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Samenvatting

Statistische modellen worden gebruikt om gegevens te analyseren en verbanden tussen
geobserveerde variabelen te beschrijven. Voor sommige modellen is de onderstelling dat
het verband tussen de variabelen monotoon is, een natuurlijke aanname. In dat geval
moet deze monotoniciteitseis ingebouwd worden in de procedure die ontwikkeld wordt
om de data te analyseren. In het eerste deel van deze thesis bespreken we statistische
modellen waarin dergelijke monotoniciteitsvoorwaarden aan de orde zijn. De concrete

problemen worden in detail beschreven in het introductie hoofdstuk van Deel 1.

In Hoofdstuk 2 zijn we geinteresseerd in een lineair verband tussen een responsvariabele
enerzijds en een groep covariaten anderzijds. De verklarende covariaatvariabelen wor-
den volledig waargenomen maar de responsvariabele wordt niet geobserveerd. We weten
enkel of de responsvariabele voor of na een geobserveerde censureringsvariabele ligt. Een
corresponderende censureringsindicator geeft aan of de responsvariabele groter of kleiner
is dan de censureringsvariabele. Dit censureringsmechanisme wordt het "current status"
model genoemd. Het doel van Hoofdstuk 2 is het schatten van parameters die het lineair
verband tussen de respons en de covariaten beschrijven op basis van observaties voor de
censureringsvariabele, indicator en covariaten.

Een welgekende techniek om de parameters in een regressiemodel te schatten maakt
gebruik van de “maximum likelihood” methode waarbij de schatters voor de regressiepa-
rameters gevonden worden door de aannemelijkheid van de data te maximaliseren. Het
gecensureerde karakter van de observaties leidt tot een monotoniciteitseis voor een func-
tie die voorkomt in de aannemelijkheidsfunctie van de data. Omtrent het gedrag van
deze “maximum likelihood estimators" (MLEs) voor de regressieparameters in het current
status model zijn nog een aantal vragen onopgelost in de statistische literatuur.

Op basis van de aannemelijkheidsfunctie construeren we in Hoofdstuk 2 een scorefunctie
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en bekomen we nieuwe schatters die gedefinieerd zijn via het nulpunt van deze score-
functie. Onze schatters zijn daardoor nog steeds afhankelijkheid van het gedrag van de
MLE. Door de studie van het asymptotisch gedrag van deze schatters, zijn we in staat
om de vragen, nog steeds onopgelost voor de MLE, te beantwoorden voor de nieuwe

scoreschatters die opgebouwd zijn vanuit het maximum likelihood mechanisme.

In Hoofdstuk 3 gaat onze interesse uit naar de verdelingsfunctie van de respons in
afwezigheid van covariaten. De beschikbare informatie zijn de censureringsvariabelen en de
censureringsindicatoren. De verdelingsfunctie bepaalt het gedrag van de responsvariabele
en is per definitie monotoon stijgend. De bedoeling is om puntsgewijze betrouwbaarhei-
dsintervallen te construeren voor de ongekende verdelingsfunctie. Opnieuw kan het maxi-
mum likelihood principe gebruikt worden om deze verdelingsfunctie te schatten (opnieuw
MLE genoemd). Om betrouwbaarheidsintervallen op te stellen rond deze MLE voor de
verdelingsfunctie, kan gebruik gemaakt worden van een bootstrapmethode die gebaseerd
is op het genereren van gegevens door het hertrekken uit de geobserveerde waarnemin-
gen. Uit de bestaande statistische literatuur is bekend dat de MLE in combinatie met
de typische niet-parametrische bootstrapmethode geen goede betrouwbaarheidsintervallen
oplevert. In Hoofdstuk 3 schatten we de verdelingsfunctie via een gladgemaakte versie
van de MLE en tonen we aan dat de klassieke bootstrap wel gebruikt kan worden om

betrouwbaarheidsintervallen op te stellen rond deze gladgemaakte MLE.

We stellen in dit hoofdstuk ook een tweede bootstrapalgoritme voor en vergelijken deze
methode met de klassieke bootstrap. Het verschil tussen beide procedures is dat het
klassieke hertrekken van censureringsvariabelen en indicatoren onafhankelijk van het on-
derliggende model kan uitgevoerd worden terwijl de tweede methode afhankelijk is van
de gladgemaakte schatter voor de verdelingsfunctie en dat enkel indicatoren (en geen

censureringsvariabelen) hertrokken worden.

Uit onze numerieke experimenten volgt er geen uitgesproken voorkeur voor één van beide
bootstraptechnieken en het is opmerkelijk dat voor het construeren van betrouwbaarhei-
dsintervallen voor de verdelingsfunctie, beide bootstrapmethoden het even goed lijken te
doen. De extra informatie omtrent het onderliggende model bij de tweede bootstrapmeth-
ode leidt niet tot een verbetering van de niet-parametrische methode. De eenvoud van
de klassieke procedure is een voordeel van de niet-parametrische bootstrapmethode. Een
voordeel van de tweede bootstrap is dat enkel de indicatoren hertrokken worden, op die
manier blijft de verdeling van de censureringsvariabelen ongewijzigd.

De techniek die gebruikt wordt om de oorspronkelijke MLE glad te maken, is afhankelijk
van een parameter, die de bandbreedte genoemd wordt. In onze simulatiestudies

bestuderen we het effect van deze bandbreedte op de betrouwbaarheidsintervallen. We
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illusteren hoe belangrijk een goede keuze voor deze parameter is en ontwikkelen een

selectieprocedure voor de bandbreedte.

In het laatste hoofdstuk van Deel | bestuderen we het monotoon single index model. In
dit regressiemodel worden zowel de covariaten als de respons volledig geobserveerd. De
gegevens zijn niet gecensureerd. De respons hangt af van een lineaire combinatie van
de covariaten via een ongekende linkfunctie. De enige voorwaarde op deze linkfunctie is
dat ze een monotoon stijgend verloop heeft. Het doel is om de regressieparameters te
schatten, dit zijn de parameters die het lineair verband in de covariaten bepalen. In de
schattingsprocedure moet rekening gehouden worden met het stijgend karakter van de
linkfunctie. We werken met kleinste kwadratenschatters (KKS). Deze minimaliseren de
gekwadrateerde foutensom die ontstaat door de som te nemen van de gekwadrateerde
verschillen tussen de geobserveerde respons en de voorspelde respons in het geschatte

model.

De statistische eigenschappen van de KKS zijn vergelijkbaar met de eigenschappen van
de MLE in het current status lineair regressie model van Hoofdstuk 2. Het asymptotisch
gedrag van de KKS werd tot op heden nog niet helemaal doorgrond.

We construeren vanuit de gekwadrateerde foutensom een scorefunctie die leidt tot
scoreschatters voor de regressieparameters in het monotoon single index model. Uit een
vergelijking van deze scoreschatters met reeds eerder voorgestelde rangschatters in Han
(1987) en in Cavanagh and Sherman (1998), volgt dat beide schatters weliswaar dezelfde
asymptotische convergentiesnelheid hebben maar de scoreschatters hebben een kleinere
variantie dan de rangschatters. Op basis van onze simulatie-experimenten kunnen we geen
overtuigende conclusies trekken omtrent de asymptotische convergentiesnelheid van de
KKS. We kunnen wel besluiten dat scoreschatters een kleinere variantie hebben in eindige
steekproeven dan de KKS die beiden gebaseerd zijn op een kleinste kwadratenprocedure.

In het tweede deel van deze thesis, bestuderen we een model waarbij de regressiecoéf-
ficiénten functies zijn van covariaten (varying coefficients model, VCM) en waarbij
niet alle responsvariabelen geobserveerd worden door de aanwezigheid van rechtse
censurering. De respons is dan voor een aantal observaties niet gekend, er wordt enkel
een ondergrens waargenomen. We ontwikkelen twee datatransformatie technieken waar-
door een nieuwe variabele met dezelfde verwachtingswaarde als de niet-geobserveerde
respons geconstrueerd wordt. De getransformeerde variabele wordt gebruikt in een
gepenaliseerde kleinste kwadratenprocedure waarbij spline schatters gebruikt worden om

de onderliggende variérende coéfficiénten functies te schatten.

De theoretische eigenschappen van deze gepenaliseerde spline schatters maken de schat-
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ters vergelijkbaar met reeds eerder gedefinieerde schatters voor het VCM met rechts gecen-
sureerde observaties. Aan de hand van simulatiestudies en data voorbeelden illustreren

we de kwaliteit van de voorgestelde schattingsprocedure.



Summary

Statistical models are used to analyze data and to search for relationships between
observed variables. In many models, shape constraints are imposed and therefore, the
procedures that are developed to analyze the data need to include the shape restriction.
In the first part of this thesis, we discuss statistical applications that have to take a
monotonicity constraint into account. The specific problems are discussed in more detail

in the Introduction of Part I.

In Chapter 2, we model a linear relationship between a response variable and a
set of covariate variables. The covariates are fully observed but the response variable
is subject to type 1 interval censoring. Instead of observing the response, a censoring
variable is observed together with an indicator informing about whether or not the
unobserved response lies before or after the censoring variable. This type of censored
data is known as current status data. One could say that each observation indicates
the current status of the response at the observed censored value. The objective of
Chapter 2 is to estimate the regression parameters that describe the linear relationship
in the covariates based on observations for the censoring variable, the indicator and the
covariates.

A well-known technique to obtain the estimators in a regression model is the maximum
likelihood approach, where the estimators are defined by the regression parameters that
maximize the likelihood of the observed data. The censored nature of the data results
in a monotonicity constraint for a function that appears in the likelihood function of
the data. Since the eighties, researchers have investigated the behavior of this so-called
maximum likelihood estimator (MLE) of the regression parameters in the current status
linear regression model and a lot of open questions still exist.

We derive a score function from the likelihood function and develop estimators that are

Vi
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defined by the root of this score function. Consequently, our score estimators still depend
on the behavior of the MLE. Based on the asymptotic study of the score estimators, we
are able to answer questions for the score estimators, that are still unsolved questions for
the MLE. It is the first time that estimators for the regression parameters are developed
that depend on the behavior of the maximum likelihood procedure and that converge
at the parametric rate to the true regression parameters in the current status linear

regression model.

In Chapter 3, we focus on estimating the distribution function of the response
variable in absence of covariate information. The available data consists of censoring
variables and censoring indicators. The distribution function, which completely defines
the behavior of the response, is a monotone increasing function. The aim of Chapter
3 is to construct pointwise confidence intervals for this unknown distribution function.
The principle of maximum likelihood can again be used to estimate the distribution
function under a monotonicity constraint. We call this estimator the MLE of the
distribution function. Confidence intervals can be centered around this MLE using a
bootstrap procedure which consists of resampling data from the observed sample. It
was proved in Abrevaya and Huang (2005) that a combination of the MLE with the
classical nonparametric bootstrap proposed by Efron (1979) leads to incorrect confidence
intervals for the distribution function under current status data. We propose to estimate
the distribution function by a smoothed version of the MLE (the smoothed maximum
likelihood estimator, SMLE) and show that the nonparametric bootstrap does result in

valid confidence intervals around the SMLE.

We also propose a second model-based bootstrap procedure that depends on the SMLE.
In this procedure, the censoring variables in the bootstrap sample are the same and
only the censoring indicators are resampled. In the nonparameteric bootstrap algorithm,
both censoring variables and indicators are resampled with replacement from the original
observations, independent of the true underlying model. We compare the quality of the
two bootstrap procedures for constructing confidence intervals for the distribution function

under current status data.

In our numerical experiments, it is not clear which of two bootstrap procedures is better
and the most striking finding is the similarity of the results between the smooth and non-
parametric bootstrap. The additional information on the underlying model in the smooth
bootstrap method does not result in an improvement of the nonparametric bootstrap for
the construction of pointwise confidence intervals for the distribution function under cur-
rent status data. An advantage of the purely nonparametric bootstrap is its conceptual

simplicity. An advantage of the smooth bootstrap is that only indicators are resampled
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and that in this sense, one stays closest to the sampling distribution of the censoring

variable.

The smoothing technique used to construct the SMLE from the MLE depends on
a bandwidth parameter. In the simulation studies of Chapter 3, much attention is
given to the effect of the bandwidth on the confidence intervals. We demonstrate the
importance of a proper bandwidth choice and we develop a selection procedure for the

bandwidth parameter that results in good confidence intervals for the distribution function.

In Chapter 4, we extend the findings of Chapter 2 for the current status linear re-
gression model to the monotone single index model. Both covariates and response are
fully observed in this regression model. The response depends on a linear combination
of the covariates, i.e. the single index of the covariates, via an unknown link function.
The only assumption that one makes for this link function is that it has a monotone
increasing behavior. The goal of Chapter 4 is to estimate the regression parameters that
describe the linear combination of the covariates and hence to determine the single index
component in this model. The monotonicty constraint on the link function has to be

taken into account during the estimation process.

We analyze the behavior of the least squares estimator (LSE). In this algorithm, we search
for the regression parameters and the monotone increasing link function that minimize the
sum of squared errors which arises by taking the sum of the squared difference between the
observed responses and the predicted responses in the estimated model. The asymptotic
properties of the LSE of the regression parameters in the monotone single index model
are comparable to the properties of the MLE in the current status linear regression model

and so far, the behavior of this LSE was not yet fully understood.

We derive a score function from the sum of squared errors and define score estimators
by the root of this score function. From a comparison between the score estimators and
the rank estimators proposed in Han (1987) and in Cavanagh and Sherman (1998), we
conclude that both estimators have the same asymptotic convergence rate but the score
estimators have smaller variances than the rank estimators. Based on our simulation
experiments, we did not get conclusive insights into the converge rate of the LSE.
However, even if the LSE has the same convergence rate as the score estimators, our
findings do show a better finite sample behavior of the score estimators.

In Part Il of the thesis, we look at a model where the regression coefficients are
functions of the covariates (varying coefficient model, VCM) and where the observed
responses are subject to random right censoring. For some observations, the response

is unknown and only a lower bound is observed. We introduce two data-transformation
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approaches that create a transformed variable which has the same expectation, condi-
tionally on covariates, as the unobserved response variable. This transformed response
variable is used in a penalized least squares procedure where we use splines to estimate
the coefficient functions in the underlying VCM, referred to as P-spline estimates of the
coefficient functions in the VCM. Our theoretical results and our simulations illustrate
the quality of our proposed techniques for estimating a VCM subject to random right
censoring. We also compare our estimates to the estimates proposed in Yang et al.
(2014) and moreover discuss how the finite sample performance of the estimates in Yang
et al. (2014) can be improved.
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Chapter

Introduction

Several statistical applications are based on imposing constraints that occur from the
problem under study: monotonicity, convexity or concavity constraints arise naturally with
consumption or production functions, growth curves and dose response models.Therefore,
algorithms for shape constrained regression or density estimation are needed. Research
on nonparametric estimation under shape constraints dates back to the 1950s and the
papers such as the ones by Ayer et al. (1955) and van Eeden (1956) on estimation of
functions under the constraint of monotonicity or unimodality. The classical example of
estimating a monotone decreasing density fy on [0, 00) based on a sample X1,..., X, of
i.i.d. observations from the unknown density was considered in Grenander (1956). The
Maximum Likelihood Estimator (MLE) f, that maximizes

n
f > log f(X0),
i=1
over all decreasing densities f : [0,00) — [0, 00), is the left derivative of the least concave
majorant (LCM) of the empirical distribution function, where the LCM of a function
g :]0,00) — R is the lowest concave function that lies above g. The estimator is referred
to as the Grenander estimator. For a sample of size n = 20 from the standard exponential
distribution, the empirical distribution function together with its LCM are shown in Figure
1.1a. The resulting estimator fn is shown in Figure 1.1b. It was proved in Prakasa Rao
(1969) that the pointwise limit distribution of the Grenander estimator has a nonstandard

limit distribution.

Theorem 1.0.1 (Prakasa Rao, 1969). Let f, be the Grenander estimator of the density

fo under the monotonicity restriction. Suppose that fy has a strictly negative derivative
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Figure 1.1: Left: The empirical distribution function (black, step-function) and its LCM (red,
solid). Right: The Grenander estimator (black, step function) and the standard exponential

density (red, solid) for a sample of size n = 20 from the standard exponential distribution.

14 at the interior point x and fo(z) > 0. Then
s d
n!3{ful@) = fo(@)}/[4fo(2) fo(2)] = Z  n— oo,
where -% denotes convergence in distribution and Z = arg max;{W (t) — t*}, where W

is the two-sided Brownian motion on R starting at zero.

The distribution of the random variable Z in Theorem 1.0.1 is known as the Chernoff

distribution.

The behavior of estimators of increasing functions can often be derived similarly to the
behavior of decreasing functions but involves greatest convex minorants (GCMs) instead
of LCMs. As an example, we consider estimating the isotonic regression model based on
observations (z;,;),1 < i < n, where the z; are fixed and the y; are realizations of the
random variable Y; with mean po(x;), for some increasing function o : R — R. Denote
by 7 the average of the observations with mean fig(z(r)), where 21y < ... < ()
are the ordered design points and m is the number of distinct design points. The Least

Squares Estimator (LSE) fi,, minimizes the weighted sum of squares
MHZwk{Qk—N(x(k))}g, (1.0.1)
k=1

where wy,, 1 < k < m are the number of observations with mean yio(z (1)), over all increas-
ing functions p : R — R. The LSE ji,, has the following characterization. Define the cu-
mulative sum diagram consisting of the points P; = (23:1 Wy, iy wjgjj) J1<i<m
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and the point Py = (0,0). Let M be the greatest convex function on [0,7] lying
completely below the set of points {P; : 0 < i < m}. Then the LSE fi,(z(;) is the
left derivative of M evaluated at the point P;. Since the sum of squares in (1.0.1) only
depends on the values of the function i evaluated at the observed design points, changing
u between two observed x(;) does not change the value of the objective function. We
therefore consider functions p that are piecewise constant between two successive design

points.

In the first part of this thesis, we address two different models that involve a monotonicity
constraint. We first address the current status model where the monotonicity constraint
arises in the expression of the likelihood of the observed data. In the second model, we
look at the monotone single index model. In this regression setting, a response depends
on a linear combination of covariate variables via a link function that is assumed to
be monotone. An introduction to both models is given in Section 1.1 and Section 1.2

respectively.

1.1 The current status model

Survival models are commonly used to characterize the distribution of a variable Y that
is not observed directly. Depending on what information is obtained on Y, different
censoring schemes arise. In the current status model, the variable Y of interest is only
known to lie before or after some random censoring variable 7. Each observed sample
consists of a set of n inspection times T; (independent of the other T and all Yj’s) and n
censoring indicators A; = 1yy,<7,3. One could say that the ith observation indicates the
current status of component i at time T;. This type of censoring is also known as type |
interval censoring and arises naturally in reliability and survival studies when the status of
an observational unit is only checked at one measurement point, which happens especially
when testing is destructive. For example, in carcinogenicity experiments, one is interested
in the time from exposure to a potential carcinogen until the development of the tumor
(Finkelstein and Wolfe, 1985 and Finkelstein, 1986). The presence of the tumor can,
however, only be determined after animal sacrifice. Current status data is also obtained
in epidemiological studies where the age of incidence of a certain disease is of interest
(Keiding, 1991 and Keiding et al., 1996). The exact age at which the disease occurred
is unknown, but a diagnostic test can be used to detect the presence of antibodies and
hence inform about whether or not the disease already occurred in the past, at least if

humoral immunity is preserved for life after infection.
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For this type of data, the log likelihood function for estimating the distribution function
F (ignoring a term that does not depend on F') is given by

0, (F) = z": A;log F(T;) + (1 — A;)log{1 — F(T;)}. (1.1.1)

The MLE of the true distribution function F; of Y maximizes ¢,, over all possible distri-
bution functions F, i.e.

£, arngaxﬁn(F). (1.1.2)

Let w;,1 < j < m be the weights given by the number of observations at point T(;,
assuming that T{yy < -+ < T{,,) are the m order statistics of the sample T1,...,T;,
where m is the number of different observations in the sample. Suppose that fi; is the
number of A, equal to one at the jth order statistic of the sample. The value of F},
at T;y can be characterized as the left continuous slope of the GCM (evaluated at the
points P;) of the cumulative sum diagram formed by the points Py = (0,0) and

i i
}% = j{:uﬁ,j{:jlj ,1 < if;ﬂ%
j=1 j=1

In this thesis we address two different problems related to current status data.

1. The objective in Chapter 2 is to estimate a regression parameter in a linear regression
model if on top of observing (T1, A1), ..., (Tn,A,) also covariate information for

Y is available.

2. In Chapter 3 we investigate the validity of different bootstrap schemes for producing

pointwise confidence intervals for the distribution function under current status data.

Both topics are discussed in more detail in Section 1.1.1 and Section 1.1.2.

1.1.1 Semiparametric regression under current status data

Instead of the completely nonparametric model described above, one can also con-
sider the semiparametric current status regression model where one observes a sam-
ple (X1,T1,A1),...,(Xn,Tn,A,) from the random vector (X,T,A) where X =
(X1,...,Xq4)T is a d—dimensional covariate vector and (T, A) is defined as above. The

unobserved response variable Y is modeled by

Y=ol X +e, (1.1.3)
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with atg = (a1, ..., apq)” being the d—dimensional regression parameter of interest and
with € being an unobserved random error term independent of 7" and X with unknown
distribution function Fjy. Although that the response variable Y in survival studies is
mostly positive, we do not assume that the response Y is a nonnegative random variable
in model (1.1.3) and our estimation techniques are also applicable to negative response
variables (see e.g. Murphy et al. (1999) for a similar definition in the current status

linear regression model).

In the semiparametric current status model, the distribution Fj is no longer the parameter
of interest but merely a nuisance parameter. Hence, model (1.1.3) is parametrized by the
finite dimensional regression parameter ag € R? and the infinite dimensional nuisance
parameter Fy. The relevant part of the log likelihood for estimating (v, Fp) is given by
n
> [Ailog Fo(Ti — af Xi) + (1 — Ay)log{1 — Fy(T; — of X;)}] .
i=1
The difficulty of the model is that the parametric part is “inside” the nonparametric
part. One has to bypass the nuisance function Fj, which cannot be estimated at the
parametric /n-rate, to get to the parametric part. The phenomenon is referred to as the
bundled parameters problem in Ding and Nan (2011). This is very different for the Cox

proportional hazards model for current status data defined by
Mt X) = Jim P(t<Y <t+ dtlY > t, X)/dt = \o(t) exp(ag X),
—

where Y is assumed to be a nonnegative random variable, for some baseline hazard
function Ag. In this case, the log likelihood is of the form

n

D {Ailog (1 — exp {—Ao(Ti) exp(af Xi)}) — (1 — Ai)Ao(Ty) exp(ag X))

i=1
where Ay is the baseline cumulative hazard function given by Ag(t) = fot Ao(s)ds. Now,
the regression parameter «y does not appear in the argument of a function which is not
\/n-estimable and we can estimate Ay and « separately. In this case, it was shown
in Huang (1996) that one can use the nonparametric MLE of Ay and then use profile
likelihood to estimate « efficiently at y/n—rate. However, for the ordinary current
status regression model, it is still unknown whether a similar estimation method gives
a y/n-consistent estimate of ag. The profile MLE of a in model (1.1.3) was proved
to be consistent in Cosslett (1983) and an n'/3—rate (cube-root n) of convergence was
derived in Murphy et al. (1999), but nothing is known about the asymptotic distribution
of this profile MLE.
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The efficient score function for oy is given by

lag, i (2,1,0) = {E(X|T —ag X =t —agz) — 2} fo(t — ajz)

g 1-4
. {Fo(t —al'z) 11— Fo(t — olx) }, (1.1.4)

where E(Z1|Zy = z3) denotes the conditional expectation of Z; given Zy = zo for
random vectors Z; and Zy and fy = F{ is the density of the underlying model (see
Cosslett (1987), Huang and Wellner (1993) and Murphy et al. (1999) among others).
\/n-consistent estimators of «p with asymptotic normal limiting distribution where n

times the variance equals the inverse of
E {Zag, 1 (X, T, D)oy 1y (X, T, 0)T

are called efficient estimators of «.

Approaches of efficient estimation of o are considered in Murphy et al. (1999)
(for the one-dimensional case) and in Li and Zhang (1998) and Shen (2000) among
others. Proving the asymptotic normal distribution of an efficient estimator is often
complicated due to the fact that the factors Fy(t — al'z) and 1 — Fy(t — al =) appear
in the denominator of the efficient score function /n, r,. To avoid division by zero in
some technical parts of the proofs, additional assumptions on the underlying model or
truncation techniques in the estimation algorithm are needed. The authors of Murphy
et al. (1999) and Shen (2000) assume that the data only provide information about a
part of the distribution function Fy. This results in the condition that the support of the
density of the random variable T — o™ X is strictly contained in an interval D and that
Fy stays away from zero and one on D for all « in the parameter space. The drawback
of the assumption is that we have no information about the whole distribution function
Fy. It also goes against the usual conditions made for the current status model, where
one commonly assumes that the observations provide information over the whole range
of the distribution one wants to estimate. We presume that this assumption is made,
among others, to avoid truncation devices that can prevent the problems arising if this
condition is not made, such as unbounded score functions and numerical difficulties.
Examples of truncation methods can be found in Cosslett (2007) and Klein and Spady
(1993) to name a few, where the authors consider truncation sequences that converge to

zero with increasing sample size.

All efficient estimates proposed in the semiparametric current status linear regression
model are based on smoothing techniques in the estimation procedure. Although smooth-

ing is unavoidable to obtain efficiency, it is not necessary to achieve the parametric /n-rate
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of convergence. Sherman (1993) showed that the maximum rank correlation estimator
proposed by Han (1987) is a /n-consistent and asymptotically normal estimator. The
estimator is motivated by a correlation argument and does not use an estimate of the un-
derlying distribution function Fy. In Chapter 2, we construct a y/m-consistent estimator
of ayg that is based on the nonparametric MLE of the underlying distribution function Fj.
As far as we know, this is the first time that a non-smooth estimator of Fj is used for

constructing y/n—consistent estimators.

1.1.2 Does the bootstrap work?

Since the introduction of the bootstrap approach by Efron (1979), resampling techniques
have gained a lot of popularity for doing inference about a population based on a random
sample. However, under current status data, several negative results have been published
on the use of the bootstrap for generating the limit distribution of the MLE F, of the
distribution function Fy, defined in (1.1.2) (Abrevaya and Huang, 2005, Sen and Xu,
2015). From Groeneboom and Wellner (1992) we have the following result for the limiting
distribution of the MLE F3,:

Theorem 1.1.1 (Groeneboom and Wellner, 1992). Consider the current status model
and let t be such that 0 < Fy(t),G(t) < 1, and let Fyy and G be differentiable at t with
strictly positive derivatives fo(t) and g(t), respectively. Here, G denotes the distribution
function of the censoring variable T Furthermore, let E), be the MLE of the distribution
function Fy of Y. Then, we have, as n — oo

3B (t) - Fo®)} S 4R (0{1 = Folt)}fo(t)/9(8)]/*2,

where Z = argmax,{W (t) — t>} and W (t) is a standard two-sided Brownian motion

process, originating from zero.

For Efron's nonparametric bootstrap procedure, which consists of resampling n pairs
(T;, A;) with replacement from the original sample (T1,A1),...,(Th, A,), it follows
from Abrevaya and Huang (2005) that (conditional on the data)

n! B4R (6)(1 = Fo() fo(t)/g()} ~/*{Fi () = Fu(t)}
4 argm?X(W(t) + W (t) —t?) —arg mtaX(W(t) — 1), (1.1.5)

where Ffl‘ is the bootstrap MLE, obtained by maximizing the log likelihood defined by
(1.1.1) but with (73, A;) replaced by the bootstrap observations, and where W and 144
are two independent two-sided Brownian motions originating at zero. A similar result

is obtained in Kosorok (2008) for the Grenander estimator and in Abrevaya and Huang
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(2005) for the maximum score estimator of Manski (1975), which is another example of a
cube-root n statistic (Kim and Pollard, 1990). These results imply that Efron’s bootstrap
cannot generate the correct limiting distribution of the corresponding estimators and

hence leads to inconsistent bootstrap-based confidence intervals.

Constructing asymptotic confidence intervals for the distribution function in the current
status model based on Chernoff’s distribution, defined in Theorem 1.0.1, and the
normalizing constant 4Fy(¢){1 — Fo(t)} fo(t)/g(t) is complicated by the need to compute
the critical values of Z and to estimate the density fy consistently. Accurate density
estimation turns out to be a rather difficult task when relying on current status data and

several alternative methods have been proposed.

Banerjee and Wellner (2005) came up with a likelihood-ratio (LR) based method. Starting
from the likelihood ratio statistic

LR(HO) =2 <10g£n(ﬁ‘n> - ]ngn(ﬁgo)) ’

for testing the null hypothesis F(t) = 6y, which has asymptotic distribution D charac-
terized in Banerjee and Wellner (2001), the authors estimate the interval by

{0 €(0,1): LR(0) < di-a},

where dj_, is the (1 — a)th percentile of D. Here F‘n denotes the unconstrained MLE
and Fgo denotes the MLE of F{, maximizing the log likelihood under the constraint
that Fy(t) = 6p. The LR-based method avoids estimation of fy and g since, under the
null hypothesis, the limiting distribution ID does not depend on the underlying parameters.

Instead of Efron’s bootstrap, Sen and Xu (2015) introduced a different model-based re-
sampling scheme and proved the consistency of their bootstrap for constructing pointwise
confidence intervals around the MLE Fn, under certain smoothness conditions. The boot-
strap algorithm will be referred to as the smooth bootstrap in this thesis and works as

follows:
1. Obtain an initial estimate F of Fp.

2. Generate censoring indicators A¥, 1 < i < n from a Bernoulli( F(T;)) distri-
bution where the T;,1 < i < n are kept the same as in the original sample
(T, A1), ... (Th, Ap).

3. Consider the bootstrap sample (T, A}), ... (T, AL).



1.1. THE CURRENT STATUS MODEL 11

Consequently, pointwise confidence intervals can be formed by taking

Eo(t) = Viapo (0 Fu(t) = Vao ()|

where V¥ is the ath quantile of B values of

A

F;(t) - F(t)a

where B is the number of bootstrap samples taken, and F;(t) is the MLE in the bootstrap
sample (T, AY), ... (T, A%). The consistency of this method requires the initial estimate
F to satisfy the following smoothness condition for a point ¢y in the interior of the support
of FO

lim |F(to +n~Y3t) — F(to) — folto)n 3t =0 a.s.,

n—oo

which is not satisfied by the MLE F,. Several other bootstrap results for the Grenander
estimator can be found in the literature where similar issues with the lack of smoothness
of the function from which the bootstrap samples are drawn, are illustrated. The
inconsistency of generating Chernoff’s limiting distribution using bootstrap samples from
the empirical distribution function or its LCM is proved in Sen et al. (2010). The authors
suggest other methods for obtaining the cube-root n-consistency, either by smoothing
or by using m out of n subsampling. Kosorok (2008) shows that generating bootstrap
samples from a smoothed Grenander estimator can give consistent L;-confidence bands

for the Grenander estimator.

The Smoothed Maximum Likelihood Estimator (SMLE, Groeneboom et al., 2010), ob-
tained by first estimating the MLE and then smoothing this using a kernel, is an estimate
of the distribution function that does result in consistent confidence intervals via the
smooth bootstrap algorithm. The SMLE is defined as

Fan(t) & / K ((t — z)/h) dF,(z),

where K is the integrated kernel
def [
K(u) = / K(z)dz, (1.1.6)
—0o0

and where h is a chosen bandwidth. Here dF), represents the jumps of the discrete
distribution function £, and K is a symmetric and twice continuously differentiable kernel

function with compact support [-1,1]. For a constant ¢ > 0 and h = cn~'/%, the SMLE

has been proved to converge at rate n2/® to a normal limit distribution.
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Theorem 1.1.2 (Groeneboom et al., 2010). Let the distribution of Fy have support
[0, M] and let Fy have a density fq staying away from zero on (0, M). Furthermore, let
G have a density g with a support that contains [0, M| and let g stay away from zero on
[0, M], with a bounded derivative ¢'. Finally, let t be an interior point of [0, M| such that

fo has a continuous derivative f} att. Then, if h = cn™/%,

n?/5 { B (t) — Fo(t)} -5 N(B,02),

where

B:g‘fg(t)/uQK(u)du and o? = Folt {I_FO }/K
In light of Theorem 1.1.2, a drawback of the approach proposed by Sen and Xu (2015)
is the fact that smoothness conditions of F{y are used which allow faster than cube-root
n estimation of Fy. This raises the question whether one should really use pointwise
confidence intervals based on the MLE instead of on a faster converging estimate such
as the SMLE. In Chapter 3, we address this question and show that both Efron’s non-
parametric bootstrap and the model-based bootstrap of Sen and Xu (2015) can be used
to generate the asymptotic normal distribution of the SMLE. Nevertheless, for current
status and related models, some research has been reported recommending the use of
the smooth bootstrap procedure. A smooth bootstrap calibration was used in Durot
and Reboul (2010) for a goodness-of-fit-test for monotone functions and in Groeneboom
(2012) for a likelihood ratio type two-sample test for current status data. Durot et al.
(2013) used a similar approach to determine the critical value for testing equality of
functions under monotonicity constraints. The main motivation for recommending the
smooth bootstrap were the negative results by Abrevaya and Huang (2005) and Kosorok
(2008) proving the inconsistency of Efron’s nonparametric bootstrap for generating the
limiting distribution of the MLE. Although Durot and Reboul (2010) conjecture that the
nonparametric bootstrap fails in their setting, the results presented in this thesis, however,
suggest that this conjecture might be incorrect and that applications of the nonpara-
metric bootstrap involving the Grenander estimator are worth studying in further research.

Besides considering the nonparametric or smooth bootstrap, one could moreover consider
resampling the A; from the MLE itself. Simulation studies in Durot et al. (2013) for
testing equality of functions under monotonicity constraints even suggest that the smooth
bootstrap does not necessarily perform better than bootstrapping from the non-smooth
functional itself for certain smooth functionals different from the non-smooth functional
F — F(t). (See van der Vaart (1991) for the non-differentiability of the evaluation
mapping F' — F(t) in the current status model. A similar result holds for the mapping
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f+— f(t) in the estimation of a decreasing density). So far, the theoretical properties of
the latter bootstrap procedure remain an open problem. As a consequence of our positive
result on Efron’s bootstrap (see Chapter 3), we conjecture that bootstrapping from the
MLE might as well work for constructing pointwise confidence intervals in the current
status model, if one uses the right (smooth) functional of the model as a basis for the

intervals.

1.2 The single index model

Single index models (SIMs) are flexible semiparametric regression models used to in-
vestigate the relationship between a response variable Y and a covariate vector X =
(X1,...,Xq)T € R The SIM is given by

Y = 1o(ad X) +e, (1.2.1)

where € ~ Fj is a random error term satisfying E(¢| X ) = 0 and %y is an unknown link
function. These models are more flexible than standard linear regression models and
have, on the other hand, more structure than completely nonparametric models. By
lowering the dimensionality of the classical linear regression problem, determined by the
number of covariates, to a univariate aE)FX index, SIMs do not suffer from the “curse of
dimensionality”. They also provide an advantage over the generalized linear regression

models by overcoming the risk of misspecifying the link function .

Identifiability of the single index regression parameter «p (up to a scalar constant) has
been discussed in Ichimura (1993) in terms of the distribution of the regressors X . With-
out any further restrictions, the parameter vector (v, 10g) can, however, not be estimated
in the SIM. This can be seen as follows. Take a,b € R and let ©* be the function defined
by the relationship 1*(a + bt) = 1o (t) for all ¢ in the support of al X, then

E(Y|X) = ¢*(a + bal X).

Even if the distribution of (X,Y’) is known, the above model cannot be distinguished
from model (1.2.1) unless restrictions on the location a and scale b are imposed. Location
normalization can be imposed by requiring that all components of X have a nondegenerate

distribution. A reparametrization of the parameter space to the set
{aeR¥: a1 =1} o {acR?:|al|=1a >0},

where || - || denotes the Euclidean norm and «; is the first component of «, ensures

scale identification of the model. The first parametrization is used in Sherman (1993),
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examples of the second parametrization are found in Hardle et al. (1993) and Hristache
et al. (2001) among others.

The log likelihood of the model is given by
> log {fx (Yi — dolag X)) 9(Xa)}
i=1

where f. x (:|x) is the conditional density of ¢ given X = x and g is the density of X.

The efficient score function for oy is given by

] _y—to(agz) E{o~2(X)X|ol X = oz}
feno @) = "oty v (@) {‘” "R (0[0f X = ads) } |

where 02(-) = E(¢2|X = -) (see e.g. Delecroix et al., 2003 and Kuchibhotla and Patra,
2017). In the special case that | X ~ N(0,0?), the log likelihood of the model is, up to
a term not depending on (g, 1), given by S, (a,v0)/(202), where S,, is the sum of

squared errors

Su(e, ) SV —w(a” X))}

i=1

The LSE (&, 10y,) in the SIM, defined by

(&n,qﬁn) def arg min Sy, (e, ¥), (1.2.2)

o,

therefore coincides with the MLE in the SIM with homoscedastic normal error terms.

Besides the LSE, several other estimators have been proposed in the literature that can
be classified into different groups based on the estimation algorithm. Most estimators
require a nonparametric estimator of 1y. Often smoothing procedures, such as kernel
smoothers or spline functions are used to avoid discontinuous criterion functions. An
example of this type is the (weighted) semiparametric least squares estimator (SLSE),
which corresponds to minimizing the sum of squares Sn(a,&mh) over a, where 1[),17;1
is a kernel estimator of ¢y that depends on a and a bandwidth h. Hardle et al.
(1993) extended the SLSE by minimizing this sum of squares over («, h) simultaneously
to obtain optimal smoothing. Instead of estimating iy by a kernel smoother, spline
smoothing is considered in Yu and Ruppert (2002) and Antoniadis et al. (2004) among
others. The average derivative estimator proposed by Hristache et al. (2001), results
in direct estimation of the regression parameter «y and therefore avoids solving a hard

optimization problem, which is often the case with M-estimators. The idea of the average
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derivative method is to estimate the gradient ol v(al'z) of the link function using
local linear smoothing techniques. A similar approach is considered for the minimum
average variance estimator proposed in Xia and Hardle (2006). Except for the Bayesian
estimation method proposed by Antoniadis et al. (2004), all other methods discussed in
this paragraph are proved to converge at /n-rate to the true regression parameter in the

single index model.

Model (1.2.1), when ) is an unknown monotone function is also known as the monotone
SIM and many econometric models, censored regression models as well as various
duration models fit into this framework. Below we describe how the binary choice model
and the current status linear regression model are special cases of the monotone SIM
satisfying E(Y|X) = vo(ad X).

The binary choice model: A widely used econometric model is the binary choice model
which is used to describe a choice probability based on one or more covariates. The model

is given by

1 ifafX>e
1o else,

where ol X represents the utility score and £ is the disturbance term, which is assumed
to be independent of X. The model can be used to predict the probability that a person
decides to consume a certain good based on the characteristics of the person. The model
is a special case of the SIM (1.2.1) with ¢ equal to the (unknown and monotone)

distribution function Fj of £, since
E{Y|X}=P(Y =1|X)=P(E < alX) = F(al X).

The current status linear regression model: For the current status linear regression
model described in Section 1.1.1, we have

E{A|X,T} = P(A=1|X,T) = F,(T — o} X).

The model is therefore a special case of the monotone SIM with response ¥ = A,
covariate vector X = (T, X)T and dy = (1,a}). Since the first component of the
covariate vector corresponds to the censoring variable T" with coefficient equal to one, the
current status regression model is identified without further restrictions on the parameter

space.

The asymptotic properties of the LSE, defined in (1.2.2) for the monotone SIM (Tanaka,
2008) are comparable to the properties of the MLE for the binary choice model (Cosslett,
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1983) and the current status linear regression model (Murphy et al., 1999). All estimators
converge at rate cube-root n, but their limiting distribution is still an open problem. Ex-
amples of M-estimators (that are not based on an estimate of ¢)y) are Manski's maximum
rank estimator (Manski, 1975) for the binary choice model and the maximum rank corre-
lation estimator proposed by Han (1987) and the rank estimators proposed by Cavanagh
and Sherman (1998) for a more general generalized regression model under monotonicity
constraints. In contrast to the other estimators, Manski's estimator converges somewhat
disappointingly at the cube-root n-rate to a nonstandard limiting distribution instead of at
the usual parametric y/n-rate to a normal limiting distribution (Kim and Pollard, 1990).
In Chapter 4, we extend the regression estimators for the current status linear regression
model proposed in Chapter 2 to estimators for the more general SIM. The estimators are
derived from a score approach corresponding to the least squares minimization problem.
This is again the first time that y/n-consistent estimators of the finite dimensional re-
gression parameter in the SIM are constructed based on the monotone LSE of the link

function g.

1.3 OQutline of the thesis

This thesis is organized as follows. In Chapter 2, we develop /n-consistent and
asymptotically normal estimates of the finite dimensional regression parameter in the
current status linear regression model defined in (1.1.3). These estimates do not require
any smoothing device and are based on MLEs of the infinite dimensional distribution
function parameter. We next construct estimates, again only based on these MLEs,
which are arbitrarily close to efficient estimates if the generalized Fisher information is
finite. This type of efficiency is also derived under minimal conditions for estimates based
on smooth non-monotone plug-in kernel estimates of the distribution function which
are independent of the MLE of the distribution function. Instead of a maximization
approach, where one obtains an estimate as the maximizer of a criterion function, we
take a slightly different angle and define all our estimates by the root of a score function.
Algorithms for computing the estimates and for selecting the bandwidth of the smooth
estimates with a bootstrap method are provided. The research of Chapter 2 is published
in Groeneboom and Hendrickx (2017a).

In Chapter 3, we introduce a new way of constructing pointwise confidence intervals
for the distribution function in the current status model. The confidence intervals are
based on the SMLE, using local smooth functional theory and normal limit distributions.

Two bootstrap methods for constructing the latter intervals are discussed. The methods
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proposed by Banerjee and Wellner (2005) and Sen and Xu (2015) to construct confi-
dence intervals, using the nonstandard limit distribution of the (restricted) MLE, are
compared to our approach via simulations. This chapter covers the material presented in
Groeneboom and Hendrickx (2017b) and in Groeneboom and Hendrickx (2018a). The

method proposed in the first paper is implemented in the R package curstatCI.

Estimation of the regression parameter in the single index model with monotone
link function is considered in Chapter 4. Using the ideas of Chapter 2, we develop
\/n-consistent and asymptotically normal estimates of the finite dimensional regression
parameter which are based on the LSE of the monotone link function. We also review
different “non-smooth” estimates that avoid the standard approach of using smoothing
techniques. We illustrate our score approach via simulations and compare our method
with other methods such as Han's maximum rank correlation estimate. Chapter 4
summarizes the methods discussed in Balabdaoui et al. (2018) and Groeneboom and
Hendrickx (2018b).

Chapter 5 deals with P-spline smoothing techniques in a varying coefficient regression
model when the response is subject to random right censoring. We introduce two
data-transformation approaches to construct a synthetic response vector that is used in a
penalized least-squares optimization problem. We prove the consistency and asymptotic
normality of the P-spline estimates for a diverging number of knots and show by
simulation studies and real data examples that the combination of a data-transformation
for censored observations with P-spline smoothing leads to good estimates of the varying
coefficient functions. Chapter 5 presents the results given in Hendrickx et al. (2017).

An overview of future research directions is given in Chapter 6. All the proofs and technical

details needed to prove the results presented in Chapters 2-5 are given in the Appendix.






Chapter

Current status linear regression

Abstract

We construct /n-consistent and asymptotically normal estimates of the finite dimensional re-
gression parameter in the current status linear regression model. The first estimate is obtained
from the root of a score equation which is derived from the likelihood of the observed data and
depends on the maximum likelihood estimator of the infinite dimensional parameter. This score
estimate does not require any smoothing device and is the first y/n-consistent estimates that
is derived from an estimation algorithm that depends on the piecewise constant MLE of the

distribution function.

We also show that these simple score estimates can be improved when a smoothing device is
implemented to estimate the density of the error term in the current status model. Hence,
we construct estimates, again only based on the MLEs of the distribution function, which are
arbitrarily close to efficient estimates, if the generalized Fisher information is finite. This type of
efficiency is also derived for a third estimate under minimal conditions for smooth non-monotone
kernel estimates of the distribution function instead of the MLEs of the distribution function.
Algorithms for computing the three estimates and for selecting the bandwidth of the second and
third smooth efficient estimates with a bootstrap method are provided. The connection with

results in the econometric literature is also made.

Our simulation results show that all three estimates perform well in finite samples. The second
estimate, depending on the MLE of the distribution function, has a slightly better finite sample
performance in large samples than the asymptotic equivalent third estimate, depending on a
smooth kernel estimate of the distribution function. For the MLE-based estimates, neither the
first nor the second estimate comes out as uniformly best in our simulations with small sample
sizes, even though that the theoretical properties of the second estimate are better than the

properties of the first estimate.

19
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2.1 Model description

Let (X;,T;,A;),1 <i <mn, be independent and identically distributed observations from
(X, T,A) = ((X1,...,Xa)", T, 1{y<7}). We assume that Y is modeled as

Y =al X +¢, (2.1.1)

where ag = (ag,...,a0q)" is a d-dimensional regression parameter in the parameter
space © C R? and ¢ is an unobserved random error, independent of (X, T) with unknown
distribution function Fy and E(e) = pg. We assume that each component of X is
nondegenerate and that the distribution of (X,T") does not depend on (g, Fy) which
implies that the relevant part of the log likelihood for estimating (axo, Fp) is given by

lo(a, F) = Zn: [Ajlog F(T; — a” X;) + (1 — Ay) log{l — F(T; — a" X;)}]

= / [6log F(t — o) + (1 — 6)log{l — F(t — a"x)}] dP,(z,t,9),
(2.1.2)

where P, is the empirical distribution of the (X;,T;,A;),1 < i < n. We will denote
the probability measure of (X,T,A) by Py. Since the efficient score function, defined
in (1.1.4), contains the factors Fy(t — al'x) and 1 — Fy(t — al'z) in the denominator,
we introduce a truncated log likelihood to avoid problems arising from division by zero in

some technical steps of the proofs. The truncated log likelihood /. ,,(cx, F') is defined by

/ [Slog F(t — o' x)
F(t—atx)€le,1—¢]

+(1—=68)log{l—F(t—a'z)}] dP,(z,t,0),
(2.1.3)

len(a, F) def

where € € (0,1/2) is a truncation parameter. Analogously, let

def

Yen(a, F) = / p(x,t,0){0 — F(t — o’ x)} dP,(x,t,0),
F(t—aTz)ele,1—¢]

define the truncated score function for some weight function ¢. In this chapter, we

consider estimates of «, derived by the idea of solving a score equation
¢e,n(a7 Fa) =0,

where F, is an estimate of F for fixed . A motivation for this score approach is
outlined in Section 2.2.
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Before we continue, we introduce the simulation set-up that will be used in the remainder
of this chapter to illustrate our estimation techniques. We consider sampling from the
one-dimensional model Y = oy X + € where the true regression parameter oy = 0.5 and
where X and T are independent uniform random variables on [0, 2]. The error term ¢ has
density fo given by
fole) = 384(c — 3/8)(5/8 — ),

if e € [3/8,5/8] and zero else. Since the expectation of the random error variable equals
1o = 0.5, our simulation model contains an intercept, i.e. E(Y|X) =0.5+0.5X.

2.2 Motivation for the score approach

Instead of defining an estimator as the maximizer of a certain criterion function, one
could alternatively define the estimator as the root of a score function. If we consider
the profile maximum likelihood method, we first fix o and estimate F by the maximizer
F,Ma of the likelihood given in (2.1.2). Although Fma is not differentiable, we can still
use this estimate of Fy in the score approach. Smoothing techniques can be used in the
score approach but are not necessary as we will see in the definition of our simple score
estimator in Section 2.4.1. As far as we known, no \/ﬁ—consistent argmax estimator of
« has been defined based on the MLE Fn,a of the distribution function.

The “canonical” approach to proof that argmax estimates of ag are \/n-consistent has
been provided in Sherman (1993), where the author gives sufficient conditions to prove
that

Hdn - Oéo|| = Op(nil/Q)v (2-2-1)

where &, is defined by

b argmaxl', (o),

for some criterion function I',,. If I" is the population equivalent of I';;, Theorem 1 in
Sherman (1993) says that (2.2.1) is satisfied if,

(a) there exists a neighborhood N of ay and a constant k > 0 such that
I(a) — T(ap) < —kfa — aol?,
fora € N, and
(b) uniformly over 0,(1) neighborhoods of ay,

Th(a) = Tp(a)
=T(a) = T(ag) + Oy (o — el /v/n) + 0p (o — o) + Op (n71) .
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Moreover, assuming without loss of generality that ag = 0,T(cxg) = 0, and that
I (o) =-ta"Va+ n~12aTW, + o, (n™1),

where V' is a positive definite matrix and W,, converges in distribution to a normal

distribution, y/na, also converges to a normal distribution.

If we try to apply this to the MLE of ay, it is not clear that an expansion of this type
will hold. We seem to get inevitably an extra term of order O,(n=%/3) in (b), which

does not fit into this framework.

On the other hand, in our score approach where we use the MLE ﬁ‘nya to estimate F' for
fixed a, our estimator is a kind of hybrid estimator, which requires estimating the argmax
MLE Fn,a of F for fixed o« and is defined as the zero of a non-smooth score function as

a function of a. In the expansion of our score function v ,, we now get
¢e,n(dn7Fn,dn) = iﬁé(ao, FO)(dn - aO) + Wn + Op (n71/2 + ||dn - 0/-O”) )

where 1)/ is the matrix representing the total derivative of the population equivalent score
function a — Y. (e, Fy) (for some deterministic function Fy, satisfying F, = Fp) and
W, is a term of order O,(n"'/2). In contrast to the expansion for the argmax statistic
I',,, extra terms of order Op(n’2/3) do not hurt in the score decomposition since, by

definition of the score estimator, we get
dn — O ~ —1/4(010, FO)_1Wn7

where Zy ~ Zy is Z1 = Z3+0p(1). So we have the remarkable situation that finding the
estimate &, by a combination of a maximization approach for F' and a score approach
for a, can be proved to give \/n-consistent estimates of g, in contrast to the completely
argmax approach, using profile likelihood, for which we even still do not know whether
it is \/n-consistent. Despite the fact that the limiting distribution of the MLE of ay
is still unknown, our simulation experiments indicate that, even if the MLE would be
\/n-consistent, its variance is clearly bigger than the other estimates we propose in this

chapter.

2.3 Behavior of the maximum likelihood estimator of the distribu-
tion function

For fixed o, the MLE F’n,a based on /,(a, F) is a piecewise constant function with

jumps at a subset of {T; —a®X; : 1 < i < n}. Once we have fixed the parameter
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«, the order statistics on which the MLE is based are the order statistics of the values
U =Ty —alXy,..., U* = T, — a’X,, and the values of the corresponding A;
denoted by A$*. The MLE can be characterized as the left derivative of the GCM of a
cumulative sum diagram consisting of the points (0,0) and

i,ZAg) 1<i<n,
j=1

where A'(’;) corresponds to the jth order statistic of the U = T; —a? X;,1 <i < n

(assuming that no ties are present in the observation times). We have:
]P){A? =1 | Ula = ’U,} = /Fo(u + (a — ao)TQ:)fxlT,aTx(fE‘u) d(l?,
where fx|r_qrx(-|u) denotes the conditional density of X given that 7' — a’X = u.

Hence, defining

def

Falt) © [ Fo(u+ (@ - o) @) fxir-arx(eli) da. (23.1)

we can consider the A as coming from a sample in the ordinary current status model,
where the observations are of the form (U2, A$*), and where the observation times have

density fr_o7x and where A® =1 with probability Fi, (U) at observation U2,

Remark 2.3.1. Assume that T' and X are continuous random variables, then we can

write
Fou) = [ ot (@ - ao) @) fxir-arx(el) do
+ [ ot (@ = ao) @) 5L Fxir-arx(alu) da.
Integration by parts on the second term yields:

/Fo(u + (. — ao)Tw)%fxw,aTX(wM) dz

=—(a— aO)T/fO(u +(a— aO)Tw)%FX‘T,aTX(wM) dz,

where Fx|p_qrx(-|u) denotes the conditional distribution function of X given that
T — a” X = u. This implies that

Fofu) = [ fotu+ (@ - o) o) {fxir-arx (el

0
—(a— ao)T%wa—aTx(%W)} dz.
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Assuming that u +— fx|p_qrx(x|u) stays away from zero on the support of fy, this
implies by a continuity argument that F,, is monotone increasing on the support of F!,
for av close to av.
Also note that we get from the fact that Fy is a distribution function with compact
support:

lim Fo(u)=0 and lim Fy(u) =1

uU—r—00 uU—r 00
So we may assume that F,, is a distribution function for o close to ag. A similar argument

can be used if X contains discrete random variables.

Pictures of the MLE F’n,a, based on the values T; — a.X;, and the corresponding function
F,, for the model used in our simulation experiment are shown in Figure 2.1 and compared

with Fj. Note that F}, involves both a location shift and a change in shape of Fj.

02 03 04 05 06 07 02 03 04 05 06 07

(a) (b)

Figure 2.1: (a) The real Fy (red, solid), the function Fi, for & = 0.6 (blue, dashed) and the
MLE F}, o (step function), for a sample of size n = 1,000. (b) The real fy (red, solid) and the
function F, for « = 0.6 (blue, dashed).

For fixed a in a neighborhood of g we can now use standard theory for the MLE from

current status theory. The following assumptions are made:

Al. The parameter g = (g1, - - ., @pq) € R? is an interior point of © and the param-
eter space © is a compact convex set.

A2. F,, defined in (2.3.1), has a strictly positive continuous derivative, which stays away

from zero on A o & {u: Fo(u) € [¢',1— €]} for all & € O, where ¢’ € (0,¢).

A3. The density u — fr_o7x(u) is continuous and also staying away from zero on
Ay o for all o € ©, where A,/ 4 is defined as in A2.
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Remark 2.3.2. Note that the truncation is for the interval [e,1 — €], but that we need
conditions A2 and A3 to be satisfied for the slightly bigger interval [¢/,1 — €].

Lemma 2.3.1. If Assumptions A1, A2 and A3 hold, then:
(i)

sup / { oot —al@) — Fo(t — aT:c)}2 dG(z,t) = O, (n_2/3) .

aco
(ii)
P < lim sup

N0 ae®,ucl, s,

B o) — Fa(u)‘ - o) —1,

where € is chosen as in condition A2 and G is the probability measure of the random
variable (X, T).

The proof of Lemma 2.3.1 is given in Appendix A, Section A.1.
2.4 /n-consistent regression parameter estimation

2.4.1 A simple estimate based on the MLE Fnﬁa without smoothing

We consider the function ;. ,, defined by

Dren() d:ef/ 2{6 = Frolt— aTx)} dP,(z,6,0).  (24.1)
Fr o(t—aTa)ele,1—¢
Since the vector (Fn,a(Tl —alXy),... 7Fn,a(Tn —aTX,))T will be the same for all a

for which the ranks of the T; —a X; are the same, the function Y1e,n €an have at most n!
different values, for all permutations of the numbers 1,...,n. Figure 2.2b gives a picture

of the function 1 ,, as a function of « for our simulation model described in Section 2.1.

We would like to define the estimate &, by

1Z)le,n((xln) = 07

where 0 is the d—dimensional vector of zeros, but it is clear that we cannot hope to
achieve that due to the discontinuous nature of the score function ;. . We therefore

introduce the following definition.

Definition 2.4.1 (zero-crossing). We say that . is a crossing of zero of a real-valued

function C : ©® — R : a — C(«) if each open neighborhood of v, contains points
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(a) (b)
Figure 2.2: The truncated profile log likelihood £ ,, (a) and the score function ¥i., (b) as a

function of « for a sample of size n = 100 and ¢ = 0.001.

a1, ay € O such that C(a1)C(aw) < 0, where C is the closure of the image of the
function.

Furthermore, we say that a d-dimensional function C' : © — R? : a — C(a) =
(Ci(av),...Cq(a))T has a crossing of zero at a point c, if c, is a crossing of zero
of each component C’j 0~ R1<j<d.

Figure 2.2b shows a crossing of zero at a point « close to g = 0.5. If the number of
dimensions d exceeds one, then a crossing of zero can be thought of as a point at, € ©
such that each component of the score function v, passes through zero in a = a,.
Before we state the asymptotic result of our estimator in Theorem 2.4.1, we present in
Lemma 2.4.1 below some interesting properties of the population version of the score

function.

Lemma 2.4.1. Let 9. be defined by

die(a) / 26 — Falt — & 2)} dPy(,1,5),
Fo(t—aTx)ele,1—¢€]
and define the truncated expectation E. o, by

def
Eé,a(w(Xa Ta A)) = E( 1{Fa(TfaTX)€[e,1fe]}w(X> Tv A))a

for some function w defined on the probability space of the random vector (X, T,A),
then:

1015(010) =0
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and for each o € © we have:

(i)  tYie(a) =Eea [Cov(A,X|T — o’ X)]
) (@ — ) E; o [Cov (A, X|T — ozTX)] >0 for all o € O,

and av is the only value such that (ii) holds. The vector of partial derivatives of ¢ at

a = «y is given by
Uie(eo) = Ecaq [fo(T — o X) Cov(X|T — e X)) .

The proof of Lemma 2.4.1 is given in Appendix A, Section A.2. An illustration of the sec-
ond result (ii) is given in Figure 2.3, this property is used in the proof of consistency of our
estimator G, also provided in Appendix A, Section A.2, as the first part of Theorem 2.4.1.

0.0025 |
0.0020
0.0015
0.0010

0.0005 —

0.0000

Figure 2.3: The function o — (v — ) fF (t—am)ele1—e] :c{é — Fa(t — am)} dPy(z,t,0) as a
function of «, with a.. = 0.45 (black, dashed), a. = ag = 0.50 (red, solid) and ... = 0.55 (blue,
dashed-dotted) for e = 0.001.

The following assumptions are also needed for the asymptotic normality results of our

estimators:

A4. The function F,, is twice continuously differentiable on the interior of the support
Sa Of fo = F! forall a € ©.

A5. The density fr_qrx(u) of T —a® X and the conditional expectations E{ X |T —
a’X = u} and E{XXT|T — aTX = u} are twice continuously differentiable
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functions w.r.t. u, except possibly at a finite number of points. The functions
a— fr_qrx(u), a » E{X|T-a’X =u} and a = E{XXT|T —a’ X = u}
are continuous functions, for w in the definition domain of the functions and for all

a € 0. The density of (X,T) has compact support.

Theorem 2.4.1. Let Assumptions A1-A5 be satisfied and suppose that the covariance
Cov(X, Fy(u + (o — ag)T X)|T — aT X = u) is not identically zero for u in the region

Aec o, for each a € ©. Moreover, let Gy, be defined by a crossing of zero of Y1¢ .

(i) [Existence of a root] A crossing of zero éu1y, of 1.y, exists with probability tending

to one.
(ii) [Consistency]

A~ P,
a1y — X, n — 0oQ.

(i) [Asymptotic normality] \/ﬁ{dln - ao} is asymptotically normal for n — oo, with
mean zero and variance A"'BA~!, where

ALE, [fo(T —alX) Col(X|T — aOTX)} :

and

BYE, [FO(T — ol X){1 - Fy(T — oF X)}Co( X |T — aOTX)},

defining E.(w(X,T, A)) %o EB{1l¢rmr-arx)cle1—qyw(X, T, A)} for functions w

and assuming that A is nonsingular.

Remark 2.4.1. Note that Cov(X, Fy(u+(a—ag)” X)|T —a’ X = u) is not identically
zero for u in the region {u : € < Fo(u) < 1—e€} if the conditional distribution of X given
T — o X = u, is nondegenerate for some w in this region if Fy is strictly increasing on
{u:e< Fo(u) <1—¢€}.

Due to the discontinuous nature of the profiled log likelihood #,, and the score function
1e,n (see Figure 2.2), the MLE and the estimator defined in Theorem 2.4.1 are not
necessarily unique. The result of Theorem 2.4.1 is valid for any &g, satisfying Definition
2.4.1. In the remainder of this thesis we will refer to our estimator defined in Theorem
2.4.1 as the simple score estimator (SSE). In the next section we extend this estimator to
an almost efficient estimator of the finite dimensional regression parameter in the current
status linear regression model; this estimator will be referred to as the efficient score
estimator (ESE).
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2.4.2 Efficient estimates involving the MLE ﬁ’ma
Recall from Section 1.1.1 that the efficient score function for Model (2.1) is given by

Zampo(w,t,é) = {E(X\T — agX =t— aOTsc) — m} folt — aoTw)

) 1-9
. {Fo(t —ofz) 1-F(t—oalz) } .
The derivation of the efficient score is given in Section 2.4.5. The idea of the ESE which
we will define below, is to obtain an efficient estimate of the regression parameter by
constructing an estimate that resembles the root of this efficient score function. Since the
function Zampo depends on the density fy of the model, we first introduce an estimate
of fo = F), based on the MLE ﬁ'na Smoothing is needed to construct our estimate

due to the discontinuous nature of the MLE Fn,a.

Let K be a probability density function with derivative K’ satisfying

(K1) The probability density K has support [-1,1], is twice continuously differentiable

and symmetric on R.
Let A > 0 be a smoothing parameter and K, respectively K} be the scaled versions of
K and K’ respectively, given by
Kp()=h'K (h7'(-)) and K;(-)=h?K (h7'()). (2.4.2)

Define the density estimate:

Jnh,a(u) dzef/Kh(u —w) dﬁn)a(w). (2.4.3)

We consider

def

wZE,nh(a) = / wfnh’a(t — aT
Fn.a(t—aTil!)E[ql—e]

) (2.4.4)

0 — Fn,a(t —alz)
Fpat—afz){1 - F, st —aTz)}

dP,(z,t,9),

and let, analogously to the SSE introduced in the previous section, &a,, be the estimate

of o, defined by a zero-crossing of the score function 12 .

Theorem 2.4.2. Suppose that the conditions of Theorem 2.4.1 hold and that the function
F,, is three times continuously differentiable on the interior of the support S,. Let &y,

be defined by a zero-crossing of ac 1. Then, asm — oo, and h < n=/7,

(i) [Existence of a root] A crossing of zero éay, of o 1, exists with probability tending

to one.
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(ii) [Consistency]

A P,
oy — Y, n — oQ.

(i) [Asymptotic normality] \/n{éa, — ao} is asymptotically normal for n — oo, with
mean zero and variance I (o)™, where

def { fo(T — al X)? Co X|T — ol X) }

I(eo) = B\ BT = al X)L = Fo(T — al X)) (245)

which is assumed to be nonsingular.

A picture of the score function 1. 5 is shown in Figure 2.4. Note that the range on the
vertical axis is considerably larger than the range on the vertical axis of the corresponding

score function ¢ .
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-0.20 -
T T T T T T T T T T
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(a) (b)
Figure 2.4: The score functions ¥1e.» (a) and t2e,nn (b) as functions of o for a sample of size
n = 1,000 with ¢ = 0.001 and h = 0.5n""/".

2.4.3 Efficient estimates not involving the MLE Fn,a

So far, we defined estimates which depend on the MLE Fn’a. In this section we show
that the score approach is also suited for defining efficient estimates that do not depend
on the behavior of the MLE Fn,a. If one starts from the log likelihood and first plugs-in a
smooth estimate Fma of Flin ¢,(ax, F) then, if Fma is differentiable w.r.t. «, the score
can be constructed as the derivative of a — ¢,,(a, Fn’a).

Define the plug-in estimate of F,, by

SKp(t —a’x —u+ aTy) dP,(y,u,d)
Fop ot — T d:ef f h n\Y, U, 24
nalt — o z) JKnt—aTz —u+ aTy)dG,(y,u) ’ (2.4.6)
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where G, is the empirical distribution function of the pairs (X;,T;),1 < ¢ < n and where
K}, is again a scaled version of a probability density function K, satisfying condition (K1).
The plug-in estimates are not necessarily monotone but we show in Theorem 2.4.4 that
FEh.o is monotone with probability tending to one as n — oo and o — . Another way

of writing Fy,j, o is in terms of ordinary sums. Let
def 1
gnh1a(t —a@) = = Z AKy(t—aw — T, + o’ X;),
nia
and

def 1
Inho(t — O‘T-’E) = o Z;Kh(t —a’z - T; + OéTXi)’
1=
then
T 9nh,1 a(t - aT-'E) 27‘1:1 AiKh(t —alx - T + aTXi)
Fohalt—a'x) = tht = &=l 7
7 gnh,a(t - aTw) Zi:l Kh(f —aoTx — T, + OLTXZ)

in which we recognize the Nadaraya-Watson statistic (Nadaraya, 1964 and Watson, 1964).
One could also omit the diagonal term j = 4 in the sums above when estimating
Fono(T; — a® X;) which is often done in the econometric literature (see e.g. Hardle
et al. (1993)). In our computer experiments however, this gave an estimate of the distri-
bution function which had a more irregular behavior than the estimator with the diagonal
term included.

If we replace F' in the truncated log likelihood 4., defined in (2.1.3) by F,j «, the
truncated log likelihood becomes a function of a only. Although the log likelihood has
discontinuities if we consider the lower and upper boundaries F;hia(e) and F;h{a(l —€)

of the integral as a function of «, an asymptotic representation of the partial derivatives

of the truncated log likelihood is given by the score function

w?)e,nh(a) (247)

e o Fono(t —alz){0 — Fupot —a®
d:f/ OoFunall = o0~ Funall =0 2]} jp (5 4, )
Foh,o(t—aTz)Ele,1—¢] Fopa(t —az){l — Fupalt —alz)}

n

where the vector of partial derivatives of the plug-in estimate F,,;, o(t — a®x), given by

(2.4.6), w.r.t. a has the following form:

OaFuh,a(t — aTa:)
_ [(y—x){6 — Fupat —a’z)}K; (t — Tz — u+ ay) dP,(y, u, )

gnh,a (t - aTm)
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From here onwards, we will use the notation 0, to denote the d-dimensional vector of

partial derivatives given by

oh oh (a))T7

@ a),...,

dui(e) =

daq

for functions h : © — R. For functions h : © — R™, 0yh denotes the corresponding
Jacobian matrix of the map h.

We define the plug-in estimator &g, of ag by

¢35,nh(d3n) =0. (248)

A picture of the truncated log likelihood o +— £, (v, Fy,5.) and score function 3 nn
for the plug-in method is shown in Figure 2.5. Since F,j, o(t — a®x) is continuous, we
no longer need to introduce the concept of a zero-crossing to ensure existence of the
estimator and we can work with the zero of the score function )3 5 instead. Our main

result on the plug-in estimator is given below.
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Figure 2.5: The truncated profile log likelihood Ic , for the plug-in F,».o (a) and the score

function vsc nn (b) as a function of a for a sample of size n = 1,000 with ¢ = 0.001 and
h=0.5n""7°.

Theorem 2.4.3. If Assumptions A1-A5 hold and

—(a—« )T/ OaFa(t —a’x){Fo(t —ajz) — Fa(t —a’a
’ Fo(t—aTz)Ele,1—¢] Fo(t —aTx){1 — Fo(t — aTx)}

)}dG(ar:,t)7
(2.4.9)

is nonzero for each o« € O except for o = o, then we get for &, being the plug-in

estimator introduced above, as n — oo, and h < n~/?:
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(i) [Existence of a root] A point ésy,, satisfying (2.4.8), exists with probability tending

to one.
(ii) [Consistency]

A P
a3y, — o, n — o0.

(i) [Asymptotic normality] \/n{és, — v} is asymptotically normal for n — oo, with
mean zero and variance I.(ag) ™! where I.(cv), defined in (2.4.5), is assumed to

be nonsingular.

Remark 2.4.2. Note that using an expansion in o — g, we can write 0o Fo(t — a®'x)
as

[@w=a)salt - afw+ (@~ a0 (v - @) fxir-arx(vlt - a’e)dy

+ /Fo(t —afz+ (a—a)(y — 2)dafxir-arx (Y|t — a’x) dy

=fit—a")E{X —z|T-a"X =t—a"z} + O(a — o)

so that the integral defined in (2.4.9) can be approximated by
—(a—ao)T/ fo)E{X —2|T —a’X =u}
Fo (u)Ele,1—¢]
Fo(u+ (a— ap)Tx) — Fy(u)
. o x|u) dx du
du,

-/ foltu) Cov((ax — ) "X Fo(u + (o — o) " X)|T — aT X = u)
Fo (u)€le,1—¢] Fa(u){]' - Fa(u)}

which is positive by the monotonicity of Fy (see also the discussion in Li and Zhang (1998)
about this covariance and the proof of Lemma 2.4.1 given in Appendix A, Section A.2).
Figure 2.6 shows the integral in (2.4.9) for our simulation model for « € [0.45,0.55] and
illustrates that this integral is strictly positive except for o = ag = 0.5, which is a crucial
property for the proof of the consistency of the plug-in estimator given in Appendix A,
Section A.4.

We also have the following results for the plug-in estimator.

Theorem 2.4.4. Let the conditions of Theorem 2.4.3 be satisfied, then we have on each

interval I contained in the support of fo and for each o € O:

P{F,1.« is monotonically increasing on I} L.
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Figure 2.6: The integral defined in (2.4.9), as a function of «, with e = 0.001.

The proof of Theorem 2.4.4 follows from the asymptotic monotonicity of the plug-in
estimate in the classical current status model (without regression parameters) and is

proved in the same way as Theorem 3.3 of Groeneboom et al. (2010).

Theorem 2.4.5. Let the conditions of Theorem 2.4.3 be satisfied. Then, for &s,, being
the plug-in estimator of a,

Vb, — ag) =n" P I(ag) ™ Y folTi — of X{E(X|T; — of X;) — X}
iGJFO

+ 0,(1).

where Jy = {i: ¢ < H(T; — ol X;) < 1 — €} for some function H.

The representation of Theorem 2.4.5 plays an important role in determining the variance
of smooth functionals, of which the intercept [ udFy(u) is an example. The proof of
Theorem 2.4.5 is given in Appendix A, Section A.4.1. A similar representation holds for
the estimators defined in Theorem 2.4.1 and Theorem 2.4.2 (see the proofs of Theorem

2.4.1 and 2.4.2 given in Appendix A, Sections A.2 and A.3 respectively).

Remark 2.4.3. The plug-in method also suggests the use of U-statistics. By straightfor-
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ward calculations, we can write the score function defined in (2.4.7) as

1)[} (a) . i Z aaFnh,a(rFi - aTXi){Ai - Fnh,a(n - aTXi)}
Senh AT T 02 FonalTi — 0T X){1 = Fop.o(T; — a7 X;)}

ieJp

nh,o
1 Y% AN (X — X)K (T — o X — T + o' X;)
gnhi,e(T; —aX;)

T2
ZeJFnh,c! -];él

L D (1—A)(1 = Aj)(X; — Xi)KG(T; — o' X; — Tj + o' X))
TL2 gnh,O,a(ﬂ - aTX7)

ieJFnh,a ];él
1 (X] —AXl)[(}/Z(IjZ —aTXi —Tj +aTXj)
R=IDDS

2.4.10
gnh,a(Ti - aTX1) ’ ( )

ie']Fnh,,a VE)

where gnh,0,ac = Gnh,o — Gnh,1,o- [Each of the three terms on the right-hand side of
(2.4.10) can be rewritten in terms of a scaled second order U-statistic. A proof based
on U-statistics requires lengthy and tedious calculations which are avoided in the current
approach for proving Theorem 2.4.3. The representation given in Theorem 2.4.5 also
indicates that the U-statistics representation does not give the most natural approach to
the proof of asymptotic normality and efficiency of G&s,. For these reasons, we do not

further examine the results on U-statistics.

Remark 2.4.4. We propose the bandwidths h < n='/7 respectively h =< n~'/% in Theo-
rem 2.4.2 respectively Theorem 2.4.3, which are the usual bandwidths with ordinary second
order kernels for the estimates of a density respectively distribution function. Unfortu-
nately, various advices are given in the literature on what smoothing parameters should be
used. Klein and Spady (1993) have fourth order kernels and use bandwidths between the
orders n=1/6 and n=1/3 for the estimation of F'. Note that the use of fourth order kernels
needs the associated functions to have four derivatives in order to have the desired bias
reduction. Cosslett (2007) advises a bandwidth h such that n='/®> < h < n~'/8. Both

—1/5_ Murphy et al.

ranges are considerably large and exclude our bandwidth choice h < n
(1999) considers a penalized maximum likelihood estimator where the penalty parameter
A, satisfies 1/X, = O, (n?/®) and A2 = o, (n=Y/2). Translating this into bandwidth
choice (using h,, < \/A,), the conditions correspond to: n='/> < h <« n~1/8, suggest-
-1/5

ing that their conditions do allow the choice h < n for estimating the distribution

function.

2.4.4 Truncation

We introduce a truncation device in order to avoid unbounded score functions and

numerical difficulties. If one starts with the efficient score equation or an estimate
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thereof, the solution sometimes suggested in the literature is to add a constant c,,
tending to zero as n — 0o, to the factor F(t — a®){1 — F(t — a®x)} which inevitably
will appear in the denominator. This is done in, e.g. Li and Zhang (1998); similar ideas

involving a sequence (c;,) are used in Klein and Spady (1993) and Cosslett (2007).

In contrast with the usual approaches to deal with truncation, which imply the selection
of a suitable sequence ¢,,, we do not consider a vanishing truncation sequence but work
with a subsample of the data depending on the € and (1 — €) quantiles of the distribution
function estimate for small but fixed € € (0,1/2). This simple device in (2.1.3) moreover
implies keeping the characterizing properties of the MLE (see Proposition 1.1 on p.39 of
Groeneboom and Wellner (1992)) which are lost when a vanishing sequence is considered.
It is perhaps somewhat remarkable that we can, instead of letting € | 0, fix e > 0 and still
have consistency of our estimators; on the other hand, the estimate proposed by Murphy
et al. (1999) is also identified via a subset of the support of the distribution Fj.

Although the truncation area depends on «, we show in Appendix A, Section A.2 (see

the proof of Theorem 2.4.1) that the population version of the score function, given by
V(@) = / 6(@,1,0){0 — Fult — aTa)}dPy(x,1,6),  (2.4.11)
Fo(t—aTx)ele,1—¢€]

has a derivative at a = g that only involves the derivative of the integrand in (2.4.11),
but does not involve terms arising from the truncation limits appearing in the integral.
Using the truncation in the maximum log likelihood approach would not lead to a
derivative of the population version of the log likelihood which ignores the boundaries

and therefore this truncation is less suited for argmax estimators.

A drawback of our fixed truncation parameter approach is that we get truncated
information. The resulting estimates are therefore not efficient in the classical sense of
efficiency but the difference between the efficient variance and almost (determined by
the size of ¢€) efficient variance is rather small in our simulation models. A derivation
of the efficient information for the semiparametric current status linear regression
model is given in Section 2.4.5. We also tried to program the fully efficient esti-
mators proposed by Li and Zhang (1998) and compared their performance to the
performance of our almost-efficient estimators. The comparison showed that our
estimates perform better in finite samples. Moreover, the estimates by Li and Zhang
(1998) involve several kernel density estimates (based on 5 double summations over the

data points), resulting in a very large computation time compared to our simple estimates.

The usual conditions in the theory of estimation of F, under current status and,
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more generally, interval censored data are that F corresponds to a distribution with
compact support. Otherwise, certain variances easily get infinite, and similarly, the Fisher
information in our model can easily become infinite. Truncating by keeping the quantiles
between € and 1 — € avoids difficulties in this case and allows us to apply the theory
which presently has been developed for the current status model.

Note that the score function defined in (2.4.1) does not contain a factor F(t — a”

)
or 1 — F(t — a™x) in the denominator. For simplicity of the proofs, we still impose the
truncation area, since the classical results for the current status model are derived under
the assumption that the density fj is bounded away from zero . We conjecture however

that the result of Theorem 2.4.1 remains valid when taking € = 0.

2.4.5 Efficient information in the current status linear regression
model

In this section we give the efficiency calculations for the current status linear regression

model. The density of one observation in the current status linear regression model is
s 1-5
Do, (X, 1,0) :F(t—aTa:) {1—F(t—aT:l:)} fxr(z,t).

We assume that the distribution of (X, T') does not depend on (c, F') which implies that
the relevant part of the log likelihood is given by

oo ) = 3" [Adlog F(T, — " X)) + (1 — A log{1 — F(T, — " X,)}]

If the distribution F' is known (parametric case), the information Ip for « is given by
Ip(a) =E ((C% 10g pa, 7 (X, T, A)) (Oa l0g par,r (X, T, A))T) :

Straightforward calculations yield that

_ [EXXIT - o' X = u)
Infa)y = [ 2o

where f = F’ and where f;_,7x is the density of T — a” X. When F is unknown, we

f(u)2foaTX(u) du,

need to calculate the efficient score function. Let F' and P, be the probability measures
of e and (X, T, A) respectively and let L9(Q) be the Hilbert space of square integrable
functions a with respect to the measure dQ satisfying [ adQ = 0. The score operator
Ip : LY(F) + LY(Py) is defined by

[lral(x,t,0) = E(a(e)|(X,T,A) = (x,t,6))
_ (Sff;oaTw a(s)dF(s) (1-9) fj;oaTw a(s)dF(s)

F(t—alx) 1-F(t—aTz) ’
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with adjoint,
[[wb](e) =E (b(X,T,A)le =e).
The information I for « in the semi-parametric model is defined by
I(@) = E (la,r(X,T,A)la,r(X,T,A)7),
where anp(a:, t,0) is the efficient score function defined by

éa,F(x7 t’ 6) = fa(m, t: 5) - [gFa*](xv ta 6)7

where

—dzf(t—alz) (1-0)zf(t—alx)
al\Ll;t, = al o s Uy = )
lo(,t,0) = On log po, p (2, t,0) Flt — o) + 1= F(t— o)
and {ra, satisfies
Cplras = Ol (2412)

The efficient score @a’F can be interpreted as the residual of ¢, projected in the space
spanned by /ra for a € LY(F). Note that, as a consequence of (2.4.12), the efficient

information equals
I(a) =E (lo,r(X,T,A)la(X,T,A)7).

To find a., we have to solve (2.4.12):

fitra(e) = [ ;fi((z))fT_aTX(u) au— |

— 00

© o(u)
me—aTX(U) du

_ /+°° E(X|T — aTX =u)f(u)

fT—aTX (u) du

1—F(u)
+/_w E(X|T 1—F)((u) @, du
= frtel©), (2.4.13)

where ¢(t) = [*__a(s)dF(s). Equation (2.4.13) is satisfied with

p(u) = —E(X|T — o™ X = u) f(u).
Any a, that satisfies the above equation satisfies (2.4.12) and we get

lor(,t,8) = {(E(X|T-a"X =t—a’z)—z} ft—a"x)

' {F(t 6aTa:) 11— Fl(t_éaTw) } ’
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and

I(a); = / Cov( Xy, X;|T — " X = u) FW)2 fr_arx (u) du. (2.4.14)

Flu){l = F(u)}
Note that I(a)™! — I'p(a) ™! equals the minimal increase of the variance of an estimator
of a based on an unknown F' (semi-parametric case) compared to the situation where F'
is known (parametric). In our simulation example Ip(a) = 26.3667 and I(a) = 6.5917.

2.5 Estimation of the intercept

We want to estimate the intercept in model (2.1.1) defined by

Lo = /udFO(u). (2.5.1)

We can replace Fj in the expression above by the plug-in estimate Fj,; 44, Where &3, is
the plug-in estimator of « defined in (2.4.8). However, to avoid bias in estimating p,
we have to estimate F, with a smaller bandwidth h, satisfying h < n~—1/4
h < n~'/3. The matter is discussed in Cosslett (2007), p. 1253.

We have the following result of which the proof can be found in Appendix A, Section

A4.2.

, for example

Theorem 2.5.1. Let the conditions of Theorem 2.4.3 be satisfied, and let &s,, be the
d-dimensional estimate of g as obtained by the score procedure, described in Theorem
2.4.3, using a bandwidth of order n~Y5, Let Fon.ag, be a plug-in estimate of Fy, using
Qi3 as the estimate of o, but using a bandwidth h of order n='/% instead of n=1/°.
Finally, let [i,, be the estimate of yg, defined by

. def
Hn = //U/anhden (u)
Then /n(fi, — 1o) is asymptotically normal, with expectation zero and variance

Fo(v){1 - Fo(v)}
fT—aOTX(U)

0? = a(o) I ()t alag) + / dv, (2.5.2)

where a(ay) is the d-dimensional vector, defined by

a(a) & / E{X|T - ol X = u} fo(u) du,

and I.(oy) is defined in (2.4.5).

Remark 2.5.1. We choose the bandwidth of order n=1/3, but other choices are also
possible. We can in fact choose n='/? < h < n~'/* (see the proof of Theorem 2.5.1 in
Appendix A, Section A.4.2). The bandwidth of order n='/® corresponds to the automatic
bandwidth choice of the MLE of Fy, also using the estimate &3, of «ig.
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Remark 2.5.2. Note that the variance corresponds to the information lower bound for
smooth functionals in the binary choice model, given in Cosslett (2007). The second part
of the expression for the variance on the right-hand side of (2.5.2) is familiar from current
status theory, see e.g. (10.7), p. 287 of Groeneboom and Jongbloed (2014).

Instead of considering the plug-in estimate, we could also consider the SSE or ESE. After

having determined an estimate &, in this way, we next estimate pg by
fin = /udﬁnm(u), (2.5.3)

where Fn,dn is the MLE corresponding to the estimate &,,. The theoretical justification
of this approach can be proven using the asymptotic theory of smooth functionals given in
Groeneboom and Jongbloed (2014), p.286. Using the MLE Fna instead of the plug-in
Fon.a, as an estimate of the distribution function Fp, avoids the selection of a bandwidth
parameter for the intercept estimate. We discuss in the next section how the bandwidth
can be selected by the practitioner in a real data sample.

2.6 Computation and simulations

The computation of our estimates is relatively straightforward in all cases. For the SSE
and the ESE, we first compute the MLE for fixed o by the so-called “pool adjacent
violators” algorithm of Ayer et al. (1955) for computing the convex minorant of the
corresponding cumulative sum diagram. If the MLE has been computed for fixed «, we
can compute the density estimate f,;. The estimate of « is then determined by a
root-finding algorithm such as Brent's method. Computation is very fast. For the plug-in
estimate, we simply compute the estimate F,;, o as a ratio of two kernel estimators for
fixed a and then compute the derivative w.r.t. a. Next we use again a root-finding

algorithm to determine the zero of the corresponding score function.

Some results from the simulations of our model are available in Table 2.1, which contains
the mean value of the estimate, averaged over N = 10,000 iterations, and n times the
variance of the estimate of ag = 0.5 (respectively o = 0.5) for the different methods
described above, as well as for the classical MLE of «, for different sample sizes n and
a truncation parameter € = 0.001. We took the bandwidth h = 0.5n=/7 for the ESE in
Section 2.4.1. The bandwidth h = 0.5n~'/% for the plug-in estimate of Section 2.4.3
was chosen based on an investigation of the mean squared error (MSE) for different

~1/5

choices of ¢ in h = ¢cn Details on how to choose the bandwidth in practice are

given in Section 2.7. The true asymptotic values for the variance of /n(&, — ag) in
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our simulation model, obtained via the inverse of the information I.(«g), are 0.151707
without truncation and 0.158699 for ¢ = 0.001 and 0.17596 for ¢ = 0.01. We advise
to use a truncation parameter € of 0.001 or smaller in practice. The variance defined
in Theorem 2.4.1 for ¢ = 0.001 is 0.193612. The lower bounds for the variance of
the intercept are 0.257898 for the simple score method and 0.222984 for the efficient

methods. Our results show convergence to these bounds.

Table 2.1 shows that the ESE and the plug-in estimates perform reasonably well.
A drawback of the plug-in method however is the long computing time for large sample
sizes, whereas the computation for the MLE-based estimates is fast even for the larger
samples. Note moreover that the plug-in estimate of the distribution function is only
asymptotically monotone whereas the MLE is monotone by definition. All our proposed
estimates perform better than the classical MLE. The log likelihood for the MLE has a
rough behavior, with a larger chance that optimization algorithms might calculate a local

maximizer instead of the global one.

The performance of the score estimates is worse than the performance of the plug-in
estimates for small sample sizes but increases considerably when the sample size increases.
Although the asymptotic variance of the SSE is larger than the almost (determined by
the truncation parameter €) efficient variance, the results obtained with this method are

noteworthy seen the fact that no smoothing is involved in this simple estimation technique.

Table 2.1 does not provide strong evidence of/against the /m-consistency of the
classical MLE. Considering the drawbacks of the classical MLE, we advise the use of the
plug-in estimate for small sample sizes and the use of the score estimates, based on the
MLE, for larger sample sizes, for estimating the parameter ag. We finally suggest to
estimate the parameter pg via the MLE corresponding to this « estimate, avoiding in
this way the bias problem for the kernel estimates of 1.

2.7 Bandwidth selection

In this section we discuss the bandwidth selection for the plug-in estimate. A similar idea

can be used for the selection of the bandwidth used for the second estimate defined in

~1/5

Section 2.4.2. We define the optimal constant cop in b = cn as the minimizer of the

mean squared error (MSE),

Copt = argmin MSE(c) o argmin E||é, . — aol|?,
c c
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Table 2.1: The mean value and n times the variance of the estimates of agp and o for the
simple score estimator (SSE), the efficient score estimator (ESE), the plug-in estimator (plug-in)
and the maximum likelihood estimator (MLE) for different sample sizes n. h, = 0.5/ (for
the ESE) and ho = 0.5n7 %, h, = 0.75n"'/3 (for the plug-in), ¢ = 0.001 and N = 10, 000.

The line, preceded by oo, gives the asymptotic values.

SSE ESE Plug-in MLE

n mean nxvar mean nxvar mean nxvar mean nxvar

a 100 0.500212 0.364558 | 0.502247 0.4104490.499562 0.245172|0.489690 0.307961
500 0.499845 0.221484|0.499825 0.230178|0.498857 0.191857 |0.499315 0.228335
1,000 [0.499982 0.211608 |0.500353 0.208102 |0.499502 0.192223|0.499937 0.228420
5,000 |0.499901 0.195294|0.499964 0.184807|0.500314 0.181421|0.499933 0.239898
10,000 0.499988 0.191115|0.499985 0.172758|0.500120 0.172043|0.499994 0.227222
20,000 | 0.500038 0.187616|0.500023 0.169762|0.500096 0.174197 |0.499952 0.238400
00 0.500000 0.193612|0.500000 0.158699|0.500000 0.158699|0.500000 ?

100 0.511937 0.468415|0.509679 0.515638|0.495709 0.332949|0.523103 0.425614
500 0.502258 0.293585|0.502506 0.287576|0.498932 0.254040|0.502514 0.304540
1,000 [0.500839 0.284958 |0.500616 0.262684 |0.498385 0.270085 |0.500937 0.300201
5,000 |0.500345 0.262566|0.500316 0.244892|0.501597 0.241294 |0.500270 0.303754
10,000 [ 0.500127 0.256983 | 0.500134 0.232973 |0.501680 0.245993 |0.500076 0.289905
20,000 0.500020 0.250720|0.500042 0.230901|0.501660 0.244042|0.500101 0.302824
00 0.500000 0.257898|0.500000 0.222984 |0.500000 0.222984 |0.500000 ?

where &, p, is the estimate &3, obtained when the constant c in h = en~Y/% is chosen
in the estimation method. A picture of the Monte Carlo estimate of MSE as a function
of ¢ is shown for the plug-in method in Figure 2.7, where we estimated MSE(c) on a grid
c = 0.01, 0.05, 0.10, ---, 0.95, for a sample size n = 1,000 and truncation parameter
€ = 0.001 by a Monte Carlo experiment with NV = 1,000 simulation runs,

—

N
MSE(c)=N"'Y"|&l , —aol?, (2.7.1)
j=1

where dzl n. i the estimate of a in the j-th simulation run, 1 <j <, N.
Since Fy and a are unknown in practice, we cannot compute the actual MSE. We use
the bootstrap method proposed by Sen and Xu (2015) to obtain an estimate of MSE.

Our proposed estimate F),j, o of the distribution function Fj satisfies the conditions of
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Theorem 3 in Sen and Xu (2015) and the consistency of the bootstrap is guaranteed.
Note that it follows from Kosorok (2008) and Sen et al. (2010) that naive bootstrapping,
by resampling with replacement (X;,T;,A;), or by generating bootstrap samples from
the MLE, is inconsistent for reproducing the distribution of the MLE.

The method works as follows. We let hg = con =1/ be an initial choice of the band-
width and calculate the plug-in estimates &, 5, and F, 5., based on the original sample
(X, Ti, Ai), 1 < i <n. We generate a bootstrap sample (X;,T;,Af),1 < i < n where
the (X;,T;) correspond to the (X, T;) in the original sample and where the indicator
AY is generated from a Bernoulli distribution with probability F, 5, (T; — é57hOXi), and
next estimate &g, ;. from this bootstrap sample. We repeat this B times and estimate
MSE(c) by

B
MSEg(c) =B [lagh, — o, |, (2.7.2)

b=1
where dj}”hc is the bootstrap estimate in the b-th bootstrap run. The optimal bandwidth

~

Ropt = Coptn™1/® where é,,¢ is defined as the minimizer of ]\75\EB(c).

We analyze the behavior of the bootstrap method for the simulation model of Section 2.6
in Figure 2.7. We compare the Monte Carlo estimate of MSE, defined in (2.7.1), (based
on N = 1,000 samples of size n = 1,000) to the bootstrap MSE defined in (2.7.2) (based
on a single sample of size n = 1,000 with B = 10,000). Figure 2.7 shows that the Monte
Carlo MSE and the bootstrap MSE are in line, which illustrates the consistency of the
method. The choice of the initial bandwidth does affect the size of the estimated MSE
but not the behavior of the estimate and we conclude that this bootstrap algorithm can

be used to select an optimal bandwidth parameter in the previously described method.

2.8 lllustration of the limit function F,

In order to better understand the behavior of the limit function F, defined in (2.3.1)
we calculate the analytical expression for the function F,, in several models of the type
(2.1.1). We consider the following one dimensional scenarios:

A X, T ~UI0,2], foe) = 384(e — 3/8)(5/8 — e)13/8,5/5)(¢) and ap = 0.5.

B. X,T ~ U[0,2], fo(e) = exp(_;’gl;(_;;(_g/m(truncated exponential on [3/8,5/8],

denoted by Exp[3/8,5/8]) and ap = 0.5.
C. X,T ~ Exp[0,20]. ~ U[5,10] and ap = 1.

D. X,T ~ Exp[0,20],e ~Exp[5,10] and o = 1.



44 CHAPTER 2. CURRENT STATUS LINEAR REGRESSION

064 |

05 | \

0.4 - \

0.3 1 \

02 e

0.0 0.2 0.4 0.6 0.8

Figure 2.7: Estimated MSE(c) plot of s, obtained from N = 1,000 Monte Carlo simulations

(red, solid) and the bootstrap MSE for ¢o = 0.25 (blue, dashed) with B = 10,000, n = 1,000
and € = 0.001.

Scenario A corresponds to the simulation model of Section 2.6. We consider two

different distributions (with compact support) for the observed variables X and T. The
corresponding densities of the variables T'— o X for different values of « is given in Figure
2.8a for uniform random variables X and 7" and in Figure 2.8b for truncated exponential
random variables X and 7. Figure 2.8 shows that the density fr_,x is continuous
and staying away from zero on the support of fy such that Assumption A3 given in
Section 2.4.1 is satisfied in all four scenarios A-D. The above densities are moreover

twice continuously differentiable except at a finite number of points and therefore Figure
2.8 also illustrates the plausibility of Assumption Ab.

For each scenario we show figures of F,, for o in a neighborhood of g in Figure 2.9.
The function F, is monotone and twice continuously differentiable with a strictly positive
derivative on a truncated interval determined by the support of fj for each « considered in
Figure 2.9. The function F,, converges to Fj if the distance between o and o decreases

and we conclude that the assumptions in Section 2.4.1 are plausible, in especially for
a — Q.
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(a (b)
Figure 2.8: The density fr_ox for (a) X,T~UI0,2] and @ = a9 = 0.5 (red, solid), a = —1
(blue, dashed) and o = 2 (black, dashed-dotted) and (b) X,T" ~ Exp[0,20] and o = a9 = 1
(red, solid), a = 0 (blue, dashed) and @ = —1 (black, dashed-dotted)
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Chapter

Bootstrap procedures under

current status data

Abstract

We study the behavior of two different bootstrap algorithms in the current status model and
develop bootstrap procedures for constructing pointwise confidence intervals (Cls) for the distri-
bution function Fy of Y based on censored observations (T, A1), ..., (Tn, Ay) from the random
vector (T, A = 1yy<ry}). In the first approach, we consider a smooth bootstrap procedure that is
based on only resampling the censoring indicators A; from a Bernoulli distribution with probability
Foun(Ty), where F, is the smoothed maximum likelihood estimator (SMLE) of the distribution
function Fy. In the second approach we consider the nonparameteric bootstrap proposed by
Efron (1979).

Asymptotic results show that, given the data, the Lo—distance between the bootstrap MLE and

~1/3

the underlying distribution function is of order n . This result is in particular noteworthy for

the nonparametric bootstrap given the fact that this bootstrap is inconsistent for generating the
distribution of the MLE.

We construct pointwise Cls around the SMLE and prove the validity of interval estimation in
the current status linear regression model for both bootstrap procedures. A comparison of both
methods through simulation studies does not reveal a clear preference for one of both bootstrap
approaches. The bandwidth parameter used in the smoothing procedure has a considerable
influence on the behavior of the Cls. We show that a data-driven bandwidth parameter based
on minimizing the mean squared error in combination with undersmoothing results in Cls with

good coverage properties.

47
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3.1 The MLE and the SMLE under current status data

Let Z1 = (T1, A1), ..., Zy = (Th, Ay,) be the i.i.d. sample from the current status model
described in Section 1.1 where the Y; are interpreted as (nonnegative) survival times
with distribution function Fy and, instead of observing Y, a censoring variable T' ~ G
is observed (with density g) independent of Y. We denote the probability measure of
Z = (T,A) by Py. The density of Z is given by

Pry(t,6) = [0Fo(t) + (1 = 6){1 — Fo(t)} g(t).

An important property of the MLE, defined in (1.1.2) as the maximizer of the log likelihood

over all possible distribution functions, is the so-called switch relation: Let G,, be the

empirical distribution function of T7, ..., T, and define the process V,, by
def 1 -
Va(t) = o 2A11{Ti§t}; (3.1.1)

and the process U,, by
Un(a) ef argmin{t € R : V,,(t) — aG,(¢)}. (3.1.2)

Then we get the switch relation

F.(t) > a < Uy(a) <t, (3.1.3)

see also Figure 3.1. As a consequence of the switch relation, the study of the MLE F, can

a —

Line of slope a

|
|
I
|
G (Un(a))

Figure 3.1: The switch relation.

be reduced to the study of the inverse process U, taking a = Fy(t). From Groeneboom
and Jongbloed (2014) we have the following result:

Theorem 3.1.1 (Groeneboom and Jongbloed, 2014, Theorem 11.3). Suppose Fy has a
continuous density fo with support [0,M] that satisfies,

0 < inf t) < su t) < 0.
te[0,M] fo(t) te[O,IJ)M] fo(t)
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Also suppose that the observation distribution G has a continuous derivative g that stays

away form zero and infinity on [0, M]. Let U, be defined by (3.1.2) and let
Uo(a) = Fy ' (a),

for every a € [0,1]. Then there are positive constants K1 and K, such that, for all
a € (0,1) and for all z > 0,

Py {nl/S U (a) — Up(a)| > x} < Kye~Keo", (3.1.4)

It follows from Theorem 3.1.1 and the switch relation (3.1.3) that there exists a positive
constant K > 0 such that

E

Bo(t) - Fo(t)’p < Kn??  forallte (0,M). (3.1.5)

This can be seen by nothing that
. P > .
E [n/{F(0) ~ Falt)}+] = [ Po {0 {Bu(0) ~ Foft)} = o} par~da,
0
where {F),(t) — Fy(t)}+ denotes the positive part of {F},(t) — Fy(t)} and that

Py {Un (a—i—n—l/Sgg) < t} = Py |nt/3 {Un <a+n_1/3x) A (a—i—n‘”%)}

<nl/? {t— Uo (a+n_1/3ac) }]

In this chapter we show that a result analogous to the result of Theorem 3.1.1 holds in

a bootstrap sample obtained from the original sample Z;,...,Z,. In Section 3.2 and
Section 3.3 we consider two bootstrap samples, generated by the smooth respectively
nonparametric bootstrap (See Section 1.1.2) and we show how this result is used in
proving the validity of the bootstrap for constructing pointwise Cls for the distribution
function Fy(t) when ¢ is an interior point of [0, M]. We estimate Fy(t) by the Smoothed
MLE obtained by first estimating the MLE £, and then smoothing this using a smoothing

kernel, i.e.

Fon(t) d_ef/K<thx) dF, (x), (3.1.6)

for some bandwidth h > 0, where K is the integrated kernel (1.1.6) (see Section 1.1.2).
As argued in Section 11.2 in Groeneboom and Jongbloed (2014), the asymptotic normality
of the SMLE, stated in Theorem 1.1.2, can be proved using that

/:M {Fn(:v) - Fo(x)}Qda: — 0, (hn~2/%),

—h
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which follows from (3.1.5) and an application of Markov's inequality. Note that this last
statement does not follow from a global La-distance of order n='/3 between the MLE
ﬁ’n and the true distribution function Fy and therefore, it is a refinement of the usual

Hellinger distance calculations.

Similarly to the notations used in the previous Chapter 2, we use the notations K} and
K}, to denote the scaled versions of K and K respectively, given by

Kn() = h"'K(-/h) and Ka() = K(-/h).

3.2 Pointwise confidence intervals using the smooth bootstrap

We obtain a bootstrap sample (71, AY),..., (T, A%) by keeping the T; in the original
sample fixed and by resampling the AY from a Bernoulli distribution with probability
Fnh( i)- This procedure is referred to as the smooth bootstrap algorithm. The following

bootstrap 1 — « interval is suggested:
|Fun®) = Zi_a pp(8), Fun(t) = Zijp(0)] (3:21)
where Z*(t) is the ath quantile of B values of
def 4
Znh() = F /Kh t—u)anh( )

where B is the number of bootstrap samples. Here F*, (¢) is the SMLE in the bootstrap
sample (71, AY), ..., (T, A%) defined in the same way as in (3.1.6) but with £}, replaced
by F,’{, i.e. the MLE in the bootstrap sample.

We have the following main result:

n2/® {F /Kh t—u)dE,,(u )} 4 N(0,02(t)), (32.2)

given the data 71, ..., Z,, almost surely along sequences Z1, Zs, ..., where o is defined

o2(t) & Folt {1*F° }/K (3.2.3)

The proof of (3.2.2) is given in Appendix B, Section B.1.2 and requires first proving a boot-

in Theorem 1.1.2 as

strap analogue to result (3.1.4) which we describe in more detail below. We first introduce
the following notations: Let P, denote the empirical measure of (1, AY),..., (T, Ak).
We write

iéf(Ti,AZ‘) = /f(uj*)dzﬁn(u,a*),
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for some bounded function f : [0, M] x {0,1} — R. Note that for any bounded function
h: [0, M] — R holds that

%th) - /h(u) P, (u,6*) = /h(u) 4G, (u).

Furthermore, let P, (respectively En) denote the conditional probability measure (respec-

tively conditional expectation), given Z1, ..., Z, and note that
Py (A7 =1) = Fun(T;) 1<i<n.

We next define the process

¥ 7 def 1 . * * M *
Valt) S = Aflir <y :/ 8 dP,, (u,6%),
n i=1 u€e[0,t]

and the processes
Uo(a) et argmin{t : F,;(t) > a},

and
U, (a) e argmin{t € R: V,,(t) — aG,(t)}.

We have the following result which is the smooth bootstrap version of Theorem 3.1.1.

Lemma 3.2.1. There are positive constants f(l and f(g, such that, almost surely, for all

x > 0 and all large n we have that
P {0/ |00(a) = To(a)| 2 o} < Rye™ o,
Using the smooth bootstrapped switch relation with a,, = Fnh(t),

B w3 E (1) - Fan()} 2 2} = By {Onan +07130) <t}

we get by Lemma 3.2.1, that there exists a positive constant K such that the indicator
of the set

3t e [0,M]: E,
{

A ~ P ~
Ei(t) = Fan(t)| > Ko/},
is zero almost surely.

Note that we subtract the convolution SMLE [ Ky, (t —u) dF,p,(u) using the original data
instead of the SMLE Fnh(t) itself in the definition of Z,;,(¢) due to the bias of the SMLE.
This is in line with the method proposed by Sen and Xu (2015) where the authors subtract
the SMLE instead of the MLE of the original data for constructing Cls around the MLE
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(see Section 1.1.2). One needs to introduce an additional level of smoothing in order to
construct valid intervals using the smooth bootstrap procedure. Note that we can write:

/Kht—u anh /Kht—u {/Khu—vdF()}du.
_ / / K{(t — v)/h — w} K (w) dwdFy (v).
In practice we therefore have to compute the convolution kernel K, defined by
K(z) & / K(z — w) K (w) dw. (3.2.4)
A picture of the functions K, K and K is given in Figure 3.2 using the triweight kernel
given by
K(u) = 22 (1—u?)’ 11y (),

and the Epanechnikov kernel given by

00 02 04 06 08 10

(a) (b) (c)

Figure 3.2: (a) kernel K, (b) integrated kernel K : z ffoo K(w)dw and (c) convolution
kernel K : z > J K(z — w)K (w) dw for the triweight kernel K : x +— 33(1 — 2°)*1[_1 3 ()
(black, solid) and Epanechnikov kernel K : z — 3(1 — z*)1;_1 3j(z) (blue, dashed).

In the remainder of this section, we describe techniques to improve the Cls introduced in
(3.2.1) by (a) considering Studentized Cls through estimation of the variance o2 in (3.2.3)
and (b) taking into account the boundary effects of the kernel estimates. In practice, one
should also correct for the bias defined in Theorem 1.1.2 when constructing Cls around

the SMLE by considering intervals of the type

Fut) = Z3_a o) = B0/, Fun(t) = 22 1o(t) — B0 2]
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where

B(t) & W/MK@) du. (3.2.5)

The boundary issue will be discussed in more detail in Section 3.4 where we will illustrate
how a data-driven bandwidth selection procedure can be used to reduce the bias effect

present in the Cls given in (3.2.1).

3.2.1 Studentized confidence intervals

Usually the performance of the bootstrap Cls works best if one uses a pivot, obtained
by Studentizing. In each bootstrap sample we therefore estimate the variance o2 defined
in (3.2.3), apart from the factor cg(t), which drops out in the Studentized bootstrap

procedure, by
= () 4 221(”7 (A* F;(n)) . (3.2.6)

The variance estimate defined in (3.2.6) is inspired by the fact that the SMLE ﬁ'"h is
asymptotically equivalent to the toy estimator

Fop(t) dZCf/Kh(t — 2)dFy(x) + % > Kalt = Ti)g{(ATi)_ BIY 520

which has sample variance

y def 1 Kt —T3)% (A — Fo(Th)”
= — . 2.
n? g 9(T3)? (3:29)
We next compute
% def F Kh t— u) anh( )
Qo) Eanl = JEL .
th(t)

Let Q7 (t) be the ath quantile of B values of Q7 , (¢). Then the following bootstrap 1 —

interval is suggested:

wn(0) = Qa2 OVSun (0, Fun(t) = Qe (OVSu @, (3:29)

where Sy (t) is the variance estimate in the original sample obtained by replacing A —
E*(T;) in (3.2.6) by A; — E,,(T;). Note that we do not need an estimate of the density g
in each of the observations T; as a consequence of the fact that g(u) is close to g(t) for
u € [t — h,t + h]. On the contrary, estimation of g is inevitable if one wants to consider
Wald-type Cls for the distribution function based on the asymptotic normality result of
the SMLE. More details of the construction of Wald type Cls in given in the simulations

presented in Section 3.4.
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3.2.2 Boundary correction

It is well-known that kernel density and distribution estimators without boundary correc-
tion are generally inconsistent at the boundary of the support [0, M]. We therefore use
the boundary correction method proposed in Groeneboom and Jongbloed (2014), and
define the SMLE as

49 1) déf/{K <t hx> +K (t;x) ~K <2Mhtx)} dF,(z).  (3.2.10)

The boundary corrected version of Z*, (t) is defined by

nh nh

78 () L by gy /{Kh(t — ) + Kp(t + ) — Kp(2M — t — 2)} dES (2).

It is straightforward to show that the asymptotic normality result (3.2.2) remains valid
under this boundary correction. We also have the following lemma.

Lemma 3.2.2. Let the boundary corrected estimate FT(LZ;ZC) be defined by (3.2.10), and let
K}, be defined by

Kn(u) =K(u/h), ueR,

where the convolution kernel K is defined by (3.2.4). Moreover, let 0 < h < M/3. Then:

/ (Kn(t — o) + Kn(t + 2) — Kn(2M — t — 2)} dF®) ()

- / {Kh(t —2) + Kt + o) — Rp(2M — t — x)} dF, (z). (3.2.11)
From Lemma 3.2.2, it follows that we can write

ARMOE / {Kn(t — o) + Kn(t +2) — Kn(2M —t — 2)} d(Fy; — F37) ()
= / {(Kn(t — ) + Kp(t + ) — Kp(2M — t — 2)} dE* (2)
- / {Kh(t — )+ Rp(t+2) — Kp(2M — t — x)}dﬁn(x).

The proof of Lemma 3.2.2 is given in Appendix B, Section B.1. A picture of the MLE,
together with the SMLE, both corrected and uncorrected for boundary effects is shown in
Figure 3.3a for a sample from the truncated exponential distribution on [0, 2] (See Section
3.4 for a detailed description of the model). Figure 3.3b presents the boundary corrected
and uncorrected convolution SMLE and clearly shows the improvement of the boundary
correction. From this point onwards, we will work with the boundary corrected SMLE and

use the notation F),,(t) whenever we refer to the SMLE.
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0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0

(a) (b)

Figure 3.3: Truncated exponential samples: (a) Fy (black, solid), MLE £}, (blue, dashed-dotted),
SMLE Fff;f) with boundary correction (red, solid) and SMLE F.,;, without boundary correction
(red, dashed) and (b) Fy (black, solid), convolution SMLE with boundary correction (red, solid)
and convolution SMLE without boundary correction (red, dashed); n = 1,000 and h = 2n~%/°.

3.3 Pointwise confidence intervals using the nonparametric boot-

strap

In this section we consider the nonparametric bootstrap proposed by Efron (1979) and
generate a bootstrap sample (75, AY), ..., (T, A¥) by resampling with replacement from
the original sample. Denote the empirical probability measure of Z1,...,Z, by P,. The

bootstrap empirical measure is
n
N 1
Pn = - E MnilZia
n -
=1

where 17, denotes the point mass at Z; = (73, A;) and

M, = (Mu1,...,My,) ~ multinomial(n,nfl, e nil),

is a vector of multinomial weights, independent of Z1,...,Z,. Let P, denote the condi-
tional probability measure w.r.t. the weights given the sample Z1,..., Z, and define the
process

N

Un(a) & argmin{t € [0, M]: Vi, (t) — aGn(t)}  O0<a<1,

with processes V,, and G,, defined by

Vn(t)d:ef/ 5dP,(u,6) and (Gn(t)d:ef/ P (u,8) tel0,R]. (33.1)
u€(0,1] u€(0,1]



56 CHAPTER 3. BOOTSTRAP PROCEDURES UNDER CURRENT STATUS DATA

Lemma 3.3.1. There are positive constants IA(l and Kg, such that for all large n we have
that

{az c[0,M]: P, {n1/3 ’ﬁn(a) - Uo(a)‘ > x} > Rle%rg”} = 0,(1).

Lemma 3.3.1 implies that the probability that for all z € [0, M], and a = Fy(¢),

P, {17,1/3 ’ﬁn(a) — Uo(a)’ > sr} < KlefKﬂs/Q7
tends to 1 as n — oo. The proof of Lemma 3.3.1 is given in Appendix B, Section B.2.1.
The proof uses empirical process theory and results on tail probabilities for ||\/ﬁ(]f”n —
P,.)|| = for classes F with finite entropy integrals (see van der Vaart and Wellner (1996),
p.81 for the notation || - ||| ). The analogue results in Theorem 3.1.1 and Lemma 3.2.1
are proved using martingale theory in Section 11.2 of Groeneboom and Jongbloed (2014)
for the original sample and in Appendix B, Section B.1.1 for a smooth bootstrap empirical
process respectively. It follows from Lemma 3.3.1 and the bootstrapped switch relation

given by
P {nt B E (1) = Fot)} 2 2} = P {Un (a0 o2) <t}
that there exists a positive constant K > 0 such that,

{Elt c0,M]: E,

A p A~ 3
Frt) — Fo(t)' > knr/%) = o,(1),
where En denotes the conditional expectation given Z1, ..., Z,.

We now continue with the construction of the pointwise Cls. Let E*, (t) be the boot-
strapped SMLE based on replacing £}, in (3.1.6) by the bootstrapped MLE E*. Then we

have, using Lemma 3.3.1, the following result
n?3 {F5 (1) — Ea()} 3 N(0,02), (3.3.2)

given the data (71, A1), ..., (Ty, Ay), in probability, where o2 is defined by (3.2.3). The
proof of (3.3.2) is given in Appendix B, Section B.2.2. A bootstrap 100(1 — «)% interval
is next given by (3.2.9) with Q,(t) replaced by the ath quantile of B values of

Fr(t) = Fan(t)
Sin(t)

where S, (t) now represents the variance estimate in the nonparametric bootstrap sample.

)

Note that, in contrast to the smooth bootstrap method described in Section 3.2, we do

not longer need to estimate the convolution SMLE.
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3.4 Simulations

Two different simulation models are considered in this section to study the finite sample
behavior of the Cls introduced in Section 3.2 and Section 3.3. The effect of the choice of
the kernel function on the performance of the intervals is addressed in the first simulation
study. A comparison between the proposed SMLE-based intervals and the MLE-based
intervals of Banerjee and Wellner (2005) and Sen and Xu (2015) and a discussion of the
construction of Wald-type Cls using the quantiles of the asymptotic normal distribution
of the SMLE is also considered. The bias issues that arise when constructing Cls around
the (biased) SMLE instead of the (unbiased) MLE are illustrated in the second simulation
study. A data-driven bandwidth selection procedure is proposed and undersmoothing the

bandwidth is used to take the bias problems into account.

3.4.1 Simulation study 1: Comparing Cls for the distribution func-
tion under current status data

In the first simulation setting both the event times and censoring times are sampled from
a Uniform(0,2)-distribution. Since the derivative of the uniform density equals zero, the
bias defined in (3.2.5) equals zero thence the SMLE is an unbiased estimate of the uniform
distribution function. No bias correction is needed in the construction of the Cls.

For sample sizes n = 100; 500; 1,000 and 2,000 we generated 5,000 data sets from this
uniform model. The number of bootstrap samples within each simulation run equals
B =1,000. We use the bandwidth h = ¢n~'/%, where the constant ¢ = 2 corresponds to
the length of the interval [0,2]. Two different choices for the kernel, the triweight kernel
and the Epanechnikov kernel, are considered. The results for our SMLE-based Cls (3.2.9)
and for the MLE-based methods of Banerjee and Wellner (2005) and Sen and Xu (2015)
are compared. Table 3.1 shows the coverage percentage, i.e. the number of times (out
of the 5,000 simulation runs) that Fy(t) is in the 95% Cls, and the average length of the
95% Cls around Fy(t) for the uniform model and ¢t = 1. For the Studentized SMLE-based
Cls, the results in Table 3.1 correspond to the results for the smooth bootstrap.

For each point t = 0.02,0.04,...,2, Figure 3.4a presents the proportion of times that
Fy(t) is not in the 95% Cls, for the Studentized SMLE-based Cls obtained with the smooth
bootstrap procedure (3.2.9) using the Epanechnikov kernel and the triweight kernel and
illustrates that the choice of the kernel has only a small effect on the coverage proportions.
The comparison between the Cls defined in (3.2.1) and the Studentized Cls defined in
(3.2.9) shown in Figure 3.4b reveals that the non-Studentized SMLE-based Cls are slightly
anti-conservative near the left boundary of the interval and have a coverage that is less

good than the Studentized Cls. In the rest of the simulation section, we therefore use the
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Table 3.1: Uniform samples: Average length (L) and coverage proportion (CP) of the smooth
SMLE-based Cls and the MLE-based Cls proposed by Banerjee and Wellner (2005) and Sen
and Xu (2015) around Fy(1) for different choices of the kernel and different sample sizes n.
(h=2n""% a=0.05)

Studentized SMLE-based Cl | Banerjee-Wellner Sen-Xu

Triweight
CP L

Epanechnikov
CcP L

CP

Triweight
CP L

Epanechnikov
CcP L

100
500
1,000
2,000

0.9674 0.2799
0.9528 0.1473
0.9374 0.1072
0.9506 0.0827

0.9642 0.2376
0.9546 0.1276
0.9400 0.0928
0.9498 0.0710

0.9514
0.9496
0.9502
0.9586

0.3897
0.2311
0.1846
0.1466

0.9432 0.4620
0.9364 0.2532
0.9346 0.2024
0.9484 0.1598

0.9530 0.4625
0.9420 0.2536
0.9404 0.2028
0.9518 0.1599

Studentized Cls, referred to as the SMLE-based Cls.

0.15 ¢ 0.15 ¢
0.10 + 0.10 +
0.05 0.05
0.00 + 0.00 +
T T T T T T T T T T
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0
t t
(a) (b)
Figure 3.4: Uniform samples: Proportion of times that Fy(t), t = 0.02,0.04, ... is not in the

95% Cls in N = 5,000 samples using B = 1,000 smooth bootstrap samples. (a) Studentized
SMLE-based Cls (3.2.9) with the Epanechnikov kernel (black, solid) and the triweight kernel
(blue, dashed) and (b) Studentized SMLE-based Cls (3.2.9) (black, solid) and classical SMLE-
based Cls (3.2.1) (blue, dashed) with the Epanechnikov kernel. n = 1,000 and h = 2n~%/°.

The performances of the SMLE-based Cls, illustrated in Figure 3.5a, are comparable.
The bootstrap intervals based on the nonparametric bootstrap procedure avoid however
calculation of the convolution SMLE. The MLE-based Cls obtained via the LR-method
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0.10
0.08 0.10
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0.0 05 10 15 20 0.0 05 10 15 20
t t
(c) (d)
Figure 3.5: Uniform samples: Proportion of times that Fo(t), t = 0.02,0.04,... is not in the

95% Cls in N = 5,000 samples using the triweight kernel and B = 1,000 bootstrap samples for
(a) SMLE-based Cls using the nonparametric (black, solid) and smooth (blue, dashed) bootstrap,
(b) Banerjee and Wellner (2005) Cls (blue, dashed) and SMLE-based nonparametric bootstrap
Cls (black, solid) and (c) Sen and Xu (2015) Cls (blue, dashed) and SMLE-based nonparametric
bootstrap Cls (black, solid). (d) The average lengths of the SMLE-based nonparametric (black,
solid) and smooth (blue, dashed-dotted) bootstrap Cls and the MLE-based Cls of Banerjee and
Wellner (2005) (red, dashed) and of Sen and Xu (2015) (green, dotted). n = 1,000 and
h=2n"%5.

of Banerjee and Wellner (2005) (Figure 3.5b) and the smooth bootstrap method of
Sen and Xu (2015) (Figure 3.5c) have similar coverage proportions in the middle

of the interval [0,2] but have a worse behavior near the boundaries of the interval
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compared to the SMLE-based intervals. Figure 3.5d shows the average length of
both bootstrap intervals around the SMLE in comparison with the average length of
the LR Cls of Banerjee and Wellner (2005) and the smooth MLE-based Cls of Sen
and Xu (2015). The length of the MLE-based intervals is larger than the length of
the SMLE-based intervals due to the fact that the MLE converges at the slower rate n'/3.

The Cls for one sample of size n = 1,000 are shown in Figure 3.6. The MLE-based Cls of
Sen and Xu (2015) do not have monotone bounds. One may wonder if one really wants
to use the MLE for estimating the distribution function if one resamples from the SMLE
as in Sen and Xu (2015) since one uses smoothness conditions that allow for estimating
the distribution function at a faster rate than the convergence rate of the MLE. The
pointwise Cls around the SMLE change smoothly over the interval whereas MLE-based

intervals change in discrete steps.
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Figure 3.6: Uniform samples: Fy (red solid). (a) Studentized SMLE-based Cl, (b) Banerjee and
Wellner (2005) Cl and (c) Sen and Xu (2015) Cl based on one sample of size n = 1,000 using
B = 1,000 smooth bootstrap samples. In (a) the SMLE (blue, solid) using the triweight kernel
is given and in (b,c) the MLE (blue, step function) is given. h = 2n~'/5.

Instead of constructing the Studentized bootstrap intervals where the quantiles of the
limiting distribution of the SMLE are derived from the bootstrap distribution, one can
consider Wald-type Cls using the quantiles of the normal distribution and an estimate
of the asymptotic variance. We compare three different estimates G,,;, for o defined in
(3.2.3) and construct Cls given by:

[Fnh(t) - Zlfa/2(n72/56'nh(t)) - n72/5ﬁ(t);
Fun(t) = zaya(n%6,0,(1)) = n~2/58(t)], (3.4.1)

where z, is the ath quantile of the standard normal distribution. The bias term (3,
defined in (3.2.5), is zero in this simulation study. The effect of 3 on the behavior of the
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intervals will be discussed in the second simulation study below.

A first estimate for 6,5, is given by

A2 def Fn(t){l - Fn(t)} / 2
01 nn(t) = K(u)® du, 3.4.2
2 (0 o (u) (34.2)
where g, is a classical kernel estimate for the density g of the observation time
T ~ U(0,2), using again the triweight kernel with bandwidth h = 2n=1/5.

A second estimate for ¢ is inspired by the fact that the SMLE is asymptotically equivalent

to the toy-estimator defined in (3.2.7), which has a sample variance given in (3.2.8). This

2/5

suggests taking the second estimate n~2/°65 ,,;, equal to the root of (3.2.8) where Fj is

replaced by the MLE F, and g is replaced by the kernel density estimate gy, i.e.

2

e (AP
e 1 (o= )
. n? Gnn(T5)?

(3.4.3)

Contrary to the bootstrap procedure for constructing Cls defined in (3.2.9), both estimates
G1,nh and G2,n require estimating the density g. A bootstrap based estimate for the

variance is finally given by
def 1 = ~ 2
6§,nh(t) = E Z (th(t) - Fnh(t)) ’ (3'4-4)
b=1

where Fﬁh(t) is the SMLE in the bth bootstrap run. We use the nonparametric bootstrap
to estimate ainh in our simulations. Figure 3.7 compares the proportion of times that
Fy(t) is not in the 95% Cls, between the nonparametric bootstrap Cls with the Wald-
type Cls in (3.4.1) using the triweight kernel and the three different variance estimates
described above. Pointwise confidence bands for the variance estimates are illustrated
in Figure 3.8. The curves show the average variance estimate and the 5% and 95%
empirical quantiles of the variance estimates at points ¢ = 0.02,0.04,...,2. The best
results for the Wald-type Cls are obtained with the second variance estimate &3, but
the coverage proportions and average lengths do not outperform the results obtained with
the bootstrap Cls in (3.2.9). Estimating the density g in &1 5 and &2, requires an
additional bandwidth selection, whereas the estimate 3 ,,5, is straightforward to obtain
and does not suffer from a wrong bandwidth choice for g,,. The variance of the first
estimate 6inh is larger than the variance of the second and third variance estimates 63 ,,

and 6§’nh , especially near the boundaries of the support.
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(a) (b) (c)

Figure 3.7: Uniform samples: Proportion of times that Fy(¢), t = 0.02,0.04, ... is not in the
95% Cls for the nonparametric bootstrap Cls defined in (3.2.9) (black, solid) and Wald-type
Cls defined in (3.4.1) using the triweight kernel and (a) the first estimate 67 ,,;, (blue, dashed),
(b) the second estimate 63 ,,, (blue, dashed) and (c) the third estimate 63 ,,, (blue,dotted).

n=1,000, N = 5,000, B=1,000 and h = 2n~'/5.

Figure 3.8: Uniform samples: True variance o® (black, solid), mean estimate (blue, dashed-
dotted) and the 5% and 95% empirical quantiles of the estimates (red, dashed) using the triweight
kernel for (a) the first estimate 67 ,,;,, (b) the second estimate 63 ,,, and (c) the third estimate
3 p m = 1,000, N = 5,000, B = 1,000 and h = 2n""/%.

3.4.2 Simulation study 2: Correcting the asymptotic bias

Although we have shown the validity of the bootstrap for constructing pointwise Cls
around the SMLE, the performance of the Cls is often influenced by bias effects due to
the fact that the SMLE is a biased estimate of the underlying distribution function. The
MLE is an unbiased estimate of F{;, consequently, the MLE-based Cls do not suffer from
bias issues. However, the results for the MLE-based Cls, shown in Figure 3.5 and Figure
3.6, indicate that these MLE-based intervals suffer from boundary effects and discreteness
in the Cls.
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To investigate the effect of the bias on the construction of the pointwise Cls in (3.2.9), we
consider a second simulation study where the event times are generated from a truncated
exponential distribution on [0,2] and the censoring times are uniformly distributed on
[0,2]. The density of the event times is given by fo(t) = exp(—t)/(1 —exp(—2))1j0,2(t)
and therefore the bias § defined in (3.2.5) will influence the performance of the Cls. Since
the bias issue is not due to the bootstrap algorithm used for constructing the Cls, we will
show the results for the nonparametric bootstrap Cls proposed in Section 3.3.

Estimation of the bias is known to be a rather difficult task since it requires estimating the
derivative f§ of the density fy under current status data. Sufficiently accurate estimates
of the bias are hard to obtain by direct estimation of f{). Besides estimating the derivative
directly, we therefore also explore the effect of the bandwidth choice on the performance
of the pointwise Cls. We first describe a procedure for selecting the bandwidth and next
examine the quality of (a) a bootstrap based estimate of the bias, (b) a direct estimate of
the bias using an estimate of fj and (c) undersmoothing the bandwidth, on the reduction
of the bias effect present in the pointwise Cls. We first describe a data-driven bandwidth

selection procedure.

3.4.2.1 Bandwidth selection

In the previous simulation study, the bandwidth was equal to h = 2n~1/5, where the factor
2 was based on the size of the support [0, 2] of the density fo. This choice gave satisfactory
results on the performance of the Cls discussed above. A bad choice of the bandwidth
can however seriously affect the performance of the SMLE. It is therefore advisable to use
an approach that selects the bandwidth with respect to some optimization criteria. We
apply the method proposed in Hall (1990) to select the bandwidth which uses bootstrap
subsamples of smaller size from the original sample to estimate the pointwise MSE of
the SMLE. The method works as follows: To obtain an approximation to the optimal
bandwidth minimizing the pointwise MSE, we generate B bootstrap subsamples of size
m = o(n) from the original sample using the subsampling principle and take ¢; p; as the

minimizer of
def ~ 2
MSE Z { m,em—1/5 ) - Fnco7z,*1/5 (t)} y (345)

where ﬁ‘mon 175 is the SMLE in the original sample of size n using an initial bandwidth
_1,5 is the SMLE in the bth bootstrap run. The
bandwidth used for estimating the SMLE is consequently given by h = ¢; opin ™ /%, An

con~1/5 for some constant ¢y and F®
m,cm

important point is the fact that we have to use subsampling, i.e. bootstrapping with

a smaller sample size, for estimating the right bandwidth in a reasonable fashion, as
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argued convincingly in Hall (1990). In the simulation study below we show the results for
m = 50 when generating subsamples from a sample of size n = 1,000. Other subsample
sizes m = 30,100 were considered as well which resulted in similar optimal bandwidth

choices (not shown here).

Figure 3.9 compares the proportion of times that Fy(t) is not in the 95% bootstrap Cls for
t = 0.02,0.04,...,2 with the corresponding proportions in the bias corrected Cls given

by
[ ( Ql a/2 \/ nh _2/5
Fon(t) = Qo (H)V/ St n=2/%], (3.4.6)

where 3(t) is the true bias of the SMLE at timepoint ¢ defined in (3.2.5). The bandwidth
of the SMLE is selected by the procedure described above. The coverage proportions of
the uncorrected Cls are clearly smaller than the nominal 95%-level at the left endpoint
of the interval [0, 2] in correspondence to the region where 5(t) is largest and correcting
for the bias effect is needed to obtain good Cls. Figure 3.9 suggests that the coverage
proportions of the intervals will be satisfying if the bias can be estimated sufficiently

accurate.

Estimation of the bias requires estimating the density fy, which is a rather difficult task
with current status data. A kernel based estimate of f) using the MLE F,, is given by

Fla) < h? / K' ((t — 2)/h) dFy(a), (3.4.7)

where the bandwidth A ~ n=1/9. In our experiments, we take the bandwidth of the esti-
mate fr/LE(t) equal to h = Euoptn_l/g where ¢; o, is selected by the same bootstrap-MSE
approach discussed in Section 3.4.2.1, but with the SMLE replaced by this derivative
estimate. To obtain good estimates of f{ near the boundaries of the support, we consider
the boundary correction method explained in Section 9.2 of Groeneboom and Jongbloed
(2014). A direct estimator of the actual bias is then obtained by first replacing f{(¢) in
(3.2.5) by the estimate f’,(t) and next multiplying with n=2/%, i.e. the order of the

actual bias that has to be taken into account when constructing the Cls.

Similarly to the estimate of the pointwise MSE defined in (3.4.5), we can also construct
a bootstrap method for estimating the bias by using the subsampling principle described
in Hall (1990). Our estimate Bias(t) of the actual bias 3(t)n =2/ is given by

Bias(t) < { Z{ mocoopem—1/5 () = Epcon-115 (t)}} (%)2/5'
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Figure 3.9: Truncated exponential samples: Proportion of times that Fy(t), ¢ = 0.02,0.04,. ..
is not in the 95% Cls for the nonparametric bootstrap Cls defined in (3.2.9) (black, solid) and the
bias corrected Cls defined in (3.4.6) (blue, dashed). n = 1,000, N = 5,000, B = 1,000, m = 50

and h = ct,optnfl/?

Figure 3.10 compares the average true bias effect 5(¢)n~2/® and the average bias estimates
obtained by either the direct estimation approach or the bootstrap based bias estimate for
sample sizes n = 1,000; 5,000 and n = 10,000. Note that, since the bandwidth constant
Ct,opt Used for estimating the SMLE is different in each simulation run, the true bias in
each run is also different and therefore the average true bias is shown in Figure 3.10. The
actual size of the bias decreases with increasing sample size and the results for the direct
bias estimate using the estimate f;}—l are slightly better than the results for the bootstrap
estimate of B(t)n"2/°.

The proportion of times that Fy(t) is not in the 95% bootstrap Cls, shown in Figure
3.11, decreases if one corrects for the bias by one of the discussed bias estimates. The
coverage proportions are however still anti-conservative for points in the left end of the
support. We also considered constructing the bias corrected Cls in the uniform model
used in Section 3.4.1 where the actual bias is zero (results not shown). The results of
the uncorrected Cls in (3.2.9) were slightly better and estimating the bias in this model
has a somewhat negative effect on the coverage proportions of the pointwise Cls around
the SMLE.
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Figure 3.10: Truncated exponential samples: Average true bias (black solid) and average esti-
mated bias for the bootstrap based estimate (blue, dashed) and the direct estimate (red, dashed-
dotted) for samples (and subsamples) of size (a) n = 1,000, m = 50, (b) n = 5,000, m = 100
and (c) n = 10,000, m = 250. N = 5,000, B = 1,000 and h = ¢t open ™ */°.

Figure 3.11: Truncated exponential samples: Proportion of times that Fy(t), t = 0.02,0.04,. ..
is not in the 95% Cls defined in (3.2.9) (black, solid) and the bias corrected Cls defined in (3.4.6)
with bootstrap based bias estimate (blue, dashed) and direct bias estimate (red, dashed-dotted)
for samples (and subsamples) of size (a) n = 1,000, m = 50, (b) n = 5,000, m = 100 and (c)
n = 10,000, m = 250. N = 5,000, B = 1,000 and h = ¢; optn " */°.

We next investigate how the choice of the bandwidth can affect the coverage proportions
and average length of our Cls. To this end, we consider the concept of undersmoothing
proposed by Hall (1992) and take c¢; o~ '/* as the bandwidth used in constructing the
Cls defined in (3.2.9). The coverage proportions of the Cls for the exponential model,
illustrated in Figure 3.12, show that the performance of the Cls around the SMLE improves
by undersmoothing the bandwidth. We also observed that if we considered a smaller
bandwidth choice h = (1/3)c; opn '/ , the coverage proportions even improve further

and give satisfactory results in the left end point of the support. This illustrates that a
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smaller bandwidth choice can indeed correct for the bias in the Cls. So far, we did not
find any better bandwidth selection procedure than the one discussed in this paper and
further research on bandwidth selection procedures is still needed. We also combined the
technique of undersmoothing with direct bias estimation by constructing the Cls in (3.4.6)
when using a bandwidth c,g,opm_l/‘1 and an estimate of §(¢). This resulted in slightly
better Cls for the exponential model but gave worse results in the uniform model. The
results of the Cls in (3.2.9) in the uniform model with a bandwidth h = ct7(,p,57f1/‘l orh =
(1/3)ct.optn™'/® are in line with the results obtained with a bandwidth h = ¢; gpn='/°
and similar to the results shown in Figure 3.7. This shows that undersmoothing the
bandwidth in a model without bias has no negative effect on the coverage proportions of
our Cls. By undersmoothing the bandwidth, the length of our SMLE-based Cls increases
but the average length of the Cls remains remarkably smaller than the average length
of the Cls around the MLE proposed by Banerjee and Wellner (2005) and Sen and Xu

(2015) (see Table 3.2 for a comparison in simulation model 1 and 2).

(a) (b) (<)

Figure 3.12: Proportion of times that Fy(t), t = 0.02,0.04,... is not in the 95% Cls defined
in (3.2.9) with h = ¢ open™'/° (black, solid), h = ¢t ,open™'/* (red, dashed-dotted) and h =
(1/3)ct,optn Y/ (blue, dashed) for samples (and subsamples) of size (a) n = 1,000, m = 50,
(b) n = 5,000,m = 100 and (c) n = 10,000, m = 250. N = 5,000, B = 1,000.

3.5 Real data examples

3.5.1 Hepatitis A

Keiding (1991) considered a cross-sectional serological survey data on the presence of igG
antibodies against Hepatitis A infection conducted in 1964 in Bulgaria. Samples were
collected from school children and blood donors (n = 850), aged between 1 and 86 years

old, and were tested for the presence or absence of such antibodies, thereby indicating



68 CHAPTER 3. BOOTSTRAP PROCEDURES UNDER CURRENT STATUS DATA

Table 3.2: Average length of the nonparametric SMLE-based Cls for different bandwidth choices
(SMLE (h ~ n~'/%) and SMLE (h ~ n~'/%)) and average length of the MLE-based Cls proposed
by Banerjee and Wellner (2005) (BW) and Sen and Xu (2015) (SX) at timepoints ¢t = 0.5, 1, 1.5.
n = 1,000 for samples from the uniform and truncated exponential distribution of simulation
studies 1 and 2.

Exponential
t=1

Uniform

Method t=0.5 t=1 t=15 | t=0.5 t=15

SMLE (h ~ n~1/%)
SMLE (h ~ n~1/4)
MLE (BW)
MLE (SX)

0.064819 0.077020 0.064976
0.079671 0.092096 0.079757
0.164767 0.184590 0.165699
0.183982 0.202430 0.186452

0.085540 0.087565 0.057716
0.103828 0.101595 0.067480
0.204079 0.161122 0.104002
0.225882 0.176159 0.118541

past infection experience and leading to current status data. For Hepatitis A, lifelong
humoral immunity after recovery from infection is presumed. The Hepatitis A virus is
primarily transmitted via feco-oral contact and contact with blood products of infected
individuals. Hepatitis A is a viral liver disease that can cause mild to severe illness upon
contraction. The individual's age at the cross-sectional sampling is considered as the
censoring time. We are interested in estimating the seroprevalence for Hepatitis A in
Bulgaria. We constructed the Studentized SMLE-based smooth bootstrap Cls using a
local bandwidth A(t) = (0.5M + 1.5t)n~1/5, where M = 86 is the largest observed age.
A picture of the Cls together with the LR-based Cls of Banerjee and Wellner (2005)
and the Cls of Sen and Xu (2015) is given in Figure 3.13. The estimated prevalence
of Hepatitis A at the age of 18 is 0.51, about half of the infections in Bulgaria happen
during childhood. The length of the Cls is smallest for our SMLE-based Cls and largest
for the Sen and Xu (2015) Cls. The latter Cls have left and right end points that are
not monotone increasing in age, a property that is not shared by the other two Cls which
have monotone increasing bounds. In contrast to the Cls of Banerjee and Wellner (2005),
the bounds of our SMLE-based Cls and the Cls proposed by Sen and Xu (2015) are not
increasing by construction. The applicability of the nonparametric bootstrap SMLE-based
Cls on the Hepatitis A dataset can be found in the R-package curstatCI, where also the
data-driven bandwidth procedure is illustrated.

3.5.2 Rubella

Keiding et al. (1996) considered a current status data set on the prevalence of rubella
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Figure 3.13: Hepatitis A data: (a) smooth bootstrap SMLE-based Cls defined in (3.2.9), (b)
Banerjee and Wellner (2005) Cls and (c) Sen and Xu (2015) Cls based on n = 850 observations
using B = 1,000 bootstrap samples. In (a) the SMLE (red, solid) is given and in (b,c) the MLE
(red, step function) is given. h(t) = (43 + 1.5t)n~/® for SMLE-based Cls and h = 86n~'/° for
the Cls of Sen and Xu (2015).

in 230 Austrian males older than three months. Rubella is a highly contagious childhood
disease spread by airborne and droplet transmission. The symptoms (such as rash, sore
throat, mild fever and swollen glands) are less severe in children than in adults. Since
the Austrian vaccination policy against rubella only vaccinated girls, the male individuals
included in the dataset represent an unvaccinated population and (lifelong) immunity
could only be acquired if the individual got the disease. We are interested in estimating
the time to immunization (i.e. the time to infection) against rubella using the SMLE.
Figure 3.14 shows the Cls obtained with the nonparametric bootstrap and illustrates the

applicability of our method in a real data example.

3.6 Application: The current status linear regression model

As a consequence of Lemma 3.2.1 and Lemma 3.3.1, the bootstrap procedures of Section
3.2 and Section 3.3 can also be used to do inference in the current status linear regres-
sion model described in Chapter 2. In this section we use the nonparametric bootstrap
procedure to construct Cls for the regression parameter «yy in the current status linear
regression model (2.1.1). Recall that the SSE of Section 2.4.1 is defined as a zero-crossing
of

Z Xz{Az — Fma(Ti — aTXi)}, (361)

ﬁ‘n,‘o‘(T,i—chXi)e[e,l—e]
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Figure 3.14: Rubella data: (a) nonparametric bootstrap SMLE-based Cls defined in (3.2.9), (b)
Banerjee and Wellner (2005) Cls and (c) Sen and Xu (2015) Cls based on n = 230 observations
using B = 1,000 bootstrap samples. In (a) the SMLE (red, solid) is given and in (b,c) the MLE
(red, step function) is given. h = ¢ optn /% (ct,opt is obtained by subsampling with B = 1,000
bootstrap samples of smaller size m = 50) for SMLE-based Cls and h = 80n~'/® for the Cls of
Sen and Xu (2015).

where Fma is the MLE for fixed ax given in Section 2.3 and ¢ is a fixed truncation parameter
in (0,1/2). A bootstrap version &, based on a nonparemetric bootstrap sample from P,

is then defined as the zero-crossing of

> M X {A; — F (T — 27 X))}, (3.6.2)
Fr o (Ti—aTX;)Ele,1—¢]
where F;’a is the MLE in the bootstrap sample and M,,; are the bootstrap weights. A
straightforward extension of the results given in Section 3.3 shows that, as n tends to
infinity,
P

b

E, ‘nil/g’ {Fnya(t - aTac) — Fo(t — aTa:)}

stays bounded in probability for all (z,t) € {(z,t) : Fa(t —a®z) € [¢,1 — €]} and for all
a in a neighborhood of oy where Fy, is defined by (2.3.1).

The validity of the bootstrap method follows from the fact that, in probability, we have
conditionally on the data (X1,T1,A1),..., (X, Th, Ay) that,

—VnA(&l, — a,) =+/n {x —E(X|T - alX =t —alz)}
Fo(t—al'x)ele,1—¢]
{6 — Fo(t — alz)}yd(P, — P,)(x,t,0)
+op(l+vnlé], — anl)), (3.6.3)
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where the dominant term in the right-hand side of the display above is normally distributed
with mean zero and variance B conditional on (X1,7T1,A1),...,(Xn, Tn, Ay), where A
and B are defined in Theorem 2.4.1. The validity of the nonparametric bootstrap is
further analyzed in Appendix B, Section B.2.3.

Remark 3.6.1. The nonparametric bootstrap is also valid for the ESE of oy proposed
in Section 2.4.2 based on a different score function involving the MLE Fn,a and the
derivative of the SMLE Fnh,a. Moreover, by Lemma 3.2.1, the validity of the smooth
bootstrap procedure of Section 3.2 can also be proved along the same lines.

To provide more insight in the finite sample behavior of bootstrap estimators we show in
Tables 3.3 and 3.4 the results of two simulation studies for a one-dimensional regression
model Y = X + . We only show the results for the nonparametric bootstrap
estimates since the results for the smooth bootstrap estimates are similar. In the first
simulation setting, we consider the simulation study given in Section 2.6 and we take
ap = 0.5 and consider Uniform(0,2) distributions for the variables T' and X; for the
density of the random error ¢ we take fo(e) = 384(e — 3/8)(5/8 — e)1[3/s,5/8)(€). In the
second simulation model, T, X and ¢ are independently sampled from a standard normal
distribution and oy = 1. A similar model was considered in Abrevaya (1999).

With these simulations we want to point out that it is not necessary to use smoothing
techniques for doing inferences in the current status linear regression model. We compare
the SSE with Han's maximum rank correlation estimator (Han (1987), MRCE) and
with the ESE. The asymptotic behavior of the MRCE for the current status model, also
obtained without any smoothing techniques, is established in Abrevaya (1999) where
the author also proposes consistent kernel-based estimates of the asymptotic variance of
the MRCE. We use these variance estimates to construct estimates for A, B and the
almost (determined by the truncation parameter ¢) efficient variance of the ESE. For

more details about the variance estimation we refer to Abrevaya (1999).

A summary of N = 1,000 simulation runs from models 1 and 2 for different sample sizes
n is given in Tables 3.3 and 3.4. For each estimator, the mean, n times the variance and
n times MSE is given in columns 3-5. The asymptotic variance of the estimators equals
0.193612 for the SSE, 0.158699 for the ESE and 0.192857 for the MRCE in model 1
using truncation parameter e = 0.001. The corresponding asymptotic variances in model
2 are equal to 5.046413, 4.994988 and 5.35448 respectively. The asymptotic variance of
the SSE without truncation (i.e. € = 0) equals the asymptotic variance of the MRCE in
model 1. The efficient variances are 0.151706 in model 1 and 4.994987 in model 2. Note

that the differences between the limiting variances for the different estimation methods
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are tiny and that the effect of the truncation parameter € on the asymptotic behavior of
the score estimators is small. Tables 3.3 and 3.4 show that n times the variance tends
to converge to the asymptotic variance for all estimators. The ESE performs worse for
small sample sizes and the results suggest to use the SSE for point estimation of the
regression parameter ag. Also note that the results in Table 3.3 are slightly different
than the results in Table 2.1 due to the fact that we redid the simulation study, thereby

sampling new data sets from the underlying simulation model.

We constructed Wald-type Cls, similar to the intervals proposed in Abrevaya (1999),
using the asymptotic normal limiting distribution of the estimators and compared the
coverage proportion and average length of these intervals with bootstrap Cls based on
the nonparametric bootstrap described in this chapter using B = 1,000 samples from
the original data. For the MRCE, the validity of the nonparametric bootstrap is proved
in Subbotin (2007). The Wald-type Cls remain anti-conservative for the ESE in model 2.

We observed (result not shown) that, in both models, the bias in estimating the efficient
variance of the ESE remains larger than the bias of the asymptotic variance estimates for
the SSE and the MRCE. Tables 3.3 and 3.4 show that the coverage proportion of the
nonparametric bootstrap Cls converges to the nominal 95%—level. The average length of
the Cls obtained by resampling from the original data is smaller than the corresponding
length of the Wald-type Cls for all methods in the first simulation study and for the
SSE in the second simulation study. We also investigated the behavior of Studentized
bootstrap Cls (results not shown) based on the variance estimate used in the construction
of the Wald-type Cls, but no improvement was observed for the behavior of the bootstrap
intervals.

Our results do not indicate better performances corresponding to smoothing techniques
and therefore suggest that smoothing should not be the primary concern in inferences for
the current status linear regression model. Note that the Wald-type Cls are constructed
using smoothing kernel estimation for the variance estimate and that the only results
obtained without any smoothing are the bootstrap Cls for the SSE and the MRCE. It is
noteworthy that the SSE tends to perform better than the MRCE, which is not based
on a nuisance parameter that is not estimable at \/n—rate. Based on these results,
we recommend the use of the SSE in combination with the nonparametric bootstrap

procedure for doing inference in the current status linear regression model.



3.6. APPLICATION: THE CURRENT STATUS LINEAR REGRESSION MODEL 73

Table 3.3: Simulation model 1: The mean value, n times the variance and n times MSE of the
simple score estimate (SSE), the maximum rank correlation estimate (MRCE) and the efficient
score estimate (ESE). CP: coverage proportion of 95% Cls (Wald-type intervals based on a kernel
variance estimate and nonparametric bootstrap intervals) that contain the true parameter value
ap = 0.5, AL: Average length of the Cls for different samples sizes n based on N = 1,000

simulation runs and B = 1,000 bootstrap samples. ¢ = 0.001.

Estimate n mean nxvar nxMSE | Wald-type Cl Bootstrap Cl
CP AL CP AL

SSE 100 |0.498943 0.310723 0.310968 [0.978 0.265883|0.824 0.204163
500 [0.499717 0.220885 0.220925|0.982 0.097457|0.897 0.080317
1,000|0.500720 0.217415 0.217933(0.977 0.065837|0.924 0.055648
5,000{0.499993 0.195111 0.195112|0.977 0.027159|0.945 0.024423

MRCE 100 |0.497996 0.308180 0.308582|0.979 0.268731|0.821 0.205522
500 |0.499761 0.251232 0.251260|0.978 0.098028|0.862 0.089143
1,000 |0.500553 0.246388 0.246693 [0.973 0.063990|0.911 0.053129
5,000|0.499876 0.208386 0.208462|0.965 0.027197|0.922 0.026987

ESE 100 |0.500145 0.337755 0.337757(0.964 0.252687 |0.824 0.223849
500 |0.499671 0.217428 0.217482|0.978 0.094390|0.896 0.080003
1,000|0.500742 0.207401 0.207953(0.973 0.063990|0.911 0.053129
5,000|0.500228 0.185614 0.185874|0.972 0.026396|0.904 0.022285
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Table 3.4: Simulation model 2: The mean value, n times the variance and n times MSE of the
simple score estimate (SSE), the maximum rank correlation estimate (MRCE) and the efficient
score estimate (ESE). CP: coverage proportion of 95% Cls (Wald-type intervals based on a kernel
variance estimate and nonparametric bootstrap intervals) that contain the true parameter value
ap = 1, AL: Average length of the Cls, for different samples sizes n based on N = 1,000

simulation runs and B = 1,000 bootstrap samples. ¢ = 0.001.

Estimate n mean nxvar nxMSE | Wald-type Cl Bootstrap Cl
CP AL CP AL

SSE 100 |0.935732 4.525330 4.938096 |0.922 1.000283|0.855 0.79952
500 [0.966217 4.676249 5.246881|0.926 0.399728|0.902 0.364210
1,000|0.977799 5.032432 5.525339(0.933 0.279928 |0.914 0.262449
5,000|0.989466 4.580756 5.135616|0.945 0.124375|0.948 0.121388

MRCE 100 |1.038510 8.500588 8.648890|0.925 1.125225|0.889 1.364034
500 |1.006050 6.443404 6.461690|0.932 0.429007|0.912 0.473787
1,000 |1.002680 6.294143 6.301326 [0.939 0.296537 |0.903 0.320908
5,000|0.998502 5.160694 5.171915|0.962 0.129512|0.954 0.136487

ESE 100 |0.974199 5.722576 5.789144 |0.768 0.604649|0.827 0.910229
500 |0.998806 5.984291 5.985003|0.823 0.290297|0.902 0.430819
1,000 |1.005545 6.032743 6.063495 |0.841 0.214280|0.928 0.302124
5,000|1.002462 5.244373 5.274692|0.892 0.104281|0.951 0.131427




Chapter

Single index models

Abstract

We develop an estimation technique for the regression parameter in the single index model,
given by E(Y|X) = wo(ad X) where the link function v is monotone increasing and Y is
the response and X are the covariates. For this semiparametric model it has been proposed
to estimate the regression parameter o via the profiled least squares method where first the
link function 1o is estimated nonparametrically by the monotone least square estimate (LSE)
zﬁn,a for each @ and next the estimate of the regression parameter is obtained by minimizing
the sum of squared deviations Z:ZI{YZ' — 1&,1’06(04TX¢)}2 over a. Although it is natural to
propose this least squares procedure, it is still unknown whether it will produce \/n-consistent
estimates. We show that the latter property will hold if we solve a score equation corresponding
to this minimization problem. This is the first time that /n-consistent estimates are constructed
based on the piecewise constant LSE of the link function. Our simulation studies do not give
conclusive answers on the behavior of the profiled LSE but show that even if the profiled LSE
of the regression parameter leads at all to a y/n-consistent estimate, its performance is certainly
inferior to the score procedures we propose in this Chapter. Good performances of our estimation
approach, both asymptotically and numerically, are illustrated by the asymptotic normality of our
score estimates and by simulation studies that show comparable or even better behavior of our
score estimates compared to the rank estimates proposed by Han (1987) and Cavanagh and
Sherman (1998).
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4.1 Model description

Consider the following regression model
Y =o(al X) +¢, (4.1.1)

where Y is a one-dimensional random variable, X = (X,...,X4)T is a d-dimensional
random vector with distribution G’ and ¢ is a one-dimensional random variable such that
E[e|X] = 0 G-almost surely. The function 1 is a monotone link function in M, where M
is the set of monotone increasing functions defined on R and «y is a vector of regression
parameters belonging to the d — 1 dimensional sphere Sy_1 = {a € R? : |la|| = 1}.

4.2 Behavior of the least squares estimator of the link function

Let (X1,Y1),...,(Xn,Ys) denote n random variables which are i.i.d. like (X,Y) in
(4.1.1), ie. (Y|X) Yo(ad X) G-almost surely and consider the sum of squared

Sy () :e%i{y W TX)} (4.2.1)

which can be computed for any pair (e, 1) € Sq_1 X M. The LSE (éu,, ) is defined
by
£

A~ ~ de
(Gn,n) = arg aES;ni,dJEM Sp(a, ). (4.2.2)

The LSE can be obtained as follows. For a fixed @« € Sy_i1, order the values
aTX,,...,a” X, in increasing order and arrange Yi,...,Y,, accordingly. As ties are
not excluded, let m = mq be the number of distinct projections among a” X; and

Z% < ... < Z% the corresponding ordered values. For 1 <7 < m, let

m

ng = Zl{aTX,-:Zg} and Y™ = Zle{aTXj:Zf‘}/nia'
— =

Then, well-known results from isotonic regression theory imply that the functional
¥ — Sp(a, 1) is minimized by the left derivative of the greatest convex minorant of

the cumulative sum diagram

{(0,0), (in?,in?}/j"), 1<i< m}.
j=1 j=1

See for example Theorem 1.1 in Barlow et al. (1972) or Theorem 1.2.1 in Robertson
et al. (1988). By strict convexity of ¢ — S, (¥, ), the minimizer is unique at the
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distinct projections. We denote by zﬁma the monotone function which takes the values of
this minimizer at the distinct projections and is a stepwise and right-continuous function
outside the set of those projections.

We first list below the assumptions needed to prove the asymptotic results stated in the

remainder of the chapter.

Assumptions A1-A6

Al. The space X is convex, with a nonempty interior. There exists also R > 0 such
that X C B(0, R).

A2. There exists Ky > 0 such that the true link function ) satisfies |1)o(u)| < Ky for
alluin {aTz,x € X, € Sy_1}.

A3. There exists 6y > 0 such that the function u — E[yg(af X)la’X = u] is

{a :

monotone increasing on Z, = {alz,z € X} for all a € B(ayp,d)
[l = exol| < do}-

A4. Let ag and by denote the infimum and supremum of the interval Zo, = {af @, x €
X}. Then, the true link function 1)q is continuously differentiable on (ag—do R, bo+
doR), where R is the same radius of assumption Al above, and there exists C' > 0
such that ¢ > C on (ap — §oR, by + doR).

Ab. The distribution of X admits a density g, which is differentiable on X. Also, there
exist positive constants ¢, ¢, ¢; and ¢; such that ¢, < g < ¢ and ¢; < 9g/0x; <
cpon X forall 1 <i<d.

A6. There exist ag, My > 0 such that E[|Y|m | X =x| < m!M(’)"dao for all integers
m > 2 and x € X G-almost surely.

Assumption Al ensures that the support of the linear predictor a” X is an interval for
all & € B(ayp,d0). Assumption A3 is made to enable deriving the explicit limit of the
LSE zﬁn,a for all & € B(ag, dp). In Lemma C.5.6, given in Appendix C, Section C.5, we
will show the plausibility of this Assumption A3 by proving that for a in a neighborhood
of oy the derivative of the function u — E[tho(al X)|a”X = u] is indeed strictly
positive if the derivative of the true link function stays away from zero. In order to
prove this result, we hence need Assumption A4 on the positiveness of the derivative
1. Assumption A6 is needed to show that maxi<;<y |Yi| = Op(logn). As noted in

Balabdaoui et al. (2016), such an assumption is satisfied if the conditional distribution
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of Y|X = « belongs to an exponential family.

In Figure 4.1 we compare the true link function g with the function u +—

E[¢o(of X)|aTX = u] for the model E(Y|X) = to(o1 X1 + ag2X1), where
Xl,XQ l"lvd U[O7 1], 1/)0(33) = 33‘3 and Qp1 = Qp2 = 1/\/? for o] = 1/27a2 = \/3/2

Figure 4.1 illustrates the monotonicity of the function introduced in Assumption A3.

2.5

0.5

Figure 4.1: The real 1 (red, solid) and the function u — E[quo(agXﬂaTX = u] (blue,
dashed) for 1/10(I) = 333, apl = Qo2 = 1/\/§ and a1 = 1/2,(12 = \/5/2, with X1,X2 Zi-fd [][07 1}.

We have the following results.

Proposition 4.2.1. Suppose that Assumptions A1-A3 hold and let the function ¥ be
defined by

Ya(t) € E[go(af X)|a” X = u]. (4.2.3)
Then, the functional L., given by,

v La(w) = [

X

(volada) - w(aTsc)>2dG(w), (4.2.4)

admits a minimizer 1&"‘, over the set of monotone increasing functions defined on R,
denoted by M, such that {)* is uniquely given by the function g in (4.2.3) on I =
{aT:B rxe X }

Proposition 4.2.2. Under Assumptions AI-A6, we have,

sup / [dnala’z) - wa(aTsc)}2 dG(z) = O, ((logn)*n~>/%).

aecB(ao,00)

The proofs of Proposition 4.2.1 and Proposition 4.2.2 are given in Appendix C.
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4.3 /n-consistent regression parameter estimation on the unit
sphere

4.3.1 The simple score estimator

Consider the problem of minimizing
1 « . - 2
ﬁ Z {Yz - wma(a XZ)} ) (431)
i=1

over all @ € Sy_1 , where 'lzjn,a is the LSE of 1. Since the parameter space is Sg_1, we
need to estimate the regression parameter g in a d — 1 dimensional subspace of R, We
therefore introduce a new parameter vector in R?~! via a local parametrization mapping
R?~1 to the sphere Sy 1. For each o € B(axy,dy) on the sphere Sy, there exists a
unique vector 3 € R%~1 such that

a=5(8).

We now construct an estimation algorithm to estimate the parameter By defined by
ao = S(By) and obtain the final estimate of ay after applying the parametrization S to
the estimate for 3. The minimization problem given in (4.3.1) is equivalent to minimizing

R EANCTOIS SN (432)

over all B where z/?n,a is the LSE of ¥ with a = S(3). Analogously to the treatment
of the score approach in the current status regression model proposed in Chapter 2, we
consider the derivative of (4.3.2) w.r.t. 3, where we ignore the non-differentiability of the
LSE 1&,170, This leads to the set of equations,

1< 5

= (Is(8)" X {Yi — thna (S X:) } =0, (433)

n-
i=1

where Jg is the Jacobian of the map S and where 0 € R%~! is the vector of zeros. Just as
in the analogous case of the simple score equation in Chapter 2, we cannot hope to solve
equation (4.3.3) exactly. Instead, we define the solution in terms of a “zero-crossing” of
the above equation where a zero-crossing is defined in Definition 2.4.1.

Our index score estimator &, is defined by,

&, £ S(B0), (4.3.4)

where 3,, is a zero crossing of the function

[ @) @ {y e 5B 0)} dBa(e). (835)

def

fl,n(ﬁ) =
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and P,, denotes the empirical probability measure of (X1,Y1),..., (X, Ys). The prob-
ability measure of (X,Y") will be denoted by P, in the remainder of the chapter.

In addition to Assumptions A1-A6 above, the following assumptions will also be made.

Assumptions A7-A9
A7. For all B8 # By such that S (3) € B(ay, dp), the random variable
Cov|(Bo — B)"J(B)" X 40(S(80)" X) | S(8)" X,
is not equal to 0 almost surely.

A8. The functions JSij(ﬁ), where Jsij(,@) denotes the i x j entry of Jg(B) for 1 <i <d
and 1 < j <d—1ared— 1 times continuously differentiable on C = {3 € R?~! :
S(B) € B(a, do)} and there exists M > 0 satisfying

max_sup |D*JY (8)| < M, (4.3.6)
BecC

k.<d—1
where k = (k1,...,kq) with k; an integer € {0,...,d — 1}, k. = Zf;ll k; and

6k.
D)= g

We also assume that C is a convex and bounded set in R4~! with a nonempty

interior.
A9. (Jg(,@o))TE[w{)(agX) Cov(X|al X)| (Js(Bo)) is nonsingular.

Theorem 4.3.1. Let Assumptions AI-A9 be satisfied. Let also &, be defined by (4.3.4).
Then

(i) [Existence of a root] A crossing of zero (3,, of €1 ,,(3) exists with probability tending

to one.
(ii) [Consistency]
G 2 a, n — 00.
(i) [Asymptotic normality] Define the matrices,
ALYE [w{)(aOTX) Cov(X|aE";X)} , (4.3.7)
and

= EE Y~ volaf X)) {X ~ E(X]af X)} {X ~ E(X]af X)}"].
(4.3.8)
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Then
Vi(én, — ag) 5 Ny (0,A2A7),
where A~ is the Moore-Penrose inverse of A.

Remark 4.3.1. Note that al' A = 0 and that the normal distribution Nq (0, A~XA™)
is concentrated on the (d — 1)-dimensional subspace, orthogonal to oy and is therefore

degenerate, as is also clear from its covariance matrix A~ 3 A~ , which is a matrix of rank
d—1.

To obtain the asymptotic normality result of the score estimator &, given in Theorem
4.3.1, we prove in Appendix C the following asymptotic relationship for ,én:

b5,
— [ (B0 { — BXIS(80)" X = 5(80) )} {y ~ vo(S(80) " 2)}
d(IF’n — Po)(w,y)
+ 0, (n72 41180 = Boll)
where

B = (J5(Bo))" E[44(S(80)" X) Cov(X[S(80) " X) | (J(Bo)) = (Js(Bo))" A Js(Bo).
(4.3.9)

in RE@=Dx(d=1) "We assume in Assumption A9 that B is invertible so that

Vi (8. - Bo)

=vnB~ / Js(Bo)) {SC —E(X|S(B0)" X =S(Bo) )} {y — ¢0(S(Bo)" ) }

d(P, — Py)(x,y)
+0p (1 VtllBn — Boll)

4 Ny (0,11),

where
II=B ' (Js(Bo))" = Js(By) B! € RU-Dx(d=1), (4.3.10)

The limit distribution of the single index score estimator &, defined in (4.3.4) now follows

by an application of the delta method and we conclude that
Vit — o) = vt (S(8a) = S (B0)) = Js(Bo)V(Bu — Bo) + 0 (VB — o))
% Na (0, J6(Bo)II (Js(Bo))" ) = Nu (0,A" A7),

where the last equality follows from the following lemma.
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Lemma 4.3.1. Let the matrix A be defined by (4.3.7) and let A~ be the Moore-Penrose

inverse of A. Then

A = 35(60) {(Fa(B0))" AT(B0)} (s(B0))” = (BB (To(6)”

The proof of Lemma 4.3.1 is given in Appendix C. An example of the mapping S and

corresponding matrix Js is given in Section 4.4.
Remark 4.3.2. For each map S and each parameter vector 3, we have
(S(8)"8(8) = 1.
Taking derivatives w.r.t. 3, we get
(S(8))" Is(8) = 0",
so that the columns of Js(3) belong to the space
{a}r = (s} ={zeR:a’2=0} = {z eRe: (S(8) 2 = o} .

By Lemma 4.3.1 it is now easy to see that also al A= = 0. It is shown in Lemma 1 of
Kuchibhotla and Patra (2017) that it is possible to construct a set of “local parametriza-

tion matrices” Hq for each a € B(ay, o) with ||| = 1 satisfying
a"Hy =0" and (Ha)" He = Iy

Their matrix (Ha)T corresponds to the Moore-Penrose pseudo-inverse of the matrix Hy
and is the analogue of our matrix (Js(8))" in the proof of asymptotic normality of their
estimator. We however show that the orthonormality assumption is not needed in the

proofs.

4.3.2 The efficient score estimator

In this section we extend the score approach of Section 4.3.1 by incorporating an estimate
of the derivative of the link function vy to obtain an efficient estimator of «y. Let 1[)71_,,1

denote again the LSE of 1o defined in Section 4.2 and define the estimate @;h’a by

Final) ™5 [ 5 (50 dhnao)

where h is a chosen bandwidth. Here dﬁn,a represents the jumps of the discrete function

@n’a and K is one of the usual symmetric twice differentiable kernels with compact
support [—1,1], used in density estimation. The estimator &, is given by

an 2's(8,), (4.3.11)
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where 3, is a zero crossing of &a.np defined by

def

E2.nn(B) = / (T5(8)" @00 (SB8) @) {y = n.a(SB) )} dPu(@,y). (43.12)

The function &3 5,5, is inspired by representing the sum of squares
1 — 2
LS Vi el X))
i=1

in a local coordinate system with d—1 unknown parameters 3 = (31, ..., 84_1)" followed
by differentiation of the re-parametrized sum of squares w.r.t. 3 where we also consider
differentiation of the function .

We make the following additional assumptions for establishing the weak convergence of
Bn.
Assumptions A10-Al1l

A10. The function 14 is two times continuously differentiable on Z,, for all c.

All. (Js(B)" E b (ad X)? Cov(X|ald X)|Js(B) is nonsingular.

Theorem 4.3.2. Let Assumptions AI-A8, A10-All be satisfied. Let &,, be defined by
(4.3.11) and suppose h < n='/7. Then

(i) [Existence of a root] A crossing of zero 3,, of &2 . (8) exists with probability tending

to one.
(ii) [Consistency]

~ D,
o, — O, n — oQ.

(i) [Asymptotic normality] Define the matrices,

A ‘LefE[wg(agxf Cov(X|a0TX)}, (4.3.13)
and
£ EE[{Y —vo(af X)) vh(af X)* {X — E(X|ad X)} {X —E(X|af X)} "],
(4.3.14)
Then

Vi(é, — ag) 5 Ny (0,A£A7),

where A~ is the Moore-Penrose inverse of A.
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Remark 4.3.3. The asymptotic variance of the estimator &, is similar to that obtained for
the “efficient” estimates proposed in Xia and Hérdle (2006) and in Kuchibhotla and Patra
(2017). More details on the efficiency calculations can be found in Section 4.3.3, where we
also illustrate that the asymptotic variance equals 02 A~ in a homoscedastic model with
var(Y|X = x) = o2. This is the same as the inverse of E(fey 1o (X, Y Va0 (X, Y)T)
and, therefore, it follows that our estimator defined in (4.3.11), is efficient in the ho-
moscedastic model. As also explained in Remark 2 of Kuchibhotla and Patra (2017), our
estimator has moreover a high relative efficiency with respect to the optimal semiparamet-
ric efficiency bound if the constant variance assumption provides a good approximation
of the truth.

The asymptotic variance is obtained similarly to the derivations of the asymptotic limiting
distribution for the simple score estimator as shown in Section 4.3.1. First the asymptotic
variance is expressed in terms of the parametrization S as in (4.3.10) and next, similar to

Lemma 4.3.1, equivalence to the expression A~ 3 A~ given in Theorem 4.3.2 is proved.

4.3.3 Efficient information in the single index model

The log likelihood of one observation in the SIM is given by

ga,w(%y) = IOg {f€|X (y - w(aTm)) g(w)} )

where f x is the conditional density of € given X = x and g is the density of X. The

partial derivative w.r.t. o of {4y is given by

P e )
da Y= fax (y — ¢(aTx))

Let {¢,, : 7 € (—1,1)} be a path in the collection {%) : % is increasing}, differentiable
w.r.t. n at n =0, and suppose

Yy =1 for n =0,

and,

Then

2, (@ )’ _a(e’z)fl 5 (y—v(a’z))
B M fax (y —¢(aTx))
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To obtain the efficient score function, we must solve the equation
. l { X' (e X) flx (Y — ¢ (a’ X))
fax (Y =9 (a’ X))
aj (" X)fl x (Y —¢(a” X)) | a(e” X)f] x (Y —¥(a’ X)) B
T Fax (Y —(aTX)) } fax (¥ —0{aTX)) |~
(4.3.15)

for an Re-valued function a, = (aj,...aq4.)", where a.,a € LY(F)? and for all 1 <
Jj < d. (see e.g. Huang (1996), p. 558, for similar computations with R-valued function

a.). This amounts to solving in a; ,:

{ o X) = aj. (" X)} 5 (¥ —(a? X))’
fax (Y —¢(aT X))?

a(@”X)| =o.

The efficient variance for a in the single index model is derived in Newey and Stoker
(1993), Delecroix et al. (2003) and Kuchibhotla and Patra (2017) among others. For the

general case, we get that the efficient score function is given by

- y—w(aTw) LT ]E{0*2 X|aTX =a w}

14 = — 4.3.16
o (@:y) 2w V@R T e aTx —atay [ 4319

where 02(-) = E(¢2|X = ). We illustrate the derivation of this efficient score function
in case that €| X ~ N(0,0%(X)). We can write

{X0/ (@7 X) — a;.(aTX)} f x (Y — (" X))
fax (Y —(aTX))?

a(a’ X)

—(aTX))?
=E l{Xj¢'(aTX) —a;.(a”X)} ly ;/)4(&))()} a(OcTX)]

U (a’X) —aj.(a’X)
= l {{ 22(X) )} ‘ ol }a(aTX)] .
Note that

{X¢'(@"X) —a;.(@"X)} | o
IE{ X ‘ o X}

= (@ XE {0 2(X)X; | @ X} - aj. (" X)E{o2(X) | "X},
such that (4.3.15) is solved for,
E {O’_Q(X)X ’ alX = u}
E {m?(X) ‘ al X = u} '
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We conclude that the efficient score function for the semiparametric single index model
if e|] X ~ N(0,0%(X)) is indeed given by

_ - (aTz) E{oc2?(X)X|aTX =aTx
lnste) = 1 o) {w R — ey } |

4.4 Computation

In this section we describe how the score estimator &, defined in (4.3.4) can be obtained
using a local coordinate system representing the unit sphere in combination with a pattern
search numerical optimization algorithm. An example of such a parameterization is the
spherical coordinate system S : [0, 7](4=2) x [0,27] + Sy_1 :

(B1, B2, -y Ba—1) —(cos(B1),sin(B1) cos(B2),sin(S1) sin(B2) cos(Ps), - - - ,
sin(B1) . ..sin(By_2) cos(Ba_1),sin(B1) . ..sin(Bq_2) sin(By_1))T.

The map parameterizing the positive half of the sphere S : {(81,082,...,84-1) €
(0,11 18] <1} = Sy :

(B Bar. - Baa) o> (BB Bacr I B — -~ B2,)

is another example that can be used provided g is positive. Prior knowledge about
the position of ay can be derived from an initial estimate such as the LSE proposed in
Balabdaoui et al. (2016).

We illustrate the set of equations corresponding to (4.3.3) for dimension d = 3 using the

model

Y =vo(al X)+e, ,bo(z)=x+2% ap =an=oas=1/V3
X1, Xo, X3 20 U0,1], £~ N(0,1),

where ¢ is independent of the covariate vector X = (Xl,XQ,Xg)T. For this model, we

have
A=(17/180)Q, X =(1/36)Q and A =3 =0.359656Q,
where
2 -1 -1
Q=|-1 2 -1},
-1 -1 2

and where the matrices A,X, A and X are defined in (4.3.7), (4.3.8), (4.3.13) and
(4.3.14) respectively. Note that the rank of the matrices is equal to d — 1 = 2. We
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consider the parametrization

83 = {(a1, @z, a3) = (cos(B1) sin(Bz), sin(S1) sin(Bz2), cos(Bz)) :
0<p1 <2m,0< By <7}, (4.4.1)

in R? and we solve the problem

{ Sl(ﬁlaﬁQ) =0 (442)
52(f1,82) =0

where

n

Z —sin(f1) sin(B2) X1 + cos(B1) sin(B2) Xi2) {Yz - '(Z)n,a(aTXi)} ;

:M—‘

/617B2

and

2(B1, B2) = Z cos(B1) cos(B2) X1 + sin(B1) cos(B2) X2 — sin(B2)X;3)

3\'—‘

: {Yz - ima(aTXi)} .
Note that

S(Bo) = (cos(Bo1) sin(Boz2), sin(Bo1) sin(Boz), cos(ﬁog))T = (1/\5, 1/\/57 1/\/§)T ,

and
—sin(fo1) sin(Boz) cos(Bo1) cos(Bo2) _% %
Js(Bo) = | cos(Bo1)sin(Bo2)  sin(Bor) cos(Boz) | = % % )
0 — sin(fBo2) 0 —/3

where Bp1 = /4 and Bz = arctan(v/2). It can be easily seen from the above expression
for the matrix Js(B3g) that the spherical coordinate system satisfies Assumption A8. We

also have,

S(8)" Js(8) = (0,0), (4.4.3)

for all 3. This implies that the columns of Js(3) are perpendicular to the vector & = S(3).
Note moreover that the columns are linearly independent and hence form a basis for {a}+.

Since the matrix

60

Z0
(J5(B0))" E | (e§ X) Cov(X o X)| (J5(80)) = [Qg 17] 7
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Assumption A9 is satisfied. The asymptotic variance of &, resp. &,, defined in Theorem
4.3.1 resp. Theorem 4.3.2 is equal to,

A"ZA = (100/289)Q = 0.346021Q and A"XA~ = A~ =0.308937Q.

None of the proposed criterion functions is convex and by the discontinuous nature of the
functions s1 and ss, it is not possible to solve equations (4.4.2) exactly. This makes the
computation of the estimators difficult. Standard optimization methods for convex loss
functions cannot be used. The discreteness of the criterion functions moreover excludes
methods that take derivative information into account since this derivative is often not
defined. We search the crossing of zero (see Definition 2.4.1), by minimizing the sum of
squares s2(3) + s2(3) over all possible values of 3 = (31, 32)7. Note that the crossing of
zero of the score function is equivalent to the minimizer of the sum of squared component
scores so that the minimization procedure is justified.

We use a derivative free optimization algorithm proposed by Hooke and Jeeves (1961).
The method is a pattern-search optimization method that does not require the objective
function to be continuous. The algorithm starts from an initial estimate of the minimum
and looks for a better nearby point using a set of 2d equal step sizes along the coordinate
axes in each direction, first making a step in the direction of the previous move. For the
object function we take the sum of the squared values of the component functions, which
achieves a minimum at a crossing of zero. If in no direction an improvement is found,
the step size is halved, and a new search for improvement is done, with the reduced step
sizes. This is repeated until the step size has reached a prespecified minimum. A very
clear exposition of the method is given in Torczon (1997), section 4.3. In this paper also

convergence proofs for the optimization algorithm are presented.

4.4.1 Lagrange approach

Instead of tackling the fact that our parameter space is essentially of dimension d — 1 by
the parametrization a = S(3) which locally maps R?~! into the sphere S;_1, one can
introduce the restriction ||| = 1 via a Lagrangian term. We then consider the problem

of minimizing
Ly -7 VA b )
n;{n—wn,a(a X0} 2 {la? 1}, (4.4.4)

where ﬁn,a is the LSE defined in Section 4.2 and A is a Lagrange parameter which
we add to the sum of squared errors to deal with the identifiability of the single-index

model. We consider a Lagrange penalty for solving the optimization problem under the
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constraint that ||c| = 1.

Analogously to the treatment given in Section 4.2, we next consider the derivative of
(4.4.4) w.r.t. a, where we ignore the non-differentiability of the LSE zﬁn,a. This leads to
the set of equations,

1 n R
—> Xy {wn,a(aTXi) - Y} +Aay; =0, 1<j<d (4.4.5)
n

1=1

Here A\ has to satisfy

i=1

d n
A=A a2 = —% Y o'X, {Y - zzw(aTXi)} . (4.4.6)
j=1

Plugging in the above expression for A in (4.4.5), we would consider the score equation

0= %Xn: X {Yi - ﬁma(aTXi)} —a’ <71z zn:Xi {Yi - "[)n,a(aTXi)}> a
- (I — aaT) /:B {y — @n,a (aT:c)} dP,(z,y), (4.4.7)

where I is the d x d identity matrix.

A computer program was implemented to solve (4.4.7). It has the advantage that we do
not have to deal with the parametrization & = S(3), but has the disadvantage that we
cannot assume that &, has exactly norm 1 because we again have to deal with crossings of
zero instead of exact equality to zero. One way to circumvent this problem is to normalize
the solution after each iteration by dividing by its norm. This approach seems to provide
reasonable solutions, although it is not entirely satisfactory from a theoretical point of
view. Also note that if the right-hand side of (4.4.6) equals zero, so A = 0, the equation
does not force the norm of « to be one; it only does so if A # 0. Indeed, in our computer
experiments, A was never zero, so this problem did actually not occur, but A will tend to
zero with increasing sample sizes, so some numerical instability is to be expected.

For reasons of space we do not further describe all details of this approach, but instead
restrict ourselves to showing a picture of the simple score estimate of 1 for n = 1,000
and d = 10 for the simulation where all the X variables and the random error variable &
are standard normal and independent, 1o(z) = 2% and ag = (1/V/10,...,1/v/10)T. Itis
clear that the estimate of 1)y will be rather accurate because of the information provided

by the 10 covariates X; (instead of, say, just two covariates X1, X5).
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Figure 4.2: The real 1) (red, solid) and the function ¥, &, (black, step function) for v (z) = z°,
aoi = 1/1/10, X; A N(0,1),i=1...10 and n = 1, 000.

4.5 Simulations

In this section we illustrate the finite sample behavior of our single index score estima-
tors proposed in Section 4.3.1 and Section 4.3.2. We also discuss in Section 4.5.2 the
performance of other estimators for the SIM that avoid the use of smoothing techniques
in the estimation approach and compare these estimators with our simple score estimator
defined in Section 4.3.1. We use notations SSE and ESE to denote the simple respectively
efficient score estimators of Section 4.3.1 respectively Section 4.3.2.

4.5.1 Finite sample behavior of the score estimators and the LSE

We consider the model
Y = 1o(an X1 + appXa) +e = (agX)3 +¢, (4.5.1)

where ag; = 1/v/2,i = 1,2 and € ~ N(0,1), independent of X. We consider two
different distributions for the covariate vector X, X; “<? U[1,2] and X; "% N(0,1) for

i=1,2.

We consider the parametrization S(fy) = (cos(fy),sin(Bg))? for these two-dimensional
models. In each simulation setting, we estimate c by the SSE and the ESE and compare
the behavior of our proposed estimates with the LSE discussed in Section 4.2. For
sample sizes n = 100; 500; 1, 000; 2, 000; 5,000 and n = 10,000 we generate N = 5,000
datasets from Model (4.5.1) and show, in Table 4.1 and Table 4.2, the mean and n times
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the covariance of the estimates. Table 4.1 and Table 4.2 also show the asymptotic values
to which the results should converge based on Theorem 4.3.1 and Theorem 4.3.2. The

limiting distribution of the LSE is still unknown and therefore no asymptotic results are
provided for the LSE.

For all simulation studies, the results shown in Table 4.1 and Table 4.2 show con-
vergence of n times the variance-covariance matrices towards its asymptotic values.
The performance of the ESE is slightly better than the performance of the SSE;
the difference between the asymptotic limiting variances is smaller in the model with
Uniform[1,2] covariates X; than the difference in the model with standard normal
covariates X;. Although the model with standard normal covariates violates Assump-
tions A1, A2 and A4 given in Section 4.2, our proposed estimates perform reasonably well.

The behavior of the LSE is rather remarkable. Table 4.1 suggests an increase of n times
the covariance matrix in contrast to Table 4.2 where n times the variance tends to stabilize.
The results presented in Table 4.2 show that the performance of the LSE is clearly better
than the performance of the SSE for small sample sizes when X; ~ N(0,1). For the
model with uniform covariates, summarized in Table 4.1, our proposed score estimates
outperform the LSE. The variances for the LSE presented in Table 4.1 and Table 4.2
suggest that the rate of convergence for the LSE is faster than the cube-root n-rate
proved in Balabdaoui et al. (2016). The asymptotic distribution of the LSE needs to be
addressed in further research.

4.5.2 Other estimators obtained without smoothing

In this section we compare the behavior of regression parameter estimators in the mono-
tone single index model that are based on simple criterion functions and avoid the use
of smoothing techniques. Although smoothing is necessary to obtain efficient estimators
in the single index model, we want to point out that smoothing should not be the
main concern when interest is in estimating the finite dimensional regression parameter.
\/n-consistent estimators with asymptotic normal limiting distribution with asymptotic
variances that exceed the efficient variance have a good finite sample behavior. These
simple estimators are often computationally more attractive than efficient estimators
since efficiency is often based on smoothness conditions that are stronger than the
conditions needed when smoothing techniques are avoided and consequently, efficient

estimation algorithms require choosing one or several smoothing parameters.

The LSE, defined in Section 4.2 and the SSE, defined in Section 4.3.1, are both examples
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Table 4.1: Simulation model (X; ~ U[1,2],d = 2): The mean value (fi; = mean(&i»),i =1,2)
and n times the variance-covariance (6;; = mn-cov(&in, &jn),i,7 = 1,2) of the simple score
estimate (SSE), the efficient score estimate (ESE) and the least squares estimate (LSE) for

different sample sizes n with N = 5,000. The lines, preceded by co, give the asymptotic values.

Method n Qi1 flo 611 G292 012

SSE 100 0.707249 0.706389|0.040773 0.040866 -0.040787
500 0.707224 0.706890|0.035018 0.035057 -0.035033
1,000 |0.707175 0.706992|0.033262 0.033273 -0.033265
2,000 |0.707173 0.707016|0.034017 0.034012 -0.034014
5,000 |0.707134 0.707070|0.034011 0.034012 -0.034011
10,000 |0.707109 0.707100|0.033344 0.033350 -0.033347
00 0.707107 0.707107|0.032439 0.032439 -0.032439

ESE 100 0.707293 0.706359|0.039631 0.039758 -0.039663
500 0.707230 0.706888|0.033888 0.033922 -0.033900
1,000 |0.707185 0.706983|0.032302 0.032316 -0.032307
2,000 |0.707175 0.707015]0.032992 0.032989 -0.032990
5,000 |0.707130 0.707074|0.032925 0.032924 -0.032924
10,000 |0.707111 0.707098|0.032278 0.032283 -0.032280
00 0.707107 0.707107|0.031516 0.031516 -0.031516

LSE 100 0.706848 0.706624 |0.052397 0.052415 -0.052321
500 0.707060 0.707002|0.053547 0.053570 -0.053542
1,000 |0.707138 0.707000|0.053513 0.053573 -0.053535
2,000 |0.707122 0.707053|0.055502 0.055519 -0.055506
5,000 |0.707118 0.707079|0.059731 0.059756 -0.059741
10,000 |0.707128 0.707077|0.061843 0.061868 -0.061854
00 0.707107 0.707107 7 ? 7

of estimators of the finite dimensional regression parameter « that are based on the

nonparametric LSE of the infinite dimensional nuisance parameter 1. Inspired by the
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Table 4.2: Simulation model (X; ~ N(0,1),d = 2): The mean value (fi; = mean(&i»),i = 1,2)
and n times the variance-covariance (6;; = mn-cov(&in, &jn),i,7 = 1,2) of the simple score
estimate (SSE), the efficient score estimate (ESE) and the least squares estimate (LSE) for

different sample sizes n with N = 5,000. The lines, preceded by co, give the asymptotic values.

Method n Qi1 flo 611 G292 012

SSE 100 0.705202 0.706163|0.201378 0.200975 -0.200327
500 0.706395 0.707509|0.109547 0.109291 -0.109371
1,000 |0.706824 0.707259|0.092557 0.092464 -0.092494
2,000 |0.707100 0.707056 | 0.080981 0.080966 -0.080967
5,000 |0.707026 0.707167|0.072021 0.071947 -0.071982
10,000 |0.707091 0.707113|0.067685 0.067665 -0.067674
00 0.707107 0.707107|0.055556 0.055556 -0.055556

ESE 100 0.706800 0.706173|0.087513 0.087878 -0.087480
500 0.706905 0.707200|0.038450 0.038468 -0.038453
1,000 |0.706978 0.707190|0.031701 0.031672 -0.031685
2,000 |0.707061 0.707133|0.027930 0.027924 -0.027926
5,000 |0.707079 0.707128|0.023914 0.023907 -0.023911
10,000 |0.707104 0.707106|0.022827 0.022828 -0.022827
00 0.707107 0.707107|0.018519 0.018519 0.018519

LSE 100 0.706748 0.706135|0.093819 0.094319 -0.093715
500 0.706710 0.707309|0.068561 0.068260 -0.068383
1,000 |0.706737 0.707389|0.061614 0.061325 -0.061459
2,000 |0.707009 0.707161|0.061123 0.061109 -0.061111
5,000 |0.707087 0.707110|0.060759 0.060722 -0.060738
10,000 |0.707074 0.707131]0.061708 0.061692 -0.061699
00 0.707107 0.707107 7 ? 7

rank estimator proposed in Aragdén and Quiroz (1995) for the current status model, we

also propose a new estimator in this class and investigate its behavior via simulation
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studies.

To illustrate the criterion functions associated with the different estimators, we consider

a simulated data sample from the model
Y =exp(X1/V2+ X2/V2) +¢,  X1,Xa~U[-1,1] and e ~ N(0,1).  (4.5.2)

A picture of the LSE zﬁn,ao for a sample of size n = 100; 1,000 and n = 10,000 is given
in Figure 4.3.

(a) n =100 (b) n = 1,000 (c) n = 10,000

Figure 4.3: The LSE ), , (black, step-wise) and the true function to(z) = exp(z) (red, solid)
in model (4.5.2) for a sample of size (a) n = 100, (b) n = 1,000 and (c) n = 10, 000.

For the LSE and the SSE, figures of the criterion functions S,, defined in (4.2.1) and &,
defined in (4.3.5), as a function of /3, where 3 is defined by (a1, as) = (cos(8), sin(5))
are given in Figure 4.4 and Figure 4.5 respectively. In model (4.5.2), the true parameter
value By = w/4.

4.5.2.1 The maximum rank correlation estimator (MRCE)

Han’s maximum rank correlation estimator is motivated by the fact that Y; > Y; is more
likely than Y; < Y; when al X; > af X if vy is increasing. The MRCE is defined by
the maximizer of

def 1

Hy(a) = nn—1) Z{Yi >YiHa" X; > o' X}, (45.3)

i#]

In contrast to the LSE and the SSE, estimation of the unknown link function 1) is not
considered with the MRCE.
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Figure 4.4: The map 3 — S,((cos(8),sin(8))7, ¥n,«) (black, solid) in model (4.5.2) for a
sample of size (a) n = 100, (b) » = 1,000 and (c) n = 10,000. The vertical reference lines
indicate the position of the minimizer (black, dotted) and true 3o = 7/4 (red, dotted).

0.0435 | 0.0427 ~ | 0.0663
0.0060 — ,—F‘_N/J/\ﬁ -0.0015 f 0.0201

-0.0314 : -0.0457 : -0.0261

-0.0689 | : -0.0899 : 00723
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(a) n = 100 (b) n = 1,000 (c) n = 10,000

Figure 4.5: The map 8 — &1.,((cos(B),sin(B)7)) (black, solid) in model (4.5.2) for a sample
of size (a) n = 100, (b) n» = 1,000 and (c) n = 10,000. The vertical reference lines indicate the
position of the zero-crossing (black, dotted) and true 8o = 7/4 (red, dotted).

4.5.2.2 The maximum rank estimator (MRE)

Inspired by the MRCE, Cavanagh and Sherman (1998) developed a new class of rank
estimators defined by the maximizer of

Ro() %' n(%—l) Y ME){aTX; > aTX;), (4.5.4)

i#]
where M denotes an increasing function on R. In this section we investigate the behavior
of the estimator when M is equal to the identity function, i.e. M(y) = y, and refer to
this estimator as the maximum rank estimator. Since the responses in the binary choice
model and the current status model are binary, it holds that the MRCE and the MRE are
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03324 0.3379 1 03393

0.3299 0.3366 0.3386

0.3274 0.3353 o 0.3379

0.3341 03372

0.3249

0.60 0.70 0.80 0.90 1.00 0.60 0.70 0.80 0.90 1.00 0.60 0.70 0.80 0.90 1.00

(a) n = 100 (b) n = 1,000 (¢) n = 10,000

Figure 4.6: The map 8 — H,((cos(8),sin(8)")) (black, solid) in model (4.5.2) for a sample
of size (a) n = 100, (b) n = 1000 and (c) n = 10000. The vertical reference lines indicate the
position of the maximizer (black, dotted) and true 8y = 7/4 (red, dotted).

equivalent in these models. We illustrate this for the current status (cs) linear regression

model and consider the MRE maximizing

Ry es(a) = Z A{T, — " X; > T — a" X}
i#]
This rank estimator is equivalent to Han's maximum rank correlation estimator, given by

the maximizer of

Hyes(a) =Y {A; > AHT — "X > T — o' X}
i#j
= ZAl(l — A]){Tl — aTXi > Tj — aTXj}.
i#]
This can be seen as follows. Suppose that the observations are ordered in the T; —a” X;,
i.e. T1 — aTX1 < T2 — CETXQ <...< Tn — aTXn. Then,
1
j<i j<i j<i j<i J#i
1
= Ry ea(0) — 5 Z AA;.
J#i
Since the second term in the expression above is independent of the ordering in

T; — o’ X;, the maximizers of R,, .«(c) and H,, .s(c) coincide and both estimators are

equivalent.

The behavior of the map a — H,(a) and the map a — R, () are similar and we do

not include pictures for the latter mapping.
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4.5.2.3 The maximum rank estimator using the LSE of ¢y (LS-MRE)

Aragén and Quiroz (1995) proposed two regression parameter estimators for the current
status linear regression model based on the ranks of the observations T; — a” X;. The
first estimator coincides with the MRE. The second estimator is defined by the maximizer
of

Zﬁma(Ti - aTXi){Ti - aTXi > Tj - aTXj}7
i#]
where F), o is the MLE (see Chapter 2, Section 2.3) for fixed . This motivates us to

investigate the behavior of the regression parameter estimator for the monotone single

index model, referred to as the LS-MRE, defined by the maximizer of

def 1

Ap(a) = w1 Zzﬁn,a(aTXi){aTXi > ol X1, (4.5.5)

i)

where ima is the LSE for fixed cx. To the best of our knowledge this estimator has not
been studied before and the asymptotic limiting distribution is still unknown. Since the
LS-MRE is similar to the LSE, an M-estimator that involves the nonparametric LSE of
1g, it can be expected that similar theoretical issues appear when deriving the limiting

behavior for both estimators.

0.8301 | 0.7688 -

0.7861 ; %
0.8274 0.7841 o | 0.7675

0.8248 0.7821 o 0.7661

0.8221 0.7801 o 0.7648 |

T T T T T T T
0.90 1.00 0.60 0.70 0.80

T T T T T T
0.90 1.00 0.60 0.70 0.80

T T
0.60 0.70 0.80

B B B

T
0.90 1.00

(a) n = 100 (b) n = 1,000 (c) n = 10,000

Figure 4.7: The map 8 +— A, ((cos(8),sin(B8)?)) (black, solid) in model (4.5.2) for a sample of
size (a) n = 100, (b) n = 1,000 and (c) n = 10,000. The vertical reference lines indicate the
position of the maximizer (black, dotted) and true 5o = /4 (red, dotted).

4.5.2.4 Asymptotic behavior

It has been shown in Section 4.3.1 for the SSE, in Sherman (1993) for the MRCE and
in Cavanagh and Sherman (1998) for the MRE that these estimators are /n-consistent
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and have an asymptotic normal limiting distribution with asymptotic variance that is
larger than the efficient variance. As pointed out in a footnote on p. 361 of Cavanagh
and Sherman (1998) the expression for the asymptotic variance of the MRCE given in
Theorem 4 of Sherman (1993) is only correct up to a factor 4. Unfortunately the same
mistake for the MRE was made in the expression for the asymptotic variance of the MRE
given in Theorem 2 of Cavanagh and Sherman (1998).

Although no proofs for the MRCE and the MRE have been published, we can prove that,
Vi, — ag) 5 N(0,V=S, V™) (4.5.6)

for specific choices of V' and S, where V~ is the Moore-Penrose inverse of V. A
sketch of the proof of (4.5.6) is given below. The reason that we again have to consider
generalized inverses is that the normal limiting distributions are concentrated on the
(d—1)-dimensional subspace, orthogonal to g and are therefore degenerate. This is also
clear from its covariance matrix V'~ SV ~, which is a matrix of rank d—1. The expressions
for V' and S are summarized in Table 4.3 for the monotone single index model and in
Table 4.4 for the current status linear regression model. Here we introduce the notation

go to denote the density of the random variable o X resp. T — ol X.

Table 4.3: Asymptotic variances in the monotone single index model.

Method S

SSE E {{Y — (el X)) {X —E(X|al X)} {X - IE(X\aUTX)}T]

MRCE | E [{2F0(Y —(aTX)) — 1} {X ~E(X|af X)} {X — E(X|aOTX)}TgO(aOTX)2]

MRE E [{Y — (e X))} {X — E(X|ad X)} {X - E(X|aOTX)}TgO(agX)2]
v
SSE E[%(agX) {X —E(X|al X)} {X—E(X\aOTX)}T]

MRCE |E [26f(ad X) /oY = vo(a” X)) {X ~ E(X|af X)} {X ~ E(X|af X)}" go(ad X)] |

MRE E [v(af X) {X ~ E(X|ad X)} {X ~ E(X|af X)}" go(af X)),
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Table 4.4: Asymptotic variances in the current status linear regression model.

Method S

SSE E [FO(T —al X){1 - Fp(T — af X)} {X ~ E(X|T - ol X)} {X — E(X|T — agx)ﬂ

MR(C)E|E [Fo(T — af X){1 ~ Fo(T — af X)} {X ~ E(X|T — af X)} {X ~E(X|T - af X)}" o(T — af X)?]
%4

SSE E [fo(T — ol X) {X —E(X[alX)} {X - E(X|a;§‘x>}T]

MR(C)E E[fo(T ~ af X) {X ~ E(X|ad X)} {X ~ E(X|a] X)}" g0(T — of X)]

Asymptotic distribution of the MRCE and MRE:

Here we show that the asymptotic normal distribution for the MRCE is given by,
V(G — o) 5 Ny(0,V—8, V),

where V' and S are defined in Table 4.3. A similar argument can be used to derive the
asymptotic distribution of the MRE in terms of Moore-Penrose inverses. The asymptotic
normality for the MRCE and the MRE are derived in Sherman (1993) and Cavanagh and
Sherman (1998), where the authors restrict the parameter space to a compact subset
{a € R? : ag = 1}. Each « is represented as (5,1) and only d — 1 instead of d
components are considered in the proofs of /n-consistency and asymptotic normality.
Using the parametrization {a € R? : ||| = 1} instead and considering a transformation
S:BCR¥! = {a€R?: ||| = 1} as in Section 4.3, it follows, by similar arguments
as in Sherman (1993) that for the MRCE we have
1

\/ﬁ(/@ - ﬂO)TWn

0.< Ha(8) ~ Hn(B0) = (8~ B) E{Var((X,Y),6)} (8 — Bo) +
+0p(18 = Boll*) + 0p(1/n),

where

m((2,9),8) =E ({y > Y} {S(8) 2 > S(8)" X }) + E({Y >y} {S(B)" X >S(B)"«}),

and where

W, = % ;VN((Xm Yi), Bo),
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converges in distribution to a Normal Ny_1(0, W) random vector. Here, V; represents
the ith partial derivative operator with respect to 3. Let Q denote E (V7(X,Y), 3). If
Q is negative definite, than it follows by Theorem 2 in Sherman (1993) that

V(B = Bo) 5 Nao1(0,Q7'WQ™).
Using an application of the delta-method, we conclude that,
\/{E(dn - a()) i) Na (07 [vlS(/BO)][Q_le_l][vls(ﬁ())}T) = (07 V_SV_) )

where V' and S are given in Table 4.3 and where the last equality follows analogously to

the proof of asymptotic normality of the SSE given in Appendix C.

The limiting distributions of the LSE and the LS-MRE are still unknown. Figure 4.4
and Figure 4.7 show a more irregular behavior of the criterion functions for the LSE and
the LS-MRE compared to the smoother criterion functions for the SSE and the MRCE,
shown in Figure 4.5 and Figure 4.6. Deriving the limiting distributions for the LSE and
the LS-MRE is challenging. One of the difficulties arises from the non-differentiability of
the LSE 1&”7,5‘ for ¢y appearing in the criterion functions S, and A,,. This is, for example
not the case with the efficient semiparametric LSE proposed in Ichimura (1993), where
the criterion function is given by S,, defined in (4.2.1) but with 1[)na replaced by a kernel
estimate that is two times continuously differentiable with respect to c.. By considering a
Z-estimator instead of an M-estimator, this non-differentiability is somehow circumvented
with the SSE. See also the discussion on the score approach given in Chapter 2, Section
2.2.

4.5.2.5 Finite sample behavior

To evaluate the finite sample behavior of the different estimators introduced in the previous
Sections 4.5.2.1-4.5.2.3, we simulate N = 5,000 datasets from the model

Y = Yo(al X) +¢, (4.5.7)

where g(z) = = + 23, ag; = 1/v/3,i = 1,2,3 and € ~ N(0, 1), independent of X.
We consider two different distributions for the covariate vector X, X; oy Ul0,1] and
X; "L N(0,1) fori = 1,2, 3.

Table 4.5 and Table 4.6 show the mean and n times the covariance matrix of the
estimates for sample sizes n = 100; 500; 1, 000; 5,000 and n = 10,0000 for the Uniform

resp. Normal simulation setting. We calculated the asymptotic variances given in Table
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4.3 to which n times the covariance matrix should converge for the SSE, the MRCE
and the MRE. We however note that only the Uniform model satisfies the assumptions
needed to prove (4.5.6). The last column of Table 4.5 and Table 4.6 contains the
distance between n times the covariance matrix of the estimates and the matrix V- SV~
obtained by summing the squared distance of the corresponding matrix elements. The
results for n times the variance of the estimates of a3 are visualized in Figure 4.8.

For both simulation settings, the results show convergence of n times the covariance
matrix towards the asymptotic values for the SSE, MRCE and MRE. The convergence
rate is faster for the SSE than for the MRCE and MRE. We also note that the asymptotic
values are smallest for the SSE in these models, with only a small difference for the
Uniform setting but a larger difference in the Normal setting where the asymptotic values
of the MRCE and MRE are substantially larger than the ones for the SSE.

For the LS-MRE, n times te covariance matrices increase with increasing sample size,
suggesting a slower convergence rate than the parametric /n-rate for this estimator.
Table 4.5 also shows a similar increase for the LSE in the Uniform model whereas a
decrease of n times the covariance matrix for the LSE is shown in Table 4.6 for the
Normal setting. The LSE even performs better than the MRCE and the MRE in the

latter simulation model.

Finally, we also compared the inefficient estimates in the model with uniform covariates
with the efficient penalized least squares estimate (PLSE) proposed by Kuchibhotla
and Patra (2017) and the efficient EFM estimate proposed by Cui et al. (2011). The
computation time of these efficient estimates is considerably longer than the time required
for the score methods proposed in Section 4.3 and the estimates discussed in Section
4.5.2. Therefore, we do not report results for sample size n = 10,000 and simulated
only N=2,500 data sets for the PLSE with n = 5,000. Boxplots of Z?:O(&j — ap;)?%/3,
shown in Figure 4.9, illustrate that the PLSE and EFM estimate perform better than the
SSE, MRCE and MRE for smaller sample sizes. As the sample size increases, the results
for the efficient but computational intensive methods are no longer superior and the best
performance is obtained with the SSE. The results for the PLSE and the EFM estimate
depend furthermore on smoothing parameters which need to be selected carefully. Figure
4.8 clearly shows that n times the variance increases for the PLSE with increasing
sample size, in contrast to the efficient convergence rate. This illustrates again that, in
practice, methods that involve smoothing techniques are not necessarily a better choice

than y/n-consistent parameter-free methods, especially for larger sample sizes where the
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computation cost is enormous.

We conclude that it is worthwhile to consider parameter-free methods for estimation in
the monotone single index model. The additional complexity (due to the smoothing
parameter) does not necessarily result in better performances for efficient estimates. The
increased computation time is only worthwhile when the sample size is small. The SSE
is preferred for larger samples and moreover achieves better performances than the rank
estimators (MRCE and MRE). The experiments in the normal model were in favor of the
parametric y/n-rate for the LSE whereas the uniform trials suggested a slower convergence
rate. Even if the LSE leads at all to a y/n-consistent estimate, its performance remains
inferior to the score procedures in Section 4.3. Nevertheless, it remains an interesting

topic to understand the behavior of the the LSE in the monotone single index model.

I
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Figure 4.8: n times the variance of a3 as a function of the sample size n for the simulation model
with (a) X; ~ UJ0,1] and (b) with X; ~ N(0,1) for the LSE (solid, black, o), SSE (dashed,
red, A), MRCE (dotted,green, +), MRE (dashed-dotted, blue, x), LS-MRE (long-dashed, pink,
©), EFM (two-dashed, light blue, 7) and PLSE (solid, orange, O ). The points at oo represent
the asymptotic values.
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Table 4.5: Simulation model (X; ~ UJ0,1],d = 3): The mean value (2; = mean(&in),i =

1,2,3), n times the variance-covariance (6;; = n-cov(&in, &jn),i,7 = 1,2,3) and the distance

between n times the covariance matrix estimate and X for the least squares estimate (LSE), the

simple score estimate (SSE), the maximum rank correlation estimate (MRCE), the maximum rank
estimate (MRE) and the maximum rank estimate using the LSE of o (LS-MRE) for different

sample sizes n with N = 5,000. The lines, preceded by co, give the asymptotic values.

Method n

022

33

012

)

LSE 100

500
1,000
5,000

10,000

0.567232
0.575008
0.576605
0.577477
0.577146

0.566927
0.575510
0.575703
0.576993
0.577374

0.566318
0.574969
0.576451
0.576840
0.577146

1.201293
1.294027
1.276503
1.421290
1.506928

1.203355
1.227499
1.271816
1.446315
1.473131

1.208558
1.261569
1.249995
1.409902
1.471213

-0.577588
-0.624327
-0.645524
-0.730242
-0.755098

-0.592399
-0.658712
-0.628822
-0.691148
-0.751517

-0.577087
-0.597269
-0.618845
-0.715894
-0.718229

0.57735

0.57735

0.57735

?

?

?

?

?

?

SSE 100

500
1,000
5,000

10,000

0.587614
0.573818
0.574333
0.576343
0.576838

0.541965
0.575772
0.576839
0.577253
0.577328

0.532872
0.576971
0.579007
0.578089
0.577704

1.544919
0.859601
0.695695
0.688215
0.679286

1.772945
0.844360
0.753258
0.709718
0.708114

4.386728
1.458978
0.700203
0.707268
0.700672

-0.955064
-0.498872
-0.368076
-0.344059
-0.342635

-1.496068
-0.665879
-0.322984
-0.341827
-0.335454

0.644483
-0.148044
-0.381043
-0.366363
-0.365785

0.57735

0.57735

0.57735

0.692042

0.692042

0.692042

-0 .346021

-0.346021

-0.346021

25.896840
4.603239
2.976074
2.914229
2.891139

MRCE 100

500
1,000
5,000

10,000

0.567500
0.576217
0.576239
0.577250
0.577441

0.567568
0.575649
0.576586
0.577172
0.577291

0.568074
0.575226
0.576801
0.577165
0.577097

1.075928
0.946660
0.926655
0.882133
0.836557

1.137504
0.974019
0.931801
0.881460
0.856753

1.097447
0.938209
0.938936
0.911412
0.859607

-0.529870
-0.489812
-0.458336
-0.426668
-0.416975

-0.517154
-0.453586
-0.465244
-0.454751
-0.419253

-0.557786
-0.479446
-0.472174
-0.455531
-0.439996

0.57735

0.57735

0.57735

0.789576

0.789576

0.789576

-0.394788

-0.394788

-0.394788

5.485893
4.613869
4.499525
4.270952
4.048597

MRE 100

500
1,000
5,000

10,000

0.568537
0.576084
0.576398
0.577365
0.577437

0.569242
0.576064
0.576643
0.577191
0.577292

0.568475
0.575379
0.576752
0.577069
0.577114

0.967113
0.865385
0.865576
0.814612
0.781254

1.016043
0.890822
0.864699
0.820094
0.813925

0.974079
0.851881
0.874510
0.825936
0.801210

-0.490072
-0.450847
-0.425514
-0.404390
-0.397353

-0.456418
-0.413482
-0.435668
-0.409542
-0.383830

-0.492633
-0.434273
-0.438601
-0.415915
-0.416803

0.57735

0.57735

0.57735

0.753990

0.753990

0.753990

-0.376995

-0.376995

-0.376995

4.567802
3.977375
3.978506
3.729037
3.623730

LS-MRE 100

500
1,000
5,000

10,000

0.567857
0.575740
0.576197
0.577366
0.577212

0.567102
0.574947
0.575715
0.577222
0.577483

0.566043
0.575144
0.576921
0.576750
0.576991

1.158089
1.188863
1.241740
1.387179
1.394293

1.222715
1.194779
1.235253
1.379640
1.402226

1.172809
1.201250
1.235171
1.340894
1.416547

-0.579885
-0.584415
-0.618252
-0.713591
-0.689486

-0.539226
-0.601986
-0.614218
-0.671955
-0.704229

-0.600456
-0.595143
-0.617806
-0.666950
-0.712122

oo

0.57735 0.57735 0.57735

?

?

?

?

?

?
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Table 4.6: Simulation model (X; ~ N(0,1),d = 3): The mean value (2; = mean(&in),i =

1,2,3), n times the variance-covariance (6;; = n-cov(Qin, &jn),i,j7 = 1,2,3) and the distance

between n times the covariance matrix estimate and X for the least squares estimate (LSE), the

simple score estimate (SSE), the maximum rank correlation estimate (MRCE), the maximum rank
estimate (MRE) and the maximum rank estimate using the LSE of 1o (LS-MRE) for different

sample sizes n with N = 5,000. The lines, preceded by co, give the asymptotic values.

Method n

I3}

fl2

i3

011

022

G33

012

013

Ga3

A, )

LSE 100

500
1,000
5,000

10,000

0.576253
0.576764
0.577343
0.577349
0.577243

0.575232
0.577339
0.577049
0.577424
0.577471

0.577442
0.577522
0.577455
0.577241
0.577318

0.117550
0.081738
0.081122
0.071714
0.072255

0.121344
0.081732
0.076944
0.071565
0.069788

0.121273
0.082715
0.076627
0.070109
0.073763

-0.057846
-0.040379
-0.040666
-0.036610
-0.034152

-0.059679
-0.041181
-0.040421
-0.035116
-0.038079

-0.061917
-0.041484 -
-0.036237
-0.034965
-0.035670

0.57735

0.57735

0.57735

?

?

?

?

?

?

SSE 100

500
1,000
5,000

10,000

0.575519
0.576568
0.576909
0.577193
0.577218

0.575019
0.577168
0.577237
0.577334
0.577368

0.578488
0.577949
0.577743
0.577497
0.577452

0.113493
0.068775
0.062691
0.049946
0.047678

0.124740
0.072997
0.062724
0.051876
0.050129

0.110063
0.068783
0.061552
0.050206
0.048718

-0.062954
-0.036351
-0.031817
-0.025787
-0.024534

-0.051701
-0.032285
-0.030782
-0.024146
-0.023131

-0.058559
-0.036606
-0.030871
-0.026080
-0.025597

0.57735

0.57735

0.57735

0.041667

0.041667

0.041667

-0.020833

-0.020833

-0.020833

0.053908
0.021234
0.017500
0.013040
0.012451

MRCE 100

500
1,000
5,000

10,000

0.574988
0.577099
0.577607
0.577329
0.577303

0.574617
0.577073
0.576964
0.577313
0.577355

0.575950
0.576887
0.577018
0.577328
0.577353

0.252922
0.187896
0.176862
0.155366
0.149451

0.249878
0.193914
0.177429
0.157960
0.153579

0.245900
0.191217
0.178333
0.154613
0.150804

-0.127500
-0.095492
-0.087992
-0.079387
-0.076088

-0.123730
-0.092522
-0.089192
-0.075988
-0.073316

-0.120269
-0.098216
-0.089015
-0.078577
-0.077506

0.57735

0.57735

0.57735

0.128981

0.128981

0.128981

-0.064491

-0.064491

-0.064491

0.256494
0.165002
0.147942
0.124000
0.119332

MRE 100

500
1,000
5,000

10,000

0.575183
0.577122
0.577425
0.577316
0.577277

0.575212
0.577191
0.577094
0.577328
0.577379

0.576426
0.576892
0.577126
0.577332
0.577359

0.199617
0.161150
0.156489
0.143959
0.138858

0.200877
0.166230
0.156771
0.145212
0.144639

0.202508
0.161093
0.155526
0.143865
0.140865

-0.097920
-0.083228
-0.078799
-0.072627
-0.071304

-0.099979
-0.077936
-0.077816
-0.071307
-0.067543

-0.101862
-0.082881
-0.077693
-0.072569
-0.073327

0.57735

0.57735

0.57735

0.123168

0.123168

0.123168

-0.061584

-0.061584

-0.061584

0.177766
0.131103
0.124233
0.112765
0.110218

LS-MRE 100

500
1,000
5,000

10,000

0.573239
0.576666
0.577145
0.577358
0.577360

0.575404
0.577033
0.577250
0.577305
0.577378

0.576779
0.577046
0.576976
0.577239
0.577235

0.249883
0.252064
0.268550
0.279751
0.295791

0.255367
0.252798
0.261884
0.298353
0.293497

0.258162
0.249036
0.255396
0.280200
0.308889

-0.120959
-0.127917
-0.137415
-0.148836
-0.140208

-0.125660
-0.123899
-0.131186
-0.130687
-0.155558

-0.132383
-0.124663
-0.124071
-0.149572
-0.153289

oo

0.57735 0.57735 0.57735

?

?

?

?

?

?
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Figure 4.9: Boxplots of ijo(aj —;)?/3 for the model with X; ~ UJ[0, 1] for sample sizes (a)
n = 100, (b) n = 500, (c) n = 1000 and (d) n = 5000. Red boxes correspond to /n-consistent
but ineffcient methods (SSE, MRCE and MRE); blue boxes correspond to /n—consistent and
effcient methods (EFM, PLSE) and green boxes correspond to methods with unknown limiting
distribution (LSE, LS-MRE).

4.6 Real data example

In this section we apply the estimation techniques on the Ozone data (Chambers et al.,
1983). The data set contains observations on the ozone concentration for 153 consecutive
days between May 1 and September 30, 1973. We study the relationship of the ozone
concentration (Y) and the meteorological variables: solar radiation (R, Ly), temperature
(T, °F) and wind speed (W, mph) in a subset of the data consisting of 111 complete
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observations. For our data analysis we have scaled the covariates to have mean 0 and
variance 1.

Table 4.7 summarizes the results of the regression parameter estimates for the LSE,
SSE, MRCE, MRE and LS-MRE. The estimate 12)”7dn of ¥y together with a scatterplot

Table 4.7: Ozone data: Regression parameter estimates for the least squares estimate (LSE),
the simple score estimate (SSE), the maximum rank correlation estimate (MRCE), the maximum
rank estimate (MRE) and the maximum rank estimate using the LSE of 9o (LS-MRE). n = 111.

R = solar radiation, T = temperature and W = wind speed.

Method R T wW
LSE 0.261650 0.673180 -0.691641
SSE 0.288573 0.857762 -0.425406
MRCE 0.371694 0.833361 -0.409088
MRE 0.380572 0.835861 -0.395603

LS-MRE 0.269241 0.828638 -0.490783

of (&Fx;,y;) is given in Figure 4.10 for the LSE, SSE and LS-MRE. We see that the
estimates described in this paper result in similar estimated relationships between the

ozone concentration and the meteorological variables.

150 - 150 150

(a) LSE (b) SSE (c) LS-MRE

Figure 4.10: Ozone data. Scatter plot (412, y:) and .4, (red, step-function) for (a) the
least squares estimate (LSE), (b) the simple score estimate (SSE) and (c) the maximum rank
estimate using the LSE of 1y (LS-MRE).
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Chapter

Penalized spline estimation in
varying coefficient models with

right censored data

Abstract

We propose a P-spline smoothing technique for the estimation of the varying coefficients in a
varying coefficient model (VCM) with responses that are subject to random right censoring. Using
the mean-preserving principle, we introduce two data-transformation approaches to transform the
original censored observations into ‘synthetic’ observations, which are then used for the P-spline
estimation. The synthetic response vector has the same expectation as the unobserved (due
to censoring) response vector, conditional on covariates. Motivated by the research of Fan and
Gijbels (1994), we first introduce model-independent transformations and later discuss, inspired
by the approach of Buckley and James (1979), transformations that take the underlying regression
model into account.

We give asymptotic support for the behavior of our proposed P-spline estimators and prove the
consistency and asymptotic normality of our P-spline estimators for the coefficient functions
in a VCM subject to random right censoring. Simulation studies compare its finite sample
behavior with that of the smooth-backfitting estimator proposed by Yang et al. (2014) and
illustrate good finite sample performance of our proposed P-spline estimates and moreover suggest
improvements for the method proposed in Yang et al. (2014). Slightly better results are obtained
with data transformations that take the true VCM into account. The latter transformation
formulas require prior knowledge of the VCM which is obtained from the model-independent

transformation methods. Based on simulations and real data examples, we conclude that the

109
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combination of P-spline smoothing with a data transformation for censored observations is a

good approach for estimating the coefficient functions in a VCM.

5.1 Introduction

Parametric regression models are commonly used for exploring relationships between a
response variable and a set of explanatory variables. Linear models are often a good
first approximation of the underlying association patterns but are sometimes not able to
capture complex dynamic structures. An extension of the classical linear regression model
is the varying coefficient model (VCM, Hastie and Tibshirani, 1993). These models are
still linear in the regressors but with regression coefficients that are smooth functions
in one or more other variables, considered as effect modifiers. VCMs have been used
in a successful way in many applications, among which are longitudinal models (Hoover
et al., 1998; Fan and Zhang, 2008), survival models (Cai et al., 2007; Ma and Wei,
2012), generalized regression models (Cai et al., 1999; Lee et al., 2012) and nonlinear
time series (Cai et al., 2000). The most commonly used estimation methods for VCMs
are kernel regression (Wu et al., 1998), polynomial splines (Huang et al., 2004) and
smoothing splines (Hastie and Tibshirani, 1993). In this paper, we concentrate on the
penalized spline (P-spline) smoothing technique proposed by Eilers and Marx (1996). P-
spline regression is an extension of B-spline regression with a penalty in terms of finite
differences of the coefficients of adjacent B-splines to protect against overfitting. P-splines
are determined by the degree and the number and location of the knot points of the B-
splines, the order of the difference penalty and a smoothing parameter. The consistency
and asymptotic normality of the P-spline estimators for the regression coefficients in a
VCM with longitudinal data was proven by Antoniadis et al. (2012).

Often encountered in the statistical analysis are situations where the response is not fully
observed due to random right censoring, for example in medical and health care studies
where patients leave the study for numerous reasons before the event of interest occurs
(Lagakos et al., 1988, Nahman et al., 1992). Another example of censoring arises in
reliability studies, where the failure time of a device might be censored if the device is
still functional at the end of the experiment (Meeker, 1987). The popular proportional
hazard model for right censored data (Cox, 1972) models the instantaneous risk as a
product of a baseline hazard an an exponential factor. It models the relation between the
response and covariates in an indirect way and is less simple to interpret than classical
mean regression models, where interest is in direct modeling of the mean event time as a
function of covariates. The accelerated failure time model (Wei, 1992) on the other hand

does propose a direct linear relationship between the logarithm of the survival time and
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covariates, but unlike the Cox proportional hazard model, accelerated failure time models
are often parametric and hence require additional assumptions on the underlying survival
distribution. Ordinary least squares regression, which avoid specifying the distribution of
the response variable for estimating the parameters in a linear regression model, needs
however modification when some of the responses are not observed. Extensions of ordinary
least squares to censored data settings were first considered by Buckley and James (1979).
The estimation technique relies on constructing a synthetic response based on a trans-
formation formula that is (conditional) mean preserving. The new response then replaces
the original response in the ordinary least squares regression problem with complete data.
The transformation studied by Buckley and James (1979) uses the underlying regression
model and therefore needs an iterative estimation algorithm (see Jin et al. (2006) for the
implementation of the iterative procedure). When transformed responses deal with trans-
formations not depending on the unknown regression model but only on the censoring
distribution, an iterative procedure is no longer needed at the cost however of increased
variability in the transformed data. Transformations of this type were proposed by Koul
et al. (1981), Zheng (1987), Fan and Gijbels (1994) and Leurgans (1987) among others.
The combination of nonlinear mean regression models with synthetic data approaches
for right censored data has mainly been studied for univariate covariates, see e.g. Fan
and Gijbels (1994) and Heuchenne and Van Keilegom (2007). Recently more attention
to multivariate regression models with right censored data transformation techniques is
given by Yang et al. (2014) for the VCM and by Bravo (2014) for the varying coefficient
partially linear model.

5.2 Model description
Consider the varying coefficient model

Y =m(U,X) +0(U,X)e
= ﬂl(Ul)Xl + ...+ ﬂd(Ud)Xd + U(Ul, Xi,..., Ud,Xd)E, (521)

where Y is the response variable, U = (Uy, ..., Us)T € U?and X = (X1,..., Xq4)T € R?
are associated covariate vectors, where U/ denotes a d-dimensional interval on which
the measurements are taken; £ is a mean-zero error term with variance one and (un—

known) distribution function F', assumed to be independent of U,X. The functions

Bi(u),...,Ba(uq) are the unknown regression coefficient functions at U = u =
(u1,...,uq)T and o(u,x) is the variance of Y conditional on U = u and X = x =
(x1,...,24)T. When X = 1, the function $; is a nonzero intercept function represent-

ing the baseline effect.
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We consider the case that the response Y of interest is subject to random right cen-
soring. Let C be the censoring variable with survival function G(:|u,x) conditional
n (U,X) = (u,x) and A be the censoring indicator 1y <. We observe a sample
(Z;, A, U, X;),1 <4 < n, from (Z,A,U,X). We assume throughout that Y and C
are independent, nonnegative continuous random variables.
In this paper we focus on estimating the regression curve m(u,x). The estimation pro-
cedure for B(u) = (B1(u1), ..., Ba(uq))’ consists of two steps: a mean-preserving data-
transformation followed by P-spline smoothing using the transformed data. We describe
the P-spline smoothing procedure with fully observed responses Y; in Section 5.3 and de-
scribe in Section 5.4 two data-transformation approaches that allow a separation between

the P-spline technique and the censored nature of the data.

5.3 P-spline estimator

Suppose that we have uncensored observations (Y;,U;,X;), 1 < ¢ < n. We use P-
spline smoothing to estimate the varying coefficients in model (5.2.1). P-splines are an
extension of regression splines with a penalty on the coefficients of adjacent B-splines.
Each coefficient function 3, is approximated by a normalized B-spline basis expansion
Bp(up) = 32125 Bpi(ups @p)apt, where {Bpi(-5q) : 1 <1< ..., Ky + gy = my} is the gp-
T)'Lp . o .
Bpi(up; qp) = 1, with
K, +1 equidistant knots &, = (&0, - - -, &k, ). We use the notation a = (o ,..., )"

with o, = (ap1, ..., 0pm,)" for 1 < p < d, to denote the unknown vector of B-spline

th degree B-spline basis using normalized B-splines such that Z

regression coefficients and write D = Z;l:l my, for the dimension of a.

The P-spline optimization problem is given by

min Z{ Zle Z Bpi(Uss qp apl} + Z)\ Z (A’;apl)z
i=1 p=1 I=kp+1
:ngn{(Y—Ra) (Y —Ra) + o’ Qra}, (5.3.1)

where Y = (Y1,...,Y,)T, R = (R4]...|R,)T € R™P with R; = (B(U;))’X; €
RP*1 and B(u) € R*P given by

B11(’LL1;Q0) e Blm1 (U1;ql) 0 e O 0 e O
B(u) = 0 0 0 0 )
0 e 0 0 e 0 Bdl(ud;qd) e Bdmd(ud;qd)

and
Qx = diag(\iD{, Dy, ..., AdD{ Dy,) € RP*P,
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is a block diagonal matrix with )\ngpka on the diagonal where Dy, is
the matrix representation of the Fky,-th order difference operator AFr e

k : . .
AR () = 307 o (1) (57) ap_ny (for I > ky), with k, € N; and A = (Aq,..., \a) is
the vector of smoothing parameters satisfying A\, > 0,1 < p <d.

P-splines are computationally attractive since a closed form of the regression coefficient es-
timator exists. Antoniadis et al. (2012) showed that RTR+Q, is invertible except on a set

with probability tending to zero if mf’n@)\max/n = 0(1), where mpyax = max(ms, ..., my)
and Amax = max(Aq,..., Aq). Therefore the unique minimizer of S(a) is

A~ def T 157

&= (R"R+Qx) R'Y. (5.3.2)

The P-spline estimator of 3(u) is

Mp
A def . A A LA «
B(u) = B(w)é = (Bi(u), .- -, Ba(ua))”, with Bp(up) = ZBPI(UMQP)QPI- (5.33)
=1
In Section 5.4, we construct, for randomly right censored data, a new response vector Y*

(the transformed response vector), that will replace Y in (5.3.2).

5.4 Data transformation approaches

We consider a data transformation approach and define the transformed response Y* as

»(U,X,Z) if uncensored

def
Y* = A ’ 7Z + 1-A U’X’Z =
(U, X, Z) + ( )¥( ) { ¥(U,X,Z) if censored,

with transformation functions ¢ and ¢ so that
E(Y*|U,X) =E(Y|U, X). (5.4.1)

Condition (5.4.1) ensures that inference based on (Y;*, U;, X;) preserves the conditional
mean. In Section 5.4.1 we look at transformations that do not depend on the underlying
regression model (5.2.1). Transformations that depend on model (5.2.1) are considered
in Section 5.4.2. When a transformation depends on the unknown regression model,
initial estimates for the regression curve and variance function are needed. In the second
transformation method, we use as initial estimates for m and o the estimates based on
the model-independent transformation method of Section 5.4.1. We use the notation
p1,%1 and 2,19 to denote the transformation functions ¢, 1) in methods one and two

respectively.
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5.4.1 Transformation method 1: model-independent transforma-

tions

From condition (5.4.1), we obtain the integral equation
Y
Qpl(uaxa y)G(y|u7X) - / w1(u,x,c)dG(c|u, X) =Y. (542)
0

A specific class of solutions to (5.4.2), for all y > 0,u € U¢ and x € R? is given in Fan
and Gijbels (1994), with z > 0 and v € R,

z

z dt
piluxa) = (149) | s =gy

diluxz) = (1+9) [ gt (543)

The transformations only depend on the censoring distribution G(+|u,x) of C' conditional
on (U,X) = (u,x). Special cases of (5.4.3) are the methods proposed by Koul et al.
(1981) and Leurgans (1987), taking v = —1 and v = 0 respectively. Since the functions
1 and ¥; depend on the unknown conditional survival function of C', an estimator
G(-lu,x) of G(-Ju,x) is needed. A well-known problem with right censored data is,
however, the estimation of a distribution function in the tail of the distribution. We
therefore do not transform data points in the tail. As suggested in Fan and Gijbels
(1994), we define

~ def _
Qol(uv X, Z) = Sal(uv X, Z)]-{zgn(u,x)} + Zl{z>n(u,x)}
~ def -
wl <u7 X, Z) = (0 (ua X, Z)l{zgﬁ (u,x)} + 21{2’>T1 (u,x)}

for some 0 < 7(u,x) < T(u,x) = sup{t|H(z|u,x) < 1} with H(z|u,x) = P(Z
z|U = u,X = x) representing the distribution function of Z conditional on (U,X) =

IN

(u,x); where @; and 7 are given by (5.4.3) with G replaced by the estimator G.
The synthetic response vector is defined as Y% = (Y%, ..., Y,)T with, for 1 <4 < n,

VA (UL, Xy, Z0) + (1= A (U, Xs, Z),

and the P-spline estimator of m(u,x) in method 1 is

(%) ' xTB () with Bi(u) & Bu)(R"R+ Q) 'RTY;  (5.44)
Remark 5.4.1. In regression analysis, one s often interested in modeling
E(f(Y)|U,X) = ms(U,X). For example, taking f(y) = y gives model (5.2.1), and
f(y) = 1{y<¢y corresponds to estimating the conditional distribution function of Y. It is

possible to modify transformation functions @1 and 1 such that we are estimating the



5.4. DATA TRANSFORMATION APPROACHES 115

conditional mean my, where f is a bounded nondecreasing function on [0, (u,x)], by
defining the functions

A~ def
SDLf(uv X, Z) =

codfy) f(®) }
{(1+7)/0 G(tlu, x) ’Yé(z|u,x) Hegntw) ¥/ En )

and,
" def z df t
dustux ) S @) [0 Ao+ HE
o G(tlu,x)
and transformed responses

s def R ~
Vi S ApLs(UX, Z) + (1 - Ay 4 (U, X, Z). (5.4.5)

The modified transformation formula is also suited for estimating the conditional variance
of Y, ie. f(t) = (t —m(u,x))?, when v = —1, since for v = —1, the nondecreasing
condition for f is not necessary (see e.g. El Ghouch and Van Keilegom, 2008). As a
consequence, when a (varying coefficient) model for 7*(U, X) is assumed, we can obtain
a consistent estimate of o (u, x) by constructing

g, def A(Z - (U, X))*
’ G(2)

Liz<nux)y + (2 - ml(U7X))21{Z>T1(U,X)}~

An estimate of 0%(u,x) is given by
52 (u,x) ©' x"B,2 (0)(RLR,2 + Qrp2)  RLY (5.4.6)

where the matrices B,2,R,2 and Qx ,2 are the matrices B,R and Qx (introduced in
Section 5.3) according to the model for 0®. Another approach could be to estimate
E(Y2|U,X) and considering the difference E(Y2|U,X) — (E(Y|U,X))>. Note that we
are not restricted to transformations with v = —1 when we are estimating the conditional
expectation of Y2 since the function f(t) = t in increasing on R*. Although the latter
approach gives a consistent estimator of the variance function, in practice, numerical
difficulties arise by taking the differences, since the difference is not guaranteed to be

positive in finite samples.

5.4.2 Transformation method 2: model-dependent transformations

Based on the expression for the conditional expectation,

E(Y|Z,A,U,X)=AZ

X o0
+(1-A)dm(U,X) + U(IZJ_’M()U 5 / tdF () %
1-F (W) (Z-m(U,X))/o(U,X)
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it follows that IE(YQ*[O]|U,X) =E(Y|U,X), for
o def .
2[0] :e AL)02[O](U’X7Z) + (1 - A)wQ[O](UaXa Z),

where 5, (U, X, Z) < Z and

(U X, 2) % (U, X) + a(U,X) /oo tdF(t)
2[0] 3 LNy ’ 1 F (me(U,X)) (Z-m(U,X))/0(U,X) '
- =Sox ’ ’

In order to construct an estimator 1/;2 of w;[o]' we again consider a truncation device that
avoids problems associated with the instability of an estimator for F'. We follow the idea
of Heuchenne and Van Keilegom (2007) and define 12 and Y5" as follows:

e U, X o
(U, X, 2) € m(U,X) + 1“_<F(Ei) /E tdF (D),
Yy A (U, X, Z) + (1 — A)ih(U, X, Z), (5.4.7)

where the truncated residual E7 = min(E, S) with

def £ — m(U, X) and S % 72(U, X) — m(U, X)

E (U, X) (U, X) ’

for some T2(u,x) < T (u,x). Let

~ def Z — 11 (U, X) 5, def 2(U, X) — 111 (U, X) Arodef a4
E= F(U,X) S = 51 (0.X) and E' = min(£,S).

We obtain the estimator v, by replacing, in (5.4.7), m and o by 7 and 61, defined in
(5.4.4) and (5.4.6), ET and S by ET and S and by replacing F by the Kaplan-Meier
type estimator F, constructed with residual observations Ej, i.e.

Ay
. 1
=1 [T [1- et .
11 ( 2 j=1 1{Ej>Ei}>

1E7Sf
The transformed response vector Y3 = (Y, ..., Y5,)T is defined by,
Vo CAZ+ (1= Ao (U, X, Z0). (5.4.8)

The P-spline estimator B2(u) of B(u) in method 2 is obtained by replacing Y in (5.3.3)
by Y3.

Remark 5.4.2. Note that, for method 1, E(Y*|U,X) = E(Y|U,X) if Z < 11(U,X)
but for method 2 (as in Heuchenne and Van Keilegom (2007)), E(Y5|U,X) ##
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E(Y|U,X), since we truncate the integral in (5.4.7) and as a consequence we esti-
mate a truncated mean E(Y 1{.<s1|Z, A, U, X). The conditional expectation of Y5 will,
however, be arbitrarily close to the conditional expectation of Y if S can be chosen arbi-
trarily close to Tp = sup{t|F(t) < 1}, which is possible when T < 7;, where J is the
distribution function of {C' —m(U,X)}/o(U,X) and 75 = sup{¢t|J(t) < 1}.

5.5 Asymptotic behavior

In Theorem 5.5.1, we show the consistency of the P-spline estimators obtained under
transformation methods 1 and 2. The asymptotic normality of the estimators is considered
in Theorem 5.5.2. Before stating the main results, we first give the following definition.

Definition 5.5.1. Let G(q,,&,) be the space of spline functions on U,, with fixed degree
qp and knot sequence §,. Let dist(3,, G(qp,§p)) = infyeni(q,.¢,) SUPwey | Bp(u) —g(u) |
be the Lo, -distance between (3, and G(gp,&p). The approximation error due to spline

approximation is given by

Pn def max dist(3,, G(gp, &p))-

1<p<d
V\{e use t~he notations ,éj = (le,..‘,ﬁjd)T, B; = (5;1,...,ﬂjd)T and ,éj =
(Bj1y- -+, Bja)T for methods j = 1,2, when we replace Y in expression (5.3.3) by
Vo= (VW V)T Y = (Vi YT and M= (M., Mj,)T with

Mj; = E(Y};|U;,X;) for 1 < i < n respectively. Note that E(8}|X,) = 8 for j = 1,2

?

where X, = {(UF,XT)T /1 < i < n}. See the Appendix for the definition of the
Lo-distance and for Assumptions A-D in Theorems 5.5.1 and 5.5.2.

Theorem 5.5.1. Suppose Assumptions A, B.1 and B.2 hold, then

”/él - B, =0y (n_lﬂm}n/ai + n_lm?n/ai)‘max + pn

+ sup {7’1(11, X) sup |é(t|u,x) — G(thu,x)| + H(u,x)}).
u,x t<71(u,x)
where k(u,x) is given by
¢£};?le [E {1{Z>T1(U,X)}|Z - QS(UaX, Z)HU =u,X = X}] .
If, further Assumptions B.3 and C hold, then

|\ﬁ2 — ,5’2||L2 =0, <n_1/2m,1n/azx +n /2 logn + n_lmfn/ai)\max + pn+

m;,;){Q [sup {Tl(u,x) sup |C¥(t\u,x) — G(tu,x)| + k(u,x) + ks (u, x)}] >

u,x t<71(u,x)
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where k,(u,x) is given by
E{1(zomwx) (Z = m(U,X, 2))" [ - A/G(Z]U, X)||U = u, X =x}.

Remark 5.5.1. If sup, , k(u,x) — 0, the tail-contribution is negligible and the trun-
cation device is justified. This condition was first introduced by Fan and Gijbels (1994)
and suggests taking T1(u,x) as a sequence converging to T (u,x). If, e.g. conditional
n (U,X) = (u,x), Y ~Exp(fux) and C ~Exp(v) are independent exponentially dis-
tributed random variables, then r(u,x) = O (n~%xlogn) by taking T1(u,x) = logn for
all u,x. As another illustration, suppose Y ~UI0, 64 x| conditional on (U,X) = (u,x)
and C ~U|0,v] are independent uniform random variables. After some tedious calcula-
tions we can show that k(u,x) — 0 for 71 (u,x) = n=}(n—1)0yx and Oy x < v. K, arises
similarly when method 1 is used to estimate o using the transformation with v = —1.

Remark 5.5.2. Suppose that each ﬁp is an r times continuously differentiable function
(1<p<d) ifqg=qy>r—1, Mpmax < n/ @+ and \ . < n* witht < (r—1/2)/(2r+
1), then |85 — Bpll, = Op(n _T/(QT“)) reaches the optimal rate of convergence for
nonparametric regression estimators. (Stone, 1992). The convergence rate of our P-

spline estimator B; is further influenced by the censored nature of the data.

Theorem 5.5.2 gives the asymptotic normality results of the P-spline estimator. The
variance-covariance matrix of 3;(u), conditional on &,, = {(UF X1 <i<n},is

given by,
Bu)(RTR + Q,)~ (Zo RRT) (R”R + Qx) "B (u), (5.5.1)

where 0% ; = Var(Y};|U;, X;).

Theorem 5.5.2. If Assumptions A, B.1, B.2 and D.1 hold, then, for all u, € U,, 1 <
p<d,

* -1 A d
(5.0 (81 p(up) | %)) ™" (Bro(up) = By(up) ) % N(0,1).
If Assumptions A, B, C and D.2 hold, then, for all u, € U,, 1 <p<d

(5'6' (/65,17(“27) | Xn))i1 (Blp(up) - BM)(W))) 4 N(0,1).
5.6 Practical aspects

5.6.1 Choice of the truncation points

We estimate the functional regression coefficients in VCM (5.2.1) by a combination of a

data transformation for censored data and the P-spline estimator for complete case data.
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The proposed data transformations involve an estimator of a distribution function. In
the presence of censoring, nonparametric estimators of a distribution function are often
inaccurate in the tail. To control this instability we use a truncation device that avoids
the generation of transformed data in the tail.

In a clinical trial, censoring is often due to the termination of the study and hence not
influenced by patient specific characteristics. In such situations the conditional survival
function of C' does not depend on the covariates, i.e. G(-|u,x) = G(-), and the Kaplan-
Meier product-limit estimator can be used to estimate the survival function of the censor-
ing variable C. Note that, when estimating the censoring distribution GG, the independent
but not identically distributed event times Y;,1 < i < n now play the role of censoring
variables. For such situation the uniform strong consistency of the Kaplan-Meier estima-
tor is still valid (see e.g. Zhou, 1991 and Bravo, 2014). If censoring is informative, but ¥’
and C are conditionally independent given U, X, the conditional (on U, X) distribution
of C, should be estimated in method 1, using, for example, the Beran (1981) estimator.
However this may cause problems with the curse of dimensionality and one may want to
consider a parametric or semi-parametric model for the censoring distribution instead.

In method 1, we do not transform data points when the observed response Z falls within
the truncation area (71,00). Choosing 71 too small implies that a lot of observations will
not be transformed. On the other hand when 7 is chosen too large, large transformed
responses are possible. In our numerical results we consider a censoring variable C' indepen-
dent of (U, X). We take 7 = inf{t|G(t) < 0.01} for method 1 and suggest to consider
all jumps of the Kaplan-Meier estimator ' in method 2 by taking S = max(El, .. ,E’n).

5.6.2 Smoothing parameter selection

Smoothing parameters are needed to control the amount of smoothing in the estimation
process and imply a compromise between bias and variance. Undersmoothing arises by
choosing too small values for the smoothing parameters, as a result, the bias will decrease
at the price of an increased variance. When the smoothing parameters are too large,
oversmoothing leads to a small variance but large bias (see Fahrmeir and Tutz, 2001, p.
187). Cross-validation (CV) is a popular parameter selection technique with complete
case data based on minimizing the prediction error. With censored data, the prediction
error cannot be calculated directly. We suggest to consider the transformed responses

and choose the smoothing parameter A that minimizes

n v T3, . 2
CV(N) = Z{Yj" 1}%}%(&)} :

i=1
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where h;; is the i-th diagonal element of the hat-matrix H = R(RTR+ Q) 'R7T. The
idea of using transformed responses in the prediction error calculation was also considered
in Fan and Gijbels (1994) and Wang et al. (2008) among others. In practice, CV () is
minimized over a d-dimensional grid of A-values. With P-spline smoothing it is advisable
to first consider a grid of the smoothing parameters on a logarithmic scale, which can
later be fine-tuned when a more accurate smoothing parameter is desirable. Note that
the P-spline estimator of 3, depends on the degree of the B-spline basis ¢,, the number
of knots K, + 1, the order of the difference penalty k, and the smoothing parameter
Ap. Cross-validation can be used to select several parameters, however, a good chosen
smoothing parameter for fixed values of g,, K, and k, will ensure a good fit. Cubic
splines and a second order difference penalty are frequently used. A change in one of the
parameters influences the choice of the other parameters, as a consequence, it is sufficient

to select the smoothing parameters and keep the other parameters fixed.

5.6.3 Transformation parameter selection in method 1

The transformation parameter v in method 1 determines the synthetic responses. We
suggest to choose 7 in a data-driven way. A cross-validation procedure can simultaneously
select the smoothing parameter A and transformation parameter v when we search over
a (d + 1)-dimensional grid.

A second selection technique for the transformation parameter y is based on the follow-
ing observation. For v = —1, all censored observations less than 7 are set equal to zero
(1 = 0), the uncensored observations are enlarged in order to compensate. If v increases,
we see that the variance of censored observations increases and that the enlargement of
the uncensored observations is less pronounced (see Table 5.5). Therefore, we propose to
select the transformation parameter ~ that minimizes the sample variance of the trans-
formed responses, denoted by the minimal-variance (MV) parameter 5. Compared
to CV-selection, the MV-selection procedure is appealing for being not computational

intensive.

5.7 Finite sample behavior

In this section, we illustrate the finite sample behavior of our proposed P-spline estimates
for VCMs when the observations are subject to random right censoring. Simulation studies
are used to address the following objectives:

1. Compare our P-spline method with the smooth-backfitting (SBF) approach of Yang
et al. (2014).
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2. Investigate the quality of the data-transformation methods given in Section 5.4.

3. Evaluate the cross-validation selection criterion for the P-spline smoothing param-
eters.

We consider three different simulation scenarios. The first model is also used in Lee
et al. (2012) and in Yang et al. (2014) and contrasts the performance between a spline
smoothing and kernel approach for model-independent data transformation techniques.
The second and third simulation model illustrate how model-dependent transformations
increase the performance of model-independent approaches. The main difference between
the two latter models is the nature of the random error terms which is homoscedastic in
Model 2 and hetereoscedastic in Model 3. Therefore, Model 3 also gives insight in the
quality of the variance estimation discussed in Remark 5.4.1. The simulation scenarios

are as follows:

Model 1: Y = m(U,X) + o(U,X)e = Bo(Up) + B1(U1)X1 + B2(U2) X2 +
(U, X)e, where Bo(u) = 1+ exp(2u — 1), B1(u) = 0.5cos(2mu), Bo(u) = u?
and 0(U,X) = 0.5+ (23 +23) /(1 + 2% +23) exp(—2+ (up +u1)/2). The variables
Uy, Uy, and Uy are sampled from a Uniform|[0, 1]-distribution, the vector (X7, X3)
is generated from a bivariate normal distribution with mean (0,0)" and variance-

105 "and the random error has a normal distribution centered

covariance matrix
around O with standard deviation { = 1 respectively ( = 1.5. The censoring vari-

ables are generated samples from a N(p., 1.5)-distribution.

Model 2: YV = m(U,X) + ¢ = 51(U1)X1 + B2(U2) X2 + &, where §1(u) =
2 +sin(27u), Ba(u) = 1+ 0.1exp(du — 1) with Uy, Uy ~ U[0,1] and (X7, Xa)' ~
N2 ((3,3), 7%21"% ’s;fa )) ¢ has a standard normal distribution and the censoring
variable has a uniform distribution on [6.5, R.].

Model 3: Y = m(U,X) + o(U)e = Bo(U) + 81(U)X + o(U)e, where Bo(u) =
2exp(—2u—u?)), B1(u) = 14+5(u—0.5)? and 02 (u) = a exp(—2u—0.4)/4 where
a = 1,2. We generate U from a Uniform[0, 1]-distribution and X from a normal
distribution with mean 1 and standard deviation 0.25; ¢ has a standard normal
distribution and C'is sampled from a N(f, 1)-distribution

The parameters . (in Models 1 and 3) and R. (in Model 2) are chosen to control the
level of censoring to PC = 10%,30% and 50%, respectively. No negative responses are
observed in these simulation set-ups in correspondence to our model assumptions. We
simulate 200 times a random sample of size n = 250,500 from Models 2 and 3. For
Model 1, we consider the exact same simulation settings as in Yang et al. (2014) and

generate 500 samples of sizes n = 200, 400.
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To evaluate the performance of the coefficient function estimates, we generate a uniform
test sample w1, ..., u101 in [0,1] for the random variables U; and calculate the values for

; and j3; in each simulation run. We then compute the relative error (RE) defined as

(fOI’ Bj)v
RE(B;) = [18; — Bjll2/11B;l2,
with 8; = (Bj(u1),....B;(wi01));8; = (Bj(u1),....B;(ui01))" and where || - |2 is

the Euclidean distance. For the performance of the regression function estimate 1, we
generate a test sample x; = (z1;,22;), 1 < j < 101, calculate m; = m(u;,x;) and
m; = 1m(u;,x;), and compute the relative estimation error RE(/) = || —m||2/|/m||2,
where m = (my,...,mio1) and th = (7hy,...,701). Tables 5.1- 5.2, Table 5.3 and
Table 5.6 report the RE for the three simulation models introduced above.

We smooth each of the coefficient functions 5; with B-splines of degree 3 on 10 equidis-
tant knots and use a penalty term with second order finite differences. The smoothing
parameters \; are selected in a grid of size 8?, where d equals the number of coefficient
functions in the different simulation models. The CV-smoothing parameters (Section
5.6.2) are compared with optimal smoothing parameters that minimize the relative esti-
mation error of the regression function m, referred to as the optimal selection criterion.
Moreover, we present results for the smooth-backfitting estimates, where the optimal
selection criterion is used to choose the bandwidths in a grid of equal size 8.

The simulation results, reported in Tables 5.1-5.6 and Figures 5.1-5.2, are discussed in
the subsections below. The first objective is considered in Section 5.7.1. The importance
of the transformation parameter selection in method 1 and the difference between model-
dependent and model-independent transformations (objective 2) are outlined in Section
5.7.2. Section 5.7.3 addresses objective 3 and deals with the quality of the CV-smoothing

parameter.

5.7.1 Comparison between P-spline and SBF-estimates

Yang et al. (2014) proposed a smoothing estimation approach for the VCMs with right
censored responses. Their technique is a kernel analogue of the model-independent
transformation method of Section 5.4.1 that combines an SBF-estimator with the
transformation method proposed by Koul et al. (1981) using v = —1. It is reasonable
to compare our P-spline estimates using transformation method 1 with v = —1 with
the method proposed by Yang et al. (2014) since in both approaches the transformed
response variable and covariates are the same. Table 5.1 and Table 5.2 therefore
contrast the RE of a P-spline and kernel smoothing approach for the simulation scenario
considered in Yang et al. (2014). The SBF-estimates of Yang et al. (2014) (SBF, M1k)
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perform often slightly better than the P-spline estimates with v = —1 (P-SPLINE, M1k)
in Model 1. In Model 2, the P-spline estimates, however, outperform the SBF-estimates
for PC = 10%, 30% (see Table 5.3).

In addition, we investigate the combination of an SBF-estimate with a data-driven
MV-transformation parameter, instead of with the transformation proposed by Koul
et al. (1981). The relative errors for both the P-spline and SBF-estimates decrease
considerably if v+ = —1 is changed to v = vy (see Tables 5.1-5.3). We conclude
from this decrease that the method proposed in Yang et al. (2014) can be improved
if a different transformation parameter is considered. Interestingly, the choice between
a P-spline smoothing or kernel smoothing approach has much less influence on the
behavior of the estimates than the transformation parameter that is selected for the
construction of the synthetic response. For the model-independent transformation
methods, both combinations of a P-spline or SBF approach with a data-driven trans-
formation parameter represent good choices for estimating the coefficient functions
in the VCM under right censored observations. As expected, the relative errors
in Tables 5.1-5.3 decrease with increasing sample size. On the contrary, an increase

of the relative errors occurs if the percentages of censoring or the error variability increase.

From a theoretical point of view, both our P-spline and the SBF-estimates of Yang et al.

2/5 to a normal limiting distribution for suitably chosen smooth-

(2014) converge at rate n
ing parameters in case the censoring distribution is known and in case the coefficient
functions are twice continuously differentiable (see Remark 5.5.2 and Lemma 1 in Yang
et al., 2014). The difference between the true and estimated coefficient functions depends
further on the approximation error of the censoring distribution for both P-spline and SBF-
estimates. Hence, the choice between our P-spline approach and the SBF method of Yang
et al. (2014) is hardly decided by the theoretical properties of the estimators. From a
practical point of view, we note that P-spline estimates are obtained using simple matrix
algebra whereas SBF-estimates require an iterative estimation procedure. The computa-
tions for the model-independent data transformation approaches took only a few seconds
for the P-spline estimates and the computation time was, on average, 22 times larger for
the SBF method than for the P-spline method in Simulation Model 2 (results not shown).

5.7.2 Findings on the transformation method

For the model-independent transformation method 1 of Section 5.4.1, Tables 5.1-5.3
show that a data-driven choice for the transformation parameter v decreases the RE of

the estimates compared to the choice v = —1. Moreover, Table 5.3 shows how the
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estimates for transformation method 1 with the transformation by Koul et al. (1981)
(v = —1) behave worse than the estimates that are obtained when censoring is ignored
(i.e. Z is considered as the true response). Consequently, we do not advise to use the
transformation approach by Koul et al. (1981). Similar relative errors are obtained with
the proposed data-driven transformations (MV and CV), with a slightly better result for
the CV-method when the percentage of censoring is large. The computation cost for CV-
selection is, however, considerably larger than for MV-selection. Therefore, we recommend
to use the MV-transformation parameter when method 1 is used to obtain the synthetic

response variable.

Table 5.3 and Table 5.6 report the performance of the model-dependent transforma-
tion method of Section 5.4.2 in case the initial starting estimates are obtained from the
model-independent transformation method using v = ;1. Transformation method 2
outperforms transformation method 1 for both the homoscedastic Model 2 and the het-
eroscedastic Model 3. Pointwise confidence bands of the P-spline estimates in Model 2
are illustrated in Figure 5.1. The curves show the 5% and 95% empirical quantiles at
each grid point u; and expose that the estimates obtained with method 2 are close to
the true coefficient functions, even though in theory, method 2 is estimating a slightly
different model. The results of method 2 are insensitive towards changes of -y in the initial
transformation (results not shown). Additionally, Figure 5.1 shows once more the poor

performance of the model-independent estimates using v = —1.

5.7.3 Behavior of the smoothing parameter selection techniques

Table 5.4 presents the ratio of the relative error for m obtained with CV-selected smoothing
parameters and optimal smoothing parameters in simulation Model 2 and illustrates that
the CV-procedure works reasonably well (the ratio is close to one). Figure 5.2 presents
scaled values of CV(A1, \2) and relative error of m for A; and Ay (in Model 2) varying in
1010:5:0.6,--,2.6} 3nd demonstrates that the size of the CV-selected and optimal smoothing
parameters are comparable. The behavior of both curves is similar. As a consequence the
CV-method tends to select smoothing parameters that minimize the relative regression
error for m. A data-driven bandwidth choice for the bandwidths of the SBF-estimates
was proposed in Yang et al. (2014) and based on their results in Table 4 on p. 243, their
comparison between the performance with optimal and data-driven bandwidth parameters

is similar to our comparison in Table 5.4.
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Table 5.1: Simulation Model 1: Average relative error for the estimates of the functions (F)

Bo, B1, 82 and m obtained with the P-spline estimator and the smooth-backfitting estimator

(SBF) with optimal smoothing parameters; using transformation method 1 (M1) (M1av: M1

with minimal-variability transformation, Mx: M1 with transformation by Koul et al. (1981) using

v = —1). n is the sample size, ( = s.d.(¢) and PC is the percentage of censoring.
P-SPLINE SBF
n C PC F M]-IVIV M].K M].]\,{V M].K
200 1 10 By |0.0374 0.0728 0.0424 0.0721
B1 |0.3303 0.7483 0.3555 0.7711
By |0.2147 0.5440 0.2074 0.4799
m 0.0742 0.1715 0.0781 0.1631
30 By |0.0539 0.1517 0.0574 0.1334
By |0.4443 1.3628 0.4856 1.3090
B2 0.3082 0.9922 0.2910 0.8652
m 0.1039 0.3189 0.1072 0.2853
50 B 0.0812 0.2594 0.0812 0.2232
By |0.6312 2.0543 0.6832 1.8961
B2 |0.4640 1.4777 0.4276 1.2512
m 0.1543 0.4898 0.1530 0.4208
15 10 By [0.0539 0.1020 0.0574 0.0938
By 0.4490 0.9118 0.4802 0.9152
B2 0.3028 0.7186 0.2791 0.6345
m 0.1034 0.2223 0.1049 0.2045
30 By |0.0707 0.1903 0.0714 0.1658
By |0.5513 1.5512 0.6005 1.4506
B2 0.3918 1.1901 0.3586 1.0379
m 0.1323 0.3792 0.1319 0.3330
50 B |0.1010 0.3069 0.0938 0.2648
By |0.7315 2.2477 0.7752 2.0514
B2 |0.5446 1.7031 0.4926 1.4363
m 0.1836 0.5545 0.1746 0.4740
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Table 5.2: Simulation Model 1: Average relative error for the estimates of the functions (F)

Bo, B1, 82 and m obtained with the P-spline estimator and the smooth-backfitting estimator

(SBF) with optimal smoothing parameters; using transformation method 1 (M1) (M1av: M1

with minimal-variability transformation, Mx: M1 with transformation by Koul et al. (1981) using

v = —1). n is the sample size, ( = s.d.(¢) and PC is the percentage of censoring.
P-SPLINE SBF
n C PC F M]-IVIV M].K M].]\,{V M].K
400 1 10 By |0.0265 0.0490 0.0316 0.0529
By |0.2433 0.5631 0.2693 0.5855
B2 |0.1581 0.3923 0.1559 0.3491
m 0.0539 0.1249 0.0583 0.1217
30 By |0.0374 0.1127 0.0424 0.0990
By |0.3268 1.0173 0.3599 1.0072
B2 0.2238 0.7260 0.2159 0.6332
m 0.0755 0.2385 0.0794 0.2152
50 Bo |0.0592 0.1954 0.0608 0.1706
By |0.4839 1.4747 0.5142 1.3873
By 0.3342 1.2063 0.3127 1.0467
m 0.1145 0.3803 0.1145 0.3332
15 10 By [0.0387 0.0700 0.0436 0.0693
B1 10.3360 0.6946 0.3606 0.7205
By |0.2234 0.5107 0.2066 0.4508
m 0.0762 0.1612 0.0787 0.1530
30 fBp |0.0500 0.1459 0.0539 0.1292
By |0.4177 1.2250 0.4506 1.1785
B2 |0.2851 0.9122 0.2627 0.7905
m 0.0975 0.2958 0.0985 0.2627
50 By |0.0735 0.2421 0.0721 0.2059
B1 |0.5633 1.7462 0.5967 1.5620
B2 10.3960 1.4647 0.3561 1.2511
m 0.1364 0.4618 0.1319 0.3909
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Table 5.3: Simulation Model 2: Average relative error for the estimates of the functions (F)
51, B2 and m obtained with the P-spline estimator and the smooth-backfitting estimator (SBF)
with optimal smoothing parameters; using transformation methods 1 (M1) and 2 (M2). Mlcy:
M1 with cross-validation transformation, M1y/v: M1 with minimal-variability transformation,
Mgk : M1 with transformation by Koul et al. (1981) using v = —1. Mz indicates the estimator
when no transformation is applied to the observed response (Z, A). n is the sample size, PC is

the percentage of censoring.

P-SPLINE SBF
n PC F M]-CV Ml]wv M].K M2 MZ M]-MV M].K

250 10 p/;  |0.0514 0.0519 0.1718 0.0424 0.0778| 0.0806 0.2127
B2 10.0674 0.0680 0.2218 0.0564 0.0876| 0.0983 0.2659
m 0.0260 0.0262 0.0740 0.0229 0.0474| 0.0355 0.0840

30 ;1 ]0.0856 0.0868 0.3522 0.0546 0.1704| 0.1164 0.4003
B2 10.1121 0.1131 0.4621 0.0730 0.1580| 0.1430 0.4853
m 0.0414 0.0419 0.1637 0.0303 0.1135| 0.0521 0.1675

50 f 0.1245 0.1322 0.7222 0.0862 0.2741| 0.1828 0.7120
B2 10.1612 0.1716 0.9379 0.1137 0.2266 | 0.2029 0.8216
m 0.0684 0.0742 0.3867 0.0571 0.1820| 0.0830 0.3409

500 10 i |0.0367 0.0366 0.1230 0.0301 0.0641| 0.0653 0.1549
B2 10.0482 0.0481 0.1604 0.0394 0.0724| 0.0783 0.1961
m 0.0188 0.0190 0.0557 0.0157 0.0433| 0.0274 0.0679

30 ;1 ]0.0608 0.0605 0.2713 0.0361 0.1612| 0.0914 0.3172
B2 10.0800 0.0796 0.3598 0.0484 0.1493| 0.1092 0.3925
m 0.0301 0.0300 0.1276 0.0207 0.1106| 0.0411 0.1412

50 i1 ]0.0997 0.1070 0.6291 0.0667 0.2682| 0.1552 0.6224
B2 10.1365 0.1460 0.7931 0.0923 0.2240| 0.1722 0.6943
m  0.0539 0.0620 0.3652 0.0465 0.1812| 0.0716 0.3146
average relative error based on true (unobserved) responses with the
P-spline estimate for: n = 250: 31: 0.0400; 35: 0.0534, m: 0.0217 and
n = 500: By: 0.0375; B5: 0.0287, m: 0.0145
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Table 5.4: Simulation Model 2: Average ratio of RE(7) based on Acy and Agp for the
P-spline estimates using transformation methods 1 (M1) and 2 (M2). Mlcy: M1 with cross-
validation transformation, M1,;v: M1 with minimal-variability transformation, Mg: M1 with
transformation by Koul et al. (1981) using v = —1. n is the sample size, PC is the percentage

of censoring.

n = 250 n = 500
PC Mlcy M1y Mlg M2 | Mlcy Mlyy Mlg M2
10 1.2126 1.2152 1.3705 1.1529(1.2028 1.1959 1.3234 1.1462
30 1.2349 1.2281 1.4376 1.1342]1.2563 1.2560 1.3614 1.1620
50 1.1688 1.1589 1.2220 1.0875|1.1686 1.1354 1.1328 1.0705

36

(C)) (b)

Figure 5.1: Simulation Model 2: Pointwise confidence bands for the P-spline estimates of the
regression parameter functions (black, solid) (a) 81 and (b) B2 obtained with method 1 (y = —1)
(green, dashed dotted), method 1 and yayv (blue, dotted) and method 2 (red, dashed) for
n =500 and PC = 30%.

5.8 Real data example: Addict data

In a study by Caplehorn and Bell (1991), data were collected on a cohort of 238 heroin
addicts, who entered maintenance programs between February 1986 and August 1987, to

study retention of patients in methadone treatment. All patients had been referred to
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Table 5.5: Simulation Model 2: Responses transformed with method 1 (M1) for different choices
of v and method 2 (M2) for PC = 10% and PC = 50% for n = 250. Uncensored observations

are indicated by black dots, censored observations are indicated by red asterisks.

10% 50%

M1(y=-1) g
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Figure 5.2: Simulation Model 2: (a) CV (red,solid) and relative regression error (blue, dashed)
curves for Ay € 1010-5:0-6:---2:6} 3nd for A, minimizing CV resp. relative error. (b) CV (red, solid)

2.6}

and relative regression error (blue, dashed) curves for A2 € 1010:5:0.6,.. and for A1 minimizing

CV resp. relative error. The black asterisk indicates the minimal value. The curves are based on
one simulated data set of size n = 500 and PC =30% using method 1 with MV-transformation

parameter.

one of two methadone treatment clinics for maintenance. Methadone is a drug similar to
heroin which prevents or reduces withdrawal symptoms when a patient stays off heroin.
Patients detoxifying from methadone maintenance soon return to illicit opiate abuse, and
methadone is only beneficial to addicts in treatment. The main objective of the study was
to investigate the effectiveness of treatment programs based on the time an addict spends
in a clinic, the larger this duration time the more effective the therapy is. The response
is the duration time T (in days) of heroin addicts from entry to a clinic until departure or
end of study period; 150 out of the 238 patients left the clinic during the study period,
the remaining 88 patients still in the clinic at the end of the study period are censored
cases. We focus on the effect of clinic (C', 1= clinic 1, 0 = clinic 2) and a history of
imprisonment (P, 1= yes, 0= no) on the time remaining on methadone treatment in a
VCM where the coefficients vary with the maximum methadone dosage (M, in mg/day),

i.e.

E(T|M,C, P) = Bi(M) + Ba2(M) x C + f5(M) x P.
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Table 5.6: Simulation Model 3: Average relative error for the estimates of the functions (F)
Bo, B1,m and o obtained with the P-spline estimator using method 1 with minimal-variability

transformation (M1) and method 2 (M2). n is the sample size, PC is the percentage of censoring.

n: 250 500
PC: 10% 30% 50%| 10% 30% 50%
« M F

1 M1 /5 |0.1984 0.3393 0.5431|0.1392 0.2731 0.3891
B2 10.1371 0.2502 0.4077|0.0995 0.2021 0.2868
m 0.0411 0.0781 0.1328|0.0306 0.0614 0.0956

M2 3; |0.1494 0.2294 0.3778|0.1024 0.1780 0.2735
B2 10.0983 0.1769 0.3048|0.0694 0.1399 0.2178
m 0.0309 0.0580 0.1063|0.0228 0.0456 0.0775

2 M1 5 0.2274 0.3647 0.5532|0.1624 0.2787 0.4053
B2 10.1538 0.2682 0.4139|0.1127 0.2045 0.3011
m 0.0468 0.0847 0.1371]0.0355 0.0642 0.1012

M2 3 0.1899 0.2591 0.3880(0.1336 0.1939 0.2811
B2 ]0.1224 0.1954 0.3096 |0.0874 0.1463 0.2255
m 0.0383 0.0655 0.1109|0.0290 0.0491 0.0819

M1 o2 |0.2006 0.3398 0.7071|0.1594 0.2896 0.4480
M1 o2 |0.2158 0.3186 0.4803|0.1674 0.2623 0.3658

We present results for a homoscedastic model based on method 2 only, since method 2
outperformed method 1 in our simulation study and since similar results were obtained
with a hetereoscedastic model. We smooth the coefficients by P-splines of degree 3
on 15 equidistant knots with a second order difference penalty. The initial estimate for
the regression coefficients is obtained using the first method and an MV-transformation
parameter (ypry = —0.2). The smoothing parameters (A = 50, A = 250 and A3 = 100)
were selected by cross-validation on a logarithmic scale. Figure 5.3 presents the resulting
estimated mean survival time obtained with transformation method 2 . Only in the second

clinic doses above 80 mg/day were given to the patients, however our model reveals that
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these doses no longer result in larger duration times. This finding could not be obtained
if a linear term was considered for the methadone effect. For small methadone doses, the
estimated mean survival time is similar for all patients but when the dosage increases, the
second clinic tends to do a better job in retaining its patients under treatment. Figure
5.3 also shows that the length of time in treatment is shorter for patients with a history

of imprisonment.

—— Clinic=1, Prison=No

1000 ---  Clinic=2, Prison=No e T =Ll
= | Clinic=1, Prison=Yes 7 h
>\ L P - H = ’ ‘
& 800 - Clinic=2, Prison=Yes
E
(O]
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c
§e)
S 400 -
>
[a]

200 4 =

T T T T 1
20 40 60 80 100
methadone dose (in mg/day)

Figure 5.3: Addict data. Fitted P-spline regression function with method 2 using method 1 with
YMV = —0.2 and )‘I,CV = 50,)\2’0\/ = 2507 AB,CV = 100.



Chapter

Avenues for future research

The algorithms in Part | for modeling a relationship under a monotonicity constraint
all depend on the behavior of a cube-root n statistic. Chapters 2 and 3 focus on the
MLE of the distribution function under current status data. The LSE of the monotone
link function determines the behavior of the regression parameters in the single index
model of Chapter 4. Extensions of our techniques to other cube-root n statistics can
be investigated. In this Chapter, we therefore outline some possible avenues for future

research that are related to Part | and Part |l of this thesis.

The most prominent question that arises with this research concerns the asymp-
totic behavior of the MLE in the current status linear regression model and the LSE
of the monotone single index model. In our attempts to understand the theoretical
properties of these estimators, we were always confronted with difficulties that arise when
the non-differentiable cube-root n estimator for the nuisance function appears in the
optimization criterion for an M-estimator. These problems for the maximization approach
were circumvented in the score approach of Chapter 2 and Chapter 4. Simulation
results also gave no clear insight in the convergence rate of the estimators. Some
experiments were in favor of the parametric /n-rate whereas other trials suggested a
slower convergence rate. Nevertheless, it remains an interesting topic to understand the
behavior of the classical MLE for the current status linear regression model and the LSE

for the monotone single index model.

The behavior of the MLE of the distribution function under current status data
has been investigated extensively. A lot less is known for the more challenging interval

133
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censoring type 2 model. In this setting, one observes an inspection interval (T,U)
together with the information whether or not the event time of interest Y lies before
the first inspection time T, inside the interval (T, U) or after the second inspection time
U. The MLE of the distribution function of Y is defined by the maximizer of the log
likelihood given by

n

UF) =" [Aulog F(T;) + Applog{F(U;) = F(T;)} + A log{1 — F(U:)}],
i=1

where Aj1 = iy, <ny, Die = Lircy,<viy and Az =1 — Ay — A for 1 <i <n.
A distinction can be made between the separated and the non-separated case. In the
separated case one assumes that 7' is strictly smaller than U. For this case the asymptotic
limit distribution of the MLE of F;, was derived in Groeneboom (1996). On the other
hand, in the non-separated case, the observation intervals can be arbitrarily small and
the asymptotic distribution of the MLE has only been conjectured without a complete
proof in Groeneboom and Wellner (1992). A transition from the convergence rate n=1/3
for the separated case to the rate (nlogn)~'/3 for the (conjectured) non-separated case
quantifies the small gain in performance when observation intervals (T;,U;) are allowed
to have arbitrarily short lengths. So far, this conjecture is still not proved and extending
our results for the non-separated case will be more challenging than for the separated
case. Nevertheless, our algorithm to estimate a regression parameter in a linear regression
model under censored data can be implemented for interval censoring type 2 and would
lead to the study of the score function

Z ‘ Ailfn,a(Ti -a’X;) n AiQ{fn,a(Ui —alX;) - fna(Tz -aTX,)}
i, | FalTi—aTX) Foa(Us — a7 X,) — Fyo(T, — a7 X))
B AizfraU; — aTX;)

1-— Fn,a(Ui — OtTX,') ’

where Fnya is the MLE of the distribution function for fixed ¢, fma is an estimate of
the density, and A,, o is a well-defined truncation interval to avoid division by zero in
the above score expression. Deriving the behavior of score estimators of the regression
parameter in a linear regression model under interval censored data is worth studying in
further research. For the density estimate fn,a, a kernel-based smooth version of the
MLE Fn,a can be considered in the same way as the smoothing approaches introduced
in Chapter 2 and Chapter 3. This immediately points out a possible extension of the
results presented in Chapter 3, namely investigating the behavior of (smooth) bootstrap
procedures for the distribution function under interval censoring type 2. The limiting

distribution of the Smoothed MLE for the separated case, obtained in the same way as
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the SMLE in Chapter 3 is conjectured in Groeneboom and Ketelaars (2011). Proving
that this conjecture holds is the first step towards developing the results of Chapter
3. The quality of the bootstrap procedures for interval censoring type 2 is still unexplored.

Furthermore, the MLE for the separated interval censoring type 2 model is not
the only cube-root n statistic that can be explored in the setting of Chapter 3. In
monotone density estimation, one could define a smoothed version of the Grenander
estimator (introduced in Section 1). The isotonic link function in the monotone single
index model of Chapter 4 can also be extended similarly. Deriving the limiting distribution
of these smoothed monotone estimators or investigating applications of the bootstrap
in order to obtain confidence intervals for the corresponding monotone functions are
interesting avenues for further research. Moreover, the asymptotic behavior of the
smooth derivative estimate introduced in Section 4.3.2 is still unknown. We expect that
the methods introduced in Chapter 3 behave similarly in these monotone density and

single index model settings.

Another interesting extension of the research in Chapter 3 is the construction of
confidence bands for the distribution function instead of the currently proposed pointwise

Cls. Note that our main results do not imply that

E{ sup nl/?"ﬁ‘,’{(t)—Fo(t)”Zl,...,Zn} = 0,(1).
te[0,M]

A bound on sup;c(o nl/?"ﬁg(t)—FU(t)” would be needed for confidence bands
instead of our pointwise Cls. Such bounds would, without a doubt, contain logarith-
mic factors. The idea is that the process ¢ — n'/3{F(t) — Fy(t)} will fall apart
into asymptotically independent pieces, and that we therefore expect Gumbel-type
distributions to enter, via the maximum of independent random variables. The
theory for this still has to be developed, however. What strike us in the present
simulation studies is how comparatively well the global behavior of our pointwise Cls
still was, indicating that the extra logarithmic factors do not have such a very large impact.

Instead of kernel smoothing techniques, we used P-spline smoothing in Part II. It
is therefore interesting to develop theory for smoothed versions of the monotone
estimators of Part | using splines and to contrast the performance between kernel and

spline estimators of the monotone functions.

For data subject to right censoring, the synthetic data approach discussed in Chapter 5



136 CHAPTER 6. AVENUES FOR FUTURE RESEARCH

is considered for heteroscedastic models. We did not consider variance-based weighting
in the estimation of the mean regression curve. Although it is common practice to use
weighted least squares when heterogeneity is present in the data (e.g. for non-censored
data, Shen et al. (2016) use reweighting for heteroscedastic VCMs), Antoniadis et al.
(2012) show the good performance of P-spline estimators in VCMs with non-censored
data even if the heteroscedasticity is ignored in the estimation process. How to bring
in variance-based reweighting in the estimation process and studying the impact of
reweighting on the quality of the P-spline estimators in heteroscedastic VCMs is a

challenging open problem.

Finally we note that the VCM of Part Il for right censored observations can be
considered for interval censored observations as well. For the data transformations
that require estimation of the underlying error distribution, the cube-root n MLE
can be considered. The Kaplan-Meier estimator (Kaplan and Meier, 1958), which is
the MLE for right censored data, converges however at a faster \/n-rate because of
the fact that one has actual observations in addition to the censored ones. Since all
observations are censored in the current status model and the interval censoring type 2
model, additional complexities are to be expected. The method proposed by Buckley
and James (1979), which is the second transformation method in Chapter 5, has been
implemented for interval censored data by Rabinowitz et al. (1995) but more work is still
needed to understand the theoretical properties of this estimator. The construction of
model-independent data transformations has also been considered in Zheng (2008) for a
linear regression model under interval censored data. Finding, for interval censored data,
appropriate transformations for inference in VCMs is an unexplored interesting open

question.
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Appendix

Current status linear regression

- Appendix

We give the proofs of the results stated in Chapter 2 on the asymptotic behavior of the
simple score estimator &1, (SSE), the efficient score estimator &s,, (ESE) and the plug-
in estimator &g, for the regression parameter a in the current status linear regression
model (1.1.3). The proofs for each method are given in Sections A.2, A.3 and A.4. To
simplify the notations we drop the index j = 1,2,3 in oy, representing the different
techniques.

Entropy results are used in our proofs. Before we prove the results we first give some
definitions and an equicontinuity lemma needed in the proofs.

Consider a class of functions F on R and let Ly(Q)) be the Ly—norm defined by a
probability measure QQ on R, i.e. for g € F,

lgllze = / #d0.

For any probability measure Q on R let Ng({, F, L2(Q)) be the minimal number N for
which there exists pairs of functions {[gF,¢¥],1 < j < N} such that [|g¥ — gF|lz, < ¢
for all 1 < j < N and such that for each g € F thereis a j € {1,..., N} such that
gF < g <gy. The (—entropy with bracketing of F (for the Ly(Q)—distance) is defined

as Hp(¢,F, L2(Q)) = log(Np((, F, L2(Q))).

Lemma A.0.1 (Equicontinuity Lemma, Theorem 5.12, p.77 in van de Geer (2000)). Let
F be a fixed class of functions with envelope F in Ly(P) = {f : [ f?dP < co}. Suppose
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that .
/ HY2(u, F, La(P)) du < oo,
0

where Hp is the entropy with bracketing of F for the Lo-norm. Then, for all n > 0 there
exists a § > 0 such that

lim sup P (sup[(;ﬂ\/ﬁ/(f - g)d(P, — Ry)| > 77) <,

n—oo

where

(0] ={(f,9) - If —gll <6}

A.1 The maximum likelihood estimator [, ,

In this section we prove Lemma 2.3.1. We first prove in Lemma A.1.1 some entropy

bounds needed in the proofs.

Lemma A.1.1. Let
F={(z,t)~ F(t—a’x): F € Fy,a € O},

where Fy is the set of subdistribution functions on [a,b], where [a,b] contains all values
t—alx fora € ©, and (x,t) in the compact neighborhood over which we let them vary.
Then,

SupEHB (E7I7 L?(PO)) = 0(1)’
e>0

Furthermore, let
G={(z,t) = g(t—a’®): g€ Gy,a € O},

where Gy is a set functions of uniformly bounded variation, then

51;13 eHp (e,G, La(FPy)) = O(1). (A.1.1)
Proof. We only prove the result for the class F since the proof for the class G can be
obtained similarly.
Fix € > 0. We first note that © can be covered by N neighborhoods with diameter at
most 2 where N is of order e72¢. Let {a,...,an} denote elements of each of these
neighborhoods. Consider an e-bracket [FJ-L,F]-U], 1 < j < N’ covering the class Fy such
that

{ / (Y () — FE(u))? fr_ar x (u) du}“ .
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for 1 < j < N’. The existence of such an e-net is assured by the fact that fr_,rx is
bounded above (uniformly in ). The number N' is of order exp(C/¢) for some constant
C (See e.g. van de Geer (2000), p.18). Let a; be chosen such that ||a; — | < €2,
where || - || denotes the Euclidean norm. Then:

t—ajTa:—eQRSt—aT:czt—afas—(a—aj)T:BSt—a?az+52R,

where R is the maximum of the values ||x||. This implies that for each F' € Fy and
a € 0,
FE(t — a]Tw —?R) < F(t—a'z) < FY(t - aJT:c +£%R),

forsome 1 <7< N’ and 1 < j < N. The result of Lemma A.1.1 follows if we can show
that

1/2
{/{EU(t - aJT:c +&e*R) — FF(t — a?m — e?R)}2dG(x, t)} Se. (A.1.2)

By the triangle inequality we get that the left-hand side of the above equation is bounded
by

{/{F(t —ojw—R) -~ Fi(t - ofw - SR)} dGe, t)}l/Q
+ {/{F,p(t —aTa +2R) — F(t — o’z +£’R)}? dG(az7t)}1/2
+ {/{F(t —alz+2R) — F(t — ala — 2R))2 dG(:c,t)}l/Q

<e+ {/{F(u +&*R) — F(u— 52R)}QfT_a]rw(u)}1/2 .

2

Let ug = a — €2R < uq, - < Um = b+ 2R, be points such that uy, — up_; = €
1<k<m-—1, tpy — tUm_1 <2 Then:

JF@ 2R - Plu= 2R fr_arx(w)du
< [Pt eR) = Flu- 2R) frarx(w) du

<M /{F(u +e2R) — F(u—£2R)} du

b+e?R b—e’R
=M F(u)du— M F(u)du
a+e?R a—e?R
a+€2R b+62R
<M F(u)du+ M F(u)du < €%,

a—e?R b—e2R
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where M is an upper bound for fr_,rx, and where we extend the function F' by a
J
constant value outside [a,b]. This completes the proof of (A.1.2) since we have shown

that there exist positive constants Ay, As, Az and C such that

Hp (g, F, Lo(Py)) < log N 4 log N’ < dlog(A; /e?) + Az log(exp(C/e))
< As/e
= O(log(1/e)) + O(1/e) = O(1/¢e), el 0.

Proof of Lemma 2.3.1. Let h denote the Hellinger distance on the class of densities P
defined by

P = {pa,r(m,t,0) = 6F(t — oaTx)+(1-0){1-F(t—aTz)}: FeFyac o},

w.r.t. the product of counting measure on {0,1} and the measure dG of (X,T), where

Fo is the class of right-continuous subdistribution functions.

We have (see e.g. the “basic inequality” Lemma 4.5, p. 51 of van de Geer (2000)):

2p 2
h2 (p a y P ) S / ETne d(P,, — Po ,
a,Fpy o ,Fou pa,ﬁ,ha + pa,FQ ( n )

where we use the convexity of the set of densities of this type for (temporarily) fixed c.
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Hence we get, for € € (0, 1]:

IP>{sup h (pa s ,pa,Fa) > e}
acd

2p
=P sup /{¢71}d(mfpo)
€O, Po,Fpo T Para

h(pa‘pn,a P Foy ) >e

- h2 (pa,ﬁ‘nﬁaapa,[«‘a)} > 07 SIGIF()) h(pa Fn o) pa,Fa) > 6}
a

2p
<P Sup /{$71}dp ~ P
{ acO, { Pa,r +pa,FQ ( " O)

FeFo,h(p
- h2 (pa,Fv pa,FQ)} 2 0}

< P su n/{“’F—l}dIP’n—P
> { p N o ( )

=0 a€cO, FeFy,
)<2otte

a,F’pDL,FQ)ZE

256Sh(pa,F,pa,Fa

> \/522%2},

We can now use Theorem 5.13 in van de Geer (2000), taking e = Mn~'/3 a=1,4=0
and T = /n2%%¢? = M2%°n~1/6 together with Lemma A.1.1 for the entropy of the set

of densities to conclude:

> 2
ZIP sup f/{ Do _1}d(Pn_PO)
s=0 ozFeraFa

o€, FeFy,
; +1,
26€§h(pa,F’pa,Fa ) =2°

>/n 22%2},
< Z c1 exp(—co M2%%)
s=0

for constants ¢y, co > 0. Since the sum can be made arbitrarily small for M sufficiently

large, we find:

sup h (pa B 7pa,pa) =0p (”71/3) .
ac®
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We have:

2 2
N _1 1/2 . 1/2
B (Pt s Pare) = 2/{pmﬁm(m,t,l) P2 (@t 1)} dG(a,b)
2
+3 [ {3 @0 -2 @e0) dee

o, P o

T \1/2 orovy2) 2
ne(t—a'x) Fo(t—a'x) dG(x,t)

E
+ % / { (1 — Fnya(t — aTm))1/2 — (1 — Fo(t — OéT33))1/2}2 dG(z, ),

and
A 2
[ {Fuatt -~ a2) - Falt ~ oT2)}" dGta1)
A 2
= / {Fn,a(t - aT$)1/2 — Fa(t — CITCC)I/2}
A 2
~ 2
2
< 8h (ppn)a,ppa) .
So we find:

zlé% / {Fn’a(t —alx) — Fat — aTa:)}2 dG(z,t) = O, (n_2/3> .

A.2 Asymptotic behavior of the SSE

This section contains the proof of Theorem 2.4.1 stated in Section 2.4.1 of the thesis.
The proof is decomposed into three parts: (a) proof of existence of a root of 11¢ , (b)
proof of consistency of &, and (c) proof of asymptotic normality of \/n(&, — ap). We
first prove the properties given in Lemma 2.4.1 of the population version of the statistic
Y1e,n defined by

Y1) = / x{0 — Fo(t — a’x)} dPy(x,t,0)
Fo(t—aTx)ele,1—¢]

_ / 2{Fo(t — ala) — Falt — aTa)} dG(m,1).  (A2.1)
Fo(t—aTx)ele,1—¢]
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Proof of Lemma 2.4.1 . We first note that
bre(ao) = / 2{E{A(X.T) = (2.1)) - Rt - of'2) } dGa. 1)
Fo(t—al'z)ele,1—¢]
p— O’

since E{A|(X,T) = (z,t)} = Fo(t — al'z). We next continue by showing result (i).
Since
E(AT—a"X =t—a'z) = Fa(t — o' z),

= Cov (A, X|T —a” X =) fr_qrx(u)du
Fo(u)Ele,1—€]

= / Cov {X,Fo(u + (a — ap)T X) ’ T-a'X = u} fr—arx(u)du
Fo(u)€le,1—¢]

= / :z:{Fo(t —alx + (a—ap)Tx) — Fult — aTm)} dG(z,t)
Fo(t—aTx)Ele,1—¢]

:/ m{Fo(t—aOTa:) —Fa(t—aTw)} dG(z,t) = Y1e(a).
Fo(t—aTxz)ele,1—¢]
For the second result (ii), we write:

(a—ap)"Cov (A, X|T—a” X =u)
=Cov(Fy(T—a" X + (e — )" X), (¢ — )" X|T — o' X =),
which is positive for all a, following from the fact that Fj is an increasing function.

Indeed, using Fubini’s theorem, one can prove that for any random variables X and Y
such that XY, X and Y are integrable, we have:

Cov{X,Y}=FEXY - EXEY
_ /{IP’(X > 5 Y > 1) — P(X > $)P(Y > )} dsdt.
Denote Z; = (a— )T X and Zy = Fy(u+ (a— )T X) = Fy(u+ Z1). For simplicity
of notation we no longer write the condition T — a” X = u but note that the results

below hold conditional on T'— a” X = u. Using the monotonicity of the function Fy, we
have:

]P)(Zl Z 21, ZQ Z 2’2) = P(Zl Z max{zl, 22})
Z ]P(Zl Z max{zl, 22})P(Z1 Z min{zl, 22})
=P(Z, > 21)P(Z2 > 22),
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where
Zy = Fy H(22) — u.
We conclude that
Cov (Fp(T — " X + (a — )" X), (o — ag) " X|T — o' X = u)
= /{]P’(Zl > 21,722 > 29) —P(Z1 > 21)P(Z2 > 22)} dz1 dze > 0,

and hence (ii) follows from the assumption that the covariance Cov(X, Fy(u + (o —
a0)TX)|T —a® X = u) is not identically zero for u in the region A, 4, for each a € O,

implying:
Eea [Cov (A, X|T — o’ X)]
:/ Cov (Fo(T — " X + (a — )" X), (o — )" X|T — a" X = u)
Fo(u)€le,1—€]

. fT—aTX (u)du

> 0.

[Uniqueness of au:]

We next show that a is the only value av. € © such that E. o [(a — aw.)T Cov(A, X |T —
aTX)] > 0 for all « € ©. We start by assuming that, on the contrary, there exists
oy # o in O such that

(o — )T Y1e(a) >0 and (o — )T Y1 (a) >0 for all a € O,

and we consider the point & € © given by

The existence of the point & is ensured by the convexity of the set ©. For this point, we

have:
(& — ap)Thre(@) = —(& — ) Yr(@),

which is not possible since both terms should be positive and 11.(&) is not equal to zero
(since, by the assumption that the covariance Cov(X, Fy(u+(a—ag)T X)|T—a® X = u)

is not identically zero for w in the region A, o, 11¢(cx) is only zero at o = «xg.)
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We now calculate the derivative of ¥1. at & = ag. We have:

V() = a% / 2{5 — Fu(t — a"2)}dPo(w, t,5)
(e)<t—aTax<Fi;'(1—¢)

0

da /F;1<e)<taTm<F;1(1e>

Fal(l—e)
S [ e Rt (@ 0o Fa)} fxgrarx (e

de Ju—rz' ()

2{Fy(t — alx) — Fo(t — aTx)} dG(x, 1)

Fr—arx(u) dedu

Ll(1-e)
/ . / {z {Fo(u+ (a—ag)"@) — Fa(u)} fx|r—arx (x|u)

Fr_arx(u)} da du
{aF 1—6}/ {Fo(F'(1—€) + (a—ag)'x) — (1—¢)}

Sxir—arx (@ Fy (1= ) fr_arx (Fy' (1 —€)) da

—{ }/ {Fo(F, (a—ag)'z)—€}
xir—arx (®|Fy ' (€) froarx (Fy ' (€)) da.

Note that if & = o, we get:

idan) = [ F(()) [ o {# (Botu+ (@ - a0)Te) - Faw)}

'fXIT—aTX(m\U)fT—aTX(U)H dudx.

a=og
Since the last two terms vanish because the integrands become zero in that case. Note
that
9 T
%Fa(u) = [ yfolut+ (a— ) Y)fx|r-arx(ylu) dy

0
+/F0(U + (o — Oéo)Ty)%fX\T—aTX(y\u) dy,
implying that, at a = «,
0

SFalu)| = fo(EX|T - af X = u).

a=ao

Since

o (1—e)
/ [ele-BXIT - af X =)} Lxiragx(aln) folw) frapx(widwdu

=Fy'(e)

Lemma 2.4.1 now follows. O
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A.2.1 Proof of existence of a crossing of zero

Proof of Theorem 2.4.1, Part 1 (Existence of a root). Consider the score function

Yren(a) = /F 2{6 — Foalt — alx)) dP,(,1,6),

oo (t—aTa)Ele,1—€]

where ﬁ’n,a is the nonparametric maximum likelihood estimator (MLE) of the error dis-
tribution. According to the discussion in Section 2.4.1 we have to show that there exists

a point &, such that
Vrenl@) = [ 2{6 = Fralt — a’a)} dPy (a,1,0),
Fn,a(t_aTa?)e[e,l—E]
has a zero-crossing at a = &,,. We have:

Pien(a) = / w{5 — Fo(t — aTw)} dP, (z,t,9)
B, o(t—aTx)ele,1—¢
+ / e{Fo(t—a'z) - Fro(t— a’z)} dP,(z,t,0)
o o(t—aTx)ele,1—¢

:/ 26 — Fa(t — aTa)} dP,(x,1,0)
Fn,a(tfaT:c)E[e,lfe]

+/ e{Fo(t —a’z) — Fy ot —a’z)} d(P, — Py)(,t,0)
Fp o (t—aTx)Ele,1—€]

+ / w{Fa(t —alx) - Fma(t — aT:v)}dPo(a:, t,0).
E

An,a(tfaTm)G[e,lfe]

(A.2.2)

Let F be the set of piecewise constant distribution functions with finitely many jumps
(like the MLE F}, &), and let, for a € ©, K be the set of functions

K ={(x,t,6)— x{6 — Fal(t — aT:c)}l[671_€] (Ft—a'z)): FeF,ae0}.
We add the function
(z,t,6) = {6 — Falt—a' )} 1_q (Falt — a'z)),

to K. We denote by Hp (¢, K, L2(Py)) the bracketing (-entropy w.r.t. the Lo-distance d,
defined by

d(ky, k2)? = / k1 — kal|* dP, ki, ks € K.
Note that

33{5 - Fa(t - aTm)}l[e,l—e] (F(t - aTw)) = fl,a(w7t75)f2,a(w7t7 5)»
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where

fla(@,t,0) =x{6 — Falt —a’x)},
and

foa(®,t,0) = 1[c1-¢ (F(t - aTa:)) )

Since t and x vary over a bounded region and, by Assumption A4, F, is of bounded

variation, fi o is of bounded variation. Moreover,
fra(@ t,6) =11_q (Ft—a’@)) =11y (Ft —a’®)) = 1g_cq (F(t —a'x)).
Since I is monotone, we have:

Ly (F(t = @"@)) = 1a—cq) (F(t — a"2))
= ]‘[CLF,F,M] (t — OtT:B) — 1(b5‘p,M] (t — aTa:), (/_\2_3)

T

for points a. r < b, where M is an upper bound for the values of t — o' . Hence

f2,0 is also a function of uniformly bounded variation.
We therefore get, using Lemma A.1.1, that

sup CHB (CaIC7L2(P0)) = 0(1)7
¢>0

which implies that
¢
/ Hp (u, K, La(Py))'? du =0 (¢12), ¢ >0,
0
This implies:
/ {5 — Fo(t — aTx)} dP,(2,t,0)
Fy o(t—aTx)ele,1—€
:/ z{0— Fa(t—a’z)} dPy(,t,0)
Fn,a(t*aT )Ele,1—€]
+ / z{6 — Fa(t—a’x)} d(P, — P)(x,t,0)
Fp o(t—aTx)ele,1—¢]

= / z{6 — Fa(t —a’z)} dPy(z,1,0)
Fo(t—aTx)ele,1—¢€]

+/ {6 — Fa(t — aT2)} d(Pn — Po)(x,1,6) + 0,(1)
Fo(t—aTx)ele,1—¢]

= 1e(a) + Op(1)7
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uniformly in @ € ©, by the convergence in probability (and almost surely) of ﬁ’n,a to
F,, where we use Lemma A.0.1 for the second term on the right-hand side of the first
equality to make the transition of the integration region F, o(t — a”x) € [¢,1 — €] to
Fo(t —alz) €le,1— €.

For the second term of (A.2.2) we argue similarly, this time using the function class

K' = {(w,t,é) — :B{Fa(t —alx) - F(t— aTa:)}l[eyl,e] (F(t — aT:B)) :
FeF, ac0},

to which we add the function that is identically zero. This implies that these terms are
op(1). For the third term of (A.2.2) we get by an application of the Cauchy-Schwarz
inequality that, uniformly in «,

/ z{Fu(t — o’x) — Fpo(t — a’'z)}dPy(x,t,0)
Fn,a(t_o‘Tm)e[evl_e]

<(/ |2 dPy(a,t.5)
Fr o(t—aTaz)ele,1—¢

1/2
. / (Fa(t — aTx) — B, o(t — a2)} dPy(x, 1, 0)
Fp o (t—aTx)ele,1—€
= 0,(n~'1?).
The conclusion is that

wle,n(a) - ¢16(a) + Op(]-)a

uniformly in o € ©.
[Existence of &,:] Let 11, be the population version of the statistic 1., defined by
(A.2.1). We have:

1e(ap) = 0.
Furthermore,
V1en (@) = ¥ (ao)(a — ap) + Rn(ar), (A.2.4)

where R, (a) = 0,(1) + o(ax — evg), and where the o0,(1) term is uniform in & € ©. Note
that 9. (a) is by definition nonsingular.
We now define, for h > 0, the functions

Rn,h(a) = h_d/Kh(U1 — al) .. .Kh(ud — ad) Rn(ul, . 7’U,d) d’LL1 N dud,
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where d is the dimension of © and
Kn(z) = h™'K(x/h), r €R,

letting K be one of the usual smooth kernels with support [—1,1], like the Triweight
kernel that we used in the simulations.

Furthermore, we define:

ile,n,h(a> = 1/45(0‘0)(04 - aO) + Rnh(a)

Clearly:

l,fﬁ}zz’lem,h(a)) = P1en(a) and I}Z%Rnh(a) = R, (),

for each continuity point o of ¥y .

We now reparametrize, defining

v =) (o) and Yo = Y1 (a)ag.

This gives:

Pic(@o)(a — ag) + Run(@) =y =0 + Run (Y] (o) ') -
By (A.2.4), the mapping
¥ = Yo — Ru (¥1c(@0) ™),

maps, for each > 0, the ball B, (v0) = {7 : [|[v — vl < n} into By /2(v) = {7 :
lv — voll < n/2} for all large n, with probability tending to one, where || - || denotes the

Euclidean norm, implying that the continuous map

v = Yo — Ron (Vic(00) ™),

maps B, (7o) = {7 : |7 — Yoll < n} into itself for all large n and small h. So for large n

and small h there is, by Brouwer's fixed point theorem a point -, such that
Yoh = Yo — Run (V1 (00) " ynn) -
Defining anp = ). (o) " ynn, we get:

lee,n,h(anh) = 1/}/15(0‘0)(0%}1 - Oéo) + Rnh(anh) =0. (A25)

By compactness, (v, 1/x)32; must have a subsequence (cv,1/,) with a limit &, as

i — 00. We show that each component of i1, has a crossing of zero at é,.
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Suppose that the jth component 91y ;j of 91, does not have a crossing of zero at &y,.
Then there must be an open ball Bs(&,,) = {a: |la—a&,]| < d} of &, such that 11, ;
has a constant sign in Bs(&,), say Yien,j(a) > 0 for & € Bs(&,,). Since 91, ; only
has finitely many values, this means that

PVien,(a) > ¢ >0, for all @ € Bs(&,),
for some ¢ > 0. This means that the jth component @Ele’n,hd of 1[)1577%}1 satisfies

remn i) = [ (o) (e — ap)]; + Rnn.j ()
1 [ {i(o)(@ — aol, + Raglun,. )}
Kp(un — ar) ... Kp(ug — ag) dus ... dug
> [t an)u = an)l, + Buon,.. )}
CKn(un — ar) .. Kn (g — ag) dus ... dug —¢/2
> ch*d/Kh(ul —a1)... Kp(ug — og)duy ... dug —c/2
—¢/2,

for o € Bs/2(@,) and sufficiently small 2, contradicting (A.2.5), since av,p, for h = 1/k;,
belongs to Bs/2(cy,) for large k;. O

A.2.2 Proof of consistency of the SSE

Proof of Theorem 2.4.1, Part 2 (Consistency). We assume that &, is contained in the
compact set ©, and hence the sequence (&) has a subsequence (&, = &, (w)),
converging to an element a,. If &,, = &,, (W) — o, we get by Lemma 2.3.1,

Fnlmdnk (t - dem) — Fa* (t - afm)7

where Fy, is defined in (2.3.1). In the limit we get therefore the relation:

lim x{0 — Fy, a,, (t—d, x)}dP,, (,t,0)

k—oo Jfr, (t—aT, @)€le,1—¢]

koSny

- / 2{Fo(t — ala) - Fa.(t — ala)} dG(x,t) = 0,
Fo, (t—aTx)Ele,1—¢]
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using that, in the limit, the crossing of zero becomes a root of the continuous limiting

function. Consider:
/ z{Fy(t — afx) — Fo,(t — ol z)} dG(z,1)
Fo, (t—aTx)ele,1—€]
= / z{Fo(t —alz+ (0. —ag)’'z) — Fo. (t — al z)} dG(z, t).
JFq, (t—alz)ele,1—¢€
Since
Fo (t—alx)

— / Folt — ol + (. — a0)"y) fxir—arx IT — ol X = t — aTa) dy,

we get:

(o — ao)T/ " :c{Fo(t —alx + (o, — o) ) — Fo, (t — afw)}
Fo(t—aTx)Ele,1—¢
- dG(z, 1)

= / (i — ao)Tac{Fo(t —alz 4 (o, — ag)Tx)
Fo, (t—alTx)cle,1—€]

—/Fo(t —alw+ (o - ao)Ty)fX\T—afx(y\T —alX =t—olx) dy}
- dG(z,1)
= / Cov {(a* —oo)' X, Fo(u+ (an — )" X) | T —al' X = u}
Fa, (u)€le,1—¢
: fT—azX(u) du

=0.

We first note that by Lemma 2.4.1 the integrand is positive for all a, € ©. Suppose
that a. # a, then this integral can only be zero if Cov((a,. — o)t X, Fo(u + (ovs —
ao)" X)|T—al X = u) is zero for all u such that Fy, (u) € [e,1—€], if fr_o7x (u) stays
away from zero on this region (Assumptions A3), using continuity of the functions in the
integrand (Assumptions A5) and the nonnegativity of the conditional covariance function
(see also Remark 2.4.2). Since this is excluded by the condition that the covariance
Cov(X, Fo(u+ (o — )T X)|T — aT X = u) is continuous in u and not identically zero

for w in the region {u : ¢ < F(u) < 1—¢}, for each o € O, we must have: a, = ap. O

A.2.3 Proof of asymptotic normality of the SSE

Proof of Theorem 2.4.1, Part 3 (Asymptotic Normality). Before working out the details,
we give a kind of “road map” for the proof of Theorem 2.4.1, Part 3.
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1. We define vy, at &, by putting

V1en(@n) = 0. (A.2.6)

Note that, with this definition, 91, (&) is in dimension 1 just the convex combi-

nation of the left and right limit at &,:

wle,n(dn) = lee,n(an_) + (1 - V)wle,n(&n"_) = 07 (A27)

where we can choose v € [0,1] in such a way that (A.2.7) holds. In dimension
d higher than one, we can also define 1., at &, by (A.2.6) and use the repre-
sentation of the components as a convex combination since we have a crossing of
zero component wise. Since the following asymptotic representations are also valid
for one-sided limits as used in (A.2.7) we can use Definition (A.2.6) and assume

wle,n(dn) =0.
We show:

wle,n<&n) - / {w - ¢O(t - agw)}
Fo(t—al'z)ele,1—€]

A{Folt - afw) - Fa, (t - 612) } dPy(.,0)

+ - t— T 6 — Fn(t — T
/F()(t—agm)é[e,l—e]{w (bO( o) (E)}{ 0( () IL')}
d(P, — Py)(x,t,0)

+ op (nil/Q + &, — ao) , (A.2.8)
where
Po(u) = Pay (u),
and where ¢, is defined by
pa(u) =E{X|T - "X =u}. (A.2.9)
Since &, 5 ay and
/Fo(t—aOTac)e[e,l—e}{w — ot — ag:c)}

. {Fo(t —alx)— Fa,(t — dfa:)} dPy(z,t,0)

= wlle(O‘O) (Gn — o) + 0p (Gn, — o)
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this yields, using the invertibility of ¥} (),

\/ﬁ(dn - aO)
- —w1€<ao>1{¢ﬁ / RPN RN o)
: {5 ~ Rt — aOTa:)} (P, — Py) (., 5)}

+ op (1 + \/ﬁ(dn - aO)) .

As a consequence, the result of Theorem 2.4.1 follows, since

vn {w — ot — agw)}{é - Fy(t — agx)} d(P, — Po)(x,t,0)

Fo(t—al'z)ele,1—€]

4 N(0,B).

2. To show that (A.2.8) holds, we need entropy results for the functions u — F}, « (1)
and u — Q_saF,, _(u) (see (A.2.10) below). We also have to deal with the simpler
parametric functions F,, and ¢, parametrized by the finite dimensional parameter

a, which are the population equivalents of Fn’a and an B o

3. The result will then follow from the properties of F, and ¢, together with the
closeness of ﬁ'n,a to F, and gga ;i _ to ¢a, respectively, and the convergence of

&, to ayg.

Let qi_vdﬂ_ﬁ . bea (random) piecewise constant version of ¢4, , where, for a piecewise
constant distribution function F' with finitely many jumps at 74 < 75 < ..., the function

q@mF is defined in the following way.

ba(Ti), if Fo(u) > F(7), u € [T, Tit1),
&Q,F(u) =14 dals), if Fo(u) = F(s), for some s € [7,Tit+1), (A.2.10)
(ba(TiJrl), if Fa(u) <F(’Ti),u€ [Ti,Ti+1).
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We can write:

V1e,n(Gn) :/ z{6 - Fpa,(t — a&lx)} dP,(z,t,0)
Froa, (t—&lz)ele,1—¢]
:/ { ¢a7l - }{6 Fn an - ézx)}
Fy &, (t—aTx)ele,1—¢]
- dPy(x,t,9)
+ {bar(t— &T2) - b4 f, . (t—aTa))
Fra,(t—6Tx)E[e,1—¢] men
{6 - Fpo(t—éalax) )} Py (x,t,0)
=I+11,
using

Fn an (t—aTx)ele,1—¢] nybn,éaqp

=0,

by the definition of the MLE Fn,dn as the slope of the greatest convex minorant of
the corresponding cusum diagram, based on the values of the A; in the ordering of the
T; — &L X; (see also Lemma A.5 on p.380 of Groeneboom et al. (2010)).

We first show that

Il = o, (n*1/2 + (& — ao)) .
Since the function u — ¢ (u) has a totally bounded derivative (as a consequence of
(A.2.9) and Assumption A5), we can bound the Euclidean norm of the differences ¢q (1) —

gba’Fn (u) above by a constant times |F}, o (u) — Fa(u)|, for u € A, o (see Assumption
A2), i.e

$a() = bq p, (W < KalFnalu) = Fa(u)l,

for some constant K, > 0 where the constant K, depends on « through f,, (see for this
technique for example (10.64) in Groeneboom and Jongbloed (2014)). By Assumption
A2 we know that f, is continuous for all a;, € © such that we can find a constant K > 0

not depending on «, satisfying,

$a(u) = Oq (W < K|Fpa(u) = Falu)], (A2.11)

uniformly in «,, € ©. Note that we also need f,(u) > 0 for applying this, which is
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ensured by Assumption A2. We have:

- [ {0t~ 652) ~ b, . (0~ 6T))
Froa, (t—aT@)ele,1—¢] ronmen

-/ {¢a,(t—ale) =04 s . (t-ala)]
Fpoan(t—aTz)E[e,1—€] o

—
(=%

\
:'1j>
Q
3
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~
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’ / (wele1—d {0a,0) = ba, 5, o, (0} { Far (@) = P, ()]

Fﬂwdn

+ / {%n (t = 6@) = bs, 5, (t = aTle)}

F, &, (t—aTz)cle,1—¢]
: {Fo(t —alz)— Fa (t— afw)} dPy(x,t,0)

=1, +1I,+11I..
First consider I1,. Let F be the set of piecewise constant distribution functions with
finitely many jumps (like the MLE £}, &, ), and let K; be the set of functions

K1 = {(z,t,6) = (¢al(t — a’'z) — ¢ p(t — a’'z)) (6 —F(t— aTa:))

’1[5,1—5](F(t - OLTCC)) F e .F, e S @} s

where ¢ is again defined by (A.2.10). We add the function which is identically zero
to ]Cl.

The functions u +— F(u), for F' € F and (as argued above) u — ¢ r(u) are bounded
functions of uniformly bounded variation. Note that, for Fy, Fy € F,

Fi(t— aqu:) — F(t — aQTw) =F(t- alT:c) — Fo,(t — alTsc) + F,, (t— alTsr:)
— Fo, (t — aQTa:) + F,,(t— a2Ta:) — Fy(t — agm),
and that (see (2.3.1)):

]Fal (t— a{w) — Fo,(t — agaz)’

/FO(t —ajz+ (- )" (y — @) fxir_arx(ylt — afz) dy

*/FO(t —ajz+(as— )" (y — @) fxir_arx(ylt — ajz)dy

=0 (lag — az]),
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by Assumption A2 and Assumption Ab.
For the indicator function 1. 1) (F(t — o)) we get, as in (A.2.3), using the monotonic-
ity of F,

1[671} (F(t — OLT:B)) = 1[671] (F(t — OéT.’I})) — 1(1_671] (F(t — aTa;))

T

= l[aﬁnM] (t— aTw) — l(bF,F,M] (t—a' x),

for points ac r < be p, where M is an upper bound for the values of ¢ — al

that the function

x, implying

(CIJ,t) — 1[5,1] (F(t - aT:c)) N

is of uniformly bounded variation. So the functions in K; are products of functions of

uniformly bounded variation, and we therefore get, using Lemma A.1.1

sup CHB (Cv IClv LQ(PO)) = 0(1)7
¢>0

which implies:
(ACHBQMKMIQU%»UQduO<CU%, ¢>0.
Defining;
ka,r(2,1,0) =(¢alt — a’®) — ¢o r(t — a'®)) (0 - F(t — o))l g(F(t — a’x)),

for F' € F, we get, using (A.2.11),

ol aiesa)

2
s Pa,(t —bqm) =4 5 (t— 072-’”)“ dPy(x,t,0)

~/Fn,dn (t—alx)ele,1—¢]

N 2
<K | {Fua,(t — &) — Fa,(— &la) ) dPy(a, 1,0

Fy o, (t—aTx)ele,1—¢]

. 2
SK/ {Pran(w) = Fa, ()} du
Fp a, (u)€le,1—¢€]
250,
for constants K, K’ > 0. This implies
V%L@::¢ﬁ/iﬁmmd (@,t,6) d(Pn — Po)(@,t,6) = o,(1), (A2.12)

by an application of Lemma A.0.1.
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Using (A.2.11), || Fa, — Fr.a, |2 = Op(n~'/3) and the Cauchy-Schwarz inequality on the

second term we get:
IT, = 0,(n=2/3).
The functions ¢, and F,, are of a simple parametric nature, since
ba = E(X|T — o’ X),
and
Falu) = [ Fu+ (@~ a0)"@) fxir-arx(@l? ~ a? X = u) da.
see (2.3.1). Moreover, since
Fa (1) = Fo(u) + (én — aO)T/wfo(u)fX‘T,dgx(w\u) da + 0 (& — 0
= Fo(u) + (&n — )T fo()B{X|T — &L X = u} + 0, (&, — avp),

and since the difference ¢4, — ¢, 7 . converges to zero, we get for the third term
1.

IIC:/ {d)an(t—dfm) — o, b (t—df:c)}
Fn,dn (tfdz )6[6,176] 1Qn

=0, (G, — ) .
We therefore conclude:
¢1E,n(dn) =1+ Op (n71/2 + dn — Oé()) .

We now write:

= /
B o, (t—aTm)ele,1—¢]

/ﬁ'n,dn (t—aTxz)ele,1—€]

=1,+ 1.



160 APPENDIX A. CURRENT STATUS LINEAR REGRESSION - APPENDIX

We next show that I, is equal to the first two terms on the right-hand side of (A.2.8)
and that

We have:

L= {2 0, (t— alx)}
Fp 6p (t—dz;m)e[e,l—e]
: {5 _Fa (t— dZm)} dP,(z,1,5)

= / {w — e, (t = &Zw)}
Fn,dn (t—dgz)e[e,l—s]
: {5 _Fy (t—é
+ / {:}c — Pa,, (t — &Zw)}
E, &, (t—aTx)cle,1—¢]
: {Fo(t —alz)— Fa (t— afa:)} APy (, 1, ).

For the second integral on the right-hand side we get:

/ {a: — ¢a, (t — dfa:)}
Fp o4, (t—aT@)ele,1—¢]

: {Fo(t —alz) - Fy(t— afw)} APy (. 1,9),

and next we get, using the definition of ¢ given in (A.2.9), for the first integral on the
right-hand side of the last display:

{2 — da,(t — aqz)  {F(t — aja) — Fa,(t — az)} dPo(w,t,5)
nan(t alxz)ele,1—¢€]

/ — G () Y Fo(u) — Fa, (u)} fr—ar xc () Fxirarx (wlu) du dz

Fy o (u)€le,1—€]

\

=0.

Furthermore, we get by expanding Fy(t — aTx) and by the continuity of & > ¢ (u) at
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Q

Il
Q
2.

A {az — s, (t— &Z:c)}{Fo(t —alx) - Fy(t — &Z:c)} dPy(z,t,0)

n,an (t—alx)Ele,1—€]

[ {m — de, (t — dzm)}(dn — aO)T:cfo(t — aga:) dPy(z,t,9)

Fr a, (t—alz)cle,1—¢]

+ 0p (&, — )

Fp.a, (t—alz)cle,1—¢€]

= {/ {:c — ¢o(t — aOT:c)}a:Tfo(t — agw) dPO(w,t,é)} (&n — o)
+ Op (dn - ao) .

Finally we get from the consistency of Fn,dn:

{/ {x — ¢o(t — agx)}wao(t —al'z)dPy(z,t, 6)} (&, — )

Frap (t-af@)ele1—¢]

= {/ {w — ot — ag:c)}wao(t —af'x)dPy(x,t, 5)} (&, — )
Fy(t—al'z)ele,1—¢]

+ 0p (&n — ao)
= w;e(aO)(dn - aO) + Op (dn — ao) .
We therefore obtain:
I,
-/ (&~ Ga,(t— &2} {5~ Fa, (t ~ &T2)} d(Bo — P)(,1,5)
Fr a, (t—alz)ele,1—¢€]
+ ’ll/le(aO)(dn - aO) + Op (dn — ao) .

We now proceed again as before, and define K to be the set of functions

Ky = {(@,1,6) = (x — $a(t — a"2)) (6 — Falt — a@))1j1q(F(t — ')
:FeF, acb}.

We add the function
(z,t,0) = (z — ot —afz)) (6 — Fo(t — alx))Ljc1-q(Fo(t — af x)),
to the set K}. We therefore get, similarly as before, using Lemma A.1.1, that

sup CHB (CaKivLQ(PO)) = O(l)a
¢>0
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which implies that

" H (0, K Lo(Po) ™ du= O (¢1V2

B(“v 15 2( 0)) du =0 C R C>0
0

Moreover, we get that

(@ ~ b4, (t = 65)) (6 Fa, (t = &5 2) i1 —q (P, (t - al))

= An(a), t7 5) + Bn(wv t? 6)7
implying that
/{ (= b, (t — &T@)) (5 — Fa, (t — &T2)) 111 g (Fn,an(t — dzw))
—(z— ot —agx)) (0 — Fo(t — ag@)) 11— (Folt — ag z)) }2 Po(=,1,9)

<2 / {An(@,t,0) + By (,1,6)2} dPo(,1,6) = 0,(1),

since the integrals w.r.t. A2 and B2 tends to zero using the consistency of é&,, and £}, 4, .

Hence we get from Lemma A.0.1:

L= / (o~ oot — alw) o5~ Fott — afz) L (P, — Po) (e, 1,0)
FO(t*OtOTﬂ:)G[e,lfe}
4 (00) (@ — @0) + 0 (G — a0) + 0, (012
This means that we get the conclusion:
/ {w—¢o(t—aoTw)}{5—Fo(t—aOTa:)}d(IPn—PO) (z,t,0)
Fo(t—al'z)ele,1—€]
(A.2.13)
= _wis(ao)(dn - aO) + 0p (dn — Oéo) —|— Op (n71/2) ,

if we can show that I, is negligible.
Since, by definition of ¢4 given in (A.2.9),

/ {w — e, (t — d,TL:c)} Ixr—arx (x|t — alz)dx =0,
e (t—GT @) €Ele,1—c] "’

Fp 6
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we have:

I, = {o—da.lt-alm)}

A,L,dn<t—asm>e[e,1—e
A Fa(t = 65@) — P, (t - al) } d(P — Po) (@, 1.6).

n

The negligibility of I, now follows in the same way as (A.2.12), using the parametric

nature of the function ¢, and the entropy properties of the class of functions

A

ur By q, (u) — Fg,, (u).

The conclusion now follows from (A.2.13).

Remark A.2.1. Note that the proof above yields the representation

dn — g ~~ nilqﬁ'le(ao)*l Z(X,L — E(XZ|T — OégX)) {Az — FO(Ti — ang} y

i=1

where Y] (o) is given in Lemma 2.4.1.

A.3 Asymptotic behavior of the ESE

In this section we prove the asymptotic efficiency of the score estimator defined in Section
2.4.2. The proof of existence of the root and the consistency proof for the score estimator
is similar to the proof of existence and consistency of the first score estimator defined in
Section 2.4.1, thus omitted.

Proof of Theorem 2.4.2 (Asymptotic Normality). Since the proof is very similar to the
proof of Theorem 2.4.1, we only give the main steps of the proof. As in the proof of

Theorem 2.4.1, we can define ¥ 5 at &, by

¢267nh (dn) = Oa

and ta¢ np (G, is then a combination of one-sided limits at é,.

We prove that

¢26,nh (dn)

:/ {wfo(t—aoTw) —@ag(t—agw)} {5—F0(t—agw)}
Fo(t—alz)ele1—d Fo(t — ajz){l - Fo(t — afz)}

dP,(t, z,9)

+ wée(ao)(&n - aO) + Op (n_1/2 + (dn - aO)) ) (A31)
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where @4, is defined by
vat—aTz) =E(X|T —aTX =t — aTx)fo(t — aTx),
and 1y, is defined by

{acfa(t —a’x) — pa(t — aTac)}{(S — Fy(t— aTm)}
R Fall —aTa){1 - Falt— aT)]
-dH)(CEﬂf, 5)

Straightforward calculations show that

, B {xfo(t — al ) — pa,(t —afx)}
w26(a0) B /I;o(t—ag;m)e[e,l—e] FO(t - agm){l - FO(t - a%m)}
e foT —al X)? {X —EX|T - of X)} {X —E(X|T — ol X))}
¢ Fo(T — ol X){1 — Fy(T — aT X)}

2
dPo(w, t, (5)

= Is(ao).

(See also the derivation of the derivative ¢ for the first score equation in the proof of
Theorem 2.4.1, Part 1). Since

{a:fo(t - aOTa:) — P, (t — aOT:c)} {6 — Fo(t — aOTm)}
Fo(t—alz)€le,1—¢] Fo(t — afz){1 — Fy(t — of x)}

4 N(0,I(c)),

vn

dP, (x,t,0)

(A.3.1) implies, using the nonsingularity of ¥} () and the consistency of &,
\/ﬁ(dn - aO)
_ 71/}55(050)71 \/ﬁ/ wfo(tiagm)iwao(tfagm)
Fo(t—al'z)ele,1—€]

ot —alz){l - Fyt—alz)}
Ao —Fy(t—afz)} dP,(z,t, 5)}

+ 0p(1 + Vn(é, — ap))
4 N (0, ()Y .
Let, analogously to the start of the proof of Theorem 2.4.1, ¢ 7 . bea (random)

piecewise constant version of g, , where, for a piecewise constant distribution function

F with finitely many jumps at 7y < 73 < ..., the function @q F is defined in the following
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way.

YalTi), if Fo(u) > F(713), u € [Ti, Tit1),
Pa,Fr(U) =1 @als), if Fo(u) = F(s), for some s € [1;,Ti11), (A.3.2)
(pa(TiJrl), if Fa(u) <F(’Ti),'l.l,€ [Ti77—i+1).

We now have:

V2enn(a) = / T fun.a, (t — &lx)
Fr o, (t—alx)ele,1—¢]

§—F,a,(t—aT)

C = - dP,(x,t,0)
Fra,(t—ala){1—F, s (t—6alz)}
-/ (@ funco (t — 672) — 0, (t — &l 2))}
Fra, (t—aTx)Ele,1—¢]
§—F,a (t—ar
AU L) dP, (@,1,0)

Fna, (t—aTa){1— Fna, (t—ala)}

+/ {‘Pdn(t—@ffﬂ)—s@np ) (t—&gm)}
Fr o, (t—alz)€le,1—¢] Fran

6 — Fn,dn( -
By a,(t—alo){l - F (t

=J+JJ

Let F be the set of piecewise constant distribution functions with finitely many jumps
(like the MLE F}, 4, ), and let K5 be the set of functions

Ko = {(:&t, 0) = Lpe1—q(F(t — aT:c)){goa(t — aT:c) — Ga,r(t — aTa:)}
§—F(t—a'x))
Ft—aTo){1 - F(t—aTz)}

:Fef,ae@},

where @ p is defined by (A.3.2). We add the function which is identically zero to K. As
in the proof of Theorem 2.4.1, the functions are uniformly bounded and also of uniformly
bounded variation, using Assumption A4 and Assumption A5. For &y and k3 in Ko, we
define:

d k‘l,kQ /Hkl k‘QH dPo, kl,kQ S ’C2.
For this distance, we therefore get, similarly as before, using Lemma A.1.1:

sup (Hp (¢, K2, L2(Fo)) = O(1),
¢>0

which implies:

¢
/ Hp (u, Kz, La(Py))"? du =0 (C1/2) ; ¢>0.
0
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Note that the indicator function keeps F(t — a’z) away from zero and one, which is
essential for getting the bounded variation property.

Following the same steps as in the proof of Theorem 2.4.1, we get:

JJ =op (n‘l/2 + G, —a0>.

We now write

J= / {ﬂffnh,dn (t—égx) — a,(t — @fﬂc)}
s, (t—aTz)cle,1—¢]
§ = Foa,(t — ap)
Fn,dn (t— d%m){l - Fn,dn (t— d;{m)}
= / {mfnh,an (t— 6o x) — pa, (t — d?ﬂ?)}
Fr a, (t—alx)ele,1—¢€]
0 — Fdn (t — dg;:li)

P, (t—ala){1 - Fra, (t—alz)}

+/ {wfnh,dn (t—alax) — g, (t — dfm)}
Fra, (t—aTz)Ele,1—¢]

dP,(z,t,9)

+/ {wfnh o, (t = Af:v) ~ pa,(t - al)}
Fra, (t—aTa)Ele,1—¢]

Fd t— ) - Fha,(t— AL
"7 "( anm) = "( anw) d(]PTL 7P0)((B7t,5)
Fa,(t —&fz){l - Fya,(t—&lx)}

=Jo+ I+ Je.
For the term J, we get:

/ {wfnh,an (t —&lz) — pa, (t — dfm)}
Foa, (t—aTz)Ele,1—¢]

A

Fdn (t — dgm) n,&n, (t - &Tx)

P (t—6Tz){1 - Fhg, (t—6lz))

:/ {z —E(X|T-&lX =t—a&lz)} funa,(t — &l )
F,

nan (t—alx)Ele,1—¢€]

dPO(ma tv 5)

X P AT
. AFan(t alx) — FA Lt — b x) APy(. 1, )
Fa,(t—alz){1 - F,a,(t—alx)}
<[ {Fano (t = 65) = fa, (0 — aT)}
Frnoa, (t—&lz)Ele,1—¢]
. — &7 — F 4 _ AT
E(X|T-aTX =t — 6 x) F"‘ﬂ(t 2) = Fna,(t=0) pio s

Fa, (t - aTa){1 - na”( apz)}
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- / {fnh,dn (t—alax) — fa, (t — dfa:)}
P (t—6T @)l 1—c]

E(X|T -a&lX =t —alx)

A

Fdn (U) - Fn,dn (U')
Fa, (u){l—Fha,u)}
- froar x(u) du.

-/ { o (0) = Ja () JEX|T = &2 X = w)
Fy Gp (u)G[E 1 E]

Furthermore,

/ { s (0) = Ja () JECX|T = AT X = w)
Frvon (w)Ele1—¢]

Fan(u)_ n,Gn (u)
{I—F )}fT aTX( )du

:hf/ o {/K w =) Mw(v)dvfdn(u)}

nan

E(X|T - & X = u) = < fr—arx(u)du

' ( |
=h—2/ o {/K (1= 0)/1) { B (0) = Fa (0} o}

Fa, (u) — AAna (u)
an (W{1 = Fya, (u)} "

+/F i {/Kh(uv)dFdn(’U)fdn(u)}E(X|ngXu)

n,én (W) E

E(X|T - &l X = )

fr—arx(u)du

AFdn (U) - ﬁln,dn (U)
Fa, (w){l = Fha,(u)}

The last term on the right-hand side of the above equation has an upper bound of order
O, (n=2/7=1/3) = 0, (n=13/?') = 0,(n=1/?), since

{/Fmdn(u)e[e,1€] {/Kh(u —v)dFs, (v) - fan(U)}z du}1/2 =0, <n—2/7) ,

and

1/2
{/Fa (ele1—d U0 = Fa, (u)}Z du} =0, (n7), (A3

using Lemma 2.3.1 for the last relation. We also use the Cauchy-Schwarz inequality.
The first term on the right of (A.3.3) is of order O,(n*/772/3) = O,(n"1/21) =
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0,(n~1/2) by (A.3.4) and using

e s [ H =0 {Faa, ) - Fa, )} ]

) ATy _ Fa, (“) — Fn’dn (u) o
E(X|T — &)X =u) Fa ({1 = Fra (0)] fr—arx(u)du

/ e [ 5w {Fr = o) - Fa (= 1)} au]

A

AFd (’LL) - :“L,dn(u)
Fa, ({1l = Fya,(u)}

2
< ch! / {Pra. (W) = Fa, ()} du,
Fran (u)€le/2,1—¢/2]

for small h and a constant ¢ > 0, where we first use Fubini's theorem and next the

=h!

E(X|T - &l X = u) fr_arx(u)du

Cauchy-Schwarz inequality in the last inequality, together with
2

/ {Fn,dn (u— hw) — Fg, (u — hw)} du
Fn,dn (u)€[571_5]

. 2
< / {Fn,dn (u) — Fa (u)} dua
Fn,dn, (u)€[€/27176/2]

for small h > 0, together with w € [—1,1]. Finally we use Lemma 2.3.1 again. Note that
a bandwidth choice h < n~!/% corresponds to the order O, (n'/°=2/3) = O, (n="/1%) for
the first term on the right hand side of (A.3.3). Consequently, when the bandwidth is of
order n=1/5 this term is no longer negligible in the proofs and therefore we use a band-
width A =< n=Y7 in Theorem 2.4.2. The latter bandwidth choice moreover corresponds
to the classical choice for estimating the density in the current status model (see e.g.
Groeneboom et al., 2010).

For the term J. we argue similarly as before using Lemma A.0.1 that
Je=o0p (nil/Q) .
Finally,
Jo = / {a:fnh,dn (t —alax) — g, (t— dZw)}
Fp oo, (t—alx)cle,1—¢]

6—Epq,(t—aTx)
Fn,dn (t — dgw){l — Fn,dn(

+ / {@funa,(t - &lw) — g, (t - al2)}

Fh o, (t—aTz)Ele,1—€]

~
|
o)
39
8
=

Fo(t —alx) — F, a4, (t —alx)

n

Fra,(t —alz){1 - Fuq,(t — afe)}
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This time we consider the class of functions

Ko = 1@, 1.0) = Lea—q(F(t — o)) (2f (t — &' @) = pa(t — o' x))
§—F(t—alz) ' )
F(t—aTz){1-F(t—aTz)} FeF fel aE@},

where F” is a class of uniformly bounded functions of uniformly bounded variation (which

have the interpretation of estimates of F,), to which we add the function

(.’1}, t? 6) = 1[6,1—6] (Fo(t - ag:c))(:cfo(t - agm) — Paoyg (t - agm))
_ §— Fo(t — al'x)
Fo(t—ogz){l - Fo(t —agz)}

So we get, using Lemma A.1.1,

sup CHB (C7K:/27 LZ(PO)) = 0(1)7
¢>0

which implies:

¢
/ Hip (0, K, La(P)) > du=0 (%), (>0,
0

As before, we now get:

/ {0t~ 6T2) — o (0 - GT)}
Frap (t-aj@)ele1—¢]
0~ Foa,(t— o)
P (0= &T2) {1~ o, (0~ 40)}

S R G RS,
o(t—ay x)Ele,1—€

' §— Fo(t —alx)
Ft—alz){l - F(t—-alz)}

+ Op (nil/Q + dn - aO)

(P, — Py)(,t,0)

d(P, — Py)(z,t,6)

and
/ {2 (= 6T2) = 0a, (- aT) |
Fr e, (t—alz)cle,1—¢]
Fy(t —af®) = Fra, (t — ala)

N ~ dPO (xv ta 6)
Fra,t—alz){l-F,qa,(t—alx)}

= / {a:fo(tfaga:) fgpao(tfaOTa:)}
Fo(t—al'z)ele,1—€]

folt — ag:c)x’
Ryt - afa) {1 - R(t - afz)}

dP()(CC,t, 5)} (dn - aO)

+o0p (n_1/2 + &, — ao) .
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The result now follows. O

A.4 Asymptotic behavior of the plug-in estimator

In this section we first sketch in Section A.4.1 the proof of consistency of the plug-in
estimator, denoted by ¢&,. This is the second result stated in Theorem 2.4.3. The
proof of existence of a root is similar to the proof of existence of a root of the SSE and
omitted. We next prove the asymptotic normality result of the plug-in estimator, which
is the third result given in Theorem 2.4.3. The proof of Theorem 2.4.5 on the asymptotic
representation of the plug-in estimator as a sum of i.i.d. random variables follows from
the proof of 2.4.3. The asymptotic distribution of the estimator of the intercept, given
in Theorem 2.5.1, is proved in Section A.4.2.

Before we start the proofs, we give, in Lemma A.4.1, some auxiliary results on the Lo-
distance between the plug-in estimate F,,;, o and F, and between the partial derivative
of the plug-in estimate O Fiih,o and 0o Fo. Next, we follow the arguments used to prove
the asymptotic normality of the SSE and ESE and give a similar proof for the limiting
distribution of the plug-in estimator.

Lemma A.4.1. Let the conditions of Theorem 2.4.3 be satisfied. Then we have, for the
estimate F),, o, defined by (2.4.6) that

/ [Fonalt — aTz) — Falt — aTz)}* dG (= 1) (A4.1)
Fppo(t—aTx)ele,1—¢€]

=0, (57 ) + 0 (1),

/ {8aFnh,a(t —a’x) — 0qFalt — aT:B)}2 dG(z,t) (A.4.2)
Foh,a(t—aTx)Ele,1—¢]

=0, (7;13) + 0, (h?)

uniformly in ac € O.

proof of Lemma A.4.1. We first prove the first part and show that (A.4.1) holds. Recall

that

_ gnh,l,a(t - aT-'B)

F, t—alz) = ,
”h,a( ) gnh,a(t - aTw)

where

g1t —alz) = /5Kh(t —alx —u+aly)dP,(y,u,0d),
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and
Inh,a(t — aTm) = /Kh(t —alz—u+ aTy) dP, (y,u,9).
Moreover,
Falt—oTe) = [ Fult - afw + (@~ a0)(y - @) fxir-arx(ylt — a’e)dy.
We first investigate the bias part:
Egnn1,a(t — ol )= /Fo(u — aOTy)Kh(t —aTe —u+ aTy) dG(y,u)
- / Fo(v + (o — o) "y)Kn(t — a7 — v) fr_arx(v) fxirarx (ylv) dy dv

= /Fo(t —a'z 4 (a—ap) Ty — hw)K (w)

T T

frearx(t— ol —hw) fxir_arx (Yt — @’ T — hw) dy dw

= frearx(t—a’x) / Rt —ajz+ (a—ao) (y — @) fxir—arx (ylt — o’ x)dy
+0 (h?),

uniformly in & € © and x,t varying over a bounded set, due to the assumptions of

Theorem 2.4.3. In a similar way, we get
Egun.alt — a"®) = fr_arx(t—aTe)+ 0 (),

uniformly in € © and x,t varying over a bounded set. So we find:

Egnh1,a(t — alz)

Egnh,a (t - aTm)

=Fa(t—a’z)+ 0 (h?),

T

uniformly in @@ € © and x,t varying over a bounded set, such that Egyp1.0(t — o' @)

stays away from zero. We now get:

T 7\ Gnhialt —a’®) —Egunia(t — a’x)
Fohalt—a'z)—Fat—a x) = onali—aTz)
Egoha(t —a’z) — gunalt —a’x
+E9nh,1,a(t— aTiL’) g h7a( ) g h,a( ) +0 (hQ)’

gnh,a(t - aTx)Egnh,a(t - aTw)

and
2

1at—alz)—E ot —al
{Fnh,aa—a%)—Fa(t—aTm>}2s3{9"”’1’ (o)~ Bountalf o m)}

gnh,a(t - aTw)
T

2
Egnh,a (t -« SC) - gnh,a(t - aTiL'> } L0 (h4> 7

3¢ Egnn1a(t —a®
* { gnh.L, ( o w) gnh,a(tfaTm)Egnh,a(t*aTm)

(A.4.3)
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uniformly in & € © and z,t varying over a bounded set, such that Eg,; 1.(t — aTz)
stays away from zero.

Since 1 > 0 is chosen in such a way that a1(8) = F,;1(€) > a, b1(8) = F;*(1 —¢€) < b,
for each v € © and since gnp o Stays away from zero with probability tending to one if

€< Funat—alz) <1—cwe get:

i 1,0t — Egnnialt —alx))’
/ {ghl b oo 2) - Bkt aw)} dG(x, 1)
Frno(t—aTz)ele,1—¢ Gnh,al(t —alx)
’S/ {gnh1at—OLT.’1}) Egnhla(t—a CC} dG.’Bt)
Fon,o(t—aTaz)Ele,1—¢]

Furthermore

2
E{gun1at—a’z)—Egumnialt—a’z)}

_E {/M{h(t — Tz —u+aTy)d(P, — P)(y,u, 5)}2 _0 (nlh) ,

uniformly for (x,t) in a bounded region, so we get:

1
]E/ {th,La(t -a'z) - Egnni,a(t — aT:E)}2 dG(z,t) =0 () .
Frh,a(t—aTx)ele,1—¢ nh

Hence

2
/ {gnh,l,a(t — :13) Egnjil,l,a(t — aT.’B) } dG(m,t) = Op <1> .
Fono(t—aTx)ele,1—¢€] gnh,a(t -« CC) nh

The second term on the right-hand side of (A.4.3) can be treated in a similar way. This
proves (A.4.1).
We next continue with the proof of (A.4.2). We have:

OaFnn.alt — aTw) (A.4.4)
[y —2){0 — Fupa(t —a’z)}K} (t — o’z —u+ a’y) dP,(y, u, 5)
Gnh,a(t —alx)

We consider the numerator of (A.4.4). It can be rewritten as
/(y —x2){0 — Fo(u — aly) YK} (t — o’z —u+ a’y) dP,(y, u, )
+ /(y —x){Fy(u—aly) - Fat — a2 K, (t — o’z —u+ a’y) dG, (y,u)
+{Fa(t— alx) - Foha(t— aTa:)} /(y —x)K; (t — oz —u+aly) dG, (y,u).
The first term can be written as

An(z,t,8) % / (y — @){6 — Folu—aly)} K} (t — aa — u+ aTy) d(P, — Py)(y, u,0),
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and we have for each component A,, ; of 4,,1 < j < d:
E/ Anyj(m,t,a)2 dG(z,t) < I['Z/And(ac,t,oz)2 dG(x,t)
Fun,a(t—aTz)Ele,1—€]

b [ G B0 B0} rarx(0) o [ K007,

In the second term we must compare Fy(u — al y) with

Fo(t—aTz) = /Fo(t —alz+ (a—ag)T(z - x)) fx|r—arx (2]t — ol'z)dz.
We can write:
Fo(u — al'y) — Fo(t — a’x)
— [ {Fofu = ofy) - Falt ~ afia -+ (@~ a0) (=~ o))} fxir-arx(at - aT2) d
So we find for the second term:
B,(x,t, @)

d:ef /(y —x) {Fo(u — agy) — Fo(t — aTCC)} K;L(t ol —u+ ocTy) dG,(y,u)

= [ [w=o) {Fitu-afy) - Futt — aliz+ (- a0) (=~ o)}
fxir—arx(zlt — a'z) dzK),(t — o'z — u+ a’y) dG,(y, )
= [w-=) [ {Fotu-afy) - Fott — alz + (@~ o) (= - )}
Fxir—arx(zlt —o'z) dzK}(t — o'z — u+ a’y) dG(y,u)
+ [w=a) [ {Fotwafy) - Filt - afiz+ (@~ a0)(z ~ o)}
Ixir—arx (2|t — aTx) dzK) (t — oFx — u+ a”y) d(G, — G)(y,u)

= fr_arx(t —al®)0aFo(t — a’x) + O(h) + O, <nlh3> .

where, using integration by parts, the last line follows by straightforward calculation. Since
gnha(t —a’®) = fr_orx(t —a’a) + Oy(h?),

we get:

2

Bn(watva) dG(az t)

Gnh,a(t —alx)

=0, (nlh3> + 0, (h?).

— 0o Fo(t — aT:L')

/Fnh,a(taT:c)e[e,le]
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Finally, defining

Cp(x,t, o)

def {Fol(t — aTa:) — Fonalt — aTw)} /(y —x)K; (t — ale —u+ aTy) dG,(y,u),

we get, using,

[ e —ut oty ac,)
= /(y — @)K (t - o —u+ aly)dG(y,u)
+ /(y ~2)K}(t — o'z —u+aly)dG, - G)(y,u)
= [t = @)Ki(t - aTe o) fr-arx)xir-arx(ulo) dody +0, (15 )
= [w-oKte— aTe~ 0L i arx (o) xir-arxlul)} dody+0, ()
= 0,(1),
and using the first part of Lemma A.4.1 for the factor F(t — a’x) — Fup ot — aTx)

that

|C (@, t, @) ||* dG(x,t) = O, <1> +0, (h*).

/Fnh,a(t—aTw)e[e,l—e] nh

This proves (A.4.2). O

A.4.1 Consistency and asymptotic normality of the plug-in estima-
tor

We first prove that &,, is a consistent estimate of «.

Proof of Theorem 2.4.3, Part 1 (Consistency). We assume that &, is contained in the
compact set ©, and hence the sequence (&) has a subsequence (&, = &, (w)),

converging to an element a,. It is easily seen that, if &, = &, (W) — ., we get:

Foghan, (t—ah @) —Fo, (t —alx)

def
le / Folt - ol + (. — 00)Ty) fxr_arx (ylt — al) dy.
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In the limit we get the relation:
lim — (&, — aO)T/
hreo Fnkhan,ﬁafaT @)ele1—d]

{5 Fnkhan (t— &l :c }8 Fohalt—a w)‘azd%

Fnkydnk (t - az;k ){1 - Fnkyank (t - a;;kil:)}

- - (a* - aO)T/
Fo, (t—alTx)cle,1—€]

{Fo(t — af@) ~ Fa.(t — 0l2)}0uFalt — & D)|aar.
Fo,(t—aTz){1 - F,,(t —alz)} dG(z,t) =0,

, dPy, (x,t,0)

which can only mean a, = a by condition (2.4.9).

We next continue with the proof of the asymptotic normality of the plug-in estimator.

Proof of Theorem 2.4.3, Part 2 (Asymptotic Normality). To prove the asymptotic nor-
mality of the plug-in estimator, we follow the reasoning of the corresponding proofs for
the SSE and ESE. We prove that

%mh(d"):/p(t - ]{E(X|T—0€X=t—a§w)—x} folt — alz)
0 ag T)Ele €

. {6 - Ft-alx)}
Fo(t — agz){l — Fo(t — aj=z)}

+ Uh(@0) (@ — a0) +0, (72 + (@, — @)

dP,(x,t,9)

where 13, is defined by

OaFa(t — w){5 Fy (t—aTx)}
7/} X :/
e Fult—aTz)cle1—d Fa(t —alx){l - Fo(t —alz)}

dpo(ib, t, 5),

and

) (o) = —E foT—al X)2 {X —E(X|T —al X)} {X —E(X|T — ol X)}"
3e(0to c Fo(T — af X){1 — Fo(T — o X)}

= —I(ap),
which follows by straightforward calculations after noting that
OaFuo(t — a’'x)
~ [t~ afe+ (@~ a0 (v - D)fxir-arx (@il - aTX =t - aTa)dy

+ /Fo(t —agz+ (a—a0) (y - 2)dafxjr-arx (YT —a’ X =t — a’z)dG(z,1),
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which is, at & = «, equal to
fot —af)E{X —2z|T —of X =t — o]z} .
We have:

wBe,nh(éln) = aaFnh,a(t - aTw) |a:é¢"

/F,,Lh,dn(t—dgm)e[e,l—e]
0 — Fpa,(t — ag )

: = — dP, (xz,t,6
Fnh,dn (t — Oé,,j;.’ll){l — Fnh,dn (t — aZ;:c)} ( )

/ OoFa(t — O‘Tm) P
Fon,a, (t—alx)ele,1—¢]

§ = Funa, (t — &)
Fona, (t —&lz){l — Fupa, (t — alz)}
+ / {&anh,a(t — aT:I:) la=a, —OaFa(t — aT:c) |a:dn}
Fuh,éan, (t—aTx)ele,1—¢]
o — Fnh,dn (t — Cf\lgill)
Fopa, (t—alz){l — Fupa,(t —alz)}
=L+ LL.

dP,(x,t,0)

dP, (z,t,0)

Let F be a class of functions with the property that

/ f'(u)*du < M.
€/2<Fq(u)<l—e/2

if f € F, for a fixed M > 0. Using Proposition 5.1.9, p. 393 in Giné and Nickl (2015),
with m =1, p = 2 and h < n~1/, we may assume that the functions u — F,j, o (u) and

w — O Fun,o (1) belong to F . Since the plug-in estimates are monotonically increasing

with probability tending to one we get that the function
(x,1) = L[e1—q (Fnhya(t — aT:c)) ,
can be written in the form

(z,t) »—>1[ ](t—aT:c)

bs,F

Qe, F, nh,o

nh,o’

t— aTm) — 1(b6,Fnh,a7oo) (t — aT$),

[, o v00)

for ac r,, o < be F,, . for large n, with probability tending to one. The function is there-
fore of uniformly bounded variation for n sufficiently large (see also the proofs of Theorems
2.4.1 and 2.4.2). It now follows that the bracketing {—entropy Hp (¢, K3, L2(Py)) for the
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class K3 of functions consisting of the function which is identically zero and the functions

Ks = {(w,t,é) > {aaFnh_,a(t — aT:c) — OaFul

§—F(t—alx)
Ft—aTz){1-F(t—aTx

w.r.t. the Lo-distance satisfies:

t—a'z)}

)}1[671_€](F,Lh7a(t —aTz)):FeF ac @},

sup CHB (C,Kg,LQ(PO)) = 0(1)7
¢>0
which implies:

¢
| e ks, a(Pe) 2 du =0 (), ¢ 0
0

Moreover, by Lemma A.4.1 we also have:

J

{aaFnh,a(t — aTa:) — 0o Fo(t — aTa:)}
nh,o(t—aTx)Ee,1—¢]

§— Funa(t—alz)

2
dPy(x,t,0) 5 0.
Fnh,a(t - OCT.’I}){]_ - Fnh,a(t - aT-'B)} } 0($7 7 )
This implies, by an application of Lemma A.0.1, that

/Fnh,dn (t—alx)ele,1—¢]

{{8aFnh7a(t —a’) |a—a, —O0aFult—alx) la=a. }

0 = Funa, (t — &g x)
Fona,p(t—a&lz){l - Funa

T —aTa)] } AP, — Py)(,t,0)
=0p (n_1/2> .

Furthermore, an application of the Cauchy-Schwarz inequality and Lemma A.4.1 yield
that

\/ﬁ/ {8aFa(t —a’z) |aza, —OaFnnat —alx) |a:dn}
Frh,an, (t—Bx)€le,1—¢]

Fy(t —ofx) — Fupa, (t — &l x)
' 2 - dPy(x,t,6
{Fnh,dn (t—&Tz){l — Fapa, (t —alz)} o(x,t,0)
=0, (n—1/1o) + 0p (Vn(é, — ay)) .

We conclude that

LL = Op (n71/2 + (dn - ao)) .
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We now write:

L= / a"‘Fa(t - aTw) |a:dn
Fun,an (t—aLx)ele,1—¢]
o — Fnhd (t - de)
: S n AP, (. t,6
Fonan(t— GT@){1 — Fong, (t—ada)) @ h0)
B / OaFa(t — o' @) [aza,
Fon,an (t—aTx)e[e,1—€]
5—Fy (t—aT
o, (= 6, 2) dP, (1, )

. andn (t - dgm){l - Fn,o}n (t - dT:E)}

n
+/ OaFa(t —a’x) |a—a,
Fon,an (=&l z)€[e,1—€]
Fa,(t—é&lz) = Fua,(t — alx)

Fa,(t—aIz) {1~ Foa, (t — &la))

dP, (x,t,0)
= Lo+ Ly.
We now get, using Lemma A.4.1 and
OaFat —a’x) |ama, =E(X —2|T — &l X =t — &l z)fo(t — &lx) + O, (&n — ap),

that
Lb = 0p <n71/2 + dn — CXQ) .

The result of Theorem 2.4.3 now follows by showing that

/ OaFo (t B O‘Tm) |a:dn
Fnh,an, (t—&La)ele,1—¢]

o — Fd" (t — dz.’B)
Fnh,fx" (t - &%az){l — Fnh,dn (t — dTw)}

N / OaFa(t — ') la=a,
Fo(t—al'z)ele,1—€]

. §— Fy(t—alx)
ot —afz){l - Fy(t—alz)}

d(P,, — Py)(z,t,09)

d(P, — Py)(z,t,0)

+ o0, (n_1/2 + &, — ao) , (A.4.5)
and,
/ OaFa(t — ') a=a,
Fon,an (t—alx)cle,1—¢]

o — Fdn (t — d,TL:c)
Fnh,dn (t - dz;m){l - Fnh,dn (t - dT-’B)}

= T/);/;E(ao)(&n - aO) + 0p (n_1/2 + &y — Oéo) . (A.4.6)

dPo((B, t7 5)
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The proof of (A.4.5) and (A.4.6) is similar to the proof of the corresponding steps given
in the proof of Theorem 2.4.1 and omitted. O

Remark A.4.1. It follows from the proof of Theorem 2.4.3 that
\/EIE(ao)(dn — ao)
= n_1/2Zf0( i O‘OX HE(X:|T: — aoX) X}

A; — Fo(T; — agX )
Fo(T; — ol X){1 = Ry(T; — of X))}
Therefore the result of Theorem 2.4.5 follows.

Lei—q {Fo(T; — af X;)} + 0,(1)

A.4.2 Estimation of the intercept

Proof of Theorem 2.5.1. We have

ﬂn_,U'O:/“anh,dn( ) /UdFO /{FO nhan )}du
_/Fo(t—olza:) Fona, (t — &l
B froarx(t—éalz
_ AT _ AT
:/Fo(t & x) FO(AT oy ) dG(. 1)
frearx(t—aélz)
/FO t—aow Fnh dn(t—&gil:)
fT aTX(t_aZ;w)

2) dG(x,t)

dG(x,1). (A.4.7)

For the first term in the last expression we get:

/Fo(t—d,{:c)—Fo( —al'z) iG(. 1)

fr_arx(t —&lx)

/{Fo — Fo(u+ (én — o) @)} fxjr—arx (2| T — &l X = u) duda
~ = [ - o) @ folw) fxirapx(@lT - o X = wduda

~ (G, — o)t {/E{X|T —al' X =ulfo(u) du} .

This term, multiplied with \/n, is asymptotically normal, with expectation zero and vari-

ance

9 def _
01 < a(ao)TIe(ao) 1a(a0),

where a(ay) is the d-dimensional vector, defined by

alay) = /IE{X|T —ad X =ulfo(u) du
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For the second term in (A.4.7), we first note that

Foha, (t—é&lz) — Fy(t — of x) (A.4.8)

Inh,a, (t — &lx)

We write (A.4.8) as the sum of the integral over dP, and the integral over d(IP,, — P) and
show that the contribution of the dP, integral, evaluated in (A.4.7) is negligible and that
the contribution of the d(P,, — Pp) integral will yield an asymptotic normal distribution.
We have:

/{6 Fy t—ao ) Ky (t — m—u—l—any)dPO(y,u d)
= /{FO(U* agy) — Fo(t — aga)} Kt — afz —u+ & y) dG(y, u)

= /{Fo(v + (G — ag)y) — Folt — al 2) ) Ky (t — &l e —v)
: fT—d’,{X(U)fX\T—dZX(mT - OA‘SX =v)dvdy

=aﬁ>dTXu-—a5w>/kfbu—-d£w+«dn—-a@y)—z%u——aaw»

fxir—arx (T — 6, X =t — &g x) dy + O, (h?)
= fr—arx(t — &, x)fo (t—oafz)(én —a ) E{X —z|T -& X =t — &'z}
G,

T
+0p (1%) + 0p (& — cxoll)

where ||z|| is the euclidean norm of the vector x. Hence we get

/fw %tfmwﬂﬁﬁ* nw—ut any)dPo(y,ud) 4o

dnh, an aTx)fT aTX(t - aT:B)
/fo (t—alz)E{X —z|T —al X =t - alz}
gnn(t — &Tx)

dG(z,t)
+ 0, (h?) + 0p(é, — o)
= (G — )" / fo()E{X —|T —ag X = U}fX\TfagX("ﬂT —ay X =v)dzdv

+ Oy (1?) + 0p([l&n — exo])
= Op (1?) + op(|léen — el)),

which is 0,(n™1/2) if h < n~'/4. Therefore, we use a bandwidth h =< n~'/3 instead

of h < n=1/5

in Theorem 2.5.1 to estimate the plug-in estimate F,,j s, of Fy. Since
|6 — agl| = Op(n~1/2) by Theorem 2.4.3, we do not need to change the order of the

bandwidth (h < n~'/®) for estimating v in the estimation of the intercept.
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Finally,

Inha, (t — &lx) fr_grx(t — &lx)

f/( (6= Fift - af )}t - & “"““"”y)d@"_Po)(y’u’é)) 462, 1

9nh,én (t - OCT:B)fT aTx(t — aT:c)

_ f/ (/ {0 - Fy(t —alz)}Ky(t — alx —u+ aly) dG(w,t)> d(]}bn —PO)(y,u,é)

=y [ B0} (5, ) g,0,0) + 0, (17) + Oyl — ewl),

fTa u_aOy)

is asymptotically normal, with expectation zero and variance:

R

fT—agx(U) "

if h < n /4,

Both terms in the representation on the right of (A.4.7) are, apart from a negligible
contribution, sums of independent variables with expectation zero. By Theorem 2.4.5 we
have

Vn(éy, — o) = n_l/QIe(Oéo)_l Z fo(Ti — o X){E(X|T; — o Xi) — X}

. A — FO(T—aOX)
Fo(T; — af Xi){1 - Fo(T; X )}

+0,(1).

le,1—€] {FO(T; - ang)}

and the second term of (A.4.7) has the representation:

_1/22 A FO —ang) .
* fr_arx(Ti — ol X;)

By the independence of the summands with indices i # j, the only contribution to the

covariance of the two terms in the representation can come from summands with the
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same index. But,

E fO(Ti — agXJ{E(XAT, — aOTXl) — Xz}{Az — F()(Ti — agXl)}Q
Fo(T; — o Xi){1 — Fo(Ti — af Xi) r_ar x (Ti — of Xi)

A 1—g{Fo(Ti — a{Xi)}}

/ folu— o y{E(XIT — af X = u—afy) —y}
Fo(u—ady)ele1-d

_ {6 — Folu—afy)}?
Fo(u—agy){l — Fo(u — o y) fr_arx(u—ajy)
- / / Jo(O){E(X|T - all X = v) - y}
Fo(v)€Ele,1—€]

{1 - R}
Fo(v){1 = Fo(v)}

- /F (v)ele1—e] (/{E(X|T —agX =)= y}fX|T—agx(yv)dy)

fo(0)Fo(0){1 = Fo(v)}
Fo(u){1 = Fo(v)}

dPy(y,u,d)

fX\TfaoTX(yh))dvdy

dv

=0.

So the covariance is zero and Theorem 2.5.1 follows.



Appendix

Bootstrap procedures under

current status data - Appendix

We give the proofs of Lemma 3.2.1 and Lemma 3.3.1 stated in Section 3.2 and Section
3.3 respectively. In Section B.1 we first proof Lemma 3.2.1 and derive the asymptotic
normality result of the bootstrapped SMLE (3.2.2). The proof of Lemma 3.2.2 is given
next. The behavior of the nonparametric bootstrap is given in Section B.2, where we
also illustrate how the validity of the nonparametric bootstrap for generating the limiting
distribution of the bootstrapped SMLE and the bootstrapped SSE is derived.

B.1 The smooth bootstrap

We introduce the notation
Xn = O[;((J,n)7

to denote that for all € > 0 and almost all sequences (11, A1), (T3, Ag), ..., there exists
a positive constant K > 0 such that

Pn {a;1|Xn‘ > K} <g,

for all large n, where P, is the conditional probability measure of the (T;, AY), given
(Th, A1), ..., (T, Ay). As a consequence of Lemma 3.2.1 we therefore get by an appli-

cation of Markov's inequality that

/tt:h{ﬁ;;(x) — Fpp(2)} do = 0 (fm*?/?’) . (B.1.1)

183
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Recall that we denote the empirical measure of (T1,A%),...,(Th,A%) by P,. In the
proof of Lemma 3.2.1 we use the following (Dvoretsky-Kiefer-Wolfowitz-type) inequality
from Banerjee et al. (2017).

Lemma B.1.1 (Lemma 8.1 of Banerjee et al. (2017)). Let F be a distribution function
on R with a density f supported on [0,1] and bounded away from zero on [0,1]. Let F,,
be the empirical distribution function associated with a sample of n observations from F
and let F,;1 be the corresponding empirical quantile function. With ¢ a lower bound for

f, we then have

P( sup |F,,'(t) — F1(t)| >z | < 4exp(—2ncx?),
t€[0,1]

for all n and = > 0.

B.1.1 Proof of Lemma 3.2.1

Just as in the proof of the corresponding Theorem 11.3 in Groeneboom and Jongbloed
(2014), Doob'’s inequality and exponential centering play an important role in the proof.

Moreover, we prove the equivalent statement
Pn{’f]n(a) —Uo(a)’ >x} <c exp{—cznxg}, (B.1.2)

almost surely, for all large n, and constants ¢1,co > 0 and all x € (n’l/?’,M]. To see

that this is equivalent, first note that
P, {nl/?"(j’n(a) - Uo(a)‘ > x} =P, {|Un(a) - Uo(a)| > n_l/?’m} ,
so, if (B.1.2) holds, we get that
P, {nl/?”Un(a) — Uo(a)’ > x} < ¢y exp {—02x3} ,
for all 2 > 0. Next note that for = € [0,n /3]

c1 exp {—czn:c?’} >crexp{—ca} > 1,

if ¢ > e“2. So we can always adapt the constants in such a way that the inequality is

satisfied for 2 € [0,n~/3]. Furthermore, for 2 € [1, M], we can write:
c1 exp {—6277,12} < c1exp {—(CQ/M)nx3} )

So for z € [1, M], we only need an inequality with 22 in the exponent on the right-hand
side, and can use Lemma B.1.1 to our advantage (see below). Finally, for x > M, the
probability on the left-hand side of (B.1.2) is zero.
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Let A% :[0,1] — [0, 1] be defined by A} (0) =0, and
AnGifn)=n""Y A3, 1<i<n,
Jj<i
and by linear interpolation at other points of [0,1]. Furthermore, let \¥ be the left-
continuous slope of the greatest convex minorant of AY. Then:

E(T) = X (i/n) = X (Gu(T)),

where G,, is the empirical distribution function of the observations 71, ...,T, and F,’{ is
the MLE in the bootstrap sample.
We define analogously A, = Fj,, o G™1, and

Moreover, we define
L (B.1.3)
With these definitions we have that

Uy=G lod =G 1oW,. (B.1.4)

n

By the model assumptions at the beginning of Section 3.1 for Fjy and G, and the almost
sure convergence of F},;, and its derivative to Fy and fo, respectively, uniformly on [0, M]
(using the suggested boundary correction near 0 and M), we may assume that there is a
constant ¢ > 0 such that X/, (t) > ¢ for all t € [0,1] and all large n, and that therefore,
using a Taylor expansion, we get:

An(t) = Kp(Win()) > (t— Wi(a))a+ te(t — Wi(a))?, (B.1.5)

for all ¢,a € [0, 1].
We similarly define

W (a) = argmin, o, {A;, (u) — au},

where argmin denotes the smallest location of the minimum. Note that, analogously to
(B.1.4), we have for U, as defined by (3.1.2) that

U, =G oWy, (B.1.6)

By the transition of Uy and U,, to W,, and W}, respectively, the range of Uy and U, is
changed from [0, M] to [0,1]. We now prove:

P, {{Wyi(a) = Wy(a)| > 2} < crexp {—cana®}, (B.1.7)
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almost surely, for all large n, and constants ¢1,¢co > 0 and all z € (n*1/3, 1]. Note that
the probability on the left-hand side of (B.1.7) is zero if x > 1.
Define:

Then, we get that

Ai(i/n) =n 126 +n” 1ZFnh 21(/n)

71<4 §<i

i/n
Tty e +/ Fan (GM(w) du, 1 <i<n,
<t

using the piecewise constancy of G, 1. This gives:

P, {|W;(a) - Wn(a)| >}

<P, { i, AAL(i/n) = aif/n} < AQ(Wa(a)) - aWn(a)}
<P, {1 |Wn(I(£l)i£1i/n|>m {D:L(i/n) = Dj, (Wn(a)) + g (in” " — Wn(a))2} < O} ,

where D7 is defined by D* = A% — A,, and where we use (B.1.5) in the last step. Define:

Bi(t) = / (B (G (W) — B (G (w)) )} du.
Then we get that

Bi(i/n)=n""> el

J<i
Moreover, the event {|W(a) — Wy, (a)| > «} is contained in the union of the events

Enl =

{ 5 {/ A (@70) ~ Fu (670) ) di - S Wn<a>>2} - 0}
u: |[Why(a)—u|>z Wy (a)

and
B = { swp  {Bi(Wa(a) = By(i/n) — $(in = W(a))*} > 0} .

it [Wh(a)—i/n|>z

We have, by the mean value theorem and the bounded differentiability of F},;,

‘ [t (@) P E)) a

< du—Wy(a)| t:l[(l]pl]|(G;1(t) —a ),
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for a constant ¢/ > 0. Hence we get from Lemma B.1.1 in the original space that

CI

4¢'

P,(E,) <P, { sup |G;1(t) - Gil(t)} >
t€(0,1]

} < 4exp{—Kn02x2}
< 4exp{fK02n1/3}, (B.1.8)

for some K > 0 and = € (n~'/3, M]. This means that we may assume that, almost
surely, the complement of E,,; is satisfied for all large n and all 2 € (n='/3,1]. So we
now turn to Pn(Eng). We have that

<> P ( sup { Bl (Wal@) = Bii/m) = £ (i/n = Wa(a)*} = o)

i |[Wy(a)—i/n|€(kz,(k+1)z]

<§Zl< sup {mawm»—amm»>jﬁﬁ>

i |[Wy(a)—i/n|<(k+1)z

Using the piecewise linearity of B}, we get that

5 0,0 = 55 (2O o (o) - Oy g

n

where |[nW,(a)| denotes the integer part (“floor”) of nW,(a). Hence,

Po(Bu2) <3 P ((Wn(a) - W) ElnWa(a))+1 = ;WQ)

k>1

+Zf’n sup Z s;—Zs; 2%k2x2 . (B.1.9)

k>1 it |[Wy(a)—i/n|<(k+1)z J<nW,(a) i<i

The Markov inequality implies that for all # >0, k > 1, a € [0,1] and = € (n='/3,1],

~ nWy(a " c
P, { <Wn(a) - Ln()J> ElnW, (a)]+1 2 8k2x2}

< exp {—0861621“2} E, exp {9 <Wn(a) — Wn(a”) Eth,L(a)J+1} ;

n

where F, denotes the expectation under P,. Since ef € [~1,1] for all i, we have
exp(ae) < Kexp(a?) for all @ € R and K > exp(1) and therefore, with § =
ck?x°n? /16, we obtain

5 [nWa(a)]\ . €12 2 Oc 5 5, 0
Pn <(Wn(a) — T €Lan(a)J+1 Z gk x S Kexp _gk x° + ﬁ

Akiatn?
256 ) '

IN

Kexp (—
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Using that k* > k for all k > 1 and nz > 1 for all z € (7”F1/37 1), we conclude that for
alla€[0,1] and = € (n=1/3,1)

= (0 )2 )

k>1
Akxdn Arn Akxdn
<K - <K - —
= zeXp< 256 ) = eXp< 256 > ZeXp( 256 >
E>1 k>0
< K’ exp(—Konz?), (B.1.10)

with any finite K’ that satisfies K’ > KZIQO exp (—62/4:/256) and Ky < ¢2/256. This
takes care of the first term on the right of (B.1.9).

We now consider the second term on the right of (B.1.9). Just as in the proof of Theorem
11.3 in Groeneboom and Jongbloed (2014), we use Doob's submartingale inequality, this
time conditionally on (71, A1),...,(Th,Ay). This gives

P, sup Z s; — Z s; > Ekzxz
i [Wala)=i/nl<(k+1)z | opp (o) = 8
0 -
< 2exp (;wk2x2> _ sup E, |exp| 6 Z €5 — Zej
i |[Wy(a)—i/n|<(k+1)z J<nWi(a) i<i
(B.1.11)
Suppose i/n < W, (a). Then we get that
logE, |exp | 6 Z €5 — Ze =logE, |exp | 6
i<nWy,(a) 71<i z<]<nW

Z log {exp {9{1 — Fnh }} Fnh ) + exp { HFnh } ) H{1 - Fon (T}

i<j<nWhy(a)

W (a)
:n/ log{exp{9{1 nh( }}Fnh S 0))

r/n

+exp {—0Fn (G, (#) 1} {1 — Fon( (t))}}dt.
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Since log(1 + x) < z, this is bounded above by

i/n

Wn(a)
n/ {exp{ﬂ{l — En (G, t)}} Foun(GL(1))
+exp {—0Fn (G, (4)}} {1 — Fn( (t))}—l}dt

W (a)
< n/ {exp {041 — Fon(G, ' (1)} } Fun(G, (1))

Wy (a)—(k+1)x

+exp { —0Fn (G, (1))} {1 — Fon( 1(t))}—1}dt,

Wh(a)—(k+1)z

Wy, (a) gt .
“uf {Z 00 = (G (0)) Fon(G71(0)
=2

207' ‘ nh {1— nh(G 1(75))}}6#,

=2
S 91 Wn (a)

—n> {{1 — Fun(GL ()} Fun(G, (1))

= i Iw (@) - (k+1)z

+ (1) Fan(Gy (1) {1 - Fnh(Gnl(t))}} dt,
if i/n < Wy(a) and |W,(a) —i/n| < (k+ 1)x. Since W, (a) € [0, 1], the integrand,

{1 = Fan(G,  (0)} Fun (G (1)) + (= 1) Fun (G (1) {1 = Fan(GL (1)) }

is bounded by 1/2, we get,

ot nc
P, sup e — e¥y > — k22
(i: W (a)—i/n|<(k+1) {K%(a) J ; J} 8

Onc .
< 2exp <—k‘21’2> sup E, |exp |0 er — e*
8 i |Wa(a)—i/n|<(k+1)z j<7§;(a) / ; J

Onck?z?  n(k+ Dz o= 6°
§2€xp< 3 + ( 9 ) ZT‘ ,

=2

for all 2 € (n=/3,1),k > 1,a € [0,1] and @ > 0. Therefore, with 6 = log(1 + 4(Cf+“”1))



190 APPENDIX B. BOOTSTRAP PROCEDURES UNDER CURRENT STATUS DATA - APPENDIX

we arrive at,

- ne
P, _ sup Z ej—Za}f 2§k2x2

i |[Wy(a)—i/n|<(k+1)x J<nW(a) i<i

coom (S5 G (o) (o 35

Following Pollard (1984), in his discussion of Bennett's inequality on p. 192, we introduce
the function B, defined by B(0) = 1/2 and

B(u) = v 2{(1 +u)log(1 + u) — u}.
Making the change of variables u;, = ck?z/(4(k + 1)), we can write

P, , sup Z E;—ZE; Z%le‘Q

i |[Wy(a)—i/n|<(k+1)z i<nWy(a) i<t
nc2k*a®
<2exp (BT By ).
< 2oy (- 0 B

Since uy, varies over a finite interval [0, M’] and therefore B(uy) stays away from zero on
[0, M'], we find that

P, sup er — er sy > —k°z
m | : : 7";0 2.2

k>1 i |[Wy(a)—i/n|<(k+1)x F<nW(a) i<i
2]{/’4 3 TLCQ(E?) 02]{/’4
<K <K —_
11;16’“3( 32 k+1)> 1eXp< 64 )ICZ:()GXP( 32(k+1)>

< Ksexp (—Kgna:3) .
for appropriate K1, Ko and K5. Combining this with (B.1.8) and (B.1.10), it follows that
P, {IWi(a) = Wy(a)| > 2} <1 exp{—ncyz?),

for all large n, almost surely along (T}, A1), . . . for constants ¢1, ¢, > 0and z € (n=/3,1].
We now prove that (B.1.2) also follows by considering the transition of W,, and W} to
Uy and U,,. By (B.1.4) and (B.1.6) we get that

Un(a) = Up(a) = G, ' o Wyi(a) = G~ o Wa(a),

and hence
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where

ki =1/ inf .
1=1/ ZEI[I&M]g(x)

From Lemma B.1.1 we get in the original space that

P, { sup |G, (1) — G (1)| > w/2} < dexp {~Kn'/*},

t€0,1]

for some K > 0 and x € (n~'/3, M]. So we may assume that, almost surely, |G 1 (t) —
GL(t)| < z/2, for all large n and all € (n='/3,1]. By the foregoing proof, we also
have that

P, {k1|Wyi(a) = Wy(a)| > z/2} < c1exp{—cona®/ (8k})}.

This proves the result.

B.1.2 Asymptotic normality of the bootstrapped SMLE

In this section, we prove (3.2.2). Define the functions

K;,,(tfu)
= —r B.1.12
() = S (8.112)
and
Y. (T3), if Fun(u) > EX(1), u € [7i, Tig),
&t*h(u) =19 Yns), if Fp(u) = A;L"(s), for some s € [7;, Tit1),

¢t,h(7'z'+1), if Fnh(u) < n(Ti)? u € [TiaTi+1)7

where the 7; are the points of jump of 13‘:,‘ By the convex minorant interpretation of F;{

we have that
[t {5 = Er(w} b5 = o
This implies that
0= [ i) {8 = Fi@} dBu w5
= [wunto) {5 = Frt) }abuu,57) + [ {3i00) = dn(} {5 = Frw)} .87
— [ unto) {5 = Fin(w)} d(Bo — P,
[ () {Buu) = B} B,
[0~ ventw)} {5~ Fofw) ) aBa(u,5%),
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where we write d(]f”n - an) instead of dP,, in the last equality as a result of the fact that
P, (A =1)=F,(T;) 1<i<n. (B.1.13)

Using integrating by parts we have

(0 = [ Kt = w dFunta) = [ven() {Ei(w) = ()} d6w),
So we find that
- [ Batt - w o)
= [Giato {5~ o} aBau57) = [ vunte) {Funw) - i)} dGw)
_ / rn(u) {5* — Fnh(u)} AP, — B, (u,6%)
+ [ et {Funta) = B ()} d(G, - G)(a,5)
4 [0t ~ v} {5 - Frw) } aBau,7)

=Ar+ A+ Ang.

To study the asymptotic distribution of

n2/5 { i (1) — /Kh(t — ) anh(U)},

we therefore have to analyze the three terms Ay, A;; and Ajr;. We start with A; and
prove that

n?/5 /z/;t,h(u) (6% = Fu(u) } d(Py, — By)(u, %) 25 N (0,02), (B.1.14)
where o2 is defined in (3.2.3). Define

Znyi =05, 1 (T3) {A] — Fon(Th) } -

The left hand side of (B.1.14) can then be expressed as Y., Z,;,;. Conditionally on
(Th,X1),...,(Th, Xn), Znp,; has mean zero and variance

Ooni = _6/5¢ W(T) Enn(T) {1 = Fun(T5) } -
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Therefore, along almost all sequences (71, A1), (T2, Ag) .. .,

St = [ U Funw) {1~ Fun(w)} 4G
i=1
=n /5 /wfh(u)ﬁnh(u) {1 — Fnh(u)} dG(u) 4 o(1)

/ K2(u)Epp(t + hu) {1 — Fop(t + hu) } g(t + hu)du + o(1)
{I_FO }/K2 du—a

where we use the a.s. convergence of Fyp(t) — Fy(t) in the last line. By the Lindeberg-
Feller CLT, we have,

S~ Zuni 2 N (0,0%).

i=1
This proves (B.1.14).
We next consider A;;. From the fact that the integrand is the product of A~! times the
fixed bounded continuous function u — K((t — u)/h)/g(u) and the class of functions
of bounded variation F; — E,,;, which have entropy with bracketing of order e~ for
the Ly-distance and are of order Op(n~'/3) for the Lo-distance, again conditionally
on w = (T1,Ay), (T, Ag),..., it follows that Ar; is of order Op(h™'n=2/3). As a

consequence, we have for h =< n~=1/3,

Arr = [ () {Bun() = B3} (G~ G)w) = 0p(n %) (BL15)

We finally study the term Aj;;. Using similar arguments as in the proof of Lemma A.4
in Groeneboom et al. (2010), there exists a positive constant C such that

|97 () — e (u)] < Ch™2 | Ex(u) — Fpp(u)

: (B.1.16)

for all u such that f,; = F’, is positive and continuous in a neighborhood around u. By
(B.1.13), we can write,

AIHZ/{U;t*,h,( — ()} {0% = Fup(uw)} d(Py, — Py)(u, 6%)
+ / {075 (w) = n(u)} {Fnh(u) - F;f(u)} G, (u). (B.1.17)

It is clear that

/wzih< (W)} {67 — Funlw)} d(By — Bo)(u,6%)
. ( [ a0 {5° = Eunw)} P, - anu,a*)) ,
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which is 05(n2/%) by (B.1.14). For the second term on the right-hand side of (B.1.17)
we get by (B.1.1) and (B.1.16) that

\/{m — dun >}{F 0~ F ) } a6

The asymptotic normality of the bootstrapped SMLE given in (3.2.2) now follows by
(B.1.14),(B.1.15) and (B.1.18).

B.1.3 Proof of Lemma 3.2.2

We have:

/{Kh(t —u) + Kp(t +u) = Kp(2M —t —u)} dﬁ‘flzc) (u)

M
= /70 {Kh(t—u) +Kh(t+u) —Kh(QM - )}fnbc)( )

If t € [h, M — h] we get, noting that K;,(t +u) = K,(2M —t —u) =1, if t € [h, M — h],

M
/_ {Kn(t — ) + Kn(t +u) — Kn(2M — t —u)} F137 (u) du
u_O]W
= [ Kult—u) ) (u) du

quO

=/ Kh t—u) /{Kh u— )+ Kp(u+v) + K,2M —u —v)} dF,(v) du

u

= { Kp(t —u) {Kp(u—v)+ Kp(u+v)+ Kp(2M —u—v)} du} dE,(v)

- { (t—v) +Kn(t+0) — Kh(2M—t—v)}an(v)
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The last transition follows from integration by parts and the symmetry of the kernel K

/_0 Kp(t —u) {Kp(u —v) + Kp(u+v) + Kp(2M —u — )} du
= [Kp(t — u) {Kp(u— v) + Kp(u+v) — Kp(2M — u—v)}]M

u=0

+/Kh(t—u) (K (1 — v) + Kn(u +0) — Kp(2M — u — v)} du
= /Kh(t —u) {Kp(u —v) + Kp(u+v) —K,2M —u—v)} du

:/{Kh(t—vfhw)JrKh(tnLv—hw)th(ZM—tfv—hw)}K(w)dw

=Ku(t—v) +Kp(t +v) —Kp(2M —t —v).

if t € [h, M — h).
We likewise get, if t € [0, h],

M

B {Kp(t —u) + Kp(t +u) — Kp(2M — t — u)} £ (u) du

M
_ / AR ) K ) 1) )

:/_O{Kh(t—u)+Kh(t+u)—1}
-/{Kh(u—v)+Kh(u+v)+Kh(2M—u—v)} dF,(v) du

:/{f(h(t—v)—i—f(h(t—i—v) ~Rn(2M —t —0)} Ay (v).

In the last transition we use integration by parts again:

M
/70 (Kn(t — ) + Kn(t + u) — 1}

AKp(u—v)+ Kp(u+v) + Kp(2M —u—v)} du
= [{Kp(t — u) + Kp(t + u) — 1} {Kp,(u — v) + Ky, (u+ v) — K (2M —u — )},
M
+ . {Kn(t —u) = Kp(t + u)} {Kp(u —v) + Kp(u+v) —Kp(2M —u —v)} du

u=

M
=/, {Kp(t —u) — Kp(t+ )} {Kp(u —v) + Kp(u+v) = Kp(2M —u —v)} du,

U=

where we use K, (—v) + K, (v) = 1 in the last equality (which follows from the symmetry
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of K). Furthermore,

M
/_0 {Kp(t—u) — Kp(t+uw)} {Kp(u—v) + Kp(u+v) —Kp(2M —u—v)} du
4/
= ' K(w) {Kp(t —v —hw) +Kp(t +v — hw) — 1} dw

w=-—1

_/1 / K(w){Kp(—t — v+ hw) + Kp(—=t + v+ hw) — 1} dw
w=t/h

4/
:/ ' K(w) {Kp(t —v — hw) + Kp(t + v — hw) — 1} dw

+/1 K(w) {Kp(t +v — hw) + Kp(t —v — hw) — 1} dw
w=t/h

:/1 K(w) {Kp({t —v—hw) +Kp(t +v— hw) — 1} dw

w=-—1

:/K(w){Kh(t*”U7hw)+Kh(t+U*hw)7Kh(2M7t71)*h’w)} dw
=Kn(t—v) + Kp(t +v) =K, (2M —t — v),

again using the relation Ky (z) + Kp(—z) = 1. The case t € [M — h, M] is treated

similarly.

B.2 The nonparametric bootstrap

To complete the notation introduced in Chapter 3, we suppose that the vectors
((Z1,...,Zyn), My,),n =1,2,... are defined on the product space ([0, M] x {0,1})>° x
75,8, Pzyr), where Z is the set of nonnegative integers and 3 is the collection of Borel
sets, generated by the finite dimensional projections. We say that a real-valued function

I';, defined on the joint probability space is of order 04 (1) in probability if for all €, > 0:
P (pn{|Fn| > €} >77) —0asn— oo,

where P* denotes outer probability and B, is the conditional probability measure w.r.t.

the weights, given the sample Z1,...,Z,.

B.2.1 Proof of Lemma 3.3.1

Before proving Lemma 3.3.1 we provide two technical lemmas.
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Lemma B.2.1. Let a > 0. There exist constants K1, Ky > 0 such that, for each
J=21,j€N,

Pn{Ely € [(] — 1)n*1/3,jn*1/3) :

{6 — Fo(w)}d(P, — P,) (u, )

/ > a(j = 1)~
u€(Uo(a),Uo(a)+y]

< Kj exp {—Kg(j - 1)3/2} , (B.2.1)

in probability.
Likewise, there exist constants K1, Ko > 0 such that, for each j > 1, j € N,

pn{ﬂy € [—jn_1/3, —(j — 1)n_1/3) :

{0 — Fo(u)} d(B, — Py (u,0)

/ > a(j — 1)*n %3
u€(Up(a)+y,Up(a)]

<K, exp{—Kg(j - 1)3/2}, (B.2.2)

in probability.
Proof. We only prove (B.2.1), since the proof of (B.2.2) is similar. Let F; be the (Vapnik-

Cervonenkis) class of functions
Fi = {((5 - FO('U))l(Ug(a),Uo(a)+u] (’U) U € [O,t], € {0, 1}},

with envelope

Ft(v, 5) = 1(U0(a),U0(a)+t] (’U), NS [O,t].

To prove (B.2.1), we use that an exponential tail bound can be derived from a bounded
Orlicz norm || - || p,y, i.e., when taking 11 (x) = exp(x) — 1, for z > 0, we get, for z > 0
the inequality

P(IX]| > x) < 2exp {—z/| X||lpy: } (B:2.3)

where

HX”PJIH = inf {C >0: E(/}l <)C(:|> < 1}

Using the second statement of Theorem 2.14.5 in van der Vaart and Wellner (1996), with
p =1, we get, the following inequality:

vl =i (e-e)

* *

+n"Y2{1 +logn}||F;
P,,1

Prn,y1s

Fi Fi

anwl
(B.2.4)
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where || - [[%, denotes the so-called measurable majorant of || - ||, (see van der Vaart
and Wellner (1996)). (Note that we use temporarily the "*" notation which is used for
bootstrap variables in the rest of the paper.)

Furthermore, we have by the rightmost inequality of Theorem 2.14.1 of van der Vaart and
Wellner (1996) that

SJ (1R |IF

Prn,2

ore.-el

tHPy,1

where J(0, F;) is defined by

o
76,70 = swp [\ 108N €[ Flga. 7. La(@) de
0

and where the supremum is over all discrete probability measure @ with ||F|/g,2 > 0.
Since Fy C Far—uy(a) for all t € [0, M — Up(a)], and since Fpr_y,(q) is @ Vapnik-
Cervonenkis class, J(d, F;) is bounded by a fixed constant for all t € [0, M — Up(a)], and
we get that

*

Prn,2

e

S IF
1

Flp,,

uniformly for all ¢ € [0, M — Up(a)]. Note that

||Ft||§,m2:/ d]P’n(u,é):/ dG(u), (B.2.5)
u€Ug(a),Uqp(a)+t] u€Ug(a),Ug(a)+t]

t € [Uo(a), M — Up(a)]. We next evaluate the second term on the right-hand side of
(B.2.4). We have that

/¢1 <Ft(u’5)) dPy(u,d) = {61/0 - 1}/1(U0(a),Uo(a)+t](U) dGy, (u),

c

and
{61/0 _ 1} / 1(U0(a),Uo(a)+t](u) dGn(u) S 1

1
= c> '
1og {141/ [ty ey 4 4G () }

Thus (B.2.4) becomes, using (B.2.5),

one.-»)

*

}-t Pn 1w1

1/2
<c {/ 4G (u)}/ 4 L +logn
>~ €1 n )
u€Uo(a),Uo(a)+t] nl/2log {1 +1/ fuer(a),Uo(a)+t] dGn(u)}

(B.2.6)
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for a constant ¢; > 0. If t > Kn~'/3 we get for the second term in probability,

1 1 1/2
Tlosn <o { / dGn(u)} .
nl/2log {1 +1/ fueUU(a),Uo(a)+t] dGn(u)} u€Up(a),Uo(a)+t]

We have:

/ G (u)
u€[Up(a),Up(a)+t]

= / dG(u) + / d(Gn — G)(u)
u€[Ug(a),Us(a)+t] u€[Up(a),Up(a)+t]

dG(u) + O, (n71/2> —0(t) + 0, (n71/2)

/ue[Uo(a),Uo(aw]
O(t) +0p (n—1/2> ,

in probability (since a term defined only on the probability space (X, A, P) of order O,(1)
is also of order O (1) in probability). So we obtain, for j > K in probability, conditioning
on (T1,A1), (T2, As), . .. using the inequality on Orlicz norms on p. 96 or 239 of van der
Vaart and Wellner (1996):

ﬁ’n{ﬂy € [(] - l)nfl/g,jnflm) :

{6 — Fo(w)}d(P, — P,)(u,0)

/ > a(j = 1)°n 7?8
u€(Up(a),Uo(a)+y]

A

= n{EIy € [(j—1n 3 jn 3

vn {6 — Fo(u)} d(Pr — Pp) (u, 6)

/uE(Uo(a),Uo(“)-i-y]

> Oé(j _ 1>2n—1/6}

< 2exp 4 —m(j —1)°n %/

v (8. -l

Fin—1/3

P, 1
< 2exp {—cam(j - 1)/},

for some ¢ > 0. This proves the statement. O

Lemma B.2.2. For eache > 0 and z € [0, M — Up(a)],

{5 - FO(U)}d(Pn - P) (U, 5) < 6]}2 + Op (n72/3) .

/ue(Uo(a),Uo(a)JrI]
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Proof. As in the proof of Lemma B.2.1, we consider the Vapnik-Cervonenkis collection

of functions

Fi = {(5 — FO(U))]-(UO(a),UO(a)+u](U) Tu € [O,t], o€ {0, 1}},

with envelope

Fi(v,0) = Ly (a),U0(a)+4 (V) v € [0,1].

We have, using Theorem 2.14.1 of van der Vaart and Wellner (1996), that

2
EX { sup |Pn - P| (f)} < anl ”FtH?D,Qa (827)
FEF:

for some K > 0. Since

I1Fi 3 = | a(u,0) - [ 4G(u) = O(1),
u€Up(a),Up(a)+t] u€Up(a),Up(a)+t]

for t € [Up(a), M — Uy(a)], we get, by Markov's inequality,

P{n2/3

< Kj/{A+e(j —1)%}".

{0 — Fo(u)} d(Py — P)(u, )

/ >A+e(j—1)>
u€(Uo(a),Uo(a)+jn~1/3]

The result now easily follows, see e.g. Kim and Pollard (1990). p. 201. O
As a consequence of Lemma B.2.1 and Lemma B.2.2 we get the following result.
Lemma B.2.3. Let Vn and ‘Q/n be defined by

Vn(t):/ 5 dP, (u, 6), ﬁn(t):/ Fo(u) dGo(u),  te [0, M].
uwel0,4] u€[0,t]

(B.2.8)

where the process (Gn is defined in (3.3.1), and let ﬁn = Vn — Xﬁfn Then there exist
constants K1, Ky > 0 such that, for each j > 1, j € N,

Po {3y € [ = )03, jn"1%) : Da(Usla) +y) — Pu(Ui(@)

Uo(a)+y N
< [ (R - Bwsa) dwu)}

Uo(a)

< K, exp {—Kg(j - 1)3/2} : (B.2.9)
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in probability. Likewise, there exist constants K1, Ko > 0 such that, foreachj > 1, j € N,

P, {Ely € [—jn Y3, —(j = )n~3) 1 D, (Uo(a) + ) — Dn(Uo(a))

Up(a)
S—/ {Fo(u) — Fy(Us(a))} dGy, (u }

Uo(a)+y

< Ky exp {—KQ(j - 1)3/2} : (B.2.10)
in probability.

Proof. We again only prove (B.2.1), since the proof of (B.2.2) is similar. First note that

ﬁn{ay € [(j —1)n~ 3, jn=3) 1 D, (Uo(a) +y) — D (Up(a))

Uo(a)+y
g—/ +{F() Fo(Us(a))} dGy(u }

Uo(a)

<P, {ay &[G~ Vn 2, jn 09 < [ Da(Us(a) + ) ~ Da(Un(w)|

Uo(a)+y
2/ +{F() Fo(Uo(a))} dG, (u }

Uo(a)

Furthermore,

Uo(a)+y
/ {Fo(u) — Fo(Uo(a))} dGn (u
Uo(a)

Uo(a)+y
:/ {Fo(u) — Fo(Up(a))} dGy, (u

Uo(a)
Uo(a)+y

+/ {Fo(w) - Fo(Us(a))} d(Gn — Gu) (u)
Uo(a)

Uo(a)+y

:/ {Fo( — Fo(Up(a }dG

Uo(a)
Uo(a)+y

+/U() {Fo(u) — Fo(Uo(a))} d(G — G)(u)
Uo(a)+y
ola
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and for the dominant term on the right-hand side we get that

Uo(a)+y

Uo(a)+y
/ {Fo(u) — Fo(Up(a))} dG(u) > mo/ {u—Up(a)}dG(u)

Uo(a) Uo(a)

Uo(a)+y )
Z momi / {u - Uo(a)} du = %moml{y - Uo(a)} y
Uo(a)

where mg = infy, ¢y (a),0) fo(u) and my = infy, ey, (a),m1 9(w). We therefore consider
the probability
pn{ziy € [(] - 1)”71/3ajn71/3) : ‘f)n(UO(a) +y) — f)n(UO(a))‘
> m(j — 1)271_2/3}, (B.2.12)

where

m:;min{ inf  fo(u), inf g(u)}.

)
u€lto,M] u€lto,M]

We also have that

DAUd®+y)ﬁmUd®)/?w()U(H]wPMM}ﬂ%Wﬁ)

-/ {6~ Fo(u)} d(B, — P)(u,)
u€(Up(a),Uo(a)+y]

:/ {6 — Fo(u)} d(Br, — Py,) (u, 6)
u€(Ug(a),Up(a)+y]

+/ {6 = Fo(u)} d(Py — P)(u,9).
uw€(Up(a),Ug(a)+y]

By Lemma B.2.2, we may assume that for z € [0, M — Uy(a)],

{6 — Fo(w)} d(Pn, — P)(u,0)| < ex? + Kn~ /3, (B.2.13)

/HG(UO('ILUO(G)-HC]

for some K > 0 and 0 < ¢ < m/2. Considering sequences X = (T1,A), (T2, Ag) ...,
satisfying (B.2.13), we get that

Pu{3y € [ = )02 jn %) £ | Do(Us(a) +y) — Da(Us(a)|

> m(j — 1)2n_2/3}
< Pn{Ey € [(j—n/3, jn=13)

{6 — Fo(u)} d(B,, —P,)(u, )

/ > %m(] _ 1)2,“72/3
u€(Uo(a),Uo(a)+y]

< Kyexp {—Ky(j — 1)}
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with probability tending to one, using Lemma B.2.1. O

We now prove Lemma 3.1.1.

Proof of Lemma 3.1.1. Suppose that n'/3|U,(a) — Up(a)| > = for some 2 > 0, then
there exists a y such that, n'/3 |y — Up(a)| > z and V,,(y) — aG,(y) < V,(Uo(a)) —
aG,,(Uy(a)). Hence,

B, {nl/?’ ‘Un(a) - Uo(a)‘ > x}

<P, inf  Dy(y) — Dn(U,
- (y—%(al)nznusx ) (Uo(a))

g—/y {Fo(u) — Fo(Up(a))} dG( )

Uo(a)
Z (ay € [(G = 1)n=17, jn= 1) : Du(Us(a) +) — Da(Us(a))
Uo(a)+y
<- [ o) - Fa(Ui(a)} da(u
Ug(a)

where z € [(i — 1)n™1/3,in~1/3]. By Lemma B.2.3, this is bounded above by

iKl exp {Kg(j - 1)3/2}

j=i
= Kyexp{~Kai = 12} Y exp {~Kal(j - )2 = (i - 1)*/7]}
j=i
< Kj exp { K4(i - 1)},
for constants K1, K}, Ko, K > 0. O

B.2.2 Asymptotic normality of the bootstrapped SMLE

In this section, we prove (3.3.2). Define the function %, j, as in (B.1.12) and denote the

points of jump of the nonparametric bootstrapped MLE F;{ by 71,...,7m and define the
piecewise constant function @t’h with only jumps at 74, ..., 7y, by
Yen (i), if Fo(u) > Fyy(%), u € [#, %i11),
Yen(u) = Prn(s), if Fo(u) = E7*(s), for some s € [y, 7is1),

Gen(Fig1),  if Fo(u) < Ef(mi), u € [#, Fir)-
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By the convex minorant interpretation of 13’; we have that

/ Do (u) (6 — By (w)) B (1, 6) = 0,

(see the discussion of the SMLE in Groeneboom and Jongbloed (2014), p. 332).
We can write:

£ (t) /Kh t— w) dE (u)
- /Kh(t ) d(ES — Fo)(u) + /Kh(t ) dFy(u)
/z/;th (w) = Fo(w) } dG(u) /Kht—u)dFo( )
= /wt,hm) {Fo<u> - Fi@} G~ O + [ bia(w) (6 - Fo(w) dPo(u,5)
+ / {Wen(u) — P p(u)} {F;;(u) - 5} P, (u, 8) + /Kh(t — ) dFy(u)
= B0 + [ () {Fotu) - F(w)} d(6, - G)a,5)
+ [ (ot ~ beatw} {Eiw) - 5} (w0
= FUO"(t) + Ar + Apr.
We first evaluate A; and show that this term is 0, (n~2/%) in probability, we have that
Ar = [ dratw {Fo<u> ~ ()} d(G, — G )
— [ et {Fotu) - F:<u>}d<@n — G ()
+ [t {Fatw) - £} d(G, - G)(a.5)
An argument similar to that of Lemma A.7 in Groeneboom et al. (2010) shows that
[ et {Faw) - )} d(Go — 6)(1,8) = 0,(n 20,
and hence,
[ eantw) {Fatw) = Fr0)}d(G, - G)u,) = op(n™2"),

in probability. Similarly to the proof of Lemma A.7 in Groeneboom et al. (2010), we can
also show that

/wt,h(U) {Fo(U) - F;‘(u)} d(Gy, — Gp)(u,8) = 0p(n~%/%), (B.2.14)
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in probability, such that
Ar = o0p(n=%%) in probability.

We now study the term Aj;. Using the same inequality for ¢, — @m as used in the
second display after (11.49) on p. 333 of Groeneboom and Jongbloed (2014), we get for
some constant C' > 0 that

[ () = Yon(w)] < Ch=2 B () = Fo(w)], (B.2.15)

for all u such that fj is positive and continuous in a neighborhood around u. We decom-
pose the term Ay as follows:

Arr = [ () = vun)} {Fiw) - Fow)} B (0,5)
+/{1ﬁt,h( — ()} {Fo(u) — 8} dP,, (u, 8). (B.2.16)
For the first term on the right-hand side of the above display we write:
[ nto) = v} {2 0) = Fola } ()
= [ {unto) = dea} {Fi @ - Fo(w)} (B, P (w0
4 [ () = veat)} {E1() - o)} dPa(us)

t+h R 2
+ Ch2 {F;(u) - Fo(u)} P, (u, 6), (B.2.17)
t—h
where we use (B.2.15) in the last inequality. The first term in the display above is
0p(n~2/5) in probability by (B.2.14) and (B.2.15). Since

N N 2
E, {F;;(t) - Fo(t)} <Kn~23  Vte (0,M),

in probability, we have by Markov's inequality and Fubini's theorem that

t+h R 2
/ {F;;(u) - Fo(u)} dP, (u,8) = Op (hn_2/3) in probability.  (B.2.18)
t—h

Hence, for h < n='/%, we get for the second term in (B.2.17) that

Ch2 /t o { £ (u) — Fo(u)}2 dP,,(u, 6)

—h

-0, (h—ln—2/3) -0, (n—7/15) —o0p (n—z/s) :
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in probability. For the second term of (B.2.16) we have that
[ Be(w) = vuntw)} {Fa(w) - 8} dBu.0)
= [ {unta) = dunl)} {Fo(w) = 8} d(, ~ Ba)(w.0)
+/{wth( — Py (u) } {Fo(u) — 6} d(P, — P)(u,0).

Similar to the arguments used in the treatment of term A; above, we get by using again

arguments similar to that of Lemma A.7 in Groeneboom et al. (2010) that

/ {n(w) — Yo (u)} {Fo(u) — 6} d(P,, — P (u,8) = 0p(n= /%),
and
/ [ () — don(u)} {Folw) — 8} d(By — P)(u,8) = 0p(n~2/%),

in probability.

B.2.3 Asymptotic normality of the SSE

In this section we give a road map for the proof of the bootstrap validity in the current
status linear regression model given in (3.6.3). We assume that the assumptions stated
in Theorem 2.4.1 hold. Since the proof is very similar to the proof of Theorem 2.4.1, we

leave the details to the interested reader. Consider the bootstrap score function

Dnc(B) = / {5~ FY ot — aT2)} dPo(e.t,5),  (B2.19)
(t—aTx)ele,1—€]

noc

for some fixed truncation parameter € € (0,1/2).

The main idea is to show that

Dul@;) = A~ a0+ [ {2 —E(X|T - alX =t - ala)}
Fo(t—al'z)ele,1—€]
6 — Fo(t — o)} d(P,, — P,,)(x,t,0)
—|—/ {x —E(X|T -l X =t—alzx)}
Fo(t—agx)€le,1—€]
A6 — Fo(t — ayz)d(P, — P)(z,t,9)
+op(n™ % + (&5, — o)), (B.2.20)

in probability. As in the proof of Theorem 2.4.1 given in Appendix A, we can work with
the definition

’(Z}ne ((Ax:,) = 07
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for the score estimator &;. Since by the proof of Theorem 2.4.1,

- \/EA(dn - O‘O)
=n {z —EX|T-aofX =t—ajx)}

Fo(t—al'z)ele,1—€]
{0 = Ryt — ag)} d(P, — P)(,t,0)
+ 0p(1 + Vn(é, — ap)),
we get that,
— VRA(& — )
=vn {x —E(X|T-al X =t—alz)}
Fo(t—al'z)ele,1—€]
A6 — Fy(t — o)} d(P,, — P,,) (a1, 0)
+0p(1+vVn(&) — ay)).

The validity of the bootstrap then follows by the arguments given in Section 3.6. Very
important in the proof of (B.2.20) is the conditional bootstrapped Lo-result,

N 2
sup/ {F,’;a(t —alz) — Fa(t - aTm)} dP, (z,1,8) = Op (n*2/3) . (B.2.21)

in probability, where Fy, is defined in (2.3.1).

Let Q_Sd* 7 . bea (random) piecewise constant version of ¢4, where
b =E{X|T - "X =u},

and where, for a piecewise constant distribution function F' with finitely many jumps at

71 < T9 < ..., the function éa,F is defined in the following way.
¢a(Ti)a if Fa(u) >F(’Ti),u€ [Ti,Ti+1)7
bo,r (1) =< bals), if Fo(u) = F(s), for some s € [1;,Ti11), (B.2.22)

Ga(Tiv1), If Fo(u) < F(1i), u € [T, Tig1)-

Similar to the proof of Theorem 2.4.1, we get that

(W < K|Fpa; (u) = Fag (u),

[Pa (u) — ‘Zza;,fa 7

A *
1,6

for some constant K > 0 not depending on . By the definition of the MLE Fn,d; as

the slope of the greatest convex minorant of the corresponding cusum diagram, we can
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write:

1&716(&7*1) = {:L‘ - (bd; (t - (&;)Tw)}

/Fn’d;; (t—(az)Tx)ele,1—¢€]
A6 = By ax(t— (&) )} dPy (.1, 6)

v {00t = (@2)T2) ~ G
B s (t—(63)T@)Ele,1—d]

=1 +1I,

For the second term, we have that

- {Bas(t = @0)") = by 5, .. (= (61)T0)}
B an (1= (&) T@)Ele, 1] e,

+ / {¢a: (t— (&) ) = s p . (t— (a;)%)}
Fy ax (t=(a3)Tz)€le,1—¢] .
. {5 — Fmd; (t — (d*)T:c)} d]P’n(g:7 t, 5)

=11, + 11,
It is shown in the proof of Theorem 2.4.1 that
Iy = 0p(n ™12 + (& — @),

and therefore

IT, = 0p(n~ Y%+ (&5 — ap)) in probability.
Using similar arguments as in in the proof of Theorem 2.4.1 we can also show that
11, = OP(n_l/Q) in probability.

Hence, we get that'l2

Dnel(63) = /F {2 — s (t — (67)T))

An,d;‘l (t—(ax)Tx)ele,1—¢]

+op(n” 12 + (&, — o)),
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in probability. We now write

/F {2 — das (t — (&) @) }{6 — Frax (t — (6) @)} dPy (. 1, 0)

e (t—(a) @) Ele,1—c]

_ / {& = das (t — (&) )}
F,

(t—(ap)Ta)€le,1—¢]

n.G& ¥
n,&

4 /F {2 = das (t — (62)T)}

(t—(ap)Ta)€le,1—¢]

4%
n,é&x

. {(5 — Fhax(t — (&Z)TIE)} dP, (z,t,0)

It follows from the proof of Theorem 2.4.1 that there exists a random variable R,, of order
op(n~Y? + &% — ap) (and hence of order 0 (n~1/2 4+ & — ) in probability) such that

/ {2 — ¢ax(t — (&) @)1 {6 — Fp o (t — (&) T) } AP (2, L, 6)
By ax (t—(a5)T@)€le,1—¢]

_ /F R 6]{x7¢o(tfao az)}{a Fo(t — af@) } (P, — P)(a,1,0)
+ ¢ (@) (&), — @) + R (B.2.23)

where ¢g = ¢q,. Therefore, (B.2.20) follows if we can show that

—1/2 (B.2.24)

+op(n + (&), — ag)).

Equality (B.2.24) follows by similar arguments used in the proof of (B.2.23) based on
asymptotic equicontinuity using the closeness of F{a to F and using entropy results
for the functions u — F:a(u) and the simpler parametric functions v — F,(u) and

u > ¢o(u), parametrized by the finite dimensional parameter c.






Appendix
Single index models - Appendix

In this chapter, we give the proof of Chapter 4. Before giving the proofs, we first introduce
some notations and definitions used in the remainder of this Appendix. We will denote
the Lo-norm of a function f defined on X' x R with respect to some probability measure
Pby |- [lei i

11l = B2 = ( / fQ(-’Bay)d]P(:c,y)>l/2.

Also, we will denote by | - ||g,p the Bernstein norm of a function f defined on X x R

which is given by

1/2
I fllp.5 = <2P(ef —If] - 1)) .

For both norms, P will taken to be Fy, i.e. the true joint probability measure of the
(X,Y). Note that when f is only a function of & € X, then

I = (/. f2<w>dG<a:>)1/2 (/. f2<x>g<m>dm)l/2,

by Assumption A5.

For a class of functions F on R equipped with a norm || - ||, we let Np(¢, F, || - ||) denote
again the minimal number N for which there exists pairs of functions {[g}, ¢5],1 < j <
N} such that ||g¥ — gF|| < ¢ forall 1 <j < N and such that for each g € F there is a
j€{l,...,N} such that gjL <g< ng. The (—entropy with bracketing of F is defined
as Hy(C, 7, |- [}) = log(N(C, . | - ).

211
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Results on entropy calculations used in proving our main results are given in Section C.4.
Our proofs use inequalities for empirical processes described in Lemma 3.4.2 and Lemma
3.4.3 of van der Vaart and Wellner (1996).

Lemma 3.4.2 (van der Vaart and Wellner (1996)) Let F be a class of measurable
functions such that || f||p < 0 and ||f||cc < M for every f in F. Then

Jn(57 5, ” : H]P’)
< . =52
[IGal=] £ 26 20 ) (14 2T o)

where

)
TG, F. 01D =/0 VT Hae Fo ] e

Lemma 3.4.3 (van der Vaart and Wellner (1996)) Let F be a class of measurable
functions such that || f||p,p < ¢ for every f in F. Then
Jn((sa}—v H : ”P B)
E[IGall5] < Ju(6. 7,11 14 SRR
1G] S 3671l (14 2051
In the sequel, and whenever the e-bracketing entropy of some class F with respect to
some norm | - || is bounded above by C'e™! for some constant C' > 0 (which may depend

on n), we will write for all e > ¢
Jn(d) = /6(1 + C/e)Y2de. (C.0.1)
Moreover, we will use the inequality i
Jo(d) < d+ 20212, (C.0.2)

which is an immediate consequence of the fact that /2 +y < /x + /y for all 2,y > 0.
This Appendix is organized as follows. In Section C.1 we prove the results given in Section
4.2. The asymptotic behavior of the simple and efficient score estimator given in Section
4.3.1 and Section 4.3.2 respectively is proved in Section C.2 respectively Section C.3. The
last two sections C.4 and C.5 of this Appendix contain some technical lemmas on entropy
results and some auxiliary results on the behavior of the score functions. We will regularly

refer to these results in the first part of this Appendix.

C.1 The least squares estimator %Ema

In this section we first prove Proposition 4.2.1. We next show in Lemma C.1.1 that the
LSE @/Sn,a is of order O,(log n) uniformly in B(ay, d). This result is used in the proof of
Proposition 4.2.2, given at the end of this section.
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Proof of Proposition 4.2.1. Note that with X ~ g we can write

La(¥) = B[ (40(ed X) ~ (X)) ]
Thus,

| (v0(af X) ~ Blo(ad X) | X)) | = min La(v),

with M’ the set of all bounded Borel-measurable function defined on Z, = {aTac tx €

X}. Therefore, if the minimizing function u +— E(vo(al X) | @’ X = u) is monotone
increasing on Z,, then this implies that it necessarily minimizes L, over M. Furthermore,
such a minimizer is unique by strict convexity of L. O

Lemma C.1.1.

max  sup
aeB(a0,00) xeX

@nya(aTw)‘ = Op(logn).

Proof. The proof of this lemma is similar to that of Lemma 4.4 of Balabdaoui et al.
(2016). For a fixed c it follows from the min-max formula of an isotonic regression that

we have for all x €¢ X

k n
R N . Y&
min S < dalate) < 20

Hence,

. i T
min Y; < a'xz) < max Y;
1<i<n ' T Ve )< 1<i<n U

and this in turn implies that

max  sup

0 T
a x)| < max |Y;].
a€B(a0,80) mex Vil )‘ i

T 1<i<n

Using similar arguments as in Balabdaoui et al. (2016), we use Assumption A7 to show

that max;<i<y |Y;| = Op(logn), which completes the proof. O

Proof of Proposition 4.2.2. By the definition of the LSE of the unknown monotone link

function, 1/3,1,04 maximizes the map ¢ — M, over M where,
M, (¢, @) = / (2v(aT2) ~ ?(a" ) ) dBo (2, y). (C.1.1)
X xR
Moreover, 1), maximizes the map ¢ — M over M, where

M(v,0) = [ (20(ale) - ¥ (aTe))aPr(ey)

A XR
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Define the function fy o by
fl/),a(wvy) = 2y¢(aTx) - wQ(aTw)a

Note that by definition of the LSE as the maximizer of (C.1.1), we have

/X (i wa@ ) = Fruan) o (w0) 2 0.

Moreover for all & € B(a, dp) and ¢ € M, we have

| (fea@9) = fualon)dPota.) = ~da (. 00)

where, for any a € B(a,do) and for any two elements ¢; and s in M, we define the
squared distance

Bin,t) = [ (vala’2) ~ va(aTe) gle)da.

X

This can be seen as follows:

/XXR (fw’o‘(w’ y) — fl/ﬁma(xvy))dpo(m, )
- /m (26a(a” ) (0" e) ~ vala"z) —v2(a" ) + vi(a" ) dP (2. 1)

__ /X (e’ a) — vala’®)) g@)de = ~d2 (. ba).

where we use that E{Y|a” X = u} = 9 (u). This implies that, for all a € B(ay, o)
and ¢ € M, we have

| (Foal@n) = foal@n)d®, - P(o) = (6, ba).
X xR
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We write,

P{ sup da(f&n,aawa) > 6}

acB(ap,d)

< P{ sup { /X (i mal®) = Tl ) ) AP~ P)(20)

a€B(ao,00),da (TLn,ouwa)ZE
aeB(ao,éo)

7d2 (wn aawa)} Z sup da(lzjn,aaq;ba) 2 6}

aGB(ao,&o),’Lﬁ€MRKyda(d’uwa)ze

<P { sup {/XxR (fw,a(w, y) — f¢a7a(m7y))d(Pn - Po)(z,y)

—di(wa,w>}>0 max sup vy, (aTw>]<K}

acB(ao,00) zeXx

—|—]P’{ max  sup |¥,. (aT:c)’>K}.

acB(ao,00) zeXx

Fix v > 0. Since

max  sup 1/1na al x) ‘ = Op(logn),

a€B(ao,d0) zex

by Lemma C.1.1, we can find K7 > 0 large enough such that

U, (aTzc)’ > K, logn} <v/2.

P max  sup
aeB(ao,00) zeX

Define
Mpx = {¢ monotone nondecreeasing on [~ R, R] and bounded by K}, (C.12)
and consider the related class
Fse ={ 1(2.9) = 2(4(a"2) - valaTe) - v(aTa)? + va(a ),
(e, ¥) € B, dp) x Mpx and (z,y) € X x R},
and for some v > 0
FRrEv := {f € Fri : do(¥,1a) <wv forall a € B(ao,éo)}.

Note now that the class Fri, is included in the class Hrcs defined in Lemma C.4.4
given in Section C.4 with C' = 2K? and § = 2Kwv. This holds true provided that Ky < K,
and K > 1 which we can assume for n large enough since K will be chosen to be of order
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logn. To see the claimed inclusion, it is enough to show that if m is a nondecreasing
function [—R, R] then m? can be written as the difference of two monotone functions.
This is true because m? = m?[,,>0 — (—m?)L,<o, and m? and —m? are nondecreasing
on the subsets {m > 0} and {m < 0} respectively. When restricting attention to the
event that 'lZ}n,a is bounded by K for n large enough, we can consider only monotone
functions ¥ € Mpgg. Using the expression of ¢, the latter is bounded by Ky < K. On
the other hand, for any function f € Frg,, there exist nondecreasing monotone functions
f1 and fo such that ¢ — 42 = fo — f1, such that || fileo, | f2llee < K2+ K2 < 2K2.
Using that K > 1 implies that ||2¢|| 0, |20l < 2K < 2K2. To finish, note that for

any a we have that [, (¢(a’xz) — w,,t(ocTar:))2 dG(x) < v? we also have that

/X (2 (@”z) — 2 (aTx)) dG(z) < (2K)° / ((a"@) — pa(a’e))’ dG(z)

X
< 4K?02.

The calculation above implies that we can take § = 2Kv. Using the result of Lemma
C.4.4 in Section C.4, it follows that the related class ]?R;@ = D ' Fri, with D =
16MyC = 32MyK? and a given v > 0 satisfies

Hpg (e, Frico, || - lB,p,) < Hgle Hrxco | - |5,p,)

A
S -
€

)

for some constant A > 0 (depending only on d and the other parameters of the prob-
lem), and that for all f € Fry, we have ||fllp.p, < D16 = (32MoK?) 12Kv =

(16Mp) K ~1v = AgK~'v. It follows from Lemma 3.4.3 of van der Vaart and Wellner
(1996) that, with .J,, is defined in (C.0.1),

_ Jn(AgK1v)
2Jdn
E{”Gn”ﬁaxv} < Ja(AoK 1'0), <1+K W )
< AgK lv+ 2A(1)/2K_1/2111/2A1/2, using inequality (C.0.2)
< BoK_l/Q(U+U1/2),

for some constant By > 0, where we used the fact that K—2/2 > K~1. Therefore

B, K71/2(,U_|_U1/2)
_ < —-1/2 1/2 220
E[IGulz,, | S BoK (4w )<1+K NI )
1+U1/2
—1/2 1/2 3/2
S COK ('U“rv ) (1 +COK W .

Using the definition of the class fRK,U, the preceding display implies that

3/2 1/2 ap 1+ 02
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Now with K = K logn, we have that

P sup da("ﬁn,omwa) > €
OLEB(OLO750)

<P s [ (foal@n) - fuaal)dE, - R)@)

a€B(ap,80),YEMRK,
da (P, Ya)>e

di(]/),q/}a)} Z ) max sup

a€B(ao,00) zex

V.l a;)‘ <K}+V/2

WK

s i (foal@9) = Fowa@n))d®, ~ R)(@.)

B s—0 |\ @€B(e0,00),YEMERK,
2% e<de (,ha)<2°F e

> \/n2*é, } +v/2

e

5—0 Frios+1, X xR

IE”{ sup  Vn h(z,y)d(P, — Py)(x,y) > \/522562} +v/2. (C.1.4)
he
We now show that there exists a constant C' > 0 such that with ¢ = M (logn)n~1/3,

E { sup  /n
he

Fricos+1e

[ e, — )| < OO Ao o,
X XR
(C.15)

An application of Markov's inequality, together with (C.1.4), then yields, with ¢ =
M(logn)n=1/3

o CM1/2 logn) —1/69(s+1)/2
/2252

o logn —1/69(s+1)/2

Z < \/n22: M?/2(log n)n 2/ T/

M

]P){ sup (d’naﬂ/}a Z } +I//2
acB(ao,00)

21/2(7 1
YEF) 2235/2+”/2<”

for M sufficiently large. The result of Proposition 4.2.2 hence follows by showing (C.1.5).
Using the obtained bound in (C.1.3) with v = 2571e and using that 2°*! > 1,5 > 0 and
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€ <1 for n large enough we get some some constant Dy > 0

| bz, Poxw,y)\}

5 (log n)3/2M1/22(s+1)/2(10g n)1/2n71/6

sl MY/22(+D/2(10g ) 1/2~1/6
\/ﬁM3/223(5+1)/2(logn)3/2n—1/2)

E { sup  /n
he

FRricas+1e

: (1 + Dy(log n)

, 1+ MV/22(+D/2(1og )1/ 2~ 1/6
_ 2, —1/6 3,71/20(s+1)/2 /
= (logn)*n="/°M*/=2\% (1 + Dy 3G/

S 2(10g n)2n71/6M1/22(s+1)/2’

with D} = DoM~3/2, for s > 0 and n large enough. This proves the desired result:

Sup dzoz (Jjn,avwa) = sup /{1/37,,,a(aTm) — d)a(OzT.’I})}z dG(:]})

aeB(ao,80) aeB(ao,80)

=0, ((logn)2n_2/3) .

C.2 Asymptotic behavior of the SSE

In this Section we prove Theorem 4.3.1 given in Section 4.3.1. The proof is decomposed
into three parts: In Section C.2.1 we first prove the existence of a crossing of zero of &; ,,
defined in (4.3.5). The proof of consistency and asymptotic normality of &, are given in
Section C.2.2 and Section C.2.3.

C.2.1 Proof of existence of a crossing of zero
Let £ be the population version of £ ,, defined by

def

€0) % [ (BN oy~ v (5(6)" )} aPo(w.), (c2.1)

where 1), is defined by
Va(u) € E [$o (of X) |a" X = u] = E [¢o (S(80)"X) [S(8)" X = u] .
We have the following result:

Proposition C.2.1.
§1.n(B) = &(B) + 0p(1),

{,8 e Ri-1, S(,@) S B(ao,éo)}.

uniformly in 3 € C ef
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Proof. For any B8 € C, we write,

610(8) = [ (Is(B)" & {y — b (8(8)7 )} P ()
+ [ G(8)" @ {va (8(8)72) ~ V. (S(8)72) } ()
—£0)+ [ (8D o {y Ve (5(8)"2)} d(®s — ()
+ [ G:(8)" @ {va (8(8)72) = dn.a (8(8)2) } d(P, ~ Ri)e.0)
+ [ G:(8)" @ {va (8(8)72) ~ V. (S(8)) } dPr(2,1)

=&B)+I+II+1I1 (C.2.2)

To find the rate of convergence of the term I in (C.2.2) we will use Lemma C.4.5 in Section
C.4. Note first that for 1 < i < d — 1 the i-th component of the vector (Js(3))” « can
be written as s(8)121 + ... + $(8)iqzq, where by Assumption A8 the functions s;; are
assumed to be uniformly bounded with partial derivatives that are also uniformly bounded
on the bounded convex set C to which 3 belongs. If B; is the same constant found in
Lemma C.4.5 in Section C.4, then the e-bracketing entropy is bounded above by B; Kj/e.
Applying Lemma 3.4.3 of van der Vaart and Wellner (1996), Markov's inequality and
Lemma C.4.5 in Section C.4 to each of the empirical processes corresponding to the term
s(B)ijz; for 1 < j < d yields (with D = 8M RKj, and M is a constant bounding the
sum of s(3),; and their partial derivatives) for A > 0 and for J,, is defined in (C.0.1) that

P<|I| > An_1/2> < BJn(Bz) (1 + Jn(BQ)>

A V/nB3

D B
< ZBg <1 + \/?L33€> , using the inequality in (C.0.2)
-1
=1

where Bs is the same constant of Lemma C.4.5 and B; = By + 2B1/2Ké/235/2. This
implies that I = O,(n~'/2). For the last term I in (C.2.2) we get by an application of
the Cauchy-Schwarz inequality and by Proposition 4.2.2 that this term is O, (n~1/3 logn),

1.e
17 < \/ [ 87 e, dcia) \/ [ {va68)72) - b0 5872} dG2)
= 0,(n"3logn),

where we also use that (J5(8))” @ is bounded in Ly norm, a straightforward implication

of Assumption Al (boundedness of X and Assumption A8 (uniform boundedness of the
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components of the matrix Js). The result now follows by showing that the term I7 is

op(1). Consider the class of functions

Gyues = {al) = (812, {va(a"e) - v(a"a)}.
such that (a, 8,%) € Sg—1 X C X Mgk and (x,y) € XX € R,

and sup de (wou ¢) < 1}},

aEB(ao ,50)

with s a function satisfying (C.4.3). Then, Girrxv C Qjrx — QjrK, Where Q,gc is the
same class defined in (C.4.4). Here, we choose K large enough such that K > K. If
follows from (C.4.6) in the proof of Lemma C.4.5 in Section C.4, that (at the cost of
increasing the constant L in (C.4.6))

~ LK
Hp (ngRKv, I - ||Po> < —

where Q~jRKU = (16MoK)™'GjrKv. Also, we have for all g € Grky
lgllp, < MRv.

Fix v > 0 and let s;; be the i x j entry of Jg(3) for 1 <i<d—1and1<j<d. Also,
let

1= [ 5@, {ve (508)"®) = i (508)"2) } d(P. = Pi)(o.0)

Using Lemma C.1.1 and Proposition 4.2.2 there exists some constant K; > 0 large enough
(and independent of n ) such that with K = K logn and v = K;logn n~'/3 we have
that for A > 0

P (\Hm > An*1/2)

=P <|IIU > An~Y?2, sup  sup |1ﬂn7a(aTac)| <K, sup doa,?¥)< v)

aeB(ap,d0) TEX weB(eo.50)
+v/2
K Jo(MRv)
< A ————
- AJn(MRU) <1 M \/ﬁM2R2U2> +v/2
K 1/27-1/2. 1/2 MRuv + 2(MRL)Y2K1/21/2
SZ(MRU+2(MRL)/K/U/) 1+ \/ﬁM2R21)2 +V/2
M 1
< —(1 L 5
< A(ogn) n ( +10gnM2R2>+”/
<v

— )

for some constant M > 0 and 7 large enough. We conclude that 11; = op(n’l/Z) which
in turn implies that 1T = o,(n~1/2). O
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Proof of Theorem 4.3.1 (Existence). Using Proposition C.2.1 we get, analogously to the

development in Appendix A, the relation

E1n(@) = &' (Bo)(B — Bo) + Ru(B), (C.2.3)

where R, (a) = 0,(1) + o(B — Bo), uniformly in 8 € C and where ¢ is the derivative of
¢ defined in (C.2.1). Using Lemma C.5.1 in Section C.5, we get that the derivative of &
at By is given by the matrix

€ (Bo) = (Js(Bo))" E [1f (S(Bo)Tx) Cov(X[S(Bo)" X)] J5(Bo)
= (Js(Bo))" AJs(Bo) = B,

where A and B are defined in (4.3.7) and (4.3.9) respectively. We now define, for h > 0,
the functions

~ 1
Ry n(B) = Ba1 /Kh,(ul = Bo1) - Kn(ua—1 — Ba—1) Rn(u1, ..., ug—1) duy ... dug1,
where

Kn(x) =h'K(z/h), x€R,

letting K be one of the usual smooth kernels with support [—1, 1].

Furthermore, we define

E1nn(B) = € (Bo)(B — Bo) + Run(B).

Clearly

lﬁrol Einn(B) =&n(B)  and  lim R,u(8) = Ra(B),

h10

for each continuity point 3 of &; ,,.

We now reparametrize, defining

v=¢€B0)B, Y0 =¢&(Bo)Bo
This gives
¢(B0)(B— Bo) + Bnn(B) =~ — Y0 + Run (B™'y),
By (C.2.3), the mapping

Y= Yo — Rn (B_l’)’) )
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maps, for each n > 0, the ball B, (Bo) = {B : [|B — Bo} < n} into B,)/2(Bo) = {B :
I8 — Bo} < n/2} for all large n, with probability tending to one, where || - || denotes the
Euclidean norm, implying that the continuous map

¥ — Ron (B71),

maps By, (7o) = {7 : [I7 — Yll2 < n} into itself for all large n and small k. So for large
n and small h there is, by Brouwer's fixed point theorem, a point 7, such that

Ynh = Y0 — Rnh (B_lp}/nh) .
Defining B,n = B~ 'y, we get

él;n,h(/@nh) = 6/(/60)(/6nh - /60) + Rnh(/@nh) =0. (C24)

By compactness, (8,,1/x)52, must have a subsequence (3, 1/x,) with a limit By, as
i — 00. Suppose that the jth component & ,, ; of &1, does not have a crossing of zero
at B,. Since &1,n,; only has finitely many jump discontinuities, since there can only be
discontinuities at a changing of ordering of the values a” X;, there must be a closed ball
Bs(B,) = {B: B — Bull < 8} of B, such that {£,;(B) : B € Bs(Bn)} has a constant
sign in the closed ball B;, say &,;(8) > 0 for B € Bs(3,). Again using that &; ,, ; only
has finitely many jump discontinuities, this means that

én,j(,@) >c>0, for all 3 € Bg(Bn).

This means that the jth component & ,, ; ; of &, 1, satisfies

Emni (B) = [€'(B0)(B = Bo)l; + Roun 3 (B)
= % / {[E%ﬁO)(ﬂ - ,60)]]» + an(ul,. .. ,ud_l)}Kh(ul — 501)

o K (e = Baor) dus ... dug
st [ {1660 = B0l + Bugln,.va)} i = 50
o K (e — Bar) dus .. dug_1 — ¢/2
> c%/Kh(ul —B1). . Kn (g — Ba) dus ... dug — ¢/

=c/2,

for B € Bé/z(Bn) and sufficiently small h, contradicting (C.2.4), since By, for h = 1/k;,
belongs to B(;/Q(Bn) for large k;. O
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C.2.2 Proof of consistency of the SSE

Proof of Theorem 4.3.1 (Consistency). Since ﬁn is contained in the compact set C, the
sequence (B,) has a subsequence (B,, = Bn, (w)), converging to an element 3,. Let
oy, = S(,@nk). If ﬁnk = ,@nk(w) — B, we get by continuity of the map S that
o, — a, = S(B.). By Proposition 4.2.2, we also have

,lZJnk-,dnk (S(ﬁnk)Tm) — Ya, (S(/B*)Tm)v

where 1) is defined in (4.2.3). By Proposition C.2.1 and the fact that in the limit, the

crossing of zero becomes a root of the continuous limiting function, we get

kh—>Holo &1y (lgnk) =¢(B.) =0,

where
B = [ 3:(8)72 {y - va. (66.)"2)} dR(e.v)
/ (8.7 {0 (S(By) @) — V. (S(B.) @)} dG(a)
[ 35087 [un (5(80) ) ~ & {0 ((60)"2) [8(8.)7 X = 8(8.)"e}] dCi(a)
— E [Cov [Js(ﬁ*) X o (S(B0)" X) [S(8.)" X]] .

We next conclude that

0= (80— B.)TE(Bx)

=E [ Cov [(Bo— B.)" Js(B.)" X, 0 (S(B.)" X + (S(Bo) — S(B.))" X) S(B.)" X]],
which can only happen if B9 = (. where we use the positivity of the ran-
dom variable Cov((ag — )T X,vo(a’ X)|aTX) shown in Lemma C.5.2 in Sec-
tion C.5 and Assumption A6 which guarantees that the random variable Cov[(By —

BT Is(B)T X, 90 (S(B)TX + (S(Bo) — S(B))T X)|S(B)T X] is not equal to 0 almost
surely for all 3 # By. Note that

Cov [(Bo — B)" Js(B)" X, (S(B)" X + (S(Bo) — S(8))" X) [S(B)" X = u]
= Cov[(S(Bo) — S(B) + o(B— Bo))" X, (S(B)" X + (S(Bo) — S(8))" X) |
S(B)TX = u]
= Cov [(ap — )T X Yo’ X + (ap — a)T X)|aT X = u| + o(B — Bo),
where the first term in the expression above is positive for all @ € B(a,dp) by Lemma

C.5.2 in Section C.5.
O
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C.2.3 Proof of asymptotic normality of the SSE
Proof of Theorem 4.3.1 (Asymptotic Normality). We define &; ,, at ,én by putting

Note that, with this definition, we use the representation of the components as a convex
combination of the left and right limit at Bn

gl,n,j(/én) = ngl,n,j(Bn_) + (1 - ’Yj)gl,n,j(/én_F) = 07 (C26)

where &7 ,, ; denotes the jth component of & ,, and where we can choose v; € [0, 1] in
such a way that (C.2.6) holds since we have a crossing of zero componentwise. Note that
this does not change the location of the crossing of zero. Since the following asymptotic
representations are also valid for one-sided limits as used in (C.2.6) we can use Definition
(C.2.5) and assume &} ,,(83,) = 0. We show

€1,7L(Bﬂ) JS ﬁO /{.’1} - ‘Xv|S ﬁO }{y 1;[}0 ( )} d( n )(.’13 1/)
+ JS ﬁO /{m - X‘S ﬁO } {y djan ( (,671 )} dPO )
o, (0724 1B, Boll) (C27)

where from now on we will use the notation E(X|S(B)Tx) to denote

E(X[S(B)TX =S(B8)Tx) forall BcCand xz € X.

Since B, —, Bo and since the function B — ¥(5)(S(8)T ) = Yo (aTx) has derivative

Vo(S(Bo)T®)Js(Bo)” (x — E(X|S(Bo)" X = S(Bo)"x)) at B = By for all x € X (See
Lemma C.5.1 in Section C.5), we get by Definition (C.2.5) and a Taylor expansion at

B = Bo that,
Bo)” [ {o—EXIS(80) @)} {u o (8(80)" )} d(P — Fy)(@.1)
-B (fsn = Bu) +op (072 4 1B~ Boll).
where B is defined in (4.3.9). We conclude that
V(B — Bo) 5 N (0,T0),

where IT is defined in (4.3.10). The asymptotic normality of the estimator &;, then follows

by noting that
Vit — o) = Js(Bo)Vn(Bu — Bo) + 0, (Vii(Ba — B0))
4 Ny (07 Js(Bo)I1 (Js(ﬁo))T) -
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To prove (C.2.7) we first define the piecewise constant function E,, g

E [X|S(,8)TX = Ti,ﬁ] if Yo (u) > lzma(ﬁ) for all u € (73, Tit1),
E.pglu)={ E [X|S(ﬁ)TX = s} if o (s) = @n,a(s) for some s € (74, Ti41),
E[XIS(8)'X = Ti11,8] if 1o (1) < (i) forall u € (14, 7i11),

where the 7; g denote the sequence of jump points of the monotone LSE qﬁma = ﬁn,g(ﬁ).
We then have

/Enﬁn (S(Bn)T93> {y — Dnen (S(Bn)T:c>} dP,(z,y) = 0. (C.2.8)

This follows from the fact that @n,a, i.e. the minimizer of the quadratic criterion
Svur (v — w(aT:c))2dIE”n(:c,y) over monotone functions ¢ € M, is the left derivative
of the greatest convex minorant of the cumulative sum diagram. (See also Groeneboom
and Jongbloed (2014), p.332). By Lemma C.5.6 in Section C.5 we also know that 1)/,
stays away from zero for all & = S(3) in a neighborhood of ag = S(By). Using the same
techniques as in Groeneboom and Jongbloed (2014), we can find a constant C' > 0 such
that for all 1 <7 <d and u € Z,

IE (X:[S(8)7 X = u) — Bpiglu)] < C ‘%(u) — palw)], (C.2.9)

where Emﬂ denotes the ith component of E), g. In the sequel, we will use JS(BH) =
0O,(1), an immediate consequence of consistency of é&,, and Assumption A8. Now, as a
consequence of (C.2.8), we can write

10(B) = Js(B)" [ {2~ B (XI86.)72) } {u - dna, (5(6.)72) } dPu(e.y)
+ 2B [ {B(X18(6,)72) - B, 5, (5(3,)7)
Ay = tna. (88.)7) } dPu(,y)
= Js(B,)T (I +11). (C.2.10)
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The term I can be written as

1= / {E (X|S(Bn)Tw> ~E, 4 (S(Bn)%)}
Ay =t (SB)T=) } dE, - Po)(@.y)
+/{1E (X18(B)2) - E, 5, (S(B:)7=) |
: {y — Ve, (S(Bn)Tw> } dPy(z,y)

+/{IE (X18(B.)2) - E, 5, (S(B.)7=) }
{vnan (5B 2) —va, (S(B.)2) | dPo(,y)
=11, + I+ II.,. (C.2.11)

We first note that by Lemma C.5.4 in Section C.5, the functions u — E(X;|S(8)T X = u)
are uniformly bounded by R for all 3 € C and i € {1,...,d}. Also, they admit a bounded
variation, with a total variation that is uniformly bounded for all 3 € C and i € {1,...,d}.
By definition of E_’nﬂ its i-th component, Em-ﬂ is also uniformly bounded by R and has a
finite total variation which cannot exceed the total variation of u +— E(X;|S(8)T X = u).
Using Lemma C.5.5 in Section C.5 , we can find two monotone functions f; and f5 such
that u — E (X[S(8)7X = u) — En g(u) = fo(u) — fi(u) with fi, fo € Mpc, for some
constant C > 0. Also, we know that zﬁn@n € Mgk with K = K; logn with increasing
probability as n — oo provided that K7 > 0 is chosen large enough. Noting that for any
bounded increasing functions fi, fa, f3 we have that (fa — f1)f3 is again bounded and
has a bounded variation, it follows that the class of functions, F, say, involved in term
11, is included in Hgrg defined in Lemma C.4.4 of Section C.4. Here, the constant
K' = Kylogn for some large enough constant Ky > 0, and v = Cy(logn)?n~1/3 for
some constant Cy > 0 using (C.2.9) and Proposition 4.2.2. Using Lemma C.4.4 in Section
C.4, we can show that (when the event 1, 4, € Mpgx occurs)

~ B
Hp (e, Forll - I5.p)) <

for some constant B; > 0, with fa = D‘l}'a with D < K’ = Kslogn. Also, for any
element f = D=1f € F we have that

I1fllB,py < B2D™'v = Ca(logn)n™/? = 6,,,

for some constant Cy > 0. Let 11, ; be the term corresponding to i-th component of X.
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Using Markov's inequality we have for a fixed A > 0, v > 0 and n large enough that
P (|ILM-| > An_1/2>

=P ||l > An*1/2, sup  sup |1/A)n,a(aTa:)| <K|+v/2
aeB(ap,0p) TEX

D In(0n) logn By
S n\bn 1 25 B /2 1 2
< l(logn)?’/zrfl/6 1—|—i +v/2<v
~A (logn)3/2 -

for some constant By > 0 and B3 = 32(3'273/2 using the inequality in (C.0.2) and taking

n large enough. We conclude that 11, ; = op(nfl/Q) which in turn implies that
11, = 0,(n"1/?).

We turn now to I[,. Using Lemma C.5.1 in Section C.5 and a Taylor expansion of

B = g (S(ﬁ)Ta:) we get,

Yo (S(8)" @) = 9o (S(Bo)" )
+ (8- ﬁo)T [Js(ﬁo)T (CE - E(X‘S(/@o)TX = S(ﬁo)Tw)) 1/%/) (S(ﬂo)Tw)]
+0(B — Bo), (C.2.12)

so that
11, = %B,)" [ {E(X186.)72) - B, 5, (5(6.)7)}

{0 (8(80)7) ~ s, (S(Ba)"2) } dPy(w,y)
= 0p (Bn - ﬁ()) )

using consistency of Bn. We next consider the term I1,. Using uniform boundedness of
Js on C and the inequality in (C.2.9) it follows that

L] < / {wan (&rz) — Pn.a, (dfx)}zda(m)
= Op((logn)’n??) = 0,(n~"/?),
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uniformly in 5 € C. We conclude that (C.2.10) can be written as

10(Bn) = Jo(B)" [ {& B (X167 2) } {u ~ dna, (5(6.)7 )} dPu(a.y)
+ o, (n72 4 (By — B0)
= 556" [ {2 -2 (X156072) } {s - va, (5(8)7) } @B (.
+ Je(B)" [ {2~ E(XIs(B)"e)}
AV (S(B)72) = bua, (5B)T2) } dPula,y)
oy (51 - )
=L, + 1 +o0, (n—1/2 + (B — Bo)) . (C.2.13)

We show below that I, = o, (R"1/2 4 (&, — ag)) such that the limiting distribution of

the score estimator follows from the analysis of the term I, which can be rewritten as
I =B [ {o—E(X186.)72) } {y - va, (5(6.)72) } d(, ~ Ro)(av

+ 2e(B)" [ {2~ B (XIs(B)"e) } {u - va, (5(80)72) } dPs(a.y),
(C.2.14)

where we recall that ¢ (u) = E (¢Yo(a’ X|a’X =u). For the second term on the
right-hand side of (C.2.14) we have by (C.2.12)

2" [ {o-E(x86.)72)} {y - va, (563.)"2) } dRe.v)

{Jm [ vt 58072) o - B (XI5(80) 7))

Az —E(XIS(Bo)"z)}" dPoa y)JS(ﬁo)}(ﬁ ~ Bo)
+ OP(Bn - /80) (C.2.15)

For the first term on the right-hand side of (C.2.14) we have that

(3" [ {o -2 (X186.)72)} {y - va, (8(6.72) } B, - Po)(a.y)
o7 [ =B (XI5(80) )} {u— o (8(80)72)} (B, — P)(e.0)
+op(n"Y2) +0,(Bn — Bo). (C.2.16)
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Indeed, since this amounts to showing that

A= (ss(8) - JeBw)) [ {o~E(x5(6,))}
: {y — Ya, (S(Bn)Tm> } d(]P)n - PO)(*'E’ y)

A

= 0,(Bn — Bo), (C.2.17)
B = / (E (XIS(Bn)Tw) —E (X[S(8o)" ) > (y — Yol(ag @))d(Py — Po)(,y)
= o0,(n"1/?), (C.2.18)

and

¢~ [ (a-5(x16.72) ) (w(afx) - va, (5(6.)72) )a(P, ~ Rz

= o,(n"1/?). (C.2.19)

We start by proving (C.2.17). Using again that u — E (XAS(BH)TX = u) is a bounded
function with a uniformly bounded total variation, and that z; is a fixed (and deterministic)
function, we can show that the class of functions involved in A, F4 say, satisfies Fa C
2iHRre,v + Hroyw With v and C; are some constants that are independent of n (since
Yo, X and u — E[X|aTX = u] are all bounded by constants independent of n).
Now it follows by Lemma C.4.4 in Section C.4 that Hp (E,ﬁRCw, |- l,p) S 1/€ with
Hpow = (16MoCy) YHpe,o and ||h]|.p, < Co for some constant Cy > 0 that is
independent of n for all h € ﬁRcw. Hence, using arguments similar to those of the proof

of I1, = 0,(n"'/?) we can show that

[{z-2(x186.072)} {s - va, (56.)72) } dP, ~ Po)la.p) = 00”7

Using a Taylor expansion of Js(3) around 3y gives the desired rate in (C.2.17).

Now we turn to term B in (C.2.18). Fix v > 0 and i € {1,...,d}. Using consistency of
B, and Lemma C.5.3 in Section C.5, then for all 1 > 0 there exists n large enough such
that

‘]E (Xi\S(ﬁn)Tw) —E (Xi[S(80)" ) ’ <,

with probability at least 1 — /2. Thus, for L > 0 we have that for the ith component
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B, of B defined in (C.2.18) and for n large enough
P(|B;| > Ln~Y/?)

= p(| [ (E(xi5(6.)72) - B (x5(680)") ) (0~ vu(af ) d(B, ~ Pz
> Ln_l/Q)
<v/2+ LE(IGall)

Ch
<v/2+ —
<v/2+ il

where F' is defined in (C.4.9) and where we have used the result of Lemma C.4.7 for
some constant C; > 0. Choosing 1 such that n < VLCl_l/Z gives the claimed rate of
convergence in (C.2.18).

To establish the convergence rate of C, we first note that, for i € {1,...,d}, we have
that  — E(X;|S(8,)TX = S(Bn)T2)va, (S(Bn)Tx) belongs to the class Gre, — Gre,
for some constant C; > 0 where Grx was defined in (C.4.1). This follows from using
again the fact that the function u — E (X;|S(8)" X = u) is uniformly bounded and has
a uniform total variation for all 5 € C, that 1), is a bounded monotone function, and the
fact that (f1 — f2) f3 is a bounded function with bounded total variation for any increasing
and bounded functions fi, fo and f3, where we again use Lemma C.5.5 in Section C.5
to write the function u — E (X;[S(8)T X = u) as the difference f; — f;. Note now
that both @ +— 2; and = — 1o (S(By)? ) are fixed and bounded functions, and that the
order bracketing entropy of a class does not get altered after multiplication its members
by such functions (similarly for addition). It follows from Lemma C.4.2 and Lemma C.4.3
in Section C.4, that the e-bracketing entropy of the class of functions involved in term C
with respect to || - || p, is bounded above by B/e for some constant B.

Furthermore, using consistency of &, and Lemma C.5.3 of Section C.5, we can find for
any fixed v > 0 an 17 > 0 such that sup,, [Vo(ad ) — 4, (&L x)| < n with probability at
least 1 — /2 for n large enough. Hence, at the cost of increasing the constant B, both
the || - || and || - ||, norms of the functions of the class involved in term C' are bounded
above by Bn. Using Markov's inequality and Lemma 3.4.2 of van der Vaart and Wellner
(1996) it follows that for all L >0

P(|Cy| > Ln~"/?)
= (| [ (01~ B (X08(B.)72) ) (0(5(600)70) ~ v, (8(B.)7) (B — P
> Ln’1/2)

1 (ET]) 1 1/2 El 1
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taking n small enough and n large enough. We conclude that C' = op(n*1/2). Now we

come back to term I}, given by

Io=Jo(8,)" [ {= ~E(XIs(8)"e)]}
A (86807 2) — b, (S(B)T2) } dPu(a,y).

Note first that

Iy = Js(8,)" / {:c ) (X|S(,én)Tm)}
{va, (88)72) —hna, (5(B)72) } d(®. — Po)(@.y)
= Js(8,)71, (C.2.20)

since

[ {e-E(x86.072)} {va, (56.)2) ~ dna, (5(6.)7) }dPo(a.v
—E[(X —E(XI18(8.)7X)) (va. (S6B2)TX) = dna, (5(3.)7X))]
—E [E [(X _E (X|S(Bn)TX)) |S(Bn)TX]

- (Ya, (S(B)"X) = s, (S(B)X))]

Let F3 denote the class of functions involved in term I} defined in (C.2.20), where in the
definition of this class we consider the event where @ann is bounded. Given the arguments
used recurrently above we can directly state that the e-bracketing entropy of this class is
no larger than A; logn/e for some constant A; > 0 with increasing probability. Also, the
|l - lloc @and || - || p, norms of the members of the class F; are respectively bounded above
with increasing probability by A;logn and A;logn n~'/% =7, at the cost of taking a
larger A;. For a fixed v > 0 and L > 0 we have for i € {1,...,d},using Lemma 3.4.2 of



232 APPENDIX C. SINGLE INDEX MODELS - APPENDIX

van der Vaart and Wellner (1996),

P(’ / {.’Bz —E <X1|S(Bn)T‘B)} {¢dn (S(Bn)Tm) - &n,dn (S(BH)T:C)}

d(P,, — Po)(zc,y)‘ > Ln*1/2)

As As(log n)1/27]71/2
< 1/2,.1/2 2
v/2+ — T 2 (log n) /%1, <1 + NG (logn)

Ay Ay (logn)3/?
<vf2+F 22 (logn)/?nk/? < 1 Axllogn) 7 3/)2
Vi

A A

for some constant A, > 0 and n large enough. This implies that I, = 0,(n"'/2). We
conclude by (C.2.15), (C.2.16), (C.2.17), (C.2.18), (C.2.19) and Definition (C.2.5) that,

B (8. - 60) = [ (Fe(80)" {w ~ E(XIS(80)2)} {y — vo(S(60)"2)}
A(B, — ) (@.9)
+0p (0724118, — Boll)
where
= (Ja(B0)" E[04(S(80)"X) Cov(X[S(80) X)] (Je(B0)).
We get,
Vit (B = o) =ViB ™ [ (Je(B0))" (= ~ E(XIS(80)2)} {u — vn(S(80) "))
d(Pn — Po)(x,y)
+op (1+ VallBa — Boll)
4 N(0,10),
where
I = B~ (Jo(8y))" S Js(By) B~ € RU-Dx(0-D),

The asymptotic limiting distribution of the single index score estimator &,, now follows

by an application of the Delta method and we conclude that
Vil = a) = J5(Bo)Vn(Bu — Bo) + 0, (Vi(Ba — B))
4 N (0, J5(Bo)TL(J5(80)" ) -

Finally, the result of Theorem 4.3.1 follows by Lemma 4.3.1. This completes the proof. [
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C.3 Asymptotic behavior of the ESE

In this section we prove (iii) of Theorem 4.3.2 on the asymptotic normality of the efficient
score estimator &,,. The proofs of existence and consistency of &,,, given in (i) and (ii)
of Theorem 4.3.2 follow the same lines as the corresponding proofs for the simple score

estimator &, given in Sections C.2.1 and C.2.1 and are omitted.

Proof of Theorem 4.3.2 (Asymptotic Normality). Let 7; denote the sequence of jump
points of the monotone LSE J’n,a- We introduce the piecewise constant function p, g

defined for u € [1;,Ti41) as

Pn,8(u) =
E[X|S(B)TX = 7]yl () if 1o (u) > Vn,a(r;) for all u € (i, 7i41),
E[X[S(8)TX = s]il,(s) if Yo (s) = z/AJn,ﬂ(s) for some s € (73, Ti41),

E[X|S(B)TX = 110, (Tiv1)  if Ya(u) < ﬁn,a(n) for all w € (73, Ti11)-
We can write,
358" [ {B(X18(6,)72) b4, (5(Bn)") - 5,5, (5(5.)")

= J+JJ, (C.3.1)

using,

—
L
~

S
—
8
<
~—
I
=)

[ P (68" 2) {u = ., (5(8,)"2)
The term JJ can be written as
77 = 3e(B)" [ {E(XI8(B)T2) v, (S(Bn)T) - 5,5, (5(6n) )}
Ay = tna, (8(B.)7=) } d(Pn — Po)(a,y)
+Je(B)" [ {E (XI8(B)"2) v, (S(B)) ~ 5,5, (S(B) )}
Ay~ Va, (S(By) )} dPo(,y)
+Te(B)T [ {B(XI8(8.)"2) v, (8(B)"2) - 5,5, (8(5)"2)}
Avan (5080)T) = tna, (5(80)7x) b dPy(z,y)
= JJa+ Iy + JJe, (C.3.2)
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We first note that by Assumption AlO, the functions u +— g (u) = g4 (u)
are uniformly bounded and have a total variation that is uniformly bounded for all
B € C. This also implies, using Lemma C.5.4 in Section C.5, that the functions
u — E(X;[S(8)T X = u) ¢, (u) have a bounded variation for all 3 € C. Using the
same arguments as those for term I, defined in (C.2.11) in the proof of Theorem 4.3.1,
it easily follows that,

JJy = op(n_l/z).

We next consider the term J.J,. By Lemma C.5.6 in Section C.5, we know that 1., stays
away from zero for all S(3) in a neighborhood of S(3;). Using the same techniques as
in Groeneboom and Jongbloed (2014), we can find a constant K > 0 such that for all
1<i<danduc€l,,

|]E (Xl‘S(ﬁ)TX = u) Vi (u) — ﬁni,ﬁ(u” <K ’wa (u) — ﬁn,a(“) ) (C.33)

where p,; g denotes the ith component of p, g. This implies that the difference
E (X;|S(8)TX = u) ¥}, (u) — pnip(u) converges to zero for all u € Z. Recall from
(C.2.12) that, using Lemma C.5.1 in Section C.5 and a Taylor expansion of 3 —

Ve (S(ﬁ)Ta:) we get

Vo (S(B) ) = o (S(Bo) )
+(B—Bo)" [Js(Bo)" (x —E(X|[S(Bo)" X =S(Bo)"x)) v (S(Bo)" z)]
+0(B — Bo),

such that
T = Je(B)" [ {E (XI8(B.) @) s, (8(8)"2) 7, 5, (5(B)")}
{0 (S(Bo)Tx) — va, (S(Bn)Tx)} dPo(,y)
= 0p (Bn - /80) .

For the therm JJ., we get by an application of the Cauchy-Schwarz inequality together
with the uniform boundedness of Js, Proposition 4.2.2 and (C.3.3) that,

T < Jsmﬁ [ {Exi8G072) v, (662)72) 5,5, (SBT2)} aPs(e.y)

. ¢ [ v (668.70) e, (6807 ) ) drsta

S [{va. (@l2) - ba, (al2)} dGia)

=0, ((logn)Zn*Q/S) = o,(n"1/?).
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We conclude that (C.3.1) can be written as
2,00 (Bn)
= JB.)" [ {20, (8(B)") — B (XIS(5,)"2) v, (5(6.)")}
Ay na, (5B @) } dPu(=,y)
o, (072 4 (By — B0))
= Je(Bo)" [ {20, (8(B2)7) ~ B (XIS(6,)"2) v, (5(6.)")}
Ay —va, (5B.) @)} dP,(x,y)
FR(B)” [ {2l a, (6(6:)T7) ~ E (XIS, ) v, (S(B.)"2))
{va, (8(8.)") —ua, (S(B.)2) | d(P, — R)(@.y)
+To(B)T [ {0010, (8(8)"w) ~ B (XIS(B) ) v, (6(6,)72)}
e, (8(Bu)2) = s, (S(Ba)"2) } dPo(w,y)
+0p (n72 4 (B — B0))
= JotJy+Jo+ 0, (n71/2 + (B — ﬁo)) . (C.3.4)
We first consider the term J,. By Assumption A10, Lemma C.5.4 and Lemma C.5.7
in Section C.5, we get that the functions u — E (X|S(8)Tx =u) ¢}, (u) and u
I 1., (1) have a uniformly bounded total variation for all 3 € C. Using similar arguments
as for the term I, defined in (C.2.13) we get for A > 0 and v > 0 that

P(lJ)| > An~'/%) <,

for n large enough and we conclude that J, = 0,(n~'/2). For the term J. we get,

Jo = Js(Ba)” / {2~ E(X[S(B.)"2)} P, (S(Bn)T)

— 7B / (e, (S(Bn)T) — ¢, (S(Bn)T) } E (X|S(Ba) )
Ava, (8(8.)7%) = dna, ((Ba)T) } dPo(a, ),
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Furthermore, let Hg be the distribution function of the random variable S(3)7 X and let
E(X |u) denote the conditional expectation of X given S(3)T X = u, then

[ B, (0) = i, ) E(XJu) {2, () ~ s, (0} dH, (0
— [{3 [ 5t oim) i, ) - v, 0}
E(X[u) {Va, (4) = Yua, (v)} dHg, (1)
— [ (e [ 5 = 01/ (. (0) = v, (0} o)
E(X[u) {Va, (4) — bua, (v)} dHg, (1)
[ (G [ 5 Q= v, )0 v, )
E(X[u) {va, () = Yua, (w) |} dHp, (u).

The last term on the right hand side is O, (n=2/7=1/3) = o,, (n=1/2). This follows by an

application of the Cauchy-Schwarz inequality since

1/2

{ (G [ 5 omvs, @i - v, (u>)2 ai; <u)} — 0, (),
and
1/2

{/ (¢dn (1) — Pna,, (u))2 dHg, (u)} ~0, (n_1/3> .

The first term on the right hand side is O, (n'/7=%/3) = o,, (n"1/2) using that for small
h

[ (e [ 5 =03/ s 0) = v, 0 o)
E(X[u) {¥a, (4) — bua, (v)} dHg, (1)
/ (¢dn (u) — indn (u))2 dHg, (u).

<

S
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We conclude that (C.3.4) can be written as

gzmxﬁn>:lkxﬁnffj/{w¢;man(Sui»Tw>——E(Jrﬁxﬁnyfw)wgn(S@i»Tw)}

+ o0, (n72 + (B — B))
=k@f/wwam$@f@—%AWM%ﬂ
Ay —va, (S(B.) )} dPy — Po)(x,y)
S IB)T [ @ (i, (S(B"2) ~ Vi, (505 Tw)}
Ay —a, (S(Br)Tz)} dPy(x
+ Ts(B) /{:c ~E(X|S(8.) )} v, (S(Ba) )
Ay —va, (S(Bn) @)} d(P, — Po)(z,y)
(BT [~ E(XISB)T)} Vi, (58.)")
Ay —va, (S(Bn)Tz)} dPy(z,y)
+ o, (n*l/Q + (B, — ﬁo)>
= JJJu+ I Iy + JJ e+ JJJg+ 0p (n*W + (B — ﬁ0)> .

We consider JJJ, first and note that by Assumption A10 and Lemma C.5.7 i Section C.5,
the functions 1., and !

of Lemma C.5.5 we can write the difference QZ’;h o — W4, as the difference of two monotone

nh.o Nave a uniformly bounded total variation. By an application
functions, say f1, fo € Mpc, for some constant C; > 0. This implies that the class of

functions

Fis {f( D) 8 (0 (S(B)T2) — v (S(8)T) Hy — e (S(B)T)).

(z,y,3) GXXRXC},

is contained in the class H ¢, where v < h~'lognn~1/3 (See the proof of Lemma C.5.7
in Section C.5). By Lemma C.4.4 in Section C.4 and the fact that the order bracketing
entropy of a class does not get altered after multiplication with the fixed and bounded
function x — z; we get that the class of functions involved with the term JJJ,, say F,,

satisfies

HB(Ea Fa, ” : ”B,Po) S and ||fHB,P0 S v

a | =
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Using again an application of Markov's inequality, together with Lemma 3.4.3 of van der
Vaart and Wellner (1996) we conclude that for A > 0

P(|JJJ,| > An~Y2) < o/2 = p=1/2(logn)/2n~1/S,
which can be made arbitrarily small for n large enough and h =< n~/7. We conclude that
JJJu = 0,(n~Y?).
Using similar arguments as for the term .JJ;, defined in (C.3.2) we also get
JJJy =0y (Bn — Bo) -

The result of Theorem 4.3.2 follows by noting that, using the same techniques as for the
term I, in (C.2.16), we get

123, = (e(Ba))” [ {2 - B (XI8(80)2) } v (S(60)")

{y = 1o (S(Bo) ) } d(Pr, — Po)(z,y)
+0y(n™%) + 0,(Bn — Bo);

and that by a Taylor expansion of B — 4 (S(,B)Ta:) we get
JJJg = {(szo))T ( / (v (S(80) )" - {z — E (X[S(80)" )}

e —E(X|S(80)"x)}" dPoww)Js(ﬁo)}(Bn—ﬂo)
+0p(ﬂ — Bo).-

The rest of the proof follows the same line as the proof of asymptotic normality of the
simple score estimator defined in Theorem 4.3.1 and is omitted. O

C.4 Entropy results

Lemma C.4.1. Fixe > 0, and consider F1 a class of functions defined on X xR bounded
by some constant A > 0 and equipped by the Ly norm || - || p, with respect to Py. Also,
let F» be another class of continuous functions defined on a bounded set C C R41 such
that F» is equipped by the supremum norm || ||, and bounded by some constant B > 0.
Moreover assume that Hg(e, F1, || - || p,) < 00 and Hg (e, Fa,| - ||oo) < 00. Consider

F=FF={f@)=fs(w.y) = fi(z.9)f2(8) : (@,4,0) € X xR xC}.
Then there exists some constant B > 0 such that

HB(G,]:, ” : HPO) < HB(BE’J:M H : ”Po) +HB(B€7J:27 ” . HOO)
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Proof. Let f = fi1fys € F for some pair (f1, f2) € F1 X Fa. For € > 0 consider the
(fE, £V and (f£, fY) e-brackets with respect to || - ||p, for fi and fo. Note that since
Fi1 and F, are bounded by M = max(A, B) we can always assume that —M < fl <
fV < M fori € {1,2}. As we deal with a product of two functions, construction of a

bracket for f requires considering different sign cases for a given pair (x, 3):
1. 0 < fl(x) and 0 < fE(B),
2. 0< ff(x), fz(B) <0and f(B) >0,

3. fi(®) <0, fl(x) > 0and 0 < fL(B),

8. fU(x) <0, f-
9. fU(z) <0and fJ(B) <0.

We can assume without loss of generality that each one these cases occur for all z € X
and 3 € C since the general case can be handled by considering the 9 different subsets of
X xC. In the proof, we will restrict ourselves to making the calculations explicit for cases 1
and 2 since the remaining cases can be handled very similarly. Then, fffl < f < fVfY.

Also, we have that
1 = ptph = (70 - )5 + 1 (8 - £5)
Recall that M = max(A, B). Then, it follows that

[ (s = stap)an < on ([ (87 gE) amate) + 158 - A1)
< 4AMé

IA

This in turn implies that Hg (e, F, || - ||p,) < Hp(Ce, F1, || - ||p,) + He(Ce, Fo, || - [|o0)
with C' = (2M)~!. Now we consider case 2. It is not difficult to show that

<<
Hence,
2
[ (888 = gbal) aro < a2gf - |2 < a2
X

and we can take C' = A~ L. O
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Lemma C.4.2. Let F be a class of functions satisfying Hg (e, F, || - ||p,) < oo for every
€ € (0,€q) for some given e > 0. If D = F — F the class of all differences of elements
of F, then

Hp(e, D, |- lpy) < 2Hp(e/2, F, || - || y)-

Proof. Let € € (0,¢9) and d = fo — f1 denote an element in D with (fi, f2) € F>.
Also, let (f&, fV) and (ff, f¥) e-brackets for fi and fo. Define d = fI — fV and
dV = f¥ — fE. It is clear that (d”,d") is a bracket for d. Furthermore, we have that

[ (@ (@.0) - (o)) aPi(a.)

<2{/2((f{](w,y)—ff(w,y))QdPO(%y)_F/ (fg(w,y)_fQL(M))QdPO(w’y)}

x
< 462,
Thus,
2
exp (Hp(26,D, |- 1)) < exp (Ha(e. 7l r))
which is equivalent to the statement of the lemma. O

Consider the class Grx defined as

gRK = {g : g(ﬁﬂ) = Qa(fﬂ) = ’(/)(aTﬂg),ﬂ) S X’ (w7a) € MRK X B(a0a60)}' (C41)
where Mg is the same class defined in (C.1.2).

Lemma C.4.3. There exists A > 0 such that for € € (0, K') we have that
Hi(e,Grre |- 1) < 2
Proof. See the proof of Lemma 4.9 in Balabdaoui et al. (2016). O
Lemma C.4.4. For some constants C > 0 and § > O consider the class of functions
Dres = {d td= fia— frar (flosfoa) € Gres
ld(a™ )|, <8 for all e € Blexo, do) }.
Let Hroo be a class of functions such that

HRCU = {h : ]’L(CL’,y) = ydl(aTm) - dQ(aTm)a (mayaa) €X xRX B(a0550)7

(dl’ d2) € D%CU}?
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where C > KoV 1. Then, for all ¢ € (0,C) we have that

He (.7 I8.n,) < Hp (€™ Hrcu |- In,) < C—f <2,

and

—1
B,p S D v,

17|

where

, -1/2
A= A(20aMo+1)) ", D=16MC and

L1 1 A\
O = m <2a0 + 56(2M0) 1> 6, (C42)

with ag, My the same constants from Assumption A6, A the same constant in Lemma
~ def .
C4.3 and H < Hpo, D1

Proof. Consider (d¥,dY) and (d%,dY) to be e-brackets of the functions = + d;(a’x)
and x — dy(a’x) and some a € B(ay, dy). It follows from Lemma 4.9 of Balabdaoui
et al. (2016) and Lemma C.4.2 that there exists some constant A > 0 such that

Hp (EaDRC, I - HPO) < %

Define now
W [ C R {ONEFEY.
’ yd¥ (z) — dY (z), ify <O,
and
’ ydf (x) — df (z), if y <0,

Note first that (h%,hY) is a bracket for h(x,y) = ydi(ax) — day(a’x). Next we
compute the size of this bracket with respect to || - ||p,. We have that

/;ch (hU(m,y) - hL(az,y)>2dpo(w, y)
e | (et
=2{20 /X(d({(:c)—df(:c))QdG(wH/X(dg(w)—dgm))zdg(w)}

< 2(2a0 4 1),
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where ag is the same constant of Assumption A6. It follows that

Hp (e, |1p,) < A%C,

with A = A<2(2a0 + 1))_1/2 and A is the same constant of Lemma C.4.3. Let now
D > 0 be some constant to be determined later. For a given h € Hp2,, we consider
h = D~'h which admits [D~'h*, D='hV] as bracket. We will compute the size of this
bracket with respect to the Bernstein norm. By definition of the latter we can write for
any function h such that A* is Py integrable that

(oo}
1 X
A%, =2 H|h|"dP0.
k=2

Thus, using this and convexity of the function x — |z|* for all k£ > 2 it follows that
ID~'AY — D™*hE| % b,

=23 e [, @) —at @) + &l @) - k@] any

> 21@71

ooel [ (@) - @) are.

A
)

k=2
+ xr)— L xr F Py(x .
»/XX]R (d2( ) d2( )) I O( 7y)}

Using Assumption A7 and the fact that |df| < K? and |dY| < 2C for i € {1,2} (an
assumption that one can always make in constructing brackets for a bounded class) we

can write

ID™'hY = D™ hE|[% b,

< f: 1 <2>k {aoMg%!(w)’f—? /X (dY (@) — d¥ () 2dPy(z, )

+u0y? [ (@(a) - df<w>>2dpo<w,y>}

C(E) (S () () ) ¢

k=2

<(5) (=% (5°) 35 (5) }

k=0

using k! > 2(k — 2)!. Taking D = D = 16MC yields

N

2
o ~ 2 1 _
D70 D, < () (2004 5207 ) &
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which in turn implies that

1

1/2
1D~hY D g, < o (209 4 e ) T L
0T 8 M 2 C

This completes the proof of the first claim about the entropy bound of the class H with

D defined as above. Now for a given element h € H we calculate

:2kZDkk'/ |yd1a x) — dga:c’dPOa:y)

oo

2k—1 1 k k k
52;2? E/M{M jdi(@T)[" + [do(alz)["aPy(z,y)}
<2 21 (20 k=24 ao MF2k! dy(aTz)|*dP,

Z Dk kl { dofMo A XX]R| (e )| dPo(z, y)

+ [ |da@To) dP(@.y)}
X xR
2)2{ o0 <8M()C>k2 oo 1 (80>k2} 9
- aoz = +Zf —_ v
(D P D P E'\ D
2
<(3) (e b o

; 1 RN
IhllB,P, <2 (2% + 5e(zMU) )

as claimed. O

IN

implying that

Recall that X is the support of the covariates X;,1 < i < n. Let us denote by &}, 1 <
j < d the set of the j-th projection of & € X. Also, consider some function s that d — 1
times continuously differentiable on a convex and bounded set C € R%~! with a nonempty

interior such that there exists M > 0 satisfying

k
< 4.
kH<13X121£|D s(B)| < M, (C.43)

where k = (k1, ..., kq) with k; an integer € {0,...,d — 1}, k. = 3% " k; and

9" s(B)

DF= -~ 2/
9B, .. OBr,

Consider now the class
Qe = {a;(@,y) = s(B)w;(y — v(a’)),
(e, B,9) € B(ag, dg) x C x Mpge, (75,y) € Xjx € R}. (C.4.4)
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Define
Qjrc = {(L‘ 1qj=q;D " q; € QRC}v
where D > 0 is some appropriate constant.

Lemma C.4.5. Let ¢ € (0,1) and C > max(1,2M,, Me=1/42-1/2R=1 21/%¢=1/2).
Then, there exist some constant By > 0 and By depending on ag, My, and R such that

~ B.C .
Hp (e, Qires |- la.n) < ==, [z, < Ba.

if D = 8M RC' where ay and M, are the same positive constants in Assumption A6, and
M is from (C.4.3).

Proof. Fix j € {1,...,d}. The proof of this lemma uses similar techniques as in showing
Lemma C.4.4. Let (g%, gY) be e-brackets for the class Grc. Using the result of Lemma
C.4.3 we know that there are at most N < exp(AC/e¢) such brackets covering Grc for

some constant A > 0. Define

zj(y — 9" (@), 2;(y — g¥(x)) ), if 2; >0
Ko (@, y), kY (2, y) ) = C.45
( (), K y)) z;(y — g% (x)), zj(y — g% (x)) ), if z; <O . ( )

Then, the collection of all possible pairs (¢%, ¢V) form brackets for the class of functions
Kino = {k(@,y) = 2,y — v(a"2)),
<a7,(/}) € B(O[(),(So) X MRC7 (‘rjaway) € X? X X X R}

Furthermore we have that

1KY = k1%,

/X 22(¢" () — g* (&) *dG ()

IN
El
TS
—
=
<
8
I
Q
h
&
s
U
Q
8
IN
=y
[
[0}
. [

This implies that

ARC
HB <€7KJRC7 || : ”Po) S T7

where A is the same constant of Lemma C.4.3. Furthermore, the assumption in (C.4.3)

implies that the function s belongs to C’;‘é;l as defined in Section 2.7 in van der Vaart and

Wellner (1996), with M = 2M. Using now Theorem 2.7.1 of van der Vaart and Wellner

(1996) it follows that there exists some constant B > 0 such that

1>d/(d1) B

< —.
€

logN(e, C;{l, Il - ||oo> <B (

€
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This also implies that

B
Hi (e, CL - ) = log N (e/2,0% - ) < 22
Indeed, for an arbitrary s € Cj‘f{l there exists s;,i € {1,...,N}, with N =
N(e/2,C% || - [ls), such that [|s — s;]loc < €/2. The claim follows from noting that

(si —€/2,s; +€/2) is an e-bracket for Cj\l;[_l with respect to || - ||so. Using Lemma C.4.1
it follows that there exists some constant L > 0 such that

1 C 2LC
HB(E, Qjrc, | - ”Po) < L <€ + ) <

€

: (C.4.6)

€

using that C > 1, d—1 > 1 and € € (0,1). Consider now a constant D > 0, and (¢*, ¢¥)
and e-bracket. From the proof of Lemma C.4.1 we know that we can restrict attention to
the case for example to case 1 assumed to occur for all (z,3) € X x C. In such that we
= sUkY where (s*,sY)

have ¢ = s“kL and ¢V is an e-bracket for C'L equipped with

| - [, Where the expression of (k% k) is given in (C.4.5). We can now write

ID7*q" — D™'¢" (| p,
=1
_ ZEH/X ) |sURY — sL k2 "R,
X

i_oj %3/ {;SU(kU CRE)E 4 (Y — SL)V“}de,

I A

with

/ sV (K — k5 |"ap, < M’“(2RC)’“‘2/ (kU — k")*dP,
X xR X xR

= M?*(2MCR)*~2¢,

where we used the fact that |s| < M by assumption of the lemma (implying that we can
constructs brackets (s”, sV) satisfying the same property), and k¥ —kY = z;(g¥ — ) <
2RC. Also, if we assume without loss of generality that x; > 0 is satisfied for all € € X
we have that

/ K- (sV — s)|*ap,
X xR
<@ [ oyl gt@)Pdne.) x &
X xR

< (QM)IC—2R/€2]€—1 /

{lvl* + [o"@)|" aPy(,y) x .
X XR

< (2M)F—2Rkok~1 (aOM§-2k! + Ck)ez
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Putting these inequalities together and after some algebra we get

_ _ 1 /2M\? 2RC\ 2
ID 1qU_D 1qL||ZB,PO < (2 (D) e4MCR/D+( 5 > SMCR/D

foa (2BY 1 )\
°\D ) 1-8MMyR/D’ |-

Now let us choose D = D > max(16 M MoR,8M RC). In particular, we can assume that
C'is large enough so that max(16MMyR,8M RC) = SM RC = D (or equivalently C' >
2My). Then, AMCR/D = 1/2, SMCR/D = 1/4, and 8MMyR/D = M,/C < 1/2.

Therefore,

- - 1 /2M\? 2RC\? 2R\ ?
D¢ — D™ ¢" (|3 p, < (2 <[~,> 61/2+( D ) e+ 4ao (f)) ) ¢

1
= <2M2€1/2 +4R% C? + 16a0R2) B2 €

- .
< ANC € = A 62,
D? 64M2R?
if C'is large enough, where A = 2M?e'/? + 4R%e + 16agR?. It follows that we can find
some constant L > 0 such that

ID~'¢" = D™ '¢"||5.p, < Le.

This in turn implies that

2MC

Hp (ie,@J‘Ra |- l,p) < Hp(e,Qjre, |l - lpy) S P

using (C.4.6). Hence, we can find a constant B; > 0 such that

B, C

€

HB(G,@jRCa || ’ HB>P0) <

Now we turn to computing an upper bound for ||G;||5,,. We have

=1
13515, py ZQkZ_QkIDk/X IS(B)I’“I%(y—w(aTw))|deo(w,y)

xR

< Z %2kD7k(RM)k /XX]R {‘y|k + |1/)(aTm)|k}dP0(m7y)

< i lsz—k(RM)k (aoMg—Qk! + C’“)
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IMR\? L (2RMMy\"? 1 /2MRC\* 1 QRMC\ "2
<ao(D);(D ) 7)) Tetw ()

<u(ee) £(3) 5 () Za(3)
<a°(2c)i ;(1>26U2’

if D =4MRC and C > max(1,2Mj). The proof of the lemma is complete if we write
By = (3ag/16 + /2 /8)1/2.

O

In the next lemma, we consider a given a class of functions F which admits a bounded
bracketing entropy with respect to || - ||p, for € € (0,1]. Suppose also that there exists
D > 0 such that ||f|lcc < D and § > 0 such that || f||p, < for all f € F. Then we can
derive an upper bound for the bracketing entropy for the class

F= {7 f@y) = D) f@)(y - Mo(af2)), (2,y) € ¥ x Rand f € F,
(C.A7)

with respect to the Bernstein norm. Here, M is the same constant from Assumption A6
and D is a positive constant that will be determined below.

Lemma C.4.6. Let F be a class of functions satisfying the conditions above. Then,
Hp(e,F.|| - |.p) < Hp(eD™ . F, || -|lp,). and || fl5.p < DS,

where

1/2
- ao N Kj AKo(2Mo) ™! —1
= | — + D C4.

<2M§ 8M2 ’ (C48)

and ag, My are the same constants from Assumption A6.
Proof. Let (L,U) be an e-bracket for F with respect to || - || p,. Consider the class
F={r:1@y=f@(y-riafe)) (@y) € ¥ xRand f € F .
Then for f' € F’ we have if y — Aipg(al'x) >0
L(z)(y — Mpo(ag @) < f'(z,y) < U(x)(y — Wolagz)),
or, if y — Mpo(ad x) <0,

U(z)(y — Mo(eg ) < f'(@,y) < L(x)(y — MWolag x)).
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Let (L', U’) denote the new bracket. Using the definition of the Bernstein norm, convexity
of 2, k> 2 and ||[¢] e < Ko we have that

| = 1) @MeD) M, p,
oo —k
= 22 % /XXR(U(:B) — L(x)*|ly — Mpo(al'x)|[*dPy(x, )

£
I|

2
(4M0D)7k
T

IA
[N}
NE

| W@ - L@ 2 (o N un(ada) ) dRue. )
X xR

2

1
<D BNy @)~ H) (Wl + X KR

8 =
I

N 1 k k—2 k 1k
<2 S /XXR(U@) — L())" (aok! M2 + X K§)dPo(, )

2
< 5 ZQk ;[ W) - L@ gl
N K2 (AKO) 1/ )
U(x) — L(x))*g(x)dx
WMQZ i) 7)., U@ - L@) @)
< W2 N K2 i 1 MK\ "2 2
= 2MzD2¢ 8D2M2 2M,

o NK§ Ak (2M, )1> 2 _ /2 2
< e oo € = D* €.
(2M§D2 8D2M?

This implies that

Hy(eD, 7, -

) < Ha (e Tl lIr,),

) < Hp(DLF - lIm,)-

or equivalently

Hp (.7, -

Using similar calculations we can write

. - 1 1
1% = QZ Wg /X . |f @)y — Ao (af )| *d P, y)
* X

| /\

D7 D T Jy ) R X Kl

ap o~ 1 NE2 S AK N\ 1 / ,
d
<4M3D2 £ 9k=2 T3P Z My = 2)1 Xfo(w) g(x)dx

< D%,

IN

which completes the proof. O
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In the next corollary, we consider the class
F= {az 5 fa(@) = Biay(0l2) — Bia(aTz), x € X,ac B(ao,a)},

where E; o(u) = E{X;|a” X =u} fori e {1,...,d} and § € (0,8). Using the same
arguments in the proof of Lemma C.5.3 in Section C.5 with f(x) = z; it follows that for
all z € X and a, &’ € B(ay, )

for (@) = fal@)] < Mo’ - o,
for the same constant M of that lemma. Now, we can apply Theorem 2.7.11 of van der
Vaart and Wellner (1996) to conclude that
NB(265f7 || . ||P0) S N(G,B(ao75), H ' H)a

where N (e, B(atg, 8), || -||) is the e-covering number for B(cx, 6) with respect to the norm
| - || which is of order (6/€)¢ for € € (0,8). Hence, using the inequality log(z) < x for
2 > 0 we can find a constant M’ > 0 depending on d such that

M'S
HB(€7fa H : ||P0) < B .

Furthermore, there exists M > 0 such that || f||oo < M0 and ||f||p, < MS.

Lemma C.4.7. Let F be the class of functions as above and consider the related class
F={f:f@y=f@)(y-roefa) @y X xR feF}.  (C49)
Then,
El|Gn]#] < 0.
Proof. Note that for any function f’ € F’ and constant C' > 0 we have that G,,(f'C~!) =
C~1G, f" implying that |G, |7 = 4M0M5||Gn||]?, where
F={F: J(@,y) = (AMoN16) 7 [ (@, ), f € F'}.

Note also that the constant D in Lemma C.4.6 is given by D =< 6!, where D depends

on M, ag, My and K. Also, using the entropy calculations along with Lemma C.4.6 we
can show easily that

~ 1

Hp(e, 7|l -lB.po) S 2

and that || f| 5,r,

that there exists some constant B > 0 such that

ﬂ%ﬂﬁi%@+

< 1. Using Lemma 3.4.3 of van der Vaart and Wellner (1996) it follows

~

In
VnB? )’
with .J,, = fOB V/1+ B/ede. Hence, E[[|G,||z] 1 and E[|G,||#7] < 6 as claimed. O
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C.5 Auxiliary results
Proof of Lemma 4.3.1. We have

(Ts(Bo)) ATs(B0) {(F:(80)" A8} (Fe(B0))" AT:(80)
= (J3(B0))" AJs(Bo).

In the parameterizations that we consider, the columns of Js(3y) are orthogonal to a.
We can therefore extend the matrix Js(3y) with a last column a to a square nonsingular
matrix Js(Bo). This leads to the equality

(js(ﬁo))T AJs(Bo) {(JS(,BO))T AJS(ﬁO)}_l (Js(Bo))" AJs(Bo)
= (js(ﬁo))TAjs(ﬁo)~

-1

Multiplying on the left by ((J_S(ﬁo))T) and on the right by Js(Bp)~!, we get:

ATs(30) { (F:(80))" AJs(B0) )} (Js(80))" A = A. (C5.1)

This shows that Js(8o) {(Jg(ﬁo))T AJS(,BO)}_l (Js(Bo))" is a generalized inverse of
A.
To complete the proof and show that it is indeed the Moore-Penrose inverse of A, we
first note that
—1 -1
To(Bo) { (F6(80))" ATs(B)}  (Jo(B0)) " AT (Bo) { (Ts(B0)” ATe(Bo) | (Fe(B0))”
—1
= J5(B0) { (Ts(B0) " ATs(B0) } (J(80))” (C52)

Furthermore,

T

(47:(00) {80 A7e(60)} " (Fa(60)" )

= J5(80) { (Jo(80)" ATo(80)} (Js(Bo))” AT
= J5(80) { (Fo(80))" ATs(B0) ) (Js(80)” A,

where the last equality holds since A is symmetric, being a covariance matrix. We have
to show that

Js(80) { (Js(80))" AJs(B) ) (Js(80))” A
= AJs(80) { (Js(80))" AT5(B0)}  (Js(Bo))” (C53)
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Multiplying on the left by (Js(Bo))? and on the right by Js(3o), we get

(35(80))" T3(80) { (F=(B0)” AT5(B0)} (Je(0)T ATs(Bo)
= (J5(B0))" Js(Bo)
= (J(80))" AT (Bo) { (Jo(B0))" ATs(Bo)} (Je(B0)” Ts(Bo),

and (C.5.3) follows by the orthogonality relation of the columns of Js(Bp) with a in the
same way as before, replacing the matrix Js(Bo) by Js(Bo) in the outer factors of the

equality relation. In a similar way we obtain

T

(et60) { (o)™ AelB0)} " (Fe(B0)" 4)
= 75(80) {(Js(B0))” ATs(B0)} " (Js(B0)” A (C5.4)

—1
Since the matrix Js(80) {(JS(BO))T AJS(ﬁO)} (Js(Bo))" satisfies properties (C.5.1),
(€.5.2),(C.5.3) and (C.5.4), the matrix satisfies the four properties which define the
Moore-Penrose pseudo-inverse matrix of A. This completes the proof of Lemma 4.3.1. [

Remark C.5.1. The same proof holds for showing that the Moore-Penrose inverse A is

given by

J:(80) { (J:(80)" ATs(B0)} (Fa(B0))"

Lemma C.5.1 (Derivative a — o (aT'x)).

0
%1/1,}(0[71:8) ‘ = (z; — BE(X;la" X = of @) ¢} (af z),
7 a=aog
and
9 T _ 0 T
RGN G C R

— (J(80)"), ( — E(XIS(B)'X = S(8) ) % (S(B) ).
where (Jg(ﬁo)T)j denotes the jth row of Js(Bo)" .

Proof. We assume without loss of generality that the first component a; of v is not equal
to zero. Denote the conditional density of (Xa,...,X4)T given @ X = u by hq(-|u).

Using the change of variables ¢; = ale, t; =x; for 1 < j < d, the function ¢4 can be
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written as

wa(aT:c) = E[wo(aOTX)\aTX = aTac]
d

Qo1 - N _
— /¢0 —(aTx — gy — ... — agiq) + Zaojxj

«
1 =2

d
ha(Fa, ..., 2da"x) [ ] di;,

j=2
with partial derivatives w.r.t. o; for 2 < j < d given by
9 T
— a'x
8(Jéj wa( )
0
=~ Efuo(af X)la” X = a”a]
a;
@ @ d
01 - 01 - - -
= /—(xj — )y | —( To — qofig — ... — agZq) + Zaojxj
aq aq =
d
ha(Za, ... 2da"z) [ ] di;
j=2
«@ d 0
01 T ~ ~ ~
— (o’ — - = T | =—
+/¢0 » ( Qa2 Qi) +jz:;aojx] P

d
ha(Fa, ..., 2da"x) [ ] di;,

=2
which is at & = g equal to
9 T =\ T (AT = — AT : ~
%Vﬁa(a x) ‘a—a = [(z; — )Yy (af @) hay(Z2, . .., Taaf @) H dz;
J =ap -
j=2
=plagz) {z; —E(X;laf X = agz)}.
For the partial derivatives w.r.t. a; we have
9 T
afmwa(a )
— / {amx — a—();(aTa: —Qpfg — ... — ad;id)}
(651 ay
o d d
. 1/)(’) a—oll(OLT:I: — Qoo — ... — aqZq) + Zaojfj ha(Za,. .., fd|0{T.’13) H dz;

j=2 =2
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aTe — asdiy — ... — ayk d
+/’(/)O(QTIL‘—|-(O(01—O£1) 220[1 dd+ZO€0]_Oé]
j=2
P d
87]1(@’ o 2glaTT) H dz;,
j=2
and,
0 T 1T T T
— Yo (a’ x) = (g x) {:Ul - BE(X1|lay X :aow)}.
8(11 a=aog

This proves the first result of Lemma C.5.1. The proof for the second results follows

similarly and is omitted. O

Lemma C.5.2. Let £ be defined by

(@) = [@{y - vala"®)} dPr(e.y) = [ @ {volalo) - va(aTe)} dG(e)
then we have for each v € B(cv, 0p),
£(a) =E [Cov X, ¢ho(a” X + (a0 — @) X)|a” X]].

Moreover,

(g — a)"é(a) =E[Cov[(ag — )" X, ¢o(a” X + (ag — )" X)|a" X]]
>0

and a is the only value such that the above equation holds uniform in o € B(a, dp).

Proof. We have,
= [@{y-valaTa)} dRs(zy) = [ @ {n(afe) — valaTe)} dG(a)
= [ @ volalia) - E{wn(ad X)la” X = a”a}] dG(z)
=E [Cov [ X, ¢o(af X)|a" X]],
and
aTé(a) = aT/:c [Yo(alz) — E{¢o(af X)|a" X = a’z}] dG(z

= E [Cov [a” X, 4 (ag X)|a" X]] =
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We next note that,

(ag — a)"é(a) =E [Cov [(ag — )" X, 0 (af X)|a” X]]
=E [Cov (a0 — )" X, ¢o(a” X + (ag — )" X)|a” X]],
which is positive by the monotonicity of 1y. This can be seen as follows. Recall that,

using Fubini's theorem, one can prove that for any random variables X and Y such that
XY, X and Y are integrable, we have

Cov{X,Y} =EXY —EXEY = /{]P(X >5Y >t)—P(X > s)P(Y >t)}dsdt.

Denote Z; = (ag — a)T X and Zy = ¥o(u + (g — a)T X) = 9o(u + Z1), then, using
monotonicity of the function vy, we have
P(Zl Z 21, ZQ Z ZQ) = P(Zl Z max{zl, 22})
]P(Zl Z max{zl, 22})]?(21 Z HliIl{Zl, 22})
=P(Z1 > 21)P(Z2 > 22),

v

where
Zy = by H(22) —u = inf{t € R:eho(t) > 2o} — u.
We conclude that,
Cov{(ap — )" X ,vo(a" X + (g — @) X)|a" X = u}
= /{]P’(Zl > 21,729 > 29) —P(Z1 > 21)P(Zy > 23) }dsdt > 0,

and hence the first part of the Lemma follows. We next prove the uniqueness of the
parameter . \We start by assuming that, on the contrary, there exists a; # « in
B(a, dp) such that

(ag — a)Té(a) >0 and (a; —a)Té(a) >0 for all & € B(ay, do),
and we consider the point a € B(ag, dg) such that
lo; — ol = |a; — 1] for 1 <j<d.
For this point, we have,
(ap —)"é(a) = —(a —a)"¢(a)  for all a € B(aw, ),

which is not possible since both terms should be positive. This completes the proof of
Lemma C.5.2. O
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Lemma C.5.3. Let f : X — R*, k < d be a differentiable function on X such that there
exists a constant M > 0 satisfying || f||lcc < M. Then, under the assumptions A1 and A5
we can find a constant M > 0 such that for all o € B(ax, dp) we have that

sup |E[f(X)|a” X = a’z] — E[f(X)|ag X = agz]| < M|a - aol.-

xeX
Proof. We can assume without loss of generality that a1 # 0 where ag; is the first
component of «g. At the cost of taking a smaller dg, we can further assume that a&; # 0
for all a € B(cx, dp). Consider the change of variables t; = o’ X, t; = z; for 1 <i < d.
Then, the density of (a” X, X5, ..., Xy) is given by

1 1
9aTX X, xa)(t15 -5 ta) =g (al(ﬁl —agty — ... —agla),ta, ... 7td) o
Then, for i = 2,...,d, the conditional density hq (22, . .., 24|u) of the (d—1)-dimensional
vector (Xa, ..., X4) given that a” X = u is equal to
g (—“70‘2“"27"'70‘”’“ T, ... xd)
ha (s, ... xqlu) = y (C.5.5)
fg(—“_a2t2;1'“_adtd yta, ... ,td) Hj:2 dt;
where the domain of integration in the denominator is the set {(z2,...,2q4) : ® € X)}.
Note that X; = (@’ X — as Xy — ... — agX4)/a1. Thus we have that

E[f(X)|a”X = aTx] = E[f(X1, Xa,..., Xy)|laT X = aTx]
_ {f(aTXang...adXd

,Xg,...,Xd) |aTX —aTa:]
aq

o

d
OLTSC — QT — ... — gy T
= f s X2,...,2q ha(l‘g,...,$d|a IE)Hdl‘J
Jj=2

Note now that function

T
X T—A2T2—...— X4
g( a1 7x2a"-7xd)

fg(aTw_aztél—...—adtd sto, ... ,td> H?:Q dtj

is continuously differentiable on B(a,dp). This follows from assumptions Al and A5

o = ho(2o,. .., xqla’z) =

together with Lebesgue dominated convergence theorem which allows us to differentiate

the density g under the integral sign. With some notation abuse we write 9h/dx; for the

i-th partial derivative of & + ho (%, ..., 24|’ x). Straightforward calculations yield
Oha oTx —aszy — ... —ageg
5. = y L2y Xd
day o3

T
f Z?:Q(xi — tl)(%i (a m—aagl—...—adw o, ... 7td)) H?:Q dt;
X

2 aTz—asto—...—agqtq d 2
ajy (fg( o 7t27"~)td) szgdt])

b
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and for 2 <i<d

Ohea aTe —asry — ... —agrg
= - y L2y -5 Xqd

8041' (&3]
T

f(!Ei - ti)% (OL z— agt;l— —agty sto, ... >td)) H?:2 dtj

alxz—asto—...—agty d 2
(6%} (fg( ar tz,...,td) Hj:2dtj)

Assumptions Al and A5 allow us to find a constant D > 0 depending on R, ¢,, ¢o and

¢y such that

H Oay;
for 1 < i < d. Consider now the function a — E[f(X)la’X = a’z]. Using the

o0

assumptions of the lemma and applying again Lebesgue dominated convergence theorem

we conclude for i € {1,...,d} that we have
IE[f(X)|aTX = aTz]
8@1-
aTe — qoxy — ... — agzy Oha (T2, ..., 24|l ) d
:/f( a 71’2,...,(Ed) (90[i dej

=2

Furthermore, we have that

Ty _ T d
sup 8E[f(X)|(; X—a w}‘gMD/dej:M’,
(x,X Q P

forall i € {1,....d} and (x, X) and o € B(a,d). The results now follow using a first
order Taylor expansion to obtain

Ef(X)la" X = o”a] - E[f(X)|af X = of a]]

(i —ap,)|,

‘ZGE |a TX = a’z]

o
for some & € R? such that ||& — ap|| < |ja — ap||. Bounding the right side of the
preceding display by M |la — | with M = dM’ gives the result.

O

Lemma C.5.4. Denote for i € {1,...,d} the ith component of the function u —
E[X|aTX = u] by E; . Then E; o has a total bounded variation. Furthermore, there
exists a constant B > 0 such that for all o € B(exg, dp)

|Bialle < B, and / | ()| du < B,
T

where Zo, = {aTz : x € X}.
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Proof. Since X C B(0, R), it is clear that || E; o ||cc < R. As above let us assume without
loss of generality that the first component of oy is not equal to 0. At the cost of taking
a smaller §p, we can further assume that &; # 0 for all & € B(ayg, dg). We known that
for2<i<d

Ei o(u) :/xiha(xg,...,xd\u)dxg...da:d,

where integration is done over the set {(x2,...,24) : (2, X)} and u € Z,, C (ag —
SoR, by + 6o R) and where hy, denotes conditional density of (Xo,..., X,) given o’ X =
u, defined in (C.5.5). Using assumptions Al and A5 along with the Lebesgue dominated

convergence theorem we are allowed to write

0

E; o (u) = xi%ha(xg, oo zglu) dzg .. dg.

Straightforward calculations yield that

Jg U—QoTo—...—QgTyg
o 61:1( a1 y L2y« Xd

%ha(.xz,...,l‘d‘u) = u—oigta—. . —ayl d
a (fg(#‘“,tg,..wtd) HjZthj)

1
—g((u—agxg—...—ozdxd),arg,...,xd>

aq

) —agty—...— d
ﬁ(%ﬁi,tz,n-,td) Hj:2 dt;
. 5.
—agty—.m d
a (fg(%i“%td,tz,u-,td) szz dtj)

Thus, we can find constant C' > 0 depending only on |ag1|, ¢y, ¢;, ¢ and R such
that [ |E] ,(u)|ldu < C for all a € B(ayp,d). Now B = max(R,C) gives the claimed

inequalities. If ¢ = 1, then

1 d 1 d
Eia(u)=— (u — Z Ejva(u)>, and e} ,(u) = o (1 — Z e}ya(u))
Jj=2 j=2

aq

for u € I5. We conclude again that the claimed inequalities are true at the cost of

increasing the constant B obtained above. O

Lemma C.5.5. Let f be a function defined on some interval [a,b] such that || f|lcc < M

and

V(f,[a,b]) = sup > | f(ay) = flagn)| < M,

a=z9<T1...<Tp=b j=1

for some finite constant M > 0. Then, there exist two nondecreeasing functions f1 and
f2 on [a,b] such that || f1]|co, || f2]lec < 2M and f = fo — f1.
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Proof. The fact that f = fo — f1 with fi and fa nondecreeasing on [a,b] follows from
the well-known Jordan's decomposition. Furthermore, we can take fi(x) = V(f,[a,x])
and fa(x) = f(x) — fi(x)for (x,[a,b]. By assumption, || fi]lcc < M < 2M and || f2] <
[ flloo + 1 f1lloo < 2M. O

Lemma C.5.6. Under Assumptions A4-A5, we can find a constant C' > 0 such that for

all v close enough to ay we have that
P (u) > C,
for all u € Z.

Proof. We assume again that a; # 0. By calculations similar to the calculations made in

the proof of Lemma C.5.1, we get

VYo (u)
N N d d
01 01 - - - - ~ ~
=— [ —(u—agxg—...—ad:rd)+Za()jxj ha(:r%...,xd\u)dej
aq aq ° !
j=2 j=2
N d P d
0 - - - - - -
+ /1/)0 —l(u — Qo — ... — aqZq) + Z ao;Zj | =—h(Za,. .., &q|u) H dz;.
a1 = ou s

Now, a Taylor expansion of ¢; in the neighborhood of ag; and using that ag1/c; =

1-— 61/04071 + 0(61) yields

o
Vo (0(4)’1 (u—aexe — -+ —aqxq) + o 2x2 + -+ + Oéo,d%i)
1
€1
= | u— ——(u—€exo— ... —€qxq) + 0(€1)
Qo1
€
= Yo(u) — a—l(u — €2T2 — ... — €qxq) Y4 (u) + o(er)
0,1

— gho(u) — %u%(u) +o([le — a)).

Using the Lebesgue dominated convergence theorem and the fact that ho (%o, ..., Zqlu)

is a conditional density it follows that

d
a1 N N - 0, - N
/1/)0 a—l(u—a2x2—...—adl‘d)+ E QT %h(arz,---,xdW)Hde,

=2 j=2

=o(a — ay),
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such that
WPl (u) 20(1—61> +olaa—ap) >C >0,
@01
provided that ||a — a|| is small enough. O

Lemma C.5.7. If h =< n~= /7, then there exists a constant B > 0 such that for all
a € B(ayg, d)

Wl <B  and / [ ()] < B,

where Io, = {aTx : x € X}
Proof. Using integration by parts and Proposition 4.2.2, we have for all u € Z,,
/K (“ _ m) A ()
h
/K<u—x> dx—i—/K’(
h
/K (“ ) Ao (z /K’ (Ve (e + hw) — o (u + haw))dw

h
(u) + O(h?) + Op(h™ log nn™"/%) = 9, (u) + 0, (1).

w;Lh,a (’LL) =

) (Pra() — Ya())

= 3= &=

Il
< >
o=

This proves the first part of Lemma C.5.7. For the second part, we get by a similar

calculation that,

Vel = 3 [ 5 (") vhohdo + g [ K@) Gt ) = balus hu)du

h

1 _
= E/K (u ; x) " (z)dx 4+ Op(h~2lognn™1/3).

Since h=2lognn~3 = o(1) for h = n~'/7, the second part follows by Assumption
A10. O






Appendix

Varying coefficient models -

Appendix

D.1 Definitions and properties

This section contains the Definition of the Lo-distance and the Assumptions needed for
the main results, i.e., Theorem 5.5.1 and 5.5.2.

Assumption A.

1. For all 1 < p < d, the random variable U, has distribution function Fy;, on U, =
lap, by]. The distribution function Fy;, has Lebesgue density fy, which is bounded
away from zero and infinity, uniformly in U,, i.e. there exist positive constants Ny
and Ny such that N1 < fy,(u) < Ny for u € Uy,.

2. The eigenvalues 11 (u),...,ns(u) of L(u) = E(XXT|U = u) are bounded away
from zero and infinity, uniformly over all u € U?, i.e. there exist positive constants
N3 and Ny such that N3 < ni(u) < --- < ng(u) < Ny foru € U

3. There exists a positive constant N5 such that | X,, |< N5 for 1 <p <d.

4. There exists a positive constant Ng such that af(u, x) < Ng < oo for j = 1,2 and

for every u € U4, x € R?, where o3(u,x) = Var(Y; | U =u,X =x).

maXy, mp
ming My

5. limsup,, ( ) < 00.

132 _
6. n 'S 2 A — 0 and n " mpa. — 0 as n — co.

261
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7. 7 mpmaxlog(Mmax) — 0 as n — co.
8. pn—0asn— .
Assumption B.
1. supy 5 71(W, X) SUP;< 7, (4 x) |G(tlu, x) — G(t|u,x)| = 0,(1).
2. supy x k(u,x) — 0 asn — oo.
3. SUp, x Ko (W, x) = 0 asn — oo .
Assumption C.

1. By € C3([ap,by)), for each 1 < p < d, where C"([a,b]) is the space of r—times
continuously differentiable functions on [a,b] .

2. mf’n/fx [supwx{ﬁ(u,x) SUP{< 7, (u,x) |C¥(t\u,x) — G(tju,x)| + K(u,x)

+ Ko (u,x)} + pn} — 0 and n=Y?m?,_ —0; N 2 A max — 0

asn — oQ.

Assumption D.

1. mp2n1/2 (supuyx(ﬁ(u,x) SUPy< 7, () |G (1, %) — G(tlu, x)| +

k(u, x))) — 0 and 02 Mo Amax + 112 pp — 0 as n — oo .

2. TrL;,‘,l,an/2 SUP,, x (7'1 (u,x) SUPy <1, (u,x) \G’(ﬂu, x) — G(tju,x)| + k(u, x)
+ ng(u,x)) — 0 and m,};){Z logn + 1Y 2 MmasAmax + 112 pp — 0

asn — Q.

Assumption A.1 guarantees that the observation points are randomly scattered and is a
natural assumption in nonparametric regression (see e.g. Eubank and Speckman (1990)).
All A assumptions are common in P-spline theory (see e.g. Antoniadis et al. (2012)).
In particular A.1-A.4 are common in mean regression in varying coefficient models. Also
note that Assumptions A.5, A.6 andA.7 are satisfied with the choice of number of knots
and smoothing parameter of Remark 5.5.2. When all 8, have bounded r-th derivatives
pn = Op(mpL,) (Schumaker (2007)). Assumption B ensures that the censored nature of
the data is taken into account and is illustrated by an example in Remark 5.5.1. When
the Kaplan-Meier estimator is used to estimate G, it follows from Zhou (1991) that
SUD; < 7, (%) |G(t) — G(t)] = O,p(n~1/2). Assumption C guarantees that, uniformly over
U,, the second order derivative of 3y, is a consistent estimator for 31, for 1 <p < d. It
is a technical assumption needed in the proof of Theorem 5.5.1, Part 2 and guarantees

that the Kaplan-Meier estimator based on residual observations constructed with method
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1 converges to the true error distribution F'. Assumption D is an assumption on the
convergence rate of the P-spline estimators and guarantees that the squared L..-distance
between the P-spline estimators ,éj and 37 converges to zero at a faster rate than the
variance given by (5.5.1). For the examples considered in Remark 5.5.1, Assumptions C
and D are also fulfilled when G is estimated using the Kaplan-Meier estimator, mmax <
n'/% and Amay < n*, ¢ < 3/10.

Definition D.1.1. For a real valued function f on U and a vector valued function g =

(g1, .., 94) on U?, the Lao-norm is given by:

1/2 d 1/2
[ flle. = {/Mf2(t)dt} gl = (Z ||9p||%2> ;
p=1

Definition D.1.2. For a real valued matrix A of dimension m 4 X n 4, the 2-norm of A

is given by ||All2 = sup, ”f:ﬁ!z, with x € R" and ||x||2 = \/>_,;2, 2. This norm is

2.
equal to \/Cmax(AT A) where (max is the largest eigenvalue of ATA.

Definition D.1.3. For sequences of positive numbers r,, and s,, r, < s, means that

s, 17, is bounded and r,, < s, means that s, 'r, andr,'s, are bounded.
Definition D.1.4. For a real valued function f on U and a vector valued function g =
(g1,..,94) on U?, the Lo,-norm is given by:

1flloo = sup | Fw) ], glloc = max llgplloc.

Our estimation technique relies on properties of B-splines. For a detailed description of
B-splines we refer to De Boor (1978) or Schumaker (2007).

Property D.1.1. By;(up;qp) > 0; Z?;’Jl Bpi(up; qp) = 1.

Property D.1.2. There exists positive constants N7, Ng and coefficients oy, € R such
that

mp

mp Mp
m ' Ny Zaf,l < /M{Z v Byt (up; qp) }du < m " Ng Zail.
=1 =1 =1

Property D.1.3. [, Byi(u; gp)du = O(m; ).
Property D.1.4. | g|lcc S mp_1/2||g||L2 for g € Gp,1 < p < d where G, is the space of
spline functions of degree q, on U,, with knots &,,.

We use as notations &, a and &; for methods j = 1,2 (described in Section 5.4), when

we replace Y in expression

&= (RTR+Qy) 'RTY.
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by Y5 = (Vi,....Y:)T, Y5 = (Vii,...,Y5)T, and M = (Mj1,..., M;,,)T with
Mj; = E(Y};|U;, X;) for 1 < i < n respectively. Similar notations hold for B; =

o Bia)T B = (Brs -, B5)" and B = (Bjn, -, Bja) T

~~
<
—

D.2 Proof of Theorem 5.5.1, Part 1

The proof of the first result stated in Theorem 5.5.1 relies on the maximal distance

between the Y} and Y} responses, derived in Lemma D.2.1.

O % * | __
Lemma D.2.1. maXi<i;<n | Yli — Yli |—

O, (sup {Tl(u,x) sup  |G(tlu, x) — G(t|u,x)| + x(u, x)}) ,

u,x t<71(u,x)
Proof of Lemma D.2.1. Since| Y} — Y7 |=
| Y75 = Y75 | Lziem quxony+ | Y05 = Y35 | Lizimm (00X}
we consider two cases and prove the following results,

max {| Y35 = Y75 | 1z, <r U, X0} }

1<i<n
< sup (Tl(u, x) sup |G(tlu,x)— G(t|u,x)|> . (D.2.1)
u,x t<71(u,x)
max {| V7, = Y} | 1zon o x) S sup s(u, x). (D.2.2)
<i<n u,x

For (D.2.1) we start by the triangle inequality,

| Y75 =Yy | Liz,<rnu.xt <L A{@1(Us, Xy, Zs) — 01(Uy, X4, Z3) }
+ (1= A) {1 (U, X4, Zi) — ¢1(U, X4, Z3) ) |
< ¢1(Us, X4, Zi) — 01(Ui, X4, Zi) | + | 01(U4, X4, Zi) — 91(Us, X4, Z3) |

We derive the order bound for | $1(U;, X, Z;) — v1(U;, X, Z;) |, similar result holds if
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we replace 1 and ¢ by ¥ and 1/31 respectively.

| p (Uiinv Z') - 901(Uivxia Z)‘

1+ / /
= W{ Gt|UZ,X Gt|UL,X H

vZi
G(Zl|U17X1) (Zl|U17X1)
Zi & X)) X,
(1+ )/ G(t|U;, X;) AG(t|UZ, )dt
vZ{G(Z:|U;, X;) — G(Z;|U;, X))}
G(2Z:|U;, X:)G(Z:|U;, X,)

IN

L+9l sup  {]GEULX) - GULX) [}
tSTl(Ui,Xi)

71 (U, X5) G(tU.. X, 1
x/ (10, Xs) dt
0

é(ﬂUz,Xz) G(t|Ui7X7l)2
+hin(ULX) s {]GHULX) - GEULX) ]
t<71(U;,X5)

X sup
t<7m1 (U4, X5)

From the uniform convergence of G we have:

G(t|U;, X;
sup M =1+ o0,(1).
t<m (U X0) G(HU;, X)
Also inf, <, (u, x,){G(t|U;i, X;)} > 0, therefore,
| £1(U4, X4, Z;) — 01(Uy, X4, Z;) |

=0,(n(Ui X)) sup [ G(HULX) — GHULX) | ).
tSTl(Uj,,Xi)

For (D.2.2) we have,
E{| Y5 = Y7 | Lizsmu,x0)}
<E []E {¢>man Lz, snw, x| Zi — o(Us, X, Z;) | |Ui7X¢H
P1,

< sup £(u, x).
u,x

By combining (D.2.1) and (D.2.2), the result of Lemma D.2.1 follows.

{ : 1 G(t|Ui7Xz’)}.
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Proof of Theorem 5.5.1, Part 1. Since

181 = Billz, < 1181 — Bille. + 187 — Billz, + 181 — Bill .

the result follows by showing that

181 — B, (D.2.3)
=0, (sup {7'1(11, x) sup |G(tlu,x) — G(tju,x)| + n(u,x)})
u,x t<71(u,x)
187 = Bl = Op (n7/2mil2) (D.2.4)
11 = Bl = O (0™ 1A + ) - (D.25)

We start with the proof of (D.2.3). By Property D.1.2 it suffices to show that

|61 — a2 =
Op (mrln/fx (sup {’7’1(11, x) sup |G(tlu,x) — G(tju,x)| + /{(u7x)}>> .
u,x t<71(u,x)

From Antoniadis et al. (2012) we have,
& —aj
={®R"R)™" - (RTR) ' QAR R) ™" + 0p (0~ miZdme) (RTR) ™' }
x ZRl(Y/l*i - Y7)
i=1

= G ey — ey~ {(RTR)IQARTR) ™ + 0p(n /2 Ama) (RTR) '}

max
X Z R, (Yy; — V7))
i=1
= {1= RTR)1Qx + 0, (0 m¥fZAnae) | (G1,reg — )

*

where &1 ;¢4 and o, denote the regular B-spline estimator (ie. do=...=Xxg=0).

Consequently,
61 — afl2
< {14+ IRTR) 2l Qxll2 + 0p (0™ M2 Ama) } [81,reg = @ reg e

From Lemma 1 in Antoniadis et al. (2012) we know that except on an event whose

probability tends to zero, [(RTR)™[|2[|Qall2 = Op(n ™ misaAma),

61,reg — @ ells = (Y = YD RRTR) ' (R'R) 'R (Y] - Y7)
= (0 M) (V5 = YD) TR (0 ' mmaxRTR) ! (' RTR) T RT (Y = Y7).
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and since all eigenvalues of n !mma.RTR fall between positive constants, we have
7" *mmaxRTR]]2 < 1 and thus,

161,reg — @ egll3 = (Y1 = Y))"RRR) ' (R"R)'RT(Y] - Y7)
= n_lmmaX(iﬂf - YT)T(YT -Y7)

< Mmax <sup {Tl(u,x) sup |G’(t|u,x)—G(t|u,x)|+f$(u,x)}> .

u,x t<71(u,x)

In the last step, we use the result of Lemma D.2.1 and the inequality

V¥ = YT (Y1 = Y1) = [V - Yill < Vi max [ - Vil
We continue with the proof of (D.2.4). Using similar arguments as is the proof of (D.2.3),
we have
et — éalls
< {14+ IRTR) ™ 2l1Qall2 + 0p(n ™ mf2Aman) } 1 ey = Grregllzs  (D26)
and,
loe req — Getreq13
= (0 M) (YT = M) TR mmax RTR) (0 ' mma RTR) T TRT (YT — M),
By Assumption A.3,
E{(Y] - M;)"RR" (Y] - M)}

n T n
=E {Z R; (Y, — Mu)} {(Z Ri(Y;; — Ml,;)}

=1 i=1

=B Y XX Boi(Uips ) Bt (Ui 4) (Y3 — M) (Y7 — M)

p,l 4,j=1

S E{ B (Ui 0p)* (Y7 — M1i)*}
=1

<2

p,l

+ ZE {Bpl(Uip5 ap) Byt (Ujps 4p) (Y75 — Mli)(yl*j - Mlj)}} .
i#]
By the independence of the observations, Assumption A.5 and Properties D.1.2 and D.1.3
of B-splines it follows that, using the law of the total expectation,
E {B;%l(Uizﬁ ap)(Y7; — Mli)Q} S E{nyl(Uip; @)} < m;l = O(mr;alx)a
E{Bpi(Uip; ap) Bpi(Ujp; 4p) (Y1 — Mli)(Yl*j — M)}
= E{Bpi(Uip; 4p) (Y1; — M1i) YE{ Bpi(Ujp; p) (Y15 — Mij)} = 0.
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Therefore,

E{(Y] —M)"RR"(Y; — M)} = O(n),
(Y7 = My)"RRT (Y] — M) = Oy(n),

such that

||a>1k,reg - dl,reg”% = OP (nilm?nax) . (D27)

Combining (D.2.6) and (D.2.7) gives,
2
ot = @l = 0y (0™ i (1 7 ) ) = Oy )

187 = BulZ, =

||a>{ - le% = Op (nilmmax) )
Mmax

where we use Assumption A.6 and B-spline Property D.1.2. From the proof of Theorem
1 in Antoniadis et al. (2012), we have,

HGl - ﬁ||L2 = Op (nilmgm/a2x>\max + Pn) >

and (D.2.5) follows immediately. O

D.3 Proof of Theorem 5.5.1, Part 2

To prove Part 2 of Theorem 5.5.1, we can repeat the proof of Part 1 of Theorem 5.5.1 but
now using Lemma D.3.1 instead of Lemma D.2.1 giving the maximal distance between Y5*
and }72* responses. The proof of Lemma D.3.1 needs two further lemmas: Lemma D.3.2
on the uniform consistency of the initial estimators 7 and &7 as estimators for m and
o; and Lemma D.3.3 on the uniform consistency of F' as estimator of F. The proof of
Lemma D.3.2 is included, that of Lemma D.3.3 follows along the lines of a similar result
(in the kernel estimation context) in Van Keilegom and Akritas (1999). The details of
the proof of Lemma D.3.3 are not given but we do give and prove, in Lemma D.3.4, the

key result that is needed to modify their result to our P-spline setting.

Lemma D.3.1. If Assumptions A, B and C hold,

max | Y3, — Y5 |= Oplan) = 0p(1),

1<i<n

where a, = n~/?(logn)'/? + N MY Amax + prt

m;alX/Q (sup {71 (u,x) sup |é(t|u, x) — G(t|u,x)| + £(u,x) + ko (u, x)}) .

u,x t<71(u,x)
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Method 2 uses (5.4.4) and (3.2.3) as initial estimates for m(u,x) and o2(u,x). We
therefore need, in the proof of Theorem 5.5.1, Part 2, the consistency results given in
Lemma D.3.2.

Lemma D.3.2. Under Assumptions A, B.1 and B.2, we have,

(a) sup vy (u,%) — m(u,x)| = O, (nw 0 32 A + P

u,x

+ m;ix/z (sup {7’1(11, X) sup |é(t|u,x) - G(tha,x)| + m(u,x)})).

u,x t<71 (u,x)

1<i<n max

(b) max | V55,0 — Vi 2 |= O, (n/ 1 Y2 A+ ot

sup {Tl(u,x) sup \G’(t|u7x) — G(tju,x)| + m;,;x/gfi(u, x) + ﬁg(u,x)}>

u,x t<71(u,x)
AZ(ZZ — m(U“ XZ))Q
G(Zi|Uia Xl)

* —
where Y7, ;2 =

(¢)sup |61 (u,x) — o, %) = O, (nm 0 2 A+

u,x

+m;l/? (sup{ﬁ(u,x) sup  |G(tlu, x) — G(t|u, x)|
u,x t<71(u,x)

+ m;,;x/Qn(u, X) + Ko (u, x)}))

h Yoo =
wnere 14,02 G(Zle“X,L)

Proof of Lemma D.3.2(a). Since the X, are bounded (see Assumption A.3), we have,

d
sup [ (u, %) —m(u,x)] S > 151y = Bpllz.
1

u,x _
p_
d ~ d ~
< Z Hﬁlp - ﬁlpHLoo + Z ”5117 - Bp”Loo'
p=1 p=1

By property D.1.4, we have || 1, Bipllr.. S Mmat”||Bip—DBipllz,. Using the intermediate
results stated in the proof of Theorem 5.5.1, part 1, we obtain that

||Blp - Blp”Loo =0p (n_1/2—|—

m;;f (sup {Tl(u,x) sup |é(t|u,x) — G(tu,x)| + &(u,x)})).

u,x t<71(u,x)
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By Lemma A.10 of Huang et al. (2004), we have,

1B1.reg = Bllz.. = Opl(pn),

where 1, req (1) = B(u,)(RTR)RM is the expectation of the regular spline estimator
(i.e. A1 =... = Aq =0). From the proof of Theorem 2 in Antoniadis et al. (2012), we
have that

Bl = (1 - Op(n_lmgw/an/\maXD Bl,reg'

Since each spline Bp is a continuous function on the compact set U, each spline 51, is
bounded and [|B1 req .. = Op(1). We therefore conclude that

||/51 —Blr. = Op(pn + ”_1m§1/a%</\ma><)a

The result of Lemma D.3.2(a) now follows.
Proof of Lemma D.3.2(b). Lemma D.3.2(b) is for o(u,x) what Lemma D.2.1 is for
m(u,x). Again we consider two cases: Z; exceeds or does not exceed 71 (U;, X;). Sup-
pose first that Z; < 7 (U;, X;), then we write,
| Al*i,az - letl,az |
< Wi (U5, Xs) — m? (U, X5)| + 275 i (U, X3) — m(U;, X))
+(Zi —m(U, X)) |G(Zi| UL X)) — G(Z:]U;, X))

Since % (u,x) —m?(u,x) = {M(u,x) —m(u,x)}Hm(u,x)+m(u,x)}, we get from the
uniform convergence of 7(u,x) to m(u,x) , that the rate of the first and second term
on the right-hand side are both equal to the rate obtained in Lemma D.3.2(a). The third
G(tU;, X;) —

term on the right hand side is bounded in probability by sup,< (u, x,)
G(t|U;, X))
Next, suppose Z; > 71(U;, X;), then we can write,

‘Yf;’UQ o Yl*;,ar‘" < |Y1>!< - Ylt,02| + ‘Ylti,a? - lea< |

i,02 i,02

where }71*;762 =Y e lzi<r (U, x0T (Zi — m?(U;, X4))?11 2,57 (U, X,)}- Analogue to
the second part of the proof of Lemma D.2.1, we use k, to bound the difference between
}A/f;,o_g and Yl*i,(72 in the truncation area. For the estimation of the mean of Y, the
transformation formula when Z; lies in the truncation area is Z;, whereas in this case, the
transformation formula is (Z; —71 (U;, X;))? and therefore also involves an estimator ;.
The variable Y} . is introduced to make the transition from Y{;ﬂz = (Z;—m1(U;,X;))?

T,
via Y7, o = (Zi — m(Uy, X3))? to Y75 .. We get

E|Y1*i702 = Y] o2| <sup ks (u, x),

u,x
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and,

Y102 — Yii 02

i,02

< 2Z; i (U, Xi) = m(Ug, X5)| + | (U, Xy) — m? (U, X5)|

=0y (n_l/z + 07 3 N ax + pn

+ Mgl (Sup{n(u,X) sup I@(tu,X)G(tlu,X)+H(u,X)}>>-

u,x t<71(u,x)

Proof of Lemma D.3.2(c). Following the same steps as in the proof of Theorem 5.5.1,
Part 1, we can, using the result of Lemma D.3.2(b), derive the Ly-distance between 52
and o2. Analogous to Lemma D.3.2(a), the L..-distance then follows. Since 61 — o =
(63 — 0%)/(61 + o), it follows from the convergence of 7(u,x) to o?(u,x) > 0, that

the rate is maintained for 61 — 0. O

Lemma D.3.3. If assumptions A, B and C hold, then, fort < S, we have,
F(t) - F(t) = Op <n1/2 (log n)1/2 + nilmiq/aiAmax + pn+

—1/2

mmax

sup{ﬁ(u,x) sup |G(tu,x)—G(t|u,x)+ﬂ(u,x)+f{a(u,x)}]>.

u,x t<71 (u,x)

Lemma D.3.4. Suppose 3, € C"([ap, by]) for each 1 < p < d. Then under Assumptions
A and B, we have,

18 = B = O, <”1/ 210+ 0TI A+ Mt

+ ml,i,;}/z [sup {7’1(11, X) sup |@(t|u, x) — G(tlhu,x)| + H(u,x)} ~+ pn

)

u,x t<71(u,x)
(v) 08 08 T A(0) 0B 84 T
v) 1 d — 11 1d
where B\V) = ( Gul o oul ) and 3, = (Tu*; T ) are the vectors of the
v-th order derivative functions forv=0,...,r — 1.

Proof of Lemma D.3.4. We first note that the v-th derivative of the B-spline function
Bip(up) = S G1puBpi(up, p) of degree g, is a B-spline function of degree g, — v
given by (see De Boor (1978)),

B = K2 b(up,q —v)TD,éy, (D.3.1)
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where b(up, g — v) = (Bip(up, gp — V), ..., Bm,—1,p(tp,qp — v))7 is the vector of the
K, + g, — v B-spline basis functions of degree ¢, — v with knots &, i.e., for v = 1, we
have,

mp—1

5’87) (up) = Ky Z (Q1pa—1 — G1pt) Bpi(up, @p — 1) = Kpb(up, g — 1)TDlé‘lp
=1

= K, (b(up,q — 1)Téy;—1) — b(up, ¢ — 1)" &1 p))

where &y_1] = (GQi2,...G1m), @1—p] = (G11,...G1m-1). Representation (D.3.1)
implies that the v-th derivative of §, is again a spline function with coefficient vector

K,D,é1,. As a consequence we have, using Property D.1.2, that
181" = B1 I, = Op(miat |6 = @i l2)- (D3.2)

We now use the fact that there exists a spline function (see Corollary 6.21 and (2.120)
of Theorem 2.59 in Schumaker (2007)) (p(up) = Y125 cpiBpi(up, qp) of degree g, with
equidistant knots &, and coefficient vector ¢, = (cip, ..., Cm,p)" such that

1BY = ¢Wl1, = Op(migepn + 1~ M2 Ama). (D.3.3)

To show the validity of (D.3.3), we proceed as follows. By Lemma A.7 of Huang et al.
(2004), we have that ||é reg —Cll2 = O(m#éip,L), using a similar argument as before we
find, ||5‘£v2()g — €W, = O, (m,.pn)- Using the relationship

Blv) — (1 _ Op(n_lmil/ai)\max)) ngjzeg'

and the fact that 55?269 is bounded on a compact region, we have ||["7’§1_)7269||L2 = 0,(1)

and (D.3.3) follows. Also note (Schumaker (2007)) that ¢, satisfies

185 = ¢l = O(my™). (D.3.4)
The rates in (D.3.2)-(D.3.4) provide the key for the proof. Indeed
18 — B p. <18 — ¢ lpe + €™ - BW L. (D.3.5)
For the second term in (D.3.5) we use (D.3.4). For the first term, note that
188 = ¢ S ma2IBY — ¢, (D.3.6)

and that

18 = ¢, <18 = Bz, + 1B = ¢V,

= Op(m:;\;xlﬂ‘ldl — aila + mpapn + n_lm?n/aiAmaX)~ (D.3.7)
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The result now follows from the rate obtained for ||&; — &2 in Theorem 5.5.1, Part 1
in combination with (D.3.2)-(D.3.7).

O
Proof of Lemma D.3.1. We first note that sup,, , |71 (u,x) — m(u,x)| and
Sup, x [01(1,x) — o(u, x)| are both O, (a,) by Lemma D.3.2.
We write,
Yai = Yoy = i (U, Xi) — m(U;, Xy)
61(Ui, X,) /S ooy o(Un X)) /Sz‘
+ ———= SdF(s) — ———= sdF (s
1—F(ET) Jor ) 1—F(ET) Jgr ®)
51(Ui, X)) —o(Us, X)) [ .
o ) o ) / sdF(s) (D.3.9)
1— F(ET) BT
U, X){F(ET) - F(ET)} [5 .

{1 - F(ENY1 - F(E)} Jor

‘ ) ET Si . Si N
+"(UX){/ sdﬁ(s)+/ sd(F(s)—F(s))+/ de(s)}. (D.3.11)

1—-F(ET) | Jor ET S

We first consider the three integrals in (D.3.11). Using integration by part, we have,

BT 28
/ sdF(s) = EFF(EF) — ETF(ET) _[ F(s)ds
ET ET
= EIN{F(E]) = F(ED)Y +{ET F(ET) — ETF(ED)} + ET{F(ET) - F(ET)}
— /E F(s)ds. (D.3.12)
EY

For the first term of (D.3.12), using Lemma D.3.3, we conclude that
|E{E(ED) = F(ED)Y| = 1ET 10, (2) = Oy (an).

Since |ET| < {o(U;, X;)} " H|min(Z;, 2(U;, Xi))| + |[m(U;, X;)|} < oo. To get a
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consistency rate for the second and the fourth term of (D.3.12), note that

EF —ET
mlH(TQ(UZ, Xl), Zl) — ml(Ul, Xl) B mlH(TQ(UZ, Xl), Zl) — m(U“ Xl)
61(U;, X;) o(U;, Xy)

1

~ 0(U,X,)5(U;, X;) {min(Tz(U“X")’Zi){U(Ui’Xi) - 61(Ui, X5) }

+ m(U;, X;){61(U;, X;) — (U, Xz)}} :
It then follows from Lemma D.3.2 and the convergence of 61 (u,x) to o(u,x) > 0 that
|ELT - E;T| = Op(an),

which gives the rate for the second and the fourth term of (D.3.12). For the third term
of (D.3.12), we have that

F(ET) - F(E]) = {F(E]) — F(ED)} + {F(E]) - F(E])}.

Lemma D.3.3 can be used for the first summand. For the second summand, we use a

first order Taylor approximation and write,

(Ui, X5) —m(U;, Xy)
61(U;, X;)

FET) - F(ET) - (

_ 101U, Xy) = o(Us, Xi) {min(r2(Us, X), Z) = m(Us, X))} ) 0)
61(U;, X;)01 (Ui, X;) o
min(72(U,;,X;),Z;)—m1(U;,X5)
51(U;,X5)
By the convergence of 41(u,x) to o(u,x) > 0 and the

with f. the density of £ and for some 6 between and

min(TQ(Ui,Xi),Zi)fm(Ui,Xi)
o(Us,X4) ’

fact that sup, |ef:(e)| < oo, we get

F(ET) - F(EF) = 0,(ay). (D.3.13)
We conclude that
|BI{P(ED) = F(ED)}| = Oy(an).

where we use that by Lemma D.3.2, |EF| = |EF| + O,(a,) < co. Based on the analysis
of (D.3.12) we conclude for the first term of (D.3.11),

X)) rE L
U(UX)/ET sd'(s) = Op(an). (D.3.14)

1~ F(E])
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In a similar way, we obtain for the third term of (D.3.11)
o(Us, X;) /Si sdF(s) = Op(an) (D.3.15)
—_— = an). 3.
1—F(EF) Jor P

For the second integral in (D.3.11), we use partial integration and Lemma D.3.3 to obtain

/Si sd(F(s) = F(s)) = ST{F(ST) = F(S])} = BT {F(E]) — F(E])}

ET

- {F(S) — F(s)}ds = Op(ay).

The terms (D.3.8)-(D.3.10) are more easy to handle. For (D.3.8) we use Lemma D.3.2(a).
For (D.3.9) and (D.3.10) we need that

ET
T

/Si sdF(s) = 0,(1). (D.3.16)

To show (D.3.16), note that, using similar reasoning as in Heuchenne and Van Keilegom
(2007), we can prove that

Si
/ sdF(s) = Op(1).
ET
Combining this result with the rates obtained in (D.3.14) and (D.3.15) yields,
S'i .
/ sdF(s) = Op(1).
LT

E

By the convergence of F(ET) to F(ET) <1 (D.3.13), we get that (D.3.9) and (D.3.10)
are both O, (ay,). O

D.4 Proof of Theorem 5.5.2

Proof of Theorem 5.5.2. We prove the asymptotic normality of the P-spline estimator
,31 for method 1 by proving that for 1 < p < d,

{s.e. (85p(up) | %)} {55 (up) = Biplup)} 5 N(O,1) (D4.1)
{s.e: (B (up) | %) } ™ { (Buplup) = Biy(up)) + (Bup(up) = Bp(up)) } 5 0. (D4:2)

The proof of (D.4.1) is based on the proof given in Antoniadis et al. (2012) where some
steps can be simplified due to the independence of the observations.
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Let B,(u) be the column vector representing the p-th row of B(u).
n
B! (u) Z B! (w)(RTR + Q) 'Ri(Yy, — M) = > di&,

where d = of {BX(u)(R"R + Qx)"'R;}? and & = oy, i 2(Yy; — My;). Conditioning
on X, the &; are independent with mean 0 and variance 1. To prove the asymptotic
normality of the P-spline estimator we verify that the Lindeberg condition,

maxd?

72,}_1 7 — 0,

is satisfied, then,

n d ;
2z ki 4 — 52 = N(0,1).
Zi:l dz
For any w = (wi,...,wl)T with w, = (wpl,...,wpmp)T, and especially for w =

{RTR + Qx)"'B,(u)}, we have by the Cauchy-Schwarz inequality,

myp 2
TR RTW = {ZX”; prprl Uzpa QP)}

p=0 =1

d d myp 2
< <Z Xfp> Z {prprl(Uip§QP)}

p=0 p=0 \I=1

Set guw p(u; gp) = D128 wpiBpi(ups; gp) for p=0,...,d. By Assumption (B3) and Prop-
erties D.1.2 and D.1.4,

d d
W RRIw S gwplie S mmac Y lgwpllz, = w3 (D.4.3)

p=0

From Lemmas A.1 and A.2 in Huang et al. (2004), we know that except on an event with

probability tending to zero, n~! Z?:l(zzzo Xipgw p(Uip; p))* < mpl ||w||3. Thus,

n
w?t z; {RiRiTal Z} w>n 1I<r111£1n o?.n i -1 Z (Zlegw »(Uip; qp))
i=

=1 p=0

2 mmaxn”w”2 (D44)

Combining (D.4.3) and (D.4.4), we find that except on an event whose probability tends

to zero, we have,
max; (0] w RR] w)
wT(Zz 1 01 1R RT)

By Assumption (A6), it follows that the Lindeberg assumption is fulfilled and hence the

—1
~ T Mmax-

normality result in (D.4.1) follows.
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We continue with the proof of (D.4.2). Since we assume that o7 ; is bounded away from

zero and oo, we have,
Var(87,(u) | &,) = Cov (BZ(u)a* | X,)
=B(u )(RTRJFQA (ZRRT% 2) RTRJFQA)ABP(U)

> BT (u)(R"R+Qx) 'RTR(R"R + Qx) " 'B,(u)
=~ " B'w)(R"R+Qx) '(RTR+Qx) 'B,(u)

MMmax

n 2 Mp
> B
~ Mmax ()\max(R TR + Q)\ > ;

2

n 1 1

Z mmax n 1 mi{sf)‘max mip
MM max + n

1 mg/i)\m X -
= - (1 + mana> )
where we use the Cauchy-Schwarz inequality,
mp 2 mp mp Mp
- (Smw) <SS s
1=1 1=1 1=1 =1
and the upper bound for the largest eigenvalue )\max(RTR +Qn):

Amax(RTR+Qx) = [RTR + Qall2 < [RTR||2 + [Qall2

s 4+ Z IQalle S

MMmax
p=1

3/2
,S n 1+ mm/ax/\max '
Mmax n

By Property D.1.4 of B-splines and Assumption (A5),

ax

+ \f)\maxmm/Q max 4k»
<p<

Mma

A

Bip(1p) =B1p(up) < sup 1B (up) = By (up)l = 151y = Bipllos

(o) W= Bl = () sy = iyl

max

We conclude,

Blp(up) - 6{1)(“?) n 1/2 m§1/32x/\max 5 *
* S 1+ Hﬁl;ﬂ_ﬁlpHLw
s.e. (Blp(up) | X,,) Mmax n
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and

s.e. (ﬂi‘p(up) | Xn) ~

From assumption D.1 it follows that these two terms converge to zero as n goes to

> 3/2
Up) — U mmax>\m X >
Bip(tp) = Bp(tip) < nl/? <1+n . )Blp‘ﬁp”Lm-

00. The proof for method 2 is exactly the same but we do not look at the difference

/821) - Bp O
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