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Abstract

In many study fields left-censored data occurs regularly due to the limit of detection of measurement

equipment. In a regression context many methods have been developed in the past to analyze situ-

ations where the response variable is left-censored. The situation where also the covariate becomes

left-censored complicates things. In this situation they often resort to methods such as a complete

case analysis or imputation methods. These methods are often not recommended due to inefficient and

biased parameter estimates. To step away from these methods Tran et al. developed a maximum like-

lihood based method in which a parametric assumption had to be made for the left-censored covariate.

This paper proposes a maximum likelihood based method for which no parametric assumption is made

on the covariate. In a simulation study the performance of the proposed method was investigated

for different amounts of censoring in both X and Y . The proposed method was also compared to a

complete case analysis and the substitution method. The simulations have shown that the method

introduced in this paper delivers sufficiently unbiased and efficient estimates for all the parameters of

the regression model. It was also shown that the method outperformed the complete case analysis and

the substitution method.
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1 Introduction

Left-censoring is a common problem in environmental, epidemiological, biological and biomedical stud-

ies. Left-censored data occurs when an observation is known only to be less than some value. It is

often the result of the presence of a limit of detection or quantification due to measurement instrument

sensitivity. (Sattar et al., 2012). The limit of detection (LOD) is, according to a paper written by

Tran et. al., defined as the “smallest measured concentration of an analyte from which it is possible

to deduce the presence of the analyte in the test sample with acceptable certainty”. While the limit

of quantification (LOQ) is defined as the “smallest measured content of an analyte above which the

determination can be made with the specified degree of accuracy and precision”. (Tran et al., 2021)

As a consequence the data is only known up to the LOD or LOQ which leaves the data left-censored.

An example of a study for which left-censoring occurs is a study conducted by the National Institute

for Environmental Health Sciences (NIEHS). This study investigated the health of the workers and

volunteers who participated from April to December of 2010 in the response and cleanup of the oil

release after the Deepwater Horizon explosion in the Gulf of Mexico. An important part of the study

was an exposure assessment to investigate the exposure-disease relationship. For this purpose exposure

measurements for a variety of contaminants were collected. A large amount of these measurements

was below the limit of detection which resulted in a large amount of left-censoring. Assessing the

effect of the exposure measurements on a disease, results in a regression problem where the covariate

is left-censored. (Huynh et al., 2014)

In the previous example the covariate was left-censored. The next example, from a paper written by

Zaffora et al., shows a regression problem where both the covariate and the response are left-censored.

(Zaffora et al., 2017) High-energy particle accelerators operated by e.g. the European Organization

for Nuclear Research (CERN) produce radioactive waste. The characterization of the activity of the

chemical compounds in the waste is quite important to ensure an appropriate disposal. Detection

of the compounds ranges from easy to impossible. The limitations of the equipment to measure the

concentration of some compounds results in left-censored data. The purpose of this article was to pre-

dict the activity of the hard to measure compounds by looking at the activity of the easy measurable

compounds. This translates into a regression problem where both the response and covariate are con-

centrations of chemical compounds, which are subject to left-censoring due to equipment limitations.

When using left-censored data in a regression model to investigate the effect of a covariate on a response

variable it is important to take the censoring into account. In the past most studies have focused on de-

veloping methods to handle regression models with left-censoring in the response alone. In this setting

several methods where proposed based on adaptions of the methods for right-censored data. (Helsel,

2011) When both the covariate and the response become left-censored it complicates the situation.

One of the conventional and easy applicable approaches to handle the censoring is the substitution

method. For this method the censored observations are imputed by the LOD/LOQ or a fraction of this

value. Normal analysis is then preformed on the imputed dataset. This method often leads to biased

parameter estimates and underestimation of the variability in the data, especially if large proportions

of data are censored. (Tran et al., 2021) Another commonly used method is to remove the censored

values and perform an analysis on the remaining data. This is called a complete case analysis. This

method results in loss of information, which leads to inefficient parameter estimates. If the censoring

is non-informative (i.e censoring is independent from X and Y ) this method does produce unbiased

results. (Tran et al., 2021) Due to the drawbacks of these conventional methods other methods were

proposed. One of these methods was a parametric maximum likelihood estimate approach where an

assumption on the distribution of the covariate is made. This parametric method produces unbiased

and efficient estimates given the correct assumption is made. (Tran et al., 2021) In this paper a method

which does not make any assumptions on the distribution of the covariate is proposed. The goal is

4
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to develop a non-parametric maximum likelihood based method to asses the effect of a left-censored

covariate on a left-censored response. The method will be developed for data with one non-negative

left-censored covariate and one non-negative left-censored response with multiple LOD’s.

This paper is structured as follows. In section 2 the proposed method is theoretically explained and the

possible drawbacks are discussed. In section 3 a simulation study is done to investigate the performance

of the proposed method. In section 4 the ethical concepts and stakeholders are discussed. In section

5 a conclusion is given for this paper. Finally, in section 6 ideas for future research are discussed.
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2 Methods

In this section the non-parametric likelihood function for the left-censored response and covariate will

be deduced. This likelihood will be used to reach a maximum likelihood estimate for the effect of the

covariate on the response without making any assumptions on the distribution of the covariate. Before

explaining the proposed method, some other theoretical concepts need to be touched upon. Firstly the

Riemann-Stieltjes integral for step-functions is discussed. Then a non-parametric method to estimate

the cumulative density function of a left censored variable, namely the Kaplan-Meier estimate, is

discussed. After that a parametric method to handle a regression model with a left censored response,

namely an accelerated failure time model, is discussed. Finally all these theories discussed before are

used to develop the likelihood function.

2.1 Riemann-Stieltjes integral of step function

Theorem 2.1. If g is Riemann integrable w.r.t F on [a, b] and F has a continuous derivative F ′ ≡ f

on [a, b]. Then the Riemann integral,
∫ b

a
g(x)f(x)dx, exists and we have:

b∫
a

g(x)f(x)dx =
b∫
a

g(x)dF (x)

(Apostol, 1974)

Theorem 2.2. Let F : [a, b] → R be a step function with discontinuities at x1 < . . . < xd, where

a ≤ x1 and xd ≤ b. Let g : [a, b] → R be continuous at each xj , 1 ≤ j ≤ n. Then g is Riemann

integrable w.r.t F on [a, b] and∫ b

a

g(x)dF (x) =

d∑
j=i

g(xj)[F (x+
j )− F (x−

j )]

Where F (x−
i ) = lim

x→xi
x<xi

F (x), F (x+
i ) = lim

x→xi
x>xi

F (x)

and F (x+
1 ) = a if x1 = a, F (x+

d ) = b if xd = b (Apostol, 1974)

2.2 Kaplan-Meier for left-censored data

Let M be a value larger than the maximum of a left censored variable X. The left-censored variable can

be transformed into a right-censored variable by subtracting each value of X from M (x̃i = M − xi).

Indeed, let xi be a left censored value, we thus have for the real value x: x < xi ⇒ M − x > M − xi.

The choice of the value of M does not influence the results as long as it is large enough. This value is

used to flips the time axis but does not change the estimated values of the survival probability. The

shift is solely done to make sure standard implemented software for right censored data can be used.

(Helsel, 2011)

The survival function of the transformed variable X̃ is given as follows: (Helsel, 2011)

S(x̃) = P (X̃ > x̃) = P (M −X > x̃) = P (X < M − x̃) = FX(M − x̃) (1)

The survival function of the transformed variable X̃ is thus the cumulative distribution function of X.

The cumulative distribution function of X can be estimated by estimating the survival function of X̃

with the Kaplan-Meier estimator.

The Kaplan-Meier estimator with ties is given by (She, 1997): Ŝ(x̃) =
k∏

i=1

ni−di

ni
for x̃k ≤ x̃ < x̃k+1 with

• ni the ’risk set’ or the number of transformed observations greater than or equal to x̃i.

• di the number of uncensored observations occurring at x̃

6
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Note that if the smallest observation x0 of X is censored we have that: ∀x ≤ x0, FX(x) > 0 (She,

1997). To have a correctly defined cumulative density function we define FX(x) = 0 ∀x ≤ x0 and

FX(x) = 1 ∀x ≥ xn with xn the largest observation.

2.3 Accelerated failure time models

An accelerated failure time (AFT) model is a parametric model used to model the effect of an observed

covariate on a censored variable. For this model a specific distribution is assumed on the censored

variable.

In general the accelerated failure time model for a non-negative response Y can be expressed as: (Liu,

2018)

log(Y) = Xβ + σϵ with ϵ = (ϵ1, . . . , ϵn), ϵi i.i.d fϵi(z), E[ϵi] = 0, V ar(ϵi) = 1

⇔ ϵ = g−1(Y ) =
log(Y )−Xβ

σ
Where β = (β0, β1, ...βp) are the regression coefficients, X is the design matrix and σ is a scale pa-

rameter.

The probability density function of Y given X can be written as: (Liu, 2018)

fY (y) = fϵ(g
−1(y))|J | with J =

∂g−1(Y )

∂y
=

1

σy
(2)

Several different density functions can be assumed for the error term. The most often used distributions

are the standard Gumbel and normal distribution. These distributions lead respectively to a Weibull

and log-normal distribution for the response Y . The following example displays how the Weibull AFT

model is build. For this model we have:

ϵ ∼ Gumbel(0, 1) ⇒ fϵ(x) = exp(−(x+ exp(−x)))

According to formula 2, the density function of Y is given as follows: (Liu, 2018)

fY (y) =
1/σ

exp(Xβ)

(
y

exp(Xβ)

) 1
σ−1

exp

[
−
(

y

exp(Xβ)

) 1
σ

]
= γρ−1(tρ−1)γ−1 exp[−(tρ−1)γ ] (3)

In this density the density function of the Weibull distribution with parameters ρ and γ can be

recognized: (Liu, 2018)

Y ∼ Weibull(ρ, γ) with ρ = exp (Xβ) and γ =
1

σ
(4)

The cumulative density function for a variable following a Weibull distribution is given as follows:

(Liu, 2018)

FY (y) = 1− exp
[
−(yρ−1)γ

]
(5)

2.4 Log-likelihood for left censored response and covariate

Suppose both X and Y are non-negative left-censored variables. The results can be easily generalized

to variables on the real line. Let there be n data pairs for X and Y . Let δix and δiy be the censoring

indicators for X and Y respectively. δix (δiy) is equal to 1 if xi (yi) is observed and 0 if it is censored.

Let f(x, y) be the joint density function of X and Y . The likelihood for the data can be split into 4

parts, depending on which value is censored. (Tran et al., 2021)

L =

n∏
i=1

f(xi, yi)

=

n∏
i=1

f(xi, yi)
δixδiy ×

 xi∫
0

yi∫
0

f(x, y)dxdy

(1−δix)(1−δiy)

×

 xi∫
0

f(x, yi)dx

(1−δix)δiy

×

 yi∫
0

f(xi, y)dy

δix(1−δiy)

7
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The joint density function of X and Y can be split into a conditional density function and a marginal

density function: f(x, y) = fY |X(y|x)fX(x). The main goal in this section is to eliminate the distri-

butional assumption on the marginal density function of X.

As explained in section 2.2, the cumulative distribution function of a left-censored variable X can

be estimated by use of the Kaplan-Meier estimator of the transformed variable. As a result of this

estimation, the cumulative distribution function of X is estimated by a step function. By using the

theory of the Riemann-Stieltjes integrals explained in section 2.1 the integrals in the likelihood function

can be re-written as follows:

• Integral for censored X:

xi∫
0

f(x, yi)dx =

xi∫
0

fY |X(yi|x)fX(x)dx
Th. 2.1
=

xi∫
0

fY |X(yi|x)dFX(x)
Th. 2.2
=

∑
xj≤xi

fY |X(yi|xj)[F (x+
j )− F (x−

j )]

≡
∑

xj≤xi

fY |X(yi|xj)wj

• Integral for censored Y :

yi∫
0

f(xi, y)dy =

yi∫
0

fY |X(y|xi)fX(xi)dy = fX(xi)

yi∫
0

fY |X(y|xi)dy = fX(xi)FY |X(yi|xi)

• Integral for censored X and Y :

xi∫
0

yi∫
0

f(x, y)dxdy =

xi∫
0

yi∫
0

fY |X(y|x)fX(x)dxdy =

xi∫
0

fX(x)

 yi∫
0

fY |X(y|x)dy

 dx =

xi∫
0

fX(x)FY |X(yi|x)dx

Th. 2.1
=

xi∫
0

FY |X(yi|x)dFX(x)
Th. 2.2
=

∑
xj≤xi

FY |X(yi|xj)[F (x+
j )− F (x−

j )] ≡
∑

xj≤xi

FY |X(yi|xj)wj

The likelihood can now be written as:

L =

n∏
i=1

fY |X(yi|xi)fX(xi)
δixδiy ×

 ∑
xj≤xi

FY |X(yi|xj)wj

(1−δix)(1−δiy)

×

 ∑
xj≤xi

fY |X(yi|xj)wj

(1−δix)δiy

×
(
fX(xi)FY |X(yi|xi)

)δix(1−δiy)

The log-likelihood can than be written as:

ℓ = log(L) =
n∑

i=1

δixδiy log(fY |X(yi|xi)) + δixδiy(log(fX(xi)) + (1− δix)(1− δiy) log

 ∑
xj≤xi

FY |X(yi|xj)wj


+ (1− δix)δiy log

 ∑
xj≤xi

fY |X(yi|xj)wj

+ δix(1− δiy) log(fX(xi)) + δix(1− δiy) log(FY |X(yi|xi))

Let the conditional density of Y given X depend on regression parameters β and nuisance parameter

σ. Assume for example that Y follows the parametric weibull AFT model with regression parameters

β and nuisance parameter σ as shown in section 2.3:

fY |X(yi|xi, β, σ) = γρ−1(yiρ
−1)γ−1 exp[−(yiρ

−1)γ ] with ρ = exp(β0 + xiβ1) and γ =
1

σ

8
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The maximum likelihood estimate for βi and σ can be reached by solving the following estimating

equations:

∂ℓ

∂βi
=

n∑
i=1

δixδiy
∂

∂βi
log(fY |X(yi|xi,β, σ)) + (1− δix)(1− δiy)

∂

∂βi
log

 ∑
xj≤xi

FY |X(yi|xj ,β, σ)wj


+ (1− δix)δiy

∂

∂βi
log

 ∑
xj≤xi

fY |X(yi|xj ,β, σ)wj

+ δix(1− δiy)
∂

∂βi
log(FY |X(yi|xi,β, σ))

∂ℓ

∂σ
=

n∑
i=1

δixδiy
∂

∂σ
log(fY |X(yi|xi,β, σ)) + (1− δix)(1− δiy)

∂

∂σ
log

 ∑
xj≤xi

FY |X(yi|xj ,β, σ)wj


+ (1− δix)δiy

∂

∂σ
log

 ∑
xj≤xi

fY |X(yi|xj ,β, σ)wj

+ δix(1− δiy)
∂

∂σ
log(FY |X(yi|xi,β, σ))

Where: wj = F (x+
j )− F (x−

j )
(1)
= Ŝ(M − x+

j )− Ŝ(M − x−
j )

These estimating equations have no simple analytical solution. They have to be solved by the use of

numerical optimization. In this paper it was chosen to implement the method with the Nelder–Mead

optimization method.

The above estimating equations do not make any parametric assumptions on the distribution of the

covariate X. Indeed, the cumulative density function of X is estimated with the non-parametric

Kaplan-Meier estimate. The maximum likelihood estimates for the parameters in the AFT model can

thus be reached without making any assumptions on the distribution of the covariate X, which was

the purpose of this section.

2.5 Possible drawbacks of method

The first drawback of the method is the amount of censoring allowed for both X and Y . A large

amount of censoring in X, in the case of a rare event, may result in a bad fit for the Kaplan-Meier

estimator. Since the KM estimator is used to estimate the cumulative density function of X this may

results in biased and inefficient parameter estimates. A large amount of censoring in Y may result in

a bad fit for the accelerated failure time model, which in turn again results in biased and inefficient

parameter estimates. These problems that are encountered for large amounts of censoring may also

occur if a small sample size is considered.

The next problem that may occur is the non-convergence of the numerical methods used to maximize

the log-likelihood. This may be avoided by choosing good initial values. For simulation studies this is

not a problem, but in real data examples this forms a challenge. Good initial values for the parameters

may be deduced from a complete case analysis or a substitution method.

The last problem concerns the parametric assumptions on the conditional distribution of Y given X.

The choice of the right distribution for Y is an important aspect for the method to give valid results.

For simulations finding the right distribution is no problem, while for real data this does impose a

challenge. The goodness of fit of the parametric distribution must be checked by use of for example

residual plots.

9
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3 Simulation Study

3.1 Methods

For the simulation of the data a uniform distribution for the covariate X and a Weibull distribution

for the response Y are assumed. Take X ∼ U(0, λ) and Y |X ∼ Weibull(ρ, γ). The parameter for

the distribution of X, namely λ, is arbitrarily chosen as 5. The parameters for the distribution of Y ,

namely ρ and γ, follow from the assumed AFT model: log(Yi) = β0 + β1Xi + σϵi where β0, β1 and σ

are arbitrarily chosen. γ and ρ are then defined as γ = 1/σ and ρ = exp(β0 + β1X). Both parameters

ρ and γ are restricted to be non-negative. The parameters which need to be optimized, namely β0,

β1 and σ cannot impose any restriction. To ensure that the non-negative restriction on γ is satisfied,

an exponential transformation is used for σ: σ = exp(η) where η can take on any real value. The

restrictions on ρ is ensured by the definition of this value. For the simulations in this paper β0 and β1

are chose as 1 and σ is chosen as 0.5.

The censoring for X and Y is simulated by assuming uniform censoring distributions: Cx ∼ U(0, λx)

and Cy ∼ U(0, λy) where the parameters λx and λy are defined to achieve a certain percentage of

censoring in respectively X and Y . The censoring is assumed to be independent from both X and Y .

The data for the censored covariate X is simulated as follows: Let X be a value sampled from U(0, λ)

and Cx a value sampled from U(0, λx), the so called LOD. The data point that will be used is equal

to the maximum of these two values, max(Cx, X). This results in a censored value if X is smaller

than the LOD Cx and an observed value if X is larger than Cx. As mentioned before, the choice of

λX is motivated by a desired probability πx of censoring. The probability of censoring in X can be

calculated as follows: (Ramos et al., 2020)

πx = P (X < Cx) =

∞∫
0

c∫
0

fX,Cx
(x, c)dxdc =

∞∫
0

c∫
0

fX(x)fCx
(c)dxdc =

∞∫
0

FX(c)fCx
(c)dc

=

λ∫
0

c

λ
fCx

(c)dc+

∞∫
λ

fCx
(c)dc =

λ∫
0

c

λ

1

λx
dc =

1

λxλ

λ∫
0

cdc =
λx

2λ

The probability of censoring is thus dependent on the parameter values from both the distribution

behind the censoring mechanism and the distribution of X. From the integral above it follows that

if a probability πx of censoring is requested, the parameter λx of the uniform censoring distribution

should satisfy: λx = 2πxλ.

The censoring for Y can be simulated analogously to the censoring for X. The derivation of the value

for λy to reach a certain percentage of censoring is not as straightforward as the derivation for λx. The

first complexity that emerges is the fact that the distribution of Y is conditional on X. This in turn

results in the dependence of the probability of censoring on X. Conditional on X the probability of

censoring in Y can be calculated as follows:

πy = P (Y < Cy|X) =

∞∫
0

c∫
0

fY,Cx|X(y, c|x)dydc =
∞∫
0

c∫
0

fY |X(y|x)fCx(c)dxdc

=

∞∫
0

FY |X(c|x)fCx
(c)dc =

1

λy

λy∫
0

FY |X(c|x)dc

The next complication that emerges is the fact that the integral above has no simple analytical solution.

The integral can be solved with the help of numerical integration techniques. The function integrate

in R (R Core Team, 2023), which makes use of an adaptive enrichment method, can be used. The

conditionality of the probability on X makes it difficult to determine an exact value for λy to reach

10
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a certain probability of censoring in Y . For the simulations in this paper the values of λy are chosen

by simulating data sets with different values for this parameter. For each dataset the proportion of

censoring can be estimated by dividing the total number of censored observations in Y by the total

number of observations. In table 1 the λy’s corresponding to approximately 10%, 25%, 50% and 75%

of censoring are given. In figure 1 the probability of censoring in function of X is presented for the

values of λy in table 1. In this figure it can be seen that, for all λy, larger values of X result in a lower

probability of censoring in Y . It can also be seen that for a fixed value of X a larger value of λy results

in a larger probability of censoring in Y .

λy E[πy]

6 0.1055

15 0.242

62 0.502

230 0.7485

Table 1: Values of λy corresponding to 10%, 25%, 50% and 75% mean probability of censoring in Y

Figure 1: Probability of censoring in function of x for the values of λy presented in table 1.

Multiple situations will be simulated to test the performance of the method. Both the probability

of censoring in X and Y will be varied from small to large. The number of observations (n) and

simulations (nsim) will also be varied. The number of observations will be taken equal to 100, 200 and

500 to check the performance on small and large sample sizes. The standard number of simulations is

taken to be 100 or 200. Since the code runs sufficiently fast, 500 simulations will also be considered.

For each simulation the mean, bias, mean square error (MSE) and mean empirical standard error (se)

of each parameter will be calculated. To calculate the se of σ the transformation of this parameter

has to be taken into account via the delta method. For each parameter the theoretical 95% confidence

intervals (CI) are calculated. For this the following normality assumptions are made:

• β̂i
D→ N(βi, seβi) for n → ∞, i = 1, 2

• σ̂
D→ N(σ, seσ) for n → ∞
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These normality assumptions will be checked with normal Q-Q plots. For each of the confidence in-

tervals the coverage probabilities will also be calculated. Lastly the results from the proposed method

in this paper will be compared with the results from a complete case analysis and the substitution

method. For the complete case analysis each observation with a censored value for X will be ignored.

On the remaining observations a Weibull AFT model is performed. For the substitution method the

censored values of X will be imputed by the LOD. A Weibull AFT model is then performed on the

imputed dataset. In subsection 3.2 the results for each simulation are compared and discussed.

The simulations were conducted using R (R Core Team, 2023), R studio (Posit team, 2023), the survival

package (Therneau, 2023) and the DescTools package (Signorell, 2023). For purposes of reproducibility

a seed with value 2023 is used.

3.2 Results and discussion

In figure 2 the Q-Q plots for the three parameters are given for the situation where the percentage

of censoring for both X and Y are equal to 10%. In these plots it can be seen that the normality

assumption is valid for all the parameters. Increasing the percentage of censoring inX to 50% and 75%,

while keeping the percentage of censoring in Y equal to 10% produces respectively the Q-Q plots in

figure 3 and 4. The normality assumption for σ is again valid here. For β0 and β1 the Q-Q plot suggests

a deviation from the normality assumption. The plots show overdispersion, the standard deviation

from the normal distribution is higher than the standard error of the parameters. When increasing

the censoring in Y to 75%, while keeping the percentage of censoring in X equal to 10% the Q-Q

plots in figure 5 are produced. For all parameters the normality assumption is valid again, although

there seems to be slight skewness for the β parameters. If both the censoring in X and Y is increased

to 75% the Q-Q plots in 6 are produced. The overdispersion that was seen in figure 3 and 4 is not

present anymore for the β parameters. In appendix A the Q-Q plots for all other combinations of the

probabilities of censoring are given. In general the normality assumptions are valid for all parameters

when there is 10% and 25% censoring in X, even when the probability of censoring in Y is increased.

Increasing the probability in X to 50% and 75% causes a deviation form the normality assumption for

the β parameters. In these cases overdispersion is observed. The overdispersion disappears when the

censoring in Y is also increased. An explanation for this may be the large increase of the standard

errors due to large amounts of censoring.

Figure 2: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 10% and probability of censoring in Y = 10%
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Figure 3: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 50% and probability of censoring in Y = 10%

Figure 4: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 75% and probability of censoring in Y = 10%

Figure 5: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 10% and probability of censoring in Y = 75%
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Figure 6: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 75% and probability of censoring in Y = 75%

In table 2 the mean parameter estimates along with their bias, mean square error and mean standard

error are given for the different percentages of censoring in X and Y . Each value in this table was

produced under 500 observations and 500 simulations. Looking at the bias for each parameter, the

method performs considerable well in all scenarios with differing percentage of censoring. It can be

seen that an increase in the probability of censoring in both X and Y results in an increase in the bias,

MSE and se. What can be noticed is that the effect of increasing the censoring in Y is larger than the

effect of increasing the censoring in X. In general the bias, MSE and se for β0 are larger than those for

β1 and σ. In table 5 and 7 in appendix B the results for the number of observations equal to 100 and

200 are given where nsim = 500. Decreasing the number of observations results in an increased bias,

MSE and se. Although there is an increase, it is not drastic. The method still produces sufficiently

unbiased estimates for a smaller number of observations. In tables 9 and 11 in appendix B the results

for a smaller number of simulations are given. The results for a smaller number of simulations show

the same trend as the results for nsim = 500. Not all tables for each combination of nsim and n are

presented in this paper due to similar trends in the results.

In table 3 the confidence intervals and coverage probabilities for each parameter in the different sce-

narios are given where the number of observations and simulations were both equal to 500. It can be

seen that the width of the confidence interval increases with increasing probability of censoring in both

X and Y . The coverage probability for σ lies approximately always around 0.95. For β0 and β1 this

is not always the case, especially for larger amounts of censoring in X. As shown before the normality

assumption for β0 and β1 is not valid for larger censoring probabilities in X, which also reflects in the

coverage probabilities. For 50% and 75% censoring in X the coverage probability again increases to

0.95% for increasing censoring in Y . This may be due to the large uncertainty around the parameter,

which results in very wide confidence intervals. In table 6 and 8 in appendix B the confidence inter-

vals for smaller number of observations are shown. Smaller number of observations result in wider

confidence intervals due to the larger standard errors. When also large censoring probabilities are

observed this may become a problem. As can be seen in table 6 the confidence interval for a censoring

probability of 75% in both X and Y includes zero. The confidence interval became so wide it suggests

no relationship between X and Y while there is a relationship. For the larger censoring probability

in X the deviation from the coverage probability of 95% is larger for smaller number of observations.

An explanation may be the larger deviation from the asymptotic normality due to smaller number of

observations.
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In table 4 a comparison of the proposed method in this paper with the complete case analysis and

substitution method is given. The results in this table are produced with 500 observations and sim-

ulations. It can be seen that the bias and the standard error for the method in this paper are in

general smaller than those for the complete case analysis and substitution method, especially for large

amounts of censoring in X. The amount of censoring in Y does not seem to have a large influence on

the differences in the bias and standard error between the methods. The substitution method shows

highly biased estimates when the censoring in X increases. The complete case analysis still produces

sufficiently unbiased, but less efficient, estimates compared to the estimates from the method in this

paper. In table 13 in appendix B the results for the comparison of the methods in the case of a smaller

number of observations is given (n = 100). For a smaller number of observations the difference in

performance of our method and the others becomes even more clear, especially in the situation of a

large percentage of censoring in X.
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4 Ethical thinking, societal relevance, and stakeholder aware-

ness

Left-censoring occurs more often than acknowledged by many companies and institutes. Firstly it is

important that all companies are made aware of the concepts and consequences of left-censored data.

Because this type of data is often neglected. Secondly all the companies who encounter such left-

censored data and want to use it in a regression context should be made aware of the proposed method

in this paper. Until now left censored covariates are often ignored or dealt with by using methods like a

complete case analysis or imputation. These methods are often used because of their simplicity. What

is often disregarded is that these methods either produce biased or highly inefficient estimates. These

estimation issues regarding the effect of a covariate on a health related response can all cause ethical

concerns. An example where these ethical issues may occur concerns the assessment of the impact

of the concentration of heavy metals or chemical compounds in certain areas on human health. Take

for example the health concerns regarding the increased concentration of perfluorooctane sulfonate

(PFOS) in the area of the 3M fluorochemical plant in Zwijndrecht, Belgium. (Groffen et al., 2021)

The measurements of the concentrations are often left-censored. If the left-censored concentrations are

ignored or imputed with larger values, the areas with a low concentration are not considered in the

estimation of the effect of the compound on the health related response. This causes an overestimation

of the risk which may result in unnecessary financial investments and inconvenience for the popula-

tion. Individuals or organizations who may gain political or economical profit may also abuse this

overestimation of the risk. Lastly, it has to be noted that it is not ethical to base healthcare decisions

on estimates with high uncertainty. Being aware of the left-censoring in covariates and deciding to

use these methods due to their simplicity while more efficient and unbiased methods are available is

therefore unethical. Although the method proposed in this paper is more complex to apply, it does

produce unbiased and efficient estimates in most situations. While this method is better than using

a complete case analysis or the substitution method, it still has its own drawbacks that have to be

acknowledged. It should not be thought of as a magical tool which removes all negative consequences

of censoring. There will always be some uncertainty left in the results, especially with large amounts

of censoring. As mentioned in the introduction, this method is a non-parametric version of an already

developed parametric method. When detailed knowledge about the distribution of X is available it is

important to acknowledge that the method in this paper will probably produce less efficient estimates

than the already existing parametric method.
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5 Conclusion

In this paper a non-parametric maximum likelihood based method was developed to asses the effect

of one non-negative left-censored covariate on a non-negative left-censored response. The parametric

assumption on the covariate in the MLE method introduced by Tran et al. is in this paper lifted

by estimating the cumulative density function of X in the likelihood by use of the non-parametric

Kaplan-Meier estimator. In this paper the regression relation between Y and X was described by a

parametric Weibull accelerated failure time model. The parameters from this regression model can be

estimated by the proposed model in this paper.

With the help of simulations studies it was shown that the proposed method delivered parameter

estimates with a sufficiently low bias and standard error in all scenarios with probability of censoring

in both X and Y varying form low to high. It was also seen that the method performed well for

both small (100) and large (500) sample sizes. The proposed method was compared to a complete

case analysis and a single value substitution method. From this comparison it was concluded that

the method proposed in this paper outperformed the other methods. Lastly, it was shown that the

parameter estimates of the accelerated failure time model seem to follow a normal distribution with

mean equal to the real parameter value and standard deviation equal to the standard error of the

parameter. When increasing the censoring probability in X there seems to be signs of overdispersion

for the regression coefficients. The standard deviation from the parameters are underestimated in these

cases.
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6 Ideas for future research

The method that was described in this paper provides a strong basis to handle both a left-censored

covariate and response in a regression model. There are still some aspects of the method that can be

expanded.

In this paper the covariate and the response are restricted to be non-negative. The theory can thus

be extended to variables on the whole real line, which is a fairly easy thing to do. The method is

also restricted to only one left-censored covariate. Because it is often of interest to asses the effect of

multiple covariates on a response an expansion to multiple covariates, censored or not, may be of in-

terest for future research. For this purpose matrix and vector notation can be introduced. To consider

both non-censored and left censored covariates, the model can be split into 2 parts, a part for the fully

observed and a part for the censored covariates.

What can also be of interest for future research is to investigate the asymptotic properties of the

maximum likelihood estimator. As was shown in the simulation study the parameters seem to follow

a normal distribution. This can be theoretically proven. Once these properties are known and proven

they can be used to form exact confidence intervals and perform hypothesis tests for the parameters.

In the proposed methodology the conditional distribution of Y given X is described by a Weibull

accelerated failure time model. An expansion of the methodology may be to allow other parametric

distributions such as the log-normal. Another expansion related to this may be to consider a semi-

parametric model in stead of the parametric AFT model.

In this paper the proposed model was compared to the complete case analysis and substitution method.

Here it was shown that the proposed method outperformed the others. Several other methods to han-

dle the situation of a left-censored covariate and response are published in the literature. It can thus

be of interest to investigate all available methods and compare those to the proposed method.

A last part to considered for future research is to improve the efficiency of the R-code. Due to time

constraints the main focus was to implement the method in R such that it produced correct results.

For future research it is also important to ensure that the code works as fast and efficient as possible.
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A Figures

Figure 7: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 10% and probability of censoring in Y = 25%

Figure 8: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 10% and probability of censoring in Y = 50%

Figure 9: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with n = 500,

nsim = 500, probability of censoring in X = 25% and probability of censoring in Y = 10%
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Figure 10: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 25% and probability of censoring in Y = 25%

Figure 11: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 25% and probability of censoring in Y = 50%

Figure 12: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 25% and probability of censoring in Y = 75%
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Figure 13: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 50% and probability of censoring in Y = 25%

Figure 14: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 50% and probability of censoring in Y = 50%

Figure 15: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 50% and probability of censoring in Y = 75%
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Figure 16: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 75% and probability of censoring in Y = 25%

Figure 17: Normal Q-Q plots for β0, β1 and σ with the red line representing the line y = x with

n = 500, nsim = 500, probability of censoring in X = 75% and probability of censoring in Y = 50%
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C R-code

### loading libraries

library(survival)

library(stats4)

library(DescTools)

################################################################################

###################### Masterthesis: simulation of data #######################

################################################################################

### function for creating data frame in right format

df <- function(x,y,censx,censy){

case<-c(1:length(x))

for (i in 1:length(x)){

if (censx[i] == 1){ #x observed

if (censy[i] == 0){ #y censored

case[i] <- 3

}else{ #y observed

case[i] <- 4

}

}else{ #x censored

if (censy[i] == 0){ #y censored

case[i] <- 1

}else{ #y observed

case[i] <- 2

}

}

}

return(data.frame('x'=x,'y'=y,'censx'=censx,'censy'=censy,'case'=case))

}

### function for simulation censoring

censoring<-function(lambda,variable){

cens <- c(1:n)

u <- runif(n,0,lambda)

for (i in 1:n){ #value=max(variable,u)

if (variable[i]<u[i]){

cens[i] <- 0

variable[i]<-u[i]

}

else {

cens[i] <- 1

}

}

return(list('cens'=cens,'variable'=variable))

}
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### function for simulating data

data_simulation <- function(n,beta0,beta1,sigma,lambda,perc_censx,lambda_cy){

#simulating covariate data assuming uniform distribution

x<-runif(n,0,lambda)

lambda_cx <- 2*perc_censx*lambda

results_x<-censoring(lambda_cx,x)

#simulating response data assuming Weibull AFT model

rho <- exp(beta0+beta1*x)

gamma <- 1/exp(sigma)

y <- rweibull(n,shape=gamma,scale=rho)

results_y<-censoring(lambda_cy,y)

#creating data frame

data <- df(results_x$variable,results_y$variable,results_x$cens,results_y$cens)

return(data)

}

### Weibull AFT model (1 covariate)

weibull_density <- function(y,x,beta0,beta1,sigma){

rho = exp(beta0 + beta1*x)

gamma = 1/exp(sigma)

return( (gamma/rho)*(y/rho)^(gamma-1)*exp(-(y/rho)^(gamma)))

} #checked vs dweibull(y_i,shape=gamma,scale=rho)

weibull_cumdensity <- function(y,x,beta0,beta1,sigma){

rho = exp(beta0 + beta1*x)

gamma = 1/exp(sigma)

return(1-exp(-(y/rho)^(gamma)))

} #checked vs pweibull(y_i,shape=gamma,scale=rho,lower.tail=T)

### Determining lambda_cy to reach certain amount of censoring

set.seed(2023)

lambda_x<-5 #arbitrary choice

beta_0 = 1

beta_1 = 1

sigma_0 = log(0.5)

#numerical integration to determine probability of censoring in Y dependent on X

censy_given_lambda <- function(lambda_censy){

x<-sort(runif(200,0,lambda_x))

perc_censy<-c(1:length(x))

for (j in 1:length(x)){

f<-function(y){

(1/lambda_censy)*weibull_cumdensity(y,x[j],beta_0,beta_1,sigma_0)

}

perc<-integrate(f,lower=0,upper=lambda_censy)

perc_censy[j]<- perc$value

}

df<-data.frame('x'=x,'prob'=perc_censy)

return(df)

}
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set.seed(2023)

n <- 2000 #nr of datapoints

beta_0 = 1

beta_1 = 1

sigma_0 = log(0.5)

lambda_x <- 5 #X ~ U(0,lambda)

perc_censx <- 0.25 #probability of censoring in x

lambda_y10<-6

lambda_y25<-15

lambda_y50<-62

lambda_y75<-230

chosen_lambdas<-c(lambda_y10,lambda_y25,lambda_y50,lambda_y75)

data<-data_simulation(n,beta_0,beta_1,sigma_0,lambda_x,perc_censx,chosen_lambdas[4])

censy<-1-sum(data$censy)/n

#plotting probability of censoring versus X for chosen lambdas

results <- censy_given_lambda(chosen_lambdas[1])

plot(results$x,results$prob,type='l',lwd=2,ylab='Probability of censoring in Y',

xlab='x',ylim=c(0,1),xlim=c(0,5))

legend('topright',

legend=c(

"lambda = 6",

"lambda = 15",

"lambda = 62",

"lambda = 230"),

lty=1,col=seq(1:length(chosen_lambdas)),cex=1,lwd=2)

for (i in 2:length(chosen_lambdas)){

results <- censy_given_lambda(chosen_lambdas[i])

lines(results$x,results$prob,col=i,lwd=2)

}

################################################################################

######################## Masterthesis: R-code for method #######################

################################################################################

### Simulate data to test method

set.seed(2023)

n <- 500 #nr of datapoints

beta_0 = 1

beta_1 = 1

sigma_0 = log(0.5)

lambda_x <- 5 #X ~ U(0,lambda)

perc_censx <- 0.50 #probability of censoring in x

lambda_cy<-chosen_lambdas[2]

data<-data_simulation(n,beta_0,beta_1,sigma_0,lambda_x,perc_censx,lambda_cy)
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### Function for KM for left censored data

#input:

#x=left-censored data,

#censx = censoring indicator (0=censored, 1=observed)

left_km<-function(x,censx){

#transforming left-censored data into right-censored data

M = max(x)+1

x_tilde = M-x

#estimating survival function (KM)

fit <- survfit(Surv(x_tilde,censx)~1)

s <- summary(fit)$surv #survival prob

values <- M-summary(fit)$time #x values belonging to survival prob

#'jumps/weights' of survival function

l <- length(s)

if (s[l]!=0){ #smallest value is censored

weights <- c(1:(l+1))

weights[1]<-1-s[1]

for (i in 1:(l-1)){

weights[i+1]<-s[i]-s[i+1]

}

#below and equal to smallest censored value: cum density = 0

lowest_cens_val <- min(x[censx==0])

weights[l+1] <- s[l]

values<-c(values, lowest_cens_val)

}else{ #smallest value is observed

weights <- c(1:l)

weights[1]<-1-s[1]

for (i in 1:(l-1)){

weights[i+1]<-s[i]-s[i+1]

}

}

return(list('weights'= rev(weights),'x' = rev(values)))

}

### Functions defining sums needed for calculation of Likelihood

km <- left_km(data$x,data$censx)

sum_ycens<-function(x_i,y_i,beta0,beta1,sigma){

sum <- 0

j=1

x<-km$x[j]

while ( (x <= x_i) & (j<(length(km$x)+1)) ){

sum <- sum + (weibull_cumdensity(y_i,x,beta0,beta1,sigma)*km$weights[j])

j=j+1

x<-km$x[j]

}

return(sum)

}

sum_yobs<-function(x_i,y_i,beta0,beta1,sigma){

sum <- 0
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j=1

x<-km$x[j]

while ( (x <= x_i) & (j<(length(km$x)+1)) ){

sum <- sum + (weibull_density(y_i,x,beta0,beta1,sigma)*km$weights[j])

j=j+1

x<-km$x[j]

}

return(sum)

}

### Minus log likelihood function

minusloglik <- function(beta0,beta1,sigma){

loglik <- 0

for (i in 1:length(data$x)){

y_i<-data$y[i]

x_i<-data$x[i]

result<- switch(data$case[i],

sum_ycens(x_i,y_i,beta0,beta1,sigma),

sum_yobs(x_i,y_i,beta0,beta1,sigma),

weibull_cumdensity(y_i,x_i,beta0,beta1,sigma),

weibull_density(y_i,x_i,beta0,beta1,sigma)

)

loglik <- loglik + log(result)

}

return(-loglik)

}

### Maximum likelihood estimate

mle(minusloglik,start=list(beta0=beta_0,beta1=beta_1,sigma=sigma_0))

################################################################################

########################## Masterthesis: simulations ###########################

################################################################################

simulation<-function(n,nsim,perc_censx,lambda_cy,beta_0,beta_1,sigma_0){

lambda <- 5 #X ~ U(0,lambda)

beta0_vec<-c(1:nsim)

beta1_vec<-c(1:nsim)

sigma_vec<-c(1:nsim)

se_beta0_vec <-c(1:nsim)

se_beta1_vec <-c(1:nsim)

se_sigma_vec <-c(1:nsim)

prob_censy_vec<-c(1:nsim)

prob_censx_vec<-c(1:nsim)

for (sim in 1:nsim){

data<-data_simulation(n,beta_0,beta_1,sigma_0,lambda,perc_censx,lambda_cy)

prob_censy_vec[sim]<-1-sum(data$censy)/n

prob_censx_vec[sim]<-1-sum(data$censx)/n
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km <- left_km(data$x,data$censx) #'jumps' for cumulative density function of x

sum_ycens<-function(x_i,y_i,beta0,beta1,sigma){

sum <- 0

j=1

x<-km$x[j]

while ( (x <= x_i) & (j<(length(km$x)+1)) ){

sum <- sum + (weibull_cumdensity(y_i,x,beta0,beta1,sigma)*km$weights[j])

j=j+1

x<-km$x[j]

}

return(sum)

}

sum_yobs<-function(x_i,y_i,beta0,beta1,sigma){

sum <- 0

j=1

x<-km$x[j]

while ( (x <= x_i) & (j<(length(km$x)+1)) ){

sum <- sum + (weibull_density(y_i,x,beta0,beta1,sigma)*km$weights[j])

j=j+1

x<-km$x[j]

}

return(sum)

}

#minus log likelihood function

minusloglik <- function(beta0,beta1,sigma){

loglik <- 0

for (i in 1:length(data$x)){

y_i<-data$y[i]

x_i<-data$x[i]

result<- switch(data$case[i],

sum_ycens(x_i,y_i,beta0,beta1,sigma),

sum_yobs(x_i,y_i,beta0,beta1,sigma),

weibull_cumdensity(y_i,x_i,beta0,beta1,sigma),

weibull_density(y_i,x_i,beta0,beta1,sigma)

)

loglik <- loglik + log(result)

}

return(-loglik)

}

#mle estimates

results<-mle(minusloglik,start=list(beta0=beta_0,beta1=beta_1,sigma=sigma_0))

beta0_vec[sim] <- coef(results)[1]

se_beta0_vec[sim] <- coef(summary(results))[1,2]

beta1_vec[sim] <- coef(results)[2]

se_beta1_vec[sim] <- coef(summary(results))[2,2]
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sigma_vec[sim] <- exp(coef(results)[3])

se_sigma_vec[sim] <- coef(summary(results))[3,2]*exp(coef(results)[3])

}

#mean value / estimate for parameters

mean_beta0 = mean(beta0_vec)

mean_beta1 = mean(beta1_vec)

mean_sigma = mean(sigma_vec)

#bias for parameters

bias_beta0 = mean_beta0 - beta_0

bias_beta1 = mean_beta1 - beta_1

bias_sigma = mean_sigma - exp(sigma_0)

#standard error for parameters

se_beta0 = mean(se_beta0_vec)

se_beta1 = mean(se_beta1_vec)

se_sigma = mean(se_sigma_vec)

#QQ plots

qqnorm((beta0_vec-mean_beta0)/se_beta0,main='Normal Q-Q plot for beta_0')

abline(a=0,b=1,col='red')

qqnorm((beta1_vec-mean_beta1)/se_beta1,main='Normal Q-Q plot for beta_1')

abline(a=0,b=1,col='red')

qqnorm((sigma_vec-mean_sigma)/se_sigma,main='Normal Q-Q plot for sigma')

abline(a=0,b=1,col='red')

#confidence interval + coverage probability

beta0_ci_l<-mean_beta0-1.96*se_beta0

beta0_ci_u<-mean_beta0+1.96*se_beta0

beta0_cp<-sum(ifelse(beta0_vec<beta0_ci_u & beta0_vec>beta0_ci_l,1,0))/nsim

beta1_ci_l<-mean_beta1-1.96*se_beta1

beta1_ci_u<-mean_beta1+1.96*se_beta1

beta1_cp<-sum(ifelse(beta1_vec<beta1_ci_u & beta1_vec>beta1_ci_l,1,0))/nsim

sigma_ci_l<-mean_sigma-1.96*se_sigma

sigma_ci_u<-mean_sigma+1.96*se_sigma

sigma_cp<-sum(ifelse(sigma_vec<sigma_ci_u & sigma_vec>sigma_ci_l,1,0))/nsim

#MSE

mse_beta0<-sum((beta0_vec-beta_0)^2)/nsim

mse_beta1<-sum((beta1_vec-beta_1)^2)/nsim

mse_sigma<-sum((sigma_vec-exp(sigma_0))^2)/nsim

return(list('mean_beta0'=mean_beta0,

'bias_beta0'=bias_beta0,

'mse_beta0'=mse_beta0,

'se_beta0'=se_beta0,

'mean_beta1'=mean_beta1,

'bias_beta1'=bias_beta1,

'mse_beta1'=mse_beta1,
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'se_beta1'= se_beta1,

'mean_sigma'= mean_sigma,

'bias_sigma'=bias_sigma,

'mse_sigma'=mse_sigma,

'se_sigma'=se_sigma,

'ci_beta0'=c(beta0_ci_l,beta0_ci_u),

'cp_beta0'=beta0_cp,

'ci_beta1'=c(beta1_ci_l,beta1_ci_u),

'cp_beta1'=beta1_cp,

'ci_sigma'=c(sigma_ci_l,sigma_ci_u),

'cp_sigma'=sigma_cp,

'mean_censy'=mean(prob_censy_vec),

'mean_censx'=mean(prob_censx_vec)

))

}

simulation_otherMethods<-function(n,nsim,perc_censx,lambda_cy,beta_0,beta_1,sigma_0){

lambda_x <- 5 #X ~ U(0,lambda)

beta0_vec_cc<-c(1:nsim)

beta1_vec_cc<-c(1:nsim)

sigma_vec_cc<-c(1:nsim)

se_beta0_vec_cc <-c(1:nsim)

se_beta1_vec_cc <-c(1:nsim)

se_sigma_vec_cc <-c(1:nsim)

beta0_vec_sub<-c(1:nsim)

beta1_vec_sub<-c(1:nsim)

sigma_vec_sub<-c(1:nsim)

se_beta0_vec_sub <-c(1:nsim)

se_beta1_vec_sub <-c(1:nsim)

se_sigma_vec_sub <-c(1:nsim)

for (sim in 1:nsim){

data<-data_simulation(n,beta_0,beta_1,sigma_0,lambda_x,perc_censx,lambda_cy)

#complete case method

x_cc <- data$x[data$censx==1]

y_cc <- data$y[data$censx==1]

censy_cc <- data$censy[data$censx==1]

results_cc <- survreg(Surv(y_cc,censy_cc,type='left') ~ x_cc,dist="weibull")

#substitution method

results_sub <- survreg(Surv(y,censy,type='left') ~ x,data,dist="weibull")

beta0_vec_cc[sim] <- coef(results_cc)[1]

se_beta0_vec_cc[sim] <- summary(results_cc)$table[1,2]

beta1_vec_cc[sim] <- coef(results_cc)[2]

se_beta1_vec_cc[sim] <- summary(results_cc)$table[2,2]

sigma_vec_cc[sim] <- results_cc$scale
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se_sigma_vec_cc[sim] <- summary(results_cc)$table[3,2]*exp(results_cc$scale)

beta0_vec_sub[sim] <- coef(results_sub)[1]

se_beta0_vec_sub[sim] <- summary(results_sub)$table[1,2]

beta1_vec_sub[sim] <- coef(results_sub)[2]

se_beta1_vec_sub[sim] <- summary(results_sub)$table[2,2]

sigma_vec_sub[sim] <- results_sub$scale

se_sigma_vec_sub[sim] <- summary(results_sub)$table[3,2]*exp(results_sub$scale)

}

#mean value / estimate for parameters

mean_beta0_cc = mean(beta0_vec_cc)

mean_beta1_cc = mean(beta1_vec_cc)

mean_sigma_cc = mean(sigma_vec_cc)

mean_beta0_sub = mean(beta0_vec_sub)

mean_beta1_sub = mean(beta1_vec_sub)

mean_sigma_sub = mean(sigma_vec_sub)

#bias for parameters

bias_beta0_cc= mean_beta0_cc - beta_0

bias_beta1_cc = mean_beta1_cc - beta_1

bias_sigma_cc = mean_sigma_cc - exp(sigma_0)

bias_beta0_sub = beta_0 - mean_beta0_sub

bias_beta1_sub = beta_1 - mean_beta1_sub

bias_sigma_sub = exp(sigma_0) - mean_sigma_sub

#standard error for parameters

se_beta0_cc = mean(se_beta0_vec_cc)

se_beta1_cc = mean(se_beta1_vec_cc)

se_sigma_cc = mean(se_sigma_vec_cc)

se_beta0_sub = mean(se_beta0_vec_sub)

se_beta1_sub = mean(se_beta1_vec_sub)

se_sigma_sub = mean(se_sigma_vec_sub)

#MSE

mse_beta0_cc<-sum((beta0_vec_cc-beta_0)^2)/nsim

mse_beta1_cc<-sum((beta1_vec_cc-beta_1)^2)/nsim

mse_sigma_cc<-sum((sigma_vec_cc-exp(sigma_0))^2)/nsim

mse_beta0_sub<-sum((beta0_vec_sub-beta_0)^2)/nsim

mse_beta1_sub<-sum((beta1_vec_sub-beta_1)^2)/nsim

mse_sigma_sub<-sum((sigma_vec_sub-exp(sigma_0))^2)/nsim

return(list('mean_beta0_cc'=mean_beta0_cc,

'bias_beta0_cc'=bias_beta0_cc,

'mse_beta0_cc'=mse_beta0_cc,

'se_beta0_cc'=se_beta0_cc,

'mean_beta1_cc'=mean_beta1_cc,

'bias_beta1_cc'=bias_beta1_cc,
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'mse_beta1_cc'=mse_beta1_cc,

'se_beta1_cc'= se_beta1_cc,

'mean_sigma_cc'= mean_sigma_cc,

'bias_sigma_cc'=bias_sigma_cc,

'mse_sigma_cc'=mse_sigma_cc,

'se_sigma_cc'=se_sigma_cc,

'mean_beta0_sub'=mean_beta0_sub,

'bias_beta0_sub'=bias_beta0_sub,

'mse_beta0_sub'=mse_beta0_sub,

'se_beta0_sub'=se_beta0_sub,

'mean_beta1_sub'=mean_beta1_sub,

'bias_beta1_sub'=bias_beta1_sub,

'mse_beta1_sub'=mse_beta1_sub,

'se_beta1_sub'= se_beta1_sub,

'mean_sigma_sub'= mean_sigma_sub,

'bias_sigma_sub'=bias_sigma_sub,

'mse_sigma_sub'=mse_sigma_sub,

'se_sigma_sub'=se_sigma_sub

))

}

set.seed(2023)

n <- 100 #nr of datapoints

nsim <- 500 #nr of simulations

perc_censx<-0.75 #probability of censoring in x

lambda_cy <-chosen_lambdas[4]

beta_0 <- 1

beta_1 <- 1

sigma_0 <- log(0.5)

start <- Sys.time()

sim<-simulation_otherMethods(n,nsim,perc_censx,lambda_cy,beta_0,beta_1,sigma_0)

print( Sys.time() - start )

unlist(sim)
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