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0RGHOLQJ )RUFHV RI ,QIHFWLRQ

8VLQJ 0RQRWRQH /RFDO 3RO\QRPLDOV

=LY 6KNHG\� 0DUF $HUWV� *HHUW 0ROHQEHUJKV

/LPEXUJV 8QLYHUVLWDLU &HQWUXP� &HQWHU IRU 6WDWLVWLFV� %LRVWDWLVWLFV� 8QLYHUVLWDLUH &DPSXV�

%���� 'LHSHQEHHN� %HOJLXP

3KLOLSSH %HXWHOV� 3LHUUH 9DQ 'DPPH

8QLYHUVLW\ RI $QWZHUS� (SLGHPLRORJ\ DQG &RPPXQLW\ 0HGLFLQH� &HQWHU IRU (YDOXDWLRQ RI

9DFFLQDWLRQ� %���� $QWZHUS� %HOJLXP

6XPPDU\� %DVHG RQ VHURORJLFDO GDWD IURP SUHYDOHQFH VWXGLHV RI UXEHOOD� PXPSV DQG KHS�

DWLWLV $� WKLV SDSHU GHVFULEHV D oH[LEOH ORFDO PD[LPXP OLNHOLKRRG PHWKRG IRU WKH HVWLPDWLRQ

RI WKH UDWH DW ZKLFK VXVFHSWLEOH LQGLYLGXDOV DFTXLUH LQIHFWLRQ DW GLmHUHQW DJHV� ,Q FRQWUDVW

WR SDUDPHWULF PRGHOV XVHG EHIRUH LQ WKH OLWHUDWXUH� WKH ORFDO SRO\QRPLDO OLNHOLKRRG PHWKRG

DOORZV RQH WR PRGHO WKLV DJH�GHSHQGHQW IRUFH RI LQIHFWLRQ ZLWKRXW PDNLQJ DQ\ DVVXPSWLRQV

DERXW WKH SDUDPHWULF VWUXFWXUH� 0RUHRYHU� WKLV PHWKRG DOORZV IRU VLPXOWDQHRXV QRQSDUD�

PHWULF HVWLPDWLRQ RI DJH�VSHFLnF LQFLGHQFH DQG SUHYDOHQFH� 8QFRQVWUDLQHG PRGHOV PD\ OHDG

WR QHJDWLYH HVWLPDWHV IRU WKH IRUFH RI LQIHFWLRQ DW FHUWDLQ DJHV� 7R RYHUFRPH WKLV SUREOHP

DQG WR JXDUDQWHH PD[LPDO oH[LELOLW\� WKH ORFDO VPRRWKHU FDQ EH FRQVWUDLQHG WR EH PRQRWRQH�

,W WXUQV RXW WKDW GLmHUHQW SDUDPHWULF DQG QRQSDUDPHWULF HVWLPDWHV RI WKH IRUFH RI LQIHFWLRQ

FDQ H[KLELW FRQVLGHUDEOH GLmHUHQW TXDOLWDWLYH IHDWXUHV OLNH ORFDWLRQ DQG QXPEHU RI PD[LPD�

HPSKDVL]LQJ WKH LPSRUWDQFH RI D ZHOO�FKRVHQ oH[LEOH VWDWLVWLFDO PRGHO�

.H\ZRUGV� 3UHYDOHQFH GDWD� ,QFLGHQFH� )RUFH RI ,QIHFWLRQ� /RFDO 3RO\QRPLDO� 6PRRWKLQJ



� =LY 6KNHG\ HW DO�

3DUDPHWHU� )UDFWLRQDO 3RO\QRPLDO� ,VRWRQLF 5HJUHVVLRQ

�� ,QWURGXFWLRQ

0DWKHPDWLFDO PRGHOV DUH RIWHQ XVHG WR GHVFULEH WKH SURFHVV RI LQIHFWLRXV GLVHDVHV DW SRS�

XODWLRQ OHYHO �$QGHUVRQ DQG 0D\� ������ 6XFK FRPSDUWPHQWDO PRGHOV FRQVLVW RI D VHW RI

GLmHUHQWLDO HTXDWLRQV ZKLFK DLP WR GHVFULEH WKH oRZ RI LQGLYLGXDOV IURP RQH GLVHDVH VWDJH WR

WKH RWKHU� ,Q WKLV SDSHU� ZH DVVXPH WKH GLVHDVH LV LUUHYHUVLEOH� PHDQLQJ WKDW WKH LPPXQLW\

LQGXFHG E\ LQIHFWLRQ LV DVVXPHG WR EH OLIHORQJ� :H IXUWKHU DVVXPH WKDW WKH PRUWDOLW\ FDXVHG

E\ WKH LQIHFWLRQ LV QHJOLJLEOH� /HW T�D� W� EH WKH IUDFWLRQ RI VXVFHSWLEOH LQGLYLGXDOV �QRW \HW

LQIHFWHG� DW DJH D DQG WLPH W� 8QGHU WKH DVVXPSWLRQV VWDWHG DERYH� WKH SDUWLDO GLmHUHQWLDO

HTXDWLRQ ZKLFK GHVFULEHV WKH FKDQJH LQ WKH VXVFHSWLEOH IUDFWLRQ DW DJH D DQG WLPH W LV JLYHQ

E\

#

#D
T�D� W� �

#

#W
T�D� W�  bC�D� W�T�D� W� ���

ZKHUH C�D� W� LV WKH UDWH DW ZKLFK VXVFHSWLEOH LQGLYLGXDOV EHFRPH LQIHFWHG DQG LV FDOOHG WKH

KD]DUG RU WKH IRUFH RI LQIHFWLRQ� +HUH� LW LV DVVXPHG WKDW WKH QDWXUDO GHDWK UDWH LV ]HUR XS WR

WKH OLIH H[SHFWDQF\ DQG LQnQLW\ WKHUHDIWHU� ,Q D VWHDG\ VWDWH� WKH WLPH KRPRJHQHRXV IRUP�

#T�D� W� #W  �� RI ��� UHGXFHV WR

G

GD
T�D�  bC�D�T�D�� ���

7KH GLmHUHQWLDO HTXDWLRQ ��� GHVFULEHV WKH FKDQJH LQ WKH VXVFHSWLEOH IUDFWLRQ ZLWK WKH KRVW

DJH� 7KLV UHSUHVHQWDWLRQ RI WKH PRGHO LV FDOOHG WKH VWDWLF PRGHO�

7KH IRUFH RI LQIHFWLRQ FDQ EH HVWLPDWHG IURP DQ DJH�VSHFLnF FURVV�VHFWLRQDO SUHYDOHQFH

VDPSOH� ZKLFK LV D VDPSOH WDNHQ DW D FHUWDLQ WLPH SRLQW DQG IRU HDFK RQH RI WKH LQGLYLGXDOV

LQ WKH VDPSOH WKH REVHUYHG LQIRUPDWLRQ FRQVLVWV RI ZKHWKHU WKH LQGLYLGXDO KDV EHHQ LQIHFWHG



0RGHOLQJ )RUFHV RI ,QIHFWLRQ ZLWK /RFDO 3RO\QRPLDOV �

RU QRW EHIRUH KLV�KHU DJH DW WKH WHVW� ,I RQO\ RQH SUHYDOHQFH VDPSOH LV DYDLODEOH� WKHQ DJH DQG

WLPH GHSHQGHQFH FDQQRW EH VHSDUDWHG DQG RQH KDV WR DVVXPH WKDW WKH IRUFH RI LQIHFWLRQ LV

WLPH LQGHSHQGHQW LQ RUGHU WR PRGHO DJH GHSHQGHQW IRUFH RI LQIHFWLRQ� +HQFH� LI LW LV DVVXPHG

WKDW WKH GLVHDVH LV LQ VWHDG\ VWDWH� WKHQ WKH DJH GHSHQGHQW IRUFH RI LQIHFWLRQ FDQ EH PRGHOHG

DFFRUGLQJ WR ����

0XHQFK ������ VXJJHVWHG WR PRGHO WKH LQIHFWLRQ SURFHVV ZLWK D FDWDO\WLF PRGHO� LQ ZKLFK

WKH GLVWULEXWLRQ RI WKH WLPH VSHQW LQ WKH VXVFHSWLEOH FODVV LV H[SRQHQWLDO ZLWK UDWH n ! �� ,Q

WKLV DSSURDFK� WKH IRUFH RI LQIHFWLRQ C�D� LV DJH LQGHSHQGHQW DQG WKH VROXWLRQ WR ��� LV JLYHQ

E\ T�D�  H[S�bnD�� *ULpWKV ������ FRQVLGHUHG D FDWDO\WLF LQIHFWLRQ PRGHO IRU PHDVOHV

LQ ZKLFK WKH IRUFH RI LQIHFWLRQ LQFUHDVHV OLQHDUO\ LQ WKH DJH UDQJH �^�� \HDUV� *UHQIHOO DQG

$QGHUVRQ ������ H[WHQGHG WKH PRGHO DQG XVHG IXQFWLRQV T�D�  H[S�bh � n � D
�
� OHDGLQJ WR

D SRO\QRPLDO IRUP IRU WKH IRUFH RI LQIHFWLRQ� 2WKHU SDUDPHWULF PRGHOV ZHUH SURSRVHG E\

%HFNHU ������� ZKR DVVXPHG WKDW WKH WLPH VSHQW LQ WKH VXVFHSWLEOH FODVV IROORZV WKH :HLEXOO

GLVWULEXWLRQ ZLWK PRQRWRQH IRUFH RI LQIHFWLRQ C�D�  xmD
� ���

IRU x ! � DQG m ! �� +H DOVR

FRQVLGHUHG D PRGHO ZLWK SLHFHZLVH FRQVWDQW IRUFH RI LQIHFWLRQ� C�D�  n � IRU D � ��� � D � D � �

LPSO\LQJ WKDW T�D�  H[S�b
d
h
� ���
� � � n� �D� b D� ��� � � n � �D b D � ��� �

e
�� IRU D � ��� � D � D � �

$ FURVV�VHFWLRQDO VDPSOH FDQ EH VHHQ DV D SDUWLFXODU FDVH RI FXUUHQW�VWDWXV GDWD� 7KLV

W\SH RI GDWD FRQVLVWV RI LQIRUPDWLRQ DERXW LQGLYLGXDO DJH DQG ZKHWKHU RU QRW D VSHFLnF HYHQW

RFFXUHG EHIRUH WKH LQGLYLGXDO
V DJH DW WKH WLPH RI WHVW �HYHQWV VXFK DV nUVW PDUULDJH� nUVW

ELUWK� LQIHFWLRQ E\ D GLVHDVH� HWF��� 7KH DQDO\VLV RI FXUUHQW�VWDWXV GDWD ZDV GLVFXVVHG E\

'LDPRQG DQG 0F'RQDOG ������� ZKR SURSRVHG VHYHUDO SDUDPHWULF PRGHOV IRU WKH LQFLGHQFH

DQG SRLQWHG RXW WKDW LQ D FXUUHQW�VWDWXV VDPSOH WKH WLPH WR HYHQW IRU DOO LQGLYLGXDOV LV

FHQVRUHG� LQGLYLGXDOV ZKR KDG H[SHULHQFHG DQ HYHQW EHIRUH WKHLU DJH DW WHVW DUH OHIW FHQVRUHG

DQG LQGLYLGXDOV ZKR GLG QRW H[SHULHQFH DQ HYHQW EHIRUH WKHLU DJH DW WHVW DUH ULJKW FHQVRUHG�



� =LY 6KNHG\ HW DO�

$V D QRQSDUDPHWULF DSSURDFK� .HLGLQJ ������ SURSRVHG WR XVH LVRWRQLF UHJUHVVLRQ �%DUORZ HW

DO�� ����� WR HVWLPDWH WKH SUHYDOHQFH� {�D�  �b T�D�� ZKLFK LV� LQ WKLV FDVH� D VWHS IXQFWLRQ

A{�D�� +H VXJJHVWHG WR DSSO\ D NHUQHO VPRRWKHG HVWLPDWH
5
.��DbX� K� �K��bA{�X � ���GA{�X��

ZKHUH . LV D NHUQHO DQG K D EDQGZLGWK� DV DQ HVWLPDWH IRU C�D�� ,Q FDVH WKDW RWKHU FRYDULDWHV

DUH LQFOXGHG LQ WKH PRGHO �VXFK DV JHQGHU� QDWLRQDOLW\� HWF��� 6KLERVNL ������ SURSRVHG� LQ

WKH FRQWH[W RI FXUUHQW VWDWXV GDWD� WR XVH JHQHUDOL]HG DGGLWLYH PRGHOV LQ RUGHU WR HVWLPDWH

WKH SUHYDOHQFH� $ VHPL�SDUDPHWULF DSSURDFK WR PRGHO DJH�WLPH GHSHQGHQW IRUFH RI LQIHFWLRQ

ZDV GLVFXVVHG E\ 1DJHONHUNH HW DO� �������

$V D QRQSDUDPHWULF PHWKRG� KLJKHU RUGHU ORFDO SRO\QRPLDO HVWLPDWLRQ LV NQRZQ WR KDYH

VHYHUDO GHVLUDEOH SURSHUWLHV� DV FRPSDUHG WR NHUQHO HVWLPDWHV �)DQ DQG *LMEHOV ������ ,Q

WKLV SDSHU ZH XVH ORFDO SRO\QRPLDOV WR HVWLPDWH DJH�VSHFLnF SUHYDOHQFH DQG IRUFH RI LQIHFWLRQ

RI UXEHOOD DQG PXPSV LQ WKH 8. DQG KHSDWLWLV $ LQ %HOJLXP� 7KH nUVW WZR GDWDVHWV ZHUH

GLVFXVVHG LQ )DUULQJWRQ HW DO� ������� ZKR XVHG QRQOLQHDU PRGHOV IRU WKH SUHYDOHQFH DQG

IRU WKH IRUFH RI LQIHFWLRQ� 7KHVH GDWDVHWV FRQVLVW RI ���� DQG ���� LQGLYLGXDOV IRU UXEHOOD

DQG PXPSV� UHVSHFWLYHO\� ZLWK DJH UDQJH EHWZHHQ � WR �� \HDUV ROG �)LJXUHV �D DQG �F��

:KLOH UXEHOOD DQG PXPSV DUH FRPPRQ DLUERUQH FKLOGKRRG LQIHFWLRXV GLVHDVHV� WKH KHSDWLWLV

$ YLUXV �+$9� LV PDLQO\ �! �� �� WUDQVPLWWHG E\ WKH IHFR�RUDO URXWH �H�J� WKURXJK IRRG DQG

ZDWHU SROOXWHG E\ IDHFHV FRQWDLQLQJ WKH YLUXV�� 7UDQVPLVVLRQ LV IDFLOLWDWHG E\ SRRU K\JLHQLF

OLYLQJ DQG KRXVLQJ FRQGLWLRQV� DQG LV SDUWLFXODUO\ FRPPRQ LQ GHYHORSLQJ FRXQWULHV �+DGOHU�

����� %HXWHOV HW DO�� ������ ,Q WKHVH FRXQWULHV +$9 LV PDLQO\ D FKLOGKRRG LQIHFWLRQ� ZKHUHDV

LQ LQGXVWULDO FRXQWULHV +$9 LQIHFWLRQ RFFXUV GXULQJ DGXOWKRRG DV ZHOO DV FKLOGKRRG� ,Q

WKH SRRUHVW GHYHORSLQJ FRXQWULHV� WKH SDWWHUQ RI KLJK HQGHPLFLW\ LV FKDUDFWHUL]HG E\ UDSLG

LQIHFWLRQ DW D YHU\ \RXQJ DJH� RYHU ��� RI WKH FKLOGUHQ EHFRPH LQIHFWHG E\ WKH DJH RI ��

,Q ���� DQG HDUO\ ����� D VWXG\ RI WKH SUHYDOHQFH RI +$9 DQWLERGLHV ZDV FRQGXFWHG LQ



0RGHOLQJ )RUFHV RI ,QIHFWLRQ ZLWK /RFDO 3RO\QRPLDOV �

WKH )OHPLVK &RPPXQLW\ RI %HOJLXP� 7KH SXUSRVH RI WKLV VWXG\ ZDV WR REWDLQ GDWD RQ

WKH SUHYDOHQFH RI KHSDWLWLV $ LQ )ODQGHUV DQG WR DQDO\]H WKH HSLGHPLRORJLFDO SDWWHUQ RI

+$9� 'XULQJ WKH VWXG\ SHULRG VHUXP VDPSOHV ZHUH FROOHFWHG IURP KRVSLWDOV �QRQ�LQIHFWLRXV

GLVHDVH ZDUGV� LQ WKH )OHPLVK &RPPXQLW\� 7KH GDWDVHW FRQWDLQV WKH VHURORJLFDO UHVXOWV

RI ���� %HOJLDQ LQGLYLGXDOV WRJHWKHU ZLWK WKHLU DJH LQ \HDUV� UDQJLQJ IURP ��� WR �� \HDUV

�)LJXUH �H�� 7KH VWXG\ JURXS ZDV VLPLODU LQ FRPSRVLWLRQ WR WKH )OHPLVK SRSXODWLRQ LQ WHUPV

RI DJH�

),*85( � $%287 +(5(

(VWLPDWHV RI WKH IRUFH RI LQIHFWLRQ DUH QHJDWLYH ZKHQHYHU WKH HVWLPDWHG SUREDELOLW\ WR EH

LQIHFWHG EHIRUH DJH D LV D QRQPRQRWRQH IXQFWLRQ� 2QH ZD\ WR FLUFXPYHQW WKLV SUREOHP LV

WR GHnQH D QRQQHJDWLYH IRUFH RI LQIHFWLRQ� C�D� w � IRU DOO D� DQG WR HVWLPDWH D PRGHO ZLWK

s�D�  
5 �

� C�X�GX� )DUULQJWRQ ������ DSSOLHG WKLV PHWKRG WR PHDVOHV� PXPSV DQG UXEHOOD�

+RZHYHU� VXFK DQ DSSURDFK LV VWLOO SDUDPHWULF LQ QDWXUH DQG KHQFH OHVV oH[LEOH� ,W LQHYLWDEOH

SXWV FRQVWUDLQWV RQ RWKHU TXDOLWDWLYH FKDUDFWHULVWLFV RI WKH IXQFWLRQDO IRUP RI WKH SUHGLFWRU

s�D�� ZKLFK LQ WXUQ UHVWULFWV WKH oH[LELOLW\ RI WKH HVWLPDWH RI WKH WUXH IRUFH RI LQIHFWLRQ� $

QRQSDUDPHWULF DSSURDFK KRZHYHU RQO\ DVVXPHV VRPH IRUP RI VPRRWKQHVV IRU {�D� RU C�D��

)LJXUH � DOVR VKRZV WKH DSSURDFK RI .HLGLQJ ������� D VWHS IXQFWLRQ HVWLPDWH IRU {�D� DQG

WKH VPRRWK IRUFH RI LQIHFWLRQ HVWLPDWHV XVLQJ WZR GLmHUHQW EDQGZLGWKV� 7KH YDOXHV FKRVHQ

DUH K  � DQG K  � IRU UXEHOOD� K  ��� DQG K  � IRU PXPSV DQG K  �� DQG K  ��

IRU +$9� YDOXHV ZHUH FKRVHQ E\ YLVXDO LQVSHFWLRQ� $OWKRXJK WKH QRQSDUDPHWULF HVWLPDWH RI

WKH SUREDELOLW\ {�D� LV FRQVLVWHQW XQGHU YHU\ JHQHUDO FRQGLWLRQV� LW KDV WKH GLVDGYDQWDJH RI

EHLQJ QRQVPRRWK� 7KH WKUHH HVWLPDWHV IRU WKH IRUFH RI LQIHFWLRQ LQ WKH ULJKW KDQG SDQHOV

KDYH TXLWH GLmHUHQW VKDSHV� 7KH SDUDPHWULF PRGHOV LQ )LJXUH � �LQGLFDWHG E\ )3� OHDG D

PRGHO ZLWK D XQLTXH PD[LPXP IRU WKH IRUFH RI LQIHFWLRQ� 7KHVH PRGHOV ZHUH HVWLPDWHG



� =LY 6KNHG\ HW DO�

XVLQJ IUDFWLRQDO SRO\QRPLDOV DQG ZLOO EH GLVFXVVHG LQ GHWDLO LQ 6HFWLRQV � DQG �� )RU UXEHOOD

DQG PXPSV� WKH QRQSDUDPHWULF PRGHOV SUHGLFW PXOWL SHDNV PRGHOV DQG IRU +$9� DFFRUGLQJ

WR GLmHUHQW FKRLFHV IRU WKH EDQGZLGWK K WKH VPRRWK QRQSDUDPHWULF HVWLPDWHV KDYH RQH PD[�

LPXP �DW DJH ����� RU WZR PD[LPD �DW DJHV ���� DQG ������ 7KLV LOOXVWUDWHV WZR LPSRUWDQW

LVVXHV� L� QRQSDUDPHWULF YHUVXV SDUDPHWULF PRGHOV� LL� WKH FULWLFDO FKRLFH RI WKH EDQGZLGWK

DQG WKH QHHG IRU DQ RSWLPDO DQG GDWD�GULYHQ EDQGZLGWK FKRLFH� ,Q WKLV SDSHU� ZH SUR�

SRVH WR HVWLPDWH WKH IRUFH RI LQIHFWLRQ E\ ORFDO SRO\QRPLDOV� &RPSDUHG WR WKH PHWKRG RI

.HLGLQJ ������� WKLV DSSURDFK DOORZV VLPXOWDQHRXV HVWLPDWLRQ RI SUHYDOHQFH DQG IRUFH RI

LQIHFWLRQ� $V D FRQVHTXHQFH� WKH HVWLPDWHG SUREDELOLW\ FXUYH LV DOVR VPRRWK� 0RUHRYHU�

ORFDO SRO\QRPLDOV DUH NQRZQ WR KDYH VHYHUDO GHVLUDEOH SURSHUWLHV OLNH DXWRPDWLF ERXQGDU\

FRUUHFWLRQ �)DQ DQG *LMEHOV ������ :KHUHDV .HLGLQJ ������ FKRVH KLV EDQGZLGWK K E\ YLVXDO

LQVSHFWLRQ� ZH ZLOO VHOHFW DQ RSWLPDO GDWD GULYHQ EDQGZLGWK� PLQLPL]LQJ WKH PHDQ VTXDUHG

HUURU RI WKH HVWLPDWHG IRUFH RI LQIHFWLRQ� $FFRUGLQJ WR WKH SULQFLSOH ?VPRRWK WKHQ FRQVWUDLQ�

�0DPPHQ HW DO� ������ WKH nWWHG SUREDELOLW\ FXUYH LV FRQVWUDLQHG WR EH PRQRWRQH OHDGLQJ WR

D QRQQHJDWLYH HVWLPDWHG IRUFH RI LQIHFWLRQ� :KLOH WKH IRFXV LV RQ ORFDO SRO\QRPLDO PRGHOV�

ZH ZLOO DOVR XVH IUDFWLRQDO SRO\QRPLDOV �5R\VWRQ DQG $OWPDQ ������ )UDFWLRQDO SRO\QRPLDOV

H[WHQG FODVVLFDO SRO\QRPLDOV WR PXOWLSOH QRQLQWHJHU SRZHUV� OHDGLQJ WR YHU\ oH[LEOH SDUD�

PHWULF PRGHOV� $OWKRXJK WKHVH IUDFWLRQDO SRO\QRPLDOV RmHU DQ LQWHUHVWLQJ DOWHUQDWLYH RQ LWV

RZQ� LQ WKLV SDSHU ZH ZLOO PDLQO\ XVH WKHP WR GHWHUPLQH WKH RSWLPDO EDQGZLGWK IRU WKH

ORFDO SRO\QRPLDO PHWKRG� $Q HODERUDWH GLVFXVVLRQ RI WKH XVH RI IUDFWLRQDO SRO\QRPLDO DV

D SDUDPHWULF DOWHUQDWLYH IRU WKH HVWLPDWLRQ RI WKH SUHYDOHQFH DQG WKH IRUFH RI LQIHFWLRQ LV

SUHVHQWHG LQ 6KNHG\ HW DO� �������

7KLV SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ � ZH GHVFULEH WKH XVH RI ORFDO SRO\QRPLDOV

WR HVWLPDWH {�D� DQG C�D�� LQFOXGLQJ EDQGZLGWK VHOHFWLRQ� 6HFWLRQ � DSSOLHV WKH PHWKRG RQ
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WKH WKUHH GDWDVHWV PHQWLRQHG DERYH� $ VPDOO VLPXODWLRQ VWXG\� FRPSDULQJ WKH SHUIRUPDQFH

RI RXU PHWKRG ZLWK .HLGLQJ
V DSSURDFK� LV GLVFXVVHG LQ 6HFWLRQ � DQG 6HFWLRQ � FRQFOXGHV

ZLWK VRPH nQDO UHPDUNV DQG LGHDV IRU IXUWKHU UHVHDUFK�

�� 0RGHOLQJ $JH�'HSHQGHQW )RUFH RI ,QIHFWLRQ ZLWK /RFDO 3RO\QRPLDOV

&RQVLGHU DQ DJH�VSHFLnF FURVV�VHFWLRQDO SUHYDOHQFH VDPSOH RI VL]H 1 DQG OHW D � EH WKH DJH

RI WKH LWK VXEMHFW� ,QVWHDG RI REVHUYLQJ WKH DJH RI LQIHFWLRQ� ZH REVHUYH D ELQDU\ UHVSRQVH

LQGLFDWRU < � WDNLQJ WKH YDOXH � LI VXEMHFW L KDG H[SHULHQFHG LQIHFWLRQ EHIRUH DJH D � DQG

� RWKHUZLVH� /HW {�D � � GHQRWH WKH SUREDELOLW\ WR EH LQIHFWHG EHIRUH DJH D � � VR {�D � �  

� b T�D � �� 7KH ORJ�OLNHOLKRRG LV JLYHQ E\ /�n�  
3 �
� � � 4 �

j
< � � J

���
�s�D � ��

k
ZKHUH 4 � LV

WKH FRQWULEXWLRQ RI WKH LWK VXEMHFW WR WKH %HUQRXLOOL ORJ�OLNHOLKRRG ZLWK VXFFHVV SUREDELOLW\

{�D � �  J
��� Is�D � �J� s�D� LV WKH OLQHDU SUHGLFWRU DQG J WKH OLQN IXQFWLRQ� 7KH IXQFWLRQDO IRUP

GHVFULELQJ KRZ WKH IRUFH RI LQIHFWLRQ FKDQJHV ZLWK DJH LV GHWHUPLQHG E\ WKH OLQN IXQFWLRQ

DQG WKH SDUDPHWULF VWUXFWXUH RI WKH OLQHDU SUHGLFWRU� 8VLQJ D PRGHO ZLWK D ORJ OLQN DV LQ

0XHQFK ������� *ULpWKV ������ DQG *UHQIHOO DQG $QGHUVRQ ������� s�D� LV WKH FXPXODWLYH

KD]DUG DQG WKHUHIRUH WKH IRUFH RI LQIHFWLRQ LV VLPSO\ WKH nUVW GHULYDWLYH RI WKH OLQHDU SUHGLFWRU

� ,QGHHG� XQGHU WKH FDWDO\WLF PRGHO {�D�  � b H
��� � � �

� DQG XVLQJ WKH GHnQLWLRQ IRU WKH

KD]DUG UDWH� ZH JHW C�D�  { � �D� I�b{�D�J  s � �D� H[SIbs�D�J H[SIbs�D�J  s � �D�� 1RWH

KRZHYHU WKDW WKH ORJ OLQN VXmHUV IURP WKH VWUXFWXUDO GHIHFW WKDW WKH HVWLPDWHG SUREDELOLWLHV

FDQ EH H[FHHG XQLW\� ,Q WKH JHQHUDO FDVH� ZKHQ WKH OLQN IXQFWLRQ LV QRW UHVWULFWHG WR EH WKH

ORJ OLQN� WKH IRUFH RI LQIHFWLRQ FDQ VWLOO EH H[SUHVVHG DV D SURGXFW RI WZR IXQFWLRQV

C�D�  
 Is�D�� s � �D�J  s � �D�p Is�D�J ���

ZKHUH WKH IRUP RI p LV GHWHUPLQHG E\ WKH OLQN IXQFWLRQ J� 7DEOH � VKRZV IRXU W\SLFDO OLQN

IXQFWLRQV ZLWK WKHLU FRUUHVSRQGLQJ VWUXFWXUH IRU WKH IRUFH RI LQIHFWLRQ�
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7KH FKRLFH RI D OLQN IXQFWLRQ WRJHWKHU ZLWK D VSHFLnFDWLRQ RI WKH IXQFWLRQDO IRUP RI s�D�

DV D IXQFWLRQ RI WKH DJH D GHWHUPLQHV D IXOO\ SDUDPHWULF PRGHO� :KHQ WXUQLQJ WR D ORFDO

SRO\QRPLDO OLNHOLKRRG PHWKRG LQ ZKLFK QR VSHFLnF IRUP IRU WKH SUHGLFWRU LV DVVXPHG� WKH

FKRLFH RI D SDUWLFXODU OLQN IXQFWLRQ LV OHVV LPSRUWDQW �)DQ� +HFNPDQ DQG :DQG ������ 7KH

ORFDO SRO\QRPLDO OLNHOLKRRG PHWKRG SURYLGHV FRQVLVWHQW HVWLPDWHV IRU s�D� DQG s � �D�� ZLWKRXW

DQ\ SDUDPHWULF UHVWULFWLRQ RQ WKH IXQFWLRQDO IRUP� 7KH\ RQO\ KDYH WR VDWLVI\ VRPH VPRRWK�

QHVV FRQGLWLRQ �)DQ DQG *LMEHOV ����� &KDSWHU ��� 7KHUHIRUH� IRU D JLYHQ OLQN IXQFWLRQ� WKH

ORFDO IRUFH RI LQIHFWLRQ FDQ EH HVWLPDWHG DFFRUGLQJ WR ����

8VLQJ D NHUQHO .� DVVLJQLQJ KLJKHU ZHLJKWV WR GDWD SRLQWV LQ WKH QHLJKERUKRRG RI VRPH

n[HG DJH D� DQG D EDQGZLGWK SDUDPHWHU K� WKH ORFDO OLNHOLKRRG HVWLPDWLRQ LV EDVHG RQ

PD[LPL]DWLRQ RI
3 �
� � � 4 �

j
< � � J

���
�s�D � b D��

k
.��D � bD� K�� 7KH OLQHDU SUHGLFWRU LV ORFDOO\

DSSUR[LPDWHG E\ D SRO\QRPLDO RI RUGHU S� H�J� IRU S  � E\ D OLQHDU IXQFWLRQ s�D � b D� {

s�D��s � �D��D � bD�  n � �D��n � �D��D � bD�� 7KH ORFDO HVWLPDWH IRU s�D� LV WKH ORFDO LQWHUFHSW�

An � �D�� DQG WKH ORFDO VORSH� An � �D�� LV WKH HVWLPDWH IRU WKH nUVW GHULYDWLYH s � �D�� +LJKHU RUGHU

SRO\QRPLDOV FDQ EH FRQVLGHUHG DV ZHOO� 7KH HVWLPDWLRQ RI n � �D� DQG n � �D� KDV WR EH UHSHDWHG

IRU HDFK YDOXH RI D� 7KH FKRLFH RI NHUQHO LV OHVV LPSRUWDQW� W\SLFDO FKRLFHV DUH WKH V\PPHWULFDO

EHWD IDPLO\� .�X�  ��b X
�

�
�

 %HWD����� o ��� IRU MXM � �� o  �� �� � � � �� DQG WKH *DXVVLDQ

NHUQHO JLYHQ E\ .�X�  H[S�bX
�

 �� 
S
�{� 7KURXJKRXW WKH QH[W VHFWLRQV� ZH ZLOO DOZD\V

XVH WKH ODWWHU *DXVVLDQ NHUQHO IXQFWLRQ� 7KH FKRLFH RI WKH VPRRWKLQJ SDUDPHWHU K KRZHYHU

LV FUXFLDO DQG ZLOO EH GLVFXVVHG LQ PRUH GHWDLO LQ ZKDW IROORZV� $V H[SODLQHG ODWHU LQ WKLV

VHFWLRQ� LW ZLOO WXUQ RXW WKDW LQ RXU VHWWLQJ D ORFDO TXDGUDWLF PRGHO LV RI VSHFLDO LPSRUWDQFH�

)RU D JLYHQ OLQN IXQFWLRQ� WKH ORFDO IRUFH RI LQIHFWLRQ FDQ EH HVWLPDWHG E\

AC�D�  As � �D�p IAs�D�J  An � �D�p
Q
An � �D�

R
 


Q
An � �D�� An � �D�

R
� ���
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7KH ODVW FROXPQ LQ 7DEOH � SUHVHQWV WKH ORFDO HVWLPDWHV IRU WKH IRUFH RI LQIHFWLRQ FRUUHVSRQG�

LQJ WR GLmHUHQW OLQN IXQFWLRQV�

7KH ORFDO SRO\QRPLDO HVWLPDWLRQ SURFHGXUH UHTXLUHV D GDWD GULYHQ YDOXH IRU WKH EDQG�

ZLGWK K� 6HYHUDO PHWKRGV WR FKRRVH WKH YDOXH RI K DUH GLVFXVVHG LQ &KDSWHU � RI )DQ DQG

*LMEHOV ������� 7KH PLQLPL]DWLRQ RI WKH DV\PSWRWLF PHDQ VTXDUHG HUURU �$06(� RI AC�D�

DV D IXQFWLRQ RI K OHDGV WR DQ RSWLPDO ORFDO EDQGZLGWK K�D�� 7KH DV\PSWRWLF QRUPDOLW\ RI

AC�D� IROORZV IURP WKH DV\PSWRWLF MRLQW QRUPDOLW\ RI � An � �D�� An � �D�� DQG WKH GHOWD PHWKRG FDQ

EH XVHG WR GHULYH H[SUHVVLRQV IRU WKH DV\PSWRWLF ELDV DQG YDULDQFH RI AC�D�� ,QGHHG� IURP WKH

PDLQ WKHRUHP LQ )DQ� +HFNPDQ DQG :DQG ������� LW IROORZV WKDW IRU S  � �ORFDO TXDGUDWLF�

DQG K  FQ
��� � �

�F VRPH FRQVWDQW�

�
���

Q
� �
� An � �D�b s�D��

Q
��
� An � �D�b s � �D��

�
���

�
b� 1�E�F�� 9 �F��� ���

ZKHUH E�F�  �E � �F�� E � �F�� LV WKH DV\PSWRWLF ELDV DQG 9 �F� WKH DV\PSWRWLF FRYDULDQFH PDWUL[�

&RQVLGHU WKH IXQFWLRQ 
 LQ ���� 8VLQJ WKH GHOWD PHWKRG �VRPH GHWDLOV LQ WKH $SSHQGL[�� ZH

JHW WKH IROORZLQJ DV\PSWRWLF QRUPDOLW\ UHVXOW IRU WKH HVWLPDWHG IRUFH RI LQIHFWLRQ�

Q
�� r


� An � �D�� An � �D��b 
�s�D�� s � �D��
s �

b� 1�o� ~
�

�� ���

ZKHUH

o  p Is�D�J E � �F�� ���

DQG

~
�

 p
�

Is�D�J9 � � �F�� ���

7KH UHVXOWV LQ ���^��� LQGLFDWH WKDW s�D� LQoXHQFHV WKH DV\PSWRWLF ELDV DQG YDULDQFH RI WKH

HVWLPDWHG IRUFH RI LQIHFWLRQ RQO\ E\ WKH WHUP p�s�D��� 7KH DV\PSWRWLF PHDQ VTXDUH HUURU RI
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AC�D� LV JLYHQ E\

$06(  p
�

Is�D�J
j
E

�

� �F� � 9 � � �F�
k
� ���

7KH RSWLPDO FKRLFH IRU WKH FRQVWDQW F RI WKH RSWLPDO EDQGZLGWK K  FQ
��� � �

LV WKH VROXWLRQ

F � � � WR

#E
�
�

#F
�F � � � � �

#9 � �

#F
�F � � � �  �� ����

,W IROORZV IURP ���� WKDW s�D� LV QRW GLUHFWO\ LQYROYHG LQ WKH GHWHUPLQDWLRQ RI WKH RSWLPDO

EDQGZLGWK ZKLFK FDQ EH REWDLQHG E\ MXVW PLQLPL]LQJ WKH $06( RI An � �D� DV DQ HVWLPDWRU

IRU s � �D�� )DQ DQG *LMEHOV ������ H[SODLQ LQ WKHLU 6HFWLRQ ��� ZK\ WKH FKRLFH S  � LV RSWLPDO

IRU HVWLPDWLRQ RI WKH nUVW GHULYDWLYH s � �D�� 2WKHU RGG FKRLFHV IRU S b � DUH DOVR DSSURSULDWH

EXW IRU PRVW DSSOLFDWLRQV WKH FKRLFH S  � VXpFHV� ,Q WKH FRQWH[W RI D ELQDU\ UHVSRQVH�

)DQ� +HFNPDQ DQG :DQG ������ VKRZHG WKDW IRU S  �� WKH RSWLPDO FRQVWDQW F � � � LV JLYHQ

E\

F � � � �D�  

�
��

5
.

� �

�]�G]
b5

]
�
.

�
�]�G]

c �
{�D���b {�D��J � �{�D��

�

I � �D�s
� � �
�D�

�

� � � �

����

ZKHUH I � �D� LV WKH �XQNQRZQ� GHQVLW\ RI WKH DJH GLVWULEXWLRQ� 7KH IDFWRUV LQ ���� GHSHQGLQJ

RQ WKH VR�FDOOHG HTXLYDOHQW NHUQHO.
�
DUH NQRZQ DQG LQWHJUDWH WR D FRQVWDQW IRU D JLYHQ NHUQHO

. �VHH 6HFWLRQ ����� LQ )DQ DQG *LMEHOV ������ 7KH XQNQRZQ TXDQWLWLHV s
� � �
�D�� {�D� FDQ EH

HVWLPDWHG XVLQJ LQLWLDO HVWLPDWRUV UHVXOWLQJ IURP D JOREDO IUDFWLRQDO SRO\QRPLDO �RU DQ\ RWKHU

oH[LEOH SDUDPHWULF� PRGHO DQG WKH GHQVLW\ I � �D� FDQ EH HVWLPDWHG E\ D NHUQHO HVWLPDWRU�

1RWH WKDW WKH FKRLFH RI WKH RSWLPDO EDQGZLGWK DV GLVFXVVHG KHUH PLQLPL]HV WKH $06(

IRU WKH ORFDO HVWLPDWH RI WKH IRUFH RI LQIHFWLRQ� $QRWKHU RSWLRQ LV WR PLQLPL]H WKH $06( RI

A{�D� ZKLFK ZRXOG RSWLPDOO\ OHDG WR D ORFDO OLQHDU �S  �� LQVWHDG RI D ORFDO TXDGUDWLF �S  ��

DSSURDFK� ,Q WKDW FDVH WKH RSWLPDO EDQGZLGWK LV F � � � Q
��� � �

ZLWK IRU F � � � DQ H[SUHVVLRQ VLPLODU

WR ���� ZLWK s
� � �
�D� LQVWHDG RI s

� � �
�D��
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$V PHQWLRQHG DERYH� ZH QHHG LQLWLDO HVWLPDWRUV IRU s
� � �
�D� �RU s

� � �
�D� LQ FDVH RI D ORFDO

OLQHDU PRGHO� DQG {�D�� 8VLQJ VPRRWKHUV DJDLQ ZRXOG UHTXLUH QHZ EDQGZLGWK FKRLFHV DQG

ZRXOG PDNH WKH SURFHGXUH XQQHFHVVDU\ FRPSOLFDWHG� $W WKLV VWDJH� LW LV W\SLFDOO\ VXpFLHQW

WR HVWLPDWH WKHVH XQNQRZQ TXDQWLWLHV EDVHG RQ D oH[LEOH SDUDPHWULF PRGHO� +HUH� IUDFWLRQDO

SRO\QRPLDOV �5R\VWRQ DQG $OWPDQ ����� ZLOO EH XVHG� +LJK RUGHU FRQYHQWLRQDO SRO\QRPLDOV

RmHU D ZLGH UDQJH RI FXUYH VKDSHV EXW RIWHQ nW WKH GDWD EDGO\ DW WKH H[WUHPHV RI WKH RE�

VHUYHG DJH UDQJH� 0RUHRYHU� FRQYHQWLRQDO SRO\QRPLDOV GR QRW KDYH DV\PSWRWHV DQG nW WKH

GDWD SRRUO\ ZKHQHYHU DV\PSWRWLF EHKDYLRU RI WKH LQIHFWLRQ SURFHVV LV H[SHFWHG� 7R LPSURYH

FRQYHQWLRQDO SRO\QRPLDO PRGHOV RQ WKHVH VKRUWFRPLQJV� 5R\VWRQ DQG $OWPDQ ������ LQWUR�

GXFHG WKH IDPLO\ RI IUDFWLRQDO SRO\QRPLDOV DV D JHQHUDOL]DWLRQ RI WKH FRQYHQWLRQDO SRO\QRPLDO

FODVV RI IXQFWLRQV� ,Q WKH FRQWH[W RI ELQDU\ UHVSRQVHV� D IUDFWLRQDO SRO\QRPLDO RI GHJUHH P

IRU WKH OLQHDU SUHGLFWRU LV GHnQHG DV

s � �D� S � � S � � � � S � �  

�;
� � �

n � + � �D�� ����

ZKHUH P LV DQ LQWHJHU� S � � S � � � � � � S � LV D VHTXHQFH RI SRZHUV DQG + � �D� LV D WUDQVIRU�

PDWLRQ IXQFWLRQ JLYHQ E\

+ � �D�  

�
!!�
!!�

D
� �

LI S � � S � ��� �

+ � ��� d ORJ�D� LI S �  S � ��� �

����

ZLWK S �  � DQG + �  �� 5R\VWRQ DQG $OWPDQ ������ DUJXHG WKDW� LQ SUDFWLFH� IUDFWLRQDO

SRO\QRPLDOV RI RUGHU KLJKHU WKDQ � DUH UDUHO\ QHHGHG� 1RWH WKDW� IRU PRGHOV ZLWK ORJ OLQN

IXQFWLRQ� WKH PRGHO SURSRVHG E\ 0XHQFK ������ LV GHnQHG DV s � �D� S  �� DQG s � �D� S �  

�� S �  �� FRUUHVSRQGV WR WKH PRGHO SURSRVHG E\ *ULpWKV ������� 7KH PRGHOV FRQVLGHUHG

E\ *UHQIHOO DQG $QGHUVRQ ������ KDYH WKH JHQHUDO IRUP RI s � �D� S � � S � � � � � S � � ZLWK S �  L

IRU L  �� �� � � � �P�
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.HLGLQJ
V PHWKRG ������ WR HVWLPDWH {�D� LV EDVHG RQ LVRWRQLF UHJUHVVLRQ RI WKH REVHUYHG

SUHYDOHQFH RQ DJH DQG UHVXOWV LQ D VWHS IXQFWLRQ IRU A{�D�� ,Q SUDFWLFH� WKH SRRO DGMDFHQW

YLRODWRU DOJRULWKP �3$9� �%DUORZ� ����� FDQ EH XVHG WR FDOFXODWH A{�D�� ZKLFK LV PRQRWRQH

E\ FRQVWUXFWLRQ� 2XU ORFDO SRO\QRPLDO VPRRWK HVWLPDWH A{�D�  J
���
� An � �D�� FDQ EH QRQ�

PRQRWRQH DV D IXQFWLRQ RI DJH D DQG WKHUHIRUH UHVXOW LQ QHJDWLYH HVWLPDWHV IRU WKH IRUFH

RI LQIHFWLRQ� )ROORZLQJ )ULHGPDQ DQG 7LEVKLUDQL ������ DQG 0DPPHQ HW DO� ������� ZH

VXJJHVW WR HVWLPDWH {�D� DQG C�D� �XVLQJ WKH RSWLPDO EDQGZLGWK� DQG WKHQ� LI QHFHVVDU\� WR

?LVRWRQL]H� WKH HVWLPDWHV E\ WKH 3$9 DOJRULWKP� 7KLV LV LQ OLQH ZLWK WKH nQGLQJV RI 0DPPHQ

HW DO� ������� 7KH\ VKRZHG WKDW FRQVWUDLQHG VPRRWKLQJ OHDGV WR HVWLPDWHV RI WKH IRUP

?VPRRWK WKHQ FRQVWUDLQ�� 2QH FRXOG DOVR WU\ HVWLPDWHV EDVHG RQ WKH LGHD ?FRQVWUDLQ WKHQ

VPRRWK� �DV LQ .HLGLQJ ������ )RU ORFDO SRO\QRPLDOV WKLV LGHD GRHV QRW ZRUN� VPRRWKLQJ

E\ SRO\QRPLDOV LV QRW PRQRWRQLFLW\ SUHVHUYLQJ�

�� $SSOLFDWLRQ WR WKH 'DWD

7KURXJKRXW WKH DQDO\VLV� WKH ORJLW OLQN IXQFWLRQ LV XVHG� :H VWDUW ZLWK VHOHFWLQJ WKH EHVW

IUDFWLRQDO SRO\QRPLDO� E\ DQ H[WHQVLYH JULG VHDUFK RYHU SRZHUV S  �S � � S � � � � � S � �� 7KH

GHYLDQFH RI WKH OLQHDU PRGHO s � �D� �� LV WDNHQ DV D EDVHOLQH DQG LPSURYHPHQW E\ RWKHU PRGHOV

LV PHDVXUHG E\ *�P�S�  '��� �� b '�P�S�� ZKHUH '�P�S� LV WKH GHYLDQFH RI WKH PRGHO

ZLWK IUDFWLRQDO SRO\QRPLDO RI RUGHU P DQG VHTXHQFH RI SRZHUV S� 1RWH WKDW D ODUJH YDOXH

RI * LQGLFDWHV D EHWWHU nW� $OWKRXJK IUDFWLRQDO SRO\QRPLDOV SURYLGH D ZLGH UDQJH RI FXUYH

VKDSHV� WKHUH LV QR JXDUDQWHH WKDW WKH FRUUHVSRQGLQJ HVWLPDWHG FXUYH {�D� ZLOO EH PRQRWRQH

LQ DJH� 7KHUHIRUH� WKH PRGHO ZLWK WKH ODUJHVW YDOXH RI * DPRQJ DOO PRQRWRQH PRGHOV LV

FKRVHQ DV WKH EHVW IUDFWLRQDO SRO\QRPLDO PRGHO� 7R GHFLGH ZKHWKHU D PRGHO RI GHJUHH P LV

DGHTXDWH RU D GHJUHH P�� PRGHO LV QHHGHG� 5R\VWRQ DQG $OWPDQ ������ UHFRPPHQG WR XVH
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WKH FULWHULRQ '�P� aS�b '�P� �� aS� ! �
�

� � � � � ZKHUH aS LV WKH SRZHU VHTXHQFH IRU WKH PRGHO

WKDW KDV WKH EHVW JRRGQHVV�RI�nW� 7KLV PRGHO LV RI LQWHUHVW LQ LWV RZQ DV D oH[LEOH PRGHO

IRU HVWLPDWLQJ WKH IRUFH RI LQIHFWLRQ DQG ZLOO EH XVHG VXEVHTXHQWO\ WR SURYLGH D GDWD�GULYHQ

EDQGZLGWK IRU WKH ORFDO OLNHOLKRRG DSSURDFK�

7$%/( � $%287 +(5(

7DEOH � SUHVHQWV GHYLDQFHV IRU WKH EHVW PRQRWRQH IUDFWLRQDO SRO\QRPLDOV WKDW ZHUH nWWHG

WR WKH GDWD� (VWLPDWHG PRGHOV DUH VKRZQ LQ )LJXUH �� &OHDUO\� IRU DOO WKUHH H[DPSOHV� nUVW

RUGHU IUDFWLRQDO SRO\QRPLDOV DUH QRW DGHTXDWH DQG VHFRQG RUGHU IUDFWLRQDO SRO\QRPLDOV DUH

UHTXLUHG�

$V PHQWLRQHG LQ WKH SUHYLRXV VHFWLRQ� WKH FRPSXWDWLRQ RI WKH EDQGZLGWK RI WKH ORFDO

SRO\QRPLDO HVWLPDWRU UHTXLUHV HVWLPDWHV IRU WKH GHQVLW\ I � �D�� LQLWLDO HVWLPDWHV IRU {�D� DQG

IRU WKH VHFRQG �IRU S  �� DQG WKLUG GHULYDWLYH �IRU S  �� RI WKH OLQHDU SUHGLFWRU s�D��

7KH DJH GHQVLW\ ZDV HVWLPDWHG ZLWK D NHUQHO HVWLPDWRU� VKRZQ LQ )LJXUH �� 7KH HVWLPDWH

IRU WKH OLQHDU SUHGLFWRU RI WKH RSWLPDO IUDFWLRQDO SRO\QRPLDO PRGHO LV JLYHQ E\ As�D�  

An � � An � D
�� �
� An � D

�� �
VXFK WKDW As

� � �
�D�  An � D

�� � ��� 4 �
� � � �AS � b L���� An � D

�� � ��� 4 �
� � � �AS � b L����

$V DQ LQLWLDO HVWLPDWH IRU A{�D� ZH WRRN WKH SUREDELOLW\ HVWLPDWHG E\ WKH RSWLPDO IUDFWLRQDO

SRO\QRPLDO� 7KH ORFDO RSWLPDO EDQGZLGWK ZDV WKHQ HVWLPDWHG DFFRUGLQJ WR ����� )LJXUH �

VKRZV HVWLPDWHV IRU WKH GLmHUHQW XQNQRZQV �IRU KHSDWLWLV $� LQ ���� DQG LQGLFDWHV WKDW

WKH ORFDO EDQGZLGWK ZKLFK PLQLPL]HV WKH $06( RI As � �D� �ZLWK S  �� LV KLJKHU WKDQ WKH

RSWLPDO EDQGZLGWK WKDW PLQLPL]HV WKH $06( RI As�D� �ZLWK S  �� �ZKLFK LV H[SHFWHG DQG

UHoHFWV WKDW PRUH GDWD DUH QHHGHG WR nW ORFDOO\ D PRUH FRPSOLFDWHG PRGHO��

),*85(6 � $1' � $%287 +(5(
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)LJXUHV �D DQG �E VKRZ WKH ORFDO OLQHDU DQG ORFDO TXDGUDWLF nW IRU UXEHOOD� 8S WR DJH ��

ERWK PRGHOV SUHGLFW WKH VDPH SDWWHUQV IRU WKH IRUFH RI LQIHFWLRQ� H[FHSW DW DJH ��� ZKHUH WKH

ORFDO TXDGUDWLF SUHGLFWV KLJKHU YDOXHV IRU WKH IRUFH RI LQIHFWLRQ� )URP DJH �� RQZDUGV� WKH

ORFDO TXDGUDWLF PRGHO SUHGLFWV VWHDGLO\ GHFUHDVLQJ WUHQG ZLWK IRUFH RI LQIHFWLRQ HTXDO WR ]HUR

IURP DJH �� RQZDUGV� 7KH ORFDO OLQHDU PRGHO LQGLFDWHV WKDW WKH IRUFH RI LQIHFWLRQ oDWWHQV

DURXQG WKH YDOXH RI ���� DQG HYHQ VOLJKWO\ LQFUHDVHV IURP DJH �� RQZDUGV� 7KH HVWLPDWHG

PRGHOV IRU PXPSV DUH VKRZQ LQ )LJXUH �F DQG �G� %RWK PRGHOV SUHGLFW D PD[LPXP DURXQG

DJH � ����� DQG ��� IRU WKH ORFDO OLQHDU DQG ORFDO TXDGUDWLF PRGHOV� UHVSHFWLYHO\�� ZKLOH WKH

ORFDO OLQHDU PRGHO SUHGLFWV D VHFRQGDU\ SHDN DW DJH ��� 'XH WR WKH ODUJHU EDQGZLGWK� WKLV

SHDN LV VPRRWKHG RXW E\ WKH ORFDO TXDGUDWLF PRGHO� 6LPLODU WR UXEHOOD� WKH ORFDO TXDGUDWLF

PRGHO SUHGLFWV D VWHDG\ GHFUHDVH RI WKH IRUFH RI LQIHFWLRQ EHFRPLQJ ]HUR IURP DJH �� RQZDUGV

ZKLOH WKH ORFDO OLQHDU PRGHO LQGLFDWHV WKDW WKH IRUFH RI LQIHFWLRQ VOLJKWO\ LQFUHDVHV DV IURP

DJH ��� 1RWH WKDW IRU ERWK UXEHOOD DQG PXPSV WKH ORFDO TXDGUDWLF HVWLPDWH IRU WKH IRUFH

RI LQIHFWLRQ LV ]HUR DW ROGHU DJH JURXSV GXH WR LQLWLDO\ QHJDWLYH HVWLPDWHV IRU WKH IRUFH RI

LQIHFWLRQ� 7KH 3$9 DOJRULWKP ZDV DSSOLHG WR WKH HVWLPDWHG SUHYDOHQFH DW WKHVH DJH JURXSV

ZKLFK OHDGV WR D QRQGHFUHDVLQJ SUHYDOHQFH FXUYH DQG IRUFH RI LQIHFWLRQ HTXDO WR ]HUR DW WKHVH

DJH JURXSV� )RU +$9� WKH ORFDO OLQHDU PRGHO KDV D ELPRGDO IRUP ZLWK PD[LPD DW �� DQG

�� \HDUV �)LJXUH �I�� 1RWH WKH FORVH UHVHPEODQFH ZLWK .HLGLQJ
V VPRRWKHG HVWLPDWH ZLWK

EDQGZLGWK K  ��� H[FHSW IRU WKH VPDOOHVW DQG ODUJHVW DJHV ZKHUH WKH ORFDO OLQHDU HVWLPDWH

VHHPV WR oDWWHQ RXW PRUH QLFHO\ �OHVV ERXQGDU\ HmHFWV�� 7KH ORFDO TXDGUDWLF SRO\QRPLDO

KRZHYHU SURGXFHV QHJDWLYH HVWLPDWHG IRUFHV RI LQIHFWLRQ IURP DJH ���� RQZDUGV� 7KLV LV GXH

WR WKH ODUJHU YDOXHV �DW KLJKHU DJH JURXSV� RI WKH RSWLPDO EDQGZLGWK WKDW ZDV XVHG WR nW

WKH TXDGUDWLF ORFDO SRO\QRPLDO PRGHO� $JDLQ� WKH 3$9 DOJRULWKP ZDV DSSOLHG LQ RUGHU WR

?PRQRWRQL]H� WKH SUREDELOLW\ HVWLPDWHV DQG DV D UHVXOW WKH IRUFH RI LQIHFWLRQ LV HVWLPDWHG
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WR EH ]HUR DIWHU DJH ����� 7KH IRUFH RI LQIHFWLRQ HVWLPDWHG ZLWK WKH ORFDO TXDGUDWLF PRGHO

VKRZV D XQLPRGDO IRUP ZLWK D PD[LPXP DW DJH �� DQG LV TXLWH VLPLODU WR .HLGLQJ
V VPRRWKHG

HVWLPDWH ZLWK EDQGZLGWK K  �� �H[FHSW IRU DJHV DERYH ���� 6LQFH WKH RSWLPDO EDQGZLGWK

IRU WKH ORFDO TXDGUDWLF PRGHO LV FKRVHQ WR PLQLPL]H WKH ORFDO $06( RI WKH IRUFH RI LQIHFWLRQ

ZH UHFRPPHQG WKH ORFDO TXDGUDWLF PHWKRG�

7R DVVHVV WKH ORFDO YDULDELOLW\ RI AC�D�� D ERRWVWUDS SURFHGXUH �'DYLVRQ DQG +LQNOH\�

����� ZDV DSSOLHG WR FDOFXODWH SRLQWZLVH FRQnGHQFH LQWHUYDOV IRU AC�D�� 6SHFLnFDOO\� % ERRW�

VWUDS VDPSOHV ZHUH JHQHUDWHG E\ UHVDPSOLQJ WKH RULJLQDO GDWD �ZLWK UHSODFHPHQW� HDFK

VDPSOH FRQWDLQLQJ 1 SDLUV �D
�
� � <

�
� �� DQG �� b �m� d ���� SHUFHQWLOH FRQnGHQFH LQWHUYDOV

�AC
�
�D� � � ����� � � � � AC

�
�D� � � ����� � � � � � � � � ZHUH FDOFXODWHG� ZKHUH AC

�
�D� � � ����� � � � LV WKH �%���mWK RUGHU

VWDWLVWLF RI WKH ERRWVWUDS UHSOLFDWHG ORFDO IRUFHV RI LQIHFWLRQ AC
�
� �D�� � � � � AC

�
� �D�� 7KH VDPH RS�

WLPDO ORFDO EDQGZLGWK DV VKRZQ LQ )LJXUH � ZDV XVHG �D GDWD GULYHQ ORFDO EDQGZLGWK ZLWKLQ

HDFK ERRWVWUDS UXQ ZDV FRPSXWDWLRQDOO\ QRW IHDVLEOH�� 6LQFH WKH HVWLPDWLRQ SURFHGXUH ZDV

QRW FRQVWUDLQHG IRU WKH ERRWVWUDS VDPSOHV� HVWLPDWHV IRU WKH IRUFH RI LQIHFWLRQ DW KLJKHU DJHV

PLJKW EHFRPH QHJDWLYH� IRU ERWK OLQHDU DQG TXDGUDWLF PRGHOV� (TXLYDOHQWO\ WR WKH 3$9

DOJRULWKP� RQH FDQ GHnQH WKH ORZHU DQG XSSHU FRQnGHQFH OLPLWV WR EH PD[I�� AC �
�D� � � ��� � � � � J

DQG PD[I�� AC �
�D� � � ����� � � � � � � � J UHVSHFWLYHO\� )LJXUH � VKRZV ORFDO HVWLPDWHV IRU {�D� DQG C�D�

IRU UXEHOOD DQG PXPSV WRJHWKHU ZLWK WKHLU ERRWVWUDS FRQnGHQFH LQWHUYDOV� 7KH YDULDELOLW\

RI A{�D� LQFUHDVHV DW ROGHU DJH JURXSV� ZKLFK FDQ EH H[SODLQHG E\ WKH VPDOOHU VDPSOH VL]HV

DW WKHVH DJH JURXSV� )RU UXEHOOD� DW \RXQJHU DJH JURXSV� WKH ORZHU DQG XSSHU FRQnGHQFH

OLPLWV UDQJH EHWZHHQ � WR ����� 1RWH WKDW IRU PXPSV� IURP DJH �� DQG RQZDUGV� WKH ORZHU

DQG XSSHU FRQnGHQFH OLPLWV IRU WKH FRQVWUDLQHG IRUFH RI LQIHFWLRQ DUH ERWK ]HUR�

),*85(6 � $1' � $%287 +(5(
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)LJXUH � VKRZV WKH ERRWVWUDS HVWLPDWHV IRU WKH SUHYDOHQFH DQG IRUFH RI LQIHFWLRQ IRU

+$9� 7KH ULJKW KDQG SDQHOV LQ )LJXUH � GLVSOD\ WKH FRUUHFWHG SRLQWZLVH FRQnGHQFH LQWHUYDO

IRU +$9� 7KH FRQnGHQFH LQWHUYDOV REWDLQHG IURP WKH OLQHDU SRO\QRPLDO WXUQHG RXW WR EH

ZLGHU WKDQ WKRVH REWDLQHG IURP WKH TXDGUDWLF PRGHO� 7KLV LV GXH WR WKH ODUJHU YDOXH RI WKH

RSWLPDO EDQGZLGWK WKDW ZDV XVHG WR HVWLPDWH WKH TXDGUDWLF PRGHO� %DVHG RQ LWV RSWLPDO

WKHRUHWLFDO SURSHUWLHV �EHLQJ RSWLPDO IRU HVWLPDWLQJ WKH IRUFH RI LQIHFWLRQ� DQG EHFDXVH RI

WKH REVHUYHG VXSHULRU DFFXUDF\ FKDUDFWHULVWLFV� ZH UHFRPPHQG WKH XVH RI WKH ORFDO TXDGUDWLF

VPRRWKHU ZLWK RSWLPDO GDWD�GULYHQ EDQGZLGWK WR HVWLPDWH WKH IRUFH RI LQIHFWLRQ EDVHG RQ

DQ DJH�VSHFLnF SUHYDOHQFH VDPSOH�

�� 6LPXODWLRQ VWXG\

:H SHUIRUPHG D VPDOO VLPXODWLRQ VWXG\ WR LQYHVWLJDWH WKH SHUIRUPDQFH RI WKH PRQRWRQL]HG

ORFDO SRO\QRPLDO PRGHOV FRPSDUHG WR WKH LVRWRQLF UHJUHVVLRQ DSSURDFK� 7KH WHVW IXQFWLRQ

FRQVLGHUHG LV {�D�  H[S
j

b����b ������D � �
� � � �

� ������D
� � � � � � k

� ZKLFK LV WKH HVWLPDWHG

IUDFWLRQDO SRO\QRPLDO IURP WKH SUHYLRXV VHFWLRQ� :LWK WKH VDPH VDPSOH VL]H DQG DJH YDOXHV

DV LQ WKH +$9 GDWDVHW� 0  ��� QHZ GDWDVHWV ZHUH JHQHUDWHG ZLWK WKH QXPEHU RI LQIHFWHG

LQGLYLGXDOV DW DJH D GUDZQ IURP WKH ELQRPLDO GLVWULEXWLRQ ZLWK SUREDELOLW\ {�D�� ,Q HDFK

VLPXODWLRQ UXQ� {�D� ZDV HVWLPDWHG E\ LVRWRQLF UHJUHVVLRQ DQG E\ PRQRWRQL]HG ORFDO OLQHDU

DQG ORFDO TXDGUDWLF SRO\QRPLDOV� :H XVHG n[HG JOREDO EDQGZLGWKV� DSSUR[LPDWHO\ WKH JOREDO

DYHUDJH RI WKH RSWLPDO ORFDO EDQGZLGWKV DV GHSLFWHG LQ )LJXUH �� OHDGLQJ WR K  � IRU WKH

ORFDO OLQHDU DQG K  �� IRU WKH ORFDO TXDGUDWLF nWV� )RU .HLGLQJ
V ������ VPRRWKHG HVWLPDWH

ZH WRRN K  ��� 8VLQJ DQ RSWLPDO GDWD�GULYHQ EDQGZLGWK IRU HDFK PHWKRG ZLWKLQ HDFK

VLPXODWLRQ UXQ ZDV FRPSXWDWLRQDOO\ QRW IHDVDEOH� /HW A{ � �D� EH WKH HVWLPDWHG SUREDELOLW\

DW DJH D LQ WKH MWK VLPXODWLRQ� M  �� �� � � � �0 � 7KH ORFDO VTXDUHG ELDV LV HVWLPDWHG E\
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AE
�

�D�  IxA{�D� b {�D�J
�

� ZLWK xA{�D�  h
�
� � � A{ � �D� 0 DQG WKH ORFDO YDULDQFH LV HVWLPDWHG

E\ AY�D�  
3 �

� � � IA{ � �D� b xA{�D�J
�

 0 � OHDGLQJ WR WKH VLPXODWLRQ HVWLPDWH IRU WKH ORFDO PHDQ

VTXDUHG HUURU 06(� JLYHQ E\ G06(�D�  AE
�

�D� � AY�D��

),*85( � $1' � $%287 +(5(

)LJXUH � VKRZV WKDW WKH WKUHH GLmHUHQW PHDQ FXUYHV xA{�D� FDQ KDUGO\ EH GLVWLQJXLVKHG�

H[FHSW LQ WKH ODVW � DJH JURXSV ������� ZKHUH WKH SUREDELOLWLHV HVWLPDWHG E\ WKH LVRWRQLF

UHJUHVVLRQ LQFUHDVH� %HWZHHQ DJH � WR ��� WKH ORFDO VTXDUHG ELDV RI WKH WKUHH PRGHOV LV

HVVHQWLDOO\ WKH VDPH� 7KH ORFDO YDULDQFH RI WKH LVRWRQLF UHJUHVVLRQ LV KRZHYHU PXFK KLJKHU

WKDQ WKH ORFDO YDULDQFH RI PRQRWRQL]HG ORFDO SRO\QRPLDO PRGHOV� 6LQFH WKH ORFDO YDULDQFH

LV WKH GRPLQDQW WHUP LQ G06(�D�� WKH LVRWRQLF UHJUHVVLRQ PRGHO KDV DOVR KLJKHU YDOXHV IRU

G06(�D�� 7KLV SDWWHUQ FDQ DOVR EH VHHQ LQ SDQHO E� ZKLFK VKRZV WKH �� DQG WKH ���

TXDQWLOHV RI WKH LVRWRQLF UHJUHVVLRQ DQG WKH ORFDO SRO\QRPLDO PRGHOV� 7KH YDULDELOLW\ LQ WKH

LVRWRQLF UHJUHVVLRQ PRGHO LV FOHDUO\ KLJKHU WKDQ LQ WKH ORFDO SRO\QRPLDO PRGHOV� 7DEOH �

VKRZV JOREDO VLPXODWHG VTXDUHG ELDV� YDULDQFH DQG 06(� DYHUDJLQJ RYHU DOO DJH JURXSV� 7KH

JOREDO 06( RI WKH LVRWRQLF UHJUHVVLRQ LV ��� WLPHV KLJKHU WKDQ WKH JOREDO 06( RI WKH ORFDO

OLQHDU PRGHO DQG ��� WLPHV KLJKHU WKDQ WKH JOREDO 06( RI WKH ORFDO TXDGUDWLF PRGH� 7KH

UHVXOWV UHPDLQ HVHQWLDOO\ WKH VDPH IRU WKH WULPPHG ���� PHDQV�

$W HDFK VLPXODWLRQ WKH IRUFH RI LQIHFWLRQ ZDV HVWLPDWHG DFFRUGLQJ WR ��� IRU WKH ORFDO

SRO\QRPLDO PRGHOV DQG XVLQJ D NHUQHO VPRRWKHU IRU WKH LVRWRQLF UHJUHVVLRQ� /HW AC� �D�

EH WKH HVWLPDWHG IRUFH RI LQIHFWLRQ DW DJH D LQ WKH MWK VLPXODWLRQ� M  �� �� � � � �0 DQG

xAC�D�  h
�
� � � AC� �D� 0 � 7KH ORFDO VTXDUHG ELDV� YDULDQFH DQG PHDQ VTXDUH HUURU ZHUH FDOFX�

ODWHG XVLQJ AE
�

�D�  IxAC�D�b C�D�J
�

� AY�D�  
3 �

� � � IAC� �D�b xA{�D�J
�

 0 �

7KH ODVW URZ LQ 7DEOH � VKRZV WKDW WKH ORFDO TXDGUDWLF PRGHO KDV WKH VPDOOHVW JOREDO

06( ����� d ��
���
FRPSDUHG WR ���� d ��

���
DQG ���� d ��

���
IRU WKH ORFDO OLQHDU PRGDO
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DQG WKH LVRWRQLF UHJUHVVLRQ UHVSHFWLYHO\� )LJXUH � GLVSOD\V WKH VLPXODWLRQ UHVXOWV IRU C�D��

7KH YDULDELOLW\ RI C�D� LQFUHDVHV ZLWK DJH LQ DOO PRGHOV EXW WKH ORFDO SRO\QRPLDO PRGHOV

KDYH VPDOOHU VTXDUH ELDV DQG YDULDQFH WKDQ WKH LVRWRQLF UHJUHVVLRQ PRGHO �ORFDOO\ DQG JORE�

DOO\�� 1RWH WKDW WKH SDWWHUQ RI LQFUHDVLQJ YDULDELOLW\ LQ SDQHO E ZDV DOUHDG\ REVHUYHG LQ

WKH QRQSDUDPHWULF ERRWVWUDS HVWLPDWH IRU WKH FRQnGHQFH LQWHUYDOV RI WKH IRUFH RI LQIHFWLRQ

�)LJXUH ���

7$%/( � $%287 +(5(

$OWKRXJK WKHVH UHVXOWV VKRXOG EH LQWHUSUHWHG ZLWK VRPH FDXWLRQ �QR RSWLPDO EDQGZLWKV

ZHUH XVHG�� WKHUH LV D FOHDU SUHIHUHQFH IRU WKH ORFDO SRO\QRPLDO PRGHOV ZLWK VRPH DGYDQWDJH

IRU WKH ORFDO TXDGUDWLF PRGHO�

�� &RQFOXVLRQ

:H KDYH VXJJHVWHG WR PRGHO WKH IRUFH RI LQIHFWLRQ IRU UXEHOOD� PXPSV DQG KHSDWLWLV $

XVLQJ WKH QRQSDUDPHWULF WHFKQLTXH RI ORFDO SRO\QRPLDO HVWLPDWLRQ� 6SHFLnFDWLRQ RI D IXOO\

SDUDPHWULF PRGHO IRU WKH OLQHDU SUHGLFWRU ZLOO LQHYLWDEO\ UHVWULFW WKH VKDSH RI WKH HVWLPDWHG

IRUFH RI LQIHFWLRQ� 7KLV LV QRW DOZD\V UHFRJQL]HG DV EHLQJ SRVVLEO\ WRR UHVWULFWLYH� ,W LV

KHUH ZKHUH QRQSDUDPHWULF PHWKRGV FDQ FRQWULEXWH WR WKH DQDO\VLV DQG� EHFDXVH WKH\ DUH

IXOO\ XQFRQVWUDLQHG DQG KLJKO\ GDWD�GULYHQ� WKH\ PD\ UHYHDO DVSHFWV RI WKH GDWD ZKLFK

DUH LJQRUHG RU KLGGHQ E\ SDUDPHWULF PRGHOV� /RFDO SRO\QRPLDO HVWLPDWRUV DUH FRQVLVWHQW

ZLWKRXW PRGHO DVVXPSWLRQV �RQO\ UHTXLUH VXpFLHQW VPRRWKQHVV� DQG DUH NQRZQ WR KDYH

PDQ\ GHVLUDEOH SURSHUWLHV� 7KLV DSSURDFK DOVR DOORZV VLPXOWDQHRXV HVWLPDWLRQ RI SUHYDOHQFH

DQG IRUFH RI LQIHFWLRQ� $V\PSWRWLF UHVXOWV IRU WKH ORFDO HVWLPDWH RI WKH IRUFH RI LQIHFWLRQ ZHUH

GHULYHG OHDGLQJ WR D GDWD�GULYHQ EDQGZLGWK VHOHFWRU� $FFRUGLQJ WR WKH SULQFLSOH ?VPRRWK
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WKHQ FRQVWUDLQ�� WKH nWWHG SUREDELOLW\ FXUYH FDQ EH FRQVWUDLQHG WR EH PRQRWRQH OHDGLQJ

WR D QRQQHJDWLYH HVWLPDWHG IRUFH RI LQIHFWLRQ� 5HVXOWV IURP D VPDOO VLPXODWLRQ VWXG\ VKRZ

WKDW HVWLPDWHV REWDLQHG IURP PRQRWRQL]HG ORFDO SRO\QRPLDOV DUH OHVV YDULDEOH WKDQ WKRVH

EDVHG RQ LVRWRQLF UHJUHVVLRQ� $V DQ RYHUDOO FRQFOXVLRQ ZH UHFRPPHQG� EDVHG RQ WKHRUHWLFDO

FRQVLGHUDWLRQV DQG RXU nQGLQJV LQ WKH GDWD DQDO\VLV DQG WKH VPDOO VLPXODWLRQ VWXG\� WKH XVH

RI WKH ORFDO TXDGUDWLF PRGHO WR HVWLPDWH WKH IRUFH RI LQIHFWLRQ�

,Q IXUWKHU UHVHDUFK LW LV H[DPLQHG KRZ VXFK D QRQSDUDPHWULF VPRRWKLQJ PHWKRG FDQ

EH H[WHQGHG WR HVWLPDWH WKH IRUFH RI LQIHFWLRQ RI KHSDWLWLV $ DOORZLQJ WLPH KHWHURJHQHLW\�

,QGHHG� LQ FRQWUDVW ZLWK UXEHOOD DQG PXPSV� SULRU WR ZLGHVSUHDG YDFFLQDWLRQ DQ XSZDUG

VKLIW LQ WKH DJH DW KHSDWLWLV $ LQIHFWLRQ KDV EHHQ REVHUYHG LQ LQGXVWULDOL]HG FRXQWULHV IRO�

ORZLQJ RYHUDOO LPSURYHPHQWV LQ K\JLHQLF FRQGLWLRQV LQ WKH VHFRQG KDOI RI WKH ��WK FHQWXU\�

$OVR LQ )ODQGHUV D GHFUHDVH LQ SUHYDOHQFH LQ WKH \RXQJHVW DJH JURXSV ����� \HDUV� KDV EHHQ

REVHUYHG E\ FRPSDULQJ WKH VDPSOH IURP ������� ZLWK SUHYLRXV VPDOO VDPSOHV REWDLQHG IURP

%HOJLDQ nUVW WLPH EORRG GRQRUV LQ ���� DQG ���� �%HXWHOV HW DO�� ������ $V D FRQVHTXHQFH

RI WKH DJH VKLIW WKH DVVXPSWLRQ RI WLPH LQGHSHQGHQFH LV OLNHO\ WR EH YLRODWHG LQ UHODWLRQ WR

+$9� :H VKDOO IXUWKHU VWXG\ WKLV LVVXH ZKHQ ZH DQDO\]H D QHZ VDPSOH WR EH WDNHQ LQ �������

)RU UXEHOOD DQG PXPSV� WKH LQWHUSUHWDWLRQ RI WKH HVWLPDWHG IRUFH RI LQIHFWLRQ PLJKW EH

PRUH VWUDLJKWIRUZDUG� %RWK DUH DLUERUQH LQIHFWLRQV ZKLFK DUH XVXDOO\ DFTXLUHG LQ FKLOGKRRG

DQG WKH HmHFWV RI WLPH GHSHQGHQFH DUH OLNHO\ WR EH OLPLWHG� 0XPSV LV JHQHUDOO\ PRUH

LQIHFWLRXV WKDQ UXEHOOD �&KULVWLH ������ UHVXOWLQJ LQ D JUHDWHU IRUFH RI LQIHFWLRQ DW PRVW

DJHV� 7KLV YHU\ JHQHUDO REVHUYDWLRQ FDQ EH PDGH ZLWK DOO RI WKH PHWKRGV XQGHU GLVFXVVLRQ�

+RZHYHU� D FORVHU H[DPLQDWLRQ RI WKH UHVXOWV XVLQJ QRQSDUDPHWULF PHWKRGV� UHYHDOV WKDW HYHQ

IRU WKHVH DLUERUQH LQIHFWLRQV ZLWK VLPSOH JHQHUDO FKDUDFWHULVWLFV WKH SDUDPHWULF PHWKRGV PD\
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OHDG WR RYHUO\ ULJLG �DQG VLPSOLnHG� HVWLPDWHV IRU WKH IRUFH RI LQIHFWLRQ� ,QGHHG� WKH ORFDO

SRO\QRPLDOV \LHOG D KLJKHU PD[LPXP DQG PRUH oXFWXDWLRQ LQ WKH IRUFH RI LQIHFWLRQ ZLWK

UHJDUGV WR DJH� ZKLFK ZH LQWXLWLYHO\ DVFULEH WR GLmHUHQW LQWHQVLWLHV RI PL[LQJ LQ DQG EHWZHHQ

FKLOGUHQ DQG WKHLU SDUHQWV� $V LQGLFDWHG E\ nJXUH �� WUDQVPLVVLRQ LQ WKH nUVW \HDUV RI

OLIH RFFXUV PRUH IUHTXHQWO\ IRU UXEHOOD WKDQ IRU PXPSV� ZKHQ WKH IRUFH RI LQIHFWLRQ LV DOVR

HVWLPDWHG KLJKHU� ,Q FRQWUDVW� PXPSV LV NQRZQ WR LQIHFW VXVFHSWLEOHV RI DOO DJHV� EXW RQO\

YHU\ H[FHSWLRQDOO\ GXULQJ WKH nUVW \HDU RI OLIH� 7KLV ODVW IHDWXUH LV DOVR UHoHFWHG LQ RXU

QRQSDUDPHWULF HVWLPDWHV IRU UXEHOOD �ZKLFK KDV D VLQJOH SHDN� EXW VWDUWV ZLWK D QRQ�]HUR

UDWH DW WKH nUVW DJH� DQG PXPSV �ZKLFK VWDUWV DW ]HUR� EXW VKRZV PXOWLSOH SHDNV��

$FNQRZOHGJPHQWV

:H WKDQNV WKH DVVRFLDWH HGLWRU DQG WZR UHIHUHHV IRU WKHLU YDOXDEOH FRPPHQWV� ZKLFK LPSURYHG

SUHVHQWDWLRQ RI WKH SDSHU VXEVWDQWLDOO\� 7KH nUVW WKUHH DXWKRUV JUDWHIXOO\ DFNQRZOHGJH

VXSSRUW IURP WKH %HOJLDQ ,8$3�3$, QHWZRUN ?6WDWLVWLFDO 7HFKQLTXHV DQG 0RGHOLQJ IRU

&RPSOH[ 6XEVWDQWLYH 4XHVWLRQV ZLWK &RPSOH[ 'DWD�� :H JUDWHIXOO\ DFNQRZOHGJH nQDQFLDO

VXSSRUW IURP WKH )OHPLVK )XQG IRU 6FLHQWLnF 5HVHDUFK �):2�QU *��������1��

$SSHQGL[

7KH IROORZLQJ PRGLnFDWLRQ RI WKH GHOWD PHWKRG LV XVHG WR GHULYH WKH DV\PSWRWLF QRUPDOLW\

UHVXOW ����

/HPPD /HW I7 � J  I�7 � � � 7 � � �J EH D VHTXHQFH RI ELYDULDWH HVWLPDWRUV IRU t  �t � � t � � VXFK
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f: force of infection (hepatitis A)
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)LJ� �� 3DQHOV D� F DQG H� 5XEHOOD� PXPSV DQG +$9� GDWD ZLWK HVWLPDWHG SUREDELOLW\ FXUYH

A{�D�� LVRWRQLF UHJUHVVLRQ �VROLG OLQH�� RSWLPDO IUDFWLRQDO SRO\QRPLDO �WKUHHGRW�GDVK�� 3DQHOV E� G

DQG I� (VWLPDWHG IRUFH�RI�LQIHFWLRQ FXUYH AC�D�� HVWLPDWH EDVHG RQ RSWLPDO IUDFWLRQDO SRO\QRPLDO

�WKUHHGRW�GDVK�� .HLGLQJ
V ������ VPRRWKHG HVWLPDWH XVLQJ WKH VWDQGDUG QRUPDO GHQVLW\ IXQFWLRQ

DV WKH NHUQHO IXQFWLRQ DQG WZR EDQGZLGWKV� 7KH EDQGZLGWKV IRU UXEHOOD DUH HTXDO WR � �VROLG OLQH�

DQG � �ORQJGDVK OLQH�� IRU PXPSV K  � �VROLG OLQH� DQG K  ��� �ORQJGDVK OLQH�� DQG IRU +$9

K  �� �VROLG OLQH� DQG K  �� �ORQJGDVK OLQH��
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Local linear
Local quadratic 

)LJ� �� 3DQHOV D� F DQG H� (VWLPDWHG SUREDELOLW\ FXUYH A{�D� IRU UXEHOOD� PXPSV DQG +$9� LVRWRQLF

UHJUHVVLRQ �VROLG OLQH�� ORFDO OLQHDU HVWLPDWH �ORQJ GDVKHG�� ORFDO TXDGUDWLF �WKUHHGRW�GDVK�� 3DQHOV

E� G DQG I� (VWLPDWHG IRUFH�RI�LQIHFWLRQ FXUYH AC�D�� FRQVWUDLQHG ORFDO TXDGUDWLF HVWLPDWH �WKUHHGRW�

GDVK� DQG ORFDO OLQHDU HVWLPDWH �ORQJ GDVKHG��
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b.1: l(a)-local quadratic
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c.1: l(a)-local quadratic
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b.2: l(a)-local linear
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c.2: l(a)-local linear

)LJ� �� %RRWVWUDS FRQnGHQFH LQWHUYDOV IRU +$9� )URP OHIW WR ULJKW� ORFDO HVWLPDWHV ZLWK FRQnGHQFH

LQWHUYDOV IRU {�D�� C�D� DQG FRQVWUDLQHG C�D�� 8SSHU SDQHOV D�� E�� F�� ORFDO TXDGUDWLF SRO\QRPLDOV�

/RZHU SDQHOV D�� E�� F�� ORFDO OLQHDU SRO\QRPLDOV�
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�VROLG OLQHV�� PRQRWRQL]HG ORFDO OLQHDU �GRWWHG OLQHV� DQG ORFDO TXDGUDWLF �GRW�GDVKHG OLQHV� PRGHOV�

)URP WRS OHIW WR ERWWRP ULJKW� DYHUDJH SUREDELOLW\ HVWLPDWHV xC�D�� �� DQG ��� TXDQWLOHV� VLPXODWHG

VTXDUHG ELDV E
�
�D�� YDULDQFH Y�D� DQG PHDQ VTXDUHG HUURU E

�
�D� � Y�D�� 3DQHOV D DQG E DOVR VKRZ

WKH WUXH IRUFH RI LQIHFWLRQ C�D� �GDVKHG OLQHV��


