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The motion of a solid, infinitely long cylinder perpendicular to a convective liquid-gas

interface due to thermocapillarity is investigated via an analytical model. If the cylin-

der temperature differs from the bulk temperature, a temperature gradient exist along the

liquid-gas interface. This results in surface tension gradients at the liquid-gas interface,

causing fluid flow around the particle which induces propulsion. For small particles, and

thus small Péclet and Reynolds numbers the steady-state equations for temperature and

flow fields are solved exactly using two-dimensional bipolar cylindrical coordinates. The

velocity of the cylinder as a function of separation distance from the liquid-gas interface is

determined for the case of a constant temperature or a constant heat flux on the surface of

the cylinder. A larger temperature gradient at the liquid-gas interface in the latter system

leads to a larger cylinder velocity and a higher propulsion efficiency. The thermocapillary

effect result in larger force on a cylinder than forces arising from other self-propulsion

mechanisms.
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I. INTRODUCTION

In recent years, there is a growing interest in the self-propulsion of micron-sized particles1–3.

The ability of particles to generate field gradients in a surrounding medium, resulting in directed

motion, makes them promising candidates for sensing operations4, moving cargo5–7 or transport-

ing active pharmaceutical ingredients in the human body8,9. The most commonly studied self-

propelling particle is a Janus particle with different catalytic properties on opposite sides10–12.

These particles are able to convert the chemical energy of a fuel into mechanical energy by employ-

ing different mechanisms, such as self-electrophoresis13–15, self-diffusiophoresis16–18, or bubble

propulsion19,20. However, the limitation of their self-propulsion linked to the fuel content enforced

the search for propulsion mechanisms beyond chemical reactions. For instance, self-propulsion

can be also induced by external rotating magnetic field21, ultrasound22 or temperature gradients

emerging from an asymmetric heating of the particle23,24. Additionally, particles are shown to

self-propel by local demixing of critical binary25,26 or non-Newtonian polymer27 mixtures. Pro-

pelling particles by surface tension gradients is another attractive approach at the micron-scale,

where surface forces can play a crucial role when the surface-to-volume ratio becomes large. One

possible way to establish surface tension gradients is to exploit the temperature dependence of sur-

face tension. An inhomogeneous temperature distribution on the interface between two immiscible

liquids, or between a liquid and a gas, leads to gradients in surface tension along the interface. As

a result, the liquid will start to move from the region of low surface tension to the region of high

surface tension, known as the thermocapillary or Marangoni thermal effect. Marangoni stresses

can also originate from an inhomogenous distribution of surface active species at the liquid-gas or

liquid-liquid interface. Examples of propulsion by Marangoni flow can be found in nature: for in-

stance, some insects propel along the water surface by the release of surface-active compounds28.

The motion induced by Marangoni thermal and solutal effects has been extensively investigated

for bubbles and drops29,30. The spontaneous motion of isotropic drops due to Marangoni flows

was addressed analytically31, as well as experimentally32. Marangoni driven motion was also

studied for a number of self-propelling systems, such as camphor boats33,34 and liquid marbles

filled with ethanol, which evaporates and subsequently condenses on the water surface resulting

in a surface tension gradient, which induces propulsion35. Theoretical models were developed for

the thermocapillary motion of a disk36, a spherical particle37, and an ellipsoid38 at a liquid-gas

interface.
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A successful attempt to use the thermocapillary effect to propel a micron-sized gear heated

with light was made by Maggi et al.39. The gear was coated with a light-absorbing layer of carbon

and was placed at the water-air interface. They demonstrated that temperature differences even in

the millikelvin range can generate large torques due to the thermocapillary effect. The estimated

torques are around 1000 pN/µm for every degree of temperature difference, showing the relevance

of this approach for the propulsion of micro-particles.

A similar phenomenon emerges when a solid particle is located not at the liquid-gas interface

but in the bulk near the interface. That allows us to exploit the propulsion of the particle towards

and away from the interface, which, for instance, can be useful in regulating the adsorption of

particles to an interface40. An analytical model for a sphere moving perpendicular to a liquid-gas

interface was developed by Leshansky et al.,41 for a particle near an insulating liquid-gas interface

with a constant temperature at the particle surface or a heat source at the particle centre. A for-

mally similar model was treated by Domínguez et al.40,42 for catalytically active or locally heated

spherical particles located near a fluid-fluid interface. They noted a generally larger force induced

by thermocapillary effect, in comparison to the self-phoretic mechanisms reported in literature,

which makes the thermocapillary mechanism interesting as a driving force for self-propelled par-

ticles. However, geometries other than spheres need to be considered for a range of applications.

For instance, sideways propelled cylindrical particles have a larger effective surface area com-

pared to spherical particles, which is beneficial for sensing or micro-transport. Such anisotropic

particles can be produced and are known to self-propel by non-uniform chemical decomposition

of hydrogen peroxide43–45.

The main objective of this work is therefore to derive an analytical solution for the thermocap-

illary motion of a cylindrical particle moving perpendicular to a convective liquid-gas interface.

II. MODEL

A cylinder with radius a in a liquid at distance d from the liquid-gas interface is shown in Fig.

1. When the temperature of the cylinder differs from the bulk, an inhomogeneous temperature

distribution at the liquid-gas interface produces surface tension gradients, giving rise to a ther-

mocapillary flow which sets the cylinder in motion. We assume no contribution to the cylinder

velocity by the thermophoretic motion, which can arise due to the temperature difference along

the cylinder surface. We calculate the velocity and force acting on the cylinder moving perpen-
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dicular to the flat non-deforming liquid-gas interface, assuming that the fluid is Newtonian and

incompressible, and that the surface tension depends linearly on temperature41:

γ = γ0 +
∂γ

∂T
(T −T∞) , (1)

where γ is the surface tension
[
N m−1], γ0 is the characteristic value of the surface tension at

the reference temperature T = T∞

[
N m−1], and T is the temperature [K]. The first-order Taylor

expansion of the surface tension as a function of temperature in eq. 1 is valid over the moderate

temperature ranges investigated in this work, with a temperature coefficient Kγ = − ∂γ

∂T
around

10−4 N m−1 K−1 for most liquids46. The surface tension of pure liquids always decreases with

temperature, and becomes zero at the supercritical point, thus
∂γ

∂T
< 0. In our analysis, water

was chosen as a model liquid, which has a temperature coefficient Kγ = 1.49 10−4 N m−1 K−1

at T∞ = 20 ◦C47. Other physical parameters of the liquid such as viscosity, density and thermal

conductivity, are assumed to be constant. The liquid-gas interface is assumed to remain flat. For

water-air interface this is a valid assumption due to the high surface tension, which keeps the

interface flat, so that the capillary number Ca =
µv′

γ
∼ 10−6� 1, where v′ is a reference cylinder

velocity. This capillary number is calculated based on the properties of water at 20 ◦C: viscosity

µ = 8.9 10−4 [Pa s] and surface tension γ = 7.2 10−2 [N m−1]).
The geometry of our problem allows a solution in bipolar cylindrical coordinates (ξ , η ,

z)48,49 (Fig. 1). This coordinate system is related to Cartesian coordinates through the following

equations49:

x = c
sinhη

λ
,

y = c
sinξ

λ
,

z = z

(2)

where λ = coshη − cosξ and c = a sinhη0 is the characteristic length of the bipolar cylindrical

coordinates [m] for a given cylinder radius a. The coordinate surfaces corresponding to η , 0 ≤

η ≤ η0 form a family of nested cylinders, while the coordinate surfaces corresponding to ξ , 0 ≤

ξ < 2π , are cylinders truncated along the two focal points at (x = ±c,y = 0). The plane x = 0

(η = 0) corresponds to a circular cylinder of infinite radius. η = η0 is then the cylinder with

center at (ccothη0, 0) and radius r = a. The gap between the cylinder and the liquid-gas interface is

d0 = a(coshη0−1). More detailed descriptions of the properties of bipolar cylindrical coordinates

can be found in Ref. 50 & 51. We assume that cylinder is significantly longer compared to its
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FIG. 1. On the left: schematic of a cylinder of radius a in a liquid located at a distance d0 from a liquid-gas

interface. The convective heat transfer at the liquid-gas interface is visualized by orange curved arrows. On

the right: representation of the geometry in 2D bipolar cylindrical coordinates.

radius so that we can treat the problem as two-dimensional, where the axis of the infinitely long

cylinder is parallel to the z-axis.

The time-dependent Navier-Stokes equation is given by50:

ρ
∂v

∂ t
+ρv ·∇v =−∇p+µ∇

2v, (3)

where v is the liquid velocity
[
m s−1], ρ is the density

[
kg m−3], p is the pressure [Pa], µ is the

dynamic viscosity of the liquid [Pa s], and t is time [s].

As the fluid is incompressible, and we assume that its density is constant, the fluid is divergence

free:

∇ ·v = 0 (4)
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The velocity field obeys the following boundary conditions

v = 0, x,y→ ∞ (5)

v ·n= 0, x = 0 (6)

τ ·σ ·n= Kγ∇τT, x = 0, (7)

v =U0, (x− x0)
2 + y2 = a2, x0 = d0 +a (8)

where n is the normal to the liquid-gas interface pointing into the gas, τ is a unit vector tangen-

tial to the liquid-gas interface, (τ ,n,z = τ ×n) form a right-handed system, ∇τ is the gradient

tangential to the liquid-gas interface, σ =
[
∇v+(∇v)†

]
− pI is the stress tensor, and U0 is the

velocity of the cylinder in the x-direction. The fluid velocities vanish at infinity (eq. 5), and the

normal component of the fluid velocity vanishes at the liquid-gas interface (eq. 6). Eq. 7 describes

the tangential stress balance at the liquid-gas interface, and eq. 8 states that the cylinder moves

with a velocity U0 normal to the liquid-gas interface (no-slip boundary condition). As there is no

heat generation in the liquid phase and the thermal conductivity, density and thermal heat capacity

of the liquid are assumed to be constant, the energy conservation equation is given by

∂T
∂ t

+v ·∇T = α∇
2T, (9)

where α is the thermal diffusivity of the liquid
[
m2 s−1]. The boundary conditions for the temper-

ature field in the liquid can be written as

T = T∞, x,y→ ∞ (10)

q = h(T −T∞) , x = 0 (11)

where q is the heat flux
[
W m−2] on the liquid-gas interface, given by Fourier’s law: q =−k∇T ,

h is the heat convection coefficient
[
W m−2 K−1], k is the thermal conductivity of the liquid phase[

W m−1 K−1], and T∞ is the far field temperature in the gas and liquid [K]. Heat transfer from the

liquid-gas interface into the gas phase is assumed to take place by convection, with a convection

coefficient h (eq. 11). In other words, we assume that the heat reaches the liquid-gas interface by

conduction and is transferred across it by convection. Our analysis considers two situations: the

surface of the cylinder has a constant temperature T = Tc or the heat flux on the cylinder surface is

constant, q = qc. They represent the two limiting cases of a solid cylinder with very high (T = Tc)

and very low thermal conductivity (q = qc).
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The Navier-Stokes and the energy equations were made dimensionless, using the following

scales52

v′ =
Kγ∆T

µ
, v =

v

v′

t ′ =
a
v′
, t =

t
t ′

(12)

p′ =
Kγ∆T

a
, p =

p
p′
,

Θ =
T −T∞

∆T
, σ =

[
∇v+

(
∇v
)†
]
− pI

where Θ is the dimensionless temperature and σ is the dimensionless stress tensor. The reference

velocity is derived from the Marangoni balance of surface tension forces and viscous stresses:

µv′ ∼ γ . All lengths are made dimensionless by the radius of the cylinder a. ∆T is the same for

both the constant temperature and the constant heat flux case as ∆T = Tc− T∞, where Tc is the

constant surface temperature in the former case and the average temperature of the cylinder in the

latter case. The choice of the temperature difference ∆T = 0.1 K in our calculations was motivated

by the experimental and numerical analysis of the thermocapillary motion of a gear in the work

of Maggi et al.39. When the total power absorbed by a micro-gear is 0.5 µW (heat flux of q ∼

2− 3 kW m−2), the estimated temperature difference per unit length driving the thermocapillary

motion is
∆T
∆L
∼ 10 mK µm−1. By multiplying the temperature difference per unit length by the

radius of the gear, we find a temperature difference ∆T of about 0.1 K.

Non-dimensionalization of eq. 3–4 and eq. 9 gives:

Re
[

∂v

∂ t
+v ·∇v

]
=−∇p+∇

2
v (13a)

Ma
[

∂Θ

∂ t
+v ·∇Θ

]
= ∇

2
Θ, (13b)

∇ ·v = 0, (13c)

where Re and Ma are the Reynolds and Marangoni number, which are defined as:

Re =
av′

ν
,

Ma =
av′

α
=

Kγa∆T
µα

(14)

The non-dimensional boundary conditions at infinity (x/a,y/a→ ∞) are given by:

v = 0, (15)

Θ = 0 (16)
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At the liquid-gas interface (x/a = 0), the non-dimensionalization of eq. 6–7 and eq. 11 results in:

v ·n= 0, (17)

τ ·σ ·n= ∇τΘ (18)

∂Θ

∂n
+BiΘ = 0, (19)

where Bi =
ha
k

is the dimensionless Biot number which is the ratio of the rate at which heat is

transported by convection at the liquid-gas interface divided by the rate at which heat is transported

by conduction in the liquid to the liquid-gas interface. Non-dimensional boundary conditions at

the cylinder surface
(
[x/a− x0/a]2 +[y/a]2 = 1, x0/a = d +1

)
are given by:

Θ = 1, (20)

∂Θ

∂n
=−Kq, (21)

v =U, (22)

where eq. 20 and eq. 21 represents the constant temperature and the constant heat flux on the

surface of the cylinder, respectively. U is the dimensionless velocity of cylinder in x-direction, d =

d0/a is the dimensionless separation distance between the cylinder and the liquid-gas interface,

and Kq =
qca
k∆T

is the dimensionless heat flux on the surface of the cylinder.

The Marangoni number of eq. 14 equals the Reynolds number times the Prandtl number, thus

at fixed Reynolds number the magnitude of Ma is defined by the Prandtl number (appendix A,

Table I), which depends only on fluid properties, and is given as:

Pr =
ν

α
(23)

As shown in Table I, both Reynolds and Marangoni numbers are small for micron-sized objects

(assuming a radius a = 1 µm) for a range of liquids. In the case of water, the Reynolds and

Marangoni number for micron-sized particle are∼ 10−3. As one can see in Table I, the Marangoni

number is always smaller than 1, and Marangoni stresses are thus smaller than the viscous stress.

As can be seen from eqs. 13–22, the solutions for the temperature and velocity distribution

depend only on five dimensionless numbers: the Biot number, the Reynolds number, the ther-

mal Marangoni number, the dimensionless flux of the isoflux cylinder Kq or the dimensionless

(constant) temperature Θ of the isothermal cylinder and the dimensionless gap d.
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For small Reynolds and Marangoni numbers, the left hand sides of eq. 13a & 13b can be

disregarded and the velocity and temperature distribution can be described by quasi-steady state

equations (eq. 24 & 25). This implies that the velocity and temperature fields achieve the steady

state conditions faster than is required for the cylinder to move.

−∇p+∇
2
v = 0 (24)

∇
2
Θ = 0 (25)

∇ ·v = 0 (26)

As the flow is two-dimensional, we can replace eqs. 24 & 26 by:

E4
Ψ = 0, (27)

where Ψ is a dimensionless stream function and E2 is the Stokes operator, which is given by53:

E2E2
Ψ =

(
λ

c

)2(
∂ 2

∂ξ 2 +
∂ 2

∂η2

)[(
λ

c

)2(
∂ 2

∂ξ 2 +
∂ 2

∂η2

)]
Ψ, (28)

where c = c/a = sinhη0 is the dimensionless characteristic length of the bipolar cylindrical co-

ordinates system. The velocities in bipolar cylindrical coordinates are derived from the stream

function as:

vη =
λ

c
∂Ψ

∂ξ
,

vξ =−λ

c
∂Ψ

∂η
,

(29)

With the use of eq. 29, the boundary conditions for the fluid velocities can be rewritten in terms of

the stream function:

Ψ = 0, ξ ,η → 0 (30)

∂Ψ

∂η
=

Ucsinhη sinξ

λ 2 , η = η0 (31)

∂Ψ

∂ξ
=−Uc(coshη cosξ −1)

λ 2 , η = η0 (32)

Ψ = 0, η = 0 (33)

iη ·σ · iξ =
λ

c
∂Θ

∂ξ
, η = 0, (34)

Velocities in the fluid vanish at infinity (eq. 30), the cylinder has a no-slip surface boundary (eq.

31–32), the normal component of the velocity vanishes at the liquid-gas interface (eq. 33), and eq.
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34 represents the tangential stress balance on the liquid-gas interface, which is defined in appendix

E with the inverse unit vector conversions i for bipolar cylindrical coordinates.

The boundary conditions in eq. 16 and eq. 19 imposed on the energy conservation equation

(eq. 25) can be rewritten by application of Fourier’s law and transformation to bipolar cylindrical

coordinates as:

Θ = 0, ξ ,η → 0, (35)

λ

c
∂Θ

∂η
+BiΘ = 0, η = 0, (36)

The boundary conditions on the surface of the cylinder for our two cases, in bipolar cylindrical

coordinates, can now be written as: (i) constant temperature on the surface of the cylinder:

Θ = 1, η = η0 (37)

(ii) constant heat flux on the surface of the cylinder:

λ

c
∂Θ

∂η
=−Kq, η = η0, (38)

The constant heat flux q was chosen such that the average surface temperature for the constant flux

case is the same as in the isothermal case:

1
S

∫
S

ΘdS = 1, (39)

where S = S0/a2 is the dimensionless surface area of cylinder per unit length, with S0 the surface

area of the cylinder per unit length. Eq. 39 can be rewritten in bipolar coordinates as:

c
π

∫
π

0

1
λη=η0

Θη=η0dξ = 1, (40)

The temperature field obeys the Laplace equation, which has a general solution obtained by sepa-

ration of variables in bipolar cylindrical coordinates in the following form54,55:

Θ = G0 +G1η+
∞

∑
n=1

[Rn cosh(nη)+Sn sinh(nη)]cos(nξ )+

+
∞

∑
n=1

[
R′n cosh(nη)+S′n sinh(nη)

]
sin(nξ )

(41)

Due to the symmetry of the system around the y= 0 plane, R′n = S′n = 0. The remaining coefficients

Rn, Sn, G0 and G1 in eq. 41 were found numerically after imposing the corresponding boundary

conditions. The procedure is given in appendix B.
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After obtaining the temperature distribution, the solution for fluid flow can be found from eq.

27 with boundary conditions given in eq. 30–34. A general solution to equation 27 in bipolar

cylindrical coordinates is given by56,57:

Ψ =
c
λ

[
Aηλ +(B+Cη)sinhη−Dη sinξ+ (42)

+
∞

∑
n=1

[an cosh(n+1)η +bn sinh(n+1)η + cn cosh(n−1)η +dn sinh(n−1)η ]cosnξ+

+
∞

∑
n=1

[
a′n cosh(n+1)η +b′n sinh(n+1)η + c′n cosh(n−1)η +d′n sinh(n−1)η

]
sinnξ

]
Since eq. 27 which governs the fluid velocities is a linear equation, the stream function and hence

the flow field can be decomposed in two parts:

Ψ = Ψ1 +Ψ2 (43)

The first part Ψ1 is the creeping flow in the vicinity of the cylinder moving with a velocity U along

the x-axis without interfacial tension gradients at η = 0, defined by the boundary conditions in eq.

30–33. The second part is the flow around the stationary cylinder induced by the interfacial tension

gradients. Taking the boundary conditions in eq. 30–34, in which U = 0, into account results in

the stream function Ψ2. The derivation of an analytic solution for both Ψ1 and Ψ2 can be found in

appendix C and the solutions are:

Ψ1 =
Uc

λ (2η0− tanh2η0)

(
2η− sinh2η

cosh2η0

)
sinξ (44)

Ψ2 =−
R1

4λ

[
− 2(1− cosh2η0)

cosh2η0 (2η0− tanh2η0)
η + cosh2η

+
(1− cosh2η0)

cosh2 2η0 (2η0− tanh2η0)
sinh2η− tanh2η0 sinh2η−1

]
sinξ (45)

The total dimensionless force exerted on the cylinder is given by57:

F = 4πDix (46)

Note that this force is made dimensionless by dividing by Kγ∆T . There is no torque exerted on

the cylinder translating perpendicular to the wall58. The forces exerted on the cylinder are derived

from eq. C2 and C7 and are equal to:

F1 =−4π
2U

2η0− tanh2η0
ix (47)

F2 = 4π
2a′1 (1− cosh2η0)

cosh2η0 (2η0− tanh2η0)
ix (48)
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where F1 is the fluid resistance that the cylinder experiences as it moves perpendicular to the

liquid-gas interface with velocity U andF2 is the force on a stagnant cylinder feels when immersed

in the flow caused by the Marangoni stresses on the liquid-gas interface. The unknown velocity U

of the cylinder can be found from the condition that the net force acting on the cylinder is zero48:

F1 +F2 = 0, (49)

Using the condition in eq. 49, one can find the unknown velocity of the cylinder:

U =
a′1 (1− cosh2η0)

cosh2η0
(50)

The dimensionless velocity as a function of dimensionless separation distance d = coshη0− 1

between the cylinder and the liquid-gas interface in both cases is then given by:

U =
R1d (d +2)

[4d (d +2)+2]
√
(d +1)2−1

(51)

When the surface of the cylinder is warmer than the ambient temperature T∞, the cylinder moves

towards the liquid-gas interface.

III. RESULTS AND DISCUSSION

Our analysis considers free convection across a liquid-gas interface. As the thermal conductiv-

ity of a gas is much smaller than that of a liquid, the transfer of heat to the gas side is generally the

limiting factor in the heat transfer. With the convection coefficient at a liquid-gas interface approxi-

mately equal to that at a solid-gas interface, for free convection, this value is∼ 5−10 W m−2 K−1,

which corresponds to a Biot number of ∼ 10−6−10−5.

The temperature distribution around the cylinder near a convective liquid-gas interface is shown

in Fig. 2A. The temperature gradient at the liquid-gas interface is larger for the case of a constant

heat flux on the cylinder surface (Fig. 2C), and the temperature at the interface can exceed Θ= 1 in

this case, while for the cylinder with constant temperature, 0≤Θ≤ 1. This larger gradient explains

the larger velocity of the isoflux cylinder when compared to the isothermal cylinder. Due to the

lower heat flux on the cylinder surface in case of a constant surface temperature as the cylinder

approaches a liquid-gas interface, the temperature gradient increases slower than in the case of

a constant heat flux boundary condition on the cylinder surface. Therefore, the cylinder moves

faster at small d in case of constant heat flux on its surface compared to a constant temperature
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boundary condition. For d > 2 the temperature gradients at the liquid-gas interface are similar in

both cases, which implies that the thermocapillary velocity of the cylinder in both cases will be

identical at larger distances from the liquid-gas interface.

The dimensionless cylinder velocities for both cases as a function of separation distance d are

shown on Fig. 2B. At small separation distances d, the hydrodynamic drag increases without bound

while the force exerted by the thermocapillary effect remains bounded. Therefore, at small d, the

thermocapillary velocity goes to zero. The main limitation of the obtained results at very small

separation distances is related to the lubrication forces exerted by the liquid on the cylinder. In

our calculations, we consider a mathematically smooth liquid-gas interface as well as a perfectly

smooth cylinder surface, which results in a lubrication singularity. In reality, such an analysis

breaks down at length scales comparable to either the molecular size of water or the roughness

of the cylinder. For large values of the separation distance, the thermocapillary velocity also

goes to zero, since the hydrodynamic force reaches a constant value while the force exerted by the

thermocapillary flow gradually decreases due to the smaller temperature gradients at the liquid-gas

interface. Therefore, at an intermediate separation distance, the thermocapillary velocity reaches

a maximum, located at d ∼ 0.21 for the case of a constant heat flux and at d ∼ 0.46 for the

isothermal cylinder. A similar tendency was also obtained by Leshansky et al.41 for a spherical

particle with a heat source at the particle center or a constant temperature of the particle surface

near an insulating liquid-gas interface. However, the velocity of a spherical particle is larger than

that of a cylinder, e.g. in the case of constant heat flux the maximum dimensionless velocity of the

cylinder is U = 0.022, whereas for the sphere it is41 U = 0.140. This is due to the larger resistance

to the motion of a cylinder compared to a sphere, thus to the larger hydrodynamic drag F1 in the

case of cylinder. Furthermore, the thermocapillary force F2 is larger for a sphere as the flow pushes

the particle in all directions along its axis, while for a cylinder the flow is restricted in 2D.

The largest velocity caused by a temperature difference of ∆T = 0.1 K is ∼ 300 µm s−1 in the

case of constant heat flux, which is about twice as fast as the fastest reported self-electrophoretic

nanoswimmer59.

An analytical expression for the asymptotic behaviour of the velocity at large distances between

a cylinder and a liquid-gas interface can be found for the case of constant heat flux on the surface

of a cylinder by taking the limit d → ∞ in eq. B14 and B17, and by applying the relations d =

coshη0− 1 and c = a sinhη0. As η0 → ∞, sinhη0 ∼ coshη0 at d → ∞ and thus c ∼ d + 1, the
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Thermocapillary motion of a solid cylinder near a liquid-gas interface

FIG. 2. A: Temperature distribution for a cylinder located near the convective liquid-gas interface for

different separation distances d. The left half of the graph is is the isothermal and the right half the isoflux

case. Note that the temperature scale for Θ starts at 0.7. B: Dependence of the dimensionless cylinder’s

velocity U on separation distance d from the convective liquid-gas interface. Solid line: constant heat flux

on the surface of the cylinder; dashed line: a constant temperature on the surface of the cylinder. Inset: a

constant heat flux on the surface of the cylinder; solid line: velocity dependence on the separation distance;

dash-dotted line: the asymptotic dependence of the velocity on the separation distance at large distances.

C: The temperature gradient at the liquid-gas interface for d = 0.25; dashed line: constant temperature of

the cylinder’s surface; solid line: constant heat flux through the surface of the cylinder. For all images:

water was chosen as a model liquid, with Kγ = 1.49 10−4 N m−1 K−1, heat transfer coefficient for a free

convection between a liquid and a gas h = 5 W m−2 K−1 (Bi = 8.5 · 10−6), and a dimensionless heat flux

on the surface of the cylinder Kq = 0.06 (∆T = 10−1 K, qc = 3.6 kW m−2).
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FIG. 3. Fluid streamlines around a solid cylinder moving perpendicular towards the convective liquid-

gas interface by the thermocapillary effect, at a dimensionless separation distance parameter d = 0.25; the

Biot number is Bi = 8.5 ·10−6, and a dimensionless heat flux on the surface of the cylinder Kq = 0.06, the

difference between adjacent lines is ∆Ψ= 0.004. On the left: constant temperature of the cylinder’s surface;

on the right: constant heat flux on the surface of the cylinder. The arrows indicate the direction of the fluid

flow.

thermocapillary velocity scales as U ≈ −
Kq

2(d +1)
as d→ ∞, which is shown in the inset of Fig.

2B.

The fluid streamlines for the isothermal and isoflux case are shown in Fig. 3 for a separation dis-

tance d = 0.25. Flow patterns are qualitatively similar for both cases with two circulation regions;

the liquid flows from the region with lower surface tension to the less heated regions with higher

surface tension. The streamlines are located closer to each other for the case of a constant heat

flux on the cylinder surface, implying that the liquid moves faster than in the constant surface tem-

perature case. The force per unit length acting on the cylinder due to thermocapillary interaction

with the liquid-gas interface evaluated using eq. 48 is on the order of 102− 103 pN/µm per one

degree of temperature difference, which is the same order of magnitude as the torque on micro-

gear propelled by capillary effects reported by Maggi et al.39. In accordance with calculations in
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FIG. 4. On the left: dimensionless thermocapillary velocity of a cylinder as a function of the Biot number

Bi at d = 0.01 (solid line); 0.25 (dashed line); 1 (dot-dashed line). Black lines: a constant heat flux

on the cylinder surface; red line: a constant temperature on the cylinder surface. On the right: heat-to-

propulsion efficiency as a function of the Biot number. Solid line: a constant heat flux; dashed line: a

constant temperature on the surface of the cylinder.

[40], the thermocapillary force on a cylinder in close proximity to a liquid-gas interface is notably

bigger than other reported self-phoretic forces, which are on average 0.01 – 0.5 pN/µm44,60.

The dependence of the velocity of the cylinder on the Biot number is shown on Fig. 4. At large

Biot numbers, thermal diffusion in the liquid is slow compared to convection across the liquid-gas

interface, and the temperature gradients at the liquid-gas interface become small as heat is quickly

removed from the interface by convection, resulting in a steep decrease of particle velocity. The

onset of the drop in dimensionless velocities shifts to smaller Biot numbers when the distance

between the cylinder and the liquid-gas interface increases, due to the decrease of the interfacial

temperature gradient and hence surface tension gradient as the cylinder sits away further from

the liquid-gas interface. This trend is similar for both the constant heat flux and the constant

temperature cylinder, with smaller velocities in the latter case. At low Biot numbers, the velocity

reaches a finite value corresponding to an insulating liquid-gas interface.

We defined a heat-to-propulsion conversion efficiency as:

ηeff =
Pmech

Ptherm
=

F2U
KqS

, (52)
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FIG. 5. Heat-to-propulsion conversion efficiency as a function of he dimensionless separation distance

d from the convective liquid-gas interface for the cylinder. The solid line: a constant heat flux through

the cylinder’s surface; the dashed line: a constant temperature of the cylinder’s surface. The constant

parameters: the Biot number Bi = 8.5 · 10−6, a dimensionless heat flux on the surface of the cylinder

Kq = 0.06.

where Ptherm is the total power input as heat, Pmech is the mechanical power output, the applied

thermocapillary force per unit length of cylinder F2 is defined by eq. 48, and U is defined by

eq. 51. The heat-to-propulsion efficiency is on the order of 10−2− 10−1, which is five orders of

magnitude larger compared to the thermodynamic efficiency of the conversion of chemical energy

to mechanical energy, as for example observed for Pt/Au Janus particles in H2O2 solution61. This

is related to the difference between thermal and mass diffusivities, which are represented by the

Prandtl and Schmidt (Sc = ν/Dm) numbers respectively. The Prandtl number for water is ≈ 10 at

25 ◦C, whereas the Schmidt number in water is usually orders of magnitude larger, for example

Sc∼ 450 for a self-electrophoresis, with protons as active species61, as the diffusion coefficient of

protons in water is about 4 ·10−9 m2 s−1 and the kinematic viscosity 1.8 ·10−6 m2 s−1. For the
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thermocapillary induced motion, the thermal and momentum diffusivities are of the same order,

whereas for the self-electrophoresis the momentum diffusivity dominates the mass diffusivity,

which will lead to larger gradients in the former case. This also leads to the conclusion that the

efficiency of Marangoni motion of a cylinder, which for example releases surface-active molecules

near the liquid-gas interface, should be lower than that of thermocapillary motion, because the

mass diffusivity is much smaller than the thermal diffusivity, resulting in larger Biot number and

hence a lower efficiency in this case. Obviously, the thermocapillary driven cylinders are efficient

only in the close proximity to the liquid-gas interface, at distances comparable to the radius of the

cylinder (Fig. 5).

The heat-to-propulsion efficiency of the thermocapillary motion of the cylinder with a constant

heat flux is larger than of the cylinder with a constant temperature of the surface due to the larger

thermocapillary force produced by a steeper temperature gradient at the liquid-gas interface. The

efficiency lowers at Bi ∼ 10−3 (Fig. 4) with the decrease of the thermocapillary force. At small

separation distances d, the efficiency of a constant heat flux cylinder continuously increases with

decreasing gap height (Fig. 5) because the temperature distribution at the liquid-gas interface is

constantly changing as the temperature near the contact point increases without bound. However,

for the constant temperature cylinder, as the temperature cannot exceed Θ = 1, the efficiency

experiences a slight drop at small distances, because the temperature profile for the isothermal

case does not almost change as the cylinder approaches the liquid-gas interface.

IV. CONCLUSIONS

Thermocapillary motion of a solid cylinder perpendicular to a convective liquid-gas interface

was studied for two different conditions at the cylinder surface: (i) for a constant temperature and

(ii) for a constant heat flux. Solving the problem using bipolar cylindrical coordinates allows to

find the fluid flow distribution and forces acting on the cylinder in close proximity to the liquid-gas

interface. The temperature gradient at the liquid-gas interface is larger for the constant heat flux

than for the constant temperature cylinder, which gives rise to the faster fluid motion around the

cylinder in the former case. The dimensionless cylinder velocity U reaches a maximum at inter-

mediate separation distances d, and is larger for the case of constant heat flux than for a constant

temperature on the cylinder surface. With an increase of the coefficient of heat transfer across the

liquid-gas interface, at Biot numbers of ∼ 10−3, the velocity and the heat-to-propulsion efficiency
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drops. Our findings reveal that the thermocapillary mechanism results in substantial forces and

can thus be exploited for the self-generated motion of micro-particles. Moreover, the efficiency of

propulsion is several order of magnitudes larger for the thermocapillary motion compared to the

self-phoretic mechanisms involving (electro-)chemical reactions.
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List of symbols

α thermal diffusivity of the liquid
[
m2 s−1

]
γ surface tension of the liquid-gas interface

[
N m−1

]
Θ =

T −T∞

∆T
dimensionless temperature [−]

µ dynamic viscosity of the liquid [Pa s]

ν kinematic viscosity of the liquid
[
m2 s−1

]
ξ ,η dimensionless bipolar cylindrical coordinates [−]

ρ density of the liquid
[
kg m−3

]
σ stress [Pa]

ψ dimensionless stream function [−]

A,B,C,D coefficients for the stream function [−]

an,bn,cn,dn coefficients for the stream function [−]

a
′
n,b

′
n,c

′
n,d

′
n coefficients for the stream function [−]

a radius of the cylinder [m]

Bi =
ha
k

Biot number [−]

c characteristic length of the bipolar cylindrical system [m]
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d0 gap between the cylinder and liquid-gas interface [m]

d =
d0

a
dimensionless gap between the cylinder and liquid-gas interface [−]

Dm mass diffusivity
[
m2 s−1

]
F dimensionless force [−]

G0,G1,Rn,Sn coefficients for the temperature field [−]

h heat convection coefficient between the liquid and gas phases
[
W m−2 K−1

]
k thermal conductivity of the liquid phase

[
W m−1 K−1

]
Kγ =

∣∣∣∣ ∂γ

∂T

∣∣∣∣ coefficient of temperature dependence of surface tension
[
N m−1 K−1

]
Kq =

qca
k∆T

dimensionless heat flux [−]

Ma =
av′

α
Marangoni number [−]

p fluid dynamic pressure in the liquid [Pa]

Pr =
ν

α
Prandtl number [−]

q constant heat flux on the surface of the solid cylinder
[
W m−2

]
Re =

av′

ν
Reynolds number [−]

S0 surface area of cylinder per unit length [m]

S =
S0

a2 dimensionless surface area of cylinder per unit length [−]

Sc =
ν

D
Schmidt number [−]

Tc constant surface temperature of the solid cylinder [K]

T∞ far-field temperature of the gas and the liquid [K]

U0 velocity of the cylinder
[
m s−1

]
U dimensionless velocity of the cylinder [−]

v fluid velocity
[
m s−1

]
vη ,vξ dimensionless fluid velocities in bipolar cylindrical coordinates [−]

v′, t ′, p′ reference velocity, time and pressure
[
m s−1

]
, [s] , [Pa]

v, t and p dimensionless velocity, time and pressure [−]

x,y,z Cartesian coordinates [m]
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Appendix A: The temperature dependance of surface tension of water and the typical

values of the dimensionless parameters

FIG. 6. The temperature dependence of surface tension of water62

TABLE I. Typical values of dimensionless parameters for a cylinder with a radius a = 1 µm63–65

ν
[
m2 s−1

]
v′
[
m s−1

]
Re [−] Pr [−] Ma[−]

Water 10−6 10−3 10−3 1 - 10 10−3−10−2

Light organics 10−7 10−3 10−2 5 - 50 10−2−10−1

Oils 10−4 10−4 10−6 50 - 100,000 10−5−10−1

Liquid metals 10−7 10−4 10−3 4 10−3 – 3 10−2 10−6−10−5

Note that v′ is estimated using eq. 12 and the coefficient Kγ ≈ 10−4 N m−1 K−1. The large

range of Prandtl number Pr of oils is due to the wide range of their viscosities.
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Appendix B: The temperature field

In this appendix we derive the coefficients for the temperature distribution around a cylindrical

particle near a convective liquid-gas interface. For the case of constant temperature on the surface

of the cylinder, we apply the boundary conditions of eqs. 35–37 to eq. 41:

G0 +
∞

∑
n=1

Rn = 0 (B1)

G1−G1 cosξ +
∞

∑
n=1

nSn cos(nξ )−
∞

∑
n=1

nSn

2
(cos [(n−1)ξ ]+ cos [(n+1)ξ ])+ (B2)

+BicG0 +Bic
∞

∑
n=1

Rn cos(nξ ) = 0

G0 +G1η0 +
∞

∑
n=1

[Rn cosh(nη0)+Sn sinh(nη0)]cos(nξ ) = 1 (B3)

By multiplying eq. B2 & B3 by sinkξ and coskξ , k≥ 0, integrating between 0 and 2π , and us-

ing the orthogonality properties of the trigonometric functions, the resulting expressions become:

G0 =−
∞

∑
n=1

Rn, (B4)

G1 =
1−G0

η0
, (B5)

Rn =−Sn tanh(nη0) , n≥ 1 (B6)

S1−2(G1 +BicG0) = 0, (B7)

−G1 +S1−S2 +BicR1 = 0, (B8)

2nSn− (n+1)Sn+1− (n−1)Sn−1−2BicSn tanh(nη0) = 0, n≥ 2 (B9)

Coefficients G0,G1,Sn, and Rn were evaluated numerically by iteration. By assuming an initial

value of G0 = 0, the coefficients G1, Rn and Sn were calculated from eqs. B5–B9. Then, the initial

value of G0 was recomputed using eq. B4, followed by the re-evaluation of the coefficients. The

process was repeated until eq. B4 is satisfied. A small number of coefficients is needed to find a

final solution, for example, n = 50 gives an error below 0.3% for a dimensionless gap d = 0.25.

For the cylinder with a constant heat flux, the boundary conditions of eq. 35–36 & 38 are
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applied to eq. 41, with the following result:

G0 +
∞

∑
n=1

Rn = 0 (B10)

G1−G1 cosξ +
∞

∑
n=1

nSn cos(nξ )−
∞

∑
n=1

nSn

2
(cos [(n−1)ξ ]+ cos [(n+1)ξ ])+ (B11)

+BicG0 +Bic
∞

∑
n=1

Rn cos(nξ ) = 0

1
2

∞

∑
n=1

(nRn sinhnη0 +nSn coshnη0)(cos(n+1)ξ + cos(n−1)ξ )+G1 cosξ− (B12)

−G1 coshη0− coshη0

∞

∑
n=1

(nRn sinhnη0 +nSn coshnη0)cosnξ = Kqc

Then, by exploiting the orthogonality properties of trigonometric functions, the resulting ex-

pressions become:

G0 +
∞

∑
n=1

Rn = 0, (B13)

S1−2(G1 +BicG0) = 0 (B14)

−G1 +S1−S2 +BicR1 = 0 (B15)

2nSn− (n+1)Sn+1− (n−1)Sn−1 +2BicRn = 0, n > 2 (B16)

−G1 coshη0 +
1
2
(R1 sinhη0 +S1 coshη0) = Kqc, (B17)

G1 +R2 sinh2η0 +S2 cosh2η0−
1
2

R1 sinh2η0−S1 cosh2
η0 = 0 (B18)

Fn+1 +Fn−1−2coshη0Fn = 0, n > 2 (B19)

nRn sinhnη0 +nSn coshnη0 = Fn (B20)

After solving the recurrence relation in eq. B19 with the initial conditions in eq. B17-B18 and

applying eq. B20, we obtain the following recurrence relation for the coefficients Rn:

Rn =
2G1

n
cothnη0 +

2Kqc
nsinhη0

−Sn cothnη0 (B21)

Combining eq. B13 and eq. B21 and applying c = sinhη0 gives:

G0 =
∞

∑
n=1

(
2G1

n
cothnη0 +

2Kq

n
−Sn cothnη0

)
(B22)

As at n→ ∞, cothnη0→ 1 and ∑
∞
n=1

1
n

is divergent, for the solution to be bounded require G1 =

−Kq. Coefficients G0,G1,Sn, and Rn were evaluated numerically by iteration in the same way
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as in the constant temperature case. The values of first ten coefficients at d = 0.25 are shown in

Table II. In order to obtain an error below 2% for a dimensionless gap d = 0.25, the number of

calculated coefficients must be n = 1000. However, for large separation distances the number of

coefficients necessary to obtain the same accuracy is much smaller. For example, at d = 2 only 5

coefficients are needed to have an error smaller than 1%.

TABLE II. Values of the first ten coefficients G0,G1,Rn,Sn for temperature field around isothermal and

isoflux cylinders at separation distance d = 0.25, the Biot number Bi = 8.5 ·10−6, a dimensionless heat flux

on the surface of the cylinder Kq = 0.06

n
T = const (G0 = 0.953,G1 = 0.068) q = const (G0 = 0.992,G1 = 0.066)

Rn Sn Rn Sn

1 -0.081 0.135 -0.132 0.132

2 -0.060 0.068 -0.066 0.066

3 -0.044 0.045 -0.044 0.044

4 -0.034 0.034 -0.033 0.033

5 -0.027 0.027 -0.026 0.026

6 -0.023 0.023 -0.022 0.022

7 -0.019 0.019 -0.019 0.019

8 -0.017 0.017 -0.017 0.017

9 -0.015 0.015 -0.015 0.015

10 -0.014 0.014 -0.013 0.013

The coefficients show geometric convergence for both the constant temperature and the con-

stant heat flux on the cylinder surface cases, so if log |Rn|= log |C|+ p logn, where p is the order

of convergence and C is a number independent of n, then p =−1.

The rate of conversion is

lim
n→∞

Rn+1/Rn ≈ 0.99,

thus it is sublinear both in the case of constant temperature and of constant heat flux cylinder.
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Appendix C: The coefficients for the stream function Ψ

The coefficients in eq. 42 for the first part Ψ1 are the same for both the cylinder with a constant

temperature of the surface or with a constant heat flux and have the following values:

A = B =C = 0, (C1)

D =− 2U
2η0− tanh2η0

, (C2)

a1 = b1 = c1 = a′1 = c′1 = 0, (C3)

b′1 =
D

2cosh2η0
, (C4)

an = bn = cn = dn = a′n = b′n = c′n = d′n = 0, n≥ 2 (C5)

They are obtained by applying the boundary conditions of eq. 30–33 to eq. 42 and exploiting the

orthogonality of trigonometric functions to obtain a linear system of equations for the coefficients.

Similar procedure is used to obtain the parameters for the second part of the stream function Ψ2,

where the boundary conditions in eq. 30–34 with U = 0 are applied to eq. 42:

A = B =C = 0, (C6)

D =
2a′1 (1− cosh2η0)

cosh2η0 (2η0− tanh2η0)
, (C7)

a1 = b1 = c1 = 0, (C8)

a′1 =
R1

4c
, (C9)

c′1 =−a′1 (C10)

b′1 =
D−2a′1 sinh2η0

2cosh2η0
(C11)

an = bn = cn = dn = a′n = b′n = c′n = d′n = 0, n≥ 2 (C12)

where R1 is the first coefficient of the temperature distribution function of appendix B, which is

different for the case of constant temperature and constant heat flux. A more detailed general

procedure of deriving the coefficients for a stream function can be found in the analysis of Wakiya

et al.57.
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Appendix D: Solution for the motion of a no-slip cylinder perpendicular to a free liquid-gas

interface

The solution for the two-dimensional flow around a no-slip cylinder that moves perpendicular to

a free liquid-gas interface was derived in appendix C from eq. 42 with the boundary conditions in

eqs. 30–33:

Ψ =
Uc

λ (2η0− tanh2η0)

(
2η− sinh2η

cosh2η0

)
sinξ (D1)

The dimensionless drag force on the cylinder moving perpendicular to a free liquid-gas interface

was obtained from eq. 46 and coefficient D of appendix C and is shown in Fig. 7:

Fd =− 8πU
η0− tanh2η0

ix =−4πU

ln
[

d +1+
√

(d +1)2−1
]
−

(d +1)
√
(d +1)2−1

2(d +1)2−1


−1

ix,

(D2)

When the cylinder is far away from the liquid-gas interface (d→∞), η0 goes to infinity and the

drag force in eq. D2 becomes zero. This is known as Stokes’ paradox, which can be resolved by

including the inertial terms in the Navier-Stokes equation, or by using the Oseen approximation.

The drag per unit length of circular cylinder in an unbounded fluid was obtained by Lamb66:

F =
4πU

0.5− γ− log(Re/8)
, (D3)

where γ = 0.5772... is Eulers constant.
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FIG. 7. Dimensionless drag force on a no-slip cylinder moving perpendicular to a free liquid-gas interface

(solid line), and perpendicular to a no-slip wall58 (dashed line) as a function of the dimensionless gap d

As can be seen in Fig. 7, at all values of the dimensionless separation distance d the force

on a no-slip cylinder moving perpendicular to a free liquid-gas interface is smaller than that of a

cylinder moving perpendicular to a no-slip wall, which is given by58:

Fd,wall =−
4πU

η0− tanhη0
=−4πU

{
ln
[

d +1+
√
(d +1)2−1

]
−
√

d (d +2)
d +1

}−1

(D4)

Appendix E: Relations in bipolar cylindrical coordinates

c =

√(
d0

a
+1
)2

−1, (E1)

η0 = acosh
(

d0

a
+1
)

(E2)
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or

η0 = ln

d0

a
+1+

√(
d0

a
+1
)2

−1

 (E3)

This implies that η0→ 0 as

√
2d0

a
when d0→ 0.

The unit vectors conversion from bipolar cylindrical to Cartesian coordinates are given by:

ix =−
1
λ

[
sinhη sinξ iξ +(coshη cosξ −1)iη

]
(E4)

iy =
1
λ

[
(coshη cosξ −1)iξ − sinhη sinξ iη

]
(E5)

The inverse unit vectors conversion is given by:

iη =− 1
λ
[(coshη cosξ −1)ix + sinhη sinξ iy] (E6)

iξ =− 1
λ
[sinhη sinξ ix− (coshη cosξ −1)iy] (E7)

The inverse transformation of bipolar cylindrical coordinates is given by:

η =
1
2

log

[
(x+ c)2 + y2

(x− c)2 + y2

]
(E8)

ξ = π−2atan

[
2cy

c2− x2− y2 +
√
(c2− x2− y2)2 +4c2y2

]
(E9)

z = z (E10)

The tangential stress boundary condition (eq. 34) was rewritten in bipolar coordinates using the

dyadic product in curvilinear coordinates from Appendix A.7 in Happel and Brenner50

iη ·σ · iξ = iη

([
∇v+

(
∇v
)†
]
− pI

)
· iξ =

1
hm

(
∂vξ

∂η
+

∂vη

∂ξ

)
, (E11)

where hm = hξ = hη =
c
λ

are the metric coefficients of the bipolar cylindrical coordinates.
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