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LINEARIZATION OF HYPERBOLIC RESONANT FIXED
POINTS OF DIFFEOMORPHISMS WITH RELATED GEVREY
ESTIMATES IN THE PLANAR CASE

PATRICK BONCKAERT, VINCENT NAUDOT

ABSTRACT. We show that any germ of smooth hyperbolic diffeomophism at
a fixed point is conjugate to its linear part, using a transformation with a
Mourtada type functions, which (roughly) means that it may contain terms
like zlog|z|. Such a conjugacy admits a Mourtada type expansion. In the
planar case, when the fixed point is a p : —q resonant saddle, and if we assume
that the diffeomorphism is of Gevrey class, we give an upper bound on the
Gevrey estimates for this expansion.

1. INTRODUCTION

In a vicinity of a hyperbolic fixed point of a diffeomorphism, there exists a home-
omorphism that conjugates the map with its linear part; this is called a ‘lineariza-
tion’. In the general context, this conjugacy is only topological and the presence
of resonances is typically an obstruction to C* linearization [23, 24, 25, 26] (in the
plane, this homeomorphism can be taken C* and close to the identity). Instead
one could try a change of variables that is perhaps not C? but is smooth in other
‘elementary’ functions. In order to fix the ideas, consider for example the C* pla-
nar transformation H(x,y) = (z + 2% log |z|y,y), which is analytic in the variables
(z,zlog |z|,y), although it is obviously not C? in (x,y). This approach has already
been used for singularities of vector fields, see e.g. [21, 9, 8, 4]. The goal of this
paper is to show that such linearization can be written as the composition of a
smooth function and logarithmic functions, i.e., to give suitable results for diffeo-
morphisms compared with [8]. We first introduce the following definition. In what
follow R designates the set of real number.

Definition 1.1. Let U C R™ be a neighbourhood of 0 and f : U — R be a
continuous function. We say that f is a Mourtada type function if there exists a
positive integer k, a neighbourhood V;, € R™* of 0 and a C* function F : V}, — R
such that

f(z)=F(2,Tz,..., kalz), where T = 1og2ai(zizi)”i, a; >0, n; € N.

i=1
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A homeomorphism ® : U — R" is said to be of Mourtada type if each component
of ® is a Mourtada type function.

Theorem 1.2. Let U C R™ be a neighbourhood of 0 and
p:U—-R™  x— p(x)
be a smooth hyperbolic diffeomorphism at the origin. Assume that L = de(0) is
semi-simple. Then there exists a Mourtada type homeomorphism
$:UcU—R"
such that p o ® = ®o L.

From Definition 1.1 above, this result means ® reads ® = (®4,...®,,), where
m
O, = Fy(2,Tz,...,T2), T=T(z)= 1og2cj|zj|2"i, i=1,....,m
j=1

and where F; is a smooth function. A natural question concerns the growth of the
coefficients of the Taylor expansion (at the origin) of each F;. In section 3 of this
article we address this question in the planar saddle case. Recall that any planar
C? diffeomorphism can always be C! linearized near a hyperbolic fixed point [13].
Before stating the second result of this article, we recall the following concept.

Definition 1.3. Let s be a non negative integer. We say that a formal power series

P(z) = Z ana™

nelN™
is of Gevrey class (or order) s if, there exist C' > 0, r > 0 such that

lan] < Cr|n|(|n|!)s.

Clearly, for s = 0 one has analyticity; there seems to be no consensus in the
literature about the terminology: some authors call a series as in our definition 1.3
of class Gevrey class s + 1.

Now we consider a typical planar resonant saddle.

Definition 1.4. Let
P (R270> - (R27 0)7 (xvy) = (@l(mhy)a (PQ(-Z',:U))

be a germ of diffeomorphism at the origin. We say that this germ is p : —¢ resonant
if

aPBl =1,
where « and [ are the eigenvalues of dp(0) and where ged(p, q) = 1.
It is well known that if a germ ¢ is p : —¢ resonant, the associated Poincaré
Dulac normal form is
e1(z,y) = ax + xHi(u), ¢2(z,y) = By + yHz(u), (1.1)

where u = zPy?. In the real case with 0 < o < 1 < [ this normal form can
be obtained by a C'° conjugacy, if ¢ is C*°. We shall often work on the level
of formal power series, and may take x,y,a and § to be complex as well, with
0 < |a] <1< |B]. We expand

Hi(u) = Z apu”, Hs(u) = Z bpu™. (1.2)

n>1 n>1
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When starting from an analytic diffeomorphism, we doubt that there is, in gen-
eral, an analytic change of coordinates into normal form: for vector fields it is
known that ‘divergence of the change of coordinates to the formal normal form is
the rule’ [14]. For the diffeomorphism case we have no knowledge of references,
but, a bad sign could be the fact that the formal infinitesimal generator in general
diverges, even for an analytic diffeomorphism [20].

On the other hand, let us now motivate the assumptions about (H;, Hs) that
we shall make in the statement of Theorem 1.5.

If the given diffeomorphism ¢ in Definition 1.4 is analytic (or even of Gevrey
class 1) in the variables (z,y), then following the methods and estimates used
in, for example, [5] and [6], one obtains a Poincaré-Dulac normal form (1.1) that
is of Gevrey class 1. In that case, in the expansion of (Hy, Hs) above, a term in
u™ = Py is of order (p+q)n in the variables (z,y), and hence we have estimates
of the form

lan| < Cr™(nhPta,  |b,| < Cr™(n!)PTe (1.3)

for some constants C' > 0 and r > 0. Therefore this will be the starting point for
the second statement in Theorem 1.5 concerning this planar case. Furthermore,
the notion of ‘Mourtada type homeomorphism’ will have a simpler expression in
the plane, and we can be more specific.

Theorem 1.5. Let ¢ have the normal form (1.1). There is a linearizing change
of variables (x,y) = ®(Z,7) of the formal form

v = I(1+ 1 (a,alog |z, dloggl))

N - . . N 1.4
y = (1 + (@ alog |3, ilog |])) (1.4)

where @ = IPYl. Moreover, if the expansion in (1.2) satisfies the Gevrey esti-
mates in (1.3), then (¢¥1,12) is of Gevrey class at most 4(p + q) in its variables
(u,ulog |Z|, wlog|y|).

1.1. Background and motivation. From the topological point of view, a map
near a hyperbolic fixed point is, thanks to [13] well understood. However, if we want
to improve the smoothness of the conjugacy, the map should satisfy additional
properties, namely, to avoid resonances. More precisely, if the map admits no
resonance at the fixed point, then the map is locally formally linearizable. Observe
that in the non-hyperbolic case, a one dimensional germs is C*° conjugate with a
polynomial vector field [27]. Since Chen’s Theorem [11] guarantees the equivalence
between C'*° and formal, in this article we only need to consider formal conjugacies,
because of the hyperbolicity. However, even if the map admits some resonance,
which is an obstruction for a C°° linearization, there are several results [23, 24, 10]
about optimal criteria for finitely smooth (C¥) linearization. On the other hand
one can try to express a linearization in terms of Mourtada type functions. This
notion, see [18, 21], has already turned out to be useful when dealing with resonant
singularities of vector fields, and a version of Theorem 1.2 was obtained in [7, 8] in
this case, and in [22] in the presence of a parameter.

1.2. Initial set-up. Let us fix some notation. We can assume that the fixed point
of ¢ is located at the origin. Write

p(x) = L(x) + h(x), (1.5)
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where x = (21,...,2m,) and @ = (¢1,...,9m). The linear part L = de(0) has
eigenvalues with modulus different from 1. For simplicity we will assume that the
eigenvalues are real. The general case where some eigenvalues are complex can
be treated exactly the same way by considering ¢ in the m-dimensional complex
space. The higher order terms are represented by h = (hy, ..., hy,). Assuming L to
be semi-simple amounts to saying that L is represented by a diagonal matrix i.e.,

L(x)=Ax, A =diag{ay,...,an}.

This condition is fulfilled in the case where the eigenvalues «;’s are different and
therefore it is a generic condition. The eigenvalues are ordered in such a way that

0 <lon| <Jag| <+ <lop| <1< |apgr] <+ < |apiql, (1.6)
where m = p+ q. We write ¢ in (1.5) as
QO(X) = SO(Y7Z) = (Y, Z) =X,

where
Y1 =21, Y2 =22, ..., Yp = Tp, 21 = ZTp4ly---52qg = Tpigq,
V=01 Yp), Zz2=1(21,...,2¢), Y=(Y1,....Y,),
Z:(Z17"'7Zq)7 X:(le"'7Xp+q)
and where .
YVi:aiyi'i_hi(yaZ» Z:L---ap (1 7)
Zj = apyjzi+hy(y,2), j=1,....q '
or, to avoid unnecessary heavy notation
X;=az; +hi(x). i=1,...,p+¢q. (1.8)

We also assume that the map (1.8) is already written into its Poincaré Dulac Normal
Form [1, 3, 7, 10]. This implies that where for each integer 1 < i < p+ ¢, h; is ;-
resonant or resonant associated to a;. This means that each h; admits the following
expansion

h;(y,z) = Z Ly palt . xppte = Z Tinx™, (1.9)

neNpP+a neNp+a
. n .
where I'; ,, are real coefficients, and each x™ = z" ...z, satisfies
alt . Lagrtt = qy. (1.10)

The stable, unstable and total orders of such monomial are respectively
do(x™) =n1 4+ +np, du(X") =npp1+ - Fnprg,  dX") =ds(x7) + du(x7).

As a consequence of (1.10), a a;-resonant function h; taking the form (1.9) com-
mutes with the linear map L, more precisely we have

h;(L(x)) = a;h;(x). (1.11)
‘We denote
ds hz = i ds n 5 Fin 5 du hz = i du n s
()= min (A", Tin0) du(h) = min {d(x")
Din0h, d() = min {d6x"), Tin0),
neNp+a

respectively the stable, unstable and total order of the resonant function. We state
the following proposition.
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Proposition 1.6. Let i = 1,...,p + q be an integer, and let N = N(x) be a
resonant monomial (with respect to the i — th coordinate) , i.e.,

N(x) =Tz ... zd,

n

where I' € R and of' ... al" = a;. Let d = a1 + ... apyq e the total order of N.
Then

N(p(x)) = :N(x) + f1(x)

where f1 is a countable sum of resonant monomials with respect to the i — th coor-
dinate of total order higher than d.

Proof. Let i =1,...,p+ q be integers and let
N =N(x) =Tz ...z,
where I € R, be a resonant monomial with respect to the i-th coordinates. Recall
that
N(L(x)) = ;:N(x),
which implies that

Qn

aq . )
ot ooapt = oy

We also recall that
p(x) = (041351 +hi(x), .- Qpiqlprq + hp+q(X)> )
where each hj, j = 1,...,p+q is resonant with respect to the j-th coordinates, i.e.,

By (L(x)) = ash (x). (1.12)
We also write hj(x) = xijLj (x). Observe that Bj is not well defined when z; = 0.

However, for each integer j = 1,...,p + ¢, h; is a countable sum of (rational)
monomial of the form
p+q

! a:;” ...xz_’;_;q, where n; >0, i # j, n; > —1,and an >1. (1.13)

j=1
Moreover, from (1.12), we deduce that ﬁj is invariant under L, i.e.,
hy(L(x)) = by (). (1.14)

We now write

N@@=ﬁ@m&@@f
k=1
p+q

=TT (swton + he0)) ™
k=1
p+q

= [T (o + ﬁk(x))ak .

k=1

For each integer k, using binomial formula, we write

(o +he0)™ = gt + ().
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where hy(x) satisfies (1.14) i.e., hy(L(x)) = hy(x) and hy(x) is a countable sum of
(rational) monomial of the form

p+q

T x;nJ ...x;nf;q, where m; >0, i # k, my > —ay, and ij > 1.
j=1
Then it follows that
p+aq p+g 3
N(p(x)) = [T (T o5 +hux)
k=1 k=1
p+q B
= T (e + b))
k=1
p+q -
= a;N + H " hyp (%)
k=1
=o;N+1f; (X) ,
where f; (x) is the sum of monomials of the form
p+q r+q
™M ...:c;nf;q, where m; > 0 and ij > 1+Zaj =d+1
j=1 j=1
and satisfies
[i(L(x)) = aifi (x),
completing the proof of the proposition. O

By linearity, we deduce that the above proposition extends to resonant functions.
More precisely we have the following: for each integer ¢ = 1,...,p + ¢, there exists

a sequence of resonant functions {h;-{k}}kzl such that
b =hi, dh? ) > k41, b)) = a0 + b (). (115)

Furthermore, we say that an a;-resonant term of the form given in (1.10) is a ‘good’
resonant term if n; > 0. Otherwise, if n; = 0, the resonant term is said to be ‘bad’.
Observe that since the eigenvalues are ordered according to (1.6), for each integer
i=1,...,p—1, there is only a finite number of bad a;-resonant monomials of the
form given in (1.10) of stable order 1, (i.e., when n; + ... 4+ n, = 1), and each of
those resonant terms may only concern variables x;41,...,%,. Similarly, for each
integer j = 1,...,q there is only a finite number of bad resonant a;,,-resonant
monomial in of unstable order one, (i.e., such as (1.10) with n,11+...+npq = 1),
and each of those resonant terms may only concern variables ;4p41,...,Tpiq-

1.3. Strategy. To avoid fuzziness and complications in the notation, we briefly
explain the mains steps of the strategy to follow in the planar case. The strategy in
higher dimension is essentially the same. Actually section 3 is completely devoted
to the planar case, and for completeness, the procedure is presented again. In what
follows, the notations used in this section are independent from those used before
and those used in section 2.

In the planar case, the initial diffeomorphism ¢ takes the form

0:U—=R> (2,y) — @(x,y) = (ax + xHy (aPy?), By + yHa(2"y7))
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where H; and H, are smooth functions, p and ¢ are positive integer such that
aPB7 =1 and therefore each resonant monomial is of the form z(zPy?)*, k > 1 for
the first component and y(2Py?)*, k > 1 for the second component. Define

Pp:UXRxR—-RxRxR xR,

(z,y,s,t) — (p(z,y),s + 1/a,t + 1/5). (1.16)

The new variables ¢t and s are called tag-functions. The role played by s and ¢ is
essentially the same as the tagged function in [8] in the context of hyperbolic vector
fields. At this stage of the presentation, one can see these variables as independent
variables. However, later on, we will express both ¢ and s as functions depending
on the new variables in which the dynamic is linear.

We shall perform (in Section 2 in the general case, and in section 3 in the planar
case) a normal form procedure to eliminate resonant terms for the map @. Even-
tually we will find a semi-local formal transformation (and change of coordinates)
of the form

(‘/EOO’ yOO) S’ t) = g(z7 y7 S? t) = (g(l” y7 S’ t)? 57 t)? (1'17)

semi local in the sense that (x,y) is near 0 in R? but both ¢t and s may take
large values. More precisely g = (g1(z, vy, s,t), g2(z,y, s,t)) admits the following
asymptotics

oo
1@y, 5. t) =v =z + 7Y g1i(z,y)s"
=0 (1.18)

o0
92(2,y,5,t) = Yoo =y +y Y _ gan(z, y)t" !,
k=0

where for each integer k, both g; 5 and g2, admits the following asymptotics

grr(w,y) = @y A (@Py?),

0 (1.19)
92.k(2,y) < (@Py?) Y By (aPy?).

=0

Thanks to this transformation, we show that L o g = g o ¢ where L is the ‘tag-
extension’ of L i.e.,

L:RPxRxR—-R?>xRxR,
(@,y,s,t) = (o, By, s + 1/, t +1/P).
We then need to invert the expression given in (1.17), that is to express the old

variable (z,y) by means of the new variable (Z, 200). To do so, we construct the
following extension. More precisely, we define

g =xs, n=yt, 51 =TS, M = Yool,
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and therefore, (1.18) induces the following formal transformation

oo
Too =T + ngl,k(xvyag)
k=0

Yoo =Y+U D G2kl(2,y,m)
k=0

=648 qulr,y,)

k=0

(1.20)

m = 77+77292,k($ay,77)a
k=0

where thanks to (1.19), both §; 1, and go ;, read

grr(r,y, &) = Z Aj(xPy )J (k+1)(xp 1y )k+1§k+1,
j=k+1

grk(z, &, y) Z Bj(xPy? ¥= (k+1)(xpyq 1)k+1nk+1
J=k+1

Using a theorem of Borel and the Inverse Function Theorem, we will invert the
expression (1.20) and get

T = Too + Tood1 (Toos Yoos €1, 1) = Too + TooJ1 (Toos Yoos TooS, Yool)
Y = Yoo + Yoo 2 (Too, Yoo, €1, M) = Yoo + Yoo J2(Toc, Yoo, TooS; Yool)
=8 +&J3(To0s Yoo, §1.M) = &1 + §1J3(Toos Yoo, TS, Yool)
n="m+mJs(Zoo, Yoo, £1,m) = M + M Ja(Too, Yoo, TooS, Yool)

where Jq, Jo, J3 and J4 are smooth functions. Define the map

(1.21)

U (Lo, Yoos $11) = (U1 (Toos Yoos 85 1), Wo(Zoo, Yoos S, 1), 5, 1)
where
U1 (Zoos Yooy S5 1) = Too + TooJ1(Toos Yoos TooSs Yool),
U2(Toos Yoos 8,1) = Yoo + Yoo S2(Tos, Yoo, TooS; Yoot)-
Since W is the inverse of g, it follows that
VoL=¢oWw. (1.22)
Define now the map
M oos Yoo) = (11084 [T, B 108 5| [Yoo]) = (A1 (Zoo, Yoo)s P2 (Too; Yoo))-
Recall that L(Zoo, Yoo) = (Tso, BYso). We have
hoL(Too, Yoo) = (@71, B71) + h(2os, Yoo)- (1.23)
We finally define the map
(oo, Yso) = (V1(Zoo, Yoor M1 (Toos Yoo )s P2 (Too, Yoo )
U2 (T oo, Yoos 1 (Toos Yoo ), h2 (oo, Yoc))) -
Thanks to (1.22) and (1.23) we show that ® oL = ¢ o ®.
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As we said earlier, the strategy in higher dimension is essentially the same.
However, since the set of resonant monomials is, in general, more complicated,
the tasks presented above are more delicate and require an extension in higher
dimensions.

2. A SINGULAR NORMAL FORM

For each integer i = 1,...,p+ g, we define the sequence of functions (w)} {n }) such
that it satisfies the equation

wi%e =1, wile=¢
wi™ (€ +1/a:) = aiw™ (€ + 1/ar) — aew ™ (6).

A straightforward computation shows that

J

2.1. A preliminary step. We first add two variables (s and t) and extend the
map (1.8) in the following way

p(x,t,s)=(X,t+1,s+1).
We define the change of coordinates

g1 (Xv ta S) = (x{l}v ta 5) 9

where
1 1
{1} = (y{l}’ Z{l}) _ (xi }7 o z{>+}q)
1 1

y M =iV, it 2 =Y,

and
x;{l} =x; — t;hi(x) = x4 —W{l}( t)hi(x), i=1,...,p+q,
where t; =t/a; i =1,...,p, tpyj = s/apy; 7 =1,...,q. Consider
e (x,t,8) = gropogrt(x,t,s) = (XMt +1,5+1).

‘We obtain

x, 0 = x, —w;?l}(ﬂ)hi(x)

Q;
—x WD (e
= X; —w! (tl + ai)hZ(X)
=Xi— (ti +1/ay)hi(X), i=1....p+q.
However, since h = (hy,...,h,44) is resonant, we should have
hy(X) = aihy(x) + 1 (x),

where h{?}(z) = (h?}, e ,hii}q) is again a resonant (with higher order). The
above equation reads

X = i+ hy(x) — (4 + 1/aq)(aihi(x) + b2 (x))
= Q;T; — aitihi(x) — (t‘ + l/ai)h{z}(x)

:aimz{l}— {}(t+ )h{2}() i=1,...,p+q
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Observe that the nonlinear term has been replaced by another nonlinear term of
higher order (along with a tag function).

2.2. Induction step. Assume that we have found a finite sequence of transforma-
tions {g1,...,gn} such that

Pl (x,t,5) =gno-ogiopogitoogt(x,ts) = (XMt 415 41),
where x{"t = (y{n} z{nh) xint = (yin} Z{"}) and
XZ-{n} = oy x{n} + (=" W;-{n} (ti + 1/ai)h§"+1}(x), i=1,...,p+q.
We now verify that this property is inherited at the next step. Write
Y =t e T %) i=1, . pta (2.2)
Therefore,
x = x M Crw T G 4 1) (XD, i=1,. p+g.
Since h{"*+1} is resonant we have
b (X) = aih; 7 () + 0 (x),
where hi"*2} is again resonant. We then get
X = a4 (=) (4 + 1/ (x)
— (=1 w4+ 1/00) (s () + 0 ()
= oy — (=) apw!"T ()h T (x)
+ (=) "Rip(t:)h: " ()
+ (—1)"+1W1{n+1}(ti +1/a)h " x), i=1,....p+q,
where
Rin(ts) = w,"™ (b + 1/0q) + o)™ (1) — aow™ " (1 + 1/ 0n),

and according to the definition given in (2.1) we have R, ,, = 0. This implies that
our initial diffeomorphism is conjugate with the map

X, = gt 4 (1) Y (1 4+ 1/00)h " (%)

In other words, using these new coordinates, ¢ is conjugated with a linear map up
to terms of arbitrarily high order.

. i=1,...,p. (2.3)

2.3. Analyzing the transformation. From (2.2) one defines the formal trans-
formation

g: (RPT20) x xR x R — (RP*? 0) x R x R,
(x,t,8) = (x1>),,5)
where

2t =z, +Z D! bt (x), i=1,...p+q.

Thanks to the previous subsectlon, we formally have

og =<Xgop.
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By formally, we mean that the expansion g o ¢ in terms of x, ¢t and s coincide
with that of L o g. In the remaining part of this section we show how this formal
transformation leads to a smooth conjugacy between ¢ and L leading itself to a
conjugacy between ¢ and L.

2.4. Rewriting the transformation. The above transformation can be written
‘line by line’ as follows, now distinguishing the stable and the unstable directions.

Yi,oo = Yi + Z (Vim(x)t" + Bi,n(X)tn + inim(X)tn) 1= 1, N o)
n>1

Zio =2+ Y (Vpﬂ-,n(x)s" + Bptjn(x)s™ + Zij+j,n(X)8") (2.9)
n>1
j = 17 MR q7
where for each integer i =1,...,p+q and n > 0,

e V,; ,(x) is a sum of bad resonant monomial of stable order 1, if ¢ < p and
a sum of bad resonant monomial of unstable order 1 if p <1i < p+ g;

e B, ,(x) is a sum of bad resonant monomial of stable order at least 2 if ¢ < p,
and unstable order at least 2 if p <i < p+gq;

o 1,G; »(x) and 2iGjipn (x) are sums of good resonant monomial.

We introduce the following notation. For integer ¢ = 1,...,p, j=1,...,q, 0 < ¥,
we introduce

4 v oo}, 0 oo} ¢
Ui = Yit", Vje =28, Ujpco = yz{ H y Vjtoo = ZJ{ Vs ; (2.5)

u=(uje, =1,...,L;,i=1,...,p),
v=(vje, €=1,...,Lps;, j=1,...,q),
Uoo = (Uipoo, {=1,....L; i=1,...,p),
Voo = (Uj ooy, €=1,...,Lpyj, 5=1,...,0),
where each L; and L,; will be determined later. For each 1 </ < L;, 1 <k <p,
write
wip =yt 0<1<L k<i<p),
and for each 1 <€ < Lji4, 1 <k < g, write
wzk:(zjsl, 1<i<?, k<j<g).

Thanks to this notation, we rewrite (2.4) as follows

Yi,oo = Yi + Z (%,n(y7 z, wz,i+1) + Bi,n(Ya z, L&JZJ)
n>1

+ini,n(yaz7wZ,l))7 Z: 13"'7p;
(2.6)
Zjoo = Zj T Z (Vp-‘rjm(yv Z, qu‘j 7j-',—l) + Bpijn (v, 2, quj,l)
n>1
+szp+j,n(y»Z,wZ71)>7 .7: 1)"'7Q»
where V; ., Bj n, G; n are monomial in the variable they depend upon. Furthermore,
since the set of resonant monomials of (un)stable order 1 is finite, we have that

max{¢(;,¢;, i=1,...,p, j=1...,¢} =L < o0.
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We consider now the first line of (2.6) and multiply by t*, k =0,..., L; = 2P~ L.
Since By ,, consists in resonant term of stable order at least 2, we write

UL, k,00 = U1,k T+ Z(Vl,n(yv szi+k,2) + Bl,n(szv‘-"sL+5(k),1)
n>1 (2.7)
+uLﬂhmbuLw2J) k=0,...,27'L,

where
5(6) = % 1 if £ is e.ven7
5+ 5 otherwise.
Since the above equation involves u; ; for k = 0,...,L +2P7 L, i = 2,...,p we

multiply the second line of (2.6) by t* when k =0,...,lo = L + 2P~ L. We get

U2 koo = U2,k + Z <V2,7L(Ya z, wi-‘,—k,?,) +Bay (v,2 wi—&-é(k),l)
">l (2.8)

+u27kG2,n(y,Z,wi,l)) k:0,...,L+2p_1L.

Proceeding line by line, we multiply the 7-th line of (2.6) by t* for k =0,...,L, =
(r—1)L + 2P~ 1L, For each 2 < r < p — 1, we obtain

Ur,k:,oo - ur,k + Z (‘/7“,n(y’ z, wi-ﬁ-k,r—i—l)
n>1
s s (2.9)
+ By n(y, 2, ‘-‘-’L+5(k),1) + Uk Grn (Y, 2, wL,l))
k=0,....(r—1)L4+2°"'L.

Finally, for the case r = p, we multiply the p-th line of (2.6) by t* for k = 0,...,L, =
2PL. We get

Up,k,00 = Up,k + Z( o (Y, 2 wé( k),1 1) FuppGpn(y, 2, wi 1)) (2.10)
n>1
for k=0,...,2PL. We proceed in a complete similar way on the unstable manifold,

i.e., for the z-variable and get
Ulk,oo = ULk + Z (‘/}aﬂ,n(y, 2,W7 4 2) T Bpr1n (Y, 2, W 5),1)
nzl (2.11)
+ 01 kGpr1,n(Ys Za‘*’f,l)) k=0,...,Lpt1 = 207'L.

Forr=1,...,9—1,

Ur.k,00 = Urk + Z (Vp+r,n(Ya z, w7z+k,r+1)
n>1
2.12
+Bp+r7n(y,z wz_,’_(;(k) 1)+v'r‘ kG +rn(yvz,w%,1)) ( )

k=0,...,L4p=(r—1)L+297'L,

and finally

Up,k,0o = Upk + Z( ptan (V.2 wé(k) 1) + Vp kGprgn(y, 2, w7 1)) (2.13)
n>1
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for k=0,...,Ly+q = 29L. Collecting equations (2.7) up to (2.13), defines a formal
map
F-M—-M, (v,2,u,V)— (Yoo, Zoos UoosVoo) ,

where

p q

M =RP x R? x [[R" x J] RF»+.
i=1 j=1

Thanks to the Inverse Function Theorem, we write

yi:yi,oo+ZHi,n(yoanooauoo) izly---aP%
n>1

Zj = Zjoco T Z Hp+j,7L(yooazooaVoo) J=1...,q,
n>1

where each H;, and H,1;, are sum of monomials in the variables they depend
upon. Thanks to a theorem of Borel, the formal map written above corresponds to
the asymptotic of a smooth map

O : M — RP x RY, (Yoo Zoos Usos Vo) + (¥, 2) = (i)(XOO7YOoauo<>7Voo)'
Define

o1 A .
t:t(yw)zlog |a ‘Al ZLW{ }‘ e i=1...p;

(2.14)
1 {<} B .
s=s(z zilogg z 4, j=1,...,q,
( oo) 10g(|011|A1) (€=1| 14 | )
where Ay,..., Ay, Bi,..., By are positive real number such that
g [ = Jo|?? = = |ay | = |apa [P = |apa|® = = o]0

Therefore

t~ = o = .

i(Yoo) o 0 S (Zoo) -

Observe that for each integer ¢ = 1,...,p + g we have

(L)) = 1)+ e (L) = s5(a) + !

]

Replacing us and v by their initial definition (2.5), we define
d:RP x R? - R?P x RY,
(yoo» zoo) = (b(xooa Yoo, Uoo, Voc) |t:t(yoo), s=8(Zoo) ’

completing the proof of Theorem 1.2.

3. GEVREY CLASS IN THE PLANAR CASE

In two dimensions the singular normal form procedure from section 2 becomes
simpler, and we will be able to perform formal computations and estimates in or-
der to prove Theorem 1.5. To understand the nature of the expansion and more
precisely the Gevrey class of it, we need to revisit some steps of the proof of The-
orem 1 in this specific case. We shall hence shorten some similar straightforward
computations in this section.
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We recall from the introduction that
fo(z,y) = (ax(1+ Hy(u)), By(1 + Ha(u))) (3.1)

with a?3? = 1 and where u = zPy%. The process will yield, in subsection 3.3, a

formal change of variables (z,y) = H(Z, ), which will turn out to be of the form

H(Z,9) = G(Z,9,s(2)Z,t(g)7), where G is a formal power series. Moreover it will
turn out that H is of the form

where @ = 2P7? and where (U, Us) is a formal power series.

To have the notation consistent, we will write (F°, G%) = (a«Hy, 3Hz). Just like
in section 2 we extend f in (3.1) to the four dimensional diffeomorphism f° as
follows:

O z,y,s,t) = (ax + zF°u), By + yG°(u),s + a1t + 871) = (X,Y,5,T). (3.2)
We write
U:=XPY?=aPaP(1 4 o ' FO(u)PB%1(1 + S GO (u))?
=u(l4+ o PFOuw)P(1+ B 1G0(u))! (3.3)
=u(1+ H(u))
for some H(u) = O(u).
3.1. First step. We introduce the first change of variables
g1(z,y,5,t) = (x — 2sF°(u)),y — ytG°(u), s,t) = (x1,y1, 5, 1) (3.4)
eliminating terms in (3.2) that are not of order O(u?). Let us denote f! =
& f(1) 1. Then
91 f0gr (z1,91,5.1) = (X, Y, S, 7). (3:5)
A straightforward computation shows that the first component of (3.5) writes

fi(z1,y1,8,t) = axy + 2F°(u).(as + 1 — aS)

3.6
—axS.(FO(U) — F°(u)) — 2F°(u)SFO(U). (3:6)

Notice that in line (3.6) we have
as+l—aS=as+1—-a(s+at)=0. (3.7)

Hence
fi(zy,y1,8,t) = axy — axS.(FO(U) — FO(u)) — 2F°(u)SFO(U). (3.8)

To be consistent with the sequel we denote wp(s) = 1 and wq(s) = s and remark
that

aw1(s) + wo(S) — aw1(S) = 0. (3.9)
We also denote
Fl(u) = a(FO(U) = F(u)) + FO(u)F°(U). (3.10)
Then we can write
(@1, y1,8,t) = azy + 2w (S)F (u). (3.11)

Remark that F'(u) = O(u?).



EJDE-2017/266 GEVREY ESTIMATES IN THE PLANAR CASE 15

In a similar way we denote 79(t) = 1, 71(¢) = t, and define

G'(u) = B(G°(U) — G°(u)) + G°(u)GO(U) (3.12)
and obtain for the second component of f:
f21(x17y1a8at) = ﬁyl _yTl(T)Gl(“) (313)

We conclude that
fl(xlayla S,t)

(axl — 2w (s +a HFY(u),a 'y

—yTl(t+ﬁ_1)G1(u),s+a_17t+5_1> (3.14)
= ()(]_,}/1757 T)
3.2. Induction step. Suppose that we have a sequence of conjugating transfor-
mations g1, ..., g, leading to a diffecomorphism f™ = (gy 0---0g,).f that is of the
form

I @nsns5,) = (0 + (=1)"awn (s + 0" (w), By,

+ (=D "y, (t + BHG™(u),s +a "t + ﬁ_l)

= (X,,Y,,S,T).
So we have the following diagram:
(x7y7‘zut) i ($1791,137t) 2 i (xnayﬂmsvt) ( )
Lf Lf L 3.15
(X,y,8,1) 9 (Xi,\h,8.T) = ... o (X,Y,,5T).

We introduce the following new change of variables
In+1(Tn, Yns s, 1)
= (@0 + (=1)" 2w 1 ()" (w), yn + (1) YT (G™ (w), 5,1)  (3.16)
=t (Tn+1,Yn+1,5,t)

where wy, 41, Th41 are yet to be determined. Here x and y are the first and second
component of (g1 0+ 0 g,) " (%n, Yn, 5, t). Denote f"+1 = g, 410 fPog, !, The
first component of f**! is equal to

N g1, Unsts $,1) = Gna1 (X, Yo, S, T). (3.17)
A straightforward computation shows that the first component of (3.17) reads
AT @01, Yo, 5,1)
= azpi1 + (—1)"2F™(u).(awn11(s) + wn(S) — awn1(S)) (3.18)
+ (1) awn1 () - (@(F"(U) = F™ (w) + FO(u) F*(U)).
To eliminate the terms in line (3.18) we take wy 41 to be a solution of the equation
awp+1(8) + wn(S) — awp41(S) = 0. (3.19)

For n = 1 we already had wq(s) = s. A straightforward calculation, by induction,
shows that

n—1
wnls) = o TL s+ o) (320)
11
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solves (3.19). So using equation (3.19) we obtain for (3.18):

1
fIH_ (xn—i-l, Yn+1, S, t)

(3.21)
=azpi1 + (=1)" 2w, 1(S) - (a(F™(U) = F*(u)) + FO(u) F™(U)).
We denote
F" 1 (u) = a(F™(U) — F"(u)) + F°(u)F™(U) (3.22)
and thus
AT @ ng1s Ynt1, 8, 1) = o + (1) Paw, 1 (S)F" (u). (3.23)
In a completely similar way we define for all n > 1:
nl 1:[ (t+3p7" (3.24)
G l(u) = B(G™(U) = G"(v)) + G*(w)G"(U)) (3.25)

and obtain with "1 a conjugacy of f" with
SN @1, Yngr, 5,1)
= (0@ + (—)" i (s + a7 P (), (3.26)
BynirTusr L+ B7)G (w),s + a7+ A7),
Note that (F™(u), G"(u)) = O(u™*1).

3.3. Formal limit of the induction. From subsection 3.2 we see that for each
n > 0, using (3.16), we have

Tpt1 =T+ Z Hops1(s)FF(u) (3.27)
Ynit1 =Y+ Z(_l)k+17k+l(t)Gk(u) : (3.28)
k=0

We consider the formal limit n — oo of this induction and write

Joo = lim gn © 041,

ie.,
(xoo7yoo7s7t) :goo($7y7 S7t)’ (3'29)

where
—x+xz 1wy (s) F*(u)

(3.30)
Yoo :y+y2 DM 71 (G ()
s=s, t=t.
Then, writing f* = g, o f% 0 g.!, we obtain

foc(xomyooasat) = (amoovﬂyoo»s +Ofl,t+ﬁ71) = (XoonooaSa T)v (3'31)
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which corresponds to the diagram

(x,y7s,t) gj, (xooayoovsvt)
Lo | f (3.32)
(X7Y757T) gj> (XOO7Y00757T)

Let us explain how to obtain from the above a change of variables (z,y) =
H(Zoo,Yoo) conjugating f in (3.1) to its linearization L : (Zoo, Yoo ) — (o0, BYco)-
Let us define the map

W(@oos Yoo) = (@M log|q [Too], 671 logyg) [Yoo]) = (h1(200), h2(yos)) . (3:33)
Then
hXoo, Yoo) = (a7} log [ Xool, 71 log) g/ [Yoo!)
— (0™ (1081 o] + 1081 [0 57" (1081 18] + gy o)) (3.34)
= (a7 871 + h(@oo, Yoo)-
Hence, if we put
(8:1) = h(T oo, Yoo) (3.35)
in (3.31) we obtain

P (@00, Yoos h(@oo, Yo )) = (Xoos Yoo, h(@a, Yoo) + (71, 571))

3.36
= (Xoo, Yoo, M( X s, Yoo)). ( )
Hence from (3.32) we obtain the diagram
(xvy’h(‘rooayoo)) gj, (xomyomh(momyoo»
Lfe L (3.37)

Let us consider the ‘space direction’ component function of g, in (3.29), that
is: we write goo(z,y, s,t) = (U(x,y, s,t), s,t) where, thus, (Too, Yoo) = ¥(z, v, s, t).
Also here we insert (3.35) and investigate the equation

(Toos Yoo) = W(,y, Moo, Yoo))- (3.38)

We will show below that we can solve this as an implicit function problem, that is:
we try to write (x,y) as a function H of (Too, Yoo ), i.€. equation (3.38) holds if and
only if (2,y) = H(Zoo, Yoo). From (3.37) it follows that also

(Xoo, Yoo) = U(X, Y, h(X o, Yec)) (3:39)
and hence (X,Y) = H(Xw, Ys). We conclude here that the diagram
(z,y) i (To0, Yoo)

Lr L (3.40)
(XY) M (X, Yo

holds; this means that H linearizes f.
Let us now go to the solution of the equation (3.38). We use the expression
(3.33) for h and introduce extra variables:

§=hi(r)., & = hi(Te0) oo

3.41
N="h2Ysc)-Y» M = h2(Yoo)-Yoo- (3:41)
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In the formulas in (3.30), which define ¥, we observe that wgy1(s), 7x+1(t) are
polynomials of degree at most k+ 1 and that F*(u) = O(u**1); hence we can write
¥ in the form

(‘Toovyoo) = \I/('raya Sat) = (SC + ‘qujl(ua SU),y + y¢2(uatu)) ) (342)

where 11,19 are O(1) formal power series. Herein we substitute (s,t) = h(Zeo, Yoo)
and obtain

(@, y, M(Toos Yoo )) = (@ + zth1(u, h1(Toc)u), ¥ + yth2(u, he (Yoo )u))
= (2 + v (u, &Py "), y + yibo (u, naPy?™h)) (3.43)
= (Toos Yoo )-
Hence from (3.41):
&1 = h1 (o) (3 + wn (u, &P~y )) = € + € (u, P~ 1y)

S e (3.44)
m = ha(Yoo)-(y + yth2(u, ExPy?™ 7)) = n + mba (u, naPy?™")
So we can summarize:
Too = T + m/)l(u,fxp*lyq)
Yoo =Y + ytb2(u, naPy?!
( ) (3.45)

&1 = &+ & (u, &Py )

m = 1+ o (u, naPy? ).
Let us therefore consider the map F : (2,9,£,1) — (ZoosYoo,&1,m1). The linear
part of F at (x,y,&,7) = (0,0,0,0) is the identity. Hence we can apply the inverse
function theorem, at least on the level of formal power series. Consequently, we can
write (,9,&,1) = F Y (ZToo, Yoo, £1,M1). We use the first components of this inverse
now. Let us denote 7, ,(z,y,§,m) = (z,y); then we can write

(z,y) = (7T(Z7y) o fﬁl)(xoo,yoo,hl(xoo).xoo, ho(Yoo)-Yoo) =1 H(Teo, Yoo ). (3.46)
Up to terms with a zero co-jet, we may take 11,19 to be C*° functions. The linear
map (CE, y) = (OLIE, 5y) lifts to (l’, v, 8, 77) = (ZZ?, Y, hy (1‘)58, hQ(y)y) = (OLZC, ﬁya O‘& +
x, Bn+vy), which is also hyperbolic. With the methods from the classical Sternberg-
Chen theorem, see [11], it follows that there exists a transformation that is C'>°
in the variables (Zoo, Yoo, M1 (Zoo)-Toos P2(Yoo)-Yso)), and infinitely tangent to the
identity, which linearizes f.

In the planar case, additionally to Theorem 1.2, the following proposition holds.

Proposition 3.1. Assume that m = 2 in the statement of Theorem 1.2 and the
origin is of saddle type. Then the linearization ® given by Theorem 1.2 has an
inverse which is also of Mourtada type.

Proof. Observe first that equation (3.33) implies
Too = 2[1 4+ G1(2,y,8)]
Yoo = y[1 + Ga(z,y,7)]
& =¢[1+ Gz, y,8)]
m =n[l + Ga(x,y,n)]

for some smooth functions G; and G defined near 0. From the first two lines above
we have:

(3.47)

log |[2oo| = log |z + log[1 + G1 (=, y,§)]
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log |yoo| = log |y| + log[1 + Ga(x, y, n)].
Since z +— log(1 + z) is analytic near z = 0 and using the fact that
log(l4+2)=2—2%/2+4+...,
from (3.21) we can write
hi(2oo) = ha(x) + Ji(,y, )

3.48
h2(yoo):h2(y)+°]2($7yvn)a ( )
where both J; and J5 are smooth. This implies
zhi (o) = zhy(x) + zJ1 (2, v,
1(ze0) 1(z) 1(z,y,§) (3.49)
yha(Yo) = yho(y) + yJa(z,y,m).
Denote xhi(x) = w1, yhi(y) = z1 then
E=w +ahi(z,y,¢
142 ( ) (3.50)
n=z= + yJQ(xa Y, T])
Thanks to the Implicit Function Theorem, we have
=w, + K (z,y,w
R (3.51)

n =z +yKs(z,y,21)
for some smooth functions K; and K5. Finally, we can write

G1($>y7§):M1($7yaw1)7 GZ(xayan):MZ(x7yazl)7
for some smooth functions M; and Ms and rewriting the first 2 lines of (3.47) we
obtain
Too =T+ le(iL', Y, wl) =z + le(x, Y, xhl(x))
Yoo =Y +yMa(z,y,21) = y + yMa(z,y,yh2(y)),
completing the proof. O

(3.52)

3.4. About the use of Mourtada type functions in applications. Recall that
p=®oLo &1, where & is of Mourtada type. If a point x is such that the set

{¢'(x), 0<i<n}
is included in the neighbourhood of linearization, (for some n > 1) we have
P'(x)=®oLio® '(x), 0<i<n.

In the situation where the inverse @' of the linearization is also of Mourtada
type, (which is the case in two dimensions, thanks to Proposition 3.1), one can
deduce the asymptotics of @’(x) Although this gives us only local information,
this tools is of great help in the study of the global dynamics of a map with orbits
approaching the hyperbolic fixed point arbitrary close. For instance when such a
map admits a homoclinic tangency that both the stable and the unstable manifold
of the saddle point intersect at a given point in a non-transversal manner. This case
has been studied by [17]. The authors computed the return map near the tangency
and using rescaling and renormalization method see [19] they show that the return
map is C? close to the Hénon map. As a consequence, the authors deduce the
existence of complex dynamics including strange attractors and the existence of
infinitely many sinks. However, the author make the assumption that the map is
locally linearizable near the hyperbolic point. This latter assumption is necessary,
precisely, to compute the part of the orbit of a point passing close the saddle. In the
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case where resonances occur such a map is no longer locally linearizable, however,
thanks to Theorem 1.2, the asymptotic of the return map can be computed.

The idea that the presence of resonances at a fixed point for a map (or a singu-
larity for a vector field) may increase the complexity of the dynamic is not new. For
instance in [16], the authors study the dynamics that appear in the unfolding of a
degenerate homoclinic orbit of a three-dimensional vector field where a resonance
occurs for the unperturbed system. It is shown that the presence of a resonant term
increases the complexity of the bifurcating dynamics. More precisely the authors
show the existence of a ”cubic” strange attractor, that is a strange attractor with
a topological entropy close to log(3), see [16] for more details.

3.5. Proof of Theorem 1.5. First we treat the formal part of Theorem 1.5. From
(3.42) we obtain

(@,) = (oo (1 + 1 (u, 51)) ™ Yoo (1 + o (u, tu) 7). (3.53)
We denote uo, = 22 y%, and have, from (3.42)

Uoo = PYI(1 + 91 (u, sw))P (1 + 2 (u, tu))?

= w(1 4+ ¥y (u, su))P(1 + o (u, tu))?. (3.54)
):

Let us introduce more variables: (o, 7,01, 71) := (su, tu, Steo, tis ). We have

Uoo = (1 4+ 91 (u, 0))P(1 + 2(u,7))?
o1 =o(l+1(u,0))P(1 + a(u,7))? (3.55)
71 =7(1+ ¢1(u,0))"(1 + Y2 (u, 7))
which we can be inverted as
U= Uoo (1 + (oo, 01,71))
o =01(1+ ¢(too, 01,71)) (3.56)
T=71(1+ ¢(Uso,01,71))

for some formal power series . Consequently, from (3.53):

xr = xoo(l + wl(uoo(]- =+ QD(UOO, UlaTl))a 0—1(1 + (P(uoovo'laTl)))il

1

_ (357)
Yy = yoo(l + ¢2(Uw(1 + @(uooa 0'1,7'1)),7'1(1 + @(uoovo'laTl))) .

Second, we give the necessary estimates for Theorem 1.5. We shall express the
functions w, and 7,, defined in (3.20) resp. (3.24), using Stirling numbers m of
the first kind as follows. Let us remind that these numbers can be obtained using
the generating function

m(x—i—l)...(m—&—n—l):Z{ﬂx]’, (3.58)
= Y
see for instance [12] for more information. We will use the fact that

=y m (3.59)

i=1 t
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which is obtained by putting = 1 in (3.58). We can write

—n

wn(s) = an! as(as+1)...(as+n—1)

(3.60)

I
s sgl
3
INgE
l—|
3
| I
=
V2]
~

and a similar formula holds for 7,,.
Assume that we can write

O(u) = Zajuj (3.61)

j=21

with u = 2Py?; let us abbreviate d = p + ¢. If Fy is Gevrey-1 in (z,y), there exist
C > 0 and r > 0 with |a;| < Crij!? for all j > 1; similarly for G°. In order
to abridge the estimates below, we first perform a rescaling (Z,9) = R,(z,y) :=
(pz, py). The diffeomorphism then becomes, writing @ = ZPg?:

1

p @), 67+ 7G°(— @

f(#,5) = Ry0 foR,N(&,§) = (ad + ZF°( . ) = (X,Y) (3.62)

and we also check that

1

U:=XPY9 =1+ H'(—
p

), (3.63)
where H is as in (3.3). For p > 0 large enough we have

% < min{%7 1} (3.64)

Ry

and hence we can majorate the series for Fo(pd 4) as follows (the symbol < means:

‘is majorated by’):

id Z%*“ =D O Ld Ml <y e (3.65)

j>1 j>1 j>1

Similar estimates for the series for U hold. We conclude here that, up to a rescaling,
we may assume that F and U have the majorant (we omit form here on all the tilde
symbols) Z;’;l 4!%7. We reuse the symbol ‘U’ from here on for this majorating
series.

We will also need the following majorations, given n € Ny. First of all,

Ur — " = (U o u)(U"il +uUn72 N un72U +un71)

< (U - w)ynU™ L. (366)
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Second:

U™ =3 kylfub S b

ki1>1 kn>1

=Y > ko ke

m>n kENY

|k|=m
|k
=2
— d
m>n kENF n! (367)
|k|=m
_ |d m 1
i >t 3
n m>n kEND
[k|=
1 m—1
_ \d,,m
= L mit (nl)
m>n

We now give, inductively, a majorant for F~(u), N > 0. Suppose by induction
that there exist A, > 0 and j e N, depending on N, such that

)< A Z (n+ )%™ (3.68)
n>N+1
We know that
FNTHw) = a(FN(U) = FN(u)) + FO(uw)FN (U). (3.69)

Majorant of FN(U). We have, using (3.67):

1 .
N n—j1drrn
FY(U) = A—Uj E r"~InltU

>SN+j+1
. e - (3.70)
2 n—j 2 d, m -
n>N+j+1 m>n

Since 30, 5Ny ji1 2omsn = Dom>N4jil oneN1jr1 We can continue (3.70) as fol-

lows:
N 1 - n—j d, m m—1
PO <ag XY (M7
m>N+j+1n=N+j+1

:A% Z mly™ Z n]+1< nl)

m>N+j+1 n=N+j
~ -1
pitl e m—1
<A i Z m!%y™ Z r’
n
m>N+j+1 n=0 (3.71)
pitl J
=A i Z m! ™ (r 4 1)™ !
m>N+j+1
it B
v Z m!du™ (r 4 1)m 1
U N

:A(1+1)j_1 S (1) m A+ )

T
m>N-+1



EJDE-2017/266 GEVREY ESTIMATES IN THE PLANAR CASE 23
Majorant of FV(U) — FN (u). One has, using also (3.66):

FN(U) = FN(u)

<A Z ™ (n 4+ NYU™ — u™)

n>N+1
=AU —u). Z ™ (n + )1 9nUn 1
n>N+1
AU =w). Y r(n+j+ vt
n>N+1
1 n—j—1,1drmn
n>N+j+2
1 n—j—1 d m [T — 1
jA(U—u)m Z r7 Zm! u <n—1> (3.72)
n>N+j+2 m>n
1 — m—1
_ d, m n—j -
fA(Ufu)Uj_FQ Z m!%u Z T J( " )
m>N+j+2 n=N+j+1
=AU —u) Ui Z m! %™ (r 4 1)1
m>N+j+2
= A(U - U)W Z m!du (7" + ].) 1
m>N+j+2
1.
=AU -u)(1+ ) > (mAt g+ 2 (e 4+ 1)
m>N

Since U —u = 37450 k!%u* we can continue (3.72) as follows:
FN(U) — FN(u)
1..
D I AT j + 2)1 ™ (r + 1)
+T) Z uF N (mt o+ 21 (r + 1)

k>2 m>N

YOS (ktmt g+ 2l (r+ 1)

I>N+42 k>z m>N

+m=l
1-2
1 1., ) g — (3.73)
_2—dA(1—|—;)J E (I+j+2)% E (r+1)™

I>N+2 m=N

_ 1 Ly . d 1 N+1(7”+1)ZN1—1
72714(147)] E I+7i+2)% (r+1) .
I>N+2

1 1.1
< A+ -)Y = I+ 5+ 2% (r + 1)
<A+ = D0 (42 + 1)

9d
I>N+2

Majorant of FO(u).FY (U). We have
FOu).FN(U)

= Zn!du".A(l + %)j_l Z (r +1)™(m + j)!1 %™

n>1 m>N+1
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1 Lij—1 Nid, nt
j2—dA(1—|—;)J Z Z (r+1)™(n+m+ )"
n>1m>N+1
1

o LU D DR SR (e (I

2 12N+2 n>1,m>N+1

n+m=l1l

:2%14(1+%)j‘1 S+ >

I>N+2 n>1,m>N+1
- n+m=l1l

-1

=AM P Y Y k)T

9d
I>N+2 m=N+1
I-N—1
N1 (T +1) -1
r

_ 1 1 j—1 Nd, 1
= A0+ ) S+ (r+1)
[>N+2

< iA(1+3)J’—11 S+t + 1)k

2d r
I>N+2
We conclude that
1 1..1
PN ) S alggAQ+ 270 3 (4 +2)lr + 1)
I>N+2
1 111 T !
e A+ YT D T ) (1)
I>N+2
1 1,1 ; v, 1 l
Slalgg A0+ Y~ Y 47+ (r+1) (3.74)
I>N+2

+

1 1

.1
—1 . d, 1l l
+27A(1+;)J - E (l+j+2)!u(7“+1)
I>N+2

:idA(H%)J’*l%(\aKH%)H) > 4+ 2%+ 1)k

2
I>N+2

The constants A, r and j in (3.68) depend on N so we write A = Ay, r = ry and
j =jn. From (3.74) we obtain the recursion

1 1 . 1 1
Any1 = —dAN(l + —)]N_l—(\a|(1 +—)+1)
2 TN N TN
TN41 =7TN+1 (3.75)
JN+1=JN + 2.
together with initial conditions:
AO = 1, o = 1, jQ = 0, (376)
sory =N + 1 and jy = 2N. We obtain
1 1 1 1
Anir = —An(1 N1 14+ ——)+1). 3.77
N+1= 5 N(+N+1) N+1(|a|(+N+1)+) (3.77)

Note that A1 < g7 An5ge?(2lal +1). Let us abbreviate E := 57€*(2|al + 1)
and examine the equation
1

N +1

AN+1 = AN E (378)
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which has the obvious solution

We conclude here that we may take the majorating series

FN(u) 2 Ay > (N +1)"(n+2N)1%" .
n>N+1
Majorant of the series for go,. Let us consider the majorating series

=Y wraa(s)FF(u)

k>0

25

(3.79)

(3.80)

(3.81)

with Fy, as in the right hand side of (3.80) and where we replace a by |a| and denote

it again a. Thus:

$) =Y wir1()Ax > (k+1)"(n+2k) %"

k>0 n>k+1

= ST i (5)Ap(k 4 1) (0 + 2810

n>1 k=0
= Z Zwk+1 Ak k+ ) (n + 2k’)!d.
n>1

We insert the expression (3.60) for wyy1(s):

1 k+1

n>1 k= 0

. n—1 k+1 n n—1 . .
and since Yy o > i1 =D i, > p_;_; We can rewrite this as

S(u,s) = u"Z_Z e '[kj1](as)jAk(k+1)"(n+2k)!d

n n—1 —k—1
. « k+1
=Y u"d (as) > [ ]Ak(k—H) (n + 2k)1
n>1 j=1 k=j—1 (k + l)l ]
:Zu"Z(as)]Zak' {}Ak 1k (n 4 2k — 2)19.
n>1  j=1 k=j J

Let us abbreviate the last factor in (3.84):

—k

Zn:ak' HAk KM (n o+ 2k — 2)19

k=j
SO

=> u Zas

n>1

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)
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We want to express this as a series in the variables u and su:

Z Z dpju™” (aus)?

n>1j5=1

= Z Z dnju" ™7 (aus)’ (3.87)
j>1n>j

=30 digsutaus)
j>14>0

Let us now examine the coefficients d,,;. For this we will use the fact that [ ] < k!l

n —k k—1
duj =3 % m (Eik:”(n + 2k —2)1

P k' 7] (E=1)
n a—k Ek—l
<Yy ——kl———k"(n + 2k — 2)!1%
_Z o k(k_l)!k (n+ 2k — 2)
k=j
n —1pyk—1
za_lzuk"(n—i—Qk—Z)!d
= (k-1 (3.88)
3 n a—1E)E-1 .
<a 127( (k:—)l)! n"™(n + 2n — 2)!4
k=3

n

’lEk 1
=a n” (3n—2 'dg
k=j

<a 'n"(3n —2)! exp(oflE).
From the fact that

1
< ——p2enp) 3.89
~ V2 (3:89)

it follows that we can continue (3.88) by:

1
dpj < ot —=n"12e"n!(3n — 2)!1Y exp(a” 1 E)
V2r

12” ) (3.90)
<at——n"12e"— (4n — 2)exp(a”E).
<ol 2al )M exp( )
Let us abbreviate the constant
W2d exp( “'E)=B (3.91)
then we conclude that
dp; < Bn=Y2em(4n — 2)14 (3.92)
for all n > 1 and j > 1. For (3.87) we need
divyg < Bli+ )26 (4 + 4 — 2)1 (3.93)
Note that in general, for I,.J positive integers we have (I + J)! < 2/F/11J!: this
follows from the binomial formula Zﬁo (jy[ ) = Z?/[:O % = 2M_ Hence we

can continue (3.93) as follows:

divg; < B(i+ j)~ /27200472 (45)19(45 — 214 (3.94)
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and hence (3.87) becomes

S(u,8) X BY Y (i+ )2 2872 (44)19 (45 — 2)10 (aus), (3.95)
j>114>0

where the right hand side is thus a majorant series of Gevrey order 4d in the
variables (u, su). In the inversion (3.56) we can apply an inverse function theorem
for Gevrey series [2] and infer that the series (¢, ¢2, ¢) appearing in the right hand
side of (3.57) are of Gevrey order at most 4d in their variables. This completes the
proof of Theorem 1.5.

3.6. Final remarks and questions.

3.6.1. Smoothness. A natural question is whether Theorem 1.2 provides the most
efficient linearization in terms of degree of differentiability in the variable x, al-
though this is not the target of this paper. It is not hard to see that in general,
when choosing the tag functions ¢ and s introduced in (2.14), the degree of dif-
ferentiability in x proposed by Samovol’s in [23] is not always reached, cf. the
counterexamples in the vector field case in [7, 8]. The reason comes from the fact
that our technique does not distinguish between one resonant term and another,
more precisely the tag function associated with each resonant term on a single line
is the same. However, we believe that it is possible to construct a similar theory
where each resonant term is treated independently taking Samovol’s conditions into
account. We expect the asymptotics to be much more complicated. Having a more
complicated normal form procedure in the diffeomorphism case, using tag func-
tions, to increase the degree of differentiability is not the main goal of this paper,
but might be worth knowing.

3.6.2. Unfolding of a resonance. It would be interesting to elaborate on similar
theorems for a family of diffeomorphisms. We believe that Theorem 1.2 can be
generalized to family of maps using the idea of replacing a logarithmic function
with a ‘compensator’ like for example in formula (3.96) below. The difficulty one
encounters when dealing with a map depending on a parameter, is that a resonance
is typically not stable. The eigenvalues at the singular point will vary, and the
resonance conditions between them will change.

For example in the planar case, a p : —q resonance is unfolded by one parameter,
say € close to 0. Let . be the corresponding family of diffeomorphisms like in Def-
inition 1.4, with eigenvalues of dp.(0) equal to a(e), 5(¢). Up to a reparametriza-
tion we can arrange that we have the ‘almost resonance’ relation a(g)P*3(¢)? = 1.
Since the rational numbers are dense in the real numbers, we will inevitably gen-
erate additional resonances of order O(1/¢) if € is small. For such a family there
are normal form results in the finitely smooth category [15], but one will have to
confine the domain for ¢ if the order of normalization increases, even on the formal
level. Also, when trying to remove resonant monomials, this could presumably be
done using unfoldings of the functions like log |z|; these are called Ecalle-Roussarie
compensators and are of the form

—&
welw) = T (3.96)
remark that lim._,ow.(z) = log|z|. Some unanswered questions arise: what hap-
pens for an infinite number of steps? how fast will the domain for € shrink? is there
a kind of Gevrey asymptotics when starting form analyticity?
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