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ERGODICITY IN PLANAR SLOW-FAST SYSTEMS THROUGH
SLOW RELATION FUNCTIONS

RENATO HUZAK, HILDEBERTO JARDON-KOJAKHMETOV, AND CHRISTIAN KUEHN

ABSTRACT. In this paper, we study ergodic properties of the slow relation
function (or entry-exit function) in planar slow-fast systems. It is well known
that zeros of the slow divergence integral associated with canard limit periodic
sets give candidates for limit cycles. We present a new approach to detect the
zeros of the slow divergence integral by studying the structure of the set of all
probability measures invariant under the corresponding slow relation function.
Using the slow relation function, we also show how to estimate (in terms of
weak convergence) the transformation of families of probability measures that
describe initial point distribution of canard orbits during the passage near a
slow-fast Hopf point (or a more general turning point). We provide formulas to
compute exit densities for given entry densities and the slow relation function.
We apply our results to slow-fast Liénard equations.
Keywords: density, invariant measures, Liénard equations; planar slow-fast sys-

tems; slow relation function; weak convergence

1. INTRODUCTION

This paper is dedicated to describing the relationship between measure-theoretic
properties of the slow relation function, and the dynamic behaviour of C*°-smooth
planar slow-fast systems with a curve of singularities (often called critical curve)
consisting of a normally attracting branch, a normally repelling branch and a con-
tact point between them. Essentially, we look at planar slow-fast systems with a
parabola-like critical curve as in Fig. 1. In our context, the slow relation function,
see Definition 1 in Section 3.1 (also known as entry-exit relation, or entry-exit func-
tion [6, 15, 17]), is a map S : 0 — o (see a generalisation in Section 3.3) measuring
the balance between contraction and expansion along branches of the critical curve,
where the section o contains the contact point. Roughly speaking, the slow rela-
tion function assigns to every point p on the attracting branch the point ¢ on the
repelling branch such that the slow divergence integral along the slow segment [p, q]
is equal to zero (see Fig. 1). The slow divergence integral [17, Chapter 5] is the
integral of the divergence of the fast subsystem (singular perturbation parameter
is zero), computed along the critical curve with respect to the so-called slow time
(for more details we refer the reader to Section 2.2 and Section 3.1).

The slow relation function can be used, for example, to describe (singular) pe-
riodic orbits around the contact point, and more generally, to describe transitions
across singularities of slow-fast systems [6, 15, 17, 18, 27, 54]. A natural question
that arises for a small but positive value of the singular perturbation parameter
is: if an orbit is attracted to the attracting branch near a point p, follows that
attracting branch, passes near the contact point (called turning point) and fol-
lows the repelling branch, how do we detect a point ¢ where the orbit leaves the
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> T

a(S(s)) Po w(s)

FIGURE 1. A slow-fast system with a contact point pg. The blue
curve is the curve of singularities (or critical curve) where y_ and
v+ represent the attracting and repelling branches, respectively.
Under appropriate assumptions (Section 3.1), the slow relation
function S : ¢ — o can be defined, having the following prop-
erty: the slow divergence integral associated to the critical curve
between w(s) and «(S(s)) is zero. We study measure-theoretic
properties of S, and relate them with dynamical behaviour of the
system.

repelling branch (see Fig. 1 and Fig. 2(a))? We call such orbits canard orbits
[17, 37, 52]. Under appropriate assumptions on the slow-fast system, we can find ¢
using the slow relation function (see [6, 15] and Proposition 2 in Section 3.3). The
slow relation function (together with the slow divergence integral) also plays an im-
portant role in determining the number of limit cycles produced by canard cycles
[17] (i.e. limit periodic sets consisting of a fast orbit and the portion of the critical
curve between the o and w limits of that fast orbit, see Fig. 2(b)). The study of
planar canard cycles is motivated by the famous Hilbert’s 16th problem [48] (see
[2, 10, 11, 18, 22, 23, 31| and references therein) and by applications (predator-prey
models [12, 43], electrical circuits, (bio)chemical reactions [36, 44], neuroscience
[29, 45, 53, 20], among many others). The slow relation function is indeed closely
related to the concept of delayed loss of stability [1, 51], and is also important in
fractal analysis of planar slow-fast systems [19, 30, 32].

(a) (b)
FIGURE 2. (a) Canard orbits. (b) Canard cycle I' (green).

One of our main motivations to bring ergodic theory into play, is to be able to
describe the behaviour of ensembles of orbits, instead of single ones. For example,
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ERGODICITY & SLOW RELATION FUNCTIONS 3

[39] studies the problem of how densities of (uncertain or random) initial conditions
are transformed, via the flow of the slow-fast system, as the corresponding orbits
cross a Hopf bifurcation. In particular, [39] finds concrete systems for which, given
a density of initial conditions, such a density is transformed in particular ways,
or even into a desired one. We point out that [39] considers mostly problems at
the level ¢ = 0 and that weak convergence of exit densities are not discussed. In
this paper, we put emphasis precisely on the weak convergence and asymptotics
of exit densities, see Section 3.3 and 4 for more details. Other works that include
randomness in the vector field have also considered “entrance-exit” asymptotics
in the framework of heteroclinic networks, see [4, 5] and references therein. In our
context, adding generic stochastic forcing to slow-fast planar vector fields is going to
destroy all canard phenomena [7, 8] involving a long delay near unstable branches,
unless such randomness is exponentially small [49].

Important connections between ergodicity and slow-fast systems can be found
in [24, 35] (homogenization of slow-fast systems), [41, 55] (multiscale stochastic
ordinary differential equations and bifurcation delay), and [40, 38] (randomness in
parameters and bifurcations). See also [13, 14] for results on limit cycles in random
planar vector fields.

In this paper we deal with smooth nilpotent contact points of arbitrary even
contact order (infinite contact order is possible) and odd singularity order. There
is an additional assumption: such contact points have finite slow divergence integral.
Then we can define the slow relation function. For more details see Section 3.1.
The contact order of a slow-fast Hopf point (often called generic turning point) is
2 and its singularity order is 1. Non-generic turning points have contact order 2n
and singularity order 2n — 1 with n > 1.

The results we present can be classified into two types:

(1) First, we relate invariant probability measures of the slow relation function
with zeros of the slow divergence integral (Theorem 1 in Section 3.2). More
precisely, we show that the slow divergence integral has no zeros if and
only if the slow relation function is uniquely ergodic (see the slow-fast van
der Pol system in Example 2). Furthermore, the slow divergence integral
has k zeros (counted without their multiplicity) if and only if the invariant
measures are supported on a set with k + 1 elements (they are convex
combinations of k + 1 Dirac delta measures). For slow-fast systems with
a slow-fast Hopf point or a non-generic turning point, we relate invariant
measures of the slow relation function with the cyclicity of canard cycles
(Theorem 2 and Theorem 3 in Section 3.2).

(2) The second type of results is related to entry-exit probability measures.
That is, we consider entry measures compactly supported near the attract-
ing branch of the critical curve, and study how they are transformed near
the repelling branch, after passage close to a slow-fast Hopf point or a non-
generic turning point (Theorem 4 in Section 3.3). The transformed mea-
sures are push-forward measures of the entry measures and we call them
the exit measures. The entry and exit measures depend on the singular
perturbation parameter denoted by € > 0.

Depending on the setup, see more details in Section 3, there are two
important regions for the dynamics: the tunnel and the funnel regions. In
the tunnel region, we show that, if the entry measures converge weakly to
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4 RENATO HUZAK, HILDEBERTO JARDON—KOJAKHMETOV7 AND CHRISTIAN KUEHN

a measure pg as € — 0, then the exit measures converge weakly to the
push-forward of p under the slow relation function, as ¢ — 0 (Theorem
4(a)).

In the presence of both tunnel and funnel regions, separated by a buffer
point, the exit measures converge weakly to a more complex measure having
two components, one coming from the tunnel behavior (the push-forward
of po under the slow relation function) and the other coming from the
funnel behavior (Dirac delta measure concentrated on the image of the
buffer point under the slow relation function). Here we also assume that
the entry measures converge weakly to a measure g as € — 0. For a precise
statement of this result we refer the reader to Theorem 4(b).

Suppose that o has density. Then we provide a formula to compute the
density of the push-forward of py under the slow relation function, called
the exit density (see Proposition 1 in Section 3.3).

We often give examples using slow-fast Liénard equations (see system (3) in
Section 2.2). The main advantage of the Liénard model is a simpler expression for
the slow divergence integral, see (7) in Section 2.2. For example, the divergence
of (3) is independent of y. We refer to e.g. [18, 22]. Using Proposition 1, we find
concrete formulas to compute the exit densities for slow-fast Liénard equations (see
Corollary 1 in Section 3.3).

For the sake of readability we have chosen to state Theorem 3 and Theorem 4
for a class of slow-fast Liénard equations. However, we point out that they can
be stated and proved in a more general framework [15], even for more degenerate
contact points than the nilpotent contact points. In fact, Proposition 2 that we use
in the proof of Theorem 4 (Section 6) is true for a broader class of planar slow-fast
systems studied in [15].

The paper is organized as follows. In Section 2 we recall some basic concepts in
ergodic theory and planar slow-fast systems. In Section 3 we define our planar slow-
fast model (see also Section 2.2) and state our main results. Section 4 is devoted
to numerical examples, and in Sections 5 and 6 we prove the main results.

2. PRELIMINARIES AND SOME NOTATION

In Section 2.1 we recall some important definitions and results in ergodic theory
that we will use in our paper. The reader may be referred to, e.g. [3, 9, 34, 42, 47, 50]
and references therein for further details. In Section 2.2 we recall the notions of
curve of singularities, fast foliation, normally hyperbolic singularity, contact point,
slow vector field, slow divergence integral, etc., in planar slow-fast systems (for
more details see [17, Chapters 1-5] and [37, 52]).

2.1. Ergodic theory. Assume that X is a measure space. More precisely, X is
the short-hand notation for the triplet (X, A, 1) where (X, .A) is a measurable space
with A a o-algebra of subsets of X, for which a measure p : A — [0, +o0] is defined.
If 4(X) = 1, one usually says that p is a probability measure, and calls (X, A, i)
a probability space. In this paper we deal with probability measures. We say that
w is supported on A € A if u(X \ A) =0. A map f: X — X being measurable
means that if A € A then f~1(A) € A. One further says that u is f-invariant if
p(f~1(A)) = u(A) for all A € A. In this case, one can also say that f preserves
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ERGODICITY & SLOW RELATION FUNCTIONS 5

1 A
u. For example, a Dirac measure ¢, at « € X, defined by §,(A) := {0’ :c Z % is
, T

f-invariant if and only if = is a fixed point of f.

An f-invariant probability measure u is said to be ergodic (w.r.t. f) if for any
measurable set A € A such that f~1(A) = A either u(A) = 0 or u(A) = 1. Further,
we say that a measurable map f : X — X is uniquely ergodic if it admits exactly one
invariant probability measure (this invariant probability measure has to be ergodic
w.r.t. f). It is well-known that the space of all f-invariant probability measures
is convex: if p and fi are f-invariant probability measures, then (1 — ¢)u + tfi, for
any t €]0, 1, is also f-invariant. The ergodic probability measures are the extremal
points of this convex set (for more details see e.g. [50, Proposition 4.3.2]).

An important question is whether an invariant probability measure exists for a
given f : X — X. This leads to the following fundamental result, due to Krylov-
Bogolubov [34, Theorem 4.1.1]: If X is a compact metric space and f: X — X a
continuous map, then f has an invariant Borel probability measure. Here, A is the
Borel o-algebra of X, often denoted by B (i.e. the o-algebra generated by the open
(and therefore also closed) subsets of X). A probability measure defined on the
Borel g-algebra B of a metric (or topological) space X is called a Borel probability
measure. In Section 3.2 X will be a compact metric space (a segment in R) and
f:X — X continuous (see Remark 5 in Section 3.1).

One of the most important results in ergodic theory is the Poincaré recurrence
theorem (see Theorem 5 in Section 5.1). Roughly speaking, this result states that
f-invariant Borel probability measures on a topological space X imply recurrence
for f (the definition of recurrent points is given in Section 5.1). We use the Poincaré
recurrence theorem in the proof of Theorem 1 (Section 5.1).

Let p., with € €]0, g, €9 > 0, and o be Borel probability measures on R with
the usual Borel o-algebra B. We say that p. converges weakly (or in distribution)
to po as € = 0 if

iy [ X(@)pe(do) = [ x(a)no(do),

e—0 R R
for every bounded, continuous function x : R — R (see e.g. [9]). The integrals are
Lebesgue integrals.

Let B be the usual Borel o-algebra of R and let x4 be a Borel probability measure
on R. If f: R — R is a measurable function, then the push-forward probability
measure of u is defined as

pf N A) == (f7N(A), A€B.

Weak convergence is preserved by continuous mappings (see [9, pg. 20]): if f is
continuous and u. converges weakly to g as € — 0, then u.f ! converges weakly
to pof~t as e — 0.

We will sometimes work with absolutely continuous probability measures w.r.t.
the Lebesgue measure on R (Section 3.3 and Section 4). A Borel probability measure
u is absolutely continuous w.r.t. the Lebesgue measure if

w(A) = /AD(x)dx, A€ B,
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6 RENATO HUZAK, HILDEBERTO JARDON—KOJAKHMETOV7 AND CHRISTIAN KUEHN

where D € L}(R) and D > 0 (L'(R) is the space consisting of all possible Lebesgue
integrable functions R — R). We call D the density of u. We refer to [42, Definition
3.1.4].

2.2. Planar slow-fast systems. We consider a smooth planar slow-fast system
defined on an open set M C R?

(1) X)\,e :X)\,0+€Q>\ +O(62)

where 0 < € < 1 is the singular perturbation parameter, \ is a regular parameter
kept in a small neighborhood of Ay € R" (we often write A ~ Xg), and X, o and
@ are smooth A-families of vector fields. In this paper smooth means C*°-smooth.
We assume that the fast subsystem X, o has a set of non-isolated singularities
Sy, for all A ~ Ao, and that for each p € S), there exists an open neighborhood
U C M of p such that Xy o = F\Z) on U. Here, F) is a smooth family of functions
with VF\(p) # 0, for all p € {F\ = 0}, and Z, is a smooth family of vector
fields without singularities. It is clear that Sy N U = {Fy = 0} and S, is a one-
dimensional submanifold of M. We call S\ the curve of singularities or critical
curve. In [17, Section 1.1] {U, Zy, F)\} is called an admissible expression for X o
near p. Notice that the pair (Z, Fy) is not unique: we can take (pxZy, p%FA) where
P is a nowhere zero smooth function. We denote by ¢ the time variable related to
(1) and call it the fast time.

Example 1. A standard example of a planar slow-fast system is the singularly
perturbed Liénard equation

22 _ y— fa(z)
(2) dr
dy

E = g(:r7>‘a€)7

where fx,g are smooth, (x,y) € R, X ~ \g € R" are parameters, and 0 < ¢ < 1 is
a small parameter accounting for the timescale difference between the fast variable
x and the slow variable y. T is called the slow time variable. The time rescaling
dr = edt (t is the fast time) leads to the equivalent representation

{fff =y — falz)

3 Yyie:
®) N8 g,

)

. ) 1 0
in which case, for example, Fy(z,y) =y — fa(z), Z) = [O} and Q) = {g(m,)\,O)}

The curve of singularities is defined as the set

(4) Sy={(z,y) eR*|y= fi(z)},
and represents the phase-space and the set of singularities of the limit e — 0 of (2)
and (3), respectively. System Y ¢ is of type (1). A

The fast foliation of X, is denoted by F) and is defined as follows: Fy is
a smooth 1-dimensional foliation on M tangent to Z, in each admissible local
expression {U, Zy, Fy} for X . The orbits of the fast flow of X o, away from S,
are located inside the leaves of the fast foliation (we denote by Iy , the leaf through
p € M). For more details we refer to [17, Chapter 1]. In Example 1, the fast
foliation is given by horizontal lines (see e.g. Fig. 1).
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ERGODICITY & SLOW RELATION FUNCTIONS 7

A point p € S, is called normally hyperbolic if the Jacobian matrix DX, o(p)
has a non-zero eigenvalue denoted E)(p) (p is attracting if E)(p) < 0 or repelling
if Ex(p) > 0). Notice that there is one zero eigenvalue with eigenspace T,Sx. The
eigenspace of the nonzero eigenvalue E)(p) is Tl , and Ey(p) is equal to the trace
of DX o(p) or the divergence of the vector field X o w.r.t. the standard area form
on R?, computed in p. A point p € Sy is called a contact point (between Sy
and Fy) when DX, o(p) has two zero eigenvalues. Contact points are nilpotent
due to the above-mentioned assumption on Z, and F). A curve v C S, is called
normally attracting (resp. repelling) if every point p € - is normally hyperbolic and
attracting (resp. repelling). For the Liénard system (3), we have Ej(p) = —fi(x)
with p = (z, fa(x)), and p is normally attracting (resp. repelling and contact point)
if f{(z) >0 (resp. fi(x) <0 and fi(z) =0).

It is important to define the notion of contact order and singularity order of a
contact point pg for A = Ao ([17, Section 2.2]): we call intersection multiplicity!
at po between Sy, and the leaf I, ,, the contact order of py and denote it by n.
Moreover, for any admissible expression {U, Zy, F)} for X, » near py and for any
area form € on U, the order at pg of the function Q(Q,, Z)\O)|5AOQU :p € S\,NU —
QQxy» Zx,)(p) is called the singularity order of pg, denoted by m. The definition of
singularity order is independent of the choice of the admissible expression near pg
and 2 (see [17, Lemma 2.1]). For (3) in Example 1 with a contact point pg = (0, 0),
n > 2 is equal to the order at = 0 of fy,(z) (i.e. the multiplicity of zero x = 0 of
fao(z)) and m > 0 is the order at = 0 of g(x, A, 0) (see also Remark 1 in Section
3.1).

Let p € S) be normally hyperbolic. Let QAA(p) € T,8» be the linear projection
of Qx(p) on T,Sy in the direction parallel to the eigenspace T}l , defined above
(recall that the vector field Qy comes from (1)). The family Q, is called the slow
vector field, and its flow is called the slow dynamics. The time variable of the slow
dynamics is the slow time 7 = et. This definition and the classical one using center
manifolds are equivalent (for more details see [17, Chapter 3]). If we take (3), then
we get

. dr _ g(w»g‘v)o)
5 Q . dr fi(x
) ’ {3 9(x, 7,0,

when f4(z) # 0.

Let v C S\ be a normally hyperbolic segment not containing singularities of
the slow vector field Q5. We define the slow divergence integral [17, Chapter 5]
associated to vy as

T2
(6) 1003 = [ EsGlnar,

T1
where E) is the non-zero eigenvalue function defined above, 7 : [r,72] — R2,
¥ (1) = QA(3(7)) and F(71) and F(72) are the end points of the segment 7. The
segment 7y is parameterized by the slow time 7. This definition does not depend
on the choice of parameterization 5 of v. Note that I(+, ) is the integral of the

1f the curves are graphs of smooth functions y = f1 () and y = fo(z) in a neighborhood of pg
corresponding to (z,y) = (0,0), then the intersection multiplicity is the multiplicity of the zero
x =0 of fi — fa.
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8 RENATO HUZAK, HILDEBERTO JARDON—KOJAKHMETOV7 AND CHRISTIAN KUEHN

divergence of the fast subsystem X g computed along v w.r.t. the slow time 7. If y
is normally attracting (resp. repelling), then I(~y, ) is negative (resp. positive). We
point out that the slow divergence integral is invariant under smooth equivalences?,
see [17, Section 5.3] and Section 3.1.

Consider (3). Let v C Sx be a normally hyperbolic segment parameterized by
x € [x1,22], 1 < x2. Assume that the slow vector field (5) has no singularities in

~ and points, for example, from x5 to 1. Then
(@)

7 I(y,\) = —/ ———dz.

( ) ( ) To g(l’,A,O)

fi(z)
g(x,),0)

Note that the divergence is given by —fi(z) and dr = dx, using the x
component of (5).

Based on [17, Definition 5.2], in Section 3.1 we generalise the definition (6) of
the slow divergence integral. We allow the presence of a contact point in one of the
boundary points of the segment . This plays an important role when we introduce

the notion of slow relation function (see Definition 1 in Section 3.1).

3. ASSUMPTIONS AND STATEMENT OF THE RESULTS

In Section 3.1 we focus on the slow-fast family X, . defined in (1) and make
some assumptions on Sy, m, n and Q A~ Then we define the slow relation function.
We state our main results in Section 3.2 (Theorem 1-Theorem 3) and Section 3.3
(Theorem 4). See also Proposition 1 and Corollary 1 in Section 3.3.

3.1. Assumptions and slow relation function. Consider system X, .. We use
the notation from Section 2.2. First we assume that the curve of singularities Sy,
consists of a normally attracting branch, a normally repelling branch and a contact
point between them.

Assumption 1 We have S), = v- U {po} U 7y4, where vy_ is normally attract-
ing, v+ is normally repelling and pg is a contact point (see Fig. 3).

FIGURE 3. Dynamics of X, 0, with contact point pg separating
normally attracting branch v_ and normally repelling branch ...

In Example 1 (Section 2.2) Assumption 1 is satisfied if, for instance,

(8) Iro(0) = f3,(0) =0, f3, (x) >0 for x>0, f} (x) <0 forz <0.

2Smooth equivalence means smooth coordinate change and division by a smooth positive
function.
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The contact point pg is given by (x,y) = (0,0), 7= = {Sx, |2 > 0} and vy =
{‘S.Ao |IL’ < 0}.

Remark 1. From Assumption 1 it follows that the contact order n (Section 2.2)
of po has to be even (when n is finite). Indeed, since py € Sy, is a nilpotent contact
point for X = Ao (see Assumption 1), there exist smooth local coordinates (x,y)
such that po = (0,0) in which, up to multiplication by a strictly positive function,
the slow-fast system Xy . in (1) with (e, ) ~ (0, Xo) can be written as

y =¢€ (g(xa )‘76) + (y - f)\(ZL'))h(ZE,y,)\,E)),

where fx and g are given in (3), h is a smooth function and f,(0) = fy (0) =0
(see [17, Proposition 2.1]). Thus, (9) is a normal form for smooth equivalence.
Following [17, Section 2.2], we can read the contact order of py and the singularity
order of po from the normal form (9): m > 2 is the order of the function fx,(z)
at x = 0 and m > 0 is the order of g(x,Xo,0) at * = 0 (this is independent of
the choice of coordinates for the normal form (9)). Now, since py separates the
attracting portion v— C Sy, and the repelling portion vy C Sy, (Assumption 1), it
is clear that fy (x) # 0 for x # 0 and f} (x) changes sign as one varies x through
0. Thus, n is even or n = oo, and Sy, s a “parabola-like” curve of singularities
(see Fig. 3).

In order to avoid any confusion we shall distinguish two cases when we use
the slow-fast Liénard equation Y) . in (3): the local case where Y) . appears in
the normal form (9) (Y) . is defined in a small neighborhood of the contact point
po = (0,0)) and the global case where Y} . is defined on open set M C R?, often
M = R? (see Section 3.2, Section 3.3 and Section 4). In the global case we always
assume that the contact point pg is located at the origin in the (z,y)-space and
that (8) holds.

Using Assumption 1 it is also clear that the slow vector field QAO (p) is well-
defined for all p € y_ U~y (see Section 2.2).

The next assumption deals with the singularity order of pg.

Assumption 2 We suppose that the singularity order m of the contact point
po is finite and odd.

Remark 2. Assumption 2 and Remark 1 imply that the slow vector field QAO points
from ~v_ to vy or from vy4 to v, near the contact point py (hence, it is not directed
towards pg or away from py on both sides of po). To see this, it suffices to use the
normal form (9) near pg. It can be easily seen that the slow vector field associated
to (9) is given by (5) with A = Ao, © ~ 0 and = # 0. defined near py. Let us focus
on the x-component of (5):

(10) fo_slzo0)

Ao

with x # 0 and © ~ 0. Since the order of the function g(x, X\o,0) at x = 0 is finite
and odd (Assumption 2 and Remark 1), g(x, Ag,0) changes sign as x goes through
the origin. Recall that f//\0 has the same property (Remark 1). Thus, the right-hand
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side of (10) is either positive for all x # 0 and x ~ 0 or negative for all x # 0 and
z ~ 0.

We further assume:

Assumption 3 y_ U, does not contain singularities of the slow vector field
@, and @y, points from v_ to v4.

Assumption 3 is natural because in Section 3.2 and Section 3.3 we study ergodic
properties and entry-exit probability measures related to canard orbits of X  with
A ~ X and e small and positive. Such orbits follow a portion of the attracting curve
~_, pass close to the contact point pg and then follow the repelling curve 4 for a
significant amount of time.

Since @), is regular on v_ U+, (Assumption 3), the slow divergence integral
associated to any segment contained in y_ U~y is well-defined (see Section 2.2). As
mentioned before, it is important to work with the slow divergence integral associ-
ated to segments of Sy, with the property that one of their endpoints is the contact
point pg. The following assumption enables us to extend the slow divergence inte-
gral to pg, for A = Ao (see Remark 3):

Assumption 4 We assume that m < 2(n — 1).

Remark 3. Suppose that A = Xg. Let v = [q,po] be a segment contained in
v— U{po}, with one of the endpoints equal to the contact point py. Then the slow
divergence integral associated to [q, po) is defined as
(11) I_([(Lpo]) = lim I([Qap]a)\o) < 07

P—Po,pEY-
where I is defined in (6) and associated to the normally attracting segment [q,p] €
~v—. Using Assumption 4 and [17, Definition 5.2], I_([q,po]) is finite. This can be
easily seen if we use the normal form (9) near py (recall that (6) is invariant under
smooth equivalences). We may assume that the curve of singularities y = fx,(x)
of (9) satisfies (8) near x =0 (if not, we can apply (x,y) — (—x,—y) to (9)). Let
0 < z1 < x9 with xo small. The slow divergence integral of (9) associated to the
attracting segment parameterized by x € [x1,xs] reads as

x1 / 2
I(xy,22) = —/ de <0.

For more details we refer to [17, Section 5.5] (see also (7)). Now, from Assumption
4 it follows that the following limit is finite:

° (@)

12 I (x9)= lim I = | 2P dr < 0.

The integral I_(x2) in (12) represents the slow divergence integral associated to the

segment [0, x2] contained iny = fx,(x) where the endpoint x = 0 corresponds to the

contact point (x,y) = (0,0). Thus, I_([q,po]) in (11) is well-defined (i.e. finite).
Similarly, if [q,po] is a segment contained in v+ U {po}, then we define

P—P0,PEV+
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In the normal form coordinates we have

(14) Ii(z1) = lim I(z x)——/ledx>0
L Rt T ) ’

where x1 < 9 < 0.

We finally define the notion of slow relation function of (1) for A = Ag. Let
o C M be a smooth closed section transverse to the fast foliation F),, having the
contact point pg as its endpoint (Fig. 3). We let o be parameterized by a regular
parameter s € [0, so], with so > 0, where s = 0 corresponds to pgy, and we suppose
that o \ {po} lies in the basin of attraction of v_ and, in backward time, in the
basin of attraction of v;. We write

(15) I_(s) = I_([w(s),po]), I+(s) = L4 ([e(s),po]), s €]0, s0],

where Iy([q,po]) are defined in (11) and (13) and w(s) € y_ (resp. «a(s) € v4)
is the w-limit point (resp. «-limit point) of the orbit of X, ¢ through s € o. It
is clear that fi(s) — 0 as s tends to zero, I_ is strictly decreasing and smooth
on ]0,s0] (I (s) < 0 for s €]0,s0]) and I is strictly increasing and smooth on
10, s0] (I'.(s) > 0 for s €]0,s0]). If we take I.(0) = 0, then the functions I are
continuous on the segment [0, so].

Definition 1 (Slow-relation function). Consider X} . defined in (1) and suppose
that Assumptions 1 through 4 are satisfied. If

—I_(s0) < Iy (s0) (vesp. —I_(s0) > Iy(s0)),
then S : [0, s9] — [0, so], S(0) = 0, given by
(16) T_(s)+1.(S(s)) =0 (resp. I_(S(s)) + I (s) = 0), s €]0, 0],
is well-defined and we call it the slow relation function.

Remark 4. Let us explain why the function S in Definition 1 is well-defined (i.e.
S exists). Suppose that —I_(so) < I,(so) and take any s €]0,so]. Since —I_
is strictly increasing and —I_(0) = 0, we have 0 < —I_(s) < —I_(sg). Thus,
0=1,(0)<—I_(s)<I.(s0). The function I is continuous on the segment [0, so],
and the Intermediate-Value Theorem implies the existence of a unique number S(s)
in )0, so] such that I, (S(s)) = —I_(s) (the uniqueness and S(s) > 0 follow from
the fact that I, is strictly increasing). The case where —I_(so) > I, (so) can be
treated in similar fashion as above.

Since S(0) = 0 and S(s) — 0 as s tends to zero, it is clear that the slow relation
function S is continuous on [0, sg]. Moreover, the Implicit Function Theorem, the
smoothness of I+ on the interval ]0, so] and (16) imply the smoothness of S on the
interval |0, sg]. Moreover, S” > 0.

Remark 5. In Section 3.2 we assume that [0,so] is a segment on R with the
standard Borel o-algebra and work with S-invariant Borel probability measures on
[0, s0]. The main results in Section 3.2 (Theorem 1-Theorem 3) are independent of
the choice of section o and a regular parameter s on o.

In Section 3.3 we study connection between entry and exit probability measures
and it is natural to deal with a more general definition of S. Instead of one section
o we have two sections o_ (entry) and o4 (exit). We refer to Fig 4.
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We say that the multiplicity of a fixed point s; €]0, so] of S is equal to [ if s;
is a zero of S(s) := s — S(s) of multiplicity [ (that is S(s;) = --- = SU=V(s1) =0
and SO (s1) # 0). If S (s1) = 0 for each n = 0,1, ..., then the multiplicity of s;
of S is oo.

Remark 6. We will often work with slow relation functions associated to slow-fast
Liénard systems (3) satisfying (8) (see Section 3.2, Section 3.3 and Section 4). In
this case we can take o C {x = 0}, parameterized by the coordinate y € [0, so]. We
denote y by s. Then the integrals I (s) in (15) become

Do [ ) ()
an  I(s)= _/m(s> md“’ Lo = _/0 mdx’

where a1 (s) < 0 and wi(s) > 0 are the z-coordinates of the o and w limits of the fast
orbit through s (see (12) and (14)). We have s = fy,(a1(s)) and s = fx,(w1(s)),
and by differentiating it follows that

L= f (a1(s)ai(s), 1= f1, (wi(s))wi(s).
This previous equation, together with (17), imply that

5o [ wils) Frlg) = fi,(@1(s))
(18) L(s) = g(wi(s), X0,0)’ Lils) = g(a1(s), A0, 0)

3.2. Invariant measures and limit cycles. In this section, we suppose that X .
in (1) satisfies Assumption 1-Assumption 4. For each s €]0, so] we define a closed
curve I'y at level (), €) = (Ao, 0) consisting of the fast orbit of X, ¢ passing through
s € o and the portion of the curve of singularities Sy, between the w-limit point
w(s) € y- and the a-limit point a(s) € 4 of that fast orbit (see Fig. 2(b)). We
associate the following slow divergence integral to I's:

(19) I(s):=1_(s)+I.(s),
with s €]0, so].

Theorem 1. Let S : [0, 0] — [0, 50] be the slow relation function defined in (16)
and let I be the slow divergence integral associated to Uy, defined in (19). Then the
following statements hold:

(1) The function I has no zeros in 10, sq| if and only if the slow relation function
S is uniquely ergodic (i.e. S admits precisely one invariant probability
measure: the Dirac delta measure oy at 0).

(2) The function I has a zero at s = s, €]0, so] if and only if the Dirac delta
measure ds, at the point s1 is S-invariant.

(3) The function I has exactly k zeros s, < --- < s;, in |0, so] if and only if the
set of all S-invariant probability measures on [0, so], denoted by Ps, is the

convez hull of Dirac delta measures 6o, ds,,...,0s, -
k k
(20) Ps = {7]050 + Zniési * Mo, i > 0, Zm = 1} .
i=1 i=0

We prove Theorem 1 in Section 5.1. We point out that k in Theorem 1.3 is
the arithmetic number of zeros of I, i.e. the zeros of I counted without their
multiplicity. Notice that dp,ds,,...,ds, from Theorem 1.3 are ergodic probability
measures (they are the extremal points of the convex set Pg in (20)). See also
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[50, Proposition 4.3.2]. In the proof of Theorem 1.1 and Theorem 1.3 we use an
important result in ergodic theory, the Poincaré recurrence theorem [34, 50].

We point out that the study of zeros of I is relevant since the zeros provide
candidates for limit cycles (for more details see Theorem 2 and Theorem 3 and
their proof).

Example 2. Consider the slow-fast Van der Pol system

(R 1,2 _ 1.3
(21) D OWER SR S
yZE()‘_I)a

where A ~ 0 (A\g = 0). The slow relation function associated with the slow-fast
system (21) is uniquely ergodic. Indeed, for e = X = 0, we consider the normally
attracting branch y- = {y = 2% + %x?’} N {z > 0}, the normally repelling branch
v+ ={y =122+ 323} n{—1 < 2 < 0} and the contact point py at (z,y) = (0,0).
Note that (21) is a special case of (3). We take s =y € [0, sq], where sq €]0, 5[ is
arbitrary and fized. Using (17), the slow divergence integral in (19) can be written
as
5 w1(s)
I(s) = —/ z(1 4 z)%de, s €]0, so].
ai(s)
Since I(s) < 0 for all s €]0,s0] (see [23] or [17, Section 5.7] ), Theorem 1.1 implies
that the slow relation function S : [0, sg] — [0, so] is uniquely ergodic.
We call the contact point py in (21) a slow-fast Hopf point (see below). VAN

Example 3. Consider (3) with fy(z) = 2" and g(x,\,¢) = —a™, where n > 2
is even, m > 1 4s odd and m < 2(n — 1). Since the function fx is even (i.e. the
(J3()*
g(z,,0)
is odd, the slow relation function S is the identity map and the slow divergence

integral I is identically zero. In this case, each probability measure is S-invariant,
and ergodic probability measures are given by Dirac delta measures. A

curve of singularities is symmetric w.r.t. the y-azis) and the function x —

For slow-fast Liénard equations with arbitrary number of zeros of the associated
slow divergence integral we refer to e.g. [18].

Assume that the contact point pg in Assumption 1 is of Morse type (this means
that the contact order of py is 2) and that the singularity order of py is 1. If the
slow vector field Q 2o; defined in Section 3.1, points from the attracting branch v_
to the repelling branch ~y,, then we say that X, . has a slow-fast Hopf point at pg
for A = Ao (sometimes called generic turning point). See e.g. [17, 37]. When pg is a
slow-fast Hopf point, then I’y (often called a canard cycle) can produce limit cycles
after perturbation. More precisely, we say that the cyclicity of the canard cycle Iy
is bounded by N € Ny if there exist ¢g > 0, §p > 0 and a neighborhood V of A
in the A-space such that X, . has at most IV limit cycles lying within Hausdorff
distance g of T’ for each (A, ¢) € V x [0, €p]. The smallest N with this property is
called the cyclicity of I's. We denote by Cycl(Xy c,T's) the cyclicity of I's. We have

Theorem 2. Suppose that X has a slow-fast Hopf point at py for A = Ag. Let
S :]0,50] — [0,50] be the slow relation function from Definition 1, associated to
X, The following statements are true.
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(1) If S is uniquely ergodic, then Cycl(Xx,I's) < 1 for each fized s €]0, sq).
The limit cycle, if it exists Hausdorff close to I, is hyperbolic and attracting
(resp. repelling) if I(s) < 0 (resp. > 0).

(2) If the Dirac delta measure 05, is S-invariant for some s1 €]0, so], then s =
s1 s a fized point of S of multiplicity 1 <1 < oo, and Cycl(Xy ,Ts,) < 1+1
if I < 0.

Theorem 2 will be proved in Section 5.2.

Theorem 3 below deals with the following generalization of slow-fast Hopf points:

(22) {x — v i)

y=c ()\ — ch”’l_l) ,

where f is smooth, f(0) > 0, n; > 1 and A ~ 0 € R (Ao = 0). The Liénard
equation (22) is of type (3) with fy(z) = 22" f(z) and g(z, \,e) = A — 22" ~1. For
A = 0, the origin (z,y) = (0,0) is a contact point with even contact order 2n; and
odd singularity order 2n; — 1. It is clear that Assumption 2 and Assumption 4 are
satisfied. When ny = 1 (resp. n; > 1), (x,y) = (0,0) is a slow-fast Hopf point or
generic turning point (resp. a non-generic turning point). We suppose that

(23) S, (x) >0 for all z > 0, fy (z) <0 forall z <0.

From (23) and g(z,0,0) = —z®™~! it follows that Assumption 1, with v_ = {y =
2?2} N {z > 0} and v, = {y = 2™} N {z < 0}, and Assumption 3 are satisfied.
We define the slow relation function S : [0, so] — [0, so] of (22) using (16).

Theorem 3. Consider (22) with a fired ny > 1. If the set of all S-invariant prob-
ability measures is given by (20) for some 0 < s1 < -+ < s < Sq, then s1,..., Sk
are fized points of S. If they all have multiplicity 1 (i.e. they are hyperbolic) and
if we take s < sp+1 < So, then there exists a continuous function A.(€), with
A«(0) = 0, such that the Liénard family (22) with A = A.(e) has k + 1 periodic
orbits Of,...,0; ., for each € ~ 0 and € > 0. The periodic orbit Of is isolated,
hyperbolic and close to I's, in Hausdorff sense, for each i =1,...,k+ 1.

Theorem 3 will be proved in Section 5.3.

3.3. Entry and exit measures. In this section we deal with Borel probability
measures on R with the usual Borel g-algebra . The measures will be supported
on bounded Borel sets L,T,... (see below). Roughly speaking, the main result
of this section, Theorem 4, gives an answer to following natural questions: if an
e-family of entry measures (e is the singular perturbation parameter) is convergent
when € — 0, is the e-family of exit measures convergent when ¢ — 0, and, if the exit
limit exists, how do we read the exit limit from the entry limit and slow relation
function?

We consider X, . defined in (1) and suppose that it satisfies Assumption 1-
Assumption 4. Instead of one section o (Section 3.2) we now define two sections
o_ and o, transverse to the fast foliation F,. We refer to Fig. 4. We parameterize
o4 by a regular parameter s € [0, sg], where s* = 0 corresponds to the contact
point pg. The section o_ \ {pg} lies in the basin of attraction of y_ and the section
o+ \ {po}, in backward time, in the basin of attraction of ;.
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(a) —I-(s0) < Ly (sd) (b) —I-(s;) > L.(s{)

FIGURE 4. Entry section o_, exit section o and definition of slow
relation function Sg : L — T.

501 Again we can define slow divergence integrals I_(s~) < 0 and I (s*) > 0 (see
2 (15)). We take a point on o_ given by s; €]0,s, [ and a point on o4 given by
s03 st €]0,s5[. We distinguish between two cases:

5

o

504 (a) —I_(s7) < I,(s}). For any segment L contained in 0, s [, we can define a
505 smooth and increasing slow relation function Sy : L — T = So(L) CJ0, sF|
506 by I_(s7) 4 I,(So(s7)) = 0, s~ € L. The proof that Sy is well-defined
507 is similar to the proof that S is well-defined, given in Remark 4. See Fig.
508 4(a). fo_ =04, s7 = st and s; = s}, then Sy is the slow relation
509 function S from Definition 1, defined on [0, s, ].

510 (b) —I_(s;) > I.(sf). In this case there exists a unique s, €]0,s, [ such
511 that I_(s; )+ 1 (s}) =0 (s, is called a buffer point [17, Section 7.4]). For
512 s7 €]0,s; [, there is a unique s{~ €]0, s [ such that I_(s7)+14(s]) = 0. For
513 sy €]sy , 5. [, there is a unique s3 €]s}, s§] such that I_(sy )+ I (s3) =0
514 (at least for s, close to s, ). We use a similar argument as in Remark 4.
515 For a segment L contained in |0, s_ [ and with s,  in its interior, we consider
516 (smooth and increasing) slow relation function Sp : L — T = So(L) C]0, s ]
517 again defined by I_(s~) 4+ I (So(s7)) =0, s~ € L. Clearly, So(s, ) = s/
518 See Fig. 4(b).

519 In the case when a Borel probability measure g (supported on L) has a density,

520 then it is often important (see Section 4) to compute a density of the push-forward
521 probability measure oSyt Tt is well-known (see e.g. [42, Section 3.2] or [47,
s22. Theorem 11.8]) that, if D, : R — R is a density, supported on an interval L, and
523 G : R — R a Borel function such that G : L — T = G(L) is bijective, G~! has a
524 continuous derivative on T and d#'lsG_l(s) # 0 for all s € T, then D,,, is transformed
525 by G into a new density

d

56 (24) Dey(s) = Den(G_l(s)) %G_l(s)

527 where 17 is the characteristic function of the set T.
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Proposition 1. Let Sy : L — T be a slow relation function defined in (a) or (b)

and let D¢y : R = R be an entry density supported on L. Then D, is transformed

by So into the following exit density supported on T':
Il(s“')

I (85! (s1))

Proof. Proposition 1 follows from (24) by taking G = Sy. Note that Sy and S;*

are smooth and increasing and that we can compute d%Sal(s*‘) by using f,(s_) +
I (So(s7)) =0. O

(25) Dea(s%) = =Den(S5 ' (51)) (s")

Remark 7. For a uniform entry density, the first factor in (25) is a constant. More
precisely, if Den(s7) = ﬁlL(sf), where |L| denotes the length of the segment L,
then (25) becomes
L)
LI (S5t (sT))
We use this formula in Example 4 in Section 4 when we compute exit densities for
the van der Pol equation.

Dew(8+) = 1T(S+).

We can apply Proposition 1 to find exit densities in slow-fast Liénard family (3).
We can take s to be the coordinate .

Corollary 1. Suppose that (3) satisfies Assumption 1-Assumption 4. Let Sy :
L — T be a slow relation function associated to (3) and let Dep, : R — R be an
entry density supported on L. Then D, is transformed by Sy into

Fo(e1(s))g(wi (S5 (s7)), Ao, 0)
o @i(S5 (s1)))g(a1(5%), Ao, 0)
Proof. Expression (26) follows directly from (18) and (25). O

(26) Dez(3+) = Den(s(;l(3+)) 1T(5+)~

In the rest of this section we focus on
(27) {x =y (@)

§ = &m (gzmrl)\ _ xzmrl) 7

where 0 < € < 1 is a new singular perturbation parameter, A ~ 0 and f is
smooth with f(O) > 0. Suppose that Assumption 1-Assumption 4 are satisfied.
Note that (27) is (22) with (e, \) = (¢2™,&2"~1X). For the sake of simplicity, we
state Theorem 4 for system (27) (the same result can be proved in a more general
framework [15]).

Following [17, Theorem 7.7] or [15], there exists a smooth curve A\ = \.(¢)
such that for every é > 0 system (27), with A\ = \(é), has an orbit connecting
s, € o_ with s € o4. A = S\C(é) is sometimes called a control curve. We
denote by Sz, € > 0, the transition map of (27), with A = A.(¢), from L to o.
Clearly, Sz : L — S¢(L) is a smooth diffeomorphism and S. > 0, due to the
chosen parameterization of ox. The following result is a direct consequence of [17,
Proposition 7.1] and [15, Theorem 7] (see also [21, Section 3]).

Proposition 2. Let Sy : L — T be a slow relation function associated to (27) and
let X = A.(€) be a control curve as above. The following statements are true.



560

561
562

563
564
565
566
567
568
569
570
571
572
573

574

575
576
577

578

579

580

581

582

583

584

585
586

587

588
589
590
591

ERGODICITY & SLOW RELATION FUNCTIONS 17

(a) If —I_(s7) < I, (s}), then foré >0 small enough the orbit through s; € L
(tunnel behavior) of system (27), with A = A.(€), intersects o4 in positive
time at

st =8:(s7) =] +0(1), €0,
where s{ = So(s]) and o(1) tends to 0 as € — 0, uniformly in L.

(b) If —=1_(s7) > I.(s}), then for € > 0 small enough the orbit through sy €
LN] — o0, s, [ (tunnel behavior) (resp. s, € LN|s, ,+oo[ (funnel behavior))
of system (27), with X = (), intersects o in positive time at

st =8:(s7) =s] +o(1), €0,

where sT = So(s7) and o(1) tends to 0 as € — 0, uniformly in any compact
subset of LN| — 0o, s, [ (resp. sT = Se(s3) = st +o0(1), €= 0).

Following Proposition 2, in the tunnel region the transition map S¢ is a small
é-perturbation of the slow relation function Sy, while in the funnel region S is
close to the constant s¥. In Proposition 2(b) these two regions are separated by
the buffer point s, .

If pie, po are probability measures supported on L, then pzS- L oSy 1 denote
push-forward probability measures of e, po. Notice that ueSz 1,/1055 I are sup-
ported on Sz(L), So(L) = T. Assume that uz converges weakly to pg as € — 0. In
the first case (Fig. 4(a)), we show that Sz ' converges weakly to 1105y " as € — 0
(see Theorem 4(a) below). In the second case (Fig. 4(b)), uzS=* converges weakly
to oSy ' as € — 0, where Sp : L — So(L) = TN] — o0, s}] is a continuous function
defined by

~ So(s™), s~ € LN]—o0,s; [,

(2) Go(s™) = 4 Sol7) sm € L0l o0y |

st s= € LNls,,+ool.
We refer to Theorem 4(b). Notice that the function So is equal to the slow relation
function Sy below the buffer point s, (in the tunnel region) and equal to the
constant s} above the buffer point s, (in the funnel region). The push-forward

probability measure uogal of po under Sy is supported on TN] — oo, s ).
Theorem 4. Let So : L — T be a slow relation function associated to (27). Let
e, o be Borel probability measures supported on L. The following statements hold.
(a) If —I_(s7) < I (sF) and if pe converges weakly to o as € — 0, then puzS=*
converges weakly to /,LOS(;1 as € = 0.
(b) If —I_(s7) > I (sF) and if pz converges weakly to pg as € — 0, then pzS: "
converges weakly to /10551, as € = 0.

Using (28) it can be easily seen that Mogo_ ! from Theorem 4(b) can be written
as

(29) 1085 () = 108y (- NVTy) + po ([s5 » +00]) 6.+ (),

where T}, := TN] — 00, s/ [. The first term in (29) comes from the tunnel behaviour
and the second from the funnel behaviour (see Section 6 and Proposition 2(b)). If
o is supported on LN| — oo, s, [ (below the buffer point s, , in the tunnel region),
then the measure in (29) is equal to oSy ', similarly to Theorem 4(a) where we
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also have the tunnel behaviour. If y19 is supported on LN[s, , 400 (above the buffer
point s, , in the funnel region), then (29) is a Dirac delta measure O+

Theorem 4 will be proved in Section 6. We know that weak convergence is pre-
served by continuous mappings (see Section 2.1). This property cannot be used
directly because mappings Sz depend on the singular parameter é. To prove Theo-
rem 4(a) (resp. Theorem 4(b)), we will need uniform convergence of Sz to Sy (resp.
to §0), as € = 0. For more details we refer to Section 6.

4. NUMERICAL RESULTS

In this section, we present two numerical examples that illustrate the results
presented in Section 3.3. These numerical simulations are performed in Mathe-
matica [33] which, by default, uses the LSODA integration method [46]. We recall
that the numerical integration of singularly perturbed problems is highly delicate
[28], and in some cases, discretizations may even change the behavior of canards
[26, 25]. That is why, regarding the numerical integration, we use for all simula-
tions a MaxStepSize of ﬁ and a PrecisionGoal?® of 50, which we found to be
enough for the numerical result to be in accordance to the theory presented above.
Furthermore, we emphasize that although the initial conditions are randomly gen-
erated (via a random distribution; see more details below), the plots we show below
are representative of at least 10 distinct simulation runs. Regarding the histograms,
the bin sizes are automatically set to show 10 bins. Any further detail is mentioned
when relevant.

The first example concerns the van der Pol equation, and we show the entry-exit
behaviour for the cases —I_(s;) < I,.(s) and —I_(s;) > I,.(s). In partic-
ular, we compute numerically the exit density (for e = 0 via (26), and for € > 0
small from numerical integration) provided that the entry density is from a uniform
distribution, and compare the effect of lowering €. See Example 4 below.

The second example deals with a non-generic Liénard equation (22) (or equiva-
lently (27)), and shows the entry-exit relation, and densities, for a truncated Cauchy
entry density (see Example 5).

Example 4. Consider the van der Pol equation (21). We present below numerical
simulation showing the relationship between entry and exit densities of uniformly
distributed initial conditions. We present the simulations for two wvalues of the

singular parameter € showcasing the behaviour as € — 0.
a) —I_(s;) < I.(sF): for this case we choose s; = 5 and s7 = 1= with e =
231

1 — L ivi ; N —
Too and € = 555 giving a corresponding value of the parameter A\ & — 55555

and \ ~ —2(1)88%. This parameter gives the red orbit that connects s_ with
T wia an orbit for the particular chosen value of €, see the phase-portraits
of figures 5 and 6. For both sets of simulations, some initial conditions are
chosen uniformly along the section o~ , parametrized by the y— coordinate
and within the interval s € [s] — §,s;] with s = 35 and § = 1i5. The
corresponding orbits are numerically computed until they arrive to the exit
section o+, blue orbits in the phase portrait of figures 5 and 6. The corre-
sponding entry and exit densities, the latter given by (26), are numerically
computed and shown in the right of side of the figures. We recall that such

densities correspond to the singular case € = 0. Alongside these densities,

S

3That is, the number of effective digits of precision for the numerical computations.
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we numerically compute a histogram of the exit coordinates of the orbits of
the phase portrait (also shown on the right of the figures). This histogram
corresponds to the distribution of the orbits as they cross o*. By comparing
figures 5 and 6, notice that as € decreases, the histogram resembles more
the exit distribution D., (see Theorem 4(a)).

Den(s)
25
20F
15
10
E 5 5.
: 0k T | | e
- o L 3 3
0.15 100 100 50
Deqg(s)
0.10 15
=Y
10F
0.05 |
5 F
+ +
51 Sc
0 i i
0.00 - o L al 2 1
50 20 25 10
1.0 -08 -06 -04 -02 00 02 04 Euit Histogram

FIGURE 5. Numerical simulation for the case —I_(s;) < I (s})
with € = ﬁ. The 1~eft panel shows a phase-portrait highlighting
in red the orbit for A & —523L-. The right panels show the entry
distribution (top), exit distribution (middle), and a histogram of
the exit points of the orbits crossing o . The horizontal coordinate

of all the right panels is the height (y-component) of points along

the sections o*.

b) —I_(s;) > I (s}): for this case we choose s; = & and s¥ = 1 with
€= Wlo and € = ﬁ, as above, giving corresponding values of the parameter

~ _ 2348 Y ~ _ 1071435 ; :
AN —555005 A A & —s50000000 Tespectively. These parameters give the

red orbits connecting s, with s}, in figures 7 and 8. For this setup, the
value of s, (which satisfies I (s;)+f+(sj) = 0) is numerically obtained as
5, ~ %. Some initial conditions are chosen uniformly along the section
o_, parametrized by the y—-coordinate and within an interval around s, ,
distinguishing those initial conditions with s < s, and those with s > s,
(blue and orange orbits respectively in the phase-portraits). We notice that,
as predicted by Proposition 2, the exit density for the orbits starting below s,
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Den(s)
25
20
15
1 107135 10
€= 5000 X~ ~ 30000000 5 sy s,
: T T T 0f T | S
iy 0o L 3 3
0.15 100 100 50
Deo(s)
0.10f 15k
10F
0.05 |
5 E
+ +
81 sc
0 . i . I
0.00 | o L al E
’ 50 20 25 10
1.0 -08 -06 -04 -02 00 02 04 Euit Histogram

FIGURE 6. Numerical simulation for the case —I_(s;) < I.(s})
with € = ﬁ. The left panel shows a phase-portrait highlighting in
red the orbit for \ ~ —%. The right panels show the entry
distribution (top), exit distribution (middle), and a histogram of
the exit points of the orbits crossing o . The horizontal coordinate
of all the right panels is the height (y-component) of points along
the sections o*. Compare with figure 5 and notice that the exit
histogram resembles more the exit density.

is not “concentrated” (tunnel behaviour), while the exit density correspond-
ing to initial conditions above s, clearly look concentrated near s} (funnel
behaviour). As in the previous example, we also compute an histogram of
the coordinates of the exit points of the orbits crossing . One can indeed
notice, from figures 7 and 8, that the exit distribution corresponding to the
funnel region (orbits above s, ) seems to approach to a Dirac delta as €
decreases, as predicted in Theorem 4(b).

A
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Den(s)
30F ‘ ‘
25
20
15E
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SE ‘91 Sb sc
‘ Ob= [ ]
) oL i El
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Deo(s)
14T ‘
0.10} 12¢
100
8,
6,
0.05 | ab .
2F 57
0 !
0.00 - ol 1 i 4
50 20 10 25

Exit Histogram

FIGURE 7. Numerical simulation for the case —I_(s;) > I (s})
with € = ﬁ. The left panel shows a phase-portrait highlighting

in red the orbit for A ~ —% that connects s, with sF. The
right panels show the entry distribution (top), exit distribution
(middle), and a histogram of the exit points of the orbits crossing
ot. The exit distribution is computed via (26), while the histogram
corresponds to the vertical coordinates at o of 500 orbits starting
from o~ according to the entry density De,. On the one hand, it is
worth noticing that, from the histogram, the orbits that start above
s, concentrate in ot near s!, see Proposition 2 and Theorem
4(b). On the other hand, the exit density computed via (26) (in
the second panel) corresponding to the funnel region (orange) is
not related to the Dirac measure at s}, recall (29). This same
observation holds for the rest of the examples involving a funnel

region, see figures 8 and 10.

21
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Den(s)
30F ‘ ‘
25¢
208 T
15E
1 1071435 10F
€= 5=, AR —5ata=22 E — - -
200 200000000 5 sy s, s.
T T T T T OF— | == $—y
N R al 3
0.15 50 20 10 20
Deo(s)
14F ‘
0.10f 12k
10F
= Py
6,
0.05 | ol
2F st
0 ;
0.00 - ol 1 i 4 1
) 50 20 10 25 5
1.0 -08 -06 -04 -02 00 02 04 Ezf’t Hls‘t"gr‘”’f
12F
z 100
8,
6,
4k
2: st
0 Tt

“w
=

~

3

z L
~
AR
“

FIGURE 8. Numerical simulation for the case —I_(s;) > I, (s}),
similar to the one shown in figure 7, but with ¢ = ﬁ. The
left panel shows a phase-portrait highlighting in red the orbit for
S —%, which connects s_ with s}". The right panels show
the entry distribution (top), exit distribution (middle), and a his-
togram of the exit points of the orbits crossing o+. Compare with
figure 7 and notice that the exit histogram resembles more the exit
density for the tunnel behaviour, while for the funnel behaviour
the exit histogram is thinner. This evidences the fact that accord-
ing to Proposition 2 and especially Theorem 4(b), the exit density
in the funnel region converges to a Dirac delta.
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Example 5. Following a similar idea as in the previous example, let us now con-
sider the non-generic Liénard equation, see (22) (or equivalently (27))

dx 4

a v
(30)

dy _ e(N — %)

dt ’

but we now (randomly) choose initial conditions y(to) from a truncated Cauchy
distribution.

A realisation for the case where —I_(s7) < I, (sI) is shown in Fig. 9. Here
1—(1)0 and \ = —%, For the phase-portrait we choose 50 initial conditions
along o~ according to the truncated distribution (Den) shown in the right panel of
Fig. 9. Due to the symmetry of the problem, the entry distribution, which is centred
at sy is mapped to a distribution centred close to s{ which has the same vertical
coordinate. As € — 0, and due to the symmetry again, the exit density along o™
converges (weakly) to the entry density, which is visible in the Figure (keep in mind
that the vertical coordinate of si coincides with that of sy in the limit € = 0).
We also show a histogram of the vertical coordinates at o™ of 500 trajectories with
inatial conditions in o~ according to Dey,.

Analogously, a realisation for the case where —I_(s;) > I (sT) is shown in
Fig. 10. Here ¢ = ﬁ, A= ﬁ, and we also choose 50 initial conditions
along o~ according to the distribution (Den) shown in the right panel of Fig. 10.
Similar to the previous example, we see a contrast between the orbits below (tunnel
region) and those above (funnel region) s, which is translated into an equivalent
exit distribution (D.y) and corresponding exit histogram as indicated in Proposition
2 and Theorem 4. In particular it is evident that the orbits that start above s, are

concentrated at o near s} .

€ =

A

5. PROOF OF THEOREM 1-THEOREM 3

In this section we prove Theorem 1, Theorem 2 and Theorem 3. We assume
that Assumption 1-Assumption 4 are always satisfied. Following Definition 1, if
—I_(s0) < I(s0), then the slow relation function S : [0,s0] — [0, s0], S(0) = 0,
satisfies

I(s)+14(S(s)) =0,
for s €]0, sp]. This and (19) imply that for s €]0, s¢]
I(s) =1_(s)+Iy(s)
T () + 1 (S(s)) + I (5) — T+ (S(s)
Lo (s) — T4(S(s)).

Let us recall that f;(s) > 0 for s €]0, so] (Section 3.1). From this property and
(31) it follows that s; €]0, so] is a zero of I if and only if s; is a fixed point of the
slow relation function S. Moreover, if we define a smooth positive function (s, w)
for s,w €]0,s0]: ¥(s,w) = % if s #w and ¥(s,s) = I, (s), then using
(31) we get

(31)

I(s) = ¥(s,5(s)) (s = 5(s)),
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FIGURE 9. Numerical simulation of the entry-exit tunnel be-
haviour (—I_(s;) < I,(s})) for (30). The left panel shows a
phase portrait where the height of the initial conditions along o~
are chosen according to D.,,. We also show on the right the corre-
sponding exit density D., computed with (26) (we recall that this
map is for € = 0). The histogram shows the distribution of the
heights along o of the numerical integration of 500 orbits start-
ing on o~ according to the entry density, and the parameters (e, :\)
previously mentioned.

for s €]0, sg]. We conclude that s; €]0, so] is a zero of I of multiplicity [ if and only
if s1 is a zero of s — S(s) of multiplicity I.

If —1_(so) > I (s0), then the slow relation function S : [0, 0] — [0, s0], S(0) =
0, satisfies I_(S(s))+1; (s) = 0 for s €]0, so], and the study of this case is analogous
to the study of the case where —I_(s¢) < I (o).

5.1. Proof of Theorem 1. We will use the following topological version of the
Poincaré recurrence theorem (see [50, Theorem 1.2.4]).

Theorem 5. Let X be a topological space, endowed with its Borel o-algebra B.
Assume that X admits a countable basis of open sets and that f : X — X is a
measurable transformation. If u is an f-invariant probability measure on X, then
p-almost every x € X is recurrent for f.
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FicURE 10. Numerical simulation of the entry-exit behaviour of
(30) for the case —I_(s;) > I, (s}), showing tunnel (blue) and
funnel (orange) behaviour. The left panel shows a phase portrait
where the height of the initial conditions along o~ are chosen ac-
cording to D.,. We also show on the right the corresponding exit
density D., computed with (26) (we recall that this map is for
€ = 0). The histogram shows the distribution of the heights along
0T of the numerical integration of 500 orbits starting on o~ ac-
cording to the entry density, and the parameters (e, 5\) previously
mentioned.

We say that € X is recurrent for f: X — X if f?(x) — x for some sequence
n; — oo. Whenever we say that some property holds for p-almost every x € X we
mean that the said property holds for all z € X\Y, with u(Y) = 0.

If X is the compact metric space [0,sg] and f is the slow relation function
S 1 ]0,s0] — [0, s0] (recall that S is continuous), then assumptions of Theorem 5
are satisfied.

Proof of Theorem 1.1. Since S(0) = 0, &g is S-invariant. We know that I has
no zeros in 0, so] if and only if S has no fixed points in ]0, s¢] (see the paragraph
after (31)).

Since S is increasing on [0, sg], for each s € [0, so] the sequence S™(s) is bounded
and monotone (thus, convergent) and its limit has to be a fixed point of S. This
implies that s € [0, sg] is recurrent for S if and only if s is a fixed point of S.
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Assume that S has no fixed points in |0, sg] (s = 0 is the unique recurrent point).
Then Theorem 5 implies that for each S-invariant probability measure p on [0, so]
we have u({0}) = 1. We conclude that p = dg and S is therefore uniquely ergodic.

Suppose now that S is uniquely ergodic. Then there is a unique S-invariant
probability measure (dp). It is clear that S has no fixed points in |0, sg] (if S(s) = s
for some s €]0, sg], then 5 is a new S-invariant probability measure). This com-
pletes the proof of Theorem 1.1.

Proof of Theorem 1.2. We know that s; €]0, sg] is a zero of I if and only if s;
is a fixed point of S. Now, it suffices to notice that a Dirac measure J,, is S-
invariant if and only if 51 is a fixed point of S.

Proof of Theorem 1.3. Suppose that I has k zeros s; < --- < s in 10, s0]. Then
S has k + 1 fixed points 0, s1, ..., sk in [0, s0] and dg, ds,, ..., ds, are S-invariant.
Thus, 0, s1,. .., s are the unique recurrent points for S (see the proof of Theorem
1.1) and Theorem 5 implies that for every S-invariant probability measure p on
[0, so] we have u({0, s1,...,s,}) =1 and

= p({0}1)do + p({s1})9s, + -+ - + p({5}) sy -

Since the set of all S-invariant probability measures is convex, we get (20).

Conversely, suppose that the set Pg of all S-invariant probability measures is
given by (20). Then d; € Pg if and only if s € {0,1,...,s,}. Then S has k fixed
points si, ..., in ]0,s0]. Thus, I has k zeros in ]0, so]. This completes the proof
of Theorem 1.3.

5.2. Proof of Theorem 2. We suppose that X, . has a slow-fast Hopf point at
po for A = Xg. Let S : [0, s0] — [0, sg] be the slow relation function.

Proof of Theorem 2.1. Assume that S is uniquely ergodic. Then Theorem 1.1
implies that the slow divergence integral I has no zeros in ]0, sg]. Following [16,
Proposition 2.2] or [17], we have Cycl(X, ,I's) <1 for all s €]0, s¢], and the limit
cycle, if it exists, is hyperbolic and attracting (resp. repelling) if I(s) < 0 (resp.
> 0).

Proof of Theorem 2.2. Suppose that a Dirac delta measure dg, is S-invariant for
some s, €]0, so]. Then from Theorem 1.2 it follows that I has a zero at s = s; with
the multiplicity equal to the multiplicity of the fixed point s; of S, denoted by [
(see also the paragraph after (31)). If [ < oo, then [16, Proposition 2.3] (or [17])
implies that Cycl(Xy ¢, T's,) <1+ 1.

5.3. Proof of Theorem 3. We focus on (22) with a fixed n; > 1 and assume that
the set of all S-invariant probability measures is given by (20) for some 0 < s1 <
.-+ < 8p < So. Then Theorem 1.3 implies that si,..., s are zeros of I in 10, so]-
Thus, if we take any sgy1 €]sg, so], then f(skH) # 0. Since we assume that the
fixed points s1, ..., s; of S are hyperbolic, we have that sq, ..., s, are simple zeros
of I. Now, Theorem 3 follows from [18, Theorem 2] (see also [15]).
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6. PROOF OF THEOREM 4

Proof of Theorem 4(a). Assume that —I_(s;) < I, (s}) and that ps converges
weakly to po, i.e.

(32) tim [ s neds) = [ (s ofas”),

for every bounded, continuous function y : R — R (ue, o are supported on L and
we may use L instead of R in the definition of weak convergence, see Section 2.1).
For a bounded and continuous function x : R — R we have

| s e st = [ x(Sels )
Se(L)

L

- /L (X(S=(s7)) = x(So(s7))) pz(ds™)
(33) + /L X(So(s™))pe(ds™),

where in the first step we use a well-known formula for the integration under a
push-forward measure (see e.g. [9, Section 2]). Since x o Sy is bounded and
continuous, from (32) it follows that the second integral in (33) converges to
S x(So(s™))po(ds™) = [ x(sF)uoSy (dst) as € — 0 (again we use the above
mentioned formula for integration). Thus, it suffices to show that the first integral
in (33) converges to 0 as € — 0. Then we have that uzS: ' converges weakly to
1oy - ~ ~

It is clear that there exists a bounded segment T' (for example, T' = [0, s]) such
that Sz(L) C T for all € € [0, &), with a sufficiently small & > 0. Let o; > 0 be an
arbitrary and fixed real number. Since y is uniformly continuous on T, there exists
a o2 > 0 such that for every z,y € T with |z — y| < 02 we have

Ix(z) = x(y)| < e1-

Since Sz converges to Sy as € — 0, uniformly in L (see Proposition 2(a)), for all
€ €]0,éo] and s~ € L we have

[Se(s™) = So(s7)] < g2,
up to shrinking €y if needed. Putting all this together, for € €]0, €] we get

/ (X(Se(s_))—X(So(s_)))ue(ds_)‘ < [ (8207 = x(Suls ) wa(ds™)

< / o1pe(ds™) = o1,
L

where in the last step we use the fact that ug is a probability measure supported on
L. Thus, we have proved that for every o; > 0 there is €y > 0 (small enough) such
that the above inequality holds for all € €]0, €y]. This implies that the first integral
in (33) converges to 0 as € — 0. This completes the proof of Theorem 4(a).

Proof of Theorem 4(b). Suppose that —I_(s;) > I(s}) and that u; converges
weakly to 119 as € — 0, see (32). Let us recall that the function Sy : L — TN]—o0, s/
is defined in (28). It suffices to show that Sz converges to Sy as € — 0, uniformly
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in L. Then the proof of (b) is analogous to the proof of (a) (we replace Sy with Sy
and the segment T with the segment TN] — oo, s}]).

Let us prove that S: uniformly converges to §0 as € — 0. Let o1 > 0 be an
arbitrarily small but fixed real number. Using Proposition 2(b) (the tunnel region)
we may assume that s — % € Se(L) for all € > 0 small enough.

Since Sy is continuous in the buffer point s, (s, 1is in the interior of L) and
go(s;) = sI, there is a g2 > 0 small enough such that for every s~ € L with
|s~ — s, | < 02 we have
01
5

Proposition 2 implies that Sz ' (st —2) — Sy (st — 2 ) asé — 0 and Sy ' (s} —
2) < s, . (Indeed, first we apply (x,t) — (—z,—t) to (27), with A = X.(é).
The new system is of type (27), with A= 75\0(6), having the orbit connecting
st with s_, and having S; ! as the slow relation function. Then it suffices to
apply Proposition 2(a) to the new system.) From this property it follows that
St (st — ‘32—1) < s, — 02 < s, for every € €]0,&), with € > 0 small enough
(we take a smaller go > 0 if necessary and fix it). Then, since system (27), with
A = A\.(€), has the orbit connecting s; € o_ with s} € o, and the segment L lies
below s_ (see Fig. 4(b)), we get

(34) |So(s7) = st| <

(35) st— & < 5.(s7) < s,

for all s~ € LN]s, — 02, 400[ and € €]0, &].
Now, we have

(36)  1Se(s7) = So(s ) < [Sels™) = sl 4 |sE = So(s )| < 5§+ 5 =,

for all s~ € LN|s, — 02, +00[ and € €]0,&]. We used (34), (35) and the fact that
So(s™) = st for s~ € LN [s, , +00, see (28).

On the other hand, since Sz converges to the slow relation function Sy as € — 0,
uniformly in the compact set LN| — 00,5, — 2] (see the tunnel case in Proposition

2(b)) and So(s~) = So(s~) for s~ € LN| — 00,8, — 2], we get
(37) |Se(s™) = So(s7)| < 41,
for all s~ € LN] — 00,5, — 02] and € €]0, &) (up to shrinking €& if necessary).

Combining (36) and (37) we obtain the uniform convergence on L. This com-
pletes the proof of Theorem 4(b).
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