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ABSTRACT. In this paper we finish the study of the cyclicity (i.e. the maximum
number of limit cycles) of the degenerate graphic D Fs, of [6] which is initiated
in [5]. More precisely, we prove that the graphic DF», has a finite cyclicity.
The goal of the program [6] is to solve the finiteness part of Hilbert’s 16th
problem for quadratic polynomial systems. We use techniques from geometric
singular perturbation theory, including the family blow-up.

1. Introduction. The second part of the famous Hilbert’s 16th problem is formu-
lated in the following way: determine the mazimum number H(n) and the relative
positions of limit cycles of a planar polynomial vector field if the polynomial degree
n of the vector field is given. See [9]. This problem is more than 100 years old and
still open even in the case of quadratic polynomial vector fields (n = 2). To prove
the uniform finiteness for the quadratic vector fields, i.e., H(2) < oo, F. Dumortier,
R. Roussarie & C. Rousseau formulated a program (see [6]) consisting of 121 local
finiteness problems. Slightly more precisely, the DRR program reduces the proof
that H(2) < oo to the proof that 121 graphics inside quadratic systems have a finite
cyclicity. We refer to [8] for an overview of the graphics whose finite cyclicity is
proved at the time.

Some of these graphics are degenerate, having a line of singular points in the finite
plane or at infinity. There are 13 such graphics and the systematic study of their
cyclicity began with [5], using geometric singular perturbation theory (GSPT) and
the family blow-up applied to GSPT (see e.g. [4]). The paper [5] more specifically
deals with the study of the cyclicity of the degenerate graphics DF}, and DFy, of
the DRR program, having a line of singularities in the finite plane. We consider
quadratic systems X (p, gy, B,,5,) Where Xc (D, g, B, ,B,) stands for (see [5])

i =y +bry —y? + (Ey + E1x + Eyx?)
{ y=xy+eD (1)
with € > 0 small, b € [0,2[ and (D, Ey, E1, E2) € C. The set C is the boundary of a
cylinder:
C=ByUBLUB_

where

By = {(D, Ey, E1, E2) € R* | D € [-1,1], (Ey, E1, Eo) € S}
and

By ={(D,Ey,E,Es) €R* | D=+1,E3+ E} + E5 < 1}.
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When e = 0, the system (1) has the line of singular points {y = 0}. The set {y = 0}
is called the critical curve. All these singular points are semi-hyperbolic, except
for the origin (z,y) = (0,0), where we have a nilpotent contact point. (For more
details on definitions of the critical curve, semi-hyperbolic singularities, nilpotent
contact points etc., see e.g. [1].) The degenerate graphic DFy, (resp. DFy,) is
observed in the fast subsystem Xg (p g, 2,,5,), for b €]0,2[ (resp. b = 0). See
Figure 1. The degenerate graphics DFy, and DF5, consist of an orbit of the fast
subsystem X, (p g, E,,5,) and the part of the critical curve between the a-limit
(4,0), z, > 0, and the w-limit (F(z.),0) of that orbit (see Figure 1).

DFla

(Fy (), 0) (2+,0) (Fo(z+),0) (@,0)

FIGURE 1. The degenerate graphics DFy, (b €]0,2[) and DFy,
(b=0).

Remark 1. Let’s explain where (1) comes from. By Proposition 2.1 of [5], a
quadratic system with a line of singularities in the finite plane (all the singularities
except one are normally hyperbolic) and a focus (strong or weak) or center can be
brought to the form Q : {i = y + boxry — y?,9 = xy}, where by €] — 2,2[. There
are 6 graphics with a line of singular points in the finite plane: DFy,, DFyy, DFs,,
DFs,, DHy and DH; (see [5] or Figure 11 of [6]). Moreover, Proposition 2.1 of [5]
implies that the general quadratic perturbation of ) has the following form, after
an affine change of coordinates and time scaling: {& = y + bry — y? + p1 + pox +
psr?,y = 2y + pa}, where b = by + o € [0,2[. When we deal with DFj, and
DFy,, it is more convenient to write (ju1, pz, i3, jt4) = (€2Eq, €2E1, €2Fa, €3 D), with
(D, Ey, E1, E3) € C (for more details see [5]). This gives (1).

The degenerate graphics DF}, and DF5, can generate limit cycles in the systems
(1), with € > 0. Their cyclicity has been studied in [5] in the case (D, Ey, E1, Es) #
PO = (07070, 1), (D,Eo,El,Eg) € C. Under this condition on (l),f;(),EhE‘g)7
one deals with a slow dynamics along the critical curve with non-zero isolated
singularities on [Fy(z.), 2], and the results presented in [1] and [2] can be used to
study the cyclicity of DF}, and DF5,. We refer to [5] for more details. However, in
[5] it was not possible to study the cyclicity of DFy, and DFy, in slow-fast systems

T =y +bry — y? + 2(eg + erx + 22) 9

{ U =zxy+ €D, (2)
with (D, eq,e1) ~ (0,0,0), € ~ 0 and b € [0,2[, because a singularity of the slow
dynamics 2’ = eg + eyx + 22 of (2) can be located at the contact point z = 0. Note
that the system (2) represents (1) with (D, FEg, F1, Es) ~ Py and (D, Ey, F1, E») €
C. In fact, instead of using the spherical coordinates near Py, it is more convenient
to work in the chart (D, Ey, E1, E9) = (D, eqg,e1,1), (D,eg,e1) ~ (0,0,0), covering
C near P, (for more details see [5]). Since there is no difference between (1) and (2)
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for e = 0, we deal with the same degenerate graphics in the family (2), DFj, and
DFy,.

Later, it has been proved in [3] that the cyclicity of DFj, in (2) is finite. The
paper [3] treats the cyclicity of so-called detectable canard cycles by studying zeros
of the derivative of the related slow divergence integral if the slow dynamics is
regular, except for the contact point, where a saddle-node singularity occurs. The
case DF5, (b = 0) is technically far more difficult due to the center problem and
our goal is to study this case using techniques from singular perturbation theory and
the family blow-up developed in [3] and [7].

Denote the degenerate graphic DFs, by T, where z, € K, with K C]0, 00|
compact. In Section 2 we prove

Theorem 1.1. There exist small ey > 0, by > 0, d > 0 and a (D, ey, e1)-neighborhood
W of the origin such that system (2) has at most three limit cycles (counting mul-
tiplicity) within Hausdorff distance d of Ty, for each value (x.,€,b,D, eq,e1) €
K x [0,60] X [7b0,b0] x W.

Remark 2. Tt will be clear from the proof of Theorem 1.1 (see Section 2) that the
cyclicity of Uy, exI';, is bounded by 3. In this paper we don’t study the cyclicity of
the limit periodic sets I'g and I'w,, denoted by DFy, and DHos in [6]. As far as we
know, these two cases are open (see [8, 5]) and different techniques are needed to
treat them. The same is true for the two limiting cases (DFy, and DHy) for b > 0.

Combining Theorem 1.1, Theorem 3.1 of [5] and Theorem 7 of [3], we obtain a
cyclicity result for the complete unfolding (1):

Theorem 1.2. Consider a system X (p, gy B, E,) gven in (1) and a family of
degenerate graphics T%, where e > 0 small, b, € [0,2[, (D, Eo, E1, E2) € C and
xz. € K, with K CJ]0,00[ compact (the degenerate graphics I‘l;** are of type DF, for
by €]0,2[ and the degenerate graphics I'_ are of type DF»,). Then the following
statements are true:

(i) (finite cyclicity of DFy,) If b. €]0,2], there exist ¢ > 0, no > 0 and
po > 0 such that system (1) with € € [0,€e0] and b € [b. — 1o, bs + 1o] has
at most three limit cycles (multiplicity taken into account), lying each within
Hausdorff distance pg of a corresponding slow-fast cycle Ffﬁ’;, with x, € K. If
moreover we keep E1 > 0, then, under the same conditions on (e, b), system
(1) has at most one limit cycle, which is hyperbolic and attracting when it
exists.

(i1) (finite cyclicity of DF»,) If b, = 0, there exist eg > 0, 1o > 0 and pg > 0
such that system (1) with € € [0, €] and b € [—ng,no] has at most five limit
cycles (multiplicity taken into account), lying each within Hausdorff distance
po of a corresponding slow-fast cycle I‘g*, with z, € K.

(iii) Let Bs(Py) (resp. Bs,((0,Eg,0,Es))) be a §-neighbourhood (resp. a 01 -
neighbourhood) of Py = (0,0,0,1) (resp. the circle {D = E; = 0}) in-
side C. If b, = 0 and 6 and 6, are arbitrary, then there exist ¢g > 0
and 19 > 0 such that the system (1) with € € [0,&], b € [—n0,1m0] and
(D, Ey, E1, Es) € C\ (Bs(Py)UBs, ((0, Eo, 0, E2))) has at most one limit cycle
and this limit cycle is hyperbolic; it is repelling for E1 < 0 and attracting for
FE1 > 0.

Remark 3. Theorem 1.2(i) follows directly from Theorem 3.1(i) of [5] (the pa-
rameter (D, Ey, E1, E2) # Py) and Section 4.2 of [3] (D, Ey, E1, F2) ~ Fy). On
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the other hand, Theorem 1.1 ((D, Ey, E1, E2) ~ Py) and Theorem 3.1(ii) of [5]
((D, Ey, E1, E3) # Pp) imply Theorem 1.2(ii). Statement (iii) of Theorem 1.2 has
been proved in [5], Theorem 3.1(iii).

2. Proof of Theorem 1.1.

2.1. Slow dynamics and slow divergence integral. In this section we focus on
systems (2), where € > 0 is small and (b, D, eg, e1) ~ (0,0,0,0). We denote (2) by
Xeb,(D,eo,er)- Lhe slow dynamics is given by

¥ =ey+ex+a® x#0.

When limit cycles are Hausdorff-close to I, , the slow dynamics allows the passage
from the attracting part of the critical curve to the repelling part of the critical
curve, for some parameters (eg,e1). Note that the slow dynamics is strictly pos-
itive for (ep,e1) = (0,0), except for the origin = 0, where it has a saddle-node
singularity. See Figure 2. The passage near the saddle-node singularity has to be
studied separately from the rest of the critical curve using blow-up techniques from
[3] or [7]. It will be explained later in this section.

DFQa

FIGURE 2. The degenerate graphic DF5, and the indication of the
slow dynamics of (2) for e = e; = 0. One can expect limit cycles
of (2) to bifurcate from DFs,.

Following [3], an upper bound for the number of limit cycles near the set U, cx T, ,
with K CJ0, oo compact, could be found by studying zeros of the derivative % of
the slow divergence integral with respect to x, along [Fp(2y), Z4]

I(22,b,co, 1) :/

27
Fy(z,) €0 +e1x+x

with (b, ep,e1) ~ (0,0,0), x, € K and with Fy(x,) defined in Section 1. Clearly, the
divergence of X (D eg,e;) ON the critical curve {y = 0} is 2 and dt = 60_‘_5%.
Although the slow divergence integral I is divergent for eg = e; = 0, its derivative

w.r.t. T,

T xdx

ol Ty Fb(ff*)%(x*)
7(11*719760)61): 2 - 2
eot+ ez, + 22 eg+erFy(zy) + Frp(ay)

o5, (3)

is well defined for z, € K and (eg,e1) ~ (0,0). When b > 0, (3) is nonzero for
(eg,e1) = (0,0) (see [3]) and it helps us find the number of zeros of the derivative
of the “full” divergence integral of (2) which is related to the cyclicity of DF}, in
the family (2) (see Theorem 5 of [3]).

Note that Fy(z.) = —z. + O(b) because the system X (p,e,e,) IS invariant
under (z,t) — (—x,—t) with a center at (z,y) = (0,1). Thus, %(I*,b, €0, €1) is
identically zero for b = e; = 0, and this degenerate case cannot be studied using
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Theorem 5 of [3]. In order to prove Theorem 1.1, we have to improve some results
given in [3] by studying the derivative of the full divergence integral of X j (p.cy,e;)
and using symmetries of Xy (p ey e,)-

2.2. Normal form near the contact point and reduction to slow-fast Hopf
parameter regions. To find the regions in the parameter space (D, eg,e;) where
the passage near the contact point at the origin (x,y) = (0,0) is possible, we first
blow up the origin (D, eg,e1) = (0,0,0) using a quasi-homogeneous blow-up

(D, eg,e1) = (r*D, %0, 7¢1), (D,é0,é1) €S% >0, r~0.
After this blow-up in the (D, eq, e1)-space, the slow-fast system (2) becomes

{ &=y +bry —y? + €2(r?éy + rérz + 2?)

g =azy+ 3D, @)

Clearly, instead of studying systems (2), with (D, eg,e1) in a small neighborhood
of the origin (D, eq,e1) = (0,0,0), it suffices to study systems (4), with r ~ 0
and with (b, €0,€1) on a 2-dimensional sphere. In order to desingularize systems
(4), we can combine two blow-up constructions (see [3] or [7]): a primary blow-
up (x,y,7) = (uz,v’y,ur), (z,y,7) € S, ¥ > 0, where we blow up the phase
coordinates (z,y) and the parameter r > 0, and a secondary blow-up (Z,7y,€) =
(0%, 627, 6¢), (%,9,€) € S?, € > 0, where the new phase coordinates (Z,%) and the
singular perturbation parameter ¢ > 0 are included in the blow-up. Rather than
repeating the calculations from [3] for slow-fast systems (4) near the contact point in
different charts of the primary and secondary blow-up, we bring (4) near the contact
point to a normal form studied in [3], and we use the results from [3] directly. Using
the coordinate change

Y =y + bry — y* <i.e., y=Y(1-bz+O()+ O(xz)))

near (x,y) = (0,0), (4) becomes

=Y +€*(eg + e1z + 2?%)

Y 3 2 2 2 2 (5)

Y =€eD(1+bx) + Y (a1 + (1 + az)z + O(a?)) + O(Y?),
where (D, e, e1) = (r3D, r2¢, 7€1), a1 = beg — 2¢D and ap = —b%eq + bey + 2beD.
After the change of coordinates ¥ = —(Y + €?(eg + e1x + x?)), and after division
by —1, systems (5) change into

i=Y

Y = €%(ebg + brz + baa? + bya® + O(z?)) ) ) (6)

+(€20(D, eg, €1) + (=1 + O(e))z + O(z?))Y + O(Y?),

where by = D + €O(Deg, e2), by = —eq + eO(D,ieg,eoel), by = —e; + O(D, e, €2)
and by = —14 O(D, g, e1). After a translation X = x — O(€’D, e*eq, €*e;) we may
(and will) assume that €20(D, eg,e1) = 0 in (6), and after a rescaling of (X,Y )
we have —1 + O(e) = —1 in (6). More precisely, (6) changes into

X=v
- [ — - — — — — - — 7
{ Y = —XY + €?(ebo + b1 X + b2 X2 + b3 X3 + O(X*)) + O(X?Y,Y?) )

with by = D+€O(D, €}, eper, €3), by = —eo+€0(D, eq, €3), ba = —e1+O0(D, e, €3, €eq)
and bs = —1 4 O(e, D, eg,e1). Systems (7) are of the form (5) of [3], implying that
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the results of [3] can be applied. The system (5) of [3] has the following form:

T=y
{ g =—xy+ € (eao + a17 + azx? — 2° + G(z, v, )\)) +yH(z,y, ),

where € > 0, ¢ ~ 0, (ap,a1,az) ~ (0,0,0), A is kept in a compact subset of RP,
for some p > 1, G and H are smooth near the origin with G = O(z*, 2%y, y?) and
H = 0(22,y).

Taking into account (D, eqg,eq) = (r3ﬁ,7“2é0,7“él), (7) can be written as

X=Y
Yy = —XYC +7€2£67’3Bo +72B1 X +7rByX? — (1 +0(e, 7)) X3 + O(X4)) (8)
+0(X?Y,Y?)
with By = D 4 O(e), By = —é& + O(e) and By = —é; 4+ O(e,7). Note that

B2+ B? 4 B3 = 1+ 0(e,7) because (D, &, é;) € S?. In Section 3.2 of [3], instead of
working with the spherical coordinates, 6 different charts (or regions) of the sphere
have been used (see also [7]):

e Jump region (JR)

By = £1, (B1, Bs) € Ky, where K is a sufficiently large compact set in
R2.

e Saddle region (SR)

By =1, By € Uy, By € Ky, where U is a sufficiently small neighborhood
of the origin in R and where K7 is a sufficiently large compact set in R.

o Slow-fast Hopf region (SFHR)

By = -1, By € Uy, By € K;, where U; is a sufficiently small neighborhood
of the origin in R and where K7 is a sufficiently large compact set in R.
e Slow-fast Bogdanov-Takens region (SFBTR)
By = £1, (By, B1) € Us, where Us is a sufficiently small neighborhood of
the origin in R2.
Clearly, for any small U; and Us we can take the compact sets Ky and K; large
enough such that the chosen charts cover a complete neighborhood of (0,0,0) in
the (D, eg, e1)-space.

By Theorem 1 of [3], the passage near the contact point of (8) from the section
{X = p} to the section {X = —p} (p > 0 small) is possible only for the parameters
(Bo, By, Ba) in the slow-fast Hopf region {B; = —1}: By ~ 0 and By € [—BY, BY],
with BY > 0 large and fixed. This, together with the fact that (5) was divided by
—1 and By = —€p+0(e), implies that the passage near the contact point of (4) from
{z = —p} to {z = p} is only possible for the parameters (e, D, eg,e1) ~ (0,0,0,0)
with the property that

(D,eg,e1) = (r*D,r?,ré1), €>0, r >0, D~0, & e [—&),&],
with €9 > 0 large and fixed.

Remark 4. The canard limit cycles of (4) Hausdorff-close to D Fy, are not possible
in the charts {5 = +1}, {ép = —1} and {&; = £1} covering S? \ {éy = 1} in the
(D, &g, &, )-space. Indeed, {5 = +1} corresponds to the jump region {By = +1}
(Bo = D + O(¢)), {é&9 = —1} corresponds to the saddle region {B; = 1} (B; =
—ép + O(e)) and {é; = £1} corresponds to the slow-fast Bogdanov-Takens region
{By = £1} (By = —é1 + O(€,7)). Theorem 1 of [3] implies now that the passage
near the contact point of (8) (hence the passage near the contact point of (4)) is



B2} SFBTR(B; = +1)

SFBTR(Ba = —1)

FIGURE 3. Six regions covering the sphere in the (By, By, Ba)-
space. Canard limit cycles of (4), Hausdorff-close to DFy,, are
only possible for the parameters in the slow-fast Hopf region.

not possible in the jump, saddle and slow-fast Bogdanov-Takens regions. Thus the
canard limit cycles of (4) are only possible in the chart {éy = 1}.

For the sake of completeness, we give a sketch of the proof of Theorem 1 of
[3] (for more details see Sections 3.2.5-3.2.6 of [3]). After the (singular) change of
coordinates (z,y) = (rz,r%y), with (z,%) kept in a compact set, and after division
by > 0, (4) becomes Xp : {Z = §+brig— 25>+ 2(ég+ €12+ 7°), 7 = T+ €3 D}.
The slow-fast vector field X p represents (4) in the family directional chart {7 =1}
of the primary blow-up defined after (4). When e = 0, the vector field Xp has the
line of singularities {§ = 0} that connects the attracting part and the repelling part
of the critical curve {y = 0} of (4). All the singularities are semi-hyperbolic on the
critical curve {§ = 0}, except for the origin Z = 0, where we deal with the nilpotent
contact point. The slow dynamics of Xp, along {§ = 0}, is given by

T =6y + 6,7 + T2

First, suppose that é; = £1 and (D,é) ~ (0,0). Then the slow dynamics has a
hyperbolic singularity near & = 1 (resp. Z = —1) when é; = —1 (resp. é; = 1). This
implies that in this chart the slow dynamics cannot go from £ = —oco to T = +00
(hence the passage from the attracting part to the repelling part of the critical
curve of (4) is not possible). Suppose now that D ~ 0, & = +1 and & is kept
in an arbitrary compact set. When ¢y = —1, the slow dynamics is negative near
Z = 0, and therefore it cannot go from T = —oco0 to T = 400. When éy = 1, the
slow dynamics is (uniformly) positive for some values of the parameter é; (in this
chart, the passage is possible). Finally, suppose that D= +1, with (€, 1) kept in
a compact set. In this chart, the slow dynamics has a saddle-node at £ = 0, for
(é0,€1) = (0,0), like the (original) slow dynamics of (4). In this chart, we use the
secondary blow-up, defined after (4), to show that the origin (z,y) = (0,0) is a jump
point (see Section 3.2.6 of [3]). In the family chart {€ = 1}, the secondary blow-up
formula becomes (Z,9) = (eZ, €27), with (Z,9) kept in a compact set. After this
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rescaling and division by € > 0, Xp changes to Xg : {Z = j+é&y+O(e), 5 = Zj£1}
(we supposed that D = +1). After the coordinate change ¥ = —(§ + éo), and
after division by —1, the vector field Xg, with € = 0, becomes: Xg : {55 =YY =
—ZY +(£1—épZ)}, where & is kept in a compact set. This vector field is of the form
(22) of [3], and therefore we can apply the results of Section 3.2.6 of [3]. Following
Section 3.2.6 of [3] (Figures 3 and 4), the passage from & = oo to & = —oo in the
family Xg is not possible. This implies that the passage from & = —oo to & = +00
in the family Xg is not possible (we changed the time). Thus, the passage from
the attracting branch to the repelling branch of the critical curve {§ = 0} is not
possible.

From now on, our focus will thus be on the chart {éy = 1} of the sphere in the
(D, &y, €1)-space.

2.3. Difference map near DF5,, and the divergence integral. The limit cy-
cles of X b, (13D ,r2,re,) D€Ar Uz, ey, can be studied as zeros of a difference map.
We define a section S; C {x = 0}, parametrized by z. € K. More precisely,
S1 = {(0,9(xx)) | z. € K}, where we suppose that the orbit of the system
i.XOKJ)(TSDJQ,TéI) through the point (x.,0), z. € K, intersects the section {x = 0}
at a point denoted by (0, (z.)). Note that ¢(z.) > 1 and ¢'(x.) > 0 uniformly
in 2, € K. We define a second section Sy C {X = 0} = {z = O(¢2D, €2eg, €2e1)}
parametrized by Y ~ 0. Now if we follow the orbits of (4) in forward (resp. back-
ward) time, we can define a transition map from S; to Sy which we denote by
A+(x*,e,r,D,é1,b) (resp. A,(x*,em,flél,b)). See Figure 4. Closed orbits of (4)
are given by zeros of the difference map

A=A, —A_.
Lemma 2.1. The transition maps A+ can be written as
Y = Ai(x*,evrvbvélab) = _GQTQA:E(:L'*vea TaDaél,b)

where Ay are strictly positive C*-functions in the variable (T4, €1, ﬁ, €1,b), with a
CF-extension to the boundary of their domain, and Ay (x,,0,7,0,é1,b) = 1.

Proof. Let’s prove this for the transition map A, ; the transition map A_ can be
treated similarly. First we consider the transition map of Xe,b,(TS Dor2rér) from the
section S7 to the section {X = —p}, parametrized by Y ~ 0, where (X,Y) are
normal form coordinates and p > 0 is small. We denote this transition map by Y =
Ai(zy,€,7m, D, é1,b) (see Figure 4). Following [1], the function A; is smooth (smooth
stands for C>°-smoothness) in (z,, €, 73D, 72, ré;,b) with a smooth extension to the
boundary {e¢ = 0} because the slow dynamics is regular along the attracting part
of the critical curve. We define the second transition map of Xe,b,(r3D,T2,rél) from
the section {X = —p}, parametrized by the normal form coordinate Y ~ 0, to the
section S, denoted by Yi = Ay(Y,¢e,r, D, €1,b). Note that Ay(Y ¢, 7, D, é,,b) also
represents the transition map from the section {X = —p} to the section Sy defined
by following the orbits of (8), with &y = 1, in backward time, and by Theorem 2 of
[3], it has the following form:

Y1 = Ao(Y,e,r, D, é1,0) = —2r2Ay(Y €, 1r, D, &, By, Ba, b) (9)
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where Ay is a strictly positive C*-function on the topological closure of its domain.
Moreover, Theorem 1 of [3] implies that
Ay(Y,0,7,D, 8,0, Ba,b) = 1. (10)

Clearly, the transition map A, is a local C*-diffeomorphism with respect to Y
whenever it exists. Although the transition map does not exist when ¢ = 0, the
function As, introduced in (9), can be C*-extended to the boundary e = 0 where
we obtain (10).

We now combine (9) with the fact that

A+($C*,€7’I"7D7é17b) = A2<A1(x*;€7T7D7élab)7€7r7ﬁ7él7b)7

to obtain the above result for the transition map A,. O

{X=-p} S

FI1GURE 4. The transition maps Ay = As o A and A_.

The following proposition (see [1]) allows us to express the derivative of the
difference map A w.r.t. z, in terms of a divergence integral.

Proposition 1 ([1]). Let f be a vector field on an open subset of R™. Let S and Sa
be two open sections of R™, transverse to the flow of f. Assume p € Sy, q € Sy and
the orbit through p reaches q in finite time. Let T : So C S1 — So be the transition
map defined in a neighborhood of p. If ¢; : U; — S; are coordinates for S; with
U; CR™ L, then

det(D(¢; ' o T o ¢1))(s1) = det(Do1(s1)f(p))

= det(Don(s2)|f(q) { Jog.g 4ivf dt}’

where s1 = ¢71(p), s2 = ¢y '(q), and where (D¢y(s1)|f(p)) is a matriz composed
of the n x (n — 1) matriz D¢1(s1) and the column vector f(p), and similarly for

(Do2(s2)|f(q)). The integral is taken over the orbit O(p,q) from p to q parametrized
by t.

Using Proposition 1, the fact that S C {z = 0(627"35, €2r?, e2réy)} and

y(1+ bz —y) + (r? + réjx + 2?)

Y=- 11000 ! (11)

we have that

OA L _ —L(x4,€,D,eq,e1,b)
0%, B 647"4Ai exp (I:I:(x*»evD760,61,b))
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where (D, e, e1) = (r®D,r?,ré1), L is a strictly positive smooth function, and with

I:t(il'*,ﬁ,D,e(hel,b) = / le (:tXe,b,(D,eo,el))dt
O* (z4,6,D,e0,€1,b)
where O (x4, €, D, eg,e1,b) (resp. O~ (x4, €, D, eq,e1,b)) is the orbit of the system
Xeb,(D,eq,er) through the point (0,1 (z,)) € Sy, in positive time (resp. in negative
time) until it hits the section Sy. If we denote the divergence integral Z, —Z_ by Z,

and if we define the positive analytic function E(a,an) = ZP=2P22 o # o,
and E(aq,as) = exp ay, then we obtain
oA s (AL —A) L ) b A
3o, = T o =3 E(ozl,ozg)(e Z+¢€ln AJr) (12)
where
or =TIy —InAy, ag=7_—InA_.
The derivative of €2Z + €2 In é; in (12) is given by
AA_ AA L
0T T
2 2( Oz O
e—— +¢€ (.,7 — —= ) 13
0z A AL 13)

The reason we study the derivative (13) is twofold: it is that the function
engI(x*, €,D,ep,e1,b) is C* on the topological closure of its domain, and

0T oI
2 _
€ 0z, ($*763D7€05617b)|€:0 - Tm*(x*ﬂbv 60361)7
where (%I* is given in (3) (see Theorem 4 and Section 4.2 of [3]), and the other
reason is that
A 284
Lemma 2.2. The functions aaii and Zli are C*-functions w.r.t. original variable

(z4,€,D,ep,e1,b) on the closure of their domain.

< oA - dA_
Proof. We focus on 66; and 21 (aai_ and 21 can be treated similarly). We
. N . _
have - -
0AL  0Aq 0A
= —=(A1(...),...).
0.~ oy Mle)) g =)
and
0A A,
Oz. _ 0¥ (Al(...),...)aAl(...),

A+ AQ ’ 8(13*
where A; and Ay are defined above. Following [1], A; and %—ﬁj are smooth functions
w.r.t. (x4, €, D, eg,e1,b) on the topological closure of their domain, hence including

- oA

¢ = 0}. From (7) and Theorem 3 of [3], the functions 222 and o are C* w.r.t.
)% Ao

(Y, e, b, b1, b2, D, e, €1, b) on the topological closure of their domain, and are hence

C*¥ w.r.t. (Y, e, D,eg,er,b). This concludes the proof of the lemma. O

Let’s write F(z.,b) = Fyp(x.). Proposition 4.1 of [5] implies that

oF 22 +1 2+ 1
%(x*,O)——l—i— . arctan x, — m .

, F(24,0) = —x,. (14)
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Using (3) and (14), 8‘97[(55*,1), €0, €1) can be written as

9 _ arctanz, 4 7
61(_ ;z +O(607€15b)> +b<2 If;z L +O(603617b))' (15)

Since By in (8) is a “breaking parameter” (see [3] or [7]), periodic orbits of systems
X b, (3D 2,080 ) Hausdorff-close to T';,, can exist only for D = Dg(z«,€,7,€1,b)
where Do(m*,e,r, €1,b) is a CPF-function. This follows directly from the Implicit
Function Theorem because By = D + O(e), (Ay — A_)(24,0,7,0,é1,b) = 0 and
%(x*, 0,7,0,€1,b) # 0. Furthermore, since X b, (3D ) has a center for
(D,é1,b) = (0,0,0), we have

A(z.,€6,7,0,0,0) =0

and

[)o(x*,e,r,0,0) =0.
Since (15) is identically zero for b = e; = 0, it is more convenient to study zeros
w.r.t. , of

Ap($*7 €T, éla b) = A($*7 €T, ﬁo(p, €T, é17 b)7 éla b)
where p is kept in the compact set K. We call this procedure “cloning a variable”

(see [7]). Note that %ﬁf (4, €,7,0,0) = 0. If we now substitute in (12) the function

Do(x,€,7,,b) for D, and use (15) and the fact that the function in (13) is C*
w.r.t. to the original parameters (D, eg,eq), then (13) can be written as

arctan s
2 - Tt
61(- E +01(€761,b)> +b<2 lt*z +02(6,€17b>) (16)
where O; and O, are C*-functions w.r.t. (z.,e€,7,&1,b,p). In the rest of this section
we will show that (16) has at most 1 zero (counting multiplicity) w.r.t. z, € K, with
(e1,b) # (0,0). Using (12) and Rolle’s theorem, this will imply that the difference
map A has at most 3 zeros (counting multiplicity) w.r.t. z, € K for e > 0, r > 0
and (D, e1,b) # (0,0,0), which will conclude the proof of Theorem 1.1.
If we define rescaling (e, b) = (ké1,kb), (€1,b) € S', k ~ 0, k > 0, then expres-
sion (16) can be written as
2 - t "
x?kn<51+b(1 %‘Fi) + O(e, /—1)) (17)
where z, € K. This rescaling is the so-called Bautin trick.
When k = 0, we deal with a center. Thus we suppose that x > 0. We will show
that the expression

arctan x, ™
— + 7) (18)

—e1+b(1 -
Xy -

has at most 1 zero (counting multipicity) with respect to x, € K, for each (e1,b) €
S!. This will imply that the expression in (17) has at most 1 zero counting multi-
plicity in K for each (€,b) € S!, K >0, K ~ 0 and € ~ 0.
When (é1,b) = (£1,0), the expression (18) has no zeros in K. When (&y,b) € S!
and b # 0, we consider the derivative of (18):
b

_ m(m — (1 +2?)arctanz, + (1 +22)). (19)
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If we write [(z,) = 2 — (1 + 22) arctan z, + 7(1 + 22), then we have that [(0) =7

and

for

U'(xy) = 2, (7 — arctanz,) > 0
all z, > 0. Thus we have that I(z,) > 0 for all z, € K. This implies that

(19) has no zeros in K and, by Rolle’s theorem, (18) has at most 1 zero counting
multiplicity in K. This completes the proof of Theorem 1.1.
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