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HIGHLIGHTS

. Technological advances expand height-diameter models with new variables.

. Literature review guides forest biometricians in choosing increment models.

o Classification of height models into four main groups.

o Data transformation unnecessary for generalized linear models.

o Model generation discussed for various species and formulated via differential
equations.

SUMMARY

Forest scientists widely use regression models, particularly for height-diameter modeling.
These models offer several benefits for estimating height in homogeneous or non-
homogeneous stands. The original models for height estimation based on diameter at breast
height have been extended to include other variables, thanks to technological advancements.
The purpose of this article was to provide a literature review using the methodology outlined
by Cervo and Bervian (2011), providing helpful information to forest biometricians in
selecting a height-diameter model that utilizes historical data. The models could be classified
into four main groups and extended to include other covariates besides diameter at breast
height. Many of the models used data transformation but we showed that except for one group

(nonlinear models), all other models can be considered a generalized linear model, with
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corresponding linear predictors and link functions. This paper also discusses the generation
process of these models, the species to which they are commonly applied, and how they can

be created using general ordinary differential equations.

Keywords: height-diameter relationship, height estimation, forestry data models, forest
biometrics, sustainable forest practices.

1. Introduction

In the 17th century, wood was scarce throughout Europe, which led to the
development of techniques to improve its utilization. One of the pioneers in sustainable forest
practices was Von Carlowitz (1732), as cited by Ziello et al. (2012), who shared information
about the development of trees over time. Paulsen (1795) suggested using yield tables for
many species to study tree growth but the first growth curves for individual trees were created
by Spéath (1797), as mentioned by Scolforo (1998). Their goal was to increase the flexibility
of analyzing measurement data in forest regions.

To ensure sustainable forest practices necessitates good forest measurement
management systems that refer to techniques used to obtain accurate and reliable information
about forest characteristics and attributes. Scott (1996) cites Beckmann's (1777) early
proposal for a forest measurement system, which involved marking trees with nails of the
same color based on their diameter class. By counting the nails of each color, estimates of the
amount of wood in the region could be obtained. This contribution led to the development of
estimation, prediction, and control methods associated with forest production and planning in
the early 1900s (Batista, 2014).

One example of a forest measurement management system is the method of using
permanent plots to study tree growth by setting aside specific areas for continuous monitoring
of forest composition, structure, growth, and dynamics over time, collecting data on
individual trees within a plot, without accounting for other potential influencing factors. This
practice has its roots in the work of Hossfeld (1822), Hundenhagen (1826), and Huber (1828),
as cited by Scolforo (1998). In North America, Spurr (1951) noted that between 1896 and
1898, Henry Solon Graves and Gifford Pinchot presented findings related to the growth ring
method at cutting height.

In these permanent plot studies, dendrometric variables such as total height (h) and
diameter at breast height (D), measured at 1.30 m, are essential. These variables allow
researchers to quantify and describe the growth, volume, biomass, and other characteristics of
trees. Moreover, they provide a basis for classifying forest stands by productivity, supporting

2



the interpretation of historical data and enabling long-term comparisons within the study area
(Jesus et al. 2015). However, it can be difficult to accurately measure certain variables in the
field. For instance, when measuring tree height, visualizing the tree crowns can be time-
consuming and challenging. This can affect the precision of measurements and increase the
cost of forest inventories (Buford 1986, Dantas et al. 2020). Alternatively, tree height can be
estimated based on diameters, which are easier and quicker to measure (Schmidt 1977,
Moreira et al. 2015). The use of height-diameter models was first introduced by Trorey
(1932) and was later applied in studies by Huxley and Teissier (1936), as well as by Prodan
(1944). One common method for estimating tree heights involves measuring the heights of a
sample of the trees in the area and the diameters of all trees. Using the height-diameter pairs
obtained from these measurements, it is possible to estimate a mathematical equation to
calculate the heights of the remaining trees (Moreira et al. 2015).

Chapman and Meyer (1949) and Bruce and Schumacher (1950) noted that tree height
can be affected by more than just its diameter. Factors such as age, species, canopy size, site
quality, density, and sociological position (which involves the classification and distribution
of tree species based on their ecological, behavioral, and structural characteristics) also play a
role. Additionally, silvicultural practices, which involve a range of forest management
activities and techniques aimed at promoting healthy and sustainable forest growth while
maximizing their economic, social, and environmental benefits, can have a significant impact.

As discussed, different factors can cause significant variations in tree heights with
the same diameter, affecting the intercept and slope of growth curves. This variation in
growth curves reflects the stand’s growth and development stage: a steep curve indicates a
young population still in development, while a flat curve suggests a decrease in growth rate
associated with older populations (Bartoszeck et al. 2004, Figueiredo Filho ef al. 2015).

Understanding and evaluating the characteristics of forest stand structure and
developmental stages is essential for assessing their ecological and economic potential. This
involves conducting a comprehensive statistical analysis by selecting an appropriate model to
examine growth patterns in height and diameter over time. Additionally, it is important to
consider the average height ratio across diameter classes at a specific age, the mortality ratio,
and the changes in dominant height over time (Fontes et al. 2003, Sanquetta et al. 2014).
Dominant height (Hd) refers to the average height of the tallest trees in a specific forest area.
Another variable that has been used for characterizing the diameter distribution is the
quadratic mean diameter (dg), obtained by averaging the squares of the individual diameters

of all trees in the plot,



The main purpose of this paper is to conduct a comprehensive review of articles on
height-diameter modeling, with a focus on the properties of different functional forms. As a
result, it will be easier for researchers to build a model that best suits their particular data and
purposes. Several models, such as linear and non-linear ones, have been created to consider
various factors that affect height-diameter curves. Generic equations have been examined
alongside existing models to establish a reliable framework. (Mendes et al. 2006, de Oliveira
et al. 2011, Sdez-Cano et al. 2021).

In the development of forest models, ordinary differential equations (ODE) have
great potential for examining how different curves of a function of height, , as a function of
diameter, , behave. They offer biological interpretability and at the same time enable
comparison between models (Garcia 1983, Hamlin and Leary 1987, Narmontas et al. 2020). It
has been observed that there is a lack of research connecting an ODE to a generalization that
can lead to various equations commonly used for different species. Additionally, we highlight
the importance and interpretability of the first and second derivatives of the ODEs in this
study to further clarify the differences and similarities between the models that have been
used and to place them in a broad, elegant, and flexible modeling framework.

A further key aim of this manuscript is to establish a connection between most
height-diameter models and their equivalent representations in the framework of Generalized
Linear Models (GLM). This helps to overcome the limitations often encountered in traditional
statistical analyses, posed by the typical assumptions of linearity, independence, homogeneity
of variances, and normality, which are not always met in forestry measurements and therefore
should be relaxed. Traditional approaches often resort to data transformation to meet these
assumptions, but such an approach is not always effective or appropriate and may complicate
interpretation.

Fortunately, GLM presents itself as a more elegant and unified alternative, but it is
underused in forestry research. GLMs provide a flexible framework that can handle various
types of data and distributions, making them more suitable for the complexity of forestry data.
In a GLM, the mean is transformed by a link function, instead of transforming the response
itself. The two opposing methods of transformation can lead to quite different results.
Transforming the mean often allows for easier interpretation, especially because mean
parameters remain on the same scale as the measured responses. While Harrison et al. (1986),
Krumland and Wensel (1988) and Cimini and Salvati (2011) make use of it, to our knowledge

there is no literature presenting its relationships with height-diameter models.



The paper is structured as follows. The Materials and Methods section outlines the
process of selecting height-diameter models from the literature for comparison and grouping
using ODEs and GLMs. It also includes a description of a case study from a black wattle
experiment. The Results section focuses on the application of these models to the black wattle
data and resulting inferences, offering a detailed analysis of their effectiveness. Finally, the
Discussion and Conclusion section offers a broader perspective, presenting general
observations associated with the theory of GLMs and its advantages associated with the
results, and outlining the implications for future research in the area.

2. Materials and Methods

In the initial phase of the study, we followed the methodology proposed by Cervo
and Bervian (2011) to choose scientific articles published between January 1990 and May
2022. The articles were sourced from online search engines like Google Scholar and Web of
Science, as well as from scientific journals such as Southern Forests, Journal of Forest
Science, Forest Science, Annals of Forest Science, Forest Ecology and Management,
Forestry, Silva Fennica, Canadian Journal of Forest Research, Ecological Indicators, and
Ecological Modeling. These journals were selected because of their high impact factor and
their inclusion in a list of important papers presented by Gregoire (2012). In addition, to
comprehend the reasoning behind certain models, texts referenced by the same author in
journals, dissertations, and/or theses were also reviewed.

To identify height-diameter models, we searched for keywords such as "modelos
hipsométricos", "relacdo hipsométrica", "curva hipsométrica", "height-diameter model",
"height-diameter equation", "height-diameter relationship", "height-diameter models",
"hypsometric models", "hypsometric relationship", and "hypsometric curve". We included
some Portuguese terms, as Brazil is a leading country in forest plantation, with high annual
wood production per area and a short cycle, according to the 2021 Annual Report of the
Brazilian Tree Industry.

The models were then grouped according to some properties of the different
functional forms using ODE, when possible. The first derivative of with respect to represents
the height-diameter model given a current diameter . It provides information about how tree
height is changing as increases, becoming equally interpretable as other explanatory variables
are incorporated into the model. It allows forest managers to obtain information about
competition between trees, consequently optimizing wood production.

The second derivative of with respect to is useful for evaluating the concavity or

convexity of the curve generated by the equation. A positive second derivative indicates that
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the height increment is increasing as increases, while a negative second derivative indicates
that the height increment is decreasing.

Additionally, the models were linked to the equivalent GLM. A GLM, as formulated
by Nelder and Wedderburn (1972), allows the response variable to assume a distribution
from an exponential family of distributions, with mean and variance , where is a constant
dispersion parameter and 1is called the variance function. The variance function will allow for
a specific type of heterogeneity of variance proportional to given by, for example, , for
normal, gamma, and inverse Gaussian distributions, respectively (Cordeiro et al. 2024). The
mean is related to the covariates by a linear predictor, , where is a design matrix and is a
parameter vector, through a link function, . The parameter vector 1is estimated by the
maximum likelihood method using an iteratively weighted least squares algorithm (IWLS).

For a classical linear model, the (transformed) response variable has a normal
distribution with mean and constant variance, that is, with , and identity link, . With
Gaussian outcomes, the mean and variance are functionally independent, and the mean is
equal to the linear predictor. In other generalized linear models, a transformation of the mean
equals the linear prediction, by a link function, while the variance follows as a specific
function of the mean. The parameter vector is estimated using the ordinary least squares
algorithm, a particular case of IWLS.

To illustrate the fitting of the different models, we use a data set from an experiment
conducted in stands of black wattle (Acacia mearnsii De Wild.), 10.75 years old, in the
municipality of Encruzilhada do Sul, state of Rio Grande do Sul, Brazil, in June and July
2014. This region is characterized by climate, relief type, and soil in Mochiutti (2007). One
circular plot with 400 was randomly allocated in the stand, where refers to a specific area or
plot of forest that is relatively uniform in species composition, age structure, and other
characteristics, typically used in forestry management (Batista, 2014). All trees in the plot
were measured, using a dendrometric tape for diameter at breast height and a
Vertex hypsometry for total height.

The motivating data were analyzed using R software version 4.1.2 (R Core Team
2021). The GLMs were fitted using the g1lm function, while the nonlinear models were fitted
with the nls function. The model checking was performed using half-normal plots with
simulated envelopes, generated with the hnp package (Moral et al. 2017).

3. Results
Out of the 347 scientific texts that were found, 94 (27.08%) were chosen for the

Interpretive Reading and Textual Commentary stage. The analysis showed that 41 height-
6



diameter models were commonly used as shown in Table 1, with an adapted notation for easy
comparison. All the models can be expressed as
(D

where is a function (transformation) of , is a function of and other covariates, is a vector of
parameters, and . To ensure biological accuracy, they are valid only on the first quadrant of
the cartesian plane, where values for height and diameter are non-negative. According to their
properties, they can be classified into four main groups of models that can be extended to
include other covariates besides , as shown in the following.
3.1 Group 1 - Linear models

Studies in forest science to describe the relationship between height and diameter
began with the pioneering work of Trorey (1932) who proposed a quadratic model [M1] of
on , as shown in Table 1, to represent data from observational studies of several tree species
located in different areas of British Columbia. He separated the data by site and forest age to
obtain empirical curves using the mathematical interpretation of the quadratic equation's
constants. Note that for this parabolic model with a maximum to have a biological
interpretation. The maximum of the curve is attained at a diameter given by and a height of .
Trorey assumed a constant maximum height from this point forward, as diameters larger than
would result in decreasing height values. This could be a motivation for asymptotic models.

Assmann (1936), as cited by Scolforo (1993), proposed models [M2] and [M3], which
are linear functions of and , respectively, while Henriksen (1950), as cited by Scolforo
(1998), proposed model [M6], as an alternative model to [M1]. The models [M2] and [M3]
have an asymptote equal to while model [M6] is not limited.

Models [M1], [M2], [M3], and [M6] from Table 1 is represented by equation (1)
assuming that and is a linear function on , , , and , respectively. Differentiating with respect

to , we get the height-diameter model as

where and are parameters representing the intercept and slope of a straight line and ,
respectively. This shows that the increment in can be proportional to a linear function of the
diameter, the inverse of the squared diameter, the inverse of cubed diameter, or the inverse of
diameter. Equivalent GLMs for these four models can be identified with response variable
having a normal distribution, different linear predictors, and an identity link function.

The empirical models [M40] and [M41], proposed by de Azevedo et al. (2011), have
(square root transformation) with that are linear functions in and , respectively, by equation

(1). Alternatively, equivalent GLMs for these two models can be identified with response
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variable having a normal distribution, a square root link function, and linear predictors as
linear functions of and , respectively.

Models [M1], [M2], [M3], [M6], [M40] and [M41] were fitted to the black wattle data
to illustrate the elements of the curves (Figure 1). We can see that [M3] is not adequate for
estimating the asymptote (it is smaller than the extreme values), arguably because the linear
component is not included in the predictor. Combining [M2] and [M3], which is equivalent to
including the linear term in the predictor for [M3], the estimate of the asymptote is more
plausible. To further explore the difference between these models, although extrapolation
should be done with caution, we expanded the range of values. As shown in Figure 2, except
for the model whose linear predictor is the combination of models [M2] and [M3], the other
models do not present curve differences.

3.2 Group 2 - Inverse polynomials

As alternative models to [M1], asymptotic models were proposed: [M4] by Néslund
(1937), [M8] and [M9] by Petterson (1955), [M16] by Prodan (1965), and [M27] and [M28]
by Azevedo et al. (1999). Néaslund (1937) pioneered using the method of least squares to
estimate the parameters, which, until then, was done approximately. Note that [M4] and
[M16] are non-linear models while [M8], [M9], [M27], and [M28] use data transformation for
as shown in Table 1.

Models [M4], [MS], [M9], [M16], [M27], and [M28] can be considered particular
cases of the so-called inverse polynomials by Nelder (1966), which have better properties
than standard polynomials, such as being generally nonnegative, bounded, and have a second-

order form that has no built-in symmetry. From Table 1, we can get a general model as

or, equivalently,

Considering equation (3), for we have models [M4] and [M8], for we have model
[M9] and for , we have models [M16], [M27] and [M28]. In this notation, the models will
have asymptotes equal to , while, using Table 1 notation, the asymptotes take values , , , , ,
and , respectively, for models [M4], [M8], [M9], [M16], [M27], and [M28]. Equivalent
GLMs for these six models can be identified with response variable having a normal
distribution, different linear predictors, and an inverse link function.

It is also possible to see that model [M39], proposed by de Azevedo et al. (2011) to
estimate the height of trees using a completely randomized design with four repetitions, is a

type of inverse polynomial:



Models [M4], [M8], [M9], [M16], [M27], and [M28] were fitted to the black wattle
data to illustrate the aspects of the curves (Figure 3), showing small differences between the
curves for the transformed data model and the equivalent GLM in the observed data range,
but the estimated asymptotes can be very different.

Like before, to get a feel for differences between the models, we showed their
behavior over an expanded range (Figure 4). Observe that the transformed data model and the
equivalent GLMs can be very different, justifying the differences in the estimation for the
asymptotes.

3.3 Group 3 — Nonlinear linearizable models

The models [M7] proposed by Stoffels and Van Soest (1953), cited by Jesus et al.
(2015), [M18] by Curtis (1967), and [M31] by de Barros et al. (2002) are different
parametrizations of the same model and they can be grouped with models [M17] by Curtis
(1967), [M22] by Silva (1980), and [M29], [M30] by de Barros et al. (2002), using a
logarithmic transformation of . Model [M22] was used by Silva (1980) to analyze data from
trees of different species in the Tapajos National Forest — Brazil, while models [M29] and
[M31] were used by de Barros (2002) to estimate the height of trees of the species Pinus
oocarpa. These can be viewed as particular cases of a general nonlinear linearizable
regression model, as follows.

A nonlinear regression model is one in which the parameters appear nonlinearly
(Ratkowsky, 1983). However, some of them can be linearized as, for example, the following

model

used by Ali and Schaeffer (1987), thereby extending the Wood (1967) model for lactation
curves.
Taking the logarithm of (4) we get
)

Considering (5) and assuming , and we get [M7] for and , [M17] for and , [M18§]
for and , [M22] for, and, [M29] for, and, and [M31] for and . Assuming , and we obtain
[M30] for, and.

Note that the general expression of the ODE for the models represented by (4) is

giving the ODE for the models [M7], [M18] and [M31] for , [M22] for , [M29] for and
[M30] for .



Equivalent GLMs for these six models can be identified with response variable
having a normal distribution, different linear predictors, and a logarithmic link function.

Models [M7], [M17], [M18], [M22], [M29], [M30], and [M31] were fitted to the
black wattle data to illustrate the elements of the curves (Figure 5), showing almost no
difference between the transformed data model and a GLM with log-link, over the observed
data range.

Also here, we examine the behavior of the models over an extended range. The
transformed data model and the equivalent GLMs can be slightly different and [M30] may not
represent the data generating process. Also, for the asymptotic ones, the estimated asymptotes
can be smaller than some of the larger extreme values.

3.4 Group 4 — Nonlinear models

Other types of nonlinear models are the growth models that may or may not be
sigmoidal. In the context of height-diameter modeling, the works of Richards (1959) and
Turnbull (1963), cited by Crechi (1996) and Brito et al. (2007), pioneered the use of the
growth models to explain the relation between height and diameter.

Given that there is an upperlimit (asymptote) for the average height of a tree as a
function of D, we can assume that the height-diameter model is proportional to (complement
to reach the theoretical maximum height), meaning that the velocity of growth decreases as

(Law of Diminishing Increments) (Mitscherlich, 1909; Sorensen, 1983), that is

where is the average growth rate.

Solving the differential equation (7), we get

where C is an integration constant. Given that and . Therefore, we have the mathematical
equation of [M12], used by Mitscherlich (1909) to study the effect of fertilization on crop
productivity.
Noting that as the measurements are made at m, a minor reparameterization of
[M12] gives model [M5] proposed by Meyer (1940) to analyze a data set of hemlock trees
from a virgin forest in northern Pennsylvania.
Model [M13] was proposed by Von Bertalanffy (1957) for the study of allometric
relationships. Taking into account the allocation of metabolic energy between the growth and
the sustenance of an animal, he assumed that the growth of animals follows a process of

synthesis (anabolism - ) and degradation (catabolism - ) and that the anabolic ratio is
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proportional to the body surface area, while the catabolic ratio is proportional to the biomass

volume. Thus, based on this model the tree height-diameter model is given by

with a solution given by the mathematical equation of [M13] where . In addition, the
inflection point of the curve is

Model [M21] was proposed by Bailey and Clutter (1974), using (logarithmic
transformation), for the estimation of height curves of trees of the species Pinus radiata with
as a covariate. It has, as particular cases, the models [M17] and [M18] for =1 and — 0,
respectively.

When studying individual growth, it is typical to observe sigmoidal curves. Such a
curve starts with a low slope, increases the slope to an inflection point, and then levels off as
it approaches an asymptote. Growth is fastest around the inflection point, and depending on
the location of this point, sigmoidal curves will be either symmetric or asymmetric. Examples
of models with sigmoidal curves are logistic [M10], Gompertz [M11], Mitcherlich [M12],
Richards [M14], Chapman and Richards [M15], among others (Ratkowsky, 1983).

The logistic model [M10] was formulated by Verhulst (1838) as a population growth
model with a more realistic biological interpretation than the exponential model of Malthus
(1872). To obtain the mathematical equation for this model, it is assumed that the height-
diameter model is proportional to (actual height) and (complement to reach the maximum

theoretical height ), that is,

with solution

where C is an integration constant, and . It can be seen that is the asymptote, is related to the
model's intercept and is the average increment height. In addition, the inflection point of the
curve is , showing that the logistic model is symmetric, which is not always realistic.

The asymmetric sigmoidal model proposed by Gompertz (1825) is obtained by

assuming that the height-diameter model is proportional to and , that is,

with solution after reparameterization of the model [M11] given by

where C is an integration constant, = >0, = >0 and = > 0, the average increment height. It
is noted that is the asymptote, is related to the model's intercept. In addition, the inflection

point of the curve is .
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Models [M14] and [M15] were proposed by Richards (1959) and Chapman (1961),
respectively, as extensions of Von Bertalanffy's model [M13], for the analysis of fish and
plant growth data. Pienaar and Turnbull (1973) generalized the Chapman-Richards model,

with a height-diameter model:

wherein (8), is the allometric constant, with values =, respectively, for Von Bertalanfty,
Mitscherlich, Gompertz, and Logistic models.

Another non-linear growth model proposed by Weibull (1951), [M20], was used by
Bailey and Dell (1973), cited by Scolforo (1998), for the estimation of tree heights with
different diametric classes in equi- and inequietric forests. In this model, the parameter
represents the asymptote, and and are the shape and scale parameters of the curve,
respectively. Models [M5], [M10], [M11], [M12], [M13], [M14], [M15], [M20] and [M21]
were fitted to the black wattle data to illustrate the aspects of the curves (Figure 7). Here too
we see that the estimated asymptotes can be smaller than some of the larger extreme values,
except for models [M5], [M12] and [M21].

3.5 Models incorporating other variables

Other factors besides the diameter can affect the height of a tree, such as age,
environmental variables, etc. The site quality in a forest is associated with the potential of
wood production. The age of a tree is used in evaluating the growth and productivity of a site.
Age is also used as a tool for silvicultural practices, in determining the present and future
growth of the forest and in management plan decisions.

To capture the heterogeneous effect of ages, Curtis (1967), using (logarithmic
transformation), was the first to include other independent variables, like model [M19],
extending models [M17] and [M18], while Blanco (1983), cited by Figueiredo Filho ef al.
(2015), proposed model [M23], extending model [M16], for analysis of Pinus elliotti data
from the National Forest of Trés Barras — Brazil.

Model [35], proposed by de Barros et al. (2002), has the response transformed
variable as a quadratic function of added by an interaction of by .

The most common index used for the site classification is the mean of the dominant
height (Hd) per stand for a given age. Campos et al. (1986), cited by de Miranda et al. (2014),
used as a covariate in model [M24] as an extension of model [M17], to estimate the total
height of trees of Eucalyptus grandis. Models [M35], [M36] and [M37] used by de Barros et
al. (2002) are extensions of [M1] by adding as a covariate and also a quadratic function of

for the later. Model [M38] of Nogueira (2003), cited by de Miranda et al. (2014), was fitted to
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Eucalyptus sp. and Tectona grandis data, using (logarithmic transformation), as an extension
of model [M17] taking into account and .

Scolforo (1998) proposed, as extensions of model [M24], model [M25] by
incorporating as a covariate in the model and model [M26] with also an interaction of by
(inverse of age).

Note that models [M19], [M24], [M25] and [M26] can be fitted using a GLM with
response variable having a normal distribution, different linear predictors, and a logarithmic
link function.

Another way to take into account proposed by de Barros et al. (2002) to estimate the
height of trees of the species Pinus oocarpa, was to use as the response variable in models
[M32], [M33] and [M34] as extensions of models [M6], [M1] and, once again [MI],
respectively.

4. Discussion and Conclusion

It is noteworthy that there are several other regression models in the literature.
However, as the objective of this study was to present the most commonly used models to
describe the height-diameter relationship, many studies were excluded from the research.
From a literature review, 41 height-diameter models were considered (Table 1). They could
be classified into four main groups and extended to include other covariates besides . Many of
the models used data transformations but we showed that, except for group 4 (nonlinear
models), all other models have an equivalent GLM, with adequate linear predictors and link
functions (Table 1).

These models have been widely used, as illustrated in Table 2, for different species
under varying conditions to capture the effects associated with factors that interfere with tree
development, showing positive and negative aspects. For the simple case study presented
here, all models fitted well, as verified by half-normal plots (Supp Figure 1, Supp Figure 2,
Supp Figure 3, Supp Figure 4, Supp Figure 5, Supp Figure 6, Supp Figure 7), and showing
small differences between the curves for a transformed data model and a GLM in the
observed data range, but the estimated asymptotes can be very different. Other types of GLM,
involving different distributions are under development with applications in more complicated
data sets.

The generalization of ordinary differential equations provides a deeper understanding
of the principles associated with a series of equations studied, since by identifying common

patterns and relationships between different models, it is possible to extract general
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information and insights, allowing the formulation of more comprehensive theories
(Simmons, 2016).

Observing the models brought forward here, it is noted that some of them can be
obtained through a generic ODE, assuming that the derivative / is proportional to a function
of the diameter, like equation (2) for group 1, equation (6) for group 3 and equation (8) for
group 4. At this point it is fundamental to highlight the importance of the biological
knowledge about the factors that affect the development of a tree and how this happens, i.e,
the models were grouped according to some properties of the different functional forms using
ODE, when possible.

It was demonstrated that with some generic ODEs, it is possible to obtain a wide range
of existing models, that is, it saves time and resources, as it avoids the need to derive new
equations specific to each case. The interpretation of the first and second derivatives of the
height-diameter model equations (ODE of first and order) help to understand the relation
between and and plays important roles in evaluating forest settlement, growth, and
management.

The GLM approach brings a new perspective to the analysis of forest data, offering
not only greater flexibility in modeling, but also significant advantages in terms of
computational efficiency. When comparing GLMs with classical linear models, one of the
main advantages that emerges is the superior speed of the GLM estimation algorithm. The
speed of analysis provided by GLMs allows for a more agile and efficient interpretation of
data, a crucial aspect for contemporary research and management practices. Furthermore,
GLMs stand out for their ability to accommodate a greater variety of data structures and
variability patterns. This feature is especially valuable in the forestry field, where tree growth
patterns and environmental interactions create scenarios that often defy the assumptions of
conventional linear models. Rather than forcing a transformation of data to fit a model, GLMs
adapt the model to more faithfully reflect the nature of the data, preserving its integrity and
improving the interpretation of results.

The incorporation of GLMs into height-diameter modeling represents a significant
advance in the way we approach data analysis in forestry studies. With this approach, we have
the opportunity to more deeply explore tree growth dynamics and the environmental factors
that influence them, providing valuable insights for forest management and conservation. This
study therefore not only reviews existing modeling techniques but also demonstrates the

potential of GLMs as a powerful and versatile tool in forestry research. With their efficiency
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and flexibility, GLMs are positioned as a preferred choice for future analyses, helping
researchers draw more accurate and meaningful conclusions from their data.

Finally, with this research, we identified the factors that led the authors to develop the
models proposed to express the height-diameter relationship and why a particular model can
be employed. It is recommended that before choosing a model, one should verify for which
species that model had already been well fitted, which are its mathematical properties and
relationships with other models that already exist.

Funding

We acknowledge the financial support from Coordenagdo de Aperfeigoamento de
Pessoal de Nivel Superior - CAPES and Conselho Nacional de Desenvolvimento Cientifico e
Tecnologico — CNPq (No. 141409/2020-7) and CNPq Project: 312645/2021-0, Brazil for

Clarice G. B. Demétrio.

Acknowledgments
We acknowledge the University of Sao Paulo, and the Universiteit Hasselt for their
research support.
Conflict of interest statement
None declared.
Data availability statement
The data underlying this article will be shared on reasonable request to the
corresponding author.
5. References
Abrantes, KKB., Paiva, LM., Almeida, RG., Urbano, E., Ferreira, AD. and Mazucheli, J.
2019. Modeling the individual height and volume of two integrated crop-livestock-forest

systems of Eucalyptus spp. in the Brazilian Savannah. Acta Scientiarum. Agronomy 41: 1-

8.

Acosta, HAB., de Almeida, Garrett, AT., Lanssanova, LR., Dias, AN., Tambarussi, EV.,
Filho, AF., Guimaraes, FAR. and Cabral, OMV. 2020. Identidade de modelos

hipsométricos para clones de eucalipto na regido oriental do Paraguai. Scientia Forestalis

48: 1-12.

Aishan, T., Halik, U., Betz, F., Girtner, P. and Cyffka, B. 2016. Modeling height—diameter
relationship for Populus euphratica in the Tarim riparian forest ecosystem, Northwest

China. Journal of forestry research 27: 889-900.

15



Ali, TE. and Schaeffer, LR. 1987. Accounting for covariances among test day milk yields in
dairy cows. Canadian Journal of Animal Science 67(3), 637-644.

Aragdo, M., Barreto, P., Paula, A., Carvalho, F. and Fraga, M. 2015. Modelos de altura para
Pterogyne nitens Tul. em plantio puro no sudoeste da Bahia. Enciclopédia Biosfera 11:

1340-1351.
Assmann, E. 1936. Zur Frage der Kopezky-Gehrhardtschen Linien. PhD thesis, Schaper.

Atanazio, KA., Krefta, SM., Vuaden, E., Klein, DR., Oliveira, GS. and da Silva, MTS. 2017.
Comparacao de modelos para relagdo hipsométrica em floresta de Pinus taeda L. no

municipio de Enéas Marques, Parand. Revista Scientia Agraria Paranaensis 16: 535-541.

Azevedo, CP., Muroya, K., Garcia, LC., de Lima, RMB., de Moura, JB. and Neves, EJM.
1999. Relacao hipsométrica para quatro espécies florestais em plantio homogéneo e em

diferentes idades na amazonia ocidental. Embrapa Florestas-Artigo em periodico indexado

(ALICE) 39: 5-29.

Bailey, RL. and Clutter, JL. 1974. Base-age invariant polymorphic site curves. Forest Science

20: 155-159.

Bailey, RL. and Dell, T. 1973. Quantifying diameter distributions with the Weibull function.
Forest Science 19: 97-104.

Bartoszeck, ACP., Machado, SA., Figueiredo, Filho A. and Oliveira, EB. 2004. Dinamica da
relagdo hipsométrica em funcao da idade, do sitio e da densidade inicial de povoamentos

de bracatinga da regido metropolitana de Curitiba, PR. Revista Arvore 28: 517-533.

Batista, JLF. 2014. Biometria florestal segundo o axioma da verossimilhanca com aplicagoes

em mensuragdo florestal. Universidade de Sdo Paulo-USP, Piracicaba-SP.

Beckmann, JG. 1777. Gegriindete Versuche und Erfahrungen von der zu unsern Zeiten héchst

nothigen Holzsaat. StoBel.

Bila, JM. 2011. Relagdes hipsométricas de ecossistemas de mopane Colophospermum
mopane em Mabalane, Provincia de Gaza, Mogambique. Pesquisa Florestal Brasileira 31:

155-160.

16



Blanco, J. 1983. Equagdo de relacdo hipsometrica para povoamentos de Pinus elliottii

Engelm. na floresta nacional de Trés Barras, SC. Brasil Florestal 56: 41-47.

Brito, CCR., Silva, JAA., Ferreira, RLC., Santos, ES. and Ferraz, 1. 2007. Modelos de
crescimento resultantes da combinagdo e variagcdes dos modelos de Chapman-Richards e
Silva-Bailey aplicados em Leucaena leucocephala (Lam.) de Wit. Ciéncia Florestal 17:

175-185.

Bruce, O. and Schumacher F. 1950. Forest mensuration. McGraw-HillBook Co. Inc., New

York, Toronto and London.

Buford, M. 1986. Height-diameter relationships at age 15 in loblolly pine seed sources. Forest
Science 32: 812-818.

Campos, J., Junior, T., Torquato, M., Neto, F. and Vale, A. 1986. Aplicagao de um modelo
compativel de crescimento e producdo de densidade varidvel em plantagdes de Eucalyptus

grandis. Revista Arvore 2: 121-134,

Castillo-Gallegos, E, Jarillo-Rodriguez, J. and Escobar-Hernandez, R. 2018. Diameter-height
relationships in three species grown together in a commercial forest plantation in eastern

tropical Mexico. Revista Chapingo serie ciencias forestales y del ambiente 24: 33-48.

Cervo, AL. and Bervian, PA. 2011. Metodologia cientifica: para uso dos estudantes

universitarios. In Metodologia cientifica: para uso dos estudantes universitarios.

Chapman, DG. 1961. Statistical problems in dynamics of exploited fisheries populations. /n
Proc. 4th Berkeley Symp. on Mathematics, Statistics and Probability 4: 153—168.

Chapman, H. and Meyer, WH. 1949. Forest mensuration. Mc Graw-Hill Book Company Inc:
New York.

Cimini, D. and Salvati, R. 2011. Comparison of generalized nonlinear height diameter models
for Pinus halepensis Mill. and Quercus cerris L. in Sicily (southern Italy). L’ltalia

Forestale e Montana 66(5): 395-400.
Clutter, JL. 1963. Compatible growth and yield for loblolly pine. Forest Science 9: 354-371.
Conceicao, FX., Drescher, R., Pelissari, AL., Lanssanova, LR., Favalessa, CMC. and

17



Roquette, JG. 2012. Capacidade produtiva local de Tectona grandis em Monte Dourado,
estado do Para, Brasil. Ciéncia Rural 42: 822-827.

Cordeiro, GM., Demétrio, CGB. and Moral, RA. 2024. Modelos lineares generalizados e

aplicagoes. Editora Blucher.

Costa-Filho, SVS., Arce, JE., Montafio, RNR. and Pelissari, AL. 2019. Configura¢do de
algoritmos de aprendizado de maquina na modelagem florestal: um estudo de caso na

modelagem da relagdo hipsométrica. Ciéncia Florestal 29: 1501-1515.

Crechi, EH. 1996. Efeitos da densidade da plantagdo sobre a produgdo, crescimento e
sobrevivéncia de Araucaria angustifolia (Bert.) O. Ktze. em Missiones, Argentina. PhD

thesis, Universidade Federal do Parana, Curitiba.

Curtis, RO. 1967. Height-diameter and height-diameter-age equations for second-growth
Douglas-fir. Forest science 13: 365-375.

Cysneiros, VC., Pelissari, AL., Gaui, TD., Fiorentin, LD., Carvalho, DCD., Silveira Filho,
TB. and Machado, SDA. 2020. Modeling of tree height—diameter relationships in the
Atlantic Forest: effect of forest type on tree allometry. Canadian Journal of Forest

Research 50: 1289-1298.

Dantas, D., Rodrigues Pinto, LO., de Castro, NSTM., Calegario, N., de Oliveira, R. and Leles,
M. 2020. Reduction of sampling intensity in forest inventories to estimate the total height

of eucalyptus trees. Bosque (Valdivia) 41: 353-364.

de Aratjo, EJG., Pelissari, AL., David, HC., Scolforo, JRS., Netto, SP. and Morais, VA.
2012. Relagdo hipsométrica para candeia (Eremanthus erythropappus) com diferentes
espacamentos de plantio em Minas Gerais, Brasil. Pesquisa Florestal Brasileira 32:

257-268.

de Azevedo, GB., de Oliveira Sousa, GT., Barreto, PAB. and de Novaes, AB. 2011. Selecao
de modelos hipsométricos para quatro espécies florestais nativas em plantio misto no

planalto da conquista na Bahia. Enciclopédia Biosfera 7: 1-13.

de Barros, DA., Machado, SA., Junior, FWA. and Scolforo, JRS. 2002. Comportamento de

modelos hipsométricos tradicionais e genéricos para plantagdes de Pinus oocarpa em

18



diferentes tratamentos. Pesquisa Florestal Brasileira 45: 3-28.

de Mendonga, AR., Calegario, N., da Silva, GF., Borges, LAC. and Chaves e Carvalho, SP.
2011. Height diameter relationship and growth in height the dominant and codominant

trees model to Pinus caribaea var. hondurensis. Scientia Forestalis 39: 151-160.

de Miranda, ROV., David, HC., Ebling, AA., Mbéra, R., Fiorentin, LD. Soares, ID. 2014.
Estratificacdo hipsométrica em classes de sitio e de altura total em plantios clonais de

eucaliptos. Advances in Forestry Science 1: 113—-119.

de Miranda, ROV., Filho, AF., Costa, EA., Fiorentin, LD., Kohler, SV. and Ebling, AA.
2021. Métodos da curva guia e equagdo das diferencas na classificagdo de sitio e sua

relacdo na descricao da altura em Pinus taeda L. Scientia Forestalis 49: 1-12

de Oliveira, FGRB., de Oliveira Sousa, GT., de Azevedo, GB. and Barreto, PAB. 2011.
Desempenho de modelos hipsométricos para um povoamento de Eucalyptus urophylla no

municipio de Jaguaquara, Bahia. Enciclopédia Biosfera 7: 331-338.

de Placido, AC., Bartoszeck, S., do Amaral Machado, S., Figueiredo Filho, A. and de
Oliveira, EB. 2002. Modelagem da relacdo hipsométrica para bracatingais da regiao

metropolitana de Curitiba-PR. Floresta 32: 189-204.

de Souza, AS., dos Santos, JX. and Souza, DV. 2017. Modelagem da relacdo hipsométrica
para um povoamento do hibrido de eucalipto na amazonia brasileira. Biofix Scientific

Journal 2: 44-53.

de Souza, EG., Nogueira, GS., Leite, HG., de Oliveira, MLR., Barbosa, GP. and Lopes, ET.
2020. Proje¢do da estrutura diamétrica em povoamentos de Eucalyptus grandis x urophylla

submetidos a desbastes na Bahia. Scientia Forestalis 48: 1-12.

do Amaral Machado, S., Nascimento, RGM., Augustynczik, ALD., da Silva Silva, LCR.,
Figura, MA., Pereira, EM. and Téo, SJ. 2008. Comportamento da relacdo hipsométrica de
Araucaria angustifolia no capao da Engenharia Florestal da UFPR. Pesquisa Florestal

Brasileira 56: 5-16.

dos Santos, RMM., Dias, AN., Arce, JE., Martarello, V., Serpe, EL., Stepka, TF. and dos

Santos Lisboa, G. 2019. Modelos de volume e afilamento para florestas de Pinus taeda L.

19



Biofix Scientific Journal 4: 35-42.

Fast, AJ. and Ducey, MJ. 2011. Height-diameter equations for select New Hampshire tree
species. Northern Journal of Applied Forestry 28: 157-160.

Ferraz Filho, AC., Mola-Yudego, B., Ribeiro, A., Scolforo, JRS., Loos, RA. and Scolforo,
HF. 2018. Height-diameter models for Eucalyptus sp. plantations in Brazil. Cerne 24: 9-
17.

Figueiredo Filho, A., Dias, AN., Kohler, SV., Verussa, AA. and Chiquetto, AL. 2015.
Evolution of the hypsometric relationship in Araucaria angustifolia plantations in the mid-

south region of Parand state. Cerne 16: 347-357.

Fontes, L., Tom¢, M., Coelho, MB., Wright, H., Luis, JS. and Savill, P. 2003. Modelling
dominant height growth of Douglas fir (Pseudotsuga menziesii (Mirb.) Franco) in

Portugal. Forestry 76(5), 509-523.

Gao, X., Li, Z., Yu, H., Jiang, Z., Wang, C., Zhang, Y., Qi, L. and Shi, L. 2016. Modeling of
the height—diameter relationship using an allometric equation model: a case study of stands

of Phyllostachys edulis. Journal of forestry research 27: 339-347.

Garcia, O. 1983. A stochastic differential equation model for the height growth of forest
stands. Biometrics 39: 1059-1072.

Gompertz, B. 1825. XXIV. On the nature of the function expressive of the law of human
mortality, and on a new mode of determining the value of life contingencies. In a letter to
Francis Baily, Esq. FRS &c. Philosophical transactions of the Royal Society of London
115: 513-583.

Gregoire, TG. 2012. Height - DBH Bibliography: 1932-Present. Available at:
https://resources.environment.yale.edu/content/documents/00001660/Height-DBH.pdf
[accessed 05 dec 2023].

Guimaraes, MAM., Calegario, N., de Carvalho, LMT. and Trugilho, PF. 2009. Height-

diameter models in forestry with inclusion of covariates. Cerne 15: 313-321.

Hamlin, D. and Leary, R. 1987. Methods for using an integro-differential equation as a model
of tree height growth. Canadian Journal of Forest Research 17: 353-356.

20



Harrison, WC., Burk, TE. and Beck, DE, 1986. Individual tree basal area increment and total
height equations for Appalachian mixed hardwoods after thinning. South J Appl For 10(2):
99-104.

Henriksen, H. 1950. Height/diameter curve with logarithmic diameter: brief report on a more
reliable method of height determination from height curves, introduced by the state forest

research branch. Dansk Skovforeningens Tidsskrift 35: 193-202.

Hossfeld, JW. 1822. Triumph eines abgelebten dorfschulmeisters iiber einen riistigen

oberforstprofessor in der forstwissenschaft davon getragen.

Huang, S., Titus, SJ. and Wiens, DP. 1992. Comparison of nonlinear height—diameter
functions for major Alberta tree species. Canadian Journal of Forest Research 22:

1297-1304.

Huang, S., Price, D. and Titus, SJ. 2000. Development of ecoregion-based height—diameter
models for white spruce in boreal forests. Forest Ecology and Management 129: 125-141.

Huber, FX. 1828. Hilfs-Tafeln fiir Bedienstete des Forst-und Baufaches: zundchst zur leichten
und schnellen Berechnung des Massengehaltes roher Holzstimme und der Theile
derselben, und auch zu anderm Gebrauche fiir jedes landesiibliche Maaf3 anwendbar.

Fleischmann.

Hundenhagen, JC. 1826. Die Forstabsdtzung auf neuen wissenschaftlichen Grundlagen.
Laupp, Tiibingen.

Huxley, JS. and Teissier, G. 1936. Terminology of relative growth. Nature 137: 780-781.

Imani, G., Boyemba, F., Lewis, S., Nabahungu, NL., Calders, K., Zapfack, L., Riera, B.,
Balegamire, C. and Cuni-Sanchez, A. 2017. Height-diameter allometry and above ground
biomass in tropical montane forests: Insights from the Albertine Rift in Africa. PloS one

12: 1-20.

Jesus, CM., Miguel, E., Azevedo, G., Azevedo, GT. and Pereira, RS. 2015. Modelagem
hipsométricas em povoamento clonal de Eucalyptus urophylla x Eucalyptus grandis no

distrito federal. Enciclopédia Biosfera 11: 1298-1308.

Junior, HJE., Jorge, LAB. and Guerra, SPS. 2017. Equacdes hipsométricas para sistemas

21



florestais de curta rotagdo. In VI JORNACITEC-Jornada Cientifica e Tecnologica 6: 1-6.

Koehler, A., Coraiola, M. and Péllico Netto, S. 2010. Crescimento, tendéncias de distribui¢ao
das varidveis biométricas e relacdo hipsométrica em plantios jovens de Araucaria

angustifolia (Bertol.) Ktze. Scientia Forestalis 38: 53—62.

Krisnawati, H., Wang, Y. and Ades, PK. 2010. Generalized height-diameter models for
Acacia mangium Willd. plantations in South Sumatra. Indonesian Journal of Forestry

Research 7: 1-19.

Krumland, BE. and Wensel, LC. 1988. A generalized height-diameter equation for coastal
California species. West J Appl For 3(4): 113-115.

Lafetd, BO., de Carvalho, FAN., Assung¢do, SD., dos Santos, MA., Perpétuo, IA., Pimenta,
IA., Penido, TMA. and dos Santos Vieira, D. 2021. Crown quality and hipsometric
relationships for Rubiaceae family in water springs of Atlantic forest fragment. Brazilian

Journal of Animal and Environmental Research 4: 402—410.

Lebedev, A. and Kuzmichev, V. 2020. Verification of two-And three-parameter simple
height-diameter models for birch in the European part of Russia. Journal of Forest Science

66: 375-382.

Lei, X., Peng, C., Wang, H. and Zhou, X. 2009. Individual height-diameter models for young
black spruce (Picea mariana) and jack pine (Pinus banksiana) plantations in New

Brunswick, Canada. The Forestry Chronicle 85: 43-56.
Malthus, TR. 1872. An Essay on the Principle of Population.

Melo, E. 2014. Desenvolvimento de modelos para crescimento florestal e afilamento de fuste.

PhD thesis, Universidade Federal de Lavras, Lavras.

Melo, EA., Calegario, N., Mendonca, AR., Possato, EL., Alves, JA. and Isaac Junior, MA.
2017. Modelagem ndo linear da relagdo hipsométrica e do crescimento das arvores

dominantes e codominantes de Eucalyptus sp. Ciéncia Florestal 27: 1325-1338.

Mendes, BR., Calegario, N., Volpato, CES. and de Mello, AA. 2006. Desenvolvimento de
modelos de crescimento de arvores individuais fundamentado em equagdes diferenciais.

Cerne 12: 254-263.

22



Mensah, S., Pienaar, OL., Kunneke, A., du Toit, B., Seydack, A., Uhl, E., Pretzsche, H. and
Seifert, T. 2018. Height-Diameter allometry in South Africa’s indigenous high forests:
Assessing generic models performance and function forms. Forest Ecology and

Management 410: 1-11.

Meyer, H.A. 1940. A mathematical expression for height curve. Journal of Forestry 38:
415-420.

Miguel, EP., Silva, LDD., Paniago, GF., Godinho, OL., Ono, HA., Pegorato, ML., Leal, AJF.
and Pirez, J. 2018. Modelagem hipsométrica em povoamentos hibrido clonal de

Eucalyptus. Agrarian 11: 159-167.

Mitscherlich, E. 1909. Des Gesetz des Minimums und das Gesetz des abnehmended
Bodenertrages. Landwirsch Jahrb 3: 537-552.

Mochiutti, S. 2007. Produtividade e sustentabilidade de plantacoes de acacia-negra (Acacia
mearnsii De Wild.) no Rio Grande do Sul. PhD thesis, Universidade Federal do Parana,
Curitiba.

Moral, RA., Hinde, J. and Demétrio, CGB. 2017. Half-normal plots and overdispersed models
in r: the hnp package. Journal of Statistical Sofiware, 81(1):1-23.

Moreira, MFB., Thiersch, CR., Andrade, MG. and Scolforo, JRS. 2015. Estimativa da relagao
hipsométrica com modelos ndo lineares ajustados por métodos bayesianos empiricos.

Cerne 21: 405-411.

Mugasha, WA., Bollandsas, OM. and FEid, T. 2013. Relationships between diameter and
height of trees in natural tropical forest in Tanzania. Southern Forests: a Journal of Forest

Science 75: 221-237.

Mugasha, WA., Mauya, EW., Njana, AM., Karlsson, K., Malimbwi, RE. and Ernest, S. 2019.
Height-diameter allometry for tree species in Tanzania mainland. International Journal of

Forestry Research 2019: 1-17.

Narmontas, M., Rupsys, P. and Petrauskas, E. 2020. Construction of Reducible Stochastic
Differential Equation Systems for Tree Height-Diameter Connections. Mathematics 8:

1363.

23



Nascimento, RGM., Vanclay, JK., Figueiredo Filho, A., do Amaral Machado, S., Ruschel,
AR., Hiramatsu, NA. and de Freitas, LIM. 2020. The tree height estimated by non-power
models on volumetric models provides reliable predictions of wood volume: The Amazon

species height modelling issue. Trees, Forests and People 2: 100028.

Néslund, M. 1937. Skogforsokanstaltens gallringsforsék i tallskog. primdrbearbetning.

Meddelanden frdan statens skogforsoksanstalt. Swedish with German summary.

Nelder, J. 1966. Inverse polynomials, a useful group of multi-factor response functions.

Biometrics 22: 128-141.

Nelder, JA. and Wedderburn, RW. 1972. Generalized linear models. Journal of the Royal
Statistical Society Series A: Statistics in Society 135(3), 370-384.

Ng'andwe, P., Chungu, D., Yambayamba, AM. and Chilambwe, A. 2019. Modeling the
height-diameter relationship of planted Pinus kesiya in Zambia. Forest Ecology and
Management 447: 1-11.

Nicoletti, MF., Lambert, L., Soares, PRC., da Silva Cruz, G., Almeida, BRS. and Stepka, TF.
2020. Equacgdes hipsométricas, volumétricas e func¢des de afilamento para Pinus spp.

Revista de Ciéncias Agroveterinadrias 19: 474-482.

Nogueira, GS. 2003. Modelagem do crescimento e da produc¢do de povoamentos de
Eucalyptus sp. e de Tectona grandis submetidos a desbaste. PhD thesis, Universidade

Federal de Vigosa, Vigosa.

Oliveira, GMV., Mello, JM., Altoé, TF., Scalon, JD., Scolforo, JRS. and Pires, JV. 2015.
Equacdes hipsométricas para Eucalyptus spp. ndo manejado em idade avancada com

técnicas de inclusdo de covariantes. Cerne 21: 483-492.

Oliveira, R., Oliveira, X., Silva, G. and Mayrinck, R. 2016. Acuracia de relagcdes
hipsométricas para diferentes estratégias de validagdo em Eucalyptus urograndis. Revista

Verde de Agroecologia e Desenvolvimento Sustentavel 11: 123—127.

Patricio, MS., Dias, CR. and Nunes, L. 2022. Mixed-effects generalized height-diameter
model: A tool for forestry management of young sweet chestnut stands. Forest Ecology

and Management 514, 120209.

24



Paulsen, JC. 1795. Kurze praktische Anweisung zum Forstwesen: oder Grundsdzze iiber die
vortheilhafteste Einrichtung der Forsthaushaltung und tiber Ausmittelung des Werths vom

Forstgrunde besonders auf die Grafschaft Lippe angewendet. Selbstverl. d. Hrsg

Pelissari, AL., David, HC., Netto, SP., Caldeira, SF., Figueiredo Filho, A. and Marinheski
Filho, A. 2016. Effect of systematic sampling intensity in the hypsometric relationship of
teak stands. Revista Brasileira de Biometria 34: 23-32.

Pereira, K., Paixdo, MV., Monteiro, C., Laurido, F. and Ferreira, PS. 2014. Ajuste de modelos
hipsométricos para arvores de Tectona grandis Lf no municipio de Moju, Para.

Enciclopédia Biosfera 10: 181-189.
Petterson, H. 1955. Die Massenproduktion des Nadelwaldes.

Pienaar, LV. and Turnbull, KJ. 1973. The Chapman-Richards generalization of Von
Bertalanffy's growth model for basal area growth and yield in even-aged stands. Forest

science 19(1), 2-22.

Prodan, M. 1944. Zuwachs-und Ertragsuntersuchungen im Plenterwalde: ein Beitrag zur
Methodik der Ertragsuntersuchungen im Plenterwalde, dargelegt anhand der Ergebnisse
der badischen Plenterwaldversuchsfldchen. PhD thesis, Verlag nicht ermittelbar.

Prodan, M. 1965. Forest mensuration. Forest mensuration.

R Core Team. 2021. R: A Language and Environment for Statistical Computing. R
Foundation

for Statistical Computing, Vienna, Austria.
Ratkowsky, DA. 1983. Nonlinear Regression Modeling. Marcel Dekker, Inc., New York

Retslaft, FAS., Figueiredo, A., Dias, AN., Bernett, LG. and Figura, MA. 2015. Curvas de sitio
e relacdes hipsométricas para Eucalyptus grandis na regido dos campos gerais, parana.

Cerne 21: 219-225.

Ribeiro, A., Ferraz Filho, AC., Mello, JM., Ferreira, MZ., Lisboa, PMM. and Scolforo, JRS.
2010. Estratégias e metodologias de ajuste de modelos hipsométricos em plantios de

Eucalyptus sp. Cerne 16: 22-31.

25



Ribeiro, SC., de Carvalho Caetano, A., de Macedo, RLG. and Dias, BAS. 2014. Height-
diameter equations for Brazil nut intercropped with rubber tree in the south of Minas

Gerais. Floresta 44: 497-504.

Richards, F. 1959. A flexible growth function for empirical use. Journal of experimental

Botany 10: 290-301.

Saez-Cano, G., Marva, M., Ruiz-Benito, P. and Zavala MA. 2021. Modelling tree growth in

monospecific forests from forest inventory data. Forests, 12, 753.

Sanquetta, CR., Behling, A., Pelissari, AL., Dalla Corte, AP., Netto, SP. and Simon, AA.
2014. Probabilistic distributions for acacia mearnsii De Wild total height and the influence

of environmental factors. Journal of Applied Mathematics and Physics 2: 1-10.

Santos, M., Neto, AB., Paumgartten, AE., Rodrigues, R. and Santos CR. 2014. Estimativa da
relagdo hipsométrica para um povoamento de Eucalyptus “urograndis” no municipio de

Moju, Nordeste Paraense. Enciclopédia Biosfera 10: 1-10.

Santos, FM., Terra, G., Chaer, GM. and Monte, MA. 2019. Modeling the height-diameter
relationship and volume of young African mahoganies established in successional

agroforestry systems in northeastern Brazil. New forests 50: 389—407.

Scaranello, MADS., Alves, LF., Vieira, SA., Camargo, PBD., Joly, CA. and Martinelli, LA.
2012. Height-diameter relationships of tropical Atlantic moist forest trees in southeastern

Brazil. Scientia Agricola 69: 26-37.

Schmidt, PB. 1977. Determinacdo indireta na relagdo hipsométrica para povoamentos de

Pinus taeda L. Floresta 8: 24-27.

Scolforo, JRS. 1998. Biometria florestal: modelagem do crescimento e da produgdo de

florestas plantadas e nativas. UFLA/FAEPE.

Scolforo, JRS. 1993. Mensuragdo florestal; modulo 3: relagdes quantitativas, em volume,

peso e a relagdo hipsométrica. Lavras: Esalq/FAEPE.

Scott, JC. 1996. State simplifications: nature, space, and people. NOMOS: Am. Soc'y Pol.
Legal Phil 38: 1-42.

26



Segovia, MQ., Ruiz, SC. and Drapela, K. 2016. Comparison of height-diameter models based
on geographically weighted regressions and linear mixed modelling applied to large scale

forest inventory data. Forest Systems 25: 1-11.

Sena, ALM., Silva Neto, AJ., Oliveira, GMV. and Calegario, N. 2015. Modelos lineares e nao
lineares com uso de covariantes para relacdo hipsométrica de duas espécies de pinus

tropicais. Ciéncia Florestal 25: 969-980.

Sharma, RP. 2009. Modelling height-diameter relationship for Chir pine trees. Banko
Janakari 19 3-9.

Shen, J., Hu, Z., Sharma, RP., Wang, G., Meng, X., Wang, M., Wang, Q. and Fu, L. 2020.
Modeling height—diameter relationship for poplar plantations using combined-optimization

multiple hidden layer back propagation neural network. Forests 11: 1-19.

Silva, J. 1980. Relagdo hipsométricas de espécies da Floresta Nacional do Tapajos-I.

Embrapa Amazonia Oriental-Séries anteriores (INFOTECA-E).

Simmons, GF. 2016. Differential equations with applications and historical notes. CRC

Press.

Soares, TS., Scolforo, JRS., Ferreira, SO. and Mello, JM. 2004. Uso de diferentes alternativas
para viabilizar a relagio hipsométrica no povoamento florestal. Revista Arvore 28:

845-854.

Sorensen, R. 1983. Teaching the characteristics of yield response with the Mitscherlich

equation using computers. Journal of Agronomic Education 12: 21-25.

Sousa, GTO., de Azevedo, GB., Barreto, PAB. and Junior, VC. 2013. Rela¢des hipsométricas
para Eucalyptus urophylla conduzidos sob regime de alto fuste e talhadia no Sudoeste da

Bahia. Scientia Plena 9: 1-7.

Souza, HS., da Silva Lopes, A., Baretta, MC. and dos Santos, JOP, de Arruda Tsukamoto
Filho A. 2020. Crescimento de eucalipto em diferentes arranjos espaciais de sistemas

silvipastoris no municipio de Santa Rita do Trivelato—-Mato Grosso. Advances in Forestry

Science 7: 847-853.

Spéth, JL. 1797. Anleitung, die Mathematik und physikalische Chemie auf das Forstwesen

27



und forstliche Camerale niitzlich anzuwenden: mit Kupfern. Stein.
Spurr, SH. 1951. Forest inventory. Forest inventory.

Stoffels, A. and Van Soest, J. 1953. The main problems in sample plots. Ned Boschb Tijdschr
25:190-199.

Trautenmiiller, JW., Balbinot, R., Gonzatto, GL., Watzlawick, L. and Vendruscolo, R. 2014.
Relacao hipsométrica em floresta estacional decidual. Enciclopédia Biosfera 10: 1633-

1641.

Trorey, L. 1932. A mathematical method for the construction of diameter height curves based

on site. The Forestry Chronicle 8: 121-132.

Turnbull, K. 1963. Population dynamics in mixed forest stands: a system of mathematical
models of mixed stand growth and structure. PhD thesis, Dissertation (Magister Science)-

University of Washington, Washington.

Verhulst, PF. 1838. Notice sur la loi que la population suit dans son accroissement. Corresp.

Math. Phys 10: 113-126.

Vibrans, AC., Moser, P., Oliveira, LZ. and Maganeiro, JPD. 2015. Height-diameter models

for three subtropical forest types in southern Brazil. Ciéncia e agrotecnologia 39: 205-215.

Von Bertalanffy, L. 1957. Quantitative laws in metabolism and growth. The quarterly review

of biology 32: 217-231.

Von Carlowitz, HC. 1732. Sylvicultura Oeconomica Oder Haufwirthliche Nachricht und
Naturmdpige Anweisung zur Wilden Baum-Zucht Nebst Griindlicher Darstellung Wie...
dem allenthalben und insgemein einreissenden Grossen Holtz-Mangel, Vermittelst Sde-
Pflantz-und Versetzung vielerhand Bdume zu rathen... Worbey zugleich eine griindliche
Nachricht von dem in Churfl. Sdchfs. Landen Gefundenen Turff... befindlich. Bey Johann

Friedrich Brauns sel. Erben.

Weibull, W. 1951. A statistical distribution function of wide applicability. Journal of Applied
mechanics 18: 293-297.

Wood, PDP. 1967. Algebraic model of the lactation curve in cattle. Nature, 216(5111), 164-

28



165.

Wraith, JM. and Or, D. 1998. Nonlinear parameter estimation using spreadsheet software.

Journal of Natural Resources and Life Sciences Education 27: 13-19.

Xie, L., Widagdo, FRA., Dong, L. and Li, F. 2020. Modeling height—diameter relationships
for mixed-species plantations of Fraxinus mandshurica Rupr. and Larix olgensis Henry in

Northeastern China. Forests 11: 1-22.

Zhang, X., Duan, A., Zhang, J. and Xiang, C. 2014. Estimating tree height-diameter models
with the Bayesian method. The Scientific World Journal 2014: 1-9.

Zhao, W., Mason, EG. and Brown, J. 2006. Modelling height-diameter relationships of Pinus
radiata plantations in Canterbury, New Zealand. New Zealand Journal of Forestry 51: 23-
27.

Ziech, BG., Silva, VM., Drescher, R. and Vendruscolo, DGS. 2016. Modelos de crescimento
em altura dominante e indice de sitio para teca em Gloria D’Oeste-MT. Revista Brasileira

de Biometria 34: 533-542.

Ziello, C., Bock, A., Estrella, N., Ankerst, D. and Menze, A. 2012. First flowering of wind-
pollinated species with the greatest phenological advances in Europe. Ecography 35:

1017-1023.

29



