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Abstract: In this paper, we prove some inequalities between intrinsic and extrinsic curvature in-
variants, namely involving the Chen first invariant and the mean curvature of totally real and
holomorphic spacelike submanifolds in statistical manifolds of type para-Kahler space forms. Fur-
thermore, we investigate the equality cases of these inequalities. As illustrations of the applications
of the above inequalities, we consider a few examples.
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1. Introduction

A fundamental challenge in submanifold theory is to obtain simple relationships be-
tween the main intrinsic and extrinsic invariants of submanifolds [1]. There is an increased
interest to provide answers of this open problem establishing some types of geometric
inequalities (see, e.g., [2-6]).

The study of Chen invariants started in 1993, when Chen investigated basic inequalities
for submanifolds in real space forms, now called the Chen inequalities [7]. An insightful and
comprehensive study on Chen inequalities can be discovered in [2]. Recently, illustrations
of some selected research works on Chen invariants are revealed in [8-10]. Actual solutions
of the above problem are focused on inequalities for submanifolds in a statistical manifold,
concept introduced by Amari [11] in 1985 in the context of information geometry. The
statistical manifolds also have applications in physics, machine learning, statistics, etc.
Recently, Chen et al. established a Chen first inequality for statistical submanifolds in
Hessian manifolds of constant Hessian curvature [12]. Moreover, Aytimur et al. studied
Chen inequalities for statistical submanifolds of Kahler-like statistical manifolds [13].

The para-complex numbers (hyperbolic numbers) are introduced by Graves in 1845 [14]
in the form z = x + yj, where x and y are real numbers, j> = 1 and j # 1. Later, the para-
Kiihler geometry is concerned with the study of para-Kéahler structures. The notion of
para-Kihler manifold, first called stratified space by Rashevskij [15], is clearly defined in 1949
by Ruse [16] and Rozenfeld [17]. This geometry has applications in areas of mathematics,
mechanics, physics [18], and general theory of relativity [19]. Mihai et al. investigated
skew-symmetric vector fields on CR-submanifolds of para-Kédhler manifolds [20]. Recently,
the concept of Codazzi—para-Kéahler structure was introduced by Fei and Zhang in [21] in
order to represent the interaction of Codazzi couplings with para-Kéhler geometry. Very
recently, Vilcu studied statistical manifolds endowed with almost product structures and
para-Kéhler-like statistical submersions [22]. Moreover, Chen et al. established Casorati in-
equalities for totally real spacelike submanifolds in statistical manifolds of type para-Kahler
space forms [23].
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The topic of totally real and Lagrangian submanifolds of Kahler manifolds has been
studied extensively (see, e.g., [24-27]). However, just a few results are devoted to the context
of para-Kéhler manifolds. Chen established optimal Chen inequalities for Lagrangian
submanifolds of the flat para-Kahler manifold (E?", g, P) [28]. Furthermore, the Lagrangian
H-umbilical submanifolds of para-Kahler manifolds are explored in [29,30].

In this paper, we prove some inequalities between intrinsic and extrinsic curvature
invariants, namely involving the Chen first invariant and the mean curvature of totally real
and holomorphic spacelike submanifolds in statistical manifolds of type para-Kahler space
forms. In this respect, we use a calculus of optimization theory. In addition, the case of
equalities is demonstrated and some examples are revealed.

2. Preliminaries

A statistical manifold is a semi-Riemannian manifold (M, §), endowed with a pair of
torsion-free affine connections (V, V*) which satisfy the formula:

forany X, Y, Z € T(TM), where T'(TM) is the set of smooth tangent vector fields on M.
Denote by (M, §, V) a statistical manifold [31]. The connections V and V* are called
conjugate (dual) connections. An obvious property of these dual connections is V = (V*)*.
The pair (V, ) is named statistical structure.

It follows that (M, §, V*) is also a statistical manifold. Denote by V° the Levi-Civita
connection of M defined by VO = V+TV* [32].

Suppose M is an m-dimensional submanifold of a 2n-dimensional statistical manifold
(M, g, V) with g the induced metric on M, and V the induced connection on M. Then
(M, g, V) is likewise a statistical manifold.

The formulas of Gauss [31] are represented by the expressions:

VxY =VxY + h(X,Y),
7’5(1/ = VY +h(X,Y),

for any X, Y € I'(TM), where the bilinear and symmetric (0, 2)-tensors / and h* are called
the imbedding curvature tensor of M in M with respect to V and V*, respectively.
Denote by R and R the (0,4)-curvature tensors for the connections V and V, respectively.
Then, for the vector fields X, Y, Z, and W tangent to M, the equation of Gauss on the
connection V is given by [32]:

ZR(X,Y)ZW) = gR(X,Y)Z,W)+ghX,Z), (Y, W)) ©)
g (X, W),h(Y, 2)).
Similarly, let R* and R* be the (0, 4)-curvature tensors for the connections V* and V*,

respectively.
Hence, the equation of Gauss on the connection V* becomes [32]:

FR(XVZW) = g(RY(X,Y)Z,W)+g(h" (X, 2),h(Y, W) @
— §(h(X,W),h*(Y,2)),
for any vector fields X, Y, Z, and W tangent to M.

Denote by S the statistical curvature tensor field on the statistical manifold (M, g, V)
defined by [31]:

S(X,Y)Z = %{R(X, Y)Z +R*(X,Y)Z}, 3)

forany X,Y,Z € I'(TM). Clearly, S is skew-symmetric. Thus S is a Riemann-curvature-
like-tensor [33].
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For a non-degenerate two-dimensional subspace 7t of the tangent space TyM, at a
point x € M, the sectional curvature of (M, V, g) [31] is given by:

g(S(X, Y)Y, X)

K(m) =K(XAY) = (X, X)g(Y,Y) _gZ(X, Y)’

)

where {X, Y} is a basis of 7.
Denote by Kj the sectional curvature of the Levi-Civita connection V? on M.
The scalar curvature T of (M, V, g) ata point x € M is defined by the expression:

Tx)= ), Klene)= Y, g(S(eeee) @)

1<i<j<m 1<i<j<m

where {ey, ..., ey} is an orthonormal frame at x.

Denote by 1y the scalar curvature of the Levi-Civita connection V on M.
Let {e1,...,en} and {ey11,..., €2, } be orthonormal bases of the tangent space TxM and
T{ M, respectively, at a point x € M. Then, the mean curvature vector fields of M for V and
V* are defined by, respectively:

h}.

1

|~

[\13
§\H
s

H = hlll H*

i=1 i=1

For the Levi-Civita connection VY, we denote by h’ = % the second fundamental
form, and by
H+H*
2

H° = (6)

the mean curvature vector field of M.
Next, the squared mean curvatures of M for V and V* are given by:

2
e = 3 (Zh ) AN, (Zh ) :
a m+1 a=m+1

where hj; = g(h(e; ej), ex) and hit = g(h*(ei ej),ex), fori,j € {1,...,m}, & € {m+
1,...,2n}.

A tensor field P # +1 of type (1,1), satisfying P> = I, where I is the identity tensor
field on M, is named an almost product structure on M.

An almost para-Hermitian manifold denoted by (M, P, §) [2] is a manifold M equipped

with an almost product structure P and a semi-Riemannian metric § performing:

for all vector fields X, Y on M. Notice that the dimension of (M, P, §) is even.

If (M, P, ) satisfies the formula VP = 0, then it is called a para-Kihler manifold [2]
where V is the Levi-Civita connection of M.

An almost para-Hermitian-like manifold (M, P, ) [22] is a semi-Riemannian manifold
(M, g) equipped with an almost product structure P satisfying:

§(PX,Y) +&(X,PTY) =0, ®)

for all vector fields X, Y on M, where P* is (1,1)-tensor field on M.

A para-Kihler-like statistical manifold [22] is defined as an almost para-Hermitian-like
manifold (M, P, ) endowed with a statistical structure (V, §) such that VP = 0. It fol-
lows that the para-Kéhler-like statistical manifolds are the generalization case of the para-
Kéhler manifolds.
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A statistical manifold of type para-Kihler space form [22] is defined as a para-Kéhler-like

statistical manifold (M, Vv, P, g) where the curvature tensor R of the connection V satisfies:
R(X,Y)Z = fz{g(y,z)x —3(X,2)Y + §(PY, Z)PX )
—3(PX,Z)PY + g(X,PY)PZ — 3(PX,Y)PZ},

for any vector fields X, Y, and Z and a real constant c.

A submanifold M in an almost para-Hermitian (like) manifold (M, P, §) is called totally
real if P maps each tangent space T M into its corresponding normal space T M.

A submanifold M in an almost para-Hermitian (like) manifold (M, P, g) is called
holomorphic (or invariant) submanifold if P(TyM) = TyM, x € M.

We consider the following constrained extremum problem

min f(x), (10)

where M is a submanifold of a (semi)-Riemannian manifold (M, §),and f : M — Risa
function of differentiability class C2.

Theorem 1 ([34]). If M is complete and connected, (gradf)(xg) € T;;)M for a point xg € M,
and the bilinear form F : Ty,M X TyxyM — R defined by:

F(X,Y) =Hess(f)(X,Y)+3(h(X,Y), gradf), (11)

is positive definite in x, then x is the optimal solution of the problem (10), where h is the second
fundamental form of M.

Remark 1 ([34]). If the bilinear form F defined by (11) is positive semi-definite on the submanifold
M, then the critical points of f|M are global optimal solutions of the problem (10).

3. Main Inequalities

Theorem 2. (i)  The Chen first invariant of a holomorphic spacelike submanifold M of dimension
m in a statistical manifold of type para-Kihler space form (M,V,P,§) of dimension 2n
satisfies the inequality:

T—K(m) > 2(19 — Ko(7)) + % Yo {&% (e Pe;) + gZ(Pei,ej) +2g(e;, Pe;)g (e, Pe;)

1<i<j<m
—4g(e;, Pej)g(Pe;, ;) } — é{gz(ehpez) + §%(Pey, e2) + 2g(e1, Pey)g(e2, Per) (12)
(m—=2)(m+1)c  m*(m—2) 2 2
—4g(eq, Pez)g(ez, Pey) } + 3 ~ A =1) (IHN"+ [[H 7).

(ii)  The Chen first invariant of a totally real spacelike submanifold M of dimension m in a
statistical manifold of type para-Kihler space form (M,V,P,§) of dimension 2n satisfies
the inequality:

(m=2)(m+1)c  m*(m—2)

T — K(7) > 2(19 — Ko(71)) + 8 4(m—1)

(IH[Z+ 15 %) (13)
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Moreover, the equality cases of (12) and (13) hold identically at all points x € M if and only if
we have:

L4 14 14
4=y =h =0,
L4 k0 kN
3 = hzj =¥ =0,

h’ﬁ +hyy =hzz = ... = hy,,,
1+Hhy =h3g =...=hyy,,

foranya € {m+1,...,2n}andanyi,j € {3,...,m}, i <j.

Proof. For x € M, consider {ey,...,en} and {e;11,...,€2,} orthonormal bases of Ty M
and T M, respectively. Let {ej, e} be an orthonormal basis in a plane section 7 at x,
where the sectional curvature of Ty M is minimum. The Chen first invariant is defined by
the expression:

on(x) = T(x) — K(7).

The sectional curvature K(77) of the plane section 7t is given by:

K(r) = %[8(R(€1, e2)ez, e1) + g(R*(e1, e2)ea, e1)]. (14)

From the Formulas (1) and (9), we achieve:

c
¢(R(eq1,e2)e,€1) = 1{1 + gz(el,Pez) + g(ep, Pep)g(eq, Peq) (15)
—2¢(Pey,e2)g(er, Pex)} + 2 (hi{h5, — hi5hi,).
a=m+1
From the Formulas (2) and (9), we have:
g(R*(e1,ep)ez,e1) = —g(R(e1,e2)er, e2) = —f{ 1-— Pel,ez) <(ea, Pep)g(eq, Peq) (16)

2n
+2g(Pey,e)g(er, Pe)} + Y (Hiyh35 — hishty).
a=m-+1

Replacing (15) and (16) in (14), we find:

2 2
K(T[) — £{1+g (61/P32> +g (P€1,€2)

> > + g(ez, Pey)g(eq, Pey) (17)
1 2n
—2g(Pey,e2)g(e1, Pea)} + 5 Y. (hfih3s 4 hiths, — 2hh5).
a=m+1

From 2h° = h + h*, it follows that (17) becomes:

2 2
K(T[) — E{l—i—g (eerEZ) +g (P€1,€2)

2 > + g(e2, Pep)g(eq, Peq)
2n
—2g(Pey,e)g(eq, Pey) } 42 Z [h(l)ﬂ‘h% _ (h%‘)z] (18)
a=m+1
1Y (i — 7]+ D — 8

a m—+1
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On the other hand, the scalar curvature of M, related to the sectional curvature K is
given by:

T=5 Y. [g(R(eiejleje) +g(R*(ei e)ej ei)]. (19)

1<i<j<m

From the Formulas (2) and (9), we obtain:

m(m—1)c ¢

Z g(R(ej ej)ej ;) = ?—1—1 Z [gz(ei,Pej)+g(ei,Pei)g(ej,Pej)
1<i<j<m 1<i<j<m
—2 g(Pe; ej)g(e;, Pej)] (20)
+ Y. [g(h* (e ei), h(ejef)) — g(h(ei ef), h* (ei e5))].
1<i<j<m

Similarly, we have:

* m(m—1)c
>, 8(R'(eieejer) = — ) g(R(eiej)eie)) = %
1<i<j<m 1<i<j<m
c
+ 7 ) (8l Pei)g(e; Pey) + g (ej, Pe;)
1<i<j<m
—2 g(ei, Pej)g(ej, Pe;)] (1)
- Z [g(h(eilei)/ h* (ej/ e])) _g(h(ei,ej),]/l* (61',6]'))].
1<i<j<m
Replacing (20) and (21) in (19), we find:
mm—1)c ¢ e, )
= % + 1 ). { : + g(ei, Pe;)g(ej, Pe;)

1<i<j<m
2

g~ (ej, Pe;)
—2g(Pe; ej)g(ei, Pej) + %}
1 < hah*zx B _ oph e
+2 Z Z ii j]+]] i ij ij)

uc*m+1l<i<j<m
e,,Pe])

m(m—1)c ¢
= % +1 X (2750 1 g(er, Pen)gley, Pey) (22)
1<i<j<m
2(e;, Pe;
—Zg(Pel-,e)g(ei, Pe]-) + w}
+7 2 Z + hi?) h”‘- +h;‘]-"‘) hﬁh}"] hl’-‘i"‘h;-}’"

ac m+1 1<z<]<m

— (B + B2 + () + (B2
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From 2h° = h + h*, the latter equation becomes:

m(im—1)c ¢ el,Pe )
= %_._1 Z { +g(3i/P€i>g(3er€j)
1<i<j<m
2(e;, Pe;)
~2g(Pe;,¢))gler, Pej) + £
2n
20}, Y [ O] (23)

a=m+11<i<j<m

—5 Z Y (g — ()] + (B wj — ()2}

lX m+11<i<j<m

Subtracting (18) from (22), the invariant J;; can be written:

by =T — K(7) = (m+ 1)ém —2)c n 2 Y { ez,Pe]) + g(e;, Pe;)g(e), Pey)
1<z<]<m
“2g(Peye)glen e + STy Lo § Y e

a=m+11<i<j<m

-5 Z Yo {lhghg — ()] + [P hg — ()]} (24)
uc m+11<i<j<m
_7{8 %(ey, Pey) +g2(P€1,€2)

2 5 T8lea Per)g(en, Pey)

2n
—2g(Pey,e2)g(e1, Pea)} =2 ) [M9§h35 — (h33)?]

a=m-+1
+* Z {[hy (h$2)?] + (ks — (h75)7).
tX m+1
Denote by A the expression:
m+1)(m—2)c ¢ (e;, Pe
A= % + 1 Z { d —i—g(ei, Pe;)g(ej, Pej)
1<i<j<m
g2(€]‘, Pei)

—28(Pei ej)g(ei, Pej) + =————}

+ g(e2, Pep)g(eq, Per) — 2g(Pey, ep)g(e1, Pen) }
+2(1 — Ko(71)).

2 2
_c g (e1,Per) | g°(Pey,e2)
4{ 2 + 2

Moreover, d); becomes:

«4—* Z{ Y, ks — ()] — hyh + ()}

a m+1 1<i<j<m

LY T b - 00— i+ (s, 25)

a m+1 1<i<j<m

It follows that:
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A—* E {1 [mmg— () + 3 [hahfy — (W)°]+ ) [ohdy — ()]}

:x m+1 3<i<j<m 3<j<m 3<j<m
-5 Z { Y fmf =)+ Y gk — (0 + ) [hashit — (k3 )]}
a m+1 3<i<j<m 3<j<m 3<j<m
>«4" ¥ (X Wb+ ) B+ ) h,hG) (26)
zx m+1 3<i<j<m 3<j<m 3<j<m
= Z { Z h*ah*a Z h*a *a Z h;g *0
a m+1 3<i<j<m 3<j<m 3<j<m W

Let g, be a quadratic form defined by g, : R — R foranya € {m+1,...,2n},

Qu(Miy g, W) = ) B+ ) ( 2)jj

3<i<j<m 3<j<m
We investigate the constrained extremum problem
max gy

with the condition
G:h{y+h5+ ...+ hy,, =K,

where k* is a real constant.
We find the solution of the following system of first order partial derivatives:

9 1
= =0
ah%l ];” o

o 1
= he =
ons, ];’ ji

O _ gy Y =
ahg?’ — ™" 22 = i

m—1

0
j=3

oh%,.,

foranya € {m+1,...,2n}.
The solutions of the above system are:

kl)(
For p € V, consider F a 2-form, F : T,V x T,V — R defined by:
F(X,Y) = Hess(qu) (X, Y) + (W (X, Y), (gradqe) (p)),

where h’ is the second fundamental form of V in R™ and (-,-) is the standard inner product
on R™.
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The Hessian matrix of g, is given by:

0 01 1
0 01 1
Hess(g,) = | 1 1 1
1 11 ...0

As Y" U; = 0, for a vector field X € T, V, then the hyperplane V is totally geodesic
in R™. Moreover, we see:

m m
FXY)=2 Y WU -2ulp= () u)*— Y (U)*—2UuU,
1<i<j<m i=1 i=1
m
—(U + Wp)? = 3 (U;)* <. (27)

Using the Remark 1, adapted to our case, the critical point (h{,, ..., h},,) of g, is the
global maximum point of the problem. Then we achieve:

%fz Zh . 28)

Similarly, we consider g; be a quadratic form defined by g; : R” — R for any
ae{m+1,...,2n},

Gu(hig 3, ) =}, MW ), (B RER

3<i<j<m 3<j<m
We also study the constrained extremum problem
max g,

with the condition
G* 1 hj{ +hys + ...+ hyy, =K,

where k*® is a real constant. Therefore, we find:

* (m 7 2) & *0
Io < m(lg ). (29)

Finally, o) from (26) has the expression:

1 2n (m_z) m
o> A— = T Ay 2
AT L a1 (G

2n - m
5 L ek

a=m+1 i=1

Moreover, d) satisfies the inequality:

2
> A m*(m —2)

> —W(HHﬂzﬂLHH*H )- (30)

Consequently, the inequalities (12) and (13) are obtained.
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The equality cases of the inequalities (12) and (13) hold if and only if we have equality
sign in (26), (28), and (29). In this respect, we find:

L4 14 14

4=y =h =0,
*K *K *0
= =1 =0,

14 [, S ) S _ &

Wi+ hyp =hgs = = oy,
*0 RO 7k ok
1ty =hy ==y,

foranya € {m+1,...,2n} andanyi,j€ {3,...,m}, i <j 0O

4. Examples

Example 1. We point out that any para-Kihler manifold is a para-Kihler-like statistical manifold.
Moreover, examples of statistical manifolds of type para-Kihler space forms can be illustrated among
para-Kiihler space forms. The flat para-Kihler space forms are represented by E2" [35]. Delightful
examples of spacelike Lagrangian submanifolds in E2" can be discovered in [28,29]. The para-Kihler
space forms of nonzero para-sectional curvature are investigated in [36].

Example 2. Let R?" be a semi-Euclidean space of dimension 2n, with the coordinates
(X1, X0, Y1, - - -, Yn), the flat affine connection V and the pseudo-Riemannian metric g defined by

=

g =)_(dx} —ady}),

=1

where o # 0 is a real constant. The almost product structure P on R?" is defined by
P(9y;) = 9y, P(dy;) =0y, i=1,...,1.
Then (R?",V, P, g) is a statistical manifold of type para-Kiihler space form. Moreover, P* is

expressed by
* 1 *
P*(0y,) = ;ayi, P*(9y,) = ady,.

For X an open set of R", define an isometric immersion u : X — R?" by

u(yr, .-, yn) = (0,...,0,¥1, ..., Yn).

Then u can be represented as a spacelike Lagrangian submanifold of (R?",V, P, g), where the
above inequalities are satisfied.

5. Conclusions

In this article, we established new Chen inequalities for totally real and holomorphic
spacelike submanifolds in statistical manifolds of type para-Kéhler space form. Moreover,
we examined the equality cases and we indicated a few examples.
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