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A B S T R A C T 

Abell 1689 is a well-studied cluster of galaxies and one of the largest gravitational lens systems ever observed. We have obtained 

a reconstruction of the cluster Abell 1689 using GRALE , a free-form lens inversion method that relies e xclusiv ely on the multiple 
image data. Non-inclusion of any data related to cluster member galaxies ensures an unbiased measure of the mass distribution, 
which is the most notable feature of free-form methods like GRALE . We used two different sets of multiple image systems 
from the available strong lensing data – one containing only the secure systems (107 images) and the other containing all 
available systems, only excluding some very non-secure systems (151 images). For the very well-constrained central ∼100 kpc 
region of the cluster, we made a detailed comparison of the GRALE reconstructed lensing mass and stellar mass retrieved by 

the Spectral Energy Distribution (SED) fitting software FAST ++ . We found a light-unaccompanied mass peak in this region, 
whose existence, while tentative, is fa v oured by the distribution of nearby images that are local maxima in the Fermat potential. 
Ho we ver, further tests, using different methodologies are needed to confirm the reality of this feature. If it is shown to be real, 
this light-unaccompanied mass peak is consistent with dark matter self-interaction cross-section σ � 1 cm 

2 g 

−1 , while being in 

tension with larger cross-sections. 

Key words: gravitational lensing: strong – galaxies: clusters: individual: Abell 1689. 
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 I N T RO D U C T I O N  

alaxy clusters are the most recently formed gravitationally bound 
tructures in the hierarchical structure formation in � CDM (Lambda 
old Dark Matter) model of cosmology. Galaxy clusters contain 
undreds of galaxies and X-ray emitting hot intracluster plasma, 
ut their mass budget is dominated by dark matter. The mass
istribution within a galaxy cluster can be measured through several 
hysical processes such as kinematics of member galaxies (e.g. Saro 
t al. 2013 ; Rines et al. 2022 ), the hydrodynamics of the hot gas
e.g. Vikhlinin et al. 2009 ; Ettori et al. 2013 ), and gravitational
ensing. 

The strong lensing effect is most powerful in the central regions 
 0 . 3 Mpc of galaxy clusters, which contain high concentrations of

oth baryonic and dark matter, and often produce high density of
ultiple images. These central regions serve as cosmic laboratories 

or studying the interplay between baryonic and dark matter. In 
he current � CDM model of cosmology, dark matter is assumed 
o be cold and collisionless. Ho we ver, if dark matter exhibits
elf-interaction, it is highly likely that the resulting effects will 
e exhibited in the central dense regions of clusters (Kneib & 

atarajan 2011 ). F or e xample, self-interaction can result in offsets
etween galaxies and their dark matter haloes (Harv e y et al. 2019 )
r erase small-scale mass features, like central density cusps. In 
ecent times, strong gravitational lensing by galaxy clusters has 
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een extraordinarily useful for the study of the high-redshift uni- 
erse (Bouwens et al. 2017 ; Livermore, Finkelstein & Lotz 2017 ;
otz et al. 2017 ; Ishigaki et al. 2018 ), as clusters can magnify

aint distant background sources with fixed surface brightness by 
ncreasing their angular extent and hence observed fluxes, thus 
ushing the sources abo v e the detection threshold of contemporary
elescopes (Schneider, Ehlers & Falco 1992 ; Bartelmann 2010 ). 

ultiple images produced through strong lensing by individual 
luster member galaxies are also currently detectable in the deepest 
ubble Space Telescope ( HST) observations (Meneghetti et al. 
020 ). 
These studies rely on the mass distributions within the clusters, 

hich are made possible by lens reconstruction algorithms. Several 
ens reconstruction techniques have been developed and widely 
ested within the lensing community o v er the last few decades (see for
 xample, Mene ghetti et al. 2017 ). These techniques predominantly
se the strongly lensed multiple images, but some also incorporate 
eak lensing data in their analysis. The number of strongly lensed
ultiple observed images in a galaxy cluster depends on the depth of

he observations, the source number density behind the cluster, the 
ass of the cluster, and the cluster redshift. The maximum number

f observed strongly lensed images in a galaxy cluster is currently in
he order of ∼100, which is insufficient to break all possible lensing
egeneracies (Liesenborgs & De Rijcke 2012 ; Ghosh, Williams & 

iesenborgs 2020 ). This leads to different reconstruction techniques 
roducing non-unique solutions (Limousin et al. 2016 ; Meneghetti 
t al. 2017 ; Priewe et al. 2017 ). Ho we ver, with the inception of the
ubble Frontier Fields surv e y (HFF; PI: J. Lotz) with the HST , it
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as become possible to estimate systematic uncertainties based on
ifferent reconstructions of the same clusters of galaxies (Lotz et al.
017 ). 
Reconstruction techniques can be broadly classified into two

ategories: simply parametrized and free-form. Simply-parametrized
ethods, which are widely used, assign simple mass profiles

o cluster galaxies, like Navarro–Frenk–White (NFW; Navarro,
renk & White 1996 ), pseudoisothermal elliptical mass distributions
PIEMD; Kassiola & Kovner 1993 ), and pseudo-Jaffe distributions
PJ; Keeton 2001 ). The cluster-scale dark matter distribution is rep-
esented by the same or similar profiles but with larger-scale lengths.
arametric methods are physically moti v ated and are especially
elpful when the number of input lensed images is small. 
In contrast to parametric models, free-form methods, such as

RALE (Liesenborgs, De Rijcke & Dejonghe 2006 ; Liesenborgs et al.
020 ), do not assume any relation between the distribution of mass
nd light. The advantage of free-form methods is that they use the
ensed images only, a v oiding the use of strong priors of simply-
arametrized methods. While simply-parametrized priors are astro-
hysically moti v ated, the y describe the av erage properties of galaxies
nd clusters, and may not correctly capture the mass distribution,
specially in merging and non-fully equilibrium clusters. Because
f their high sensitivity to lensed images, free-form methods can
etect cluster mass features that elude parametric methods (Ghosh
t al. 2021 ). Ho we ver, in the case of GRALE , which constructs a
arge number of mass models, flexibility can lead to unastrophysical

odels that are also included in the ensemble average maps. 
Abell 1689 (hereafter A1689) is a well-studied cluster of galaxies

nd one of the largest gravitational lens systems ever observed, owing
o its large mass. It is one of the earliest clusters to be revealed
ith more than ∼100 multiple images from 30 sources (Broadhurst

t al. 2005 ). This was a giant leap forward in the number of strong
ensing constraints for a given cluster in pre-HFF era. A1689 has been
odelled by a number of mass modelling groups using parametric
ethods (Broadhurst et al. 2005 ; Halkola, Seitz & Pannella 2006 ;
ekser et al. 2006 ; Limousin et al. 2007 ), free-form methods (Okura,
metsu & Futamase 2008 ; Coe et al. 2010 ; Mohammed et al. 2014 ;
ha & Jee 2022 ), and hybrid methods (Diego et al. 2005 , 2015 )
sing only strong lensing data, or a combination of both strong
nd weak data. The number and quality of multiple images have
ncreased with the disco v ery of new systems and updates to the
xisting systems with spectroscopic redshifts (Limousin et al. 2007 ;
oe et al. 2010 ; Diego et al. 2015 ; Alavi et al. 2016 ; Bina et al.
016 ). 
A1689 appears roughly circularly symmetric on the sky, and is

ikely in hydrostatic equilibrium with a highly symmetric X-ray
orphology (Lemze et al. 2008 , 2009 ; Riemer-Sørensen et al. 2009 ).

t is a cool core cluster, with a reasonably good agreement between
ts weak lensing mass and X-ray mass within ∼0.9 Mpc (Riemer-
ørensen et al. 2009 ). The mass profile of A1689 agrees well with

he standard NFW fitting formula profile, consistent with the � CDM
osmology but with a high concentration ( c = 6–11; see table 2 of
oe et al. 2010 ). Duffy et al. ( 2008 ) estimated the NFW concentration
alue for clusters of similar mass from three N -body simulations to
e c = 3–4, which is roughly the same as estimated by Umetsu &
iemer ( 2017 ) from observations of a large sample of clusters of

imilar mass. Peng et al. ( 2009 ) combined weak-lensing and X-ray
ata from the Chandra satellite and found a discrepancy between the
ydrostatic mass from X-ray data and lensing masses. They attributed
his discrepancy to projection effects. Morandi, Pedersen & Limousin
 2011b ) modelled the cluster as a triaxial mass distribution, finding
hat this resolved the discrepancies found earlier and resulted in the
NRAS 525, 2519–2534 (2023) 
ark matter density profile slope that was consistent with � CDM
redictions. A further analysis by Morandi et al. ( 2011a ) added
eak lensing data and placed constraints on the amount of non-

hermal gas pressure. In agreement with the earlier dark matter halo
hape conclusions, Sereno et al. ( 2013 ), using X-ray and Sunyaev–
el’dovich (SZ) measurements found that the cluster has a triaxial
hape elongated along the line of sight. The multiprobe analysis by
metsu et al. ( 2015 ) using strong and weak lensing along with X-ray

nd SZ data also fa v oured a triaxial geometry for A1689. 
In this paper, we focus on two aspects of our reconstructed mass

istribution of A1689 that relate to the properties of dark matter:
he global, radially averaged density profile of the cluster, and the
etailed comparison between the stellar light and mass density versus
he total density in the central ∼100 kpc region, which contains four

assive ellipticals. The comparison between stellar mass and total
ass can reveal particle nature of dark matter, specifically, its self-

nteraction cross section. 
The paper is structured as follows: In Section 2 , we provide

etails of the HST imaging and the observed strong lensed multiple
mages for A1689. In Section 3 , we discuss the details of the
econstruction algorithm GRALE and the results obtained from the
ass reconstructions. In Section 4.1 , we discuss the spectral energy

istribution (SED) fitting software FAST ++ , which we use to obtain
he stellar mass distribution in the central ∼100 kpc region of
he cluster, and in Section 4.2, we compare the stellar mass and
he lensing mass. Finally, we draw our conclusions with further
iscussions on the results in Section 5 . To test the impact of the
esolution of our lens reconstruction method on the main conclusions
n Appendix A , we present results using lower resolution inversions.

Throughout this work, we used the � CDM model of cos-
ology: flat, with matter density, �m 

= 0.3, cosmological con-
tant density, �� 

= 0.7, and the dimensionless Hubble constant
 = 0.7. The redshift of A1689 is, z l = 0.1832. The centre
f the reconstruction region is at R.A. = 197.873 ◦, Dec. =
1.338 ◦. At the redshift of the cluster, 1 arcsec corresponds to

.08 kpc. 

 DATA  

.1 HST data 

n this paper, we use public imaging data from the HST . A1689 has
een observed with Advanced Camera for Surv e ys Wide Field Chan-
el (ACS/WFC; Ryon 2022 ) in four optical bandpasses ( F 475 W ,
 625 W , F 775 W , and F 850 LP ) as part of the HST program ID 9289

PI: H. Ford), taken in Cycle 11 in June 2002 and in the F 814 W optical
andpass as part of the HST program ID 11710 (PI: J. Blakeslee),
aken in Cycle 17 in May to July 2010; and in three Wide Field
amera 3 Ultraviolet and VISible light (WFC3/UVIS; Dressel 2022 )
andpasses ( F 225 W , F 275 W , and F 336 W ) as part of program IDs
2201 and 12931 (PI: B. Siana), taken in Cycle 18 in December
010 and Cycle 20 in February and March 2012, respectively. More
etails on the data calibration and reduction can be found in Alavi
t al. ( 2014 , 2016 ). The images are all mapped to the same pixel
cale of 80 mas pixel −1 . 

.2 Lensing data 

trongly lensed multiply imaged systems in A1689 can be found
n the existing literature (Broadhurst et al. 2005 ; Halkola et al.
006 ; Limousin et al. 2007 ; Coe et al. 2010 ; Diego et al. 2015 ). A
ompilation of the lensed images is provided in Table B1 . For system
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Figure 1. Strongly lensed images observed in A1689. Different colours show the images identified by various previous works to date, as mentioned in the 
plot legend. Star symbols show the systems with spectroscopic redshifts, and triangles denote systems with photometric redshifts. The background mosaic is in 
ACS/ F 814 W filter. 
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dentification, we maintained the notation used in Diego et al. ( 2015 )
see their appendix A). In addition to the images listed in Diego et al.
 2015 , 2018 ), we have also added two new multiply imaged systems
dentified by Bina et al. ( 2016 ) as systems 62 and 63, and five new

ultiply imaged systems identified by Alavi et al. ( 2016 ) as systems
4–68 in Table B1 , for completeness. Systems 1, 4, 7, 8, 17, 46, and
0 are also updated with spectroscopic redshifts from the Multi-Unit 
pectroscopic Explorer (MUSE; Bina et al. 2016 ). These observed 
trongly lensed multiple images are shown in Fig. 1 o v erlaid on the
CS/ F 814 W mosaic. 

 LENS  R E C O N S T RU C T I O N  

.1 Method: strong lens reconstruction using GRALE 

he lens inversion method used in this paper is based on the
econstruction code GRALE . 1 The publicly available GRALE soft- 
are implements a flexible, free-form, adaptive grid lens inversion 
ethod, based on a multi-objective genetic algorithm (GA) as the 

nderlying optimization procedure (Liesenborgs et al. 2006 , 2007 , 
020 ). GRALE uses only multiple lensed image locations and their 
edshifts as input. It is ideally suited for reconstructions, with 
umerous images available with HST data. The fact that the number 
 GRALE is publicly available. For the software and tutorials, visit https://rese 
r ch.edm.uhasselt.be/jor i/gr ale2/

3

M  

q  
f its model parameters exceeds the number of data constraints allows
 fuller exploration of degenerate mass distributions (Mohammed 
t al. 2014 ; Sebesta et al. 2016 ; Meneghetti et al. 2017 ; Williams,
ebesta & Liesenborgs 2018 ; Williams & Liesenborgs 2019 ; Sebesta
t al. 2019a ; Ghosh et al. 2020, 2021 ). We refer the readers to
ee Section 3.1 of Ghosh et al. ( 2020 ) for a concise description
f the modus operandi of GRALE . In short, GRALE ’s mass basis set
onsists of hundreds of projected Plummer spheres, each occupying 
 grid cell in the lens plane. A run starts with a coarse, uniform
rid made up of a small number of grid cells of equal size. As
he code runs, the grid is refined, especially in areas of high
ensity. At each iteration, the code optimizes the Plummer masses 
o produce o v erlapping images when projected back onto the source
lane. The final map has a few thousand grid cells ranging from
.66 to 42.5 arcsec, each occupied by a Plummer proportional 
o the cell width and mass determined by the genetic algorithm.
he angular resolution of the reconstruction is set by the smallest
lummer. 
To test the effect of the resolution, we run two sets of recon-

tructions. The main paper contains high-resolution results, while 
ppendix A presents results using lower-resolution runs, which are 

ypically 0.5 times lower than those in the main paper and are similar
o those in earlier papers that use GRALE . 

.2 Input: multiple image data 

ultiple images are available for A1689, but not all are of the same
uality. F or e xample, spectroscopic redshifts are more precise and
MNRAS 525, 2519–2534 (2023) 
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M

Figure 2. The coloured contours of GRALE reconstructed projected surface mass density distributions of A1689 ( z l = 0.1832) o v erlaid on the mosaic of A1689 
in the ACS/ F 814 W filter. The surface mass density values are scaled by � crit, 0 = 5.47 kg m 

−2 . At z l = 0.1832, 1 arcsec corresponds to approximately 3.082 kpc. 
The black dashed contour corresponds to κ = 1, i.e. the contour of � crit, 0 . Purple stars and triangles show the multiple lensed images used to perform the 
reconstructions with spectroscopic and photometric redshifts, respectively. 
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ccurate compared to photometric ones. Since GRALE uses only the
trongly lensed multiple image data with no priors about the cluster
ember galaxies, it is particularly sensitive to the quality of the

ensed image data. Therefore, we select lensed images of higher
uality. 
As mentioned by Diego et al. ( 2015 ), systems 25 and 32 contain
ultiple candidates for some of the counter-images, and systems

0, 25, 26, and 27 have sho wn dif ferent colours between different
ounter-images with the inclusion of the IR data by Diego et al.
 2015 ); these systems, thus, were not used in our work. We used
he updated re-matching of the systems 10 and 12 by Diego et al.
 2015 ) based on IR data (see their Section 3 for more details
bout these systems). We have also excluded the three systems
3, 14, and 30: since they do not have counterparts on the op-
osite side of the cluster, they can only constrain mass in their
mall immediate vicinity and are therefore not good candidates for
RALE . 
For the reconstructions performed in this work, we have used two

ifferent sets of input image data. The first set consists of the secure 2 

ystems (the ‘S-reconstruction’), excluding all the systems excluded
bo v e and the not secure systems with photometric redshifts (41–44,
8, 49, 51, 61, and 64–68) identified by Coe et al. ( 2010 ), Diego
t al. ( 2015 ), and Alavi et al. ( 2016 ). There are a total of 107 images
rom 31 sources in this set – 24 of these systems have spectroscopic
edshifts and seven have photometric redshifts. The second set
ncludes all the available images except the already excluded systems,
nd the systems 64–68 identified by Alavi et al. ( 2016 ), (the ‘ALL-
econstruction’) since they are not very secure because they have
nconsistent photometric redshifts, whereas GRALE requires all lensed
mages from the same source to have the same redshift. There
re a total of 151 images from 47 sources in this set – 24 of
hese systems have spectroscopic redshifts and 23 have photometric
edshifts. 
NRAS 525, 2519–2534 (2023) 

 Morphologically similar system of lensed multiple images with consistent 
olours and redshifts. 

d  

n  

m  

a

.3 Results: mass reconstruction 

ur best-fit reconstructions are obtained by averaging 40 independent
RALE runs. Each run starts with a random seed, producing a
imilar but different map. Constrained by the required computational
esources, the number of independent GRALE runs (i.e. 40), is
onsistent with our previous works (Ghosh et al. 2020 , 2021 ). In
his work, we are using a reconstruction area of 0.62 × 0.62 Mpc and
he smallest resolution cell (projected Plummer sphere) has a radius
f ∼2 kpc. 
The reconstructed mass distributions for the S- and ALL-

econstructions are shown in Fig. 2 , o v erlaid o v er the ACS/ F 814 W
osaic. The surface mass density values in these maps are scaled

y � crit, 0 = 5.47 kg m 

−2 . The corresponding reconstructed critical
ines and caustics for each of the reconstructions are shown in
ig. 4 . In both Figs 2 and 4 , the multiple image systems used to
roduce the corresponding reconstructions are shown as red stars for
ystems with spectroscopic redshifts and red triangles for systems
ith photometric redshifts. 
The reconstructed mass distribution shows the presence of a

rominent mass clump about 50 arcsec ( ∼155 kpc) to the north-east
f the central region. This mass clump is in agreement with all pre-
ious reconstructions as well as the previous GRALE reconstruction
btained by Mohammed et al. ( 2014 ), with a much smaller number
f images. 
Since the o v erall mass distribution is approximately circularly

ymmetric, we compute the circularly averaged density profiles for
ach reconstruction, centred on the Brightest Cluster Galaxy (BCG).
hese are shown in Fig. 5 . Both have similar radial profiles. Fitting
FW profiles yielded concentration parameter values of c ∼ 8.7 and

cale radii of R S ∼ 100 arcsec for both reconstructions. These values
re consistent with other studies (see table 2 of Coe et al. 2010 ). The
oor quality of the NFW fit, the relatively short radial range, ∼1.3
ecades in radius, and the presence of significant mass clumps do
ot allow to differentiate between various theoretical models of dark
atter profiles, as was done in Beraldo e Silva, Lima & Sodr ́e ( 2013 )

nd Umetsu et al. ( 2016 ). 
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Figure 3. Same as Fig. 2 but with full colourmaps for the reconstructed mass distributions. 

Figure 4. Critical lines and caustics for A1689 for source redshift of z s = 9.0 for the GRALE reconstructions o v erlaid on the mosaic of A1689 in the ACS/ F 814 W 

filter. The solid and dashed blue contours represent the outer and inner critical curves, whereas the solid and dashed orange contours represent the tangential and 
radial caustics, respectively. Purple stars and triangles show the multiple lensed images used to perform the reconstructions with spectroscopic and photometric 
redshifts, respectively. 
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The central 32 × 32 arcsec region shows signatures of possible 
ases of deviations from mass-following-light. These are examined 
n detail in Section 4.2 . 

The regions outside the area co v ered by lensed multiple images
re not well constrained, so the details of that mass distribution
re not accurate. Ho we ver, it is safe to say that the presence of
RALE reconstructed mass in those regions does mean that there is
xternal mass, but its amount and distance from the cluster centre 
re not certain and are degenerate with each other. The GRALE 

econstruction of Abell 370 shows similar external masses outside 
he re gion co v ered by the images (Ghosh et al. 2021 ). Using synthetic
lusters, we showed that the presence of external masses outside the
ultiple-image region generates mass clumps in the less-constrained 

econstructed region, i.e. the one without multiple images. These 
asses lead to the extension of the critical curves in the less-

onstrained part of the reconstructed region. Our reconstructions 
f Abell 1689 also show an extension of the mass to the south of the
luster beyond 200 kpc. Small mass extensions to the south appear to
e present in the reconstructions presented in Limousin et al. ( 2007 )
their fig. 5 ) and Cha & Jee ( 2022 ) (their fig. 14). 
MNRAS 525, 2519–2534 (2023) 
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Figure 5. Radial mass profiles of the reconstructions. The best-fit NFW 

profiles are shown as a black dashed line for S-reconstruction and a black 
dash–dotted line for All-reconstruction. The shaded regions represent the 68 
per cent CL uncertainties in the reconstructed mass distributions. The radial 
profiles are similar for both the reconstructions. The radial location of the 
outer mass clump in the north-east region is marked in the plot. 
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 C O M PA R I S O N  O F  LENS  MASS  A N D  

TELLAR  MASS  

.1 SED fitting with FAST ++ 

here are four prominent ellipticals in the central ∼100 kpc region
f A1689: BCG, G1, G2, and G4 (see Fig. 6 b). To compute their
tellar mass and stellar mass associated with smaller galaxies in
hat region, we used FAST ++ 

3 , a faster and more efficient version
f the original IDL-based code FAST (Kriek et al. 2009 ), that fits
ED templates to broad-band photometry and/or spectra. Depending
n the input parameters, FAST ++ can compute the best-fit redshift,
ge, dust content, star formation time-scale, metallicity, stellar mass,
tar formation rate (SFR), and their confidence intervals. To find the
est-fit parameters it uses χ2 -minimization. The confidence levels
re calibrated using Monte Carlo simulations. 

A re vie w on various SED fitting methodologies can be found in
alcher et al. ( 2011 ) and Conroy ( 2013 ). 
We used fluxes in five photometric bands ( F 336 W , F 475 W ,

 625 W , F 775 W , and F 814 W ) spanning the observed near-UV and
ptical. 
The PSF matched and background subtracted flux mosaics in those

ands were generated by Alavi et al. ( 2014 ) along with the associated
ux RMS v alues. Ho we ver, the flux RMS v alues only include the

nstrumental and background errors but exclude the random Poisson
oise associated with the flux from the galaxies. We calculated this
oisson noise as, 

p = 

√ 

R × t = 

√ 

N/G , (1) 
NRAS 525, 2519–2534 (2023) 

 FAST ++ is publicly available on GitHub: https:// github.com/cschreib/ fastpp . 

w
a
b

here R is the electron count rate per second, t is the observation time
n seconds, G is the inverse gain, and N is the number of detected
vents (photons). The calculated Poisson noise values were added in
uadrature to the existing RMS maps. 
For the input parameters to FAST ++ , we used the Bruzual &

harlot ( 2003 ) stellar population synthesis model library with a
habrier ( 2003 ) IMF and solar metallicity. We assume exponentially
eclining star formation histories, appropriate for ellipticals, with
 minimum e-folding time of log 10 ( τ yr −1 ) = 7, a minimum age
f 100 Myr, 0 < A V < 1 mag and the Calzetti et al. ( 2000 ) dust
ttenuation la w. We fix ed the input redshift to the cluster redshift
 l = 0.1832. 

.2 Results 

he central ∼100 kpc region is the most well constrained area in our
econstructions. It contains ∼25 multiple images. The luminosity
istribution of that region in the Johnson B -filter is shown in Fig. 6 a.
ig. 6 b shows the stellar mass distribution obtained for this region of

he cluster in a pix el-by-pix el manner using FAST ++ . 4 The BCG and
earby major bright galaxies (G1–G4) in this region are marked in
hese figures for easier identification. All these galaxies are ellipticals
n nature, with the only exception of G3, which is a spiral. 

Since the angular size of the smallest Plummer in our GRALE

econstructions is about ∼0.66 arcsec (2 kpc), i.e. larger than the
ngular resolution of the stellar mass and light maps, in order to do
 fair comparison between the two, we needed to smooth the stellar
ass and light distribution. We used a Gaussian filter on the stellar
ass and luminosity maps with an FWHM of 1.3 arcsec. 
The comparison of the stellar mass distribution to the reconstructed

ensing mass distribution is shown in Fig. 7 , and the comparison of the
uminosity distribution to the reconstructed lensing mass distribution
s shown in Fig. 8 . Fig. 9 shows a cross-sectional profile of the total
nd stellar mass, as well as stellar light, along the dashed line in
igs 7 and 8 . The fact that this region is well constrained by lensed

mages provides confidence in the reality of the mass structures. In
his region, we found three lensing mass peaks, M0, M1, M2, all of
hich are accompanied by stellar counterparts, BCG, G1 + G2, G4,

espectively. Galaxies G1 and G2 are 3.7 arcsec apart, making it hard
or GRALE to resolve. 

The mass clump associated with the BCG is diffuse, similar to its
ight distribution. There is a slight offset between the BCG and the
earest reconstructed mass peak, M0. The offset is not statistically
ignificant for these high-resolution reconstructions, but is somewhat
ignificant for lower resolution ones; see Appendix A . For both sets
f reconstructions, our offsets are not at all unusual given those seen
etween X-ray and velocity centres of lower redshift galaxy clusters
Lauer et al. 2014 ). 

Our lensing reconstructions show a mass peak M3, which is not
ccompanied by any light peaks. Between M1 and M3, there is a
ass dip, M5, which is ∼15 kpc wide. 
Fig. 9 shows the cross-sectional profiles of both the reconstructed

eak M3 along with the uncertainties in the reconstructed mass at 68
er cent CL, as calculated from the 40 different GRALE runs. As seen
rom the plot, the light-unaccompanied mass peak M3 has very low
ncertainty values for the reconstructed mass, which is an indicator
hich look like small faded spots in Fig. 6 b. Since they are small and faint 
nd we are using Gaussian smoothing on the stellar mass distribution (as will 
e explained later in this section), their contributions are negligible. 
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Figure 6. (a) The luminosity distribution in the central ∼100 kpc region in the Johnson B -filter in terms of solar luminosities in log scale. The fluxes in five 
different HST photometric bands are used as input to FAST ++ . (b) The stellar mass distribution in the central ∼100 kpc region as retrieved by FAST ++ in terms 
of solar masses in log scale. The BCG and other bright galaxies in this region are marked in black. 

Figure 7. Reconstructed projected lensing mass distributions (red contours) from the ALL-reconstruction (left-hand panel) and S-reconstruction (right-hand 
panel) were o v erlaid on the stellar mass distribution (blue colour scale) retrieved by FAST ++ in the central ∼100 kpc region. Both the reconstructed lensing 
mass and the stellar mass are in terms of solar masses in log scale per pixel, and the pixel size is 80 mas. Yellow markers show the features in the reconstructed 
mass distribution, and the white markers show the BCG and other bright galaxies in the stellar mass distribution, as explained in Section 4.2 . The stellar mass 
distribution is smoothed with a Gaussian filter with the FWHM of 1.3 arcsec to match the resolution of GRALE . Blue cross shows the location of the dark matter 
halo centre of Limousin et al. ( 2007 ) reconstruction. The cross-section along the dashed black line is shown in Fig. 9 . Black stars and triangles show the positions 
of the multiple images with spectroscopic and photometric redshifts, respectively. 
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hat all 40 GRALE runs have reproduced this peak consistently. We 
xamine M3 in more detail in Section 4.3 . Mass peak M1 is very
ear the corresponding galaxy G2, and its lensing reco v ered mass is
imilar to the stellar mass within ∼5 kpc radius, where stellar mass
s expected to dominate. 

The histogram of the ratio of the total mass to stellar mass is
hown in Fig. 10 . Median M / M ∗ values are 6.3 and 6.05 for ALL-
nd S-reconstructions, respectively. M / M ∗ is greater than 1 for most
f the region, which is reassuring because the lensing mass should 
e greater than the stellar mass in most of the region. We stress that
RALE does not use cluster galaxies as input, so this is an unbiased
easure of the mass distribution in the very centre of the cluster. 
The histogram of the ratio of the total mass to light (in solar units)

s shown in Fig. 11 . Median M / L B values are 41.1 and 41.3 for
LL- and S-reconstructions, respectively. M / L B > 10 for most of the

egion. 
The stellar mass-to-light ratio is ∼10 for most of the central

00 kpc region (see green and red curves in Fig. 9 ), which is
onsistent with but on the upper end of values in the literature.
ndrade et al. ( 2019 ) analysed Abell 611 and found its stellar M / L B 
MNRAS 525, 2519–2534 (2023) 
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Figure 8. Reconstructed projected lensing mass distributions (red contours) from the ALL-reconstruction (left-hand panel) and S-reconstruction (right-hand 
panel) were o v erlaid on the luminosity distribution (grey colour scale) in the Johnson B -filter in the central ∼100 kpc region. The reconstructed lensing mass 
and the luminosity are in terms of solar masses and solar luminosities in log scale per pix el, respectiv ely, and the pix el size is 80 mas. The yellow markers show 

the features in the reconstructed mass distribution, and the white markers show the BCG and other bright galaxies in the luminosity distribution, as explained in 
Section 4.2 . The luminosity distribution is smoothed with a Gaussian filter with FWHM of 1.3 arcsec to match the resolution of GRALE . Blue cross shows the 
location of the dark matter halo centre of Limousin et al. ( 2007 ) reconstruction. The cross-section along the dashed black line is shown in Fig. 9 . White stars 
and triangles show the positions of the multiple images with spectroscopic and photometric redshifts, respectively. 

Figure 9. Cross-sectional profiles of the reconstructed projected lensing 
mass for both reconstructions, the Gaussian-smoothed stellar mass and the 
Gaussian-smoothed luminosity along black dashed lines are shown in Fig. 7 . 
The locations of the reconstructed mass features are marked in black. The 
shaded regions around the reconstructed mass profiles show the uncertainties 
in the reconstructed mass values at 68 per cent CL as calculated from the 
40 GRALE runs. The M3 peak is highly significant given the uncertainties, as 
shown in the plots. 
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Figure 10. Histograms of the ratio of the total reconstructed lensing 
mass to Gaussian-smoothed stellar mass ( M / M ∗, in solar units), for both 
reconstructions in the central ∼100 kpc region. Vertical dashed lines show 

median values of the ratios. The shaded regions show the uncertainties in the 
histogram at 68 per cent CL as calculated from the 40 GRALE runs. 
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3–10, which they consider high. A follow-up study (Andrade et al.
022 ) analysed eight strong lensing clusters. One cluster , MA CS2129
ad M / L B ∼ 10, while the other seven (including A611) had M / L B ∼
–4. For ellipticals outside of galaxy clusters, M / L ratios are similar
r lower. A sample of SAURON nearby ellipticals has stellar M / L B 
NRAS 525, 2519–2534 (2023) 
n the range 1–3, within their ef fecti ve radii (Cappellari et al. 2006 ),
hile a study of seven ellipticals by Humphrey et al. ( 2006 ) obtained
 / L B < 1 interior to galaxies’ ef fecti ve radii. 

.3 A closer examination of reco v ered mass peak M3 

ecause the light-unaccompanied mass clump M3 needs more
crutiny, we searched for light signatures from dust-obscured galax-
es in the Spitzer/IRAC data of the same region in all four IRAC
nfra-red bands, but were unable to find any such structure, while
he other galaxies in the region showed up prominently. Haines et al.
 2010 ) obtained Herschel/PACS 100 μmmap of A1689: there is no
pectroscopically confirmed cluster member at the location of M3.
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Figure 11. Histograms of the ratio of the total reconstructed lensing mass to 
Gaussian-smoothed luminosity ( M / L B , in solar units), for both reconstructions 
in the central ∼100 kpc region. Vertical dashed lines show median values of 
the ratios. The shaded regions show the uncertainties in the histogram at 68 
per cent CL as calculated from the 40 GRALE runs. 
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his eliminates the possibility of the presence of any dust-obscured 
alaxies associated with M3. 

Figs B1 and B2 show that the typical lens plane rms is well abo v e
ST astrometric precision, indicating that GRALE reconstructions are 
ot suffering from o v erfitting, and so M3 is unlikely to be the result
f o v erfitting. Furthermore, in Ghosh et al. ( 2020 ), using GRALE

econstructions of mock clusters, we showed that in lens plane 
egions with image number density comparable to the central region 
f A1689, the fractional deviation between the true and reco v ered
aps is < 30 per cent, suggesting that M3 is a real feature. 
The location of M3 roughly matches the location of the dark matter

alo centre of Limousin et al. ( 2007 ), indicated by the blue cross in
ig. 7 . Ho we ver, the radius of the flat density core of their dark matter
alo is very large, ∼100 kpc, which means that the centre could have
een many kiloparsecs away. The reconstruction obtained by Coe 
t al. ( 2010 ) has an elongated structure in that region stretching out
rom the mass clump associated with the BCG. These two studies
simply-parametrized LENSTOOL and free-form LENSPERFECT ) may 
uggest that our M3 is similar to mass clumps detected by other
econstructions, but the evidence is not very strong. 

Here, we present an argument that could support the reality of M3.
t is based on the locations of the 16 images in the central ∼24 arcsec
egion of A1689. All these images are maxima in the arri v al time
Fermat) potential, which is determined by the mass distribution and 
he source position. Their identity as maxima is indicated by the 
RALE reconstructions. Other models, for example, Halkola et al. 
 2006 ) and Diego et al. ( 2015 ), also identify these as maxima. Even
ithout a mass model, one can say with reasonable confidence that 

hese are maxima. Maxima images are characterized by two ne gativ e
igenvalues of the magnification matrix, (1 − κ − γ ) and (1 − κ

 γ ). In the central region of A1689, κ is large and γ is relatively
mall due to the flat density core of the cluster, so both eigenvalues
re likely ne gativ e. 

It is well known that maxima tend to form close to the local
ensity peaks. We demonstrate that there is an even closer association 
etween the two: in the absence of strong external shear, the 
robability distribution of the surface number density of maxima 
ollows very closely that of the surface mass density of the lens. 
The toy model we use in this subsection is not based on any
pecific model of A1689. Instead, we work with a rough parametric
ock of the central ∼24 arcsec region, which includes the main

ark matter halo, represented by an elliptical alphapot potential 
Keeton 2001 ) with a core radius of r c = 16 arcsec, and five galaxies,
he BCG, and G1–G4, represented by circular Einasto profiles (Dhar 
021 ) of index 3, scale radius r S , and relative normalizations that
pproximate the relative brightnesses of these galaxies. The mocks 
re not meant to give an accurate map of A1689 but only to capture its
ain features. We tried several sets of these parameters; one example

s shown in Fig. 12 . The red asterisk is the centre of the main dark
atter halo. Pink squares and green pentagons represent the five 

alaxies and observed images, respectively. Orange contours show 

he projected surface mass density, while the blue contours show the
umber density of maxima images. To generate the blue contours, we
opulated the source plane with a few ×10 5 sources (all at the same
edshift), forward lensed them, and kept only the maxima. Such a
igh number of sources allowed us to plot the surface number density
f these images, i.e. their probability distribution in the lens plane. 
One can see that the contours of the projected mass density and

hose of the number density of maxima track each other closely,
mplying that the observed number density of maxima is an indicator
f where the local mass peaks are. The left-hand panel does not
nclude any extra mass clumps, while the right-hand panel does (red
riangle), roughly at the location of M3 as reco v ered by GRALE .

e did not attempt to refine our mocks to accurately reproduce the
bserved image number density at all locations in the lens plane,
ecause we are mostly interested in the 2–5 images around (3 arcsec,
20 arcsec), which do not immediately correspond to any galaxy. 
omparison of the two panels of Fig. 12 shows that an extra mass
lump needs to be present near the location of the red triangle to
ccount for these images. No galaxy is present near that location. 

One may ask if centring the main dark matter halo near (3 arcsec,
20 arcsec) could generate the maxima images in that vicinity. The

eft-hand panel of Fig. 13 shows such a configuration, with the red
sterisk marking the location of the large dark matter halo that has
 large density core. As before, the mass density and image number
ensity track each other well, and there is no excess of maxima
utside of the regions directly associated with visible galaxies. 
An alternativ e e xplanation for M3 is that the main cluster halo

as a small core, r c = 4 arcsec, or ∼12 kpc, and is centred near
3 arcsec, −20 arcsec). That would also result in a mass density peak
t that location and generate maximum images nearby, as shown in
he right-hand panel of Fig. 13 . Ho we ver, such a small core appears
o be inconsistent with A1689 and some other clusters (Limousin, 
eauchesne & Jullo 2022 ). 
The abo v e e x ercise offers support for the hypothesis that there is

xtra mass at the location of M3, which is not associated with any
ight. Ho we ver, we caution that more data and reconstruction work
y different methods are needed before one can state with confidence 
hat M3 is real. Because our analysis depends critically on the central

axima images, it is important to confirm them observationally, 
specially since maxima are demagnified and appear faint. 

Assuming that M3 is real, we can estimate some of its properties.
rom Figs 7 and 9 , M3’s projected density is at least �κ ≈ 0.4 abo v e

he nearby background projected density. ( κ is surface mass density 
n units of critical surface mass density for lensing, � crit, 0 .) Its radial
xtent on the sky is r ∼ 5 kpc . Assuming a similar extent along the
ine of sight, M3’s mass is ∼8.3 × 10 10 M �, somewhat smaller than
hat of an L ∗ galaxy. Its 3D mass density is n ∼ 1 . 1 × 10 −23 g cm 

−3 .
If M3 is a localized mass clump instead of an extended mass

longated along the line of sight, there are two possibilities for the
MNRAS 525, 2519–2534 (2023) 
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Figure 12. A toy model of the central region of A1689, which includes the main dark matter halo (centred on the red asterisk) and five galaxies (BCG, and 
G1–G4) represented by pink squares. Observed images are marked with green pentagons. Orange contours are the projected surface density of the lens, while 
the blue contours show the probability distribution of the number density of maxima images generated by a very large number of sources. The mass density 
contours (orange) are spaced by factors of 0.9, while those of the image number density (blue) by factors of 0.72, so the images are more concentrated, or 
clustered, than the mass. The two sets of contours track each other closely. Left: No additional dark matter clump. Right: This model includes an additional dark 
matter clump (centred on the red triangle) approximating M3. Comparison of the two panels shows that some mass concentration is needed near the red triangle 
to produce nearby images. 

Figure 13. Similar to Fig. 12 but no additional mass clumps are included in either of the panels. Instead, the centre of the main dark matter halo is mo v ed to be 
near M3, and its centre is indicated by the red asterisk. Left: The dark matter halo has a large density core, r c = 16 arcsec, or 50 kpc. This scenario is less likely 
to generate the 2–5 images near (3 arcsec, −20 arcsec). Right: The dark matter halo has a small density core, r c = 4 arcsec, or 12 kpc. In this case, the maxima 
images are generated in the region in question since there is still a local mass peak at that location. 
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ynamical state of M3 (an intermediate state is also possible). If
3 is gravitationally self-bound, then GM / r ∼ v 2 would imply that a

ypical velocity of the particles making it up is v ∼ 270 km s −1 . If M3
s not bound, then typical particle velocities within it are similar to
hose in the centre of the cluster, ∼1500 km s −1 , (Lemze et al. 2009 )
nd the structure would disperse in a time it would take a particle
NRAS 525, 2519–2534 (2023) 
ravelling at typical velocity to cross it, ∼6 × 10 6 yr . Since this is a
ery short time-scale, we conclude that either we are observing the
luster at a very special time or M3 is gravitationally self-bound. 

Assuming the latter and if dark matter is self-interacting with
ross-section σ cm 

2 g −1 , the time-scale for the structure to disperse
ue to particles scattering off each other is, τ ∼ ( n σ v) −1 (Miralda-
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scud ́e 2002 ; Peter et al. 2013 ). This can be rewritten as, τ =
 . 27 × 10 7 ( r/ kpc ) 1 / 2 ( σ/ [ cm 

2 g −1 ]) −1 ( �κ) −3 / 2 yr. Assuming σ =
 cm 

2 g −1 yields a time-scale of τ ∼ 1 . 1 × 10 8 yr. If the cluster
ormed at z = 0.5, then that value of τ represents ∼3.8 per cent
f the time between z = 0.5 and the redshift we observe at z = 0.18.
he shortness of τ suggests that the actual cross-section is smaller, 
hich would allow M3 to persist for a longer time. This limit is

imilar to some other limits from the literature: based on the Bullet
luster, Robertson, Massey & Eke ( 2017 ) estimate self-interaction 
ross-sections σ � 2 cm 

2 g −1 . Harv e y et al. ( 2019 ) find that σ >

.12 cm 

2 g −1 are probably ruled out. A recent analysis of eight strong
ensing galaxy clusters by Andrade et al. ( 2022 ) concludes that σ is
onsistent with 0. Though our limit is not as stringent as that, it does
uggest that dark mass clumps within clusters can yield constraints 
n dark matter self-interaction properties. 

 DISCUSSION  A N D  C O N C L U S I O N S  

e have obtained reconstructions of Abell 1689 using our free- 
orm algorithm GRALE with two different sets of multiply imaged 
ystems from the available data. The first set, which contains 107 
mages, consists of only the secure systems – the S-reconstruction 

and the second sets, with 151 images, consists of all available 
ystems excluding a few problematic systems (see Section 3.2 ). Both
f the reconstructions produced similar mass distributions (see Fig. 
 ), and their circularly averaged density profiles agree very well 
ith each other, as shown in Fig. 5 . We fit the circularly averaged
ensity profiles with the NFW profile in the range ∼15–100 kpc, 
btaining concentration parameter values of c ∼ 8.7, which are in 
greement with prior reconstructions of A1689 (see Section 3.3 ). 
he lensing reconstructed mass profiles do not indicate the presence 
f a flat density core down to ∼15 kpc. The absence of a core
 50 kpc is somewhat at odds with the findings of Limousin et al.

 2022 ) who fit parametric cored and non-cored profiles to three other
lusters: AS 1063, MACS J0416, and MACS J1206, and found 
hat cored models fit better. Ho we ver , in MA CS J0717 Limousin
t al. ( 2016 ) found that cored and steep central profiles fit equally
ell. 
In this work, we focus on two separate scales of the reconstruction

esults: mass features inside the central ∼100 kpc region and mass
eatures outside the central ∼100 kpc region. On the latter scale, we
ound two main mass features (see Section 3.3 ): first, the outer clump
n the north-east region, about 50 arcsec (155 kpc) from the cluster
entre, which has been retrieved by every previous reconstruction 
f this cluster by different lens modelling groups using different 
arametric and free-form methods. Second, we found a southern 
xtension of the overall mass distribution (beyond the image region, 
200 kpc) of the cluster. Small mass extensions to the south appear to

e present in the reconstructions presented in Limousin et al. ( 2007 )
their fig. 5 ) and Cha & Jee ( 2022 ) (their fig. 14) and may suggest
he presence of some external mass in that direction. 

For the central ∼100 kpc, we computed the stellar mass distribu-
ion using the SED fitting software FAST ++ and fluxes in photometric 
ands spanning the near-UV and optical (see Section 4.1 ). This
egion is the most well constrained area within the reconstructions, 
ontaining ∼25 multiple images. Comparison of the stellar mass 
ith the GRALE reconstructed lensing mass shows three lensing 
ass peaks accompanied by bright stellar counterparts (see Fig. 7 ).
he lens-reco v ered mass clump associated with the BCG is diffuse,
imilar to its light distribution (see Fig. 6 ). 

There is a lens-reconstructed mass peak, M3, near the centre 
f this region that does not have a stellar counterpart (i.e. it is
ark). Our inspection of Spitzer infrared data found no presence 
f any dust-obscured galaxies in that region, and Herschel does not
av e an y confirmed cluster members at that location. To test the
eality of M3, we constructed a toy model that uses local maximum
mages in the Fermat potential. We show that the contours of the
robability distribution of the number density of maximum images 
nd those of the mass density distribution track each other closely.
herefore, the number density of the observed maxima is a guide

o the distribution of the local mass peaks. The importance of the
axima in free-form methods was also one of the conclusions in
assey et al. ( 2018 ). In A1689, the need for extra mass near M3 is

upported by the distribution of these images in the vicinity of M3,
ut further data and additional reconstructions are needed to ascertain 
he existence of this structure. Specifically, it is important to confirm
bservationally the maxima images that our analysis relies upon. 
ens reconstructions by other methods that use these images will 
lso be very helpful. If confirmed with future analyses, this dark peak
an be interpreted in terms of dark matter properties, as discussed in
ection 4.2 . 
Since GRALE does not use any cluster light distribution as input,

t provides a measure of the mass distribution in the central part of
he cluster, which is unbiased by the baryonic mass. The median
f the ratio of stellar mass to lensing mass ( M / M ∗) in this region is
ound to be ∼6 for the S- and ALL-reconstructions (see Fig. 10 ). The
 / M ∗ > 1 for most of the region is in agreement with the fact that

he lensing mass should be greater than the stellar mass. We found
edian mass-to-light ratios ( M / L B ) in this region to be ∼41 for both

econstructions, respectively (see Fig. 11 ), which is consistent with, 
ut on the upper end of, values found in the literature. 

The lens plane angular resolution in GRALE can be adjusted 
y the modeller. In the main paper, we have carried out all the
econstructions and analysis using high-resolution reconstructions. 
he lower resolution, which is the standard resolution used in the
ublished GRALE papers (e.g. Williams & Liesenborgs 2019 ; Sebesta 
t al. 2019b ; Ghosh et al. 2020, 2021 ), is presented in Appendix A .
he two sets of results agree very well in terms of reproducing the
ass distribution, including the significance of the M3 dark mass 

eak. 
The goal of lensing reconstructions is to produce maps with 

roperly quantified accuracy and precision. Comparison between 
econstructions that use different lens inversion methods is probably 
he best way to accomplish that. In Ghosh et al. ( 2021 ), we carried
ut such a comparison for the merging cluster Abell 370, based
n the data from HFF and Beyond Ultra-deep Frontier Fields and
e gac y Observations (BUFFALO) strong lensing data sets. For 

his work on A1689, we conclude that on spatial scales of about
00 kpc and abo v e, most, and probably all mass reconstructions
gree. The discrepancies between reconstructions start at scales 
elow ∼100 kpc. This is consistent with our conclusions from Abell
70, where GRALE found an offset of ∼35 kpc between the BCG and
he associated reconstructed mass peak. A surv e y of the literature
n A370 showed that 11 out of 16 reconstructions had a roughly
imilar offset. We also found a mass clump of size ∼100, ∼250 kpc
o the east of the A370 cluster centre. Out of the same 16 recon-
tructions, seven have roughly similar feature. It is encouraging that 
econstructions that use different methodologies often agree on such 
ass features. When evidence for these becomes more convincing, 

hey can be used to place stringent constraints on the nature of dark
atter. 
As a future prospect, we plan to incorporate the stellar mass

istribution from the SED fitting results as a starting point for the
RALE based solutions. 
MNRAS 525, 2519–2534 (2023) 
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PPENDIX  A :  LOW  RESOLUTION  

E C O N S T RU C T I O N S  

n this Appendix, we present reconstructions using lens plane GRALE 

esolution typical of previous papers, which is typically lower than 
n the main paper by a factor of 0.5. GRALE uses an adaptive grid, so
he actual resolution depends on the position within the lens plane. 
igs A1 –A6 show our main results. 
The mass peak nearest to the BCG is somewhat more offset

ere than with higher resolution reconstructions (see Fig. A3 ). The 
verage offset as recovered by the 40 different GRALE runs are 
.90 ± 4.48 pc for the ALL-reconstruction and 9.06 ± 3.22 kpc for
Figure A1. Same as Fig. 2 but for lo

Figure A2. Same as Fig. 4 but for lo

r

he S-reconstruction. The offset in the average map is similar and is
.22 and 7.55 kpc for the ALL- and S-reconstructions. These values
re within the offsets reported in Lauer et al. ( 2014 ). 

Low resolution reconstructions show a lensing mass peak, M4, not 
ssociated with any light peaks, and not see in the high resolution
econstructions. Ho we ver, due to the lack of multiple images in its
urrounding region, it is not as well constrained as other lensing
ass peaks. Additionally, there is a bright star to the left of that

egion, making it harder to find multiple images or even a faint
alaxy in that area. The uncertainty for this peak is high, especially
or the ALL-reconstruction (see Fig. A5 ), so its significance is
ow. 

The dark mass peak M3 is prominent in these reconstructions as
t is in the reconstruction presented in the main paper; see Figs A3
nd A5 , which increases our confidence that this feature is real. 
MNRAS 525, 2519–2534 (2023) 

w-resolution reconstructions. 

w-resolution reconstructions. 
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Figure A3. Same as Fig. 7 but for low-resolution reconstructions. 

Figure A4. Same as Fig. 5 but for low-resolution reconstructions. 

Figure A5. Same as Fig. 9 but for low-resolution reconstructions. 
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Figure A6. Same as Fig. 10 but for low-resolution reconstructions. 

Table B1. Details of the multiple lensed images for A1689 retrieved from the existing literature. 
Full table will be available online. [B05: Broadhurst et al. ( 2005 ), L07: Limousin et al. ( 2007 ), C10: 
Coe et al. ( 2010 ), D15: Diego et al. ( 2015 ), B16: Bina et al. ( 2016 ), A16: Alavi et al. ( 2016 )]. 

ID R.A. Decl. Redshift Redshift type Reference 
( ◦) ( ◦) ( z) 

1.1 197.860217 −1.332431 3.038 spectroscopic B05 
1.2 197.859538 −1.333386 3.038 spectroscopic B05 
1.3 197.874054 −1.352064 3.038 spectroscopic † B05 
1.4 197.887775 −1.340964 3.038 spectroscopic B05 
1.5 197.883050 −1.334975 3.038 spectroscopic B05 
1.6 197.874383 −1.344028 3.038 spectroscopic † B05 
2.1 197.860517 −1.332081 2.53 spectroscopic B05 
2.2 197.887371 −1.340419 2.53 spectroscopic B05 
2.3 197.883242 −1.335325 2.53 spectroscopic B05 
2.4 197.874217 −1.351681 2.53 spectroscopic B05 
2.5 197.874504 −1.344300 2.53 spectroscopic B05 
··· – – – – –

Note. † Spectroscopic redshift is confirmed by MUSE (Bina et al. 2016 ). 
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PPENDIX  B:  MULTIPLE  IMAG E  SYSTEMS  

O R  A 1 6 8 9  

he list of multiple images is provided in Table B1 . More details on
he lensing data can be found in Section 2.2 . 

As a measure of how well GRALE uses and retrieves the input
ensed images with the reconstruction process, one can compute 
he separations ( � θ ) between the observed lensed image positions
nd reconstructed image positions in the lens plane. Reconstructed 
ensed image positions are obtained by, first, back projecting the 
riginal images to the source plane and computing the average source 
ositions for each system of multiple images using the reconstructed 
eflection angle values. This average back-projected location can 
hen be forward lensed through the reconstructed lens mass distri- 
ution to obtain the reconstructed lensed image positions. Smaller 
ens plane separations between the original image positions and the 
econstructed image positions would imply a better reconstruction 
f the system. 
Sometimes the distances for all input images are combined into 

ne single statistic as root mean square sum, namely the lens plane
MS (e.g. Williams et al. 2018 ; Ghosh et al. 2020 ). Mathematically
his can be expressed as, 

 θ2 
rms = 

1 ∑ 

i J i 

∑ 

i= 1 ,I 

⎧ ⎨ 

⎩ 

∑ 

j= 1 ,J i 

| θoriginal ; i,j − θ reconstructed ; i,j | 2 
⎫ ⎬ 

⎭ 

, (B1) 

here I is the number of systems with multiplicities (number of
ultiple images in each system) J i for the i-th system. 
In Fig. B1 (Fig. B2 ), we present a histogram of lens plane

eparation values for the input lensed images used for both of our
econstructions of the high (low) resolution runs. For some of the
ystems, a few of the images hav e v ery large lens plane separation
 alues, ske wing the distribution to the right. Images with �θ >

 arcsec are absent in the S-reconstruction of the high-resolution 
odels. In other reconstructions, images with �θ > 7 arcsec all 

ie near the boundary of the image region in the lens plane, where
he lensing constraints are sparse. The number of these cases is
igher for the ALL-reconstruction since it contains a larger number 
f less secure systems and low-resolution runs. Since the lens plane
ms values are sensitive to outliers, we can instead calculate the
edian of the lens plane separations, which are found to be 0.40 and

.64 arcsec for the S- and ALL- reconstructions. This shows a small
mpro v ement in the input image utilization by GRALE when only the
ecure systems are used as input. 
MNRAS 525, 2519–2534 (2023) 
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Figure B1. Histograms of lens plane separation values between the input multiple images and GRALE reconstructed images for high resolution reconstructions 
presented in the main paper. Median values are in the legend. All the images with �θ > 7 arcsec lie near the boundary of the lens plane image distribution, 
where constraints are sparse. High resolution S-reconstruction does not have any image with �θ > 7 arcsec. 

Figure B2. Similar to Fig. B1 but for low-resolution reconstruction. 

Figure B3. Histograms of source plane rms of back-projected images for S-reconstructions for both high-resolution and low-resolution cases. The high-resolution 
reconstruction shows a much better source plane o v erlap, which is reflected in the median value. 
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