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Abstract

Mineral precipitation and dissolution processes in a porous medium can alter the struc-
ture of the medium at the scale of pores. Such changes make numerical simulations a
challenging task as the geometry of the pores changes in time in an apriori unknown
manner. To deal with such aspects, we here adopt a two-scale phase-field model, and
propose a robust scheme for the numerical approximation of the solution. The scheme
takes into account both the scale separation in the model, as well as the non-linear char-
acter of the model. After proving the convergence of the scheme, an adaptive two-scale
strategy is incorporated, which improves the efficiency of the simulations. Numerical
tests are presented, showing the efficiency and accuracy of the scheme in the presence
of anisotropies and heterogeneities.
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1. Introduction1

Processes involving precipitation and dissolution in porous media are encountered2

in many real-life applications. Notable examples in this sense appear in environmental3

engineering (the management of freshwater in the subsurface), geothermal energy, and4

agriculture (soil salinization). Particularly challenging for the mathematical modeling5

and numerical simulations are the situations when the chemistry is affecting the mi-6

crostructure of the medium, in the sense that the pore geometry and even morphology7

is altered by dissolution or precipitation. At the scale of pores (from now on the micro8

scale), the geometry changes due to chemistry, which also impacts the averaged model9

behavior at the Darcy-scale (from now on the macro scale).10

Mathematical models for dissolution and precipitation in porous media have been11

extensively discussed in the past decades. In this sense, we mention the model pro-12

posed in [1], in which the possibility of having an under- or oversaturated regime is13
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expressed in rigorous mathematical terms. Various mathematical aspects for such mod-14

els, like the existence and uniqueness of a (weak) solution, the rigorous derivation of15

the macro-scale model from a micro-scale one, the numerical approximation, or qual-16

itative properties like traveling waves are studied in [1, 2, 3, 4, 5, 6, 7]. The models17

discussed there do not take explicitly into account any evolution of the micro-scale ge-18

ometry. In those cases one can work with the mineral as a surface concentration and the19

micro-scale volumetric changes in the mineral phase are neglected (see [8, 9]). At the20

macro scale, this implies that the porosity does not depend on the solute concentration.21

An exception is the macro-scale model proposed in [5], including an equation relating22

the changes in the porosity to the (macro-scale) concentration of the mineral.23

Whenever the changes in the mineral layer thickness are large compared to the24

typical micro-scale length (the size of pores), the micro-scale changes in porosity and25

morphology cannot be neglected. This impacts the flow at the micro scale, and implic-26

itly the averaged macro-scale quantities of primary interest for real-life applications. In27

this context, upscaling is a natural way to derive macro-scale models incorporating the28

micro-scale processes accurately. We recall that, due to the chemical processes men-29

tioned above, the structure of the pores (the micro structure) changes in time, depending30

on the concentration of the dissolved components, which is a model unknown. In other31

words, one deals with free boundaries appearing at the micro scale. The challenges32

related to such models are two-fold; on the one hand, related to the free boundaries,33

and on the other hand, to the fact that these appear at the micro scale.34

The evolution of the pore-scale geometry can be described in various ways; in one35

spatial dimension, a free boundary model for dissolution and precipitation in porous36

media is proposed in [10]. There, the existence and uniqueness of a solution are proved.37

For closely related results, we mention [11, 12], where the existence of solutions for38

similar, one-dimensional free-boundary problems is proved. For the multi-dimensional39

case, we mention [13, 14, 15] where mathematical models for reactive transport models40

in moving domains are proposed. Similarly, in [16] the existence of a solution for41

a model describing reactive solute transport in deformable two-dimensional channels42

with adsorption-desorption at the walls is proved, relying on the techniques in [17].43

Though more complicated than the one-dimensional case, there are various ways to44

deal with the (freely) moving boundaries in multiple spatial dimensions. For instance,45

when dealing with a strip or a radially symmetric channel, a layer thickness function46

can be defined to locate the free boundary. This approach is adopted in [8, 9, 18].47

A level set approach can be considered in more general porous domains, as done in48

[19, 20, 21, 22]. Under certain conditions on the evolution of the free boundary and49

on the geometry, e.g., assuming local periodicity and that the scales are well separated,50

upscaled models can be derived using transversal averaging or homogenization tech-51

niques. In the first case, one arrives at upscaled models where the layer thickness is52

related to the changes in porosity and permeability. In the other case, the homogeniza-53

tion leads to upscaled models where the effective parameters are determined by solving54

local cell problems involving level sets.55

A third option, which inspired the present work, is the phase-field approach. In this56

case, a thin, diffuse interface layer approximates the freely moving interfaces separat-57

ing the fluid from the mineral (the precipitate). Building on the idea of minimizing58

the free energy (see, e.g., [23]) the phase-field indicator φ is an approximation of the59
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characteristic function that approaches 1 in the fluid phase and 0 in the mineral phase.60

In between, a smooth transition zone of width λ > 0 is encountered (see e.g. [24]).61

This approach was considered in [25] for describing the dissolution and precipitation62

processes as encountered at the micro scale. There, two phases are encountered (the63

mineral and the solvent), both being immobile; the solute concentration changes due64

to chemistry (precipitation and dissolution) and diffusion. An extension to two fluid65

phases and the mineral is proposed in [26]. There, the Darcy-scale counterpart is de-66

rived by homogenization techniques but still for the case without fluid motion. The67

model in [25] is further extended in [27] to incorporate fluid flow at the micro scale,68

and where a Darcy-scale counterpart is derived. In this context, we also mention [28]69

where model order reduction techniques are employed to build an efficient multi-scale70

algorithm applicable to the phase-field model proposed in [26].71

Here we focus on the two-scale model in [27], in which the so-called cell problems72

defined at the micro scale are solved for determining the effective parameters appear-73

ing in the macro-scale equations modeling the flow and the chemical processes. In74

other words, we compute effective parameters such as the effective diffusion and the75

effective permeability tensors to resolve the homogenized problem. These macro-scale76

quantities are found through local micro-scale problems that depend on the evolution of77

the phase field at the micro scale. This paper is proposing a two-scale iterative scheme78

for approximating the solution of the two-scale model in [27]. The scheme deals with79

the non-linearities in the model and at the same time with the scale separation. Though80

being motivated by the mathematical model mentioned above, the approach proposed81

here can be applied to other two-scale models obtained by homogenization. Unlike82

classical multi-scale schemes, e.g., [29], where one has the same type of equations83

at both the macro and micro scales, the scheme proposed here allows for different84

equations at the micro and the macro scale. This approach is hence in line with the85

heterogeneous multi-scale methods in [30]. In the present context, we mention the86

similarities with [31, 32], where a multi-scale scheme is developed for reactive flow87

and transport in porous media where a level-set is employed to track the evolution of88

the solid-fluid interface at the micro scale.89

The scheme proposed here is a two-scale iterative one and relies on the backward90

Euler method for the time discretization. Here, we extend the general ideas of the multi-91

scale iterative method presented in [33]. Inspired by [34], an artificial term is included92

in the (micro-scale) phase-field equation. This parameter stabilizes the coupling with93

the (macro-scale) flow and reactive transport equations. We mention that, compared94

to [34], this coupling is bridging here two different scales. In a simplified setting, we95

give the rigorous convergence proof of the scheme. This result is obtained without96

specifying any particular spatial discretization.97

To guarantee mass conservation, the mixed finite element method (MFEM) is em-98

ployed for the spatial discretization at both scales. Since effective quantities are needed99

for each macro-scale element, the finer the macro-scale mesh is, the more micro-scale100

problems have to be solved numerically. This increases the computational effort signif-101

icantly. To deal with this aspect, a macro-scale adaptive strategy is included, inspired102

by [35]. The main idea is to select at each time step a representative fraction of the103

macro-scale points (so-called active nodes), for which the cell problems are solved and104

the effective quantities updated. The results are then transferred to the remaining (in-105
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active) nodes, which are assigned to an active node based on a similarity criterion. A106

similar approach was also applied in [26, 31].107

Adaptivity is further applied at the micro scale, where it is crucial to have an accu-108

rate description of the diffuse transition zone. In such regions, a fine mesh is necessary109

to capture the phase-field changes at every time step. On the other hand, away from110

such transition zones, the phase field is barely varying in both the mineral and the fluid111

phases. There a coarser mesh is sufficient to obtain an accurate numerical solution.112

Therefore we use an adaptive mesh that follows the movement of the phase-field tran-113

sition zone. We start with a coarse micro-scale mesh and apply a prediction-correction114

strategy as described in [36] for a phase-field model for fracture propagation. Finally,115

since the cell problems for the phase field are non-linear, we use a fixed-point itera-116

tive scheme called L-scheme, as described in [37, 38]. Incorporating this linearization117

scheme in the two-scale iterative one mentioned above can be made with no effort, as118

they both involve similar stabilization terms. Moreover, this scheme has the advantage119

of being convergent regardless of the starting point and the spatial discretization (the120

method itself, and the mesh size). Finally, as much the spatial discretization allows it,121

the iterative scheme guarantees the lower and upper bounds for the phase field.122

The remainder of this paper is structured as follows. In Section 2, the geometry and123

the details of the model are presented. In Section 3, we formulate the iterative scheme124

and in Section 4, we introduce the non-linear solver used on the micro-scale problems.125

In Section 5, we prove the convergence of the two-scale iterative scheme. The micro-126

and macro-scale adaptive strategies are described in Section 6. Finally, in Section 7,127

two numerical test cases are applied in which we study in detail the effect of different128

choices of parameters.129

1.1. Notations130

In this paper we use common notations from the functional analysis. For a general131

domain D⊂ Rd with d= 2,3, we denote by Lp(D) the space of the p−integrable real-132

valued functions equipped with the usual norm and by H1(D) the Sobolev space of133

L2(D) functions having weak derivatives in the same space.134

We let 〈·, ·〉D represent the inner product on L2(D) and norm ‖v‖2
L2(D)

= ‖v‖2
D :=135

〈v,v〉D. Take Y = (−0.5,0.5)d, for defining a solution in a weak sense we use the136

space H1
# (Y ) = { p ∈ H1(Y ) | p is Y -periodic } with H−1

# (Y ) being its dual space.137

With D1,D2 ⊂ Rd being two domains, we use the Bochner spaces Lp(D1;Lq(D2))138

for p,q ∈ [1,∞), equipped with the usual norm. In the case p = q = 2 we denote the139

corresponding norm ‖v‖D1×D2 := ‖v‖2
L2(D1;L2(D2))

.140

We use the positive and negative cut of a real number v, defined as [v]+ := max(v,0)141

and [v]− := min(v,0).142

2. The two-scale model143

The two-scale model considered here describes the single-phase flow and reactive144

transport through a porous medium, where the solid interface evolves due to mineral145
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precipitation and dissolution. Here Ω⊂Rd is a bounded macro-scale domain with Lip-146

schitz continuous boundary ∂Ω and T ∈ (0,∞) is the final time. The macro-scale do-147

main should be interpreted as a homogenized porous medium in which the micro-scale148

complexities (e.g., the alternating solid and void parts) are averaged out. Following149

the homogenization procedure, to each macro-scale point x ∈Ω, a micro-scale domain150

Y ⊂ Rd is assigned, representing an idealization of the complex structure at the micro151

scale. These micro-scale domains are used to define the cell problems, yielding the152

effective parameters and functions required at the macro scale.153

Following [27], the model considered here has been derived by homogenization154

techniques. At the micro scale the geometry consists of solid grains surrounded by155

void space (pores). The precipitation and dissolution processes are encountered on the156

boundary of already existing mineral (grains) and not in the interior of the void space.157

We assume that the mineral never dissolves entirely and that the void space is always158

connected; thus the porosity is never vanishing.159

We write the model in non-dimensional form by following the non-dimensionalization160

in [27]. In doing so, we use a local unit cell Y defined before and to identify the varia-161

tions at the micro scale we define a fast variable y. We associate one micro-scale cell162

Y to every macro-scale location x ∈Ω (see Figure 1).163

x

Figure 1: The two-scale domain: the macro scale, homogenized porous medium Ω (left) and the micro-scale
domain Y (right) corresponding to a point x ∈Ω.

The macro-scale parameters φ , � and � appearing below are obtained from the164

micro scale by following the homogenization procedure. At the macro scale, the un-165

knowns q, p denote the (macro-scale) velocity and pressure in the fluid and u is the166

upscaled solute concentration. All of them are functions of x ∈ Ω and t > 0. The167

macro-scale flow is given by168

(PM
p )



∇ ·q = 0, in Ω,

q =−�∇p, in Ω,

∇p ·n = 0, on ∂Ω,∫
Ω

pdx = 0.

Observe that the time t entry in (PM
p ) implicitly, through �. The solute concentration169
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is given by170

(PM
u )


∂t(φ(u−u?))+∇ · (qu) = D∇ · (�∇u), in Ω× (0,T],

∇u ·n = 0, on ∂Ω× (0,T],
u = uI , in Ω and t = 0,

where all the spatial derivatives are taken with respect to the macro-scale variable x.171

Here D denotes the pore-scale diffusivity of the solute and n denotes the outward unit172

normal to the boundary ∂Ω. The mineral has a constant concentration u?. To derive173

the macro-scale parameters φ , � and �, the phase field φ(x, ·, ·) is determined for all174

x ∈Ω by solving the following micro-scale problem175

(Pµ

φ
)


λ

2
∂tφ + γP′(φ) = γλ

2
∆φ −λM(φ)

1
u?

f (u), in Y × (0,T],

φ is Y -periodic,
φ = φI , in Y for t = 0,

where all the spatial derivatives are taken with respect to the micro-scale variable y.176

The function f (u) is the reaction rate, λ > 0 is related to the width of the fluid-mineral177

transition zone, and γ is the diffusion coefficient controlling the diffusive time scale of178

the transition zone. Additionally, P is the double-well potential and its local minima are179

the values corresponding to the two phases (fluid or mineral) and M is a function that180

ensures that the reactions only take place in the transition zone between the fluid and181

the mineral. The particular form of P and M used here will be specified below. More182

details about the model parameters can be found in [27, 33]. For improving the local183

conservation of the phase field φ , one may follow [39, 40] and include an additional184

Y -averaged term in the phase-field equation.185

While φ enters in the micro-scale problems trough the effective parameters defined186

below, the reverse coupling with the micro scale is given through the reaction rate187

f (u), with u being constant w.r.t the variable y ∈ Y . The macro-scale porosity in (PM
u )188

is defined for each x ∈Ω and t > 0 by averaging the phase field189

φ(x, t) =
∫

Y
φ(x,y, t)dy.

To determine the effective matrices � and � one has to solve two types of cell190

problems. We use a regularized phase field φδ := φ + δ with δ > 0, ensuring that191

the cell problems are well defined. Notice that the regularization only plays a role in192

the calculation of the effective parameters and does not appear explicitly in (Pµ

φ
),(PM

p )193

and (PM
u ). For each x ∈ Ω and t > 0, the functions ωs, Πs and zs = [zs1, . . . ,z

s
d]

t with194

s ∈ {1, . . . ,d} are the solutions of the following cell problems195

(Pµ

�
)


∇ · (φδ (∇ω

s+ es)) = 0, in Y,

ω
s is Y -periodic and

∫
Y

ω
sdy = 0,
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196

(Pµ

�
)


∇Π

s+ es+µ f ∆(φδ zs) =
g(φ ,λ )

φδ

zs, in Y,

∇ · (φδ zs) = 0, in Y,

Π
s is Y -periodic and

∫
Y

Π
sdy = 0.

Here es is the s-th canonical vector and µ f is the constant fluid viscosity. The role197

of the function g(φ ,λ ) is to guarantee that there is no flow in the mineral phase. As198

motivated by [41] we take g(φ ,λ ) := 250(1−φ)
λ (φ+10) .199

The elements of the effective matrices � and � are defined for each x ∈ Ω and200

t > 0 by201

�rs(x, t) =
∫

Y
φδ (x,y, t)(δrs+∂rω

s(x,y, t))dy,

�rs(x, t) =
∫

Y
φδ (x,y, t)zsr(x,y, t)dy,

(1)

for r,s ∈ {1, . . . ,d} and where δrs denotes the Kronecker delta. We highlight that202

even though we denote the micro-scale problems (Pµ

φ
), (Pµ

�
) and (Pµ

�
), each of these203

problems depend on the macro scale and on time.204

Finally, the initial conditions in (PM
u ) and (Pµ

φ
) satisfy the following assumptions205

(A1) The function uI ∈ L∞(Ω) and it is such that 0≤ uI ≤ u? a.e. in Ω.206

(A2) The function φI ∈ L∞(Ω×Y ) and it is such that 0≤ φI ≤ 1 a.e. in Ω×Y .207

2.1. Preliminaries208

For a fixed micro-scale domain Y corresponding to one macro-scale point x ∈ Ω,209

we write the non-linear part of (Pµ

φ
), namely F : R×R→ R, as follows210

F(φ ,u) :=−γP′(φ)−λM(φ)
1
u?

f (u). (2)

Further, we choose the reaction rate f (u), the double-well potential P(φ) and the func-211

tion M(φ) to be212

f (u) :=

 k
(
[u]2+
u2

eq
−1
)
, for u≤ u?,

k
(

u?
u2

eq
−1
)
, for u > u?,

213

P(φ) :=
{

8φ 2(1−φ)2, for φ ∈ [0,1],
0, otherwise, and M(φ) :=

{
4φ(1−φ), for φ ∈ [0,1],

0, otherwise,

where ueq is the equilibrium concentration and k is a reaction constant.214

With this choice the function F is Lipschitz continuous with respect to both ar-215

guments and we denote by ∂`F the partial derivative of F with respect to the `-th216

argument. Specifically, there exist two constantsMF1 ,MF2 ≥ 0 such that |∂`F | ≤MF̀217

a.e. in R2 with `= 1,2.218

7



For each u ∈ R, the function F(·,u) is continuous and can be decomposed as219

F(·,u) := F+(·,u) +F−(·,u) with F+(·,u) denoting the increasing part of F(·,u) and220

F−(·,u) the decreasing part of F(·,u), namely221

F+(α,u) =
∫

α

0
[∂1F(z,u)]+ dz, and F−(α,u) =

∫
α

0
[∂1F(z,u)]− dz.

In Section (4) we propose a micro-scale non-linear solver and there the splitting of the222

non-linear term F(·,u) guarantees the convergence. In the following sections we treat223

F− implicitly and F+ explicitly. A similar strategy splitting of the non-linearities into224

their convex and concave components can be found in [42].225

3. The two-scale iterative scheme226

We propose an iterative scheme to simulate the two-scale behavior of the phase-227

field model presented in Section 2. Here we use an artificial coupling parameter be-228

tween the two scales, namely Lcoup. In [34, 43] similar approaches about handling the229

coupling between scales and non-linear systems of equations can be found.230

We first discretize the equations in time. With N ∈ N we let ∆t = T/N be the231

time step size and define tn = n∆t. We use a backward Euler scheme for the time dis-232

cretization and denote the time-discrete solutions by φ n := φ(·, ·, tn) and νn := ν(·, tn)233

for ν ∈ {�,�, p,q,u}. Accordingly, at each time tn one has to determine a six-tuple234

{φ n,�n,�n, pn,qn,un} depending on the solution of the previous time step. The time235

stepping starts with φ 0 = φI and u0 = uI .236

In order to approximate the discrete solutions {φ n,�n,�n, pn,qn,un} we consider237

an iterative algorithm. With i > 0 being the iteration index, the two-scale iterative238

scheme defines a sequence {φ n
i ,�

n
i ,�

n
i , pn

i ,qn
i ,u

n
i }. The initial guess for the iterations239

φ n
0 and un

0 are the solution at the previous time step, i.e. φ n
0 = φ n−1 and un

0 = un−1.240

The iterative scheme is defined as follows. First, for n> 0, i> 0 and Lcoup > 0 with241

given un−1, un
i−1, φ

n−1 and φ n
i−1, for each x ∈ Ω one solves the micro-scale phase-field242

problem243

(Pµ,i
φ

)


φ

n
i −∆tγ∆φ

n
i −

∆t
λ 2 F−(φ n

i ,u
n
i−1)+Lcoup

(
φ

n
i −φ

n
i−1
)

= φ
n−1 +

∆t
λ 2 F+(φ n−1,un

i−1), in Y,

φ
n
i is Y -periodic.

By using the solution φ n
i in (1), (Pµ

�
) and (Pµ

�
) we calculate the iterative effective244

parameters �n
i and �n

i . Then, one continues with the macro-scale problems245

(PM,i
p )



∇ ·qn
i = 0, in Ω,

qn
i =−�n

i ∇pn
i , in Ω,

∇pn
i ·n = 0, on ∂Ω,∫

Ω

pn
i dx = 0.
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246

(PM,i
u )


φ

n
i (u

n
i −u?)+∆t∇ · (qn

i un
i )

= ∆tD∇ · (�n
i ∇un

i )+φ
n−1

(un−1−u?), in Ω,

∇un
i ·n = 0, on ∂Ω,

The two-scale iteration steps. For n> 0 and i> 0 with given un−1, un
i−1, φ

n−1 and φ n
i−1,247

to compute the next iteration one performs the following steps248

(S1) For each x ∈Ω, find φ n
i by solving the phase-field problem Pµ,i

φ
.249

(S2) Given φ n
i , find the effective matrices �n

i and �n
i in (1) by solving the cell prob-250

lems (Pµ

�
) and (Pµ

�
).251

(S3) Given φ
n
i , �n

i and �n
i , find pn

i , qn
i and un

i by solving the macro-scale problems252

(PM,i
p ) and (PM,i

u ).253

The two-scale iteration steps (S1) - (S3) take place until the L2-norm of the differ-254

ence of two iterations drops below a prescribed threshold tolM > 0, i.e.255

ε
n,i
M := ‖φ n

i −φ
n
i−1‖Ω ≤ tolM.

We highlight that this stopping criterion is chosen according to the results in Theorem 2256

in Section 5. There we show that the convergence of the porosity φ
n
i guarantees the257

convergence of the macro-scale concentration un
i , so the stopping criterion above is258

sufficient. However, different stopping criteria can also be used, including, e.g., the259

residuals of the macro-scale concentration and velocity.260

Proving the existence and uniqueness of a solution to the coupled system (PM
p ),261

(PM
u ), (Pµ

φ
), (Pµ

�
) and (Pµ

�
) is beyond the scope of this paper. Such results are known262

if each model component is considered apart. For example, when taken individually263

the problems (PM
p ), (PM

u ), (Pµ

�
) and (Pµ

�
) are linear and elliptic, while the non-linearity264

in (Pµ

φ
) is monotone and Lipschitz continuous. For such problems the existence and265

uniqueness of a weak solution are guaranteed by standard arguments. The same holds266

for (PM,i
p ) and (PM,i

u ). For the parabolic counterparts, before applying the time dis-267

cretization, we refer to [44, 45, 46, 26]. There the existence and uniqueness of solutions268

to similar problems related to phase-field modeling or the interaction between scales269

are addressed.270

4. The micro-scale non-linear solver271

At each time step and for each x∈Ω, the step (S1) of the two-scale iterative scheme272

involve a non-linear problem (Pµ,i
φ

) at the micro-scale. For this we construct an iter-273

ative non-linear solver based on the L-scheme [37, 38], which is a contraction-based274

approach. The main advantages of the L-scheme are that, unlike the Newton method,275

it does not involve the calculation of derivatives and its convergence is guaranteed re-276

gardless of the initial approximation, the spatial discretization and the mesh size.277

To be specific, let n > 0 and x ∈ Ω be fixed and φ n−1(x, ·) ∈ L2(Y ), un(x) ∈ R be278

given. The weak solution of the time discrete counterpart of (Pµ

φ
) is defined as follows279

9



Definition 1. A weak solution to the time discrete counterpart of (Pµ

φ
) is a function280

φ n(x, ·) ∈ H1
# (Y ) satisfying281

〈φ n,ψ〉Y +∆tγ〈∇φ
n,∇ψ〉Y −

∆t
λ 2 〈F−(φ

n,un),ψ〉Y

= 〈φ n−1+
∆t
λ 2 F+(φ n−1,un),ψ〉Y ,

(3)

for all ψ ∈ H1
# (Y ).282

Further, let i> 0 be the two-scale iteration index and φ n
i−1(x, ·)∈ L2(Y ), un

i−1(x)∈R283

be given. The weak solution of (Pµ,i
φ

) is defined as follows284

Definition 2. A weak solution to (Pµ,i
φ

) is a function φ n
i (x, ·) ∈ H1

# (Y ) satisfying285

〈φ n
i ,ψ〉Y +∆tγ〈∇φ

n
i ,∇ψ〉Y −

∆t
λ 2 〈F−(φ

n
i ,u

n
i−1),ψ〉Y +

〈
Lcoup

(
φ

n
i −φ

n
i−1
)
,ψ
〉

Y

= 〈φ n−1+
∆t
λ 2 F+(φ n−1,un

i−1),ψ〉Y ,
(4)

for all ψ ∈ H1
# (Y ).286

Observe that (Pµ,i
φ

) is a non-linear problem and to approximate its solution a lin-287

earization scheme is needed. To this aim we take Llin ∈ R+ such that Llin ≥MF1 . Let288

j ∈ N, j ≥ 1 be the micro-scale iteration index and φ n
i, j−1(x, ·) ∈ L2(Y ) be given. The289

weak solution of the linear problem associated to (Pµ,i
φ

) is defined as follows290

Definition 3 (Micro-scale linear iteration). A weak solution to the linearized version291

of (Pµ,i
φ

) is a function φ n
i, j(x, ·) ∈ H1

# (Y ) satisfying292

〈
(1+Lcoup)φ

n
i, j,ψ

〉
Y +∆tγ〈∇φ

n
i, j,∇ψ〉Y −

∆t
λ 2 〈F−(φ

n
i, j−1,u

n
i−1),ψ〉Y

+
∆t
λ 2 〈Llin(φ

n
i, j−φ

n
i, j−1),ψ〉Y = 〈φ n−1 +

∆t
λ 2 F+(φ n−1,un

i−1)+Lcoupφ
n
i−1,ψ〉Y ,

(5)
for all ψ ∈ H1

# (Y ).293

The natural choice for the initial micro-scale iteration φ n
i,0 is φ n

i−1, that is the phase294

field from the previous two-scale iteration. Nevertheless, this choice is not compulsory295

for the convergence of the micro-scale linear solver as the convergence is independent296

of the initial guess. The iterations (5) are performed until one reaches a prescribed297

threshold tolµ � tolM for the L2-norm of the difference of two successive iterations,298

e.i.299

ε
n,i, j
µ := ‖φ n

i, j(x, ·)−φ
n
i, j−1(x, ·)‖Y ≤ tolµ , (6)

where i > 0 is the two-scale iteration index of the two-scale scheme and j > 0 indicates300

the micro-scale iterations index of the non-linear solver.301
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We highlight that in this specific case and due to the strong coupling between the302

flow, chemistry and the phase field over two scales, an accurate solution of the micro-303

scale problems is crucial to achieve convergence of the iterations. For this reason we304

solve the micro-scale non-linear problem at every iteration and take tolµ � tolM .305

We show that the solution of the phase-field problem Pµ,i
φ

at every x ∈ Ω remains306

bounded.307

Lemma 1 (Maximum principle for the phase-field). For a fixed x ∈ Ω and for each308

n > 0 and i > 0, with φ n−1(x, ·), φ n
i−1(x, ·) and φ n

i, j−1(x, ·) ∈ L∞(Y ) given and essentially309

bounded by 0 and 1. Then φ n
i, j(x, ·) ∈H1

# (Y ) in Definition 3 satisfies the same essential310

bounds.311

Proof. First, we test in (5) with ψ := [φ n
i, j(x, ·)]−, then312 (

1+Lcoup +
∆t
λ 2 Llin

)
‖[φ n

i, j]−‖2
Y +∆tγ‖∇[φ n

i, j]−‖2
Y

= 〈φ n−1 +
∆t
λ 2 F+(φ n−1,un

i−1)+Lcoupφ
n
j−1, [φ

n
i, j]−〉Y

+
∆t
λ 2 〈F−(φ

n
i, j−1,u

n
i−1)+Llinφ

n
i, j−1, [φ

n
i, j]−〉Y .

(7)

Using the mean value theorem on the right hand side of (7) one obtains313

〈φ n−1 +
∆t
λ 2 F+(φ n−1,un

i−1)+Lcoupφ
n
j−1, [φ

n
i, j]−〉Y

= 〈(1+ ∆t
λ 2 ∂1F+(ξ ,un

i−1))φ
n−1 +Lcoupφ

n
j−1, [φ

n
i, j]−〉Y ,

(8)

and314

∆t
λ 2 〈F−(φ

n
i, j−1,u

n
i−1)+Llinφ

n
i, j−1, [φ

n
i, j]−〉Y

=
∆t
λ 2 〈

(
∂1F−(η ,un

i−1)+Llin
)

φ
n
i, j−1, [φ

n
i, j]−〉Y ,

(9)

where ξ : Y → R and η : Y → R are two functions such that ξ (y) ∈ (0,φ n−1(x,y)) and315

η(y) ∈ (0,φ n
i, j−1(x,y)) for all y ∈ Y . Knowing that Lcoup, ∂1F+ ≥ 0 and Llin ≥MF1 ,316

we get that the right-hand sides of (8) and (9) are negative. Consequently,317 (
1+Lcoup +

∆t
λ 2 Llin

)
‖[φ n

i, j]−‖2
Y +∆tγ‖∇[φ n

i, j]−‖2
Y ≤ 0,

which implies
(

1+Lcoup +
∆t
λ 2 Llin

)
‖[φ n

i, j]−‖2
Y = 0. In conclusion [φ n

i, j(x, ·)]− = 0 a.e.318

in Y , and with this we obtain the lower bound of φ n
i, j(x, ·).319

The upper bound follows by testing (5) with [φ n
i, j(x, ·)−1]+ and following the same320

steps. We obtain φ n
i, j(x, ·)≤ 1 a.e. in Y . �321

Solving the non-linear problem accurately is crucial to guarantee the convergence322

of the two-scale iterative scheme. The following theorem ensures the convergence of323

the micro-scale non-linear iterations under mild restrictions on ∆t, Llin and Lcoup.324
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Theorem 1 (Convergence of the non-linear solver). For a fixed x ∈ Ω and for each325

n > 0 and i > 0; withMF1 as above and Lcoup ≥ 0. If Llin ≥MF1 and ∆t ≤ λ 2(1+Lcoup)
MF1

,326

the micro-scale linear iteration introduced in Definition 3 is convergent in H1
# (Y ).327

The proof of Theorem 1 follows the same steps as the proof in [4, Lemma 4.1]. We328

omit the details here.329

Remark. For a fixed x ∈ Ω and given the initial condition φ 0(x, ·) ∈ L∞(Y ) as ex-330

plained before, the choice of the initial two-scale iterations is φ 1
0 = φ 0 and the choice331

of the initial micro-scale iterations is φ 1
1,0 = φ 1

0 . Therefore, Lemma 1 implies that for all332

j≥ 1 the solution φ 1
1, j(x, ·) in Definition 3 is essentially bounded by 0 and 1. Moreover,333

the convergence of the non-linear solver (see Theorem 1) implies the same boundedness334

of φ 1
1 (x, ·). Additionally, the convergence of the two-scale iterative scheme (proved in335

Section 5) implies the boundedness of φ 1(x, ·). Likewise, by induction, we conclude that336

for all n≥ 1, i≥ 0, j≥ 0 the solutions φ n(x, ·), φ n
i (x, ·) and φ n

i, j(x, ·) are all essentially337

bounded by 0 and 1.338

5. Analysis of the two-scale iterative scheme339

In this section we show the convergence of the two-scale iterative scheme in steps340

(S1) - (S3). We verify a relation between the effective diffusivity and the porosity and341

prove the convergence of the scheme. The main difficulty in the convergence proof is342

due to the two-scale characteristics of the scheme and the presence of the non-linear343

terms.344

Assumptions. Next to (A1) and (A2), to prove the convergence of the two-scale itera-345

tive scheme we consider a simplified setting. Specifically,346

(A3) The flow component is disregarded.347

(A4) For n > 0, the porosity φ
n is bounded away from 0 and 1. That is, there exists348

two constants φ m and φ M such that 0 < φ m ≤ φ
n ≤ φ M < 1 a.e. in Ω.349

(A5) For n > 0, the concentration is such that ‖∇un‖L∞(Ω) ≤ Cu for some constant350

Cu > 0.351

(A6) For every time step n > 0, iteration i > 0 and macro-scale location x ∈ Ω, the352

solution of the cell problems (Pµ

�
) is such that353

‖∇ωs(x, ·, tn)‖L∞(Y ) ≤Cw for some constant Cw > 0 and for all s ∈ {1, . . . ,d}.354

We remark that (A3) and (A4) are assumptions related to the physical context of the355

numerical analysis below. Specifically, in (A4) we assume the porosity to be bounded356

away from zero to avoid clogging, which would lead to no solute diffusion. Further, we357

assume the porosity to be bound away from one to ensure that we still have a solid part358

in the porous medium. We refer to [47, 48] for the analysis of models including a van-359

ishing porosity and to [49] for a comparison of different approaches used in the context360

near clogging. Assuming (A5) and (A6), the essential boundedness of the gradients of361
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un and ωs, is justified under certain conditions. For example, since un
i−1 is constant362

in Y , the solutions to the micro-scale elliptic problems are bounded uniformly w.r.t. i363

in H1(Y ), and have a better regularity than H1. Assuming that ∇φ n−1 is essentially364

bounded, one obtains bounds for ∇φ n
i by deriving the problem Pµ,i

φ
in space. Further-365

more, with a fixed δ > 0 and recalling the essential bounds proved in Lemma 1, the366

problem Pµ

�
solved by ωs is linear, elliptic, and the coercivity constant is uniformly367

bounded. In view of the regularity and boundedness of φ n
i , one obtains that ∇ωs is368

essentially bounded as well. Finally, for the macro-scale problem PM,i
u , assuming the369

domain Ω and the initial data are sufficiently smooth, the essential boundedness of the370

gradient of un can be obtained e.g. as in [50, Chapter 3.15]. Nevertheless, the rigorous371

proofs of (A5) and (A6) are beyond the scope of this manuscript.372

For n > 0, let un−1 ∈ L2(Ω) and φ
n
,φ

n−1 ∈ L∞(Ω) be given. In the absence of flow,373

the weak solution of the time discrete counterpart of (PM
p ) is defined as follows374

Definition 4. A weak solution to the time discrete counterpart of (PM
p ) is a function375

un ∈ H1(Ω) satisfying376 〈
φ

n
(un−u?),v

〉
Ω
+∆tD〈�n

∇un,∇v〉
Ω
=
〈

φ
n−1

(un−1−u?),v
〉

Ω

, (10)

for all v ∈ H1(Ω).377

We let i ∈ N denote the two-scale iteration index. The iterated porosity φ
n
i (x) :=378 ∫

Y φ n
i (x,y)dy is given for all x ∈ Ω and the diffusivity tensor �n

i depends on φ n
i as379

explained in (1). In the absence of flow, the weak solution of (PM,i
u ) is defined as380

follows381

Definition 5. A weak solution to (PM,i
u ) is a function un

i ∈ H1(Ω) satisfying382 〈
φ

n
i (u

n
i −u?),v

〉
Ω
+∆tD〈�n

i ∇un
i ,∇v〉

Ω
=
〈

φ
n−1

(un−1−u?),v
〉

Ω

, (11)

for all v ∈ H1(Ω).383

For proving the convergence of the two-scale iterative scheme we start by showing384

that the changes in the phase field are bounding the variations in the diffusion tensor.385

We refer to [21, 49, 51] for numerical studies revealing the relation between diffusivity386

(and permeability) and porosity.387

Proposition 1. For each n > 0 and i > 0, the effective diffusion tensors�n and�n
i are388

symmetric, continuous and positive definite. In other words, the constants am,aM > 0389

exist such that for all ψ ∈ Rd and x ∈Ω390

am‖ψ‖2 ≤ ψ
T
�

n(x)ψ ≤ aM‖ψ‖2, and am‖ψ‖2 ≤ ψ
T
�

n
i (x)ψ ≤ aM‖ψ‖2.

We refer to [52, Proposition 6.12] for the proof of the symmetry and positive defi-391

niteness of the effective diffusion tensor.392

Lemma 2. For each n > 0 and i > 0, there exists a constant CA > 0 such that393

‖�n
i −�n‖Ω ≤CA‖φ n

i −φ
n‖Ω×Y . (12)
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Proof. For each x ∈ Ω we denote ωsi,n and ωsn the s-component of the solution of394

the cell problems (Pµ

�
) that correspond to φ n

i and φ n. By subtracting those two cell395

problems we get formally that396

∇ · ((φ n
i +δ )(∇(ωsi,n−ω

s
n ))) =−∇ · ((φ n

i −φ
n)(es+∇ω

s
n )).

From this one immediately obtains that397

|
〈
(φ n

i +δ )∇(ωsi,n−ω
s
n ),∇ψ

〉
Y |= | 〈(φ

n−φ
n
i )(es+∇ω

s
n ),∇ψ〉Y | (13)

for all ψ ∈H1
# (Y ). Since |Y |= 1 and 0≤ φ n

i , by taking ψ = ωsi,n−ωsn in (13), applying398

Cauchy-Schwartz and due to Assumption (A6) we obtain399

‖∇(ωsi,n−ω
s
n )‖L1(Y ) ≤ ‖∇(ωsi,n−ω

s
n )‖L2(Y ) ≤

1+Cw

δ
‖φ n

i −φ
n‖Y . (14)

On the other hand, for each component rs of�n
i (x)−�n(x) it is easy to show that400

|[�n
i (x)]rs− [�n(x)]rs| ≤

∫
Y
|φ n

i −φ
n|dy+

∫
Y
|(φ n

i +δ )∂rω
s
i,n− (φ n +δ )∂rω

s
n |dy

≤
∫

Y
|φ n

i −φ
n|dy

+
∫

Y
|(φ n

i +δ )
(
∂rω

s
i,n−∂rω

s
n
)
|+ |(φ n

i −φ
n)∂rω

s
n |dy

≤ (1+Cw)‖φ n
i −φ

n‖Y +
∫

Y
|(φ n

i +δ )(∂rω
s
i,n−∂rω

s
n )|dy.

By using (14) and the equivalence of norms in Rd×d one gets401

C f ‖[�n
i (x)]−[�n(x)]‖2,Rd×d ≤‖[�n

i (x)]−[�n(x)]‖1,Rd×d ≤
d(1+Cw)(1+δ )

δ
‖φ n

i −φ
n‖Y ,

where ‖ · ‖p,Rd×d denotes the matrix p-norm induced by the p-norm for vectors with402

either p = 1 or p = 2. The constant C f > 0 is coming from the equivalence between403

the induced norms. By integrating over Ω, we conclude that404

‖�n
i −�n‖Ω ≤

d(1+Cw)(1+δ )

C f δ
‖φ n

i −φ
n‖Ω×Y ,

�405

Now we show the maximum principle for the concentration under mild restrictions406

on the phase-field parameters.407

Lemma 3 (Maximum principle for the concentration). For each n > 0, given un−1 ∈408

H1(Ω) essentially bounded by 0 and u?. If 4γ ≤ λk
u? then un ∈ H1(Ω) solving (10)409

satisfies the same essential bounds.410
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Proof. We test (10) with the cut function [un−u?]+ to obtain411 〈
φ

n
(un−u?), [un−u?]+

〉
Ω
+∆tD〈�n

∇un,∇[un−u?]+〉Ω=
〈

φ
n−1

(un−1−u?), [un−u?]+
〉

Ω

.

Since the diffusion tensor �n is positive definite and by using Assumption (A4), it412

follows that ‖[un−u?]+‖2
Ω
≤ 0, implying [un−u?]+ = 0 a.e in Ω. For proving the lower413

bound of the concentration un we test (10) with the cut function [un]− to obtain414 〈
φ

nun, [un]−
〉

Ω
+∆tD〈�n

∇un,∇[un]−〉Ω=
〈

φ
n−1un−1, [un]−

〉
Ω

+
〈
(φ

n−φ
n−1

)u?, [un]−

〉
Ω

.

Since φ
n−1, un−1 and φ

n are all positive and �n is positive definite, there exists a415

constant C > 0 such that416

C‖[un]−‖2
Ω ≤

〈
(φ

n−φ
n−1

)u?, [un]−

〉
Ω

. (15)

It is sufficient to show that φ
n− φ

n−1 ≥ 0 a.e. in Ω in the case of un ≤ 0. From the417

definition of the non linear term (2) we have that F(·,un) = F(·,0) for all un ≤ 0 and if418

4γ ≤ λk
u? one can show that ∂1F(·,0) = 0 only at z? = 1

2 +
1

24γ

(√
48γ2 +ζ 2−ζ

)
with419

ζ = λk
u? . Clearly z? ∈ (0,1) and knowing this we rewrite F+ and F− as follows420

F−(φ n,0) =
{

0, for φ n ∈ [0,z?],
F(φ n,0)−F(z?,0), φ n ∈ (z?,1],

F+(φ n−1,0) =
{

F(φ n−1,0), for φ n−1 ∈ [0,z?],
F(z?,0), φ n−1 ∈ (z?,1].

Consider the partition of Y = ∪3
i=0Yi, where the subsets Yi are defined as421

Y0 :=
{

y ∈ Y | 0≤ φ
n−1(y)≤ φ

n(y)≤ 1
}
,

Y1 :=
{

y ∈ Y | 0≤ φ
n(y)≤ φ

n−1(y)≤ z?
}
,

Y2 :=
{

y ∈ Y | 0≤ φ
n(y)≤ z? ≤ φ

n−1(y)≤ 1
}
,

Y3 :=
{

y ∈ Y | z? ≤ φ
n(y)≤ φ

n−1(y)≤ 1
}
.

We test (3) with ψ = 1 to obtain422

φ
n−φ

n−1
=

(
3

∑
i=0

∫
Yi

φ
n−φ

n−1dy

)
=

∆t
λ 2

∫
Y

F−(φ n,0)+F+(φ n−1,0)dy.

In Y1 we get that F−(φ n,0) + F+(φ n−1,0) = F(φ n−1,0). Analogously, in Y2 and Y3423

one obtains F−(φ n,0)+F+(φ n−1,0) = F(z?,0) and F−(φ n,0)+F+(φ n−1,0) = F(φ n,0)424

respectively. Therefore,425

φ
n−φ

n−1
=
∫

Y0

φ
n−φ

n−1dy+
∆t
λ 2

(
3

∑
i=1

∫
Yi

F−(φ n,0)+F+(φ n−1,0)dy

)

≥ ∆t
λ 2

(∫
Y1

F(φ n−1,0)dy+
∫

Y2

F(z?,0)dy+
∫

Y3

F(φ n,0)dy
)
.

(16)
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Finally, we observe that F(φ n,0) is positive if and only if426

min
φn∈[0,1]

M(φ n)

(
4γ(2φ

n−1)+
λk
u?

)
≥ 0.

For φ n ∈ [0,1], this is achieved if427

min
φn∈[0,1]

(
4γ(2φ

n−1)+
λk
u?

)
≥ 0.

Consequently, F(φ n,0) ≥ 0 in the case of 4γ ≤ λk
u? . Following the same argument428

one has that F(φ n−1,0) ≥ 0 and F(z?,0) ≥ 0. Using this in (16) we conclude that429

φ
n−φ

n−1 ≥ 0 when un ≤ 0. Hence (15) implies that ‖[un]−‖2
Ω
≤ 0 and the lower bound430

for the concentration is proven. �431

Remark. Note that, given the choice of u0 ∈ L∞(Ω) as explained before, Lemma 3432

implies by induction that for each n > 0, the weak solution un in Definition 4 is such433

that 0≤ un ≤ u? a.e. in Ω.434

To prove the convergence of the two-scale iterative scheme we introduce some435

notation: for a fixed n > 0 and the two-scale iteration index i > 0, we define eφ

i :=436

φ n
i −φ n, eu

i := un
i −un and eφ

i := φ
n
i −φ

n. Subtracting (4) from (3) and (11) from (10)437

the following equations are satisfied by the errors eφ

i , eu
i and eφ

i438

〈eφ

i ,ψ〉Y +∆tγ〈∇eφ

i ,∇ψ〉Y +
∆t
λ 2 Lcoup〈(eφ

i − eφ

i−1),ψ〉Y

=
∆t
λ 2 〈F−(φ

n
i ,u

n
i−1)−F−(φ n,un),ψ〉Y

+
∆t
λ 2 〈F+(φ

n−1,un
i−1)−F+(φ n−1,un),ψ〉Y ,

439

〈eφ

i ,ψ〉Y +∆tγ〈∇eφ

i ,∇ψ〉Y +Lcoup〈(eφ

i − eφ

i−1),ψ〉Y

=
∆t
λ 2 〈F−(φ

n
i ,u

n
i−1)−F−(φ n,un),ψ〉Y

+
∆t
λ 2 〈F+(φ

n−1,un
i−1)−F+(φ n−1,un),ψ〉Y ,

(17)

440 〈
φ

n
i eu

i ,v
〉

Ω
+∆tD(〈�n

i ∇un
i ,∇v〉

Ω
−〈�n

∇un,∇v〉
Ω
) =

〈
(u?−un)eφ

i ,v
〉

Ω

, (18)

for all ψ ∈ H1
# (Y ) and v ∈ H1(Ω). Note that (17) is defined for every x ∈Ω.441

Theorem 2 (Convergence of the two-scale iterative scheme). For each n > 0, under442

the Assumptions (A1) - (A6), with M := max(MF1 ,MF2), 4γ ≤ λk
u? and Lcoup > 12M.443

If the time step is small enough (i.e. satisfying (24) below and ∆t ≤ 2λ 2), the two-scale444

iterative scheme in steps (S1) - (S3) is convergent.445
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Proof. For a fixed macro-scale point x ∈Ω and the two-scale iteration index i > 0, we446

consider the error equation (17) and take the test function ψ = eφ

i . By the mean value447

theorem, one gets448

‖eφ

i ‖
2
Y +∆tγ‖∇eφ

i ‖
2
Y +Lcoup

∆t
λ 2 ‖e

φ

i ‖
2
Y ≤Lcoup

∆t
λ 2 〈e

φ

i−1,e
φ

i 〉Y

+
∆t
λ 2 〈2Meu

i−1,e
φ

i 〉Y +
∆t
λ 2 〈Meφ

i ,e
φ

i 〉Y .

449

‖eφ

i ‖
2
Y +∆tγ‖∇eφ

i ‖
2
Y +Lcoup‖eφ

i ‖
2
Y ≤Lcoup〈eφ

i−1,e
φ

i 〉Y

+
∆t
λ 2 〈2Meu

i−1,e
φ

i 〉Y +
∆t
λ 2 〈Meφ

i ,e
φ

i 〉Y .

Using Young’s inequality on the first two terms on the right hand side, with δ1,δ2 > 0450

one obtains451 (
1+

∆t
λ 2

(
Lcoup−M

))
‖eφ

i ‖
2
Y +∆tγ‖∇eφ

i ‖
2
Y

≤Lcoup
∆t
λ 2

δ1

2
‖eφ

i−1‖
2
Y +Lcoup

∆t
λ 2

1
2δ1
‖eφ

i ‖
2
Y +M

∆tδ2

λ 2 |e
u
i−1|2Y +M

∆t
λ 2

1
δ2
‖eφ

i ‖
2
Y .

452 (
1+Lcoup−

∆t
λ 2M

)
‖eφ

i ‖
2
Y +∆tγ‖∇eφ

i ‖
2
Y

≤Lcoup
δ1

2
‖eφ

i−1‖
2
Y +Lcoup

1
2δ1
‖eφ

i ‖
2
Y +M

∆tδ2

λ 2 |e
u
i−1|2Y +M

∆t
λ 2

1
δ2
‖eφ

i ‖
2
Y .

By taking δ1 = 1 and δ2 =
1
2 , we get453 (

1+
∆t
λ 2

(
Lcoup

2
−3M

))
‖eφ

i ‖
2
Y ≤Lcoup

∆t
2λ 2 ‖e

φ

i−1‖
2
Y +M

∆t
2λ 2 |e

u
i−1|2Y .

454 (
1+

Lcoup

2
− 3∆t

λ 2 M

)
‖eφ

i ‖
2
Y ≤

Lcoup

2
‖eφ

i−1‖
2
Y +M

∆t
2λ 2 |e

u
i−1|2Y .

Integrating over the macro-scale domain Ω and since eu
i−1 is constant w.r.t y, we obtain455 (

1+
∆t
λ 2

(
Lcoup

2
−3M

))
‖eφ

i ‖
2
Ω×Y ≤Lcoup

∆t
2λ 2 ‖e

φ

i−1‖
2
Ω×Y +M

∆t
2λ 2 ‖e

u
i−1‖2

Ω. (19)

456 (
1+

Lcoup

2
− 3∆t

λ 2 M

)
‖eφ

i ‖
2
Ω×Y ≤

Lcoup

2
‖eφ

i−1‖
2
Ω×Y +M

∆t
2λ 2 ‖e

u
i−1‖2

Ω. (20)

On the other hand, taking the test function v = eu
i on the macro-scale error equation457

(18) and using the Assumption (A4) and the Proposition 1, we have458

φ m‖eu
i ‖2

Ω +∆tDam‖∇eu
i ‖2

Ω ≤ ∆tD〈(�n
i −�n)∇un,∇eu

i 〉Ω + 〈(u?−un)eφ

i ,e
u
i 〉Ω.
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When using Young’s inequality twice with δ3,δ4 > 0, we obtain459

φ m‖eu
i ‖2

Ω +∆tDam‖∇eu
i ‖2

Ω ≤ ∆tD
(

δ3

2
‖(�n

i −�n)∇un‖2
Ω +

1
2δ3
‖∇eu

i ‖2
Ω

)
+

δ4

2
‖(u?−un)eφ

i ‖
2
Ω +

1
2δ4
‖eu

i ‖2
Ω.

We take δ3 =
1

am
and δ4 =

1
φm

and due to Lemma 2 and Lemma 3 we obtain460

φ m
2
‖eu

i ‖2
Ω +

∆tDam

2
‖∇eu

i ‖2
Ω ≤

∆tD
2am

C2
uC2

A‖e
φ

i ‖
2
Ω×Y +

1
2φ m

u?2‖eφ

i ‖
2
Ω,

Moreover, one can easily show that ‖eφ

i ‖Ω ≤ ‖eφ

i ‖Ω×Y , implying461

‖eu
i ‖2

Ω ≤

(
∆tD

amφ m
C2

uC2
A +

u?2

φ
2
m

)
‖eφ

i ‖
2
Ω×Y . (21)

Observe that the constants in (21) do not depend on the two-scale iteration index, i.e.462

(21) can be written for the index i−1 as well. Using this in (20) we obtain463 (
1+

∆t
λ 2

(
Lcoup

2
−3M

))
‖eφ

i ‖
2
Ω×Y

≤

(
Lcoup

∆t
2λ 2 +M

∆t
2λ 2

(
∆tD

amφ m
C2

uC2
A +

u?2

φ
2
m

))
‖eφ

i−1‖
2
Ω×Y . (22)

464 (
1+

Lcoup

2
− 3∆t

λ 2 M

)
‖eφ

i ‖
2
Ω×Y

≤

(
Lcoup

2
+M

∆t
2λ 2

(
∆tD

amφ m
C2

uC2
A +

u?2

φ
2
m

))
‖eφ

i−1‖
2
Ω×Y . (23)

Clearly, (22) can be rewritten to ‖eφ

i ‖2
Ω×Y ≤C‖eφ

i−1‖2
Ω×Y . By taking the time step ∆t465

sufficiently small, one obtains C < 1, so the error is contractive. Specifically, if ∆t > 0466

satisfies the inequality467 (
MDC2

uC2
A

2λ 2amφ m

)
∆t2 +

M

λ 2

(
u?2

2φ
2
m

+3

)
∆t < 1, (24)

then (22) is a contraction. By the Banach theorem we conclude that ‖eφ

i ‖Ω×Y → 0 as468

i→ ∞. This, together with (21) implies that ‖eu
i ‖Ω → 0 as i→ ∞, which proves the469

convergence of the two-scale iterative scheme.470

�471

Remark. To summarize, we highlight that the convergence of the two-scale iterative472

scheme is guaranteed under (A1)-(A6) and the following conditions473
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• The motion of the diffuse interface and the width of the transition zone are related474

such that 4γ ≤ λk
u? .475

• The coupling parameter Lcoup is such that Lcoup > 12max(MF1 ,MF2).476

• The time step ∆t is such that (24) is fulfilled. Note that (24) can clearly be477

fulfilled for some real ∆t > 0. This restriction does not depend on the spatial478

discretization. Also note that the convergence is achieved for any starting point.479

Nevertheless, finding specific bounds for ∆t from (24) is not obvious because it480

depends on unknown constants. In Section 7 we choose ∆t based on numerical481

experiments inspired by [53], where a coarse spatial discretization is used to482

estimate a suitable time step size.483

6. The adaptive strategy484

We design an adaptive strategy to localize and reduce the error and to optimize the485

computational cost of the simulations.486

Let TH be a triangular partition of the macro-scale domain Ω with elements T of487

diameter HT and H := max
T∈TH

HT . We assign one micro-scale domain Y to the barycentre488

(or integration point) of each macro-scale element T . At each micro-scale domain Y489

we define another triangular partition Th with elements Tµ of diameter hTµ
and h :=490

max
Tµ∈Th

hTµ
. In Figure 2, the structure and the notation of the meshes are shown. We first

x1

x2

y1

y2

Figure 2: Sketch of the macro-scale and micro-scale meshes. For each T ∈ TH there is one corresponding
micro-scale domain Y with a micro-scale mesh Th.

491

present the mesh refinement strategy used in the micro scale and thereafter we turn to492

the macro-scale adaptive strategy used to optimize the computations.493

6.1. The micro-scale mesh adaptivity494

The accuracy in the solution of the phase field is influenced by the mesh size of495

the micro-scale discretization. It is necessary to create a fine mesh such that h� λ496

to capture the diffuse transition zone. Nevertheless, such a fine uniform mesh would497

make the computation of the phase field and the effective parameters very expensive.498
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Here we propose an adaptive micro-scale mesh with fine elements only in the diffuse499

transition zone of the phase field.500

The mesh refinement strategy relies on an estimation of the evolution of the phase501

field. Here we use the fact that φ is essentially bounded by 0 and 1 a.e. in Y and that the502

large changes in the gradient of φ are encountered in the transition zone. Nevertheless,503

other methods or refinement criteria can be used without modifying the whole strategy.504

Here the local mesh adaptivity is divided into three main steps: prediction - pro-505

jection - correction. This strategy is an extension of the predictor-corrector algorithm506

proposed in [36] and by construction, our strategy avoids nonconforming meshes.507

For a fixed time n > 0, consider a micro-scale domain Y and let φ n−1 be given over508

a mesh Tn−1
h . The mesh Tn−1

h is "optimal" in the sense that it is fine only in the diffuse509

transition zone of φ n−1. Take also an auxiliary coarse mesh Tc, which is uniform with510

mesh size hmax� λ .511

Prediction. Given the mesh Tn−1
h compute a first approximation to the solution of512

problem (Pµ,1
φ

). We call this approximation the auxiliary solution φ n∗
1 . Project513

the solution φ n∗
1 on the coarse mesh Tc. The elements marked to be refined are514

Tµ ∈ Tc such that515

θrλ ≤ φ
n∗
1 |Tµ

≤ 1−θrλ

for some constant 0< θr <
1

2λ
. After marking the triangles, we refine the mesh in516

the selected zone. The refinement process is repeated until the smallest element517

is such that hTµ
≤ hmin� λ . The result is a refined mesh Tn∗

h that is fine enough518

at the predicted transition zone of the phase field φ n∗
1 .519

Projection Create a projection mesh Tr that is the union of the previous mesh and the520

predicted mesh. The mesh Tr = T
n−1
h ∪Tn∗

h is fine enough at the transition zone521

of φ n−1 and φ n∗
1 . To properly describe the interface of both φ n−1 and φ n∗

1 we522

project the previous solution φ n−1 over Tr.523

Correction Given the mesh Tr and the projection of φ n−1 compute once more the524

solution of problem (Pµ,1
φ

). The projection of this result over the mesh Tn
h corre-525

sponds to the solution φ n
1 .526

This process is necessary at every time step and every micro-scale domain but we527

perform the mesh refinement only in the first iteration of the coupled scheme. However,528

this procedure could be extended for further iterations. Notice that higher values of the529

parameter θr lead to coarser meshes and less error control. We will illustrate the role530

of θr in Section 7.531

In Figure 3 we sketch the prediction-projection-correction strategy by zooming in532

on the transition zone of a phase field. There the mineral is shrinking from the time533

n−1 to n. In Figure 3 (a) and (d) we mark the center of the transition zone of the534

auxiliary solution φ n∗
1 and the corrected solution φ n

1 , and we see how the mesh follows535

the transition zone of the phase field.536

6.2. The macro-scale adaptivity537

The computations on the micro scale can be optimized by the mesh adaptivity dis-538

cussed before and the cell problems can be computed in parallel. Nevertheless, it539
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(a) (b) (c) (d)
Figure 3: Prediction- projection - correction strategy. (a) The auxiliary solution φ n∗

1 over the mesh Tn−1
h and

the (green) line marks where φ n∗
1 = 0.5 indicating the center location of the predicted transition zone. (b)

The auxiliary mesh Tr and the triangles that belong to the transition zone of φ n−1 (×) and φ n∗
1 (◦). (c) The

solution of problem (Pµ,1
φ

) over Tr and the elements outside of the transition zone (×). (d) The solution φ n
1

over the optimal mesh Tn
h and the (green) line marks where φ n

1 = 0.5 indicating the center location of the
transition zone.

is demanding to compute the micro-scale quantities at every element (or integration540

point) of the macro-scale mesh. Here, the scale separation allows us to solve the model541

adaptively in the sense of the strategy introduced in [35] and further studied in [26].542

There the macro-scale adaptivity uses only the solute concentration to locate where the543

micro-scale features need to be recalculated. Here we implement a modified adaptive544

strategy on the micro scale that depends on the solute concentration and the phase-field545

evolution. With this, we extend the method in [35] to more general settings, including546

heterogeneous macro-scale domains.547

To be more precise, we define the metric dE such that it measures the distance of548

two macro-scale points x1,x2 ∈ Ω in terms of the solute concentration and the phase-549

field evolution, i.e.550

dE(x1,x2; t;Λ) :=
∫ t

0
e−Λ(t−s)

(
du(x1,x2;s)+

∫
Y

dφ (x1,x2,y;s)dy
)

ds.

Here du and dφ are defined as follows551

du(x1,x2;s) := |u(x1,s)−u(x2,s)| and dφ (x1,x2,y;s) := |φ(x1,y,s)−φ(x2,y,s)|,

and Λ ≥ 0 is a history parameter. In the discrete setting we calculate the distance dE552

recursively, i.e.553

dE(x1,x2;n∆t;Λ)≈ e−Λ∆tdE(x1,x2;(n−1)∆t;Λ)

+∆t
(

du(x1,x2;n∆t)+
∫

Y
dφ (x1,x2,y;n∆t)dy

)
.

The spatial integrals are also calculated numerically depending on the spatial dis-554

cretization.555

At each time n ≥ 0 we divide the set of macro-scale points (elements) into a set556

of active points (NA(n)) and a set of inactive points (NI(n)). Specifically, NTotal =557

NA(n)∪NI(n) and NA(n)∩NI(n) = /0 for all n≥ 0.558
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The cell problems will only be solved for points that are active. In this way, the559

effective parameters and the porosity are updated only in such points. For the inactive560

point, the effective parameters and the porosity are updated by using the Copy method561

described in [26] and explained below.562

Let 0≤Cr, Cc < 1 be given and define the refinement and coarsening tolerances as563

follows564

tolr(t) :=Cr · max
x1,x2∈Ω

{dE(x1,x2; t;Λ)} and tolc(t) :=Cc · tolr(t).

For n > 0 and on the first iteration, i.e. before the iterative process, the solutions565

un−1(x) and φ n−1(x,y) for all x∈Ω and y∈Y are given. The adaptive process consists566

of the following steps567

• Initially, for n = 0 all the points are inactive, i.e. NA(0) = /0 and NI(0) = NTotal.568

• Update the set of active points NA(n) and NI(n).569

– Set NA(n) = NA(n−1) and NI(n) = NI(n−1). For each active point xA ∈570

NA(n) repeat the following: if there exists another active node xB ∈ NA(n)571

such that dE(xA,xB;(n−1)∆t;Λ) < tolc, then xA is deactivated, i.e. xA ∈572

NI(n). Otherwise, xA ∈ NA(n).573

– For each inactive point xI ∈ NI(n) repeat the following: if NA(n) = /0 the574

point xI is activated. Otherwise, calculate the distance to all the active575

nodes. If min
xA∈NA(n)

{dE(xI ,xA;(n−1)∆t;Λ)}> tolr then the point xI is acti-576

vated, i.e., xI ∈ NA(n).577

• Associate all the inactive points to the most similar active point. In other words,578

an inactive point xI ∈ NI(n) is associated with xA ∈ NA(n) if579

xA = argmin
x∈NA(n)

{dE(xI ,x;(n−1)∆t;Λ)}.580

After updating the sets of active and inactive points we use the two-scale iterations581

to solve the micro- and macro-scale problems. At each iteration (i > 0) we solve (Pµ,i
φ

),582

(Pµ

�
) (and (Pµ

�
)) and transfer the solutions φ n

i , �n
i (and �n

i ) from the active points583

to their associated inactive ones. We then solve (PM,i
u ) (and (PM,i

p )) and continue the584

iterations until convergence.585

The two tolerances tolr and tolc are controlled through the values of Cr and Cc. For586

a fixed value of Cr the role of Cc is to control the upper bound for the distance between587

active points. In other words, higher values of Cc imply that more active points in588

NA(n−1) remain active in NA(n). On the other hand, for a fixed value of Cc the role589

of Cr is to control the upper bound for the distance between active and inactive points.590

Namely, higher values of Cr imply that less inactive points in NI(n) become active. In591

accordance with [35] and to avoid a complete update of the set of active nodes, it is592

wise to use smaller values for tolc than for tolr. Therefore, in Section 7.1 we analyze593

the role of Cr in the macro-scale error control when Cc is fixed and is chosen to be594

small.595
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6.3. The adaptive algorithm596

We combine the two-scale iterative scheme and the adaptive strategies in a simple597

algorithm, see Algorithm 1. Even though we showed the convergence of the two-scale598

iterative scheme in a simplified setting disregarding the flow, we mention the solution599

of the effective permeability�n
i and the flow problem PM,i

p in Algorithm 1. The reason600

for this is that in the numerical tests, specifically in Section 7.2, we evidence that the601

iterative scheme also converges in the complete scenario.602

Algorithm 1 The two-scale iterative scheme using adaptive strategies on both scales

Result: Concentration u, porosity φ (and pressure p).
Given the initial conditions uI and φI
for time tn do

Adjust the set NA(n) of the active macro-scale points
Take i = 1 and un

0 = un−1

while ε
n,i
M ≥ tolM do

for x ∈ NA(n) do
if i==1 then

Adaptivity on the micro-scale meshes
end
Solve (Pµ,i

φ
) using the L-scheme until ε

n,i, j
µ ≤ tolµ

Compute the effective matrix �n
i (and �n

i )
end
For x ∈ NI(n) copy the solution from the nearest x ∈ NA(n)
Solve (PM,i

u ) (and (PM,i
p ))

Next iteration i = i+1
end
Next time n = n+1

end

7. The numerical results603

In this section, we present two numerical tests for the two-scale iterative scheme.604

We restrict our implementations to the 2D case and all parameters specified in the605

following examples are non-dimensional according to the non-dimensionalization in606

[27].607

For the first test, in Section 7.1 we use a simple setting where the performance608

of the adaptive techniques are investigated. In Section 7.2 we analyze an anisotropic609

and heterogeneous case where different shapes of the initial phase field are used. The610

numerical solutions of macro- and micro-scale problems (PM
p ), (PM

u ), (Pµ

φ
) and (Pµ

�
) are611

computed using the lowest order Raviart-Thomas elements (see [54]). For the micro-612

scale problems (Pµ

�
) we use the Crouzeix–Raviart elements (see [55, Section 8.6.2]).613

The following (non-dimensional) constants have been used in all the simulations614

D = 1; µ f = 1; u? = 1; ueq = 0.5;
γ = 0.01; λ = 0.08; δ = 1E-4; k = 1.

(25)
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Note that for these choices of u?, k, λ and γ , the restriction 4γ ≤ λk
u? in Lemma 3 is615

fulfilled.616

7.1. Test case 1. Circular shaped phase field617

Consider the macro-scale domain Ω = (0,1)×
(
0, 1

2

)
and take T = 0.25. The618

system is initially in equilibrium, i.e. the initial concentration is u(x,0) = ueq and619

p(x,0) = 0 for all x ∈Ω. We impose a Dirichlet boundary condition u = 0 in a portion620

of the lower-left corner of the domain Ω, i.e., from (0,0) to (0,H) and (H,0). Further,621

we take homogeneous Neumann boundary conditions everywhere else for both the622

solute concentration and pressure problems. This choice of the boundary conditions623

initiates a dissolution process. At every micro-scale domain Y the initial phase field φI624

has a circular shape with initial porosity φ 0 = 0.5. This configuration is displayed in625

Figure 4. We allow the mineral to dissolve until a maximum porosity φ M = 0.9686 is626

reached.627

For the time discretization, even though Theorem 2 gives a theoretical restriction on628

∆t, the estimation of an accurate bound is not evident. Here we choose ∆t experimen-629

tally by choosing an initial value of ∆t which is sufficiently small to ensure convergence630

of the micro-scale non-linear solver (see Theorem 1). If the multi-scale iterations con-631

verge in the first time step, this value of ∆t is used in the whole simulation. Otherwise,632

smaller values of ∆t are tested. Here the time step is chosen to be ∆t = 0.01, and was633

found to always ensure convergence in these tests.634

1

0.5

0

x 2

x1

Figure 4: The configuration of the macro scale (left) and phase-field initial condition (right) - Test case 1.

7.1.1. The micro-scale non-linear solver and adaptivity635

To study the features of the micro-scale non-linear solver and the micro-scale re-636

finement strategy, we look closer at the micro-scale domain Y corresponding to the637

macro-scale location x = (0,0) with an initial phase field as shown in Figure 4 and a638

constant concentration u = 0.639

Concerning the behavior of the micro-scale non-linear solver, we take dynamically640

the value of the linearization parameter Llin = max(|2λ f (u)+8γ|, |2λ f (u)−8γ|),641

which changes at every two-scale iteration if the solute concentration u changes. This642

choice of Llin gives convergence of the micro-scale iterations, as shown in [37]. We643

use this choice of Llin in all the simulations below as well as the micro-scale stopping644

criterion tolµ = 1E−8. We choose tolµ so small to ensure sufficient accuracy of the645

micro-scale problems and to not influence the convergence. For all the micro-scale646
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meshes used in Table 1 the average number of micro-scale iterations is 13 in the pre-647

diction stage and 6 in the correction stage. Here we do not iterate between scales and648

we choose Lcoup = 0 having no effect on the convergence of the non-linear solver.649

In Figure 5 we show the phase field at time tn = 0.10. On each micro-scale domain650

Y we use an initial uniform mesh with 200 elements and apply three different values651

for the mesh refinement parameter, namely θr = 1, 2, and 5.

Figure 5: The phase field φ n(x) corresponding to the macro-scale location x = (0,0) at the time tn = 0.10.
Refinement parameters θr = 1, 2, and 5 (left to right).

652

It is clear that the micro-scale refinement parameter slightly changes the represen-653

tation of the phase-field transition zone. This result is also evident in Table 1. There654

we show a comparison between the micro-scale solutions when using different values655

of θr and the reference solution φref. We use a fixed uniform mesh with 7200 elements656

and mesh size hre f = 2.36E-2� λ to compute the reference solution φref. In Table 1657

we report the average number of elements for each micro-scale mesh (#Elements) and658

there the accuracy of the numerical solution is provided through the L2-error, namely659

Eφ := ‖φref−Ph(φ)‖L2([0,T];L2(Y )) with Ph(φ) being the projection of the solution φ over660

the reference mesh.661

All the meshes in Figure 5 and Table 1 are constructed such that the minimum662

diameter in the mesh is hTµ
≤ hmin =

λ

3 . In Figure 5, the length of the smallest edge in663

the meshes is min
Tµ∈Th

hTµ
= 2.50E-2 and the length of the largest edge (located far from664

the transition zone) is hmax = 1.41E-1. We remark that the uniform reference mesh size665

hre f is only slightly smaller than hmin. In Figure 5 and Table 1 we have used the same666

hmin for all θr, while hre f ≈ hmin to ensure a fair comparison between and to adress the667

effect of θr.

θr #Elements %#Elements Eφ %Eφ

0.5 1200 16.72% 9.69E-3 2.27%
1 1040 14.51% 1.01E-2 2.37%
2 864 12.00% 1.19E-2 2.79%
5 560 7.77% 1.99E-2 4.68%

Table 1: The micro-scale adaptive results for a varying refining parameter θr . The column %#Elements
corresponds to the percentage of the original number of elements used in each mesh and %Eφ is the relative
error compared to the reference solution.

668
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Smaller values of θr lead to better error control, but those values also imply more669

degrees of freedom and therefore increase the computational effort. In the following670

numerical experiments, we choose θr = 2 to control the error on the micro scale and,671

at the same time, limit the number of elements at each micro-scale domain.672

7.1.2. The two-scale coupling and the macro-scale adaptivity673

We study the convergence of the two-scale iterative scheme for different values of674

the parameter Lcoup. In Theorem 2 the value of Lcoup is restricted to be Lcoup > 12M.675

Using the parameters in (25) we obtain that M ≥ 1.12. In Figure 6 we compare the676

convergence of the two-scale iterative scheme when using different values of Lcoup.677

Specifically, in Figure 6 we show the number of iterations used at the first time step678

for eleven different values of Lcoup. It is evident that the conditions in Theorem 2679

are rather restrictive and in practice, one can achieve convergence using smaller val-680

ues of Lcoup ≥ 0. For very small values of Lcoup, the iterations needed in the two-681

scale iterative scheme remain constant, which we highlight in Figure 6. Here we682

choose tolM = 1E-6 for the stopping criterion and we do not use the macro-scale adap-683

tive strategy, i.e., we solve all the micro-scale problems. After this study, we choose684

Lcoup = 1E−4 in all the simulations below.685

Figure 6: The number of two-scale iterations (log) at time t = 0.01 for different values of Lcoup. Zoom in of
the plot for small values of Lcoup.

In Figure 7 and Table 2 the results of the macro-scale adaptivity are shown. We686

choose the history parameter Λ = 0.1 and the coarsening parameter Cc = 0.2 based on687

the sensitivity analysis presented in [35] and used in [26]. Figure 7 illustrates the effect688

of the refinement parameter Cr on the proportion of active nodes. There, the different689

intensities and sizes represent the percentage of the total number of times that each690

element was active during the whole simulation.691

In Table 2 we analyze the effect of the macro-scale adaptive strategy on the L2-error692

of the concentration and porosity. We call uref and φ ref the solutions that corresponds693

to Cr = 0, i.e., the solutions of the test case without using the macro-scale adaptive694

strategy. The number of active nodes in the reference case is 1600. Table 2 compares695

the following L2-errors with the number of macro-scale active elements during the696

whole simulation697

Eu := ‖uref−u‖L2([0,T];L2(Ω)) and E
φ

:= ‖φ ref−φ‖L2([0,T];L2(Ω)).
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Figure 7: The results of the macro-scale adaptive strategy for different values of the refinement parameter
Cr = 0.5, 0.2, 0.05, and 0.01. Different intensities and sizes indicate the percentage of times that each macro-
scale element was active.

As expected and coinciding with [35], larger values of Cr imply less error control.698

Nevertheless, when Cr increases the computational cost of the simulations decreases699

and the convergence of the two-scale iterative scheme is not affected.

Cr #Active %#Active Eu %Eu E
φ

%E
φ

0.50 82 5.13% 8.26E-3 5.23% 2.00E-2 10.16%
0.20 134 8.38% 7.11E-3 4.50% 1.26E-2 6.41%
0.05 257 16.06% 2.05E-3 1.30% 4.92E-3 2.51%
0.01 512 32.00% 7.14E-4 0.45% 1.81E-3 0.92%

Table 2: The adaptive results for Λ = 0.1, Cc = 0.2 and a varying refining parameter Cr . The columns
%#Active, %Eu and %E

φ
correspond to the average percentage of the original number of active elements

used in each case and the relative errors with respect to the reference solution.

700

Finally, we show the results of the complete algorithm when using Lcoup = 1E-4701

and Cr = 0.05. Figure 8 shows the evolution of the phase field corresponding to three702

different macro-scale locations. There we also show the corresponding micro-scale703

mesh that captures the movement of the phase-field transition zone.704

The macro-scale solute concentration and porosity are displayed in Figure 9. The705

effective parameters are shown in Figure 10. The boundary conditions trigger the de-706

crease of the solute concentration and its effect is the dissolution of the mineral. This707

translates into higher porosity and effective diffusivity. Moreover in Figure 10 we show708

that the effective permeability can be calculated although we do not consider flow in709

this test case.710

Due to the symmetry of the phase field at the micro scale, the expected results are711

isotropic effective tensors. The non-diagonal components of � and � are close to712

zero and can be neglected. Moreover, due to the similarity between �1,1 and �2,2 and713

between�1,1 and�2,2 we only show one of the components of the effective parameters714

in Figure 10.715
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Figure 8: The evolution of the phase fields corresponding the macro-scale locations x = (0.1,0.1), x =
(0.5,0.25), x = (0.9,0.4) (left to right) at two times tn = 0.05 (top) and tn = 0.25 (bottom).

Figure 9: The numerical solution of the concentration un (left) and porosity φ (right) at two times tn = 0.05
(top) and 0.25 (bottom).
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Figure 10: The first components of the effective difussivity tensor (left) and the effective permeability tensor
(Log10) (right) at two times tn = 0.05 (top) and 0.25 (bottom).

In this test case the average number of degrees of freedom in both scales is 52216716

per time step. At the macro scale we have 64 elements and for each active element we717

solve the phase-field problem and update the porosity and the effective parameters at718

each iteration. All the micro-scale problems have been solved in parallel.719

Finally, in Figure 11 we show the convergence of ε
n,i
M at different times. The linear720

convergence of the two-scale iterative scheme is evident in Figure 11. We highlight721

that the total number of iterations in the two-scale iterative scheme does not increase722

in time. By comparing Figure 11 and Figure 6 we evidence that the convergence of the723

two-scale iterative scheme is not being affected by the macro-scale adaptivity.

Figure 11: The convergence of the two-scale iterative scheme for five different times.

724

7.2. Test case 2. Anisotropic case725

Consider the macro-scale domain Ω = (0,1)×
(
0, 1

2

)
where the system is initially726

in equilibrium, i.e. the initial concentration is u(x,0) = ueq and p(x,0) = 0 for all727

x ∈ Ω. We take u = 0 and p = 0 on the right boundary of Ω; p = 0.25 on the left728
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boundary of Ω and homogeneous Neumann boundary conditions everywhere else for729

both the solute concentration and pressure problems. On the micro scale, we consider730

an initially inhomogeneous distribution of the mineral. We define two sub-domains of731

Ω; the left half is Ωl := (0,0.5)× (0,0.5) and the right half Ωr := (0.5,1)× (0,0.5).732

The initial phase field is chosen to be733

φI(x,y) =

{
φ 0

l (y), if x ∈Ωl ,

φ 0
r (y), otherwise,

where the micro-scale functions φ 0
l and φ 0

r are taken as follows734

φ
0
l (y) =

{
0, if y ∈ [−0.4,0.4]× [−0.3,0.3],
1, otherwise,

φ
0
r (y) =

{
0, if y ∈ [−0.3,0.3]× [−0.4,0.4],
1, otherwise.

The configuration of the test case 2 is displayed in Figure 12. With this example we735

show the potential of the model and the numerical strategy in a heterogeneous scenario.736

Here we add the flow that was dismissed during the proofs in Section 5. The following737

parameters have been used in the simulation738

Lcoup = 1E-4; θr = 2; Cr = 0; φ M = 0.9686.

For the simulation time we take T = 0.25 and the time step is chosen to be ∆t = 0.01739

as explained before.740

Due to the structure of this example and the chosen boundary and initial conditions,741

the macro-scale solution does not depend on the vertical component. Therefore the742

1D projection of the macro-scale solutions in the horizontal direction is sufficient to743

understand the behavior of the whole system. The macro-scale adaptive strategy is744

unnecessary as the natural choice is to fix the nodes located at the lowest part of the745

macro-scale domain to be active.746

In Figures 13 and 14 we show the evolution of the phase field corresponding747

to different macro-scale locations. On each micro-scale domain Y we use an ini-748

tial uniform mesh with 800 elements and the minimum diameter hTµ
in the refined749

mesh is hTµ
= 0.025. Moreover, for the micro-scale non-linear solver we choose750

Llin = max(|2λ f (u)+8γ|, |2λ f (u)−8γ|) and tolµ = 1E−8.751

The 1D projection of the macro-scale solute concentration, pressure and porosity is752

displayed in Figure 15. As expected, where the concentration decreases, the dissolution753

of the mineral is induced, which then increases the porosity. This effect is also evident754

in Figure 16, where the 1D projection of the effective parameters is displayed.755

In this test case, the phase fields φ 0
l and φ 0

r are both asymmetric and for this reason,756

the expected results are anisotropic effective tensors. The non-diagonal components of757

� and � are however close to zero and can be neglected. In Figure 16 we display the758

diagonal components of both effective tensors. Notice the discontinuous behavior of759

the effective parameters as a result of the macro-scale heterogeneous distribution.760
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Figure 12: The configuration of the macro scale (top) and the phase-field initial conditions (bottom) - Test
case 2.

Figure 13: The evolution of the phase fields φl corresponding to the macro-scale locations x = (0.1,0.1)
(top) and x = (0.4,0.25) (bottom) at three times tn = 0.05, 0.10 and 0.25 (left to right).
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Figure 14: The evolution of the phase fields φr corresponding to the macro-scale locations x = (0.6,0.25)
(top) and x = (0.9,0.4) (bottom) at three times tn = 0.05, 0.10 and 0.25 (left to right).

Figure 15: The 1D projection of the concentration un(x), pressure p(x) and porosity φ(x) for five different
times.
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Figure 16: The 1D projection of the diagonal components of effective diffusion tensor (top) and the effective
permeability tensor (Log10) (bottom) for five different times.

In the 2D macro-scale domain we have 256 elements. The porosity and the effective761

parameters must be updated only on the 32 elements located at the lowest part of the762

domain (1D projection) and copied (transferred in a sense explained in Section 6) over763

the whole 2D macro-scale domain. Following this, we obtain that the average number764

of degrees of freedom in both scales is 213031 per time step.

Figure 17: The convergence of the two-scale iterative scheme for five different times.

765

Finally, in Figure 17, we show the convergence of ε
n,i
M at different times when the766

stopping criterion is tolM = 1E-6. Notice that in this test case the total number of767

iterations remains constant in time and the convergence is shown to be linear.768
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8. Conclusions769

We have presented a two-scale iterative strategy that can be applied to models in-770

volving coupling of scales. In particular, we used this two-scale iterative scheme to771

solve the two-scale phase-field model proposed in [27]. In the numerical examples we772

show how the changes within the micro-scale geometry are influencing the macro-scale773

parameters and the macro-scale solution.774

We calculate macro-scale quantities that are valid at the Darcy scale. Besides the775

macro-scale concentration and pressure, we calculate effective permeability, diffusiv-776

ity, and porosity, which depend on the evolution of the phase field at the micro scale.777

We have proven the convergence of the two-scale iterative scheme and combined it778

with a robust micro-scale linearization strategy and adaptive strategies on both scales.779

We use mesh refinement to reduce the numerical error in the solution of the phase-field780

evolution on the micro scale. For the macro scale, our adaptive strategy aims to lo-781

calize where the effective parameters need to be recalculated. The two-scale iterative782

scheme is shown to be convergent under a certain choice on the coupling parameter783

Lcoup and for sufficiently small time steps. However, the numerical examples show784

that the scheme converges under even milder restrictions on the coupling parameter785

Lcoup and the linearization parameter Llin.786

Moreover, our numerical scheme can be parallelized. The local cell problems re-787

lated to the micro scale are decoupled and can straightforwardly be solved in parallel.788

It is relevant to mention that besides the theory considered in this paper, the appli-789

cability of this strategy is vast. Extensions of our adaptive algorithm, including more790

complex micro-scale models, are possible. Also, in a further step the convergence791

proof of the two-scale numerical scheme including the flow will be considered. More-792

over, we pursue the rigorous proofs of the essential boundedness of the gradients of the793

macro-scale solution and the solution of the cell problems.794
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