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The dynamics of molecularly thin graphene sheets in transient flows are important to
understand their behavior in suspension and during processing. Scattering dichroism is
used to evaluate changes in the orientation distribution function in dilute suspensions. To
evaluate if the graphene sheets behave as flexible sheets or as more rigid flat particles,
the results are compared with numerical computations of the single-particle Smoluchowski
equation for flat spheroidal particles. In particular, the evolution of the orientation angle
in oscillatory flows as a function of increasing amplitude is studied. The results show that
even when taking an average rotational diffusivity, the results for the polydisperse graphene
sheets show all the hallmarks of the motion of rigid disks, including a frequency doubling of
the time-dependent orientation signal. The results indicate that the motion of functionalized
graphene sheets in suspension is consistent with flat rigid objects.
DOI: 10.1103/PhysRevFluids.3.063303

I. INTRODUCTION

The most common rheological measurements to characterize the viscoelastic properties of
materials use an oscillatory shear flow that creates a model time-dependent flow. In oscillatory
shear flow, a sinusoidal strain γ (t) = γ0 sin(ωt) is imposed on the material where γ0 is the strain
amplitude and ω the angular frequency. The amplitude of the associated shear rate is given by
γ̇0 = γ0 ω. Here, in addition to the flow timescale (which is equal to 1/γ̇0 ), a second timescale is set
by the imposed frequency called oscillation period 2π/ω. For the case of a monodisperse Brownian
suspension, two dimensionless groups can be formed by combining the above two timescales (1/γ̇0
and 2π/ω) together with τ , the timescale associated with the rotational Brownian motion. The first is
the Weissenberg number, which is the ratio between the relaxation time and the flow time, Wi = τ γ̇0 .
The second is the Deborah number, which is the ratio of the relaxation time to the oscillation period,
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De = τ ω. If Wi and Wi/De are larger than 1, the system is driven out of equilibrium and the
simple linear proportionality of the shear stress with the amplitude is lost [1–3]. This regime is
called large-amplitude oscillatory shear (LAOS). Recently, LAOS has attracted major interest as
a characterization methodology to fully explore material properties as it provides rich information
encoded in the shear and normal stress responses. However, it is still challenging to fully understand
how microstructural states are linked to the oscillatory response.
A dilute suspension of molecularly thin two-dimensional (2D) particles is used here as a model
system to study the relationship between microstructural states and the mechanical response of
the system under an oscillatory perturbation. Specifically, the experimental system consists of a
polydisperse graphene nanoparticles dispersed in a Newtonian matrix. Polydispersity implies a
continuous spectrum of relaxation times in the system. This feature is commonly encountered in
nanoparticles suspensions, colloids, bacteria suspensions, and rigid polymers. Hence the relationships
between microstructure and overall mechanical response will be shared among these systems.
Graphene is a carbon-based material with a unique 2D structure [4]. Scaling arguments from polymer
theory for 2D polymers suggest that self-avoiding surfaces make the flat state dominant for such thin
2D particles, even for small values of bending rigidity [5]. Hence the dynamics of these thin sheets
can be expected to be similar to thicker, rigid nonspherical particles. Grapheneous materials are also
interesting from a more technological perspective. They possess exceptional transport and mechanical
properties [6–9] that are promising for multiple applications: conducting probes or electrodes [10,11],
emulsion stabilizer [12], drug sensors [13], and nanocomposites [9,14]. The potential of this material
is yet to be fully exploited. The current bottleneck for using graphene suspensions in wet processing
is to design and optimize manufacturing processes to obtained controlled orientation and dispersion
states at the nanoscale.
In the present work we probe experimentally using linear flow dichroism [15,16] the microstructure evolution in transient oscillatory flows going from small to large strain amplitudes.
We compare the orientation dynamics of the thin graphene sheets to a mathematical model for
spheroidal nanoparticles. Linear flow dichroism using polarimetric modulation is a rheo-optical
characterization technique that is able to measure, with great temporal resolution and exquisite
sensitivity, changes in the complex part of the refractive index tensor. These changes for anisotropic
particles are directly related to change in the microstructural state [17–22]. Successful applications
of this optical technique to determine flow-induced alignment of rodlike and disklike materials have
been reported [15,21,23–29] but they have been mainly focusing on steady-state shear flow or simple
transient shear flow. In the present work we probe the orientation evolution in transient oscillatory
flow for molecularly thin functionalized graphene sheet suspension.
Large-amplitude oscillatory shear has been used to investigate how good classic constitutive
rheological relations deal with the onset of nonlinear responses, including power-law fluids [30],
the Giesekus model [31–39], the corotational Maxwell and corotational Jeffrey models [40], and
the Johnson-Segalman model [31]. To strengthen the link between microstructures and LAOS,
micromechanical models have also been numerically computed for microstructural models of
entangled polymers [41], dilute and stabilized spherical drops [42], deformable spheres [43], dilute
suspensions of dumbbells [44], Brownian rods [45], and active Brownian rods [46]. Analytical
solutions obtained via singular perturbation methods have also been reported for the Giesekus model
[1], slightly deformed spheroids [2], and dilute suspensions of slender rods [47]. In the present work,
we use LAOS as a prototypal transient flow and use the rheo-optical method to measure the orientation
evolution of thin graphene disks. To see if these molecularly thin 2D sheets behave as rigid flakes,
the results are compared to exact results for rigid thin spheroidal objects, analyzed by modeling the
orientation distribution function as a convected quantity [48]. The Fokker-Planck or single-particle
Smoluchowski equation is used to describe the orientation state of the systems and it is numerically
computed. The comparison between the experimental results on the graphene flakes and the model
for spheroidal particles serves to investigate to what extent the molecularly thin graphene sheets
behave as rigid flat disks and whether they crumple and fold during flow. In particular, measuring
the time-dependent orientation angle will prove to be insightful. For rigid, flat objects, the particle
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FIG. 1. Plot of the number of particles as a function of FGS diameter.

trajectory should reflect the tumbling motion, whereas for flexible crumpling objects a more constant
angle but varying magnitude of the anisotropy should be obtained.
II. EXPERIMENTAL METHODOLOGY
A. Materials

Functionalized graphene sheets (FGSs) were mechanically dispersed in a 100-mP as mineral
oil (Sigma), which is Newtonian in the range of shear rates explored. Details of FGS synthesis was
reported by McAllister et al. [49]. Functional epoxy and hydroxyl groups were present on the surfaces
of the particles which effectively stabilize the sheets [50]. The viscosity of the suspending fluid was
chosen such that the hydrodynamically dominated regime was accessible in the limited shear rate
window of the rheometer. The average thickness and diameter of the FGSs are around 1.75 and
500 nm, respectively. The results below indicate that the thickness of graphene particles is uniform,
while large polydispersity was encountered in terms of equivalent diameters (by approximating the
shape of the particles to circles) (see Fig. 1). Details on the atomic force microscopy characterization
of the FGSs can be found elsewhere [21,49]. Five different concentrations of graphene sheets were
prepared in the dilute regime [51]. The effective volume fractions (volume fraction of equivalent
spheres with diameter equal to the average diameter of the FGSs) ranged between 2.3 × 10−7 and
2.33 × 10−6 . The shear-rate-dependent dichroism normalized by number density results is found to
be independent of volume fraction in the range explored, which confirms the dilute nature of the
suspensions [21]. In the following sections the results presented are obtained with a particle volume
fraction of 1.86 × 10−6 , which gave the optimal signal-to-noise ratio.
B. Rheo-optics

Rheo-optical techniques provide in situ information on the system microstructures in real time.
The material property of interest is the refractive index tensor n = n − in . Dichroism is related
to differences in the principal eigenvalues of the imaginary part of the refractive index tensor n .
Physically, dichroism is related to the anisotropic attenuation in the transmitted light due to absorption
and scattering. Dichroism measurements were performed using an in-house rheo-optical setup using
MCR300 stress-controlled rheometer as the mechanical platform (Anton-Paar, Physica, Austria)
[52]. A Couette cell was used with a laser light (10-mW He-Ne, λ = 632.8 nm) being sent along
the vorticity direction. This configuration allows the determination of flow-induced dichroism and
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orientation angle simultaneously as a function of applied shear rate. The inner and outer radii of the
Couette cell are 16.95 and 17.95 mm (Ri /Ro = 0.94), respectively, and the optical path length is
21 mm. All experiments were performed at room temperature. The optical train consists of a laser
(λ = 632.8 nm), followed by a Glan-Thompson polarizer (Newport, USA), a photoelastic modulator
(Beaglehole Instruments, New Zealand) operating at 50 kHz and oriented at 45◦ with respect to the
polarizer and a zeroth-order quarter-wave plate (Newport) at 0◦ with respect to the polarizer. Using
a two-prism setup to guide the beam but designed so as to not change the polarization direction,
the beam is passed into the Couette cell in the vorticity direction. The transmitted light is collected
by a photodiode. Data from the photodiode is sent into two lock-in amplifiers (Stanford Research
Systems Model 830) via a low-pass filter. The output from the lock-in amplifiers is the first and second
harmonic signals R1 and R2 . The setup is calibrated in such a manner that the orientation in the flow
direction corresponds to a positive dichroism. The extinction coefficient δ  and the orientation angle
χ are obtained from the first and second harmonics along with the calibration values for J1 (A) and
J2 (A) (Bessel functions of the first kind) using Eqs. (1) and (3) [53]. The associated dichroism n
is obtained from Eq. (2),
 

R2
R1

−1 1
+
,
(1)
δ = −sgn(R2 ) tanh
2 −J1 (A) −J2 (A)
δ  λ
,
(2)
2π d
where d is the optical path length and λ the wavelength of the laser light source. The orientation
angle is obtained from


1
−1 R1 /J1 (A)
χ = tan
.
(3)
2
R2 /J2 (A)
n =

III. KINETIC MODEL

We consider a monodisperse suspension of rigid spheroidal particles dispersed in an incompressible Newtonian fluid. The suspension is sufficiently dilute such that the hydrodynamic interactions
between particles can be neglected. The particles are force- and torque-free and they undergo
Brownian motion. The shape of the particles can be defined in terms of aspect ratio r or via the
Bretherton constant [54] or form factor λ defined by the ratio (r 2 − 1)/(r 2 + 1). For very long thin
rods λ tends to 1, while for thin spheroidal disks it is equal to −1. The orientation of a single
spheroid is described by a unit vector p parallel to its axis of revolution. For a thin disk p is directed
perpendicularly to the surface of the disk. For a homogeneously imposed oscillatory shear flow, the
time change of the single spheroid orientation vector follows the Jeffery equation [55]
ṗ =  · p + λ(E · p − E : ppp),

(4)

where E is the rate of deformation tensor and  the vorticity tensor. The evolution described by (4)
is deterministic. The randomness in the motion induced by Brownian motion requires a statistical
description. One possibility is to employ the orientation distribution function ψ(p,t) defined as the
probability to find a particle oriented within a solid angle dp of p is ψdp. The time evolution of ψ
follows the one of any convected scalar [56]
∂ψ
+ ∇ · (ṗψ − Dr ∇ψ) = 0,
(5)
∂t
where Dr is the rotational Brownian coefficient and ∇ = ∂/∂p [48]. The term in parentheses
represents the flux of the particle probability in the orientation space due to the torque induced
by the external flow field and to the random effect of Brownian motion. A concise description of the
orientation state of the system can be achieved by calculating the second-order orientation tensor
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defined as


a2 =

ppψ dp.

(6)

This tensor contains average information on the overall orientation state of the system. Following
Fuller [53], we can express the average orientation angle with respect to the flow direction as a
function of the orientation tensor


2a12
1
χ = arctan
,
(7)
2
a11 − a22
where aij are the components of a2 . In aij , the subscripts 1, 2, and 3 indicates flow, gradient, and
vorticity direction, respectively. Equation (5) is numerically solved since no simple analytical solution
is possible. Asymptotic solutions are only available for spheroids in the limit of r ≈ 1 [2,56]. Here
a finite-volume method is employed following Ferec and co-workers [57,58] (see Ref. [57] for more
details about the mesh and the treatment of the periodic boundary conditions). A central scheme is
implemented to interpolate properties between nodes. Once the orientation distribution is numerically
solved, the orientation tensor is evaluated and the average orientation angle is obtained.
In the model, two input parameters are required: λ and the rotational diffusion coefficient Dr . For
the graphene suspension studied in the paper these two parameters have been obtained experimentally
and λ can be estimated from atomic force microscopy and Dr from the dichroism relaxation
measurements [49,50]. For the graphene particles in this work we approximate the sheets by very
flat spheroidal objects with λ = −1. The polydispersity of the system had a negligible impact on λ
given its quadratic dependence on r. For the polydisperse graphene suspension the average rotational
diffusion coefficient Dr = 0.04 s−1 was calculated from the dichroism relaxation measurements [51].
The rotational Brownian motion coefficient for thin disks in dilute regime scales as Dr  D −3 , where
D is the diameter of the disk. This dependence and the large polydispersity in sizes observed in Fig. 1
warn us of the strong effect of polydispersity on the orientation dynamics of the system. The effect of
polydispersity has been discussed in detail in another work [51]. Specifically, the dichroic response
in simple steady shear was found to be dominated by the larger particles in the samples. This is a
consequence of the fact that scattering intensity depends on the volume average over the ensemble.
Here we settle for a simplified description by assuming a monodisperse sample with the averaged
Brownian coefficient. It will be shown that this simplified description captures surprisingly well the
system dynamics.
IV. RESULTS

The experimental dichroism response to an oscillatory shear flow at 1 Hz corresponding to a
Deborah number of about 26 is presented in Fig. 2. The flow around the particle is instantaneously
developed, given that the timescale of the momentum diffusion D 2 /ν is much smaller that the
oscillation time 1/ω. Here ν is the kinematic viscosity of the fluid.
The maximum Weissenberg number Wi was kept below 1.6 to compare with experiments, which
give a ratio Wi/De ≈ 0.06. At small Weissenberg number (4/25) the average dichroism intensity
of the loops is relatively small, as shown in Fig. 2. As the Weissenberg number is increased to 4/5
and 8/5, the intensity of the dichroism loops increases, showing the development of flow-induced
orientation. A better way to visualize the same result is by plotting the average orientation angle with
respect to the flow direction χ , as shown in Fig. 3.
At Wi = 4/25 the orientation angle varies between ±42◦ . A value of 45◦ represents an isotropic
orientation distribution in the system. Hence we are only slightly perturbing the orientation
distribution of the suspension at Wi = 4/25. As we increase the imposed deformation, the amplitude
of the χ loops decreases and the particle spends more time around the flow direction (0◦ ). Interestingly,
the particles do not fully tumble at high Wi. They oscillate around the flow direction, showing
dynamics similar to the wagging dynamics found in nematic rod suspension in steady shear
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FIG. 2. Calculated loops from dichroism experiments versus shear rate for different Wi at De = 26.2 for a
dilute suspension with λ = −1.

flow [59–61], which has been evidenced experimentally by flow dichroism and rheological
measurements on polymeric rods [60,62]. In both Figs. 2 and 3 we report only the steady oscillatory
response. The full evolution from the startup of the oscillatory flow is presented in Fig. 4, where the
orientation angle is shown as a function of time.
In addition to the flow-induced alignment observed in Figs. 2 and 3, a double-peaked response
can also be clearly seen in Fig. 4. This response is particularly interesting since its dynamics has
double the frequency of the imposed oscillatory shear flow. In Fig. 4 the model predictions are also

FIG. 3. Loops of the orientation angle versus shear rate for different Wi at De = 26.2 for a dilute suspension
with λ = −1.
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FIG. 4. Experimental orientation angle (symbols) and model predictions (lines) as a function of time for
different Wi at De = 26.2.

reported along with the experimental data. During the first period of oscillation, the model predicts
a larger amplitude than in the experiments. The error increases for higher Wi. The difference seen
in the first period of oscillation decays rapidly and already in the second period of oscillation, the
model predictions are in excellent agreement with the experiments. The model presents a scenario
where the particles in the orientation space get more and more synchronized as the oscillatory flow is
applied. The large discrepancy in the first oscillatory cycle can be due to a series of factors. One of the
main model assumptions is the monodispersity of the particles, whereas the system is experimentally
polydisperse. Polydispersity can obfuscate the rotational dynamics of the individual particles because
of phase mixing [19]. Since the period of the Jeffery orbit is a function of the particles aspect ratio,
polydispersity will lead to a mixing of the transient dynamics of χ .
To elucidate the microstructural cause behind this frequency doubling, it is useful to examine
the components of the second-order orientation tensor obtained from the model. These components
are directly connected to the average orientation angle according to Eq. (7). In Fig. 5 we report the
components of a2 : a11 , a22 , and a12 for Wi = 4/5 and De = 26.2.
The evolution for the other Wi is qualitatively the same as the one shown in Fig. 5. Since the
particles are treated as thin disks, the unit vector p is perpendicular to the disk surface. Hence for
a perfectly aligned particle in the flow direction, the projection of p in the flow direction p1 would
be zero, while its projection in the gradient direction p2 would be one. The components a11 and a22
provide an average quantification of the alignment of the particles. They are zero and one, respectively,
for a perfectly aligned system and both equal to 1/3 for an isotropic state. The component a12 describes
the average position of the particles in the flow-gradient plane. The change of sign of a12 indicates that
the particles are passing through the flow direction. The wagging behavior is confirmed here since
the components a11 and a22 never go to zero (which would show collective tumbling dynamics) but
they stay always positive. The steady-state oscillatory response is reached at around 4 s, in agreement
with the relation time 1/6Dr . Figure 5 also shows that the oscillations for the components a11 and a22
have frequency 2ω, while a12 oscillations have frequency ω. Similar dependences were also obtained
for slightly deformed spheroids in small-amplitude oscillatory shear [56] and in LAOS [2] via regular
perturbation analysis. This double frequency for the normal components is also responsible for the
double-peaked response of the orientation angle [see Eq. (7)] and it is a direct consequence of the
wagging dynamics. During wagging, the particles oscillate between two symmetric configurations
around the flow direction as shown in Fig. 6. For these two configurations the components of a11
063303-7
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FIG. 5. Orientation tensor components as a function of time at Wi = 4/5 and De = 26.2.

and a22 are equal, while a12 is equal and opposite in sign, hence the double frequency for the normal
components. The simple model that we have employed in this study thus captures dynamics in both
small- and large-amplitude oscillatory flows.
In Fig. 7 the steady oscillatory dynamics of a11 vs a12 are given for Wi higher than the ones
that could experimentally be probed while maintaining the same De. As the Wi increases, the loops
move to lower values of a11 since the particles are getting more and more aligned as the imposed
deformation increases. The shape of the loops changes drastically for Wi  1. Analyzing the case
Wi = 16, a clear recoil after flow reversal is observed for a12 . The dynamics is overall still a wagging
dynamics but a secondary weak oscillation after flow reversal is observed. For this last case the ratio
Wi/De is equal to about 0.6 (lower than 1), implying that the system is still experiences low strains
before flow reversal. In Fig. 8 the steady oscillatory dynamics of a11 vs a12 is reported for the same
Wi and for De = 1. Also in this case we observe a critical change of the loop shapes for Wi  1
and a weak recoil for Wi  8. The wider amplitude of oscillation for a12 is a direct consequence of
the larger deformations experienced by the system (the maximum ratio Wi/De in this case is equal
to 16), implying a larger wagging oscillation and an overall lower alignment in the flow direction
(lower values of a11 with respect to the case of De = 26.2).
One interesting observation we found from this study is the efficacy of the oscillatory flow to create
alignment or misalignment as compared to steady shear flow [51], provided strain amplitudes are
chosen carefully relative to the tumbling periods. In Figs. 9 and 10 the dichroism and orientation angle
for the graphene suspension due to steady and oscillatory shear flow are reported. Here the Péclet

FIG. 6. Schematic of the two symmetric configurations assumed by the particles during oscillatory flow.
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FIG. 7. Loops of the component a11 of the orientation tensor as a function of the adimensional shear rate
for different values of Wi at De = 26.2.

number Pe is defined as the ratio between the Brownian and hydrodynamic torques (Pe = γ̇ /Dr ).
For oscillatory flow, γ̇ is equal to γ0 ω and the Péclet and Weissenberg numbers are not equal. Also,
the values of dichroism and orientation angle are the maximum during the steady oscillations. In
steady shear, dilute (and polydisperse) graphene suspensions show scalings similar to the one seen
for single-walled and multiwalled carbon nanotubes [22,63,64]. We note here that the assumption
of monodispersity of the model has a larger impact on the steady shear results. Indeed, the model
would predict a more isotropic state at Pe < 1 than what is observed experimentally in Fig. 10.
Higher degrees of orientation at low Pe are a consequence of the large polydispersity of our samples

FIG. 8. Loops of the component a11 of the orientation tensor as a function of the adimensional shear rate
for different values of Wi at De = 1.
063303-9

NATALE, REDDY, PRUD’HOMME, AND VERMANT

FIG. 9. Comparison between dichroism values obtained in steady-state shear (square) and oscillatory shear
(circle) versus Pe. For oscillatory shear the maximum value during the oscillation was used as an indicator.

together with the contribution of larger particles to the scattering intensity and therefore to the overall
dichroic signal.
In steady oscillatory flows, the scaling departs from the one observed in steady shear. At equivalent
Pe, a lower level of anisotropy in oscillatory flow is observed in comparison with steady shear flow.
However, the microstructures are more sensitive to change in oscillatory flow than in shear flow.
Recently, Khair [2] developed an asymptotic solution for slightly deformed spheroids (λ  0) in

FIG. 10. Comparison between orientation angles obtained in steady-state shear (square) and oscillatory
shear (circle) as a function of Pe. For oscillatory shear the maximum value during the oscillation was used as
an indicator.
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LAOS that predicted different scalings for χ between steady and oscillatory shear flow, which is in
qualitative agreement with our findings.
V. CONCLUSION

We have experimentally studied the orientation dynamics of functionalized graphene suspensions
in oscillatory shear flow. The experimental observations were compared to a model with a singleparticle Smoluchowski equation, allowing us to obtain insights into the nonlinear dynamics of a
complex fluid in time-dependent oscillatory shear flow. In agreement with expectation from scaling
theory for 2D sheets, the molecularly thin functionalized graphene sheets act as rigid flat particles.
Interestingly, a frequency doubling was observed. Microstructurally, this is caused by the normal
components of the orientation tensor (a11 and a22 ) that oscillates with frequency 2ω while the cross
component a12 oscillates with frequency ω. This double frequency of the normal components of the
orientation tensor also implies that the normal stresses would oscillate with double the frequency of
the applied shear stress [2,56]. Moreover, the phase mixing effect observed in Fig. 4 may provide a
simple alternative to determine polydispersity of a suspension directly from dichroism measurements,
following earlier work on phase mixing in steady-state flows [19]. At large Wi, the particles were
found to follow a wagging dynamics and in LAOS, a secondary recoil was also observed in the
model predictions. Finally, the orientation dynamics of the microstructures were found to be more
sensitive to the oscillatory flow as compared to the steady shear flow. Thus oscillatory flow presents
a possibility to differentiate particles dynamics at high Pe, which is not possible by applying steady
shear flow.
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