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Coarse-grained models have emerged as valuable tools to simulate long DNA molecules while maintaining computa-
tional efficiency. These models aim at preserving interactions among coarse-grained variables in a manner that mirrors
the underlying atomistic description. We explore here a method for testing coarse-grained vs. all-atom models using
stiffness matrices in Fourier space (q-stiffnesses), which are particularly suited to probe DNA elasticity at different
length scales. We focus on a class of coarse-grained rigid base DNA models known as cgDNA and its most recent
version cgDNA+. Our analysis shows that while cgDNA+ follows closely the q-stiffnesses of the all-atom model, the
original cgDNA shows some deviations for twist and bending variables which are rather strong in the q → 0 (long
length scale) limit. The consequence is that while both cgDNA and cgDNA+ give a suitable description of local elastic
behavior, the former misses some effects which manifest themselves at longer length scales. In particular, cgDNA
performs poorly on the twist stiffness with a value much lower than expected for long DNA molecules. Conversely, the
all-atom and cgDNA+ twist is strongly length scale dependent: DNA is torsionally soft at a few base pair distances, but
becomes more rigid at distances of a few dozens base pairs. Our analysis shows that the bending persistence length in
all-atom and cgDNA+ is somewhat overestimated.

I. INTRODUCTION

All-atom simulations have played a fundamental role in our
understanding of DNA mechanics. Despite remarkable ad-
vances in computing power, such simulations are still lim-
ited. Explicit solvent all-atom simulations can handle se-
quences of few tens of base pairs (bp) and up to times span-
ning about 1 µs1. Simulations in which DNA has full atom
resolution, but the solvent is treated implicitly, can handle
one order of magnitude longer sequences and time scales2.
Sometimes advanced sampling techniques can be used to al-
leviate some of these limitations by simulating rare events
and extreme conformations3–8. However, the large compu-
tational cost remains a heavy burden. When atomistic de-
tails are not of crucial importance, coarse-grained models9–14

represent a valid alternative to all-atom simulations as they
can handle 100 − 1000 bp long molecules for consider-
ably longer time scales. In these models, lower-resolution,
coarse-grained beads interact with each other through po-
tentials that are parametrized to reproduce the thermody-
namic, structural, and mechanical properties of DNA. Sev-
eral coarse-grained DNA models neglect sequence dependent
effects, but can be used to explore conformational changes,
strand dissociation/hybridization, supercoils formation and
other effects15–19.

A very good account of sequence-dependent effects is given
by coarse-grained rigid base DNA models20,21. Such models
describe bases as rigid bodies and a DNA conformation by
means of rotations and translation between the rigid units, see
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Fig. 1. The rigid base models describe DNA molecules in
their canonical B-form and at a fixed temperature, the base
pairs do not dissociate and self-avoidance effects are not in-
cluded. The interactions between the rigid bases are usually
encoded by harmonic potentials20,21 and can be represented
by a stiffness matrix. Recently also multimodal interactions
were proposed22. The standard cgDNA model20 parametrizes
the DNA conformations using the canonical twelve coordi-
nates, defined by the Tsukuba convention23. Six of these are
intra base pair coordinates (buckle, propeller, opening, shear,
stretch, stagger) and six are inter base pair (or junction) co-
ordinates (tilt, roll, twist, shift, slide, rise). In the more re-
cent cgDNA+21,24 the phosphate groups are treated explic-
itly, which brings the number of coordinates to 24 per bp, see
Fig. 1. The parameters of the cgDNA/cgDNA+ models were
tuned to all-atom simulations that are used as references. For
this purpose, the model stiffness matrix was determined using
a maximum relative entropy approach in which a Kullback-
Leibler divergence between the model and estimated probabil-
ity densities is minimized. This can also be regarded as mini-
mizing the distance between the associated covariance matrix
of the model and that of the all-atom simulations25.

The focus of this paper is on mechanical properties of DNA
that involve couplings beyond nearest-neighbor sites, follow-
ing recent work along this line26,27. For this purpose we
study the stiffness of cgDNA and cgDNA+ in Fourier space
(q-stiffness) and compare it with all-atom simulations. Such
quantities provide considerable insights about the elastic prop-
erties of the molecule at different length scales26. We show
that some degrees of freedom are stiffer/softer at the base
pair level, as compared to the long wavelength limit (q → 0),
describing the asymptotic stiffness of very long molecules.
Our analysis shows that cgDNA+ considerably improves over
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Figure 1. Rigid base models (as cgDNA20) represent bases in each
B-DNA molecule as rigid objects, here plotted as rectangles with the
following color code: A (red), T (blue), C (yellow) and G (green).
In the original cgDNA-model, a DNA conformation is described by
12 coordinates, 6 of which are intra-bp coordinates and 6 inter-bp
coordinates, parametrizing rotations and translations about the rigid
units. The image shows a rigid base model conformation sampled
from cgDNA+21,24, which takes explicitly into account phosphate
groups, here shown as purple pyramids.

the earlier version cgDNA. The cgDNA+ model shows a re-
markable quantitative agreement with all-atom data for all q-
stiffnesses of the twelve inter- and intra-bp coordinates. Be-
sides the specific analysis of rigid base models, this work
provides a methodological example for testing coarse-grained
DNA models via q-stiffnesses. This paper is organized as fol-
lows. Section II reviews the main properties of the rigid base
model and introduces the stiffnesses in Fourier space, also re-
ferred to as q-stiffnesses, which are computed and discussed
in Sec. III. Section IV links the q-stiffnesses to length scale
dependent elasticity, focusing on torsional and bending persis-
tence lengths. Section V focuses on the real-space two-point
correlation function of several rigid base parameters and their
associated q-stiffness. Section VI discusses the results ob-
tained and presents some conclusions.

II. RIGID BASE MODELS

We consider here a description based on the canonical rigid
base coordinates introducing a twelve dimensional vector ∆n,
with n = 0,1, . . .N − 1 labeling the sites along the sequence.
The elements of the vector ∆n represent the deviation of the
twelve rigid base coordinates with respect to their average val-
ues, such that ⟨∆n⟩ = 0, with ⟨.⟩ denoting thermal averaging.
Small deformations from equilibrium are usually described
within the harmonic approximation28, with an energy given
by

βE =
a
2 ∑

n
∑
m

∆
⊺
nM(n)

m ∆n+m, (1)

with β = 1/kBT the inverse temperature, kB the Boltzmann
constant and a the average distance between consecutive base
pairs (a = 0.34 nm for DNA). M(n)

m are 12× 12 stiffness ma-
trices and depend on the sequence composition, reflected in

the dependence on the site index n. The above model allows
for distal couplings between variables at distinct sites n and
n + m. We stress that the canonical rigid-base coordinates
are obtained from atomic coordinates following an established
specific convention23. The stiffness matrices depend on the
convention used, as discussed previously for a coarse-grained
DNA model29.

As our primary interest will be to highlight the nature of the
distal couplings, we will neglect sequence dependent effects
and ignore the n dependence in M(n)

m . Assuming an effective
translationally invariant DNA model (obtained by averaging
over different sequences) it is convenient to introduce a dis-
crete Fourier transform of the canonical rigid base coordinates
as follows

∆̃q =
N−1

∑
n=0

∆n e−2πiqn/N , (2)

where q =−(N−1)/2,−(N−3)/2, . . . ,(N−3)/2,(N−1)/2
(for N odd). As the vector ∆n is real, complex conjugation
gives ∆̃∗

q = ∆̃−q. The model (1) in q-space then takes the form

βE =
a

2N ∑
q

∆̃
†
qM̃q∆̃q, (3)

where † denotes Hermitian conjugation and where the matrix
M̃q is obtained by taking the Fourier transform of Mm

26

M̃q = ∑
m

Mm e−2πiqm/N . (4)

The assumed translational invariance for a finite system only
applies with periodic boundary conditions. The open DNA
molecule will also have additional boundary terms, which do
not influence the large N bulk behavior. The matrix M̃q is
12×12 and, for convenience, we organize it in 16 submatrices
as follows

M̃q ≡


Ãq B̃q C̃q D̃q

B̃†
q Ẽq F̃q G̃q

C̃†
q F̃†

q Ĩq J̃q

D̃†
q G̃†

q J̃†
q K̃q

 . (5)

where Ãq, B̃q . . . K̃q are 3×3 matrices. The order of the 12
coordinates is chosen to be: tilt, roll, twist, shift, slide, rise,
buckle, propellor, opening, shear, stretch, stagger. For exam-
ple, the first element on the diagonal of Ẽq is the q-stiffness
of the “shift” variable. The elements 1 to 6 and 7 to 12 cor-
respond to inter- and intra-bp coordinates, respectively. Off-
diagonal elements are cross-coupling terms between different
coordinates as e.g. “shift-slide” or “roll-twist”. The stiffness
matrix can be obtained from the inversion of the covariance
matrix26

M̃q =
N
a

〈
∆̃q∆̃

†
q

〉−1
, (6)

where, in our case, ∆̃q is obtained from simulations. ∆̃q

and ∆̃†
q are 12-dimensional column and row vectors. The
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Figure 2. Real part of q-stiffnesses of inter- and intra-basepair de-
grees of freedom obtained from Monte Carlo sampling the cgDNA
and cgDNA+ models and all-atom MD simulations (left, center and
right columns, respectively). The sub-blocks Ãq, Ẽq, Ĩq and K̃q of
M̃q are shown (5). Stiffnesses of translational degrees of freedom
(Ẽq, K̃q) are rescaled by a factor a2 (a = 0.34 nm) in order to express
stiffnesses in units of nm in all plots. cgDNA+ stiffnesses are in very
good agreement with MD simulations. The largest differences be-
tween cgDNA and cgDNA+ are for tilt and twist coordinates (block
Ãq, (a,b,c)). cgDNA lacks the peak at q = 0 for tilt, twist and twist-
roll couplings, which is present in cgDNA+ and all-atom data.

product in (6) gives a 12 × 12 matrix. The Monte Carlo
(cgDNA/cgDNA+) sampling or the molecular dynamics
(MD) simulations (all-atom) produces real space configura-
tions expressed in terms of the 12 canonical coordinates. For
every simulated sample, this gives a vector ∆n for each site
n = 0,1, ...,N − 1 of the DNA sequence. These are Fourier
transformed to give ∆̃q. Using Eq. (6), the matrix M̃q is de-
duced. In general, the elements of M̃q have real and imagi-
nary parts. From Eq. (4), it follows that the real part of the
elements of M̃q are symmetric in q, while the imaginary parts
are antisymmetric.

III. q-STIFFNESS IN CGDNA(+) VS. MD SIMULATIONS

Figure 2 shows a plot of the real parts of the elements of
Ãq, Ẽq, Ĩq and K̃q, the four 3×3 diagonal sub-block matrices

Figure 3. Imaginary part of q-stiffnesses of rigid base coordinates
for cgDNA/cgDNA+ and all-atom simulations, showing the same
sub-blocks of the stiffness matrix as in Fig. 2. Similar to the real
counterparts, the imaginary parts of the cgDNA+ stiffnesses (middle
column) are in excellent agreement with all-atom MD simulations
(right column), whereas the cgDNA-model does not reproduce all-
atom data. The lack of structure is most notably for the inter-basepair
coordinates (a-f).

of M̃q which was obtained from Eq. (6). The three columns
report the data from cgDNA, cgDNA+ and all-atom simula-
tions which are obtained from averaging over two different
sequences, see details in Appendix A. The cgDNA/cgDNA+
data are generated using a Monte Carlo sampling, while the
all-atom data are from averaging a 100 ns MD simulation
(data from30). There is a remarkable agreement here between
cgDNA+ and all-atom data, and a considerable improvement
from cgDNA to cgDNA+ for some, but not for all, matrix
elements. The strongest differences between cgDNA and
cgDNA+ is in the twist and bend (tilt/roll) coordinates, which
are in the block Ãq and shown in Fig. 2(a,b,c). For these coor-
dinates the cgDNA stiffnesses are very weakly q-dependent,
while a strong dependence for tilt and twist is observed in the
cgDNA+ and the all-atom data.

Large variations in stiffnesses for different q indicate that
the elastic response of the molecule strongly depends on the
length scale at which it is probed26,31,32, as discussed in more
details in Sec. IV. For tilt and twist, cgDNA fits well the short
scale behavior which corresponds to |q| ≈ N/2, i.e. the two
edges of the graphs in Fig. 2. However, the cgDNA data lacks
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the sharp peaks at q = 0 found in cgDNA+ and all-atom sim-
ulations (b,c). The q = 0 corresponds to the long length scale
behavior, as discussed in Sec. IV. The good agreement be-
tween the q-stiffnesses of cgDNA and cgDNA+ at |q| ≈ N/2
stems from the fitting of local couplings of the all-atom data.
To improve cgDNA, i.e. to reproduce the q-dependence ob-
served in all-atom data, one would need to account for distal
components by adding non-vanishing matrix elements in Mm
in (4). These effective distal couplings are generated via the
integration of phosphate coordinates in cgDNA+.

Figure 2(d,e,f) compare the translational inter-bp stiff-
nesses. While there is good agreement in all three models
for the rise stiffness (the stiffer of the translational inter-bp
coordinate), the cgDNA+ and all-atom data show remarkable
similarity in the q-dependence for slide and shift. Stiffnesses
of intra-bp coordinates (Fig. 2(g-l)) for all three models are
in good agreement with each other, which indicates that the
additional phosphate degrees of freedom of cgDNA+ have a
weak effect on the intra-bp coupling. Nevertheless, some mi-
nor differences in shape can be observed, most visible in case
of the opening stiffness. We note that there are two differ-
ent types of q-dependences in Fig. 2. Some stiffnesses have
a maximum at q = 0 (inter-bp couplings (a-f)), while others
have a minimum at q = 0 (intra-bp couplings (g-l)). A max-
imum at q = 0 indicates that the corresponding coordinate is
soft at short scale and becomes stiffer at longer scales, while
the opposite is true for a minimum at q = 0.

Figure 3 shows a plot of the imaginary parts of the blocks
Ãq, Ẽq, Ĩq and K̃q, of the matrix M̃q. Symmetry imposes van-
ishing imaginary part to all diagonal elements, hence only
the three off-diagonal components of each block matrix are
shown in the plots of Fig. 3. Similarly to their real coun-
terparts in Fig. 2, we note a much weaker q-dependence for
cgDNA as compared to cgDNA+ and all-atom data. The weak
q-dependence in cgDNA is again very striking for the ele-
ments of the blocks Ãq and Ẽq, depicting the stiffnesses of
the inter-bp coordinates (see plots (a-f)). Again cgDNA+ and
all-atom data appear to be in excellent agreement with each
other.

IV. LENGTH-SCALE DEPENDENT ELASTICITY

A model characterized by a q-dependent stiffness has elas-
tic properties which depend on the length scale at which they
are probed26. In this section we elaborate on the twist and
bending properties. To introduce the concept we evaluate the
response of the system to a pure twist perturbation. We start
with the partition function Z and focus on the excess twist,
which we denote with Ω̃q, by integrating out all other eleven
variables in the rigid base model. This gives

Z =
∫

∏
q

d∆̃q e−
a

2N ∑q ∆̃
†
qM̃q∆̃q =

∫
∏

q
dΩ̃q e−βEtwist . (7)

As the full model is Gaussian, the integration over all degrees
of freedom but twist gives an effective one dimensional model
for twist elasticity which is still Gaussian. The energy is thus

quadratic in Ω̃q and takes the form

βEtwist =
a

2N ∑
q

C̃q

∣∣∣Ω̃q

∣∣∣2 , (8)

where the scalar C̃q is the stiffness of the mode q. We note
that in general C̃q ̸= (M̃q)33 because of off-diagonal couplings
between twist and other coordinates. More precisely, C̃q can
be obtained as a Schur complement of the 12× 12 stiffness
matrix M̃q

24,32.
A physical way to probe the length-scale dependent twist

response is to apply a torque τ to a sub-sequence of m base
pairs. The energy of the system gets an extra term and be-
comes, in real space coordinates,

βEτ = βEtwist −βτa
m

∑
n=1

Ωn, (9)

with a∑
m
n=1 Ωn the total excess twist angle of the DNA seg-

ment of m base pairs. To calculate the partition function Z
for (9) it is convenient to switch to Fourier space coordinates
Ω̃q, as modes with different q are independent. The full cal-
culation is similar to that for the twist-twist correlation func-
tions presented in previous work26. The total free energy
F =−kBT logZ is then obtained by integrating over Ω̃q and is
given by

F(τ) = F0 −
mβτ2

2Cm
, (10)

where F0 is the total free energy at zero applied torque. Cm
is introduced as the variable of interest: the torsional stiffness
related to a torque applied to m subsequent base pairs. Note
that the free energy (10), as an extensive quantity, contains
a torque response term proportional to m. The crucial point
here is that in general Cm depends on m: the torsional stiffness
depends on the length scale m at which the twist elasticity is
probed. The torsional stiffness is given by (the details of the
derivation can be found in26)

1
Cm

=
a

mπ

∫ +π/2

−π/2

sin2 my
sin2 y

⟨|Ω̃q|2⟩
N

dy

=
1

mπ

∫ +π/2

−π/2

sin2 my
sin2 y

dy

C̃q
, (11)

where we introduced the rescaled momentum y = πq/N and
replaced the discrete sum in q with a continuous integral, as-
suming N → ∞. The asymptotic behavior m ≫ 1 of (11) has
been discussed in prior work33 and it is given by

Cm =
m

m+A
C̃q=0 +O

(
e−m/λ

)
, (12)

with A a scale factor. Apart from an exponentially small cor-
rection , Cm has a leading algebraic 1/m decay to C̃q=0. At
long length scales (m → ∞) the integrand in (11) is increas-
ingly peaked around y = 0, hence the torsional stiffness of an
infinitely long chain is that of the mode q = 0.
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Figure 4. (a) Solid lines: Torsional stiffness for cgDNA
and cgDNA+, obtained from the twist correlation function
⟨cos

(
∑

n+m−1
i=n aΩi

)
⟩ = e−am/(2Cm) averaging over 100 random se-

quences with length 500 bp. Dashed lines: Data obtained from the
numerical integration of (11). (b) Solid lines: Bending persistence
length calculated for cgDNA and cgDNA+ from the tangent-tangent
correlation function ⟨t̂n · t̂n+m⟩= e−am/lB(m), with t̂n the unit tangent
vector at site n. Dashed lines: Bending persistence length lB as ob-
tained from the numerical integration of (13). We notice a difference
between the two estimates, whose origin is discussed in the text. The
extrapolated bending persistence length of cgDNA+ is above the con-
sensus value lB ≈ 50 nm, while the cgDNA value is rather consistent
with experiments. As in (a) the DNA appears to be stiffer at longer
scales.

With this concept in place, we analyzed the torsional stiff-
ness Cm of the cgDNA and cgDNA+ models. Figure 4(a)
summarizes the results. The dashed lines show the stiffness
obtained from a numerical integration of (11). As a com-
parison, the solid lines were obtained from real space data,
not by applying a torque, but from the correlation function26

⟨cos
(
∑

n+m−1
i=n aΩi

)
⟩ = e−am/(2Cm), averaging over 100 inde-

pendent sequences of length 500 bp. Both the cgDNA and
cgDNA+ model show an explicit m-dependence, they have
similar values of the stiffnesses at the shortest length scale
(m = 1). For high m-values the curves obey equation (12) and
decay to an asymptotic C -value listed in Table I. cgDNA+
shows a strong length-scale dependence reaching asymptoti-
cally a value which is close to (about 20% higher) the value
C = 110 nm measured in single molecule magnetic tweez-
ers (MT) experiments34–36. These experimental values can
be considered as the high-m limit since such devices measure
the torsional response of a several kbp long molecule, using a
magnetic bead attached to one of its ends, while its other end
is attached to a solid surface. cgDNA instead, shows a much
weaker length dependence of the torsional stiffness, with an
asymptotic value Cm→∞ = 47 nm, which is well-below the ex-
perimental results.

We now discuss length-scale dependence of bending defor-
mations. In Ref. 26 the following expression for the bending
persistence length lB was derived

1
lB

=
a

mπ

∫ +π/2

−π/2

sin2 my
sin2 y

Ψq+∆q +Ψq−∆q

N
dy, (13)

in which again y = πq/N and

Ψq =
1− cos(aω0)

2(aω0)2 ⟨|τ̃q|2 + |ρ̃q|2⟩, (14)

where τ̃q and ρ̃q are the Fourier transform of the tilt and roll
variables (the two bending modes), ω0 = 1.76 nm−1 is the
average intrinsic twist and ∆q ≡ Naω0/(2π). Equation (13)
has a similar m-dependence as (11), but there are some dif-
ferences. The bending in DNA is described by two compo-
nents: the (stiffer) tilt τ̃q and the (softer) roll ρ̃q. In addition
(13) contains ω0 (both explicitly and via ∆q) since the DNA
frame rotates with the intrinsic twist and this needs to be taken
into account in the calculation of lB. The expression (13) was
derived under the assumption that the roll and tilt angles are
small compared to the intrinsic twist angle which is ≈ 34◦ (an
approximation referred to as intrinsic twist dominance26).

Figure 4(b) shows a plot of the numerical estimate of (13)
for cgDNA and cgDNA+ (dashed lines). Length scale effects
are here much weaker as compared to those observed in the
torsional stiffness of Fig. 4(a). As for the twist, also in bending
the DNA appears to be softer at short length scales and asymp-
totically stiffer as m → ∞, as also observed in other coarse-
grained DNA models26. Again cgDNA+ is stiffer than cgDNA
at long length scales. The weaker m-dependence of lB is due
to the fact that the integrand Ψq in (13) depends very weakly
on q, unlike C̃q which has a strong q-dependence. This weak
q-dependence of Ψq follows from the weak dependence of q
of the roll fluctuations ⟨|ρ̃q|2⟩ which is itself a consequence of
the weak dependence on q of the roll stiffness (see Fig. 2(b,c)).
Tilt can be ignored in this case as fluctuations are dominated
by roll ⟨|ρ̃q|2⟩ ≫ ⟨|τ̃q|2⟩. As

∫
sin2(my)/sin2(y)dy = mπ a

weak q-dependence of Ψq leads to a weak m-dependence of
lB (substituting a constant Ψq in (13) leads to a lB independent
on m). We note that a weak q-dependence for roll and a strong
one for tilt is a generic feature of double stranded semiflexible
polymers, as it can be shown by analytical calculations in the
case of simplified models27.

We have also computed the bending persistence length via
decay of the tangent-tangent correlation functions

⟨t̂n · t̂n+m⟩= e−am/lB(m). (15)

The data for lB vs. base pair distance m thus obtained are
shown as solid lines in Fig. 4(b). There is a noticeable differ-
ence in the extrapolated lB from (13) and (15), with the for-
mer underestimating the persistence length. This discrepancy
is due to the approximations made in deriving Eq. (13) which
neglects beyond-quadratic terms in tilt and roll angles26. In
addition, results obtained from Eq. (15) display oscillations
with a periodicity of the helical repeat (≈ 10.5 bp) as a result
of the intrinsic roll angle in B-DNA of about 1.7◦. The extrap-
olated data for cgDNA/cgDNA+, as well as the experimental
value of lB are given in Table I.

One can notice that the asymptotic value found for the per-
sistence length in case of cgDNA+ goes above the usually ac-
cepted value of lB ≈ 50 nm. This could be expected, as it
was reported before that cgDNA predicts a persistence length
that is slightly higher than experimental values37. Since we
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cgDNA cgDNA+ All-Atom Experiments
C 47 / 47 134 / 133 125 110±10
lB 53 / 48 72 / 65 61 45±5

Table I. Asymptotic values (data in nm) of the torsional stiffness C
and of the bending persistence length lB as obtained from extrap-
olation of cgDNA/cgDNA+ simulations vs. all-atom26 and experi-
mental data. The measured DNA bending persistence length is salt
dependent and at physiological salt concentration ∼ 150 nM NaCl
is about lB = 45 ± 5 nm38. The torsional stiffness was measured
by several groups with slightly different results34–36 and found to
be salt independent. The value and error bar reported in the Table
(C = 110± 10 nm) covers the range of literature values34–36. For
the MC simulations of cgDNA/cgDNA+ 100 random sequences of
length 500 bp were used. For cgDNA/cgDNA+, the first value rep-
resents the stiffness found from the correlation functions (full lines
in Fig. 4), while the second values is obtained from numerical inte-
gration (dotted lines in Fig. 4). These asymptotic stiffnesses were
obtained by fitting the curves using Eq. (12), where the initial data
points (m < 20) were excluded from the fit to probe the long length
scales, as well as the final ones (m > 300) to exclude boundary ef-
fects. The all-atom values were taken from Ref. 26, which were ob-
tained only by numerical integration.

showed that cgDNA+ behaves stiffer at the long scale con-
cerning the bending modes, this comes as no surprise. It is
important to mention that although the bending persistence
length of cgDNA+ is asymptotically deviating from the exper-
imental value, the cgDNA+ curve is consistent with all-atom
data26 when both are evaluated with Eq. (13). This can be
seen for the asymptotic value in Table I.

V. DISTAL SITES CORRELATIONS

The non-local couplings induce correlations between
coarse-grained variables defined at DNA distal sites n and
n+m. These correlations can be linked to the q-stiffness. We
illustrate this for the twist-twist “product” correlation func-
tion, which via the discrete Fourier transform (3) can be writ-
ten as

⟨ΩnΩn+m⟩=
1

N2 ∑
q

〈
|Ω̃q|2

〉
e−2πimq/N =

1
N ∑

q

e−2πimq/N

aC̃q
,

(16)
where we have used the equipartition relation

C̃q =
N

a
〈
|Ω̃q|2

〉 (17)

to link twist fluctuations of the mode q to C̃q. The latter, as
in (8), is the twist stiffness of the mode q obtained from inte-
grating out all other coarse-grained coordinates. We note that
(16) is different from the twist correlation function discussed
above and defined as the average of the cosine of the twist
angle (see caption of Fig. 4). The latter does not vanish even
in absence of non-local couplings. To show this explicitly let
us assume that the model is fully local. The absence of dis-
tal couplings implies that C̃q = C does not depend on q. The

Figure 5. (a,c,e) Normalized real-space correlation function for var-
ious degrees of freedom as obtained from cgDNA+ for a 44-mer.
For the twist (a) this correlation function is given in Eq. (16). For
the stagger and propellor this is defined similarly as product of vari-
ables at different sites. (b,d,f) Corresponding q-stiffness spectra. The
q-stiffnesses are obtained for each variable separately (see Tab. II),
i.e. they are Schur-complements of the 12×12 matrix in Eq. (5) by
projecting the 12-dimensional configuration space onto a single di-
mension. For the propellor we showed also the stiffness as diagonal
element the 12× 12 matrix (this is (Ĩq)22 where Ĩq is the 3× 3 sub-
block of M̃q as defined in Eq. (5)).

last term in (16) becomes a sum over q of exponential phases
exp(−2πimq/N) which vanishes for any m ̸= 0. Hence the
product correlation function ⟨ΩnΩn+m⟩ = 0 for m ̸= 0. For a
fully local model the ordinary twist correlation function is〈

cos

(
n+m−1

∑
i=n

aΩi

)〉
= ⟨cos(aΩi)⟩m = e−ma/2C (18)

where we used the fact that Ωi are independent variables,
⟨sin(aΩi)⟩ = 0 and used trigonometric relations to factorize
the cosine of the total twist angle into products of uncorre-
lated terms.

If distal couplings are present (18) gets modified by replac-
ing the constant C with a length-dependent factor Cm (11).
As Cm tends to a constant (see Eq. (12)) the asymptotic decay
for large m is still exponential, but it gets modified at shorter
length scales. The asymptotic decay of the product correla-
tion function (16) is governed by the leading pole of 1/C̃q,
i.e. the solution of C̃q = 0 with the smallest imaginary part30.
Such equation cannot have a real solution q = q∗ as this would
imply an unstable mode. The most generic pole is of the form

2πqE

N
= φ ± i

ξE
, (19)

which leads to the following asymptotic, damped oscillatory
decay of the normalized correlator30

⟨ΩnΩn+m⟩
⟨Ω2

n⟩
m≫1∼ cos(mφ +φ0)e−m/ξE , (20)
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with φ0 a phase factor. The real part of the leading pole
(19) gives the oscillation frequency, while the imaginary part
is the inverse decay length, hence the pole with the small-
est imaginary part corresponds to the slowest decaying mode.
The twist correlator (18) and the “product” correlation func-
tion (16) define two distinct correlation lengths. The former
2Cm ≈ 250 nm (for large m) and ξE is typically of a few base
pairs, corresponding to distances of 1−2 nm30.

Figure 5 shows (a) the normalized twist-twist correlator
(20) and (b) the corresponding twist stiffness C̃q for cgDNA+.
As a comparison, we also show in Fig. 5 the normalized corre-
lator and associated stiffness for two other intra-bp variables:
stagger (c,d) and propeller twist (e,f). The stagger is the rela-
tive displacement of the two bases forming a base pair along
the double helix axis. The propeller twist is the relative ro-
tation angle of the two bases in a base pair. The stiffnesses
of Fig. 5 are obtained by integrating out all other degrees of
freedom of cgDNA+. These stiffnesses differ from the cor-
responding diagonal elements of the 12× 12 stiffness matrix
M̃q. We illustrate this difference for the propellor in Fig. 5(f),
which also shows (light blue circles) the diagonal element
(Ĩq)22, sub-block of M̃q as defined in (5). By integrating out
all the other 11 degrees of freedom but the propellor, one gets
lower stiffness and, interestingly, this assumes a double-well
shape which is not visible in (Ĩq)22. Indicating with pn the
propeller at site n, the product correlation function ⟨pn pn+m⟩
is governed by the integrated stiffness and shows a damped
oscillatory decay, see Fig. 5(e).

In all three cases shown in Fig. 5, the correlator decay re-
flects the stiffness behavior. In first approximation, the pole’s
real part corresponds to the minimum of the stiffness. In the
twist, stagger and propeller twist cases the minimum would
give φ = π , φ = 0 and φ ≈ π/3. The first case corresponds to
a correlator decay modulated by a factor cos(mπ) = (−1)m,
i.e. an alternated sign. The second case (φ = 0) leads to a
monotonous decay, while the third case (0 < φ < π) would
correspond to an oscillating decay. The correlators plotted in
Fig. 5(a,c,e) reproduce indeed these three distinct behaviors.

We note that correlators rapidly decay and virtually vanish
at the distance of m = 4 bp. Such correlations potentially gen-
erate effective interactions at distal sites which are linked to al-
losteric effects30. Experiments have shown that proteins bind-
ing at distal DNA sites interact with each other via the linker
DNA39,40. The characteristic decay length observed in experi-
ments is about ∼ 15 bp, which is about one order of magnitude
larger than the decay shown in Fig. 5(a,c,e). This discrepancy
suggests that distal correlations in DNA are stronger than all-
atom simulations (and cgDNA+) currently predict30.

VI. DISCUSSION

In this paper we have analyzed the properties of a class of
coarse-grained DNA models known as cgDNA20 and the most
recent improved version cgDNA+21,24. In these models each
base is treated as a rigid object. Translations and rotations
between two bases forming a base pair are parametrized by
six intra-bp coordinates, while relative orientations between

consecutive base pairs are defined by another set of six inter-
bp coordinates, see Fig. 1. In this way each site in cgDNA
is parameterized by 12 coordinates, for cgDNA+ phosphate
interactions are added which brings it to 24 coordinates per
site24. We compared the two models by integrating out the
phospate contribution of cgDNA+ focusing on the calculation
of the 12× 12 stiffnesses matrix in Fourier space M̃q. The
q-dependence of the elements of the stiffness matrix reflects
the existence of distal couplings, i.e. coupling between non-
proximal sites26,27,32.

Our analysis shows that cgDNA+ is a significant improve-
ment of cgDNA in several aspects. As illustrated in Fig. 2(a-
c), the tilt- and twist coordinates of cgDNA+ show a high
level of overlap with all-atom data over the whole q-stiffness
range. This means that cgDNA+ accurately encodes both
the short and long length-scale behavior of the all-atom sim-
ulations. The cgDNA model on the other hand, only cap-
tures the short length scale of tilt and twist. The improve-
ment of cgDNA+ in twist behavior is especially outspoken,
with the torsional stiffness data showing a very strong length-
scale dependence (Fig. 4(a)), consistent with experiments in-
dicating a torsionally softer DNA at short distances26. More-
over, its asymptotic value for the long length scale is close
to the experimental value obtained from the measurement of
kbp long DNA41 (see Table I). Conversely, the bending per-
sistence length of cgDNA+ more significantly overestimates
the consensus experimental value as shown from the data re-
ported in Table I. The excellent overlap between all-atom
and cgDNA+ q-stiffnesses suggests that the problem with the
bending persistence length is possibly due to the current force
fields used in all-atom models42, rather than a problem with
the parametrization of cgDNA+.

Finally, as a methodology, the analysis of q-stiffnesses can
be very useful in the development of coarse-grained DNA
models. A good match of stiffnesses at all q-values with
respect to some reference data is an indication of a correct
parametrization accounting both for the short- and long dis-
tance behavior, as illustrated in the case of the torsional stiff-
ness. Problematic behavior of some degrees of freedom can
be spotted more easily from the analysis of q-stiffnesses. This
is illustrated in the case of the inter-bp rotation coordinates tilt
and twist of cgDNA in Fig. 2(a). From a computational point-
of-view, it is important to note that the q-stiffness analysis can
be performed reliably on systems of rather small lengths, see
Appendix B, since it converges rapidly to its asymptotic val-
ues over the whole q-range.
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Sequences
CGCTCAAGGGCGAGAATTGGACCTGGCTTACGTCTTAGTACGTA∗

GTTAAGTGCCGAACTAGATCTGACCTAACGGTAAGAGAGTTTCA

Table II. The two 44 bp sequences used in the all-atom MD simula-
tions and in the cgDNA/cgDNA+ models to produce the data shown
in Figures 2 and 3. The sequence indicated with ∗ was used along
with the cgDNA+ model to generate the data in Fig. 5. These se-
quences are two randomly chosen sequences with a 50% GC content.
The sequences were used in prior work to study allosteric effects30.

Appendix A: All-atom and cgDNA(+) simulations

MD all-atom simulations were performed on the two 44 bp
sequences given in Table II and as described in Ref. 30.
Briefly, Gromacs v.2020.443 and the Amberff99 parmbsc1
force field44 were used. The TIP-3P water model45 was
used while non-bonded interactions were cut off at 1.0 nm
and PME Mesh Ewald interactions for electrostatic. The
molecules were placed in a dodecahedral box with 2.0 nm
spacing on the sides using periodic boundary conditions and
a neutralized solution of 150 mM NaCl. The energy was min-
imized with tolerance of 1000 kJ/mol. A run of 100 ps at
300 K using a velocity rescaling thermostat46 was followed
by 100 ps at the same temperature using a Parrinello-Rahman
barostat47 with 1.0 bar pressure. Production runs were per-
formed using the latter barostat and run for 100 ns using a
2 fs time step in a leapfrog integrator. The trajectories were
analyzed using the software Curves+48, which extracts the
twelve rigid base coordinates from atomic configurations. The
Curves+ software was retrieved from http://curvesplus.bsc.es.
To minimize endpoint effects two base pairs on each end of
the molecule were excluded from the analysis.

The data of cgDNA/cgDNA+ models were obtained from
Monte Carlo (MC) simulations, with software obtained from:
https://lcvmwww.epfl.ch/research/cgDNA/. This was done by
generating independent samples from a multivariate Gaussian
distribution, often referred to as direct MC sampling. In the
cgDNA(+) package, the implementation is based on Cholesky
decomposition of the covariance matrix37. The 12 (24 in case
of cgDNA+) coordinates are given as a standard output of the
package, as well as the tangent vectors. For cgDNA we used
the 2018 2.0 version using the parameter set cgDNAps4. For
cgDNA+ we used the parameter set DNA PS2. To obtain the
q-stiffnesses of Fig. 2, 3 we sampled 5× 105 configurations
for each of the two 44-mer DNA sequences of Table II. For
Fig. 4, 100 different sequences of length 500 bp were used
(103 samples per sequence), in order to capture to long length
scale directly from the correlation functions. As in the all-
atom case, the two outer base pairs from each side of the se-
quences were removed from the analysis of the stiffnesses to
reduce end-effects26. The cgDNA/cgDNA+-output for rota-
tional coordinates uses a Cayley vector representation, deviat-
ing from the Euler vector representation of the Curves+ soft-
ware which was used for the analysis of all-atom MD simula-
tions. Given a Cayley vector θ⃗ , it can be converted to an Euler

Figure 6. q-stiffnesses for tilt, roll and twist for various DNA lengths.
The q-stiffnesses are obtained by considering the three dimensional
configuration space spanned by tilt, roll and twist degrees of free-
dom. In the tilt-roll-twist space, the stiffness matrix becomes a 3×3-
matrix which forms a Schur-complement of the 12× 12 matrix in
Eq. (5).

vector ω⃗ using Eq. (A1)

ω⃗ = 2arctan

(
|⃗θ |
2

)
θ⃗

|⃗θ |
. (A1)

In order to compare q-stiffnesses from cgDNA/cgDNA+ with
those obtained from all-atom simulations, rotational coordi-
nates from cgDNA/cgDNA+ were first converted into Eu-
ler vectors prior to the calculation of momentum-space stiff-
nesses.

Appendix B: Finite size effects

One of the remarkable features we noticed of the q-
stiffnesses is their rapid convergence to asymtptotic values
already for rather short molecules. We illustrate this behav-
ior for tilt, roll and twist stiffnesses in Fig. 6, which shows
cgDNA+ calculations for molecules of different lengths (10,
20, 50 and 70 bp). Plotted are the diagonal elements of the
3 × 3 stiffness matrix describing tilt, roll and twist defor-
mations where all other degrees of freedom are integrated
out. Already the 10 bp dataset shows stiffnesses which de-
velop peaks at q = 0 which are remarkably close to the long
molecule limit values. This suggests that from the analysis of
the q-stiffnesses one can reliably extract information concern-
ing the elastic behavior, and their length-scale dependence, of
very long molecules.
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