Dulac Formal Normal Form) Let X be a smooth
vector field in a neighbourhood of the origin where X(0) = 0, DX(0) = A. Then
there is an analytic change of coordinates ® : R? — R? such that Y = ®.(X) is of
the form

Y(y) = Ay+g2(y) + ...+ g-(y) + O(Hy||7l+1)7

where r > 1 and gm € G form = 2,...,1, where G, is a complement for the image
By, = adyn A(H™(R?)) in H™(R?).

The monomials in G; are called the resonant terms. If we apply this theorem by
induction for r — co, we get a formal transformation leaving only the resonant terms
which leaves us with the question of convergence of the transformation. If the convex
hull of the eigenvalues in C does not contain the origin, this form is even polynomial
and the reduction is real analytic when starting from an analytic vector field. The
transformation is also analytic when the eigenvalues A1, A2 satisfy the small divisors
condition for some C' > 0, v > 0:

C

A Ao —Ni| > —m————
|madi + male | > (m1 + ma)”

)

for all mi,ms € N satisfying m1 + me > 2 for i = 1,2. When this condition is

satisfied, Siegel’s Theorem states that the system can be analytically linearized.

We describe the technique used to prove Theorem (see [18]), applied to the
resonant saddle case, by reducing (1.3.1)) to its smooth orbital normal form, i.e. the
optimal form to which we can reduce (|1.3.1]) by smooth equivalence. As a consequence
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of Theorem there exist smooth graphs y = ¢(x) and z = ¢ (y) representing
respectively the unstable and stable manifold of the saddle. By a transformation
gy =y — p(x), we can assume that the unstable manifold is given by § = 0. A sim-
ilar process can be done for the stable manifold. This is called straightening the

tnvariant manifolds. If we rewrite the new variables again as (z,y), we get
i =qz(l+ fi(z,y)),

g = —py(l + g1(z,v)).

The factor 1 + fi(z,y) is locally positive, so by reparametrizing time we arrive at

T = qzx,
(1.3.2)
y=y(=p+g92(z,y)).
We consider g2 as a formal power series and apply the transformation
(z,y) = (X,Y + sX"Y" ), (1.3.3)
obtaining
X =qX,

Y =Y (—p+g2(X,Y) + k(pn+gm) XY™ + O(|(X,Y)["FH)) .
By an adequate choice of k we can eliminate the term of degree (m,n) in go if and
only if

pn 4+ gm # 0, or equivalently, n = gk, m = pk for some k € N. (1.3.4)

Remark that this corresponds to a point on the resonant line in Figure [[.§ By

continuing by induction one can get a formal transformation

m4n>2
transforming to

T = qx,

Yoo = Yoo (—p + 21 an:ppnygg) :
Theorem m states that the transformation can be realized as the Taylor

series of a smooth function y = F(z, z), such that in the new coordinates

T = qz,
(1.3.6)
2=z (p+ha"z)) + 2F(z, 2),
for some smooth function h with h(0) = 0 and where F is flat at the origin. These

flat terms can be removed by a smooth transformation using a theorem by Chen (see

[a).
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Theorem 1.3.3. Let X = > a*(x)0/02" and Y = > b'(x)0/0x" be two C™ wec-
tor fields in R™ having 0 as a hyperbolic singular point. Denote by a*(x) and b (z)
the respective Taylor expansions of a*(x) and b*(z) in x. Then there exists a C°
transformation about 0 which carries X to Y if and only if there exists a formal
transformation which carries the formal vector field 3 a'(2)d/0z" to 3. b*(2)d/dx".

This is a generalization of a linearization theorem by Sternberg (see [53]).

Theorem 1.3.4. If X is a smooth vector field with a hyperbolic equilibrium where
there are mo resonances, then it is smoothly equivalent to its linear part in the neigh-

bourhood of the singularity.

Following [49], we construct the transformation from Theorem explicitly. The
key element is the normal hyperbolicity of both invariant manifolds. First we de-
compose the flat terms such that they are flat in the normal direction of one of the

invariant manifolds.

Lemma 1.3.5. Let f : R2 — R be a smooth functions in a neighbourhood V of
the origin which is flat, i.e. joof(0,0) = 0. Then there is a smooth decomposition
f =g+ h such that

Jeog(x,0) =0, and joh(0,y) =0, (x,0),(0,y) € V.

These can separately be removed. For example, let X and Y be smooth vector fields
such that joo (Y)(z,0) = 0. Instead of directly constructing a smooth diffeomorphism
¢ with joo(¢ — Id)(x,0) = 0 that conjugates X and X + Y, one finds a path of

transformations
¢ : [0,1] = Diffoo (R?) : 7+ -

which conjugate X and X + 7Y. Denote ¢(z,y,7) = ¢-(z,y).
Lemma 1.3.6. Let Z; be a T-dependent vector field with joo(Z7)(z,0) = 0 such that
(X +7Y,Z:] =Y. (1.3.7)

Then @, determined by wo = 1d and

88 (2, ,7) = Ze(ola,9,7)

is a smooth diffeomorphism, conjugating X and X + 7Y with joo (¢ — Id)(z,0) = 0.
The vector field from Lemma [[.3.6] can be constructed as follows. Define
2@y == [ (POEnn) (Yo n o)t ory£0, (133
0

Z(z,y) =0 for y =0,
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where F(y(z,y,7,t)) is the fundamental matrix solution along an orbit of the varia-

tional equation

LF(@,5,7,0) = Dy (X +7Y) (027 ) F (2, ,7,0),

F(’Y(x7 y7 T? 0)) = I’

It is easy to verify that this vector field Z; satisfies (1.3.7)). The smoothness and

convergence is assured due to the following proposition.

Proposition 1.3.7. Consider the differential system

T = f(I3y) +TY1,

v =y (9(z,y) +7Y2),
on some e-neighbourhood V of M = {y = 0}, where f,g,Y1 and Yz are C*° functions
satisfying jooY1(2,0) = jooY2(x,0) = 0. Suppose there is a compact C C M such
that f is supported in C x R and that g(x,y) + 7Y2 < =X for some A > 0, 7 € [0, 1]

and (xz,y) € V. Then there exists a smooth vector field Z- satisfying (1.3.7) and with
Joo(Z7)(,0) =0 for every x.

Applying these previous results we have shown the existence of a smooth equivalence

between (1.3.1) and

T = qx,
g = y(—p + h(2"y?)),

for some smooth function h, h(0) = 0.

(1.3.9)

1.3.2 Normal form of a family of hyperbolic vector fields

When we perturb a vector field having a resonant saddle, we can do a similar process
as in the previous section. However, since the saddle quantity becomes parameter
dependent, we need to be careful since more resonant terms can occur. These results
can also be found in [32].

Consider a C*° family of vector fields X. given by

T = f(mayvs)v
y= g(l‘7y,6),

where € € R” is considered in some neighbourhood V' of the origin. Suppose that the
origin is a resonant saddle for X, with p : ¢ resonance as in . By virtue of the
implicit function Theorem, we can assume that X. has a singularity at the origin for ¢
in some neighbourhood of the origin. Indeed, due to the hyperbolicity the singularity

persists and smoothly depends on the parameter. By a translation, this can be located
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in the origin. Then we want to prepare the linear part of the system for all parameter
values such that we can repeat the Poincaré-Dulac normalization. This is possible
since the transformation to Jordan normal form of the linear part depends smoothly

on the parameters which is an immediate consequence of the following propositions.

Proposition 1.3.8. Let A. be a real 2 X 2 matrixz where the coefficients are C™
functions of a parameter ¢ € B(0,r) such that the eigenvalues have multiplicity 1.
Then there ezists an 7 € RT\{0} such that the eigenvalues of A. are C™ functions
of € for all e € B(0,7).

The proof is essentially given by applying the implicit function Theorem to the charac-
teristic polynomial of the matrix (see [40]). Using the requirement that the eigenvalues

have multiplicity 1 we can also show:

o,

Proposition 1.3.9. Under the same conditions of Proposition[1.5.8, we have that the

eigenvectors associated with the eigenvalues of Ac are C™° functions of € € B(0, 7).

Observe that a small perturbation of a hyperbolic saddle remains a hyperbolic saddle
due to Proposition [1.3.8] Following the transformation that puts the linear part in a
diagonal form, we can again straighten the local stable and unstable manifolds since
they depend smoothly on the parameters. Hence if we apply this to the case of a
perturbation of a p : g resonant saddle, we can assume that the family X, is of the

form

T = qZE(l + fl(mvyr E))v
y = (_p + Oé(E))y + ygl(may7 E)a

(1.3.10)

where a depends smoothly on € and where f1 and g1 are O(||(z, y)||2) For simplicity
we omit the parameter dependence of . In fact we can embed these parameters in
a larger set such that « itself is considered as a parameter. By induction, we apply
similar transformations as but where the coefficient is parameter-dependent.
However we have to take the small perturbance by « into account when we consider
the resonance relation. Instead of a resonant line as in Figure [[.§ we now obtain
a resonant sector as in Figure [[L9] where the angle of the sector reduces when « is
restricted to a smaller neighbourhood of the origin. In such a way, we can make sure
that no other resonant terms arise up to some homogeneous degree N. For example
in Figure the sector contains no other resonant terms up to degree 6.

Hence for an arbitrary N > 1, we can assume that the vector field is equivalent

to the following pre-normal form

T = qx,

y=y(=p+ale) + P (zPy?) + Re(2,9)) ,

(1.3.11)
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Figure 1.9: Resonant sector (green) when perturbing a 1 — 1 resonant saddle (red)

where R.(z,y) = O(||(z,y) HNH) and P.(u) is a polynomial in u where the coefficients
depend smoothly on . In [32] it is shown that by means of a C™-conjugacy for some n,
we can eliminate the term R.(z,y) if N is large enough, depending only on n,p,q. A
similar result can also be obtained for diffeomorphisms as has been done in [6] where
an explicit lower bound is given for N. Since there is a correspondence between
diffeomorphisms and vector fields by means of the time one map (see [19]), we can
translate this bound to the setting of vector fields. The method used in [32] is a
finitely smooth version of Lemma[[.3.6|and Proposition[[.3.7] In fact the conjugating
morphism is defined in the same way, but we loose smoothness since Y in is
only finitely flat.

Lemma 1.3.10. (see [39]) Let X. : © = F(x,e) and Y. : © = F(x,¢) + w(x,e) be

R2t* . Assume that there is a C*-smooth vector

field Z. ; : & = h(z,e,7) for T € [0,1] such that

two local families of vector fields in

[F + 1w, h] = w, (1.3.12)
is satisfied where h(0,e,7) = 0. The families X. and Yz are then C*-conjugate.

The solution of the homological equation is of the form (1.3.8) and this expression

converges for all derivatives up to order k + 1 since for a hyperbolic family we have
dist (®4(x), M) < Ce M dist(x, M), t >0,

where M is the unstable manifold. One needs that the divergence of the vector field
F' is bounded and since is defined by an improper integral, we need to make
sure that the orbits are complete, i.e. exist for all £ € R. This can be acquired by
a partition of unity using bump functions, a procedure called globalization of the
vector field. We do not go in further details but refer to [32].
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Proposition 1.3.11. Let X. be a smooth family of vector fields with a saddle at the
origin for e € W. There exists a function N(n) : N = N such that N(n) — oo for
n — 00, and such that if Yz is any germ of smooth family of vector fields along 0 x W
with the property

In@m) (Yo = Xc)(0) =0,
then, the two family germs Xe and Y: are C"-conjugate.

If we apply Proposition [1.3.11] to the pre-normal form ([1.3.11)) for some sufficiently
high order, we obtain the following result.

Theorem 1.3.12. Let X. be a smooth deformation of a vector field Xo having a
resonant saddle singularity in the origin, where the saddle quantity is given by p/q,
gcd(p,q) = 1. Let n > 1. There exists a C™-transformation and a N(n) depending on
p,q and n such that X. is orbitally equivalent to the family

T = qx,
N o (1.3.13)
J=y|-p+aE+ > ae)®y |,
=1
where € is confined to some neighbourhood of the origin.

Remark 1.3.13. The neighbourhood of € obtained in Theorem [1.3.19 is dependent
on the choice of n. Even more, the diameter of this neighbourhood shrinks to 0 when

n grows to oo.

1.3.3 Dulac map

The normal form (|1.3.9) allows us to express the Dulac map in terms of the coefficients
of the resonant terms. Let u = xzPy? denote the resonant monomial. This decouples

(1.3.9) in two independent differential equations

T = qx,
1 _ (1.3.14)
o= quh(u) =37, a;uttL,

The solution of the second equation can formally be obtained by substituting
ult,uo) =y gi(t)us,
i=1
where ¢1(0) = 1 and ¢;(0) = 0 for 4 > 2. A direct computation shows that

gl(t) =1, g¢+1(t) = a;t + P»;(t), fori>1,

where P; is a polynomial of degree ¢ and with lowest degree 2 having coefficients

which are monomials in a1, ...,a;—1. Let us compute the Dulac map

D:o=1[0,1) x {1} = 7= {1} x (=1,1) : (z0,1) = (1, D(x0)),
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(1, D(0))

Figure 1.10: Dulac map near a saddle

as in Figure m The transition time of ((1.3.14)) is given by T' = —% In(zo).
Therefore we can explicitly express the Dulac map.

Proposition 1.3.14. For any n € N there exists a number N(n) such that

N(n)

DGao)? = 3 g5 (~Ltoutao) ) af + i),

i=1
where Y (x0) is a C™P function, np-flat at xg = 0, i.e. jnptn(0) = 0.

Cyeclicity results can only be found when considering unfoldings of saddles, i.e. where

the eigenvalues can perturb as in Section By virtue of Theorem we can

assume that the unfolding of the saddle is given by . In order to compute the

Dulac map, we replace the logarithmic function by an adapted compensator known

as the Ecalle-Roussarie compensators

i T

w(wo, ap) = a0 (1.3.15)
—log(zo) if ap =0,

where ag = ga(e). Similar as in the unperturbed case, we can solve for an asymptotic

solution.
Theorem 1.3.15. The transition map D of can be expanded as
(D(z0)? = 25 4+ ao [zhw + .. .] + a1 (e) [x(z)pw +o ]+ (1.3.16)
+an-1(e) [:B(I)pr—i—...] + Y (2o, €), (1.3.17)

for any n € N and N = N(n) is defined in Proposition|1.3.11} The ... contain terms
zhw? (i > j) of higher order and have coefficients which are polynomials in o; and

Uy is np-flat at xo = 0.

The terms ziw’ are non-smooth, but have some important properties. First of all,

one defines an order on these monomials given by

l

zhw’ < ziw' o (i<k) or (i=Fkandj>I).
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This defines an asymptotic scale, which is used to determine cyclicity.

Definition 1.3.16. An asymptotic scale of functions is a collection F = {fi }ien
of continuous functions f; : [0,e) — R where ¢ > 0 such that fo = 1, f1 is strictly
monotonic on (0,¢€), and fir1(w)/fi(u) — 0 asu — 0F. We denote this by fiy1 = fi).

Secondly these monomials are of Mourtada type which has been introduced in [37].

Definition 1.3.17. A function f:[0,e) x U — R is a Mourtada type function if
f is smooth for x > 0 and if for all integer k > 0,
k

. kO f _
91311{(1)1' W(mvy) - 03

uniformly in y.

Exploiting this definition, we can rewrite Theorem [1.3.15|in a weaker form which is

easier to use in applications.

Theorem 1.3.18. The transition map D of (1.3.13)) is given by

pta(e)

D(zo) =z, * (A(e) + F(zo,¢)), (1.3.18)
where A(e) is a C™ positive function and F is of Mourtada type.

If the saddle has a homoclinic connection, i.e. the stable and unstable manifold
intersect, one can compute a Poincaré map near this graphic as displayed in Figure[L.6]
The dominant term in the Dulac map D is non-smooth, i.e. of the form z?/?, and
can never be compensated by the regular part R of the displacement map near the
connection unless p = q. Hence using Theorem it is easy to show the following

result.

Proposition 1.3.19. (see [1]) Let T be a saddle connection with saddle quantity
different from 1, then
Cycl(Xa,T) < 1.

When the saddle quantity is one, the bound on the cyclicity will depend on the
parameters oy of the initial vector field X,. More precise a higher order of the Dulac
map in (1.3.16)) or of the regular map R will be dominant. We refer to the literature

for these results.

1.4 Hilbert’s 16th Problem

At the International Congress of Mathematicians (Paris) in 1900, David Hilbert posed
a list of 23 challenging problems in mathematics (see [26]) of which we are interested

in the second part of his 16th problem:
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In connection with this purely algebraic problem, I wish to bring for-
ward a question which, it seems to me, may be attacked by the same method
of continuous variation of coefficients, and whose answer is of correspond-
ing value for the topology of families of curves defined by differential equa-
tions. This is the question as to the mazimum number and position of
Poincaré’s limit cycles for a differential equation of the first order and
degree of the form

dy _ Y
dr X’
where X and Y are rational integral functions of the n-th degree in x and

y. Written homogeneously, this is

dz dy dx dz dy dx
X (g2 W)y (22 2P sz (Y ) =
(ydt Zdt)+ (Zd xdt)Jr (xdt ydt) 0.

where X, Y, and Z are rational integral homogeneous functions of the
n-th degree in x,y, z, and the latter are to be determined as functions of

the parameter t. David Hilbert

We will give a brief overview of results concerning this problem. More details can be

found in [29]. In this problem we consider planar polynomial vector fields

of degree n. Typically the problem is split into three sub-problems, each of subse-
quently higher complexity:

1. Does a planar polynomial vector field have a finite number of limit cycles?

(Dulac problem)

2. Is the number of limit cycles in a planar polynomial vector field of degree n
bounded by a constant H(n) depending only on the degree n? (Existential
problem)

3. Obtain an explicit expression for H(n).

The number H(n) is known as the Hilbert number. It wasn’t until 1923 until there
was a first proof of the Dulac problem in its generality by Dulac himself ([I6]). How-
ever in 1981 a huge gap was found in Dulac’s proof ([28], [30]). Ten years later,
Ilyashenko ([31]) and Ecalle ([22]) provided simultaneously but independently an al-

ternative proof for the existential problem.

Concerning the other sub-problems, no global results have been obtained until now.

There exist a lot of results providing a lower bound on the cyclicity. For instance in
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[T1] the authors construct polynomial vector fields of degree n with Cn?log(n) limit
cycles for some constant C, leading to the lower bound H(n) > Cn?log(n). Another
important contribution to the study of Hilbert’s 16th problem is the program con-
nected to the finite cyclicity conjecture posed by Roussarie (|5I]). If one can obtain
an upper bound of the cyclicity of any limit periodic set in an analytic family of vec-
tor fields on the Riemann sphere, then one can bound the number of limit cycles in
polynomial vector fields (see Theorem. For instance in [20] the authors reduce
the problem of finding a uniform bound on the number of limit cycles in quadratic
vector fields to the study of 121 graphics. This thesis can thus be situated as part
of this program, where we study graphics containing only one singularity which is

non-elementary.



Chapter 2

Semi-local Normal Form Theory near a

fixed symmetric saddle connection

In this chapter we study vector fields of the form

i=(1-2%) (£4+0(1—2%))+0(y),
§ = (pr +0(1-2%)y+0(),

which contain a separatrix connection between hyperbolic saddles with symmetric
eigenvalues where the connection is fixed. Since we are mainly interested in the case
of resonant saddles, we shall denote the eigenvalues at the saddles by p and ¢g. For
completeness, we state a result for non-resonant saddles where we shall not change
the notation for the sake of convenience but merely write p/q ¢ Q. Smooth semi-
local normal forms are provided in vicinity of the connection, both in the resonant
and non-resonant case. First, a formal conjugacy is constructed near the separatrix.
Then, a smooth change of coordinates is realized by generalizing known local results

near the hyperbolic points. The results presented here are as discussed in [59).

2.1 Normal forms near saddle connections

This chapter deals with normal forms of (families of) vector fields that are valid in a
local neighbourhood of a separatrix connection. The separatrix connection is assumed
to be persistent. We will assume furthermore that the eigenvalues of the linear part
at the saddle p; are the opposite of those of the linear part at the saddle pa2, see
Figure 21}

While both the persistence of a saddle connection and the opposite set of eigenvalues
are clearly non-generic properties that reduce the set of vector fields to which our re-

sults are applicable, both assumptions appear naturally in the qualitative treatment

31
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P1 D2

Figure 2.1: Orbits in the neighbourhood of a saddle connection

of planar vector fields. The semi-local situation that is described here is for example
quite often found after compactification of the phase space by means of a Poincaré
compactification; the separatrix connection is then typically a part of the circle at
infinity. Similarly, saddle connections appear in the local study of non-elementary sin-
gular points such as points with a nilpotent linear part by blowing up the singularity.
We refer to Chapter [5] for applications.

As a preliminary step, we can always smoothly straighten the saddle connection (joint
stable and unstable manifolds), and position the two saddles at chosen coordinates,
leading to the following smooth vector field that we use as main equation for which

a normal form is sought:

i = (2+0(1—-2%)(1-2%+0(y)

(2.1.1)
g = (pr+0(1—2%)y+0(®y?),

where we assume that (+1,0) are the only singularities on the segment [—1, 1] x {0}

and that p > 0 and ¢ > 0 are relatively prime.

Remark 2.1.1. The results presented here are applicable to families of vector fields
of the form where the perturbations only occur in the O(l — x2),0(y) and
O(y2) terms. For simplicity we omit this parameter-dependence from the notation.
Perturbations where the spectrum at the saddles is perturbed in a symmetric way are
considered in Chapter [}

The method of work follows the two-step procedure that is also employed in the study
of local normal forms near singularities (see Section: we first establish a “formal
normal form”, and later eliminate the flat terms after applying the generalized Borel
Theorem (Theorem . The normal forms that we envisage should be able to
encompass all resonance information coming from both saddles. We therefore use

semi-local resonant monomszals of the form

(1 —2*Py")" and = ((1-2*)Py")". (2.1.2)
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Fixing n, a linear combination of both monomials
Wn 1= Gn ((1 — :CQ)pyq)n + bnz ((1 - $2)pyq)n )
has the following asymptotic expansion about x = £1:

wn = 2P"(an + b,)(1 — )Py (1 + O(1 — 2)), z—1
wn = 2P"(an — bn)(1 + 2)""y?" (1 4+ O(1 4 2)), r— —1,

showing that any a priori arbitrary combination of resonant monomials in the saddle
p1 and the saddle p2 can be realised by choosing a, and b, properly. We will show

the following theorem:

Theorem 2.1.2. Consider the vector field with p € N*, ¢ =1 (and assuming
(£1,0) are the only two singular points). Then there is a smooth coordinate transfor-
mation, defined on a neighbourhood of [—1,1] x {0}, such that the system is orbitally

equivalent to
i' =

(1 _$2)7

g =y [pr+g0((1 — 2*)Py) + zg1 (1 — 2*)*y)]

N

(2.1.3)

for some smooth functions go, g1 with go(0) = ¢g1(0) = 0.

The choice of resonant monomials in is non-unique, and in fact it seems that
other candidates are sometimes more appropriate, we refer to Section [2:3.2] for al-
ternatives. Here, the function gi could be seen as the symmetric resonant part, and
go as the asymmetric resonant part. This terminology follows from the fact that the
transformation (z,t) — (—z, —t) leaves the symmetric terms unchanged, but changes
the asymmetric terms. Intuitively, this means that the asymmetric terms have a
dominant effect on the transition map through the connection as we will show in
Chapter One of the benefits of using the above method is that the asymmetric
resonant monomials satisfy some semi-group property, implying that we can further

reduce the asymmetric part to
go((1 = 2®)Py) = £ [(1 - «*)""y" + a(l —2)"y*"].

using techniques similar to those in the reduction of hyperbolic saddles (see [32] for
example). Here, the coefficient « is a formal invariant as well as the order of the
first non-zero non-linear term n. Linearity here should be considered as linear in the

direction normal to the connection, i.e. in the y-variable.

The asymmetric part of the normal form has extra integrability properties, just like

the Poincaré normal form of a single resonant saddle: writing w = (1—2%)Py, equation
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(2.1.3) reduces to

Tz =

%(1 - 1,2)’
(2.1.4)
W = w(go(w) + zg1(w)).

When g; = 0, there is separation of variables.

When ¢ # 1, the normal form contains so-called connecting terms besides the resonant
monomials. These terms are necessary to glue together the local normal form around
the two saddles to form a semi-local normal form along the separatrix connection.

Therefore we define the smooth symmetric bump function x by
x(@) = xo(1 — 2?), (2.1.5)

where xo is defined in (1.2.7)).
Theorem 2.1.3. Consider the vector field with p,q € N* and ged(p,q) = 1,

q > 1 (and assuming (£1,0) are the only two singular points). Then there is a smooth

coordinate transformation such that the system is orbitally equivalent to
jj =

(1 - 332)7

¥ =y [pr+ go((1 — 2*)Py?) + 21 (1 — 2*)Py?) + x(2)g2(y)] ,

NS

(2.1.6)

for some smooth functions go, g1, g2 with go(0) = g1(0) = ¢g2(0) = 0, where x is given
by (2.1.5).

We will refer to the terms x(x)g2(y) as the connecting terms. Similar connecting
terms appear when the ratio of the eigenvalues at the saddles (in this notation given

by p/q) is irrational.

Theorem 2.1.4. Consider the vector field with p/qg € R\ Q (and assuming
(£1,0) are the only two singular points). Then there is a smooth coordinate transfor-
mation such that the system is orbitally equivalent to
i=2(1-2a%),
3 ) (2.1.7)
v =y @z +x(@)g(y)),

for some smooth function g with g(0) = 0, where x is given by (2.1.5).

The kernel function x(z) that is used to represent the connectivity is quite arbitrary;
in fact what is important is the symmetry with respect to x — —x and flatness at
the saddles. Due to this symmetry we also expect these terms to have a significant
effect on the transition map. Alternatively, one could use a bump function that really
vanishes near x = £1. The choice of this function x will only affect the connecting
terms itself, without changing the resonant terms (if they are present). Other choices
of kernel function x will be discussed in Section [2.3.3]
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The chapter is composed as follows. First we describe some results on scalar vector
fields which are crucial for the normal form in We provide a different but similar
proof than described in [2]. In Section we elaborate on a formal inductive process
to achieve the normal form. Section [2:4]is devoted to removing the flat terms that
appear after using Borel’s Theorem (Theorem . We conclude by describing the

transformation to return to local normal form in Section .5l

2.2 Scalar vector fields

In this section, we are interested in the smooth conjugacy classes of vector fields in
R with the following properties. Let v : R — R be a C°° complete vector field with

exactly two singular points z1,z2 (assume z1 < x2) such that
A1 :i=v'(21) > 0 and s 1= v'(22) < 0. (2.2.1)

The results in this section can be found in [2]. Two scalar vector fields v and w are

(locally) conjugate, if there is a smooth diffeomorphism ® : U — V such that
w(z) = (®'(x)) 'v(®(z)) for every z € U.
A basic theorem in the theory of vector fields is the linearisation of hyperbolic points.

Theorem 2.2.1. A smooth vector field v in a neighbourhood of a hyperbolic singular
point xo € R is locally smoothly conjugate with the linear vector field v(x) = a(x —xo)

where a = v’ (z0).

If there is no other singularity than the hyperbolic point, it is globally attracting or
repelling. Thus we can pull back every point in its stable/unstable manifold to a
sufficiently small neighbourhood of the singular point. This leads to the following
global result.

Lemma 2.2.2. Letv: R — R be a C* complete vector field with a unique hyperbolic
singular point xo € R. The smooth linearisation ¢ : U — V, obtained from Theorem
is then global, i.e. U =V =R.

Proof:  Without loss of generality, we can suppose that zo = 0 is a sink. The
proof for a source is similar and can be obtained from the proof for a sink by time
reversal. Let ¢o : U — V be the local linearisation from Theorem where U,V
are neighbourhoods of the origin.

Denote by F(t,z), G(t,z) the flows associated to respectively the original vector field

v and the linearized vector field ©. By definition of conjugation, we have that

wo(F(t,z)) = G(t,po(x)), when F(t,z),z € U.
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We now extend g to a function ¢ : R — R as follows

p(x) = G(=T, o (F(T,x))),

where T' > 0 is chosen such that F'(T,x) € U. First we prove that this is indeed a
conjugation. Then we prove that this definition is independent of the choice of T
Let (¢,z) € R x R be arbitrary and let 7" > 0 be chosen in such a way that

F(T,F(t,z))=F(T+t,z)eU, and F(T,z) € U.
A straightforward computation shows

e(F(t,z)) = G(=T,po(F(T + t,)))
= G(=T,G(t, po(F(T),x))))
=G(t,G(=T, po(F(T,x)))) = G(t, p(x)).
It remains to show that this definition is independent of the choice of T'. Let x € R
be arbitrary and 71,7% > 0 be such that F(7T1,z) and F(7,z) are in U. Suppose

that 75 > 77 and let T = T5 — T1. Using the properties of a flow, we see

G(=Ts, po(F(T3, ) = G(=T2, G(T', oo (F(T1,x)))) = G(=T1, po(F(T1,2))),

which concludes the proof. (|

By composing the global linearizations of the previous lemma, we can easily deduce

the following result.

Corollary 2.2.3. Let v,w : R — R be two complete smooth vector fields with a
unique hyperbolic point 1, respectively x2 such that v'(x1) = w'(x2). Then these

vector fields are globally smoothly conjugated.
Remark 2.2.4. These results remain valid for real analytic vector fields.

Now return to the complete vector field given in (2.2.1) with 2 singular points z1, 2.
Denote
Ui = (—o0,x2) and Uz = (z1,00)
and let F'* be the flow associated to v. From Lemma we find orientation pre-
serving smooth diffeomorphisms ¥; : U; — R as in Figure 2.2l mapping z; to 0 such
that
Ft\Ui = \IfflAE\I/i fori=1,2,
where
Al(z) = Ai(t,2) = eMi'a.

Define the gluing morphism G := U0 U7 : Ry — R_. This satisfies
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Figure 2.2: Local conjugation to linear vector field

G(eM'z) = 'G(x), t e R, € Ry
If we differentiate this equality with respect to t and evaluate at * = 1, we get
G (M)At = Xae™2'G(1) = MG (eMh).

However, since t is arbitrary and the origin is hyperbolic, we have a bijection between

Ry and the image of A1(¢,1), hence

A
zG'(z) = pG(z), where p = )\—j for every x € Ry.

The general solution of this ODE is given by
G(z) = —Ca",

where C is an arbitrary constant. Since G is orientation preserving, it follows that
C>0.

Denote by Co(A1, A2) the set of all smooth vector fields w on R with exactly two
singular points y1 < y2 such that

w'(yi) =\ fori=1,2.
Theorem 2.2.5. All complete vector fields v € Co(A1,\2) are conjugate.
Proof: Let v and ¥ be complete vector fields in Co(A1, A2) and let F* and F* be their
corresponding flows. Let G(z) = —cz*, respectively G(az) = —¢éz*, be the associated
gluing diffeomorphisms, where V¥, respectively U, are the corresponding linearising

transformations on U; for ¢ = 1,2 obtained from Lemma We choose numbers
di,dz > 0 such that da = £df to define

\I/fl(dllill(x)) if x € Uy

O(z) = P . .
\112 (dg‘llg(l‘)) lf T € U2
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Observe that for x € Ry

d2G(x) = —cdi'z" = G(drx),

so the transformation ® is well-defined. It is straightforward to see that ® conjugates

F! and Ft, i.e. for x € U; we have

FY(®(z)) = U7 AT 0, (di Wi ()
= U, (diA]T5(2))
— 3(F'(x)).

O

By Theorem [2.2.5] conjugacy between two complete scalar vector fields with exactly
two hyperbolic singularities is reduced to comparing the respective eigenvalues. Now
we want to find a representative in this class of conjugate vector fields. Therefore we

construct a vector field v, with exactly two singular points in —1 and 1, such that
v'(=1) =, v'(1) = =B, where o, 8 > 0. (2.2.2)
We can consider the polynomial
P(z) = éu — ) ((B—a)(z+1)? +4a) .

This induces a complete vector field given by

P(x)

-t (2.2.3)

vp(x)

Thus every complete vector field v with exactly two singular points, satisfying equa-
tion (2.2.2)), is conjugate with the vector field vp.

However, we are only interested in the conjugation in a neighbourhood of the con-
nection [z1,z2] of the hyperbolic singularities 1, z2 of a vector field v € Cy(A1, A2).
Therefore we will show in Theorem 2.2.8] that we can reduce to a vector field with a
simpler form which is not necessarily complete. Since completeness is an essential re-
quirement in Theorem we construct a complete vector field in Co(A1, A2) which
coincides with some incomplete vector field having a similar connection between two

singular points. We make this more precise in the following lemma.

Lemma 2.2.6. Let v: R — R be a C° wvector field such that there exist x1,x2 € R
(x1 < x2) such that

’U(Il) = U({EQ) = 07 U/(xl) = )\1 > 0, U,(:CQ) = )\2 < 0’
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and where v™' ({0}) N (z1,22) = @. Then there exists a connected neighbourhood U
of [x1,x2] and a complete C* wvector field w : R — R such that

v=w on U, andw™ " ({0}) = {x1,z2}.
Proof: Let W be a connected neighbourhood of [z1, z2] such that
v {0 N W = {z1, 20}

This is possible since hyperbolic singularities are isolated. Now choose a connected
neighbourhood U C W of [x1, x2] such that U C W. Denote by p: R — [0,1] a C*

bump function such that
p=1lonU and p=0on W°.
Define the vector field w by

w(z) = p(z)v(z) + 2(),
where the C'* vector field z : R — R is given by

Az —z1)(1 —p(x)) =<z,
2@) = { daw — 22)(1 — p(2)) &> 72,

0 elsewhere.

It is straightforward to see that w is a smooth vector field with only two equilibria
r1,r2 and v = w on U. It remains to prove the completeness of w. Therefore let

zo € R be arbitrary and denote the flow of w by .

Suppose xo € {x1,x2}. In this case it is trivial to conclude that (-, zo) is defined for
all t € R.

Suppose xo € (z1,x2). There exist neighbourhoods O1, Oz of respectively z1, z2 such
that w is conjugate to the associated linear vector field due to Theorem Let
T> > 0 be chosen such that y2 = (T2, z¢) € O2. By the existence of the local conju-
gacy in Oz, we know that (-, y2) is defined for all ¢ € [0, 00). Due to the translation
property of a flow, this implies that ¢(-,z0) is defined for all ¢ € [0,00). Similarly
there exists a T1 < 0 such that y1 = (T, x0) € O1. Since (-, y1) is defined for all
t € (—o0,0], the same is true for ¢(-,z0) and thus ¢(-, o) is defined for all ¢ € R.
Finally suppose zo < x1. The case xg > x2 can be treated similarly. As in the previ-
ous case there exists a 71 < 0 such that ¢(71,z0) € O1 and analogously we have that
(-, o) is defined for all t € (—o0,0]. Now let T' > 0 be such that y = o(T, xo) € W°.
This is possible since the singularity z; is repelling on (—oo,x2). Since ¢(t,y) < y
for all t > 0, we know that ¢(t,y) € W for all positive ¢ where ¢(+,y) is defined. In
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WC, the flow is the solution of a linear vector field and therefore we know that o(-,y)

is defined for all ¢ € [0, 00) and so is ¢(+, o). Hence ¢(-, xo) is defined for allt € R. O

Remark 2.2.7. Observe that v and w in Lemma[2.2.0 are conjugate in neighbour-

hoods of [z1,x2].

Theorem 2.2.8. Let v : (a,b) — R be a smooth vector field with exactly 2 singular
points x1,x2 € (a,b) such that

v'(z1) =a >0 and v'(x2) = -8 <0.

Then there exist neighbourhoods U and V' of respectively [z1,z2] and [—1,1] and a

smooth transformation y = () : U — V such that the equation %% = v(z) is
transformed into

W~ (ay+ By, (2.2.4)

whereA:/{%o‘ andeﬂ'f'Ta.

Proof: The vector field given by (2.2.4) only has singularities at y = +1 in [—1, 1].
Indeed, the only other singularity that can occur is y = —% if A # 0 and this is not

an element of [—1,1] since @ > 0 and 8 > 0. The result then follows directly from
Theorem 22,5 and Lemma 22,6 O

When 8 = « in Theorem [2.2.8] equation (2.2.4) reduces to

dy « 2
— =—(1-y).
i Gl

Remark 2.2.9. In [2], an analogue of Theorem has been obtained for any finite

number of hyperbolic points.

2.3 Formal transformation

In this section we construct by an induction procedure the formal normal forms

leading to Theorems [2.1.2] 2.1.3] and 2.1.4]

2.3.1 Preliminary reduction and the induction procedure

Similar as in Section [1.3.1] we need to prepare the linear part before we can apply an

induction procedure. This is summarized in the following lemma.

Lemma 2.3.1. Consider the smooth vector field (and assume (£1,0) are the
only two singular points). Then there are neighbourhoods U,V of [—1,1] x {0} and
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a smooth coordinate transformation ® : U — V' such that under this transformation,

the system is transformed to a system of the form

&= (1-a°) (L +yf(z,v),

v =1y (pr +yg(z,y)),

(2.3.1)

where f and g are smooth functions of (z,vy).

Proof: Following Belitskii’s result on normal forms of one-dimensional systems (see
Theorem [2.2.8]), we can normalize the system reduced to the invariant line {y = 0}

to @ = 4(1 — 2?). It allows to write (2.1.1) as

v =vyy(z,y).
Since the eigenvalues of the two saddles have not changed, we have go(—1) = —p and

go(1) = p where g(z,y) = go(x) + O(y). It means that we can write
go(z) = pr + (1 - 2*)h(z),

for some smooth function h(z).

By the invariant manifold Theorem, the stable manifold of (—1,0) can locally be
seen as the graph of x = ¢1(y). Similarly, the unstable manifold of (1,0) is given
locally by the graph of x = ¢2(y). These smooth functions @1, p2 are defined in a
neighbourhood of y = 0 and can be approximated by

¢1(y) = =1+ 0(y) and p2(y) =1+ O(y).

By applying the transformation

@) = (5 (= 2er(a) + 1+ D) 7).

we have a 1-1 correspondence between points of the form (¢1(y),y), respectively
(¢2(v),y), and (—1,7), respectively (1,7). Also remark that this is a well-defined
transformation, since the old first coordinate is of the form = + O(g) and this is a
near-identity transformation near § = 0. So by now, we have arrived at the following
vector field
i=(1-2%) (3 +yf(z.y), (23.2)
§=pry+ (1 —a?)h(@)y +yg(z,y).
For the sake of convenience, we omitted the bars after applying the transformation.
In order to get the form , we still have to eliminate the function h(z). Applying
the transformation

(z,y) = (z,5 + (2)7)
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for some smooth I(z) defined on a neighbourhood of [—1, 1], results to a vector field

of the form
=(1-2*) (£ +yf(z,y) +0()),
7IE2 x
v =pey + e [ 1957 + h(2)(1 l(w))} y+y?g(z,y) + O(y?).

Again we have omitted the bars. If we denote by H(z) a primitive function of h(z),

we can take
2H ()

l(z)=€e a -1

in order to get the factor between square brackets zero. Notice that I(z) # —1 for
all values = so that, by the inverse function Theorem, we have indeed a well-defined

coordinate transformation in some neighbourhood of y = 0. O

The form of (2.3.1)) is stable upon performing additional changes of coordinates
(2,9) = (@ + (1 - 2°)§A(@,9), 4+ §° B(Z,9)).

In particular, we will prove two lemmas below that form the basis for the next sub-

sections where a formal transformation

(z,y) = (x +(1 -2y Z DR Bn(x)y"> (2.3.3)

n=0

is defined, bringing the coefficients with ™ in in reduced form by induction
on n. Transformations like are formal in the sense that they are formal power
series in 4; however the coefficient functions are typically smooth in Z on a neigh-
bourhood of [—1, 1].

Lemma 2.3.2. Given n > 1. The effect of the near-identity transformation of the
form

(€,y) = (2,5 + ha(@)g"")

on is that yf(x,y) is replaced by §f(Z,7) + OF") and that yg(z,y) is
replaced by

59(@,9) + (511 = #)h@) —pnzha(@)) 7"+ OF). (2:34)

Proof: Direct computation. O

Lemma 2.3.3. Given n > 1. The effect of the near-identity transformation of the
form
(2,9) = (@ + (1 - 2°)(D)7", )
on is that yg(x,y) is replaced by §g(z,q)+O(y") and that yf(x,y) is replaced
by
@9+ (-0 -2)0@) - o @) 7" +0E). (235)
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Proof: Direct computation. O

In contrast to the local normal form theory, we need to consider solutions of a differen-
tial equation instead of solving an algebraic equation. We should split in two separate
cases depending on whether n is divisible by g (Section [2.3.2) or not (Section [2.3.3)).

Remark 2.3.4. Observe that the perturbations in the functions f and g in Lemma
[2-:3:9 and Lemma[2-3-3 only arise in terms of higher order which allows us to perform

an induction procedure.

2.3.2 Resonant Terms

The homological equation that we need to consider in order to define the transforma-
tions in Lemma and Lemma [2.3.3| can be smoothly solved as described by the

following lemma.

Lemma 2.3.5. Let k > 1 be an integer and f an arbitrary smooth function. Then
for every 0 <1 < k, there exist numbers a and B such that the ODE

2P oy 4 p@) = ax(1 -2t 4 801 - 02

has a smooth solution in a neighbourhood of [—1,1].

Before tackling the proof of Lemma [2:3.5] we need some auxiliary results. Smooth
functions f(x) on a neighbourhood of [—1,1] can be decomposed as follows

N
f@) =) (Anz+ B)(1 —2")" + (1 —2*)" ' F(a), (2.3.6)

n=0
for some constants A,, B,, where F' is a smooth function. Indeed, for a smooth

function f, define

Ay = f(l)—f(—1)7 By — f(1)+f(—1)’
2 2

and let Fi be the smooth solution satisfying

f(z) = (Aoz + Bo)

Fi(z) = 1—z2?

, for x # 1.
It is straightforward to see that
f(x) = Aoz + By + (1 — 2°)Fi (z).

By repeating this procedure on F} we get for N = 2. By induction we
can show for arbitrary N. When solving the differential equation defined
in Lemma the function f divided by (1 —x2)* will appear as integrands. There-
fore we need a bit of information on the partial fraction decomposition that appears

at that point.
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Remark 2.3.6. When dealing with families of vector fields, we need a version of
(2.3.6) for a family of functions. From the construction it is clear that when f depends
smoothly on a parameter, we get the same result as (2.3.6)), where An, B, and F

depend smoothly on the parameter.

Lemma 2.3.7. Let n > 1. Denote by Ak, ux for k =1,...,n the coefficients of the

partial fraction decomposition of (1 —z?)™", i.e.

1 _ )\1 + + )\n M1 Hn
1=z (Q-z) (-2 (I+2) (142"
Then we have the following
on—2\ _,.
A1_/J1_<n >22+1.
n—1
Proof: We will consider the function f(z) = (1 — 2%)™™ as a complex analytic

function. Denote the functions
g(z2) =1 +2)"" and h(z)=(1-2)"".

Then we can write ) h2)
_ g\z o 4
& =G = Tr o

This implies that both 1 and —1 are poles of order n since g and h are analytic near

respectively 1 and —1. We can look at the Laurent series expansions

oo

Z ar(z —1)" and i br(z +1)"

k=—n k=—n

of f near respectively 1 and —1. It is easy to see that the first n terms in the partial
fraction decomposition of f cover the principal part of the Laurent series around 1

and the same holds for the last n terms and the series around —1. Therefore we have

A= —a-1 = —Res(f,1) and p1 = b_1 = Res(f,—1).

Clearly,
(n—1)
ng" (1)
Res(f,1) = (—1)"=—+.
(1) = ()"
A simple induction argument shows that
n— n— 2n — 2)! —2n
g () = (-1 PR RR gy

(n—1)!
which gives us the expression of A; as in the lemma. Similarly one can find the ex-

pression for p;. ]

Now we are able to give a constructive proof of Lemma



2.3. FORMAL TRANSFORMATION 45

Proof:  (proof of Lemma Variation of constants predicts a solution of the
form
y(@) = C@)(1 - 2°), (2.3.7)

where dC 9
u = Gy (J@) = aw(l =) — 50— %))

We smoothly decompose f as

k

f(@) = (Anz + Bn)(1 —2)" + (1 - 2°)"" f().

n=0
This leads to
k
1dC(x A,z + B, ax B ~
b dm Z (1 — z2)ktin 12 (1 — z2)kti-t + f (). (2.3.8)

The f—term is of course smoothly integrable, so we only focus on the first terms. In
order to find a primitive function of this term, we have to decompose this rational
function in partial fractions. The process of partial fractions is linear, so we first focus
on the partial fraction decomposition of the summation in : Suppose this is
given by

Y1 Yk41 01 5k+1
. et 2.3.9
1—x+ +(1—m)’“+1+1+w+ +(1—|—x)’“+1 ( )

The integration of terms 1/(1 4+ x)™ for 1 < n < k+ 1 contributes, up to a constant,
to a term 1/(1+2)™ ' in C(z). This corresponds, by equation (2.3.7), to a term

(x— 1) (@z+1)r "

in y(x) and this will clearly be a smooth function on a neighbourhood of [—1,1].
However the terms 1/(14x) and 1/(1—x) will produce a logarithm which is not defined
on a neighbourhood of [—1,1]. We therefore aim at compensating the contribution of
01 and 1 by choosing o and f adequately. Indeed it suffices to show that the partial
fraction decomposition of the terms

W (aﬂc(l — 2 4+ 81— IQ)I)

can generate any combination of coefficients in the terms 1/(1 + z) and 1/(1 — z),
upon varying « and (. First we see that

am(17m2)k_a( 1 1 )

(1 —a2)k+1 To\l-z 142

Therefore it suffices to show that in the decomposition

B — x?)! _ M R Akt1-1 o Mht1—1
Tt Tz T oot T iy T T T
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we have A1 # —pq1. This follows from Lemma [2.3.7] O

Now we are able to describe an induction process, putting (2.3.1]) into formal normal
form when ¢ divides pk for any k € N, i.e. ¢ = 1.

Theorem 2.3.8. Given with g = 1 and p € N*, there exists a formal change
of coordinates of the form , formally bringing in the form

i =123+ (fo((L —a*)Py) + afi((1 - 2*)"y)],

(2.3.10)
¥ =y [pr+ go((1 — 2*)’y) + zg1 (1 — 2*)"y)]

for some formal series fo, f1, 90,91 with fo(0) = f1(0) = go(0) = ¢1(0) = 0.

Proof: We assume by induction that the vector field (2.3.1)) is such that

yf(z,y) = fo((1 —2*)Py) + zf1((1 — 2*)Py) + O(y"),
yg(z,y) = go((1 — 2*)"y) + zg1((1 — 2°)Py) + O(y"),

for some polynomials fo, f1, go, g1 that vanish at the origin. The original vector field

satisfies this claim trivially for n = 1, so it suffices to prove the induction step. We

first apply Lemma to replace yf(z,y) by the function in (2.3.5), and keeping
yg(x,y) as stated in the induction hypothesis. The term in §" of (2.3.5) is given by

@)+ (=30 = )o(@) (@) )

where fn(x) is the term with order y" of yf(x,y). We claim that a well-chosen
function £, (Z) reduces this term to (¢, + d.%)(1 — Z2)P™. In fact, this is the topic of

Lemma m This normalizes the function yf(x,y) up to O(y™ ™).

For the next step, we forget about the bars in the variables and may assume that

yf(z,y) = fo((1 — 2*)Py) + zf1 (1 — 2*)Py) + O(y" ),
yg(z,y) = go((1 — 2°)Py) + g1 (1 — 2°)Py) + O(y"),

for some series fo, f1, go, g1 that vanish at the origin. We then apply Lemma[2:3.2] to
keep y f(x,y) according to the above hypothesis and to replace yg(z, y) by the formula
presented in . An identical application of Lemma shows that we may as-
sume that the coefficient with order y™ in yg(z,y) is of the form (an +bnz)(1 —Z%)P™.
This proves the theorem. O

As Lemma [2:3.5] indicates, there is a certain degree of freedom when solving the

homological equation at degree y™. To illustrate this, we prove the following:
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Figure 2.3: Smooth partition of unity and the functions xr, xar, XR-

Theorem 2.3.9. Given with ¢ = 1 and p € N*, there exists a formal change
of coordinates of the form , formally bringing in the form

i=(1-2%) 3+ foy) + afr((1 —2*)Py)] ,

(2.3.11)
g =y [pz+ g0(y) + zg1((1 — 2*)Py)]

for some formal power series fo, f1, go, g1 that vanish at the origin.

Proof: The proof is completely analogous to that of Theorem this time re-
placing the coefficients with y™ of yf(z,y) and yg(x,y) in the induction step by a
linear combination of z(1 — z*)P™ and (1 — z%)° = 1 (instead of z(1 — z*)P™ and
(1 — 2?)P™). Solving the homological equation at this level is possible, as has been

explained in Lemma [2.3.5 O

We believe that in some cases it could be beneficial that the semi-local normal form
around the saddle separatrix reduces to the Poincaré normal form of the individual
saddles if one restricts to a neighbourhood. This can be achieved using bump functions
and a partition of unity. Denote by xo : R — R the flat function defined in .
This function allows us to construct a smooth function which is locally zero near 1

and locally 1 near —1, and vice-versa, i.e.

xo (=1 —)
xo (=i —a) +xo(e+3)

XL :R—>R:z+— Xr(z) = xo(—). (2.3.12)

The partition of unity is completed by defining xa(z) = 1 — xr(z) — xr(x), which is
a function that vanishes near the saddles, see Fig.

Theorem 2.3.10. Given with ¢ = 1 and p € N*, there exists a formal change
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of coordinates of the form , formally bringing in the form

i=1—-2%) 3+ fo((1+2)y)xe(z) + f1((1 — 2)Py)xr(z)]
¥ =y pr + go((1 + z)Py)xr(z) + g1 ((1 — 2)y)xr(z)],

(2.3.13)

for some formal power series fo, fi, go, g1 that vanish at the origin and where X1,
xr are defined in (2.3.12)).

As the proof follows the same guidelines as before, we do not give details here; we
only present the lemma that replaces Lemma [2:3.5] for this choice of normal form,

allowing to inductively solve the homological equation as before:

Lemma 2.3.11. Let k > 1 be an integer, and f an arbitrary smooth function. Then

there exist constants o and B such that there exists a smooth solution of

5= (@) 4 (@) = @l + 2 ¥ @) + B - ) xn(a)

in a neighbourhood of [—1,1].

Proof: As before, we can decompose

k
f@) =) (Anz+ Bn)(1 —2°)" + (1 —2*)*" f(a),
n=0
where f is a smooth function. As in the proof of Lemma [2.3.5] we can reduce to
finding a smooth solution of
—1(1 - xQ)dL@ — kzy(z) + i(Ana: + B)(1 —2°)" =a(1 + z)*x1(z)
2 dx

+B(1 —2)" xr(2),

since the term involving f(m) automatically gives a smooth contribution. For the
remaining part, we have to cancel the non-smooth “resonant” terms in

dC(x) Z Anz+ By a(l+2)"xr(z) B —2)*xr(x)
(1

dr _ xz)k+1—n - (1 _ x2)k+1 - (1 _ xz)k+1

n=0
Again we rewrite the first term in a partial fraction decomposition

Y1 + Ye+1 01 5k+1

1—z 7 (1—x)kt? 1+x+”+(1—|—m)k+1'

We can show now that there exists an « such that
01 (1 + Z)k 01 1

1+z (1 —xQ)k+1XL(x) T 14w _a(1+:c)(1—z)k+1xL(x)

has a smooth integral. First we need a certain partial fraction decomposition. Denote

1

Ih=0roa=ar
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We can find the following recurrence relation
1

I, =
1—22)(1—a)»?

—~

((1ix) " (141—9(:)) (1_55)%1

1 1
P S
e

N = N

An easy calculation shows

= (%) T *; @Ml T

On the other hand, if we rewrite

o1 _ 51XL(CU) 51XM(23) 51XR(33)
1+ 142 142 14+
we see that the last two terms are smooth functions and thus have smooth integrals.

However if we take o = 25716, we see that this first term will be cancelled by

1  Sixe(@) SN\
o sy @) = - R —axL(x);(2> —

Again these last terms will have a smooth integral, since xr, is locally zero at x = 1.

A similar construction can be made for 3 to cancel the non-smooth part of . [

It immediately follows that the coefficients of the formal normal form of fo and go,
respectively fi1 and g1 in Theorem correspond to the coefficients of the resonant
monomials of the local normal form in respectively the saddle at (—1,0) and (1,0).
However for the normal form it is not clear how to obtain the local normal
form coefficients coefficients from fo, f1, go, g1. We will describe shortly how to return

to the local normal forms in Section 2.5

2.3.3 Connecting Terms

Contrary to what may be thought, the general ¢ : —p case of with ¢ # 1 is
not a simple generalization of the ¢ = 1 case; its treatment contains an additional
difficulty, namely the presence of connecting terms. This is due to a possible lack of
compatibility between the Poincaré normal forms at both saddles. We capture these

connecting terms by using a smooth symmetric bump function x as defined in ([2.1.5)).

Theorem 2.3.12. Given with p,q € No, ged(p,q) =1, ¢ > 1. There exists
a formal change of coordinates of the form , formally bringing in the

form

@ =(1-a%) [+ fo((1—a?)y?) +afi (1 -2)"y") + x(2)f2(y)],

(2.3.14)
¥ =y [pr+ g0 (1 —2*)"y?) + zg1 ((1 — 2%)Py?) + x(2)g2(v)] ,
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for some formal power series fo, f1, f2, go, 91, g2 that vanish at the origin and where
X s defined in (2.1.5).

As we can see, the resonant terms will be contained in fo, fi1 and go, g1. In order
to smoothly connect the local normal forms, which are encompassed in the resonant
terms, we need to allow some extra terms f2, g2, but only in the degrees of y where
there is no resonance. These terms will be called the connecting terms. We devote

the rest of this section to prove this theorem.

A direct generalization of the method used in the ¢ = 1 case leads us to consider
again an induction method, iteratively applying Lemma and where we
need to examine the following differential equation in each step:

‘7‘1%&:")(1 — ) — phah(z) + F(z) = G(a), (2.3.15)
where F(z) is a function coming from the initial vector field that we ideally want to
replace by a simple function G(z). Variation of constants for this equation suggests
solutions of the form

h(z) = Cx)(1 - )7,
which potentially have limited smoothness (in contrast to the suggested solutions that
appear in the proof of Lemma for the ¢ = 1 case). We can however safely state
that Lemma generalizes directly to the case where ¢|pk.
So, suppose there is a natural number ¢ such that k = ¢q. If we divide by q,

we get a differential equation as in Lemma [2:3:5] Therefore we can take G to be
G(z) = (Az + B)(1 — ), (2.3.16)

(or G can take any of the other forms from the formulation of that lemma.)
If on the other hand ¢ does not divide k, there may not always be a smooth solution
of the requested form; it is to reduce such coefficients that connecting terms are

included. We will prove the following

Lemma 2.3.13. Let p,k,q € No such that p and q are relatively prime and suppose
that q does not divide k. Then, for every smooth function F defined on a neighbour-
hood of [—1,1], there exists a number C € R such that the differential equation
—q dh(z)
2 dx

(1 — 2*) — pkah(z) + F(x) = —Cx(x) (2.3.17)
has a smooth solution.

Proof: If there is a smooth solution, then its graph y = h(z) will be tangent to the

vector field
i=4(1-2%),
2 ) (2.3.18)
y = —pkxy + F(z) + Cx(x).
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This vector field has two singular points, namely Q: = (—1, —F(p;l)) and Q2 =

) “pk
eigenvalues (q,pk) and (—gq, —pk). Recall that a node is resonant if and only if the

( @) It is easy to verify that both these points are nodes, with respective

ratio of eigenvalues belongs to N U N~!. Therefore, due to the conditions of the
theorem, these nodes are non-resonant except for the case p = 1 and ¢ = nk for
some n € N. In this case, the Poincaré-Dulac normal form at —1 or 1 admits only
one resonant term of the form y"ka%. However, since the first equation of is
independent of y, this resonant term will not appear and therefore is locally
smoothly linearizable (as is also the case if the ratio of eigenvalues does not belong
to NUN™Y). The curve y = 0 is a smooth separatrix of the linearized system and
induces the local existence of a smooth separatrix of . Hence we can locally
find smooth functions ¢c (), 1,5@ (z) near respectively Q1, Q2 whose graphs correspond

to the invariant manifolds associated to the eigenvalues g and —gq.

Figure 2.4: Possible phase portrait of (2.3.18))

Observe that & > 0 for € (—1,1). This implies that we can extend @¢¢ and Pe to

smooth functions
wc:(=1=6,1) > Rand ¢¥c: (—-1,14+6) = R,

for some 0 > 0 with graphs tangent to the vector field (2.3.18) as in Figure
Indeed, on any interval z € [-1+¢,1 — €] where 0 < € << 1, we can bound the

derivative
dy

dx

= 'g‘ < Ay + B,
X

for some constants A and B. By applying the Lemma of Gronwall on this interval,

we see that y remains bounded as a function of x. Another way of seeing this, is by
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examining the line yo, = 0 at infinity, where y = ——. In this case we get the system

T
p=3(1-a?),
Yoo = phyes — (F(x) + Cx(x))ygm
which has a saddle connection formed by z = £1 and z = 0. Therefore no other
solutions of than the invariant curves = %1 can escape to infinity.

We claim that there exists a Cy € R such that ¢, (z) = ¢, (z) for z € (—1,1). This
will prove the lemma, since the function
poo(@) e (-1-41)
Veo(z) @€ (1,144,

h:(-1-6,146) > R:x+—

will then be a smooth solution of (2.3.17)). The connection of both separatrices is the
only possibility to obtain a smooth graph (as can be easily verified). By uniqueness

of solution in (—1, 1), it suffices to prove that there is a Cy such that ¢, (0) = ¢, (0).

It remains to prove the claim. Let Ac(z) = pc(z) — Yo(—z). This is a smooth

invariant curve of

T = %(1 - 1',2)7

A = —pkzA + F(z) + F(—z) + 2Cx(x),

which is defined on (—1 — §,1). Therefore A¢(z) will correspond to the smooth
invariant manifold of the above vector field at (—1, W) We see that Ac
depends smoothly on C. Even more, we know that it depends on C' in an affine way.
Indeed, by using the variational equations, we can see that
& Ac
oCi

=0, forany j > 2.

Indeed, z = a;gjc (z) is a smooth separatrix of the system

=201~ z?),
2 = —pkzz,

whereas this system only possess two smooth separatrices at x = 1, namely y = 0
and z = +1. Hence it suffices to show 25 (0) # 0, leading to C' = —A¢(0)/25(0). Let
w(z) = %5 (x). Then, by the variational equation, this is a smooth invariant curve of
the vector field

b= 1(1—a?),

w = —pkzw + 2x(x).
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Since we are interested at the value at 0, we can restrict our attention to the interval
[-1,0]. There we can apply the smooth transformation x = —v/1 —u. In this new

coordinate, we get that w(u) is an invariant curve of

U = —qu,
W = —pkw — QL %;u)

Let
wo = w(u)|,_; = w(@)|,_,-

The general solution for an arbitrary initial value wy is given by

Ly 2y (=T =
oo [fet 2 ( 5)
w(u) = wou /u S s/T s ds (2.3.19)

L2y (—vV1—s) w2x (—vV1—=5)
DY X A X
- <w°‘/05ml_sds>+“ /0 T 9

Py P2

where \ = %. Now we are interested for which wo we get a smooth solution. First

notice that the integrand of P» is a smooth function, which is flat at s = 0. Thus the
integral will still be a smooth function, flat at v = 0. This makes u> P» a smooth
function of u. Hence if P1 = 0 we have a smooth graph w(u) near 0. Therefore we

take the initial value to be

wWo z/lmds.

s M1y/1—s

Now remark that the integrand is a positive function, and we > 0 is a finite value

12 /1= 1
[RCED
o sMly/1-—35 o V1—s

since

2x(—v1

with A = sup ¢, Tfs) which is finite since this is a smooth function on a

compact interval. O

Remark 2.3.14. The lemma above remains valid if we substitute x(x) by xa(x)
defined in Figure (2.3,

This lemma replaces Lemma and finishes the proof of Theorem [2.3.12] (as well
as the theorem states below). As observed in the previous section, we have some
freedom in which form we choose for the right-hand side of (2.3.16). If we take for

the resonant terms solutions as in Lemma [2.3.11] we get the following normal form.
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Theorem 2.3.15. Given with p,q € No, ged(p,q) =1, ¢ > 1. There exists
a formal change of coordinates of the form , formally bringing in the

form

&= (1-2%) [§ + fo ((1+2)"y") xz(x) + f1 (1= 2)"y?) xr(2) + f2(y)xar ()]

y=ylpr+ g0 ((1+2)°y") xr(2) + 91 (1 — 2)"y?) xr(2) + g2(y)x 0 ()],
(2.3.20)
for some formal power series fo, fi, f2, go, g1, g2 that vanish at the origin. Moreover,

when ¢ = 1 we can assume fo = g2 = 0.

Finally, we consider non-resonant saddles. This means that we assume that the ratio
p/q of eigenvalues is an irrational number. It should be clear that Lemma [2.3.13
applies for all k, directly showing the following theorem:

Theorem 2.3.16. Given with p/q € R\ Q. There ezists a formal change of
coordinates of the form (2.3.3), formally bringing in the form

i=1-2) (£ 4+ xm(@)f(y),
v =1y (pz+xm(2)g(y)),

for some formal power series f, g that vanish at the origin.

Although the use of flat functions underlines that these connecting terms have no
influence on the local normal form, one may prefer to work with monomials such
that one gets a polynomial normal form. Replacing Lemma [2:3.13] we can show the

following lemma.

Lemma 2.3.17. Let p, k,q € No such that p and q are relatively prime and suppose
that q does not divide k, i.e. A\ = % ¢ N. For every smooth function f defined on
a neighbourhood of [—1,1], there exists a number C € R such that the differential
equation

—q dh(z)
2 dx

(1 — 2%) — pkah(z) + f(z) = —C(1 — 2*)N ! (2.3.21)
has a smooth solution, where N = |\].

Proof: If there is a smooth solution, then its graph y = h(z) will be tangent to the
vector field

T = %(1 - 1‘2),

2.3.22
§ = —pkxy + f(z) + C(1 — 2®)N T, ( )

This vector field contains two nodes at (—1, —%) and (1, %) Similar as in
the proof of Lemma [2.3.13] we consider the local smooth solutions y = pc(z) and

y = ¥ (x) where their domains of definition contain (—1,1).
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Consider Ac(x) = pc(z) — o(—z) (in further calculations we omit the subscript
(). By uniqueness of solution, it suffices to prove that A(0) = 0 for some well-chosen
C such that the smooth solutions coincide on (—1,1) and this gives the solution of

-3.21).
By equation (2.3.22), we know that A(x) is tangent to the vector field

N (2.3.23)
A = —pkzA + f(z) + f(—z) + 2C(1 — 2>V FL,

By use of the variational equations, we get that

877LAC B

ocm 7
for m > 2 since A¢ smoothly depends on C. Again it suffices to show %(0) # 0.
Let w(z) = g—é(x). Applying the variational technique to (2.3.23)) gives

i=%(1-2%),
2 ) (2.3.24)
W = —pkzw + 2(1 — 22N,

By putting w(z) = (1 — 2%V z(z), we get that z = z(x) is a smooth graph tangent to

z=—azz+ %(1 - z?),

where « = A— N € (0, 1). Since we want to investigate the smoothness of the solution

near x = —1, we apply the transformation
r=x1 —1,

resulting in

22

T1 =1 — 5,
P (2.3.26)
Z=az—azri1z+ %(2.’21 — x%)

A straightforward calculation show that the associated differential equation has
z(z1) = 27(2 — 21)*C(21)

as solution, where C'(z1) is a solution of

4

c’ = —
(@)= @ a)e

(2.3.27)
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By rewriting this, we get
4 [t
C(z1) :D+f/ u (2 —u)” “du,
qJo

1
u= tz1 D+ a+1/ tfa(Q_tml)fadt,
0

2—a 1 T
:cf““/ (1 — t=) Tt
o 2

_ 227> _ 1 T(2-a) L, T\ g
—D-‘rq(lia)ml 1“(17a)r(1)/0t (l—t?) dt,

22*&

=D+ mmfo‘ﬂ Hypergeom ([a, 1—q],[2—q], %) ,

where the last equality follows from (1.2.9). In order to get a smooth function near

_py?

x1 = 0, we choose D = 0 such that
2—a

q(1—a)

which is smooth for |z1| < 2. In order to prove the lemma, it suffices to show that

z1(2 — z1)“ Hypergeom ([a, 1—a],[2—-q, E) , (2.3.28)

z(x1) = 2

w(x) la=0= 2(21) |21 =17 0.

By (2.4.18)), this value corresponds with

2—a 1
= Hypergeom ([ou 1—al,[2—q], 5) : (2.3.29)
Since N
Hypergeom ([a, 1—a],[2- > Z n'2"’
n=0
where

(a)o=1, (a)n =ala+1)---(a+n—-1), forn=12,...,

we see that (2.3.29)) only contains positive terms and thus is different from zero. [

The direct equivalent of Theorem [2.3.12[ with polynomial connecting terms is given
by

Theorem 2.3.18. Given with p,q € No, ged(p,q) =1, ¢ > 1. There exists

a formal change of coordinates of the form , formally bringing in the
form

=(1 —.IQ)

[ Bk
L+afi((1—-a?)P +Zak 1—27%) Ty }7

] (2.3.30)
pk

=y |pr+ag((1-2%)? +Zﬁk1—$ il

for some formal power series f1, g1 that vanish at the origin and some real coefficients

g, Br
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Remark 2.3.19. The asymmetric resonant part is contained in the description of
the connecting terms in Theorem|2.5.18

2.4 Smooth Realization

The formal transformations of Theorems 2:3.8] 2-3.9] 2-3.10] 2-3.12] 2-3.15] 2.3.16
and [2.3.18) can be realized as a smooth equivalence thanks to the generalized Borel

Theorem (Theorem [1.2.5)). However, since it originates from an induction process on

the degree of y, flat terms in y come forward similar as in the local normal form (see

(1.3.6)). We can summarize these forms after the smooth transformation as

i=(1-2")[¢+Ri(z,y)+ Fi(z,y)],
v =ypr+ Ra(z,y) + F2(z,y)],

where Ri(z,y) and Ra(z,y) contain the resonant and the connecting terms and

(2.4.1)

Fi(z,y) and F>(z,y) denote the flat terms, i.e.
R1(2,0) = Ro(2,0) = joo Fi(,0) = joo Fa(z,0) = 0.

The topic of study is to eliminate the flat remainders F7 and F3. For the sake of
convenience, we reduce the question to a question on orbital equivalence of vector
fields, allowing us to reparametrize time, i.e. divide both equations by the strictly

positive function 1 + %(Rl (z,y) + Fi(z,y)), leading us to study

i =1(1-2%),

¥ =y lpx + R(x,y) + F(z,y)],

(2.4.2)

where R(x,y) contains the resonant and the connecting terms and where F(z,y) is
infinitely flat with respect to y at y = 0. In applications, we shall apply a time
reparametrization to the system in pre-normal form (Lemma to get the first
equation of and then proceed to the formal normal form by relying only on the
transformations of Lemma In this section we will prove Theorem hence

finishing the proofs of the theorems announced in Section [2.1

Theorem 2.4.1. Let arise from applying one of the formal normal form
theorems (Theorem |2.3.8,12.5.9,12.8.10} |2.3.12, [2.3.15, |2.3.16]|2.3.18).

Let k > 1 be arbitrary. There exists a C*-smooth equivalence ® defined in o neigh-

bourhood of [—1,1] between and

: (2.4.3)

where R(z,y) is identical to the function in the original system (2.4.2)).
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Proof: Here we give a cursory description of the proof. Details are provided
throughout the following sections. Section [2.4.1] establishes the required conjugacy
near (—1,0) (and also separately near (+1,0)). An argument is shown that the
conjugacy near (—1,0) can be extended to a conjugacy valid along almost half of
the separatrix. This extension can even be extended arbitrarily close to the other
hyperbolic point as will be proven in Section [2.4:2] Let k > 1 and zo = 1 — &, where
¢ is small enough such that zo lies in the domain of the normalizing transformation

(2.4.11)) near the hyperbolic saddle (+1,0). By Lemma [2.4.2] there exist v, x > 0 and
smooth functions

Dy : (-1 —7v,2z0+7) X (—k,k) = R, and P2 : (xo — 7,1 +7) X (—=kK,k) = R,

such that the transformations (z,y) = (Z, ®:(Z,y)) remove the flat terms on their
domains for i = 1,2. Consider Ay = ®; — ®2, which is a smooth function defined at

the cut = = zo. We extend this to a C*-function
Ac:(xo—7,1) X (—kK,k) > R,

which is k-flat for x — 1 as proved in Lemma [2.4.5] Finally, the transformation

(z,y) = (&, 9(Z,7)), where

D (z,y) ifze (—1—~,x0),
®(z,y) = o(z,y) + Az,y) if z € (20,1), (2.4.4)
Do (x,y) ifxell,1+7),
provides the required equivalence. (|

2.4.1 Local results near the saddles

Following Chen (Theorem [1.3.3)), system (2.4.2)) is smoothly conjugate to (2.4.3) near

the saddle (—1,0), since they are formally conjugate (they are even formally equal).
Despite the fact that & in both equations are identical, it is not directly clear from

Chen’s method that the transformation leaves x invariant, i.e. is of the form

(z,9) = (z,y + o(z,9)), (2.4.5)

with o flat at y = 0. (In fact, examining Chen’s method, it seems very unlikely that
their transformation is of the form ) To get a diffeomorphism that leaves x
invariant, we use the homotopic method from [I8] as explained in Section m

The benefit of the homotopic method is that extra structure can be captured. If
we for example use the method to conjugate to whose z-equations

are identical, then the #-equation in the difference field Y is zero, implying from
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(1.3.7) that the @-equation in Z; is zero as well. Following the way ¢, is defined in
Section [L.3.1] it is clear that the x-component of ¢ — Id should be zero, implying that

the obtained ¢ is of the form .
Proposition states that in order to remove the flat terms in , it suffices
to use bump functions to give the vector field compact support near the saddle at
(—1,0) and to reduce to a neighbourhood where the hyperbolicity in the y-direction
is uniformly bounded away from 0. This is possible in any neighbourhood inside the
compact set

[-1-6,0-6] x[0,0],

with § and ¢’ arbitrarily small. Similarly, we can remove the flat terms in any neigh-

bourhood in the compact set
[0+46,1+ 6] x [0,8].

Clearly, this method cannot be used to present a normal form that is defined on
[—1,1] x [0,8'], because there is a change of stability along the separatrix connecting
both saddles.

2.4.2 Extending local conjugacies

In this section, we extend the domain of validity of the conjugacy defined near the
saddle at (—1,0), to conjugate (2.4.2) to its counterpart without flat terms. As an
ansatz to conjugate (2.4.2) to (2.4.3) we propose a transformation

(z,y) = (u, ¢ (u, v)).
The unknown function ¢ satisfies the following PDE:
g(l — u?)pu + v [pu+ R(u,v)] ¢ = ¢ [pu+ R(u, @) + F(u,9)]. (2.4.6)
Clearly, Section [2:4.1] explains the existence of a solution of the form
o(u,v) = v+ P(u,v) with jeop(u,0) =0, (2.4.7)

near (u,v) = (—1,0). The aim in this section is to extend the domain of the solution
¢ to a section arbitrarily close to (+1,0). The next section will then deal with the
local passage near the saddle at (41, 0).

Lemma 2.4.2. The solution ¢ of determining the local conjugacy between
(2-4-2) and (2.4.5) and defined in Section near (—1,0), can be extended to
[—1, Umaz] X [0,8"], for any Umaez < 1, provided §" is taken small enough (Umqz-

dependent). In the extended domain, o(u,v) —v is still (uniformly) flat with respect

to v.
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Proof: Following the methods of characteristics, the function ¢(u,v) corresponds

to a graph ¥ = ¢(u,v) in (u, v, ¥)-space that is tangent to the flow of the vector field
U= %(1 - 'LLQ),
o =v[pu+ R(u,v)],
U =V [pu+ R(u, ¥) + F(u, ¥)].

Following the results in Section[2:4.1} we are aware of the existence of such an invariant

graph for < —§ and y < §’. As a basis for using the method of characteristics, we

may hence use the following initial condition
uS(O) = _257 US(O) =5, \IIS(O) = 90(_263 5)7

where we have used the solution obtained from the previous section on x = —24 and
where s is a parameter. Since the solution is known to be identity + flat terms, it is
clear that also ¥,(0) = s + flat in s. In particular, ¥o(0) = 0. As a consequence, we

can integrate the characteristic corresponding to s = 0 explicitly:
uo(t) = tanh (arctanh(—za) + %t) . w(t) =0,  We(t)=0.
It is defined for all ¢ > 0. By semi-continuity of the maximal domain of existence of

orbits, given any T > 0, the orbit (us(t),vs(t), ¥s(t)) is defined for all s < §', ¢t < T.

We can invert ¢ — uo(t) to a map 7(u), so that
us(7(u)) = u, Vu < Unaa,

for any given Upmaz < 1 (since T is arbitrarily large). From the variational equation
and from %vS(O) = 1, we know that C(t) := %vs(tﬂszo is uniformly bounded
away from 0 and strictly positive for all ¢ € [0,7]. Therefore, vs(7(u)) is strictly

monotonously increasing in s, and we can find a o(u, v) such that

Vo (uw) (T(1)) =,
for s sufficiently close to 0. As a consequence, the required invariant graph is given
by
P, v) = o) (T(w)),
following the method of characteristics.
Let us now explain the flatness of p(u,v) —v. Then A = @(u,v), with @g(u,v) =

¢(u,v) — v, is an invariant graph of

o :%(1_u2)7
o =vlput R(u,v)],
A = (A+v)[pu+ R(u,A +v) + F(u, A+ v)] — v [pu + R(u,v)].

=vF(u,v) + 0(A).
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and we use
us(o) = _257 US(O) =S5, AS(O) = 50(_267 S) -,

Since vo(t) = 0 for ¢ < T we have o(u,0) = 0 for all v implying that o(u,v) = O(v)
uniformly for © < Upgqe. This means that during the integration of the orbit, A =
O(A) + flat in s. Since the initial condition for A is also flat in s, an application
of Gronwall’s Lemma shows that Ag(¢) is uniformly flat in s for all ¢t < T. As a

consequence, and keeping in mind that o(u,v) = O(v),

@(u,v) = Ad(u,v) (7(w))

is flat in v, uniformly for v < Upaq.- O

2.4.3 Conjugacy near the second saddle

As observed before, the techniques of the previous subsection can not be applied in
a straightforward manner near the hyperbolic point at (+1,0). However we can use
the local normal forms to overcome the problem of a displacement time that grows

to infinity.

Let € > 0 be arbitrary but small. We will put some restraints on ¢ in the following

discussion.

By the results in the previous sections, we already have smooth solutions ¢; and
@2 of (2.4.6)), defined on neighbourhoods N1 and Nz of respectively [-1,1 — £] and

[1 — 22,1] as part of the z-axis.

Now we look at the difference of these transformations, more precise

Az, y) = pi(z,y) — p2(z,y).

We investigate how this difference, for instance at the transverse section = 1 — ¢,
propagates toward the second hyperbolic point. The aim is to show that this differ-
ence goes to zero in a finitely flat manner when it approaches the unstable manifold

of the hyperbolic point, where the order of flatness can be arbitrarily chosen.

Since both the transformations ¢; and @2 are of the form (2.4.7)), we see that at

the section the function

AO(S) =p1(l—¢e,8) —p2(l —¢,s),
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is infinitely flat near s = 0.

If we denote by
hz,y) =y (R(z,y) + F(z,y)),

we see that A needs to satisfy

%ﬂ—xﬂAx+y@m+RmyﬂAy:A@m+H@ﬂ¢ML (2.4.8)

in the neighbourhood Na, where

' oh
H(l’,y,A): 87(1.7902(xay)+2A) dz.
o 9Y

By the method of characteristics, we examine the propagation of the difference satis-
fying (2.4.8)). This satisfies the ODE

T = %(1 - ZB2),
A =Afpz+ H(z,y,A)],
with initial values

z(0) =1—¢, y(0) =s, A(0) = Ag(s),

which represents a parametrization of our transversal section.

Since we are interested about the dynamics near the second hyperbolic point, we

apply the translation

u=x—1,
such that we get the new system
i=u(-q¢-3),

y=ylp+pu+ Ru+1,y)], (2.4.10)
A=Ap+pu+Hu+1,y,A),

with initial values

u(0) = —¢, y(0) = 5, A(0) = Ao(s).

The hyperbolic point is now situated in the origin. We can put this system in a

normal form by a smooth near-identity orientation-preserving transformation

(xhylaAl) = (1/)(“)7X(U7y)7w(u»y7 A))7 (2'4'11)
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such that we get
T1 = —qz1,
=y [p+ f(=ly])], (24.12)
Ar = Ar[p+ g(atyf, =T AT)],

where f and g are some smooth functions representing the resonant terms near the

hyperbolic point. Now we can put a condition on ¢ since we like (—¢, s) to be in the
domain of the coordinate transformation (2.4.11)). Hence it suffices to search for a

solution of (2.4.12]) with initial values

21(0) = P(=¢), 41(0) = x(=¢,5) = s(1 + hot.),

(2.4.13)
A1(0) = w(—e,8,A0(s)) = Ao(s)(1 + h.o.t.).
Furthermore, if we introduce the new variable
2 = ayyf
we get
&1 = —qw1,
21 =qa [f(z1)], (2.4.14)

Al = A1 [p + 9(217 fol{)] )

with new initial value z;(0) = ¢(—¢)Px(—¢, s)?.

Suppose we wish to define A at a point (1 — zg,yg) with 1 —e < 1 —2zp < 1
and yg small enough. In order to do this, it suffices to define A; at the point

(z1,8,y1,8) = (Y(—2E), Xx(=2E,YE)).

Introduce the following parameters
1 T1,E
p=v(—eg)and A=—=In | —=|.
q H

Remark that A > 0 since 1 is orientation-preserving and thus p < z1,g < 0. Therefore
we can do a time rescaling of the previous system ([2.4.14) to get

j?l = —q)\azl,

21 = Mgz f(z1), (2.4.15)

AI = )\Al [p“‘ 9(317$117A(%)] ?

where the initial values remain unchanged. It is a straightforward calculation that
the solution z1(t) reaches z1,p after t = 1. However it is still not clear for which
initial value y1(0) we reach yg at t = 1.

This obstacle can be overcome by looking at the same system, more precisely the first
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two equations of (2.4.15), but in reversed time, with initial values (z1,r,y1,).

For this, represent the Taylor series of f as
x) = Z iz
i>2
By results of the Dulac map obtained in Proposition [1.3.14] we can show that for an
arbitrary k € N:

1 T1,E
51{,E = y1(0)* E [wf,Eyg,E +a1ln ( 7 ) ?pEyl BT ]

N (k)

T1,E
Z zy EZ/1 E (111 (T)) + wk(mll),Eyg,E)

where P; are polynomials of degree ¢ — 1 with coefficients in the ideal generated by

(ai,...,ci—1) and where 1, is C**1 and (k + 1)-flat. For further calculations, we

remark the following. We can rewrite the above expression as

K (k)
1 i—1 i—1 T1,E 1
S(f,E = mf,E?/g,E s E “"110(;5 )yf,(;a )Pi (ln < >) + 53 1/)’6(3{133/?,1?)
w =1 o T 6Y1.E

=27 pYi per(®1,E:Y1,6; 71,8 I0(21,5)),

(2.4.16)

where p; is a C*-function in its arguments, which goes to w~ P as x1 g goes to zero.
This implies that s1,z approaches zero in a continuous way for z;, g — 0 and thus
by applying the inverse transformation of and using the fact that this is a
near-identity transformation, we see that the corresponding sg = y(0) goes to zero.

Let us return to system . It is easy to get smooth solutions

z1(t) = pe” M, (2.4.17)

and the solution of z1 can be represented as a series

= g Pi(gh),

i>1

[ 1 1
=af oyl o | Do w2l VYt ok mi g e o, (@, 8)) P (M) |
i>1
= 1,5%(21,8;T1,EA),

(2.4.18)

where the P; are identical to those of (2.4.16)) and % is C*. Since we are only interested

in the z1, g-dependence, we omit y1 g from the notation. Although P; (gAt) blows up

p(i—l)

when x1 £ goes to zero, we see that the factor x; will compensate such that

351(;3 1)P (gAt) = 0 when z1,5 — 0,
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for every ¢ € [0,1]. Thus it remains to focus on the differential equation
A = MA1 [p+g(z1, 27 AT,
with initial value
A1,0:=A1(0) =w(—¢,88,A0(sE)) = Ao(sg) - (smooth function in sg). (2.4.19)

Using and the notation
Ai(t) = Apoe” T (1),
we are focused on solving
I'=\Tg (21,4 A (), with T'(0) = 1. (2.4.20)

The desired expression A1 (z1,5,y1,£) is then given by

Ar0eP T(1) = Aq0oT(1) (“)p/q. (2.4.21)

T1,E

Now since A1, is a flat function of sg as in (2.4.19)) it follows from (2.4.13]) and
(2.4.16) that for every N > 1, we can find a C*_function A1,n(z1,£;y1,2) which is
flat for x1,z — 0 such that

Ao = wf{EAl,N(xl,EﬂJl,E)» (2.4.22)

So by using an appropriate N, we can see directly that (2.4.21) is k-flat if we can

prove the following lemma.

Lemma 2.4.3. Let k > 1 be arbitrary. The C*-function
Ok(x1,8,91,8) = 21 5T(1)

has bounded partial derivatives, with respect to x1,r up to order k for x1 g close to

ZEro.

Proof: First we look at the differential equation of I'(¢) given by (2.4.20). This can

be rewritten as
I'= A\lg (z1,p%(21,5; x1,eAL), x] guP AL T7).

Since ¢(0,0) = 0, this is the same as

I' = 21,5AT§(x1,5; 21,8 In(21,8); 1),

= FG(Q?LE; T1,E ln(xlyE); t)

where § and G are C*-functions. Therefore this equation admits a unique C* solution,

which is C* dependent on the parameters 21, and z1,g In(z1,£). Denote this solution
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by I'(z1,g; 1,5 In(x1,£); t). By the chain rule, we can see that the partial derivatives
of

Ok(z1,8,y1,8) = 2} pT(21,5; 21,8 In(z1,8); 1)

up to order k with respect to x1,g are smooth functions of z1 g and z1,g In(z1,g) and
thus are bounded. O

Remark 2.4.4. A similar observation as in (2.4.22)) can be made for y1,5. Therefore
we see that expression (2.4.21) for A1 (z1,8,y1,8) is infinitely flat for y1,g — 0 when
z1,5 < 0.

These results hence lead to the following lemma.

Lemma 2.4.5. Let k > 1 be arbitrary. There exists a C* solution A(zg,ye) for
(2.4.8)) which is k-flat for xg — 0.

Proof: It suffices to prove this for the normal form coordinates. In these coordinates

we know by (2.4.21)), (2.4.22) and Lemma [2.4.3] that this can be expressed by
A (z1,8,y1,8) = A1 26+ 8 (71, E, yl,E)@k(-Tl,E7yl,E),up/qwleN_p/q7

where N > g. Since A1,2k+n(21,5,Y1,8) is k-flat at 1,5 = 0 and the derivatives of

the other functions with respect to x1,r up to order k remain bounded, the product

rule implies the desired result. (|

2.5 From semi-local to local normal form

Up to smooth equivalence, the vector field (2.1.1) for p,q € N*, ged(p, q) = 1, can be

put in the orbital normal form given by

b= 1(1-a%),
g =ylpr+90((1 +2)"y")xr(z) + g1((1 — 2)"y")xr(x) + X2 (x)g2 ()],

(2.5.1)
where fo, fi1, f2, 90,91 and g2 are smooth functions with a zero in the origin and the
functions xr, xr and xas are as depicted in Figure @ This semi-local normal form
is locally equal to the local normal form up to some low-order terms. For the normal
forms from Theorem however, it is not straightforward to pass to the local nor-
mal forms. We show briefly how this can be done in a neighbourhood of the saddle
(-1,0).

First observe that we can neglect the flat terms, since they can locally be removed
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due to a similar result as Proposition for M = {x = 1}. This transformation is

of the form
(z,y) = (Z,5 + F(@)7" + O(5"),

where k is the exponent of first non-zero connecting term, and F'(Z) is a locally smooth

function which is flat at £ = —1. Formally we consider

T = %(1 - 1’2),
(2.5.2)
g=y|pr+ D (Auz+ Bo)(1 —a®)""y™ |,
n>1
where A,, and B, denote the Taylor coefficients of respectively g1 and go. After
applying

@) = (g w0 ¥).,

u+1’
the vector field (2.5.2) is transformed to

U = qu,

2=z —p—i—Z (Dn—&—Enuil)umzq" ,

n>1

(2.5.3)

where D,, = 4*"(B, — A,) and E, = 22rn+1 A We show that there is a smooth
change of coordinates putting in the same form, but with E,, = 0 for all n.
The coefficients D,, remain unchanged and thus correspond to the coefficients of the
local normal form. This is shown by an induction principle followed by applying
Theorem [1.2.3

Lemma 2.5.1. There exists a transformation of the form

z=y+gu)y™t,

where g(u) is locally smooth, which puts

U = qu,

z = —pz + anl Dnupnzqn+1 + ank fn(u)upn+1zq"+1,

where the fn(u) are locally smooth functions, in the form

U = qu,

y=-py+ anl DyuPmy ™t 4 ank-u fn(“)“pn+1yqn+1:

where the fn(u) are also locally smooth.
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Proof: Let g(u) be a smooth solution of
—qug'(u) + pakg(u) + fr(wu"™ " =0,

i.e.

g(u) = Cluyu?*, with C'(u) = gmux

thus "
glu) = é“k / fr(s)ds = u" " h(w),
0

where h(u) is a locally smooth function. If we apply the transformation as defined in
the lemma, the second equation in the new variable y will be given by

y *per/\ZD uP™ qn+1(1+h(u)upk+1qu)qn+1

n>1

qk+1
k 1 n n n
O fo(w)uPR Ly Z (‘1 : >h(u) uPkHDn gk

_|_)\ Z f pn+1 qn+1(1+h( ) pk+1qu)qn+1.
n>k+1

By comparing the degrees of the u and y in each term, we can see that the only place
where a term with deg(u) < pn can arise, is where the exponent of y is equal to gn+1
and these are the resonant terms D, u?". Therefore this can be rewritten in the form

as described in the lemma. O

If for example gk is the first degree of y where Ej is non-zero, it is a simple compu-

tation that this total transformation is of the form

z=y+ %upk In(u + 1)y + O (y*9* ).
The local normal form at (—1,0) of is of the form

T = qx,

5=y (=p+ Xm0 47 (B — Au)a?y™).
Similarly the local normal form

= —qx,
y:y(eranl "(Bn + An)z™y q") ;

of (2.5.2)) can be obtained near (1,0). Observe that only the resonant terms of (2.1.6))
are of importance when we consider the dynamics close to the saddles. However the
transition in between the saddles is contained in the connecting terms and thus they

need to be considered in the full transition map as we will see in the next chapter.



Chapter 3

Transition map near symmetric saddle

connections using normal linearization

Using finitely smooth transformations, we normally linearize the normal form of Chap-
ter Moreover, we find an expression as a C'°-function of some finitely smooth
functions called tags. As a consequence of this procedure, we define an invariant of
the system in terms of these tags and we can use this to obtain an expression for
the transition map through the saddle connection. These results are part of a paper

which is accepted for publication in Journal of Differential Equations ([12]).

3.1 Introduction

As before we consider C'™ vector fields in the plane with two hyperbolic saddles P;
and P, having a heteroclinic connection with reciprocal saddle quantities p/q and
q/p. We do not consider unfoldings, i.e. here we do not consider families of vector
fields in which the parameters either break the saddle connection and/or perturb the
ratios of eigenvalues.

In Chapter[2] (Theorem[2.1.3) we established a C> normal form (up to time rescaling)

near the connection:

T = %(1 - 332)7

y =y pr+w"f(w) +zw"g(w) + x(2)h(y)))

(3.1.1)

where w = (1 — 2®)Py?, | f(0)| + |g(0)| # 0, and ¥, defined in (2.1.5)), is infinitely flat
at © = £1, n > 1 and all occurring functions are C*°. Here we highlight the first
non-zero resonant terms in contrast to (2.1.6). The expression zw"g(w) represents
the part of the normal form where P> behaves truly reversible with respect to Pi; it

is the symmetric part. The expression w" f(w) represents the anti-symmetric part.

69
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The function x(z)h(y) contains the connecting terms and is only present when ¢ # 1.
We will see that these terms may have an effect that is distinguishably different from
the effect of the resonant terms on the dynamics near the connection.
The goal of this chapter is to establish a transition map along the connection. This
allows us to apply it to cyclicity problems, counting the number of limit cycles nearby
a given limit periodic set. Following the idea of linearizing individual saddles using
logarithmic expressions (see e.g. [7]), we show in Section that we can normally
linearise (3.1.1) in terms of the y-variable in a similar way using the local logarithmic
expressions log(1 — x) and log(1 + z). This is obtained by a near-identity coordinate
transformation (x,y) — (z,2) = (z, 2(1 + ¥ (=, z))) which is C* in these logarithmic
expressions. The resulting normally linearized equation is given by
o 1=, (3.1.2)
Z = pxz.

A precise statement is given in Theorem [3.2.1} Clearly, this model can be integrated

lin

since (1 — z?)P2? is a first integral of the system. Moreover the map Zi* — lin s

trivially given by x¢ — —xo, where
S =1-1,-1+d[ x {20},

Some =11 —8,1[ x {20},

for any given zo > 0 and 6 € ]0,1[. Using the normal form transformation we can
then specify a constant of motion for the original system ({3.1.1]) and obtain qualitative

information on the map i, — Yout, where

Yin = |1, =14 [ x {yo}, (3.1.3)
Sout = |1 — 8, 1] x {yo}.
A precise statement for the asymptotics of the transition map is given in Theo-

rem [9.5.2

3.2 Normal linearization using finitely smooth transforma-

tions

This section is devoted to proving the following theorem.

Theorem 3.2.1. Consider the C* wvector field (3.1.1) with p,q € N. and gcd(p,q)=

1. There exists a near-identity coordinate change

(z,y) = (2, 2) = (2, y (1 + ¥ (z,9)))
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preserving y = 0 and bringing (3.1.1)) in the form (3.1.2). Moreover v is of the form
W(@,y) = V(z,y,w" log(1+ ), w" log(1 - x), (1 - 2*)"/),
where U is C*° near [—1,1] x {(0,0,0)} x [0,1] and w = (1 — z2)Py?.

Proof: The proof of Theorem [3.2.1] is a subsequent application of Theorem [3.2.7]
and Theorem (only if ¢ > 1) presented in the next sections. O

First we eliminate the resonant terms by an induction process (Section [3.2.1)) before
removing the connecting terms (Section3.2.2). The connecting terms are absent when
q = 1 so in this case Theorem [3.2.1] can be replaced by Theorem [3.2.

3.2.1 Reduction of the resonant part
Consider (3.1.1) and recall that w = (1 — 2?)Py?, so
W = qu"t f(w) + grw" T g(w) + qux(2)h(y). (3.2.1)

For the moment we focus on the resonant part of (3.1.1), i.e. we neglect x(x)h(y). A

simple manipulation of the functions f + xg leads to
T = %(1 - xZ)v

. . (3.2.2)
W =w" (1 - 2)Fr(w) + w" T Fr(w)(1 + z),

where Fr, and Fr are a linear combination of the original f and g, more precisely
q q
Fr(w) = 5 (f(w) = g(w)), and Fr(w) = 5 (f(w) + g(w)).
Later we will see the effect of our manipulations on the full system. Our intention is to
increase the order of w in the equation for w step by step using changes of coordinates
in w. In the easier setting where one locally works around a single saddle, it is possible
to remove the resonant terms using finitely smooth expressions involving logarithms

(see e.g. [8]). Here we will extend this idea and therefore introduce the notion of tags.

Tags

In this paragraph we will introduce a series of tags which are functions of z, defined
n (—1,1), by recursion. First we define T, and Tr as the tags of order 1 satisfying
T1(0) = Tr(0) = 0 where we impose that their time-derivatives, denoted as 77, and
Tg, should satisfy
Tr =1 —x), and Tr = (1 + ).
The time dependence of x is expressed in the first line of . A direct computation
shows that
TL(x) = zlog(l +z), and Tgr(x) = —3 log(1l — x). (3.2.3)
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are the unique solutions satisfying the requirements. We recursively define T for any

word * composed of the alphabet {L, R} as solutions of
T = (1 —2)Ts, Tur,(0) =0, Tug = (1 + z)T%, Tur(0) =0,

more specifically

Top(z) = /O ng*fzds, Ton(z) = /O x%f*_(ss)ds. (3.2.4)

A similar approach, using iterated integrals in terms of words, has been applied in
the study of the Abel equation in order to determine the number of limit cycles in
the center-focusproblem (see [14] and [I5]). Unlike in the case [§], the tags do not
easily admit a closed expression: tags of order 2 may already contain dilogarithm
expressions and order 3 tags may even be more complicated. We do however show

the following proposition:

Proposition 3.2.2. Let k > 1. The tags T« of order k (i.e. of word length k in x)
are of the form

Ti(z) = Pu(z,Tr(2)) + Q«(z, Tr(x)),

where Py (x,u), respectively Q«(z,u), is polynomial in u with C* coefficients in x
of degree L(x), respectively R(x), corresponding to the number of times the letter L,

respectively R, appears in the word *.

Proof: For k = 1 this is obviously true. Suppose it is true for £ > 1. This means
that for words * of length k we have

L(x*) R(x*)

Z fi@)TE + Z gl (x)T, (3.2.5)

where the functions f! and g7 are C>°. We show that the expression for T, is similar
to but the second summation is expanded to R(*)+ 1. The case T, is treated
similarly.

By the recursive definition , it suffices to show that for every positive integer
k and C*° functions f and g,

k+1

/f k’gl_s ds _ZF )log'(1 — ), (3.2.6)

and
k

/Om g(s)wfk = G(x)log(l — z) + ZHi(x) log' (1 + ), (3.2.7)

for some C*° functions F;, G and H;. Observe that for any C* function f, we have

Wioy

o 1—3s

—f(1)log(1 —z) + G(),
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for some C'*° function G. Similarly, by partial integration we have

7 F(s)
o 1—s

/Oz f(s)log(1—s)ds = F(z)log(1—z)+ ds = (F(z) — F(1)) log(1—2)+G(z),

for some C* functions F' and G. By induction on n € N it follows:
/ f(s)log" (1 = s)ds = Y F"(z)log'(1 — x), (3.2.8)
0 i=0

for some C*° functions F;* (i = 0,...,n) since by partial integration

/Ox f(s)log™(1 = s)ds = (F(z) — F(1))log"(1 — z) — /Ox G(s)log" (1 — s)ds,

where G is C* and F is a C°° primitive function of f. From these observations

(3.2.6) immediately follows since

/Ox f(s)%dsz f(1)/0x %dﬁfjm) log" (1 — s)ds.

To deal with (3.2.7), we now define C* bump functions xz(z) and xr(z) = xr(—x)
such that xr(z) + xr(z) = 1, and xr is locally 1, respectively 0, near x = —1,
respectively z = 1. The integral in ([3.2.7) can be separated in

[ oD [ (9 )Y regt 1+ s

+ /Ow (g(s) logk(l + S)XR(S)) 7 i ds.

S

The expressions between brackets in each of the integrals are now C'*° functions and

since a similar result as (3.2.8) holds for log(1l + ), (3.2.7) follows from all of the
above. O

Formal reduction of the resonant part using tags

We show that we can formally eliminate the resonant terms in (3.2.2]). Normal lin-
earization amounts to finding a perturbation weo of w = (1—2%)Py? for which .. = 0,
in other words we seek a first integral of the form we, = w 4+ w?¥(x,w). The new

coordinate Y (z, %) is chosen such that we, = (1 — z?)PYY, i.c.
Y = y(1+ (1 - 2®)Py"(z, (1 — 2®)Py) "1, (3.2.9)

which will give the required normal linear form, eliminating completely the resonant
part. Denote by W the set of words with alphabet {L, R} and define for every k € N
the set Wy of words with length k.
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Theorem 3.2.3. There exists a formal transformation

o0
1
woozw—g whnt E Fy(w)Ty,
k=1 *EWp

where Fy are C*° functions and the tags Ty are defined by and , such
that transforms to

b =400,

Woo = 0.

Proof: Let wo = w. We claim that by appropriately choosing

wirr = wi —wTV N ()T (w), k>0, (3.2.10)
*EWp 41

for some C*° functions F, we can ensure that

wp = w LN B (w)(1 - 2)Te + Far(w)(1+2)T | (3.2.11)
*EWy,

for some C*° functions F.; and Figr, * € Wy. We show how these are defined in
the induction step below. Since the order in w of the words of length & increases
with k, it will imply that W, becomes flatter with growing k. The limit weo of this
transformation is of the desired form and due to the growing flatness will satisfy
Weo = 0. The claim is obviously true for k = 0. Let us now proceed under the
induction hypothesis that the claim is correct up to order k, i.e. (3.2.11) holds.
Define

wiy1 = wy, — wFFIHL Z Fir(w)Ter + Fur(w)Tir
*EWp

A simple computation shows that

w(k+1)n+1F*L(w))

g
wk+1 = Z fw"HFL(w)

1—2x)T.
dw (1 =a)Te
*EWp
wktDn R (w)
d (w(k+1)n+1F*L(w))
+ > | —w" Fr(w) y (1+2)T.r
*EWp w
wk+2Dnt1p ;g (w)
d (w(k+1)n+1F*R(w))
+ 3 | —w T Fr(w) o (1—a2)T.r

wkFDn+lp pr(w)
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w(k+1)n+1F*R(w))

dw

a
+ Z —w" " Fr(w)

*EW)

1+ z)Tkr,

wkTDn+1E, pp(w)

which is equivalent to (3.2.11) for k£ + 1. O

When we compute the transition map in the next section, it may be beneficial to first
delete a finite part of the symmetric resonant terms corresponding to the function g in
(3.2.1) since we expect these to have a non-dominant effect on the transition. Indeed
the linearized system is invariant under the symmetry (z,t) — (—z, —t) and
so is the system when f = h = 0. The transition map will in these cases be
given by (zo,1) — (—z0,1). Therefore one can desire to use tags highlighting the
symmetry with respect to = 0 other than the definition in and .

We define the tags Tr(z) and To () of order 1 in the alphabet {E, O} as the functions,
smooth for z € (—1, 1), satisfying Tr(0) = To(0) = 0 and where their time-derivative
satisfies

Te =z, and To =1,
in contrast to (3.2.3). Concretely a direct computation shows that

Te(x) = félog (1- :c2) , and To(x) = élog (ii—z) , (3.2.12)

are the unique solutions satisfying the requirements. Observe that these can easily

be related to the previous defined tags (and vice versa) since
1 1
Ty = 3 (Tr — Tr), and To = 3 (Tr+1TL). (3.2.13)

By induction we define

[T 28T%(s) [T 2 T(s)
T*E(a:)—/o 2L, T*o(ac)—/o 2 0 as (3.2.14)

for any * € W™ consisting of words in the alphabet {E,O}. Remark that T.g
preserves the symmetric behaviour of T, while T\o inverses the symmetry of T, with
respect to x = 0. Therefore we know that a tag T\ is odd whenever the number of
times that O appears in * is odd, otherwise Tk is even. Due to the relation to the
previous tags in and the result of Proposition it is easy to see that

the higher-order terms (3.2.14) can be expressed in terms of the tags (3.2.13]) in a
similar way as in (3.2.5)). Indeed this is a straightforward consequence of the following
lemma. Denote by W;¥™ the words of length k in W™,
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Lemma 3.2.4. Let o € W*Y™ be arbitrary and denote the length of ¢ by k > 1. The

tag Ts can be written as a linear combination of the tags Ty with x € Wy, i.e.

Ty = Z AT,

*EWp

for some ¢ € R. Similarly, any tag T. with x € Wy can be written as a linear

combination of tags To with o € Wi¥™.

Proof: We proof this by induction on the length k. For words of length 1, this is
expressed in ([3.2.13). Suppose it is true for all © € W;¥™ for some k > 1. Due to the
recursive definition of the tags (3.2.14)), it suffices to show that

* 5T T T
/ 5 (82) ds, and / (8)2 ds,
o 1—3s o 1—s
can be written as a linear combination of tags To with o € Wy41 for any * € Wi.
This follows immediately from the recursive definition (3.2.4)) and the decompositions

s 1 11 11 1 N 1
1—s2 2\1—s 14s) 1—-s2 2\1—-s 14s/°

The proof for expressing Ty with * € Wj, as a linear combination of T, with ¢ € W;¥™

can be done similarly using the above decompositions. O

Another direct consequence of Lemma is an adaptation of Theorem [3.2.3] in
terms of the tags To with * € W™ Instead of (3.2.2) we consider

W = qu™ T f(w) + gzw™ T g(w). (3.2.15)

Theorem 3.2.5. There exists a formal transformation

oo

Woo = W — Zwknﬂ Z Fo(w)Tx,

k=1 xeWIYm

where F. are C™ functions and the tags T, are defined by (3.2.12)) and (3.2.14)), such
that (3.2.15)) transforms to

T = %(1 - £E2),
Woo = 0.

Proof: Let wo = w and denote Fg(w) = gg(w), Fo(w) = qf(w). We show by

induction that there exist smooth functions Fi(w) for * € W™ such that

wy = w TN Fog(w)a T + Fao(w)Ts | (3.2.16)
~eWU™
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where these variables wy, are defined by

wit1 = wy —w TN B (w) T (w), (3.2.17)
*EW;:’_T

for k£ > 0. Obviously (3.2.16|) is true for £ = 0, so suppose it is true for some k > 0
arbitrary. Define

W41 = Wk — w(k+1)n+1 Z F*E('w)T*E =+ F*o(w)T*o s
seWsym

which is of the form (3.2.17)). A straightforward computation shows

. d (w(k+1)n+1F*E(w))
W1 = Z —w" ! Fg(w) y 2Tur
sewivm v
w(k+2)n+1F*EE(w)
d (w(k+1)"+1F*o(w))
+ Z —w" T Fg(w) p) zTvo
cewgrm v
wk+DnH1 6 g (w)
d (w(’““)"“F*E(w))
+ Y | —w" Fo(w) y TuE
sewgrm v
wk+Dntlp go (w)
d (w(k+1>n+1F*O(w))
—+ Z fw"HFo(w) T*o,
cewgrm o
w2t 606 (w)
which concludes the proof since it is of the form (3.2.16|). (I

We can now explicitly prove that the first non-zero term of f in (3.2.15)) provides the

dominant asymmetric term in the linearization transformation of Theorem For

this we consider (3.2.15)) in the form
W= quw™ ! f(w) + qgtnul-"lg(w)7 (3.2.18)

where f(0) # 0 and g(0) # 0 and m,l > 1. For simplicity of notation we preserved
the notation f and g, but these can be different than the ones from (3.2.15). The

exponent n then corresponds to min{m, l}.

Lemma 3.2.6. The transformation obtained in Theorem |3.2.3 and Theorem |3.2.
applied to (3.2.18]) where f(0)g(0) # 0 can be decomposed as

m+1F

Weo = W — W asym (T, W) — ijFsym(m, w),



78 CHAPTER 3. TRANSITION MAP NEAR SADDLE CONNECTION

where
Fasym(—,w) = —Fasym (2, w), and Foym(—z,w) = Fsym(z,w),

and j > min{m,l}. The functions Fosym and Fsym should be considered as formal
series in w where the coefficients are given by linear combinations of the tags T« where
x € W or x € W™, In particular

Fasym(2,0) = ¢f(0)To(x).
Proof: The first step in the proof of Theorem applied to (3.2.18)) is given by
w1 = w— qu"" f(w)To — qu'™ g(w) T,

where the tags To and Tk are given by (3.2.12). By a straightforward computation,

we get the new equation

m+1 m+1

W1 = —g?w™ f(w) d (w dwf(w)) To — ¢ g(w) d(w dwf(w)) «To
I+1 I+1

O pa ) PN LA L) R

All these terms are of order at least m + 2 in w (in fact of order 2m+1 or m+1+1)
except for the last term when 214+ 1 < m + 1. However this term is odd in x and can
therefore only be removed by a symmetric function. More precise in the next step
this is eliminated by a term g(w)Trg in the procedure of Theorem Again after
this step, the only term which is of lower degree than m +2 is w* ' G(w)zTer, when
3l+1<m+ 1. Hence for any ¢ > 1 where ¢ - [ + 1 < m + 1, equation is of
the form
i = w0 TG (w)e Ty | g+ O(w™),

for a smooth function G;(w) where ¢ > 1. Hence by completing the procedure of
Theorem we get the result stated in the lemma since we can expand the trans-
formation in terms of linear combinations of the tags Ty for * € W*¥™ in each degree
of w and such a tag is odd if and only if the number of times the letter O occurs in
* is odd. O

Finitely smooth reduction of the resonant part

The functions w™ log(1l — z) and w" log(1 + =) are of Logarithmic Mourtada type
(LMT) near respectively 1 and —1 (see [8] or [37]) and C* in ] — 1,1[. The loss of

smoothness is thus located at the points £ = +1. Hence we can prove the following.
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Theorem 3.2.7. Consider the C* vector field (3.1.1)) with p,q € N* and ged(p,q) =

1. There exists a finitely smooth near-identity coordinate change
(z,y) = (2,Y) = (z,y(1 + ¢(z,9))),
bringing (3.1.1) to the smooth vector field
z = %(1 - :1:2)7

. ~ (3.2.19)
Y =Y (px + x(z)h(z,Y)).

for some h which is C*° in (z,Y) for x € (—1,1) which can be expressed as a smooth

function of the variables

(z,Y,(1— )" log(1 + ), (1 — z*)" log(1 — z)) .
Moreover ¢ is of the form

o(z,y) = @ (z,y,w" log(1 + ), w" log(1 — x)) ,
where ® is C> near [—1,1] x {(0,0,0)} and w = (1 — 2?)PyT.
Remark 3.2.8. Since (1—2%)" log(14-x) and (1—x2)"log(1—=2) are of Mourtada type
near x = —1 and x = 1, it follows immediately that (1 — xQ)iL(m,Y) is of Mourtada
type near x = —1 and x = 1. The flatness of x at © = +1 therefore induces the
smoothness of (3.2.19)).
Proof: From Theorem and the discussion before ([3.2.9)), there exists a formal

transformation
1/q

Y=y l—iwk" Z F.(w)T. ,
k=1

*EWy
which removes the resonant terms in (3.1.1). Thanks to Proposition [3.2.2] we can
express this formal transformation as a function of (z,y, w™TL,w"Tr). Using Borel’s
Theorem (Theorem [1.2.5)), there exists a coordinate change Y = y(1+ ¢(z,y)) of the
form

1/J($’ y) = \Il(mv Y, wnTLa wnTR)v
where U is C* near [—1,1] x {(0,0,0)}, transforming (3.1.1]) to
&= %(1 - ZE2),
Y =Y (pz + x(2)h(z,Y)) + F(z,Y),

where F' is a smooth function satisfying joo F'(x,0) = 0. Using the technique in Sec-

tion [2-4] it is possible to adapt ¢ by a flat function such that the new transformation

Y = y(1+ ¢(z,y)) transforms (3.1.1) to (3.2.19). O
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3.2.2 Removing the connecting terms

Consider the vector field . When ¢ = 1, we know from Theorem that
connecting terms do not occur in the original vector field , ie. h=0. In
this case Theorem reduces to Theorem When ¢ > 1 is arbitrary, we
transform vector field to the case without connecting terms using a non-

smooth transformation in . This amounts to the following theorem.

Theorem 3.2.9. Consider the vector field (3.2.19)) with ¢ > 1. There exists a near-

identity coordinate change
(@,Y) = (z,2) = (,Y (1 + ¢(z,Y)),
bringing in the form . Moreover ¢ is of the form
o(z,Y)=0 (x, Y, (1- x2)1/q) ,
where ® is C*° near [—1,1] x {0} x [0, 1].

Proof: Write 1 — 22 = (1 — X?)9 and therefore

z= X Q(X), where Q(X) = ,/1_(1)(7_2)(2”. (3.2.20)

Observe that Q(X) is a C™ strictly positive function for X € (—+/2,v/2). This
change of coordinates maps [—1, 1] to itself, although in a finitely smooth way at the
boundary. After division by ©Q(X) the effect of on system is given
by:

X= 10— %),

Y=y (pX X (XQ(X)) %) .

Since the transformation fixes x = %1, the second term remains flat and therefore y
can be written as
Y =Y(pX + H(X,Y)) (3.2.21)

for some C* function H that is flat at X = £1. Since this system has a saddle
connection with ratios of eigenvalues —p : 1 and p : —1, its normal form has no
connecting terms (see Theorem [2.1.2); it even has no resonant terms due to the
flatness of H. This is true since the inductive process of Chapter [2] does not create

non-flat terms. Indeed applying a smooth transformation of the form
Y =y +g(X)y"t,

satisfying
1
S X%)g' (X) — pkXg(X) + F(X) =0,
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where F' is a smooth function, infinitely flat at = +1, to (3.2.19) amounts to

§ = pXy+x(X)yh(X,y+g(X)y"") = F(X)y* ' + F(XO)y" Y (—k—1)"g(2)"y"".
i>0

Therefore there exists, according to Theorem [2.1.2] a C°° normalizing transformation

Y = z(1 + (X, 2)) reducing (3.2.21) to normalized linear form. We can hence also

apply the transformation
Y = 2(1+ ¢(x, 2)), where o(x, 2) = ¥(X (), 2),

to (3.2.19) to obtain a finitely smooth transition to (3.1.2).

It remains to prove that ¢ can be expressed as a C* function of z,s = (1 — mz)l/q, Y.
It suffices to prove that X (z) is C*° in x and (1 — 22)'/9. We have

_ 1—-s 1—-s 1 _ 2\1/q
X(as)—x\/ix2 —m\/lisq—m\/1+s+”'+sq_1—xp((1—x) ),
where p is C*°. O

3.3 An invariant and the transition map

Theorem describes the transformation from (3.1.1) to the integrable system
(3-1.2). Since W := (1 — 2%)P29 is a constant of motion for (3.1.2), it immediately

results to

Corollary 3.3.1. Consider the C* wvector field (3.1.1)) with p,q € Nx and gcd(p, q)=

1. There exists a constant of motion V (xz,y) of the vector field given by
V(z,y) = (1 —2*)"y" (L +¢(z,y))",
where Y(x,y) is the function as described in Theorem .
We will use this idea to compute the transition map
Yin = Zout

with X, as defined in (3.1.3]) and using the parametrization there introduced. Suppose
the vector field (3.1.1) can be written as

(3.3.1)
¥ =y (pr +w" f(w) + zw"g(w) + x(x)h(y)y")

where |f(0)] + |g(0)| # 0 and h(0) # 0. When we want to determine the dominant

term in the transition map, we consider

i =1(1-2%),

(3.3.2)
g =y (pr+w™ f(w) + zw'g(w) + x(x)h(y)y") ,
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where f(0)g(0)h(0) # 0 instead of (3.3.1). The exponent n defined in (3.3.1) corre-
sponds to min{m, {}, for m, [ defined in (3.3.2). In this section we prove the following.

Theorem 3.3.2. Consider the vector field as given by (3.3.1), where | f(0)|+|g(0)| #
0 and h(0) # 0. The transition map

D ¥ — Yout : To —> D(l‘o),
can be written as
D(x0) = —z0 — (1 + x0)d(20),
where § is a C°° function in the variables
(xm (1 — x3)™ log(1 + o), (1 — 23)"" log(1 — x0), (1 — x%)l/q) . (3.3.3)
Moreover when we consider (3.3.2) with f(0)g(0)h(0) # 0, we have for xo close to
-1 (xo > —1).‘
1 . 4
D(z0) = —w0 + ];(1 — )P F(0) log(1 + mo) (14 F(xo)), if mg <k, (3.3.4)

or
D(wo) = —a0 — %Akh(o)(l — a5 1+ F(wo)), if k< ma, (3.3.5)

where 1
Ay :/ &dm’ and lim F(xo) =0.
o (

pk
1— LE2) 7 T1 zg——11

The proof of this theorem is divided in two parts. First we prove that the transition
map can be expressed as a smooth function of the variables in Section m
Then we derive the asymptotics of this map using the first non-linear term of the
transformation of Theorem This is the subject of Section [3.3.2]

The notation used in Theorem [3.3.2] is not natural when one wants to study the
asymptotics of the transition map. If we parametrize ¥in by (—1 4 wuo,1) and Xout
by (1 —u1,1) (see Figure[3.]), we can reformulate Theorem [3.3.2] as follows.

Theorem 3.3.3. Consider the vector field as given by (3.3.1), where | f(0)|+]g(0)| #

0 and h(0) # 0. Consider the transverse sections
Yin = {(=1+u0,1) | uo > 0,u0 = 0}, and Xouw = {(1 —w1,1) | w1 > 0,u; ~ 0}.

The transition map

15 : Em — Eom TUQ > U = B(UO),

can be expressed as a C™ function in the variables

(uo, ug? log(uo),ué/q) .
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Moreover when we consider (3.3.2) with f(0)g(0)h(0) # 0, for ug > 0 close to 0, we

have
2np+l

D(’U,o) = ug +

f(O)ugp+1 log(uo) (1 + 0(1)) , if ng <k,

or
2 Akh(O)ugq i (1 + 0(1)) , if ng >k,

D(’LL()) = up —

where Ay is given in Theorem

In this sense, we provide an alternative proof for the dependence of the transition map
as formulated in Theorem [3.3.3] This will be done in Section [3.3.3] The advantage
of the notation of Theorem is that we can exploit the (a)symmetry of terms
to obtain the first non-linear term. Therefore we shall not prove the asymptotic

expansion as formulated in Theorem [3.3.3] but see this as a direct consequence of

Theorem [3.3.2

Remark 3.3.4. One can define an asymptotic scale as has been done in [{1)]. For
this we express the variables (3.3.3)) in terms of the small variable up = xo + 1 (see

Theorem by

ug log™ (uo) > ug? log™? (uo), (3.3.6)

if r1 >1re orri =r2 and m1 < me forr; € Q and m; € N.

3.3.1 The transition map as a function of the tags

Due to Corollary [3.3.1} we find a C*° constant of motion of the system (3.1.1) given
by
Viz,y) = w (1 T (x y,w" Ty, w"Tr, (1 — x2)1/q))q , (3.3.7)

using the first integral of the normally linearized system (3.1.2)).
Let us now compute the entry-exit relation. Denote the initial variable on ¥i, by xo
and the corresponding exit variable by x1. Remark that 1 — 1 as zo — —1, so we

write

1— 21 = (1+20)(1 + 8(x0)). (3.3.8)

As a matter of fact we will see that ¢ tends to 0 as zo tends to —1, which we will show
using the implicit function Theorem with as ansatz. This form of transition
map originates from the fact that it is near-identity due to the symmetry of the
eigenvalues of the saddle (see Figure .

At the cuts X, the invariant is given by

q

Viz,1) = (1 - 2*)? (1 T (x 1,(1— )™ Ty, (1 — 2™ Tr, (1 — xQ)I/q))
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(=14 uo,1) = (x0,1) (1=, 1) = (21, 1)

» q
uo — ug + h.o.t. Y1 — yi + h.o.t,

A

Figure 3.1: Asymptotics of transition near saddle connection

For the sake of notation, denote the LMT-functions as
TL = (1 — I%)nPTL(l'o), and TR = (1 — .’L‘g)inR(Io). (3.3.9)

We aim to express § in terms of (mo,TL,TR, (1- x2)1/‘1) by applying the implicit
function Theorem to the equation V(xo,1) = V(z1, 1) since V is invariant under the
flow and we impose that (zo,1) and (z1, 1) are different points of the same orbit.

First we need to express 17 (z1), Tr(z1), (1 — x%) in terms of zg and &. Observe that
2 2
Tr(z:) = -4 log(1 — 1) = =T (z0) — 55 +0(8?%). (3.3.10)

Here and in the remainder of this section appearing O-terms are C*° in (xo,d) near
(—=1,0). Remark that they can blow up close to zo = 1, but since we are interested
in the behaviour near zo = —1 this does not pose a problem. The tag T (x) is C*°

at x =1, just as Tr(z) is C* at z = —1. We see

Ty (x1) = glog@ — (1 +20)(1+0)

:—TR(xo)—l-glog <1—51+I0)
1—.’E0

2 1+
= —Tr(wo) — 75 0

o+ 0(8%). (3.3.11)

A simple computation shows

+O(62)>

(1—23)=(1—x3) <1—25

hence for a power r € QT

11—z} =1—23)" (1 ( — 26 -+ 0(52)> : (3.3.12)
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Using the expansions above, more precise (3.3.10) and (3.3.12)) for » = np, we have

T = (1= 23)" Th(z1) = —T}, + (2np1 ool — 3(1 ) ”) 5+0(5%),

(3.3.13)
and by (3.3.11)) and ( m,
—(1) 2\np _ 2 npl+ o
TV = (1 —a)™ Ty (x1) = —Tr + <2np1 TR —~ E(l ) ﬁ) 5+ 0(0%).
(3.3.14)
Denote

Wy =W (o1, 1, (1= 23)" Tu (o), (1= 2d) Ta(e), (1 - 23)"7),

where V¥ is introduced in Theorem This can be expressed as a function of xg
and ¢ thanks to (3.3.8), (3.3.12)), (3.3.13) and (3.3.14)

U, = U (fxo — (1 +m0), 1, TV, T, (1 — 22)*/ (1 _2 : o (52))) .
ql—1=To
(3.3.15)
Since V(z1, 1) can be expressed as a function of 2o and § using (3.3.12)) and (3.3.15),

we can search for solutions § of
Vi, )\ Viwe, 1)\
=0 (6,20, Tr, Tr, (1 — 1/Q);:7’ _( Xzo 1) 31
0=0 (6,20, T2, Ta, (1 - 27) T (o) o 3310
where © is C* near (0,—1,0,0,0), such that V(xo, 1) = V(z1, 1) is satisfied. In order
to apply the implicit function Theorem to at (0,—1,0,0,0) and consequently
show that we can express ¢ in terms of (mo,TL,TR, 1-=z )l/q), it is sufficient to

show that
00

a6
since ©(0,—1,0,0,0) = 0. Notice that

(07 _1707070) # 07

o= (1722 2o 5+O(52))(1+\I/1)7(1+\I/(mo,l,TL,TR,(lfxg)l/q)).

1-— Xo
We find 06 P
2p Zo 1
E i s (14 V1) + B; + 0(9), (3.3.17)
where ow
661 =0(1 -3, Tr,T1,9).
Hence we see
00 p 8\111 p
—(0,—1 == -1 == .
55 (0,—1,0,0,0) 55 (0:=1,0,0,0) = 2 £0

By the implicit function Theorem, we can thus write

Tr1 = —xo — (1 + J}o)é(wo),
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Where we can express
§(zo) = & (a:o,TL, T, (1 — x?))l/q) ,

for a C° function § near (—1,0,0,0).

3.3.2 Asymptotics of the transition map

In the previous section we proved that we can express the transition map in terms of
7 7 2\1/q
(:L‘o,TL,TR,(l — ) ) (3.3.18)

We now want to compute the asymptotics of the map near xo = —1. Recall that ¢
defined in (3.3.8) should be a solution of (3.3.16)). Hence if we expand © near 6 = 0,

we ought to solve

0=0 (O,xo,TL,TR, (1- :cg)l/q) +629 (o, 20, Tp, Tr, (1 — azg)l/q) +0(8%).

00
(3.3.19)
From the definition of ©, it follows immediately that

O |(5:O: )4 (—IO, 7_TR7 _TL7 (1 - x(Q))l/q) - v (CITO, 17TL7TR7 (1 - x(Q))l/q> )

(3.3.20)
and using (3.3.17) one can check
00 — — 271/ 2p 1
92 (0, 20, Tp, Tr, (1 — Q):— .,
85( @0, T2, Th, ( 7o) qg 1—xo
where we shall use the notation ... for a finitely smooth function, smooth on zo €

(—=1,1), having the same property as the function F in the statement of Theorem
B3] If we want to compute the dominant term of the transition map, i.e. the
term of lowest asymptotic order we have to describe (3.3.20)). Suppose (3.1.1]) can be
written as where f(0)g(0)h(0) # 0 for some m, I, k € N* with k # mq. We have
to distinguish two cases depending on which of the transformations (Theorem m
or Theorem is dominant, i.e. provides the terms of lowest degree of (1 — 2?) in

the linearizing transformation of Theorem |3.2.1]
(A) mqg <k,

(B) k < mg.

Case A

Suppose mg < k. In this case, the transformation obtained in Theorem [3:2.7] to get
rid of the resonant terms is dominant. Obviously in (3.3.20)), the first non-zero term
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which is not symmetric with respect to * = 0 provides a dominant contribution.

Therefore the transformation of Theorem [3.2.7| can formally be expressed as
Weo = W — meFaSym(:v,w) — ijFsym(a:, w),
where j > min{m,l} and
Fosym(—2,w) = —Fasym(z,w), and Foym(—z,w) = Feym(z,w),

in terms of the resonant monomials we = (1 — 2%)P2? and w = (1 — 2*)Py? due to
Lemma [3:2.6] The transformation of Theorem [3.2.7]in terms of z and y can therefore

formally be expanded as
1 J
z=y(1l— aw Fosym(z,w) — w’G(z,w) + h.o.t. |,

for some G satisfying G(—z,w) = G(x,w) and where the higher order terms contain
expressions of degree m + 1 or higher in w. The difference (3.3.20) then reduces to

2 m
@ |5:0: 5 (1 — ch) pFasym(me)(l + .. )

Due to Lemma and (3.2.13), we can rewrite this as

O |s=o = £(0) (1 — 23)™" (Tr(zo) + Tr(z0))(L +...)
= £(0) (1 — z3)"" Tr(zo)(1 +...).
Combining this with the Taylor expansion given in , we see
5= 7%(1 —20)f(0) (1 = a3) ™ Tp(z0) (1+...),
Hence

mp+1

D(zo) = —zo + %(1 —23)f(0) (1 — x3) Tr(xo) (14...),

which concludes the proof of Theorem [3.3.2] in the case k > mgq.

Case B

Suppose k < mq. The first higher order term in the transformation of Theorem [3.2.1
can be contributed by the transformation in Theorem [3.2.7] when lg < k. However
in this case, this contribution is symmetric and will therefore disappear when we
consider similar as we have seen in case A. The main contribution to
is then given by the transformation of Theoremwhere we remove the connecting

terms. The transformation obtained in Theorem [3.2.1] can formally be written as

z=y (1 — h0)y o (z) — w Gz, w) + h.o.t.) ,
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where G(—z,w) = G(z,w) and where ®(z) = ®(XQ(X)) = ®(X) is a solution of

1 X(XQ(X))

—5 - X3P (X) — pkXd(X) + (Q(X) =0,

with (1 —2?) = (1 — X?)? and Q(X) is defined in (3.2.:20). In the original variable,

this translates to solving

—5 (1= 2*)¥'(2) — phad(x) + x(x) = 0,

hence

2 PNELIN et x($)
O(z)=-(1—2")« ———ds
J (

1— ,<52)ka7L1

Remark that

) —%o
/ &dS:—Ak—l—...,and/ &ds:Ak—F...,
o 0 (1-

1—52)%+1 52)%Jrl
where Ay is defined in Theorem Similar as before, we see that the symmetric
difference (3.3.20) is given by
4 pk
© ls=o=—_ Axh(0)(1 - )T (1+..),
leading to
2 pk
D(z0) = —x0 — gAkh(O)(l —2) T+,

In Chapter [f] we provide two applications where we illustrate the power of the asymp-
totic expressions for the transition map. It will allow us to obtain some partial cyclic-
ity results since the non-smooth terms can not be compensated when composed with

a regular map.

3.3.3 Alternative expression of the transition map

In this section we prove the first part of Theorem[3:3.3] i.e. we show that the transition

map

D: Yin — Zout : uo — u1 = D(uo),

can be expressed as a C°°-function of the variables

(v ot ).
Due to Corollary , the transition map u; = l~)(u0) is given implicitly by
V(=1+muo,1) = V(1 —u,1). (3.3.21)

We are interested in the behaviour of up and u; close to 0. Since the function ¢ (z,y)

occurring in Corollary [3:31] can be expressed as a smooth function of

(x,y, (1- xQ)"p log(1 + ), (1 — m2)"p log(1 —x), (1 — m2)1/q) ,



3.3. AN INVARIANT AND THE TRANSITION MAP 89

and by exploiting the fact that log(2 — u;) is smooth for u; close to 0 for i = 0,1, we

can write (3.3.21) as
2Pub (1 + ¥y, (u(l)/q,ugp log(uo))) = 2Pu? (1 +Ug (ui/q,u?p log(ul))) , (3.3.22)

for some smooth functions ¥, ¥ i vanishing at the origin. Denote by v; = u;/q for
i =0, 1. After taking the p—lq-th power of (3.3.22)), this can be written as

vo (1 4+ V1, (vo,v"? log(ve))) = v1 (1 + Vg (v1,v1"log(v1))), (3.3.23)
for some new smooth functions ¥y,, ¥z vanishing at the origin. It suffices to prove that
v1 can be expressed as a smooth function of vo and vi"? log(vo) satisfying (3.3.23)),
since this implies that we can express u1 as a smooth function of ué/q and ugp log(uo).
Denote the left-hand side of (3.3.23)) as

z1=v1 (1 + Vg (v1, v log(v1))) .
We want to invert this relation, such that we find an expression
v = 21 (1 + Ug (21,2777 log(z1))) ,

for some smooth function Uy and substitute z; by the left-hand side of (3.3.23]).
Therefore denote V = vi"?log(vi) and Z = 2;P?log(z1) such that we can consider

the following system

z1=v1(1+¥g(v1,V)),
Z =v"" (1 + Vg (v1,V))""log[v1 (1 + Wg (v1,V))].

(3.3.24)
We can simplify the second equation by expanding the logarithm, such that the system
(13.3.24)) can be rewritten as

z1=v(1+Yg(v,V)),
Z=V+71(n,V),

(3.3.25)

where 7 is a smooth function near the origin where it also vanishes. Even more, by
considering the explicit expression in (3.3.24)), it follows by direct computation that
or or
—(0,0) = =—=(0,0) = 0.
S (0,0) = £7.(0,0)
Due to the inverse function Theorem, we can invert the system (3.3.25) since the
functions described there are near-identity. Hence there exists a function \Tf(zh Z),

smooth near the origin, such that
v =21 (1 + U (21, 2777 log(zl))) .

If we replace z1 by the left-hand side of (3.3.23]), we can express v; as a smooth
function of vo and v5??log(vp). By returning to the old variables uo, u1, we get that

. 1
u1 can be expressed as a smooth function of ug, ug? log(uo) and uo/q.
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Chapter 4

Saddle connections with symmetrically

perturbed eigenvalues

In this chapter, we generalize the techniques of Chapters [2] and [3] to the setting of a
smooth family of vector fields similar to but with a symmetric perturbation in
the eigenvalues. We start by giving an adapted version of Theorem [2:1.3] The con-
struction is done in a similar fashion as the Poincaré-Dulac normalization for families

of hyperbolic vector fields as described in Section [1.3.2

Remark that the semi-local normal form of Theorems [2.1.2] and 2.1.3 are robust when
we assume that the symmetric eigenvalues of the saddles p and ¢ remain unperturbed.
The dependence on some parameter ¢ is in this case confined to the higher-order
terms. This situation typically occurs when the nature of the non-elementary singu-
larity under consideration is fixed. For instance the perturbance of a cusp where the
nilpotency is preserved is studied in [41]. However, when one studies an unfolding of
these singularities, generically this is broken as is the case for a fake saddle (see [13]).
We shall assume that the connection between the saddles remains unbroken and the

symmetry of the eigenvalues is preserved to get a finitely smooth normal form (see

Theorem [4.1.8)).

Then we reduce the system even further by linearizing as we did in Theorem [3.2.1
However we do this by defining an infinite amount of non-smooth variables which we
can not yet reduce to a finite set (see Theorem [4.2.5]).

4.1 Parameter-dependent semi-local normal forms

In this section we focus on the techniques of Chapter [2] when studying families of

vector fields having a fixed saddle connection with symmetric (perturbed) eigenval-

91
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ues. Due to the normal form procedure in Section [[.3.2] we can at best obtain a
finitely smooth normal form. Otherwise the normal form should encompass an infi-

nite amount of resonant terms as was explained in Figure

Consider a family of vector fields X where A € A C R¥ for some K € N and
some compact set A containing the origin. We are interested in families having
nearly-resonant saddles with a separatrix connection, i.e. the vector field Xy satisfies
the conditions of Theorem for some co-prime integers p and q. We assume the

following:
(1) The family X has two hyperbolic saddles situated at s+ = (+1,0).

(2) The eigenvalues at both saddles are symmetric, i.e. the linear part at s+ of X

is given by

q 0 )
0 —p(1+aN) ’

where a+(\) > 0 and () depends smoothly on A.

J(s+) = tax(A) <

(3) There exists a connection between the saddles si, smoothly depending on A,

which can be straightened to {y = 0}.

The first assumption is not restrictive. Indeed s+ are saddles for the unperturbed
vector field Xo. Due to the structural stability of saddles, we know that there exist
saddles 5+ (\) converging to (£1,0) for A converging to 0. By means of a coordinate
transformation, these saddles can be translated to the points (£1,0).

Generically when we perturb a vector field of the form , the symmetry in
the eigenvalues will be broken. However the symmetry remains unbroken in some
applications, for instance when the saddle points are obtained by blowing up a family
of vector fields near a fake saddle (Section . We can assume that the linear part
is in diagonal form as a consequence of Propositions and since the linear
transformation to diagonalize depends smoothly on the parameters. If we rescale time
with a positive position-dependent factor, we can assume that a1 = 1.

Finally, we require that the connection is fixed under perturbation. Although the
unstable, respectively stable, manifold of the saddle s_, respectively sy, depends
smoothly on the parameter A, it is a non-generic requirement that they coincide. In
applications, the connection of symmetric saddles typically occurs on the blow-up
locus or the circle at co and therefore it is natural to assume that the connection is
fixed. This is also a typical assumption when bounding the cyclicity of a two-saddle

cycle, as is done in [23].
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4.1.1 Semi-local pre-normal form

A family of vector fields that satisfies conditions , and can smoothly be

transformed to

@ =(1-2%) (3 +1-2°)fi(z,\) +yfa(z,y, ),

(4.1.1)
=y (P(L+aA)z+ (1 —2*)g1(z,N) + y’g2(z, 9, \),

where f1, f2,g1,92 are C°°. We omit the A-dependence of « from the notation and
treat it as a separate variable. Any restriction on « directly translates to a restriction
on A since a(\) is a smooth function. Again we start by considering the scalar vector

field on the connection:

i=(1-2% (%+(17m2)f1(aj,)\)). (4.1.2)
Similar as in the unperturbed case (Theorem [2.2.8]), we can simplify this equation.

Theorem 4.1.1. Let v : (a,b) X V. — R represent a smooth family of vector fields
where V. C RY with exactly 2 singular points x1,22 € (a,b) for all X € V such that

V(z1) =q¢>0 and v (x2) = —q,

where q is independent of \. Then there exist neighbourhoods O1 and Oz of respectively
[z1,22] and [—1,1] and a smooth transformation y : O1 X V. — Oz such that the

equation i—f =v(x, ) is transformed into
dy 2
YTy,
7 ==y

Proof: The results needed to prove this theorem in the unperturbed system remain
valid. Indeed a scalar vector field can be smoothly linearized near a hyperbolic point,
where the transformation smoothly depends on the parameter. This can be expanded
smoothly to a neighbourhood conjugating the full real line by extension through the
flow. The gluing morphism remains the same as in the unperturbed system since the

linearized systems are independent of the parameter A. O

If we apply Theorem [4.1.1) we obtain a transformation simplifying (4.1.2). If we
apply this to the full system (4.1.1)), we get

g(l - x2) + ny(m7y7 )‘)7
=y (p(l+a)z+ (1-2)gi(z,N) + y*G2(z,y,N),

¢ (4.1.3)

for some smooth fg,gl,gg, Next we straighten the stable, respectively unstable,

manifold at s_, respectively s; simultaneously. These manifolds depend smoothly
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on the parameter \. After a time rescaling of the form 1 + O(y), system (4.1.3) can

be written as

T = %(1 - 1'2),

(4.1.4)
g=y (P +a)z+ (1 —2)Gi(z, ) +y*Ga(x,y, ),
where G1 and G2 are smooth. Rescaling with
y = efoz %Gl(s,mds@
we obtain the form (where we omit the tilde from the notation):
i=2(1-41%),
3 ) (4.1.5)

y=p(l+a)zy +y°F(z,y,\),

for some smooth F.

Similar as in the proof of Theorem [1.3.12| we want to put (4.1.5) in a normal form up
to some sufficiently high degree N. This can be done by the same transformations as
in Lemma [2.3.2] however now dependent on the parameters .

Lemma 4.1.2. Given n > 1. The effect of the near-identity transformation of the
form
(@,9) = (@, + ha(2, 07"

on ([@.1.5) is that y*F(x,y, \) is replaced by

7 F(Z,7)+ (‘7‘1(1 - 502)%%(57, ) —pn(l + @) & ha(Z, )\)) 7" o). (4.1.6)

The typical ODE that we need to solve is of the form

— g(l — 22)hA(z) — pn(1 4+ a)zha(z) + G(z, \) = R(x, \), (4.1.7)
where hy(z) = h(z,\) and R(z,\) is the normal form term that we want to obtain.
This simplified term will depend on whether we are close to a resonant level or not.
By restricting « to a small neighbourhood of the origin, we can make sure that the
terms up to degree N in y do not contain other resonances than the one from the
unperturbed system. For instance in Figure this is done up to degree 2 in y.
We tackle this problem by considering the qualitative information of the planar sys-
tem associated to (4.1.7). Therefore we need some results on the existence of local

separatrices near nodes. This is constructed by typical normal form theory.

Lemma 4.1.3. Let X(. ) be a family of smooth planar vector fields in a neighbour-
hood (g,7) € U C R x R* of the origin of the form

T = Az,

y=(p+e)y+ f(z,y,7),

(4.1.8)
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for A > 0 and some smooth f where f(z,y,v) = O(H(w,y)HQ) Then there exists
a neighbourhood V- C U of the origin and a smooth conjugation (x,y) — (z,2z) =

that (4.1.8) is conjugate to

e Case 1: £ =N e N:

T = Az,
(4.1.9)
g = (u+e)y+Be,v)",

for some smooth 5. Moreover, when B = 0, then (4.1.8) admits a C* integral
curve y = Y(x,e,7) passing through the origin.

o Case 2: & ¢ N:

T = Ar,
(4.1.10)
y=(n+e)y.
Moreover, (4.1.8)) admits a C*° integral curve y = 1 (x, €,7) passing through the

origin.

Proof: Without loss of generality we can assume that |e] < |u| such that we do not
lose the nodal behaviour of the singularity. The proof of the normalization uses an

inductive procedure applying the near-identity transformations
y=Y + AX"Y",

for some m,n € N, L = m +n > 2. If we apply this to (4.1.8)), a straightforward

computation shows

T = Az,
Y =(p+e)Y + f(a,Y,y) + A((L—n)(u+e) = Am) 2™ Y™ + O(||(x, Y)|I**).
K(g)

It is obvious that when k(&) # 0, for € in some neighbourhood V; of the origin, then
we can remove the term of degree (m,n) in f in a way that smoothly depends on
(g,7). Suppose we are in case 1, i.e. u = AN for some N € N, then it is sufficient to
show that

(1—n)(N+§)—m7é0. (4.1.11)

If we impose the condition |e] < |A|, then (4.1.11) is satisfied unless (m,n) = (N,0)
thus leading to (4.1.9). When the eigenvalues are non-resonant, i.e. when we are in
case 2, we know that there is an M € N such that

M<§<M+L
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By restricting € to some small neighbourhood V. of the origin, we can suppose that

M<§+§<M+1,VEGVE.

In order to show that k(g) # 0 for € € V., it is sufficient to show that

u—m(§+§)—m¢0
This is immediate since the part between brackets is not in N and it can only be zero
when n = 0. The smooth realizations of the transformation now follows from Borel’s
Theorem (Theorem [1.2.3]) and the Chen Theorem (Theorem for killing the flat
perturbation. The statement about the C'* integral curves follows immediately from

the existence of these curves in the normalized system. O

We are now able to construct smooth solutions of 7 for some choice of R(z, \).
The technique applied in the following lemmas is similar to the proof of Lemma|2.3.13

First we need to show that the associated two-dimensional system has locally smooth
solutions near the saddles using Lemma[4.1.3] Consequently we introduce a parameter-
dependent coefficient which should connect these locally smooth solutions. We need
to consider two different cases depending on whether we are close to a resonant term
of the unperturbed system (Lemma or to a connecting term (Lemma .
Observe that this subdivision corresponds to the resonant, respectively non-resonant
case for the node in Lemma [4.1.3]

Lemma 4.1.4. Let p,k,q € No such that p and q are relatively prime and suppose
that q does not divide k. Then there exists a neighbourhood V-C RE of the origin such
that, for every smooth function F(x,\) defined on a open set UxV where [—-1,1] C U,
there exists a smooth function C'(A) € R such that the differential equation

— %(1 — 2R\ (x) — pk(1 + a)zhy(z) + F(z,\) = —C(\)x(z), (4.1.12)
has a smooth solution hx(x) in a neighbourhood of [—1,1].

Proof: Denote by y = ®p(z,\) and y = Up(x,\), extended to z € (—1,1),
respectively the smooth invariant manifolds near the nodes (—1,0) and (1,0) of the
system
&= 92(1 —x?),
3 ) (4.1.13)
y=—pk(1+ a)zy + F(z,\).
These depend smoothly on the parameter A due to Lemma Indeed, applying
the transformation u = }f—i, respectively u = i—j&, to (4.1.13) turns it in the form
(4.1.8), where the ratio of the (unperturbed) eigenvalues is given by %. The system

is thus locally smoothly linearizable since we are in case 2. Therefore there exists a
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smooth integral curve in terms of u, which in its turn smoothly depends on x near
x = —1, respectively x = 1. Similarly, we can define the smooth invariant manifolds
y = ®y(z,\) and y = ¥, (x, ) near the nodes (—1,0) and (1, 0) of the system

t=2(1- z?),
¥ = —pk(1+ a)zy + x(z).
The coefficient C'(A) is defined as the coefficient such that
Dp(z,\) + C(N)Py(z,A) = Up(z,A) + CA)Uy(z, V), (4.1.14)

for x € (—1,1). By uniqueness of solution, it suffices that this equality is valid for
z = 0. Denote A, (z, ) = @y (z, A) — ¥, (—x, A) such that C(\) is characterized by

Ar(0,A) — C(A)Ay (0, ) = 0. (4.1.15)

Due to the symmetry of x, one can check that Ay (z,A) = 2®,(x, A). A straightfor-

ward computation shows that

D, (0,\) = 2/0 X

q.J_4 (1 _ 82)%(1+a)

which is non-zero since we have a positive integrand and converges due to the flatness
of x at —1. Hence thanks to the implicit function Theorem applied to , we
know that C(\) depends smoothly on A. The solution of in a neighbourhood
of [—1,1] is then given by . O

When we are close to resonance, solving is more challenging. Because of this
resonance, expressed as the coefficient g in , logarithmic terms may occur and
thus obstruct the existence of locally smooth solutions as in the proof of Lemma
However if we can compensate this resonance such that logarithmic terms do not
occur, then we know that every solution through the nodes is smooth. Due to the
parameter-dependence, we need to handle both the resonant phenomena as well as

the connecting terms when there is no resonance.

Lemma 4.1.5. Let p,n,k,q € No such that p and q are relatively prime and n = kq.
Then there exists a neighbourhood V-C RX of the origin such that, for every smooth
function F(x,)\) defined on a open set U X V where [—1,1] C U, there ezist smooth
functions A(X), B(X), C'(X) with values in R such that the differential equation

- %h —z”)h)\ (2) —pn(l+@)aha (@) + F(z,A) = (AN +2BN))(1-2")" —CN)x(=),
(4.1.16)
has a smooth solution hx(x) in a neighbourhood of [—1,1], where C(0) = 0.
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Proof: Instead of solving (4.1.16}), it is sufficient to consider

- %(1 —a®)hj(x) —pk(1+a)zha(z) + F(z,A) = (AN) +2B\))(1-27)" = C(\)x(2),

(4.1.17)
for any smooth function F'(x,\). We restrict A to a neighbourhood V' of the origin
such that

pk—1<pk(l+a) <pk+1, (4.1.18)

thus |a| < pik. In this way, the only resonance that can occur is when a = 0 as

obtained in the proof of Lemma Decompose F(z,\) as follows
pk )
Fz, ) = (a:(\) + 2bs(V) (1 — 2%)" + (1 = 2*)"* T G(x, ), (4.1.19)
1=0
where G is a C*° function and a;, b; depend smoothly on \. First we show that there
exist smooth integral curves y = ®p(z,\) and y = Up(z, \) at respectively z = —1,1

of the system

T = %(1 71}2)7

(4.1.20)
§ = —pk(1+ Q)zy + F(z,\) — (AN) + zB(\))(1 — z*)P*,

by defining A(\) and B()\) adequately. By virtue of Lemma [4.1.3} it suffices to prove
that the resonant term is identically zero in the local normal forms at (1, 0) for these

well-chosen A(A) and B(A). First we perform smooth coordinate changes of the form
g1 = vi + (5 (N) + 28 ()1 - 22, (4.1.21)

fori=0,...,pk—1, where v; and §; depend smoothly on A and yo = y. By induction
we show that in this way, (4.1.20]) transforms to

i=1(1-2%),
Ui = —pk(1 4+ )zy; + i (a;”(A) + xby)(A)) (1—a?%)° (4.1.22)
— (AN +xBM) (1 — 2P + (1 = 2P G(x, ),

for ¢ = 0,...,pk. For i = 0, this is true since we have the decomposition .
Suppose (4.1.22) is true for some i € {0,...,pk — 1}. We show that there is a
transformation of the form (4.1.21)), turning (4.1.22)) into a similar vector field but
with i replaced by ¢ 4+ 1. Define

0 0
) and i) = -4

Yi(A) = T ar iy (4.1.23)
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Observe that these denominators are non-zero for the restriction (4.1.18)) since ¢ # pk.
A straightforward computation shows that applying (4.1.21)) where the coefficients are

given by (4.1.23) to (4.1.22f), transforms the second equation to
i1 = —pk(1+ Q)zyirr + (Pk(1+ ) — i) (5:(A) + 27:(A) (1 — 2*)’

+6:(\) <% — pk(1+a(N) + z) (1— )"

+ pz (a0 + a6 (1= 2)’
— (AQ\) +2BM))(L —2®)™ + (1 = )" G2, \),

which can be simplified to the desired form. Hence after these smooth transforma-
tions, we have arrived at the system

i=1(1-2%),

o = —ph(L+ )ayp + (al () + 2P (V) (1 - 2)’

— (A\) + 2BV)(1 — 2?)P* + (1 — 2*)P* 1 G(z, N).
By choosing A(\) = a;’;ﬂk)()\) and B(\) = b;’,;k)(A), we get the system

%(1 - xz)a

Gpre = —pk(1 + @)zypr + (1 — 2)*1G(x, N).

i=

(4.1.24)

It is now a straightforward task to show that the associated local normal form of
Lemma has no resonant term. For instance for the local normal form at (—1,0)
by applying a coordinate change
u—1 —2pk(1+o
() = (2 (1720 )
to (4.1.24)) leads to a vector field of the form

U =u,

2 =pk(1+a)z + uP*1E(u, \),

for some locally smooth F and thus has no resonant term since the remaining terms
are of higher degree. Due to Lemma [£.1.3] this proves the existence of a smooth
integral curve y = ®r(x,\) at x = —1 and similarly we can show the existence of a
smooth integral curve y = ¥p(z,A) at z = 1 from .

The existence of similar smooth integral curves y = @, (x,\) and y = ¥, (z, A) of the
system

#=3(1 -2, (4.1.25)

y = —pk(1+ a)zy + x(z),
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is immediate from Lemma due to the flatness of y at x = £1. Similar as in
the proof of Lemma we can prove the existence of a smooth C(\) by use of the
implicit function Theorem such that is smoothly solvable for A\ contained in
some neighbourhood of the origin also satisfying (4.1.18]). ]

Due to Lemma and Lemma we can apply a similar induction scheme
as in the construction of the semi-local normal form (Theorem [2.1.3). However, we
can only do this a finite amount of times, since the requirements on A become more

restrictive in each step (see for example (4.1.18)). We can prove the following.

Theorem 4.1.6. Let N > 1 be arbitrary. Consider the smooth vector field
where p,q € N, with ged(p,q) = 1, defined in a neighbourhood U x V C R? x R* of
[—1,1] x {0} x {0}. There exists a smooth transformation ® : U x V. — U x V, for
some neigbourhood U C R? of [-1,1] x {0} and V C V of the origin, such that under
this transformation 1s transformed to a system of the form

T = %(1 _$2)7

g=y(pl+a)z+ D (Au(A) +aBa(N)(L —2)P"y™

n>1,ng<N (4.1.26)

N
+3 CeWx (@) +y T F@, ) |

k>1

where the coefficients Ayn, By, Cr, depend smoothly on A € V.

Proof: We subsequently apply the transformation of Lemma[.1.2/forn = 1,..., N.
In order to get the term of degree n + 1 in the desired form, we apply either

Lemma if % ¢ N or Lemma if B € N to solve (4.1.7) in each step. [

Remark 4.1.7. The domain of A\ where we can apply Lemma[{-1.]] and[-1.5 in the
proof of Theorem[{.1.6 can not be chosen uniformly. Generically, the domain becomes

more and more restrictive as n goes to infinity. Therefore it is not possible to write
Theorem [].1.6] in terms of formal power series as in Theorem[2.3.13
As a final step in the normal form procedure, we want to eliminate the term in (4.1.26)

containing F'(x,y, A). Since this will contain higher order resonances, we expect that

this is optimally possible in a finitely smooth way.

4.1.2 Removal of higher order terms
Consider a vector field of the form (4.1.26]), which we shall shortly denote as
i=2(1-2a%),

(4.1.27)
y=p(l+a)zy +yR(z,y,\) +y T F(z,y,\),
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for some smooth functions R, representing the resonant and connecting terms, and
F, representing the finitely flat remainder, in a neighbourhood of [—1, 1] x {0} x {0}.

The aim of this section is to prove the following.

Theorem 4.1.8. Let n > 1 be arbitrary. There erists a K = K(n) and a C"-
transformation (z,y,\) = (X, o(X,Y, X), \) near the origin such that (4.1.5)) is C"-

equivalent with the system
X =4(1-X?),

V=Y (p+a)X+ > (A +XBW)(1 - Xy

k>1,kq< K (n) (4.1.28)
+ ) CRWx(X)YF,
k>1

where Ay, By, C) are smooth functions of . Moreover, o(z,y,\) is of the form
e(@,y, ) =y +y" vz, y, A).

Remark 4.1.9. When a = 0, then Theorem[{.1.§ gives a weak version of Theorem
in a finite class of differentiability.

Proof: First we apply Theorem to to obtain a pre-normal form up
to degree N(n), where we define 7 = n(n) > n later on. Once we have defined this
relation, we define K(n) = N(7i(n)). For simplicity we will denote the pre-normal
form as . Next we prove that there is a conjugation for which can
be C™-conjugated to . This proof is divided in three parts as in Section
First we show that there exist local conjugating morphisms in Lemma Since
this family of transformations is the identity on the z-variable, we see that the con-
jugation corresponds to the solution of a partial differential equation . Hence
the local conjugations can be extended such that their domains of definition contain
the interval (—1,1). Then we glue both transformations together in a finitely smooth
way similar as in the proof of Theorem (see (2.4.4])). This is done by showing
that the difference of the two transformations is n-flat when approaching the invariant
manifold z = 1 in Lemma[L.1.13] We elaborate on this in the rest of this section. [J

First we show that the local conjugations exist. This in fact is a direct consequence of
Proposition [1.3.11} However by considering the explicit construction of the conjuga-
tion in Proposition[1.3.7]and Lemma|1.3.10, we can compute that the transformation

remains the identity on the x-variable.

Proposition 4.1.10. Let n > 1 be arbitrary. Let F1, F> and w2 be C™-functions
where Fo(x,0,\) = wa(z,0,A\) = 0. There exists a finite N(i) € N such that the
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system
&= Fi(x),
g = Fa(z,y,A) + 1wz (2, 9, A),
is O™ equivalent with the system
&= Fi(x),
Y= Faz,y,2),

on some neighbourhood V of M = {y = 0} as long as ws is N(n)-flat at all points of
M = {y = 0} and there is a compact C C M such that Fi is supported in C and

Fa(z,y,\) + Twa(, y,\) < —p,

for some p > 0, 7 € [0,1] and (z,y,\) € V. Moreover, the (n — 1)-jet of the

equivalence @ is the identity on M and is of the form

oz, y) = (z,y + y"¢(z,y)).

Proof: We apply Lemma[I-3.10] to the system. Hence we need to show that we can
solve for some smooth h. Due to the global bound on the hyperbolicity, we
can apply the results from [32], where it is shown that has a C™- solution
which is n-flat on M. The fact that this transformation leaves the first variable un-
changed follows from the explicit form of . Indeed D(F + Tw) is in this case
a lower triangular matrix, as will be G(v(x,y, A\, 7,t)). Adding the fact that the first
component of w is zero, we get that the first component of A is identically zero, hence

the first component of ¢, remains the identity. O

Remark 4.1.11. When the vector field of Proposition[].1.10 is considered close to a
hyperbolic saddle, then the value N (i) depends, other than i, only on the stable and
unstable eigenvalue of the saddle (see Theorem. In fact a lower bound for N(n)
is defined in [3] for diffeomorphisms. Therefore the local conjugations of Theorem
at both saddles have the same required flatness N (7)) due to the symmetry of the

system with respect to the eigenvalues.

If we apply Proposition |4.1.10| to the pre-normal form of (4.1.26)), we can show the
following.

Lemma 4.1.12. Let 7o > 1 be arbitrary and consider (4.1.5)). Let N(7) be the corre-
sponding value as obtained in Proposition[{.1.10] which only depends on the eigenval-
ues at (£1,0). There exists C™-equivalences (z,y, \) = (X, o+ (X,Y, ), \), where

Sozl:(xvya )‘) =y+ yﬁﬂfﬁ:(%ya )\)7

which is C™ in a neighbourhood of (£1,0) such that [@.1.5)) is conjugated to (&.1.28)).
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Observe that the transformations @+ satisfy a partial differential equation

q

5 (1= 2%)pe +y (0(1 + a)a + R(z,y, 1)) ¢y

(4.1.29)
= (p(l +a)z + R(z,0,\) + o™ F(z, 0, A)) )

where we used the notation from . Let 6 > 0 and & > 0 be chosen such that
@+ is defined on a neighbourhood of [1 — 2§,1] x [—4',48'] x {0}. By means of the
method of characteristics applied to , we can assume that p_ is defined for
(z,y) € T ={1—4} x (—4",8") for some §” > 0 where we can assume ¢’ > §”. In
fact this is similarly proven as in Lemma [2.4:2] We consider the difference of these

transformations, i.e.

A($7y7 )‘) = ¥- (Ivyv >\) - 90+(3:7y7>‘)'

Observe that this difference is n-flat at y = 0 on 3. Following (4.1.29)), this difference
should satisfy the partial differential equation

%(1 —2) Ay +y (p(1+a)z + Rz, y, \) Ay = A (p(1 + o)z + H(z,y,A,\),
(4.1.30)

where L
@y AN = [ 5w ou (o) + 28, Ndz,
o 9Y
with
N
Wy, N) = y (R, 9,0 + 5" F(,9,0))
We now want to show the following result

Lemma 4.1.13. Let n > 1 be arbitrary. If @i is large enough, then the exists a C™-
solution A(xg,yE, N), equal p— — @4 on X, of (4.1.30) which is n-flat for xtg — 1.

Proof: Since A should satisfy (4.1.30]), we can construct a solution using the method

of characteristics. The propagation of the difference is given by
(1 - x2)7

y=y((pl+a)r+ R(z,y,\)), (4.1.31)
A=A(p(1l+a)z+ H(z,y A N),

[I'j:

[S]}

with initial values
2(0) =1 =14, y(0) = 5, A(0) = Ao(s) = ¢ (5) — p4(s) = s"Ao(s),

for some continuous Ag. Since we are interested in a neighbourhood of x = 1, we

x—1
x+1

(y1>A1) = (w(uﬂ Y, )\),ﬁ(u,y7A,)\)), (4132)

apply the translation u = . By means of a near-identity transformation
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we can put (4.1.31) in pre-normal form
U = —qu,
91 =1 [p(1+ o) + fx (WPyi) + F(z,y, A)] (4.1.33)
Ay = Ay [p(1 4 @) + gx (uPy?, uP AY) + G(u, y1, A1, N)],

similar to the pre-normal form in (1.3.11)) where F' and G are of degree 7 or higher.

The initial conditions in the new variables are now given by

0
55 v1(0) = ¥(u(0),5,A) = s(1 + ho.t.), (4.1.34)

A1(0) = &(u(0), s, Ao(s), A) = Ag(s)(1 + h.o.t.).

u(0) = uo =

In order to define A in (zg,yg) for 1 —§ < zg < 1 but close to 1, we need to define

A at the point
TE -1 :L'Efl
= ).
(u1,y1,E) <xE+17¢(mE+1,yE7 ))

For this we need to determine an initial value sg on 3, in terms of the variables in

(4.1.31), and a time Tk such that

(u(Tg),y1(Tk)) = (u1,y1,E)-

A straightforward computation show that

To= -1 <ﬂ) : (4.1.35)
q uo

which indeed is a positive value. In order to determine sg, we compute the transition
of the first two equations of (4.1.33)) in reverse time with initial value (u1,y1,g) to
(uo, sg) on the cut 3. Due to Theorem [1.3.18] we see that

1 2(14a
sip = o (wyne) 1 (AQ) + Fluyae, V), (4.1.36)
0

where F(z, \) is of Mourtada type in the variable z and A()) is a C™ positive function
and s1,g = ¥(uo, g, A). Due to the fact that ¢ in is near-identity, we know
that sg approaches 0 as s1,r approaches zero and vice-versa. We reparametrize time
in such that the transition time from (uo, s1,g) on X to (u1,y1,£) is given by

1, i.e.

u = —qTgu,
1=y Te [p(1+a) + fr (uPy]) + F(z,y,N)] (4.1.37)
Al = AlTE [p(l + a) + 9 (upyllla upAle) + G(”v Y1, Al? A)} )

with initial values

u(0) = uo, y1(0) = s1,2, A1(0) = A10 = &(uo, 5, Ao(sE), A).
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A straightforward computation show that
i\t
u(t) = uoe B — 4 (—1> .
]
Denote z1 = uPy{. Tt is shown in [52] that z1(t) with initial value 21(0) = ugs{ p is
given by
N

2(t) =Y e TEQuOt, a), Nul'sT ' + ¥ (uhs] . A) (4.1.38)

=1
where 15 is an N-flat function for some N > 0, Q; is a polynomial of degree < i—1

in Q and where 2 is given by

epaTEt71

— a#0
Qt,a) = pe 7

Tt a=0.

If we replace the value (4.1.35)) of Tk into (4.1.38]), we get

N poy
ug \ ¢ i qi
21(t) = Z <u—?> Qi(Qt, ), Nu'si' g + ¥ (ubst g, A) (4.1.39)
i=1
where ( O)wt
20) ¢ " _q
u;
Qt,a) = por a#0

%ln (Z—‘l’) t a=0.
We now focus on the third equation of (4.1.37), i.e.
Al = AlTE [p(l —|— a) + ax (Zl (t),up(t)Atlz) + G(u7 Y1, Al, )\)} . (4140)

Denote
Ai(t) = Ay oePTITELQ (1),

This transforms (4.1.40)) into

pat 5
g (zl,ugA‘iO (E) 9q> +G(t,0,N)

u1

6 =TrO , ©(0) = 1. (4.1.41)

Observe that since gx(0,0) = 0, we can rewrite (4.1.41]) as
© = 0G) (u1, w1 In(uy), t),

for some C"-function G, similar to the proof of Lemma m Therefore, the
solution of (4.1.41)) is cn dependent on u; and wiln(u;) and can be written as
O(t,u1,u1 In(u1)). Since these monomial u; and w1 In(ui) are of Mourtada type,

it is easy to see that the function

Wt O(1, ur, ur In(ur)),
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has bounded partial derivatives with respect to w1 up to order k< 7, for uy close to
Zero.

Since Ay is f-flat in sg, and thus in s1,z, we get from (4.1.36|) that there exists an
L > 0 depending on 7, p, q for 1 sufficiently large, such that

AI,O = ulLA(ul, yE).

The desired expression Ai(u1,y1,g) is thus given by

uo

ut A(ur, yr) (—) e o(1). (4.1.42)

By choosing L big enough, we can make sure that ©(1) has bounded derivatives up
to degree n and the function given in (4.1.42)) is flat of degree n. O

4.2 Finitely smooth family linearization

In this section, we want to apply a similar procedure as in Section [3.2] but now

applied to a vector field of the form
T = %(1 - x2)7

N qN
i=y <p(1 +a)zr+ ) (AiNa+ BiW) (1 —2*)"y" + x(z) Y Cj(/\)yj> :

i—1 j=1

(4.2.1)
where the coefficients A;, B; and C; depend smoothly on the parameter A and x is

defined in (2.1.5)).

First we consider (4.2.1)) without connecting terms, i.e.

S — 4.2.2
Y (p“ +a)e+ D (AN + B - >y> | (4.22)

i=1
We want to reduce this to an easily integrable system by means of a formal transfor-
mation involving tags. Denote by z = (1 — x?)Py? the resonant monomial of (4.2.2)),
such that

N-1 _ (4.2.3)
3= Axz 4 2° (C;NA+z)+ Di(M)(1 —2))2",
i=0
where C; and D; are linear combinations of A;4+; and Bty for i =0,...,N — 1 and

A = pqo.
Observe that in contrast to (3.2.2)), there is an additional term, linear in z, due to
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the perturbation of the eigenvalues of the saddles. In order to reduce 7 we
need to introduce a series of tags with a compensator-like behaviour. For instance,
the Ecalle-Roussarie compensator defined in is a smooth function of x¢ for
o > 0, satisfying

al _ oow+ 1

Oxo o
and appears due to the perturbation of the eigenvalue by ag = qa(e) in .
Here we define the S;, and Sgr tags of order one as the smooth functions defined on

(—1,1) with S1(0) = Sg(0) = 0 where their time-derivatives S1., Sg satisfy
SL:(lfm)fA:cSL, SR:(1+ZE)7ALL'SR. (4.2.4)

The time-position relation between x and t is defined by the first equation of (4.2.3).
Define for every word * € W in the alphabet {L, R}, by induction on the length £(x),
the tags

Sur = (1 —2)S. — A(l(%) + D)xS.r, S.r(0) =0,
Sor = (14 z)S. — A(l(x) + 1)zS.r, S«r(0) = 0. (4.2.5)

Observe that these tags correspond to the tags defined in and for
a = 0. It is difficult to express the higher order terms in terms of the first tags as
we did in Proposition [3:2.2] due to the compensator-like behaviour. Indeed, a direct
computation shows that the solutions of are given by

_2 2vpate+)) [° S.(s)
Ser(@) = L1 =27 . (T ) = s2yral@rnT &

and
_2 2vpatet+) [° S.(s)
S«r(z) = 6(1 —z7) o (1= s)(1 = s2)pal@+n+1 ds,

where the difficulty lies in the appearance of powers which are not necessarily integers.

We can however show the following adaptation of Theorem [3.2.3] where we denote
by Wi the words of length k in W.

Theorem 4.2.1. There exists a formal transformation

oo

Zoo :z—szH Z Fi(z,\)Sx,

k=1 *EWy

where Fy are polynomial functions and the tags Sy are defined by (4.2.4) and (4.2.5),
such that (4.2.3) transforms to
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Proof: Denote by 20 = z and Wy = {1} We show that there exist coefficients
Ck,i(A), Ds«i(A) for every x € Wand i =0,...,N — 1, such that

(k+1)(N—1) )
2 = Axzi + Zk+2 Z Z (C*ﬂ()\)(l =+ $) + D*,I(A)(l — 1’)) ZZS*, (4.2.6)

*EWp, i=0

where we inductively define

(k+1)(N—1) _
=2 — 2> 3T (Cai(N)Sar + Dai(N)Sar) 2 (4.2.7)
*EWy i=0

It is obvious that (4.2.6)) corresponds to (4.2.3) for k¥ = 0. Therefore suppose (4.2.6)
is true for some k > 0 and apply (4.2.7)). By a straightforward computation we get

(k+1)(N-1)

Zhpr = Az + Az Y N i (Cli(\)Ser 4 D i(V)Sar) 21
*EW), i=0

(k+1)(N—1) |
ST (24 0) (Coi(VSer + Dai(V)Sar) 2
*EW), i=0
: (Z (C; (N1 + @)+ Dy (N1 - a?))zj> .
j=0

By replacing z by 3 ((1+ z) — (1 — «)) in the second term, and by observing that the
term for ¢ = 0 is zero, we see that this expression is again of the form (4.2.6). O

A natural question to ask is the asymptotic behaviour of the formal transformation

of Theorem with respect to x = 1. For this we denote

S.(z) = (1—2*)"S.(x),

for any * € W where £(x) denotes the length of the word. From (4.2.4), a straight-
forward computation shows that Sz (x) and Sg(z) satisfy
s =
Bh — (1= 2)(1 ~ 2*) - glpa -+ )25y,
r (4.2.8)

1- 332)% =(1+2)(1—2%) — q(pa+ 1)zSk.

Similarly, from (4.2.5)), we get

(1-a%)

NI IR

91— )3 _ (1) (1= )3, — g((+) + 1)(pa+ DS,
2 dgx (4.2.9)
g(l —2?) d;R = (1 +2)(1—2%)8, — q(¢(x) + 1)(par + 1)z, .

These adapted tags are of Mourtada type (see Definition [1.3.17) at z = +1 as we

prove in the following theorem.
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Theorem 4.2.2. Consider the function S.(x) for some x € W defined by [£.2.8) and
(4.2.9). For any k > 0, we have

d*S d*S
: 2\k * : 2\k *
zi1£r11+(1 —z%) e (x) = ml;r{lﬁ(l —z7) e (z)=0. (4.2.10)
Proof: Define recursively for any * € W the functions

. d§i71

7 —(1— 2 *

Sl = (-2 5 @),
for i > 1, where S%(x) = S.(x). Tt suffices to prove that

lim S¥(z) = lim S¥(z) =0, (4.2.11)

z——11 r—1—

for any k > 0. Indeed by an induction argument, we see that

L dS,

Sh@) = (1 -5

(J]) +GE (l’,gs,. . '75571) )
for some smooth function G* where
G¥(z,0,...,0)=0.

Therefore showing (4.2.11)) for any & > 0 immediately proves (4.2.10) for any k£ > 0.
We will prove that (4.2.11)) is true for any & > 0 by induction on the length £(x). First
we show that the statement is true for Sz.. The proof for Sg is completely similar.
Due to (4.2.8), we know that the graph y = Si.(z) is tangent to the vector field
&= 92(1 — z?),
2 ) (4.2.12)
g =—alpa+zy+ (1 -2*)(1 - z).
If we impose that

1
pa+1> > (4.2.13)

we know that (4.2.12)) has two singularities (£1,0) which are nodes. Similar as in the
proof of Lemma [2.3.13| we can show that the solution passing through the origin also

passes through the nodes since it can not diverge to infinity. This means that

lim Sp(zx)= lim Sp(z) =0. (4.2.14)
z——11 r—1"
Now from (4.2.8)), it immediately follows that
2

S (x) = 6(1 —2%)(1 — z) — 2(pa + 1)zSL (z).

By induction on k, it is an easy exercise to show that

Si(z) = (1 —a*)HE () + i FP(2)8} (), (4.2.15)
1=0
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for some smooth functions H¥, Ff’(m) fori=0,...,k—1. Hence by induction on k,
starting from (4.2.14)), using (4.2.15)), we can show that

lim S§(z)= lim Sf(x)=0,

z——11 z—1—

for any k£ > 0.
Suppose (4.2.11)) is true for any word * € W,,, m > 1. In order to finish the induction

procedure, it suffices to prove

lim+§fL(x) = lim S¥ (z) =0, (4.2.16)

z——1 z—1—
and similar for S¥5(z) for any k > 0. Since the proofs are similar, we will only prove
the result for S, (). Due to ([@.2.9), we know the graph y = S.z(z) is tangent to
the vector field
(1 - ,’.E2),
§=—q(m+1)(pa+zy + (1 - 2%)(1 — )5, ().
Since we assumed that (4.2.11)) for £ = 0 and we still impose (4.2.13]), we have that

this describes a vector field with two nodal singularities (£1,0). Similar as in the

. _ g
T =3

case S1,, we see that the solution passing through the origin passes through the nodes
and hence
lim S.z(z) = lim S.p(x) =0.

z——11 z—1—

As before, this together with (4.2.11)) induces (4.2.16)), since for any k > 1 we can

write
k—1

Stu(@) =3 (HE @S (@) + I ()81 (@)
=0
for some smooth functions H*' F&* for i =0,...,k — 1. O

The formal transformation obtained in Theorem [£.2.1]induces a transformation in the

original variable y as it did in (3.2.9)) which we can apply to the full system (4.2.1]).
Hence we have the following result.

Theorem 4.2.3. Consider the vector field (4.2.1) with p,q € N and gcd(p,q) = 1.
There exists a near-identity coordinate change which is finitely smooth in x and formal
my
(z,y) = (2, ¥00) = (2, y(1 + ¢(z,y, N))),
formally bringing (4.2.1) to the vector field
&= %(1 - $2),

' (4.2.17)
Yoo = Yoo (p(l +o)z+ 3277, Filx, A)yéo) ;
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where the functions F; are smooth for z in a neighbourhood of [—1,1] and are in-
finitely flat at x = £1. Formally, in terms of z = (1 — x?)Py?, the transformation @
corresponds to the transformation obtained in Theorem [[.2.1]

The remaining connecting terms can be removed in a similar fashion as in Theorem
5.2.9]

Theorem 4.2.4. Consider (4.2.17) with p,q € N and ged(p,q) = 1. There exists a

near-identity coordinate change which is finitely smooth in x and formal in y
(2, Yoo) = (2,Y) = (@, Yoo (1 + ¥(@, Yoo, A))),
formally bringing (4.2.17)) to the vector field

i=2(1-2%),

) (4.2.18)
Y =p(1+ a)zY.
Moreover, the transformation 1 can formally be decomposed as
G,y N) =D Gilw,s, Ny,
i>1
oy (14a) o
where s = (1 —2°) ¢« and G; is C*.
Proof: Let Yo = yo. We prove that there exists a sequence of near-identity

transformations Y;11 = Y;(1 + v;(z, Y;, A)) which can be smoothly decomposed as a

function of x, s, A such that for every ¢« > 0, we have
T = %(1 - :172)7
. i _ (4.2.19)
Yj = Y; <p(1 + a)nc + Z Fj’i(a:, )\)Yj) s
i=j+1
where the functions Fj; are smooth for z in a neighbourhood of [—1,1] and are

infinitely flat at x = +1. For j = 0, this immediately corresponds to (4.2.17)), so

suppose it is true for some j > 0. Then we apply the transformation

Y =Y+ H(z, VYL,

where Hj(z, ) is a solution of

g, 2 0H(z))
2(1 ) ox

By virtue of Lemma [4.1.2] this transforms (4.2.19) to

—pi(1 4+ a)xH;(z,\) + Fjj+1(x, \) = 0. (4.2.20)

T = %(1 - 1‘2),

Yip1 = Yin (P(l ta)r+ Y Fia(a DY + O(Y}TE)) :

i=j+2

(4.2.21)
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Similar as in the proof of Theorem (|3.2.9)), we can show that these higher-order terms

are all infinitely flat at x = £1. Therefore (4.2.21) is of the form (4.2.19)) for j replaced
by j + 1. Hence it suffices to prove that there exists a solution Hj(z, \) of (4.2.20)

that depends smoothly on (z, s, ). This is obvious since we can take

2 € F;; u, A
Hj(z,\) = *Spk/ — (p‘k(ﬂ);)H
q 0 (1—u?) «

where due to the flatness of F' the last integral is a smooth function of x. O

du,

If we combine the formal transformations of Theorem [£.2.3] and Theorem [.2.4] and
realize these transformations using Borel’s Theorem [1.2.5| combined with the removal

of flat terms as we did in the proof of Theorem [I.1.8] we get the following result.
Theorem 4.2.5. Let n > 1 be arbitrary and consider (4.2.1) with p,q € N and
gcd(p,q) = 1. There exists a finitely smooth near-identity coordinate change

(@,y) = (2,Y) = (z,y(1 + 2(z,9,))),

bringing (4.2.1) in the form (4.2.18)). Moreover, we can express ® as a C" function

in the variables

_ 14a
(‘rayv (S*)*€W7(1_x2) a ) )
where the tags S. are defined in [£.2.8) and ([@.2.9).



Chapter 5

Application to homoclinic connections

In this chapter we illustrate the results of Chapterand Chapter We study graphics
having only one singularity which is non-elementary. We confine ourselves to the case
where the singularity is either a cusp (Section or a fake saddle (Section [5.2).
When we consider perturbations, we will always assume that the singularity remains
unperturbed. This chapter is also part of [I2] which is accepted for publication in

Journal of Differential Equations.

5.1 The cusp

We consider a vector field unfolding a cusp-singularity as in [41]. We assume that the
vector fields are already written in Loray’s normal form (see [36]). In this paper, the

author distinguishes two cases:

o JE= 22kt (f) + ng(h)), (5.1.1)

§ = 32” + 3yh™ (f(h) + zg(h)),

where f(0) # 0 and

5, | &= 2 20m" () + 2g(), (5.1.2)

y =3z + 3yh™ (hf(h) + zg(h)),

where ¢(0) # 0 with h := 2 — y? and f and g are C*™ in each case. We perform
a quasi-homogeneous blow-up (z,y) = (2 cos,r®sin@) leading to two hyperbolic
saddles on the blow-up locus with reciprocal saddle quantities (see Figure . One
can check that the two cusp separatrices of a, (respectively ) approach the origin
in the directions 6 = 46 for some 0y € ]O, g [

113
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Figure 5.1: Quasi-homogeneous blow-up of a cusp

In order to get the transition map near the right part of the blow-up locus, we consider

the directional chart (see Figure[5.2))
(z,y) = (Y2, Y*X). (5.1.3)

The variable Y serves as the radial variable whereas X acts as (projectivized) angular

variable.

Figure 5.2: Projective blow-up (5.1.3])

To study the part to the left of the singularity one would first think of considering
a similar directional chart, which would give us information on the directions 6 €
]%, 37"[ However, as this region does not include 6y it is better to replace this
directional chart by a chart using a rational parametrization of the parabola that

approximates a circle near § = 7 (see Figure[5.3):

(z,y) = (Y?(X? —1),2Y°X). (5.1.4)
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Again, the variable Y serves as the radial variable whereas X acts as angular variable.
In fact it reveals convenient for the computations to do some scaling; we will hence
use instead:

(x,y) = (aY?(4X? —1),4Y°X), where a:= %21/3. (5.1.5)

As will be explained in (5.1.9)), this choice of a is necessary to have a nice factorization
of the X equation.

Figure 5.3: Parabolic blow-up ({5.1.4))

5.1.1 Projective blow-up

In this section we consider the vector fields in Loray normal form in the blow-up chart
(5.1.3). For a, we find, after division by the non-negative factor Y:

o, X =302X0, (5.1.6)
Y =YX+ H"(f(H)+Y?g(H)),

where f(0) # 0 and H = (1 — X?)Y®. Similarly, 8, becomes
X =3(1 - X?),
Br:q . (5.1.7)
Y=YX+H"(1-X*Yf(H)+Y?g(H)),

where g(0) # 0. In both cases, the saddle connection lies on Y = 0 between X = +1.
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5.1.2 Parabolic blow-up

In this section we consider the vector fields in the blow-up chart given by (5.1.5). A

straightforward computation gives

X\ 1 6XY —a(4X?-1) @ (5.18)
Y ) 4aY3(8X2+1) \ —2v? 4aXY 7 "
Let us first compute X

- 3Y 2 3 2 1\3
X = 4a(8X2+1)(16X a’(4X° - 1)°).

For the special value a® = 16/27, this simplifies to

X = %:J“D(l—xﬂ (5.1.9)

After division of (5.1.8)) by the non-negative factor %(1 +8X?)Y and normalizing by

Y = (8X2 +1)"'/%Y,

we obtain
X =3(1 - X?),
an iy . _ . L P o (5.1.10)
Y =XY + WH"(']L‘(H) + amy g(H)),
and
X =3(1-X?),
Bn % . ) . o Pt o (5.1.11)
Y =XY + WH”(H‘]C(H) + CLWY g(H)),
where H = —18(1 — X?)Y°.
5.1.3 The normalizing transformation
All the previous vector fields can be written in the form
& =3(1 — x?),
(5.1.12)

=y (z+ Fx)y* +0(y")),

where k = 6n — 1,1l = 6n + 1, respectively k = 6n+ 1,1 = 6n + 5, for a,,, respectively
Br and where F' is not identically zero. We show in this section that the first non-zero
term gives rise to a non-zero connecting term in the normal form which is of
lower order than the resonant terms, i.e. we are in the case k < mgq of Theorem [3-3.2}
As an application of Theorem we have the following.
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Lemma 5.1.1. Let k = 6n — 1 for somen > 1 or k = 6n + 1 for some n > 0.
There exists a smooth coordinate transformation (x,y) — (z,z) = (z,p(x,y)), such
that system (5.1.12), with F' not identically 0, is orbitally equivalent to

& =3(1 —2?),
i =z [z +yx(2)2" + x(2)2" f1(z) (5.1.13)
+(1— 2?8 (fg ((1 — :IJ2)2’6) + xfs3 ((1 - 3:2)26))} ,

where v # 0, k < 6l and fi1, f2, f3 are C*. Moreover, we have
y=z+G(x)" + O(ZZ'H),
where G is a C* solution of
—3(1 — 2%)G () — kzG(z) + F(x) = vx(z). (5.1.14)

Following the method of proving Lemma |2.3.13] the coefficient ~ in (5.1.13]) has the
property that it is the unique coefficient for which (5.1.14]) has a smooth solution G
in a neighbourhood of [—1, 1] and depends on the function F. For each of the cases

above, we want to compute the coefficient . For this, we need the following lemma.

Lemma 5.1.2. Letp, k,q € No such that ged(p,q) = 1 and X = % ¢ N. Let N = |\].
There ezists an v € R such that the differential equation

—q dh(z)

5 " dy (1 — z?) — pkah(z) + (1 — 2°)V T = yx (), (5.1.15)

has a C* solution in a neighbourhood of [—1,1]. Moreover,

P 1yAr(i-a)
) r-a)

where o = A — N.

Proof: It only remains to explicitly compute v, since the existence of such a ~
that has a smooth solution is guaranteed by virtue of Lemma The
coefficient v corresponds to the unique value where the curves y = ¢+ (x) and y =
1~ (x), tangent to the vector field

T = %(1 - :172)7

(5.1.16)
§ = —pkay + (1 — 2*)N T — yx(x),

and given by the locally smooth solutions near the nodes (—1,0) and (1,0), coincide
on the interval (—1,1). In order to compute 7, we need to provide explicit expressions
for the C*°-graphs y = ¢~ (z) and y = ¢ (z) (see Figure [5.4).
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1(0,,(0))

Yy = ¢q(2) N
M y =1 (z)

(o, ‘P’v(o)):

Figure 5.4: Connecting the smooth graphs

One can easily verify that

o (z) = (1fzz)@/xu7u2)—“du7(17x2)*73 /w g 5117)

q.J-1 qJ g (L—u?)
where & = A — N € (0,1), is a solution of (5.1.15). It remains to prove that this
solution is locally C*° near z = —1. We claim that
2 2\ A i 2\ —«
-(1-2z%) (1—v") %du=
q -1
2170(

N+1 r+1
m(1+x) + (l—x)xhypergeom ([oz,l—ozL[Q—oz], 5 ),

where the hypergeometric function is defined in Section Since this is C'*° near
x = —1, we know that (5.1.17) describes the local unstable manifold. We prove the

claim using Euler’s formula for hypergeometric functions (|1.2.9):

x 5 PR x+1
/ (1—u”)"%du™"= /0 272 —2)"%dz

-1
e [ (1 ()
0

_ 12:“01(1”)1*&%/01,& (14(1;35 )wdt
oo

_ 11— _ N ZE+1
—1_0[(1+x) hypergeom([a,l a],[2—q, 5 )

Similarly, we can show that

Py (z) = _q(217:aa)(1 — )N (1 + 2) hypergeom ([a, 1-q],[2-q], ! ; x)
(120 © x() »
(1 ) q /1 (17u2))\+1d ’

describes the local stable manifold near © = 1. We have ¢, (0) = 1, (0) if and only if
27 1 ! x(u)
1_ahypergeom ([a,lfa],[Qfa},i) :'7/0 mdu.

The result now follows from the fact

I = Ca
hypergeom ([a, 1-a],2-q], 1) _ 2 VTT(2 — @)

2 r-a) '
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O

Thanks to Lemma [5.1.1] and Lemma [5.1.2] the first coefficient in the normal form of
(5.1.6)) can be deduced.

Corollary 5.1.3. There exists a C*° function h(x) defined in a neighbourhood of
[—1,1] that satisfies

dh(z)

(1= a®) = (6n — Dah(z) + (1 - 2*)" = x(@),

TrequiTing

U w1V ()
| T T

The other blow-up vector fields (5.1.7), (5.1.10) and (5.1.11) need to be treated in
a similar way. Lemma [5.1.1] applied to these vector fields provides us a differential
equation which should be smoothly solvable. By choosing ~ wisely, as a
consequence of Lemma this is possible in a similar way as in the proof of

Lemma First we consider (5.1.7).

Corollary 5.1.4. There exists a C* function h(x) defined in a neighbourhood of
[—1,1] that satisfies

dh(z)
dx

(1 —2%) = (6n+ zh(z) + (1 - 2*)" = yx(2),

TequITING

e T

) VA (3)
7/o ( a

Proof: It is a straightforward computation to see that

()

-3 dx

(1—2%) — (6n+ Daf(z)+ (1 —2z°)" + 201 — 2" =0,
has a smooth solution

f(x) = 3z(1 —*)".
Hence to solve the ODE as stated in the corollary, it suffices to solve

_3%(93@(1 —2%) = (6n + Dzg(x) — 2(1 — *)"" = yx(a).

The solution h is then simply given by f + g. In order to solve for a smooth g, we

can apply Lemma [5.1.2 O

If we treat ([5.1.10)), we have
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Corollary 5.1.5. There ezists a C*° function h(zx) defined in a neighbourhood of
[—1, 1] that satisfies

dh(x)

(1= 2%) = (6n — Dah(z) + (1 — 2°)" (82 + 1)7%% = yx(x)

-3

TequUITING

1 3/2
x(t) _1
”/0 1=yt = 3T(3)T ()

Proof:  Similar as in the proof of Lemma [5.1.2] we need to connect both local

smooth solutions. The local smooth solution near x = —1 is given by
_ 1 2 n—1/6 * (8t2 + 1)_2/3 X(t)
D, (r) = 5(1 - ) L (- t2)5/6 - '7(1 — t2)n+5/6 dt.

We see that this is smooth near x = —1 as follows
/ac (8t2 + 1)72/3 i e /x+1 (8(2 . 1)2 + 1)72/3
L, (1 —2)5/6 -/ 25/6(2 — 2)5/6

el 1 2 —2/3
(:+1) (z + 1)1/6/ (8(Ur(/fz+ H-1)7"+1) du
o ub/6(2 — u(x + 1))5/6

dz

This integral, which smoothly depends on x, is finite on a neighbourhood of x = —1.

Similarly the right smooth manifold is given by

1 avn—1e [T (87 + 1)/ x(t)
\IJ’Y('T) - g(l—l’ ) /1 (1*t2)5/6 _7(17t2)n+5/6dt'

Hence we want
1 1 2 —2/3
t t 1
W/ x(t) i dt:/ B+
o L=ep st )y Ty

The expression as stated in the corollary can be found using MAPLE. (]

Finally for (5.1.11}), we have

Corollary 5.1.6. There ezists a C*° function h(x) defined in a neighbourhood of
[—1, 1] that satisfies

422 — 1
(8z2 + 1)4/3

dh(z)

-3
dx

(1 —2®) = (6n+ D)zh(z) + (1—2*)" = yx(x),

TequITINgG
[ O T
o G=ey et T T T
Proof: Denote
422 —1

F(z) = CErS s
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We need to do a similar trick as in the proof of Corollary to elevate the degree

of (1 —2?). This is done in the following way. Consider

dh(x)
dx

-3 (1 —2°) — (6n+ Dzh(z) + F(z)(1 —2*)"(1 + 2(1 — %))

21— 2%)" " F(x) = 7x(a).

By a straightforward computation using partial integration and an argument similar
as the one in the proof of Corollary [5.1.5] we see that the left smooth invariant

manifold is given by

oavn 1 ovntise [ 3uF'(u) + 2F (u) x(u)
®,(z) =xF(z)(1 —=x%) 75(171’ ) T - +7(1_u2)7/6du,
and the right smooth invariant manifold is given by

o 2\n 1 2\n+1/6 z ?)UF/(U) + 2F(U) X(U)
Uy (z) =zF(x)(1 —x) —g(l—:ﬂ ) ) NG +’y(1_u2)7/6du.
As before, ®(0) = ¥, (0) amounts to
1 1 /
x(w) _ 3uF'(u) + 2F (u)
) ==, o
__V3TEILE)
2 N3 '
The expression as stated in the corollary can be found using MAPLE. O

5.1.4 The transition maps and cyclicity

Theorem [3:3.2] states that the transition maps for the vector fields a, are of the form
D(x0) = —20 + 2yAen_1(1 — 22)" /% + h.o.t.,

where v denotes the first non-zero coefficient in the normal form and

1
_ X(t)
Aﬁnfl - /0 (1 — t2)n+5/6 dt

The notation ‘h.o.t.” denotes the higher order terms with respect to the variable
14 zo as explained in remark Hence for (5.1.6) by Corollary we have

V7T (5)
2
r(3)

and for (5.1.10)), by Corollary |5.1.5, we have

D(z0) = —z0 + f(0) (1—a2)""° £ ho.t., (5.1.18)

" 7-‘—3/2 2\n
3 6
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Similarly for the vector fields 3,, we have
D(20) = —20 + 2yAens+1(1 — 23)" /% + hoot.,

where ~ denotes the first non-zero coefficient and

1
_ X(t)
A6n+1 - /0 Wdt-
Hence the transition map for (5.1.7) is given by (see Corollary |5.1.4))
V7T (3 n
F(“()G)(1 —25)"""* + ho.t,
3

and for ((5.1.11)) by (see Corollary |5.1.6])
16\" T(3T (2
D(z0) = —mo — @ _16 g(O)M(l —2)" £ hout..
v
We combine the results in each of the blow-up maps (5.1.3) and (5.1.5) to get an
upper bound on the cyclicity of a cuspidal loop where the cusp is locally smoothly

conjugated to (5.1.1) or (5.1.2). Write
Lin ={(=1+4=,1) | [z| << 1}, and Zows = {(1 =y, 1) | [y] << 1},

D(zo) = —zo — 29(0)

and use x, respectively y to parametrize Yi,, respectively You. In this way, the
transition map D : Xi, — Yout can be considered as a one-dimensional function
y = D(x). The two cases z > 0 and z < 0 corresponding to either the blow-up chart
or correspond to two different types of limit cycles, namely the interior
and exterior ones. In this way we can bound the cyclicity of the inner or outer limit
cycles separately and also bound the true (two-sided) cyclicity as we explain shortly
here. Without going in too much detail, the transition map near the blow-up locus

of (5.1.1)) is given by

n+5/6 i
D(@)=4" +a RSO +0(1)), iz 20, (5.1.20)
x4 |z|"T/° (nf(0)+0o(1)), ifz <0,

for some non-zero k, n related to the coefficients in ([5.1.18]), respectively (5.1.19).

Observe that this map is only C™. When there is a cuspidal loop, one can consider
the inverted regular transition R : ¥i, — Yout near the loop. The most degenerate
case is when

R(z) =z + h.o.t..
Since this is C* at x = 0, its asymptotic expansion does not contain non-smooth

terms which can compensate for the non-smooth terms in the map D. Hence if we
look at the difference map A(z) = D(z) — R(x), we know that

xs/G(Rf(O)—i—o(l)), ifx >0,

A (@) = 5/6 (~ .
2%/ (7f(0) +0(1)), ifz<o0.

(5.1.21)
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This has only one zero in a neighbourhood U of x = 0. Due to Rolle’s Theorem, we
know that A can not have more than n + 1 zeroes in U. This allows us to give a
partial cyclicity result since zeroes of the difference map correspond to limit cycles of
the system. We can put an upper bound on the cyclicity of a specific family of vector
fields perturbating from the cuspidal loop where the cusp is conjugated to or
as follows.

Suppose we have a family X, of smooth vector fields defined in a neighbourhood
V' of the parameter Ao such that X, contains a cuspidal loop I'. Suppose that for
every A € V the vector field X has a cusp singularity conjugated to where
f(0) can depend on A but remains non-zero. The results above remain true, however

the coefficients become parameter-dependent. Moreover the coefficients £ and 7 in

(5.1.20) and (5.1.21]) can also be parameter-dependent. Even though, the statement
that (5.1.21)) has at most one zero in a neighbourhood U of z = 0 remains valid.
Hence we can find a neighbourhood W of I" such that X, has at most n + 1 limit

cycles contained in W.

In a similar way we can show that for a family of vector fields X conjugated to (5.1.2))
with a cuspidal loop I for X, can have at most n+2 limit cycles in a neighbourhood
W of T.

5.2 The fake saddle
Following [I3], we consider a degenerate planar singularity of the form

i = Az? + bry + O(||(z,y)I1%),

(5.2.1)
y=2+y* + O (z v,

with A% < 4(1 —b) and b € (0,1) (see Figure . These are the conditions under
which the origin has exactly two hyperbolic sectors, an incoming separatrix and an
outgoing separatrix. Both separatrices are of center type, and are similar to the two
branches of a one-dimensional saddle-node singularity. We show in Section that
after a homogeneous blow-up a saddle connection along the equator connects two
hyperbolic saddles with ratios of eigenvalues b —1 : 1 and 1 — b : —1. As we are
interested in this thesis in the study of the resonant case, we confine ourselves to the

cases 1 — b equal to 1 or 3. Other resonant cases (1 — b € Q) demand more involved

calculations and shall therefore not be handled in this text. Even the case 1 — b = %

with k& € N requires a non-trivial computation since one needs to compute a residue

(17‘;(% at x = 1 and = —1 in general. Before examining the

transition map along the fake saddle by seeing it essentially as a transition through

of some function

two symmetric saddles, we first put the system in an elementary form in Section[5.2.]]

and Section In Section we deal with the case b = 0, in Section we
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deal with b = % Since it is merely our intention to demonstrate the applicability of

the results in this thesis, we confine ourselves to these two cases.

(a) Phase portrait (b) Blow-up

Figure 5.5: Fake saddle

5.2.1 Persistence of SN-fiber

We blow-up the singularity by writing (z,y) = (rX,ro) (with 0 = +1) (see Figure
to find:

r=or(X+1)+ O(TZ),

X =0X(0AX — X2 +b—1).
The origin (r, X) = (0,0) is a saddle. Then we have two C*°-separatrices X = ¢(r)
and r = 0 each of them defined in a neighbourhood of the origin. For o = +1, the two
saddle points which appear in the polar blow-up are glued in a single saddle point,

whose invariant manifold blows down to a C'° invariant graph

z = y(y),

where 9 is defined and smooth in a neighbourhood of 0. This manifold corresponds
to the SN-fiber and by a C°° change of coordinates we can straighten it to x = 0.
5.2.2 Preliminary normal form

Up to a smooth change of coordinates, we can assume that £ = 0 is an invariant

manifold passing through the fake saddle. The behaviour of the vector field on this
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line is of the form

Y= y2 + h.o.t.,

which can be put in a normal form by a C°° transformation, eliminating all higher
order terms in the above equation except maybe a resonant cubic term (see [54]).

Thanks to this latter transformation, the system takes the form

& = Ax® + bay + 2 O(||(z,y)[1%),

) ) 5 ) (5.2.2)
§=2"+y" + oy’ +20(|(z,9)),
for 0 = 0,1. We reduce the terms of homogeneous degree 3 and higher as follows:

Lemma 5.2.1. Consider the vector field (5.2.2)). There exists a formal conjugacy
such that this vector field is conjugated to

o Case 1: b=0

i = Az® + 23 f(x) + Bx™y,

(5.2.3)
v =% +y?+ oy’ +2°g(x) + zh(x)y®,
for some m > 1, B#0, or
&= Az? 4+ 23 f(x),
f(@) (5.2.4)
v =% +y?+ oy’ +2°g(x) + zh(x)y®,
e Case 2: b= %, with N € No, N > 2
& = Az? + 22 f(z) + bay,
f(@) + bay (5.2.5)
g =2’ +y* + oy’ +2°g(2) + az™y? + p2*Ny,
o Case 3: b= %, with M € No odd, M > 3
& = Az® + bay + 22 f(2),
yrof@ (5.2.6)
§=2"+y" + oy’ +2°g(z) + BzMy,
e Case 4: b#0 and b # %, with K € No
& = Az? + bxy + 23 f(2),
y+ofle) (5.2.7)

y=a>+y° + oy’ + 2°g(x).

The functions f,g and h are C* in each of the cases.
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Proof: We consider (5.2.2). Suppose the vector field is already in the expected
form up to homogeneous degree N > 2. In order to reduce the term of homogeneous

degree N + 1, we apply a transformation of the form
(z,y) = (X roxYhy + DX’“Y’) ,

where k > 1,1 > 1 and N = k + [ (similar as in the work of Takens [54]) and work
by induction on k. To see the effect in the lowest homogeneous degree, it suffices to

consider the effect on the quadratic terms of the vector field
& = Az? + bay,
y=a+y
This transforms to
X = AX?2 4 bXY 4+ C(b—1 — bk)XFy'+?
+ C(24 — Ak +bD)X* Y —jox P2yt
Y = X2+ Y24+ D(2—bk—1)X*YH + (20 — ARD)X* 1yl — [Dah 2yt
where we omit the terms of higher order. Remark that b — [ — bk # 0, such that we

can eliminate the term X*Y'*! in the first equation of (5.2.2). We can choose D to
get rid of the term X**'Y"? in the second equation, if and only if

21
bt .

Since b € [0,1), this can only happen when | = 2,b = 0 and when | = 1 and b = +

for some N > 2. Next we consider the transformation when [ = 0 and k£ > 2, to see

X = AX? +bXY + C(b—bk)X*Y + (CA(2 — k) + bD) X*+1,
Y = X2+ Y24 D(2—-bk)X*Y + (2C — DEA) X 1,

Observe that b — bk can only be zero if b = 0 and 2 — bk is zero when b = % as before

or when b = % with M > 3 and odd. With this method it is impossible to eliminate

the terms which are independent of y. By induction, we get the forms as described

in the lemma except for the case b = 0. Here we have after induction
b= As? + 2 f(2) + B(2)y,
g =2 +y° + oy’ +2°g(z) + zh(x)y’,

for some formal function B(z). In the case that B vanishes, i.e. B(z) = 0, we
immediately get (5.2.4]). Otherwise, we can suppose that there is a B # 0 and m > 1
such that B(z) = Bz™(B + zq(z)). If we apply a transformation z = ®(X), where

P(X) = X +0(X?),
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is a smooth solution of
BX™0'(X) = B(®(X)) = ®(X)™(B + &(X)q(®(X)),

we get

X = AX? + X*f(X) + 275y = AX? + X3f(X) + BX™y,
§=X2+1? + oy’ + X3G(X) + Xh(X)y®.

O

In order to compute the transition map near the saddle-node fiber, it suffices to work
up to equivalence. In this way, we can simplify even further. The proof is a simple
adjustment of the induction argument in the previous lemma where we rescale in each

induction step.

Lemma 5.2.2. Consider the vector field (5.2.1). There exists a formal equivalence

such that this vector field is equivalent to

e Case 1: b=0
i = Az® + 23 f(z) + Bz™y,

(5.2.8)
g =2’ +y* +a’g(x),
for some m > 1, B#0, or
&= Az? 4+ 22 f(x),
I (5.2.9)
g =2’ +y* +a’g(x),
o Case 2: b= %, with M € No, M >3
& = Az? + bay + 3 f(x),
y+af(e) (5.2.10)
§=a”+y° +a’g(x) + fz'y,
e Case 8: b# 0 and b # %, with K € Np
& = Az? + bzy + 23 f(2),
y o) (5.2.11)

§=a+y* +a’g(a).
The functions f,g and h are formal series in each of the cases.

Proof: We multiply the acquired vector fields form Lemma with 1 — oy. In
degree 3, we get an extra term x?y. This is part of the local normal form, or can be
eliminated using the procedure of Lemma [5.2.1] without adding terms of degree three

dependent on y. On the higher order terms we then apply the same procedure.
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When b = 0, we apply after each step of degree N 4+ 3 with N > 1 a reparametriza-
tion by multiplying the vector field with 1 —~yz™y, where v is the coefficient of zh(z)
corresponding to ™. In this way we construct new terms of degree N + 3 of degree

at most 1 in y, which we can again eliminate using the normalization procedure.

When b = %, we multiply the vector field with 1 — az™ after normalization up
to degree N + 2. All changes are in higher degrees except for a term in degree N + 2

with degree 1 in y, which we can eliminate again by normalization. (]

Using Borel’s Theorem (Theorem [1.2.3), we can realize these transformations as C*°
functions, however some flat terms arise. We will omit these from the notation, since
after a blow-up procedure they contribute to a flat term in the radial variable which

can be eliminated according to the results in Section [2:4]

5.2.3 Generic transition map with 1:1-resonance

By Lemma [5.2.2] we consider for b = 0 a vector field of the form

& = Az? + 2% f(x) + Bz™y,
f=) v (5.2.12)
§=a®+y* +a2%g(x),
for some m > 1 and B # 0. Denote fo = f(0) and go = ¢(0) and assume that m = 2
in order to simplify computations. We know that the ratio of the eigenvalues of both
saddles is —1.

Similar as in Section [5.1] we apply a parabolic blow-up of the form

(z,y) = (Y(X* —1), XY). (5.2.13)
After multiplication with X;;,r 1 we get

X =1(1-X%) [1+(1- X*)F(X) + F(X)Y + O(Y?)],

‘ (5.2.14)
Y = XY + (1-X*)G1(X)Y +G2(X)Y? +0(Y?),

where

F(X)=AX — X?,
Fi(X) = (1= X?)(—=goX" + foX* + (B +2g0) X* — foX — go),
Gu(X) = —X3 + %AX2 - %A,

Ga(X) = — 5 (1= X2 (=200 X" + foX* + (B+200)X — fo)
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In order to compute the dominant term in the transition map, we need to put (5.2.14))
in semi-local normal form and identify the first non-zero resonant or connecting term.

This is done as follows.
Lemma 5.2.3. There exists a smooth transformation
(X,Y) = (z,9) = (X, 0(X,Y)),
such that the system is orbitally equivalent to
b= 30-a?)
g=ylz+(az+p0)(1-2")y+ (1 -2 («f (1 -2")y) +g (1 -2")y))],

for some smooth functions f and g. Moreover, we have

6—B<le\/ﬁ>.

Proof: The existence of a smooth equivalence as stated in the lemma is immedi-
ate from Theorem [2:1.2] It remains to compute the coefficient 3. This is done by

repeating the first steps in the normalization procedure. Denote

GX)=1+(1-X*)F(X)= (1 - X% 4 ?X)2 + (1 - A;) X2

which is strictly positive for A? < 4 = 4(1 — b). We divide the vector field by the
factor between square brackets in (5.2.14) and apply the transformation

Y = ¥(X)Z,

X > A
1-X —
W) = exp (/ u2+Au+1du>.

After a straightforward computation, one can deduce the system

where

X = %(1 - X2)7
7 =XZ+ H(X)¥(X)Z>+0(2%),

where
G1(X) - XF(X)

H(x) = LT

and

G2(X)— XFi(X)— (1 - X)F(X)H(X)
G(X) '

By direct computation, we can see that we can decompose

Hqi(X) =

Hy(X)¥(X) = (1 - X?)(aX +B) + (1 - X*)*Ha(X),
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for some constant @ and C*° function H2 and with

=B <1—e\/4A2> )

By a transformation of the form (X, Z) = (X, Z1) = (X, Z+h(X)Z?) we can eliminate
the term (1 — X?)?Hy(z)Z?. The rest of the normalization procedure of Theorem

2.1.2lis of the form
(X7 Zl) — (lf,y) = (X7 Zy + Z%Q/}(X, Zl)) )

for some smooth function ¥ and thus leaves the coefficient S unchanged. O

Combining Lemma and Theorem [3.3.2] the transition map of (5.2.12) in the
blow-up chart ((5.2.13)) is asymptotically given by

—2Am

D(x¢) = —x0 + B (1 —eV 4A2> (1 — z3)?log(1 + z0) + h.o.t.. (5.2.15)

Observe that blow-up chart (5.2.14)) only allows us to describe the dynamics for x < 0
of (5.2.12). However if we apply the reflection x — —x to (5.2.12)), then ([5.2.13)

describes exactly the dynamics for x > 0. After the reflection the sign of A and B
changes in ([5.2.12)). If we repeat the discussion above, we compute in this case that
the transition map in the blow-up chart is asymptotically given by

2AT

D(x¢) = —x0 — B <1 —eV 4A2> (1 — z3)?log(1 + z0) + h.o.t.. (5.2.16)

Combining these results and by considering the difference map A as in Section [5.1.4]

we see that A’(z) locally has one zero if A and B are non-zero.

Again this can be generalized to a parameter-dependent situation. Suppose X is
a family of vector fields such that for all A in an open set U there is a singularity
of the form with b = 0. Suppose X, has a fake saddle loop I' and is locally
equivalent to with AB # 0. Then there exists a neighbourhood W of I" such

that X does not contain more than two limit cycles for A € U.

5.2.4 Generic transition map with 1:2-resonance

When b = %, the saddle quantity is given by %, respectively 2 at the saddles after
blow-up. Using Lemma [5.2:2] the vector field can locally be transformed to

i = Az® + 2° f(z) + Sy,

(5.2.17)
y=a"+y* +ag(x) + Bay,
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for some 8 € R and some C*° functions f,g. Denote fo = f(0) and go = g(0). After
blow-up (5.2.13]) and multiplying with @, we get a vector field of the form

X =101-X2)[1+(1-X)F(X)+ F(X)Y +0(v?)],

. (5.2.18)
Y =2XY 4 (1 - X*)G1(X)Y 4+ G2(X)Y? + O(Y?),

where

F(X)=2AX —2X? +1,
Fi(X)=2(1-X*%(goX?* = foX — go),
Gi(X)=—-2X"4+ AX* + %X — A,

G2(X) = (1 — X?)*(=2g0X + fo).

Similar as in the case b = 0, we put (5.2.18]) in semi-local normal form and identify

the first non-zero term.
Lemma 5.2.4. There exists a smooth transformation
(X,Y) = (z,y) = (X, (X, Y)),
such that the system is orbitally equivalent to
i =1(1-2%),
y=y 20+ (ax+p)z+2" (2f(2) +5(2))],

for some smooth functions f and §, where z = 1- x2)2y. Moreover, we have
—3mA
B=2f <1—|—e\/2“2> )

Proof: Again, we only need to compute [ since the rest of the statement follows
immediately from Theorem We divide the vector field (5.2.18)) by the factor in

square brackets where we remark that
A\ A?
G(X) = 1+(1—X2)F(X):2(1—X2+§X) + (1—7) X?

is a strictly positive function since A% < 2 = 4(1 — b). Consequently we apply the
transformation

Y = U(X)Z, with U(X) = el 12H()ds

where
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A straightforward computation shows that the vector field can now be written as
X = %(1 - X2)7
Z=2XZ+ ((1-X**aX +8)+ (1 - X*)?*Hy(X)) 2> +0(2%),

for some constant o and C*° function Hs and with

B8 =2fo <1+e\/2ﬂf*2> )

Following the normal form procedure of Theorem we can remove the term
(1 — X?)3Hy(X)Z? by a transformation of the form

(X,Y)=(X,Y + HX)Y?),

where H(X) is a smooth solution of
%(1 CXYH)E(X) - 2XH(X) + (1 - X2)*Hy(X) = 0,
without changing the coefficients o and 8. The higher order terms (with respect to

Y) will then be put in normal form without changing the terms of degree 2. O

By Lemma and Theorem [3.3.2] we get that the transition map in the blow-up
chart (5.2.13) for x < 0 is asymptotically given by

—37A

D(zo) = —xo — fo (1 +eV2-a? ) (1- ch)s log(1 + xo) + h.o.t.,

and a similar map for > 0 where A is replaced by —A. In a similar way as at the
end of Section [5.1.4] we can see that there exists a neighbourhood of 0 where the

second derivative of the displacement map A has at most one zero when fy # 0.

Consider a family of vector fields Xy, A € U, with a singularity of the form
with b = % Suppose X, has a fake saddle loop I' and is locally equivalent to
with fo # 0. Then there exists a neighbourhood W of I" such that X does not contain
more than three limit cycles in W for A\ € U.



Overview and open questions

The primary focus in this thesis was to examine the dynamics near non-elementary
singularities as we did in Chapter [5| After a blow-up procedure (see Figure and
Figure, these singularities have a similar behaviour near the blow-up locus. More
precise, the invariant manifolds of two saddles on the blow-up locus locally divide the
phase space in two hyperbolic sectors. Moreover the ratio of the eigenvalues at the
saddles are reciprocal. Therefore, in some well-chosen charts, we can consider vector
fields of the form

i=(1-2%)(2+0(1—2?))+0(y),
g = (pr+0(1—-27))y+O(y?).

In order to simplify the system near the saddle connection on the blow-up locus, it is
natural to construct a formal transformation per induction on the degree of y as we
did in Section [2.3] since this denotes the radial component denoting the distance to
the blow-up locus and thus the singularity. In contrast, the typical Poincaré-Dulac
normalization relies on an induction scheme on the homogeneous degree of both (z, y)
(see Section, since the distance to the singularity relies on both variables. The
algebraic condition induced by the adjoint action of the linear part is then replaced
by an ordinary differential equation (see and ) In order to solve this
in a smooth way, it is qualitatively equivalent to construct a smooth connection of
the form y = ¢(z) through two nodes. At some degrees (resonant degrees), ev-
ery invariant manifold is smooth up to some logarithmic term due to resonance (see
Lemma . Otherwise there exists only one smooth invariant manifold at each of
the nodes, which we can connect by adding some well-chosen function (see Lemma
2.3.13). The corresponding connecting terms are non-unique as we discussed in Sec-
tion An interesting question is to determine the intrinsic property of a vector
field connected to these resonant terms. As we have seen in the applications, the
coefficient of the dominant term in the transition map does not rely on the choice of
connecting function x. Since we expect rational exponents, demanding C'* normal

forms may be too restrictive.
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Eventually, after realisation by Borel’s Theorem (Theorem [1.2.5) and removal of the
flat terms (Section , we end up with a simplified vector field which is valid near

the connection. These semi-local normal forms can be constructed for any value of

saddle quantity (Theorems [2.1.2] [2.1.3[and [2.1.4]) as long as we assume that they are

fixed. We do allow perturbations in higher-order terms.

We reduce the system even further to an easily integrable system by allowing transfor-
mations which are only finitely smooth (see Theorem . The non-smooth terms
admit nice expressions in the form of logarithmic tags and fractional exponents which
both are of Mourtada type near the axes x = +1. By exploiting the first integral of
the linearized system (see Corollary , we can deduce the smooth dependence of
the transition map along the connection in terms of these Mourtada type functions
and identify the first non-zero higher order term (see Theorem. From the proof
of this theorem (see (3.3.20))), it becomes clear that the first non-zero symmetric term
in the semi-local normal ([2.1.3)), (2.1.6) or (2.1.7) plays a dominant role. This can

be logarithmic when the transition trough the saddles themselves is dominant (see

(3.3.4)) or given by a term with a fractional exponent when the transition in between
the saddles (composed with the Dulac map of one of the saddles) is dominant (see
(3.3.5)). This is directly connected to whether the first non-zero symmetric term
in the normal form is resonant or connecting. In Chapter 5] we demonstrate both
behaviours and we show how we can use this results to derive a partial cyclicity re-
sults. If we want to deduce cyclicity results for arbitrary perturbations preserving
the nature of the singularity as in [41], we should consider the full transition map up
to some degree and apply a division-derivation algorithm. This will be part of future

work.

If we also allow a perturbation, although only symmetric, in the eigenvalues of the sad-
dles, it becomes clear that similar results as above remain true (see Chapter [4). How-
ever we can only expect the semi-local normal form in this case (see Theorem
to be finitely smooth similar as for a family of vector fields having a saddle (see
Section . As in Theorem we can reduce this system even further by in-
ductively defining terms of Mourtada type. However due to the perturbation in the
eigenvalues, the tags are given by an adapted compensator. It is not yet clear how
they compare to the typical Ecalle-Roussarie compensators at the saddles and we can
not decompose them as in Proposition since the non-smoothness of the tags is

not confined to only one point.

Finally we illustrate in Chapter [5] how to apply the results of this thesis. The tech-
nique used here is to manually compute the normal form up to some degree and
use Theorem [3.3.2] to see the effect on the transition map. However, since Corollary

provides an expression for an invariant, we can assume a shape of the invariant
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with undetermined coefficients as ansatz and establish equations for all coefficients
appearing therein. Similarly we can exploit the fact that the transition map can
be expanded in terms of a finite number of variables. In this way one can provide
conditions for a predetermined family of vector field (for instance cubic vector fields
having some properties) for which the family has at most 1,2, ... limit cycles and try

to give explicit parameter values for which this bound is reached.

In the examples, the saddle connection appears after blowing up a singular point
which is initially nilpotent or degenerate. The saddle connection on the blow-up
locus can be predicted by examining the dominant quasi-homogeneous part of the
vector field. Under the condition that the saddles are the only two singularities on
the blow-up locus, one might wonder what the relation is between the semi-local nor-
mal form after blow-up like we obtain in Chapter [2 and the normal forms obtained
from information of the quasi-homogeneous part (before blow-up) like in [35]. This

is an open question.

In [41], the transition map is computed in a very elegant and short way: instead of
computing the transition map along the real axis, the authors use a complex path and
use the monodromy of the two individual saddles to prescribe the dominant term of
the transition map. In comparison to [4I], our technique is technically more involved
but at the same time it is more straightforward and applicable to the general setting.
More precisely, when considering a versal unfolding of a cusp as in [21], one needs to
consider a three-dimensional family blow-up. We believe that the semi-local normal
forms obtained in this thesis can simplify the vector field near the blow-up sphere.

This will be subject of further research.

The case of the fake saddle is more involved. The saddle quantities are dependent
on b nonetheless that they stay reciprocal. It is worth the effort to compute the
full expansion of the transition map in terms of the compensator-like Mourtada type
functions appearing in Theorem [4.2.5] The cyclicity results of homoclinic connections

of a fake saddle can in this case also include perturbations in the parameter b.

Generically, when one perturbs a saddle connection without breaking the connection
itself, one loses the symmetry of the eigenvalues. Therefore, it might be of interest
to also compute normal forms for asymmetric pairs of eigenvalues, starting from the
scalar vector field on the connection, where A # 0.
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Nederlandstalige samenvatting

Het doel van deze thesis is om technieken te voorzien die ons in staat stellen om de dy-
namica van gladde vlakke vectorvelden te bestuderen in de buurt van niet-elementaire
singulariteiten. Doorgaans wordt dit gedaan door het opblazen van de singulariteit
waar deze vervangen wordt door een cirkel die de richtingen beschrijft waarin men de
singulariteit kan benaderen, genaamd de opblaaslocus. In veel gevallen verkrijgen we
zo twee hyperbolische zadels op de opblaaslocus met wederkerige verhoudingen van
eigenwaarden. Om de transitie in de buurt van de singulariteit te bepalen, moeten we
dus de transitie door een zadel-connectie berekenen die de bovengenoemde symmetrie
heeft.

De vectorvelden die verschijnen in de opgeblazen faseruimte zijn van de vorm

i =(1-2%(£+0(1~-2%)+0(y),
g = (pz+0(1—2?))y+0(x?),

waar y de radiale richting weergeeft en = de rol speelt van de angulaire variabele.
De getallen p en g zijn rechtstreeks verwant met het spectrum van de hyperbolische
zadels in de punten (£1,0). We veronderstellen dat de separatrix-connectie onver-
broken blijft.

We starten met het verstrekken van een gladde semi-lokale normaalvorm waaraan het
originele vectorveld equivalent is op een gladde manier. Deze equivalentie is geldig in
een omgeving van de connectie. We onderscheiden verschillende gevallen afhankelijk
van de lokale resonanties van de zadels. Dit wordt op een gelijkaardige manier gedaan
als de Poincaré-Dulac normalizatie. Eerst construeren we een formele conjugatie nabij
de connectie. In deze inductieve procedure verkrijgen we oftewel resonante termen
die ook voorkomen in de lokale normaalvormen oftewel connectiviteitstermen. Deze
laatste termen zijn noodzakelijk om de lokale normaalvormen aan elkaar te plakken
op een gladde manier. Vervolgens realizeren we deze transformatie als een gladde

coordinaatsverandering door gekende lokale resultaten te veralgemenen.

137



138 SAMENVATTING

In een volgende stap normaal-lineariseren we de verkregen normaalvormen. Hier-
mee bedoelen we dat we die termen elimineren die niet linear zijn in functie van de
variabele die de loodrechte richting op de connectie voorstelt, i.e. de y-variabele.
Hierdoor verliezen we wel de gladheid van de transformatie. Desalniettemin kunnen
we deze transformatie uitdrukken als een gladde functie van enkele eindig gladde
tags met een logaritmische vorm en termen met fractionele machten. Doordat het
normaal-gelineariseerde systeem een eenvoudige eerste integraal heeft, kunnen we hi-
erdoor een invariant definiéren van het originele vectorveld in normaalvorm. Deze
invariant leidt op zijn beurt naar een methode om de transitie-afbeelding te bereke-

nen door de zadelconnectie.

Uiteindelijk passen we deze resultaten toe op enkele voorbeelden. Eerst moeten de
vectorvelden wel aangepast worden zodat ze geschikt zijn om opgeblazen en genormal-
izeerd te worden. We gebruiken de typische kaarten van een (quasi-)homogene opblaz-
ing als ook een parabolische opblazing. Deze constructie is noodzakelijk wanneer de
singulariteiten niet te bevatten zijn in één kaart. Ze wordt verkregen door een stere-
ografische projectie van de opblaascirkel waar we de variabelen niet herschalen. Door
voorgaande resultaten toe te passen, verkrijgen we de transitie-afbeeldingen nabij de
onderzochte singulariteiten en verwerven zo gedeeltelijke cycliciteitsresultaten voor

grafieken met enkel één singulariteit die de vorm onder beschouwing heeft.
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