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Abstract

In this work we present the homogenization of a reaction-diffusion model that
includes an evolving microstructure. Such type of problems model, for example,
mineral dissolution and precipitation in a porous medium. Hence, we are dealing
with a multi-scale problem with free boundaries on the pore scale. In the initial state
the microscopic geometry is given by a periodically perforated domain, including
spherical solid grains. The radius of each grain is of order ¢ and depends on the
unknown (the solute concentration) at its surface. Therefore the radii of the grains
change in time, leading to a nonlinear, free boundary problem. In a first step,
we transform the evolving micro domain to a fixed, periodically domain. Using
the Rothe-method we prove the existence of a weak solution and obtain a priori
estimates that are uniform with respect to e. Finally, letting ¢ — 0, we derive
a macroscopic model, the solution of which approximates the micro-scale solution.
For this, we use the method of two-scale convergence, and obtain strong compactness
results enabling to pass to the limit in the nonlinear terms.

1 Introduction

In this paper, we consider a reaction-diffusion model defined in a perforated domain hav-
ing a heterogeneous microstructure. Due to the reactions taking place at the boundaries
of the perforations, these perforations may evolve. This evolution is not known a priori,
but depends on the solution of the problem, and therefore the model involves free bound-
aries at the micro scale. The initial state of the domain is isomorphic to a periodically
perforated domain, where the periodicity is of order e, with ¢ being a small, positive
scale separation parameter. The aim of this work is to establish existence of a weak
solution with e-uniform a priori estimates, and to derive the corresponding macroscopic
model. This is obtained by homogenization methods, after passing to the limit ¢ — 0.
The macroscopic model is derived rigorously, its solution being an approximation of the
solution to the microscopic model.

Reactive transport in evolving porous media occur in a variety of real-life applications.
We mention here mineral precipitation and dissolution [7, [46] [40], biofilm growth [39],
colloid deposition [13], or water diffusion into absorbent particles [I5, 41]. A typical
example is the precipitation and dissolution taking place in a porous medium, consisting
of alternating solid grains and voids (the pore space). We assume that the void space is
completely filled by a fluid, say, water, which is stationary. Soluble species can diffuse
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inside the fluid, and can precipitate at the fluid-solid interface to form a solid layer
(e.g. salt). The reverse process of dissolution is also possible, by which solute species is
released back to the fluid. Assuming that, in general, the precipitate layer has a thickness
that is comparable to the typical pore size, when defining the micro-domain one has to
exclude the grains and (if present) the precipitate layer. In other words, the boundary
of the micro-domain wherein the problem is defined has two parts: the outer part of the
boundary, where the entire medium is embedded into, and the inner boundary, defined
as the solid-fluid interface. One cannot assume that the micro-domain remains fixed in
time, as the thickness of the precipitate layer depends on the species concentration, which,
itself, is an unknown in the model. Hence, the precipitation and dissolution processes lead
to a variable pore space, and the fluid-solid interface is a free boundary.

In a simplifying setting, we assume here that the porous medium includes spherical
solid grains, having a radius of order €, and being periodically-distributed. Furthermore,
we assume that the evolution of this grain is radially symmetric, therefore its evolution
is well described by the radius of the resulting solid. In this way, the free boundary is
reduced to a one-dimensional equation for the radius. Nevertheless, this still leads to a
strongly nonlinear problem, defined in time-dependent domains with a priori unknown
evolution.

In what follows let T" > 0 stand for a maximal time and consider a heterogeneous
medium Q € R? (d € {2,3}), consisting of regions occupied by a stationary fluid (the
pore space) and of small, solid regions of spherical shape (the grains with the attached
mineral layers). These centres of the solid regions are distributed periodically in a d-
dimensional (hyper)cube structure. The distance between two successive centres is of ¢
order (the micro-scale length). In this way, the pore space depends on both e and on
the time ¢, and for given a ¢t € [0,T] we denote the pore space by Q(¢). Within Q.(t),
we consider a reaction-diffusion equation, with the solute concentration u. as unknown
quantity. For the ease of presentation, and since the aim here is to provide mathematically
rigorous derivation of the macroscopic model, only one solute species is considered. In
the case of two species, the model can be reduced to the situation here by considering a
decoupled component of the model, the total electric charge (see, e.g. [25], [43]).

Recalling the simplifying assumptions made above, the solid phase consists of spherical
regions, including the original solid part of the medium, and the radially symmetric
mineral layer. These solids are characterised by a radius R., which is grain-dependent
and also changes in time. More precisely, it is obtained as the solution of an ordinary
differential equation, depending in a nonlinear way on the (averaged) solute concentration
at the surface of the grain and the radius itself. In this way, the spatial variable x enters
in the equation as a parameter, and varies for every microscopic cell. Such a structure
can also be found in the models discussed in [I3] [15] [0l 4], but for different types of
applications and not in the context of homogenization.

As already mentioned, the goal of this contribution is to provide a mathematically
rigorous derivation of the macroscopic model approximating the microscopic precipitation-
dissolution model defined in evolving microscopic geometries. In doing so, two aspects are
essential. First, we transform the problem defined in the evolving micro-domain () into
one problem defined in a fixed, periodically perforated domain €2.. In doing so, we employ
the Hanzawa transformation [23] (we also refer to [37] for an overview of this topic). This
leads to a change in the coefficients of the equations, which now depend on the radius
of the grains and therefore on the unknown concentration. We prove the existence of a
solution pair (ue, R) by using the Rothe-method, and derive a priori estimates that are
uniform with respect to the parameter e.



Secondly, for the derivation of the macroscopic model, which is obtained in the limit
along a sequence € — 0, we use the method of two-scale convergence. To pass to the limit
in the nonlinear terms, we need strong two-scale convergence results for the concentration
ue, as well as for the coefficients depending on the radius R, and its time derivative 0 R..
For the latter, this is obtained as a consequence of the convergence of the radius function
R, for which a Kolmogorov-type compactness argument is used. As will follow from
below, due to the nonlinear character of the problem and because of the coefficients for
the time-derivative appearing in the transformed model, we cannot obtain e-uniform a
priori estimates for Ozu., what would guarantee the strong two-scale convergence of u., see
[19, 30]. We therefore apply an alternative strategy, namely to control the product Jeu.,
where J. denotes the Jacobi determinant of the Hanzawa transformation, and to solve
an auxiliary approximation problem to establish the strong convergence of u.. Finally,
for the strong convergence of 0; R, and to identify the limit equation for the radius, we
prove a two-scale compactness result for averaged functions on the oscillating surface of
the micro cells. With these convergence results, we are able to pass to the limit in the
microscopic model.

The outcome is a macroscopic model consisting of a reaction-diffusion equation for the
macroscopic concentration, defined in the entire €2, coupled with an ordinary differential
equation for the macroscopic radius depending on the macroscopic concentration. The
effective parameters like the diffusion or the porosity are obtained by solving cell problems
formulated in evolving reference cells, and accounting for the microscopic evolution of the
porous medium. The resulting is therefore a strongly coupled, two-scale mathematical
model, defined in the entire domain 2 that does not depend on time.

The analysis and homogenization of reaction-diffusion models defined in evolving mi-
croscopic geometries have been addressed in several publications. Various strategies have
been adopted, depending also on the particular geometry considered there. The simplest
situation appears in one spatial dimension, or if the pore space of a porous medium is a
long but thin strip or tube. Then the evolution of the solid-fluid interface can be described
by a free boundary function. In this sense we refer to [45] for the one-dimensional case,
where the existence and uniqueness of a solution for a precipitation-dissolution model
involving multi-valued dissolution rates is proved, using the fixed-domain transformation
proposed in [42]. In the multi-dimensional case, we mention [44] 26], where effective
models are derived formally by transversal averaging.

For more general situations, as considered here, level set methods have been employed
to describe the evolving microscopic geometry. We refer to [46] [7, [8] 22| 40], where dis-
solution and precipitation processes are modelled, and to [39] for a similar approach in
modelling biofilm growth in a porous medium. However, the rigorous homogenization is
missing. Without entering into details, we mention that one can consider as an alter-
native to the free boundaries the phase-field approach. Then, the fluid-solid interface is
approximated by a narrow diffuse-interface layer.

Whereas a rich literature exists on the rigorous homogenization of reactive transport
processes with nonlinear reaction terms in the bulk domain and the microscopic surface
for a complex, but fixed microstructure, see for example [12, 19, 20, 18| B1], the results
for an evolving microstructure are scarce. Moreover, in most of the papers dealing with
such cases, the microstructural evolution is assumed known a priori. In this sense, we
mention [35, 6], where homogenized models are derived rigorously for linear reaction-
diffusion-advection problems (also see [16]). Close to the present work is [21], where
the reaction and adsorption/desorption terms are nonlinear, without requiring a radially
symmetric microscopic evolution, and the diffusion is low, leading to a different scaling



for the gradient of the concentration; however, the evolution is assumed known. Some
general two-scale results for transformations of locally periodic domains are treated in

In all these works, the models are defined in perforated domains, which resembles
well the structure of a porous medium with variable microstructure, but the microscopic
evolution is known a priori. For the analysis of free boundary models with radially sym-
metric evolution of the interface we refer to [15]. There, the existence of a solution is
proved for a system involving a nonlinear parabolic problem with radially symmetric per-
forations, in which the rate of change of the radius of these perforations depends linearly
on the saturation. Also, the analysis does not include any homogenization results. Also,
the two-scale system considered in [I3] is the homogenized counterpart of a microscopic
problem that is similar to the one considered here, but for linear adsorption/desorption
rates. The existence of a solution is obtained for sufficiently small times. We also mention
[17], where rigorous upscaling results are proved for the Laplace and the heat equations
posed in a domain with a rough/rapidly oscillating boundary. This rough boundary is
also a free boundary, as its normal velocity depends (linearly) on the solution, with a
time-dependent rate.

Our paper is organized as follows: In Section 2l we formulate the microscopic model on
the evolving domain €. (¢) and transform it to the fixed domain €. In Section ] we prove
existence for the microscopic model and establish a priori estimates depending explicitly
on €. In Section Bl we show the two-scale convergence results for the microscopic solution
and derive the macroscopic model. A conclusion is given in Section [l Some elemental
calculations concerning the Hanzawa transformation can be found in die Appendix [Al

2 The microscopic model

In what follows 7" > 0 is a finite time, € > 0 denotes a small scale separation parameter
st. el € N (n € Ny being the spatial dimension), and £ = (¢1,...,¢,) € N is an
n-tuple of strictly positive natural numbers. Let Q = (0,£) = (0,¢1) x --- x (0,£,) and
Y :=(0,1)". The center of Y is denoted by m := $(1,...,1) € R™. For the set of n-tuples
K.:={keZ" : (Y + k) C Q} one has

Q= U e(?+k). (1)

keK.

In other words, we decompose Q into a set of microscopic (e-sized) hypercubes, two dif-
ferent ones sharing at most one side. Each z € ) is contained in a microscopic hypercube
having the center

Me g =€ ([%} + m) . (2)

To introduce the evolving geometry we first define R, R representing the minimal, re-
spective maximal admissible radius of an n-dimensional sphere contained in a microscopic
hypercube, and satisfying

- 1
0<R<R< X (3)
Then, for any ¢t € [0,7] and z € Q we associate a radius

Tet,x ‘= R. (ta me,z) , (4)



where the function R. will be a solution component of the problem stated below.
Further, for any « € Q a unique k € K, exists s.t. = € ¢(Y + k), namely k = [E}

J— € ’
Then, for any = € 2, with k as before and ¢ € [0,T], we consider the n-dimensional ball,
respectively sphere

Bet) = Br, g (em+1)).  TE@0) =T, (te| ) = 0B.uld),

both having the radius 7. ¢ » € (eR,eR) C (0, %) With this, at any time ¢, the evolving

microscopic domain and its inner part of the (freely-moving) boundary are defined as
Qc(t) == Q\ | Bex(t), respectively T'(t) := | J T¥(t). (5)
ke K, ke K,
Observe that the outer boundary 0f is fixed. Finally, we define the sets
Q= |J =@, and H':= |J {t} xT(0). (6)
te(0,T) te(0,T)

We consider the following microscopic problem that is motivated by microscopic models
for precipitation-dissolution processes in a porous medium (see e.g. [45] [44] [46]).

Problem P.. Find u., R, : QET — R solving

Opue — V- (DVue) = f in Q7 (7a)
~DVuc - ve = 0 Re(uc — p) on HY, (7b)
—DVue-v.=0 on (0,7) x 99, (7c)

OtRe = Ge(t,z,uc, Re) in Q7 (7d)
uc(0) = u™ in (0), (Te)
R.(0) = R in Q.(0). (7f)

Here, D is a diffusion tensor (its properties being mentioned in Assumption below)
and p > 0 is a constant representing the molar density of the precipitate. The unknowns
u. and R, represent the concentration of the solute species, respectively the thickness of
the precipitate layer around a grain centered at € [f] The vector v, is the unit normal
to I'c(t) outwards (), while u!® and RI" are given initial conditions (see Assumptions

and [(A2)). The function G appearing in ([Zd)) is defined as

€ Rﬁ(taz)
Gt ue, Re) = —F——— ue(t, z), —— | dz. 7
| )= T ey ? (469 56 )

Observe that the domain §2.(t) depends on the unknown function R, and therefore this
problem involves a (microscopic) free boundary. Further, for any ¢t € (0,T), G¢(t, -, uc, Re)
is constant inside microscopic cells, i.e. inside any ¢(Y + k) with k € K.. The perforation
of the microscopic cell evolves in a radially symmetric way with radius R.. From the
application point of view, this is a simplified setup, in the sense that we assume that the
precipitate layer around a grain has a uniform, but unknown thickness. This is guaranteed
by (Zd). Based on Assumption we will prove that R, remains between two values
eR and €R, so T, (t, € [%]) can never touch the boundary of the cell, or degenerate into a
point.



Remark 1. Observe that (Td)) is stated for all t € (0,T) and z € Q(t), which implies
that R, is defined in the entire Qc(t). In fact, R, is constant inside each microscopic cell
Yex(t) := Qc(t) Ne(Y + k), withk € K. This follows from ([{d) and the definition of G.
in (7g). Hence, in the following we extend the function R. constantly from the perforated
micro cell Ye x(t) to the whole micro cell e(Y + k). Further, as we will see later, the micro
cells Ye x(t) are included in Q. Especially, we have 0Q(t) \ Te(t) = 08, i.e., the outer
boundary is fired and R, is defined on the whole fized domain 2.

For the functional spaces used below the notations are standard. We only mention
that L>°(€2, C%! ([0, 7], [eR, €R])) is the set of functions that are C*! w.r.t. time f.a.e.

x € Q, s.t. R, is bounded by R and R.
Definition 1. The pair of functions (ue, Re) with u. € L*((0,T), H'(Q(t))) and R, €

L (Q, 001 ([O,T], [eﬂ, em)) is a weak solution of Problem P. if, for all ¢p. € C! (Q_Z)
with ¢.(T,-) =0, it holds that

T T
- / / U Oy pedrdt + / DVu, - Vo.dzdt
0 Jc) 0 Ja.)

T T
~[ [ gousar— [ [ Glue R - pododt (8)
0 JQ(t) 0 JTe(t)
. T
+ / u$e(0)dz + / / D Se(t,S7Y) - vucpedodt,
Q:(0) 0 JIe(t)

where S, is defined in [@). Furthermore, the function R. fulfills (d) and the initial

condition () almost everywhere.

Observe that, in the definition above, the function S. describes the evolution of the
moving surface I'¢(¢). The evolution of the evolving domain €.(t) is given by (&)).

2.1 Transformation to the fixed domain

As mentioned in the introduction, the present analysis relies on the idea of transforming
Problem P, (or its weak form stated in Definition [Il defined on the evolving domain
Qc(t), to a problem defined in a fixed, reference domain €).. To this aim, we employ the
Hanzawa transform, [23] (see also [37] for an overview of this topic). With R introduced
above, see (@), the domain . is defined by

Qc:=0\ |J Bg((k+m)).

Further, we define T'c := 99, \ 9. In other words, the microscopic domain is obtained
as the union of scaled and shifted reference elements

Y*: =Y\ Bg(m) = (0,1)" \ Bg(m).

The boundary of Bx(m) is denoted by I' := 0B (m).
With this, for any ¢ € [0,7] we consider the Hanzawa transformation Sc(t,-) : Q. —
Q(t), defined as

Se(t,z) ==z + (Re(t,z) — €R) x0 (%) Vo (%) , 9)



where the functions xg and vy are Y-periodic extensions to the entire R™ of the functions
defined in Appendix [Al Since R, is constant for every cell (Y + k) with k € K., and
Xo € Cpe,(Y), the function S is (strongly) differentiable with respect to z. According to

the calculations in Appendix [A]

VS.(t,x) = I, + (M)

Vy (XOVO) (%) s

with I,, € R™*"™ being the identity matrix, and
R n—1 o
0< <%> <det (VS(t,z)) <1+2(R—R). (10)

These estimates are crucial for the homogenization, as the functional determinant of the
transformation S, is bounded away from 0, uniformly with respect to e. We emphasize
that S is defined and smooth on the whole domain €2, but the Jacobi determinant is not
positive anymore.

Now, define the functions

Ue:(0,T) x Qe = R, Ue(t, z) = uc(t, Sc(t, ), .
Re:(0,T) x Q. — [eR,€R), R.(t,x) = Rc(t,S.(t,x)). 1D

From Remark [ we immediately obtain that, in fact, R and R, coincide. However, to
better distinguish the equation on the fixed and the evolving domain, R, will appear in
the solution pair (i, R.) for the problem formulated in the fixed domain.
To simplify the writing, the functions defined below will be used frequently in what
follows,
F.(t,x) :=VS(t,x), Je(t,x) := det(Fe(t, x)). (12)

The inverse and the transpose of the inverse of I, are denoted by
F7M ) = (Ft2) Y, FT(4a) = (7 ()" (13)

After employing the Hanzawa transformation (), () can be rewritten in terms of the
variables . and R.. More precisely, for all ¢ € H(.) and almost every t € (0,7 it
holds that

Jo, Oc(Jetie)pdx — [ ucdiJepda — [ Ve Viepda
+ Jo, DVt - Vdr = [o Jefe¢de — [ 0iRc(ic — p)Jeido,
with fe, Ve and D, defined as
fe(tvx) = f(t,Se(t,SC)),
Vet,x) = J(t,o)F-T(t,2)0:S(t,x), (15)
J(t, o) F7ED(Sc(t, 2)) F- T (¢, 2).

(14)

»
m
=~
8
~—

Il

The evolution of the radius R, is given by

€

DR (t,x) = Gelt o, i, Re) = |e_€r|/F o <ﬂ5(t,z), Re(t,z)> "



where I', : R™ — R"” is defined as
Ie(z) := €l + z, for any z € R™. (16)
The initial conditions read

@ (0) = u"(S.(0,-)) = @™ in Q,
Re(0)

R™(S.(0,-)) =: R™ in Q..

As before, one has RI™ = RI™ since R™ is constant on every cell ¢(Y + k), k € K.
In summary, the problem transformed to the fixed domain is
Problem P.. Find @, R : [0,T) x Q. — R solving

O (Jetie) — Ve - Ve — 10y Je =V - (DeViie) + Je fe in (0,7) x Q, (17a)
—DViic - ve = R.(tie — p)J. on (0,7T) x I, (17b)

e =0 on (0,7) x 99, (17¢)

AR = G(t,z, 1, Re) in (0,7) x Q, (17d)

i (0) = @™ in Q, (17e)

R.(0) = R™™ in Q.. (17f)

The definition of a weak solution of Problem P, is given in Definition & below.
We now state the assumptions on the data

Assumptions on the data:
(A1) For the microscopic initial data ul® € H().) a C' > 0 exists such that
lu |z (. < C

uniformly w.r.t e. Further there exists '™ € H*(Q) such that u® converges in the
two-scale sense to ul.

(A2) The initial radii R* € L>°(£2) are constant on every cell e(Y +k), k € K. Further-
more, there exist RRER, 0 < R< R < %, such that

eR < Rien <eR in a.e. sense.

Also, we assume that a C' > 0 exists such that for any 0 < h < 1 and £ € Z" with
le€| < h it holds

e R (- + Le) — RienHLz(Q’l) < Clee|,

with Q" == {z € Q : dist(09Q,z) > h}. Additionally, there exists R™™ € L>(2),
such that

e 'R™  R™ in the two-scale sense
in LP for every p € [1,00).
(A3) For the (precipitation/dissolution) rate one has g € C1(R?) N W1 (R?).

(A4) There exists 0 < 5o < R — R, such that for all u € R it holds that



(i) g(u,R) <0 for all R € [R — do, R],
(ii) g(u,R) >0 for all R € [E,E + 50}.

(A5) The source term is continuous, f € C°([0, 7] x €2).

(A6) The diffusion tensor D € C° (ﬁ)nxn is symmetric and coercive, i.e.,there exists
co > 0 such that

D(z)¢-€>¢cy forallz e, & €R™

Note that, by the assumption on the shifts of R™ in Assumption [(A2)] e 'R is
relatively compact in L2(f2), and R™ € H'(Q), see Remark [

2.2 Weak formulation of the micro model

Now, we give the definition of the weak solution of the microscopic model (). In the
following, we suppress the notation °, i.e., the solution of Problem P. is denoted (by an
abuse of notation) by (uc, R.). We consider weak solutions, as defined below.

Definition 2. The pair (uc, R.) with u. € LQ(( T),H' () such that 0y(Jou.) €
L2((0,T), H*(Q2)") and R. € WhH°((0,T), L*(Q ¢)) st. Re, R € L=((0,T) x Qc),
and €eR < R, < €R is a weak solution of Problem P, if, for all ¢ € H' (), it holds for
almost every t € (0,T) that

(Or(Jewe) s ) s oy ) — / ey — / V.- Vu,pda
Q. Q. (18)

+ D.Vu, - Vodx = / Jefeddx — / OtRe(ue — p)Jegdo,
e

Q. Qe

and

OiR.(t, ) |€F|/ . (u (t, 2), Rﬁ(:’z))do. (19)

Additionally, (ue, Re) fulfill the initial conditions (ITd) and ([IZ).
Remark 2.

(i) We emphasize that due to the mean value theorem, see [14], Chapter 5.9, Theorem
2], it holds that R. € C%'([0,T],L>()). Therefore, (I9) holds for all t € [0,T]
and almost every x € Q.

(i1) In the following we extend R. constantly from every perforated micro cell e(Y™* 4+ k)
with k € K to the whole cell e(Y +k), and therefore R, can be treated as a function
defined on the whole domain €.

We will see that dyu. € L*((0,T), H'(2)") and the initial condition for u. is well-
defined. However, the norm of d;u. is of order e~! and therefore we work with the
time-derivative 0¢(Jcu.) to establish convergence results for the micro solutions to pass
to the limit e — 0.



Remark 3. In fact, (I8)can be rewritten as

<8t (J€u€)7¢>H1(Q€)/7H1(Q€) + er uVe - v¢€d1' - faQe ue(be‘/e ‘vdo

+ Jo, DeVue - Vodr = [ Jcfepdr — [1. 0iR(ue — p)Jepdo, (20)
This is a consequence of the equality
f/ UeOpJcpedr — / Ve - Viepedr = / uVe - Voedr — / U P Ve - vdo,
Qe Qe Q. 09
all i, pe € HY(Qe), where J, Ve are defined in (2)-F). This holds since
O Je =V -V, (21)

(see [21, p. 105]), which is a direct consequence of Piola’s identity V - (J.E=1) =0, see
e.g. [29, p. 117]. More precisely, for the term on the left in 1)) one has

O Je = Jetr(F7 1O, F,) (22)
due to the Jacobi formula. For the term on the right, the product rule gives
V Ve =tr(JF'VOS) + [V (JEH)] -0, Se.

Using Piola’s identity, 1)) follows immediately.

3 Main results

The aim of the paper is two-folded. First, we show the existence of a weak solution of
the microscopic problem in () together with uniform a priori estimates with respect to
¢. The following theorem is proven in Section

Theorem 1. There exists a weak solution of the (transformed, microscopic) Problem P.
in the sense of Definition[d This solution fulfills the a priori estimates in Lemma [T}

In a second step we use the e-uniform estimates to derive two-scale compactness results
for the micro solutions, and show that the ¢ — 0 limit functions ug : (0,7) x 2 — R and
Ry : (0,T) x 2 — R solve a macroscopic model with homogenized coefficients. In this
sense, we start by defining

So(t,:c,y) =Y + (RO(tv'r) 7§) (XOV())(y);
and

Jo(t,l',’y) = det(vySO(tvxvy»a
‘/Z)(t,fﬂ,y) = JO(taxay)vySO(taxay)ilatSO(ta:an)a

and the averaged quantities

q(tv'r) = / Vy : Vo(tv'rvy)dyv

Jo(t,SC) = / Jo(t,l',y)dy.

10



Further we define the moving cell surface as

D(t,x) := OBRy (t,2) (x).

Now, the macroscopic model is -
Problem Py. Find ug, Ro : [0,7) x Q@ — R solving

8t (joUo) — Upq — V- (DSVUO)

_ / Jofody — |D(t,2)[0 Ro(uo — p)  in (0,T) x ©,

—D{Vuy-v=0 on (0,T) x 09, (23)
0:Ro = g(uo, Ro) in (0,T) x €,
up(0) = u™ in €,
Ro(0) = R in €,

where Df is the homogenized diffusion coefficient defined in (&) via the cell problems

@).

We proceed with the definition of a weak solution for the macroscopic model.
Definition 3. A weak solution of the (macroscopic) Problem Pq is a pair (ug, Roy) satis-
fying

ug € L*((0,7), H' ()  with 8;(Jouo) € L*((0,T), H'(Q)"),
Ry € WH((0,T), L*(Q)),
and for all ¢ € HY () and almost every t € (0,T) it holds that

<at(j0u0),¢>H1(Q)/7H1(Q) —/ quopdx +/ DSVUO -Vaodx
Q Q

Z/Q/*Jofod?J(bdﬂU—/QatRo(Uo—P)¢|F(t,$)|d$-

Additionally, it holds almost everywhere in (0,T) X §2
Ry = g(uo, Ro).
Further, there hold the initial conditions (Joug)(0) = Jo(0)u'™ and Ro(0) = R™.

We emphasize the from the function spaces in the Definition B] and the fact that
Jo € L>=((0,T), L>=(Q)) N L>=((0,T), H'(R)), see Remark [ and Remark B it follows
immediately that (Joug) € C°([0,T], L2(12)), whereas it is not obvious in which sense we
can understand ug(0), see also Remark B In the remaining part of this work, we prove
that the macroscopic (weak) solution defined above is obtained as the limit e — 0 of
solutions to the microscopic problems in (IT).

Theorem 2. Let (uc,R.) be a weak solution of the (microscopic) Problem P, in the
sense of Definition[2. Then, up to a sequence ¢ — 0, it holds that

Ue —> Up strongly in the two-scale sense in L, (25)
€ 'R. — Ry in LP((0,T) x Q) (26)

for allp € [1,00), where the pair (uo, Ro) is a weak solution of the macroscopic model ([23)),
in the sense of Definition[d. Additionally, we have ug € C°([0,T], L*(Q)) and ug(0) = uy.

For the definition of the two-scale convergence we refer to the Appendix [Bl The proof
of Theorem ] is given in Section
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4 Existence of a microscopic solution and a prior: es-
timates

In this section we use the Rothe-method to establish the existence of a weak solution of
the microscopic model ([I), and therefore (), in the sense of Definition Futher, we
show a priori estimates for the solution depending explicitly on the parameter €. These
a priori estimates form the basis for the derivation of the macroscopic model.

4.1 The time-discretized model

We start by formulating the time-discretized model. For N € N we define the time step
At = % and set t/ := jAt for j € {0,...,N}. Then, we are looking for a sequence of
solutions (uf, R7) of the time-discretized problems. Clearly, for j = 0 we take u? = !

and R? = R,

Definition 4. Let j € {1,...,N} and (u!™*, RI7') € H (Q.) x L*(Q) be given. A pair
(ul, R) € HY(Q:) x L>(,) is a solution of the time-discrete problem at time t if
RI — Ri-1

W == G£71 m Qe, (27)

and for all ¢ € H*(Qe) it holds that

Jyud — Ji—lyi—1 . .
/ Je Ue Jg U ddz + ngug - Vodz
Q. At Q.

_ _ o gi_ i1
:/ vg-vugqsdz+/ Jgfg¢dx+/ ul S gda (28)
Qe Qe

€

f/ GI7 It — p)pJido.
I'e

The time-discrete coefficients above are defined as

. ) j—1
GI M z) = / g (w0 do,
€l Jr.(e[2]) €

Sl(@) = a+ (B = R)xo () o ().

R —€R

Fi(2) =1 + 19, (o) (

() := det FY (x),
Di(x) := Ji(x) [FI(2)] " D(S!(x)) [Fi ()],

Vi) = Ji(w) [Fi)] T BRI, 2y, (2,

fg(x) = fe(tjvx)'

Remark 4. Given ul~! RI71 the existence of RI follows straightforwardly from 7).
Moreover, this also gives J?, see [29), which means that, in fact, @) providing u! is
linear. Moreover, as follows from Proposition [ below, R! is constant on every microcell
e(Y + k), assuming that the same holds for RI='. Therefore we have FJ = VS in
classical sense.
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The constant C' > 0 used below is generic and does not depend on At or e.

Proposition 1. Let j € {1,...,N} and (ui~', RI=1) € HY(Q.) x L>(Q.) with eR <
RI7! <R, and assume RI~! is constant on every microscopic cell (Y +k) withk € K..
Then, for At small enough, we have R} € L>®(Q.) with eR < R} < eR. Also, R} is
constant on (Y + k), and one has

< Ce. (30)

Lo(Q)

Ri~ R
=

Proof. From the assumption g € L>(R x R) in[(A3)] one obtains that R € L>(€2), and
that (B0) holds true. Further, the definition of R/ implies that the function is constant
on every (Y +k) with k € K.. It remains to check the lower and upper bound of R!:
We only prove the upper bound, since the lower bound follows by the same arguments.
For almost every = € Q, if RI™!(x) € [¢(R — do), eR| we use Assumption to obtain

Rl(x) < RI™'(z) < €R.
If eR < RI7'(x) < e(R — &), taking At < 0o/||g||r=rxr) gives
Rl = RITT 4+ AtGIH < RIT 4 eAt||g|| e rxr) < BRI + €6 < €R.
Finally, B0) is a direct consequence of Assumption O

The boundedness of R/ gives uniform estimates for the time-discrete coefficients, as
follows from the lemma below.

Lemma 1. Let j € {1,...,N}, and ul™" € H'(Q), as well as RI™', Rl € L>(S%) be
given. Assume that eR < RI™' RI < €R and RI7Y RI are constant in every cell (Y +Xk)
with k € K. Then we have S?, FJ € C>(Q.)", satisfying

182l er @y = 152l cogary + 1 Ml oy < C- (31a)

Similarly, for the Jacobi-determinant we have J? € C°°(Q,), with

n—1
<%> <Ji<cC. (31b)

Further, we have DI € C°(Q.)" ™ and VI € C°(Q)™, with

||Dg||00(9_€) + IV [l L.y < C. (31c)
Additionally, it holds that
Ji — ji—1
At leon)

Proof. First, we observe that, since FJ = VSJ € C>(Q.)"*", the regularity and the
estimates for FJ are a direct consequence of the results for S7.

Next, since R/ is constant on €(Y + k) for every k € K., xo and vy are smooth, and
X0 (g) has compact support in e(Y + k). This immediately implies the smoothness of
S?, F7, J!, and V/. Further, we have F/ = E,, on the lateral boundary of the micro
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cell d(e(Y + k)), and, Assumption [[A6)| gives DI € C° Qo)™ ™. Inequality [BIa) follows
immediately from eR < R/ < eR. For the estimate (BIL), we first notice that the
regularity of the determinant and the essential boundedness of F? implies ||J7 || (q,) <
C'. The lower bound is obtained from the results in Appendix [Al

To prove (BId), one needs to control the inverse of F7(x). This is achieved by using
the following inequality, stating that a C' > 0 exists such that, for any invertible matrix
A € R™" and for an arbitrary norm in R"*™

c
A7 < —— A"t 32
14710 < g4 (32)
This inequality is straightforward for the spectral norm in R™*™ and extends to any
norm by the equivalence of norms in finite dimensional vector spaces. Then, by (31H]),
for almost every x € {2, one gets

o C i
|| < s 1@ <
g2 (x)
implying (BId). Finally, BId) follows from the local Lipschitz continuity of the determi-
nant, the essential boundedness of F?, and the inequality (30I). O

We are now able to prove the existence of a weak solution for the time-discrete prob-
lems, together with some e-dependent a priori estimates.

Proposition 2. Let j € {1,...,N} and (ul™", RI™") € H'(Qc) x L>(Q) be given such
that eR < RI7! < €R, and RI™! is constant on every cell e(Y +k), k € K.. For At small
enough, there exists a weak solution (ul, RY) of the time-discrete problem from Definition

4

Proof. As mentioned in Remark H the existence of R! is straightforward, while u/ is the
weak solution of a linear problem. Moreover, from the proof of Proposition [Il one gets
that choosing At < do/|g||L~®xr) guarantees that the estimates there, and therefore in
Lemma [Tl as well, are valid. The variational equation (28)) can be rewritten as

al(ul,¢) =1(¢)  forall g € H'(Q0),
with @/ : H*(Qe) x H'(Q) —» R and I : H'(Q,) — R defined by
j—1

al (u, @) == J: uqﬁdw—i—/ DINVu-Vodr — | VI -Vugdsr,
a. At Q. Q.

. Jj—1 o ) ) )
B(g) = / Je i gde + / J3 fgda — / G (ud ™t — p) T ddo
o, At Q. T,

Obviously, a/ is bilinear and I is linear, and both are continuous. To apply the Lax-
Milgram Lemma we have to prove the coercivity of the bilinear-form af. Since JI71 is
bounded away from 0 (uniformly w.r.t. € and j) and D is coercive, we get the coercivity
of DI, i.e., there exists a constant d > 0, such that for every = € €, it holds that

Di(x)¢-¢>d  forall € € R™.

Further, the essential boundedness of V7 implies the existence of a constant C; > 0, such
that

) d
— [ Vi Vude > ~Cilulfq, ~ 51V ule

14



Together, we obtain for all u € H*(£2,)

J > 2 C 2 d 7
al (u,u) > o | A = Cy| Jul d$+§||VUHL2(Q€)-

Recalling the lower bounds for JI71 which are uniform with respect to j, this implies
the coercivity of a! for At small enough, and the claim is proved. O

Proposition 3. Assume At small enough. Then, a C > 0 not depending on of € and At
exists such that the sequence of time-discrete solutions (ul, RI) (7 = 1,...,N) satisfies
the estimates

N
J 7|2
max e + A [Vl g, <

j=1
Proof. We take Atu? as test function in (28] to obtain
Al A2 / (J9ud — i NYulde + At [ DIVl - Vulda
Q. Q.

. o o o Jl — gi—1
:At/ % ~Vu£uﬁdz+At/ Jgfguﬁd:chAt/ (ug) de
Qe

Qe Qe

— At/ Gﬁ;l(ugfl — p)u{Jgdo

) .
=: ZB@

i=1

For the first term on the left-hand side we have
1 P 1 - 9
AL =LV T gy + 2V T~
IV g, — [ W = st
. Q.

We denote the last term above by B?. Now, using the coercivity of D! as in the proof of
Proposition 2 we obtain

A2 > Atd ngu;(

Q)
To estimate the terms B! (i = 1,...,5), we first observe that
1 j j i i dAt, o 2
Bel < Vel @0 AtV 2o lugl 20, < CAUluelza,) + =~ IVuelLe(q.)-

For the second and the third term, we use Lemma [I] to obtain

|BZ| < CAL([[ f211 20,y + 14ell72(0.))
|BZ| < CAt|ul|72q.)-

For B! we use that |GI7!|| e (r.) < Ce, and the scaled trace inequality,

d
GHUGH%Q(FC) < C||Ue|\%2(gzg) + Z€2HVU€H%2(QE) (33)
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for all u. € H(€.), which can be obtained by a standard decomposition argument for
Q. Then, for e <1,
1B < CAt(1+ ellulaqr,) + ellul ™ 3aqr, )

, -~ dAt , -
< OAt (1+ [ 3agay + e, ) + = (IV6d 3200 + 1V ey ) -

For the last term B2 occuring in the term Al, we use the Lipschitz continuity of /- away
from 0, to obtain with (31d)

B3| < CA / o

Vi = I

i _ gi-1
< C’At/ % (Jul P4 w7 da
Q.

< ot (Ildl3a,) + I 3aga, ) -

Altogether, we obtain

1 S 9 1 . . - 2
IV T gy + 3 IN 0 =T

1 1 . dAt .
IV e, + 5 IV e,

, . ‘ dAt i
< CAt (1 + 1212200 + M T2 00 + ||Ui||%2(szi)) + THVUi Y122 0.)-
Summing up these inequalities over j = 1 to an arbitrary k € {1,..., N}, we use again

the boundedness of J? proved above and Assumption [(A1)| to obtain that, for At small
enough,

k k
20 + S = i P+ ALY IV B
j=1 j=1

k k
<C | L+ [ul 72, + A DN 1720, + ALY 6l Fao,) + At VU120,

j=1 j=1
k—1
<C {1+ 1fllco@, 20y + Atz [uZll7 2.
j=1
Now, the discrete Gronwall-inequality implies the desired result. [l

4.2 The interpolation in time

In this section, we define the piecewise constant and piecewise linear interpolation of the
discrete values with respect to time. Let (u?, R?) for j € {1,..., N} be a weak solution
of the time-discrete problem from Proposition 2] with initial condition (u!*, RI). For
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te (¢ with j =1,..., N, we define:

e ) t— i1 )

UAt(t) = ’U,g, Ugt(t) - ueil At (’u’g - ugil) )

e ) ~ ot i1 -

Ra(t) = R, R (t) = R+ —— (RL-RIT),

e ) ~ t—¢i—1 .

Tadlt) = . Tat) = I =R (= ),

i—1

Waalt) = Tiud,  Way(t) o= 2l S (i — )

For t < 0 we extend the functions constantly by the initial value. We emphasize that
for the existence proof of the continuous problem (IT) it is not necessary to consider the

interpolations W, and /W&- However, we use these functions to show the boundedness
of 0y(Jeue) in L2((0,T), HY(2.)") uniformly with respect to €, what is obtained directly
from the a priori estimates of 8t/V[7&. We are not able to prove such a uniform bound for
Oyue. This is caused by the fact that the gradient of J7 is of order e~ !, i.e., we have

VI |0 < Ce™t forallje{l,...,N}. (34)

This can be easily seen from the definition of J7 and the results from Proposition [l Let
us start with the a priori estimates for W, and WR,:

Lemma 2. The functions Wzt and W& Sulfill the following a priori estimates:
HWeAtHLW((O,T),Lz(QG)) + GHVWGAtHL2((O,T),L2(QE)) <0,
||W2t||L°°((O,T),L2(Q€)) + 6vavitHL?((O,T),LZ(QS)) + ||atW£tHL2((O,T),H1(Q€)/) <C.

Proof. Except for the time derivative, all estimates follow directly from Lemma[] Propo-
sition[3 and (B4)). Hence, we only give a detailed proof for the inequality of 9;W5,. Choose
¢ € H'(Q) with [|¢] g2 (o.) < 1 as a test function in 28], to obtain for ¢ € (#/1, )

/ WS, pda = —/ DIVl - Vodr +/ V. - Vul pdx +/ J? fI pdx
Qe Qe Qe Qe
CJI — gi—1 ) ) ) (35)
[t e~ [ G it - ) iedo,
(9] At T.
We only consider in more detail the boundary term. From the trace inequality B3] we
obtain

€

1 1
oLz, <C <%|¢IIL2(Q€> + \/E|V¢|L2(Qe)) < Ce 2.

Using again the trace inequality, the estimates [I'c| < Ce! and ||GI™ Y| L (r,) < Ce, and
Lemma [ we get

- [ Gt = p)isdo < Ce (i zza,
r.

< C (Jlul M2 + VUl 2 + 1) .

_1
Ollra + < H ol
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Hence, from equation (B3]) we obtain using again Lemma [Tl
[0W A 11 g, < C (1 + 6l 20y + llulll iz + IVElllz2ien) + 12 22e0.)) -

The a priori estimates from Proposition Bl and the assumption on f and the initial con-
ditions imply

N
/\6 2 . . .
HatWAtHLZ((OﬁT)ﬁHl(QE)/) < CAtZ (1 + HUﬁH%Z(QS) + [Vl 1”%2(96) + er]H%Z(QS)) <,

j=1
what gives us the desired result. O

Lemma 3. The functions jeAt and j‘At fulfill the following a priori estimates:

HjeAtHLoo((o,T),com_e)) + GijeAtHLOO((O,T),CO(Q_G)) <0G,

HthHWLOO((O,T),CO(Q_C)) + 6ijeAtHcoqo,T]xm) <C

Additionally, both functions are bounded from below, i.e., there exits a constant co > 0,
such that for almost every t € (0,T) and every x € Q. it holds that

co < Tny(tz), o < J5,(t ).
Proof. This is an easy consequence of ([B4) and Lemma/[ll O

Lemma 4. We have Ry, € L=((0,T) x Q) and E‘At € Whee((0,T), L*(Q)) such that
RS, 0:RS, € L®((0,T) x Q). For almost every t € (0,T) the functions R, R%,, and
Ot R, are constant on every micro cell e(Y +k) for k € K.. Further, we have the estimate

IRaell s 0.y + 1B o0,y 0y + 10 Bl 0 7)) = Ce

Proof. This follows directly from Proposition [l O

Lemma 5. For Uzt and ﬁgt we have the following a priori estimates:

HUGAt”L“’((O,T),LZ(Qe)) * HVULHLZ((O,T%L?(Qe» =

||[72tHL°°((O,T),L2(Q€)) + ||Vﬁ2t||L2((O,T),L2(Q€)) + GHat(/thHL2((O,T),H1(Q€)’) <C.

Proof. Again, we only consider the time-derivative, because the other inequalities are
direct consequences of Proposition Bl An elemental calculation gives us for t € (/=1 )

i-1yj _ ji-1
u€ JE JE

~ 1~
atUZt(t) = J_g—atWEt(t) - JE]' At

Hence, for all ¢ € H'(Q) with |[¢]| g1 (o.) < 1, we obtain

9
J?

<C (6_1Hat/W\£t(t)HH1(Qe)/ + 1) ’

j—1
Ye

= H@,:/V[?& T

(08,0, 9)

t
H(Q0)! HY () ( )HHWEV At

H1(Q) L2(Q.)

where for the second inequality we used Lemma [l and Proposition 3] see also ([B4]). From
Lemma 2] we obtain the desired result. O
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Based on these uniform a prior: estimates with respect to At, we pass to the limit
At — 0 to obtain a solution of the continuous microscopic model (7).

Corollary 1. There exists uc € L*((0,7), H*(Q)) N HY((0,T), H*(Q)'), such that up
to a subsequence of {dt} it holds for % <p<l1

ﬁgt — U, weakly in L*((0,T), H'(Q)),
U, — ue in L*((0,T), H? (),
OUS, — e weakly in L*((0,T), H(Q.)"),
Uy — Ue in L*((0,T), L*(Q)),
VU, — Vu, weakly in L*((0,T), L*(Q)),
Uy — Ue in L*((0,T), L*(T.)),

for At — 0. Further, we have the following a priori estimate:
luell2(0,7), 51 (o)) + €llOcuel 20, 1), 51 (2.)) < C.
Additionally, we have u. € L>((0,T), L?(£,)) with
el o= 0,7, £2 () < C-

Proof. From the a priori estimates in Lemma [l we obtain the existence of functions
ue,ut € L2((0,T), HY(Q.)) and dyu. € L?((0,T), H*(£.)"), such that up to a subsequence

Uay — e weakly in L*((0, 7)), H' (),

Uay — e wealkly* in L*((0, ) 2(0 ))

Uy — u weakly in L2((0,T), H" (9.
5,5[/]\& — Jyu, weakly in L2((0,T), H*(Q 6)').

The a priori estimates follow directly from the lower semi-continuity of the norm with
respect to the weak- and weak*-topology. Since for % < B < 1 the embedding H' () <

HP(Q.) is compact, the Aubin-Lions Lemma implies the strong convergence of U§, in
L%((0,T), H?(Q.)). Let us check u, = u*. For t € (=1 t7) it holds that

|05:(t) = Tau®lf3a(q, < 4lled — w22

= AAH (DU ul — wl ™) p2(a.)
< 4At||atUZt(t)HH1(Qe)/||ufs - ug_1|‘Hl(Q€)'

Integration with respect to time implies

t]
HUZt - UeAtHiz((O,T),L%QC)) < 4Atz /tH HatUZt(t)HHl(szE)/H“g - “g_lHHl(Qs)dt
j=1

N
< 24t HatUgtHQL?((O,T),Hl(Qe)’) * Atz lug =™ o o)
j=1

CAt
< E =)

€
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where in the last estimate we used the results from Proposition Bl and Lemma Bl The tri-
angle inequality implies u, = u* and the strong convergence of U, in L2((0,T), L?(€)).

It remains to show the strong convergence of the traces. This follows directly from
the following interpolated trace inequality: There exists a constant C. > 0 (which may
depend on ¢), such that for all v € H(€,) it holds that

lel3aqe,) < Ce (Iol3a,) + lelz@olvlme,) -

Now, the strong convergence of Uzt in L2((0,7T), L*(€)) implies the strong convergence
of the traces in L?((0,7T), L*(T.)). O

Corollary 2. There exists R. € W1>°((0,T), L?(Q2)) constant on every micro cell (Y +k)
for k € K. and Re,0:R. € L*(0,T) x Q), such that up to a subsequence of {dt} it holds
for every p € [1,00)

Ry, = R weakly” in WH>((0,T), L*(2)),
Ry, — R. in L>®((0,T) x Q),
Ry, — R. in L=((0,T) x T,),

for At — 0 and all o € (0,1). Further, we have

| Rellwro=0,1),2(2)) + | RellLo= 0,y x0) + | RellL((0,r)x1.) < Ce.

Proof. The first convergence follows directly from the a priori estimates in Lemma [l
Further, due to the Arzela-Ascoli theorem, Ry, converges to R, in C%([0,T], L>°(2))
for arbitrary o € (0,1). We emphasize that for every t € [0,7T] the set {éﬁm(t)}m is a
finite dimensional subset of L°°(Q2) and is therefore relatively compact. The convergence
in C%([0,T],L>(£2)) implies the strong convergence of ]%Zt in L*>°((0,T) x ) and,
since ]%Zt is constant on every micro cell, in L>((0,7") x I'¢). Let us check the strong
convergence of Ezt. We have

HEEAt(ta ) — Ry, ')HLoo((O,T)xQ) = 2]. max ||R] — Rﬁ_lHLw@ < CAt.

The triangle inequality implies th — R in L*°((0,T) x Q). The inequality follows from
Lemma [4] O

We will prove later in Lemma [ that also the time derivative of atéﬁm converges
strongly in the LP-sense. Now, let us define the function

Je(t, z) = det (In + ny(xwo) (%)) . (36)

In the following corollary we prove the convergence of 72,5 and fgt to the function J, for

At — 0.

Corollary 3. Up to a subsequence, for every p € (1,00) there holds the following conver-
gence

Tar— Je in L=((0,T) x ),
Jas — Je weakly in LP((0,T), W'P(Q.)),
Tae = Je in L2((0,T) x ),

O T4, — OpJe weakly in LP((0,T) x Q)
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for At — 0. We emphasize that, due to the structure of J. in @6, we have J. €
C°([0,T] x Q). Further, the following inequality holds

||JeHCO([07T]><gT€) + ||atJe||L°°((O,T)><Qe) + GHVJGHCO([O,T]XSTS) <C.

Proof. First of all, let us check the convergence of zﬁ ;- Using the Lipschitz continuity of
the determinant and the essential boundedness of R, with respect to At, we obtain

At—0

|| Je — =37 0.

‘]AtHLw((o T)x Q. ) = HR RAtHLoo((o T)x Q)
Further, we have from (31d))
178 — Tacll o (o.myx00) < 2097 = 7Y o0,y x00) < CAL.

The weak convergence of J%, in LP((0,T), W P(€2.)) N WL?((0,T), LP(2)) now follows
directly from the a priori estimates in Lemma[3l The estimates for J. are a consequence
of Lemma [ formula (B0]), and the inequality for R. in Corollary 2

O
Corollary 4. Up to a subsequence, we have the following convergence results:
W&, — Jeue in L2((0,T), H*(0)),
OW5, = Or(Jeuc) in L*((0,7), H' (%)),
Wy — Jeue in L*((0,7), L*(Q))

for At — 0. Further, we have the a priori estimate

| Jetell oo (0,1),22(00)) + €IV (Tewe)l L2 (0,1, 2200 )) + [10c(Jewe) || L2 (0,1), 1 (2. )) < C.

Proof. The existence of a limit function W, such that the convergence results above hold
(up to a subsequence) for J.u, replaced by W, follows as in the proofs above. The 1dent1ty
We = Jeu, follows easily from the pomtw1se almost everywhere convergence of .J! AtU A tO
Jeue (for a subsequence) and WAt = JAtUAt. O

4.3 Existence for the continuous model

Now, we want to pass to the limit At — 0 in the time-discrete problem from Definition
Ml Let us define the piecewise constant coefficients in the following way for t € (t/~1,#/):

At( ) GJ 1( )7 SﬁAt(tvx) = Sg('r)v th(t,ZE) = VSg(SC),
DAt( ax) = Dg’ VAt(t’x) = Veja th = fe]

Multiplying the variational equation 28] with ¢ € C§° ([O, T) x Q_e) and integrating with
respect to time gives us:

/ / O WS, ddadt + / / DS, VU, - Vodudt

/ / VS, VU, ddzdt + / / T fa,odudt (37)

+ / / U0y TS, ddadt — / e (Tar(- = At) — p) T x,dodt.
0 Qe re
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To pass to the limit At — 0 in [B7), we need the following convergence results for the
interpolated coefficients:

Lemma 6. Up to a subsequence of {dt} we have the following convergence results for
arbitrary p € [1,00)

RS, = GS, — Ge(ue, Re) in LP((0,T) x T,), (38a)
DS, — D. in LP((0,T) x Q.), (38b)
Vi — Ve in LP((0,T) x Q) (38¢)

for At — 0.
Proof. We start with the convergence ([B8al). We have

|Gas — Ge(ue, Rf)HiQ((O,T)XFe)

2

N I i—1
1 RI R,

<o 3 [0 o ) g (v ) o

imiker, 7 ITe(ek) € €

n +J i1 2

1 RI R,

O S TR~ IO

j=1/t71 € € Jllrzr,)

Using the Lipschitz continuity of g, we obtain

|Gas — Ge(ue, Rf)”iﬁ((o,T)xFe)

—c — 2 —e —€ 2
<Ce (HUAt(' — At) - UAtHLQ((O,T)xFe) + HRAt(' — At) - RAtHLz((O,T)XFS)) :

We emphasize that for t < 0 we have Un, = ui® and Ra, = R™. Because of the conver-
gence results from Corollary [l and 2 as well as the Kolmogorov compactness theorem,
the right-hand side tends to 0 for At — 0. Hence, we have 0; Ry, = G4; — Ge(ue, R)
in L2((0,T) x I'¢) for At — 0. Since G, € L*((0,T) x I'.), the dominated conver-
gence theorem of Lebesgue implies that the convergence also holds up to a subsequence
in LP((0,T) x T'¢) for all p € (1, 00).

For the convergence (38L) we first notice that

DEAt = jEAt [thrl D(SeAt) [th]il )

and therefore, due to the convergence results from Corollary[2land Bl we obtain D%, — D.
almost everywhere in (0,7 x €. up to a subsequence. Since D4, is essential bounded, the
dominated convergence theorem of Lebesgue implies D%, — D, in LP((0,T") x Q). The
last convergence ([B8d) follows by similar arguments, where we here additionally use the
strong convergence (and therefore the pointwise almost everywhere convergence up to a
subsequence) of 8&%& proved above. We emphasize that due to the strong convergence of
8,5]?2‘& is also valid in LP((0,T) x ), since it is constant on every micro cell e(Y +k). O

As a consequence of the previous results, we can easily prove the existence result in
Theorem [Tt

Proof of Theorem[dl This follows directly by passing to the limit in the variational equa-
tion B7) and in (I9). To establish the initial condition, we just integrate by parts with
respect to time in (I7) and (B7). Since this is standard, we skip the details. O
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In the following Lemma we summarize the a priori estimates for the weak solution
(e, Re) which will be necessary for the derivation of the macroscopic model:

Lemma 7. A constant C' > 0 not depending on € exists such that the weak solution
(tue, Re) from Theorem [ satisfies the a priori estimates

ellOvue|lL2((o,), 1100y F el L= 0,1),L2(02.)) + el L2 (0,1), 11 (20)) < C
1 1
“IBellzo=(0,m)x00) + Zll0:Bell = 0,1y x020) < C,

0¢(Jeue)ll L2 (0,1, 11 () + 1 etiell Lo (0.7, 22(02))
+el| V(Jeue) | L2(0,7),2(0.)) < C.

Also, for the Hanzawa transformation S, and the Jacobi-determinant J. one has

[SellLo(0.1)x0) + IV SellLoo((0,7)x0.) + %HatSeHLDO((O,T)XQG) <,
[Jell 2o (0, 7)x02.) + [10edell Lo 0,1y x020) + ENVIel[ Lo 0,7y x00) < C.
Finally, there exists a constant ¢y > 0 such that (independently of €)
co < Je(t,x)  for almost every (t,x) € (0,T) x L.

Additionally, the differential equation (Zd)) for R. and the boundedness of g immedi-
ately implies with the mean value theorem the following uniform estimates:

Corollary 5. It holds that

[ Rellcor(fo,11,L (2)) + [ Jellcon o1,z () < C.

5 Derivation of the macroscopic model

In this section we show that the sequence of micro solutions (u., R¢) converges in a suitable
sense to the solution of the macro-model (23]). For this we prove two-scale compactness
results which allow to pass to the limit in the variational equation for the micro model
([I8). However, the a priori estimates in Lemma[flonly guarantee weak convergence for u,
and R, and this is not enough to pass to limit in (8], since also the strong convergence
of the coefficients, which depend in a nonlinear way on the micro solution itself, is needed.
Also to pass to the limit in the boundary term and in equation ([9) strong convergence
is necessary. We refer the reader to the Appendix [Bl for a short overview on the two-scale
convergence.

5.1 Compactness results

The crucial point is to obtain the strong convergence of u., R., and 0;R.. Standard
arguments for u. of Aubin-Lions-type, see [30], fail, since we have no uniform bound for
the time derivative d;u. with respect to ¢ (remember, the norm is of order ¢~!). Hence,
it makes sense to consider also the sequence J.u. which has bounded time derivative,
but which gradient behaves badly with respect to e. We will see that together with
the uniform bounds on J, this is enough to guarantee to strong convergence of u. via a
variational argument. The strong convergence of R, is obtained by using the Kolmogorov-
compactness theorem, see [6], based on uniform bounds for the difference of small shifts.
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Combining the strong two-scale convergence of u. and R., we are able to show the strong
convergence of R, and identify its limit. Before proceeding, we observe that, since €2,
is connected, there exists an extension of u. to the whole domain Q (also denoted u, to
avoid an excess of notations) such that ([I] [I0], see Section for more details)

lluell 20,7y, 51 () < C. (39)

5.1.1 Weak two-scale compactness results

We start with some (weak) two-scale convergence results which follow directly from the a
priori estimates in Lemma [7l For the definition and some basic compactness results for
the two-scale convergence see the Appendix [Bl

Corollary 6. Up to a subsequence the following convergence results for the microscopic
solutions (uc, Re) of problem () are valid:

(i) There exist ug € L*((0,T), H'()) and uy € L?((0,T) x Q, H,(Y*)/R)), such that

per
Ue — U in the two-scale sense in L2,
Vue — Vaug + Vyur in the two-scale sense in L2,
ue =" ug weakly™ in L°°((0,T), L*()).

(ii) There exists Ry € W1>°((0,T),L?(Q)) with Ry € L=((0,T) x Q) and 8;Ry €
L>((0,T) x Q), such that for every p € [1,00)

e 'R. —~* Ry weakly™ in W ((0,T), L*(Q)),
6_1RE — Ry in the two-scale sense in LP,
e 'O, R, — O, Ry in the two-scale sense in LP.

Additionally the two-scale convergences above also hold in the two-scale sense on T,
wn LP.

(iii) Defining
Sol(t,z,y) ==y + (Ro(t,z) — R)(xovo)(y),
it holds for every p € (1,00) that
Se = x in L>°((0,T) x Q),

VSe = VS0 in the two-scale sense in LP.

Proof. These results follow directly from the a priori estimates in Lemma[] and standard
two-scale compactness results from Lemma [0 in the Appendix[Bl We point out that Ry is
independent of the microscopic variable y € Y, since R, is constant on every microscopic
cell (Y + k) with k € K. O

5.1.2 Strong convergence of R,

Next, we prove the strong convergence of e ! R, in the LP-sense, where we make use of the
Kolmogorov-compactness theorem, see for example [6]. We first introduce the following
notation for 0 < h:

Q" = {z € Q : dist(z,00) > h}.
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Further, for £ € Z™ we define
Kf={keZ": (Y +k+£)Ue(Y +k) C Q},
and

Q :=int U (Y* +k), .= U e(l' + k).
keK! keK*

We emphasize that Qf C QI and for |ef| < £ and e small enough it holds that

Q" cint | eV +k). (40)

Proposition 4. For all p € [1,00) it holds up to a subsequence that
€ 'R.— Ry in LP((0,T) x Q).
Additionally, we have Ry € L>((0,T), H*(Q)).

Proof. Tt is enough to show that R, — Rg in L*((0,T) x Q). Then, the desired result
follows from the dominated convergence theorem of Lebesgue. We use the Kolmogorov-
compactness theorem. Let s € R and £ € R", then we have to show:

_ 5,§)—0
sup ¢ YRt + 5,2+ &) — Re(t, @)l 220,17y x ) i 0,
€>

where we can extend R, by zero to R x R™. Since ¢ 'R, is uniformly bounded with
respect to € in L>((0,7) x Q), it is enough to show for 0 < h < 1 and |s| + |¢| < £ that

_ (5,£)—0
sup € YRe(t + 5,2 4 &) — Re(t, @)l L2((hr—hyxny = 0.

First of all, we have

[Re(t + 5,2+ &) — Re(t, )| L2((h,r—n) xm)
SRe(t +8,2) = Re(t, @) || 2 ((h,7—nyxa) + [ Re(t, 2 + &) — Re(t, )| L2((0,7) x 2n)-

For the first term we obtain from the essential boundedness of ¢:

€ ?||Re(t + 5,2) — Re(t, $)||%2((h T—h)x )

2
T—s t+s
:/ / / ue(T, 2), Re(r,2) dzdr | dt
0 |€F|2 te[2]) €

< Cs? ||9HL°°(]R><]R")'

Let us consider the term including the shifts in the spatial variable. We have (see [19]

Proof of Theorem 13]) for ¢ € (0,T)
[Re(t,z + &) — Re(t,2)|| 2 (qny < Z R, (t,x +ej+e E}) — R.(t,x)

je{o, 1}

L2(Qh)
(41)
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Let £:=£(e,j) :==j + [é] Then for ¢ € (0,7) we obtain with (9]
€

€ ?[|Re(t, @ + €£) = Re(t,2)[|72(qny < Ce?| R (@ + Le) — RP|72(m)

/mLen// < (32 4, 2T

2
-y (ue(s,z), M) dzds] dr =: Al + A%,
€

For the first term Al including the initial value we immediately obtain from the As-
sumption [(A2)] that Al < C|€e|?>. For A2, using the trace inequality (B3], the Lipschitz

€

continuity of g, (mil), and that R. constant on every micro cell gives

(52 +e[Z] +et) —u (S’Z“EDF

Qh
+ € ‘R (s ere{ }Jreﬁ) (s,ere{%Drdazdsd:c
< Z { // lue(s, z + ek + e€) — uc(s, z + ek)|> do.ds

keK?®

C t
+ 2 / / / |Rc(s,z + ek + €£) —Rﬁ(s,z—i—ek)|2 dazdsdx}
lelle* Jey rionan Jo Jer

t
= Ce/ [uc(s, 2 + €b) — uc(s, 2)|*do.ds
o Jre

t
+ C/ / € ?|R(s,z + €€) — R(s, 2)|*dzds.
o Jor

Therefore,

t
A? < C/ [uc(s, 2 + €b) — ue(s, 2)|* + €| Vue(s, 2 + e£) — Vu(s, 2)|*dzds
Q¢
t
+/ / € 2|Re(s,2 + e€) — Re(s, 2)|*dzds
o Jar

t 1
<C / / / [Vue(s, z + Aeb)|? - |ef|*dAdzds
0 Qleel Jo
+ O+ Ce2||Re(, + ) — Rel2a 0.0y x0m)-

We can now use the a priori estimate for Vu, as proved in Lemma [l Although these
are obtained for the perforated domain €)., they remain valid for the extension of u. to
Q, see (39). From the above, we obtain

A2<C (HVUeH%Z((O,t)xQ)|€£|2 +CE + ¢ |Re(-,- + el) — Re||2L2((o,t)xm))
< C (|€£|2 + 052 —+ 6—2HR€(.7 -+ €£> — RCH%Q((OJ&)XQ}})) .
The Gronwall-inequality gives

6_2||R6(t, e + 68) — R€(t"T)||%°O((O,T),L2(Qh)) S C(|€£|2 _|_ 62).
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With £ =j+ F} and (I)) we obtain
€
€ HRe(t, 2 +€) = Re(t, )| e 0,1), 2200y < C (8] + ). (42)

Hence, for arbitrary p > 0 there exists €y, dp > 0, such that, for all £ € R™ with |£] < do
it holds that

Sup e MRt 2 + &) = Re(t, @) || Lo (0,1),22 (1)) < P- (43)
e<eg

Since the sequence € is countable there are only finitely many e (denoted by €q,...,exn)
such that €¢; > ¢y for i = 1,..., N. Due to the Kolmogorov-compactness theorem there

exists d; > 0 such that for all |{] < dg

€ M| Re, (t, + &) — Re, (t, )| e (0,7, 12(000)) < -

Hence, [@3)) is also valid for all [¢] < § := min{dy,...,dn} and if we take the supremum
over all e. This gives the strong convergence of e 'R, to Ry in L*((0,T) x Q).

It remains to establish the higher regularity of Ry with respect to x. This is an easy
consequence of [@2). In fact, using the strong convergence (up to a subsequence) of R, in
LP((0,T) x Q) for p € [1,00) showed above, we obtain with |¢| < £ for € — 0 in (@2)

HRo(ta$ +&) — Ro
€]

with a constant C' > 0 which can be chosen independently of p. This implies Ry €
LP((0,T), H'(2)) with LP-norm bounded uniformly with respect to p and the proposition
is proved. O

<C,
LP((0,T),L2(QM))

Remark 5.
(i) The above proof shows that we also have the pointwise convergence
€ 'R(t,") = Ro(t,") in LP(Q)
for almost every t € (0,T) and 1 < p < c0.

(ii) In the same way as we proved the regularity of Ro, we obtain the regularity of the
initial condition R® € H*(Q) from the Assumption[(A2)

Corollary 7. For all p € [1,00) it holds up to a subsequence that
e 'R. — Ry strongly in the two-scale sense on T in LP.

Proof. We use the equivalent characterization of the strong two-scale convergence via the
strong convergence of the unfolded sequence 7¢(e ' R.) in LP((0,T) x Q2 x '), see Lemma
in the Appendix [Bl Since R, is constant on every micro cell, 7¢(R.) is constant with
respect to y € Y and therefore V, 7¢(R.) = 0. Hence, we have with the trace inequality

[ Te(e 7" Re) — Roll Lo ((0,m)x2x1)

< C(Hﬁ(flRe) — Roll o (0,1 x0xy+) + || Vy(Te(e " Re) — Ro) ||LP((O,T)><Q><Y*))

=0
_ e—0
< C||Te(e " Re) = Rol| Lo (0.1 xxv) = 0,
where the convergence follows from Proposition ] and Lemma [I3] O
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Let us define

Jo(t, z,y) := det (VySo(t,x,y)),

DO(tv &€, y) = ‘]O(tv €, y>vySO(ta z, y)_lD(x)vySO(tv €, y>_T'
For the definition of Sy see Corollary [l We emphasize that 0 < ¢ < Jy(t,z,y) for a
constant co > 0 and almost every (¢, z,y) € (0,7) x Q x Y*, and therefore V, S(¢t,z,y) "

exists almost everywhere. From the strong convergence of R, proved in Proposition (]
we immediately obtain:

Corollary 8. For 1 € [1,00) it holds up to a subsequence that

VSe = VySo strongly in the two-scale sense in LP,
Je — Jo strongly in the two-scale sense in LP,
D. — Dy strongly in the two-scale sense in LP.

Additionally, the strong two-scale convergence of VS, and J¢ is also valid on T'¢ in LP.

Proof. Again, we use the unfolding operator. We have

1 Te(VSe) = VySollLeo,ryxaxy =) = |(Te(e ™" Re) — Ro)xovoll Lo ((0,1)x2xy+)
< CO(Te(e™ " Re) — Ro)ll Lo (0.1 x 2 v )
The right-hand side converges to zero for ¢ — 0 because of Proposition[d For J. we use
the essential boundedness of Tc(J.) and Jy on (0,7) x © x Y* uniformly with respect

to €, to obtain with the local Lipschitz continuity of the determinant (using Tc(J.) =
det(7c(VSe)))

e—0

[ 7e(Je) — JollLe(0.myxxy+) < CTe(VSe) = VySoll Lo 0,1y xxy+) — 0.

To show the convergence of D, we first notice that due to [B2) the inverse gradients
Te(VS71) and V, S5 " are essential bounded on (0,7) x Q x Y*) uniformly with respect
to e. This gives

ITe(VSY) = VySy e o,myxaxy=) < CITe(VSe) = VySoll e 0,1y x0xv+)

e—0

— 0,
where we have used the straightforward equality
Al - Bl =AY (B-A)B™!,

valid for any invertible matrices A, B € R™*™. Using now ([T, the convergence above
yields the strong two-scale convergence of D..

The convergence results for V.S, and J. on I'c follow by similar arguments and using
Corollary [1 O

5.1.3 Strong convergence of u.

Next, we prove the strong convergence of u, in the two-scale sense to the limit function
ug. Since we have no uniform bound of d;u. with respect to €, standard methods (see
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[30]) fail. Therefore, we first introduce a regularized auxiliary problem: We consider for
t € (0,T) and ¢o € C°°([0,T] x Q) the problem
—Awe +we = Je(ue —¢o)  in Q,

(44)
—Vw,-v=0 on 0€),

Obviously, there exists a unique weak solution w. € L?((0,T), H'(£.)). We have the
following additional regularity with respect to time and uniform a priori estimates with
respect to e.

Lemma 8. [t holds that we € H*((0,T), HY(Qc)) with

10cwell L2 (0,7, 11 (0.)) + lwell Lo ((0,7), 112 (2.)) < C (45)
with a constant C > 0 independent of e.

Proof. Testing the weak formulation of {d]) with w, we obtain for a constant ¢y > 0
almost everywhere in (0,7") with Lemma [1]

lel 2o,y + Vw22, = / Je(ue — o)wedz

< Jellpee oy llwe = doll L2 llwell 2.
< Ollwellz2 )

1
<C+ §||we|\%2(ne)-
This implies
[well Lo (0.1). 1 (20)) < C,

where the constant C' is independent of e, but depends on the L>((0,7T), LQ(Q))-norm of
®o-

Let us check the estimate for the time-derivative. We define for 0 < h < T the
difference quotient with respect to time for a function ¢, : (0,7) x . — R by

Do (b, 7) = LT wf)L — $e(t, )

for (t,x) € (0,7 — h) x Q.

Applying 07 to the equation (@), we obtain

_Aafwe + afwe = aﬂJe(Ue — ¢0)] in €,
—Volw.-v=0 on 99..

Testing the weak formulation of the equation above with 9f'w. and integrating with
respect to time, we obtain

T—h T—h
/ / Volwe - Volw, + |0 we|*dedt = / / O[T (ue — ¢0)]0twedxdt
0 Qe 0 Qe

<10 (Je(ue — o))l L2((0,7—h), 11 (2 10F wel L2 ((0,7— 1), H1 (2))
< C(0) + 0110 wel 220, 7— ), 11 (000
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for all # > 0 and a constant C'(0) > 0 depending on 6, where in the last inequality we
used the a priori bounds for 9;(Jeue), Je, and 0y J. from Lemma [l The constant C(6)
depends on the L2((0,T) x €)-norm of dy¢9 and ¢g. For § small enough the last term
can be absorbed from the left-hand side and we obtain

10 well L2((0,7—h), 11 (020)) < C-
This gives the desired result. (|
Remark 6.

(i) By a density argument we want to choose ¢o = ug. However, in the proof of the
Lemma above we have to work with smooth ¢g, since we need the time deriva-
tive O¢(Jepo) and it is not clear whether the time-derivative O (Jcug) exists and is
bounded (not even clear dyug € L*((0,T), H(2)")!).

(i1) The inequality [@B]) depends on the norm
llPoll 20,1, 17 (20)) + 10sboll L2((0,7) %) -

In the proof of the following Proposition [3 we will choose a sequence ¢g = ¢ which
converges only in L*((0,T), H(Q)), i. e., the norm of the time-derivative dyug is
in general not bounded. We will see in the proof that this has no influence on the
result.

(iii) Due to the Sobolev-embedding and since Q. is connected, we also have
lwellz2o.1), 2900 < €
forq= 2% ifn#2 and q € [1,00) if n = 2.

Corollary 9. There exists wo € L*((0,T), H () and an extension w. € L*((0,T), H*(Q))
of we, such that up to a subsequence it holds that

We — Wo weakly in L*((0,T), H'(Q)),
We — Wy in L*((0,T), L*(2)).
Especially, we obtain the strong two-scale convergence of w, to wy.

Proof. We refer to [I] for the extension and for the strong convergence see [30, Theorem
2.1] or [19, Lemma 10]. O

Obviously, wo € L?((0,T), H'(£2)) solves the following macroscopic problem:

-V (AVwo) + wg = jo(Uo — (bo) in (O,T) x Q,

46
—AVwy -v =0 on (0,7T) x 09, (46)

with
Jo(t, ) := / Jo(t,z,y)dy  for almost every (¢,x) € (0,T) x Q,
and A € R" "™ is defined by

A = / (Vxi+e)- (Vx; +ej)dy,
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and x; € HJ,(Y*)/R are the solutions of the following cell problems:
-V (Vxi+e)=0 in Y*,
—(Vxi+e) v=0 onT,

X;: is Y-periodic, / xidy = 0.

*

Proposition 5. Up to a subsequence it holds that

XQ. Ue = XY+U0 strongly in the two-scale sense in L?,

Ue|pr, — up strongly in the two-scale sense on I'c in L2

Proof. We choose a sequence ¢5, € C5°((0,T)xQ), such that ¢x — ug in L((0,T), H*(Q))
for k — oo. We denote by w the solutions of [@]) for ¢g = ¢x and w§ is the solution of
[6) for ¢g = ¢r. Testing [@dl) with ue — ¢, we obtain with 0 < ¢g < J,

collte — xll2a, < / (e — dn)da
/ V(u Vwkdac—i—/ (ue — or)wFdz

Q.

< Hue - (kaHl(Qe)Hwe HHI(QS)'

Hence, we get

Co
3”1% - u0||2L2((o,T)xQ€) < collue — ¢k||2L2((O,T)><Q€) + col|uo — ¢k||2L2((o,T)xQ€) (47)
< lue = @kl 20,1y, 10 @) |WEl L2 (0.1, 12 (00)) + Colluo — Dkl 2 (0.1 %00

The second term on the right-hand side tends to zero for & — oo, due to the choice of ¢y.
For the first term we notice that due to the strong convergence of ¢y in L%((0,7), H(2))
and Lemma [7, we have

lue = drllL2(0,1),H1 () < C

for a constant C' > 0 independent of k and e. We have to estimate ||[w¥(| 20,1, 11 (0.))-
From (@4) we obtain by testing with w* after integration with respect to time:

Hw HL2 ((0,T),H*(2)) —/ / kdmdt
:/ Je (e — ug)w, d:z:dt—i—/ / (ug — o )whdrdt
0 Q.

T
g/ / Je(ue — uo)wFdzxdt
0 Q.

+ [ Jell oo 0,7y x2) 1to — Pkl 220, 7)x 00 |[WE I L2 (0,7 x 20

T
1
< [ et = wopubdedt+ Clluo = 6ulaqoiryn + 510 o cn
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Hence, we obtain

HwicH%Z((O,T),Hl(Qe)) (/ /Q — uo)wl drdt + |lug — Dk 2((0,1)x 0. ))

We show that the first term on the right-hand side converges to zero for fixed k and € — 0.
We have

T T
/ / Je(ue — uo)wfdxdt :/ / (JE —J (m, E)) (ue — uo)wlgdxdt
0 Ja. 0 Ja. €
T z .
+ Jo @, - (u6 — ug)wg dxdt
Q.
/ / — up)(wF — wf)dxdt

=: Al + AZ + A2

For the third term A? we obtain with the a priori estimates from Lemmal[fand the strong
convergence of w" from Corollary [

e—0
((0,T)x92.) = 0.

|A2| < || Jell o (0,1) ue — ol £2((0,1)

Since Jy (x, %) wk is an admissible test-function in the two-scale sense, we obtain from the
(weak) two-scale convergence of u, from Corollary B that A2 — 0 for € — 0. It remains
to estimate Al. From Remark [f we have w§ € L2((0,T), L4(2)) for ¢ > 2. Hence, there
exists p € (1,00) such that % + % = % From the Holder-inequality we get with Lemma [

Al ( E)‘ .- - , k ) ,
| * L ((0,T)x Q) l[ue = woll o= ((0,1),22(2:)) lwg | L2((0,7),La(02.))
€ e—0
(=) =,

Lr((0,T)x Q)

where at the end we used the strong two-scale convergence of J., see also Remark [ in
the Appendix [Bl Altogether, we get:

1im881p ||U}§||L2((O7T)7H1(Q€)) < Clluo — drllz2((0,1)x0)-
e—
Altogether, we obtain from (@)
timsup e — uollz2(o:ryxs2) < C (o = 6xllEaqomyxn + 100 = Bullzzo.m ) -
e—

For k — oo we get the first convergence in the statement. To prove the strong two-scale
convergence on the surface I'. we use the trace inequality [33) to obtain with Lemma [1

Vellue — uoll 220,y xr.) < C (lue — wollr2(0,m)x0.) + €l Ve — Vuol 220, 1)x0.))
< Ollue = uollz2(0,1)x0.) + Cé,

which tends to 0 for € — 0. O
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5.1.4 Strong convergence of O, R

In this section we identify the limit of d; R,, i.e., we show 9;Ry = g(ug, Rp).

Lemma 9. Let w. € L*((0,T) x I'c) and wo € L*((0,T), WH1(Q)) such that w. — wy
strongly in the two-scale sense on I in L'. Then we have

T / (t,2)do — wo  in L*((0,T) x Q).

Proof. First of all we extend the function wq to a function in L((0, "), W11 (R")) and use
the same notation wy for the extended function. Now, we define for all (¢,z) € (0,7) x

1
he(t,x) := P /1“6(5[%]) we(t, z)do.

Hence, we have to show that
he = wo in LY((0,T) x Q).

We also define for (¢,2) € (0,T) x Q (see (I8 for the definition of I'c(x))

gg(t, x) = — wo(t, z)do,

€| Jr_(z)
Ro(t, ) = g° (t,e {ED .
€

Then we have

lhe — wollL((0,7)x0)
< Nlhe = Rl L1 o,myx) + 1R = 921l Lo,y x0) + 198 — woll L1 0,7y <)
= Al 4 A% + A3

For the first term Al we have

Z / / / |we(t, z) — wo(t, 2)|dzdxdt
(Y +k) JT. (k)

keK.

< |:—F|/ / |we(t, 2) — wo(t, z)|dodt
r.

0
< C€||’LU€ — ’LUQHLI ((0,T)xT.) ei> 0

dxdt

_|€|

due to the strong two-scale convergence of w,, see also Lemma in the Appendix [Bl
For the term A? we use a density argument together with the mean value theorem.
More precisely, let we € C§°((0,T) x R™) be a sequence with wy — wg for £ — oo in
LY((0,T) x R"). Remember that wy is extended by zero to the whole R™. We mention
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that we can also choose a sequence converging in L((0,7), W1(Q)), but this is not
necessary. We define

gi(t,x) == wy(t, z)do,

el Jr, )
Ri(t,z) == g (t,e [ED .
€
Then we have

A? < ||h8 - thLl((o,T)xQ) + th - ngLl((o,T)xQ) =+ ||gf - ggHLl((O,T)xQ)
=: B;,+ B2, + BZ,.

For the first term we get with similar decomposition arguments as for the term Al above
and the trace inequality (B3])

B!, < Cellwe — woll 1 ((0,1)xT.)
< C (lwo = wellLr(0,myx ) + €l Vwo = Vel 10,7y x0)) -

The first term on the right-hand side converges to 0 for £ — oo uniformly with respect to
€. The second term on the right-hand side goes to 0 for ¢ — 0 (for fixed ¢ € N). For the

term B?,e we get
wy (t,z —€ {E}) —wy(t, z)
€

sz [
e Sy Ja e
€ T ! T
< —/ / / / ’Vwe (t,z —s e{—}) ’ dsdo,dxdt
[l Jo  Ja Jr.@) Jo €

< Cel|Vwell oo, x7)-

do,dxdt

Hence, B?, — 0 for ¢ — 0 for every fixed £ € N. For B?, we have

€

1 /7
B?, < E/o /Q/F o |we(t, x + 2z) — wo(t,x + z)|do,dxdt

1 /7
= m/o /F (0)/9 |we(t, ) — wo(t, x)|dxdo,dt
3 +z

< Cllwe — wo| L ((0,1) x k") 5

and therefore B3, — 0 for ¢ — oo, uniformly with respect to e.
It remains to estimate the term A2. With the notation from above we obtain

Af < HgS - ngLl((o,T)xQ) + ||gf —wel| 1 ((0,7yx ) + [[we — wollL1(0,7)x0)-

The first term was already considered above, and the last term obviously tends to 0 for
{ — oco. For the second term, we argue as for Bi , to obtain

1 T
Hgf —wellL1(0,m)x0) < m/o /Q/F ( )|w¢(t,z) — wy(t, x)|do,dxdt

< Cel[Vwell oo,y -

Hence, A2 goes to zero for € — 0. Altogether, we obtain the desired result. O
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As an immediate consequence we obtain the strong convergence of €19, R.:

Proposition 6. Up to a subsequence ¢ — 0, it holds that
e '0,R. — 0;Ry in LP((0,T) x Q)
for p € [1,00), with Ry satisfying the equation
0¢Ro = g(uo, Ry) a.e. in (0,T) x Q.
Especially, we have up to a subsequence
e Y0.R. — O.Ry  strongly in the two-scale sense on I'c in LP.

Proof. The convergence of e 19; R, in L'((0,T) x Q) is a direct consequence of Lemma [
by choosing

we(t,x) =g (ue(t,x),eflRE(t,x)) ,

wo (t, z) = g(ug(t,x), Ro(t,x)).
The strong convergence of u. and ¢ 'R, see Proposition @ and [ and the Lipschitz
continuity of g imply the strong two-scale convergence of w, on I'. in L. Further it holds
that wo € L2((0,7), H*(R)), due to the Lipschitz-continuity of g and the regularity of
uo and Ry, see Proposition @ Then, Lemma [ implies the convergence of ¢ '0,R. in

LY((0,T) x Q), and the result for arbitrary p € [1,00) follows again from the dominated
convergence theorem of Lebesgue. Now, from 0; Ry = g(uo, Ro), we obtain

VOo;Ry = alg(uo, RO)VuO + agg(uo, Ro)VRO S LQ((O,T) X Q)

Using that R, is constant on each micro cell and the trace inequality ([33)), we obtain with
the same arguments as in the proof of Corollary[]

Velle 0 Re—0: Rol| 20,1y,
< C (e '0rRe — 0rRoll 120,17y %02y + VElIVORoll L2((0,1)x9.))
e—0
— 0.
Arguing again as in Corollary [ the convergence is also valid for all p € [1,00), and the
proposition is proved. O
Corollary 10. Up to a subsequence € — 0, one has for every p € [1,00) that

OrJe — O Jy strongly in the two-scale sense in LP.

Proof. This is a direct consequence of the Jacobi formula (2Z) and the strong two-scale
convergence results in Corollary 8 and Proposition [G1 O

5.2 Derivation of the macroscopic equation

In this section we derive the macroscopic model in the limit ¢ — 0. In a first step, we
derive the cell problems on the reference element Y*. In the second step, we derive the
macroscopic equation on 2. We emphasize that we already derived the limit equation for
the radius in Proposition [
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First of all, choose ¢c(t,z) = e (t,x,£) for ¢ € C5°((0,T) x Q,C52.(Y*)) as a test-

per
function in ([I8). Due to our a prior: estimates in Lemma [ all the terms except the

diffusion term are of order e. Hence, for ¢ — 0 we obtain from the strong two-scale
convergence of D, from Corollary § and the two-scale convergence of Vu, from Corollary
0]

T
/ / Do(t,z,y) [Vauo(t, z) + Vyui(z,y)] - Vyo(t, z, y)dydzdt = 0.
QJy=

From the linearity of the problem we obtain for u; the representation

ul(ta xz, y) = Z amiuo(tv SC)’U_)Z (tv Z, y)a

i=1
where w; € L2((0,T) x Q, H*(Y*)/R) are the solutions of the cell problems

-V, - (DO(Vywl + 61')) =0 in (O,T) X QxY*,

—Do(Vyw; +¢e;) v =0 on (0,T) x Q x T, (48)

w; is Y-periodic, / wi(t,z,y)dy =0 fae. (t,z) € (0,T) x Q.

*

We emphasize that the L>-regularity of Dy with respect to (¢, ) implies the L>-regularity
of V,w; with respect to (¢, z).

Next, we derive the macroscopic equation. We choose ¢ = ¢ with ¢ € Cg° ((0, T) % ﬁ)
as a test-function in (I8]) and integrate with respect to time:

T
/ (O(Jeue), @) 0.y, mY (00 dt—/ / w0y Jepdadt

/ / Ve VuegbdzdtOJr/ D.NVu. - Vodadt (49)
Qe 0 Qe

/ / J. feddadt — / / O Re(ue — p)Jegpdodt.

Let us pass to the limit in every single term. For the term including the time-derivative
we use the following fact: First of all, using the strong two-scale convergence of J. from
Corollary { and u, from Proposition [, it is easy to check that Jeu. converges (even
strongly by the dominated convergence theorem of Lebesgue [4, Theorem 3.25]) in the
two-scale sense to Joug in L2. Then, due to the a priori estimate of Jcue in Lemma [ we
obtain that for the zero extension Jeu, of Jou, to the whole domain € it holds that (see
also Lemma [Tl in the appendix)

a (fzf) — 0, (Jouo)  weakly in L2((0,T), HY(Q)),
with
Jot.a)i= [ ey,

Remark 7. Since Jo is polynomial in Ry with coefficients depending on y in a smooth
way, we easily obtain that Jo € L>((0,T), H(Q)).
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Now, we obtain

T

T —_—
0. Je e)s ’ dt = 0, Je 3 ) dt
/O (Or(Jeue), &) 1 (0.y 11 (9020 /O < t( u) ¢>H1(Q)’,H1(Q)
e—0 T T
—)/ (Ot (Jouo), ) g1 (@), 11 (@) dt.
0

We emphasize that Jy is the volume of the moving cell Y*(¢, ) defined by
Y* (t, x) =Y \ BRo(t,m) (.T),

i.e.,we have Jo(t,z) = |[Y*(¢,2)|. For the second term on the left-hand side in ([@9) we
use the strong two-scale convergence of u. from Proposition B as well as the two-scale
convergence of d;J. to d;Jy, see Proposition [0 to obtain

T T
/ / e O Jpdxdt i / / / uo(t, )0 Jo(t, x,y)P(t, x)dydxdt.
0 Qe 0 Q *

Since the L2-norm of V is of order ¢, the third term on the left-hand side in (@) vanishes
for ¢ — 0. Using the strong two-scale convergence of D, from Corollary8and the two-scale
convergence of Vu, from Corollary [l we obtain

T T
lim / / D.Vu, - Vodrdt = / / / Do [Vuo + Vyui] - Vodydadt
=0Jo Ja. 0o JaJy-
T
:/ /DS(t,x)Vuo - Vdzdt,
0o Jo
with the homogenized diffusion coefficient Dg € L ((0,T) x £)"*™ defined by
(DO(ta‘T)*)ij = Do(t,.’L',y) [vywl(taxay) + ei] : [vyw] (t,x,y) + 6]‘} dya (50)

Y *

where w; are the solutions of the cell problems ([@g]). For the first term on the right-hand
side of ([#9) we have

T T
lim / / J. fepdadt = / / / Jofoddydzdt,
c=0Jo Ja. o JaJy=*

where we used the two-scale convergence of J. and S¢, and the continuity of f, see
Assumption It remains to pass to the limit in the boundary term in ([@3). We
only consider in more detail the term including u.. The strong two-scale convergence of
e 'OR. and J. on I'. in L? from Proposition [6 and Corollary B as well as the strong
two-scale convergence of u. on I'. in L? from Proposition [l imply the strong two-scale
convergence of the product e '0; R.u.J. on T'. in L4 for g = 42+_pp € (1,2) (with p > 4). In
fact, this is an immediate consequence of the characterization of the two-scale convergence
via the unfolding operator, see Lemma [[3] in the Appendix [Bl Hence, we obtain

T T
lim/ / Ot R (ue — p)Jeddodt = / / OrRo(up — p)d)/ Jodoydxdt.
=0/ Jr. o Ja r

Let us define the moving cell surface I'(¢, z) by

F(t, :L') = aBRO(W) (m)
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Using the identity (52) we obtain |V, Sy v| = [v| = 1 on I, and we get that

/Joday = / do = |T(t,z)|
T T(t,z)

is the surface area of I'(t, ). Altogether we obtain in the limit ¢ — O:

T T T
/ <8t(j0u0),¢>H1 (Q)/,H! (Q)dt — / / 8tj0u0¢dzdt + / DSVUO . V¢d$dt
0 0 Q 0 Q

- /O : /Q / o fodyodedt - /O ' /Q 01 Ro(uo — p)9IT(t, )| ddt

for all ¢ € C3°((0,T) x Q) and by density for all ¢ € L2((0,T), H*(2)). Using the
relation 0;Jy = V,, - V; and the notation ¢ := fy* Vy - Vody, we obtain the the variatioanl
equation (24]). To finish the proof of Theorem 2l we have to establish the initial condition
u(0) = u™™, where we have to show u® € C°([0, 7], L*(Q). Of course, due to Lemma [T}
it holds that (Joug)(0) = Jou™. The spatial regularity of Ry from Proposition d the
equality Ry = g(uo, Ro) almost everywhere in (0,7) x © and the boundedness of ¢
imply

Ry € CYM([0,T], L>=(Q)) N L*®((0,T), H'(2)).
Together with the positivity of Jy, we obtain
Jyt e C%N([0,T), L>=(Q)) N L=((0,T), H*(2)).
Hence, for ¢ > n we obtain
Jy L0 (Jouo) — Jg tuediJo € L2((0,T), WhH1(Q)').
Now, the product rule implies
Auo = Jy 0 (Joug) — Jg uedeJo € L*((0,T), WhH(Q)').

Especially, due to [38, Lemma 7.3], we have ug € C°([0,T], L*(£2)) and the initial condition
uo(0) € L?(Q2) makes sense. Using (Jouo)(0) = Jou™ and Jo € C°([0,T], L°*(9), we get
the initial condition ug(0) = u'™.

Remark 8.
(i) The proof above gives the following reqularity results
Jo € COL((0,T), L=(2)) 1 L=((0,T), H'(2)),
drug € L2((0,T), Whe(Q)")
for g >n.

(i) The macroscopic equation is formulated on the fized domain 2. The moving bound-
ary is in the cell problems. In fact, if we define

Wit x,y) == wi(t,x, Sy (t,m,y)) for (t,z,y) € (0,T) x Q x Y*(t,z),
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then w; solves the following problem on the moving cell Y*(t, x)

—Vy - (D(Vyi; + Vy (Sg ) ei) =0 in Y*(t,2),
~D(V,w; + V,(Sy ) Te) - v=0 on T'(t, x),
/ J(;l(t,:c, S&l(t, x,y))w; (t, z,y)dy = 0, w; is Y -periodic.
Y*(t,x)

The evolution of Y*(t,x) is given by Sy and therefore coupled via the ODE for Ry
to the macroscopic solution ug.

6 Conclusion

We analyzed a reaction-diffusion problem in an evolving micro-domain depending on the
solution of the equation, and derived a macroscopic model. The homogenized model is
only depending on the macroscopic variable z € 2. The information about the evolving
microstructure are contained in the effective coefficients. The homogenized diffusion co-
efficient is given via solutions of cell problems on evolving reference element, depending
on the limit functions ug and Ry. Hence, in every macroscopic point & € €2, we have to
solve a cell problem depending on the solution itself, what leads to a strongly coupled
problem which numerical treatment is highly challenging.

We emphasize that the methods in this paper are not restricted to the scalar case
and linear reaction kinetics. In fact, the results simply extend to systems with Lipschitz-
continuous reaction rates for example of Michaelis-Menton-type.

Our results depend highly on the assumption that the evolution of the surface is given
by an ordinary equation. In general, one has to consider for example an hyperbolic level
set problem coupled to the transport equation, and even global-in-time solutions for the
microscopic solutions are not guaranteed and even cannot be expected. However, for the
treatment of more realistic applications on has to take into account such kind of models.

In our results we made no statements about the uniqueness of the micro- and the
macro-model. For the homogenization process, uniqueness for the upscaled model is
important to obtain the convergence of the whole sequence, which is not guaranteed in
our case. However, the low regularity of the product Joug and Oyug causes trouble for
the application of standard energy arguments. In the microscopic model, especially the
nonlinear boundary term including the time-derivative 0;R. makes things complicated.
Here, one should take into account entropy methods, see for example [28] [34].

From a physical point of point of view we would expect nonegativity and essential
boundedness for a solution. An upper bound can be obtained for the micro-model under
additional assumptions on the data, e.g., boundedness of u!® and f = 0 (or f depending on
ue with suitable growth conditions). Nonnegativity for the micro-model can be obtained
for growing grains, i.e.,0;R. > 0. In the present model, using the average over the
boundary of the perforation in the differential equation of R. complicates the proof for
nonnegativity, as there is no pointwise relation between u. and 0; R.. On the other hand,
this structure guarantees that the perforations remain radially symmetric. The treatment
of these problems are part of our ongoing work.
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A Some elemental calculations

Recalling ([3)), we choose a fixed §y € (0, min{3 — R, R}) and define the symmetric cut-off
function x € C§°(R)) such that

0<x(z)<1 forallzeR,

Further, with T' = 0Bg(m) being the sphere of radius R centered in m, we let dr denote
the signed-distance function to I'

dist(y, I" if |y| > R,
apfy) = { D)= R
—dist(y,T') if |y| < R.
Clearly, for any y € R™ one has dr(y) = |ly — m|| — R which is a smooth function for all
arguments y # m.
With this, we consider the function

xo:Y =R, xo(y) = x(dr(y)), (51)

which is Y-periodic and smooth (also in m, since it vanishes in a neighborhood of m),
having a compact support in Y.

Further, for any y € T we denote by v4(y) the unit normal in y to I’ pointing outwards
By (m). In this simplified setting we have vy(y) = ﬁ = Vdr(y), and we use the same
expression to extend vy to the set Y\ {m}.

With rs.t. 0 <r < % we let Y," be the perforated cell

Y=Y\ B(m).

Recalling that the radius in (Zd)) is time-dependent, given the function Ry : [0,T] — [E, E]
we define the Hanzawa transform So : [0,7] x Yz — Y by

So(t,y) ==y + (Ro(t) — R)xo(y)vo(y)-

Clearly, an equivalent form of Sy reads

1

So(t,y) =_m4t
ly —m|

[y = mll + (Ro(t) = R)x(ly — m| = B)] (y — m).
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As will be seen below, for any t € [0,T], So(¢,-) : Yz — Ygo(t) is a bijective mapping.
Note that the function Sy is defined on the entire cell Y, but is only bijective in a
neighborhood of T'.

With I,, denoting the unit matrix in R™*"™  the derivatives of Sy are

VSo(t,y) = In + (Ro(t) — R) [o(y) @ Vyxo(y) + xo(y) Vyro(y)],
9eSo(t,y) = Ry (t)xo(y)vo(y).

Also, for the functions x(o and vy we have

Vxoly) = (= X 1y = ml =) = no()x (ly — w| - ),

Vio(y) = Ly = ———(y—m) & (y = m) = —— I, — ——(y) & 1oly).
ly —m| ly —m|? ly —m| ly —m|

This gives

v50<1+ X0 (ROE))IH+{(ROF)<X’(|ym|ﬁ) X0 >]VO®VO.
ly —m| ly —m|

(52)

To compute the Jacobian determinant of Sy we use the matrix determinant lemma
(see [24], Theorem 13.3.8., or [I1]) stating that

det(A+u®v) = (1407 A7 u) det(A),

for any invertible matrix A € R"*™ and column vectors u,v € R"™. After an elemental
calculation, one has

det<vso<t,y>>=(1+x'<|y—m|—ﬁ><Ro<t>—E>)-(1+|;<°—%<Ro<t>—ﬁ>) o

Using the definition of x and with R € [R, R], for all y € Y7 one has

1<14+ X (ly—ml = R)(Ro — R) < 1+ Xl ®) (R — R),

Xo(y) )
|y_m|(R0 R)Sla

R
0<=<= <1+
R

Sl

as |y — m| > R. Therefore
E n—1 ) B
0<% < det(VSo(t,y) < 1+ [Xllp=@) (R — R).
In particular, this shows that Sy(t,-) is a bijection from Yz to Y;;O(t).

B Two-scale convergence and unfolding

In this section we briefly summarize the concept of the two-scale convergence and the
unfolding operator. These methods provide the basic techniques to pass to the limit
€ — 0 in the microscopic problem.
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B.1 Two-scale convergence

We start with the definition of the two-scale convergence, which was first introduced and
analyzed in [33] and [2], see also [27].

Definition 5. A sequence u. € LP((0,T) x Q) for p € [1,00) is said to converge in
the two-scale sense in LP to the limit function ug € LP((0,T) x Q x Y), if for every
¢ € L ((0,T) x 2, Cper(Y)) the following relation holds

T T
lim/ /ue(t,x)qb (t,x,z) d:cdt:/ //uo(t,x,y)qb(t,x,y)dydxdt.
=0Jo Ja € o JalJy

A two-scale convergent sequence u. convergences strongly in the two-scale sense to ug, if
EEHUGHLP((O,T)NZ) = ||U0||LP((0,T)xQxy)-

Remark 9. Let ug € LP((0,T) xQ, C3.,(Y)). Then uc converges strongly in the two-scale
sense to ug in LP if and only if

T
Ue —Ug (T, —
€

In [3} B2] the method of two-scale convergence was extended to oscillating surfaces:

lim =
LP((0,T)xQ)

e—0

Definition 6. A sequence of functions u. € LP((0,T) x T'¢) for p € [1,00) is said to
converge in the two-scale sense on the surface I'c in LP to a limit ug € LP((0,T) x Q xT),
if for every ¢ € C ([0,T] x Q, Cper(I)) it holds that

T T
Hme/ / uc(t, x)d (t,:z:, E) dodt :/ / / uo(t, z,y)p(t, x,y)do,dxdt.
=0 Jo Jr. € o JaJr

We say a two-scale convergent sequence u. converges strongly in the two-scale sense,
if additionally it holds that

. 1
llg(l)ﬁp lluell Lo 0,7y xT.) = lluollLe(0,7)xxT)-

We have the following compactness results (see e.g., |2, 27, [32]:
Lemma 10. For every p € (1,00) we have:

(i) For every bounded sequence ue € LP((0,T) x Q) there exists ug € LP((0,T) x 2 xY)
such that up to a subsequence

Ue — Ug i the two-scale sense in LP.

(ii) For every bounded sequence u. € LP((0,T), WHP(Q)) there exist ug € LP((0,T) x £2)
and uy € LP((0,T) x Q,WLE(Y)/R), such that up to a subsequence

per

Ue — U in the two-scale sense in LP,

Vue = Vyug + Vyur in the two-scale sense in LP.
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(iii) For every sequence u. € LP((0,T), WhP(Q)) with u. and eVu, bounded in LP((0,T')x
Q), there exists ug € LP((0,T) x Q, W 2(Y)) such that up to a subsequence it holds
that

Ue — Ug in the two-scale sense in LP,

eVue — Vyug in the two-scale sense in LP.
(iv) For every sequence u. € LP((0,T) x T'c) with

1
€7 |lucllLe(0,ryxr.) < C,
there exists ug € LP((0,T) x  x T') such that up to a subsequence

ue — ug  in the two-scale sense on I'e in LP.

Concerning the time derivative we have the following result:

Lemma 11. Let w. € L?((0,T), H*(Q2)) N H((0,T), H'(2.)") with

10swe || 20,1y, 1 (2.)) + [Well 20,1y x 20y F €lIVWe|l 20,1y x00) < C.

Denote by w, the zero extension to the whole domain Q. Let wy € L*((0,T)xQ, H:,.(Y))

per
denote the two-scale limit of we (up to a subsequence) from Lemma (vanishing on

Y \Y*) and define @y := fY wdy. Then, again up to a subsequence, it holds that
Oywe — Oy weakly in L2((0,T), H(Q)).

If additionally w.(0) converges in the two-scale sense to w® € L?(Q x Y'), then we have

wo(O):/Ydey. (53)

Proof. This follows by standard two-scale arguments and integration by parts in time, so
we skip the details. [l

B.2 The unfolding operator

When dealing with nonlinear problems it is helpful to work the unfolding method which
gives a characterization for the weak and strong convergence, see Lemma [I3] below. For
a detailed investigation of the unfolding operator and its properties we refer to [9]. For
a perforated domain (here we also allow the case Y* =Y, i.e., Q. = Q) we define the
unfolding operator for p € [1, 00| by

T LP((0,T) x Q) — LP((0,T) x Q x Y*),  Te(d)(t,2,y) = b (t,e E} + ey) .

In the same way, we define the boundary unfolding operator for the oscillating surface I'.
via

To - LP((0,T) x T0) — LP((0,T) x @ x T),  Te(de)(t, 2, y) = e (t,e [g + ey) .

We emphasize that we use the same notation for the unfolding operator on . and the
boundary unfolding operator I'.. We summarize the basic properties of the unfolding
operator, see [9]:
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Lemma 12. Let p € [1,00].
(i) For ¢. € LP((0,T) x Q) it holds that

[ Te(@e)ll e 0,7y xax0.) = |Gl Lo 0.1y x v+
(ii) For ¢ € LP((0,T), W'?(Q,)) it holds that
VyTe(¢e) = €Te(Vade).
(iii) For é. € LP((0,T) x T',) it holds that
| TedellLr(0,r)xxT) = €%H¢6HLP((O,T)><F€)-

The following lemma gives a relation between the unfolding operator and the two-
scale converges. Its proof is quite standard and we refer the reader to [5] and [9] for more
details (see also [47, Proposition 2.5]).

Lemma 13. Let p € [1,00).
(a) For a sequence u. € LP((0,T) x Q), the following statements are equivalent:
(i) ue = ug weakly/strongly in the two-scale sense in LP,
(ii) Teue — ug weakly/strongly in LP((0,T) x Q x Y).
(b) For a sequence ue € LP((0,T) x T'¢) the following statements are equivalent:

(i) ue — ug weakly/strongly in the two-scale sense on T'c in LP,
(ii) Teue — ug weakly/strongly in LP((0,T) x Q x T').
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