Made available by Hasselt University Library in https://documentserver.uhasselt.be

Bernstein estimator for conditional copulas

Peer-reviewed author version

VERAVERBEKE, Noel (2024) Bernstein estimator for conditional copulas. In:
Statistical papers (1988) = Statistische Hefte (1988),.

DOI: 10.1007/s00362-024-01573-x
Handle: http://hdl.handle.net/1942/43299



BERNSTEIN ESTIMATOR FOR
CONDITIONAL COPULAS

Noél VERAVERBEKE
University of Hasselt, Belgium
North-West University, South Africa
noel.veraverbeke@uhasselt.be

February 22, 2024

Abstract

The use of Bernstein polynomials in smooth nonparametric estimation of
copulas has been well established in recent years. Their good properties in
terms of bias and variance are well known. In this note we generalize some of
the asymptotic theory to conditional copulas, that is where the dependence
structure between the variables changes with a value of a random covariate.
We obtain asymptotic representations and asymptotic normality for a condi-

tional copula.
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1 Introduction

Consider a bivariate random vector (Y7,Ys) and a random covariate X. The joint
conditional distribution function of (Y7,Ys) is denoted by H,(y1,y2) = P(Y1 <
y1,Ys < yo | X = z) and the marginal conditional distribution functions by
Fia(y) = P(Yi <y | X =) and Fy,(y2) = P(Ys <o [ X = ).

According to Sklar’s theorem (see e.g. Nelsen (2006), Patton (2006), we have that

Hy(y1,y2) = Co(Fiz(v1), Fax(y2))

where C,, is a conditional copula function. To guarantee uniqueness of C,, we assume
that F}, and F5, are continuous. The conditional copula function can be expressed
as Cy(uy,up) = Hy(FH(wh), Fyl(ug)) (0 < up,up < 1), where FyH(u) = inf{y :
Fi.(y) > u} is the quantile function of Fi, and F,,' is the quantile function of Fy,.
For the estimation of C, we assume that we have a sample (Y71, Yo1, X1), ..., (Yin, Yon, X»)
from (Y7,Y3,X). Based on this we have the following empirical estimator for

Hx(ybyZ):
Hon(y1,92) anz 3 h ) L (Y1 <y, Yo < o)

where {wy;(x; h,)} is a sequence of weights that smooth in the X-direction. Here
we will take Nadaraya-Watson weights given by
)

x)/gK(X

fori =1,...,n. The function K is a probability density function (kernel) and{h,} is
a sequence of positive constants, tending to 0 as n tends to infinity (bandwidth). We
assume that K has finite support [—L, L] for some L > 0, p1(K) = [uK (u)du = 0,
K is of bounded variation and Lipschitz of order 1.

X
Wpi(; hy) = K (

The marginals of H,, are denoted by Fi.,(y1) = Hen(y1, +00) Z Wi (x5 by ) 1Yy <

y1) and Foup(y2) Zwm x; hp)I(Ya; < y2). We then define the empirical copula

estimator by pluggmg in empirical versions for H,, Fj, and Fb, in the expression
for C,(uy, us):

Con(ur, uz) = Hop(Fih (wa), Foop(u2)) (0 < ug,up < 1).

Conditional copulas are needed to model a dependence structure between Y; and
Y5 which changes with the value x of a random covariate X. An important ap-
plication of conditional copulas is that they enable to define and study estimators
for conditional versions of the classical association measures. The reason is that
for example Kendall’s tau and Spearman’s rho can be expressed as functionals of
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the underlying conditional copula. This topic has been the subject of Gijbels et al
(2011) and Veraverbeke et al (2011) with theory, simulations and examples.

The purpose of this note is to study the Bernstein conditional copula estimator,
which is a smoothened version of the estimator C,;,. It is defined as

Clom (111, 15) = zm: Zm: Cl (ﬁ, %) P (t1) P o)

m
k=0 ¢=0

where, for £k =0,1,...,m:

Poo(u) = < " ) B (1 — u)™*,

The natural number m is called the order and for asymptotics it will be assumed
that m — oo as n — oo.

The idea of using Bernstein polynomials in copula estimation started with Sancetta
and Satchell (2004). In several papers since then, it has been shown that Bern-
stein estimators have good asymptotic bias and variance properties compared to the
classical kernel smoothers. In a series of papers by Janssen, Swanepoel and Veraver-
beke (2012, 2014, 2016), the asymptotic theory and finite sample results have been
obtained for copulas, copula densities and copula derivatives.

2 Overview

In this paper we first prove an asymptotic representation for Ci,,(ui,us) as a
weighted sum plus a bias term and a remainder term (Section 3). Our second
result is the asymptotic normality of Cy,, (u1, ug) (Section 4). Section 5 contains the
proof of a technical lemma. An important ingredient in the proof of these results is
of course the asymptotic representation for the empirical copula estimator C,,. The
latter result has been obtained in Veraverbeke et al (2011) with a remainder term
op((nh,)~'/?). Although this suffices for the asymptotic normality of C,,,(u1,us),
we prefer to use the more recent version of Veraverbeke (2023) with a stronger re-
mainder term O((nh,)~3/*(logn)**) a.s.

All our results will require conditions on the bandwidth A, and on the order m and
also some of the regularity conditions that we have listed in below.

We remark that derivatives will be denoted as for example:

. 0 0 0?

Fra(t) = 5 Fiall), G2, wz) = 5 - Colun, wa), G2 (un, 02) = 5o Ca (i, 2),
Co(ur, uz) = %Cx(ula’l@)’ ete.

Conditions

(C) C. has bounded third order partial derivatives for all (uy,us) € [0,1]* and z
in a neighborhood of x.



(F1) The density fx of X is uniformly continuous and strictly positive at x.

/l

(F2 is finite at x.

)

)

(Y) Fig(t), Fio(t), Fou(t), Foy(t) are continuous in (z,t).

(Z) Fi.(F,'(v)) and Fy.(F,,'(u)) are Lipschitz continuous in u for z in a neigh-
borhood of x.

(R) Cz(ul, ug) and éz(ul, ug) exist and are continuous for all (z,uy, us) for z in a
neighborhood of .

Remark 1

The most restrictive condition is condition (C) on the partial derivatives of the
conditional copula. It is satisfied for copula families like Frank, Farlie-Gumbel-
Morgenstern, Ali-Mikhael-Haq. See Nelsen (2006) for the precise definitions. But
there are a number of classial copulas like normal, Student t, Gumbel and Clayton
that are ruled out by this condition (C) because their partial derivatives are not
continuous at certain boundary points of the unit square.

The theoretial inconvenience is well known and some remedies have been suggested,
see Omelka et al (2009) and Segers (2012). It is an interesting open question whether
our result can be proven under a set of less restrictive conditions as in Segers (2012).

3 Asymptotic representation for the Bernstein es-
timator of a conditional copula

Defining
mm u17u2 ZZCx ( > mk(ul)Pm,Z(u2)
k=0 ¢=0

we have by the theorem of Weierstrass that lim By, (uy, us) = Cy(u1, ug), uniformly
m—0o0

in (ui,us) € [0,1]%. The reason is that every copula is continuous on [0,1]? (see
Nelsen (2006)).
We write

Cwm(ula UQ) - Cx(ul,UQ) = [me(UhUQ) - Bacm(UhUQ)]
+  [Bam(u1,ug) — Cyp(uq, ug)]. (1)

The second term in (1) ia a first bias term in our representation. Under condition
(C) we have

B:rm(uh u2) - Cx(“la u2)
1
- %{ul(l — up)CY (ug, un) + ua(1 — ua) O (ug, up)} + o(m™).  (2)



To deal with the term C,,,, — By, in (1), we first rewrite C,, in a more convenient
representation in terms of uniforms.
Define, fori=1,....n

Uli = le(}/rl’L)a U2i = F2x(}/él>

WehaveP(U1i§u1|Xi:m):u1, P(Uglgug|Xz:x):u2andP(Uh§
ur, Uy < ug | X = 1) = Cpug, ug).

Now recall the asymptotic representation for C,, — C, in Veraverbeke (2023): if
1 h?
Zin — 0, 12{(;1 = O(1) and regularity conditions (C), (F1), (Y), (R) hold, then
uniformly in (ug,us) € [0, 1]

Con(ur, ug) — Cy(uy, ug)

= Zwm(x; h)&i(ug, ug) + O((nh) =34 (logn)®*) a.s.

i=1
where

Ei(ur,ug) = I(Uy; < uq, Uy < ug) — Cypug, ug)

—ch;l)(uhuz){](Uu <w)—ur}— 09(02)<u17 u2){I(Us; < ag) — us}.
This representation for C,;, — C, leads to a representation for Cy,, — Bym:
me(ula u2) - B:cm(ula U'Q)

N Z Wi (23 ) Zin (s, u2) + O((nh) = (log n)*/*) (3)

a.s., where

/ 14
E) - E) } Py ie(u1) P e(us).
Denote
Oém(Xi7$7u17u2) = E(Zin(ubuQ) | Xl = .T) (4)
B (Xi, T, up, ug) = Var(Zy, (ug, us) | Xy = ). (5)
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These two quantities can be further expanded. This is summarized in the following
lemma.

Lemma
For z in a neighborhood of x, we have for m — oo,

(1) O[m(Z,l’, ula”?) = OZ(Z,.I‘, ula”?) + O(mil/Q)
where

alz,x,uy, ug) = C(ul,ug) Cop(uy, ug)
— O (uy, ) [Fra (Fi (ur) — ] (6)
—C (uy, uanzz(FQ;( 2) — Ua).

(i) B(z, 7, u1,us) = B2, 7, u1, u) + O(m~?) where

Bz, uy,uz) = C,(ug,uz)(1 — C,(uq,uz))

(P! () (1= Fia(Fyy H(u)))C (s, o)

P (P (02)) (1 = oo (12)) O (1, w2) ™
—2(1 = FL.(Fo w))C, (ul,uz)C(I)(ul,UQ)

—2(1 — Foo(F5; (u2))Co(ur, us) OF (un, un)

+20§1)(u1,u2)Cg(c2) (w1, u2)[C(ug, ug) — U1U2]

4 Asymptotic normality

We can now state and prove the following result on the asymptotic distribution of
the Bernstein conditional copula estimator.

Theorem
Assume

h, — 0,m — oo
nh,m=2 — >0
nhd — ¢ > 0.

Also assume the regularity conditions (C), (F1), (F2), (Y), (2), (R).
Then, as n — oo,

M(me(ul,UQ) - Cx(“b u2))2
A N (cby (uy, uz) + by (uy, up); Uf(Xu—l(’l)m)HKn )



where

1
be(ur,ug) = 5 {Ul(l - Ul)cél’l)(ula?@) + ug(1 — Uz)cg(f’z) (w1, U2)}
2

gx(uhu?) = p12(K) {%d@,% uy, ug) + &(x, x, uy, ug) ﬁig;}

alx, z,uy, ug) = Cx(ubw) - C:S:I)(U17U2)[F1Xi< 1;1(U1) — uy]
Ul) — U

F
Gz, u1, u9) = Cop(ur, ug) — O (wy, ug) [Fix, (Fii\( ]

Ug(ul,UQ) = VCM"{I(Ul S Uy, U2 S Ug) — Cx(ul,ug)
_Cél)(ulau2)(](Ul <wuy) —up) — 0:1(:2)(“17102)(]((]2 < ug) —ug)}

pa(K) = [ a2 (u)du, | K| = [ K?(u)du.

Proof
We look at the limiting distribution of the main term in (3), which we rewrite as
follows:

T.(x) E(T,(x)) E(T,(x)
= /nh, | = — — nh, | ————
o By Y™ B
where .
To(x) = n;ﬂ ZK (th—f) Zin(u1,u2)
and

fale) =

K
is the Parzen kernel density estimator.
We have, with «,, as in (4), and using the Lemma:

)

BT, (x) = —F (K (Xh; x) am(X,x,ul,u2)>

I,
= /K(u)a(:v + hpu, x,uy, uz) fx(z + hyu)du + O(m_l/z)
M2

(K)h? {%a(az x, U1, uz) fx (v)

6, x,ug, ug) fi ()} + o(h2) + O(m~=?).
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Here &(z, z,uq, uz) and é&(z, x, uy, us) are the first and second derivative of a(z, z, uq, us)
with respect to z. With 5, as in (5), and using the Lemma:

Varue) = —8 (12 (5) ) ) +0 (224 1)

n nm

1
= /KZ(u)B(:c + hot, &, uy, Us) fx (x + hpu)du

o1 m
+0 (—” +—+ )
n nm nh,

1

= IR ) ) +o ()

From (7):

Bz, x,ur, ug) = Cp(uy, ug)(1 — Cpug, ug)) +ug (1 — ul)C’g(Jl)(ul, Us)
(1 — ug) O (g, us) — 2us (1 — ) Oy (g, ug) C8 (g, uo)
—2uo (1 — ug)Cyp(uq, UQ)C;Q)(U]_, Usg)
+209(51)(u1, u2)c;£2) (w1, uz)(Cy(ug, ug) — ujus)

= Var{I(U; < uy,Us < uy) — Cy(uy,us)

—C8P (ur, un) (I(Uy < ) — uy) — C2 (g, up) (I(Us < up) — u2)}

= Ug(ul,UQ).

From (9) it follows that the last term in (8)

o

which leads to the bias term ¢by,(uy,us). For the first term in (8) we have by
linearization that it has the same asymptotic distribution as

L (7 gy - @) o e
o) nhy (T (x) — E(T,(x))) 720) o (fo(z) — E(fo(2)).

Since E(T\n(ﬁ)) — 0 and v nhn(ﬁl(x) - E(J?n(ﬂf)) = Op(1), the limiting distribution
is governed by

1
~ /b, pa(K) {ad(%%ul,m) + &, z, uy, ug)

ﬁmm@ — B(F,(x)).



n

A~

T, (z) is a sum Z W,; of a double array of random variables
i=1

1 X; — . : .
W, = z K ( ’ x) Zin(uy,uz2). By checking the Liapunov condition
n n n

Z E[(W,; — E(Wpi)Y] /(Varz Woi)2 =0 (n;) — 0,

we obtain the asymptotic normality of T,,(z). Combining this with (1), (2) and (3)
proves the theorem.

Remark 2

In Leblanc (2012) there are explicit expressions for the quantities S,,,(u) and Ry, (u)
that appear in the proof of our Lemma (Section 5). This enables to calculate the
order term O(m~/2) in (7) in an explicit way (in the same way as in Janssen et al
(2012)).

Consequently, the asymptotic variance of C,,(u1,us) is given by

1 m-1/2 m-1/2
o) = V) o (M) )

where

ul(l—ul) 1/2
Vaun,us) = OO (us, ug)(1 — CO(ur, 0a) (—)

™

@) @) us(1 — ug)\ 2
+ Cx (le,U/Q)(]._CI (Ul,UQ)) E— .

™

The term with the minus sign in (9) clearly shows that there is a gain in the asymp-
totic variance of the estimator C,,,(uy, us) compared to that of Cyp,(uy, us).

5 Proof of the lemma

(i) We have:

©



Therefore,

P (P (£)) = €8 ons ) PP 0)|

= O, v | Pos(0) ).

With conditions (C) and (Z), we can use Lipschitz continuity to obtain that
am(zv T, Uy, u2) - CY(Z, <, Uz, u?)
mok L
=0 | X = —w | Pop(ua) + ) | — —ua [ Poelus)
(B15-nim S

= O(m~'/?) see Bojanic and Cheng, 1989).
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en(52) (- ()]
m’'m m
X [same with &', /'] | X,} P (1) Py o(u2) Py g (1) Py o (u2).

Working out the expectation gives 9 terms and each of these terms is a quadruple
sum. This long calculation is similar to the one in the proof of Lemma 3 (iii) in the
Appendix of Janssen et al (2012). We show how the calculation works for one of
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these terms. We denote this term by 7.
momomom k¢ k-
. e (£ e (£.1)
EEEEA () (o

) - ron (it ()] [ (< &

[I <Uli < —
m
Pm,k(“l)Pm,é(UQ)Pm,k’ (ul)Pm,é/ (Ug)
mom m o m koo Ko
_ ON A (ON NI
BEE S (L e (E0)

)

kANK
FlXi (lel( m >_F1X¢ (Flazl

(1) P e () P g (1) P (u2)

Pm,k
— S (e (L L “h (P (£
 Se T \m'm P\t
mom k /¢ k
_ (1) ~— 2\ F F—l v
(EE o) e (72 ()
e e R an(E
k=0 ¢=0 =0 (= m-om
K +k U'#£1

Pm,k(“l)Pm,é(UQ)Pm,k’ (ul)Pm,K’ (u2)

+3 3

k=0 ¢=0

- (1)
E Ca (m’ m
£

P2 (1) Py o(t2) Py (u2)
= (Tl) + (Tz) + (Tg) + (T4) -+ (T5)

12

g/

kYo (K £
T \m’m

)

o) e ()

_ kENE
(1

)



For (Ty) we have: (Ty) = —(C’ggl)(ul,u2)F1Xi(F1;1(u1))2 +O0(m™1).
For (T7) we make Taylor expansion around (uj,us) which gives:

(Th) = (Cp(ur,u))* Fix,(Fr,' (u1)) S (1) S (uz)
FO(S(ur) I (u2) + Sp(tuz) Im(u1))

( (
(T3) = (OF(ur,u2)) Fx,(F, () (1 = S (1)) (1 = S (ua)).
(T7) = (CP(u,u2))*> Y > "> (k AL u1) P e(u1) Prne(u2) P g (w1) P (u2)

k=0 (=0 k'zk ozt N
= (C(ug,u2))*(1 = Sy (u2)) 2R m(us)
where Ry, (u) =m™* i (k — mu) Py, k() Py o(u).
k pr—
k<K

For term (7}):

(Ty) = (CV(u1,u2))* Fux,(Fr,' (u1))Sm(u2) (1 = Spy(ur))
+2(Cg(gl) (Ul, 'LLQ))QSm(Ug)RLm(Ul).

For term (T5):

(Ts) = (C(u1,u2))* Frx,(Fr,' (u1))Sm(uz) (1 = Spy(us))

+O(Ln(u)).
From Leblanc (2012) we have that S,,(u) and Ry, (u) are O(m'/?) and I,,(u) =
O(m=3/4).
Therefore,

(T) = (C (w1, u2))* Fix, (Fi, (w1)) (1 = Fx,(F,'(w1))) + O(m™/?).
A similar treatment of the 8 other terms leads to

B (X, w1, u2) = Cx, (ur,u2)(1 — Cx, (w1, ug))
+Fx, (FrL (u1) (1 = Fix, (F (1)) O%, (ua, ug)
+Fox, (Fy,' (u2)) (1 — Fox, (F,' (u1)))C%, (ua, uz)

—2(1 = Fix,(Fi;' ()))Cx, (1, u2) C5" (uy, up)

=2(1 = Fax, (Fy,' (12))) Cx, (a1, u2) 2 (s, o)

+2(C'9(01)(u1, “2)0"1(32) (ur, u2)[Cx, (ur, uz) — uyus] + O(m=1/2).

Hence,
Bm(za T, Uy, u2) = ,6(2, T, Uy, u2) + O(m_l/z)'
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