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A B S T R A C T 

We present new free-form and hybrid mass reconstructions of the galaxy cluster lens MACS J0416.1 −2403 at z = 0 . 396 using 

the lens inversion method GRALE . The reconstructions use 237 spectroscopically confirmed multiple images from Bergamini 
et al. ( 2023 ) as the main input. Our primary model reconstructs images to a positional accuracy of 0.191 arcsec, thus representing 

one of the most precise reconstructions of this lens to date. Our models find broad agreement with previous reconstructions, and 

identify two ∼ 10 

12 M � light-unaffiliated substructures. We focus on two highly magnified arcs: Spock and Mothra. Our model 
features a unique critical curve structure around the Spock arc with 2 crossings. This structure enables sufficient magnification 

across this arc to potentially explain the large number of transients as microlensing events of supergiant stars. Additionally, we 
develop a model of the millilens substructure expected to be magnifying Mothra, which may be a binary pair of supergiants 
with μ ∼ 6000. This model accounts for fle xibility in the millilens position while preserving the observ ed flux and minimizing 

image position displacements along the Mothra arc. We constrain the millilens mass and core radius to � 10 

6 M � and � 17 pc, 
respectively, which would render it one of the smallest and most compact substructures constrained by lensing. If the millilens 
is dominated by wave dark matter, the axion mass is constrained to be � 3 . 0 × 10 

−21 eV. Further monitoring of this lens with 

JWST will unco v er more transients, permitting tighter constraints on the structure surrounding these two arcs. 

Key words: gravitational lensing: strong – galaxies: clusters: individual: MACS J0416.1 −2403 – dark matter. 
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 I N T RO D U C T I O N  

he mass distributions of galaxy clusters are dominated almost
ompletely by dark matter, with dark matter contributing ∼ 100 ×
ore to the total mass than baryons (Kravtsov & Borgani 2012 ).
bservations of individual cluster members and the hot intracluster
lasma are therefore often insufficient to reconstruct the mass
istributions of galaxy clusters. Additional assumptions about the
delity with which they trace the gravitational potential are required.
 E-mail: perer030@umn.edu 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
trong gravitational lensing of background source galaxies by the
luster offers a powerful technique to accurately reconstruct such
ass distributions, and consequently allow for constraints on the

ature of dark matter (Natarajan et al. 2024 ). This is a direct result
f the fact that source galaxies’ position in the lens plane and
agnification can be solved for with the total mass distribution. Thus,

he modelling procedure involves a lens ‘inversion’ for this problem,
here a suitable mass distribution that can adequately reconstruct
ultiple image positions is generated to probe the galaxy cluster. 
A famous example of a galaxy cluster lens is MACS

0416.1 −2403 (often shortened to MACSJ0416) detected at z =
 . 396. MACSJ0416 was disco v ered in the Massiv e Cluster Surv e y
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 

provided the original work is properly cited. 
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Table 1. Past Lens Reconstructions of MACS J0416.1 −2403. 

Lens model Method N im 

( N im , z ) Degrees of freedom � RMS Spock arc CC crossings Possible substructures 

Johnson et al. ( 2014 ) LensTool (Par) 50 (26) 21 0.51 arcsec N/A N/A 

Jauzac et al. ( 2014 ) LensTool (Par) 149 (26) N/A 0.68 arcsec N/A 2 
Sebesta et al. ( 2016 ) GRALE (FF) 149 (26) N/A N/A N/A N/A 

Bergamini et al. ( 2019 ) LensTool (Par) 102 (102) 110 0.61 arcsec N/A 0 
Gonzalez et al. ( 2020 ) LensTool (Par) ∼171 (N/A) N/A N/A N/A 5 
Raney et al. ( 2020 ) Keeton (Par) 95 (95) N/A 0.52 arcsec 2 N/A 

Bergamini et al. ( 2021 ) LensTool (Par) 182 (182) 202 0.40 arcsec 1 0 
Richard et al. ( 2021 ) LensTool (Par) 198 (198) N/A 0.58 arcsec N/A N/A 

Limousin, Beauchesne & 

Jullo ( 2022 ) 
LensTool (Par) 182 (182) N/A 0.62 arcsec N/A 0 

Bergamini et al. ( 2023 ) LensTool (Par) 237 (237) 268 0.43 arcsec 1 0 
Cha & Jee ( 2023 ) MARS (FF) 236 (236) N/A 0.0836 arcsec N/A 0 
Diego et al. ( 2024b ) WSLAP + (H) 343 (237) N/A N/A 1 0 
Diego et al. ( 2024a ) WSLAP + (H) 214 (214) N/A N/A 1 0 
Rihtar ̌si ̌c et al. ( 2024 ) LensTool (Par) 303 (303) 354 0.53 arcsec N/A N/A 

This work GRALE (FF) 237 (237) N/A 0.191 arcsec 2 2 

Note. A summary table of recent lens models for MACS J0416.1-2403. Remolina Gonz ́alez, Sharon & Mahler ( 2018 ) provide a re vie w of lens models 
prior to ∼2018. The columns list the following: lens model reference, the reconstruction method and type (‘Par’ for parametric, ‘H’ for hybrid, and ‘FF’ 
for free-form), the number of images N im 

used (number of images with spectroscopic redshifts N im , z ), model degrees of freedom (where reported), the 
lens plane RMS � RMS , the number of critical curve crossings present in the Spock arc, and the number of identified substructures. Anywhere listed ‘N/A’ 
indicates that the study did not report the information. 
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Ebeling, Edge & Henry 2001 ) and has been e xtensiv ely studied
ith numerous Hubble Space Telescope ( HST ) programs including, 

he Cluster Lensing And Supernova survey with Hubble (CLASH; 
ostman et al. 2012 ); the Hubble Frontier Fields (HFF; Lotz 
t al. 2017 ); the Beyond Ultra-deep Frontier Fields And Le gac y
bservations (BUFFALO; Steinhardt et al. 2020 ); and Flashlights 

Kelly et al. 2022 ). Most recently, the JWST began observations of
ACSJ0416 with the Prime Extragalactic Areas for Reionization and 

ensing Science (PEARLS; Windhorst et al. 2023 ) program, with 4 
pochs spanning 126 d completed in Cycle 1 (Yan et al. 2023 ). These
 xtensiv e observations have made it the cluster lens with the largest
umber of multiple images ever discovered to date, with 343 multiple 
mages (237 with spectroscopically confirmed redshifts), permitting 
nprecedentedly accurate lens modelling and reconstruction of its 
ass distribution (see Table 1 for a list of past mass reconstructions

f the lens MACSJ0416). 
In addition to its many image constraints, MACSJ0416 is of 

onsiderable interest due to its elongated bimodal mass structure 
hat is a prototypical feature of actively merging clusters (Zitrin 
t al. 2013 ; Jauzac et al. 2014 , 2015 ; Balestra et al. 2016 ). The
erging state of MACSJ0416 implies that it is likely dynamically 

omplex with abundant substructures on varying length scales 
Jauzac et al. 2018 ; Cerini, Cappelluti & Natarajan 2023 ). Therefore,
hese properties allow for the results of precise lens models of galaxy
lusters informed by large number of images to place constraints 
n the nature of dark matter, through its potential interaction cross-
ection (Kneib & Natarajan 2011 ; Peter et al. 2013 ) or substruc-
ure mass fraction (Natarajan et al. 2017 ; Lagattuta et al. 2023 ;
’Riordan et al. 2023 ). Past lens models of MACSJ0416 have 

onstrained the dark matter halo contribution to the total mass to ∼
0 per cent (Bonamigo et al. 2017 ; Caminha et al. 2017 ; Bonamigo
t al. 2018 ). 

Meanwhile, the recent disco v ery of sev eral highly magnified 
ransient stars in the arcs of MACSJ0416 (Rodney et al. 2018 ; Chen
t al. 2019 ; Kaurov et al. 2019 ; Kelly et al. 2022 ; Diego et al. 2023 ;
an et al. 2023 ) has opened up a new astrophysics research frontier
f studying lensed stars at z � 1. To permit adequate study of such
tars, advances in gravitational lensing theory to help model these 
igh magnification ( μ � 1000) events are currently being developed 
Venumadhav, Dai & Miralda-Escud ́e 2017 ; Dai & Pascale 2021 ;

eena, Arad & Zitrin 2022 ). Probing the mass structures near
he critical curves of clusters can increase the resolution of the
eco v ered cluster mass distribution, potentially unco v ering individual
ntracluster stars (Kelly et al. 2018 ), and dark matter subhaloes that
o not appear to be associated with visible structures (Williams et al.
024 ). The time domain nature of these lensed transients has been
sed to constrain the probability of microlensing (Dai 2021 ; Li et al.
024 ); stellar abundance at high redshifts (Diego et al. 2024a ); and
he properties of dark matter (Diego et al. 2018 ; Oguri et al. 2018 ;
ai & Miralda-Escud ́e 2020 ). Similarly, accurate modelling of the

egions near critical curves are crucial to help elucidate properties of
igh redshift stellar systems (Claeyssens et al. 2023 ; Pascale et al.
023 ; Klein et al. 2024 ). 
Table 1 summarizes many of the recent lens mass reconstructions 

or MACSJ0416 and their results. The identification of increasing 
umbers of multiple images has contributed to increased precision in 
he models regardless of adopted methodology. In general, parametric 
ens models account for cluster member galaxies and the cluster dark

atter halo with analytic density profiles such as Navarro–Frenk–
hite (NFW; Navarro, Frenk & White 1997 ); pseudo-isothermal 

Natarajan & Kneib 1997 ) or pseudo-Jaf fe (K eeton 2001 ). Parametric
odels have the advantage of being physically motivated by proper- 

ies of the cluster and being directly comparable to cosmological 
imulations, although this can lead to bias and the inability to
dentify smaller scale features of the mass distribution and to 
eco v er small-scale substructures that may not be associated with
ight. An alternative approach is provided by free-form models, 
hich do not include cluster light information as a prior. These

re advantageous in their flexibility, offering an unbiased view 

f the lens, but may predict properties of the mass distribution
hat are physically disfa v oured. Hybrid models offer a middle
round approach, incorporating physically moti v ated parametric 
riors on top of a free-form lens framework. In this work, we
odel MACSJ0416 using the free-form and hybrid methods with 
MNRAS 536, 2690–2713 (2025) 
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RALE , a lens inversion technique making use of a genetic algorithm
Liesenborgs, De Rijcke & Dejonghe 2006 ). This is the second
odel of MACSJ0416 using GRALE , after the work by Sebesta

t al. ( 2016 ). Our model presented here is the most precise to date
or MACSJ0416, offering new constraints on substructure and dark
atter. 
With our new model, we also study the structure surrounding two

ighly magnified arcs 1 : Spock ( z = 1 . 005) and Mothra ( z = 2 . 091).
he Spock arc has been of recent interest due to its complex local
ass structure and the disco v ery of numerous transients across the

rc (Rodney et al. 2018 ; Kelly et al. 2022 ; Yan et al. 2023 ). Various
nterpretations ranging from recurrent novae (Rodney et al. 2018 )
o microlensing by intracluster stars (Diego et al. 2024a ) have been
uggested to explain the transients, with more preference for the latter
xplanation with the increased observational cadence. An accurate
odel of this region will provide tight constraints on the abundance

f lensed supergiants in the source (Diego et al. 2024a ) and the
requency of microlensing. At this point, no lens models in the
iterature have been able to successfully replicate all the observations
f the Spock arc. Observations of the Mothra transient in the Mothra
rc (Diego et al. 2023 ; Yan et al. 2023 ) have found that it has
een visible for longer than 8 yr without a confident counterimage.
his suggests that Mothra is not a microlensing event, but rather
 millilensing event by a � 10 4 M � mass substructure. The exact
ize of this millilens, ho we ver, is unconstrained at present and could
ange from ∼ 10 6 M � (Diego et al. 2023 ) to ∼ 10 9 M � (Abe, Kawai &
guri 2024 ). Therefore, sophisticated lens models of this millilens
ave the potential to constrain it to be the smallest substructure found
ith lensing, and can place tight constraints on dark matter (Diego

t al. 2023 ). 
In this work, we study a variety of free-form and hybrid lens
odels of MACSJ0416. Overall, all of our models reconstruct the

bserved positions of the multiple images to high precision, and
redicts the existence of two dark substructures that appear to be
nassociated with light, with their reality needing more scrutiny.
ur main free-form lens model reconstructs a multiple critical curve

rossing structure for the Spock arc that can adequately explain
ts observed high magnification and the transient detection rate,
nd is one of the few lens models capable of doing so. Because
f this, we intensively scrutinize this result to ensure that it is
obust. We also test the interpretations of the Spock transients as
tellar variability or microlensing by including them as explicit
ources in separate lens models. The second half of this work
resents a millilens modelling method that we use to constrain
he mass and core radius of the millilens magnifying the Mothra
ransient. We use these constraints alongside the mass substructures
dentified in the model to place constraints on different dark matter

odels. 
In Section 2 , we present the image and cluster galaxy data sets that

e use in our modelling. Section 3 describes our lens reconstruction
ethod with GRALE and a discussion of all the free-form and hybrid
odels we generate. Section 4 presents our results, including those

or the Spock and Mothra arcs. Section 5 discusses the implications
f our results and avenues for future study of MACSJ0416. For
his work, we assume a flat lambda cold dark matter ( � CDM)
osmology with �M 

= 0 . 27, �� 

= 0 . 73, and H 0 = 70 km s −1 

pc −1 . At the lens redshift z d = 0 . 396, 1 arcsec corresponds to
.386 kpc. 
NRAS 536, 2690–2713 (2025) 

 These two arcs are the origin of the titular ‘wings’, as they look like wings 
traddling the body of the cluster. 
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 DATA  

ig. 1 shows a colour composite HST image of MACSJ0416.1 −2403.
e make use of the catalog of 237 spectroscopically identified
ultiple images from 88 distinct background sources as compiled by
ergamini et al. ( 2023 ) 2 . Their image catalogue builds off the prior
nalysis in Bergamini et al. ( 2021 ) using Hubble multicolour imaging
nd VLT Multi-Unit Spectroscopic Explorer (MUSE) spectroscopy
Richard et al. 2021 ). Bergamini et al. ( 2021 ) identified 182 multiple
mages which increased to the current 237 (Bergamini et al. 2023 )
ith the inclusion of primarily bright knots in extended sources. 
For this catalogue, Hubble imaging was performed in 7 filters

ith the HFF program (Lotz et al. 2017 ) and in 16 filters with the
LASH surv e y (Postman et al. 2012 ; Balestra et al. 2016 ). Deep
LT MUSE spectroscop y w as obtained with a total integration time
f 17.1 h (Vanzella et al. 2021 ). We refer to Bergamini et al. ( 2021 )
or a complete discussion of the observations. The resulting image
atalogue represents the largest data set of secure multiple image po-
itions with spectroscopic redshifts for any lens system. This makes
t an ideal image data set for use with GRALE . We note that, recently,
he PEARLS project (Windhorst et al. 2023 ) observed MACSJ0416,
hereby increasing the total number of identified multiple images
o 343 (Diego et al. 2024b ). Ho we ver, since many of these new
mages have yet to be spectroscopically confirmed, we do not include
hem in this work. We restrict our analysis to multiple images with
pectroscopic redshifts because GRALE has previously been shown
o have reduced scatter between observed and reconstructed images,
hen using spectroscopically confirmed images only (Johnson et al.
014 ; Grillo et al. 2015 ; Remolina Gonz ́alez et al. 2018 ). 
As we discuss further in Section 3.2 , not included in the catalogue

f 237 images are the numerous transients that have been disco v ered
ecently with the Flashlights and PEARLS programmes. In total,
9 transients (thought to be a result of microlensing near the
luster critical curve) have been discovered in MACSJ0416, with
he vast majority in the Spock ( z s = 1 . 005) and Warhol ( z s = 0 . 94)
rcs (Rodney et al. 2018 ; Chen et al. 2019 ; Kaurov et al. 2019 ;
elly et al. 2022 ; Yan et al. 2023 ). In general, these transients are
isco v ered due to temporary increase in brightness, aided most likely
y microlensing, and captured by time domain observations of ∼2–6
pochs (on the order of 100s of days) at a depth of m AB ∼ 29. One
ersistent high magnification event, Mothra, has been visible for
onger than 8 yr, suggesting a more permanent substructure causing
ts high magnification (Diego et al. 2023 ) rather than a transient event.

In this work, we study Mothra and various transients in the Spock
rc. Observations of Mothra are presented in Yan et al. ( 2023 ) with
 JWST filters across 4 epochs spanning 126.1 d. SED fitting of
othra identify the source as a system of 2 binary supergiant stars as

iscussed in Diego et al. ( 2023 ). Observations of Spock are plentiful,
ut we make use of the observed transients S1/S2 (Rodney et al.
018 ), F1/F2 (Kelly et al. 2022 ), and D21-S1/S2 (Yan et al. 2023 ). We
iscuss respective interpretations of these transients in Section 3.2 .
e include separate lens models making use of these transients as

pecific constraints, those results are shown in Table 4 . 
Finally, cluster member galaxies are identified in the catalogue

rom Tortorelli et al. ( 2023 ). 3 Properties of cluster member galaxies
re measured from the HFF data in 3 Advanced Camera for Surv e ys
ACS) optical filters and 4 Wide Field Camera 3 (WFC3) NIR filters.
 The data set is available in the article as well as at the following page: 
ttps:// cdsarc.cds.unistra.fr/ viz-bin/ cat/ J/ A + A/ 674/ A79 
 The data set is available at the following page: https://cdsarc.cds.unistra.fr/ 
iz-bin/ cat/ J/ A + A/ 671/ L9 
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Figure 1. Panchromatic image of MACSJ0416 (credits to NASA, ESA, CSA, and STScI ). Green dots refer to observed multiple images and red dots refer to 
cluster member galaxies. The northern and southern BCGs (BCG-N and BCG-S) are explicitly highlighted with red stars, while the Spock North and South 
galaxies (Spock-N and Spock-S) are highlighted with red triangles. The blue, white, and orange squares enclose the Spock, Warhol, and Mothra arcs, respectively, 
which we study in detail in this work. These arcs form the titular ‘wings’ of the cluster with their location on either side of central BCG. 
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he structural parameters of these galaxies are utilized as priors in 
ur hybrid lens models. We note that in the Southern region of the
luster there exists a bright foreground galaxy at z = 0 . 112. We do
ot include this in any of our models as its mass contribution is
elatively small and it is established as not being a cluster member. 

 LENS  R E C O N S T RU C T I O N S  

.1 Lens reconstruction with GRALE 

or this paper, we use the free-form lens reconstruction code GRALE 4 

o perform lens inversions. GRALE utilizes a flexible inversion 
ethod based on a genetic algorithm that optimizes a mass basis
 GRALE is publicly available, and the software and tutorials can be found at 
he following page: https:// research.edm.uhasselt.be/ ∼jori/ grale2/ index.html 

M  

t  

t  

p

n an adaptive grid (Liesenborgs et al. 2006 , 2007 , 2020 ). For
ur reconstructions, we utilize a mass basis of projected Plummer 
pheres, which have projected surface mass densities of: 

( θ) = 

M 

πD 

2 
d 

θ2 
P (

θ2 + θ2 
P 

)2 , (1) 

nd lens potentials of: 

( θ) = 

2 GMD ds 

c 2 D s D d 
ln 
(
θ2 + θ2 

P 

)
, (2) 

here θP is the characteristic angular width of the Plummer sphere, 
 is its total mass, and D’s are angular diameter distances between

he observer, s ource and d eflector. GRALE uses a genetic algorithm
o optimize the respective weights of each Plummer in the grid based
rimarily on how well images backprojected into the source plane 
MNRAS 536, 2690–2713 (2025) 
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 v erlap with one another. These weights can be determined by several
tness measures, of which we use two (in order of priority): 

(i) ‘pointimagenull’: Regions in the lens plane where no images
orm are subdivided independently into a grid of triangles. This
rid of triangles is backprojected into the source plane where
riangles o v erlapping with estimated sources are penalized. This
mounts to disfa v ouring maps that produce extraneous images at
ach generation. For a full description of this criterion, see Zitrin
t al. ( 2010 ). 

(ii) ‘pointimageo v erlap’: Images of the same source are backpro-
ected into the source plane. If the images o v erlap more, then the map
as a better fitness. For point images, this amounts to the source plane
istance between backprojected images. Importantly, the scale of this
 v erlap is determined by the region defined by all the backprojected
mages. This is designed to defend against o v erfocusing. F or more
nformation, see Zitrin et al. ( 2010 ). 

Once optimized, the grid for the basis functions is subdivided
urther, with regions of greater density refined more significantly.
his process continues for many iterations. The best lens model is

he subdivision grid with the best o v erall fitness values. The number
f subdivisions, and therefore the number of Plummers, can vary for
ifferent lens models (typically ∼1000–5000 Plummers per model).
he resulting grid of diversely sized Plummers can then be used to
alculate �( θ ) (equation 1 ) and ψ( θ ) (equation 2 ) at any position in
he lens plane to arbitrary precision given their analytic functions.
n the end, a single GRALE run consists of a subdivision grid of
housands of Plummers with unique sizes and weights as determined
y the optimized fitness criteria. 
The default mass grid for GRALE is a grid of Plummers, which

e adopt as the baseline grid for all lens models we generate. It
s possible to add parametric lens models 5 on top of the grid of
lummers. Instead of a free-form lens model, this would instead
e a hybrid lens model since parametric lens components would
e added to a free-form skeleton model. In this case, the same
econstruction procedure as described here would follow, with the
asis grid consisting of the Plummers and chosen parametric models
eing optimized with the same fitness criteria (Liesenborgs et al.
020 ). It is important to note that only the weights of these parametric
omponents is optimized in this hybrid approach. 

Since each GRALE run will produce a slightly different lens
econstruction, we take our lens models to be the average of 40
RALE runs. The decision to average over 40 runs is moti v ated by

imitations of computational resources and is consistent with previ-
us reconstructions using GRALE (Sebesta et al. 2019 ; Williams &
iesenborgs 2019 ; Ghosh, Williams & Liesenborgs 2020 ; Ghosh
t al. 2021 , 2023 ; Perera et al. 2024 ). Furthermore, averaging over
any runs defends against degenerate mass features and allows for

uantification of uncertainties in the lens model. 
Lastly, it is important to consider the fact that this mean lens

econstruction need not be the best lens reconstruction. Back-
rojected images for the mean lens model may not converge to
 well-defined source position. To account for this, we use the
ource position optimization method from Perera et al. ( 2024 ). This
ptimization does not alter the mass distributions produced by the
enetic algorithm, as it is done after all GRALE runs are completed.
or a full discussion of this procedure, we direct the reader to section
.2 of Perera et al. ( 2024 ). As a brief summary of the method, we
NRAS 536, 2690–2713 (2025) 

 Lens models built into GRALE can be found at the following page: https: 
/ research.edm.uhasselt.be/ ∼jori/ grale2/ grale lenses.html 

p  
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F  

t  
se a Metropolis–Hastings algorithm to optimize the source position
o better fit the observed images. This amounts to minimizing the
ollowing likelihood: 

ln ( P ( β) ) = −1 

2 

∑ 

i 

[ (
x ′ i − x i 

σx 

)2 

+ 

(
y ′ i − y i 

σy 

)2 
] 

, (3) 

here ( x i , y i ) are the observed image positions, ( x ′ i , y 
′ 
i ) are the

econstructed image positions at the sampled source position β, and
 σx , σy ) are the image position uncertainties defined to be 0.04 arcsec,
orresponding to the astrometric precision of HST . We note that 14 of
he 88 sources do not have detected HST counterparts (Caminha et al.
017 ). These sources are detected primarily with Lyman- α emission
sing MUSE Wide Field Mode, which would imply a positional
ncertainty of 0.2 arcsec for these images, larger than our assumed
x and σy . Ho we ver, recent JWST observ ations of MACSJ0416 have
onfirmed the image positions that we use here (Diego et al. 2024b ),
ustifying our use of smaller uncertainties. Extended morphology of
he sources is also not applicable to our procedure since these sources
re included as multiply imaged point sources of knots within the
xtended arcs, which has been shown to be adequate in constraining
ritical curve locations (Bergamini et al. 2021 ). 

We impose the same flat prior as Perera et al. ( 2024 ) on each
ampled β such that it is uniformly sampled in the region defined by
inimum and maximum source positions of the 40 original runs. The

esult of this procedure is what we use as the complete lens model,
qui v alent to the averaged lens model of 40 runs with optimized
ource positions. 

.2 Model inputs 

ince the default settings of GRALE only require observed multiple
mage data and redshifts as input, it is important that the data be
f the highest possible quality. MACSJ0416 is therefore an ideal
andidate for a lens reconstruction at the present time since it has 237
pectroscopically confirmed images, making this the largest sample
f gravitationally lensed sources. Our main lens model, generated
ith the process described in Section 3.1 , uses all 237 of these

mages as input. We refer to this lens model FF00. 
Not included in the aforementioned 237 images as noted previ-

usly are the plethora of transient events that have been discovered
n MACSJ0416. The primary reason for this is that these objects
ypically lack counterimages, and therefore it is difficult to ascertain
heir source positions. In fact, many of these transients are thought
o be influenced primarily by microlensing or millilensing. Ho we ver,
ome notable exceptions are the transients disco v ered in the Spock
rc region, where it has been hypothesized that some transients are
n fact counterimages of one another, implying that they originate
rom the same source. Specifically, in Rodney et al. ( 2018 ), two
ast transients (S1 and S2) were disco v ered in the Spock arc and
ostulated to be from the same region of the source galaxy but distinct
vents in time. Based on the lens model used, the transients can be
xplained by various phenomena ranging from independent eruptions
rom the surface of a luminous blue variable (LBV) star to separate
tellar microlensing events (Rodney et al. 2018 ). Recent observations
rom HST ’s Flashlights and JWST’s PEARLS programmes have
isco v ered man y more transient ev ents in the Spock arc. Kelly
t al. ( 2022 ) find two distinct transients (F1 and F2) near the lens
lane positions of S1 and S2 and hypothesize that these could be
ounterimages of S1 and S2. It is also entirely possible that F1 and
2 are instead counterimages of one another. Yan et al. ( 2023 ) report

he disco v ery of 4 more transients, of which 3 (D21-S1, D21-S2,
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Table 2. Hybrid lens model parameters – Sersic (H-Ser). 

Galaxy � cen [M � kpc −2 ] θS [pc] M � [M �] R e [kpc] 

BCG-N 2 . 46 × 10 10 2.55 2 . 03 × 10 10 8.81 
BCG-S 1 . 50 × 10 11 3.13 1 . 86 × 10 11 10.83 
Spock-N 3 . 82 × 10 11 0.54 1 . 43 × 10 10 1.88 
Spock-S 3 . 25 × 10 10 0.31 4 . 08 × 10 8 1.08 

Note. Input parameters used in H-Ser and all hybrid models using Sersic 
models for each galaxy. � cen and θS are the central surface mass density and 
angular scale, respectively, directly used to parametrize each Sersic. M � is 
the stellar mass of the galaxy estimated using the observed correlation with 
ef fecti ve radius R e (Ulgen et al. 2022 ). R e is measured in HST F160W and 
presented in Tortorelli et al. ( 2023 ). See Appendix A1 for a full discussion of 
these model parameters. 

Table 3. Hybrid lens model parameters – NFW (H-NFW). 

Galaxy ρs [M � kpc −3 ] r s [kpc] M vir [M �] R vir [kpc] 

BCG-N 1 . 92 × 10 7 47.88 3 . 47 × 10 13 383.04 
BCG-S 9 . 59 × 10 6 58.86 3 . 21 × 10 13 470.87 
Spock-N 2 . 60 × 10 8 8.17 2 . 66 × 10 12 81.74 
Spock-S 2 . 97 × 10 8 4.70 5 . 75 × 10 11 46.96 

Note. Input parameters used in H-NFW and all hybrid models using NFW 

models for each galaxy. ρs and r s are the scale density and scale radius for 
the NFW profile, respectively. M vir is the virial mass estimated with the virial 
radius R vir and velocity dispersion. R vir is estimated using its relation with 
the observed R e (Huang et al. 2017 ). See Appendix A2 for a full discussion 
of these model parameters. 
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nd D31-S4) have secure photometry, consistent with expectations 
f ∼ 1 –5 transients per pointing in the Spock arc (Diego et al.
024a ). Of the 3 transients, D21-S1 and D21-S2 are disco v ered in
he same epoch, indicating that they may be counterimages. All these 

entioned transients are shown in Fig. 6 . 
With all these transients in the Spock arc, studying the density 

rofile and critical curve structure of the local region becomes 
xtremely complicated. Since some of the transients are potentially 
ounterimages of one another, we create 4 additional free-form 

odels to test these hypotheses (we adopt the notation where ‘A/B’
ndicates that transients A and B are counterimages): 

(i) FF11: Input main 237 images along with S1/F1 and S2/F2 as
xplicit counterimages of the same source. This tests the scenario 
ostulated by Kelly et al. ( 2022 ). 
(ii) FF12: Input main 237 images along with S1/S2 and F1/F2 as

xplicit counterimages of the same source. This tests an alternative 
cenario to FF11. 

(iii) FF11 + D: Same as FF11 but also including D21-S1 and 
21-S2 as explicit counterimages of the same source. 
(iv) FF12 + D: Same as FF12 but also including D21-S1 and 

21-S2 as explicit counterimages of the same source. 

Comparing each of these free-form models with FF00 will help 
etermine if any of the transients could in fact be counterimages of
ne another. 
In addition to free-form models, GRALE has the capability to 

o hybrid lens inversions as briefly described in Section 3.1 . For
hese, we include parametric models for the brightest cluster galaxies 
BCGs) and the northern and southern cluster member galaxies 
urrounding the Spock arc, Spock-N and Spock-S, respectively (see 
ig. 6 for the identification of these 2 galaxies). To compare with
F00, we further present two hybrid lens models using all 237 images
s input: 

(i) H-Ser: includes BCG-N, BCG-S, Spock-N, and Spock-S as 
ircular Sersic models. Equation ( A1 ) gives the density profile for a
ersic model. 
(ii) H-NFW: includes BCG-N, BCG-S, Spock-N, and Spock-S as 

FW models. Equation ( A6 ) gives the density profile for an NFW
odel. 

In both cases, the inclusion of explicit parametric models for 
pock-N and Spock-S is moti v ated by the interest in understanding

he critical curve structure in the Spock Arc region. 
Since GRALE optimizes the weights of all components in the com- 

lete mass basis (which will include the aforementioned parametric 
omponents), some of the input parameters for the NFW and Sersic
omponents only need to be approximately representative of each 
alaxy. Therefore, to initialize the parametric components of both 
odels, we use the observed measurements of the structure and 

rightness of each respective galaxy as presented in Tortorelli et al. 
 2023 ). These yield the input parameters for both models as presented
n Tables 2 and 3 for H-Ser and H-NFW, respectively. See Sections A1
nd A2 for a full deri v ation and discussion of how we attained
he input parameters for H-Ser and H-NFW, respectively. H-Ser 
nd H-NFW only include the aforementioned cluster galaxies, with 
he remaining cluster member galaxies excluded for this analysis. 
his choice potentially biases the resultant model, as excluded mass 
ontributions from these cluster member galaxies may contribute to 
ifferent predictions of magnification and shear. However, since we 
re primarily interested in the reconstruction of the Spock arc, only 
pock-N and Spock-S are critical to the model, and the remaining 
luster member galaxies will have negligible effect. Furthermore, 
ince the cluster member mass contribution is suppressed � 10 arcsec
way from BCG-N (Bonamigo et al. 2018 ), we do not expect this
ias to be significant for our purposes. We note that the best way
o examine this bias is to build a full hybird model using GRALE
ncluding all known cluster member galaxies, which is the subject of
 future work. 

 RESULTS  

.1 Projected surface mass density distribution 

ere we describe specific results of our lens models. Table 4
ummarizes these main results. Unless otherwise noted, quoted 
ncertainties are standard deviations of the measured quantities from 

he sample of 40 GRALE runs. 

.1.1 Free-form model: FF00 

he top panel of Fig. 2 shows the projected surface mass density
istribution for our main lens model FF00. Morphologically, it is 
imilar to previous recent reconstructions of MACSJ0416 (Jauzac 
t al. 2014 , 2015 ; Caminha et al. 2017 ; Bergamini et al. 2021 ,
023 ; Cha & Jee 2023 ; Diego et al. 2024b ). The two main mass
eaks in the vicinity of BCG-N and BCG-S are displaced by ∼1.5
nd ∼1.7 arcsec, respectively. These minor offsets are within the 
ncertainty for the cluster due to the lack of observational constraints
ear the centres of the BCGs. The bottom panel of Fig. 2 presents the
ircularly averaged density profiles about BCG-N and BCG-S. Both 
rofiles are broadly similar out to ∼200 kpc, which is consistent with
ecent lens models (Bergamini et al. 2023 ; Diego et al. 2024a , b ).
ne subtle but interesting feature of our model is that BCG-S is more
assive than BCG-N within ∼30 kpc, which differs from the models

rom Diego et al. ( 2024a , b ) but is consistent with Bergamini et al.
MNRAS 536, 2690–2713 (2025) 
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M

Table 4. Lens reconstructions of MACS J0416.1–2403 in this work. 

Lens model � RMS Transient counterimages Spock arc 〈 � θ〉 Substructure mass [10 11 M �] M( < 200 kpc ) [10 13 M �] 
(M1,M2) (BCG-N,BCG-S) 

FF00 0.191 arcsec None 0.111 arcsec (9 . 5 ± 0 . 5, 5 . 7 ± 0 . 2) (14 . 34 ± 0 . 02, 14 . 87 ± 0 . 02) 
FF11 0.204 arcsec S1/F1,S2/F2 0.145 arcsec (10 ± 0 . 4, 5 . 6 ± 0 . 2) (14 . 40 ± 0 . 02, 14 . 92 ± 0 . 02) 
FF12 0.213 arcsec S1/S2,F1/F2 0.160 arcsec (9 . 7 ± 0 . 4, 6 . 0 ± 0 . 3) (14 . 39 ± 0 . 02, 14 . 91 ± 0 . 02) 
FF11 + D 0.209 arcsec S1/F1,S2/F2,D21-S1/S2 0.413 arcsec (11 ± 0 . 5, 7 . 4 ± 0 . 3) (14 . 41 ± 0 . 02, 14 . 95 ± 0 . 02) 
FF12 + D 0.201 arcsec S1/S2,F1/F2,D21-S1/S2 0.251 arcsec (9 . 7 ± 0 . 4, 5 . 2 ± 0 . 2) (14 . 40 ± 0 . 02, 14 . 92 ± 0 . 02) 
H-NFW 0.206 arcsec None 0.163 arcsec (11 ± 0 . 5, 5 . 0 ± 0 . 2) (14 . 51 ± 0 . 02, 15 . 08 ± 0 . 02) 
H-Ser 0.207 arcsec None 0.236 arcsec (11 ± 0 . 5, 7 . 3 ± 0 . 2) (14 . 31 ± 0 . 02, 14 . 86 ± 0 . 02) 

Note. A summary table of the lens models generated in this work. FF00 is our main lens model, and all lens models and names are defined in Section 3.2 . � RMS 

is the lens plane RMS (see equation 4 ). If the model included any transients as explicit counterimages, these are stated (e.g. S1/F1 in FF11 corresponds to 
transients S1 and F1 included as explicit counterimages of the same source star). The mean image plane separation 〈 � θ〉 for the Spock arc images in the model 
is also given to compare the precision of the model at the Spock arc. We also give the mass of the two substructures M1 and M2, and the mass within 200 kpc 
of BCG-N and BCG-S ( M( < 200 kpc )). M( < 200 kpc ) is not background subtracted. 

(  

1  

i  

×  

 

t  

a

�

w  

p  

s  

h  

m  

c  

n  

w  

r  

i  

3  

s  

p  

r  

e
 

a  

a  

f  

a  

d  

i  

o  

l  

F  

a  

f  

m  

t  

w  

(  

i  

i

 

i  

f  

b  

i  

t  

O  

c  

a  

o  

t  

i  

m  

e  

i  

u  

t  

a  

2  

d
 

i  

S  

l  

t  

(  

a  

n  

w  

i  

r  

f
 

v  

M  

F  

a  

p  

a  

t  

b  

w
 

o  

∼  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/536/3/2690/7923535 by guest on 06 January 2025
 2023 ). The mass within 200 kpc is 1 . 434 ± 0 . 002 × 10 14 M � and
 . 487 ± 0 . 002 × 10 14 M � for BCG-N and BCG-S, respectively. This
s in reasonable agreement with Diego et al. ( 2024b ), who finds 1.72

10 14 M � and 1.77 ×10 14 M � for BCG-N and BCG-S, respectively.
A common way to quantify the quality of fit of a lens model is with

he lens plane root-mean-square (RMS) separation between observed
nd reconstructed image positions: 

 RMS = 

√ ∑ N im 
i | r i , obs − r i , rec | 2 

N im 

, (4) 

here r i , obs and r i , rec are the observed and reconstructed ith image
ositions, respectively, and N im 

is the total number of images. Fig. 3
hows the image displacement distribution along each axis and total
istogram of all image separations. For FF00, � RMS = 0.191 arcsec,
aking FF00 more accurate than all parametric models for this

luster and one of the most accurate lens models of MACSJ0416. We
ote that the RMS separation prior to source position optimization
as 0.478 arcsec, highlighting the ef fecti veness of this method for

educing image scatter. Additionally, ∼86 per cent of reconstructed
mages have an image separation lower than our � RMS value. In Fig.
 , a weak correlation can be seen for the image displacements. This
eems to be a systematic effect that has also been observed in both
arametric (Bergamini et al. 2023 ) and free-form (Cha & Jee 2023 )
econstructions, and more careful study is needed to determine the
xact cause. 

Visible in the top panel of Fig. 2 are the predicted images that
re unaffiliated with any observed images. These unaffiliated images
re common features of free-form lens reconstructions despite being
requently ignored. In our model, we have a total of 58 of these,
ll of which can be reasonably explained. We report that 30 are
istant 3rd images from sources with only 2 observed images. These
mages are predicted by gravitational lensing (since the number
f multiple images formed for a source must al w ays be odd) and
ikely unobserved in MACSJ0416 due to their weak magnification.
 or e xample, the Mothra arc only has 2 counterimages observed
t the location of the arc. Our model predicts the 3rd image to
orm ∼44 arcsec away on the opposite side of the cluster with a
agnification of ∼2 (compared to magnification at the arc location

o be � 20). This corresponds to an apparent magnitude of ∼31,
hich is dimmer than the recent JWST observational depths of ∼29

Diego et al. 2023 ). Therefore, we predict the existence of this third
mage that could be potentially probed with deeper JWST exposures
n future observations. 
NRAS 536, 2690–2713 (2025) 
In a similar vein, 4 unaffiliated images are unobserved central
mages. For this case, these are likely unobserved due to the images
orming too close to the cluster centre, where they are superimposed
y the BCGs and other nearby galaxies, making them hard to
solate. These images are also maxima in the time delay surface, and
hus are also demagnified rendering them unlikely to be observed.
bservations in UV filters have been suggested as a way to disco v er

entral images in lens systems (Perera, Williams & Scarlata 2023 ),
nd if successful, would provide tighter constraints on inner structure
f density profiles of mass structure. There are 22 unaffiliated images
hat are the result of critical curves ‘folding’ reconstructed images
nto multiple copies, similar to the extraneous images found in
odels of SDSS J1004 + 4112 (For ́es-Toribio et al. 2022 ; Perera

t al. 2024 ). The cause of these critical curves are model-predicted
solated substructures at the location of the images. Since these
naffiliated images typically form very close (within ∼ 1 arcsec)
o the actual observed image (and thus have very similar time delays
nd magnifications), they can be reasonably ignored. The remaining
 unaffiliated images in our model form along the Spock arc, and we
iscuss these further in Section 4.2 . 
We note that our model fails to correctly reconstruct 3 sources,

nstead reconstructing too few images. Two of these, Sys14 and
ys16 as labelled in Bergamini et al. ( 2023 ), are g alaxy–g alaxy strong

ens systems (angular separation ∼1 arcsec for these images) about
he cluster member galaxies Gal-8971 and Gal-8785, respectively
Vanzella et al. 2017 ; Bergamini et al. 2021 ). Since our model is
 cluster scale reconstruction, it is not of concern that FF00 did
ot reconstruct these 2 sources. In order to correctly model them,
e suggest a future hybrid lens model with GRALE that explicitly

ncludes parametric forms for the two galaxies. The other incorrect
econstruction is source 12.4 in the Warhol arc, which we discuss
urther in Section 4.1.3 . 

Fig. 4 shows a zoomed in view of the mass features in the
icinity of BCG-S. We identify two mass substructures (M1 and
2) that are unaffiliated with any cluster galaxy and thus any light.

urthermore, no excess X-ray emission is detected with Chandra
t their locations (Bonamigo et al. 2017 , 2018 ), with the X-ray
rofiles remaining smooth. Because of this, it is possible that these
re dark matter substructures. We note that it remains to be explored if
hese substructures could also arise from some extremely low surface
rightness cluster galaxy population. Additional deep observations
ould be needed to confirm the existence of such a population. 
M1 is located in between the two BCGs roughly in the centre

f the cluster. The nearest cluster galaxy to the peak of M1 is
23 kpc away in the northeast direction. The nearest observed image
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Figure 2. Top: Projected surface mass density distribution for our main lens 
model FF00. Axes are presented in arcseconds with respect to the zero point 
defined to be the mean position of all 237 observed images (blue dots). 
Reconstructed images from the model are shown with red triangles. The two 
main mass peaks correspond to the BCGs and are labelled accordingly. Two 
light unaccompanied mass peaks, M1 and M2, are labelled in green. Here, 
1 arcsec is equi v alent to 5.386 kpc and � crit = 8 . 3985 × 10 10 M � arcsec −2 

for the nearest source ( z = 0 . 94). The separation between BCG-N and BCG- 
S is ∼ 250 kpc. The contour lines are separated by �κz= 0 . 94 = 0 . 1 in surface 
mass density. Bottom: Circularly averaged surface mass density profiles from 

the BCG-N (blue) and BCG-S (red) for FF00. The shaded regions list the 68 
per cent confidence level for each profile. Vertical dashes indicate the image 
positions relative to their respectively coloured BCG. For comparison, the 
circularly averaged surface mass density profiles for Bergamini et al. ( 2023 ) 
(dashed) and Diego et al. ( 2024b ) (dotted) are shown with respect to each 
BCG. 
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Figure 3. Image separations r i, obs − r i, rec along the x-and y-axes. The 
histograms show the distributions of these separations on both axes. The red 
dashed lines indicate a separation of 0 arcsec. The cyan diamond indicates 
the mean image separation at ( −0.011 arcsec, 0.004 arcsec). 

Figure 4. Zoomed in view of the projected surface mass density distribution 
in the region surrounding BCG-S. Observed and reconstructed images are 
shown as blue dots and red triangles, respectively. Cluster member galaxies 
are identified as light green diamonds. We label two mass peaks that are not 
associated with a cluster galaxy as M1 and M2 in bright green. These features 
are potentially dark matter substructure. 
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s ∼37 kpc away. M1 contains 9 . 5 ± 0 . 5 × 10 11 M � within a core
adius of ∼ 16 kpc. The core radius here is defined as the radius at
hich the density profile becomes isothermal (d ln �/ d ln r = −1).

t can be argued that M1 is caused by a relatively unconstrained
egion in the lens plane. Substructures with these characteristics 
an be subject to the monopole de generac y, where mass can be
edistributed within the local region bounded by observed images 
ithout changing image positions and time delays. This de generac y 

an be difficult to break without a high density of images near
he substructure (Liesenborgs et al. 2008 ; Liesenborgs, Perera & 

illiams 2024 ). Despite this, the mass substructure persists across all 
he free-form models generated in this study. Likewise, the location 
f the nearby observed image constrains the scale to which the
onopole de generac y can redistribute M1’s mass. These reasons 

oth support the existence of M1 as a dark matter substructure, but
ts shape and extent are less certain. 

In comparison, M2 seems to be a stronger candidate for dark
atter substructure. It is smaller than M1, with 5 . 7 ± 0 . 2 × 10 11 M �
ithin a radius of ∼8 kpc (roughly corresponding to the point at
hich � returns to the background density). The most significant 
ifference with M1 is its position. Despite being closer to BCG-S, the
earest cluster member galaxy (not BCG-S) is ∼26 kpc away while
he nearest observed image lies ∼7.9 kpc from the mass peak. This
mage is a maximum in the time delay surface belonging to Sys205
 z s = 3 . 715). Since maxima generally form close to mass peaks, this
f fers e vidence in fa v our of the existence of M2. In fact, M2 mirrors
 similar substructure found in Abell 1689 by Ghosh et al. ( 2023 ).
n both cases, the substructure forms a local peak near the BCG with
bserved central maxima near the vicinity of the substructure mass 
eak. Ghosh et al. ( 2023 ) argue that their substructure needs to be
resent in order to reconstruct the observed images near it, which
MNRAS 536, 2690–2713 (2025) 
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Figure 5. Stacked image of the Warhol Arc combining HST F435W, F606W, 
and F814W, with North up and East left. The FF00 critical curve is shown 
as the dashed light red line. Observed and Reconstructed images for all 6 
sources in the arc (Bergamini et al. 2023 ) are shown bright green and gold, 
respectively. Sys12.4 is the pair of observed images on the western most 
side of the arc (furthest right on the arc near the critical curve). The Warhol 
transient (Chen et al. 2019 ; Kaurov et al. 2019 ) is shown in dark purple, while 
additional transients are shown in pink (Kelly et al. 2022 ) and cyan (Yan et al. 
2023 ). 
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e accordingly adopt for M2 due to the similarities. Furthermore,
he presence of the central image so near to the peak of M2 acts
s a very strong constraint on the mass distribution in that region,
estricting the scale on which one can redistribute the mass of M2
ith the monopole de generac y. As with M1, M2 also persists in

ll the free-form models we generate. For all these reasons, M2
s a strong candidate for dark matter substructure in the lens. We
aution, ho we ver, that more data and study of the lens models in
ACSJ0416 is required in order to confirm with certainty that M1

nd M2 are indeed real substructures. Ho we ver, in what follo ws, we
iscuss implications on models of dark matter assuming that M1 and
2 are real, in Section 4.4 . Additionally, as we describe below, M1

nd M2 persist in both hybrid models, with slightly more mass than
n FF00. 

.1.2 Hybrid Models: H-Ser and H-NFW 

s described in Section 3.2 , we generate two hybrid models, H-Ser
nd H-NFW, using Sersic and NFW lens models, respectively, for
he BCGs and Spock galaxies. In this section, we briefly examine the
esults of the two hybrid models generated for MACSJ0416, shown
n the two rows of Fig. C2 . In both cases, the surface mass density
rofile is morphologically similar to that of FF00 on large scales. The
ain differences are near the BCGs and Spock galaxies, as these are
here the additional parametric constraints were applied. 
For H-Ser, the mass within 200 kpc of BCG-N and BCG-S

s 1 . 431 ± 0 . 002 × 10 14 M � and 1 . 486 ± 0 . 002 × 10 14 M �, respec-
ively. The mass profile around the BCGs is much more peaked
n comparison with FF00, which is a result of explicitly including

ass in the region with Sersic profiles. M1 has a core radius of
18 kpc with a mass of 11 ± 0 . 5 × 10 11 M �, while M2 has a mass

f 7 . 3 ± 0 . 2 × 10 11 M � within ∼8 kpc. In this case, both M1 and M2
re more massive than their counterparts in FF00. It should be noted
hat M2 features more as a mass extension from the BCG-S region
ather than as a distinct substructure. This could be a side effect of the
reater mass concentration at the location of BCG-S in H-Ser muting
ass features in its vicinity. H-Ser finds � RMS = 0.207 arcsec; still
 good fit to the data, but marginally not as accurate as FF00. 

For H-NFW, the total mass within 200 kpc is 1 . 451 ± 0 . 002 ×
0 14 M � and 1 . 508 ± 0 . 002 × 10 14 M � for BCG-N and BCG-S,
espectiv ely. As e xpected with NFW profiles, all the modelled
alaxies have more spread out mass profiles than in H-Ser (see
ig. C2 ). The substructures are similar to those reco v ered in H-
er, with M1 having a core radius of ∼17 kpc and a mass of
1 ± 0 . 5 × 10 11 M � and M2 having a radius of ∼8 kpc and a mass of
 . 0 ± 0 . 2 × 10 11 M �. The � RMS = 0.206 arcsec. Despite both hybrid
odels having low � RMS , they are not as accurate as FF00. 

.1.3 Reconstruction of the warhol arc 

n interesting arc to briefly discuss is the Warhol arc, shown in Fig.
 . It is the lowest redshift lensed source ( z s = 0 . 94) and has been
ost to numerous recently disco v ered transient ev ents (Chen et al.
019 ; Kaurov et al. 2019 ; Kelly et al. 2022 ; Yan et al. 2023 ). Even
hough the density profile in the region is not particularly interesting,
he addition of 5 new multiple image sets to the data set (Bergamini
t al. 2023 ) makes this system worthy of closer inspection. 

We use 6 multiply imaged sources (for a total of 12 images in the
rc) to represent the Warhol arc (Sys12 in Bergamini et al. 2023 ).
o quantify the accuracy of the reconstruction of individual sources,
e use the mean image separation 〈 � θ〉 , defined to be the average
NRAS 536, 2690–2713 (2025) 
eparation in the lens plane between observed and reconstructed
mages. In the Warhol arc, the images are reconstructed quite well to
 〈 � θ〉 of 0.08 arcsec, not including Sys12.4 as this was incorrectly
econstructed as mentioned previously. By eye, it appears that our
odel’s critical curve finds roughly the correct midpoint (to within
0 . 1 arcsec) of the arc that symmetrically splits most of the observed

mages. Its placement is also corroborated by the disco v eries of
umerous transients that lie along the predicted critical curve. The
redominance of transients on the ne gativ e parity side of the cluster,
s implied by our model, may argue in fa v our of wa ve dark matter
Broadhurst et al. 2024 ) with de Broglie scale density perturbations
rising from dark matter as an ultra-light boson. In addition, we
alculate the magnification at the position of the Warhol transient
Chen et al. 2019 ; Kaurov et al. 2019 ) to be 83 ± 105, which is
onsistent with previous models (Chen et al. 2019 ). 

Of note is the failure to adequately reconstruct Sys12.4, the
estern most multiple image sources in the arc. The two observed

mages form very close to one another, separated by 0.1 arcsec. Our
redicted critical curve misses their respective midpoint (where one
ould expect it) by ∼0.1 arcsec to the South. This causes our model

o only predict one image for the two observed, which forms in
etween them. We note that cases very similar to ours (where the
redicted critical curve fails to pass through an expected symmetry
oint) are not uncommon (e.g. Keeton 2010 ; Diego et al. 2024a ),
nd our critical curve result lies within the image RMS for the
luster. 

Whatever the reason may be for our model’s inability to appropri-
tely reconstruct Sys12.4, our model is successful at reconstructing
ll the other main features of the Warhol arc to excellent precision
nd is consistent with transient disco v eries. We suggest a more
etailed extended source analysis for future study to impro v e our
odel. 

.2 Spock arc critical cur v es 

ne of the most interesting features of MACSJ0416 is the Spock arc
t z s = 1 . 005. Fig. 6 shows the Spock arc along with two nearby
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Figure 6. The Spock arc. Top: Stacked image of the arc combining HST 
F435W , F606W , and F814W . The FF00 critical curve is presented as the 
dashed light red line. Observed and Reconstructed images for the Spock 
arc are shown in bright green and gold, respectively. Transients are also 
o v erplotted, with S1/S2 (Rodne y et al. 2018 ) in orange, F1/F2 (Kelly et al. 
2022 ) in pink, and D21-S1/S2 and D31-S4 (Yan et al. 2023 ) in cyan. The 
two nearby cluster member galaxies, Spock-N and Spock-S, are shown in 
red. The dashed light brown line is the critical curve from a recent parametric 
model (Bergamini et al. 2023 ) shown for comparison. In the figure, North is 
up and East is left. Bottom: Surface mass density profile (with respect to � crit 

at z s = 1.005 for the Spock galaxy) in the region of the Spock arc. The x and 
y coordinates are with respect to the zero point of FF00. The critical curve is 
the same as the top panel. The field of view of this panel is the same as that 
of the top panel image, allowing ease of comparison of our mass distribution 
with the observed light. 
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luster member galaxies (Spock-N to the North and Spock-S to 
he South) and the numerous transient events recently disco v ered 
Rodney et al. 2018 ; Kelly et al. 2022 ; Yan et al. 2023 ). These
ransient events are hypothesized to be bright supergiant stars that 
orm very close to the cluster caustic, allowing them to briefly 
ecome visible during a microlensing event. This interpretation 
s supported by observations of the original Spock transients, S1 
nd S2 (Rodney et al. 2018 ), where it was concluded that the two
ransients likely originate from the same position in the source plane
ut are not ‘temporally coincident’, meaning they likely did not 
ccur at the same time. This result implies two possible explanations
or S1 and S2 strictly dependent on the critical curve structure. If
here is one critical curve splitting through the arc, the preferred
xplanation of Rodney et al. ( 2018 ) is a single massive luminous
lue variable (LBV) star undergoing two distinct surface eruptions. 
f there are multiple critical curve crossings (or simply a critical
urve structure producing high magnification along the arc), the 
referred explanation is that S1 and S2 are distinct microlensing 
vents of two different bright stars. This latter explanation seems 
o be corroborated by the disco v ery of many more transients in
he Spock Arc and simulations of the transient detection rate (Li
t. al., in preparation). Despite this, most recent lens models have
een unable to reconstruct a critical curve structure with sufficiently 
igh magnification across the arc (Bergamini et al. 2023 ; Diego
t al. 2024a , b ), with one of the few exceptions being Raney
t al. ( 2020 ). 

Our FF00 model is the second lens model (after Raney et al. 2020 )
o reconstruct a Spock arc critical curve with multiple crossings (and
hus have high magnification), as shown in Fig. 6 . Specifically, our
odel finds 2 main crossing points on the inner part of the arc. On

he western side of the arc, the critical curve passes very close to the
dge of the arc, nearly forming a third crossing. The ‘U’ shape of the
ritical curve in this region traces a mass valley west of Spock-N,
hich has the effect of magnifying the west side more. This result, if

epresentative of the true nature of the critical curve of the cluster, has
ignificant implications for the interpretation of the Spock arc. One 
mplication is that the critical curve structure is primarily shaped by
pock-N, since no clear mass peak corresponds to Spock-S. It is also
orth mentioning that these galaxies have slightly different redshifts 

han the BCGs, which can result in small changes to the critical curve
tructure (Rodney et al. 2018 ; Diego et al. 2024a ). Most importantly,
his result implies that the transient events discovered in the arc are

ost likely microlensing events, which can place tight constraints 
n the abundance of supergiant stars in the Spock galaxy (Diego
t al. 2024a ). Therefore, we proceed to rigorously test this result to
nsure that it is robust. Appendix B discusses the uncertainty in our
esult. 

.2.1 Multiple critical curve crossings as a probable explanation 
or observations in the Spock arc 

irst, as a simple comparison, the predicted magnifications at the 
ocations of transients are consistent with previous models. Notably, 
ergamini et al. ( 2023 ) find a μ of 612.6, 87.7, and 139 for the 3
bserved transients in Yan et al. ( 2023 ): D21-S1, D21-S2, and D31-
4, respectively. We find a μ of 647 ± 475, 58 ± 44, and 134 ± 39
or the same three with FF00, which is in excellent agreement. The
imilarity between the two models is due to their single critical curve
nd one of our critical curve crossings passing close to D21-S1 and
quidistant from D31-S4 (see top panel of Fig. 6 ) coupled with a
lose grazing of the arc on the Eastern side near D21-S2 by the
ritical curve from Bergamini et al. ( 2023 ). This has the effect of
roducing high magnification along the arc similar to our model’s 
wo crossings. 

Due to the aforementioned magnifications, we find that a critical 
urve crossing likely occurs near the location of D21-S1. This is
urther supported by the predicted large magnification of S2 ( μ =
67 ± 65) which is located near D21-S1. Our model finds the western 
pock image to have μ = 233 ± 37 which is consistent with previous
odels (Zitrin et al. 2013 ; Jauzac et al. 2014 ; Caminha et al. 2017 ;
MNRAS 536, 2690–2713 (2025) 
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Figure 7. Top: Spock arc magnification map. The critical curve is shown as a 
dashed light red line, and transients (triangles) are shown in pink (F1 and F2), 
cyan (D21-S1 and D21-S2), and orange (S1 and S2). The colourbar indicates 
the inverse of the magnification, where darker brown colours correspond to 
less magnified ne gativ e parity regions and darker green colours correspond to 
less magnified positive parity regions. Whiter regions indicate areas of high 
magnification. Bottom: The magnification along the Spock arc as a function 
of the distance r from the eastern image of the Spock arc (i.e. from left to 
right when viewing the top panel). The model FF00 is shown in blue while 
H-NFW is shown in red. The spikes correspond to critical curve crossings. 
The vertical dashed lines represent the locations of the transients along the 
arc. Noteworthy is the fact that the FF00 model contains 2 critical curve 
crossings in the vicinity of all the transients, along with a high magnification 
along the whole arc. The H-NFW model, shown for comparison, features only 
one critical curve crossing (roughly at the symmetry point of the arc) and is 
roughly at least 1 order of magnitude lower in magnification along the arc. 
This latter scenario is unlikely to explain the high number of transients in the 
arc as it has a lower probability of microlensing (Palencia et al. 2023 ; Diego 
et al. 2024a ) and low magnification implying very rare high mass lensed stars 
as sources. 
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ergamini et al. 2023 ) that also find a larger μ for the western Spock
mage. If this is true, then a single critical curve model would cross
he Spock arc ∼0.7 arcsec from the west Spock image. There are
light issues with this (i) that the critical curve does not cross at
 natural symmetry point in the arc, and (ii) that the transients on
he opposite end of the arc (namely S1, F1, and D21-S2) would
ave lower predicted magnifications. The lower magnifications are
f particular significance, as a macromodel μ � 40 implies that the
ource star must be very bright with M V ∼ −7, and thus very rare,
n order to be visible from a microlensing event (Diego et al. 2024a ).
his can be alleviated by a special microlensing scenario whereby at

east 2 lens stars contribute to the added microlensing magnification,
lthough this is unlikely for greater distances from the critical curve
Palencia et al. 2023 ; Diego et al. 2024a ), as would be the case for
nly a single critical curve crossing. 
The much simpler and more likely scenario is therefore that the
acromodel magnification at the locations of all transients remain
 40, implying that the lensed stars are supergiants with M V � −5,

onsistent with a more common blue supergiant population. This
mplies that the distance of the transients to the critical curve should
lso be smaller as this would increase the microlensing probability.
ur FF00 model finds that all mentioned transients in the Spock

rc have μ > 50 and are within 0.7 arcsec from a critical curve
rossing, which is possible due to the 2 critical curve crossings
roviding high magnification along the arc. To our knowledge, this
s one of the only models that accounts for the high number of
ransients in the Spock arc. This effect is shown in Fig. 7 . Models
ith a single critical curve crossing through the centre of the arc

re more likely to place some transients > 1 arcsec from a critical
urve (low probability of microlensing) and have low magnification
long the entire arc, which is unlikely to explain the frequency and
ocations of the observed transients in the arc. We note that this is
ot universally true for models with single critical curve crossings,
s these models can have close critical curve approaches of the
rc contributing to high magnification (Bergamini et al. 2023 ). We
onclude that our FF00 model with two critical curve crossings is
n adequate representation of the Spock arc and is most consistent
ith observations of transients within the arc. We refer the reader

o Appendix B for a brief discussion on the uncertainty in this
esult. 

As shown in the bottom panel of Fig. 6 , our reconstruction of the
pock arc produces two extraneous images: represented by two green
ircles, in addition to the two green circles that coincide well with
wo yellow circles of observed images. The most interesting aspect of
hese extraneous images is that both form on the ne gativ e parity side
f the cluster, meaning the observed images have positive parity (see
op panel of Fig. 7 where both observed images lie in the red region).
ince gravitational lensing requires counterimages to have opposite
arity, these extraneous images are instead not treated as byproducts
f the lens model, but rather as predicted locations of images. If we
ompare these locations with the Frontier Fields image of the Spock
rc (see top panel of Fig. 6 ), we see that the western edge of the arc
oes appear to have an extended light feature, which could hint that
he predicted counterimage resides there. Likewise, the predicted
mage near the centre of the arc has a small associated light feature. 6 

t should be noted that additional counterimages within the Spock
rc have yet to be reported. We suggest future reexamination of the
pock arc to see if any counterimages exist at the predicted locations
NRAS 536, 2690–2713 (2025) 

 These two bright light features of the Spock arc are most easily seen in the 
ottom right panel of fig. 10 in Bergamini et al. ( 2023 ). 
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s predicted by FF00. If these are found, they would provide strong
upport for FF00. 

.2.2 Comparison with hybrid models 

ith our result established as a fa v ourable model to explain the Spock
rc, we now seek to test this critical curve structure by including local
luster member galaxies as explicit parametric mass components. As
escribed in Section 3.2 , we generate 2 hybrid models: H-NFW and
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-Ser using NFW and Sersic profiles, respectively, to represent the 
CGs and, rele v ant here, the Spock galaxies, Spock-N and Spock-
. These galaxies are visible in Fig. 6 , with Spock-N larger than
pock-S (Tortorelli et al. 2023 ). The Spock galaxies are the only
on-BCG cluster member galaxies that we include in these models. 
s mentioned in Section 3.2 , this choice is not expected to have

ignificant bias since the cluster member galaxies do not contribute 
uch mass to the cluster far from BCG-N (Bonamigo et al. 2018 ). 
The mass density distribution and magnification map around the 

pock arc for H-NFW and H-Ser are shown in Fig. C2 , respectively.
n both cases, clear mass peaks are visible representing Spock-N and 
pock-S. Likewise, the total mass within 10 kpc of both galaxies in
oth models is consistent with what is expected from the virial mass
see Table 3 ). 

Despite this, only one critical curve crossing is found for the Spock
rc in both models, passing roughly through the midpoint of the arc.
 � θ〉 is 0.16 and 0.24 arcsec for the observed Spock images in H-
FW and H-Ser, respectively. Both models do not reconstruct the 
bserved images as well as FF00, which has 〈 � θ〉 = 0.11 arcsec.
oth models also find that the critical curve passes just beyond outer
dges of the arc in addition to the main crossing at the centre. This
as the effect of producing predicted counterimages beyond the main 
bserved images. While this was also seen with one of the images
n FF00, in this case the images form ∼1.6 arcsec from the observed
pock images. This is not along the arc unlike the similar case in
F00. Most importantly, the magnification along the arc is much 

ower than in the case of FF00, as shown in the bottom panel of Fig.
 . In fact, nearly all the Spock transients in both hybrid models have
agnifications < 40, which, as described abo v e, is not conducive

o the likely explanation of normal supergiant stars microlensed to 
isibility. The only exception is F2 in H-Ser due to forming close to
he single critical curve crossing. 

For the main reasons of higher image RMS and low probability 
f microlensing, we suspect that H-NFW and H-Ser are insufficient 
xplanations for the observations within the Spock arc. We note that 
he issue of low magnification can also be compensated for by a
arger number density of source stars. In such a scenario, H-NFW 

nd H-Ser could potentially better match the observations in the 
pock arc, since high-magnification models such as FF00 would 
 v erpredict the transient detection rate. Further monitoring of the 
pock arc is therefore needed in order to more tightly constrain 

he transient detection rate and the Spock galaxy’s initial mass 
unction. At the current constraints from transients, ho we ver, H- 
FW and H-Ser do not seem to adequately explain the observed 

ransients as well as FF00. The reconstructions from Bergamini 
t al. ( 2023 ) and Diego et al. ( 2024b ), which both reco v er a
ingle critical curve crossing, exhibit 〈 � θ〉 of 0.49 and 0.62 arcsec
or the Spock arc, respectively, compared to our FF00 model’s 
 � θ〉 = 0.11 arcsec. This further strengthens our conclusion that
 multiple critical curve crossing structure is needed to explain the 
pock arc. 

.2.3 M/L ratios of the Spock Galaxies 

ince GRALE does not include any cluster galaxy information as 
nput, it presents a light-agnostic view of the mass distribution in 
he cluster. Therefore, unlike in parametric or hybrid models, it is
ecessary to check if enough mass is produced in the model to
ccount for the stellar contribution in cluster member galaxies. This 
s a strong requirement. In the case of Spock-S, this is of particular
nterest since our model does not find an obvious mass concentration 
here. If there is insufficient mass to account for the light of Spock-S,
hen this can indicate that the 2 critical curve crossings of the Spock
rc are influenced strongly by the model’s failure to reconstruct 
pock-S. 
To check this, we calculate the mass-to-light ( M/L ) ratios for

pock-N and Spock-S. Luminosities are calculated in HST F160W 

ince the elliptical Spock galaxies are brighter in infrared (IR) filters.
ortorelli et al. ( 2023 ) measures the total F160W AB magnitude
 160 W 

, allowing us to easily measure the luminosity: 

log 10 

(
L 

L �

)
= 0 . 4 

(
M sun − m 160 W 

− 5 + 5 log 10 

(
D d (1 + z d ) 

2 
))

, 

(5) 

here M sun is the absolute magnitude of the Sun, corresponding to
.60 in F160W (Willmer 2018 ). The background subtracted mass 
an be easily calculated from our mass model, which we find to be
 . 5 ± 1 . 9 × 10 10 and 6 . 0 ± 0 . 4 × 10 11 M � within 10 R e for Spock-S
nd Spock-N, respectively. This corresponds to M/L of 3 . 59 ± 1 . 06
nd 6 . 48 ± 0 . 43 in solar units for Spock-S and Spock-N, respectively.
his is consistent with results from Humphrey et al. ( 2006 ), who
nd a M/L range of ∼3–8 for a sample of 7 elliptical galaxies at

his radius. It is also in agreement with M/L relation with mass
easured from the SAURON project (Cappellari et al. 2006 ). This

esult shows our model is successfully able to reconstruct sufficient 
ass at the locations of the Spock galaxies, even though they are

ot included as prior constraints in the model. Since Spock-S has
ufficient mass and does not significantly contribute to the critical 
urve crossings, we conclude that the 2 critical curve crossings can be
xplained primarily by the structure around Spock-N, and are likely 
ot a result of the model failing to reconstruct the mass around 
pock-S. 

.2.4 Possible transient counterima g es in the Spock arc 

he last consideration is the contro v ersy surrounding whether or not
ny of the transients are counterimages of one another, as detailed
n Section 3.2 . The 3 transient counterimage hypotheses we test are
1/F1 and S2/F2 (FF11, shown in the top row of Fig. C1 ), S1/S2
nd F1/F2 (FF12, shown in the second row of Fig. C1 ), and D21-
1/D21-S2 which are included in addition to the scenarios of FF11
FF11 + D, shown in the third row of Fig. C1 ) and FF12 (FF12 + D,
hown in the bottom row of Fig. C1 ). All 4 models have slightly
arger � RMS and mean image separations 〈 � θ〉 in the Spock arc than
F00. 
In the cases where S1/F1 and S2/F2 are tested as counterimages

FF11 and FF11 + D), we find that both cases find only a single
ritical curve crossing at roughly the midpoint of the arc (see
ig. C1 ). If S1/F1 and S2/F2 were counterimages, then both pairs
equire a critical curve to pass between them, since counterimages 
n gravitational lensing must be split by a critical curve. Thus,
he reconstructed single critical curve does not properly reproduce 
 lensing structure that would imply that S1/F1 and S2/F2 are
ounterimages. This is somewhat surprising due to FF00 (which 
id not include transient counterimages) producing two critical curve 
rossings near these transients. We therefore conclude that the Spock 
 transients (Rodney et al. 2018 ) are most likely not counterimages
f the Spock F transients (Kelly et al. 2022 ). 
The cases with S1/S2 and F1/F2 as counterimages (FF12 and 

F12 + D) are more interesting as their counterimage requirement 
s a single critical curve passing through the arc midpoint, which
s what we find in both models. 〈 � θ〉 is ∼0.28 and ∼0.12 arcsec
or F1/F2 and S1/S2, respectively. In FF12 + D, 〈 � θ〉 for D21-
1/D21-S2 is ∼0.5 arcsec. This is very similar to what was found
MNRAS 536, 2690–2713 (2025) 
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Figure 8. Stacked image of the Mothra arc combining HST F435W, F606W, 
and F814W. Observed and reconstructed images are shown in bright green 
and gold, respectively. The FF00 critical curve is shown as a light red dashed 
line. The Mothra transient (Diego et al. 2023 ) is shown as a magenta triangle. 
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n FF11 + D. While the reconstructions in this case are acceptable,
hey significantly fail at reconstructing appropriate magnification for
hese sources. From the argument in Section 4.2.1 , the macromodel
agnification at the location of all the transients needs to be � 40

o be consistent with a common blue supergiant. Ho we ver, in FF12
nd FF12 + D μ � 20 at the location of each transient. This is
ategorically lower than those recovered in the hybrid models. For
he same reasons then, we also conclude that these models provide
nsufficient explanations for the transients in the arc. 

The most likely model that we generate in this work is FF00 with
 critical curve crossings allowing for a high probability that all the
bserved transients are affected by microlensing. 

.2.5 Upper limits on the luminosity of lensed stars 

ith FF00 established as a strong candidate to ef fecti vely describe
he Spock arc, we now seek to derive constraints on the nature of
he transients in the arc. As mentioned in previous works (Rodney
t al. 2018 ; Kelly et al. 2022 ; Yan et al. 2023 ; Diego et al. 2024a ),
he transients in the Spock arc are most likely highly magnified
upergiant stars. To estimate the luminosity, all we must do is correct
or magnification at the position of each transient to derive the
ntrinsic magnitude of the transient without the lens. We apply this to
he recently disco v ered transients D21-S1, D21-S2, and D31-S4 (Yan
t al. 2023 ) since the y hav e photometric measurements from JWST
200W, which we assume to be at their peak magnitude. We note that
hile a more robust calculation of the luminosity of lensed stars can
e done with SED fitting (e.g. Chen et al. 2019 ; Diego et al. 2023 ),
ur results serve as a good first order check that the lens model
oes not suggest unusual results. The macromodel magnifications
or D21-S1, D21-S2, and D31-S4 are previously mentioned in 
ection 4.2.1 . 
With photometry of the 3 transients from Yan et al. ( 2023 ), we are

ble to calculate the observed flux f ν, obs . We can then calculate the
ntrinsic magnitude m exp (in AB) of each transient by correcting for
he predicted magnification μ by FF00 at each one’s location 

 exp = −2 . 5 log 10 

(
f ν, obs 

μ

)
− 48 . 60 . (6) 

e can then use the distance modulus to estimate the luminosity of
he transient, similar to what we did in Section 4.2.3 . This calculation
ields a strict upper limit of the luminosity since we do not include
ny likely microlensing effect and we assume f ν, obs is at peak bright-
ess. We find upper limits in JWST F200W of 2 . 1 ± 0 . 3 × 10 5 L �,
 . 7 ± 0 . 3 × 10 6 L �, and 9 . 0 ± 1 . 4 × 10 5 L � for D21-S1, D21-S2,
nd D31-S4, respectively. These are broadly consistent with B8V or
3V stars (Meena et al. 2022 ). In reality, due to the high probability
f microlensing, these transients likely have a much lower luminosity.
or these observations, a depth of ∼29 was achieved (Yan et al. 2023 ),
orresponding to a required magnification of ∼ 10 4 for this type of
tar to be visible (Meena et al. 2022 ). This is roughly an increase
f 100 times on top of the macrolens magnification, which is easily
chie v able with microlensing. Repeating the calculation with this
agnification to roughly account for microlensing gives luminosities

onsistent with O and B type stars. From this quick calculation, we
nd that FF00 suggests that the transient stars in the Spock arc are
ost likely massive blue main-sequence stars or blue supergiants,
hich is in agreement with previous analyses of transients in the
pock arc (Rodney et al. 2018 ; Diego et al. 2024a ). Since these

ransients are only observed in one epoch, we are unable to constrain
heir variability. Future studies of the numerous transients in this arc
NRAS 536, 2690–2713 (2025) 
ill be able to use our model to more tightly constrain properties of
he lensed stars, source galaxy, and the microlens density. 

.3 Millilensing of mothra 

ere, we focus on the Mothra arc at z s = 2 . 091 (see Fig. 8 ), whose
ame comes from the specific transient ‘Mothra’ (Diego et al. 2023 ).
othra is well studied, with SED fitting finding that it likely consists

f a binary pair of two supergiants (Diego et al. 2023 ). Interestingly,
othra has been visible in HST since 2014, with no confident

ounterimage disco v ered as of this work. These hav e led to different
nterpretations of the nature of Mothra, with the most likely explana-
ion being a case of millilensing by a ≥ 10 4 M � substructure near the
osition of Mothra (Diego et al. 2023 ). Microlensing is disfa v oured
ecause of the > 8 yr flux anomaly with no counterimage (Diego et al.
023 ). Millilensing by substructures close to the macrolens critical
urve is an emerging frontier (Venumadhav et al. 2017 ; Dai et al.
018 , 2020 ; Williams et al. 2024 ), with the case of Mothra offering a
nique opportunity to test cosmological models. Currently, the nature
f Mothra’s millilens remains relatively unconstrained, with upper
imits on millilens mass ranging from ∼ 10 6 (Diego et al. 2023 ) to

10 9 M � (Abe et al. 2024 ). The relative position and size of the
illilens are also unknown. To study this case of millilensing, we

evelop a statistical framework to place upper limits on the mass,
ize, and location of the millilens. 

.3.1 Statistical inference of millilens parameters 

e adopt a Metropolis–Hastings algorithm to optimize the parame-
ers of the millilens. This first requires several considerations in order
o build a realistic posterior to sample in the algorithm. In general, we
uild the likelihood using the assumptions that the millilens provides
ufficient magnification at Mothra and that it does not significantly
erturb the Mothra arc. 
First, since Diego et al. ( 2023 ) uses SED fitting to identify Mothra

s a binary pair of supergiants, we estimate the required magnification
t the position of Mothra. This magnification needs to be achieved
y the millilens perturbation to the macrolens. The best-fitting SED
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rom Diego et al. ( 2023 ) consists of a hot ( T eff ≈ 14 000 K) and cool
 T eff ≈ 5000 K) star. In V band, the observed apparent magnitude
f Mothra is ∼28.85, which we can convert in AB magnitudes to a
orresponding f ν, obs . In this filter, the hotter star dominates the SED.
his hotter star is consistent with a blue supergiant. Because of this,
e adopt a prototypical absolute magnitude for Mothra equi v alent to

hat of fiducial blue supergiant Rigel: M V = −7 . 84 (Przybilla et al.
006 ). This corresponds to an intrinsic magnitude m exp of ∼38.29, 
hich is the magnitude of Mothra if there were no lensing. With

hese two measurements, we can rearrange equation ( 6 ) to solve for
he required magnification for Mothra μm 

which we find to be 5995. 
his is broadly consistent with expectations described by Diego et al. 
 2023 ). 

The FF00 absolute magnification at the location of Mothra is 
38 + 465 

−64 (uncertainties are the 68 per cent confidence intervals), which 
s on the same order as the magnification of 885 found by (Diego et al.
023 ), and larger than the magnification of 32.5 found by (Bergamini
t al. 2023 ). These are roughly an order of magnitude below what
s required assuming a blue supergiant source, meaning a millilens 
s needed in order to increase the magnification to μm 

∼ 6000. The 
illilens is treated as a perturbation on top of the macrolens model,
eaning that it should not change the o v erall shape or magnification

f the Mothra arc. To minimize the change in the shape of the
rc, we include two terms in the likelihood function. The first
imply requires that the positions of the reconstructed Mothra images 

r m, rec are minimally displaced from the observed Mothra images 
r m, obs . This is the same requirement as used in the source position
ptimization (see equation 3 ). We note that we only consider the
wo inner Mothra images (source 202.2 in Bergamini et al. 2023 )
ince the outer Mothra images are far enough away that they are
argely unaffected by the presence of the millilens. The second term 

inimizes the millilens distortion of the cluster critical curve. We 
uantify this as ξ = max ( r m, CC − r mac , CC ), where r m, CC and r mac , CC 

efer to the millilens and macrolens cluster critical curve positions, 
espectively. The presence of the millilens distorts the cluster critical 
urve, causing the parity and the magnification of the arc to lose
ts symmetry. Preservation of this is motivated by the fact that the

othra arc is roughly the same brightness on either side of the cluster
ritical curve. 

Finally, we minimize the millilens effect on the magnification 
f the Mothra images for the same reasons as for the critical
urve. We apply this for both the inner Mothra images which have
acrolens magnifications of μmac , + 

and μmac , − for the positive and 
e gativ e parity images, respectively . Accordingly , the inclusion of
he millilens has magnifications of μm , + 

and μm , −. 
Combining these, and assuming each millilens model property 

as a roughly Gaussian distribution, we use the following likelihood 
unction in our Metropolis–Hastings optimization of the millilens: 

ln L ( θ ) = −1 

2 

∑ 

[ (
μθ − μm 

σμ

)2 

+ 

(
r m, rec − r m, obs 

σr 

)2 

+ 

(
μm , + 

− μmac , + 

σ±

)2 

+ 

(
μm , − − μmac , −

σ±

)2 

+ 

(
ξ

σξ

)2 
] 

. (7) 

ere, μθ is the model magnification including the millilens and its 
espective parameters θ . We use σμ = 600 for the model uncertainty 
n μθ , assuming the identification of Mothra as a blue supergiant 
inary is robust. This corresponds to an uncertainty on the absolute 
agnitude of ∼ 0 . 1, which is reasonable for a prototypical blue
upergiant. We set σr = 0 . 04 arcsec to be equi v alent to the astrometric
recision of HST , and σ± = 1 for the magnification uncertainty at
he Mothra images’ location. This is purposefully smaller than σμ

ince by construction these should be minimally distorted by the 
illilens. The uncertainty of the cluster critical curve distortion is 

ξ = 0 . 1 arcsec , conserv ati vely chosen as twice the image RMS for
he Mothra images. For this analysis, we adopt an uninformed prior.

With the likelihood function established, we seek to minimize 
quation ( 7 ) by sampling θ for various millilens models. Since each
is distinct for different millilens models, we measure the mass and

ore size for each best-fitting millilens model from the optimization 
n order to compare across different models. 

.3.2 Millilens models 

or this work, we only consider two models for the millilens. In
eneral, the dense cluster environment in which the Mothra arc 
esides implies that millilens subhaloes will be tidally truncated with 
teep outer density profiles (Williams et al. 2024 ). Therefore, we
estrict chosen models to those allowing for such behaviour. To save
omputational resources, we only use lens models with an analytical 
orm. Furthermore, the usage of two millilens models offers a view
f the systematic uncertainty from the millilens. 
The first is a circular power-law potential derived from alphapot

Keeton 2011 ): 

( x , y ) = N 

(
s 2 + x 2 + y 2 

) α
2 , (8) 

here N is the normalization, α is the power-law exponent 7 , and s 
s the core radius. The advantage of this model is that the core radius
one of the properties of the millilens we wish to constrain) is built
nto the model. Similarly, the presence of α allows for flexibility in
he millilens density slope. 

The second model we consider is the tidally stripped lens potential
sed by Williams et al. ( 2024 ), dubbed ‘T-strip’: 

( r) = N 

b 

a − b 
( a ln ( a + r ) − b ln ( b + r ) ) , (9) 

here N is again the normalization, and a and b are dimensionless
onstants. The surface mass density profile κ = 

1 
2 ∇ 

2 ψ falls steeply 
s r −3 for the outer profile, thus mimicking a tidally stripped subhalo.
ince this model is designed to explicitly represent a tidally stripped
ubhalo, we define T-strip to be our fiducial model. 

In general, we define the core radius of these two models to be
he radius at which d ln �/ d ln r = −1, as this is where the density
rofile is approximately isothermal. The total mass of each millilens 
s calculated within this core radius. We note that our definition of
ore radius is different than the core radius s used in alphapot . 

One minor complication with this analysis is the presence of 
ensing degeneracies. In general, any lens model suffers from 

egenerate lens solutions that can equally fit the observational data. 
or this specific case of millilensing in Mothra, lensing degeneracies 
rimarily appear in the determination of the best-fitting model 
arameters θ as there is no unique set of parameters which minimizes
n L ( θ ) . While this ideally can be alleviated by an increase in
bservational constraints, for the purposes of our analysis, we choose 
o break the lens de generac y by fixing specific parameters of our lens

odels. For alphapot , we fix N = 10 −14 and s = 0 . 004 arcsec,
eaving α as the sole free parameter for this model. For T-strip, we
x N = 3 . 5 × 10 −13 and a = 0 . 005 (smaller than Williams et al.
MNRAS 536, 2690–2713 (2025) 
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M

Figure 9. Summary plots for the best fitting T-strip millilens model in the Mothra arc 0.05 arcsec from the position of Mothra. Top Left: Projected surface mass 
density distribution in the Mothra arc relative to � crit at z s = 2 . 091. Yellow triangles and black stars refer to the observed and reconstructed inner Mothra arc 
images, respectively. The green triangle indicates Mothra. The critical curve for is shown as a dashed green line, with the millilens critical curve clearly visible 
in the vicinity of Mothra. Top Right: Same as the top left plot, but with the magnification plotted instead of surface mass density . Additionally , the yellow dotted 
line indicates the macrolens cluster critical curve without the inclusion of the millilens. We note the small distortion of the millilens model cluster critical curve 
with the macrolens caused by the addition of the millilens model. Bottom Left: The posterior distribution for the T-strip parameter b. The green dashed line 
indicates the mode of the posterior. The red dashed lines indicate the 95 per cent credible interval. This model finds b = 59 . 25 + 0 . 44 

−0 . 41 × 10 −4 . Bottom Right: The 
magnification μ along the Mothra arc as a function of the distance r from the easternmost inner Mothra arc image (leftmost observed image in Top plots). The 
green and black dashed lines indicate the position of the millilens and Mothra. The magnification spikes indicate crossings of the critical curve, with the cluster 
critical curve represented by the spike at r ∼ 0 . 6 arcsec. The millilens magnification contribution is clearly seen at r ∼ 0 . 4 arcsec . 
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 2024 ) to represent a very compact subhalo), leaving b as the sole
ree parameter for this model. In both cases, the chosen value for
 is rather arbitrarily chosen to ensure that the millilens density

rofile converges to the local macrolens density profile far away
rom the millilens. Fixing the core radius s in alphapot no longer
llows us to constrain the core size with this model, but instead
llows us to constrain the density slope. The chosen core radius of
.004 arcsec is equi v alent to ∼22 pc 8 , which is on the smaller end
f expected sizes of subhaloes (Faisst et al. 2022 ; Williams et al.
024 ). Fixing a in T-strip does not come with this restriction, so
e are able to derive constraints on mass and core radius with this
odel. Furthermore, since this model is more representative of tidally

tripped subhaloes, we quote the constraints from this model as the
ain results of this analysis, relegating alphapot as a comparison
odel for consistency. 
NRAS 536, 2690–2713 (2025) 

 Using our definition of core radius at the isothermal radius, this corresponds 
o ∼12 pc. This remains constant for different values of α. 

r
 

p  

p  
The choice to fix parameters has two primary moti v ations. The first
s that it saves significant computation time. Since the millilens is
uite small (on the order of milliarcseconds), the required resolution
f the lens model needs to be increased to 0.0014 arcsec per
ixel (from 0.282 arcsec per pixel). This consequently increases
he computation time per sample in the MCMC. With only one
arameter of interest, the computation time decreases. The second is
o manually break the lens de generac y. While at first glance it may
eem that we are sacrificing complexity, this is not the case. Since the
arameters for the lens models are de generate, the y yield similar mass
odels. This means that for a different set of parameters, roughly

he same mass and core size millilens is produced. Because of this,
xing a parameter is preferable to ensure that the MCMC is able to
onverge the likelihood to a minimum. We also note that fixing
arameters significantly reduces the statistical uncertainty, hence
endering systematic effects as the best proxy for the uncertainty. 

In summary, we have two millilens models: T-strip and al-
hapot . We use a Metropolis–Hastings algorithm to sample the
osteriors for b and α for T-strip and alphapot , respectively, using
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Figure 10. Value of δi ( � AIC) for T-strip and alphapot for models at 
different distances r from Mothra ( Top ). δi is calculated relative to the best 
model for each millilens. We expect δi to significantly increase for r < 

0 . 01 arcsec, ho we ver, we do not examine this regime due to computational 
expense. The dashed orange line denotes δi = 4, which we adopt as the upper 
limit condition on r . We assume that these plots depict rough interpolations of 
δi with r . We also show the mass ( Middle ) and core radius ( Bottom ) of the best 
fitting millilens as a function of r . The dashed orange line corresponds to the 
upper limit on r and the intersection with both curves gives the upper limit on 
mass and core radius. The orange shaded region indicates the uncertainty on 
the upper limit on r of 0.01 arcsec, defined by the rough size of the millilens. 
We do not include alphapot in the bottom plot since its core radius was 
fixed. 
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he likelihood function in equation ( 7 ). Lastly, since in principle the
illilens can be located anywhere in the lens plane, we repeat the

nalysis at varying positions from Mothra along the arc. We only 
onsider positions at increasing distances from the cluster critical 
urve, as approaching the cluster critical curve will significantly 
istort the parity of the arc. Based on the rough size of each
illilens, we adopt an uncertainty on each chosen millilens position 

f ∼0.01 arcsec. At each position, we measure the best fitting mass
or both models (and core size for T-strip) for 6000 samples in the

CMC. As an example, the best-fitting lens model for T-strip at a
osition of 0.05 arcsec from Mothra is shown in Fig. 9 . 

.3.3 Millilens results 

ig. 10 shows main results of the analysis presented in Sec- 
ion 4.3.2 for T-strip and alphapot at positions along the arc 
anging from 0.01 to 0.08 arcsec. Comparison of the two models 
n the middle panel of Fig. 10 shows the rough uncertainty on
he best-fitting millilens mass. To e v aluate the strength of each
odel at different positions, we utilize the Akaike Information 
riterion (AIC) 

I C = 2 K − 2 ln ˆ L ( θ ) , (10) 

here K is the number of model parameters and ˆ L ( θ) is the
aximized likelihood function of equation ( 7 ). While not the most

obust statistical metric, the AIC allows us to find constraints roughly 
o the order of magnitude. This is moti v ated by the fact that for
oth T-strip and alphapot , the best fitting millilens mass and 
IC are roughly similar to one another (see Fig. 10 ). To compare

ach model at different distances, we compare each model AIC 

 AI C i ) to the minimum from the millilens models ( AI C min ) with
i = AI C i − AI C min . We employ the standard e v aluation metric of
i > 4, corresponding to substantially less support for the ith model 
ince the relative likelihood between models drops to 0.14. With this,
e can set upper limits in two stages: (1) defining the upper limit
n millilens position where δi > 4 (orange line in top panel of Fig.
 0 ), (2) finding the upper limit on mass and core radius at the upper
imit on millilens position (orange line in middle and bottom panels 
f Fig. 10 ). We emphasize that we assume AIC values between each
ampled millilens position are roughly interpolated, which appears 
o be a realistic assumption due to the stable correlations of mass and
ore radius with millilens position. 

Following this statistical analysis, we find the upper limit on 
illilens position to be 0.055 and 0.052 arcsec for T-strip and 
lphapot , respectively, with positional uncertainty of 0.010 arcsec 
s described in Section 4.3.2 . Beyond this distance along the arc,
he best-fitting millilens mass to contribute magnification at Mothra 
istorts the cluster critical curve significantly, causing δi to blow up. 
n general, δi increases similarly for both models up to the upper 
imit, indicating that both models are consistent in explaining the 
illilens structure at different positions. Since T-strip is our defined 
ducial model, we adopt 0.055 arcsec as the upper limit on millilens
osition. 
At this position, we calculate the upper limit on the millilens mass

o be 2 . 29 + 0 . 91 
−0 . 71 × 10 6 M � and 2 . 50 + 0 . 83 

−0 . 81 × 10 6 M � for T-strip and
lphapot , respecti vely. Gi ven the uncertainty in millilens position, 

hese upper limits are quite consistent with one another. In fact, as
hown in Fig. 10 , the mass for both T-strip and alphapot follow
losely with r . With T-strip, we adopt the upper limit on mass to
e 2 . 29 + 0 . 91 

−0 . 71 × 10 6 M �. This is consistent with the upper limit of
 . 5 × 10 6 M � found by Diego et al. ( 2023 ), and in tension with the
pper limit of 1 . 4 × 10 9 M � from Abe et al. ( 2024 ). 
MNRAS 536, 2690–2713 (2025) 
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Correspondingly, the upper limit on core radius from T-strip
s 17 . 1 + 2 . 8 

−2 . 3 pc. As mentioned previously, we fixed the core radius
arameter in alphapot as s ∼ 22 pc, and therefore do not derive
onstraints with it. With our definition of core radius at the isothermal
ensity slope, the alphapot core radius is ∼12 pc, in agreement
ith the upper limit from T-strip. For alphapot , we constrain
∼ 0 . 0778 at the upper limit, consistent with a steep outer density

rofile. A core radius upper limit has yet to be established for the
othra millilens, and we study its implications in Section 4.4 . 
As can be seen in Fig. 10 , δi converges for our two models

t 0.01 arcsec from Mothra. We expect δi to increase substan-
ially at even closer distance to Mothra r < 0 . 01 arcsec. This is
ecause for masses smaller than ∼ 10 4 M � (the rough millilens
ass in this regime), millilens critical curves may not form, so

he magnification at Mothra would be insufficient. Furthermore,
he millilens needs to be � 10 4 M � in order to have sustained

agnification o v er 7 yr (as observ ed) with reasonable velocities and
rientations of its trajectory relative to the caustic (Diego et al.
023 ). This means that the lower limit on the millilens position
xists somewhere within 0.01 arcsec from Mothra. We are unable
o probe this regime due to computational expense as we would
eed to drastically increase the resolution. Nevertheless, if we
ssume that our best-fitting millilens position (0.01 arcsec) is close
o the global minimum for this e x ercise, we estimate the best-fitting

ass and core radius to be 1 . 89 + 0 . 02 
−0 . 01 × 10 5 M � and 8 . 08 + 0 . 01 

−0 . 01 pc, 
espectively. 

For this analysis, we find that for both millilens models the results
re consistent with our initial assumption that the millilens subhalo
e tidally truncated. As a quick test of this, we repeat the analysis for
n NFW profile (equation A6 ) placed at r = 0 . 03 arcsec 9 The mass
f the NFW profile does not converge at far distances, and so is a
ood representation of a millilens model that is not tidally truncated.
e find for this model that the AIC increases significantly to 121

 δi ∼ 113), roughly an order of magnitude increase from T-strip and
lphapot . The culprit for this is the fact that the excess mass at

urther distances from the millilens contributes to increased distortion
f the cluster critical curve and greater change in magnification at
he positions of the Mothra images. Because of this, we conclude
hat the millilens is most likely tidally truncated. 

Based on the constraints of mass and core radius, the identity of
he millilens appears to be consistent with a small globular cluster. At
his size, a globular cluster is potentially bright enough to be visible
ith JWST, but remains undetected with JWST. This interpretation is

onsistent with the one reached by Diego et al. ( 2024b ), who estimate
 ∼ 20per cent probability that a globular cluster aligns properly to
rovide the necessary magnification for Mothra. 
It is also possible that the millilens could be a point mass, such

s a black hole. A population of wandering black holes in cluster
nvironments is predicted by simulations (Ricarte et al. 2021a ,
 ) and is capable of producing asymmetries in magnification and
issing counterimages of sources (Mahler et al. 2023 ), akin to those

een in the case of Mothra. Ho we ver, the precise abundance and
ass function of the wandering population are poorly constrained

urrently. Recent limits at z ∼ 2 from the ASTRID simulation find
hat ∼10–100 black holes with masses ranging from 10 4 –10 6 M �
re expected near the centers of massive galaxies (Di Matteo
NRAS 536, 2690–2713 (2025) 

 Here, the choice of position of the NFW is arbitrary. Since this is a test of the 
idal truncation assumption, it can be repeated at any position and compared 
ith T-strip and alphapot . 

i  

m  

l  

e

m

t al. 2023 ), making them a plausible candidate for the Mothra
illilens. 
Alternatively, the millilens may be a dark matter subhalo source,

hich is consistent with expectations from � CDM cosmology
Diego et al. 2023 ; Williams et al. 2024 ), which predicts numerous
ark matter subhaloes at pc scale. Therefore, our upper limit con-
traints on the millilens offer a good test for dark matter constraints,
hich we elaborate on in Section 4.4 . Regardless of the identity of

he millilens, our results seem to be in good agreement with past
esults and the standard cosmological paradigm. 

.4 Implications for dark matter 

he consistent presence of the light unaffiliated substructures M1 and
2 in all our models make them intriguing candidates for potential

ark matter substructures. Likewise the millilens structure in Mothra,
f assumed to be dominated by dark matter, can offer a unique probe
f the low-mass end of the mass function of dark matter haloes.
e emphasize that a more detailed analysis than the one presented

ere would be necessary to establish the reality of these features and
o formalize these constraints. Here, we perform a simple analysis
nder the assumption that our findings hold. 
Wave dark matter (also known as fuzzy dark matter) has recently

ad success in reconstructing anomalous flux ratios in galaxy-
cale strong lenses (Amruth et al. 2023 ), and therefore offers an
nteresting candidate for dark matter. In the wave dark matter
ormulation (hereafter ψDM), dark matter is described by a scalar
eld with the Schr ̈odinger–Poisson equation (Hui et al. 2017 ). The
ssociated particles in this model are ultra-light bosons with mass
 ψ ∼ 10 −22 eV, corresponding to astrophysical scale de Broglie
avelengths λ ∼ 0 . 1 –1 kpc. At this scale, fluctuations of the density
istribution can form mass substructures, referred to as granules,
hich oscillate on very long time-scales. These granules contain

oliton cores arising from the balance of quantum pressure and
ravity. In general, these soliton cores have a mass M and a length
cale λ, which scale as (Schive et al. 2014 ; Burkert 2020 ; Amruth
t al. 2023 ): 

∝ ( 1 + z d ) 
−1 / 2 m 

−1 
ψ M 

−1 / 3 . (11) 

s an order of magnitude calculation, if we assume M1 and M2
re single solitons with core radii equi v alent to λ, we estimate
 ψ = 8 . 61 ± 0 . 15 × 10 −25 eV and 2 . 04 ± 0 . 02 × 10 −24 eV for M1

nd M2, respectively. These are lower limits on m ψ because it is
lternatively possible to assume that M1 and M2 are instead a
lustering of many solitons. In that case, the ψDM substructure mass
ould decrease, implying a larger m ψ . More sophisticated analysis
ould be required to better constrain λ with M1 and M2. 
It is worth mentioning the recent tension in m ψ constraints from

strophysical observations, with some results fa v ouring m ψ ∼ 10 −22 

V (Schive et al. 2014 , 2016 ; Amruth et al. 2023 ; Diego et al. 2023 )
hile others fa v our m ψ � 10 −21 . 5 eV (Ir ̌si ̌c et al. 2017 ; Da vies &
ocz 2020 ; Laroche et al. 2022 ; Powell et al. 2023 ). Therefore,

 more useful constraint is an upper limit on m ψ . We can extend
ur previous calculation to an upper limit on m ψ using results from
ur Mothra millilens. The subhalo mass function for ψDM becomes
ncreasingly suppressed at lower halo masses until it reaches a lower

ass limit M min due to quantum pressure (Hui et al. 2017 ). At this
imit, a corresponding upper limit on m ψ can be solved for (Schive
t al. 2014 ; Laroche et al. 2022 ): 

 ψ < 10 −22 

(
M min 

1 . 2 × 10 8 

)−2 / 3 

(1 + z d ) 
1 / 2 , (12) 
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here m ψ has units of eV and M min is expressed in M �. In
ection 4.3.2 , we model the Mothra millilens as a perturbation on

he local density profile. As we discuss, there is expected to be a
ower mass limit on the millilens at the point where the perturbation
ails to produce critical curves. As our results show in Section 4.3.3 ,
i appears to converge at 0.01 arcsec from Mothra, for which we 
ound the millilens to have a mass of 1 . 89 + 0 . 02 

−0 . 01 × 10 5 M �. Since we
xpect this mass to lie near the lower limit of the millilens mass,
e treat it as the rough millilens lower limit, M min , for just this

alculation. This is a fair assumption because if we treat the millilens
s a density fluctuation, then its amplitude is approximately equal 
o the mean local density (i.e. fractional o v erdensity d ρ/ρ ∼ 1),
s expected from ψDM (Dalal et al. 2021 ). From this, we find
hat m ψ < 8 . 74 + 0 . 03 

−0 . 06 × 10 −21 eV. Going one step further, simulations
how that ∼80 per cent (possibly even higher since Mothra is close to
he cluster centre) of the mass of dark matter haloes can get stripped
uring their infall (Niemiec et al. 2019 ), something expected to occur
n the case of the Mothra millilens substructure. Accounting for this,
he original mass of the millilens increases to 9 . 43 0 . 10 

0 . 05 × 10 5 M �,
hus constraining m ψ < 2 . 99 + 0 . 01 

−0 . 02 × 10 −21 eV. 
We caution that this conclusion relies on many assumptions, 
ainly that our analysis adequately estimates M min , that T-strip is
 good representation of the millilens, and that Mothra is indeed a
inary pair of supergiants (thus requiring μm 

∼ 6000). The first two 
f these were justified previously, while the last is our most sensitive
ssumption. Degeneracies present in the SED fitting of Mothra’s 
hotometry potentially cause T eff to be underestimated (Diego et al. 
023 ). Since our constraints of the millilens properties heavily 
ely on the intrinsic properties of Mothra, we would ideally prefer 
pectroscopic observations to characterize Mothra more accurately. 
o we ver, acquisition of a spectra of Mothra is likely to pose a

hallenge, due to an expected long exposure time of o v er 50 h per
rating with JWST and lack of identifiable spectral lines at its redshift
Lundqvist et al. 2024 ). Therefore, our constraints presented here are 
ased on the best available data, and may drastically change upon 
uture observations. None the less, the upper limit is consistent with 
oth Lyman- α measurements (Ir ̌si ̌c et al. 2017 ) and lensing flux ratios
Amruth et al. 2023 ), thus unable to break the tension. Since this only
akes use of a single low-mass millilens substructure, the disco v ery

f more Mothra-like millilenses (e.g. Godzilla, in the Sunburst arc 
iego et al. 2022 ) may help elucidate the m ψ upper limit to higher
recision. 
Another dark matter candidate worth investigating is self- 

nteracting dark matter (SIDM). This model assumes the dark matter 
articles have a non-zero interaction cross-section per unit mass 
/m , which has been constrained using dark matter substructures 
ith cosmological N -body simulations (Peter et al. 2013 ; Harv e y

t al. 2019 ; Xu 2023 ; Sabarish et al. 2024 ) and lensing obser-
 ations (Miralda-Escud ́e 2002 ; Marke vitch et al. 2004 ; Brada ̌c
t al. 2008 ; Jauzac et al. 2016 , 2018 ; Andrade et al. 2022 ; Kong,
ang & Yu 2024 ). Once again, a more proper analysis of SIDM
onstraints derived from our lens model is beyond the scope of
his paper. Here, we present a brief back-of-envelope calculation to 
onstrain σ/m . 

The characteristic radius of the SIDM density profile is defined as
he point where dark matter self-scattering happens once during the 
ge of the halo ( t age ) (Kaplinghat, Tulin & Yu 2016 ). If we assume
hat the SIDM halo is virialized at this characteristic radius and that
he characteristic radius is roughly equi v alent to the core radius R c ,
hen we obtain the following relation (Miralda-Escud ́e 2002 ; Peter 
t  
t al. 2013 ; Kaplinghat et al. 2016 ): 

σ

m 

= 

4 π

3 t age 

√ 

R 

7 
c 

GM 

3 
, (13) 

here M is the mass of the SIDM halo. This relation also assumes
hat the density of the SIDM halo at R c is equi v alent to its mean
ensity, something which is approximately true for our purposes. 
or this calculation we set t age ≈ 1 . 5 × 10 9 yr which corresponds to

he formation of the halo at z ∼ 0 . 6. This choice of redshift is rather
rbitrarily chosen such that the halo is relatively long lived, and
herefore gravitationally bound, by the time of observation at z =
 . 396. With this, we find σ/m to be 0 . 070 ± 0 . 005 cm 

2 g −1 , 0 . 013 ±
 . 001 cm 

2 g −1 , and 2 . 301 ± 0 . 027 × 10 −3 cm 

2 g −1 for M1, M2, and
he Mothra millilens, respectively. We note that for this calculation 
e use the best-fitting mass and core radius for the millilens. Since

hese are tidally stripped substructures with original masses that 
re approximately estimated to be much higher, these constraints 
re rough upper limits. These results are stricter but nonetheless 
onsistent with previous constraints (Peter et al. 2013 ; Kaplinghat 
t al. 2016 ; Andrade et al. 2022 ). It is also in agreement with recent
esults finding best fitting σ/m 
 1 cm 

2 g −1 (Harv e y et al. 2019 ;
ndrade et al. 2022 ), suggesting that dark matter in clusters does
ot self-interact. Similar to ψDM, a more rigorous and sophisticated 
nalysis is necessary to further constrain the interaction cross-section. 

 C O N C L U S I O N S  

e present an updated lens reconstruction (dubbed FF00) of 
ACSJ0416 using GRALE , a free-form genetic algorithm based lens 

nversion method. FF00 includes all 237 spectroscopically confirmed 
mages, making this the free-form lens model with the most multiple
mage constraints in the Frontier Fields. Our main results are as
ollows: 

(i) Our main lens model, FF00, has � RMS = 0 . 191 ′′ , indicating
igh accuracy in the reconstruction. We also find M( < 200 kpc )
o be 1 . 434 ± 0 . 002 × 10 14 M � and 1 . 487 ± 0 . 002 × 10 14 M � for
CG-N and BCG-S, respectively, which is consistent with previous 
odels (Diego et al. 2024b ). Table 4 presents the main results of the

dditional models we generate. All the models are broadly consistent 
ith one another. In addition, all the models exhibit the same large

cale density structure. 
(ii) We identify two main dark substructures that appear to be 

nassociated with light (M1 and M2) that are present in all the models
e generate. M1 is located roughly in the center of the lens with
 . 5 ± 0 . 5 × 10 11 M � within a core radius of ∼16 kpc. M2 is located
uch closer to BCG-S with a size of ∼8 kpc and mass of 5 . 7 ± 0 . 2 ×

0 11 M �. While it is possible that the mass of both substructures
an be redistributed using lensing degeneracies (thereby reducing 
r eliminating them), we argue that this is unlikely (especially for
2) due to the presence in both cases of nearby central maxima

mages. If the two substructures are real, the axion mass lower limit
f wave dark matter for M1 and M2 is ∼ 10 −24 eV. Likewise, dark
atter self-interacting cross-sections abo v e 0 . 070 ± 0 . 005 cm 

2 g −1 

nd 0 . 013 ± 0 . 001 cm 

2 g −1 , are disfa v oured. In the future, we suggest
ore sophisticated analysis to formalize these constraints. 
(iii) For the well-studied Spock arc, we find FF00 exhibits two 

rossings of the arc, one of the only models with this behaviour.
he mean image plane separation 〈 � θ〉 for this arc is 0.111 arcsec.
here is strong support for this being an accurate reconstruction of

he critical curve structure near the Spock arc due to the calculated
MNRAS 536, 2690–2713 (2025) 
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igh magnification ( μ > 40) across the arc. This allows for a high
robability of microlensing to explain the numerous transients (Yan
t al. 2023 ) disco v ered in the arc. The multiple crossings are able
o provide sufficient mass to account for the M/L ratios of Spock-
 and Spock-S, which imply that the wide density profile around
pock-N is responsible for the 2 critical curve crossings. Our hybrid
H-prefixed models) and transient counterimage (FF-prefixed except
or FF00) models are unable to reproduce as accurate a model nor the
ecessary high magnification across the arc to explain the number
f transients. Predicted luminosities of transients with this model are
onsistent with blue supergiants at the upper limit, consistent with
bservations (Rodney et al. 2018 ; Diego et al. 2024a ). 
(iv) In the Mothra arc, the presence of Mothra for > 8 yr without a

ounterimage suggests a unique case of millilensing at that position.
sing Bayesian optimization to model this millilens, we constrain the
ass and core radius of the millilens to be 2 . 29 + 0 . 91 

−0 . 71 × 10 6 M � and
7 . 1 + 2 . 8 

−2 . 3 pc at the upper limit, respectively. This result is consistent
ith the model from Diego et al. ( 2023 ), and inconsistent with the
odel from Abe et al. ( 2024 ). Our result provides the first explicit

onstraint on the core radius of the millilens. The upper limits on mass
nd core radius are consistent with the millilens source being a small
lobular cluster too dim to be seen with JWST, or an intermediate
ass black hole. Alternatively, if the millilens is dominated by wave

ark matter, we constrain the axion mass m ψ < 2 . 99 + 0 . 01 
−0 . 02 × 10 −21 

V, consistent with past results (Ir ̌si ̌c et al. 2017 ; Amruth et al.
023 ). Similarly an upper limit of 2 . 301 ± 0 . 027 × 10 −3 cm 

2 g −1 

an be placed on the dark matter self-interacting cross section. Like
1 and M2, more rigorous analysis is required to formalize these

onstraints. 

The natural next step for this work would be to do another
RALE lens reconstruction of MACSJ0416 including the full JWST

mage catalogue of 343 multiple images (Diego et al. 2024b ). As
entioned in Section 2 , we did not include this larger image data

et because it lacks spectroscopic redshifts for many sources, which
an reduce � RMS in GRALE (Remolina Gonz ́alez et al. 2018 ). It
s likely, ho we ver, that spectroscopic redshifts will be available for
he larger image set in the future. Furthermore, since MACSJ0416
as the largest number of multiple images of any known cluster
ens, it can serve as an excellent test on whether or not lens models
n the literature are converging to a similar solution. We propose
 comparison of reconstructed density profiles for this lens for
arious lens inversion methods and image constraints. Presumably,
he increase in number of image constraints (especially in the central
egions of the cluster) and precision of M/L measurements for
luster member galaxies has caused mass reconstructions to converge
or a variety of parametric and non-parametric lens inversions. If this
s true, this can allow us to establish the likelihood of certain mass
eatures in the lens (such as M1 or M2) being real structures if they
re consistently reproduced with increasing data constraints. In turn
his can help place stronger constraints on dark matter models. 

In addition, the inclusion of highly magnified transients (such as
ith Mothra in this work) as explicit constraints on substructure in the

ens is a new and exciting frontier for future research (Venumadhav
t al. 2017 ; Dai & Pascale 2021 ; Griffiths et al. 2021 ; Diego 2022 ; Lin,
agner & Griffiths 2022 ; Meena et al. 2022 ; Williams et al. 2024 ).

he technique can be used to place constraints on microlensing
robability and density (Diego et al. 2024a ) and consequently on
ifferent models of dark matter (Dai & Miralda-Escud ́e 2020 ).
he multiple critical curve crossings of the Spock arc we find in
F00 offers a unique case deserving of future study. Since our
odel predicts a high magnification along the arc, the probability
NRAS 536, 2690–2713 (2025) 
f microlensing increases. We suggest future work using our model
o therefore formalize the constraint on microlensing probability and
ensity in the arc. Likewise, the increasing number of transients
isco v ered in the Spock arc with HST ’s Flashlights and JWST’s
EARLS will elucidate the exact position of the critical curve, thus
ffering a test of the reality of our model. 
Our development of hybrid lens models using GRALE offers a

nique way to perform a lens reconstruction with a parametric basis
et constraint included on top of a free-form inversion method, which
ses thousands of free parameters and generates an ensemble of
olutions, instead of just one. 10 In our work, these models were
roadly consistent with the free-form ones. In SDSS J1004 + 4112,
erera et al. ( 2024 ) found, using hybrid GRALE models, that a denser
entral mass distribution offered a competing degenerate model with
imilar fitness, sho wing ho w hybrid models can uniquely examine
he parameter space. Ho we ver, the performance of the hybrid GRALE

ethod (and if it contains any systematic effects) has not yet been
tudied in detail. We therefore suggest rigorous scrutiny of the
erformance of hybrid GRALE models and how they compare with
he default free-form GRALE models in a manner similar to Ghosh
t al. ( 2020 ). Such an analysis will allow clearer interpretations of
uture GRALE models which will be crucial with the disco v ery of
reater numbers of multiple images per cluster. 
In general, our lens reconstructions achieve one of the highest

recision models of MACSJ0416 to date. The reconstruction of
ultiple critical curve crossings in the Spock arc will, if true, place

trong constraints on the local density of microlenses and dark matter.
ur constraints on the mass and size of the Mothra millilens likewise
lace constraints on models of dark matter. 
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PPENDIX  A :  H Y B R I D  M O D E L S  

ybrid lens models using GRALE amount to including additional
asis functions on top of the currently existing grid of Plummers. All
hese functions are optimized in the genetic algorithm. The benefit
f these models is the mandatory inclusion of mass at the scale
f individual cluster member galaxies, which can have influence
n image positions and magnifications that may not be completely
econstructed by a free-form cluster scale model. Below we describe
he input parameters and their physical justifications for the Sersic
nd NFW hybrid models. 

1 Sersic model 

or a circular Sersic profile, the projected surface mass density
Keeton 2001 ) is 

 S ( θ ) = � cen exp 

[ 

−
(

θ

θS 

) 1 
n 

] 

, (A1) 

here � cen is the central surface mass density, n is the Sersic index,
is the angular position, and θS is the angular scale, defined by the

f fecti ve radius R e as θS = ( b −n R e ) /D d , where b = 2 n − (1 / 3). To
odel cluster member galaxies with a Sersic profile, we define for

ach modelled galaxy � cen , R e , and n based on observed physical
haracteristics from each galaxy. We note that the parameter � cen 

eed only be an estimate since the genetic algorithm will optimize
ts weight. 

For all modelled galaxies, we assume n = 4 for a de Vaucouleurs
odel since the cluster member galaxies are most likely elliptical. For
ACSJ0416, Tortorelli et al. ( 2023 ) measure structural parameters

or the cluster member galaxies. We adopt their measurements of
 e in HST F160W, since elliptical galaxies’ flux is brighter in

edder wavelengths, so R e measurements in this band most likely
orrespond to stellar mass. Estimating the central density is slightly
ore involved as mass measurements of the cluster member galaxies

re unavailable. We start by solving for � cen in terms of the total
tellar mass M � (with n = 4): 

 � = 2 π� cen D 

2 
d 

∫ 
θ exp 

[ 

−
(

θ

θS 

) 1 
4 
] 

d θ . (A2) 
NRAS 536, 2690–2713 (2025) 
ince we have assumed a circular Sersic profile, we can rewrite the
quation: 

 � = 2 π� cen 

∫ ∞ 

0 
r exp 

[ 

−
(

r 

R S 

) 1 
4 
] 

d r, (A3) 

here r is the radial distance with respect to the centre of the galaxy
 r = D d θ ) and R S is the physical scale, defined as R S = D d θS =
 

−4 R e . The solution for this is exact if one substitutes x = ( r/R S ) 1 / 4 :

 � = 2 π� cen 

∫ ∞ 

0 
x 4 R S e 

−x 
(
4 x 3 R S 

)
d x 

= 8 π� cen R 

2 
S 

∫ ∞ 

0 
x 7 e −x d x 

= 8! π� cen R 

2 
S . 

o to estimate � cen , we need to estimate the stellar mass: 

 cen = 

M � 

8! πR 

2 
S 

. (A4) 

bservations from the Canada–France–Hawaii Telescope Le gac y
urv e y (CFHTLS) of cluster member galaxies at 0 . 1 < z < 0 . 9 find
 tight correlation between R e and M � (Ulgen et al. 2022 ). Using
ur adopted estimates for R e , we can therefore use this relation (see
quation 9 in Ulgen et al. 2022 ) to estimate M � and therefore � cen .
able 2 gives the estimated Sersic parameters used as input for our
ybrid models. 

2 NFW model 

he Navarro–Frenk–White (NFW) profile describes the dark matter
ensity profile for a dark matter halo (Navarro et al. 1997 ): 

NFW 

( r) = 

ρs 

r 
r s 

(
1 + 

r 
r s 

)2 , (A5) 

here r s is the scale radius and ρs is the scale density. The projected
urface density for an NFW profile is (Bartelmann 1996 ; Navarro
t al. 1997 ; Wright & Brainerd 2000 ): 

 NFW 

( θ ) = 2 r s ρs G 

(
θ

θs 

)
, (A6) 

here θs = r s /D d and G ( x) is defined as: 

 ( x) = 

1 − F ( x) 

x 2 − 1 
(A7) 

ith 

 ( x) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

1 √ 

1 −x 2 
tanh −1 

√ 

1 − x 2 for x < 1 

1 for x = 1 
1 √ 

x 2 −1 
tan −1 

√ 

x 2 − 1 for x > 1 . 
(A8) 

rom this, we need to estimate r s and ρs in order to model the cluster
ember galaxies as NFW profiles. 
For a physically realistic model, we choose to define the scale

adius as the virial radius. From this assumption, we can solve for
he virial mass of the NFW profile: 

 vir = 

∫ R vir 

0 
4 πr 2 ρNFW 

( r)d r 

= 4 πρs r 
3 
s 

(
ln ( 1 + c ) − 1 

1 + c 

)
, 

here c is the concentration parameter defined as c = R vir /r s . To get
he virial radius, we estimate it using the ef fecti ve radius and virial
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adius relation from Huang et al. ( 2017 ) where ef fecti ve radius R e ∼
 . 023 R vir . Using the measured R e of the cluster member galaxies
rom Tortorelli et al. ( 2023 ), and this relation, we can estimate the
cale radii for the cluster member galaxies: 

 s ≈ R e 

0 . 023 c 
. (A9) 

rom this, the scale radius for a given galaxy depends on its respective 
oncentration parameter, which we estimate using the concentration–
ass relation as measured in Correa et al. ( 2015 ). This requires an

stimate of the virial mass independent of that of the NFW profile
uch that c is physically justified rather than an assumption. Since, 
rom the virial theorem, the virial mass can be estimated as 

 vir = 

5 R vir σ
2 

G 

, (A10) 

n estimate of the velocity dispersion σ will give us c. We note
hat equation ( A10 ) is a good approximation for elliptical galaxies
Cappellari et al. 2006 ; Bezanson, Franx & van Dokkum 2015 ).
elocity dispersion is not directly measured for some of the galaxies 

n MACSJ0416, so we estimate it by scaling these with the measured
elocity dispersion of BCG-N σ0 = 279 km s −1 (Bergamini et al. 
021 ) and the best fit Faber-Jackson relation for MACSJ0416 
Bergamini et al. 2021 ). Thus, for a given galaxy, we have the
ollowing relation (from Faber–Jackson): 

L gal 

L 0 
= 10 −0 . 4( M gal −M 0 ) = 

(
σ

σ0 

) 1 
α

, (A11) 

here M gal and M 0 are the absolute magnitudes for a chosen galaxy
nd BCG-N, respectively, L gal and L 0 are the luminosities for a 
hosen galaxy and BCG-N, respectively, and α = 0 . 3 (Bergamini 
t al. 2021 ) for the best-fitting Faber–Jackson relation for the cluster.
 0 can be solved for with the distance modulus using the HST

160W photometric measurement of the apparent magnitude of 
CG-N m 0 = 17 . 02. Similarly, photometric apparent magnitudes 

n the F160W band for each cluster member galaxy are presented in
ortorelli et al. ( 2023 ), allowing for measurements of M gal . From this,
e can get the velocity dispersion for a given cluster member galaxy: 

= σ0 

(
10 −0 . 4 α( M gal −M 0 ) 

)
. (A12) 

To summarize, using photometric measurements in HST F160W, 
e are able to obtain estimates of each cluster member galaxy’s 
elocity dispersion with equation ( A12 ). From this, we can estimate
he virial mass using equation ( A10 ). Lastly, we can use this estimate
n the concentration–mass relation from Correa et al. ( 2015 ) to
stimate c. At this point, we are able to then obtain the scale radius
 s . The final step to model the NFW is to solve for ρs , which is done
imply by equating the virial mass from the integrated NFW profile 
ith our estimate from virial theorem (equation ( A10 )): 

5 R vir σ
2 

G 

= 4 πρs r 
3 
s 

(
ln ( 1 + c ) − 1 

1 + c 

)
. 

hus, we obtain: 

s = 

5 R vir σ
2 

4 πr 3 s G 

(
ln ( 1 + c ) − 1 

1 + c 

)−1 

. (A13) 

able 3 gives the estimated NFW parameters used as input for our
ybrid models. 

PPENDIX  B:  U N C E RTA I N T Y  IN  T H E  SPOCK  

R C  C R I T I C A L  C U RV E  

ince the critical curve structure around the Spock arc is of particular
nterest, it is important to analyse the uncertainty in our recov- 
MNRAS 536, 2690–2713 (2025) 

igure B1. The same field of view of the Spock arc as Fig. 6 , with the FF00
ritical curve (CC) shown as a red dashed line. The labelled points are the
ame as in Fig. 6 . The green background (and corresponding dark purple
ontour lines) shows the bootstrapped density of CCs from the ensemble of
0 GRALE runs, with darker green regions corresponding to regions where
ndividual CCs from a GRALE run are more likely to pass through. The blue
ashed lines show the resampled CCs. From this, we can see that the FF00
C falls along a probable path around the Spock arc. The CC density also

a v ours multiple crossings of the arc as shown by the CC density forming a
U’ shaped structure as it passes the arc. 

red model. Our FF00 reconstruction finds multiple critical curve 
rossings of the Spock arc. We bootstrap by randomly sampling 
he ensemble of 40 GRALE runs with replacement, to obtain the
requency at which multiple crossings are recovered by GRALE . 
rom this resampled data, we calculate the density of critical curves
round the Spock arc, as shown in Fig. B1 . The critical curve density
s thus a measure of the uncertainty. 

The critical curve density follows our FF00 result, and does 
eem to fa v our multiple crossings of the Spock arc. This can be
een with the valley-like features of the critical curve density. 
nlike the single critical curve crossing case of Bergamini et al.

 2023 ) (see top panel of Fig. 6 ) and several other models, whose
ritical curve closely encircles the Spock-N galaxy, our critical 
urve density is very low around Spock-N. Our critical curve 
ensity instead increases significantly around the valley surrounding 
pock-N. We can see this forms two distinct crossing points on
ither side of the Spock arc. We note that this does not rule
ut a single crossing model, as a little under half of the models
n the ensemble of 40 GRALE runs reconstructed one crossing. 
ugmenting the ensemble of models from which we construct 
F00 will further elucidate the critical curve structure around the 
pock arc. 

PPENDI X  C :  H Y B R I D  A N D  FREE-FORM  LENS  

O D E L  RESULTS  

ere, we present summary plots for the transient counterimage and 
ybrid models we generated to compare with FF00. The transient 
ounterimage models are defined in Section 3.2 . The hybrid models
re likewise described in Section 3.2 , with input parameters listed in
ables 2 and 3 and derived in Section A . 
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Figure C1. Summary plots for the transient counterimage free-form models FF11, FF12, FF11 + D, and FF12 + D, from top to bottom row. ( Left Column: ) 
Projected surface mass density distribution for the respective model. Both BCGs, M1, and M2 are all labelled. Reconstructed images are shown as red triangles 
while observed images are shown as blue dots. ( Middle Column: ) Zoomed in view of the density profile in the region around BCG-S. Cluster member galaxies 
are shown as light green diamonds. The potential dark matter substructures M1 and M2 are labelled, and can be easily seen as light unaffiliated in this view. ( Right 
Column: ) Spock arc reconstruction for the respective model. The critical curve is shown as a dashed light red line. Observed (yellow circles) and reconstructed 
(green circles) images are shown alongside S1/S2 (orange triangles), F1/F2 (pink triangles), and the transients from Yan et al. ( 2023 ) (cyan triangles). Notable 
is the lack of multiple critical curve crossings of the arc contributing to low magnification along the Spock arc. 
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Figure C2. Summary plots for the Hybrid models H-NFW ( Top Row ) and H-Ser ( Bottom Row ). Columns are the same as Fig. C1 . Note that the grey scale 
range representing projected density is different compared to the previous figure. 
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