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Abstract

Recent work by Prenen et al. (2017) andOthus & Li (2010) has led to a broad family of copulamodels for
the analysis of right-censored clustered data. On the other hand, few applications for left-censored data
have been considered in the literature. In this text we aim to extend the existing copula methodology
to account for left-censored data. A copula model models the marginal distributions of the clustered
outcomes independently from the dependency structure within the cluster. The dependency is then
imposed by linking the margins through a copula function. After specification of the joint distribution
function the full likelihood can then be derived taking into account the clustered structure of the data.
More specifically, we will focus on the popular family of Archimedean copulas with completely mono-
tone generator and the Gaussian copula. The latter has the advantage that the association structure is
imposed by means of a distribution rather than a function which makes generalizations more straight-
forward. As we will focus on fully parametric models, a more flexible model alternative for the margins
based on the work by Royston & Parmar (2002) will be described. Both one-stage and two-stage estima-
tion procedures are discussed in terms of their consistency and asymptotic properties, and evaluated by
an extensive simulation study. Finally, the proposed methods are demonstrated on a longitudinal study
that assesses the effect of peritoneal administration of ethanol on the sleep time of mice.
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1 Introduction

In survival analysis the outcome of interest generally is a time until an event of interest occurs. If the
event occurred for all individuals or units within the follow-up period standard techniques would be
applicable to model the outcome of interest. Many times, however, the event of interest does not occur.
For example, in a clinical trial an individual might die due to causes unrelated to the event of interest
or drops out from the trial. On the other hand we do know that the event of interest occurs eventually,
meaning that the time to the event of interest is longer than what has been observed during the study.
This mechanism, called censoring, is the foundation of time-to-event data analysis. Multivariate sur-
vival analysis generally deals with clustered data subject to a censoringmechanism. Clustering can take
many forms: in a trial the event of interest is recorded multiple times for the same individual, imply-
ing that a longitudinal component is present. Similarly, in a large multi-center clinical trial, multiple
individuals are clustered within centers. These examples have in common that the individuals or units
within the same cluster have similar characteristics with respect to the hazard of the event of interest.
This commonality is usually modeled by imposing a correlation structure between the outcomes within
a cluster.

While standard techniques in survival analysis aim to deal with right censoring where it is known that
the event of interest occurs at some later time point, and/or left truncation when no information what-
soever about the event of interest is known below the truncation limit. Many applications in various
fields of research, however, require techniques that can deal with left censoring since the event of in-
terest is known to occur before the start of the study. In the literature this is often referred to as data
subject to a limit of detection (LOD) or a quantification limit. For example in environmental sciences
and ecology, one often deals with chemicals or particles that are reported above a well-specified labo-
ratory reporting limit (Statistical Methods in Water Resources, 2020). On a similar note, contamination
levels in food subject to a limit of detection are recorded to assess the risk of contamination in terms of
weekly food intake (Tressou, 2006). In clinical research one often deals with quantification limits, for
example when using ultrasensitive assay data in measuring HIV-1 RNA levels (Jacqmin-Gadda, 2000).

Despite the increasing need for methods that can handle left-censored data, only primitive methods
are readily available and popular. Helsel (2011) provides an extensive overview of the most popular
methods that are being used: single imputation, also referred to as substitution or fabrication (Helsel,
2006), implies the substitution of a single measure such as for example LOD∕

√
2 and has been shown

to lead to invalid estimates (Canales et al., 2018; Hewett & Ganser, 2007). Multiple imputation on the
other hand does lead to consistent estimation (Canales et al., 2018). When combining left censoring
with clustered data the list of available methods is even more restrictive. Jacqmin-Gadda (2000) extend
a linear mixed model to account for left censoring in a longitudinal data setting. To this end, we aim
to develop a general framework that allows for easy interpretation of the within-cluster dependence
structure and flexible modelling of the margins.

Tomodel the dependency between outcomes within the same cluster, we aim to impose the dependency
independent from the specification of the marginal distribution. Indeed, in a conditional model such
as the frailty model, the marginal distribution depends on the association parameter which makes it
difficult to interpret (Duchateau & Janssen, 2008). Alternatively the dependency structure can be im-
posed by coupling the margins, thus forming the joint distribution function, through a special function
called the copula (Nelsen, 2006). The relationship between the multivariate distribution function and
its univariate margins will play a crucial role in the modelling of the survival outcomes. In fact, Sklar’s
theorem (Sklar, 1959) guarantees that a unique copula 𝒞 exists such that
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𝐻(𝑥, 𝑦) = 𝒞 (𝐺(𝑥), 𝐺(𝑦))

where𝐻(𝑥, 𝑦) is the joint cumulative distribution function of random variables𝑋 and𝑌 with univariate
margins 𝐹(𝑥) and 𝐺(𝑦). We will use Sklar’s theorem extensively as the foundation of our model for
multivariate left-censored data.

Firstly, we introduce the copula model in its general form. Using Sklar’s theorem the full likelihood for
clustered data accounting for left-censoring can be specified. At this point the general framework can
be used to apply the likelihood to specific families of copulas. Furthermore we will particularly focus
on how to estimate the model parameters efficiently. The asymptotic properties of the estimators will
also be discussed. As parametric specification of the univariate margins is an important element in the
estimation process, a flexiblemarginal alternative through the use of splineswill be proposed. Moreover,
an extensive simulation exercise will be performed to assess the performance of the estimators under
various degrees of misspecification. Finally, we demonstrate the proposed methods on a longitudinal
study that assesses the effect of peritoneal administration of ethanol on the sleeping time of mice by
Markel et al. (1995).
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2 Copula model for left-censored clustered data

In this section we extend the current copula methodology for the Archimedean family (Prenen et al.,
2017) and the Gaussian family (Othus & Li, 2010) to account for left censoring. We present a general
expression for the likelihood of the copula model assuming a fixed cluster size and covariate structure.
Clusters of varying size and cluster-specific covariate structures will be discussed briefly. Furthermore,
two parametric estimation methods that are commonly used in copula models for right-censored data
will be brought forward for which we discuss some asymptotic theoretical results. Building on this
theoretical foundation we introduce a new flexible parametric model based on natural cubic splines
(Royston & Parmar, 2002).

2.1 Model description

To develop a copula model for clustered data subject to left censoring, we introduce the following nota-
tion used throughout the entire text. Let 𝑖 be the index of a cluster such that 𝑖 = 1,… , 𝐾 with 𝐾 the total
number of clusters in the data set. Within each cluster 𝑖 let 𝑇𝑖𝑗 denote outcome 𝑗where 𝑗 = 1,… , 𝑛𝑖 with
𝑛𝑖 the total number of outcomes (or units) in cluster 𝑖. When developing the copula model the focus
will lie in particular on the case where the cluster size is fixed 𝑛1 = … = 𝑛𝐾 = 𝑛. In a survival context
each outcome within a cluster may or may not be observed. Therefore we further assume a random left
censoring scheme denoted by the random variable 𝐶𝑖𝑗. In practice we observe the following quantities
for outcome 𝑗 in cluster 𝑖

𝑋𝑖𝑗 = max(𝑇𝑖𝑗, 𝐶𝑖𝑗)
𝛿𝑖𝑗 = 𝐼(𝑇𝑖𝑗 > 𝐶𝑖𝑗).

In general the probability distribution may depend on (possibly cluster-specific) covariates. We denote
the set of covariates for outcome 𝑗 in cluster 𝑖 as 𝒁𝑖𝑗 = (𝑍𝑖𝑗1,… , 𝑍𝑖𝑗𝑝)𝑇 with 𝑝 the total number of covari-
ates. This leads to the joint survival probability for cluster 𝑖

𝑆(𝑡𝑖1,… , 𝑡𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ) = 𝑃(𝑇𝑖1 > 𝑡𝑖1,… , 𝑇𝑖𝑛𝑖 > 𝑡𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 )

or more appropriately in the context of left censoring to the joint cumulative distribution function

𝐹(𝑡𝑖1,… , 𝑡𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ) = 𝑃(𝑇𝑖1 ≤ 𝑡𝑖1,… , 𝑇𝑖𝑛𝑖 ≤ 𝑡𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ). (2.1)

Now we are in a position to use Sklar’s theorem (Sklar, 1959) to our advantage. Let 𝒞 be the copula
function with association parameter 𝜃 and 𝐹𝑗(𝑥𝑖𝑗|𝒁𝑖𝑗) the marginal CDF of outcome 𝑗 conditional on
the set of covariates 𝒁𝑖𝑗 and evaluated in event 𝑥𝑖𝑗, then the joint CDF can be written in function of the
marginal CDF for each outcome in cluster 𝑖.

𝐹(𝑥𝑖1,… , 𝑥𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ) = 𝒞(𝐹1(𝑥𝑖𝑗|𝒁𝑖𝑗),… , 𝐹𝑛𝑖 (𝑥𝑖𝑛𝑖 |𝒁𝑖𝑛𝑖 )) (2.2)

Equation (2.2) will be the basis to derive the likelihood which will be used to estimate the association
parameter 𝜃 and possibly also the marginal parameters 𝜷. Indeed, the univariate likelihood can now
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be easily extended to the multivariate clustered case since the joint density can be obtained directly
from the marginal densities and the copula density (Nelsen, 2006). For a cluster 𝑘 where all events are
observed, we then have

𝑓(𝑥𝑘1,… , 𝑥𝑘𝑛𝑘 |𝒁𝑘1,… ,𝒁𝑘𝑛𝑘 ) =
𝜕(𝑛𝑘)𝒞

(
𝐹1(𝑥𝑘1|𝒁𝑘1),… , 𝐹𝑛𝑘 (𝑥𝑘𝑛𝑘 |𝒁𝑘𝑛𝑘 )

)

𝜕𝑥𝑘1… 𝜕𝑥𝑘𝑛𝑘
= 𝑐

(
𝐹1(𝑥𝑘1|𝒁𝑘1),… , 𝐹𝑛𝑘 (𝑥𝑘𝑛𝑘 |𝒁𝑘𝑛𝑘 )

)
𝑓1(𝑥𝑘1|𝒁𝑘1) …𝑓𝑛𝑘 (𝑥𝑘𝑛𝑘 |𝒁𝑘𝑛𝑘 )

where 𝜕(𝑛𝑘) denotes a partial derivative of the 𝑛𝑘-th degree and 𝑐 the copula density. On a similar note,
for a cluster 𝑘where some events are observed and some are censored we have a likelihood contribution
of

𝐿𝑘 =
𝜕(𝑑𝑘)𝒞

(
𝐹1(𝑥𝑘1|𝒁𝑘1),… , 𝐹𝑛𝑘 (𝑥𝑘𝑛𝑘 |𝒁𝑘𝑛𝑘 )

)

𝜕{𝛿𝑘𝑗 = 1}
𝑓1(𝑥𝑘1|𝒁𝑘1)𝛿𝑘1 …𝑓𝑛𝑘 (𝑥𝑘𝑛𝑘 |𝒁𝑘𝑛𝑘 )

𝛿𝑘𝑛𝑘 (2.3)

where 𝑑𝑘 and {𝛿𝑘𝑗 = 1} are the total number of observed events and the set of all observed events in
cluster 𝑘 respectively. The total likelihood is then given by

𝐿 =
𝐾∏

𝑘=1
𝐿𝑘 (2.4)

In the subsequent subsections we derive the likelihood in detail for the Archimedean and Gaussian
families of copulas.

2.2 Likelihood for Archimedean copulas

Consider a continuous, strictly decreasing function 𝜑𝜃 which is completely monotonic and has the fol-
lowing properties (Nelsen, 2006):

⎧

⎨
⎩

𝜑𝜃(0) = 1
𝜑𝜃(∞) = 0
𝜑𝜃 ∶ [0,∞[→ [0, 1].

The function 𝜑𝜃 is called the strict generator of an Archimedean copula with association parameter
𝜃. Similarly, the inverse function 𝜑−1𝜃 is called the inverse generator. In practice, the generator can be
obtained as a Laplace transform of a positive distribution function 𝐺𝜃 with 𝐺𝜃(0) = 0 (Nelsen, 2006)

𝜑𝜃(𝑡) = ∫
∞

0
𝑒−𝑡𝑥d𝐺𝜃(𝑥), 𝑡 ≥ 0.

Selecting the appropriate distribution𝐺𝜃, and therefore𝜑𝜃, is important since different distributionswill
lead to a different tail dependency structure. Figure 2.1 shows how the association structure is realized
for some popular Archimedean copulas. Using the generator 𝜑𝜃 it is possible to write Equation (2.2) in
a more convenient way
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𝐹(𝑥𝑖1,… , 𝑥𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ) = 𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + … + 𝜑−1𝜃

(
𝐹𝑛𝑖 (𝑥𝑖𝑛𝑖 |𝒁𝑖𝑛𝑖 )

))
. (2.5)

Example: Consider the gamma distribution with parameters 𝑘 > 0 and 𝜃 > 0 represented by the
density function

𝑔𝑘,𝜃(𝑥) =
𝑥𝑘−1𝑒−𝑥∕𝜃
𝜃𝑘Γ(𝑘)

.

In the case where 𝑘 = 1∕𝜃 we have a one-parameter gamma distribution with corresponding generator

𝜑𝜃(𝑠) = (1 + 𝑠𝜃)1∕𝜃.

The generator 𝜑𝜃 corresponding to the one-parameter gamma distribution gives rise to the Clayton cop-
ula (Clayton, 1978), originally shown in the bivariate case,

𝒞(𝑢, 𝑣) =
(
𝑢−𝜃 + 𝑣−𝜃 − 1

)−1∕𝜃
.

Note that this copula implies independence in the limiting case 𝜃 → 0.

Equation (2.5) is the general form of a 𝑛𝑖-dimensional Archimedean copula with association parameter
𝜃. Using simple algebra, we will be able to derive a general likelihood that can be further developed into
a concrete expression based on the choice of 𝜑𝜃.

Before deriving the likelihood for clusters of arbitrary size, let’s first examine the simple yet instructive
case of bivariate left-censored data. For cluster 𝑖, let 𝐹𝑖𝑗 and 𝑓𝑖𝑗 denote the marginal CDF and PDF of
outcome 𝑗 evaluated in 𝑥𝑖𝑗 given the set of covariates 𝒁𝑖𝑗. Then, analogous to the case of right censoring
inAndersen et al. (2005) and Prenen et al. (2017), the likelihood contribution of cluster 𝑖 to the complete
bivariate likelihood is given by

𝐿𝑖 =𝒞 (𝐹𝑖1, 𝐹𝑖2)
(1−𝛿𝑖1)(1−𝛿𝑖2)

[𝜕𝒞 (𝐹𝑖1, 𝐹𝑖2)𝜕𝐹𝑖1
𝑓𝑖1]

𝛿𝑖1(1−𝛿𝑖2)
[𝜕𝒞 (𝐹𝑖1, 𝐹𝑖2)𝜕𝐹𝑖2

𝑓𝑖2]
(1−𝛿𝑖1)𝛿𝑖2

[
𝜕2𝒞 (𝐹𝑖1, 𝐹𝑖2)
𝜕𝐹𝑖1𝜕𝐹𝑖2

𝑓𝑖1𝑓𝑖2]
𝛿𝑖1𝛿𝑖2

(2.6)

or in terms of the Archimedean generator

𝐿𝑖 =𝜑𝜃
(
𝜑−1𝜃 (𝐹𝑖1) + 𝜑−1𝜃 (𝐹𝑖2)

)(1−𝛿𝑖1)(1−𝛿𝑖2)

[
𝜑′𝜃

(
𝜑−1𝜃 (𝐹𝑖1) + 𝜑−1𝜃 (𝐹𝑖2)

)
(𝜑−1𝜃 )′(𝐹𝑖1)𝑓𝑖1

]𝛿𝑖1(1−𝛿𝑖2)

[
𝜑′𝜃

(
𝜑−1𝜃 (𝐹𝑖1) + 𝜑−1𝜃 (𝐹𝑖2)

)
(𝜑−1𝜃 )′(𝐹𝑖2)𝑓𝑖2

](1−𝛿𝑖1)𝛿𝑖2

[
𝜑(2)𝜃

(
𝜑−1𝜃 (𝐹𝑖1) + 𝜑−1𝜃 (𝐹𝑖2)

)
(𝜑−1𝜃 )′(𝐹𝑖1)(𝜑−1𝜃 )′(𝐹𝑖2)𝑓𝑖1𝑓𝑖2

]𝛿𝑖1𝛿𝑖2
.

(2.7)

9



The likelihood for cluster 𝑖 in Equation (2.7) indeed has four terms corresponding to all possible combi-
nations of the censoring scheme {𝛿𝑖1, 𝛿𝑖1} within the cluster. For a cluster of size 𝑛 this leads to a likeli-
hood contribution with 2𝑛 terms which is infeasible analytically. Therefore, a parsimonious expression
is required for easy maximization of the likelihood. Equation (2.7) generalizes quite easily since a re-
cursive relationship based on 𝑑𝑖, the total number of observed events within cluster 𝑖, is present. Also
note that for an Archimedean copula the existence of all derivatives is guaranteed since the generator is
completely monotonic. Furthermore, the derivatives alternate in sign according to (−1)𝑛𝜕(𝑛)𝜑𝜃(𝑡) ≥ 0.
As a result it is easy to see that the likelihood contribution for a cluster 𝑖 of size 𝑛𝑖 can be written as

𝐿𝑖 = 𝜑(𝑑𝑖)𝜃

(
𝜑−1𝜃 (𝐹𝑖1) + … + 𝜑−1𝜃 (𝐹𝑖𝑛𝑖 )

) 𝑛𝑖∏

𝑗=1

[
(𝜑−1𝜃 )′(𝐹𝑖𝑗)𝑓𝑖𝑗

]𝛿𝑖𝑗

= 𝜑(𝑑𝑖)𝜃

(
𝜑−1𝜃 (𝐹𝑖1) + … + 𝜑−1𝜃 (𝐹𝑖𝑛𝑖 )

) 𝑛𝑖∏

𝑗=1
[

𝑓𝑖𝑗
𝜑′𝜃(𝜑

−1
𝜃 (𝐹𝑖𝑗))

]
𝛿𝑖𝑗

.

(2.8)

While this expression is easy to work with, the difficulty arises in the calculation of the higher order
derivatives of 𝜑𝜃. Generally, these derivatives are not available directly and have to be calculated recur-
sively. Hofert et al. (2012), for example, present efficient recursive techniques and implementations in
the R programming language. As a result Equation (2.8) generally does not have a closed form and has
to be approximated numerically.

Example (Cont’d): We again consider the Clayton generator and its inverse given by

𝜑𝜃(𝑠) = (1 + 𝑠𝜃)1∕𝜃

𝜑−1𝜃 (𝑠) = 1
𝜃 (𝑠

−𝜃 − 1).

This configuration is mathematically very convenient since the higher order derivatives 𝜑(𝑑)𝜃 are analyt-
ically available by means of the Gamma function

𝜑(𝑑)𝜃 (𝑠) = (−1)𝑑(1 + 𝑠𝜃)−𝑑−1∕𝜃𝜃𝑑−1
Γ(𝑑 + 1∕𝜃)
Γ(1 + 1∕𝜃)

(𝜑−1𝜃 )′(𝑠) = −𝑠−𝜃−1.

This leads to the simplified likelihood for the Clayton copula

𝐿 =
𝐾∏

𝑖=1
(−1)𝑑𝑖

(
𝐹−𝜃𝑖1 + … + 𝐹−𝜃𝑖𝑛𝑖 − 𝑛𝑖 + 1

)−𝑑𝑖−1∕𝜃
𝜃𝑑𝑖−1

Γ(𝑑𝑖 + 1∕𝜃)
Γ(1 + 1∕𝜃)

𝑛𝑖∏

𝑗=1

(
−𝐹−𝜃−1𝑖𝑗 𝑓𝑖𝑗

)𝛿𝑖𝑗
.

10



x1

x 2

−2 −1 0 1 2

−
2

−
1

0
1

2

(a) Clayton

x1
x 2

−2 −1 0 1 2

−
2

−
1

0
1

2

(b) Frank

x1

x 2

−2 −1 0 1 2

−
2

−
1

0
1

2

(c) Gumbel-Hougaard

x1

x 2

−2 −1 0 1 2

−
2

−
1

0
1

2

(d) Gaussian

Figure 2.1: Overview of the bivariate density functions of three copulas from the one-parameter
Archimedean copula family and the Gaussian copula with standard normal margins (Joe (2007)). The
association parameterwas chosen to correspondwith aKendall’s 𝜏 of 0.33. The tail dependence is clearly
visible for the Clayton copula, where association is stronger in the lower tail (ie. larger survival times
are correlatedmore strongly), while theGumbel-Hougaard copula exhibits strong upper tail dependence
(ie. smaller survival times are correlated more strongly). Both the Frank and Gaussian copula do not
exhibit tail dependence.
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2.3 Likelihood for Gaussian copulas

Another popular choice and alternative to Archimedean copulas are the copulas within the elliptical
family. In this text we will focus in particular on the Gaussian copula. Figure 2.1 shows a distribution
function from a Gaussian copula noting that, unlike some copulas from the Archimedean family, tail
independence is implied. The 𝑛-dimensional Gaussian copula with parameter 𝜌 is defined as follows
(Joe, 2015; Tjøstheim et al., 2022):

𝒞(𝑢1,… , 𝑢𝑛) = 𝚽𝝆(Φ−1(𝑢1),… ,Φ−1(𝑢𝑛))

with𝚽𝝆 the CDF of a 𝑛-variate normal distribution with mean 𝟎 and (exchangeable) correlation matrix
𝚺, 1 on the diagonal and 𝜌 elsewhere, and Φ−1 the quantile function of a univariate standard normal
distribution. In the context of survival data with left censoring, we now rewrite Equation (2.2) to reflect
a Gaussian correlation structure

𝐹(𝑥𝑖1,… , 𝑥𝑖𝑛𝑖 |𝒁𝑖1,… ,𝒁𝑖𝑛𝑖 ) = 𝚽𝝆
(
Φ−1(𝐹1(𝑥𝑖1|𝒁𝑖1)),… ,Φ−1(𝐹𝑛𝑖 (𝑥𝑖𝑛𝑖 |𝒁𝑖𝑛𝑖 ))

)
. (2.9)

We now derive an expression of the likelihood for left-censored data with clusters of varying size and
covariate structure according to the methodology of Jacqmin-Gadda (2000) and Othus & Li (2010). Let
𝑋𝑜
𝑖 denote the 𝑑𝑖-vector of observed outcomes in cluster 𝑖. Similarly, let 𝑋

𝑐
𝑖 denote the (𝑛𝑖 − 𝑑𝑖)-vector of

censored outcomes in cluster 𝑖. We now reorder the observations within each cluster in such a way that
𝑋𝑖 = (𝑋𝑜

𝑖 , 𝑋
𝑐
𝑖 ). This allows a partitioning of the covariance matrix Σ𝑖 of the transformed observations

Φ−1(𝐹𝑖(𝑥𝑖))

Σ𝑖 = [ Σ𝑖,𝑜 Σ𝑖,𝑜𝑐
Σ𝑖,𝑐𝑜 Σ𝑖,𝑐

]

where Σ𝑖,𝑜 and Σ𝑖,𝑐 are the covariancematrices of the transformed observed and censored outcomes with
dimensions 𝑑𝑖 × 𝑑𝑖 and (𝑛𝑖 − 𝑑𝑖) × (𝑛𝑖 − 𝑑𝑖) respectively. Consider now the likelihood contribution of
the observed outcomes to cluster 𝑖

𝐿𝑜𝑖 =
𝜕(𝑑𝑖)𝐹(𝑥𝑖1,… , 𝑥𝑖𝑑𝑖 )

𝜕𝑋𝑜
𝑖

=
𝜕(𝑑𝑖)𝚽𝝆(Φ−1(𝐹𝑖1),… ,Φ−1(𝐹𝑖𝑑𝑖 ))

𝜕𝑋𝑜
𝑖

= 𝚿(𝒅𝒊)
(
Φ−1(𝐹𝑖1),… ,Φ−1(𝐹𝑖𝑑𝑖 )

) 𝑑𝑖∏

𝑗=1

𝜕Φ−1

𝜕𝐹𝑖𝑗
𝜕𝐹𝑖𝑗
𝜕𝑥𝑖𝑗

= 𝚿(𝒅𝒊)
(
Φ−1(𝐹𝑖1),… ,Φ−1(𝐹𝑖𝑑𝑖 )

) 𝑑𝑖∏

𝑗=1

𝑓𝑖𝑗
Ψ
(
Φ−1(𝐹𝑖𝑗)

)

where𝚿(𝒅𝒊) is the 𝑑𝑖-variate normal distribution function with mean 𝟎 and covariance matrix Σ𝑖,𝑜, and
Ψ the standard normal distribution function. Due to the ordering of the events, the contribution to the
likelihood of the censored observation is conditional on the observed observations
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𝐿𝑐𝑖 = 𝐹(𝑥𝑖(𝑑𝑖+1),… , 𝑥𝑖𝑛𝑖 |𝑋
𝑜
𝑖 )

= 𝚽(𝒏𝒊−𝒅𝒊)
𝒄|𝒐

(
Φ−1(𝐹𝑖(𝑑𝑖+1)),… ,Φ

−1(𝐹𝑖𝑛𝑖 )|Φ
−1(𝐹𝑖(𝑥𝑜𝑖𝑗))

)

where Φ(𝑛𝑖−𝑑𝑖)
𝑐|𝑜 (.|.) is the (𝑛𝑖 − 𝑑𝑖)-variate CDF of a conditional normal distribution with mean

Σ𝑖,𝑐𝑜Σ−1𝑖,𝑜Φ
−1(𝐹𝑖(𝑋𝑜

𝑖 )) and covariance matrix Σ𝑖,𝑐 −Σ𝑖,𝑐𝑜Σ
−1
𝑖,𝑜Σ𝑖,𝑜𝑐. We are now in a position to combine the

contributions of both observed and unobserved outcomes to each cluster and give an expression for the
full likelihood

𝐿 =
𝐾∏

𝑖=1
𝚽(𝒏𝒊−𝒅𝒊)
𝒄|𝒐

(
Φ−1(𝐹𝑖(𝑑𝑖+1)),… ,Φ

−1(𝐹𝑖𝑛𝑖 )|Φ
−1(𝐹𝑖(𝑥𝑜𝑖𝑗))

)

𝚿(𝒅𝒊)
(
Φ−1(𝐹𝑖1),… ,Φ−1(𝐹𝑖𝑑𝑖 )

) 𝑑𝑖∏

𝑗=1

𝑓𝑖𝑗
Ψ
(
Φ−1(𝐹𝑖𝑗)

) .
(2.10)

A practical application of Equation (2.10) for bivariate data is detailed in Appendix B. Although there
we derive the likelihood term by term following the censoring scheme, it is straightforward to prove that
this is equivalent to Equation (2.10).

2.4 Estimation procedures

In this part we introduce two methods to estimate the association and marginal parameters in the cop-
ulamodel for left-censored clustered data. Most importantly we focus on full parametric specification of
themarginal baseline survival functionwhich allows for estimationwithin, or close to, maximum likeli-
hood theory. Firstly, we consider multi-parameter maximum likelihood estimation where the full set of
association and marginal parameters are estimated simultaneously. While this method is well-known
and straightforward to use, the complexity of the copula likelihood and the number of parameters to es-
timate might lead to computational difficulties or otherwise. For those situations, a two-stage method
where the association parameter is estimated under a working independence assumption is proposed.

2.4.1 One-stage estimation

The following theory is based on the book by Bijma et al. (2017). Let 𝜃 denote the association parameter
of copula 𝒞 and 𝜷 the vector of parameters attributed to the marginal distributions and covariates in-
cluded in the model. The maximum likelihood estimate (𝜃, 𝜷) is obtained by maximizing the likelihood
given by Equations (2.3)-(2.4)

(𝜃, 𝜷) = argmax
(𝜃,𝜷)

𝐿(𝜃, 𝜷)

which implies solving simultaneously the score functions
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⎧

⎨
⎩

𝑈𝜃(𝜃, 𝜷) =
𝜕 log𝐿(𝜃,𝜷)

𝜕𝜃
= 0

𝑼𝜷(𝜃, 𝜷) =
𝜕 log𝐿(𝜃,𝜷)

𝜕𝜷
= 0.

Under weak regularity conditions (Lehmann & Casella, 1998) and as 𝐾 →∞, the following asymptotic
result holds

√
𝐾(𝜃 − 𝜃, 𝜷 − 𝜷) = 𝑀𝑉𝑁 (𝟎, 𝐼 = [−

𝜕2 log𝐿(𝜃, 𝜷)
𝜕𝜁𝑖𝜕𝜁𝑗

])

where 𝜁 = (𝜃, 𝜷).
In practical applications themaximum likelihood estimate (𝜃, 𝜷) can be estimated using numerical omp-
timization techniques (for example optim in R or NLMIXED in SAS). An estimate of the Fisher informa-
tion 𝐼 can then be directly obtained by inverting the Hessian matrix with elements 𝜕2 log𝐿(𝜃,𝜷)

𝜕𝜁𝑖𝜕𝜁𝑗
.

2.4.2 Two-stage estimation

When direct maximization of the multi-parameter likelihood is not feasible another possibility, sug-
gested by the structure of marginal models like the copula model, is estimating the association param-
eter 𝜃 separately from the marginal parameters 𝜷. Hougaard (1989) is an early example where in a
bivariate setting the marginal parameters are estimated nonparametrically under the working assump-
tion of independence and then used as plug-in estimates to estimate 𝜃, much like the approach taken
by Liang & Zeger (1986). Hougaard, however, did not investigate the inferential properties of such es-
timators. When the interest lies on the estimation of 𝜃, other approaches suggest treating the baseline
hazard in the Cox model (Cox, 1972) as a nuisance parameter (see for example Clayton (1978); Oakes
(1982); Oakes (1986)). A general two-stage semi-parametric estimation procedure was outlined by Shih
& Louis (1995) for bivariate data without covariates and by Spiekerman & Lin (1998) for clusters with
fixed size, covariate structure and possibly multiple types of failure time. While a semi-parametric ap-
proach allows for flexible estimation in the margins, straightforward theory on inference is not a given
in the case of left censoring since we rely on counting processes and Martingale theory. Furthermore,
semi-parametric estimation is limited to fitting proportional hazardsmodels in themarginswhichmight
not be an appropriate choice anyway. Therefore, we focus on a fully parametric model based on Shih
& Louis (1995) and Spiekerman & Lin (1998) where we estimate in stage one the marginal parameters
under the assumption that all observations are independent which can then be used in stage two as
plug-in estimates for the estimation of the association parameter.
Firstwe consider the casewhere the cluster size𝑛 is fixed for all clusters and each outcome 𝑗 (𝑗 = 1,… , 𝑛)
has a fixed covariate structure independent from other outcomes 𝑗′ ≠ 𝑗 across all clusters. Let 𝐹𝑗
denote themarginal CDF for all outcomeswith position 𝑗 in each cluster. We assume that the functional
form of each 𝐹𝑗 is known and has a finite number of parameters. Denote 𝜷𝒋 the vector of marginal
parameters related to the functional form of margin 𝑗 and its covariate structure 𝒁⋅𝒋. Now consider the
score function of margin 𝑗

𝑼∗
𝜷𝒋
=

𝐾∑

𝑖=1
𝛿𝑖𝑗

𝜕 log𝑓𝑗(𝑥𝑖𝑗|𝜷𝒋)
𝜕𝜷𝒋

+ (1 − 𝛿𝑖𝑗)
𝜕 log𝐹𝑗(𝑥𝑖𝑗|𝜷𝒋)

𝜕𝜷𝒋
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where the summation over all clusters is possible due to the assumed between-cluster independence.
In the first stage we estimate 𝜷𝒋 for all 𝑗 by solving𝑼∗

𝜷𝒋
separately

𝑼∗
𝜷𝒋
(𝜷𝒋) = 0

where 𝜷𝒋 is themaximum likelihood estimate of themarginal parameters ofmargin 𝑗 under theworking
independence assumption. In the second stage we make use of Equations (2.3) and (2.4) to solve the
score function for 𝜃 𝑈𝜃 given 𝜷𝒋

𝑈𝜃(𝜃) =
𝜕 log𝐿(𝜃, 𝜷𝟏,… , 𝜷𝒋)

𝜕𝜃 = 0. (2.11)

Theorem 2.1. Let 𝜃 be the solution of 𝑈𝜃(𝜃) = 0 and 𝜃0 the true value. Under regularity conditions (Cox
and Hinkley (1979), p.182) and 𝐾 →∞ we have

√
𝐾(𝜃 − 𝜃0)→ 𝑁

⎛
⎜
⎝
0, 1𝐼𝜃𝜃

+
𝑰∗𝜃𝜷(𝑰

∗
𝜷𝜷)

−1𝑽(𝑰∗𝜷𝜷)
−1

𝐼2𝜃𝜃

⎞
⎟
⎠

We refer to Appendix C for clarification on the notation used in the theorem and its proof. Note the re-
semblance to the variance-covariancematrix used in Generalized Estimating Equations (Liang & Zeger,
1986) and the inclusion of the typical Huber-like covariance structure. Although it has been shown that
an exact expression for the association parameter can be obtained, it becomes clear very quickly that
in practical situations the use of such an expression is very cumbersome: The off-diagonal elements of
𝑽, which denote the covariance between the parameters of the different margins, can only be obtained
directly in a limited number of scenarios (see for example Prentice & Cai (1992)) and require numerical
optimization techniques. Prenen et al. (2017) offer a valid alternative by considering all observations as
independent in the first stage and thereby collapsing the data structure from multiple margins to only
one margin to estimate. This approach automatically allows for clusters of varying size and covariate
structure. In any case, implementation of the exact expression remains challenging. Resampling tech-
niques have been developed (Lipsitz et al., 1994; Lipsitz & Parzen, 1996) and shown to approximate the
exact variance of the association parameter very closely (Othus & Li, 2010; Prenen et al., 2017).

2.5 Flexible parametric modeling of the baseline hazard

Until nowwe have assumed a strong parametric form for themargins. In practice this often translates to
choosing a parametric shape for the baseline hazard in an AFTmodel or for the baseline hazard in a Cox
proportional hazards model (Cox, 1972). While this is a convenient choice in the sense that we stay well
within the real of maximum likelihood theory, misspecification becomes a serious concern. Ha & Lee
(2003) even state that a fully parametricmodelmight be too strong an assumption. Other studies provide
evidence that misspecification of the marginal baseline hazard negatively affects the estimation of the
association parameter (Genest et al., 1995; Kim et al., 2007). Furthermore, although semiparametric
estimation of the association parameter is possible in some contexts, Prenen et al. (2017) have shown
that a nonparametric Breslow-type estimator for the baseline hazard in a one-stage estimation procedure
is not tractable. Therefore a flexible approach to modeling the margins might offer a reliable alternative
to strong parametric specification.
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Recent developments by He & Lawless (2003) and Kwon et al. (2022) have seen the introduction of
splines in multivariate survival data with correlated outcomes. He & Lawless (2003) introduced splines
in a bivariate Cox model with Clayton copula function while Kwon et al. (2022) recently extended the
work of Prenen et al. (2017) to account for splines in clustered data with varying cluster size. Both
methodologies use M-spline basis functions (Ramsay, 1988) to model the baseline hazard in accordance
with the existing techniques on splinemodeling in the presence of dependent censoring (see for example
Emura & Chen (2018) or Emura et al. (2019)). The main argument for using M-splines is the mathe-
matical convenience that the spline always guarantees the monotonicity of the baseline hazard. On the
other hand, choosing starting values for the knots is not intuitive at all and the cross-validation proce-
dure outlined by Emura et al. (2019) is elaborate and computationally intensive. Therefore we propose a
fast-fitting, flexible and intuitive spline model based on the transformation model by Royston & Parmar
(2002) to be used in maximum likelihood estimation of the association and marginal parameters.

Consider a Cox model (Cox, 1972) for the margins with the usual proportional hazards assumption.
Then the marginal cumulative hazard corresponding to outcome 𝑥𝑖𝑗 in cluster 𝑖 is given by

𝐻𝑖𝑗(𝑥𝑖𝑗) = 𝐻0(𝑥𝑖𝑗)𝑒𝜷
𝑻𝒁𝒊𝒋

where 𝐻0 is the baseline cumulative hazard function. Note that, without loss of generality, 𝐻0 is as-
sumed to be equal for all observations regardless of cluster or position within the cluster as this allows
for clusters of varying size and unequal covariate structures. In general, however,𝐻0 could also be esti-
mated within each margin (denoted 𝐻0𝑗). Rather than modeling 𝐻0 directly with splines or otherwise,
consider now a log-transformation of the cumulative hazard

log𝐻𝑖𝑗(𝑥𝑖𝑗) = log𝐻0(𝑥𝑖𝑗) + 𝜷𝑻𝒁𝒊𝒋.

Since log𝐻0 and the covariate structure are separated, unlike in the AFT framework, it is possible to ap-
ply smoothing techniques to log𝐻0. Royston & Parmar (2002) opt for natural cubic splines with linear-
ity constraints beyond the boundary knots as monotonic splines “make[s] the computational problem
much more difficult and awkward, a cost we do not feel is in general justified”. On the other hand, the
authors claim that a sizable number of uncensored observations (as few as 50) in the data automatically
imposes monotonicity of the fitted spline. While verifying this claim was not the purpose of this text,
simulations in Section 3 do seem to indicate that a satisfactory fit of themarginal distribution is possible
even in small data sets with heavy censoring. Now consider the natural cubic spline 𝑠(log𝑥; 𝛾) with
boundary knots 𝑘min and 𝑘max,𝑚 unique internal knots (𝑘min <) 𝑘1 < … < 𝑘𝑚 (< 𝑘max) and𝑚 basis
function 𝑣𝑗

𝑠(𝑦; 𝛾) = 𝛾0 + 𝛾1𝑦 + 𝛾2𝑣1(𝑦) + … + 𝛾𝑚+1𝑣𝑗(𝑦) (2.12)

where 𝑦 = log𝑥 is the transformed outcome. The basis functions 𝑣𝑗 are defined as follows

𝑣𝑗(𝑦) = max(0, 𝑦 − 𝑘𝑗)3 − 𝜆𝑗max(0, 𝑦 − 𝑘min)3 − (1 − 𝜆𝑗)max(0, 𝑦 − 𝑘max)3

and

𝛾𝑗 =
𝑘max − 𝑘𝑗
𝑘max − 𝑘min

.
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Rather than specifying a parametric form for log𝐻0 we are now in a position to use Equation (2.12)
instead. The proportional hazards model then becomes

𝜂 = log𝐻𝑖𝑗(𝑥𝑖𝑗) = log𝐻0(𝑥𝑖𝑗) + 𝜷𝑻𝒁𝒊𝒋
= 𝑠(𝑦𝑖𝑗; 𝛾) + 𝜷𝑻𝒁𝒊𝒋.

(2.13)

A rather interesting feature of this transformation model is the transposition into a Weibull Cox model
when 𝑣𝑗(𝑦) = 0, a spline model without internal knots. The marginal distribution functions 𝑓 and 𝐹
are easily obtained by differentiation

𝐹(𝑥) = 1 − 𝑆(𝑥)
= 1 − 𝑒−𝐻(𝑥)

= 1 − exp(−𝑒𝜂)

𝑓(𝑥) = d𝐹(𝑥)
d𝑥

= exp(−𝑒𝜂)𝑒𝜂
d𝜂
d𝑦

d𝑦
d𝑥

= 1
𝑥
d𝑠(𝑦; 𝛾)
d𝑦 exp(𝜂 − 𝑒𝜂)

and generally can be used in a marginal model for clustered data as obtained in Equation (2.3). In prac-
tical applications it is still necessary to find a suitable number of internal knots 𝑚, their positions and
starting values for 𝛾0,… , 𝛾𝑚−1 and 𝜷 due to the complexity of the likelihood of a copula model. Royston
& Parmar (2002) recommend a maximum of 3 internal knots to preserve sufficient stability of the fitted
curve. Furthermore, their position can be based on percentiles of the distribution of the uncensored ob-
servations as described in Royston & Parmar (2002) since optimizing the knots only results in marginal
gains in the precision of the fit (Durrleman & Simon, 1989). In the same way, the boundary knots 𝑘min
and 𝑘max are placed at the extremes of the uncensored observations. Starting values for 𝛾 can be obtained
using regression techniques on the uncensored observations: firstly, we obtain an estimate of log𝐻 us-
ing a standard semiparametric Coxmodel. Having obtained an estimate for the transformed cumulative
hazard, Equation (2.13) reduces to a linear regression problemwith covariates 𝑣𝑗 and 𝒁. Starting values
are then obtained as the least squares estimates of the linear regression model. On a final note, it is
important to mention that Equation (2.12) can be adjusted to accommodate non-proportional hazards
as an alternative to for example time-varying covariates.
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3 Simulation study

In this section we present an extensive simulation study to examine and verify the properties of the
various estimators for the association and regression parameters. Simulations will be carried out in a
bivariate setting with complete clusters and covariate structure under random left censoring of varying
degree. Firstly, we consider a correct parametric specification of the copula and baseline survival func-
tion which gives insight into the bias and coverage probability for a large, but more importantly also
small number of clusters. Since the one-stage and two-stage estimators are based on strong paramet-
ric model assumptions, the assessment of model robustness is crucial. Therefore, we conduct further
simulations by introducing misspecification of the copula and later also misspecification of the baseline
survival with various degrees of deviation from the correct specification. This study also allows a close
look into whether a weak parametric estimator such as the spline model by Royston & Parmar (2002) is
a viable alternative for the estimation of the within-cluster association. Since inference on the associa-
tion parameter is of primary interest we include these results in this section while supplementary tables
on the regression parameters are included in Appendix D.

3.1 Correct specification

We consider the case where the copula function and the baseline survival functions for both responses
are correctly specified. 1000 samples are simulated for each value of the association parameter 𝜃, with
𝜃 chosen such that Kendall’s 𝜏 is comparable across different copula functions. Samples were gener-
ated using the conditional approach (Genest & Favre, 2007) and transformed to allow for a covariate
structure in the AFT framework (Leemis et al., 1990). We assume a Weibull marginal survival func-
tion 𝑆(𝑡) = exp(𝜆𝑡𝜌 exp(𝛽𝑍)) with scale 𝜆 = 1 and shape 𝜌 = 0.5 (see Figure 3.1) for both responses.
This choice allows for comparisons to the Cox PH spline model since a Weibull AFT is equivalent to
a Cox PH model with Weibull baseline hazard. Important to note is the fact that for the spline model
we assume equal marginal distributions and therefore have a reduced dimensionality in the estimation
process. Furthermore, a covariate structure for each response is imposed by sampling separately for
each response from a standard uniform distribution and taking 𝛽1 = 𝛽2 = 1. Censoring times were
generated from an exponential distribution where the scale parameter was empirically chosen to reflect
the desired percentage of censoring. Starting values for the baseline spline are obtained as described in
Section 2.5. Note that the number of samples for the simulations on the Gaussian copula were reduced
to 500 due to the computationally intensive nature of the estimation process. Results on the association
parameter are given in increasing order of 𝜃.

Tables 3.1-3.3 show the estimated association parameter for various copulas and number of clusters
using the three discussed estimation procedures. Firstly we discuss the results for the Archimedean
family of copulas: in general, the estimated association parameter tends to be biased upwards. The
bias is also consistently larger in magnitude when the association is relatively small and the number of
clusters is low. In some cases the relative bias can reach values upwards of 30%. A notable exception is
the Gumbel copula where even a low number of clusters and high censoring only leads to a maximum
relative bias of less than 10%over all simulations. The twoone-stage proceduresmarkedly underperform
in terms of the bias of the association parameter compared to the two-stage procedure. Since the spline
model reduces to the strong parametric model with a Weibull baseline survival when 𝑣1(𝑦) = 0, it is
expected that the two one-stage procedures do not produce significantly different results. On the other
hand, the spline procedure does seem to reduce the bias compared to the strong parametric model.
The coverage probability of the estimators is well below the nominal coverage probability of 95% in

18



the case of a small number of clusters and a weak association structure. Increasing the number of
clusters significantly improves the coverage probability such that it stays within the acceptable range
of 93 to 96%. The estimated regression parameters in Tables D.1 - D.3 are generally bias upwards, yet
fairly precise in terms of bias relative to the number of clusters. The two-stage procedure produces
underestimated standard errors as expected since the regression parameters are estimated under the
working independence assumption. This is also reflected in the coverage probability of the two-stage
estimator. Generally, both the standard and spline one-stage procedures produce acceptable coverage
probabilities even in the case of a small sample size.

The Gaussian copula generally performs very well even with small sample sizes and weak association
structures. the two-stage procedure, however, seems less suitable since it significantly underperforms
in terms of bias compared to the one-stage procedures. Specifically for the one-stage procedures, even
though the relative bias for 50 clusters is already small, the estimator for the association parameter
becomes practically unbiased for a higher number of clusters regardless of the percentage of censoring.
The coverage probability hovers around the nominal 95% in all other cases. Similar conclusions can be
drawn for the regression parameters. The spline model also performs well but tends to have a slightly
lower coverage probability overall.

As the two-stage procedure leads to inconsistent estimates of the standard errors of the regression pa-
rameters and only leads to significant improvements in the estimation of the association parameter in
the case of small sample sizes, we conclude that a one-stage procedure specified in a strong or weak
parametric way is overall preferable.
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3.2 Misspecification of the copula function

We investigate the performance of the estimation procedures under misspecification of the assumed
copula function using a small simulation study. The same marginal survival functions, covariate struc-
ture and censoring distributions are retained from the study on correct specification. Nowwe specify the
Gumbel-Hougaard copula (Hougaard, 1986a, 1986b) as the true copula function and generate 1000 (500
for the Gaussian copula) samples using the conditional approach (Genest & Favre, 2007). Furthermore,
the scope of the numerical study is limited to a moderate association corresponding to a kendall’s 𝜏 of
0.333. Note that the association parameter 𝜃 will be estimated on the scale of the fitted copula function
and transformed to Kendall’s 𝜏 to facilitate comparisons with other copulas.
In general, all estimates for the parameters of interest in Tables 3.4 - 3.6 are biased upwards with larger
relative bias for smaller numbers of clusters. No significant difference between the one-stage procedures
is found, while the two-stage procedure results in estimates with marginally less bias compared to the
other procedures. As previously explained, the standard errors of the regression parameter estimates
are not consistent and should be treated with caution. The coverage probability of the association pa-
rameter is clearly decreased compared to a correctly specified model. This is particularly evident when
the Gaussian copula is fitted. The regression parameter estimates do not seem to be sensitive to mis-
specification of the copula function in terms of bias and coverage probability contrary to the findings
of Kwon et al. (2022). In general, the amount of censoring in the data is shown to be crucial in the
estimation of the association parameter. Clearly, severe censoring in the data leads to a highly reduced
coverage probability and large increases in the bias for the estimates of the association parameter. This
effect seems to be exacerbated when the number of clusters is increased.
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3.3 Misspecification of the baseline survival function

We now investigate the influence of the baseline survival function on the estimation of the association
and regression parameters using the standard one-stage proceedure. Rather than the Weibull baseline
survival we have considered until now, we specify a Gompertz (with fixed shape 𝜆 = 1 and variable rate
𝛼) and lognormal baseline survival in a model with functional form ℎ(𝑡) = ℎ0(𝑡)𝑒𝜷

𝑻𝒁 (Cox, 1972). Note
that for a lognormal baseline survival this model is not closed under the proportional hazards assump-
tion which implies that the fitted baseline survival does not need to be monotonic. Therefore, any result
with the lognormal baseline survival will be considered supplemental to the main analysis and is pro-
vided in Appendix D. AWeibull baseline survival functionwas fitted in the case of the strong parametric
one-stage procedure. Starting values for the spline method with a total of 3 knots were obtained using
the procedure described in Section 2.5. Again, we draw 1000 (500 for the Gaussian copula) samples us-
ing the conditional approach (Genest & Favre, 2007). The association parameter will be kept constant
across the copulas to simulate a moderate assocation corresponding to a Kendall’s 𝜏 of 0.333. Further-
more, the covariate structure and censoring distributions will be retained from previous simulations. As
it is desirable to investigate the estimation procedures under various degrees of misspecification, three
configurations of the Gompertz and lognormal baseline survival function were considered. Figure 3.1
shows the severity of misspecification compared to a Weibull baseline survival.
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Figure 3.1: Overview of the functions used to specify the baseline hazards in the simulation excercise.

Tables 3.7 - 3.9 show the estimates of the association and regression parameters for different copula
functions under various degrees of misspecification compared to the true Gompertz baseline survival
function. Focusing first on the association parameter, note that the bias generally increases with in-
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creasing sample size. Moreover, the bias is shown to be affected significantly by the amount of censor-
ing present for both estimation procedures. For example, when fitting the Clayton copula, the bias even
changes direction from downward to upward when the percentage of censoring is increased leading to
a highly overestimated estimate of the association parameter. Increasing the parameter space to a total
of 5 knots and repeating the analysis did improve the bias (results not shown in this text). Note that the
Clayton andGumbel copulamodels tend to prefer the standard parametric one-stage procedure in terms
of bias of the association parameter. The Frank and Gaussian copula models on the other hand produce
less, albeit sometimes only slightly less, biased estimates using the spline method. This clear division
between copulas can potentially be attributed to the fact that the Clayton and Gumbel copulas have a
pronounced tail dependency property while the Gaussian and Frank copulas do not have this specific
feature. This indicates that the spline method struggles to fit the baseline hazard well in the tails where
the Clayton and Gumbel copulas happen to impose a stronger dependency. A possible solution could
be to move the single internal towards the tails to allow the spline to capture a larger proportion of the
variability in the tails, although this option was not investigated any further. Even though the differ-
ence in bias between the two procedures is sometimes large, the spline method does seem to preserve
the coverage probability significantly better compared the standard parametricmethod, especially when
the estimate is highly biased. In terms of the regression parameter estimates both estimation procedures
seem to perform similarly in terms of bias and coverage probability. The spline method, however, does
offer increased precision of the regression estimates compared to the standard parametric method.

Tables D.4 - D.6 give a similar overview of the estimates of interest but now with different variations of
the lognormal baseline survival. The lognormal is a special case in the sense that it does not lead to a
proportional hazards model due to the non-monotonicity of the baseline hazard. Therefore we expect
the spline method to have a significant advantage since it relies heavily on the data to impose mono-
tonicity rather than having it imposed by design as is the case when fitting a strong parametric baseline
hazard. This is also evident from the simulation study: estimates of both the regression and association
parameters are highly biased in the standard parametric model. The association parameter in particu-
lar tends to be highly biased upwards and has a significantly reduced coverage probability. The spline
method leads to estimates that are close to unbiased and constrains the coverage probability within an
acceptable range of the nominal coverage probability. Similarly for the regression parameters, the spline
method maintains a large quantitative advantage compared to the standard parametric method.
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4 Ethanol-induced sleep time data

To demonstrate the practical use of the discussed copulamethodswe now turn to the analysis of ethanol-
induced sleep time in genetically-selected strains of mice. Markel et al. (1995) originally designed a
study where the aim is to investigate the genetic influence on sleep time. The mice included in the
study were selected from two inbred strains, the isogenic 𝐹1 population and the segregating 𝐹2 popu-
lation induced by crossbreeding from the 𝐹1 population. The original study was designed to allow for
a repeated measurements design where, after intraperitoneal injection of a 4.1 g/kg dose of ethanol,
the length of the induced sleep time was measured twice with a prespecified interval between measure-
ments. Since somemicemight not fall asleep or sleep only a very short time a detection limit of 1minute
was imposed. In practice, this results in the application of left censoring for mice that did not sleep or
slept less than 1 minute.

As the study of Markel et al. (1995) has been investigated several times (see for example Braekers &
Markel (2006) or Fogap (2007)) we will focus mainly on the application of the proposed methods. Fur-
thermore we limit ourselves to extending the univariate regression analysis of Braekers & Grouwels
(2016) where the influence of sex, albinism, its interaction and the weight of the mouse on the sleep
times of the 𝐹2 population is investigated. Now we will also be able to model the association structure
between response times for the same mouse through the use of copulas. Firstly, we introduce a Cox
model for the margins with the required covariate structure:

𝐻𝑗(𝑦𝑖𝑗) = 𝐻0𝑗(𝑦𝑖𝑗) exp
(
𝛽1 + 𝛽2Sex𝑖 + 𝛽3Alb𝑖 + 𝛽4Sex:Alb𝑖 + 𝛽5𝑗Weight𝑖𝑗

)

where 𝑦𝑖𝑗 is the sleep time for mouse 𝑖 in trial 𝑗 (𝑗=1,2), 𝐻𝑗 the cumulative hazard for trial 𝑗 and 𝐻0𝑗
the baseline cumulative hazard for trial 𝑗. Firstly note that, unlike other covariates, the weight of the
mouse is recorded once for each trial. Therefore the weight is a margin-specific covariate whereas the
other covariates have a log𝐻𝑅 that is constrained to be the same between the two trials. Furthermore,
since the covariate structure is equal for all mice within the same trial a trial-specific baseline hazard
can be specified. Lastly, note that the model is identified by setting a male mouse with no albinism as
the reference level.

Estimation of the model will be done in different ways: firstly the model is estimated under the working
independence assumption. Wewill assume either aWeibull or a spline baseline hazard to investigate the
difference in model fit. The next step will be estimating the association parameter 𝜃 as described in Sec-
tion 2. The independence model naturally leads to the two-stage estimation procedure. Furthermore,
we extend the analysis to full maximum likelihood estimation both in a strong and weak parametric
framework. Table 4.1 shows the estimated independence model when fitting a Weibull or a spline with
3 knots as the baseline hazard. In both theWeibull and splinemodel we find a significant effect of sex on
the induced sleep time meaning that female mice generally have a shorter sleep time. Furthermore, an
increased weight at the start of trial 2 significantly increases the hazard indicating a shorter sleep time.
Comparing our bivariate analysis with the univariate analysis of trial 1 by Braekers & Grouwels (2016),
we observe a much larger effect of sex when taking into account the repeated measurements design of
the study. Moreover, when comparing to the proposed semi-parametric model by Braekers & Grouwels
(2016), the spline model seems to be similar in fit. Even though a formal likelihood ratio test between
the two non-nested independence models is not possible, a comparison of the log-likelihood values also
indicates that flexible parametric modeling of the baseline hazard in this case allows for a superior fit
(−2𝑙𝑙 = 21548 for the spline model against 22233 for the Weibull model).

Nowwe extend the independencemodel by including the association parameter 𝜃 that will be estimated
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Table 4.1: Parameter estimates of the bivariate independence model where the baseline hazard is as-
sumed to be either a Weibull hazard or flexible spline. Standard errors are given in brackets. ∗ indicates
a significant 𝑝-value at the 5% significance level.

Trial 1 Trial 2

Weibull

Sex 0.162 (0.062)∗
Albinism 0.103 (0.071)
Sex:Albinism -0.048 (0.102)
Weight -0.003 (0.011) 0.027 (0.012)∗

Spline

Sex 0.193 (0.062)∗
Albinism 0.062 (0.071)
Sex:Albinism 0.020 (0.102)
Weight -0.004 (0.011) 0.039 (0.012)∗

by means of a copula model. Since the outcome structure is bivariate the likelihood expressions in Ap-
pendices A and B are valid. Furthermore, the functional form of the baseline hazard is retained from
the independence model. The association parameter and/or regression parameters will be estimated by
means of the parametric two-stage and one-stage procedures. Starting values for the regression param-
eters in the Weibull one-stage procedure are obtained from the two-stage procedure whereas starting
values and knot positions for the spline baseline hazard are obtained by means of the method described
in Section 2.5. Table 4.2 shows the parameter estimates for all copula models. Note that the regression
estimates of the two-stage procedure are equal to the independence model as expected. Moreover, it is
important to note that estimation with the Clayton copula was attempted but resulted in unstable nu-
merical optimization due to the low amount of censoring (∼ 5%) in the data. To this end the analysis
was limited to the Gumbel-Hougaard, Frank and Gaussian copulas.

Examining the estimates in Table 4.2 it is clear that imposing an association structure on the bivariate
response structure has an impact on the magnitude of the covariate effects. Comparing the regression
estimates of the standard and spline one-stage procedures with the two-stage regression estimates ob-
tained under the working independence assumption, a clear decrease in the effect of albinism and sex
on the sleep time is noted. For example, mice with albinism now undergo a decrease in hazard which
implies a longer sleep time, while under the implausible independence assumption one would on av-
erage expect shorter sleep times. The interaction term generally seems to have a larger effect in the
spline models compared to the standard one-stage procedure. In terms of the association parameter, all
models indicate a low to moderate association between the two trials. Although it is important to note
that our simulations showed that both one-stage procedures are susceptible to upward bias of the asso-
ciation parameter when the copula is misspecified, it is reasonable to assume that in this case the bias
will be rather minimal since it has been shown to decrease with a decreasing percentage of censoring.
Testing for independence can easily be done by means of a likelihood ratio test. The test statistic under
the null hypothesis 𝐻0 ∶ 𝜃 = 𝜃0 against a two-sided alternative hypothesis where 𝜃0 is the value of the
association parameter that imposes independence generally follows a 𝜒2-distribution with 1 degree of
freedom. For the Frank and Gaussian copula we have 𝜃0 = 0 and for the Gumbel-Hougaard copula
𝜃0 = 1. Note that 𝜃0 lies on the boundary of the parameter space in the case of the Gumbel-Hougaard
copula. This implies that a standard likelihood ratio test is not valid and should be adjusted to reflect
the boundary problem. In this case the null distribution of the test statistic is a mixture 𝜒2-distribution
with 0 and 1 degrees of freedom and equal weighting probabilities. A likelihood ratio test therefore im-
plies rejecting the null hypothesis that the two trials are independent at the 5% significance level for all
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Table 4.2: Parameter estimates of the copulamodels. Note that the regression estimates from theWeibull
independence model are displayed for the two-stage procedure. Standard errors are given in brackets.
∗ indicates a significant 𝑝-value at the 5% significance level.

Two-stage
One-stage Spline
Weibull 3 knots

Gumbel

𝜃 1.508 (0.041) 1.565 (0.045) 1.471 (0.047)
Sex 0.162 (0.062)∗ 0.086 (0.071) 0.139 (0.070)∗

Albinism 0.103 (0.071) -0.048 (0.083) -0.068 (0.081)
Sex:Albinism -0.048 (0.102) 0.063 (0.119) 0.113 (0.116)
Weight Trial 1 -0.003 (0.011) -0.022 (0.011)∗ -0.019 (0.011)
Weight Trial 2 0.027 (0.012)∗ -0.005 (0.012) 0.009 (0.012)

Frank

𝜃 4.061 (0.254) 4.230 (0.248) 4.253 (0.241)
Sex 0.162 (0.062)∗ 0.057 (0.072) 0.084 (0.072)

Albinism 0.103 (0.071) -0.001 (0.089) -0.024 (0.087)
Sex:Albinism -0.048 (0.102) 0.077 (0.123) 0.149 (0.121)
Weight Trial 1 -0.003 (0.011) -0.019 (0.011) -0.018 (0.011)
Weight Trial 2 0.027 (0.012)∗ -0.004 (0.012) 0.004 (0.012)

Gaussian

𝜃 0.329 (0.031) 0.331 (0.023) 0.466 (0.026)
Sex 0.162 (0.062)∗ 0.125 (0.069) 0.134 (0.072)

Albinism 0.103 (0.071) -0.005 (0.081) -0.075 (0.084)
Sex:Albinism -0.048 (0.102) 0.049 (0.115) 0.151 (0.119)
Weight Trial 1 -0.003 (0.011) -0.010 (0.011) -0.015 (0.011)
Weight Trial 2 0.027 (0.012)∗ 0.014 (0.012) 0.015 (0.012)
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proposed models. Since the estimates of the association parameter differ to some extent, especially for
the Gaussian copula, we further investigate model fit. Table 4.3 shows the AIC values for all one-stage
models considered in this analysis. Clearly, a flexible spline model offers significant gains in term of
model fit relative to theWeibull models. Between the spline models the relative difference in fit is small
but the Frank model is preferred. Visual differences in model fit are also evident. Figure 4.1 shows the
estimated survival curves for a male mouse with no albinism and average weight. Firstly, the difference
in the association parameter between the Gumbel-Hougaard models can be explained by the difference
in fit in the upper tails of the survival curves as the copula imposes a stronger dependency for shorter
sleep times. Similarly, the estimated survival curves of the spline Gaussian model seem to differ quite
significantly in shape between the Weibull models, potentially explaining the large differences in the
association parameter. While the Frank models also show a difference in fit, the spline model produces
a fairly similar shape to the Weibull model. Furthermore, the Frank copula does not have a tail de-
pendence property which results in a combination that possibly explains the smaller difference in the
association parameter.

Table 4.3: AIC values of all one-stage models.

Weibull Spline
Gumbel 21961.58 21359.09
Frank 21937.45 21241.59
Gaussian 22085.35 21341.16
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(c) Gaussian

Figure 4.1: Estimated survival curves for a male mouse with no albinism and average weight using
different copulas in the two proposed one-stage procedures.
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5 Conclusion

Based on existingmethodology on themodelling of clustered data subject to right censoring, we propose
a parametric copulamodel that allows formarginal modelling of clustered data subject to left censoring.
In the context of the Archimedean family of copulas, the proposed model is an extension of the copula
model by Prenen et al. (2017) which allows for clusters of varying size and subject-specific covariate
structure. Furthermore an alternative model using the Gaussian copula based on techniques by Othus
& Li (2010) is proposed. More specifically, the full likelihood for bivariate data subject to left censoring
is derived for various copulas configurations. Since full parametric specification of the baseline survival
might be too strong to assume, a flexible parametric alternative based on the work of Royston & Parmar
(2002) can be specified in combination with the proposed copula model.

Estimation can be performed in several ways. Firstly, the one-stage procedure is a multivariate maxi-
mum likelihood procedure where the association parameter of the copula and the marginal parameters
are estimated simultaneously. Secondly, when one-stage estimation is not feasible computationally or
otherwise, the two-stage procedure can be used. In the first stage the marginal and regression param-
eters are estimated under the working independence assumption. Using the estimates from the first
stage as plug-in estimates in the full likelihood, a univariate maximum likelihood procedure is used to
estimate the association parameter. Since the marginal parameters are estimated without taking into
account the true association structure the regression estimates are not suitable for inference. Further-
more, the variance of the association parameter requires a Huber-like correction to impose consistency
of the estimator. This is often cumbersome from a practical point of view and therefore resampling
methods to approximate the variance are preferred. Extensive simulations show that the one-stage pro-
cedure is preferable under correct specification of the copula and baseline survival. On the other hand,
the one-stage estimator of the association parameter is rather sensitive to misspecification of the copula
and shows significant upward bias under heavy censoring. When misspecifying the baseline survival,
we furthermore find that using a flexible baseline survival in the one-stage procedure increases precision
and reduces bias in the regression estimates.

Until now we have assumed that the censoring mechanism is completely independent from the out-
come. This assumption is strong and generally not realistic in many settings, leading to biased model
estimates. Copula models have shown to be useful in the modelling of the dependence structure be-
tween the censoring and survival times (Emura & Chen, 2018). An extension of the models we have
considered in this text to allow for dependent censoring therefore would seem natural. A recent exam-
ple of such an extension for bivariate data is provided by Deresa et al. (2022). On a similar note, recent
developments in the field of dependent censoring (Deresa & Van Keilegom, 2020) show that parametric
transformation models, not unlike the model by Royston & Parmar (2002), can be used to effectively
model dependent censoring. Indeed, the dependence structure imposed by a bivariate normal distribu-
tion might be replaced by a more flexible copula model combined with splines as proposed by this text.
In any case it is clear that there is still ample room for copula models to grow and develop into more
flexible and complex models.
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A Derivation of the bivariate Archimedean likelihood

A.1 Derivation of the bivariate Archimedean likelihood

In Section 2 we have outlined a copula model for clusters of varying size under left-censoring. A general
expression for the likelihood contribution of a given cluster is given in Equation (2.6) for the simplified
example of bivariate clustering. We now validate the claim that Equation (2.6) reduces to Equation (2.7)
for the family of Archimedean copulas specifically.

Tomodel the full likelihood in terms of themarginal CDF, we define the following Archimedean copula
for cluster 𝑖 with generator 𝜑𝜃:

𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2) = 𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2)) = 𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)
. (A.1)

We now derive the likelihood contribution of cluster 𝑖 for each permutation of the pair {𝛿𝑖1, 𝛿𝑖2} sepa-
rately as shown in Equation (2.6)

{𝛿𝑖1 = 0, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = 𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)
= 𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))

= 𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)
.

{𝛿𝑖1 = 1, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 =
𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖1

= 𝜕𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖1

=
𝜕𝜑𝜃

(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)

𝜕𝑥𝑖1

=
𝜕𝜑𝜃

(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)

𝜕𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1))
𝜕𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1))
𝜕𝐹1(𝑥𝑖1|𝒁𝑖1)

𝜕𝐹1(𝑥𝑖1|𝒁𝑖1)
𝜕𝑥𝑖1

= 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)))

.
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{𝛿𝑖1 = 0, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 =
𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖2

= 𝜕𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖2

=
𝜕𝜑𝜃

(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)

𝜕𝑥𝑖2

=
𝜕𝜑𝜃

(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)

𝜕𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝐹2(𝑥𝑖2|𝒁𝑖2)

𝜕𝐹2(𝑥𝑖2|𝒁𝑖2)
𝜕𝑥𝑖2

= 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

.

Therefore the full likelihood for 𝐾 clusters of size 2 can be written as

𝐿 =
𝐾∏

𝑖=1
𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)(1−𝛿𝑖1)(1−𝛿𝑖2)

(𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)))

)
𝛿𝑖1(1−𝛿𝑖2)

(𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

)
(1−𝛿𝑖1)𝛿𝑖2

(𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)))

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝜑′𝜃(𝜑

−1
𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

)
𝛿𝑖1𝛿𝑖2

which is completely equivalent to Equation (2.7).
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A.2 Clayton copula

We consider the Clayton copula with generator 𝜑𝜃(𝑠) = (1+𝜃𝑠)−1∕𝜃 and its inverse 𝜑−1𝜃 (𝑠) = (𝑠−𝜃−1)∕𝜃.
Note that we have the following derivatives of 𝜑𝜃 and 𝜑−1𝜃 :

𝜑′𝜃(𝑠) = −(1 + 𝜃𝑠)−1∕𝜃−1
𝜑′′𝜃 (𝑠) = (1 + 𝜃)(1 + 𝜃𝑠)−1∕𝜃−2
(𝜑−1𝜃 )′(𝑠) = −𝑠−𝜃−1

𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)
= (𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃

𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) = −(𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−1

𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) = (1 + 𝜃)(𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−2

(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1)) = −𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1
(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2)) = −𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1

The likelihood can now be calculated term by term:

{𝛿𝑖1 = 0, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = (𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃

{𝛿𝑖1 = 1, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))𝑓1(𝑥𝑖1|𝒁𝑖2)

= −(𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−1
(
−𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1

)
𝑓1(𝑥𝑖1|𝒁𝑖2)

= (𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−1𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1𝑓1(𝑥𝑖1|𝒁𝑖2)

{𝛿𝑖1 = 0, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓2(𝑥𝑖2|𝒁𝑖2)

= −(𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−1
(
−𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1

)
𝑓2(𝑥𝑖2|𝒁𝑖2)

= (𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−1𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1𝑓2(𝑥𝑖2|𝒁𝑖2)

{𝛿𝑖1 = 1, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)
= (1 + 𝜃)(𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1)−1∕𝜃−2
(
−𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1

) (
−𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1

)
𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)

Setting 𝜅 = 𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃 + 𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃 − 1, the full likelihood can be expressed as

𝐿 =
𝐾∏

𝑖=1

(
𝜅−1∕𝜃

)(1−𝛿𝑖1)(1−𝛿𝑖2)

(
𝜅−1∕𝜃−1𝑓1(𝑥𝑖1|𝒁𝑖2)𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1

)𝛿𝑖1(1−𝛿𝑖2)

(
𝜅−1∕𝜃−1𝑓2(𝑥𝑖2|𝒁𝑖2)𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1

)(1−𝛿𝑖1)𝛿𝑖1
(
(1 + 𝜃)𝜅−1∕𝜃−2𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)𝐹1(𝑥𝑖1|𝒁𝑖1)−𝜃−1𝐹2(𝑥𝑖2|𝒁𝑖2)−𝜃−1

)𝛿𝑖1𝛿𝑖2
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A.3 Frank copula

We consider the Frank copula with generator 𝜑𝜃(𝑠) = −1
𝜃
log

(
1 + 𝑒−𝑠(𝑒−𝜃 − 1)

)
and its inverse

𝜑−1𝜃 (𝑠) = − log ( 𝑒
−𝑠𝜃−1
𝑒−𝜃−1

) for 𝜃 > 0. We have the following derivatives of 𝜑𝜃 and 𝜑−1𝜃 , where we use

𝛼1 = 𝑒−𝜃𝐹1(𝑥𝑖1|𝒁𝑖1) − 1, 𝛼2 = 𝑒−𝜃𝐹2(𝑥𝑖2|𝒁𝑖2) − 1, 𝛽 = 𝑒−𝜃 − 1 and 𝛾 = 𝛼1𝛼2
𝛽

to simplify the expressions:

𝜑′𝜃(𝑠) =
1
𝜃

𝑒−𝑠𝛽
1+𝑒−𝑠𝛽

𝜑′′𝜃 (𝑠) = − 1
𝜃

𝑒−𝑠𝛽
(1+𝑒−𝑠𝛽)2

(𝜑−1𝜃 )′(𝑠) = 𝜃 𝑒−𝜃𝑠

𝑒−𝜃𝑠−1
𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)
= − 1

𝜃
log(1 + 𝛾)

𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) =

1
𝜃

𝛾
1+𝛾

𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) = − 1

𝜃
𝛾

(1+𝛾)2

(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1)) = 𝜃 𝛼1+1
𝛼1

(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2)) = 𝜃 𝛼2+1
𝛼2

The likelihood can now be calculated term by term:

{𝛿𝑖1 = 0, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = −1𝜃 log(1 + 𝛾).

{𝛿𝑖1 = 1, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))𝑓1(𝑥𝑖1|𝒁𝑖2)

= 1
𝜃

𝛾
1 + 𝛾𝜃

𝛼1 + 1
𝛼1

𝑓1(𝑥𝑖1|𝒁𝑖2)

= 𝛼2
𝛽(1 + 𝛾)

(𝛼1 + 1)𝑓1(𝑥𝑖1|𝒁𝑖2).

{𝛿𝑖1 = 0, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓2(𝑥𝑖2|𝒁𝑖2)

= 1
𝜃

𝛾
1 + 𝛾𝜃

𝛼2 + 1
𝛼2

𝑓2(𝑥𝑖2|𝒁𝑖2)

= 𝛼1
𝛽(1 + 𝛾)

(𝛼2 + 1)𝑓2(𝑥𝑖2|𝒁𝑖2).

{𝛿𝑖1 = 1, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)

= −1𝜃
𝛾

(1 + 𝛾)2
𝜃𝛼1 + 1

𝛼1
𝜃𝛼2 + 1

𝛼2
𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)

= − 𝜃
𝛽(1 + 𝛾)2

(𝛼1 + 1)(𝛼2 + 1)𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)
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The full likelihood can be expressed as

𝐿 =
𝐾∏

𝑖=1
(−1𝜃 log(1 + 𝛾))

(1−𝛿𝑖1)(1−𝛿𝑖2)

(
𝛼2

𝛽(1 + 𝛾)
(𝛼1 + 1)𝑓1(𝑥𝑖1|𝒁𝑖2))

𝛿𝑖1(1−𝛿𝑖2)

(
𝛼1

𝛽(1 + 𝛾)
(𝛼2 + 1)𝑓2(𝑥𝑖2|𝒁𝑖2))

(1−𝛿𝑖1)𝛿𝑖2

(− 𝜃
𝛽(1 + 𝛾)2

(𝛼1 + 1)(𝛼2 + 1)𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2))
𝛿𝑖1𝛿𝑖2

.

45



A.4 Gumbel-Hougaard copula

The Gumbel-Hougaard copula is associated with the positive stable distribution and has generator
𝜑𝜃(𝑠) = exp

(
−𝑠1∕𝜃

)
with inverse 𝜑−1𝜃 (𝑠) = (− log 𝑠)𝜃 for 𝜃 > 1. To derive the bivariate likelihood we

consider the following derivatives of 𝜑𝜃 and 𝜑−1𝜃 with 𝜇 = (− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃 + (− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃 to
simplify

𝜑′𝜃(𝑠) = −𝜑𝜃(𝑠)
𝑠1∕𝜃−1

𝜃
𝜑′′𝜃 (𝑠) = 𝜑𝜃(𝑠)

(
𝑠2∕𝜃−2 + (𝜃 − 1) 𝑠1∕𝜃−2

)
∕𝜃2

(𝜑−1𝜃 )′(𝑠) = −𝜃
𝑠
(− log 𝑠)𝜃−1

𝜑𝜃
(
𝜑−1𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2))

)
= exp

(
−𝜇1∕𝜃

)

𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) = − exp

(
−𝜇1∕𝜃

) 𝜇1∕𝜃−1
𝜃

𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)) = − exp(−𝜇1∕𝜃)

𝜃2
(
𝜇2∕𝜃−2 + (1 − 𝜃)𝜇1∕𝜃−2

)

(𝜑−1𝜃 )′(𝑠) = −𝜃
𝑠
(− log 𝑠)𝜃−1

The likelihood can now be calculated term by term:

{𝛿𝑖1 = 0, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = exp
(
−𝜇1∕𝜃

)
.

{𝛿𝑖1 = 1, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))𝑓1(𝑥𝑖1|𝒁𝑖2)

= − exp
(
−𝜇1∕𝜃

) 𝜇1∕𝜃−1
𝜃

−𝜃
𝐹1(𝑥𝑖1|𝒁𝑖1)

(− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃−1𝑓1(𝑥𝑖1|𝒁𝑖2)

= exp
(
−𝜇1∕𝜃

)
𝜇1∕𝜃−1𝑓1(𝑥𝑖1|𝒁𝑖2)

𝐹1(𝑥𝑖1|𝒁𝑖1)
(− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃−1

{𝛿𝑖1 = 0, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′𝜃(𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓2(𝑥𝑖2|𝒁𝑖2)

= − exp
(
−𝜇1∕𝜃

) 𝜇1∕𝜃−1
𝜃

−𝜃
𝐹2(𝑥𝑖2|𝒁𝑖2)

(− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃−1𝑓2(𝑥𝑖2|𝒁𝑖2)

= exp
(
−𝜇1∕𝜃

)
𝜇1∕𝜃−1𝑓2(𝑥𝑖2|𝒁𝑖2)

𝐹2(𝑥𝑖2|𝒁𝑖2)
(− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃−1

{𝛿𝑖1 = 1, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 = 𝜑′′𝜃 (𝜑
−1
𝜃 (𝐹1(𝑥𝑖1|𝒁𝑖1)) + 𝜑−1𝜃 (𝐹2(𝑥𝑖2|𝒁𝑖2)))

(𝜑−1𝜃 )′(𝐹1(𝑥𝑖1|𝒁𝑖1))(𝜑−1𝜃 )′(𝐹2(𝑥𝑖2|𝒁𝑖2))𝑓1(𝑥𝑖1|𝒁𝑖2)𝑓2(𝑥𝑖2|𝒁𝑖2)

=
exp

(
−𝜇1∕𝜃

)

𝜃2
(
𝜇2∕𝜃−2 + (𝜃 − 1)𝜇1∕𝜃−2

)

−𝜃
𝐹1(𝑥𝑖1|𝒁𝑖1)

(− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃−1𝑓1(𝑥𝑖1|𝒁𝑖2)
−𝜃

𝐹2(𝑥𝑖2|𝒁𝑖2)
(− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃−1𝑓2(𝑥𝑖2|𝒁𝑖2)

= exp
(
−𝜇1∕𝜃

) (
𝜇2∕𝜃−2 + (𝜃 − 1)𝜇1∕𝜃−2

)

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝐹1(𝑥𝑖1|𝒁𝑖1)

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝐹2(𝑥𝑖2|𝒁𝑖2)

(− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃−1(− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃−1
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The full likelihood can now be written as

𝐿 =
𝐾∏

𝑖=1
exp

(
−𝜇1∕𝜃

)

(𝜇1∕𝜃−1
𝑓1(𝑥𝑖1|𝒁𝑖2)
𝐹1(𝑥𝑖1|𝒁𝑖1)

(− log𝐹1(𝑥𝑖1|𝒁𝑖1))𝜃−1)
𝛿𝑖1

(𝜇1∕𝜃−1
𝑓2(𝑥𝑖2|𝒁𝑖2)
𝐹2(𝑥𝑖2|𝒁𝑖2)

(− log𝐹2(𝑥𝑖2|𝒁𝑖2))𝜃−1)
𝛿𝑖2

(
(𝜃 − 1)𝜇−1∕𝜃 + 1

)𝛿𝑖1𝛿𝑖2
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B Derivation of the bivariate Gaussian likelihood

The full likelihood contribution of 𝐾 clusters of cluster size 2 under left-censoring is given by

𝐿 =
𝐾∏

𝑖=1
𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)(1−𝛿𝑖1)(1−𝛿𝑖2) (

𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)
𝜕𝑥𝑖1

)
𝛿𝑖1(1−𝛿𝑖2)

(𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)𝜕𝑥𝑖2
)
𝛿𝑖2(1−𝛿𝑖1)

(
𝜕2𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖1𝜕𝑥𝑖2
)
𝛿𝑖1𝛿𝑖2

To model the full likelihood in terms of the marginal CDF, we use the Gaussian copula for cluster 𝑖 as
defined in Equation (2.9) where 𝑛𝑖 = 2 for all 𝑖. We now derive the likelihood contribution of cluster 𝑖
for each permutation of the pair {𝛿𝑖1, 𝛿𝑖2} separately using the same notation as in Section 2.3.

{𝛿𝑖1 = 0, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 = 𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)
= 𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
= 𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

= 1
2𝜋
√
1 − 𝜌2

∫
𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))

−∞
∫

𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))

−∞
exp (−

𝑠2 + 𝑡2 − 2𝜌𝑠𝑡
2(1 − 𝜌2) )𝑑𝑠𝑑𝑡.

{𝛿𝑖1 = 1, 𝛿𝑖2 = 0} ∶ 𝐿𝑖 =
𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖1

= 𝜕𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖1

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝑥𝑖1

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))
𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))

𝜕𝑥𝑖1

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))
𝑓1(𝑥𝑖1)

𝜑′(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)))

= Ψ(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)))𝜑 (
𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)) − 𝜌𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))√

1 − 𝜌2
)

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝜑′(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)))

= 𝜑 (
𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)) − 𝜌𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))√

1 − 𝜌2
)𝑓1(𝑥𝑖1|𝒁𝑖2).
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{𝛿𝑖1 = 0, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 =
𝜕𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖2

= 𝜕𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖2

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝑥𝑖2

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))

𝜕𝑥𝑖2

=
𝜕𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))
𝑓2(𝑥𝑖2|𝒁𝑖2)

𝜑′(𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

= Ψ(𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))𝜑 (
𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)) − 𝜌𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))√

1 − 𝜌2
)

𝑓2(𝑥𝑖2|𝒁𝑖2))
𝜑′(𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

= 𝜑 (
𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)) − 𝜌𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))√

1 − 𝜌2
)𝑓2(𝑥𝑖2|𝒁𝑖2).

{𝛿𝑖1 = 1, 𝛿𝑖2 = 1} ∶ 𝐿𝑖 =
𝜕2𝐹(𝑥𝑖1, 𝑥𝑖2|𝒁𝑖1,𝒁𝑖2)

𝜕𝑥𝑖1𝜕𝑥𝑖2

= 𝜕2𝒞(𝐹1(𝑥𝑖1|𝒁𝑖1), 𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖1𝜕𝑥𝑖2

=
𝜕2𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝜕𝑥𝑖1𝜕𝑥𝑖2

=
𝜕2𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))
𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))

𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))
𝜕𝑥𝑖1

𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))
𝜕𝑥𝑖2

=
𝜕2𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))
𝜕𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))𝜕𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))

𝑓1(𝑥𝑖1|𝒁𝑖2)
𝜑′(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)))

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝜑′(𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

= 𝚿(𝟐)(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))
𝑓1(𝑥𝑖1|𝒁𝑖2)
𝐹1(𝑥𝑖1|𝒁𝑖1)

𝑓2(𝑥𝑖2|𝒁𝑖2)
𝐹2(𝑥𝑖2|𝒁𝑖2)

.

Therefore the full likelihood for 𝐾 clusters of size 2 can be written as

𝐿 =
𝐾∏

𝑖=1
𝚽𝝆(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))(1−𝛿𝑖1)(1−𝛿𝑖2)

𝜑 (
𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)) − 𝜌𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1))√

1 − 𝜌2
)
𝛿𝑖1(1−𝛿𝑖2)

𝜑 (
𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)) − 𝜌𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2))√

1 − 𝜌2
)
(1−𝛿𝑖1)𝛿𝑖2

(
𝚿(𝟐)(𝜑−1(𝐹1(𝑥𝑖1|𝒁𝑖1)), 𝜑−1(𝐹2(𝑥𝑖2|𝒁𝑖2)))

𝐹1(𝑥𝑖1|𝒁𝑖1)𝐹2(𝑥𝑖2|𝒁𝑖2)
)
𝛿𝑖1𝛿𝑖2

𝑓1(𝑥𝑖1|𝒁𝑖2)𝛿𝑖1𝑓2(𝑥𝑖2|𝒁𝑖2)𝛿𝑖2 .
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C Proof of Theorem 2.1

Let 𝜷𝒋𝟎 denote the vector of the true value of the marginal parameters 𝜷𝒋 for margin 𝑗 with 𝑗 = 1,… , 𝑛
and 𝜷𝒋 the estimated values of the marginal parameters under the working independence assumption.
We now expand the score functions 𝑼∗

𝜷𝒋
of the first step in the two-stage procedure around the true

vector 𝜷𝒋𝟎 using a first-order Taylor series approximation and evaluate it in the estimate 𝜷𝒋

𝑼∗
𝜷𝒋
(𝜷𝒋) = 𝑼∗

𝜷𝒋
(𝜷𝒋𝟎) −

−𝜕𝑼∗
𝜷𝒋
(𝜷𝒋𝟎)

𝜕𝜷𝒋
(𝜷𝒋 − 𝜷𝒋𝟎) +𝒪(

√
𝐾) = 0

where
−𝜕𝑼∗

𝜷𝒋
(𝜷𝒋𝟎)

𝜕𝜷𝒋
is a partial derivative of the score function evaluated in 𝜷𝒋𝟎. Similarly for step two

(estimation of the association parameter 𝜃) we expand the score function𝑈𝜃 of the second stage around
the true value 𝜃0 and evaluate it in 𝜃

𝑈𝜃(𝜃) = 𝑈𝜃(𝜃0) −
−𝜕𝑈𝜃(𝜃0)

𝜕𝜷𝟏
(𝜷𝟏 − 𝜷𝟏𝟎) − … − −𝜕𝑈𝜃(𝜃0)

𝜕𝜷𝒏
(𝜷𝒏 − 𝜷𝒏𝟎) −

−𝜕𝑈𝜃(𝜃0)
𝜕𝜃 (𝜃 − 𝜃0) +𝒪(

√
𝐾) = 0.

Using the law of large numbers we have, as 𝐾 →∞,

−𝜕𝑼∗
𝜷𝒋
(𝜷𝒋𝟎)

𝜕𝜷𝒋
→ 𝐾𝑰∗𝜷𝒋𝜷𝒋

−𝜕𝑈𝜃(𝜃0)
𝜕𝜷𝒋

→ 𝐾𝑰∗𝜽𝜷𝒋
−𝜕𝑈𝜃(𝜃0)

𝜕𝜃 → 𝐾𝐼𝜃𝜃

which implies

1
√
𝐾

⎛
⎜
⎜
⎜
⎝

𝑼∗
𝜷𝟏
(𝜷𝟏𝟎)
⋮

𝑼∗
𝜷𝒏
(𝜷𝒏𝟎)

𝑈𝜃(𝜃0)

⎞
⎟
⎟
⎟
⎠

=
√
𝐾

⎛
⎜
⎜
⎜
⎝

𝑰∗𝜷𝟏𝜷𝟏 𝟎 ⋯ 𝟎
𝟎 𝑰∗𝜷𝟐𝜷𝟐 ⋯ 𝟎
⋮ ⋮ ⋱ ⋮
𝑰∗𝜃𝜷𝟏 𝑰∗𝜃𝜷𝟐 ⋯ 𝐼𝜃𝜃

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

𝜷𝟏 − 𝜷𝟏𝟎
⋮

𝜷𝒏 − 𝜷𝒏𝟎
𝜃 − 𝜃0

⎞
⎟
⎟
⎟
⎠

(C.1)

On the other hand we have by the Central Limit Theorem that the left hand side of Equation (C.1)
converges to a multivariate normal distribution with mean 𝟎 and variance-covariance matrix

⎛
⎜
⎜
⎜
⎜
⎝

𝑰∗𝜷𝟏𝜷𝟏 𝑰∗𝜷𝟏𝜷𝟐 ⋯ 𝑰∗𝜷𝟏𝜷𝒏 𝟎
𝑰∗𝜷𝟐𝜷𝟏 𝑰∗𝜷𝟐𝜷𝟐 ⋯ 𝑰∗𝜷𝟐𝜷𝒏 𝟎
⋮ ⋮ ⋱ ⋮ ⋮

𝑰∗𝜷𝒏𝜷𝟏 𝑰∗𝜷𝒏𝜷𝟐 ⋯ 𝑰∗𝜷𝒏𝜷𝒏 𝟎
𝟎 𝟎 ⋯ 𝟎 𝐼𝜃𝜃

⎞
⎟
⎟
⎟
⎟
⎠

= (𝑽 𝟎
𝟎 𝐼𝜃𝜃

).
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Thereforewe have that
√
𝐾(𝜷𝟏−𝜷𝟏𝟎,… , 𝜷𝒏−𝜷𝒏𝟎, 𝜃−𝜃0)𝑇 converges to amultivariate normal distribution

with mean 𝟎 and variance-covariance matrix

(
𝑰∗𝜷𝜷 𝟎
𝑰∗𝜽𝜷 𝐼𝜃𝜃

)
−1

(𝑽 𝟎
𝟎 𝐼𝜃𝜃

)(
𝑰∗𝜷𝜷 𝟎
𝑰∗𝜽𝜷 𝐼𝜃𝜃

)
−1𝑇

.

Performing the matrix multplication and taking the element in the lower right corner of the resulting
variance-covariance matrix will give the desired result.
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E Example R code

Here we provide an example R code to fit a Frank copula model using a 3 knot spline to the ethanol-
induced sleep time data set.

library(survival)

markel <- readxl::read_excel("alcgrand.xls")

data <- subset(markel[, c("SUB", "SL1", "SL2", "SEX", "CRO",
"COA", "WG1", "WG2")], CRO %in% c(44, 45, 53, 54))

dataF2 <- data[complete.cases(data), ]

obs1 <- 1 * (dataF2$SL1 > 0) # Censoring indicator trial 1
obs2 <- 1 * (dataF2$SL2 > 0) # Censoring indicator trial 2
sl1 <- ifelse(dataF2$SL1 == 0, 1, dataF2$SL1) # sleep time 1
sl2 <- ifelse(dataF2$SL2 == 0, 1, dataF2$SL2) # sleep time 2
alb <- factor(1 * (dataF2$COA == 10)) # Indicator albinism
sex <- factor(dataF2$SEX) # Indicator sex
wg1 <- dataF2$WG1 # Weight trial 1
wg2 <- dataF2$WG2. # Weight trial 2

# Royston-Parma spline function with 3 knots
bspline <- function(x, k, gamma) {

kmin <- k[1]
k1 <- k[2]
kmax <- k[3]

gamma0 <- gamma[1]
gamma1 <- gamma[2]
gamma2 <- gamma[3]

lambda1 <- (kmax - k1)/(kmax - kmin)

v1 <- pmax(0, (x - k1))ˆ3 - lambda1 * pmax(0, (x - kmin))ˆ3 -
(1 - lambda1) * pmax(0, (x - kmax))ˆ3

dv1 <- 3 * pmax(0, (x - k1))ˆ2 - 3 * lambda1 * pmax(0, (x -
kmin))ˆ2 - 3 * (1 - lambda1) * pmax(0, (x - kmax))ˆ2

s <- gamma0 + gamma1 * x + gamma2 * v1
ds <- gamma1 + gamma2 * dv1

return(list(s = s, ds = ds))
}

# -log likelihood to minimize
llroyston <- function(param, k, cop) {
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theta <- param[1]
gamma1 <- param[2:4]
gamma2 <- param[5:7]
beta1 <- param[8] # Common intercept
beta2 <- param[9] # Sex
beta3 <- param[10] # Albinism
beta4 <- param[11] # Weight 1
beta5 <- param[12] # Sex:albinism
beta6 <- param[13] # Weight 2

k1 <- k[1:3]
k2 <- k[4:6]

b1 <- c(beta1, beta2, beta3, beta4, beta5)
b2 <- c(beta1, beta2, beta3, beta6, beta5)
X1 <- model.matrix(~sex * alb + wg1)
X2 <- model.matrix(~sex * alb + wg2)

status1 <- obs1
status2 <- obs2
resp1 <- sl1
resp2 <- sl2

nu1 <- bspline(log(sl1), k1, gamma1)$s + X1 %*% b1
nu2 <- bspline(log(sl2), k2, gamma2)$s + X2 %*% b2

F1 <- 1 - exp(-exp(nu1))
F2 <- 1 - exp(-exp(nu2))
f1 <- exp(nu1 - exp(nu1)) * bspline(log(sl1), k1, gamma1)$ds/sl1
f2 <- exp(nu2 - exp(nu2)) * bspline(log(sl2), k2, gamma2)$ds/sl2

theta <- assoc

alpha1 <- exp(-theta * F1) - 1
alpha2 <- exp(-theta * F2) - 1
beta <- exp(-theta) - 1
gamma <- alpha1 * alpha2/beta

L00 <- (-1/theta) * log(1 + gamma)
L10 <- (gamma/(1 + gamma)) * (1 + 1/alpha1) * f1
L01 <- (gamma/(1 + gamma)) * (1 + 1/alpha2) * f2
L11 <- -theta * f1 * f2 * (1 + 1/alpha1) * (1 + 1/alpha2) *

gamma/(1 + gamma)ˆ2

LL <- log((L00ˆ((1 - status1) * (1 - status2))) * (L10ˆ(status1 *
(1 - status2))) * (L01ˆ(status2 * (1 - status1))) * (L11ˆ(status1 *
status2)))
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return(-sum(LL))
}

# Log transform of uncensored observations
sl1.obs <- sl1[which(obs1 == 1)]
sl2.obs <- sl2[which(obs2 == 1)]
logsl1 <- log(sl1.obs)
logsl2 <- log(sl2.obs)

# Semiparametric Cox model on uncensored observations
H1 <- coxph(Surv(sl1.obs, rep(1, length(sl1.obs))) ~ sex[which(obs1 ==

1)] * alb[which(obs1 == 1)] + wg1[which(obs1 == 1)])
H2 <- coxph(Surv(sl2.obs, rep(1, length(sl2.obs))) ~ sex[which(obs2 ==

1)] * alb[which(obs2 == 1)] + wg2[which(obs2 == 1)])

logH1 <- log(predict(H1, type = "expected"))
logH2 <- log(predict(H2, type = "expected"))

# Position of knots for each margin
k1 <- c(min(logsl1), median(logsl1), max(logsl1))
k2 <- c(min(logsl2), median(logsl2), max(logsl2))

# Calculate spline functions
lambda11 <- (k1[3] - k1[2])/(k1[3] - k1[1])
lambda12 <- (k2[3] - k2[2])/(k2[3] - k2[1])
v11 <- pmax(0, (logsl1 - k1[2]))ˆ3 - lambda11 * pmax(0, (logsl1 -

k1[1]))ˆ3 - (1 - lambda11) * pmax(0, (logsl1 - k1[3]))ˆ3
v12 <- pmax(0, (logsl2 - k2[2]))ˆ3 - lambda12 * pmax(0, (logsl2 -

k2[1]))ˆ3 - (1 - lambda12) * pmax(0, (logsl2 - k2[3]))ˆ3

# Linear regression: coefficients of intercept, logsl1 and
# v11 are initial values for gamma
fit.lm1 <- lm(logH1 ~ logsl1 + v11 + sex[which(obs1 == 1)] *

alb[which(obs1 == 1)] + wg1[which(obs1 == 1)])
fit.lm2 <- lm(logH2 ~ logsl2 + v12 + sex[which(obs2 == 1)] *

alb[which(obs2 == 1)] + wg2[which(obs2 == 1)])

# Starting values for gamma
gamma.init.1 <- fit.lm1$coef[1:3]
gamma.init.2 <- fit.lm2$coef[1:3]

royston <- nlm(llroyston, p = c(4, gamma.init.1, gamma.init.2,
-0.25, 0.086, -0.05, -0.02, 0.06, -0.005), k = c(k1, k2),
hessian = TRUE, iterlim = 1000)

se.royston <- sqrt(diag(solve(royston$hessian)))
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